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a,>0n=>3neN

Proposed by V.Lokot, S. Phenicheva-Russia
Solution by Ravi Prakash-New Delhi-India

n 2 n
Sa) S om
k=1 k=1 j=k

| —
[ n(n-1) terms ]
Each a; occurs exactly 2(n—1)times

Z az+n(n-1) ll_[ 2(n- 1)‘

[AM > GM]

1

2 n

z%(iak) Z%Zai+(n—1)

k=1

2.1fx,y,z,t,a,b,c € (0,0), xyzt = a* then:

b c
Zy+z+t

Proposed by Daniel Sitaru — Romania
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Solution 1 by Daniel Sitaru-Romania

x+y+z+t>4%xyzt = 4Va* = 4a (AM-GM)

Z I L) S OF.)
y+z+t 4b2.3(Xx) 3-4b2 7

(4a)b—1 _ 4b—1.ab—1 _ 4.ab—1 1
= g3.4b-2 T g4b-2 T~ 3 ( )

y° (02F9L NN 0)F ) Lt
Zy+z+t24c‘2-3(2x)_ 4c2.3 2

(4a)c—1 _ 4c—l,ac—1 _ 4_,ac—1 2
= 3.4c-2 342 3 ( )

By adding (1); (2):

a+ [ 4
Z X Ty > = (a1 +ac 1)
y+z+t 3

Solution 2 by Myagmarsuren Yadamsuren — Mongolia

x,y,z,t.a,b € (0,0) xyzt=a*

Prove that: LHS = 3a - ¥ 2" > 4. (a® + a°)
y+z+t
Z xb + y hebyshev Z Z (Z 1 )
yt+tz+t x+y+z
Cauchy-S chwarz 2
SEE Zx + Z
- 4 3(x+y+z+0

Z x n Z Chebishev

_3 x+y+z+t -
1 (x+y+z+t) (XxP"1+3x)
4 x+y+z+t B

=

Cauchy

=2 (St Yy S La|(Vayen)  + (YD) =
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— ; (ab=1+ q¢-1)

xb_|_yc 4 _ _
LHS=3-a-Zm23a-§-(ab 1+ac 1):4-(ab+ac)

3. If a, b, c be positive real number and k > 2 then

a+kb b+kc c+ka
+ + >
ka+b kb+c kc+a

Proposed by Pham Quoc Sang-Ho Chi Minh-Vietnam

Solution by Christos Eythimiou-Greece

abc>0ANk=2

a+kb+b+kc+c+ka
ka+b kb+c kc+a

(k+1)(a+b)—(ka+b) (k+1)(b+c)—(kb+c) (k+1)(c+a)— (kc+a)
+ + >3«
ka+b kb + ¢ kc+a

(k+1)(a+b N b+c N c+a
ka+b kb+c kc+a
a+b b+ c c+a 6

+ + > &
ka+b kb+c kc+a k+1
ka+b—-—(k—1)a kb+c—(k—1)b kc+a—(k—1)c 6
+ + >

>3 <

)—323<=

ka+b kb + ¢ kc+a “k+1
3_(k-1) a N b N c - 6
A (ka+b kb + ¢ kc+a)_k+1<=
3 a b c
> + + =
k+1 ka+b kb+c kc+a
3 1 .1 1
= &=
k170D ke k43
a C
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(s 5) (0 5) (s )= e 0 (e ) (e D+ (e D) (e D+ (ke ) v ) =

3 ,(@a b ¢ a b c a b c a b c
3k + 3k (—+—+—)+3k(—+—+—)+323k2(k+1)+2k(k+1)(—+—+—)+(k+1)(—+—+—)<=
c a b b ¢ a c a b b ¢ b

a b c a b c )
k(k—2)(—+—+—)+(2k—1)(—+—+—)—3k +3>20¢«
c a b b ¢ a

0=0

4.1fa,b, c € (0, ) then:

a?b? b?c? c2a? 1 1 1

+ + < + +
as+b> b>+c® cS+a’> a+b b+c c+a

Proposed by Daniel Sitaru — Romania
Solution by Kevin Soto Palacios — Huarmey-Peru
Si;a,b,c € < 0,00 >, Probar que:

a?b? b?c? c2a? 1 1 1

+ + < + +
as+b> b>+c® cS+a’> a+b b+c c+a

La desigualdad es equivalente:

1 a’b? 1 b?c? 1 a?c? ~ 0
— + — + —
a+b a>+b> b+c b3+c5 a+c a’*+c5S”

Tener presente lo siguiente:
a® + b> = (a + b)(a* — a®b + a’b? — ab® + b*) o (Cocientes Notables)

1 a?b? _ a®+b5—(a+b)(a?b?)
a+b  aS5+b5 (a5+b5)(a+b)

Sea: A =

(a+b) (a4 +b* — ab(a® + bz)) a* + b* — ab(a? + b?)
A= =
(a5 + b5)(a + b) a® + b5
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Desde que: a,b,c € < 0,00 >. Por: MA > MG
a* + a* + a* + b* > 4a3b A b* + b* + b* + b* > 4b3a
Sumando: a* + b* > ab(a? + b?) - a* + b* — ab(a®? + b?) > 0

a4+b4—ab(a2+b2)
a’>+b5

1 a’b? 0
%Za+b_2a5+b5_

5.1fa, b, c € (0,) then:

>0

Por la tanto: A =

adb® + b3c® + c®a® > ab°c5\/27(at + b* + ¢*)
Proposed by Daniel Sitaru — Romania
Solution by Kevin Soto Palacios-Huarmey-Peru

Si;a,b,c € < 0,00 >, Probar que:

aBb® + b3c® + c8a® > ab°c5\/27(a* + b* + c*)
Desde que: a,b,c €< 0,00 >
= aBb® + b3c® + c®a® > a*b*c*(a* + b* + ¢*)

Por lao cual nos falta probar que:

a*b*c*(a* + b* + c*) > a®b5¢5\/27(a* + b* + ¢*)

= a* + b* + ¢* > abcy/27(a* + b* + ¢*)
= (a* + b* + cH)* > (abc)* - 27(a* + b* + ¢*)

= (a* + b* + ¢*)3 > 27(abc)* - Valido por: (MA>MG).

Por la tanto: a®b® + b8c® + c®a® > a®b5c5\/27(a* + b* + c*)

La igualdad se alcanza cuando:a=b = ¢
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6. Let a, b, c be positive real numbers such that:

1 1 1
+ + =
1+a 1+b 1+c

Prove that
(a-1D)b-1)(c-1)<1
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Kevin Soto Palacios — Huarmey — Peru

, ey 1 1 1
: m —t—+ —=
Sean: a, b, c nUmeros reales positivos tal que ettt 1 (A

Probar que: (a — 1)(b — 1)(c — 1) < abc (B). Sea:

a:%y>0,bzz;—x>0,c:y7+2>0. Reemplazando en (A)
1 1 1 z y X
x + * z+x+ +z: + + =1
1+ ZY 1+ > 1+yx x+y+z x+y+z x+y+z

Por la tanto (B) es equivalente:
+ + +
(a—l)(b—l)(c—l):(u—l)(z x—1)(y “-1)<1
z y X
S@x+y-2)z+x—y)y+z—x) <xyz

>x+y-2)z+x-y)y+z-x)=
= - -2 +z-x)=(*-y* - 22 +2yz)(y +z - x)
> —y? 22+ 2yz)(y+z—x) =x*y+x*z— 23—y  —yPz + yPx —
—z%y — 23 + 2%x + 2y®z + 2yz* — 2xyz
>@x+y-2)z+x-y)y+z-x)=-x -y’ -2°+
+xy(x +y) +yz(y + z) + zx(z + x) — 2xyz < xyz
>x3+y3+23+3xyz>xy(x+y)+yz(y +z) + zx(z + x) >

—(Valido por desigualdad de Schur)



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

7.1fa,b,c = 1, then prove that:
1 N 1 N 1 - 1 N 1 N 1
1+a 1+b 1+c 1+Vab® 1+Vbc® 1+ Vead
Proposed by Erdene Natsagdorj - Ulanbaatar Mongolia

Solution by Hung Nguyen Viet — Hanoi — Vietham

: 1 1 2
We have known thatifx > 0,y > 0 and xy > 1 then =t e > T

Applying this result step by step we obtain

1 3 1 1 2 2 2
+ = + + > +
1+a 1+b 1+a 1+b 1+b 1++vap 1+b

4 4
" 1+Jvab.p 1+ Vab?

3 4 1 3 4
— 22—t = 4
1+c 1++vbc3 1+c 1+4a 1+ ca3

. 1
—+
Similarly, T

Adding up these three relations we get the desired inequality.

8. Prove the inequality holds for all positive real numbers a, b, ¢

4 4 4 4 4 4
(b + ¢)a? + (c + a)b? + (a + b)c? > 3abc + a fb ;C +b /C ;a +c fa ;b

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Kevin Soto Palacios — Huarmey — Peru

Siendo: a, b, c nUmeros R*. Probar la siguiente desigualdad:

a’(b+c)+b*(c +a) + c*(a+b) > 3abc + a\[b4z+C4 + b\/C4Za4 e [

Partimos de la siguiente desigualdad:

(a—b)*>0- a*+ b*+ 6a’b? —4b*a—4a®b >0
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= 2(a* + b* + a®?b? — 2a®b — 2b3a + 2a4*b?) > a* + b*
a*+b*

= 2(a® —ab + b*)?> > a* + b* > a®> —ab + b* > — A

Analogamente para los siguientes términos:

4, 4 4 4
b%? — bc+ ¢ > /b% .. (B)AC?—ca+a® > /%...(C)

En consecuencia, la desigualdad inicial es equivalente:

b4+c4 C4—+a4— a4+b4—
3abc + a 2 +b 2 +c > <

< 3abc + a(b? — bc + c?) + b(c? — ca + a?) + c(a? — ab + b?)

b4+c4 C4—+a4— a4+b4—
= 3abc + a 2 +b 2 +c > <

< a?(b + c) + b*>(c + a) + c*(a + b) ... (LQQD)

9.1fa,b,c,x,y,z>0,a+ b+ c =1then:

1 1 1 9
+ + >
1+ x2ybz¢ 1+ xbycze 1+ xCy%2zb ~ 3 +x+y+z

Proposed by Daniel Sitaru — Romania

Solution by Soumitra Mandal-Chandar Nagore-India

1 1+1+1)2
= =
Z 1+ x%ybz¢ ~ 3+ 3%, x%ybze

cyc

(Bergstrom’s inequality)

(1+1+1)2

B ax + by +cz
3+ZCJ’C( a+b+c

)a+b+c =
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9 9
_3+chc(ax+by+cz)_3+(x+y+z)(a+b+c)_

_ 9
- 3+x+y+z

(Proved)

10. Let a, b, ¢ be positive real numbers such that ab + bc + ca = 3. Prove that

a3 + b3 + C3 >3
b2 —bc+c? c2—ca+a? a%*—ab+b*"—
Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Kevin Soto Palacios — Huarmey — Peru
Sean a, b, c niUmeros R* tal que: ab + bc + ac = 3. Probar que:
@ + i + ¢ >3
b2 —bc+c*? c?2—ac+a? a?-—ba+b%2"

La desigualdad es equivalente:

al(b+c) b*(a+c) c2(a+b)
+ + >
b3 + ¢3 a3 + ¢3 a3+ b3 —

Paratodos los R*: “a, b, c,x,y, z”, se cumple la siguiente desigualdad:

(b+c)x+(c+a)y+(a+b)z > 2\/(ab + bc + ac)(xy + yz + zx)

(Demostrado anteriormente)

S a3 b3 c3
nNx=—-—=,y= zZ=
ea b3+c3 'y ad+c3'’ a3+b3
Asimismo:
a3 b3 b3 c3 c3 a3

Xy +yz+zx = : + : + :
yry B+ B+ B+ B+bd @B +b: b3+l

Seanm=a3n=»b3p=c3
mn np pm 3
+ + > —
@+n)(p+m) (m+p)im+n) (m+m)(n+p) 4

S xy+yz+zx =
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(Demostrado anteriormente)

Por la tanto:
a b c
>
bZ—bc+cz+cz—ac+a2+ ~ba +b2_2\/(3)(xy+yz+zx)
>2 9—3
— 4_

11. Let a, b, c be positive real numbers such that a + b + ¢ = 1. Prove that

1 1 1 1 1 1
(1+ab+bc+ca)< + )

+ < —+4+—+—
a+bc b+ca c+ab a b c

Proposed by Nguyen Viet Hung — Hanoi

- Vietnam
Solution by Kevin Soto Palacios — Huarmey — Peru

Siendo a, b, c nimeros R*, de tal manera que: a + b + ¢ = 1. Probar que

(1+ab+ bc+ )( 1 + 1 + 1 )<1+1+1
. crac a+bc b+ca c+ab/

a b c
a+bc=(1Q-b—-c)+bc=1A-b)(1-c¢c)=(a+c)(a+Db)
b+ac=(1-a—-c)+ac=1-c)(1—-a) =(a+b)(c+b)
c+tab=(1-a-b)+ab=1-a)(1-b)=(b+c)(a+c)

La desigualdad se puede expresar de la siguiente manera:

((a+ bc) + (b +ca)+ (c+ b))( 1 + 1 + 1 ) 1 1 1
a ¢ ca cra +bc b+ca c+ab a b c
N (1 + a+bc+ a+bc) + (b+ca+ 1+ b+ca) + (c+ab + c+ab + 1)
b+ca ct+ab a+bc c+ab a+bc b+ca

b+c a+c a+b
2 (1+=7) + (145 ) + (1+ =)
a b [
a+c a+b b+c a+b b+c a+c
= ( )+ ( )+ (@5t avs) =
c+b c+b a+c a+c a+b a+b
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b+c a+c a+b
+ +
a b [

=>(b+c)(%—ﬁ)—(a+b)ﬁ+(a+c)(%—ai)—(b+c)ai+

+b +b

1 1 1
+(a+b)(z_c+b)_(a+C)C+b20

(b+0) [ (a+b) 1 +(a+0) a (b + ¢) 1 N
= — —_
a a+c a a+c b a+b Ca+b

() o

1 (ab+b2—cz—ac>
=0

b+c c
(c+a)(c—a)+b(c—a) (a+b)(a—->b)+cla—>b)
= + +
a(a + c) b(a + b)
(b+c)(b—c)+a(b—c)
c(b +¢) =0
(c—a)(a+b+c) (a—b)a+b+c) (b-c)la+b+rc)
a(a +c) + b(a + b) + c(b+c) =

z(Zchm) “(rre) 220

1 2a 1+ 1 1 1 2c 1>0
=>( _a+c)a ( b)z ( _b+c)z_
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2 2 2
> — 4+ —+ — m
2+t (Lo cual probaremos)

Q=
+
G‘Ib—t
nlb—t

Desde que a,b,c > 0: Por: MA > MG

1 1 4
e Zas Mgt '>E(B)'+ > ©

1 2 2
Sumando: (A)+(B)+(C)—> +b+czm+m+: (LQQD)

12. Let a, b, c be non-negative real numbers such thata + b + ¢ = 3.

Prove that:

Jad +1+b3+1+c3+1<.6(a?+b?+ c?)
Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Kevin Soto Palacios — Huarmey — Peru

Siendo: a, b, c nUmeros reales no negativos, de tal maneraque:a + b + ¢ = 3.

Probar que: Va3 + 1+ Vb3 + 1+ V3 +1 < \/6(aZ + b? + c2)

La desigualdad se puede expresar como:

J@+1)ya2—a+1+Vb+1yb2—b+1+vJc+1Jc —c+1<6(a? + b2 + c2)

Por la desigualdad de Cauchy Schwarz:

(V@+ DY@ —a+ 1+ VB B2 b+ 1+Ver /F —c+ 1) <

<(a+b+c+3)(a?+b*+c*—(a+b+c)+3)

(V@+ DV —a+ 1+ VB 1VB2 b+ 1+VerIeE—c+ 1) <

< 6(a? + b? + ¢?)

s>Va3+1+Vb3 +1+Ve3 +1 < /6(a?+ b? + c2) ... (LQQD)
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13. Prove that for all positive real numbers a, b, c :

(a+1)*(b+1)? L 1)%(c+1)? e 1)%(a +1)?

> + b+
ab+ 1 bc +1 ca+1 z8(a+b+c)

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Kevin Soto Palacios — Huarmey — Peru
Probar para todos los nimeros R* a, b, ¢ la siguiente desigualdad:

(1+ a)*(1 + b)? N (1+ b)*(1 +c)? N (1+c*)(1 +a?)

> +b+
ab + 1 bc +1 ca+1 2 8(a+b+c)

Realizamos los siguientes cambios de variables:
p=a+b+c ANq=ab+bc+ac
Desde que: a, b, ¢ > 0. Por la desigualdad de Bergstrom’s:
(1+ a)’(1 + b)? L+ b)?(1 + c)? L@+ 0)*(1 + a)? -
ab +1 bc+1 ca+1 -

> (E(1+a)(1+b))*
3+q

> 8p. Por lo cual nos queda demostrar que:

2
> (D A+a)1+b)) 28p(3+q) = (3+2p+q) >24p+8pq

=9+ 4p*+q*+12p +4pq + 6q = 24p + 8pq &
©4p*+q*+9—-4pq—12p+6q =0
Pero..4p?>+q*+9—4pq—12p+6q = (2p—q—3)> >0 ... (LQQD)

14. Prove that for all real numbers a, b, c:

la+ b+ c| |al . |b| . lcl
1+|la+b+c|” 1+ |b|+|c] 1+]|c|+]|a|l 1+]|al+ |b]

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
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Solution 1 by Abhay Chandra — India
For real numbers we have |a| + |b| + |c| = |a + b + ¢| which implies

la] + |b] + || la+ b+
la] +|b] +|c|+1 " Ja+b+c|+1

Hence we are required to prove the following for all non-negative real numbers

x = |al,y = |b|,z = |c|

Z X - X+y+z
1+y+z x+y+z+1

But from Cauchy — Schwarz on LHS we have

(x +y +2)?
X +y+z+2(Xy+ yz+ ZX)

LHS >

we are left to prove
x+y+z)2>2(xy+yz+zx)=>x2+y?+22>0
which is obviously true. Equalityatx=y=z=0ora=b =c=0.
Solution 2 by Marian Dinca — Romania

|al |bl |c] _
+ + =
1+[bl+|c] 1+]c|+]a] 1+]a]+ b

= L+1 + [bl + el +1)-3=
1+ |b| +|c]| 1+ |c|+ |al 1+ |a| + |b|

= (1 +lal + bl + lel) (s T ) 2 2
- a V\T+bl+1c] 1+Ic|+la] 1+lal+b]) °~

9
> (1+ al + [b] +le]) (5

————— ) — 3 use harmonic inequali
ciclic1+|a|+|b|) q ty

_ 9+9(al+Ibl+lc) ., _ 3(lal+lbl+lc) _  lal+Ibl+lc|
3+2(lal+Ibl+]c]) 3+2(lal+Ibl+Icl) 1+§(|a|+|b|+|c|) -
la] + |b] + [c| la+b+cl

“1+(lal+Ibl+]c) " 1+]a+b+c|
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because the function f(x) = ﬁ is increasing for x > 0 and

la] + |b] + |c] = |a + b + c|. done!

15.1fa, b, c,d € (0,1), prove that:

ctd d+a a+b b+c
a—+ b\ 2 b+ c\ 2 c+d\ 2 d+a\ 2
(=) () () ) =
2 2 2

2
Solution by Marian Dincd — Romania

Proposed by Dorin Marghidanu — Romania

c+d

ab,c,d e (0,1): zcyc(a“’) >2

use Lema by Dorin Marghidanu x¥ > E ,forx,y € (0,1)

b d bc+d a+b b
a+ c+ a+ a+
2 —
> €01, 6(01)=>( > ) >a+b+c+d_a+b+c+d
2 2
c+d
and similarly, we shall obtain: Y.y ( ) > Yeye a+b+':+d =2

16.Ifa, b, c € (0, ) then:

31_[<1+2+3>>1+ 2 L3
a a?*/~ " Slabc 3[(abc)?

Proposed by Daniel Sitaru — Romania

Solution by Soumitra Mandal - Chandar Nagore — India

Applying Holder’s Inequality
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1 + 1 1
a?4+b+1  b24c+1  c2+a+l1 —

17.a,b,c >0 Aab+bc+ca=a+b+c=

Proposed by Vaggelis Stamatiadis-Greece
Solution by Nguyen Viet Hung — Hanoi — Vietham

By Cauchy — Schwarz inequality we have

aZ2+b+1 Zi(@+b+1)(1+b+c2) Zi(a+b+c)2
cyc cyc

Z 1 1+ b+ c? 1+Db+c?

cyc
3+a+b+c+a%+b?+c?
(a+b+c)?

It sufficesto show that3+a+b+c+a?+b%+c?2 < (a+b+c)?

or3<a+b+c (sincca+b+c=ab+bc+ca)
But this is true by a+b+c=ab+bc+caS%(a+b+c)2

The proof is completed.

18.Ifa,b,c € (0,»),a+ b + ¢ = 1 then:
a’ b3 c? 1
+ + > —
5b+7c 5c+7a 5a+7b 36
Proposed by Daniel Sitaru — Romania
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Solution by Myagmarsuren Yadamsuren — Mongolia
a’ b3 c? 1
I = + + > —
5b+7c 5c+7a 5a+7b 36

Chebyshev (3)
ﬁ

> —. ++3-(
I > 55 (@+b+c)

1 1 1
+ +
5b+7c 5c+7a 5a-+ 7b)

Cauchy—-Schwarz

1 1 1 -
>

= N N S
27 \5a+7b 5b+7c 5c+7a

1 1+1+1)* 1
=27 12-(a+b+c¢) 36

19.Ifa, b, c € (0, ) then:

2 b2 2 2 b2 2
SR LU LU AP LN 6—22(\/E+ b ++/c)
b a c a c b

Proposed by Daniel Sitaru - Romania

Solution 1 by Ravi Prakash - New Delhi — India

E+\[§+\[§+\[§+E+Ezz(ﬁ+\/ﬁ+ﬁ)

E+ b—z—(\/z+\/5):%{a\/5+b\/3—b\/5—a\/g}:

a

:%((a—b)(\/z—\/ﬁ)) >0

Thus,\/%+\/§2\/5+\/5 (1). Similarly\/%+\/%2\/5+\/5 (2)
and \E+\/¥2\/5+\/E (3)

Adding (1), (2) and (3) we get the desired inequality.
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Solution 2 by Seyran Ibrahimov — Maasilli — Azerbaidian

ii...i...i...i c b+c a+c a+b
Vb Va Ve Va Ve Vb va b & e
b+ c > 2Vbc
a+c>2Jac | AM — GM
a+b > 2Vab

\[b—ic+2\/7>4\/’ \/7+2\[:>4\/E zj:+zj:>4f
LHSZZ\[I%C+2\/§+2\[¥22(\/E+\/E+\/E)

20.Ifa, b, c € (0,) and m,n € N*, prove that:

am+n bm+n Cm+n

bmcn—l + Cman—l ampn- 1 =za+ b+c

Proposed by Dorin Mdrghidanu — Romania

Solution by Soumitra Mandal - Chandar Nagore — India

am+n
W+mb+ (n—l)c

Applying AM. > G.M. : &

> a, similarly
min

pm+n
m+mc+ (n 1) a

> b and &2 > ¢. Now,
m+n m+n
amn
S ptem(Ya)ea(Ya)emenya
cycl cycl cycl cycl
SO,
amtn
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21.1fa,b,c € (—1,1) then:
lal + |b| |b|+lc| lcl+lal _ 2|al 2|b| 2|c|
+ + > + +
1-—c? 1 — a? 1-b? " 1—-bc 1—-ca 1-—ab
Proposed by Daniel Sitaru — Romania

Solution 1 by Kevin Soto Palacios — Huarmey — Peru
Si;a,b,ce<-1,1>
la] +[b| bl +]c| Ic|+al _ 2]al 2|b| 2]c|
+ + > + +
1—c? 1 — a2 1-b%2 " 1-bc 1—ac 1-ab
Por desigualdad de Cauchy:

la] . la] ||( 1 . 1 )>||( 4 )>
= =
1-c2 1-b2 1z 12/ ="¥\2 22/ =

4 2|al
> =
- |a| (Z—Zbc) 1-bc ™"’ (I)

Ic| Ic| 2|C|
+
= 1-c2 1—32 1-ac’ (”) A 1-a2 1-b2 = 1-ab’ (”I)

Sumando ... (D+(D)+(111):

+|b bl|+ + 2 2|b 2
lal+] |+| [+lcl | Icl+lal > lal n | | |C|
1-c2 1-a2 1-b2 1-bc 1—ac

.. (LQQD)
Solution 2 by Ravi Prakash - New Delhi — India

Rewrite the inequality as:

||(1 +1)+|b|(1+ 1)+||(1+ 1)>
A1z 12 1-c2 1-az) N1 a271°p2)=

2|al 2|b| 2|c|
> + +
1—-bc 1—ca 1-ab
For—1<b,c<1

1 1 2 ( 1 1 ) ( 1 1 )
+ — = — =+ — =
1-b2 1—-c?2 1-bc 1-b2 1-—bc 1-c2 1-bc
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_ b(b—C) CZ—bC _ b—-c b(l_CZ)_c(l_bZ) B
TA-D)ZA-bo) A-AA-Dbo) 1- bc[ A-b)A-c2) |

_ (b—c)2
© (1-b2)(1-c?) =

1 1 2|al
+ >
0. Thus, |a| (1—b2 1—c2) ~— 1-bc

Similarly for the second and third expressions on both sides.

22.1fa, b, c > 0then:
atcleb + b4a2eg + c*bZea > 3ea’h?c?
Proposed by Daniel Sitaru — Romania
Solution 1 Abdallah El Farisi-Bechar-Algerie
The function x2e* is convex for x > 0 then we have for all a, b, ¢ > 0.

6650 4560

2 1a 1b 1c
la 1b 1 la b, 1c
> (—5+——+—5) esb'3c 3 > e. by MA-MG

Solution 2 by Myagmarsuren Yadamsuren — Mongolia

a b c AM-GM
a*c?eb + b*c%ec + c*b%ca >

3 ab c 3/ a b, c AM-GM
Tt Tt
23-\/a6-b6-c6-eb c*a = 3a?b%c? - \Jeb'cTa >

a Cc
3. — —
> 3a2b%c% - \e Vbca=3e.a?bh?c?

Solution 3 by Safal Das Biswas — Chindahar — India

a b c
a*c?es + b*a?ec + c*b%e« = k. Then by A.M > G.M we have

3 ab c
k > 3. abbbcbebtcta
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EBE a b c ——t—

b c a . —+—+— b a
= 3a’b?*c’e 3 again AM > GMEte>1thene 3 > e, thus

k > 3ea’b?c?
Solution 4 by Soumitra Moukherjee - Chandar Nagore — India

Applying AM > G. M,

a
a 3 ¥ a ZC)’CE
Z a*c%eb > 3 | | a*c? |e*rb = 3a’b*c%e 3 > 3ea’b?c?

cyc cyc
23.In A ABC the following relationship holds:
25a2+8ab+5b2 >4(3+z a )
2c¢2 +ab - b+c

Proposed by Do Quoc Chinh-Ho Chi Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

3+z ; _Z(1+ X )_ZZ 1 _, Lo +3lab __

b+c b+c) “*Lb+ec s(a+b)(b+c)(c+a)_
4s2+Y ab

(a+b)(b+c)(c+a)

- (Q).Letx=s—a,y=s—bz=s—-c.s=x+y+z

So,a=y+zb=z+x,c=x+y (x,y,z>0).Using this substitution and (1), given

2 2
inequality transforms into; ¥, 2+2 +5(z+0"+8(+0)(z+2)

2(x+y)2+(y+2)(z+x) -
SZX 2 _ szx 2
2 iy @R+ 0+ 2)(z + 1)) = =~ (5(22)? + Txy)

- z 5(y+2)2+5(z+x)*+8(y+2)(z+x)H2(y +2)* + (z + x)(x +y)}]
2@z+x)?2+ (x +y)(y +2)}

cyc

2x+y+2)Qy+z+x)2z+x+7y) >

>8(Yx){s(Yx) + Y0}

| [ea+y?+ 0+~ x)}] E

cyc
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o 242 X0 +272 (z By + z xy®) + 1004 (z X7y + z x?y") +
+175xyz (z x®) +1755 (z X5y3 + z x3y0) +
+3611xyz (z xSy + Z xy®) + 1913 (z XSyt + z xtys) +
+2636xyz (z xty? + z 22yt + B54x2y? 22 (z x*) + 902xyz (z x3y?) >

> 9465x2y%z% (Y x>y + Y xy?) + 21072x3y3z3 - (2). Now, Vu,v,w > 0,
2Yud =Y utv+Yuv? - (). let X x’y+Yxy>? =P

by (a)
854x%2y?z2 (X x3) > 427x*y*z%(P) - (i)

A-G by (a)
2636xyz(Y x*y? + Y x*y*) > 2636xyz(2Y x3y3) > 2636x%y?z*(P) - (ii)

A-G by (a)
3611xyz(X x5y + L xy®) > 3611xyz(2Y x°y3) > 3611x2y?z%(P) - (iii)

by(a)
902xyz(X x3y3) > 451x%y?z*(P) - (iv)

by(a) 4-G
1752xyz (z x6) > 876xyz (z xty? + z x2y4) > 1752xyzz x3y3

by(a)
> 876x2y%z*(P) - (V)

1444 (z x6y3 + z x3ys) = 14442 xS(y3 +23) > 14442 xSyz(y + z)
A-G by (a) .
= 1444xyz(T x5y + T xy°) > 1444xyz(2Y x°y®) > 1444x%y*z%(P) - (vi)
Again, 24 Y x° + 272X x8y + Y xy8) + 1004 (X x7y? + ¥ x%y7) +

+311(X x%y% + Y x%y%) + 1913(F x5y* + T x*y®) Aéa 21072x3y323 - (vii)
(i) +(ii)+(iii)+(iv)+(v)+(vi)+(vii) = (2) is true (proved)

24.1fa, b, c = 0 then:
a(2b +27¢)+b(2°+27%) +c(2%+27P) > 2(a+b+¢)

Proposed by Daniel Sitaru — Romania
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Solution 1 by Abdallah El Farisi-Bechar — Algerie
The functions 2* and 27* are convex for x > 0 then for all a, b,c > 0

we have:
a b b [
(— I — C_l_— a)
a+b+c a+b+c a+b+c

a B b B c b
+|—M27 ¢+ — 27+ —277 ) >
a+b+c a+b+c a+b+c
ab , bc , ca ab , bc , ca

> 2(a+b+c "at+b+c' a+b+c) =+ 2_(a+b+c "a+b+c a+b+c) >2 by MA-MG

Solution 2 by Ravi Prakash - New Dehi — India

ab+bc+ca

a(2?) + b(2°) +c(2*) = (a+ b + )2 arbre (1)

ac+ab+bc

a(2™) +b(2™*) +c(27P) = (a+ b + )2 @ira (2)
Adding (1), (2) we get
a(2b+27¢) + b2 +2" ) +c(2*+2P) = (a+ b+ )(2*+27%) >

>2(a+b+c)

ab+bc+ca
a+b+c

where a =

Solution 3 by Soumitra Mandal - Chandar Nagore — India

We know,e* >x+1ande™* >1—xforallx >0
z a(2b+27°) = z a(eblos? + g=clog2) > z a(blog2+1+1—clog2) =
cyc cyc cyc

= Z{2a+log2 (ab—ac)}=2(a+b+c)+log2{a(b—c)+b(c—a)+c(a—>b)}=

cyc
=2(a+b+0)
(proved)



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

25. Prove that for all positive real numbers a, b, c

a? + 2 b? + 2 c2+2
—+ + >3.
b+c+1 c+a+1 a+b+1

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Kevin Soto Palacios — Huarmey — Peru

Probar para todos los numerous R* a, b, c:

a? + 2 b +2 cz+2
=+ =+ >3
b+c+1 c+ta+1 a+b+1
Por la desigualdad de Cauchy:
(@?+1+1)1+b%2+1)=>(a+b+1)%..(A)

De forma anéloga:

(B2 +1+1)A+c2+1)=>(b+c+1)%..(B)
(c2+1+1)1+a’?+1)=(c+a+1)2..(C)
Multiplicando (A) (B) (C):

(a®? +2)%2(b% +2)%(c?+2)> > (b+c+1)*(c+a+1)%(a+b+1)?2
=>@@+2)B2+2)(c2+2)>(b+c+1)(c+a+1(a+b+1)
De la desigualdad propuesta ... Por: MA > MG

a?+2 b2+2 c2+2 3 (a2+2)(b2+2)(c2+2)
\/b+c+1 * \/c+a+1 * \/a+b+1 = 3\/\/(b+c+1)@+a+1)@+b+1) =3 ... (LQQD)
26.1fa,b € (0,0); m,n € N* then:

1 9
z\/(ma+nb)(na+mb) = (m+n)(a+b+c)

Proposed by Daniel Sitaru — Romania
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Solution 1 by Ravi Prakash - New Delhi — India

(ma + nb) + (na + mb)
2

> \/(mma + nb)(na + mb)

= %(m +n)(a + b) = /(ma + nb)(na + mb)

1 2

” J/ (ma + nb)(na + mb) = (m +n)(a+ b)

Z 1 - 2 Z 1 -
J(@ma+nb)(na+mb) Mm+niua+b

- 2 a _ a
_m+n.2(a+b)_(m+n)(a+b+c)

[AM > HM]

Solution 2 by Myagmarsuren Yadamsuren — Mongolia

1 Cauchy

Z\/(ma+nb)-(na+mb) =

2z:(m+n)-a-zi-(m+n)-b:min.(z:a}-b)2

Cauchy—-Schwarz 2 9 9
>

m+n.2-(a+b+c):(m+n)-(a+b+c)

27.1fa, b, c € (0, ) then:
a3 N b3 N c3 - 3
b%2(5a+2b) c*(5b+2c) a?(5¢+2a) 7

Proposed by Daniel Sitaru — Romania

Solution 1 by Imad Zak — Saida — Lebanon

9 1

Inx

f = G+ "9 7
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(x — 1)(36x% + 256x + 245)

fix)= 49x2(2x + 5)2
a 0 1 +00
f&x)y |/] ——————- O+++++++++++

f(x) 0 P

> f(x)=0 vx=>0

Now consider the inequality

a3 7 3
>
Zb2(5a+2b) -7

_b —
Letx—a y=

a
z=-=xyz=1
Cc

Sl a

7 3
We getY g(x) = b

Zg(x) = Z (f(x) —:—9lnx+;) = (Zf(x)) —%(ln(xyz)) +;

3 3

—(Zf(x))—0+720—0+7
K=>»atx=y=z=1lora=b=c

Solution 2 by Kevin Soto Palacios — Huarmey — Peru
Siendo: a, b, c € < 0,0 >. Probar que:
a’ b3 c3
+ +

b2(5a+ 2b) c2(5b+2c) a?(5¢c+ 2a)

3
> —
7

Por la desigualdad de Cauchy:

3 3 3
b
( a c

2 2 2
b2(5a+2b)  cZ(5bh+2c) a2(5c+2a)) (ab (5a * Zb) +bc (Sb * ZC) +ca (5C * 2a)) =

> (a? + b? + c2)?
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2
N a3 + b3 + 3 (a?+b%+c?)
b2(5a+2b) c2(5b+2c) a?(5¢+2a) ~ 5 a?b2+2b3a+2c3b+2a%¢c

>3
7
= 7(a?% + b? + c2)%2 > +3 (SZ a’b? + 2b%a + 2¢3b + ZaZC)

= 6(a* + b* +¢*) + (a* + b* + ¢*) + 142 a’b? > 152:aZbZ + 6b3a+ 6c3b + 6a3c
= at+b*+c* > b3a+3b+d3c
Por: MA > MG: - a* + a* + a* + ¢* > 4a3c ... (A)
b* + b* + b* + a* > 4b3c ... (B)
c*+ct+ct+b*>4c3p .. (C)
Sumando ... (A) + (B) + (C):
= a*+ b* + c* > b3a+ c3b + a3c ... (LQQD)

Solution 3 by Soumitra Mandal — Chandar Nagore — India

Z a3 Radon’s Inequality (a + b+ C)3

>
~ > 2
Lib (5a + 2b) (Zeye Vb - V5ab + 2b2)

(a+b +c)?

2
( \/ (a+ b+ c){Xy(2b? + 5ab)}>

>

[Applying Cauchy — Schwarz]

+b +¢)3
- (a c)

2
(\/(a+b+c){2(a+b+c)2+ab+bc+ca})

> (a+b+c)3

3
7= (proved)
<J(a+b+c){2(a+b+c)2+§(a+b+c)2}>
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28. Prove that for any positive real numbers a, b, c:
a b [ bc ca ab
+ + > + +
b+c c+a a+b a?2+bc b +ca c:+ab

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Kevin Soto Palacios — Huarmey — Peru
Probar para todos los numerous R*:

a b [ bc ca ab

+ + > — + +—
b+c a+c a+b a*+bc b +ca c*+ab

Por la desigualdad de Nesbitt: (R™):

a b [ 1 a 1 b 1 [ 3
+ + 2—( )+—( )+—( )+—
b+c a+c a+b 2\b+c 2\a+c 2\a+b 4
1 a 1 b 1 [ 3 a b [ 3
=>—( )+—( )+—( )2——> + + > —
2\b+c 2\a+c 2\a+b 4 b+c a+c a+b 2
Por transitividad:
a b [ 1 a 1 b 1 [ 3
+ + 2—( )+—( )+—( )+—2
b+c a+c a+b 2\b+c 2\a+c 2\a+b 4
bc ca ab
> + +
a’+bc b: +ca c:+ab

Es suficiente probar:

1 a 1 b 1 [ 3 bc ca ab

365 3 () i) e

2\b+c¢/ 2\a+c¢c/ 2\a+b/ 4 a’+bc b% +ca c? +ab
a b [ 3 2bc 2ca 2ab

= + + +5 2 + +—
b+c a+c a+b 2 a*+bc b +ca c-+ab

a b c 3 2a? 2b2 2c2
e () ) (2
b+c a+c a+b 2 a%+bc b2%+ca cZ+ab

a? b? c? 2a? 2 b? 2c2 9
= + + + + + P
ab+ac ba+bc ca-+cb a’+bc b?+ca c:+ab 2

Por desigualdad de Cauchy:
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a? a? a? 9a? (A)
ab+ac a%?+bc a?+bc — (2bc+2a?)+(ac+ab)
b2 b2 b2 9p2
+ + > ... (B)
ba+bc b%24+ca b% +ca — (2ac+2b2)+(ab+bc)
c? c? cz 9c? (C)

ca+ch c2+ab  c%+ab — (2a+2c?2)+(bc+ac)

Sumando ... (A) + (B) + (C):

a? b? c? 2a? 2b? 2¢?
= + + + + + >
ab+ac ba+bc ca+ch a’+bc b:+ca c:+ab

9a?

= Z (2bc + 2a?) + (ac + ab)
9a? - 9(3 a)? 9
= Z (2bc + a2) + (ac + bc + ab) ~ 23 (bc + a?) + Y(ab + ac) 2
(LQQD)

29. Lleta,b,x,y, z, u,v,w be positive real numberssuch thatx + y + z = 3.
Prove that:
u? 1 v? 1 w? 1 3

. + : +—. >
uw (ay +bz)* wu (az+bx)Y wuv (ax+by)? a+b

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Soumitra Mandal — Chandar Nagore — India

x+y+z=33=2xy+yz+zx

cyc

u? 1 3 9
Y z
uw (ay + bz)* 3\/1—[Cyc(ay + bz)* chc x(ay + bz)

Applying Weighted A.M = G.M
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CCxa +bZ x+y+z

cyc cyc

1 - 3
= =
[Moylay + pays 2o+ 52)

Z u? 1 - 9 B 9 __3
uw (ay +bz)* ~ ¥, x(ay + bz) " (a+b)(xy+yz+zx) a+b

cyc

(proved)

30.Ifa,b,c > 0,abc = 1 then:

1 1 1 3
+ + >
a’?+ab+b%? b?+bc+c? c2+ca+a? " (ab)? + (bc)? + (ca)?

Proposed by Babis Stergioiu — Greece
Solution 1 by Imad Zak — Saida — Lebanon
a,b,c>0Vabc=1

prove that

1 ”? 3
>
z:a2+ab+b2 ~ Y a%b?
when abc = 1 itisknown thatp = Y a > 3,q% > 3pr = 3pc

c? a? b?
LHS = + +
a%c? + (abc)c + b%2¢?  a?b? + (abc)a+ a%¢?  b?%c? + (abc)b + a?b?
B c? . a? . b? C-B-$ (a+ b +c)?
" a’c?+c+b%2c2  a?b?’+a+a’c2 b:c2+b+a?b? T 2Ya’b?+Ya

__ 9
2Ya?b2+p T 2Ya’b?+p
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??

7
or3Ya’b? =2y a’b®>+p

We need to prove that T 2 5 g

2 2
orYa’b* >por(Qab)? -2pr>p e
q? > 3p true Q.E.D
K=>»ata=b=c=1
Solution 2 by Soumitra Mandal - Chandar Nagore — India

letx =ab,y=bcand=ca;xyz=1

1 3
>
Z a?+ab + b% ~ ¥,(ab)?

cyc

Now,

Z 1 _Z g >3’ i
ﬂ+ﬂ+x_ x(yz"'ZZ"'yZ)_ Hcyc(x2+y2+xy)
cyc y Z cyc

3 9

- 22(x2+yz+zz)+xy+yz+zx
Jmﬁﬂ+ﬁ+w)

9 3
> >
22+ Y2+ 22)+ (k2 +y2 +272)  xZ+y?+ 72

>

Hence statement (1) is established

1 3
>
Z a?+ ab + b% ~ ¥,(ab)?

cyc

(proved)
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Solution 3 by Le Viet Hung- Quang Tri — Vietnam
First, we have:

3(a? —ab+b?*)>a’*+ab+b* = 2(a—b)>=>0
1 1 1
:a2+ab+b22§.a2—ab+b2
3(b2—bc+c?)=b*+bc+c?=2(b—c)* =0
L+ 1 1
b? + bc+c2 3 b%— bc+c?
3(c2-ca+a®’)>c?+ca+at = 2(c—-a)’> >0
1 1 1
cZ+ca+a22§.cz—ca+a2

=

Z 1 >1 Z 1 >1 9
a’+ab+ b%2 — 3 a’? —ab + b%2 — 3 d.(a?%— ab + b?)

3

- 2(a%+b?%+c?)—(ab+bc+ca) CaUChy — Schwarz

3(ab+bc+ca) 3.3%/aZp2¢2 _ 9
2 = 2 =
[Z(az+b2+c2)—(ab+bc+ca)](ab+bc+ca) [2(a2+b2+c2)] (a2+b2+c2)

AM -GM

2

9 3
> =
— 3(a?b? + b%c? + c?2a?) a?b? + b%*c? + c?a?

Solution 4 by Fotini Kaldi — Greece

B = (ab) + (bc) + (ca) = Bi/(ab)(bc)(ca) =>B>3

A = (ab)? + (bc)? + (ca)? = 33/ (ab)2(bc)%(ca)? = A = 3
3(x2+y*+2%) > (x +y +2)? > 3(xy + yz + zx),
A > (ab)(bc) + (ab)(ac) + (ac)(bc) > A>a+b+c>

1 1

= 34 > 24+ + b+ = > —
= (a ) 24+ (@a+b+c)- 34
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c? a? b?
+ + >
(ac)2+c+ (bc)?2 (ab)2+a+ (ac)? (bc)?2+ b+ (ab)? —
(a+ b + c)? >3(ab+bc+ca)>
2((ab)?2 + (bc)2+ (ca)))+(a+b+c) 24+(a+b+c)
9 9 3
> >_="5
2A+(a+b+c¢c) 34 A
1 1 1 3
+ + >
a’?+ab+b%? b?+bc+c? c2+ca+a? (ab)? + (bc)? + (ca)?

LHS =

31. Let a, b, c be positive real numbers such thata < 2,a+ b < 5 and
a+ b+ c < 11.Prove that

1 1 1
—+—-+-2>1
a b c

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Kevin Soto Palacios — Huarmey — Peru
Siendo: a, b, c nimeros R* de tal manera que
a<2a+b<5a+b+c<11.
Probar que:
1,11
a b c
Por la desigualdad de Cauchy:

1 1 1 1 1 1 36 36 36

> = > =
3a¢ 3a 3a 2b 2b ¢~ 9a+4b+c (a+b+c)+3(a+b)+5a — 11+15+10
(LQQD)

La igualdad se alcanza cuandoa = 2,b = 3,¢c = 6.
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32. Let x; y;z > 0. Prove that:
2 2 2

2 2
<E+X+E><x_+y_+z_>zzx +xy+y
y z x)\y z «x z

Proposed by Le Viet Hung —Hai Lang-Vietnam

Solution 1 by Ravi Prakash - New Delhi — India
2 2 2 2

2
(£+X+E)<x_+y_+z_>zzx +xy+y
y z x/)\y z «x z

2 2 2
LHS:(£+X+E)<"_+Y_+Z_>
y z x/)\y zZ X

gy g

=RI Ly (S-1) )

z Yy y

Let E =Z;—z(x—y)
=Y (5-1) e [ -0 =]
_ Z (x* - y;g(x ~)
zz(x+)'}),§x—y) >0
Thus, form (1)

2 .2 2 2 2
(£+X+E)<x_+y_+z_>zzx +xy+y
y z x/)\y z «x z

Solution 2 by Soumava Chakraborty — Kolkata — India

2 2,3
X

LHS_—+—y+—+x—+y f2 Yz
y2 z y z z¢2 x y x

xz
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2 2 2 2 2 2
X X zZ Z z zZx X
RHS:_+_y+y_+L+y_+_+_+_ J—
z z z X X X y y y
x3 3,3 2 g2 42
LHS>RHS S +L+Z>X+Z 4+ 2 (g
y2  zZ X2 z x y
3 AM-GM 2 4,3 AM—-GM 5.2 .3 AM-GM -2
2 2
NOW,—+x > Zx_,y_+y > L,Z_+ > z
y z z x x
Adding the 3:
By B 2y 2
—+=+—=+x+ +z>2(—+—+—)
y:  zz2  x? y - y z x (1)
. x3 y3 z3Radon(y,, .3
Agaln}7+z—2 = =x+y+z

x2 (?) (x+y+2)?

2, yr.z X y.z
(1)+(2)$2(y2+zz+x2)22(y+z+x)
3 3 3 2 2 2
X X
=>—2+y—2+z—22—+y—+z—
y* z¢ x y z x
= (@) is true (Proved)

Solution 3 by Imad Zak — Saida — Lebanon

By Cauchy —-SchwarzB(x +y+z) > (x+y+2z)?=>B > (x+y+1z) (1)

BZ
A(x+y+z)zBZ=>A2§
BZ

So it is sufficient to prove P > B & B = ) x whichis true by (1)

«&K=> holdsforx =y =12z
Solution 4 by Daniel Sitaru — Romania
Yx?z Yxiz
Xyz Xxyz
Yx2z- Y x3z - Y xy(x? + xy + y?)
(xyz)? — Xyz

LHS =

> RHS
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Z x*z - Z x3z > xyz - Z xy(x? + xy + y?)
Z x°z% > Z xy?z*

(5,0,2) s (1,2,4) (Muirhead)

33.Ifa, b, c € (0, ) then:

10a3 N 10b3 10¢3 b
3a%2 +7bc 3b%2+ 7ca 3c2 +7ab — a ¢
Proposed by Daniel Sitaru — Romania

Solution 1 by Anas Adlany-Morroco
WLOG, let ), a? =

Z 1043 - Z 10a’ B
3aZ+ 7bc b2 + cz) B

3a2+7( >

a3
203 5
6a’ +7b% + 702 (7 a2>

[Using Chebyshev’s inequality two times]

22PN w25 O ) () = 2

as desired.

Solution 2 by Imad Zak — Saida — Lebanon

Homogeneous = let abc = 1 the inequality is re-written as

Zf(a)zo

_ 1ox* _ 7x(x3-1) Lo
where f(x) = se X thlch is convex
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= f(x) = gx) = %(x — 1) the tangent at x = 1, we get

S f@rz gla) =20 - 20 =

g.ed
equalityata=b =c
Solution 3 by Kevin Soto Palacios — Huarmey — Peru

By: Inequality Holder’s:

10a3 10b3 10¢3
+ +
3a2+ 7bc 3b%2+7ac 3c*+7ab

) ((Ba2 +7bc) + (3b% + 7ac) + (3¢ + 8ab))(1 +1+1) >
>10(a+ b +c)?
It is enough prove that:

10(a + b + ¢)?
=

(3a? + 7bc) + (3b% + 7ac) + (3¢ + 7ab) < 3

= a%*+b%*+c*>ab+bc+ac
10a3 N 10b3 N 10¢3 - 10(a + b + )3 -
3a2+7bc 3b%2+7ac 3c: +7ab) 3((3a2 + 7bc) + (3b% + 7ac) + (3c% + 7ab)) -

10(a + b + )3
~10(a+ b + ¢)?

Solution 4 by Soumitra Mandal -Kolkata — India

s abren Y ()
o
3a2 +7bc =a ¢ 3a2 + 7bc —a)=

=a+b+c

cyc cyc
72 a(a+b)(a—c)+ala—b)(a+ c)
@ —_—
2 3a% + 7bc
cyc

a(a—b)(a+c) al(a+b)(a-—c)
13| E

+
3a%2 + 7bc 3a? + 7bc
cyc
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72 {a(a —b)la+c) bb+c)b- a)}
o —
2

+ >0
3a? + 7bc 3b% + 7ac

cyc

7 a(@a+c)  b(b+c)
— —b — >0
<2 Z(a ){Ba2 +7bc 3b%*+ 7ac) —

cyc

3_p3 _ 2012 _ B2
@%Z(a—b){nm b?) + 3abc(b — a) + 7c¢“(a b)}20

(3a2 + 7bc)(3b?% + 7ac)

cyc

7(:(a2 +b2) +7¢2(a+b)+4abc
(3a2+7bc)(3b%2+7ac)

& 2 Yeyela — b)?{ } = 0, which is true

Hence,
3

Z 10a >a+b+
3a2+7bc_a ¢

cyc

(proved)

34. Let a, b, ¢ be positive real numbers such thata + b + ¢ = 1. Prove that

a b . c - 3\"
(b+c)" (c+a)™ (a+b)"— (2)
Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Siendo: a, b, c numeros R* de tal manera que: a + b + ¢ = 1. Probar que:

n

a N b N c - (3)
(b+c)" (c+a)™ (a+b)"  \2
La desigualdad puede ser equivalente:

ant 1 bn+1 ct 1

= ool T erar | i@ M

De la desigualdad de Radon:
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Si: xp,a;,>0,ke{1,2,3,..,n},ne N Am > 0, se cumple lo siguiente:

N x11n+1 N x12n+1 xw+1 - (xl + Xy + e+ xn)m+1
al’ ay al — (ag+ay+ - +ay)m
. X X X pe
Laigualdad se alcanzacuando: =2 ==2=...==2
ai az as an

Por la desigualdad de Radon en (A) ... :

an+1 bn+1 cn+1 - (a + b + c)n+1
[a(b+ OF e+ a*  [clarb)" - [a(b + ) +blc+a) + cla+ B =

()

= n
faroror

Solution 2 by Phan Loc So'n-Quy Nhon City — Vietnam
Asume:a = b > c.

a b [ 1 1 1
> > > > .
b+c c+a a+b b+c c+a a+b

By Cebyshev’s inequality:
a 1 N b 1 N c 1
b+c (b+c) c+a (c+a)® a+b (c+a)”

1( a b c 1 1 1 3\"*!
> + + + + > (=
3\b+c c+a a+b)((a+b)" (b+c)n (c+a)")_(2>

35.Ifa,b,c > 0 then:
ZZ(a + b)3 + Sz a® > 21(a’b + b?*c + c?a)

Proposed by Daniel Sitaru — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Si:a, b, c > 0. Probar que:
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ZZ(a + b)3 + 52 a3 > 21(a?b + b%*c + c?a)

= 2(a+b)3+2(b+c)®+2(c+a)®+5@a®+b3+c3)>21(a®b + b%c + c%a)
= 9(a®+ b3 + ) + 6ab(a + b) + 6bc(b + ¢) + 6¢calc + a) >
> 21(a?b + b%*c + c%a)
= 9(a® + b® + ¢3) + 6b%a + 6¢%b + 6a*c = 15(a’b + b%c + c?a)
Desde que: a,b,c > 0.
Por: MA > MG
= 6a3 + 6b%a > 12a?b ... (A)
6b* + 6¢2b > 12b%c ... (B),
6c3 + 6a%c > 12c%a ... (C)
Sumando: (A) + (B) + (C):
= 6(a3 + b3 + ¢3) + 6b%a + 6¢*b + 6a’*c > 12 (a®b + b?*c + c*a) ... (D)
Por otro lado. Por: MA > MG
S>@W@+ad+Pr)+ P+ +A)+ (B +cB+ad) =
=3(a3 + b3+ ¢3) > 3a?b + 3b%*c + 3c?a .. (E)
Finalmente sumando: (D) + (E) ...
= 9(a3 + b3 + ¢3) + 6b%*a + 6¢%b + 6a*c > 15(a®b + b*c + c?a) ... (LQQD)
Solution 2 by Soumava Chakraborty — Kolkata — India
Giveninequality & 2(2Y a® +3Y a’b +3Y ab?) +5Y a® > 21 Y a’b
o3Ya*+2Ya’b+2Yab*>7Ya’b (A

A-G
a3 + a%b + ab* > 3a2bl Za3+za2b+2ab2232azb

A-G
b3 + b%2c+ bc? > 3b%*c (™
4G 22a3+22a2b+22ab2262a2b (1)
c3+cta+ca® > 3c2a}

Again, (A-G) =
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a® + a3 + b3 > 3a2b 3Za3 > BZazb
b3+ b3 +c3 > 3bzc] =
c2+c3+ad>3c%a ZQSZZazb (2)
D)+ @2)=23Ya®+2Ya’b+2Y ab? >7Y a’b
= (A) is true (Proved)
Solution 3 by Seyran Ibrahimov — Maasilli — Azerbaidjian
a® + a® + ab? + ab? > 4a*b

b3 + b3 + bc? + bc? > 4b%c |+
3+ c3 +ca? +ca? > 4cta

x=a3+ b3+ 3+ ab?+ bc*+ ca? > 2cc? + 2b%c + 2c%a

2 Z(a +b)3+5 Z a® > 21(a?b + b*c + c%a)
cycl cycl

9a3 + 9b3 + 9¢3 + 6ab? + 6bc? + 6¢ca’ > 15a’b + 15b%c + 15¢%a
3a3 + 3b3 + 3¢3 + 2ab? + 2bc? + 2ca? > 5a*b + 5b*c + 5ca
a3 + b3 + ¢ + 2x > 5a®b + 5b*c + 5c¢%a
a3 + b3 + c3 > a’b + b%*c + c?a
(proved)
36. If a, b, c > 0O then:

2
Z(ac +bc — cVab) = a*b* + b*c* + c*a?

Proposed by Daniel Sitaru — Romania

Solution by Ravi Prakash - New Delhi — India

2
Z(ac + bc — cVab) = a’b* + b*c? + c*a®
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= [Zcz(a +b— \/E)Z — c%a? - czbZJ >0 (1)
Consider
2c¢*(a+b - \/E)Z — c%a?® — c*b?
= c?[2(a + b)? + 2ab — 4Vab(a + b) — a* — b?]
= c?[a? + b? + 6ab — 4Vab(a + b)]
= c%[(a + b)? — 4Vab(a + b) + 4ab|
=c%(a+b- 2\/%)2
= c*(Va - \/3)4 >0
Similarly for other two expressions.

Thus (1) is true.

37.1fx,y,z € (0,),xyz = 1 then:

Z(x4+y3+z)zz<x2:y2>+3

Proposed by Daniel Sitaru — Romania

Solution by Imad Zak — Saida — Lebanon

Schur= Y x*+xyz(x+y+2z)>Yxy(x*+y?)butxyz=1 =>xy:1

z

Yxt+Yx> Z(x2+y2) .. (1)

z

x2 4y?

Ourinequality:2x4+2x3+2x22( )+3!!

but (1) > S < St + T x

so we need to prove that
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» »
Yaxt+ Y3 +Yx>Yxt+Yx+3 < Y% >3True
by AM-GM «=» x =y =z =1
38.Ifa, b, c > 0 then:

2(a+b+c) < a+b 2a >
= / + ’
vabc 2ac c(a+b)

Proposed by Daniel Sitaru — Romania

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Si:a, b, c > 0. Probar que:

2(a+ b +c) ’a+b ’ 2a
Vabc ZZ 2ac+z c(a+b)
’a+b ’ 2a ’(a+b)b ’(a+b)a
Z 2ac +Z c(a+b)SZ 2abc +Z 2abc =

_IJ@+b)(Va+Vb) EvZ(JaTh)

v2abc N v2abc
=>2(a+b+c) <Z\/f(\/a+b)2_ 2V2(a+b+c) 2(a+b+c)
Vabc N v2abc - v2abc ~ <abc
LQQD

Solution 2 by Soumava Chakraborty — Kolkata-India

a+b_ a+b+ b+c+ c+a
Z 2ac | 2ac 2ab 2bc

_\/E\/a+b+\/E\/b+c+\/E\/c+aCES,/Za,/ZZa_ a+b+c
v2abc T V2abc Va+b+c
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2a 2a 2b 2c -
Z cla+b) c(a+b)+ a(b+c)+ b(c+a) ™
1
J c(a+ b) a(b+c) b(c+a)_
1
U c(Z\/_) a(Z\/_) b(Z\/E)

AM GM

ra+ = 2\/%)

(' aj—b 2\/1_)

etc

1 1 1 1
:@JW(FWE):
[ el ) - e s

Cis\/abc\/\/f Z _W a;:T:C

(2)

1)+ @2)= Z( \/‘”” \/C(Mb)) 2<a+b+c)

(Proved)
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39. Letx,y,z € (0,1) such that xy + yz + zx = 1. Prove that:

X y z - 93
A-y)1A-2) 1-2)1-2) dA-xD)A—y2) - 4

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution 1 by Kevin Soto Palacios — Huarmey — Peru
Siendo: x,y,z €< 0,1 > de tal manera que:

xy + yz + zx = 1. Probar que:

X N y N z - 9v3
1-y9)1-22) A-z2)1-x*) (A-x)A-y2) " 4
Por la desigualdad de Cauchy:
x? y? z? 93
+ + >
x(1-y)(1-22) y(1-z2)1-x%) z(1-x)(1-y*) " 4
Por la desigualdad de Cauchy:

Z x? _ (x+y+z)?
x(1-y2)(1-22) ~ (x+y+2)+xyz(xy+yz+zx)—(x+y+2) (xy+yz+2%)+3xy2Z
xz —+ yz —+ ZZ >
=

x(1-y2)1-2%2) y(1-2z2)(1—x2) z(1—x2)(1—y2)

+ v+ 2)?

> (x+y+2z) N 3 _ 93
4xyz 3 x_1 4
3vV3
(LQQD)

Lo cual es cierto ya que, por MA > MG:

1
xy + yz + zx > 33/ (xyz)? %ﬁnyz Ax+y+z>3(xy+yz+zx) >

—>x+y+zZ\/§

. 1
La igualdad se alcanza cuando,x =y =z = NG
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Solution 2 by Abhay Chandra - India

From AM > GM, we have
X N 27x
1-y»)(1-22) 8
which implies
X 27x
> 24 ,2
A yDa-H2 8 @ *+7)

Summing it up, we get

27x 27x
—y)+—1—-2%)>——
1 -y 8(1 Z)_4

27 27
Z (1_—y2)x(1_zz) = ZTx(yZ + ZZ) = ?((x +y+ z)(xy +yz + zx) — 3xyz)

We are left to prove that

27 9v3
?(x+y+z—3xyz) ZT

butx+y+z>+3andxyz < % . Hence we are done. Equality at

1
xX=y=z=—.

V3

40. Let a, b, c be positive real numbers such that:

(a? + b? + c*)(ab + bc + ca) = abc(a + b + ¢ + 2).

9a9+b9 9b9+C9 9C9+a9
+ + <1.
2 2 2

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Prove that:

Solution by Kevin Soto Palacios — Huarmey — Peru
Siendo: a, b, c nimeros R* de tal manera que:

(a? + b% + c®)(ab + bc + ca) = abc(a+b +c +2)
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Probar que:

2 2 2

De la condicion, se tiene lo siguiente:

= a’bc + b%ac + c*ab + ab(a? + b?) + bc(b? + ¢?) + ca(c? + a?) =
= a?bc + b%ac + c%ab + 2abc
a?+b* b*+c* c*+a? ad+b3 P+ AB+add

= + + =2 + + =2
[ a b - ab bc ca

Demostraremos lo siguiente:

9a2 + b2 3 +p3
- <= - (a® + b°)? 2 2%(a® + b® - a’b%)a’p’
2 2ab

= a?* + 8a?1b3 + 28a18b® + 56a1°p® + 70al?p1? + 56a°b1° +
+28a°b18 + 8a3b?! + b2%* > 256ah° + 256b1°a’® — 256(ab)1?
= a?* + 8a?1b3 + 28al8h® — 200a'5h® + 326a'2b12 — 200a°b1° +

+28a°b18 +8a3bh%l + p%* > 0

Dividendo (= a'?b?), de tal manera a que el sentido no se altere, ya que:
a,b > 0:

al?2  ql? a® b° a® b° a b3
=><W+ﬁ>+8<ﬁ+ﬁ>+28<ﬁ+ﬁ>_200<b_3+ﬁ>+32620

3 3
Sea: :—3 + Z_S = x > 2 (Valido por: MA > MG). Por lo tanto:

a® b®

2
pe g X T2
a’® b° 3
—+—=x°— 3x,
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alZ alZ

itz (-2 -2
= (x?-2)2-2+8(x3—-3x)+28(x*—-2)—-200x+326=>0
= x* +8x3 +24x% —224x+ 272> 0
Lo cual se puede expresar de la siguiente forma:
(x* — 4x3 + 4x%) + (12x3 — 48x% + 48x) + (68x% — 272x +272) > 0

>x2(x—2)2+12x(x—2)2+68(x —2)2 = (x —2)>(x2 +12x+68) > 0

Luego:
ola® +b% ob%+c® °|c®+a® al+b® b3+ A+ad
+ + < + + =1
2 2 2 2ab 2bc 2ca
(LQQD)

41. Let a, b, c be the side — lengths of a triangle. Prove that
abc(b+c—a)(c+a—-b)(a+b—-c)>
> (b? + ¢ — a®)(c? + a? — b*»)(a? + b% — ¢?).
Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Kevin Soto Palacios — Huarmey — Peru
Siendo a, b, c los lados de un triangulo. Probar que:
abc(b+c—a)(c+a—-b)(a+b—-c) >
> (b? + ¢ — a®)(c? + a? — b*»)(a? + b? — ¢?).
Recordar lo siguiente:
A B c (b+c—a)c+a—-b)a+b-rc)

smismismi - Sabc

Dividiendo <+ 8(abc)? a la desigualdad inicial se tiene:




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

(b+(:—a)(c+a—b)(a+b—c)>

8abc
b% + c? — a?\ [c? + a® — b?\ [a® + b? — ¢?
2( 2bc >< 2ca >< 2ab >
A B C

= sinisinisini > cosAcosBcosC

1) Supongamos que sea un triangulo acutangulo:

cos(A+B)+cos(A—B) 1-cosC L
> < > = sin

C
cosAcosB = E

A B
cosBcosC < sinzi AcosCcosA < sinZE

2
o . A . B . C
Luego, multiplicando: = (cos A cos B cos C)? < (sm;sm;smz) S
. A . B . C
© sin_sin_sing > cos A cos B cos C (LQQD)

2) Supongamos que sea un triangulo obtusangulo:

C>B>AC=>=90,AB<90
B C
cosAcosBcosC<0 /\sinisinisini> 0-

- singsingsing —cosAcosBcosC = 0 (LQQD)

42. 1fa,b,c > 0, a? + b? + c? = 3 then:

Za\/bz +¢2 < /6(ab + bc + ca)

Proposed by Le Viet Hung - Quang Tri — Vietnam

Solution 1 by Hung Nguyen Viet — Hanoi — Vietnam

Squaring both sides, the desired inequality becomes
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Z a?(b? + c?) + Z 2ab+/(b? + c2)(c? + a?) < 6(ab + bc + ca)

cyc cyc
By AM-GM inequality we obtain
LHS < 2(a?b? + b%*c? + c%a?) + Z ab(a? + b? + 2¢?)

cyc

= 2(a?b? + b*c? + c%a?) + Z ab(3 + c?)

cyc
= 2(a?b? + b%c? + c2a?) + 3(ab + bc + ca) + abc(a+ b + ¢)
It’s enough to show that
2(a?b? + b%*c? + c?a?) + abc(a+ b + ¢) < 3(ab + bc + ca).
Indeed, we have
3(ab + bc + ca) = (a? + b% + ¢?)(ab + bc + ca)
= ab(a? + b?) + bc(b? + c?) + ca(c? + a?) + abc(a + b + ¢)
> 2(a?b? + b%c? + c*a?) + abc(a+ b + ¢)
and we are done.
Solution 2 by Imad Zak — Saida — Lebanon

a,b,c >0,y a? = 3 Prove that

Yava:+b2<.6Yab ..(E)
First let’s prove
2(xa*>)Xab) = T a)(Xab(a+b))=3Yal(X a)X ab) — 3abc] ... (F)
LHS — RHS = (a®b + ab?® — 2a?b?) + (a®c + ac® — 2a%c?) +

AM’:‘GM
+(b3c + bc® — 2b%*c?) > Z(mzb2 —2a*b?*) =0

(F) is proved.
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Now by weighted Jensen’s of weights a, b, ¢ on the concave function

f(x) = Vx, we have
Z ava? +b% < (a+b+o)f (a(cz + b%) + b(a® + c?) + c(a® + b2)> =

a+b+c

- \/(Z a) (Z ab(a+ b))

according to (F).

Zams\/z(zcﬂ)(zab):\/e-zab

Q.E.D.
&=>»at(a,b,c) =(1,1,1)

43.1fa,b,c > 1,ab + bc + ca = 9 then:

Proposed by Daniel Sitaru — Romania
Solution 1 by Soumava Chakraborty — Kolkata — India

Weighted GM-HM inequality =

1 2 2 b2 2
(aaz.bbz.ccz)Zazz > Zb‘; 5= T . + &
a®  b° c* Ya Ya Ya
b
Bergstrom a 2 aA-G
! O ) ¢ 1obe
3a 3

Ya? A-G

33/ a2p2c2
aaz -bbz ) C,cz > (3\/abc) = (3\/ abc) e
(- Yabc > 1,Y a? > 1,3Va?b%Z > 1, asa,b,c > 1)
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=~ it suffices to prove:

3 b a?b?c?
3 2p2c2 aoc 3
(Vabe) ™" = ()
2 3
2 ( ﬁ)\

e B > (x;> o () 2 {&% )} (x = Yabc)

o x> (7;—3){%) } e x%lnx > (2—3)2 In (ﬁ) (1)

3
Case (1)

1 3 5 x2 1
—_—<—< =4 > —_>—
353 1 (x abc_1=>3_3>

x=>1-Inx>0=LHSof (1) >0 _
1 :In 3;_3)<0=>RHSOf(1)<O]=>LHS>RHS=>(1)|strue
Case 2
L
3 =

A-G
Now, ab + bc + ca > 3VaZb%c?

x2 x3

=>32x2=>12?=>x2?
nx? > (’;—3)2 and also, Inx > In (3;—3) = x*Inx > (,;_3)2111 (x3_3)

2 x3 2 x3 .
(- x%,Inx, (?) >(0andIn (?) > 0)= (1) is true (Proved)

(Equalitywhena = b = ¢ =3, i.e.,atx =+/3)
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Solution 2 by Soumitra Mandal — Kolkata — India
Let f(x) = x% log x for all x € [1, )
f'(x) =2xlogx+ x>0 forall x € [1, )
f'(x)=2logx+3>0

Applying Jensen’s Inequality
2

Yeyea*loga sa+b+c a+b+c
> -
7= () lee(5—)
now (a + b + ¢)(ab + bc + ca) = 9abc > a+ b + ¢ > abc

(a+b+c)? (abc)?
) 3 = aaz 3 bb2 3 Ccz > (a;)C) 3

abc

= log{a® b ¢’} = log (T

(proved)

Solution 3 by Myagmarsuren Yadamsuren — Mongolia

2322
1) a?Ina+b?*Inb+c?Inc> == n (%)

LHS = f(x)=x*-Inx= f"(x) > 0

JENSEN: a?Ina + b2 Inb + c2Inc > 3(

a2+b2+c2) 1 a+b+c
3

2) RHS: (a+b+c):(ab+ bc + ca) > 9abc (ASSURE)
Cauchy Cauchy
a+b+c=3%abc

3 }=>(a+b+c)-(ab+bc+ca)29abc
ab+bc+ca=37+/(abc)?

(a+b+c)-(ab + bc + ca) > 9abc
9(a+ b+ c) =9abc = (a+b +c) = abc (¥)
(*) = (a+ b +c)? > a’b*c?

a? + b% + ¢ + 2(ab + bc + ca) > a®b?c?

U
Cauchy
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a? + b%? +c?+2(ab + bc + ca) < 3 (a? + b* + ¢?)

3(a? + b2 + ¢2) > a?b?c? (*¥)

_azbzc2 abc (+,(x*) 3-(a2+b2+c2) a+b+c\ _
(), (*)=> RHS: "= (In%¥) < 2 i (U2X) = LA

44. Prove the inequality holds for all positive real numbers a, b, ¢
! + ! +
(a2 — ab + b2)(b%2 — bc + c%2) (b%2 —bc + c%)(c? — ca + a?)

1 1 1 1

+ < — 4+ —
(c2—ca+a%)(a?2—ab+b2%2) " a* b* c*

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Kevin Soto Palacios — Huarmey — Peru

Probar para todos los nimeros R*: a, b, c
1 + 1 +
(a? —ab + b?)(b? — bc + c?) (b? —bc + c?)(c? — ca + a?)

1 1 1 1

+ < — 4+ —
(c2—ca+a%)(a?2—-ab+b2) " a* b*

AhorabienV:x,y,z € R, se cumple la siguiente desigualdad:

1 1 1 1 1 1 .
—+—+— < —+—+ = - Siendo:
yz 72

xy yz zx =~ x?
x = a’* — ab + b?,
y = b% — bc + ¢?,
z=c*—ca+c?
Por lo cual solo hace falta demostrar lo siguiente:

1 1 1
+ + <
(a? —ab + b%)2 (b2 —bc+c?)? (c?2—ca+a?)? ™
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2 2 2 1 1 1

< + + < —+—

Lo cual es cierto ya que:
(a—b)* >0 - a*+ b*+ 6a’b? — 4a®b — 4b%a > 0
= 2(a* + b* + a®b? — 2a3b — 2b3a + 2a*b?) = a* + b* >
— 2(a%? — ab + b?)? > a* + b*
Ademas por desigualdad de Cauchy: x,y,z > 0, se cumple lo siguiente:

1 1 1 2 2 2
—+—+—-> + +
Xy z x+y y+z z+x

45. Prove the inequality holds for all positive real numbers a, b, ¢
a’b? b?c?
+ +
(b%2 — bc + c2)(c? —ca+ a?) (c%2—-ca+ a?)(a? — ab + b?)

2 2

c“a
+ <3
(a? — ab + b?)(b? — bc +c?) ~

Proposed by Hung Nguyen Viet-Hanoi-Vietnam

Solution by Le Viet Hung-Vietnam
Using AM-GM inequality:

) ) 1 /a?—abV2 +b?> a?+ abV2 + b?
a“ —ab + b* = >

+
2v2 V2 -1 V2 +1
1 a* + b*
>——=2-+/(a? + b?%) — 2a%b? =
) V( ) 5

Similarly, we have:

b* + ¢t

b*> — bc + c* >
crc =2 2
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2 2 c*+at
c“—ca+a“ > >

a’b? 2a’b?
= Z (b? — bc + c?)(c? — ca+ a?) = Z L/(b4 + c*)(c* + at) -

at b*
_Z 2 ¢t +a* bt +ct

and

a* b* a* b*
Z 2 c*+a* b* +c* Sz:[c“+a4+b4+c4]:3

Inequality holds: a = b = ¢

46. If x,y,z > 0 then:
2 2 2\ 2 3 3 3
9 x_+y_+z_ >8<£+X+E) x_+L+z__3
y2  z2  x2 y z x)\y3 z3 3
Proposed by Daniel Sitaru — Romania

Solution 1 by Saptak Bhatacharya-Kolkata-India

Putg = a,f = b,z =c
So, to show,
9(a? + b% + c?)? >8(a+ b + c)(a® + b3 + ¢ — 3abc)
Using a3 + b3 + ¢3 — 3abc = (a + b + ¢)(a® + b* + ¢c®> — ab — bc — ca)
And rearranging

(a? + b% + ¢?)? — 8(ab + bc + ca)(a? + b? + ¢?) + 16(ab + bc + ca)?> > 0
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= (a®? + b? + ¢* — 4ab — 4bc — 4ca)? >0
which is true. (Proved)
Solution 2 by Nguyen Minh Triet-Quang Ngai-Vietham

leta=2:bp=2 ¢ =Z2thenabc=1
y 2 X

The inequality becomes
9(a? +b* +c®)?2>8(a+b+c)(a®+ b3+ c3—3abc)
< 9(a? + b? +c?) > 8(a+ b + c)*(a®? + b%? + ¢ — ab — bc — ca)
 9(a? + b? + ¢?)? >
> 8(a? + b?> + c2 + 2ab + 2bc + 2ca)(a®? + b? + ¢ — ab — bc — ca)
& 9t2 > 8(t +29)(t —9)

t=a2+b2+022ab+bc+ca)

where{
( 9=ab+ bc=ca

< 9t2 > 8t% + 89t — 1692
o (t—49)% > 0 True = g.e.d.

- t =149
The equality holds at {abc —1
4 2
a= b = c
@{a2+b2+02:4ab+bc+ca@ 25+10v21 5++21
abc =1 a= 4 b= 2 c
25-10v21 5-+v21
X 4 y 2 z
R i =R —
Yy 25+10v21 2 5++21 X
5++v21 5++v21
Sy=—F X=——F 2

And permutations.
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47.1fa, b, c > 0,a? + b? + ¢? = 3 then;

1 1 1 >9 1 1 1
(a+1)3+(b+1)3+(c+1)3—5_4<(a+1)4+(b+1)4+(c+1)4>

Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakraborty — Kolkata — India

abc>0a2+b2+cz—3=>z:#>2 42#
e ’ N (a+1)3~8 (a +1)4

1 + 4 (1+2)2
(a+1)3  (a+1)* — (a+1)3+(a+1)*

9
@+ 13+ (a+1)*

(Bergstrom’s inequality)

. Z 1 N 4 - 9

N {(a +1)3 (a+ 1)4} = Li(a+1)3+ (a+1)*
1

(a+1)3+(a+1)* =3 (1)

1
13+ (et 1)t (x>0)

-~ it suffices to prove: };

Now, let f(x) =

2(10x2 + 35x + 31) P
x+1)5@x+2)?

-~ applying Jensen’s inequality

DN CRICE

3

Z(a+1)3+(a+1)4 (a+:13)+c+1)3_|_(a+b+c+1)4

35
" 3(a+b+c+3)3+(a+b+c+3)*

Now, B a)’<3Ya’=9=YYa<3

f'(x) =
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p ] S T
T A (a+1)3+(a+1)* T 3(3+3)3+(3+3)F 63 8 (1) is true
(Proved)

Solution 2 by Saptak Bhattacharya — Kolkata-India

’ 2
ZBaS Z: :oZaSB:oZ(a+1)S6;

_ 3. 81_ 81 _3
leta+1=x, Xx<6=>0x)><8 3 > G0 28
2 2
(=) _3 2(2)  (Z) L9 w419
25y 25 AM2HM)= ==+ 5-2> oS ) g+l 52y

[+ X x% = 2 x; then Titu’s lemma]

1>9 4 1 1 >9 4 1
ﬁZF—T ZF=>Z(a+1)3—§_ Z(a+1)4
(Proved)

Solution 3 by Soumitra Mandal — Chandar Nagore — India

V3@ +b2+c2)>a+b+c=>3=a+b+c

we know,
1 B a+1+b+1+c+1\73 27 27
—Z(a+1)32( ) = =
3 3 (a+b+c+3)3 216
cyc
Z 1 >3
“Li(a+1)37 8
cyc
Similarly,
12( +1)_4>(a+b+c+3)_4_ 81 .. 8
3L, = 3 “la+b+c+3)*" 129

cyc



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

42 1 >3
- (a+1)*~ 4

cyc

Z(a+1)3 Z(a+1)4__ Z(a+1)3__ Z(a+1)4

cyc

(Proved)

48. If x,y,z > 0 then:
2 2 x_y
4Z(x + y%)z + 4xyzz Gt y)? > 27xyz
Proposed by Daniel Sitaru — Romania

Solution 1 by Mihalcea Andrei Stefan-Romania

2 4 2 Xy :
4Z(x +y )z+4xyzz G+ > 27xyz|:xyz >0

x y 1
42(—+—)+4zx—227
y X X+ Y42

y X

We’ll prove: 4 (i + %) + %

—+=+2 =
y x
X Yot
v x T
40’ —a—-14>0 o (a - 2)(4a + 7) > 0, true (a > 2)

a>2

Solution 2 by Soumitra Mandal-Chandar Nagore-lndia

Z i Z
cyc
4x y

sS4 Zz(x2+y2)—6xyz = Xyz 3 - m

cyc cyc
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(:)4296()’—2)2296)'2 ( __,_gz 42( 20 z:(x-_l-y)2

cyc cyc

)2 {4—(x+y) —xy

xy(x+y)2 } > 0, Wthh IS true

& Yeyelx —

v 4(x+y)? —xy>15xy >0
Hence,
42 z(x? +y%) + 4xyzz o )2 > 27xyz
cyc
(proved)

Solution 3 by Redwane El Mellass-Morroco

27

The inequality © 4 ¥, G ) +3

("Zy)

_ 1 2
Let f(x) = 4(x+;) +x—+%forx > 0.
1

(++3)

we get (Vx > 0): f(x) = f(1) = 9.

Slncef(x)—z(l——)(Z— 2)Withx+§21

+LHS > Y f (§) > 27 with equality if

=—=1=2x=y=z>0

Y
x

A

49.1f a, b, c € (1, ) then:

1
log,, e +1log,.e+1log.,e < 2 (log, e +1log, e +log.e)

Proposed by Daniel Sitaru — Romania
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Solution 1 by Myagmarsuren Yadamsuren — Darkhan — Mongolia

1
log,p e +1ogy.e +1og.e < 5 (log, e +log, e +log.e)

1 1 1 1(1 1 1)

+ + < — + +
Inab Inbc Inca 2\Ina Inb Inc

1 1 1 1 Z 1
+ + < —-. —_
Ina+Inb Inb+Inc Inc+Ilna 2 Ina
1+ 1)? (1+1)? (1+1)*  Cauchy
+ +
4-(Ina+Inb) 4-(Inb+1Inc) 4-(Inc+1na)

1 2 2 2 1,1 1 1
<—. + + =— + +
4 (lna Inb In c) 2 (lna Inb In c)

Solution 2 by Ravi Prakash - New Delhi — India

letx = log.a,y =log.b,z=1og.c. Asa,b,c>1,x,y,z>0

loge _ 1

Now, log,, e = etc. [change of base]

loga+logh  x+y'

2xy 1 1 1
< (x+y) > —<-(x+
We have: =3 (x +7y) <3 (x+y)

1 1 1 1
Thus, Zm < ZZ(x+y) = sz; Ylog,,e < EZlogae

50.Ifa, b, c > 0 then:

2 24
(Z (a? — az + b2)6> =3 z (%)

Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-Kolkata-India

2
(Z (a? - a:) + b2)6) =3 Z (a? — alj+ b?)12




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

( (Z x)2 <3 Z x2>

’ . a+b \24
Let’s prove: (@—ab+b2)12 = (a2+b2) (1)
1 (a + b)?

<
a? — ab + b? ~ (a? + b?)?
& a* + b* + 2a’b? < (a + b)(a® + b3) = a* + b* + a®b + ab?
o a? + b? > 2ab < (a— b)? = 0 - true

1 ( b+c
(b2—bc+b?2)12 — \pZ4c2

24
1 ct+a
() o
(c2-ca+a?)12 c2+a?

W+ @+ @ = mm <3 ()" @

24
Similarly, ) (2) and

a?+b?
5 24
(Z (a? — az + b2)6) =3 Z (a% — alj+ b2)12 : 32 (;zl+l;2)
(using (4))
(proved)

51. Let a, b, c be positive real numbers. Prove that:

a b c 1 1 1 z
4( + + )+(a+b+c)2( + + ) > 33
b+c c+a a+b vaz+ab+b%? Vb2+bc+c?2 2 +ca+ a?

Proposed by Do Chinh Quoc-Ho Chi Minh-Vietnam

Solution 1 by proposer

By the virtue of the AM-GM inequality, we have:
1 vab + bc + ca 2vab + bc + ca 2vVab + bc + ca

= > =
VaZ+ab+b% [(a®+ab+b?)(ab +bc+ca) @*+2ab+b*+bc+ca (a+b)(a+b+c)

Similarly, we get:
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1 1 1 2vab+ bc + ca < 1 1 1 )

+ + > + +
va?+ab+b%2 Vb +bc+c?: Vct+ca+a? a+b+c a+b b+c c+a

1 1 1
=+ =+
\/a2+ab+b2 \/b2+bc+c2 \/c2+ca+a2

Using the Iran 1996 inequality, we have:

@(a+b+c)2< ) >4—(ab+bc+ca)( +L+L)2

+b b+c c+a

<1+1+1)Z:1+1+1+ 4(a+b+c)
a+b b+c c+a (a+b)2 (b+c)2 (c+a)? (a+b)(b+c)(c+a)
9 4(a+b +c)
= 4(ab + bc + ca) (a+b)(b+c)(c+a)
:>4-(ab+bc+ca)< + 1 + 1 )Z_ +16(a+b+c)(ab+bc+ca)
a+b b+c c+a (a+b)(b+c)(c+a)
. 16abc
(a+b)(b+c)(c+a)
Therefore, we need to prove that:
(a . b . c ) 25 4+ 16abc - 33
b+c c+a a+b (a+b)(b+c)(c+a)

a . b . c . 4abc .
b+c c+a a+b (a+b)(b+c)(c+a)

e a® + b3+ 2 +3abc = ab(a+ b) + be(b+c) + calc+ a)
Always true because this is Schur level 3 inequality.
The equality holds fora = b = c.
Solution 2 by Do Huu Duc Thinh-Ho Chi Minh-Vietnam

Applying AM-GM inequality: Yy—L _=Vab+bc+ca-¥ L
\m J(a2+ab+b2)(ab+bc+ca)
>z 2+vVab + bc + ca _ 2vab + bc + ca
- a2 +ab + b2+ (ab+ bc +ca) (a+b)(a+b+c)
2 4(ab + bc + ca) 1 \?
2 2, . =
=(@+b+c) < m) z(a+b+ o) —o oy <Za+b)

=4(ab + bc + ca) <Z %b)z

= 4(ab + bc + ca) - Z( +8(ab+bc+ca)z( +b1

Yo+ o)~
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16(ab+bc+ca)(a+b+c)
(a+b)(b+c)(c+a)

16abc
(a+b)(b+c)(c+a)

(Iran 96)=9 + 16 +

So, we just need to prove that:

a 16abc a 4abc
4% brc | (a+b)(b+c)(c+a) =8,0r) brc | (a+b)(b+c)(c+a) 22

& a® + b3+ ¢+ 3abc = Y ab (a + b) (true because this is Schur deg 3) = Q.E.D.

52.1fa,b,c,d > 0then:

3(a+b+c+d)>Zz((/a3b(b+c)(b+c+d)

Proposed by Daniel Sitaru — Romania
Solution 1 by Anas Adlany - El Jadida — Morroco
3a+b+(b+c)+(b+c+d)

23/a3b(b+c)(b+c+d)<2-

4c 2d
:Zzi/a3b(b+c)(b+c+d)SZ(a+b+?+?)<3(a+b+c+d)

(true)
Solution 2 by Henry Ricardo - New York — USA
The AM - GM inequality gives us

2 z @b+ )b +c+d) <2 z

cyclic cyclic

:zz 3a+3b6+2c+d:%<3 z (@+b)+2 z c+ z d>:

cyclic cyclic cyclic cyclic

a+tat+ta+b+(b+c)+(b+c+d)
3 =

1
:5.9(a+b+c+d):3(a+b+c+d).
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Solution 3 by Myagmarsuren Yadamsuren — Darkhan — Mongolia
a,b,c;d>0

3-Za>2-2i/a3b(b+c)-(b+c+d)
9-(a+b+c+d
3-(a+b+c+d)=2- ( . ):
3a+b+(b+c)+(b+c+d)>

3a+3b+2c+d
=2 E =2. E
6 6

Ya3-b-(b+c) - (b+c+d)

> 2
Cauchy

1 1 1 1
53.1fab,c.d € (0,), 1+a? * 1+b2 * 1+c2 * 1+d? =1
thenna+b+c+d=>6
Proposed by Daniel Sitaru — Romania

Solution by Myagmarsuren Yadamsuren — Mongolia

1)
\

> Assume
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x2+1 = X; Ca"ChJ’ x +1
(Z X ><Zx +1 = f Z+1_n ()
2,41 -
Ay
=
(); () Z X; x2+1 " X;
I=n i=n i=n
Z n
xi+1 1
S S e
xl . L
i=n =n

2)

n=4=x;+x,+x3+x,>3-2=6>a+b+c+d=>6

54.Ifa,b,c,d >0,a+ b +c+ d = 1then:
a3 b3 c3 d3 1

+ + + > —
b+c c+d d+a a+b 8

Proposed by George Apostolopoulos - Messolonghi - Greece
Solution by Kevin Soto — Palacios — Huarmey — Peru
Si:a,b,c,d >0.a+ b+ c+d =1.Probarque:
a’ b3 c3 d3 1
+ + + > —
b+c c+d d+a a+b 8

Por la desigualdad de Holder:



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

al b3 c3 d?
+ + +
<b+c c+d d+a a+b

>((b+c)+(c+d)+(d+a)+(a+b))(1+1+1+)2

>(a+b+c+d)?

a3 b3 c? d3 (a+b+c+d)? 1

+ + + > =—

b+c ¢c+d d+a a+b 8a+b+c+d) 8
(LQQD)

55. If x,y,z > O then:
VZ (/2222 + y* + y[yExT + 2% + 222y7 + x) > xy\[yz + yazx + zy,[xy

Proposed by Daniel Sitaru — Romania

Solution 1 by Myagmarsuren Yadamsuren — Mongolia
Zﬁx. [x222 + y* :Z\/(lz_,_ 12) - (x%z2 + y* - x2) >

> Z x2z+ yix = (x%z + y2x) + (y%x + 2%y) + (2%y + x%z) =

= (x%z+ y*x) + (V?x + 22y) + (Z’y + x%2) > 2 - xy -xz +
+2./xy - yz + 2xz - [zy > xy\xz + yxzx + zy [xy
Solution 2 by Nguyen Minh Triet - Quang Ngai — Vietnam

By AM — GM inequality, we have:
x2z2 + y* > 2xzy? = x\/2 - [x222 + y* > 2xy\xz (1)
Similarly, we get: yv2 - \/y2x% + z* > yz.[xy (2)
V2 - [x2y? + x* > 2xz,[xy (3)

(1)+ (2) + (3) = LHS > 2 RHS > RHS
g.e.d.
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56. If a, b, ¢ > 0 then the following relationship holds:

(a+b+2c)(a+c)(b+c)

+b+c>
a €= 2(a+c)2 +2(b + 0)2

Proposed by Daniel Sitaru — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Si: a, b, c > 0. Probar la siguiente desigualdad:

(a+b+2c)(a+c)(b+c)
atbtez) 2@+ ) +2(b + o)

Desde que: a, b,c > 0. Por: MA = MG:

2(a+c)!+2(b+c))=>4(a+c)(b+c) -

(a+b+2c)(a+c)(b+c) Y.(2c+a+b) _
- 2(a+c)2+2(b+c)? = 4 =a+b+c.. (LQQD)

Solution 2 by Anas Adlany-El Jadida-Morroco
We have 2(A4% + B?) > 4AB, so if we take
A=a+c,B=b+c, weget
(a+b+2c)(a+c)(b+c)
2((a+c)*+(b+c)?)

_ (A+B)AB< A+B_Z
- /L. 2+B%) " 2 2L.¢

Solution 3 by Sk Rejuan-West Bengal-India
We have to prove

Z (a+b+2c)(a+c)b+c)

<
2@t +2(brc) =atbre

(a+b+c)(a+c)(b+c)

LHS = )= it B

Now, (a + ¢)% + (b + ¢)? 2%(a+b+20)2
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1 < 2
=
(a+c)2+(b+c)~ (a+b+c)?

(a+b+2c)(a+c)(b+c) 2(a+b+2c)a+c)b+c)

<
2(a+¢c)2+2(b+c):2 ~— 2(a+ b+ 2¢)?
_(a+o)b+ C)
+b+2
~ (a+b+20) = (a ©)
[by G.M < A M]
Solution 4 by Nirapada Pal-India
Z (a+b+2c)(a+c)(b+c) < Z (a+b+2c)(a+c)(b+c) _
2(a+c)?2+2(b+c)2  — (a+b+2c)? o
as 2(a? + b?) > (a + b)?
_ o (a+tob+c) _ 1 (a+c)+(b+c)
= X ipize —ZZ_+_ Z =asHM < AM

a+c b+c

1
:ZZ(a+b+Zc):a+b+c

Solution 5 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

atc=x X+y+z
c+a:y] a+b+c:T
a+b=1z
x+ty+z (x +y) xy
2 T L2(x%+y?)

x+y+z3>Y (’”y) %Y (ASSURE)

("?%(T%(ZZ")EZ%

+y _ (x+y)-xy
> > Z1y? (ASSURE)

1 xy
227 x% +y? > 2xy (TRUE)

Similarly
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y+z>(y+2ﬁy
2 - y2+Z2

zZ+x zZ+Xx)- zZx
_ @+

2 z2+x?
+ .
x+y+zzzw
y? +x?

57.1fa, b, c € [2,») then:

- >—+—+—
cla+b) abc a b c

zab—él 12 1 1 1

Proposed by Daniel Sitaru — Romania
Solution by Redwane EI Mellass-Morroco
1 =+ 1 < 1 =+ 1 1 +b<ab
—Fr < —=—=1=>
a b2 2 arh=a
1 1 b—4 1 1
(a )( ) >0

a+b_ab=> [ a+b ab
ab — 4 4 1 ab — 4 12 1
>0 z:

+ S + > ) =
= c(a+b) abc cla+b) abc— a

1

with equality if and only if% +o = 11,1

1
—+-=-+-=1=2>a=b=c=2.
b c c a

58.1fa, b, c € (0,2) then:

1 1 1 1ma b c
bea-2 + ceb-2 +qec-2 < —|—+—+—
e\c a

Proposed by Daniel Sitaru — Romania

Solution by Redwane EI Mellass-Morrocco

1
1 a2
Let £(x) = xev2,0 < x < 2.Since: f'(x) = TDEIe2
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we get f(x) < f(1) :%.So:

>t <ty

cyc cyc

59.Ifa, b, c > 0then:

a? + b? ab
z +1lzm>6(\/ab+\/ﬁ+\/ﬁ)

a+b

Proposed by Daniel Sitaru — Romania

Solution 1 by Mihalcea Andrei Stefan — Romania

, 2 p2 b
Let’s prove: —— + 11— > 6vab
a+b a+b
not
a+b =s

not

ab = p
@sz—esﬁ+9p>9@(s—3ﬁ)zzo
(a+b:3x/ﬁ=>\/az\/z(3+\/§)

if4b+c:3\/ﬁ=>\/3:—\/z(3:\/§)

lkc +a=3Vac=>+c= V5(3+\/§)
Anyway we will have the signs in 3 £+/5, it will result that a rational number is
equal to an irrational number. Contradiction= LHS > RHS
Solution 2 by Ravi Prakash - New Delhi — India
Consider

a2+b2+11ab
a+b a+b

6Vab =

[a® + b* + 2ab — 6Vab(a + b) + 9ab| =
a+b
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= ale [(a +b)? - 6vab(a +b) + (3vab) | =
:ﬁ[(a+b—3\/ﬁ)2] >0

2 2

a“+b 11ab

+ > 6Vab
a+b a+b

Similarly for other two terms.
Solution 3 by Seyran Ibrahimov — Maasilli — Azerbaidjian

2 2 2
a“+b 11ab a+b 9ab AM-GM

+ =( )+ > 6Vab
a+b a+b a+b a+b

Solution 4 by Soumitra Mandal - Chandar Nagore — India

a? + b? ab
Z +112—>6Z\/ab
a+b a+b

cyc cyc cyc
(a + b)? + 9ab — 6(a + b)\Vab
5 @,
a+b

cyc

@Z(a+b—3\/E)2>o

a+b
cyc
which is true
a? + b? ab
SYEE LY Y
a+b a+b
cyc cyc cyc

(Proved)

Solution 5 by Abdallah El Farissi — Bechar — Algerie

a? + b? ab ab
+11——=(a+b)+9—— > 6/
a+b a+b (a+b) 9a+b_6 ab

and equality if and only if a?> — 7ab + b?> = 0,a = wi”b then
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a? + b? ab

Z 2+ b + IIZmZ 6(vab+\/E+\/aC)
a’? —7ab+b*=0

and equality if and only if{ b2 — 7bc + ¢ = 0 it follow that
cZ—7ca+a?=

(
4 b = 357 . this is contradiction then
|

a? + b? ab
Z +1lzm>6(x/ab+\/ﬁ+\/§)

a+b

60. Ifa, b, c = 1 then:

(z loga - log b)2 > (z log? a) (log2 abc — 2 z log? a)

Proposed by Daniel Sitaru — Romania

Solution 1 by Mihalcea Andrei Stefan — Romania

x=Ina>0
Take{y:lnbzo
z=Inc>0

The inequality © (X xy)? > (T x2)(2Y xy — Y x?)
© g° 2 (p* - 29)(4q - p?)
= g° = 4gp® - p* -8g°> +2gp* =0
& (2g —p?? = 0true
Solution 2 by Soumava Chakraborty — Kolkata — India

Letloga = u,logh = v,logc = w(u,v,w > 0)
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Given inequality © (Zuv)? > (X u?) ((Z u)? -2¢ uz))

= (Zuv)z > (Zuz) (ZZuv—ZuZ
letYuv=xandYu? =y
-~ given inequality ® x> > yR2x —y) © (x —y)? >0
which is true (Proved)
N.B.: Inequality istrue V a, b,c > 0
Solution 3 by Abdallah El Farissi — Bechar — Algerie

(Z logalog b)2 > (Z log? a) (2 Z logalogh — Z log? a)
= (Z log? a) (log2 abc — 2 Z log? a)
61.I1fa, b, c > 0 then:
(a® + b*)a (b* +c®)b (c +a®)c
@+ b+ 3 +ad \/7 f \/7

Proposed by Daniel Sitaru — Romania

Solution by Redwane EI Mellass — Morroco

Let f(t) =

—t(t— 1)2(t4+t3+t2+t+1)
1+t6

Si([eo-T ey

<0

Since f(t) =
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Withequalityifandonlyif\[éz\/%z\[E:1=>a=b=c>0.

62. If x,y,z > O then:
2

Xt —xy+yt xy
z y272 _Zy4—y3z+y2z2 —yz3 + 7%

Proposed by Daniel Sitaru — Romania

Solution 1 by Mihalcea Andrei Stefan — Romania

Xy
LHS > Z i

we'll prove: yxy a2d

222 = yt+zt-y3z-yz3+y? 22
eyt—yz+z2t -y >0 (y—2)2(y* +yz + 2z%) = 0 true
Equalityfora=b = ¢
Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

Lat—xy+y?=(*+y) —xy > 2xy—xy=axy
a

L;:hy

2.(y2-2z%)%>0

1 44 74
Osi(y4+z4)—y222:y4+z4—<y >_yZZZ:

2
:y4+z4_M: 4+Z4—@(y2+22) Cazéchy
<yt+zt—zy (9 +2%)
yt+zt—ydz—yz3 >0
Yt + 2% — 3z + Y222 — yz® > y2z?
3. sz—xy+y2 (1)$(2) Xy

y2 72 = yA—y32+y272 —yz3 +74
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Solution 3 by Soumitra Mandal - Chandar Nagore — India
2

Xt —xy+yt xy
Z y272 _Zy4—y3z+yzzz—yz3+z4
cyc cyc

@Z x* +y? ny(y+z)
—_—
y2z2(x +y) y5 + z°
cyc

(x3+y3)(y5+25)—xy z2(y+2)(x+y)
@ chc yZZZ(x+y)(y5+ZS) 2 0 s (1)

Now, (x® + y3)(y° + 2°) — xy32%(x + y)(y + 2)

1 1
21(x+y)3 -E(y+z)5—xy3z2(x+y)(y+z) >0

Hence, (1) is established.
2

NE Ay Yt xy
Z y272 _Zy4—y3z+yzzz —yz3 + 7%

cyc cyc

(proved)

63.Ifa,b,c = 1 then:

1 -b¢-c*)+6 b(1 + 2a) >3(a+b+
og(a® b* ) 21+4a+ 7 2 3(a )

Proposed by Daniel Sitaru — Romania

Solution by Soumitra Mandal-Chandar Nagore-India

Let f(x) =Ilnx + f(?zx) — 3 forallx € [1, )
, 1 12 12(1 + 2x)(x + 2)
s fi(x)=—+ 5 — N
x 1+4x+x (1 +4x + x2)
1 12(1+x+x%) _ (-4

— (1+4x+x2)?2  x(1+4x+x2)2 = = 0 forall x € [1, )
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now f is continuous on [1, ) and f'(x) = 0 for all x € [1, =)
~fx)=f1)=0
~foralla,b,c € [1,») thenaf(c) + bf(a) +cf(b) =0

b(1 + 2a
~ In(aPbc a)+621-l(-4a+ )2_3(a+b+c)

cyc
(Proved)
64.1fa, b, c € (0, ) then:

(@3 +b3)(1+ab) 1 . 1 . 1
(a2 + bY)(a*+b%2) " ab bc ca

Proposed by Daniel Sitaru — Romania

Solution by Seyran Ibrahimov — Maasilli — Azerbaidjian

(a® + b3)(1 + ab) - Z 1
(a? + bY)(a* + b?%) — ab
(a® + b3®)(1 + ab)
ab — (a? + b*)(a* + b?)
(a? + b*)(a* + b?) = (ab + a?b?)(a3 + b3)

a® + a?b? + a*b* + b® > a*b + ab* + a®b? + a?b°®
a® + a’b? > 2a*b
a® + a*b* > 2a°b?
b® + a’b? > 2b*a
b® + a*b* > 2b%a?

+ proved(AM-GM)

65.1fa,b,c,d > 0,abcd = 1 then:

(za—1)(za—2)(za—3)z6

Proposed by Daniel Sitaru — Romania



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Solution 1 by Mihalcea Andrei Stefan — Romania
Inequality 2) Ca-4)(Ca)’ -2Ya+3)=>0
true because ¥ a > 4Vabcd = 4
Solution 2 by Seyran Ibrahimov-Maasilli-Azerbaidjian
x=a+b+c+d=>4
x-1Dx-2)(x-3)>6
(x—1)x%*-5x+6)>6
x3—5x*+6x—x*+5x—6>6
x3—6x*+11x—12 >0
2(x—-4)-2x(x—-4)+3(x—-4)=>0
(x—4)(x?-2x+3)=>0=>(+-+)=>0
therefore x > 4 = Equality

x2—-2x+3x=(x—-1)?+2

66.Ifa,b,c € R,abc = 1 then:

1 ¢ 1 a 1 b
(a=g+p) (-5 o)(c—grg) <4
a b b c¢ c a

Proposed by Daniel Sitaru — Romania

Solution by Redwane EI Mellass-Morroco

Let A(a,b,c € R*) = a—%+§.

a@bo=c(t~(b-2))Naw@bo=((2) - (b-2))(2+2-1)
(1)
~ A(b,c,a) = a(%— (c — %)) = [14 (a,b,c) = ((S)Z — (c —%)Z) (az + bl—z— 1) (2)
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A(c,a,b)=b (% — (a — i)) [TA(a,b,c) = ((i)z — (a — i)z) (bZ +Clz— 1) (3)
Now lets study some cases about |a], |b| and |c|:

Iflal < [b] < |c|: - |a|£1£|c|=>c2+%_1>o

then (1) = [[4(a, b,c) < (g)z (c2 +%— 1) < (3)2 (c2 +%) = a? "'cle 2.

(4
By the same idea, if |b| < |c| < |a| we use (2) and if |c| < |a| < |b| we use (3).
2 1
a“ + 2z 1>0

1

Iflc| < |bl < lal:~[c]| <1< |al =
b2+c_2_1>0

If1b] < 1:~ (2) > [14(a b, c) < (Z)Z (a2 +25-1)< (S)Z (a2+2)=b2+5 <2
If1b] = 1:~ (3) > [14(a,b,c) < (g)Z (b2+3-1)< (%)Z(b2+ci2) =2+ <2
By the same idea, if |a| < |c| < |b| we use (1) and (3) and if |b| < |a| < |c| we
use (1) and (2).

Finally[TA (a,b,c € R*|labc = 1) <2 < 4.

67. Let x, y, z be positive real numbers such that: xyz = 1. Prove that:

x y z 4 2(x+y+z)

V2(x*+y*)+4xy * V2(y*+zt)+4yz * V2(z¥+xt)+4zx 3
Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

>2 O

Solution by Hoang Le Nhat Tung — Hanoi — Vietnam

* Since Inequality Cauchy — Schwarz. We have:
2
(VG +y%) + 2xy) < (12 +15)(2(x* + y*) + 4x?y?) =
— 4_(x4- + ZnyZ _|_y4-) — 4_(x2 _|_y2)2
o V2(x*t +y*) + 2xy < 2(x2 + y?) © 2(x* + y*) + 4xy < 2(x? + xy + y?)
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1 1
(= > > ; o
2(x* + yH) + 4xy  2(x* +xy +y?)
X > x
< V2Ot+y?) +axy — 2(x2+xy+y?) @)
- Similar:

Yy Yy .

> : i >—7 3)
V2Ot 4y +ayz — 2(2+yz+22)  \J2(2H+xt)+4zx T 2(z%+zx+x?)
- Since (2), (3):

x y z
= + + >
V2@t +yY) +axy J2(yr+z¥) +4yz  (2(2* + xt) + 4zx

e T v ey ST (4)

= 2(x%+xy+y?)  2(y*+yz+z%)  2(Z%+zx+x?)
- Other, Since inequality Cauchy — Schwarz:
X y z

+ + =
xX2+xy+y: yri+4yz+z2 722+ zx+ x?
2 y2 42
=34 .2 7t 3 2 2t 32 7 =
x3+x2y+xy? y3+ylz+yz? 23 +z2x+zx

- (x+y+2)?
T (3 +x2y+xy?)+ (Y3 +y2z+ yz2) + (23 + z%2x + zx?)

x y z

=
xX2+xy+y: yi+yz+z2 72+ zx+ X2

- (x +y + z)?
T xi(x+y+z)+y (x+y+z)+z:(x+y+2z)

x y z (x+y+2)? _ xty+z (5)
x2+xy+y?  y2+yz+z2  zZ+zx+x2 T (x+y+z)(x2+y?% +22) - x2+y2+72

- Since (4), (5):

x y z x+y+z

= + + =
V2Ot +yN)+axy 20+ zY)+4yz J2(zt+at) +dzx — 2(x2+y?+z2)
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o x + y + z 2(x+y+z) >
V20A+yH+axy 204 +z¥)+ayz 2(2t4+xt) +4zx 3 -
x+y+z 2(x+y+2z)
= 2(x2+y2%+2z2) 3 (6)

- Since Inequality AM-GM for 5 positive real numbers we have:

X+y+z 2(x+y+2)
=+ =
2(x? +y? + z2%) 3
+y+ +vy+ +vy+ +y+ +y+
_ xyz_|_xyz_l_xyz_l_xyz_|_xyz2
2(x2 + y2 + z2) 6 6 6 6

s sim) () () ) ()

xX+y+z 2(x+y+2z) 5 (x+y+2)5
= + >5-
2(x2 + y2 + z2) 3 6* - 2(x% + y% + z2)

- Since inequality: (xy + yz + zx)? > 3xyz(x + y + z) and supposed:
xyz = 1. We have:
(x+y+2)(2+y?+22)=1-(x+y+z)(x* + y* + 2%) =
(xy + yz + zx)?
3
_ P+ y?+ 2%) (xy + yz + zx)(xy + yz + zx)

3

= xyz(x +y+2z)(x* + y* + 2%) < (P +y?+2%) =

2.2, .2
o (x +y+ Z)(xz n yz + ZZ) < (x +y*+z )(xy+};z+zx)(xy+yz+zx) (8)

- Other, Inequality AM-GM for 3 positive real numbers:

(x+y+2z)? = (% +y?+2%) + (xy + yz + zx) + (xy + yz + zx) =

>3- (x2+y?2+2z2) - (xy+yz+zx) (xy+ yz + zx)

o (x+y+2)°>27(x*+y%+z2)(xy + yz + zx)(xy + yz + zx)
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(x+y+2)®

: : 2, 2, o2y (y+2)® _ (x+y+2)°
-Since (8), (9):= (x +y + 2)(x° + y“ +z%) < 273 81
(x+y+2)° (x+y+2)5
o (FF +y* +2%) < 21yt = 81 (10)

. . x+y+z 2(x+y+z) 5/81 _ 5/ 3¢ 5/1 _5
- Since (7), (10): = 22 ry2ird) +E=— > 5. /ﬁ =5. /m =5. \/; =2 (11)
- Since (6), (11):

x y z + 2(x+y+z)

= + +
V2(xt+yH) +axy  J2(yr+zt)+4yz 2(2t+at)+4zx 3

= Inequality (1) True and we get the desired result.

v

5
2

+ Equality occurs if:

x,y,z>0;xyz=1
\/W: ny;\/mz 2yz;+2(z* + x*) = 2zx
1 1 B 1
x2+xy+y? yr+yz+z2 z2+xz+x?
x+y+z _x+y+z
2(x2 + y2 + z2) 6
Xy =yz=1zx

=R ox=y=z=1

\ x2+yr+ 722 =xy+yz+2zx

68. If x,y,z > 0 then:

z b - 3 3 <z b
7x+5(y+2z)” 17 ' 19 — 5x+ 7(y + 2z)

Proposed by Daniel Sitaru — Romania

Solution 1 by Abdallah El Farissi-Bechar-Algerie
Let f(a) =

-20(x+y+z)
(2a+5(x+y+z))3

a

_— >
2a+5(x+y+z)’ a > 0we have

f'(a) =

< 0 then f is concave function,
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fx)+f(y) +f(2) x+y+zy 3
Z7x+5<y+z> 3( 3 )— ¥(——)=%

7
<E(x+y+z),we have

. a
Let g(a) - 7(x+y+z)-2a’

y _ 28(x+y+z)
9 (a) (7(x+y+z)-2a)3 —

fx)+f(y) + f(2) x+y+zy 3
25x+7(y+z) 3( 3 > f(—)_ﬁ

Solution 2 by Ravi Prakash-New Delhi-India

> 0, then g is convex function,

Consider
£ = X 1 17x-7x-5(y+2z) 5(x—y)+5(x—2)
17 5(y+2)+7x 17 17[7x+5(y+2)]  17(7x+ 5y + 52)
Similarly,

5(y—x)+5(y—2)
17(7y+5x+5z)

5(z—x)+5(z-y)

E, =
2 17(17z+5x+5y)

and E, =

Now, 15—7(E1 + E; + E3)

= |+o-2] =N
-y 7x +5y+5z 7y+5x+5z z 7y +5x+5z 7z+ 5x+ 5y

1 1 (-2)(x — y)?
+Hz=x) [72 +5x+5y 7x+5y+ 52] (7x+ 5y +52)(5x + 7y + 52)
(-2)(y — 2)? N (—2)(z - x)? <0
(5x+7y+5z)(5x+5y+7z) (B5x+5y+7z)(7x+5y+5z)"

3
Z7x+5(y+z) Sﬁ
Next, consider
1 X _7(y+2)+5x-19x _7(y —x)+ 7(z — x)
19 5x+ 7(y+2z) 19(5x + 7y + 7z) 19(5x + 7y + 7z)

F,=

Similarly,
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_Tez-y+7x-y)  T(x-2)+7(@y-2)
2 195y +7x+ 7z) ' 37 19(5z+ 7x + 7y)

19
7(171 + F, + F3)

= ( ) 1 1 +( ) 1 1 N
B [5x+7y+7z_5y+7x+7z] x—z [52+ 7x+7y_5x+ 7y+7z]
+(z—y) 1 1 _ —2(y — x)? .
Z=y [5y+7x+7z_ 52+7x+7y]  (5x+7y+7z)(5y +7x + 7z)
(—2)(x — z)? . (=2)(z-y)? <0
(5z+7x+7y)(5x+7y+7z) (By+7x+7z)(5z+7x+7y) "
X 3
:>ZSx+7(y+z) ZE
Solution 3 by Imad Zak-Saida-Lebanon
— x . .
Let f(x) = T for x € (0; 3) we have:
15x 2\ _ -30(x-1)2 15x | 2
flx) - (ﬁ + ﬁ) = 280(2x15) = 0= f(x) < 289 Tzas - 1)
— x . .
Letg(x) = YT for x € (0; 3) we have:
21x 2\ _ 42(x-1)? 21x 2
9(x) - (ﬁ_ ﬁ) = 3e1(z1-20) = 0=g(x) 2 361 361 @)
Both inqualities are homogeneous, so letx +y +z =3
?
Ineg (1) Y f(x) < % acc. to (1) we may write!
15x 2\ _ 15(x+y+3) 6 _ 45+6 _ 3
Lf(x) < Z(ﬁ_'_ﬁ) =289 Vo zs 1 ED

2
Ineqg 2) © Y g(x) = % acc. to (2) we may affirm

21x 2\ _ 21(3)-6 _ 57 _ 3

290 2% (G 5) = 2 QED.

361 361 361 361 19

K=>»whenx=y=z=1o0rx =y =zingeneral



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

. __15x 2. _
N.B..y = =+ —is the tangent, at x = 1 to (Gy)
_2x 2
=B 11101111 1110 (Gy)

69. Let a, b, ¢ be positive real numbers such that: a + b + ¢ = 3.
Prove that:
a® b3 c3
+ + >
b(2b%2 — bc + 2¢%2)?2  ¢(2c¢?2 —ca+ 2a?)? a(2a? — ab + 2b?)2

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

1
3

Solution 1 by proposer
* We have inequality:
a* + b* + c¢* + abc(a + b + ¢) = ab(a? + b?) + bc(b? + ¢?) + ca(c? + a?) (2)
-(2) a* + b* + ¢* + abc(a+ b + ¢) > ab(a? + b?) + bc(b? + ¢?) + ca(c? + a?)
o a*+ b*+ c*+abc(a+ b + c) — ab(a? + b%) — bc(b? + ¢?) —ca(c? +a?) >0
< a*(a® —ab — ac + bc) + b>(b? — bc— ba + ca) + c*(c?—ca—cb+ab) >0
s a*(a-b)la-c)+b*(b—a)(b—c)+c*(c—a)(c—b)=0 (3)

*a=b>=c>0.

c<a {c—aSO
c<b c—b<0

+We have: a?(a — b)(a — c¢) + b2(b — a)(b — ¢) = (a — b)[a*(a — ¢) — b*>(b — c)]
e a’(a-b)la—c)+b*>(b—a)(b—-—c) =(a—-b)[(a® - b3) — c(a? — b?)]
= (a—b)[(a—- b)(a? +ab + b?) — c(a— b)(a+ b)]
=(a—-b)-(a—b)(a?+ ab + b%> — ac — bc)
= (a — b)?(a®? + ab + b?> — ac — bc) (5)

+Wehave:{ > (c—a)(c—-b)=0o c*(c—a)(c—-b)=0 (4)

a>b>c>0>a—-c=>0b—c=0
+ Therefore: a*> + ab + b2 —ac —bc=ala—c)+b(b—c)+ab > ab > 0.

(a—b)>>0;Va,b R
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= (a— b)?(a® + ab + b?> —ac — bc) > 0 (5)
s> a’(a—b)(a-c)+b*(b—a)(b—c)=>0 (6)
- Since (4), (6): @ a®*(a—b)(a—c)+b*(b—a)(b—c) +c*(c—a)(c—b) =0
= Inequality (3) True = (2) True.
- Since inequality AM-GM for 2 positive real numbers:
ab(a? + b?) + bc(b? + c?) + ca(c? + a?) > ab - 2ab + bc - 2bc + ca - 2ca =
= 2(a®b* + b%*c* + c%a®) (7)
* Since (7):
= a*+ b*+c*+abc(a+ b+ c) > 2(a’b? + b%c? + c?a?)
& a* + b* + ¢* + 2(a?b? + b%*c? + c?a?) > 4(a?b? + b*c? + c*a?) —abc(a+ b + ¢)
& (a? + b? + ¢?)? > 4(a®?b? + b%*c? + c?a?) — abc(a+ b +c)

(az+b2+c2)2 >1 (8)
4(a2b%+b%c2+c2a?)-abc(atb+c)

- Since inequality Cauchy — Schwarz. We have:
3 b3 CZ

+ +
b(2b%2 — bc + 2c¢2)?2  ¢(2¢2 —ca+2a?)? a(2a%? —ab + 2b2)?

a

(rorse) (o) (o—aam)
2 _ 2 2 _ 2 2 _ 2
_ 2b bc + 2c + 2c ca+2a + 2a ab + 2b >
ab bc ca
( a? N b2 N c2 )2
2b2 —bc+2c2 ' 2c¢2—ca+2a2 ' 2a2—ab+2b2
= ab+bc+ca (9)
- Other, since inquality Cauchy — Schwarz:
a? b? c?
+ +
2b%2 —bc+2c? 2c2—-ca+2a? 2a%-ab+2b?
at b* ct

~ 2a%b? — albc + 2¢2a? + 2b%c? — ab?c + 2a?b? + 2c%a? — abc? + 2b%c? =
N (a? + b? + ¢2)?
~ (2a%b?% — a?bc + 2c%2a?) + (2b%c% — ab?c + 2a?%b?) + (2c2a? — abc? + 2b%c?)
2 b2 c2

+ + >
2b2 —bc+2c2 2c2—ca+2a? 2a%?-—ab+2b%"

a
=
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(az+b2+c2)2

>
- 4(a2b2+b2c2+c2a2)—abc(a+b+c)

(10)

. a? b2 c?
- : + + >
Since (8)’ (9) = 2b2—-bc+2c¢2  2c% -ca+2a? 2a%-ab+2b?% T 1 (11)

a3 b3 c3 12
+ + >
b(2b2-bc+2c2)?2  c(2c¢2-ca+2a?%)?2  a(2a?-ab+2b?%)2 — ab+bc+ca

- Since (9), (11): =

o a3 + b3 + c3 > 1 (12)

2 2 2 =
b(sz—bC"'ZCZ) C(ZCZ—Ca"'ZaZ) a(Zaz—ab+2b2) ab+bc+ca

- Since inequality AM-GM we have:

2 2 2 2 2 2
+b2 | b%+ + 2ab | 2bc 2
az+b2+c2—_a2 + ZC +C2a >%+TC+¥——ab+bc+ca

e a?+b*+c2>ab+bc+cae a?+b*+c?+2(ab+ bc+ ca) > 3(ab + bc + ca)

(a+b+c)?> 32
<:>(a+b+c)223(ab+bc+ca)@ab+bc+caS#=?=3

(becausea+b+c=3) (13)
3

. 3 b3 1
- Since (12), (13): = e 5+ 5+ . 7>~
b(2b%-bc+2c?) c(2c¢2-ca+2a?) a(2a%-ab+2b?%) 3

= Inequality (1) true and we get the desired result.

( a+b+c=3
a=b=c>0
i i a2 b2 c2
+ Equality occurs if: ¢ 202 perac? _ 22-carza? _ 2d2-apizz S @ =b=c=1.

I ab bc ca

1 _ 1 _ 1
kzbz—bc+2c2 T 2¢2-ca+2a? 2a’—ab+2b?

Solution 2 by Anh Tai Tran — Hanoi — Vietnam

: (o) i)
Z a :Z 2b% — bc + 2¢2 S 2b2% — bc + 2¢2
b(2b% — bc + 2c¢?2)2 ab - Y. ab

) 2
Csp—berza) 1
2b% —bc+2c2) _ T~
(a+ b+ c)? — 3

3

We will prove:




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

a?
T:Z >1
2b% — bc + 2¢?

(X a?)?
r= 4> (bc)? —abcd a =1

o Z a* + abcz a> z:(ab)2

It’s true by Shur and AM-GM

LHS > Z ab(a? + b?) > 2 Z(ab)z

70. Ifa, b, c > 0 then:

<1 1 1>2 1 1 1 ( a+b+c )2 36
— =+ =+ =+ =+ >
a b c a? b? 2 ab + bc + ca abciabc

Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakraborty — Kolkata — India
B (ab+bc+c‘a)2{§]azb2 N (a + b + ¢)? }

LHS =
a?b?c? a’b%c2  (ab + bc + ca)?
(X ab)?(X a®b*) (a+ b +c)?
a‘*b*ct * a’b?c?
2 2
A-G (33\/ a’b?c?) - (33\/ a*b*c?) (33\/ abc)
= +
a*b*c* a’b?c?
273/a8b8¢8 9 27 9
= —+ = +
a*b*ct Va*b*c*  Va*b*c* Va*b*c?
36 36
Va*b*c* abcVabc
(Proved)
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Solution 2 by proposer

1 1 1 ( a+b+c )

— =+ =+ =
a? b%2 c¢%2 \ab+bc+ca
1 1)2 1 1 1 LI S
:(—+—+—) —2(—+—+—)+ ab bc ac| _
a b c ab bc ca 1+1+1
a b c
(1+1+1)4_2(L+1+L)(1+1+1)2+(L+1+L)Z
—_\a b c ab _bc ca/\a b ¢ ab _bc ac) _
(1+1+1)2
a b c
1+1+12 1., 1.1 ’ (l+l+l+i+l+l)2
— (E b E) _(ﬁ bc E) _\a?2 b? %2 ab bc ac
1,1.1 1 1 1,2
a’p’e (@*5+32)

(1 1 1)2 1 1 1 ( a+b+c )2
-+ [ —=+—+ =
a b c a? b? 2 ab + bc + ca

_ 363 1 _ 36
B a*b*c*  abcilabe

71. Let a, b, c be positive real numbers such thata + b + ¢ = 3.
Prove that:
a? b? c?
+ +
Vb*+4 Jet+4 Vat+4
Proposed by Anish Ray-Santaragachi-India

3
> —
5
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Solution 1 by Anish Ray-Santaragachi-India

Giventhata,b,c >0

We can write,

1 1 1
b2+2)2>pt+4> > = >
(b"+2) b va BZ+27  ypiea bBE+2

So,

a? a?
> —_
i L
cyc cyc
Now, By Bergstorm’s Lemma, we get that

a? - (a+ b + ¢)?
Zb2+2_(a2+b2+c2+6)

cyc

Now, fora,b,c > 0
(a+b+c)>a?+b*>+c*=>(a+b+c)’+6>a*+b*>+c2+6
SO,

1 . 1 1
a?+b2+c2+6 (a+b+c)2+6 15

which implies,

(a + b + ¢)? - (a+b+c)* 9 3
a?+b2+c2+6 (a+b+c)+6 15 5
therefore,

a? 3
> —
Zb2+2 5
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Z a? - 3

Vbt +4 5
cyc

Solution 2 by Soumitra Mandal-Chandar Nagore-India

Leta,b,c > 0anda+ b + c = 3 then

> _
5

Z a? 3
Vbt +a
cyc
a? a?
Z\/b4+4_ ZJ(bZ —2b +2)(b2 + 2b + 2)
cyc cyc
2 4

>Z a _Z a - (a® + b? + ¢?)?
—Zib?2+2 ZLia’b?+2a%” Yeyc a2b% + 2%, a?

cyc cyc

~ we need to prove,

2
5 Zaz >32a2b2+62a2

cyc cyc cyc
2
&5 Zaz >32:azb2+§(a+b+c)zz:a2
cyc cyc cyc
2 2
e 15 Za >9Za2b2+2 Za Zaz
cyc cyc cyc cyc
2
< 15 Za“ +212a2b2>2 Zaz +4 Zab Zaz
cyc cyc cyc cyc cyc

@132a4+172a2b2>4 Zab Zaz .. (1)

cyc cyc cyc cyc
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we need to prove (1). Now we have

2 2
132:a4+17z:azbZ = 1lza4+1lzazbz+2<2az> +2<Zab> —12abc

cyc cyc cyc cyc cyc cyc

2R2 2| _

ZZZZa b +4<Zab><2a> 12abc

cyc cyc cyc
since,

Za" ZZazbZ

cyc cyc

. mbc<a+b+c>+4<z ab> (z az>_mbc:4<z ab> (z az>+54abc

cyc cyc cyc cyc

>4 Zab Zaz

cyc cyc

hence statement (1) is true.

. a? 3
; 2 P +a 5
(proved)
Solution 3 by Henry Ricardo - New York — USA

Without loss of generality we may assume that a = b > c. It follows that

1 1 1
a’? > b? > c*and < < :
JaZ+4 =~ Jb2+4 T Jc2+4

Now the Rearrangement Inequality give us

a? b? c? a a b? c

+ + > + + +
Vb2 +4 Je2+4 VJa’+4 Va’+4 Va?+4 Vb2+4 Jc?+4

2 2 2
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It can be seen graphically (and proved with some tedious algebra/analysis) that

2
the curve given by y = xz = lies on or above the tangent line to the curve at,
+

VX
x=1y= %ﬁ x—1)+ \/?g ,on the interval (0, 3). Thus we have
a? - 9\/3( D+ V5
Z\/b2+4_z 25 5
cyclic cyclic
_ 95 Z 12V5
~ 25 7725
cyclic
_27V5 _12V5_3V5 3
~ 25 25 5 5°
aS+b5+c°+d>
72.Provethat: a+b+c+d S—— (a,b,c,d >0)

Proposed by Daniel Sitaru — Romania
Solution by Kunihiko Chikaya — Tokyo — Japan

5
> YV aSa5h5¢5:5 = a?bc

5
5 5 5 5 5
a’>+ b> + b> + ¢’ + 5
5 > \/a5h5p5¢5:5 = ab%c
5 5, .5 5 5
a’>+ b> +c>+c>+ 5
> 3/ a®h5¢5¢55 = abc?
5
5 5, .5 5 5
a’> + b> +c° + + 5
> Y aSh5c5:5:45 = abca?
5
5(a®+b5+c>+d>)

5

z >abcd(a+b+c+d)
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73.Ifx,y,z > 0 then:

x3 y3 23 x2 yz 72 x y z
2 —+t3+3 +18 >3 —St—=+—= +3<—+—+—>
y z X y z X y z X

Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakraborty — Kolkata — India

>0 zzx3+18>3zxz+3zx
X,y z = — — —
Y y3 y? y

let f(t) =23 -3t -3t+6 Vt>0

A-G
Now,t3+t3+% > 3t23\/%>5t2
, 24 6, 6
~ 2t +?—3t —3t+§>2t —3t+—

5
—z(tZ 3t+3)>2(tZ 3t+9)
N 2 5 2 16
2

3
:Z(t—z) >0=223-3t2-3+6>0 VE>0
>283+6>3t2+3t Vt>0

x3 x2 X . X
n2=+6>3=+3% ==
2 7 6>3 7 3 5 (1) (puttingt y)

3 2
z§—3+6>3§—2+ 3§ (2) (puttingt =2)

VA
2i—2+6>3i—z+ 3;ZC 3) (puttingtzf)
(M)+@)+@)=>235+18>335+332

Solution 2 by Myagmarsuren Yadamsuren — Darkhan — Mongolia

Ifx,y,z>0
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x3 x? X
Z-Z—Z+18>3-Z—2+3-Z—
y y y

2t3 + 6 > 3t? + 3t (ASSURE)

1 1 Cauchy
213+ 6 = (Et3+it3+4)+(t3+1+1) >

> 3t + 3t

X VA
tlz—;tzzz;tgz—

y VA

3 3 3
2-2t§+18>3-2t§+3-2ti
i=1 i=1 i=1

Solution 3 by Aditya Narayan Sharma — Kanchrapara — India
2(:,_2"')2,_:"',26_2)"' 18 > 3<§+§+i—z+§+%+¥>
Let% = a,f = b,z =c
~abc=1witha,b,c >0
Toprove,2(a®+ b3 +c3+9)—3(@?+b*+c*+a+b+c)>0
Now define,
fla,b,c)=2(a®+b3+c3+2z)-3@@®+b*>+c*+a+b+c)
Evaluating first partial derivatives,

of _ . 2 o
aa—6a 6a—3=0 (1)

Y —6p2—6b—3=0 (2)
ab

af

— G2 2 —
o — 6c"°—6c—3=0 (3)

All of the equations are identical, thus we have same solution for a, b, c.

~a=b=c
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Now to justify that a = b = ¢ is a minimum we consider the hessian matrix,

12a—b 0 0
H(f(a,b,c)) = [ 12b -6 0 ‘
0 12c— b
2a—1 0 0
:6l 0 2b-1 0 ‘
0 0 2c-1

Now, from the solutions of (1), (2), (3) we know,
2a—-1>02b—-1>02c-1>0
because we neglect the negative roots because a, b, ¢ > 0

Solution 4 by Seyran Ibrahimov — Maasilli — Azerbaidian
y

VA

ZZa +6>23a + 3a

2a® + 6 > 3a% + 3a

Equivalent to: = == J—Zcz b

3a’2+3a—-2a3<6
f(a) = 3a%? + 3a — 2a3
f'(a) =—-6a’>+6a+3=0

_V3+1  V3-1
M= Ty
— 00 V3-1 T VB +oo
2 2
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(@) = [x/§2—1;\/§2+1]T

3—-1 3—-1 8 —3v3
fmin <%>$f<\/_2 >: 2\/_

V3+1 V3+1 _4+3\/_?
fmax<T>$f< 2 >_ 2 <6

(Proved)

74.1fa,b,c € (0,0)and a + b + ¢ = 1 then

1 1

cyc cyc

Proposed by Marin Chirciu — Romania
Solution 1 by proposer

Using Bergstrém inequality = +’; > (a »* , Where x,y,a, b > 0 with equality if and only if

1+43)2 16 9
f:—Weobtam—+—>( ) <:>—>
a A a+l

A+a A
1 1 1 1 27
ItfoIIows +b+ >16(—+—+ )

Ata A+b At+c

-
It is enough to prove that

16( 1 N 1 N 1 )_2_7>(3+/1)( 1 N 1 N 1)
A+a A+b A+c A A+a A+b A+c
@(13—/1)( 1 + 1 + 1 )>2—7

A+a A+b A+c/ A
C>L+L 1 2

. . . . S
FrPR T e which follows from means inequality A,,, = H,,, or from

Bergstrém inequality for three reports.
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1 1 1 9 9 27 . . . .
— t—+—> = >
Indeed 7 2o Tre 2 iirarbre 31 2 W3R where the latter inequality is equivalent
9 27
>

— 2 _

The equality holds if and only if% =

S =

3 1
1’ c

%, =%,a+b+c= 1, wherefrom
Weobtain/lzlanda:b:czg.

Solution 2 by Soumitra Mandal - Chandar Nagore — India

(A+3) Z ! =(1+3) !
a+21] Ala+b+c)+a
cyc cyc
1
=1+
(4+3) (1+2A)a+ Ab+ Ac
cyc
A+3 1+4 4 4 A+3 /1 1 1
. P FE A N T
(1+32)2 a b c 1+3A\a b c
cyc

1
we need to prove 131 (chc ) < chc & 1 < A, whichistrue+w 2 €[1,3]

.-.Z%z(/l+3) Z%

cyc cyc

75. Let a, b and c be positive real numbers such that abc = 1. Prove that:

1 1 6
+ >
a3 +b3+c3 ab+bc+ca (a?+ b? + ¢?)?

Proposed by Nguyen Phuc Tang - Dong Thap — Vietnam
Solution 1 by Khung Long Xanh - Da Nang — Vietnam

By Cauchy :



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1

1
+ >2
al+b3+c3 ab+bc+ca” \/(a3+b3+c3)(ab+bc+ca)

1 6
2 >
j(a3 + b3 + ¢3)(ab + bc + ca) ~ (a? + b? + c2)?

& 9(a + b3 + 3 (ab + be + ca) < (a? + b? + ¢?)*
& 81(a3 + b3 + c3)%(ab + bc + ca)? < (a? + b2+ c?)® (¥
By Cauchy - Schwarz :
(@3 + b® + c3)% < (a* + b* + cH)(a® + b? + c?)
(ab + bc + ca)? < 3(a?b? + b*c? + c?a?) < (a®b? + b%c? + c%a?)?
(a?b? + b*c? + c?a? = 3)
= LHS < 81(a* + b* + ¢*)(a?b? + b%c? + c?a?)? - (a? + b? + ¢?)
27(a* + b* + c*)(a®b? + b*c? + c?a?)? < (a? + b? + ¢?)® (AM-GM)
= < 81(a* + b* + ¢*)(a?b? + b%c? + c?a?)? - (a? + b®> + ¢?) <
<3-(a? +b%+c?)7” < (a® + b% + ¢?)8

*)
76. letx,y,z>0and 2,/xyz+ x+y +z = 1 then

2. =+ X+ >12
yz zx Xy

Proposed by Mihalcea Andrei Stefan — Romania

Solution by Soumitra Mandal — Chandar Nagore — India

Let x + y + z = 3p% where p > 0 then
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X+ y+z\2
x+y+z+2,/xyz:1=>1Sx+y+z+2\](+) = 3p? + 2p3
523 +1)+3(P2-1)20=>(p+1)2p2+p—-1)=0

1 3
ﬁ(p+1)2(2p—1)20$p22zx+y+zzz

Applying A.M 2G.M,g+22 2x,¥+?2 Zzand%+y—xzz 2y

y
ny> + v+ >3
. Z_x y z_4

cyc

(Proved)
Let xyz = a® wherea >0now,x+y+z+2./xyz=1>

=1>33%xyz+2/xyz

1
=52a3+3a2<1=20>2a®+3a*-1=>(a+1)?QRa-1)<0=a<

2
= xyz < é. Now applying AM = G.M,

2 2
X,y 2y, 2.2

YZ ZX Z ZX Xy X

and =+ = > Zso,
Xy
X 1 1 1 3
Z—z—+—+—2 > 12
VA X Yy z 3xyz
cyc

77.1fa,b,c,d, e € (0, ) then:

a—c b—-d c—e d—a e-—b»b
+ + + + >0
b+c c+d d+e e+a a+b

Proposed by Daniel Sitaru — Romania
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Solution by Kevin Soto Palacios — Huarmey-Peru
Si;a,b,c,d,e €< 0,00 > . Probar que:
a—c b—-d c—e d—a e-b»b

+ + + + >
b+c c+d d+e e+a a+b

— b—d — d— —b
=>(a C+1)+( +1)+(g+1)+( a+1)+(e +1)25
b+c c+d d+ 3 e+a a+b
a+b b+c c+d d+e+e+a

+ + + >
b+c c+d d+e e+a a+b

Desde que: a, b, ¢ > 0. Por las desigualdades entre las medias:

MA = MG

a+b b+c c+d d+e e+a slra+b\ /b+c\ /c+d\/d+e\ e+a

~hrctera are eratars>® e erdave eva) arp)

b+c c+d d+e e+a a+b b+c/\c+d/\d+e/\e+a/\a+b
a+b b+c c+d d+e+e+a

+ + + >
b+c c+d d+e e+a a+b

= Laigualdad se alcanzacuando:a=b=c=d =e

78. Prove that for all positive real numbers a, b, ¢, d such that:

a 2 b 2 c 2 d 2
(e eama 3 aees 3 awiees)
b+c+d 3/\c+d+a 3/\d+a+b 3/\a+b+c 3

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Kevin Soto Palacios — Huarmey — Peru
Siendo: a, b, c,d R*. Probar la siguiente desigualdad:

a 2 b 2 c 2 d 2
(e erera Dariea amiees)
b+c+d 3/\a+c+d 3/\a+b+d 3/\a+b+c 3
Seantb+c+d=3x>0a+c+d=3y>0,a+b+d=3z2=>0,

a+b+c=3w=>0
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Por lo tanto:
a=y+z+w—-2x>20b=z+x+w—-2y>20,c=x+y+w-—-2z2=>0,
d=x+y+z—-2w=>0

La desigualdad es equivalente:

+Z+W—2x 2\/Z+X+W-2y 2\/x+y+w-—2z 2\/Xx+y+z—2w 2
(y z+w x+_)(z x+w y+_)(x y+tw-2z )(x y+z w+_)21

3x 3 3y 3 3z 3 3w 3
y+z+w\/z+x+w\/x+y+w\/x+y+z
- () ) ) ) =
3x 3y 3z 3w

S@+z+w)(z+x+w)(x+y+w)(x+y+2z)>8lxyzw &

& (Valido por: MA = MG)

79.fa b cd>0r+2+1+1=1then:
a b c d

Va+ Vb +3c+ Vd < Vabed
Proposed by Daniel Sitaru — Romania
Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

1 1 1 1
1=—+—-—-4+—-—4+—-=
a b ¢ d

1 1 1 1\4amM=6m 1 1
=3 2.G" 570 2 3 Ly
3 a b c 3 abc
1 1
:Zi/—Tzlzzi/—T|-3vabca@3abcd2%+%+%+3\/3
aoc aoc

a=b=c=d=4
Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

1 1 1 1
Becausea,b,c,d>Oand;+;+;+5: 1

3
1 1. 1 1 2 ( 1 LIRS I )
—H+-t+-+-) 24—+ —+—+

We get that (a b c d) - 4 abc bcd cda dab
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abcd

Ly L1 Hence(a+b+c+d)<4

Hence +L 4
bc bcd cda dab

Hence 4%(a + b + ¢ + d) < abcd. Hence \/4%2(a + b + ¢ + d) < Yabcd
But Va+ Vb + ¥Yc+ Vd < i/4%(a+ b+ c+d)
Therefore Ya + /b + V¢ + Vd < Vabcd

80. Let a, b, c, d be non-negative real numbers. Prove that:

J(a? + b2)(c? + d?) + 2Vabcd = (a + b)Ved + (¢ + d)Vab
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Kevin Soto Palacios — Huarmey — Peru
Sean: a, b, ¢, d nUmeros R no negativos. Probar la siguiente desigualdad:
J(a? + b?)(c? + d?) + 2abcd > (a + b)Ved + (¢ + d)Vab

Por: MC > MA
(a+b)(c+d)
2

J(a? + b2)(c? + d?) + 2abcd > + 2abcd = (a+ b)Ved + (¢ + d)Vab

Sean:a=x2>0,b=y*>0,c=22>0,d=w?>0
La desigualdad es equivalente:
(a + b)(c + d) + 4abcd = 2(a + b)Vcd + 2(c + d)Vab
(x% + y2) (2% + w?) + 4xyzw > 2x%zw + 2y%zw + 2z%xy + 2w?xy
(x2)% + (xw)? + (yw)? + (yz)? + 4xyzw >
> 2x%zw + 2y%zw + 2z%xy + 2w?xy
= x2(z% + w? — 2wz) + y?(2%? + w? — 2wz) — 2xy(z* + w? — 2wz) > 0

& (z—-w)?(x? + y? — 2xy) = (z— w)?(x — y)? > 0 — (Lo cual es cierto)
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1 1

81. |fa,b,c,de(o,oo),§+%+;:5,a¢d,b¢d,c¢dthen:

(a+b)(b+c)(c+a)
>
@a—b-dc—d) >’
Proposed by Daniel Sitaru — Romania

Solution by Kevin Soto Palacios-Huarmey-Peru

1 1 1 1 a+b c—d a+b ab
Deldato: - +-+-=-5—="—+ 5 — =—
el dato a b c d ab cd c—d cd (A)

, b+c a—d b+c bc
De form nal — = — = — —=
efo a analoga bc ad (B) A ac b b— bd

ad a—d

Multiplicando: (4)(B)(C)
(a+b)(b+c)(c+a) ab bc ac abc
(a—d)(b—d)(c—d) cd ad bd  d3

Desde que: a, b, c,d €< 0,00 >. Aplicamos: MA > MG

1_|_1_|_1>33 1 1>33 1 1>27 abc>27
—+—+— —_— = —_—— > —
a b ¢ abc d— abc d3 ~ abc d3 —

82.1fa,b,c,d € (0,©),abcd = 1 then:
(a+b+c)5+(b+c+d)5+(c+d+a)5+(d+a+b)5>12
b+c+d)?* (c+d+a)* (d+a+b)* (a+b+c)*—

Proposed by Daniel Sitaru — Romania

Solution by Kevin Soto Palacios-Huarmey-Peru
Si;a,b,c,d,e € < 0,00 > abcd = 1. Probar que:
(a+b+c¢c)® (b+c+d)° (c+d+a)® (d+a+b)°
b+c+d)?* (c+d+a)* (d+a+b)* (a+b+c)

Desde que: a,b,c,d,e € < 0,00 >, Por: MA > MG
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(a+b+c)5+(b+c+d)5 (c+d+a)5+(d+a+b)5
b+c+d)?* (c+d+a)* (d+a+b)* (a+b+c)*

>4y/(a+b+c)(b+c+d)(c+d+a)(d+a+b)
Pero por: MA = MG:a + b + ¢ = 3Vabc (4)
b+c+d>3Vbcd (B)
c+d+a>3Veda (C)

d+a+b>3Vdab (D)
— Multiplicando: (4)(B)(C)(D)
(a+b+c)(b+c+d)(c+d+a)(d+b+a)=>8labcd =81 &

e Yla+b+c)(b+c+d)(c+d+a)(d+a+b)>3
Por transitividad:

(a+b+c)5+(b+c+d)5+(c+d+a)5+(d+a+b)5
(b+c+d)?* (c+d+a)* (d+a+b)* (a+b+c)* ™

>4y/(a+b+c)b+c+d)(c+d+a)(d+a+b)=12

83.1fa,b,c,d € (0, ) then:
(ab + cd)? < (bi/ ab* + d\ cd4) (ai/a‘*b - ci/c‘*d)

Proposed by Daniel Sitaru — Romania

Proposed by Kevin Soto Palacios

Si:a,b,c,d € < 0,00 >, Probar que:

(ab + cd)? < (bW +d\ cd4) (ai/a"b + ci/c“d)

Por la desigualdad entre las medias:

Usando: Cauchy — Schwarz
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Sean: x4,X2, ..., Xn, ¥1.Y2, ..., Yo NUMeros reales, se cumple:

2 2 2 2 2 2 2
(X y1+ Xy, + o+ x4,y < (A + x5+ -+ ) (yi+ys + o+ yn)  (A)
La igualdad se alacanza cuando; =t = 22
Y1 Y2
0

10 10
Sea:x; =Vb Vab* y, = \/Eloxm“b,xz =+d Vecd* 'y, = Ve Vi

Por la tanto, reemplazando en (4):
(ab + cd)? < (bi/ ab* + d\ cd4) (ai/a"b + ci/c“d)

b ab* _ a'%Yca*

am\/ ba* N cm\/ ctd

< be = ad

La igualdad se alcanza cuando:

84. Leta, b, c,d be positive real numbers such that:

1 1 1 1

+ + + > 3.
a+1 b+1 c+1 d+1

Prove that:

Va+b+c+d+4>Va+Vb+c+Vd
Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Kevin Soto Palacios — Huarmey — Peru

Sean a, b, ¢, d nimeros: R*, de tal manera se cumple que:

1 1 1 1
+ + + >
a+1 b+1 c+1 d+1

Probarque:va+b+c+d+4>+Va++vVb++c++d

Siendo: a, b, c,d > 0. Por la desigualdad de Cauchy Schwarz:

((a+1)+(b+1)+(c+1)+(d+1))(a LN d)z(\/ﬁ+\/l;+\/z+\/a)2,,,(A)

a+1 b+1 c+1  d+1

Ahora bien:

ﬁ+$+ci—1+ﬁ:(1—?1‘1)+(1—$)+(1—ﬁ)+(1—$)S4—3:1...(B)
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De (B) A (A) ...

(Va+b+e+vd)’

+b+c+d2
a+1 b+1 c¢c+1 d+1

_ (Ja+Vb+e+Va)
- 1

>(a+b+c+d+4) >

=(\/E+\/F+\/E+\/E)Z
Por transitividad: =

S(@+b+c+rd+4)> (Va+Vb+ve+Vd)

eVva+b+c+4=a+Vb++c++d .. (LQQD)

85.1fa,b,c, x,y,z € (0, ) then:

1 1
(a + b)(x%yP)®*b + cz > (a + b + ¢)(xybz¢)a+b+c

Proposed by Daniel Sitaru — Romania

Solution by Hamza Mahmood-Lahore-Pakistan
1
Letw; = a+b,w, = ¢, X; = (x%yP)*?, X, = z, Now wy, w,, X1, X, € (0, )

1
By Weighted AM-GM inequality: wiX1twa Xy > (X‘;’1 -X;’Z)Wﬁwz

wi1t+wy
. 1
a +b 1 a+b+c
N (a+ b)(x y )a +cz > <(xayb)m.(a+b) ' Zc>a+ +c
a+b+c

1 1
= (a + b)(xayb)a+b +cz > (a +b+ C.)(xabeC)a+b+C

1
Equality holds when X; = X, = (x%yP)e = z = x®yb = z0tb
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86. Let a, b, ¢ be positive real numbers. Prove that

1 1 1 1
+ + <
a3 +8abc b3+ 8abc c¢3+ 8abc ™ 3abc

Proposed by Nguyen Viet Hung, Hanoi University of Science, Vietham

Solution 1 by Kevin Soto Palacios — Huarmey — Vietnam

Siendo: a, b, c nimeros R*. Probar que:

1 1 1 1
+ + <
a3 +8abc b3+ 8abc c¢3+ 8abc ~ 3abc
bc N ac N ab - 1
=>a2+8bc b2+8ac c%2+8ab” 3
bc 1 a?
=R e S ——
a’+8bc 8 8(a?+8bc)

1 a? 1 b? 1 c?
<§ - 8(aZ + 8bc)> + <§ - 8(b% + 8ac)> + <§ - 8(c2+ 8ab)>

2 bZ CZ

+ +
(a2+8bc) (b%2+8ac) (c%+8ab)

IA

1
3

Demostraremos que:

>1
3
Por desigualdad de Cauchy:

a? N b? N c? - (a+ b+ c)? >1
(a2 + 8bc) (b?% + 8ac) ((:2+8ab)_2a2+82ab_3=>

=>3(a+b+c)222a2+82ab

& Y a? > Y ab (LQQD). Por lo tanto:

1 a? N 1 b? N 1 c? - 3 1 -
8 8(a? + 8bc) 8 8(b%2 + 8ac) 8 8(c2+8ab)) 8 24~

(LQQD)

Wl R
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Solution 2 by Soumitra Moukherjee - Chandar Nagore — India

1 1 1 1
2D wrsane = 2. oabe JEL
3abc a3 + 8abc 9abc a3 + 8abc

cyc cyc
a’? — bc (a—b)(a+c)+ (a—b)(a+c)
>0 Z =
9abc(a? + 8bc) 18abc(a? + 8bc)
cyc cyc
1 (a—b)(a+c) (a+b)(a-c)
-y a0
18abc a? + 8bc a? + 8bc

cyc

a’ + 8bc b2 + 8ac

1 (a—b)la+c) (b—a)b+c)
@ZISabc{ + }20

cyc

(a—b) {7(:(a2 — b%?)+8c%(a— b) — ab(a — b)} 0

18abc (a? + 8bc)(a? + 8ac)
cyc
(a—b)z 2 . .
& chcmwac + 7bc + 8¢ — ab) = 0, which is true
S0, —— > —— (proved)

"3abc — a3+8abc

87.1fa, b, c € (0,©),a? + b* + c> = 4 — abc then:

@2 +a)(2+b)(2 +c)
e—oC-he-o0>3"3

Proposed by Daniel Sitaru, Romania

Solution by Kevin Soto Palacios — Huarmey — Peru

Si:a, b, c €< 0,00 >, de tal manera que: a* + b? + c¢? + abc = 4. Probar que:

(2+a)(2+b)(2—-¢)
210 2 3V3 ... (A)

Desde que:a,b,c>0.Si;A+B+C=mn

4cos’A+4cos’?B+4cos’C+8cosAcosBcosC =4
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Seania=2cosA>0b=2cosB>0,c=2cosC>0

Reemplazando en ... (A)

A B C
2(1+ cosA)2(1+cosB)2(1+cosC) _ 4005274 C08274 Senzf B
2(1 —cosA)2(1 —cosB)2(1 — cosC) 4 sen? %4sen2g4coszg

2
= (cot%cotgcotg) > 27 > 3+/3 ... (LQQD)

88. Prove that for all positive real numbers a, b, c:
2 abc ab + bc + ca

3+a3+b3+c32 a? + b2 + c2
Proposed by Adil Abdullayev — Baku — Azerbaidian

Solution by Nguyen Viet Hung — Hanoi — Vietham
The required inequality may be written as:

ab+bc+ca>1 abc
a?+b%2+c? 3 ad+b3+c3

which is equivalent to:

a?+b*>+c —ab—bc—ca (a+b+c)(a®+b?>+c%—ab— bc—ca)
>
a? + b% + c2 - 3(a3 + b3 + ¢3)

It suffices to show that:
1 - a+b+c
a’? + b%?+c?2 ~ 3(a®+ b3 +¢3)
Or

3@+ +cA)=(@+b*+c*)(a+b+c)

But this is true by Tchebyshev’s inequality and we are done.
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89.Ifa, b, c € (0, ) then:

6abc
ab + bc + ca

Y @2a+5)(2b+5)(2c +5) >

Proposed by Daniel Sitaru — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru
Si;a,b,c €< 0,00 >. Probar que:

6abc
ab + bc + ac

¥ (a+5)(2b +5)(2c + 5) >

Por la desigualdad de Holder:

(2a+ 5)(2b + 5)(2¢ + 5) > (¥/Babc + Y125)

6abc

3 3
2a+5)(2b+5)(2c+5)>2Vabc+5 > +5

=>\/(a X )(2c ) = 2Vabe —ab+bc+ac

Por lo cual solo quenda demostrar:

6abc
ab + bc + ac

23/abc > & 23/(ab + bc + ac) >

> 23/abc (33 (abc)Z) = 6abc ... (LQQD)
Solution 2 by Pham Quy —Quang Ngai- Vietnam
If a, b, c € (0, e0) then

6abc
ab + bc + ca

¥ @2a+5)(2b+5)(2c +5) >

6abc
ab+bc+ca

We have: ab + bc + ca > 33/(abc)? (AM-GM)= 23/abc >

(2a + 5)(2b + 5)(2c + 5) > (23abc + 5)° (Holder inequality)

6abc
ab+bc+ca

= 3/(2a+5)(2b +5)(2c + 5) > 23abc + 5 > +5 (g.e.d)

The equality holdsata = b = ¢
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90.If a, b, c € (0,) then:
z <4a 3b>>12+3< +c+b>
¢ b%? aZ c b a

Proposed by Daniel Sitaru — Romania
Solution by Soumava Chakraborty — Kolkata — India

4a 3b _ 4a 3b 4b 3c 4c 3a
Zc(ﬁ_l_az) C(b2+a2)+a(cz+ﬁ)+b( +_)

a2 c?
_ 4ac 4abc 4ab 3ab 3bc 3ca _ ab
_(b2+ a? +cz)+(cz+a2+b2)_72(c_2)

AM > 6M =22+ 25422 >3 =12 (1)

ab a3 a
Again, AM = GM = —+C—2+ﬁ23\/7 3(;) (2)

AM>GM=>—+E+—>3f 3(2) @

3
AM>GM=>—+ﬁ+g23 %:3(0) (4)

(1)+(z)+(3)+(4)$7(2(‘;_f))2 1z+3(2+£+2)

c b a

91. Leta, b,c > 0 and sum of any two is not zero, then:
2
1 1 1 1 3(a+ b+ c + Vabc)
+ + + >
a+b b+c c+a 3¥abc (a+b+c)

Proposed by Soumitra Mandal - Chandar Nagore — India
Solution by Hung Nguyen Viet — Hanoi — Vietham

By Chauchy — Schwarz inequality we have
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1 1 1 1 c? a? b? (3\/abc)Z
+ + + = + + +
at+b b+c c+a 33¥abc c:(a+b) a2:(b+c) bZ2(c+a) 3abc

2
(a+b+c+3 abc)
~a?(b+c)+ b3 (c+a)+c*(a+ b))+ 3abc
1 > 3
a?(b+c)+b%(c+a)+c2(a+b)+3abc — (a+b+c)3

It’s suffices to show that

which is equivalent to
al+b3+c2+3(a+b)(b+c)(c+a)=>3[ab(a+ b) + bc(b+ c)+ calc + a) + 3abc]
ora® + b3 + ¢3 > 3abc
But this result is clearly true by AM-GM inequality.

Therefore the proof is complete. Note that the equality can’t occur.

92.1fa,b,c € N —{0, 1,2} then:

(a+b+2)(b+c+2)(c+a+2)

8 log,(a +1)log,(b +1)log.(c+1) < —

Proposed by Daniel Sitaru — Romania

Solution by Safal Das Biswas — Chinsurah — India

1
Take a function f(x) = xx-1. We will Check the The maximum value of this

function f(x) within the domain x € (1, 2].

1 , 1 1
Now f(x) = xx1.50 f'(x) = xx—1 (x(x 5 (xn:)z)
. , _ 1 Inx \ _
Now at maximum f’(x) = 0 then xx-1 ( oD G 1)2) =
1_ In x-1 1-1 e 1
As x > 1then,-= |mpI|es— Inx,ore~ = x, or el x = x0Or, - = ex,
x ( 1) x

1
or e = xex, this is only possible for x = 1 but since x > 1 we can claim that the
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f'(x) = 0 whenlim x — 1. Thus we need to find

lim,_,; f(x) for the max value of f within the domain x € (1, 2],

1 lim—lnx

lim fx) = lim x7-1 = -1 = ey — o
Thus f(x) <3V 2>x> 1.
Now assume p, q,r € Rsatisfyinga? = a + 1,
bi=b+1andc" =c+1.

AsaP >aVaeNthenp > 1likelyq > 1andalsor > 1.
As,a,b,c e N—{1,2}thena? >a+1=aPsop <2, likelyforgandr.
Thus we have, 1 > (p,q,1) < 2.

Since we know that a, b,c € N — {1,2} then (a, b,c) > 3.

This implies (a, b,c) > f(x) Vx € (1,2] as (p,q,r) € (1,2) thena > f(p) or,

1
a > pr-1,0r aP~1 > p then aP > ap, likely b4 > bg and ¢” > cr

(a+b+2)= 1_[ (aP + b?) = 8aPbc"” > 8abcpqr

a,b.c cyclic aP b4.c" cyclic
So we have the following

a+b+2
% > 8pqr = 8 1_[ log,(a + 1)

a.b,c cyclic a,b.c cyclic

93.1fx,y,z € N — {0, 1} then:
2% 4 29 + 27 + 2%+7 > 16w + V167 + V167 + 1
Proposed by Daniel Sitaru — Romania

Solution by Ravi Prakash — New Delhi — India

2x + Zy + ZZ + 2x+y+z _ 2x+y _ 2y+z _ Zz+x _ 1
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=(2*-1)(27-1)(2*-1)>0

= 2x + Zy + ZZ + 2x+y+z > 2x+y + 2y+z + Zz+x + 1

Xty 2xy x+y
But: 2XtY = 472 > 4x+y = " '13/16*Y. Hence:

1 1 1
2% + 2V + 2% 4+ 2XYFZ > (16™)*+Y + (167%)y+Z2 + (16%%)z+x + 1

(1+a)(1+b)(1+c)(abc+\/m) > 2
(a+va)(b+Vb)(c+Vc) -

Proposed by Daniel Sitaru-Romania

94. Given a, b, c € [1, +00) prove that:

Solutions by Ngbé Minh Ngoc Bgo-Vietnam
Solution 1

] (1+a)(1+b)(1+c)(abc+\/m)
We have: — o ) (e

(Zln(a+ 1)+%Zlna—2(a+\/a))+ln(\/m+ 1) >In2

Considering function: f(t) = In(t + 1) + %ln t—In(t++t),Vte [l +eo)

=2

oy L, 1 2Vt+1
zf(t)_ﬁ 1+t_2t(ﬁ+1)_

@+ D)(Ve+1)+2e(Ve+1) - (2Ve+1)(E+ 1)
B 2t(t+ 1) (Ve + 1) B

o t+2VE-1 =0
2Vt +1)(VE+ 1)

:(Zln(a+ 1)+%Zlna—2]n(a+ﬁ))+ln(@+ 1) >

>3In2-3In2+1In2=1In2(Vabc +1 = 2)




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Solution 2

(1+a) (1+b)(1+c)(abc+\/m)
(a+va)(b+Vb)(c+Vc)

Use: (1 +x3)(1 +y3)(1 +23) > (1 + xyz)3, (x,y,z > 0) we have:

We have: f(a, b,c) =

, we need to prove f(a, b, c) = 2.

1+ a)(1 +b)(1 +¢) > (1 + Yabe)’
And (a ++a)(b+vVb)(c++c) < (a+ a)(b+ b)(c + c) = 8abc

(1+W) (abc+m)
8abc

1+¥abe\ | _1[,. 1 o=\’
l(1+\/_) +< T/% >‘ §[(1+W)3+(W+W) >

> 21+ 17 + (@)% =2

= f(a,b,c) = (1"'\/_) (

1 —
" ae)~

95. Prove that for all positive real numbers x,y, z
x3+y3+ 73 .3
x(y+z)2 4

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar para todos los nimeros R* x.y. z:

x3+y3+z3 3

> —
x(y+2)? — 4

Supongamos sin pérdida de generalidad que:
x+y+z=30<xy,z<3
Por: MP > MA

Ix3+y3+z3)>(x+y+z)l o
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c9Ix3+y3+z3) 227 (x3+y3+23)>3
Lo cual solo nos falta probar que:
4>x(y+z2)!24>x3-x)? = 4>9x—6x*+x3
= -x3+6x2-9x+4>0 —x3+6x>—9x+4=(x—1)%(4-x)>0...
(LQQD)
La igualdad se alcanza cuando:x =y = z

Solution 2 by Marian Dincd — Romania

3
y3+z3>2 (yzﬂ) — proof elementary of Jensen inequality and use AM — GM
3

+ 7\ 3 + +
X3+y3+Z32X3+2(y2Z) :X3+(yzz) +(yzz)

o (5 -y -2
3. , — — 2 (v + 7)2
3\/x (2 > 3x > 4x(y Z)

96. Let x, y, z be positive real numbers such that xyz = 1. Prove that:
1 1 1 1

+ + >
1+8x 1+8y 1+8z 3

3

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Sean: x,y,z nimeros R*, de tal manera que xyz = 1. Probar que:

1 1 1 1
+ + > —
1+8 1+8y 1+8z 3

b

Sea:x:%>0,y:2>0,z:§>0<:>(a,b,c)>0
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La desigualdad es equivalente:

1 1 1 1

= —

8a 8b 8c ™ 3
1y 1+ 1+3

b C a 1

= + + >
b+8a c¢c+8b a+8c 3

b? c? a 1

= + + > —
b2 +8ab c¢2+8cb a2+8ac 3
Por desigualdad de Bergstrom’s (Cauchy):

(a+ b+ c)? 1

= =
a2 +b2+c2+8ab+8bc+8ac 3

& 3(a+ b+ c)? > a?+b%+ c?+8ab + 8bc + 8ac

= 3a% + 3b% + 3c¢% + 6ab + 6bc + 6ac > a® + b% + c% + 8ab + 8c + 8ac
= a2+ b%+c%?>ab+bc+ac..(LQQD)
Solution 2 by Kevin Soto Palacios — Huarmey — Peru

Sean x,y,z nimeros R*, de tal manera que: xyz = 1. Probar que:
1 1 1 1

1+8x+1+8y+1+8223
Multiplicando (1 + 8x)(1 + 8y)(1 + 8z):
3((1+8y)(1 +8z) + (1 +8x)(1+82)+ (1+8x)(1+8y)) >
> (1 + 8x)(1 + 8y)(1 + 82)
=33 +16(x+y+2z)+ 64xy + 64yz + 64x2) >

>13 +1%2x8(x + y + z) + 1x64(xy + yz + xz) + 512xyz
=>9+48(x+y+z)+192(xy +yz+ zx) >
>1+8(x+y+2z)+64(xy+yz+xz)+ 512
= 40(x +y+z) +128(xy + yz + xz) = 504
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Desde que: x,y,z > 0. Por: MA> MG
= 40(x+y+2z)+128(xy + yz + xz) > 40x3i/x_yz+ 128x33/(xyz)? =
=120+ 384 = 504 ... (LQQD)

97.1fa, b, c € (0, ) then:

2
zc‘/m<4(“b+b6+ca)+zc(“ b)

a+b

Proposed by Daniel Sitaru — Romania
Solution 1 by Ravi Prakash - New Delhi — India
Consider [2(a + b)? + (a — b)?]? — 8(a%? + b?)(a + b)? =
= [3a?% + 3b?% + 2ab]? — 8(a% + b%)(a? + b% + 2ab) =
= 9a* + ab* + 4a’b? + 12a3b + 12ab>® + 18a’b* —
—8(a* + b* + 2a%b? + 2a3b + 2ab3) =
= a* + b* + 6a%b? — 4a3b — 4ab3 =
=(@%?+b%?—-2ab)’=(a-b)*>0
= 2(a+b)? + (a—b)? > 8(a® + b?)(a + b)?

_h)2
= 1/ 8(a? + b?) S%+ 2(a+b)

c(a — b)?
= ¢/ 8(a%2 +b?%) < 2(ac+bc)+%

_R)2
=>Zc\/8(a2+b2) SZ%+4(ab+bc+ca)

Solution 2 by Richdad Phuc — Hanoi — Vietnam

We have:
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Z ¢/ 8(a% + b?%2) —4(ab + bc + ca) = Z 2¢ [\/2(:;12 +b2)—-(a+ b)] =

B Z 2c(a — b)?
J2(a%2 +b2) + (a+b)
By Cauchy — Schwarz

J2(@Z+b%2)>a+b
c(a —b)?
= Z cv/8(a%2 + b?%2) —4(ab+ bc+ca) <

(a+b)
Done. Equality forholda =b = ¢

Solution 3 by Soumitra Mandal - Chandar Nagore — India

c(a — b)? c(a — b)?
z o +4(ab+bc+ca)—2{ ey +c(a+b);+2(ab+ bc+ca) =
cyc cyc

2 4 2 2 4+ p2
:zzc(a_|-b)+2(ab+bc+ca):Z{Zc(a_|-b)+c(a+b)}2

a+b a+b
cyc cyc
2¢c a2-+-b )
— 2 2
>zz { T }{c(a+b)}_zc/8(a +b?)
cyc cyc
(proved)

98.Ifa, b, c € (0, ) then:
1 1 1 a c¢c b
4+ pr+ ct <—+ >> ( +—+—>
(a ") a* b* c4 2 c b a
Proposed by Daniel Sitaru — Romania

Solution by Ravi Prakash - New Delhi — India

4 4 4 4 4 4
(a4+b4+c4)(l+l+1)—3+ L Y GO Y A
a* bt 4 b?  at ct at ct b4
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4 b4

a a
If -<1,—+
b b

a

Similarly for any expression < 1 on RHS.

a at b* at
- > —t—+1>—+
fFe>15+2+1>5+1
a a
and—4+122—222—

Similarly for other expression = 1 on RHS.

In any case we get

1 1 1 a b c
4 4 p*+ (—+—+—)> (—+—+—)
(a® + b + %) a* b* ¢ 2 b ¢ a

99. Prove that for all positive real numbers a, b, c

— +
abc -2 a b [

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

(a+b+c)® 7/b+c c+a a+bhb
(arbro? 7bre, s

Solution by Kevin Soto Palacios — Huarmey — Peru

Probar para todos los nimeros R* a, b, c:

(@a+b+c)® 7/Mb+c c+a a+b
—_— —( + + ) +6
abc 2\ a b C
Recordar la siguiente identidad:
(a+b+c)®=a+b3+c3+3ab(a+b) + 3bc(b + c) +3ac(a+ c) + 6abc
Reemplazando en la desigualdad:

+ + +
a b C a b C

+

ad+b3+¢3 b+c c+a a-+b 7/b+c c+a a+b
+3( )+625( )+6
abc 2

a>+b3+c® 1/b+c c+a a+b
25( + + )(:)

abc a b C
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& 2a3 +2b3 +2c¢3 > ab(a+b) +be(b + ¢) +ac(a+c)
Desde que: a,b,c > 0. Por: MA > MG
a3+a3+b3>3a%b..(l)
b3 + b3 + a3 > 3b2%a ... (I
Sumando (I) + (I1): a® + b3 > ab(a + b) ... (lll)
Porlotanto: b3 +c¢3>be(b+c)...(IV)Aa3+c3 >ac(a+c)..(V)
Sumando: (Il1) + (IV) + (V):
2a% + 2b3 + 2c¢3 > ab(a+ b) + be(b + ¢) + ac(a + c) ... (LQQD)

100. Prove that for all real numbers a, b, ¢
(a+ b+ c)?(ab + bc + ca)? + 18(a + b + ¢)(ab + bc + ca)abc
> 4(a+ b +c)3abc + 4(ab + bc + ca)® + 27(abc)?
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Kevin Soto Palacios — Huarmey — Peru

—>RHS:4(Za3 +3(Za) (Zab)—Babc)+
+4 (Z(ab)3 +3 (Z ab) (Z a) abc — 3(abc)2) + 27(abc)?
S RHS =4 (Z a®) abe + 4Z(ab)3 +24 (Z a) (Z ab) abc + 3(abc)?

= LHS = (ab(a + b) + bc(b + ¢) + ac(a + ¢) + 3abc)? +

+18(a+ b + c)(ab + bc + ac)abc

— LHS = z:(ab)2 (a + b)? + 9(abc)? + 2abcz a(a+ b)(a+c) +

+6abcz ab(a+b) + 18 (Z a) (Z ab) abc
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— LHS — RHS:

> > (ab)*((a+b)* — 4ab] -6 () a) (D ab)abc+6abc Y ab(a+b) +
+2abc ) a(a+b)(a+c)-4() a*)abe + 6(abe)?
> > (ab)?(a—b)? - 6abc () ab(a -+ b) +3abc) abe +
+6abc ) ab(a+b)+2abc Y a(a+b)(a+c)—4() a*)abe+6(abc)’

— Y(ab)? (a — b)? + 2abcY a(a+ b)(a+c) — 4 a®)abc — 12(abc)?

- Z(atb)2 (a—b)?+ ZabCZ(aB + a%b + a?c + abc) —
—4 (Z a3) abc — 12(abc)?

= Z(ab)z(a — b)? -2 (Z a3) abc + 2abc (Z a’b + Z aZC) — 6(abc)?

= ) (ab)*(a~b)* +2 ) abc(-a® + a’b + a*c - abe)
= Z(ab)z(a — b)? + ZZ abc (—az(a — b) +ac(a - b)) =

=) (ab)*(a-b)* +2 ) (ab)(ac)(a - b)(c - a)
(ab)*(a — b)? + (bc)*(b — ¢)? + (ac)*(c — a)* +
+2abc(a(a — b)(c —a) + b(b — c)(a—b) +c(c — a)(b —c))
= (ab(a — b) + be(b — ¢) + ca(c — a))2 =
=[(a-b)la—c)(b—-c)]*=(a-b)*(a—c)*(b—c)*>=0
(LQQD)

La igualdad se alcanzacuando:a=b Vb =c,c=a
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Its nice to be important but more important its to be
nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru



