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ABSTRACT. In the present work there are pointed and demonstrated some generalizations and
refinements for Bergstrom and Radon’s inequalities. But not before making some historical re-
maks on the parenthood of these inequalities. We present a new demonstration and a refinement
for Radon’s inequality, which is based on a recently initiated method, using the monotony of a
sequence associated to the inequality. Some applications are also presented.
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It is well-known and very often used lately- Bergstrom’s inequality ( see [7] , [11] , [14] ) ,
namely ,

1. Proposition (Bergstrém’s inequality)
IfxreR, a,>0,ke {1,2,....,n} , then the following inequality holds ,
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It is equivalent with Cauchy Bumakowskz Schwarz inequality .

For the less simple implication, Bergstrém inequality = C-B-S inequality, see [2], [5], [20].

This inequality is often called Titu Andreescu’s inequality (or Andreescu lemma —presented
n [1] , having as base a problem published by the first author in the RMT journal, in 1979 ), or
Engel’s inequality (or Cauchy-Schwarz inequality in Engel form - in Germanofon mathematical
literature , [12] ).

In fact , this inequality , for the case n = 2 was enounced by H. Bergstrom in 1949 , in
the more general frame of complex number modules , from denominators and in more relaxed
conditions , for nominators (see [7] , [14 ], [11] ) :

® Let 21,290 € Cand u,v € R such that u 20, v#0, u+v#0 .
Then we have:
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The equality holds if and only if 2L = 22.

More than that , the inequality ( ) , is a particular case of some of Radon’s inequality,
[9

discovered ever since 1913 , ( see [19] , [9] and rediscovered (?..) in [16] and [6] ) .

2. Proposition (Radon’s inequality)
If ag,xx > 0,p > 0,k € {1,2,...,n}, then the following inequality holds,
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with equality for : 2 . .
1 a2 an

Clearly , p = 1 - Bergstrom’s inequality is obtained .

There are known some demonstrations of Radon’s inequality, by using Hélder’s inequality
([9], [16] ) , or by using the mathematical induction, [6] . In what is to follow , we are going
to demonstrate Radon’s inequality through a method recently initiated in [13] , which uses the
monotony of an associated sequence.

Proof

p+1 p+1 p+1 p+1
b zb zh " (z1tzet..txn)
Let the sequence , d,, := a7 + a7 +eo T (a1 taztTan)?

for which we are going to prove that d, > 0, for any n > 2. For this we are going to
demonstrate something more, namely that (d,,), is an increasing monotonous sequence .

Indeed , we have ,
n+1 ptl n p+l1
n+1 .'pr+1 < Z $k> n .pr+1 <Z .Tk)

_ k k=1 k k=1
dn+1 —dn = Z aP o n+1 P Z ab + n p
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For the last inequality , Radon’s inequality has been used , for n =2 |

aPtl ﬂp+1 (a+ ﬂ)pﬂ
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with: a= > 2 , B=Zpy1 , a= > ax , b=aps1.
k=1 k=1

(For the demonstration of the inequality (5) , see [6] ) .

It results that ,

(6) d.>d, 1>..>dy>dy =

3. Application If a,b,c € Ry , then ,
a b c
7 + + >1
Q Va2 +8bc Vb2 +8ca V2 + 8ab

( The 42nd OIM, Washington D.C., 2001, Problem 2 )
We write the left member of the inequality under the form |,

(IS
Nl
Nl

a b
My = + +
B Va3 + 8abe Vb3 + 8abe /3 + 8abe

c

58



JOURNAL OF SCIENCE AND ARTS

and Radon’s inequality is applied for n = 3,

p+1 p+1 p+1 1
A 1S (x1 + T2 + 23)PT
al al ay (a1 +az2+az)P

with the substitutions: z1 — a , x9 — b, x3 — ¢; a1 — a®+8abc , ay — b>+8abc , ag — ¢ +8abc
and p =1/2.
It is obtained,

Vs (a+b+c)2 _\/ (a+b+c)
T (@B + b3 + 3 + 24abe)? a® + 0% + ¢ + 24abe —

The last inequality is reduced — after some simple calculations , to the obvious inequality ,
a(d® + ) + a(b?® + 2) + a(b? + ¢*) > 6abe.

The demonstration method given previously and in [13], also underlines an interesting method
of refining the inequalities, which we can also be seen in the following theorem,

4. Theorem (for refinement of Radon’s inequality)
For ag,xp > 0,p > 1,k € {1,2,...,n}, n € N>, the inequality takes place,

n p+1
+1 > $k> 1 p+1
- af ( — AT N R )
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k=1
with equality if and only if| xl = i =.=&
Proof
As in the inequality sequence (6) , d; = 0, it only remains significant the inequality d,, > do
, (V)n S NZQ.
But,
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In the end, because of d,, ‘s symmetry relatively to a;, and x; variables, i,j € {1,2,...,n}, it
ot P 4 \pHL
results that d,, > o+ Jp — (azjff;)jp , (V)n € N>o , (V)i,j € {1,2,...,n}, hence the enounced
.7
relation holds. The equahty condition 7t ‘Z—; =...= z" is a necessary and sufficient condition

for the equality in (4) as well as for the cancellatlon of the quantity

(wf+1 n 7 (w +$j)p+1>

a? a? (a; + aj)P

max
1<i<j<n

For p =1, a result proven in [13] is obtained.

5. Corollary (refinement of Bergstrom’s inequality)
For zj, € R,ar, > 0,k € {1,2,....,n} , n € N>g , the inequality holds ,

2 2 2 2 2
x x x X x R 1 a;T; — A;T;
(9) i S Sk BEEL i max (aiz; — ajzi)” “),
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with equality if and only if , % = % =.=2
6. Remark
The result from Theorem 4, Corollary 5 respectively, also forms a generalization of a contest
problem from [18] .
Indeed , for x; = 1 and ap — x, the enounce is obtained. Being n > 2 a natural number and
r1, X2 ,...,Tp > 0. Then :
1 1 n? (z; — ;)2

1
(10) —+ —+ ...+ — = Z mnax ————————
€1 X2 T 1+ X2+ ... 2y 1<i<j<n ;x5 - (l’z + .%'j)

I

For the demonstration of the next result we need the following,

7. Lemma
For m € R>; ,n € N* and z; > 0, then ,

(11) Zxk > — (Zxk)

Proof
The inequality comes from the inequality between the power-means ([8], [9], [15]), namely, if
r,s € R, r > s, then the inequality takes place,

(12) (fv’£+w5+.-.+w2>1/r><xi+w§+--.+xi>”8,
n - n

For r = m and s =1 , the result is obtained .

8. Theorem (the generalization of Radon’s inequality )
If ag,xx, > 0,p > 0,9 > 1,k € {1,2,...,n}, then the inequality takes place,

n p+q
e 1 <k21wk)

k —
(13) ) A
k=1 > ag

k=1

with equality for: & = £2 = = In,
Proof
Using Radon’s inequality and the previous lemma, we successively have:

ptq\ P+l n prlz p+1
p+1 p
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For ¢ = 1 in Theorem 8, Radon’s inequality is obtained, and for p = ¢ = 1, Bergstrom’s
inequality is obtained .
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9. Corollary (the generalization of Radon’s inequality - a variant) If ax, z; > 0,,k €
{1,2,...,n},p > 0,7 > p+ 1, then the inequality holds,

1 <kzi:1 xk) T

T
(14) Z a’ii = nr—p—1 ' n p>
(£)

k=1

EO——

with equality for : a =g =..=2
Proof
Noting r := p+ ¢ in Theorem 8, r > p+1 results , and ¢ — 1 = r — p — 1, hence the enounce .
A similar result to the one in relation (14) is obtained in [17], using Jensen’s inequality.

10. Application
If a,b, c are the sides of a triangle and r > 2 | then ,

(15) a” N b" N " S (a+b+c)"t
b+c—a c+a—-b a+b—c™ 3r—2 '
or with the triangle known notations, we have ,
a’ br " 27‘—1
16 > Tl
(16) p—a+p—b+p—c_37"_2 P

Using the above inequality extensions, numberless other inequalities , such as those in : [1] , [2]
, [3] , [16] , [17] — can be proved or generalized .
New ones can also be obtained .
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