
SPECIAL APPLICATIONS

SHIVAM SHARMA - NEW DELHI - INDIA

1. Evaluate:

I =

∫ ∞

0

ln(1 + x)Li2(−x)

x
3
2

dx

Proof.
Making change of variable,

x = y2

⇒ 2

∫ ∞
0

ln(1 + y2)Li2(−y2)

y2
dy

⇒ 2
[
Li2(−y2)

]∞
0

∫ ∞
0

ln(1 + y2)

y2
dy −

∫ ∞
0

(
d

dx

(
Li2(−y2)

)∫ ∞
0

ln(1 + y2)

y2
dy

)
As we know,∫

ln(1 + y2)

y2
dy = 2J

(
ln(1 + iy)

)
− ln(1 + y2)

y
− π

And,

Li2(−y2) =
−2 ln(1 + y2)

y

I = 4

∫ ∞
0

(
2J
(

ln(1 + iy)
)
− ln(1 + y2)

y
− π

)
ln(1 + y2)

y
dy

I =
−3π

3
(π2 + 24 ln 2)

�

2. Evaluate:

I =

∫ 1

1
2

ln3 x ln(1− x)

x
dx

Proof.

⇒ −
∫ 1

1
2

∞∑
n=1

xn−1

n
ln3 xdx

⇒ −
∞∑

n=1

1

n

∫ 1

1
2

xn−1 ln3 xdx

⇒ −
∞∑

n=1

1

n

∂3

∂n3

[∫ 1

1
2

xn−1dx

]

⇒ −
∞∑

n=1

1

n

[
xn ln3 x

n
− 3

xn ln2 x

n2
+ 6

xn lnx

n3
− 6

xn

n4

]1
1
2

1
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⇒
[
6Li5(x)− 6Li4(x) lnx+ 3Li3(x) ln2 x− Li2(x) ln3 x

]1
1
2

I ⇒ π2

6
ln3 2− 21

8
ζ(3) ln2 2− 6Li4

(1

2

)
ln 2− 6Li5

(1

2

)
+ 6ζ(5)

�

3. Evaluate:

S =

∞∑
n=0

(−1)n

(3n+ z)2

Proof.

⇒
∞∑

n=0

1

(6n+ z)2
−
∞∑

n=0

1

(6n+ z + z + 2)2

⇒ 1

36

∞∑
n=0

1

(n+ z
6 )2
− 1

36

∞∑
n=0

1

(n+ z
6 + 1

3 )2

⇒ 1

36
ψ′
(z

6

)
− 1

36
ψ′
(z

6
+

1

3

)
S ⇒ 1

36

[
ψ′
(z

6

)
− ψ′

(z
6

+
1

3

)]
�

4. Evaluate:

I =

∫ 1

0

ln3 x

2 − x
dx

Proof.

Let x = e−t

dx = −e−tdt

I =
1

2

∫ 0

∞

−t3(−e−t)
1− e−t

2

dt

⇒ −1

2

∫ ∞
0

t3e−t
∞∑

n=0

(1

2

)n
e−ntdt

⇒ −1

2

∞∑
n=0

(1

2

)n ∫ ∞
0

t3e−(n+1)tdt

⇒ −1

2

∞∑
n=0

( 1
2 )n

(n+ 1)4

∫ ∞
0

t3e−tdt

⇒ −6

∞∑
n=0

( 1
2 )n

n4

I = −6Li4

(1

2

)
�
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5. Evaluate:

I =

∫ 1

0

ζ(3) − Li3(x)

1 − x
dx

Proof.

⇒ −
[
− ζ(3)− Li3(x) ln(1− x)

]1
0
−
∫ 1

0

Li2(x) ln(1− x)

x
dx

⇒ −
∫ 1

0

Li2(x) ln(1− x)

x
dx

⇒
∫ 1

0

Li2(x)d
(
Li2(x)

)
dx

⇒

[
(Li2(x))2

2

]1
0

⇒ ζ2(2)

2

I =
π4

72
�

6. Prove that:
ζ′(x)

xζ(lnx)
=

∞∑
n=1

Λ(n)

nlnx

where Λ(x) denotes von mangoldt function.

Proof.

As we know,

ζ(s) =
∏
p

(
1− 1

ps

)−1
ln
(
ζ(s)

)
= −

∑
p

ln
(

1− 1

ps

)
ζ ′(s)

ζ(s)
= −

∑
p

ln(p)

ps

(
1− 1

ps

)−1
⇒ −

∑
p

ln(p)

ps

∑
k≥1

1

psk

⇒ −
∑
n≥1

Λ(n)

ns

Put s = lnx, we get,

ζ ′(lnx)

xζ(lnx)
=

∞∑
n=1

Λ(n)

nln x

�
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7. Evaluate:

I =

∫ 1

0

(
Li2

(
−

1

x2

))2

dx

Proof.

As we know,

(1) Li2(u) =
u

Γ(2)

∫ ∞
0

t

et − u
dt

Then the integral can be written as,

I =

∫ ∞
0

∫ ∞
0

∫ ∞
0

y1y2
(x2ey1 + 1)(x2ey2 + 1)

dy1dy2dx

⇒ 8π

∫ ∞
0

y1y2
(ey1 + ey2)

dy1dy2

Using equation 1, we get,

⇒ 8π

∫ ∞
0

y2e
−y2Li2

(
− e−y2

)
dy2

Let y2 → y

Then apply I.B.P, we finally get,

I =
4π3

3
+ 32π ln 2

�

8. Evaluate:

I = −2

∫ 1

0

ln3 x

1 − x2
ln
(1 − x

1 + x

)
dx

Proof.

⇒ −2

∞∑
n=1

(
2H2n −Hn

)∫ 1

0

x2n−1(− lnx)3dx

⇒ −12

∞∑
n=1

2H2n −Hn

(2n)4

⇒ −12

∞∑
n=1

((−1)2n + 1)H2n

(2n)4
− 3

8

∞∑
n=1

Hn

n4

⇒ (6×−2)

∞∑
n=1

((−1)n + 1)Hn

n4
− 3

8

∞∑
n=1

Hn

n4

⇒ 45

8

∞∑
n=1

Hn

n4
+ 6

∞∑
n=1

(−1)nHn

n4

⇒ 45

8
[3ζ(5)− ζ(2)ζ(3)

]
+ 6
[
− 59

32
ζ(5) +

1

2
ζ(2)ζ(3)

]
I =

21

4
ζ(2)ζ(3)− 93

8
ζ(5)

�
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9. Evaluate:

S =

∞∑
n=1

H(2)
n Hn

n2

Proof.

⇒
∞∑

n=1

H
(2)
n−1Hn−1

n2
+

∞∑
n=1

∑(2)
n−1
n3

+

∞∑
n=1

Hn−1

n4
+

∞∑
n=1

1

n5

(1) ⇒
∞∑

n=1

H
(2)
n−1Hn−1

n2
+ ζ(3, 2) + ζ(4, 1) + ζ(5)

Let A =

∞∑
n=1

H
(2)
n−1Hn−1

n2

⇒
∞∑

n=1

1

n2

(
ζn−1(2)

)(
ζn−1(1)

)
⇒

∞∑
n=1

[(
ζn−1(2, 1)

)
+
(
ζn−1(1, 2)

)
+
(
ζn−1(3)

)]
⇒ ζ(2, 2, 1) + ζ(2, 1, 2) + ζ(2, 3)

A = 2ζ(2, 3) + ζ(3, 2)

Now put the value in equation 1, we get,

S = 2ζ(2, 3) + ζ(3, 2) + ζ(3, 2) + ζ(5)− ζ(3, 2)− ζ(2, 3) + ζ(5)

⇒ ζ(2, 3) + ζ(3, 2) + 2ζ(5)

S = ζ(2)ζ(3) + ζ(5)

�

10. Evaluate:

S =

∞∑
n=2

1

n(n+ 1)2(n+ 2)

Proof.

⇒ 1

2

∫ 1

0

( ∞∑
n=2

xn−1

n+ 1

)
(1− x)2dx

⇒ −1

2

∫ 1

0

(
x+

x2

2
+ ln(1− x)

)
(1− x)2

x2
dx

⇒ −1

4

∫ 1

0

(2 + x)(1− x)2

x
dx− 1

2

∫ 1

0

(
1− 1

x

)2
ln(1− x)dx

⇒ −1

4

[
x3

3
−3x+2 lnx

]1
0

−1

2

[
(x−1) ln(1−x)−x

]1
0
+
[
−Li2(x)

]1
0
−1

2

[
(x− 1) ln(1− x)− x lnx

x

]1
0

S =
5

3
− ζ(2)

�
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