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Abstract

We create a sequential limited problem. The limited problem is very important in mathematics.
That ’s reason why we need more exploitation of this problem.

1 Introduction

There are a lot of different ways of creation mathematics such as finding out many solutions, finding
out similar and generalized problems of a problem. These make us interesting. We refer to these things
through a nice sequential limited problem of a Vietnamese textbook.

Problem 1 (Problem 58, p. 178, Vietnamese Advanced Algebraic and analytic textbook 11*", (2016))
Find the limit of the sequence (uy,) such that

_ 1 1 1
Up = 75 + 575 + ... + nmF D
We will go to prove u, = 1 —
Solution 1
For each of positive integers, we have

%H. There are many solutions to prove this thing.

1 1 1
) k B+ 1
From this, we have
_ 1 1 1 _ 1 1 1 1 1 1
Un =153tz t+t-tisgrp=l-s3+ts -3+ +5 -7 =177
. _ . 1 _
Thus l}mun = lim(l - =5) = L
Solution 2
. 1 1 1 1
We WIH prove that i3 5.3 + ... + m =1 — nr 1 (1)
. With n =1, we have 125 = 1 — 1. Thus, (1) will hold true when n = 1.
. Suppose that (1) holds true from n =1 to n = k, it means,
1 1 1 _ 1
T2 tost ot mmrn =1 - w5
we will prove that it will hold true when n = k + 1, it means,
1 1 1 1 _ 1
T2 tes Tt awmry T eroery = vy
Indeed, since the inductive hypothesis, we have
1 1 1 1 _ 1 1
7.2 t 3.3 T F k(k + 1) + k+ Dk +2) — L - kE+1 + K+ 1Dk + 2)
— kA Dk+D-(k+2)+1 _ (k+DE+D)-(k+1D _ kE+1 o 1
= &+ D)k +2) = &+ Dk +2) T k+2 T E+2

Thus, (1) holds true for all of positive integer n’s.
Thus, limu, = lim(l — - i i) = L
we extend problem 1 to the problem as follows

Problem 2 Find the limit of the sequence (u,) such that

_ 1 1
Un = 77533 t 332t +

1
nn + 1)(n + 2)°

This problem also has many solutions.
Solution 1

l(i_i) #Zl(i_i)

1.2.3 2\1.2 2.3/ 2.3.4 2\2.3 3.4/ 9
1 _ 1 1 _ 1

nn+1)(n+2) — 2 \nn+1) n+1)(n+2) )"




From this, we have

_ 1 1 1 _ 1 1 1
Upn = 7733 T 332 T - F n(n + 1)(n +2) 5(1.2 B (n+1)(n+2)>
1 1
— 4 2n+ D+ 2)
: _ 1 1 1 1
Thus, llmun = lim (Z — m) -
Solution 2
We will prove
1 1 1 _ 1 1
T 2.3 T332~ T nn+ H(n+2) — 4 2(n+ 1+ 2) (2)
. With n =1, we have
1 -1 _ 1 1 1 B S
1.2.3 — 6 — 4 2 — 4 21+ 11 +2)°

Thus, (1) will hold true when n = 1.
. Suppose that (1) holds true from n =1 to n = k, it means,

1 1 1 _ 1 1
T.2.3 T 232t T Ek+D(k+2) — 4 20k+ Dk F2)p

we will prove that it will hold true when n = k + 1, it means,

1

1.

N

20k + 2)(k T 3)

Indeed, since the inductive hypothesis, we have

1 1
3 T RER t ety T rroee

2)(k + 3)

1.

T ORTY T GIOeTE IEF3)

= s | |

=3 1t 3 é 7t t k(k+1)(k+2) + ETDETOETD

E+ Dk +2)(k+3)—2k+3) +4 (k+ D)k +2)(k+3) —2(k+1)

A+ D F 2k +3)
kT )k 13
Thus, (2) will hold true when n = 1.

Thus, limu,, = lim (% —

=

1 _ 1
2(n+1)(n+2)> — 4
We now find out the similar problem of problem 1, we have

Problem 3 Find the limit of the sequence (u,) such that

-

1

Up =

=l

Wewillgotoprove S = 1 + 2 + ... + n = w
Indeed,

S =1+ 2 + ... + n;
S=n+mn-1) 4+ ... + 1

Thus, 28 =n(n+1). t means 1 + 2 + ... + n = w
Thus,

_ 2 2 2
Uupn = 73 33t F IETED
By the problem 1, we have
. o . 1 o
limu, = lim2. (1 - 45) = 2

We continue to exploit problem 1 by remarking that n?> < n(n + 1) < (n + 1)?son <

n + 1. Hence [\/n(n + 1)] = n. It follows

+

V1.2 + [vV2.3] + ..+ [yn.(n+1)] =1+ 2+ 3 + ...

We combine algebraic method with arithmetical method to obtain the similar problem

Problem 4 Find the limit of the sequence (uy,) such that

4k + D(k + 2)(k + 3)

1 1
+1+2+1+2+3+"'+1+2+..‘ n’

+n =

[\/ 2] + [vV2 ]+ +[\/n.n+1

1
AR I o Ea o Eaverr

nn + 1) <

n(n + 1)
—a -



Since problem 1, we easily calculus limu,, = lim2. (1 — —2=) = 2.

n+1
w. We go to the following problem

We continue to notice that the sum equals to

Problem 5 Find the limit of the sequence (uy,) such that

_ 1 1 1 1
Un = V13 + 13 + 23 + V13 + 23 33 + ot 183 + 23 + ... + n3"

We need to prove

VIT + 28 + 35 1+ ..+ 3 = toth)

In order to prove this equality, we need to prove the equivalent formula
13 93 33 5 _ (nn+1)?
+ 23 4+ 3% + L+t = (B

We first calculus 12 + 22 + ... + n?
Indeed, we have the identity (n + 1) = n® + 3n? + 3n + 1. It is equivalent to

(n + 1) —n3 = 3n% + 3n + 1.
From this, we have

23 — 1% =3
33— 28 =3.2?

(n +"'1)3 -n3=3.n2 +3.n+1
Adding the results termwise, we have
(n+ 1P —1=3.(12 +22 + 3 + ... 02 +3. 2080 4 p
The result is equivalent to the result

2(n® 4+ 3n?2 + 3n) = 6.(12 + 22 + .. + n?) + 3.(n® + n) + 2n.

Thus, 12 + 22 + .. + n?2 = 22437 4n _ nnd HOn D)

6 6
Next, we calculus the sum 13 + 23 + 33 + ... + nd
We have the identity

(n + D* = n* + 4n3 + 6n% + 4n + 1.
Thus,

(n + 1)* — nt = 4n3 + 602 + 4n + 1.
This equality holds true for all of positive integer n,n =1,2,3,... :

24 — 14 = 4.1 +6.12 +4.1+ 1
3t -2 =4.224+6.22 +4.2+1

m+ 1Dt —nt=4.n>+6.n2 +4.n+1
Thus,

m+ 1D —1=4.(1+22 4+ .. +n0H+6. (12 +22+ . +n)+4. (1 +2+ ... +n)+n.

n(n + 1)(2n + 1)

As we known that 1+2+...+nZWand 12 + 22 + .+ n? = BEESRT we have

D — (n+ 1) — 2n(n +
3n — 2n — n(2n +
1 — (2n + 1))

4.1 + 22 + ..+ 03 = (g
)]

1) = n(n + 1)(2n + 1)
1

+
2
Thus, 13 + 23 + 32 + ... + nd® = ("(”; 1)) . It means that 13 + 23 + 33 + ..

n(n + 1)
.
Thus,

+ n3



_ 2 2
Uun = 73 * 7.3t -t amTn

Since problem 1, we easily to calculus that limwu,, = lim2. (1 — ——) = 2.
A different problem is similar to problem 1 as follows

Problem 6 Find the limit of the sequence (u,) such that

1

_ 1

1
VI+VIF3+.4/1+3+ ..+ 2n-1)
We go to prove that

VI+HVIF3+ V1 +3+ ..+ —-1)=1+2+3+ ..+ n

This equality is equivalent to 1 + 3 + ... + (2n — 1) = n?
Indeed, we have

S = 1+ 3 + ..
S=@2n—-1) + (2n — 3)

+ @2n - 1)
+ ..+ 1

Thus, 25 = 2n +2n + + 2n = 2n2. Thus S =n?. Hence 1 + 3 + ... + (2n — 1) = n?
From this, /1 + 3 + ... + (2n — 1) = n. It means that

VI+HVIF3+V/1+3+ .. +@n—-1)=1+2+3+..+n
Thus,

_ 2 2 2
Un = 73 7.3+ -t omTEn

Since problem 1, we have limu,, = lim2. (1 — — i 1) = 2.
We have some exploitation of a problem. All of different solutions, similar problems and generalized
problems make us interesting. Do you have any comments on this paper! Please share with us!

The last are some exercises

Problem 7 Find the limit of the sequence (uy,) such that

_ 1 1 1
Upn = 73342 T 233235 T 1V sasDm+romss:

Problem 8 Find the limit of the sequence (u,) such that

_ 1 1 1
Un = 773345 T 23456 T amrDmroeidns o
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