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ABSTRACT. In the following we will show the way in which we can use Fermat’s
and Lagrange’s theorems to solve problems whose solution, at first sight, does
not seems to use these results.

Problem 0.1. Let be a; € (0,00) \ {1},i € 1,n sucht that, for any v € R,
ai +ai+...+a; >n.

Prove that aias...a, = 1.
Proof. Lets consider the function f: R — R given by

flx)y=af +a5+...+a.
The hypothesis says that f(z) > f(0),Vz € R, so z = 0 is a point of minimum
local for this function. According to Fermat’s theorem, it follows that f'(0) = 0.
As f'(z) =aflna; +a¥lnas + ...+ a* lnay,, we obtain In(ajas . .. a,) = 0, namely
aias...a, = 1.
Remark 0.1. From means inequality it follows that the reciprocal affirmation from
problem 1 is, also, true: if a1,as,...,a, >0 and ajas...a, = 1, then

ai +a5 +...+a; >ny/ajad...a% =n,Vr € R.

Problem 0.2. Let be a;,b; € (0,00) \ {1}, € 1,n such that, for any x € R,
a1b] +agby + ...+ anby > a1 +azx+ ...+ an.

Prove that bj*b3? ...b%» = 1.

Proof. We define the function f : R — R through

(0.1) f(z) = a1b] + ab§ + ... anb;,

We can notice that f(0) = a; + ag + ...+ a,, and that f(z) > f(0),Vz € R. It
follows that x = 0 is a point of minimum local for f. From Fermat’s theorem it
follows that f/(0) = 0. Then f'(z) = a1b7 Inby + agb} Inby + ... + a,b% Inb,, so
f/(0)=a1lnby +azlnbs + ... + apInb, = In(b7*05% ... 0% ), wherefrom

bt bg? .. b = 1.

Remark 0.2. And the reciprocal of the affirmation form problem 2 is true: if
a;,b; € (0,00)\ {1},4 € 1,n and b7'b32...b% = 1, then, because the function
defined by 0.1 is convex (it has the second derivative positive) and f/(0) = 0 it
follows that it is decreasing on (—oo, 0] and increasing on [0, c0), so

f) > f(0)=a1+az+...+an,Vz eR.
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Problem 0.3. Find the numbers a,b, c € (0,00) which have the property
a® +b* +c* > 2% + 2¥ 4+ 2, Va € (0,00).

Proof. We consider the function f : (0,00) = R, f(z) = elnz — z. Its derivative
is f'(x) = £ — 1 and it is positive on (0, e] and negative on [e, 00), so the function
have in point = e a global maximum. It follows f(z) < f(e) = 0, namely
z¢ < e®,Vx > 0, with equality only if x = e.

On the other hand, from hypothesis it follows a® + b€ + c® > e® + e® + e¢, which is,
according to the ones mention above, it is possible only if a =b=c =e.

We notice that these values check the given property. [

Problem 0.4. Solve the following equation 3% + 6% = 4% + 5%.

Proof. We consider z fixed, solution of the equation and the function

f:(0,00) = R, f(t) = t*, with the derivative f'(t) = xt*~!. Lagrange’s theorem
applied to the function on the intervals [3,4] and [5, 6] guarantees the existence of
some numbers ¢; € (3,4) and ¢y € (5,6) such that f(4)— f(3) = xc{ ™!, respectively
1(6) - £(5) = wei .

Because the equation is equivalent with f(4) — f(3) = f(6) — f(5), it follows z =0
and ¢§ ! = ¢&!, namely z = 1. We notice that both numbers are solutions of the
initial equation.

Remark 0.3. We consider the function g : R — R, g(z) = 6% — 5% — 4% 4 3%. It
is continuous and it is canceled only in 0 and 1, so it has a constant sign on the
intervals (—o0,0), (0,1) and (1, 00). From

st =t 67 (1-(5)=(5) +(5)7) =+

. . o/ (B\T B\T 4A\® B
Jim g = tm 5((5) =(5) -(3) +1) ==
it follows that the function is positive on (—oo, 0)U(1, c0). Then, because g’(0) # 0,

0 is not a point of extremely local, so the function is negative on (0, 1). We deduce:
6% + 3% > 4% + 5%, Vo € (—00,0) U (1, 00)

and

and
6% + 37 < 4% + 5%, Vx € (0,1)
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