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1. Prove that in any triangle ABC the following relationship holds:

B C C A A B
COtE COti COti COtE COtE COti A B C
+ + 22(cos—+cos—+cos—>
A B C 2 2 2
COti COtE COti

Proposed by Hung Nguyen Viet-Vietnam

Solution by Rozeta Atanasova- Skopje

cotg cotg cotg cot% cot% cotg
LHS = + +

cotf cotf cotf

B C A C B A
1 A cot7 coti B coti coti C cotf coti
=—-| cot- + B + cot - + A + cot - A+ =

2 2 Cc 2 C 2 B
coti cotf coti coti coti cot7

A B C
A B C a5 t5
> coti+cot—+cot52 3cotT

(4
> =3cot—=3V3 =

6
A B C
e et

—2-3cosm=2-3cos2—2 2>2( A4 cosB 4 C)—RHS
= cos— = cos 3 2 2(cos- + cos— +cosz ) =
2. Let ABC be atriangle witha = BC,b = CA, and c = AB.Let A'B'C’ be
another triangle with B'C’ = /a,C'A’ =+/b, and A'B’ = +/c. Prove that:

/1 /1 /1 B . . .
sin (EA> sin (E B) sin (E C) =cosA cosB cos(C'.
Proposed by Mehmet Sahin- Ankara - Turkey

Solution by Daniel Sitaru — Romania

oo =[5 =gl Jos-20-
COoS = 2@ _8abc S Cc)—
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- [ To-0=[ [*=2=9Tou

3. In acute-angled 4 ABC the following relationship holds:

1 1
+
sin2A sin2B

Z(sin 2A + sin 2B) ( ) < Z(tanA + tan B)(cot A + cotB)

Proposed by Daniel Sitaru-Romania

Solution 1 by Soumava Chakraborty-India:

ABCin
1 &= 2

1 1
Z(tanA + tan B)(cotA + cotB) > Z(sin 2A +sin 2B) ( - + — )
sin2A sin2B
Z {(sinA . sin B) (cosA cos B) (sin 24 + sin ZB)Z}
@ J—

+ 0
cosA cosB/\sindA sinB sin2Asin2B

v

0

v

4sin?(A + B) 4sin?(A + B) cos?(A — B)
Z 4sinAcosAsinBcosB sin2Asin 2B

=2
sin“(4 + B) 5
— — >
< Z {sin 24sinzp L oS 4B ))} =0

sin2 Csin2(4-B)
sin 24 sin 2B

=3 fz0 @

(4
0 <A,B,C<E,O < 2A4,2B,2C <m = sin2A,sin2B,sin2C > 0

(1) always holds true, equalityatA =B = C = g

Solution 2 by Kevin Soto Palacios-Peru:

En un triangulo acutangulo ABC. Probar que:
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1 . 1
sen2A sen2B

A'lo que es equivalente:

Z(sen 2A + sen 2B) ( ) < Z(tanA + tan B)(cot A + cot B)

sen2A +sen2B sen2B +sen2C sen2A + sen2C

3+ + + <
sen 2C sen2A sen 2B
tanA+tanB tanB+tanC tanA +tanC
<2-3+ + +
tanC tan A tan B

1 1 1
+ + <
sen2A sen2B sen ZC)

< (tanA +tanB + tan C)(cot A + cotB + cot C)

= (sen2A + sen 2B + sen 2C) (

sen 2B sen2C + sen2Asen 2C + sen2Asen 2B <
sen2Asen 2Bsen 2C ) -

< (tanAtanBtan C)(cotA + cotB + cot C)

sen2Bsen2C +sen2Asen2C+ sen2Asen2B -
(2senAsenBsenC)(4cosAcosBcos() -

= (sen 2A + sen 2B + sen 2C) (

:>4senAsenBsenC<

- <senA senBsen C> <sen2 A + sen? B + sen? C>

cos A cos B cos C 2senAsenBsenC

Simplificando la expresion, se obtiene que:
sen2Bsen2C+sen2Asen2C+sen2Asen2B <

< sen? A + sen? B + sen? C - (Multiplicando x 2)

—cos(2B + 2C) + cos(2B — 2C) — cos(2A + 2C) + cos(2A — 2C) — cos(2A — 2B) + cos(2A + 2B) <
< 3 —cos2A — cos 2B — cos 2C
—cos2A + cos(2B — 2C) — cos 2B + cos(2A — 2C) — cos 2C + cos(2A + 2B)
< 3 — cos 2A — cos 2B — cos 2C

cos(2B — 2C) + cos(2A — 2C) + cos(2A — 2B) < 3 (LQQD)

Solution 3 by Soumitra Mandal-India:

1 1
Z(sin 2A + sin2B) ( - + — ) < Z(tanA + tan B)(cotA + cotB)
sin24A sin2B

cyc cyc
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sin24 sin 2B
@OSZ( - —tanA cotB + — —tanBcotA)
sin 2B sin 24

cyc

sin4A sinB\ /cosB cosA
c0s Y (G- (-
sinB sinA/\cosA cosB

cyc

sin?A — sin? B\ /cos?B — cos? A
S 0< Z - -
sinAsin B cosAcosB

cyc

(sin? A — sin? B)? o
o< Z ,wich is true

sinAsinB cosAcosB
cyc

1 1

i + si + <
Z(sm 24 +sin2B) (sin 24 sin 23) =
cyc

< Z(tanA + tan B)(cotA + cotB)
cyc
4.1fn € N thenin 4 ABC the following relationship holds:
3

27 Z sin(2™4) cos(2™B) cos(2™C) < (z sin(Z"A))

Proposed by Daniel Sitaru-Romania

Solution by Kevin Soto Palacios-Huarmey-Peru:

Si:n = 0. Probar en un triangulo ABC:
3

27 Z sen(2"4) cos(2"B) cos(2"C) < (Z sen(Z"A))

Sea:A =) senkAsenkBcoskC \NB =) coskAcoskBsenkC < ke Z"

Se puede observar que:

(cosA+isenA)(cosB +isenB)(cosC+isenC) =cos(A+B+C)+isen(A+B+C)

(cosA+isenA)(cosB+isenB)(cosC+isenC)= -1
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= Por la formula de Moivre:
(coskA + isenkA)(coskB + isenkB)(coskC + isenkC) = (—1)"
Desarrollando tenemos:
—A+ iB+ coskAcoskB coskC —isenkAsenkBsenkC = (—1)"
Por lo tanto:

— B =senkAsenkBsenkC ANA = (—1)"*! + cos kA cos kB cos kC

Desde que: B = sen kC sen kB sen kC, entonces:
Z sen(2™A4) cos(2™B) cos(2™C) = sen(2™4) sen(2™B) sen(2™C)

La desigualdad es equivalente:

27 sen(2"A) sen(2"B) sen(2"C) < (X sen(2"4))? - Valido (MA > MG)

5. In acute - angled 4 ABC the following relationship holds:
/14 1[4 1[4 28
cos(Z—A) +cos(Z—B) +COS(Z_ C) > Rz
S — area, R — circumradius
Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty — Kolkata — India

In acute —angled 4 ABC: ) cos (g — A) > =

28 2 (ab(:) __abc _ (2Rsin A)(2R sin B)(2R sin C)
R2 R2\4R) 2R3 2R3
8R3 sin A sin B sin C

= 2R3 =4sinAsinBsinC

=2sinC(2sinAsinB) = 2sinC (cos(4 — B) — cos(4 + B))
= 2sin(4+ B)cos(4—B) — 2sinC (— cos ()
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=sin2A + sin 2B + sin2C

= ((sinA + cos 4)> — 1) + ((sin B + cos B)?> — 1) + ((sin C + cos €)? — 1)

= {\/E(\/%COSA +\/izsinA)}2 + {\/E(\/%sinB +\/%cosB)}2 +
+{\/E(\/%cosc+\/%sin6)}z —-3=

:ZZ(cosEcosA+sinEsinA)2—3ZZZCOSZ(E—A)—B
4 4 4
— 2 E_ 2 E_ 2 E_ —
= 2 cos (4 A)+2cos (4 B)+2cos (4 C) 3
w _ w _ w _
Letcos(Z—A)—x,cos(Z—B)—y,cos(Z—C)—z
The proposed inequality = x + y + z > 2x? + 2y* + 22> — 3
oY2x’ —x-1)<0elx-1)2x+1)<0 (1)
AABCisacute,0<A,B,c<§
A

NG}

>

b |
/!
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n< A—-B,—-C<0 n<n An Bn C<n
> ——<-A—-B,— > ——<——A——B,—-— —
2 ' ' 4 4 '4 '4 4
1 (4 (4 (4
=>\/_§<COS(Z_A)'COS(Z_B)'COS(Z_C)<1
:%<x,y,z<1,x—1<0and(2x+1)>0

skx-1)2x+1)<0
Similarly, (y —1)2y+1)<0and(z—1)(2z+1) <0
Y(x—1)(2x+ 1) < 0 = (1) is proved, which proves the proposed inequality

6. En un triangulo ABC: Probar que sies (V) O (F)

5
a*c + b*a + c*b > 243/2(RS)3
Proposed by Daniel Sitaru-Romania
Solution by Kevin Soto Palacios-Huarmey-Peru

Desarrollando el lado derecho tenemos:

24\/—(RS)3 = 24\/_ = 2432° ’ﬁ(abc)S =24 /F(abc)S = 3%/ (abc)’

Por las desigualdades entre las medias:

Siendo: a, b, ¢ > 0 (lados de un triangulo ABC)

a*c + b*a + c¢*b = 33/ (abc)5 (LQQD)
7.In A ABC:

Z(mzb2 — %) > 1652

S — area

Proposed by Daniel Sitaru-Romania
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Solution by Kevin Soto Palacios-Huarmey-Peru
Tener presente en un triangulo ABC que:
a=2RsenA,b=2RsenB,c=2RsenC
S =2R?*senAsenBsenC AcotAcotB + cotBcotC+ cotAcotC=1
Reemplazando en la desigualdad:
2(16R* sen? Asen? B) + 2(16R* sen? Bsen? C) + 2(16R*sen? A sen? ()
— 16R*(sen* A + sen* B + sen* ¢) > 1652

Dividiendo a la expresion: (16R* sen? 4 sen? B sen? C) < (La desigualdad no

se altera)
2¢sc2C + 2¢sc2A + 2¢csc2B ( sen/ )Z ( e )Z ( e )Z>4
. N — —_
¢sc csc ese sen B sen C sen Asen C senAsenB/ ~

= 2(3 + cot? A + cot? B + cot? C) — (cot B + cot €)% — (cot A + cot C)? — (cotA + cot B)? > 4

= 6 — 2(cotAcot B + cot Bcot C + cotAcotC) =4 & 4 > 4 (Lo cual si es cierto) (V)

8. Prove that if x,y,z € [1,2] thenin 4 ABC:

a b c* 16s3
3,/abcxyz<;+—+—> <

Yy z
Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty — Kolkata — India

X<2,y<2,z<2>=>xyz<8>3xyz<2

a+b+c _ 2(a+b+c)
—3 2T 3

1 a b c

z

abexyz = Vabc - 3[xyz <

1>—+—+-<a+b+c
X y z

= | =

L[
IA

x,y,z=21=>— —,



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

2

b
(E+—+E) <(a+b+c)?
X y z
c 2(a+b+c
abcxyz( — ;) ( ) (a+b+c)d =
2 16s3
= — 3:
3 (29) 3

9.1n A ABC the following relationship holds:

(Va+vb—+c)Va-Vb++c)(—Va+Vb++c)=/(a+b-c)la-b+c)(—a+b+c)
Proposed by Lucian Stamate-Romania

Solution by Nguyen Viet Hung-Hanoi-Vietnam
From the condition (b + ¢ — a)(c + a — b)(a + b — ¢) = 0, we deduce that
b+c—a=>20,c+a—-b=20,a+b—-c=0
The desired inequality is equivalent to:
(Vb + e —a) (Ve +va—vb) (Va+Vb—+c) = (b+c—a)(c+a—b)(a+b—c)
or

(a~ (VB -v©)*) (b~ (Ve —va)*) (¢~ (Va-B)" ) = (b+c—a)(c+a—b)(a+b—c)
Now we will show that: (a — (Vb - \/E)Z) >(c+a—-b)(a+b-c)
Indeed, this inequality is equivalent to: (vb — \/E)Z(b +c—a) >0,

which is true. Writing two similar relations and multiplying them up we obtain

the desired result.
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10.In4 ABC,n € N™:

B (ma + kmy + %) (mb + km, + %) (mc + km, + %) > (27w wyw, )"

m, — median’s length, w, — bisector’s length
Proposed by Daniel Sitaru — Romania
Solution by Kevin Soto Palacios-Huarmey-Peru

En un triangulo ABC,n € N. Probar que:
n
m m m
D (ma + km,, + Tc) (mb + km, + Ta) (mc + km, + Tb) > 27waww )"

Recodar lo siguiente: 1.

[ [r@e@rmn= l]_[ f(i)‘ BEC
k=1 k=1 k=1

n
[ [r0
k=1
2bc

2.w, = Jp(p —a) < /p(p — a) < m,, De forma analoga:

b+c

wp, < my Aw,. < mg. Porlatanto: Por: MA > MG
g £ = [(mq +my +me) (g + 2my + 555 .. (mg + mmy +25)] = (33 mamyme)" (4)

ﬁg(i) = (mgy +my, + m,) (mb +2m, + ﬂ) (mb +nm,+ %) 2 (33\/ mambmc)n (B)

2
k=1

ﬁh(i) = (g +my + m) (m + 2mg +22) . (me + mmg + =) > (33mmyme) " (€)

_ Multiplicando (4)(B)(C) —

m m m
- (ma + km,, + Tc) (mb +km,+ Ta) (mc + km, + Tb) > 27mmym )" = 27wwyw )"
k=1
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11. In A ABC the following relationship holds:
a3(b + c) + b3(c + a) + c3(a + b) > 16RSp
R — circumscribed radius, § — area, p — semiperimeter
Proposed by Daniel Sitaru — Romania
Solution 1 by Kevin Soto Palacios-Huarmey-Peru
Probar en un triangulo si es (V) 6 (F):
a(b +c) + b3(c + a) + c3(a+ b) > 16RSp
En un triangulo ABC tener en cuenta, lo siguiente:
4RS = abc AN 2p=a+b+c
Desde que: a, b, ¢ son lados de un triangulo, por la tanto: a,b,c > 0
Aplicando: MA = MG
alb+a3b+ c3b+a3c+adc+ b3c > 6a’bc (A
b3c + b3c + a®c + b3a + b*a + c3a > 6b*ac  (B)
c3b+c®b+adb+ c2a+cda+b3a>6c*ab (C)
Sumando: (4) + (B) + (C)
al(b+c)+b3(c+a)+c3(a+b) = 2abc(a+b +c)
a3(b+c) + b3(c +a) + c3(a + b) > 16RSp
Solution 2 by Soumava Chakraborty-Kolkata-India

a(b +c) + b3(c + a) + c3(a+ b) > 16RSp

abC) (a+b + C)

& ab(a? + b?) + be(b? + ¢?) + ca(c? + a?) > 16R(4R >

> 2ab > 2bc > 2ca
ab(a? + b?) + bc(b? + ¢?) + ca(c? + a?) = 2abc(a+ b + ¢)

> 2a’b? + 2b%c? + 2c¢%a? (AM > GM)
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=2(x*+y?+2%) > 2(xy + yz+ zx) = 2abc(a + b + ¢)

(where x = ab,y = bc,z = ca)

12. In acute triangle ABC the following relationship holds:

27m2m2m? _ ( 1 1 )3
56 “\(p-a)? (p-b)? (p—-c)?
m, — median length, § — area
Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-Kolkata-India

A=S
27mZm%m? 1 1 1 )3
. = {<p—a)2 I (p—c)z} (1)
) 2b?% + 2¢% — a? ) 27c¢% + 2a% — b? ) 2a?% + 2b% — ¢?
m2 = 2 m? = 2 mé = 2

1) e Z—Z(sz + 2¢% — a?)(2c? + 2a% — b?)(2a? + 2b?% — ¢?)

A? A? A?
= {(p a2 p-b2 (p- c)Z}

3

3
Al V(2b? + 2¢2 — a2)(2¢2 + 2a2 — b2)(2a? + 2b% — c2)

A? A? A?
< + +
(p—a)? (p-b)? (p-c)?

3
GM < AM = Z";/(219Z +2¢2 — a?)(2¢2 + 2a? — b?)(2a? + 2b? — ¢?)

- 3(2b% + 2¢% — a?) + (2¢% + 2a? — b?) + (2a? + 2b% — ¢?)
~ 4 3




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

= %(a2 + b% + ¢?); Aisacute; b2 + c2 —a? > 0,2b*> + 2¢2 —a?*> > 0....

- 3, 9 2 2 A? A2 A2
=(a* + b*+c*) < + +
similarly I shall show that, 4(a b* +c*) < a2 o2 T ooz (2)

which will prove (1)

p(p—a)(p-b)(p—c) , p(p—a)(p—b)(p—c) , p(p—a)(p-b)(p—c)

RHS Of (2) = (p—a)z (p—b)z (p_C)Z
_{@—w@—o p-op-a @—@@—w}
=p + +
p—a p—b p—c¢
_(a+b+c)((c+ta-b)a+b-c) (a+b-c)(b+c—a) (b+c—a)(c+ta—-b)
B 4 { b+c—a + c+a—b>b + a+b+c }

2 2 2 (c+a-b)(a+b-c) , (a+b-c)(b+c—a) . (b+c—a)(c+a-b)
(2) A 3((1 +b"+c ) s (a +b+ C){ b+c—-a + c+a-b + a+b—c } (3)

leta+b—-c=xb+c—a=y,c+ta—b=z
z+xb_x+y _y+z
2 P72 T

a+b+c=x+y+za=

@) {E+0)*+x+y)?+ G+ 2} < (x+y+2) (T+Z+7)

& 6(z:x2 + ny) xXyz < 4(2 x) (Z xzyz)

& 2(x +y + z)(x2y? + y222 + 7%2x?)
>3(x2+y*+ 22 +xy+ yz+ zx)xyz
& 2x3y? + 2x%y3 + 2y%7% + 2y%73 + 223x% + 22243
+2xyz(xy + yz + zx) = 3xyz (Z xz) + 3xyz(3xyz + 2x)
o 2x3y% + 2x2y3 + 2y322 + 29223 + 223 x2% + 222x3 >

> 3x3yz + 3y3zx + 323xy + x%y*z + y2z%x + z%x%y (4)

AM > GM > ;(xBy2 +x32%) > 3x3yz (i)
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S (a2 +y*2?) 2 3y%zx (i)
2 (22x% + 22y?) 2 32%xy (i)
3
(@) + (i) + (iii) = 2 (x3y? + x2y3 + y32% + y223 + 23x% + 2%x3) >

> 3x3yz + 3y3zx + 3z3xy (A

(X392 + 3223 + y223 > 3xy272)
y3x? + x%23 + x*23 > 3yx?z?
y3z% + 22x3 + 22 x3 > 3yz%x?
2292 + 23 + 3263 > 3722
222 + 1293 + x2y3 > 372y
\x322 + z2y3 + z2y3 > 3xy?z?%)

Adding,

3(x3y? + x2y% + Y322 + y223 + 23x% + 22x3) > 6(x2y%z + y?zix + 22x%y)

s AM > GM

N %(x3y2 +x2y% + 3322 + 9273 + 23x2 + 22x3) > x2y2z + y222x + 222y
(B)
A+ B =2(x3y? + x2y3 + y32%2 + y223 + 23x% + 2%x3) >
> 3x3yz + 3y3zx + 323xy + x%y*z + y*z%x + z%x%y

which proves (4) and thus, the inequality.

13.In A ABC the following relationship holds:

1 /b 1 3
Sl
a’\a?2 b 2RS

cyc
S — area, R — circumscribed radius

Proposed by Daniel Sitaru — Romania
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Solution by Kevin Soto Palacios —-Huarmey- Peru

1 3

i - yl(b 1
Probar en un triangulo ABC sies (V) o (F): X = (az + b) = o
Tener presente en un triangulo ABC: 4RS = abc
La desigualdad es equivalente: % (% + %) + % (b—cz + %) + clz (% + %) > 6abc

Por desigualdades entre las medias: MA > MG, Siendo: a,b,c > 0

b 1 2 1 b 1 2

—+->ftoe—(=+-)><

a? b_a<=>a2 (a2 b)_a3 (A)
1 c 1 2
iEte)zs ®
1/a 1 2
#(E+)=3 ©

1/b 1 1/c 1 1/a 1 2 2 2 6
2@ e a(Gr)z st et 52, QD)

a?\a?2 b

La desigualdad es (V).

14.In A ABC the following inequality holds:

z (ava + bVb) sinC _ z (a®Va + b3Vb)sinC
Va ++b B a?va + b*V/b

Proposed by Daniel Sitaru — Romania

Solution by Kevin Soto Palacios-Huarmey-Peru:
Va+bvb)sin C <y (a®Va+b3Vb)sinC N

y v (a
En un triangulo ABC. Probar que: ), N ENATEN
Z (a®vVa + b3Vb)sinC Z (ava + bVb) sinC 0
S — >
a?a + b2Vb Va++b

Realizamos los siguientes cambios de variables:
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Vva=x2+b=y%+c=2%> < a,b,c>0,porlotanto: x,y,z> 0

(ava + bVb) sin € - (a®vVa + b3Vb)sinC
= <
Ja++b a?\/a + b2\Vb
X7+y" xB+y3 . (7 +y7)(x +y) — (3 + y3) (25 + y5)
- >0-sinC
x>+yS  x+y (x +y)(x5 +y°)
xy(a® +y6) — By (x% +y?) - xy[x® +y® — 2%y + y?)]
= sinC (x+y)(x5+y5) >0-sinC (x+y)(x5+y5) >0

xylle® +y°)° — 4ty (e +y%)] | xy(f +yfla + y%)® — 4ty

>0

:>sinC<

= sinC (x + y) (x5 + y°) - (x + y) (x5 + y5)
= sin C (B 2 0 (A) Porlatanto: sin 4 Ot >0 (B)
2_.2)\2
S sinBX2E=X)_5 (C) — Sumando (4) + (B) + (C):

(x+2) (x5 +25) -

z (a®Va + b3Vb) sinC z (ava+ bVb)sinC -
a?Va + b%Vb Va++b B

15. In A ABC the following relationship holds:

r_13 a® cosBcosC > 16 (Z sin A) (z cos? A)

r — inradius
Proposed by Daniel Sitaru — Romania
Solution 1 by Soumava Chakraborty — Kolkata — India
a3 cos B cos C = R3(8 sin3 A cos B cos C)
8sin® 4 cos B cos C = (2sin? A)(4sin A cos B cos C) =
=(1-cos24)(2cosC)(2sinAcosB) =
= (1 -cos24)(2 cosC){sin(4 + B) + sin(4A — B)} =
=(1-cos24){2cosCsinC — 2cos(4 + B)sin(4 — B)} =
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= (1 - cos24){sin2C — (sin24 — sin2B)} =
= (1 —-cosA)(sin2B + sin2C — sin24) =
=sin2B +sin2C — sin2A — cos 2Asin 2B — cos 2Asin 2C + cos 2A sin 24
(1)

Similarly, 8 sin3 B cos € cos A = (1 — cos 2B)(sin 2C + sin 24 — sin 2B)
=sin2C +sin2A4 —sin2B — cos2Bsin2C — cos 2B sin 24 + sin 2B cos 2B
(2)
and 8sin3 Ccos A cos B = (1 — cos2C)(sin 24 + sin 2B — sin 2C)

=sin2A4 +sin2B — sin2C — cos2Csin 24 — cos2Csin 2B + sin2Ccos2C

3)
M+@2)+@3)= %Z a® cos B cos C

R3
=3 ((sin 2A + 2sin 2B + sin 2C) — sin 2C (cos 24 + cos 2B)

—sin 2B(cos 2C + cos 24) — sin 24 (cos 2B + cos 2C) + cos 24 sin 24 + cos 2B sin 2B
+ cos 2C sin ZC)

—sin2C (cos2A4 + cos2B) = —sin2C{2 cos(4 + B) cos(4 — B)}
= —-2sinCcosC (-2 cosCcos(4A — B))
= 4 cos? Csin(4 + B) cos(4 — B) = 2 cos? C (sin 24 + sin 2B)
= (1 + cos2C)(sin2A4 + sin 2B)
= (sin 24 + sin2B) + cos 2C (sin 24 + sin 2B) (4)
Similarly, — sin 2B (cos 2C + cos 2A)
= (sin2C + sin24) + cos 2B (sin 2C + sin 24) (5)
and —sin 24 (cos 2B + cos 2C)
= (sin 2B + sin 2C) + cos 2A (sin 2B + sin 2C) (6)
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1
r3

3

a’cosBcosC

= I:—:{B Z sin 24 + (cos 24 + cos 2B + cos 2C) (Z sin ZA)}

3

= f_g(z sin ZA) {(1+ cos24) +(1+ cos2B) + (1 + cos2C)}

= I:—: (X sin24)(2)(Z cos? A) = Zri: (X sin24)(X cos24) (A)

Z sin2A4 = sin2A4 +sin 2B +sin 2C =

=2sin(A+B) -cos(A—B)+2sinCcosC =
= 2sinC{cos(4A —B) — cos(4+ B)} =

=2sinC-2sinAsinB =4sinAsinBsinC =
A B C A B C

=4. 8smismismicosicosicosi =

. A . B . C A B c
= (8 sm—sm—sm—) (4 cos—cos—cos—) (7)
27272 2 2 2

. . . . A+B A-B . C c
Now, sinA4 +sin B + sinC = ZsmTcosT+ Zsmzcosz

C( A-B A+B) A B C
cos

= —_ -+ = —_ J— —
2 cos 2 2 cos 4 cos 2 cos 2 cos 2

(7)= Y. sin24=8 singsingsing(z sin A)

(s=b)(s—c) (—)(—)(—)(—b)z.
:8\/8 bcs c\/s ccas a\/s aabs ( smA)
8s(s —a)(s — b)( —b)z. 842 Z
- = asflbc - ( SmA):(sabc>( smA)

(sabo)r
4R

A:%Canddzrs,dzz
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Z sin 24 = %(Z sinA) = %(Z sinA)

(A) = %(Z a® cosBcos () = (E) (%r (O sin A)) (O cos? A)

(B)

=4 (I:—zz) Csin4)(C cos?4) = 4(2>)(XsinA)(Q cos?4) (R > 2r)

=16 (Z sin A) (Z cos? A)

Solution 2 by Kevin Soto Palacios — Huarmey — Peru

En un triangulo ABC. Probar que:

T%Z a3 cos B cos C > 16(3 sen A)(cos? 4) - r (Inradio)

3
F(S sen® A cos B cos C + 8sen® BcosAcosC + 8sen?® CcosAcosB) >

> 16(senA + sen B + sen C)(cos? A + cos? B + cos? C)
Tener presente en un triangulo ABC:

1.sen4A + sen4B +sen4C = —4sen2Asen2Bsen2C
2.cos?A+ cos?B+cos’C=1-2cosAcosBcosC
3.%2 4sen§sen§sen§
4.sen(B+ C) =senA A5.Sen(2B + 2C) = —sen 24
T, =8sen3AcosBcosC — T, = (2sen? A)(2 senA)(cos(B + C) + cos(B — C))
T, =(1—cos24)(2sen(B + C) (cos(B + C) + cos(B — ())
T, =(1 - cos24)(sen(2B + 2C) + sen2B + sen 2C)

T, = (—sen2A + sen 2B + sen 2C) — sen 2B cos 24 —sen 2 C cos 24 + (0. 5)2 sen 24 cos 24
T, =8sen3BcosAcosC— T,

= (—sen2B +sen 24 + sen 2C) — sen 24 cos 2B — sen 2C cos 2B + (0,5)2 sen 2B cos 2B
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T; =8sen3CcosAcosB - T,
= (—sen2C +sen 24 + sen2B) — sen 24 cos 2C — sen 2B cos 2C + (0,5)2 sen 2C cos 2C
T,+T,+T3=2(sen2A+sen2B +sen2C) —2sen2Asen2Bsen2C

T,+T,+T3=2(4senAsenBsenC)(1—2cosAcosBcosC) >

A B ¢}
> 16(senA + sen B + sen C)(cos? A + cos? B + cos? () (4 sen sen— sen E)

A B C A B C A B
8senAdsenBsenC > 16 (4 cosEcos—cos—) (2 sen —sen —sen —) 8x4 (sen—sen—sen —) -

2 2 2 2 2 2 2 2
1 >( A B c)z 1> A B C
%_ —_ —_ — %_ —_ —_— —_
64 = senzsenzsenz 8_senzsenzsen2

16. In A ABC the following relationship holds:

A B m—A mw—B w—C
Z cosicosi < cos + cos + cos m

Proposed by Daniel Sitaru — Romania
Solution by Kevin Soto Palacios-Huarmey-Peru

En un triangulo ABC. Probar si es (V) o (F):

Z A B< (n—A)+ (n—B)+ (n—C)
cos 2 cos 2 = cos 2 cos 2 cos 2

. _ A B _ \/cos(AZLB)+(cosA;—B) A-B
Sea:T{ = /cos;cos; = . & cos (T) <1
\/cos (A ; B) + (cosA ; B) - \/sen%+ 1 B \/1 + cos (n ; C)

2 2 N 2

$T1:

= [cos? (”%C) = cos (”%C) (A)

Analogamente para los demas términos:
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_ B c n-A
=T, = /cos;cosz < cos (T) (B)
= [cos?cos n-8
T; = coszcosZScos( 2 ) ©

Sumando: (4) + (B) + (C):

> /cos';1 cos= > < cos( 4A) + cos( ” ) + cos( ) (LQQD)—es (V)

17.In A ABC the following relationship holds:

A B _C A B C>\/§
Sln251n251n2 COSZCOSZCOSZ_ZR

R — circumradius, § — area

Proposed by Daniel Sitaru — Romania
Solution by Kevin Soto Palacios —-Huarmey- Peru

En un tridngulo ABC: Probar que si es (V) o (F) lo siguiente:

A B c+ A B c>\/i
senzsenzsenz COSZCOSZCOSZ_ZR

Tener en cuenta lo siguiente: S = 2R% sen A sen B sen C

sen 2x = 2 sen x cos x. Por desigualdades entre las medias:

MA > MG
A B C+ A B C - 2|2R?> senAsen Bsen C
sen - sen_ sen- + cos; cos_ cos > Sx2R2
sen2senZsent + cos2cos2 cose > s (LQQD) — (V)
2 2 2 2 2 2~ 2R
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18.In A ABC the following relationship holds:
(mg +1)(my + 1) (M +71.) = 8wwyw,
Proposed by Daniel Sitaru — Romania
Solution by Kevin Soto Palacios — Huarmey-Peru
En un tridngulo ABC. Probar que: (m, + r,)(my + rp)(m, +r.) = 8w, wpw,

Considerar lo siguiente en un triangulo ABC:

V2b2 + 2¢2 — a2 v2a? + 2¢2 — b? v2a? + 2b% — ¢?
mg = 2 yMp = 2 yMe = 2
TarpTe =S5, S =/p(p —a)(p — b)(p — ¢)
& S = Area de region triangular, p = semiperimetro
_2Vbep(p—a) _ 2Vacp(p—b) _ 2Vab/p(p - c)
@ b+c Wp = a+c We = a+b

Por: MA = MG: (m, +r,)(my, + rp,)(n, +1.) = 8/mymym.r,rpr,
Ahora demostraremos que: mympym, = r 17,

Por: MP > MA — 2(b? + ¢?) > (b + ¢)? - 2(b%* + ¢?) — a®? = (b + ¢)? — a?
5 T > B+ cr Db +c—a)(0,5) > me > pp-a) (A)
Por lo tanto: my, > /p(p — b) (B);m, = /p(p—c) (C)

Multiplicando (4)(B)(C) » m,m,m, = r,rpr.. Por lo tanto:

(ma + ra) (mb + rb)(mc + rc) = 8\/mambmcrarbrc =
(a+b)(b+c)a+c) -
Pla+vp)b+c)a+c) =

_ 64abepp - ) - B -0) _
=T (@a+b)brolare e

> 8r,rpr. = 88
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19.In AABC:

sinAsinB sinBsinC sinCsinA 1
+ + > —
m,m, mym, m.m, R

m, — median’s length, R — circumradius
Proposed by Daniel Sitaru — Romania
Solution by Kevin Soto Palacios — Huarmey-Peru
Tener en cuenta las siguientes desigualdades:

4m,m, < (2c¢? + ab),4mym, < (2a® + bc),4m,m, < (2b? + ac)
ab 1 ) bc 1 __ac 1

4m,m, R%* 4mym, R? 4mym.  R?

La desigualdad es equialente: % :
ab bc ac
=>Zcz+ab+2a2+bc+2b2+ac2
= ab(2b? + ac)(2a? + bc) + bc(2c¢? + ab)(2b? + ac) +
+ac(2¢? + ab)(2a? + bc) > (2¢% + ab)(2a? + bc)(2b? + ac)
= A = ab(4a?b? + 2b3c + 2a’c + b*ac) + bc(4b?*c? + 2b3a + 2c3a + a’bc) +
+ac(4a®c? +2a3b + 2¢3b + b?ac)
= A = (4a®b?® + 2b%ac + 2a*ch + a?b?*c?) + (4b3c® + 2b*ca + 2c*ab + a?b?c?) +
+(4a3c® + 2a*ch + 2c*ab + a?b%c?)
= A = 4a3b® + 4b3¢c3 + 4a3c3 + 4a%ch + 4b*ac + 4c*ab + 3a*b?c?
= B = (2¢? + ab)(2a? + bc)(2b? + ac) = (4a?c? + 2a3b + 2¢3b + b%ac)(2b? + ac)
= B = (2¢? + ab)(2a? + bc)(2b? + ac) =
= (8a?b%c? + 4a®b3® + 4b3c3 + 2b*ca + 4a3c® + 2a*ch + 2¢*ba + b?a?c?)
= B = (2¢? + ab)(2a? + bc)(2b? + ac) =

= 4a3b3 + 4b3c3 + 4a3¢c3 + 4a3c3 + 2a*ch + 2b*ac + 2c*ab + 9b%a? c?

= Por la tanto nos queda:
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4a3b3 + 4b3¢3 + 4a3¢3 + 4a*ch + 4b*ac + Ac*ab + 3a%b?c? >
> 4a3b3 + 4b3¢c3 + 4a3¢c® + 4a3c3 + 2a*ch + 2b*ac + 2c¢*ab + 9b%a?c?

= 2a*ch + 2b*ca + 2c*ab > 6a*b*c* < (Valido por: MA > MG)

20. In acute triangle ABC the following relationship holds:

A B C
2 (coti + cotE + coti> +tanAtanBtanC > 9V3

Proposed by Daniel Sitaru — Romania
Solution by Kevin Soto Palacios — Huarmey-Peru

En un tridngulo acutangulo ABC:
A B C .
2 (cot;+ cot; + cotE) +tanAtanBtanC >9V3.SiiA+B+C=m

tanA4 +tan B o tanC
1—tanAtanB an

> tanA+tanB+tanC =tanAtanBtanC

- tan(4+ B) =tan(r - C) »

Desde que es un triangulo acutangulo: tan A ,tan B, tan C > 0.

Por: MA > MG:tanA +tanB + tan C > 33/tanAtan Btan C -
— (tanAtanBtan C)3 > 27 tan Atan Btan C

= tanAtanBtanC > 3v3 (A)

..A B C_m A B T C A B c A B c
SEZ+-+-==-> cot(—+—) = cot(———) — cot-+ cot-+ cot- = cot-cot—-cot-
2 2 2 2 2 2 2 2 2 2 2 2 2 2

A B C 3 A B C
Por: MA > MG: cot; + cot; + cotE > 3\/cot;cot; cotE -

tA tB t63>27 tA tB tC
—>(c02c02c0 2) Z 27 cot; cot- cot

2 cotgcotgcotg >6v3 (B)-
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— Sumando: (4) + (B) — 2 (cotg + cotg + cotg) +tanAtanBtan C > 93

21. In AABC the following relationship holds:

r: r? r2>81r2

<
a b ¢ 2p

r, — exinscribed radius, r — inscribed radius
p — semiperimeter
Proposed by Daniel Sitaru — Romania
Solution 1 by Soumava Chakraborty — Kolkata — India
r24_r§4_r2 8112 A? A? A? 8112

_ <> = + + >
a b ¢~ Zp’p S@a(s—a)z b(s —b)2 c(s—c)? ~ 2s3

A=rs.leta+b—-—c=xb+c—a=y,c+a—b=1z

X XY Y bte=x+v+
a= 7 b= C= > a c=x+y+z
8 8 8 8-8

CViz+x) 2ary) Ay+z) - 2(x+y+2)?
Y2+ Y+ + 222 x+y)y +2) + 2y + )z +x)
x%2y2z2(x + y)(y + z)(z + x) -
8
= 2(x+y+2z)3

(xy + yz + zx)(x*y? + y*z? + z°x?%) + 3x%y?z? - 8
x2y?z%(x + y)(y + z)(z + x) T 2(x+y+2)?
5 x+y+z 1 27
AM = GM = /xyz < =

>
3 xyz (x+y+2z)3
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Cxy) (Z x? y2)+ 3x2y2 72
xyz(x+y)(y+z)(z+x)

v

So, if we can prove: ; (1) we are done

(1) ©2¥x3y3 + 2 x3y%z + ¥ x%y32) + 6x2y?z% >

> 6x%y?z* + 3xyz (Z x%y + Z xyz)

o233y = xyz(T 22y + T xy*)  (2)

3.3
23y + x3y3 + 9323 > 3y3x22) = 62’5 y

¥3y3 +y323 + y323 2 3y32%% | > 332 (Z By + Z xyz)
y3z3 + 9373 + 23x3 > 323y%x

3.3
Y323 + 23x3 + 23x3 > 323x%y :"2§ X'y
3,3 4 ,3,3 4 43,3 3,2
z°x’ +z°x° +x°y> =2 3x°z%y 2 2
nyz(é x°y + xy)
23x3 + x3y3 + x3y3 > 3x3y?z)

= (2) is proved
Solution 2 by Kevin Soto Palacios — Peru

2 2
Probar en un triangulo ABC: =& + %”
a

+ r% > 8112
c 2p

Tener en cuenta lo siguiente: r,rpr. = S,, § = pr

PorMAZMGﬁ+ﬁ+ﬁ233 ﬁﬁﬁ:33 MZ
a b c a b c abc(a+b+c)3

4
3| p*r?27ab 3(3V3r) 27r2  81r?
23\/;91' abc >3j(fr) r2 _ 81r

abc(a+ b+ c)3 — (a+b+c)3  2p

Se aplico lo siguiente: (a + b + ¢)3 > 27abc < Valido por: (MA > MG)

p > 3+/3r (Lo cual demostraremos)

P A B C
Z = —cot—cot—> >
" cot2c0t2c0t2_3\/§—>p_3\/§r
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22.1n A ABC, I — incentre, the following relationship holds:
s? Z AI? > mymyw,wy, + mymwyw, + m;m,w.w,

Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-Kolkata-India

V2b% +2¢%2 —a? V2c? + 2a? — b?

m,my = > >
—\/(b+c)2+(b_c)2—az\/(C+a)2+(c—a)2_bZ
- 4
_\/(b+c)2+(b—c+a)(b—c—a)\/(c+a)2+(C_a+b)(c_a_b)
- 4

a+b>c, b—c+a=>0
b<c+a, b—c—a<O0

b+c>a c—a+b>0
c<a+b, c—a—-b<0

\/(b+c)2+(b—c+a)(b—c—a)\/(c+a)2+(c—a+b)(c—a—b)<
4

< N+ R (er a)f =

}=>(b—c+a)(b—c—a)<0

}=>(c—a+b)(c—a—b)<0

(b +c)(c+a)
4

b+ + ..
mymy < #. Similarly, m,m, <

N 2bc cosg 2ca cosg 4c%ab cosg cosg
OWw_ w; = =
a’b b+c cta (b+c)(c+a)

A B o . B___B
m,myw,w;, < cab cos cos . Similarly, mym wyw, < a’bc cos_ cos

(c+a)(a+b) (a+b)(b+c)

andmm, < "
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2 c A
andmomww, <b OS> COS

< 2ab s(s—a) s(s—b)+ 2, s(s—b) s(s—c)+
Z MaMMpWaWp = €@ bc ca a-be ca ab

+bzcajs(sa; c) js(sb: a)
= cs(\/ﬁ) (\/(s —a)(s — b)) + as(m) (\/(s —b)(s — c)) +

+bs\/(s —c)(s—a) <

Ss<c<a;-b)<25—(2a+b)>+a<b-2l-C)<2s—(2b+c)>_|_b<c—l2—a)<2s—(2c+a)>>

(by AM > GM)

S
Z MmamyWaWp < 7 (cz(a +b) +a?(b+c) + b%*(c+ a))

= ;(Z a’b + Z abz)
o 5t = st L+ i+ )
L bc ca ab _
(@‘A(@-@@-@*@-@@-@*@—@@—w»‘

I = sin (g) => Al = o
_s(s—a)(s—b)(s—c)
" (s—a)(s—b)(s—c)

= s(s(ab + bc + ca) — 3abc)

(bc(s —a)+ca(s—b) +ab(s — c))

= (;) ((a+ b+ c)(ab + bc + ca) — 6abc)
= (g) & a?b + Y ab? — 3abc) (2)

Now, Y a?b + Y ab? = a(b? + ¢?) + b(c? + a?) + c(a? + b?)
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AM > GM <> 2abc + 2abc + 2abc = 6abc

= z:a2b+z:ab2 > 6abc
=2 (Z a2b+Zab2) > 6abc + (Z a2b+Zab2)
:Z(Za2b+2ab2 —3abc) 22a2b+2ab2

Zazb+2ab2 — 3abc Zazb +Zab2

Z 2b+Zab2 3abc) Z 2b+Zab2
= §2 Z AlI* > 2 (Z a’b + Z abz) > Z momyw,wp,

from (1) and (2)

23. In acute triangle ABC the following relationship holds:

ZZSinA > 31r—1_[tanA

Proposed by Daniel Sitaru — Romania
Solution by Kevin Soto Palacios — Peru

Probar en un triangulo acutangulo ABC, Si es verdadero o falso:
ZZ senA > 3w — ntanA
Tener en cuenta lo siguiente para el desarrollo:
ZZ sen4d +tanA +tanB +tanC > 37

Consideremos: f(x) = tanx + 2 senx — 3x

Realizamos la primera derivada: f'(x) = sec?x + 2 cosx — 3
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Realizamos la segunda derivada.

. 2senx (1 — cos3 x)
f'(x) =—-2senx + s =2senx————5——
cos3x

Desde que: f(0) = f'(0) =0y f"(x) > 0, se concluye que: f(x) >0

w
>0,x €< O,E>

Por lo tanto: 2senA4 +tanA4 > 34 (x)
2senB +tanB > 3B (y)
2senC +tanC > 3C (2)

Sumando (x) + (y) +(z):»> 2) senA + tan B + tan C > 31 -

—>ZZsenA >31t—1_[tanA

24. In acute triangle ABC the following relationship holds:

2n

tanA 2n+1 kit
( ) ZB(ZtanA)B,nEN*
vtanB - tan C

Proposed by Daniel Sitaru — Romania

Solution by Kevin Soto Palacios-Huarmey-Peru:

(tan 4)2n+1

Vtan B tan C
n € N. Dado que es un tridngulo acutangulo: tan A ,tan B ,tan C > 0

2n
Probar en un triangulo acutangulo si es (V) o (F): X >3 tan4)3,

Por: MA > MG:

tan A@n+1) tan B(2n+1) tan c(2n+1) 3 [(tan A tan B tan C)2nt+1
vtanBtanC +tanAtanC +tanBtanC — tan Atan B tan C

+ + > 3(tanAtan Btan(C)3
VtanBtanC +tanAtanC +tanBtanC

Tener en cuenta que si:

A+B+C=m - tanAtanBtanC =tanA+tanB +tanC
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(tan 4)2n+1

vtan B tan C
25. In A ABC the following relationship holds:

2n
Por lo tanto: ; >3 tan4)s

4(momy + mym, + mym,) < 2(a® + b? + c?) + ab + ac + bc
Proposed by Daniel Sitaru — Romania
Solution by Kevin Soto Palacios — Peru
En un triangulo ABC. Probar que:
4(momy, + mym, + mym,) < 2(a® + b?> + c*) + ab + ac + bc
= (2c¢? + ab — 4m,m;) + (2a® + bc — 4mym,) + (2b* + ac — 4m,m,) > 0

Para ello demostraremos que:

1
2c2+ab > 4m,m, © m, = E\/sz +2c2—a? (4)

my, = %x/ZaZ + 2¢2 — b%? (B). Elevando al cuadrado la expresion:

(2¢% + ab)? > (2b?% + 2¢% — a?)(2a? + 2¢? — b?)
4c* + 4abc* + a?b? = 4b*a? + 4b*c? — 2b* + 4a*c® + 4c* — 2b%*c* — 2a* — 2¢%a? + a*b?
= 2a* + 2b* — 4a?b? — 2c%a’® — 2b%*c? + 4abc? > 0

= 2(a® — b*)? —2(ac—bc)? =0
= 2(a—b)*(a+b)>-2c%(a—b)* 20— 2(a—b)*((a+b)>*—-c?) =0
= 2(a—b)*(a+b+c)la+b—c)>0< a+ b—c>0 (Pordesigualdad triangular)
= Por latanto: 2¢? + ab > 4m,m, (C);de formaandloga: 2a? + bc > 4m,m, (E)y

2b% + ac = 4m,m, (F)
26. In A ABC the following relationship holds:
16 1 1
(@+3)(b+5)(c+7) —4Rs ' 105

R — circumradius, S — area
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Proposed by Daniel Sitaru — Romania

Solution 1 by Kevin Soto Palacios — Peru

, : 16 B
En un triangulo ABC. Probar que: @) (b5 < s 1os

R = Circunradio, § = Area de region triangular. Tener presente lo siguiente:

1 _ 1

= —. Desde que: a, b, ¢ son lados de un triangulo & a,b,c > 0
4RS abc

(a+3)(b+5)(c+7) + (a+3)(b+5)(c+7)
4RS 105

La expresion puede ser equivalente: 16 <

Por: MA > MG » a+3>2V3a (A);b+5>2V5b (B):c+7=2V7c (C)
Multiplicando: (A)(B)(C): (a + 3)(b + 5)(c + 7) = 8V105abc =

N (a+3)(b+5)(c+7) > 8vV105

abc — Yabc (D)

(a+3)(b+5)(c+7) 8v105abc (a+3)(b+5)(c+7) 8vabc
> - > —— (E)

105 105 105 105

) (a+3)(b+5)(c+7)  (a+3)(b+5)(c+7) _ 8V105 8Vabc
Sumando: (D) + (E) — e - e 2=+ Tooe > 16
(LQQD)<(Valido por MA = MG)
Solution 2 by Soumava Chakraborty-Kolkata-India

abc _ 105+abc

1 1
—=8>—=— )
S e To prove

4R 4RS (a+3)(b+5)(c+7) — 105abc

< (105 + abc)(a+3)(b+5)(c+7)=>16-105abc
< 105abc + 105 - 5ca+ 105 - 3bc + 105 - 15¢+ 105 - 7ab +
+105 - 35a + 105 - 21b + 105% + a?b?c? + 5abc - ca + 3bc - abc +
+15c - abc + 7ab - abc + 35a - abc + 21b - abc + 105abc > 16 - 105abc
& 105(7ab + 3bc + 5ca) + 105(35a + 21b + 15¢) + 1052 + a®b?c? +
+abc(7ab + 3bc + 5ca) + abc(35a + 21b + 15¢) > 14 - 105abc
& (105 - 7ab + 105 - 35a + 3b%c?a + 15c%ab) +
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+(105 - 3bc + 105 - 21b + 5c¢%a®b + 35abc)
+(105 - 5ca + 105 - 15¢ + 7a®b?*c + 21b?*ca)
+(105% + a?b?*c?) > 14 - 105abc (A). Applying AM > GM,
105 - 7ab + 105 - 35a + 3b%c%a + 15c2ab > 4y/105%*a*b*c* - 4 = 4(105)abc
105 - 3abc + 105 - 21b + 5c2a?b + 35a?bc > 4 - 3/105%a*b*c* = 4(105)abc

105 - 5ca + 105 - 15¢ + 7a?b?c + 21b%ca > 4 - \/105%a*b*c* = 4(105)abc
105% + a?b*c?* > 2 - 105 - abc; (1) + (2) + (3) + (4) = (A)

27.In A ABC, I — the incentre, O — the circumcentre, G — the centroid
Prove that:
3(01 + IG + GO)? + 52Rr < s* + 512 + 18R?
Proposed by Daniel Sitaru — Romania
Solution by Adil Abdullayev-Baku-Azerdbadjan
3(01 + IG + GO)? + 52Rr < s* + 512 + 18R?
3(01 +IG + GO)? + 52Rr < 3(1%2 + 1% + 12)(0I* + IG* + GO?) + 52Rr =

s2+5r2 —16Rr 2(s%2 — 1% —4R7)
=9(R?—2Rr + 5 + R? — 5

>+52Rr:

= 18R% + 26Rr + 7r%2 — s < s2 + 5r? + 18R? & s% > 13Rr + r2.

Gerretsen = s* > 16Rr — 5r% > 13Rr + r?> © R > 2r (Euler).

28.In A ABC:

1_[(3a2 + 2bc cosA) > [(2p — a)(2p — b)(2p — ¢)]?

cyc
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Proposed by Daniel Sitaru — Romania
Solution by Kevin Soto Palacios — Peru

En un triangulo ABC. Probar que:

(3a%? +2bccosA) > [(2p — a)(2p — b)(2p — ¢)]?

Tener presente en un triangulo ABC, lo siguiente:
2bccos A = b? + c? —a? 2abcosC=a* +b*—c*2ac=a*+c*-b*2p=a+b+c

Reeemplazando en la desigualdad:
((@® +b?) + (a? + c?)) (b7 + 2) + (b + a?)) ((c? + a?) + (c? + b?)) =

> (b + ¢)?(a + c)?*(a + b)%. Por: MP > MA

(a+b)? (a+c)?

2
a? +b? > @A) a?+c > L () p*+ 2 =T (o)
(a+b)? + (a+c)? >

Sumando: (4) + (B) — Por: MA > MG - 2a? + b + c% > . S 2

> (a+ b)(a+c) (D). Andlogamente paralos demas términos:

2 2
2b2+a2+022(a;b) +(b;C) > (a+b)(b+c) (E)
(aL+C)2+(b+C)Z

2 2

Multiplicando: (0)(B)(F): ((a? + b?) + (a? + ¢))((b? + ¢2) + (b + a?))((c* + a?) + (c* + b?)) =

2c¢% + a? + b?% >

>(a+c)b+c) (F)

> (b + c)*(a + ¢)?(a + b)?

29.InA ABC:
m+ B — C)

C
sinA+4sinB+4cosES9sin< 3
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Proposed by Daniel Sitaru — Romania

Solution by Kevin Soto Palacios —-Huarmey- Peru

n+B-C
3

En un triAngulo ABC: sen A + 4senB + 4cos§ < 9sen(

A+ B A+ B A+ B
:>E=senA+senB+senB+senB+senB+sen( 2 )+sen( 2 )+sen( 2 )

. A+B a+aB+a(2E)
Por desigualdad de Jensen: sen A + 4sen B + 4 sen (T) <9sen| — 2| =

_9 3A+6B_ A+2B
-osen(5) < psen(142)

A+ B m+B—-C
senA+4senB+4sen( )S9sen(T)

30.InA4 ABC:
45a% + 27b% + 5¢% > 60V7S
S — area

Proposed by Daniel Sitaru - Romania
Solution by Kevin Soto Palacios-Huarmey-Peru

De la desigualdad ponderada Weizenbock (Refinamiento de Pohata):

a’*x + b*y + c?z > 4,[xy + yz + x28,- x,y,z> 0.Sea: x =45,y =27,2=5

45a2 + 27b% + 5¢% > 4/45x27 + 27x5 + 45x5S

45a? + 27b% + 5¢% > 4,/15(92 + 9 + 15)§
45a® + 27b* + 5¢* > 4/15x15x7S; 45a* + 27b* + 5¢% > 60V/7S
31. Prove that in any triangle ABC:

— + +
a b [

h, h, h, =2

m, m, m, 1<b+c c+a a+b>
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Proposed by Nguyen Viet Hung — Vietnam

Solution by Soumava Chakraborty-Kolkata-India

m, m, m, 1(b+c c+a a+b)

—t—+— > — + +
h, h, h. 2\ a b c
., . b?+c? c?+a? a?+b?
Tereshin’s inequality = m, > —r T = g M 2~
24 24 2A m, b*+c* a aB*+c?) ab?*+c?)
ha:_vhb:_vhc:_v > —= =
a b c h, 4R 2A 2(4RA) 2abc
_— my, b(c?+a?) m c(a?+b?)
Similarly, h, = 2abc ' h, = 2abc

ma+mb+mc ab(a+ b) + bc(b + ¢) + ca(c + a)
h, h, h. 2abc
1(b+c c+a a+b)
= — + +
2\ a b c

32. En un tridngulo ABC: Probar que sies (V) O (F)

5
a*c + b*a + c*b > 24V2(RS)3
Proposed by Daniel Sitaru-Romania
Solution by Kevin Soto Palacios-Huarmey-Peru

Desarrollando el lado derecho tenemos:

24\/—(RS)3 = 24\/_ = 2432° ’ﬁ(abc)S =24 /—(abc)S =3%/(abc)s

Por las desigualdades entre las medias:

Siendo: a, b, ¢ > 0 (lados de un triangulo ABC)
a*c + b*a + c¢*b = 33/ (abc)5 (LQQD)
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33.In AABC:

sin? A + sin? B + sin € < 2,/1 + cos(4 — B) cos C
Proposed by Daniel Sitaru — Romania
Solution by Kevin Soto Palacios — Huarmey-Peru

En un triangulo ABC: Probar que:

sen? A + sen? B + sen C < 2,/1 + cos C cos(A — B)
Tener en cuenta lo siguiente:
sen? A4 + sen? B + sen? C = 2(1 + cos A cos B cos ()

2senBsen AcosC = sen? A+ sen?B — sen?C

sen?4A+sen’B +senC < 2V1+ cosAcosBcosC+ senBsenCcosA

sen? A + sen’ B + sen C < 2/sen2 A + sen? B

sen? A + sen? B + sen Acos B + sen B cos A < 2+/sen2 A + sen? B

senA (senA + cos B) + sen B (sen B + cos A) < 2/sen? A + sen? B
Por desigualdad de Cauchy:
(senA (senA + cosB) + senB (sen B + cos A))2 <
< (sen? A + sen? B)((sen A + cos B)? + (sen B + cos A)?)
(senA (senA + cosB) + senB (sen B + cos A))2 <
< (sen’ A + sen® B)(2 + 2(sen A cos B + sen B cos A))
(senA (senA + cosB) + senB (sen B + cos A))2 <

< (sen? A + sen? B)(2 + 2 sen C)

senA(senA+ cosB) +senB (senB + cosA) <
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< /2(1 +senC)/sen? 4 + sen? B

Por lo cual nos f alta probar que:

J2(1+ senC)/sen2 A +sen? B < 2./sen?A +sen?B < 1 > sen(

34. Let ABC be a triangle with the incenter I. Prove that:

1 1 1 R+r
+ + <
IA-IB IB-IC IC-1IA~ 2Rr?
Proposed by Hung Nguyen Viet-HaNoi-VietNam

Solution by Kevin Soto Palacios-Huarmey-Peru
1, 1 1 _Rer
IAIB  IBIC IAIC — 2R?

Probar en un tridngulo ABC con el Incentro “I”:

. B c
Tener en cuenta lo siguinete: IA = . 7 — 4R sen 2 sen -

sen > 2
_ _ A _ _ _ A B
IB = o _—4Rsen Esen 7 IC—sen g— 4 sen Esen 2
2 2
B C IAIBIC . )
r = 4R sen Esenisen2 ZRrZ =2,ab+ bc+ ac = p° +r°+ 4Rr,

p? < 4R? + 4Rr + 3r? (Gerretsen)

IA+IB+IC<R+r
IAIBIC ~ 2Rr?
Asimismo también se puede expresar de la siguiente manera:

- ITA+IB+IC < 2R+ 2r

bc A bc p(p

1A = —cos = — \/_\/p(p—a

p p
De forma anéloga: IB = %\/E p(p—b),IC = %\/abw/p(p —c)

Por la desigualdad de Cauchy:
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(IA+IB+IC)2:l2(\/_\/p(p a) ++ac\p(p - b)+\/_\/p(p—c)

< %(bc+ ac + ab)(p(p — a) +p(p — b) + p(p — ¢))

= (IA+1IB+1C)* < (ab + bc+ ac) = p?> +r> + 4Rr <
< 4R? + 4Rr + 31% + r2 + 4Rr = 4(R + r)? = Por transitividad:

(IA+IB+IC)* <4(R+1r)? > IA+IB+IC<2R+2r

35. Let a, b, ¢ be the side-lengths of a triangle. Prove that:

Zbc(bc—az)(b+c—a) >0

cyc
Proposed by Nguyen Viet Hung — Hanoi - Vietnam
Solution by Kevin Soto Palacios —-Huarmey- Peru
Sea: a, b, c los lados de un triangulo. Probar que: Y. be(bc —a?)(b+c—a) > 0
Denotemos: T; = bc(bc — a?)(b + ¢ — a)
T, = bc(b*c + c?*b — abc — a’b — a*c + a?)
T, = b3c? + c3b? — a’b?*c — a*c*b + a®bc
De forma analoga para los siguientes términos: T, = ac(ac — b?)(a + ¢ — b)
= T, = a3c? + c3a? + c3a? — b?a*c — b*c*a + b3ac
T3 = ab(ab — c¢?)(b + ¢ — a) = T3 = a®b? + b3a? — c?a®b — c*b*a + c3ab
Sumando y factorizando convenientemente se llega a que:

> T, +Ty+ T3 =a3(b?+ c%) + b3(a? + ¢?) + c3(a® + b%) — 3abc(ab + bc + ac) + abc(a? + b? + ¢?)

Desde que: a,b,c > 0 —» Por. MA > MG —

> a3(b? + %) + b3(a? + ¢%) + 3(a® + b?) = 2abc(a? + b? + c?)
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a3(b? + c?) + b3(a? + ¢?) + c3(a? + b?) — 2abc(ab + bc + ac) + abc(a? + b? + ¢?) >

> 3abc(a’? +b*+c>—ab—bc—ac) =0

36. Let a, b, ¢ be side-lenghts of a triangle with the semi-perimeter s.

Prove that

(s—aXs—bX+G—40®—CX+G—cxs—a)<§
Vab Vbc Vea S 2
Proposed by Nguyen Viet Hung - Vietnam
Solution by Kevin Soto Palacios —-Huarmey- Peru

Sean: a, b, c lados de un triangulo con semiperimetro “s”. Probar que:

@—@@—w+@—w@—o+@—mw—o<g
Vab Vbc Vac 2

De la siguiente desigualdad ya demostrado anteriormente:

x% +y? + 72 A B . C
5 > yzsino +zxsino +xysing > x,y,z€ Ry Axyz >0

Es equivalente:

x% +y? + 72 (s—b)(s—¢) (s—a)(s—c¢) (s—a)(s — b)
2 =Yz bc +x ac Xy ab

Sea:x=+vVs—a,y=+vVs—b,z=+s—c
s—a+s—b+s—c (s—-b)(s—¢c) (s=b)(s—c) (s—a)(s—D>b)
> + +
2 - bc ac ab
s (s—b)(s—c) (s—a)(s—c) (s—a)(s—D>b)
- > + +
2 bc ac ab

=
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37. Prove that in any triangle ABC:
cosé cosE CoS = R
2 2 2
>V3—
sin?A sin?B sin?C V3 T
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Kevin Soto Palacios — Huarmey — Peru

COS— COoS— Cos
Probar en un triangulo ABC: —% + —% + —2 \/_—

sen?A4  sen > sen? C —

A B
cos3  COSm  COS3 A B C
2 2
+ >3 csc CSC—CSC—
sen?4 sen?B sen2 cC~ 4 2 2 2

B_ C
sén,sen,; sen;ysensy  sen; seno
25132 b Wi i BN

= +
senicosi senicosi senz cos»
sengseng sen; sen- senssen~

N 2 2 2 2 2 2 o E

senA sen B senC -2

_ 25 28
Tener en cuenta lo siguiente: sen A4 = e (); senB = — (1D;

senc=20 (IS = \plp - )@ - b)p - o)

senf= [®DEO . con B (@000 () o € [@-0Gb)
5 be 2 ac 2 ab

:Zsen Senz_ p-a)J@-b)p—c) _  be(p—-a)

sen A a’bc - 2\/a%bc(p)(p — a) -

2\/p(p —a)(p —b)(p — ¢)
bc

bc(b+ ¢ — a)

\/abc(a+b+c)(a+b_2|_c_a)

bc(b+ ¢ — a) >1
2

1
E\/abc(a+ b + c)\/a(b+ c—a) B
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1 be(b +c — a) be(c+a - a)
Ez a+b+c—a :Z bte
\/abc(a+b+0)( 2 ) \/abc(a+b+0)

abc 1 )

\/abc(a+b+c) \/abc(a+b+c)

Z ~abe ( 4b 41) 2 be - Zabc(zllb 41)
Ja

bc(a+ b + ¢) \/abc(a+b+c)
She-3F-39 ¥ 1 3he

B \/abc(a+b+c) _\/abc(a+b+c)_2\/abc(a+b+c)
1 Y bc >1\/§\/abc(a+b+c)_§

2\/abc(a+ b+c¢) 2 \/abc(a+ b+ c) 2
Se utilizo lo siguiente en el desarollo: (m + n + p)? > 3(mn + np + mp)

1 1 4 senE sin£ sené sen£ sené senE V3
—+->— Porlatanto: > —2 2+ 2 24 2 2> 2
m n min sen 4 sen B sen C 2

38.In4 ABC:

al w 2
(D) )= 42w
Proposed by Daniel Sitaru — Romania
Solution by Adil Abdullayev-Baku-Azerbaidjian
Lemma:

ZwaSp\/g

cyc

Proof:
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ZW“:Z(ZW'W>SZW:

b+c
cyc cyc cyc
2 2
C—E\—S
:\/E.Z/p—a@ Zwa <p- Z,/p—a < p'BZ(p—a):
cyc cyc cyc cyc
=p-3p =3p* © LHS < RHS
Solution:
2 2
al wg\> ¢ E-s
LHS=3Z — Z( —“) > 3- Za =12p* > RHS &
w, a
cyc cyc cyc
& Z w, < pV3
cyc
39. In any triangle ABC:
27mZmim? _ ( 1 1 1 33
+ +
56 “\(p-a)? (p-b)? (p- C)2>

m, — median length, § — area
Proposed by Daniel Sitaru, Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

27m2m2m? 1 1 1 3
et et W
A p-a)> (p—-b) (p--c)
) 2b% + 2¢% — a? ) 2¢% + 2a? — b? ) 2a% + 2b?% — ¢?
Ma = 4 MMy = 4 e = 4

(1) & = (2b? + 2¢? — a?)(2¢? + 2% — b?)(2a® + 2b? - ¢?) <
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A2 A2 222 )
| |

-2 @-bZ (-0

3
Al Y (2b?% +2¢2% — a?)(2¢? + 2a?% — b?)(2a? + 2b% — ¢?) <

A? A? A?
< + +
(p—a)? (p-b)?2 (p-c)?

3
GM < AM = - V(2b? + 2¢2 — a?)(2¢? + 2a? — b?)(2a? + 2b% — ¢?) <

(2b% + 2¢% — a?) + (2¢? + 2a? — b?) + (2a? + 2b% — ¢?)
3

3

< —

4
3

:Z(az + b% + ¢?)

3.2 12, .2 42 4?2 a2
Z + + < =+ —+
| shall show that, 4(a b* +c?) < -aZ | (b2 | (p-o? (2)

which will prove (1)

RHS Of(z):p(p—a)(p—b)(p—c) p(p—a)(p-b)(p—c) , plp—a)(p-b)(p—c)

(p-a)? (p-b)? (p-c)?
B {(p—b)(p—C) p-op-a (p—a)(p—b)}
=p + +
p—a p—>b p—c
_(a+b+c)((c+ta-b)la+b-c) (a+b-c)(b+c—a) (b+c—a)(c+ta—-b)
B 4 { b+c—a + c+a—>b + a+b—-c }

(3)
(2)@3(a2+b2+c2)2(a+b+c){

(c+a-b)(a+b—c) 4+ (a+b-c)(b+c—a) 4+ (b+c—a)(c+a—b)}
b+c—a c+a-b a+b-c

leta+b—-—c=xb+c—a=y,c+ta—b=z
z+xb_x+y _y+z
2 P72 T2

a+b+c=x+y+za=

@ e+ +@+y?+ G+ <G+y+2) (T+2+7)
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©6 (Z x% + Z xy) xyz < 4 (Z x) (Z xzyz)

& 2(x+y+z)(x%y? + y2z2 + z2x%) > 3(x% + y? + 22 + xy + yz + zx)xyz
& 2x3y% + 2x%y3 + 2y37% + 2y% 7% + 223x% + 22223 +
+2xyz(xy + yz + zx) = 3xyz (Z xz) + 3xyz(3xyz + zx)

o 2x3y? + 2x%y3 + 2y32% + 2y%23 + 223x% + 22%x3 >
> 3x3yz + 3y3zx + 323xy + x%y*z + y?z%x + z%x%y (4)

AM = GM =3 (x3y? + x32%) > 3x3yz; E(y3x2 +y32%) > 3y3zx

iii
3 ~
5 (@°x* + 2°y?) > 32%xy,

3
i+ i+ iii = E(xBy2 + x2y% + 9322 + y223 + 23x% + 72%x3) >

>3x3yz+3y3zx +323xy (4)
(392 + 3223 + y223 > 3xy27%)
y3x2 + x%23 + x%23 > 3yx?z?
y3z% + z2x3 + 22x3 > 3yz%x?
23y? + 223 + y2x3 > 37y%2
2Bx% + x2y3 + x2y% > 3zx2y?
\x32% + 22y + 22y® > 3xy?z%)

\ AM > GM

Adding, 3(x3y? + x2y3 + y322 + y223 + 23x% + z%2x3) >
> 6(x2y%z + y*z?x + z%x3y)
1
N E(x3yz + x2y3 + y322 + y273 + 2322 + 722x3) > x2y?z + y222x + 2323y (B)

Solution 2 by Soumava Chakraborty-Kolkata-India

27m2m2m? { 1t 1 1 }3
s “p-a)? (p-b)? (p-c)
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3% [ mZm2Zm2 < 52 N 52 N 52 Z )
@ =
N T e v ey s D s ALK
s AM-GM 27
’M-\
Now, 3 /mgmlz,m% < Ym:< TRZ <¥r2

40. Prove that in any triangle,

1+ sinsinZ sinC > V3 cos cosE cos €
Sln281n251n2_ COSZCOSZCOSZ

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Kevin Soto Palacios — Huarmey — Peru

. a B c A B c
Probar en un tridngulo ABC: 1 + sen_sen_sen; = ﬁcos;cos;cosz

Tener en cuenta lo siguiente: — = senésengsen£ ANE = cosécosgcos£
9 "4R 2 2 2 4R 2 2 2
r, + 71, +1r.=4R + r.Ladesigualdad es equivalente:
r 4
1+EZ\/§E—>4R+r2\/§p—>ra+rb+rc2\/§p

A B C A B C
- ptan§+ptan5+ptani = \/§p - tani+tani+tani >3

En la desigualdad siguiente: x + y + z > /3(xy + yz + xz),V:x,y,z € R*

A B C
Sea:x =tan;,y=tan_,z=tan_, xy +yz+xz=1

2 1
A B C

—+ —+ —>
tan +tan> tanz_\/§

41. Prove that for any triangle ABC,

Va2b? + b%c2 + c2a?
a+b+c

Proposed by Nguyen Viet Hung - Hanoi — Vietnam
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Solution by Kevin Soto Palacios — Huarmey — Peru

J(ab)?+(bc)?+(ac)?
a+b+c

Probar en un triangulo ABC: R >

Tener presente lo siguiente en un triangulo ABC:

R:‘;—I?;A 4S:\/(a+b+c)(b+c—a)(a+c—b)(b+a—c)

abc

=> R =
\/(a+b+c)(b+c—a)(a+c—b)(b+a—c)

S b+c>a,

a+c>b; b+ a> c.Elevando al cuadrado la expresién tenemos:

(abc)? (ab)? + (bc)? + (ac)?
=>(a+b+c)(b+c—a)(a+c—b)(b+a—c)_ (a+ b+ c)?
(abc)? (ab)? + (bc)? + (ac)?
=>(b+c—a)(a+c—b)(b+a—c)_ a+b+c -~

- Invirtiendo tenemos

(b+c—a)(a+c—b)(b+a—c)< a+b+c o
(abc)? ~ (ab)? + (bc)? + (ac)?
(ab)2+(bc)2+(ac)2< a+b+c
(abc)? “(b+c—a)a+c—b)(b+a-—-c)
1 1 1 Wb+a-c)+(b+c—a)+(a+c—->b)
=>§+?+ﬁs (b+c—a)la+c—b)(b+a—-rc) -~

1 1
%Z§S2(a+c—b)(b+c—a)
1 1 oct-(c+a-b)(b+c—a)
=>z:(a+c—b)(b+c—a)_z:c_2_z: (a+c—b)(b+c—a)cz

_ c? — (c* - (a-b)?) B (a — b)?
) (a+c_b)(b+c_a)cz_Z(a+c—b)(b+c—a)cz20
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42. In acute-angled 4 ABC:
Z|tan7A —cot’ A| = 7z|cotA —tan A|

Proposed by Daniel Sitaru — Romania
Solution by Kevin Soto Palacios — Huarmey — Peru
Es bien sabido que: |x| = |—x|
tan’ A — cot’ A = (tanA4 — cot A)(tan® A + tan® A cot A + tan* Acot? A + tan3 A cot3 4 +
+ tan? A cot* A + tan Acot® A + cot® A)

Siendo un tridngulo acutangulo: tan A ,tan B, tan € > 0. Por la tanto:

thanA —cotA| =0

thanA — cot A| [tan® A + tan® A cot A + tan* A cot? A + tan® Acot® A+ tan* Acot? A + tan® Acot A+ cot® A—7| > 0

Por: MA > MG

|t::m6 A+ tan’ AcotA + tan* Acot? A + tan® Acot® A + tan* A cot? A + tan> Acot A + cot® 4 — 7| >0

- thanA — cotA| [tan® A + tan® A cot A + tan* A cot? A + tan® A cot® A + tan* Acot? A + tan® Acot A + cot® A—7| = 0

43. Prove that in any acute triangle ABC,

VAH ++BH ++CH < \/2(h, + hy, + h,)
where H is the orthocenter.
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Kevin Soto Palacios — Huarmey — Peru

Desde que es un triangulo acutangulo: - (VAH,vBH,v/CH) > 0

Por desigualdad de Cauchy:
AH BH CH

+——+ ) > (VAH +VBH + \/CH)Z
ha hb hc

Para ello desarrolaremos:

(hg + hy + hc)(
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AH BH CH_ZRcosA 2R cosB 2RcosC_

he R, R, bc @ " ab
2R 2R 2R
2R cos A 2R cos B 2R cosC

= + +
2RsenBsenC 2RsenAsenC 2RsenAsenB
cos(B+C) cos(A4+C) cos(4A+B)
= — — — =
senBsenC senAsenC senAdsenB

= —(cotBcotC—1) —(cotAcotC—1) — (cotAcotB —1)

AH BH CH
= + + =3 — (cotAcotB + cotB cotC + cotAcotC) =2
h, hy, h

2
= 2(hy + hy + h,) = (VAH +VBH+CH) -

—AH ++VBH +/CH < \J2(h, + hy + h,)

44. Prove that in any acute triangle ABC,

cos?A + cos? B + cos?C

cot? A cot? B + cot? B cot? C + cot? C cot? 4 > —— — —
sin“ A + sin“ B + sin“ C

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Kevin Soto Palacios — Huarmey — Peru
Sea ABC un tridngulo acutangulo. Probar que:

cos?A + cos? B + cos?C
sin2 A + sin? B + sin? C

(cot Acot B + cot B cotC + cot AcotC)? —2 cot AcotB cotC (cotA + cotB + cotC) >

cot? Acot? B + cot? B cot? C + cot? Ccot? A >

cos? A + cos? B + cos? C
~ sinZ2 A + sin? B + sin2 C

Tener en cuenta lo siguiente: - Si: A+ B+C=m

(1)

cotAcotB + cotBcotC+cotAcotC=1 (a)
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secAsecBsecC+1=tanAtanB +tanBtanC +tanAtanC (p)
sin? A + sin? B + sin? C = 2(1 + cos Acos BcosC) (y) A cos? A+ cos? B + cos? C =
=1-2cosAcosBcosC (0)

Reemplazando (a) en (1):

(1—2cotAcotB cotC (cotA+ cotB + cot())(sin* A + sin? B + sin* C) >
> cos? A cos? B cos? C.De (y) A (0) en (1):

(1 —2cotAcotBcotC)(cotA+ cotB + cotC)(2+2cosAcosBcosC) >
>1—-2cosAcosBcosC
Dado que el 4 es acutangulo: cos A cos B cos € > 0 < dividamos sin alterar el

sentido de la desigualdad:

(1 —2cotAcotB cotC)(cotA + cotB + cotC)2(secAsecBsecC+ 1) >secAsecBsecC —2
(1 — 2 cotAcotBcotC (cotAd + cotB + cot C))Z(tanA tanB +tanBtanC +tanAtan(C) >

>tanAtanB+tanBtanC+tanAtanC — 3

2(tanAtanB + tanBtanC + tanAtanC) —

tanAtan B N tanCtan B N tan CtanA) -
tanC tanA tan B

>tanAtanB +tanBtanC +tanAtanC — 3

tanAtanB tan Btan C tanAtanC

—4 cotAcotBcotC (Z(tanA +tanB + tanC) +

— Probaremos que: + + >tanA +tanB +tanC
tan C tan 4 tan B
tan Atan B tanAt c
Por: MA > MG: 22222 . 202382 > 2tand (1)
tan C tan B

tanAtanB tanBtanC
tanC N tanA

tanBtanC tanAtanC
tanA N tan B

Sumando (1) + (2) + (3): Se concluye que:

>2tanB (2)

>2tanC (3)

tanAtanB . tanBtanC . tanAtanC
tanC tan4d tan B

>tanAd+tanB +tanC = tanAtan BtanC
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2(tanAtanB +tanBtanC +tanAtanC) — 4 cotAcotBcotC (3tanAtanBtanC) >
=>tanAtanB +tanBtan(C +tanAtanC — 3

2(tanAtanB +tanBtanC +tanAtanC) — 12 > tanAtan B +tanBtanC + tanAtanC — 3
= tanAtanB +tanBtan(C + tanAtanC > 9

tan4 + tanB +tanC+tanA + tan B +tanC+tanA +tanB +tanC
tanC tan4d tan B

= (tanA4 + tan B + tan C)(cot A + cot B + cot €) > 9 — (Vélido por: MA > MG)

=

45. Prove that in any triangle ABC:

sinBsinC sinCsinA sinAsinB
+ +

A B C

. 24 . 2D . 2%

sin > sin > sin >

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Kevin Soto Palacios — Huarmey — Peru

sen Bsen C sen Csen A senAsen B
=>9

A B C =
22 22 2-
2 sen 2 sen 2

Probar en un triangulo ABC:

sen

ZsenBsenC+ ZsenAsenC+ 2senAsenB

A B C
24 2D 2L
2sen > 2 sen > 2 sen >

2senBsenC N 2senAsenC N 2senAsenB
1—cosA 1—cosB 1—cosC
2senBsenC(1+cosA) 2senAsenC(1+cosB) 2senAsenB(1+ cosC)
+ +
(1+ cosA)(1 —cos A) (1 + cosB)(1 —cosB) (1 -cosC)(1+ cosC)

2senBsenC(1+ cosA) . 2senAsenC (1+ cosB) . 2senAsenB (1 + cosC(C)
sen? A sen’B sen? C

A= ZsenAsenC+ ZsenAsenC+ 2senAsen B >6 5 (VélIdO por: MA > MG)

sen? A sen? B sen2 C

_ ZsenBsenCcosA+ 2senAsenCcosB N 2senAsenBcosC

sen? A sen? B sen? C
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sen’B +sen’C —sen’A sen?A+sen?’C —sen’?B sen?A+ sen?B —sen?C
= + +

senZ A sen? B sen? C

sen’B sen’A sen?B sen’C sen’C sen?4
— 3>3 &

— + + + + + —
sen?A sen’?B sen’C sen’B sen?A sen?C
& (Valido por: MA > MG)—-» A+B >9

46. In A ABC the following relationship holds:

tan2016A + tan2016B + tan 2016C = tan 2016Atan 2016B tan 2016C

Proposed by Daniel Sitaru — Romania
Solution by Kevin Soto Palacios — Huarmey-Peru
En un triangulo ABC: Probar que si es (V) o (F) lo siguiente:

tan 2016A + tan2016B + tan 2016C = tan 2016A tan 2016B tan 2016C

SEA+B+C=m—Secumpleque:tanA+tanB +tanC = tan Atan Btan C
Demostraré lo siguiente:
tankA +tan kB + tan kC = tankAtan kBtankC < k€ Z
> kA+kB+ kC =km - kA+ kB = k(rt — C)

tan(kA + kB) = tan(k(r — C)) tan kA + tan kB tan kC
= = — = = — -
an anirn 1 — tan kAtan kB an

- tan kA + tan kB + tan kC = tan kA tan kB tan kC. Si;

k=2016 - tan20164 + tan2016B + tan 2016C = tan2016A4tan 2016B tan 2016C

47. Prove that in any acute triangle ABC,

HAVbc + HBVca+ HCVab > 2(R +1)/2R(R + 1)
where H is the orthocenter.

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
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Solution by Kevin Soto Palacios — Huarmey — Peru

Siendo H ortocentro. Probar en un tridngulo acutangulo ABC:

HAVbc + HBVac + HCVab > 2(R +r)/2R(R + 1)

Por la desigualdad de Cauchy:
HB HC
Vbe  Vac - Vab

2
(HAVBC + HBac + HCyab) > BAHHEHHO° )
(et tvas)

(HAVbc + HBVac + HCVab) ( ) > (HA + HB + HC)?

Tener en cuenta lo siguiente:

2(R+1)
R

<

1.HA+HB + HC = 2(R+r)/\2( + HB ”C)

Vbe © Vac ' Vab
Por la tanto reemplazando en (A)

(HA + HB + HC)?

(HAVbc + HBVac + HCVab) > (HA —HE HC) >
vbc +ac +ab
4(R + 1)?
> u =2(R+1r)J2R(R+ 1)
2(R+71)
R
48. Prove that in any triangle:

ZJrg+1 > /6(4R + 1)

cyc
Proposed by Adil Abdullayev-Baku-Azerbaidian
Solution by Nguyen Viet Hung — Hanoi — Vietham

Using Minkowski and AM-GM inequalities respectively we get:
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VrZ+1+ [r2+1+r2+12/(rg+1, +1)%2 + (1 + 1+ 1)2

=@ +1p+71)2+9>/6(,+1,+71.)=+6(4R +1)asdesired.

49. Prove that in any triangle:

i/(ra + rb)(rb + rc)(rc + ra) = \/_g
Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution by Seyran Ibrahimov-Massilli-Azerbaidian

Vg +rp)rp+r ), +1) > % = p — semiperimeter

) ) ) ) ) ) 8p3
(p—a+p—b)(p—b+p—c)(p—a+p—c)23\/5
S(Zp—a—b).S(Zp—b—c).S(Zp—a—c) 8p3
-a)p-b) p-b)p-c) p-a)(p->b)  3V3

S*abc 2 8P be=aRs
> = abc =
(p—a)’ (p—b)*(p—c)* ~ 343
2(p—a)’(p—b)*(p —c)*-4R 8p? 8
pPp-a)(p-b)"p-c) >F . 4Rr>—L 12V3R-8p 20

(p-a)’!(p—-b)*>(p—-c)* ~3v3' 33
3vV3R — 2p = 0 = 27R? > 4p? (Gerretsen) = 4p? < 16R? + 16Rr + 12r?
27R? > 16R? + 16Rr + 12r?; 11R?> — 16Rr — 121> > 0
(R-2r)(11R+61r) >0 = R = 2r (Euler)
50. Let ABC be a triangle with incenter I. Prove that:

VAI -AB - AC +VBI -BC-BA++/CI-CA-CB = 6rVér
Proposed by Nguyen Viet Hung — Hanoi — Vietnam
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Solution by Kevin Soto Palacios — Huarmey — Peru

Siendo I incentro. Probar en un triangulo ABC:

VAI x AB x AC +VBI x BC x BA++\/CI x CA % CB > 6rVJer
Tener en cuenta lo siguiente: AI = rcscg,Bl = rcscg, Cl = rcscg

A B C
AB = 2Rsen(C ,AC =2RsenB ,BC =2RsenA,r = 4R seniseniseni

La desigualdad es equivalente: = }; \/r csc%lzlr2 senCsenB > 6ryé6r —

A
- Z ZR\/senB senCcscE > 61/6

A A B C
=>Z senCsenBcscEZ12\/_senisenisen§

A scBesct CsenB 4 A scB st > 126
= —CSC—CSC— — X —CSC—CSC—
CSC 2 CSC 2 (IS(I2 sen c sen CSC 2 CSC 2 CSC 2 (IS(I2 =

2 A58 B ost A>12\/_
= CSCZCSC (IS(I2 COS COSZCSCZ_

o2 cscAcsc cscs £ > 4yZ APOr MA > MG:

’ A
Z cos—cos csc—>3jcot2cot cot >3\/_
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51. Let a, b, c be side - lengths of a triangle with circumradius R. Prove that:

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Kevin Soto Palacios — Huarmey — Peru

De la desigualdad ponderada Weizenbock (Refinamiento de Pohoata)

a’m+ b*n+ c?p > 4 /mn+np+mpS © mn,p >0,

(a, b, c lados de un triangulo) A § = (Area). Sea: m = E,n = %,p = E

+by+cz>4 y+yz+ S +by+cz>4 y+yz+xzabc
— — _) — —
ax yrez ab bc ac ax yrez ab bc ac 4R
2 x+2y+ L, ﬂ+yz+— (1) . En. (1). Sean: bey=2 =2
be X y ab %= \Jab " be fan: x="Y=% 277
1 1 1 b2
R (; +ot Z) > f; + E t—- Elevando al cuadrado, nos quenda...
a? | b? (2 2 (1,1, 1\2
L+Z+Z >R (;+;+;) (LQQD)

52.In A ABC:

101, 1
(m7 +m] +m]) (—3 +—+ —) > s* s — semiperimeter
m, mb mc

Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty — Kolkata — India

(m7+mb+m)< 1 1)

3
amb m;

_S 2

C_
3
(mg + mlz, + mg)z = {Z (a? + b% + CZ)}

B
’-M\
=
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2
2) 2 SZ — (a+b+c)

It suffices to show % (a®? +b%* + ¢ .

& a? + b% + c¢? > ab + bc + ca — true (Proved)

53.InA4 ABC:
6 3

r a
16 <z _;l) <z _2> > 9(a? + b? + ¢2)?
a rs
Proposed by Daniel Sitaru — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru
2 . s a® 2 4 p2 4 2)\2
Probar en un triangulo ABC: 16 (Z 5) (Z r_g) > 9(a” + b* + c*)

Tener en cuenta lo siguiente:

2
Yri:> ”TR (Demostrado anteriormente) A 9R? > (a? + b? + ¢?) -

— (Desigualdad Leibniz). Por desigualdad de Cauchy:

7'2 a3 ZZ 4 2 2 2)2
16( = E_Z 216(Era) > 729R* > 9(a? + b® + ¢2)? &
a r2

© 9R? > (a? + b? + c?)(Leibniz)

Solution 2 by Soumava Chakraborty-Kolkata-India

16 rS ré r®\/a® b 3
i 2+l =+ + =
a> b c3)\ri 12 r?

2

C-B-S Thebault 2
2 27R
S 16(r2+r2+12)" 2 16(

) = (27R?)?

2
> (3(a2 + b?% + cz)) = 9(a? + b? + ¢?)?

(9R? > a? + b? + c?)(Leibniz)
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54.In A ABC:
(a? + b? + c?)?(AK? + BK? + CK?) < 4s%(a?b? + b?*c? + c*a?)
s — semiperimeter, K — Lemoine’s point
Proposed by Daniel Sitaru — Romania
Solution by Soumava Chakraborty — Kolkata — India

InA ABC, (a? + b% + c2)?(AK? + BK? + CK?) < 4s%(a?b? + b?%c? + c2a?)

AK _ b+ (Hansberger), AK, — symmetric from A to BC and K 4 ison BC
KK, 4 !

KK, _ a?
AK b2+c?

AKy a’+b?+c? b2 +c?

T 2 AK = ( 2+b2+c2) Ak, (1)

BK , c? m

Again, KA_ﬁ:; bz,whereBK =mCK,;=n

Stewart’s theorem states that: b>m + c?>n = a(d? + mn) (2), whered = AK,

we have = = 2andm+n—a=>m+n Bre =2 =
n n b2 T b2+4c2’ T b2+c?
(2) b2ac? cZab? — (dz + a’?b?c? ) 2b%¢? — g2 a’?b?c?
b%2+c2  b2+c2 (b2+c2)2 b2+c2 (b2+c2)2
2 b%c? ) a? b%c?(2b? + 2¢? — a?)
= = — =
bc > —— bcV2b? + 2¢? — a?
> AKy=d=(5—5|V2b2+2c2 - a2 > AK=——————
b~ +c a- + b= +c¢
.. cay 2c2+2a%-b2 ab+/ 2a%2+2b%—c2
imilarly, BK = and CK =
S arty, a?+b%+4c? and aZ+b2+c?

Given inequality &

Eaz T T CZ;Z (b%c?(2b? + 2¢% — a?) + c*a?(2¢? + 2a? — b?) +
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+a?b?(2a? + 2b? — ¢?))
< (a+ b + ¢)%(a?b? + b%c? + c%a?)
& b%c?2(2b?% + 2¢% — a?) + c?a?(2c¢? + 2a? — b?) + a’b?*(2a® + 2b% — ¢?) <

< (a+ b + ¢)%(a?b? + b%c? + c%a?)

Now, 2b%2 +2c> —a’?=(b+c)’+(b—-c)>—a*=

=b+c)+b-c+a)b-c—a)<(b+c)
(b—c+a>0 andb—c—a<0)

Similarly, 2¢? + 2a? — b? < (¢ + a)? and 2a? + 2b? — ¢* < (a + b)?
b%c?(2b? + 2¢% — a?) + c?a?(2c? + 2a? — b?) + a’b?*(2a? + 2b? — ¢?)
< b%c%(b + ¢)? + c?a?(c + a)? + a’b?*(a + b)?
if we can prove b%c?(b + ¢)? + c?2a?(c + a)? + a’b?(a + b)? <
< (a+ b + c)*(a?b? + b?*c? + c?a?), we are done.
& b*c? + b%c* + c*a? + c*a* + a*b® + a’b* + 2 (Z a3b3)
< (a® + b% + ¢*)(a®b? + b*c* + c*a®) +
+2(ab + bc + ca)(a®b? + b?*c? + c%a?)
= a*b? + a’b* + b*c? + b%*c* + c*a? + c?a* + 3a’b*c* +
+2 (Z a3b3) + 2(ab3c? + ba?c? + ch3a? + bc3a? + ca®b? + ac3b?)
& 3a’b*c? + 2abc (3 a?b + Y ab?) > 0 - true, hence proved
55. Let a, b, ¢ be the side — lengths of a triangle. Prove that:
(a+b+c)®>+9abc(a+b+c)®+12(a+ b +c)(ab + bc + ca)? >

> 7(ab + bc + ca)(a+ b + ¢)® + 27abc(ab + bc + ca)

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
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Solution by Kevin Soto Palacios — Huarmey — Peru
Siendo: a, b, c los lados de un tridngulo. Probar que:
(a+ b +c)>+9abc(a+b+c)>+12(a+ b+ c)(ab + bc + ac)? >
> 7(ab + bc + ac)(a+ b + ¢)?® + 27abc(ab + bc + ac)
(a+b+c)[(a+b+c)*+12(ab + bc+ ac)> —7(a+ b + c)*(ab + bc + ac)] +
+9abc[(a+ b+ c)> —3(ab+ bc+ac)] >0
(a+b+c)[(a+b+c)?—3(ab+ bc+ ac)l[(a+ b+ c)?> — 4(ab + bc + ac] +
+9abc[(a+ b+ c)* —3(ab + bc+ac)] =0
[(@+b+c)?—3(ab+ bc+ac)l[(a+b+c)®>—4(a+b+c)lab+ bc+ ac) +9abc] >0
Desde que: a, b, ¢ son lados de un triangulo. Por la tanto:
a+b+c=2p,ab+ bc+ ac =p?+ 1%+ 4Rr,abc = 4pRr
[(a+ b+ c)?> —3(ab + bc + ac)][8p3 — 8p(p? + r* + 4Rr) + 36pRr] = 0
[(a+ b+ c)?> —3(ab + bc + ac)][4pr(R—2r)] > 0
o((@+b+c)*-3(ab+bc+ac)>0 ANpr(R—-2r) >0 &
< (Desigualdad de Euler)

56. Prove that in any triangle ABC:
3RV3 = Vab + Vbc +ca = 3V6Rr

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Kevin Soto Palacios — Huarmey — Peru

1.3R\/3 > Vab + Vbc +ac

Tener presente lo siguiente:

A B C
a=2RsinA,b=2RsinB,c=2RsinC,r = 4Rsinisinisini
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33

sinA + sinB +sinC ST

3RV3 > 2RVsin Asin B + 2R/sin B sin C + 2RVsin A sin C

%ﬁ > +/sinA sin B + v/sin B sin C + v/sin A sin C. Por: MA > MG

2vVsinAsin B < sin4 +sinB (A)
2vsinBsinC < sinB +sinC (B)

2VsinAsinC <sinA +sinC (C)
Sumando: (4) + (B) + (C)...

= VsinAsin B + Vsin B sin C + Vsin Asin C < sin4 + sinB + sinC <

<3sin7=22  (LQQD)

2.vVab + Vbc ++ac > 3v6Rr. Ladesigualdad es equivalente:

. . . . . . . A B _C
2R(Vsin Asin B + Vsin B sin C + VsinAsin B) > 3 |6R <4R smEsmEsmE)

A B C
Vsin A sin B + Vsin B sin C +/sinAsinC > 3 6sinEsinEsin—

2

cosA cosB sinA sinB 1 tanA tanB
2 2 2 2 2 2

= La desigualdad es equivalente:
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1 1 1 3v6
+ + > >
A B B C A C
\/l—tanftanf \/l—tanftanf \/l—tanitanf
Por desigualdad de Cauchy:
1 1 1
+ + >
A B B C A C
\/l—tanitani \/l—tanitani \/l—tanftani
(1+1+1)2

(A)
Z /1 tan—tan— Z /1 tan—tan—

De la siguiente desigualdad: 3(x? + y? + z%) > (x + y + z)?

B c A c
:Sea:x:\[l—tan tan ,y \/ —tan;tanz,z:\/l—tangtanz

3(3tAtBtBtCtAtC)>thAtB
anzan2 amzam2 anzanz_ .smzaln2

=6 > Z\/l —tan%ltang = Por tanto en (A)

9 9 _ 3V6
> V6

» /1 tan—tan— T— B T (LQQD)

57. In acute - triangle ABC:

tan*4 tan*B tan*C
+ +
tan3B tan3C tan34

>tanAtanBtanC

Proposed by Daniel Sitaru — Romania
Solution by Seyran Ibrahimov — Maasilli — Azerbaidian

a=tanA,b = tanB ,c = tanC
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a* bp* c*
a+ b+ c=abc; b—3+g+52abc

at b* RN (g4 p+ )t
St 3+ 3 = —F—3=-a+b+c=abc
b3 ¢ a (a+b+0)

58.In A ABC:

2(AN? + BN? + CN?) + 42Rr < 4s*> + 3R - ON

N — Nagel’s point, 0 — circumcentre, s — semiperimeter
r — inradius, R — circumradius
Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty — Kolkata - India

I,G, N in that order, are collinear and GN = 2IG

A

N
By Stewart’s theorem, AI% - 21G + AN? - IG = 31G(AG? + 21G?)
= 2AI% + AN? = 4AG? + 61G?* = AN? = 3AG? + 61G* — 2AI?
Similarly, BN? = 3BG? + 61G* — 2BI*; CN? = 3CG? + 61G* — 2CI?
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2 (Z ANZ) =6 (Z AGZ) +36IG% — 4 (Z AIZ) 0)
a’? + b* + ¢?

4 4 3
2 _ * 2\ =X 2,2 2 2y —
ZAG —9(Zma) 9 4(a + b= + ¢©) 3

6 (Z AG?) =2 (Z a?) =2(2s% - 2r(4R+1))

= 4s?> — 16Rr — 4r* (1)

A B C
AlI? = r? cchE,BI2 = r2 cchE,CI2 = r2 csczi

Z A% = rz{ bc N ca N ab }
B (s—=b)(s—c) (s—c)(s—a) (s—a)(s—Db)
_ r¥{bc(s — a) + ca(s — b) + ab(s — ¢)}
B (s—a)(s—b)(s—rc)

_ r*{s(ab + bc + ca) — 3abc} _r?s*(ab + bc + ca) — 3r’sabc
(s—a)(s—b)(s—0c) B s(s—a)(s—b)(s—c)
r2s%(ab + bc + ca) — 3r?sabc 3abc

= 55 =ab + bc +ca -

rs
=s2+4Rr+ 1% —12Rr = s> — 8Rr + r?

—4(3 AI*) = —4s* + 32Rr — 41% (2)

G = —a3 — b3 —c3 —9abc + 2 a?b + ) ab?)
B 9(a+ b+ ¢)

—(a® + b3 +c3) —9abc + 203 a’b + Y ab?)
9(a+ b +c)

= %{—(a3 + b3 + ¢3) — 9abc + 2 (Z a’hb + Z abz)}

Za2b+2ab2 =a?(b+c)+b*(c+a)+c*(a+b)

361G = 36 -
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= a%?(2s —a) + b*(2s — b) + c%2(2s — ¢)
= 2s(a® + b? + c?) — (a® + b3 + ¢3)

2
361G* = ;{—B(a3 + b3 + ¢3) — 9abc + 4s(a? + b? + c?)}
2
= ;{—B(a3 + b3 + ¢2 — 3abc + 3abc) — 9abc + 4s(a? + b? + ¢?)}
2
= ;{—B(a3 + b3 + ¢ — 3abc) — 18abc + 4s(a?® + b? + c?)}
6
= _;(a+b+c)(a2+b2+c2—ab—bc—ca)

- 1—6(4Rrs) + 8(a? + b? + ¢?)
= —12(a? + b* + ¢> — ab — bc — ca) + 8(a? + b? + ¢?) — 144Rr
= 12(ab + bc + ca) — 4(a?® + b? + ¢?) — 144Rr
=12{s* +r(4R +r)} — 4{2s* — 2r(4R + r)} — 144Rr
= 4s? + 20r(4R + r) — 144Rr = 4s*> — 64Rr + 201> (3)
(1) + (2) + (3) using (i) = 2(X AN?) = 4s? — 48Rr + 1217

= 2 (Z ANZ) + 42Rr = 4s? — 6Rr + 1212

2
Now, 4s% + 3R - ON = 4s* + 3R - (4AOI )

abc

+3R-4A-R(R—2r)
4RA

given inequality < 4s? — 6Rr + 12R? < 4s?> + 3R? — 6Rr

2 = 4s% + 3R%* — 6Rr

=4s

& 3R? > 12r? © R? > 41r* © R > 2r - true (Proved)
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59. Prove that in any acute triangle ABC:

4 4 4 2 2 2 1
coS“A+cos™"B+cos*C+ 3 cosAcosBcosC = 4cos“Acos”Bcos C+E

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo acutangulo ABC:

1
cos*A + cos* B + cos*C+ 3 cosAcosBcosC > 4(cos Acos B cos C)* + 2

= cos*A + cos* B + cos* C — 4(cosAcosB cosC)? + 4cosAcosBcosC >
> %+ cosAcos B cosC (A)

Desde que: A + B + € = m, se cumple lo siguiente:
cos?A+ cos?B+cos’C+2cosAcosBcosC=1-
— cos?A+cos?B+cos’C=1-2cosAcosBcosC
= (cos? A + cos? B + cos?(C)?> = (1 — 2 cos A cos B cos C)?
= cos* A + cos* B + cos* C + 2(cos A cos B)? + 2(cos B cos C)? + 2(cos A cos C)? =
=1 — 4 cosAcos B cos C + 4(cos A cos B cos C)?
= cos*A + cos* B+ cos* C — 4(cosAcosBcosC)?> +4cosAcosBcosC =
=1 — 2(cos A cos B)?> — 2(cos B cos €)? — 2(cos A cos C)?

Reemplazando en (A)...

1
= 1 — 2(cos A cos B)?> — 2(cos B cos C)? — 2(cos A cos C)% > 2 + cos Acos B cos C

1
=3 > 2(cos A cos B)? + 2(cos B cos C)? + 2(cos A cos C)? + cos A cos B cos C
= 1 —2cosAcos Bcos C > 4(cos B cos C)? + 4(cos A cos C)? + 4(cos A cos B)?
= cos? A + cos? B + cos? € > 4(cos B cos C)? + 4(cos A + cos C)? + 4(cos A cos B)?

Dado que es un triangulo acutangulo: cos A,cos B ,cosC > 0



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

En la desigualdad, dividamos (<) cos 4 cos B cos C < de tal manera que el

sentido no se altere:

cos A cos B cosC 4 cos BcosC 4 cosAcosC 4 cosAcosB

cosBcosC cosCcos A cosAcosB — cos A cosB cosC ( )
1 sin(B+C)
— cosBcosC — cosBcosC —
1 - sin A
cos A cos A

tan B+tan C
tanC

cos A

Ahora bien:

cos BcosC

Por lo tanto en (B)...

tan B +tanC+tanA +tanC+tanA +tan B
4tanA 4tan B 4tanC
tan4 tan B tan C
> + +
tanB+tanC tanA+tanC tanAd+tanB

Aplicando: MA = MG

tanB +tan C 1

tanB +tan(C)? > 4tanBtanC = >
( )2 4tanBtanC _tanB+tanC_>

1 1 1

+ >
4tanB 4tanB  tanB +tanC

1 (tan A tan A) tan4
+

> (M),
tanC tan B tan B+tan C

4
1 /tanB tan B tan B
= + >
4 \tanC tan4 tanA+tanC

(N)
1(tanC+tanC) > tanC
tan4 tan B tanA+tan B

; ()
Por Gltimo, sumando: (M) + (N) + (P)
tanB+tanC tanA+tanC tanA+tanB
4tan A N 4 tan B N 4tanC
tan A tan B tanC

> + +
tanB+tanC tanA+tanC tanAd+tanB
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60. Prove that in any 4 ABC the following relationship holds:

momym, w,wp,w, R

T,rpT h,hyh, ~ 1
Proposed by Daniel Sitaru-Romania

Solution by Soumava Chakraborty — Kolkata — India

A B C
2bc cosf 2ca cosi 2ab cosi

WaWoWe _ " b+c¢ ~ c+a  a+bh
b b
faltohe (z&) (z8) (z8)

3 s(s—a).s(s—b).s(s—c) 3 A
_64R\/ bc ca ab 64R"s - 7=

(a+b)(b+c)(c+a) (a+b)(b+c)(c+a)

A
3 2
64R SARA B 16R*“s

“@+b)b+c)(c+ra) @+b)b+o)(c+a)
(a+b)(b+c)(c+a)=2s—-c)(2s—a)(2s —b) =

= 8s3 — 45%(2s) + 2s (Z ab) —abc =

= 2s(s? + 4Rr + r?) — 4Rrs = 2s(s?> + 2Rr + r?)

WoWpWw, 8R? N A? r2s? 2
= NOW, ryrpre =—=—=rs
h,hph, s2+12Rr+12 »Tathblc r r
. . . mymym, 8R? R mymym,. _ R 8R?
iven inequality & —* + <-—o bl T 77
g q y rs2 s24+2Rr+1r2 T r rs2 r  S2+2Rr+r?
8R?rs?

2 _ —
o mompym, < Rs T+ 2Rr+12

8Rr ) _ Rs?*(s®*— 6Rr +1?)

s2 + 2Rr + 12 s2+ 2Rr + 12

= Rs? (1—

2
2.4(2
2.2 2 R%s*(s?>—6Rr+r)
S mempme < (s2+2Rr+1?%)2

1)
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1
m2mim? = a(Zb2 + 2¢%2 — a?)(2c¢? + 2a% — b?)(2a? + 2b% — ¢?)

= (4D a0+ 6(Y ath? + > a2bt) + 30227

Now, Y a® = (¥ a?)? — 3(a? + b?)(b? + c?)(c? + a?)
(a? + b2)(b? + c2)(c? + a?) = (Z a? — Cz) (Z a? — az) (Z a’ — bz)
(S (S (S ) (L) (S ) e
_ (Z az) (Z azbz) — a?b2c2
Z a® = (Z a2)3 -3 (Z az) (Z azbz) + 3a?b?c?

Also, ¥ a*b? + Y a’b* =
— a2b? (Z a® — Cz) + b2c2 (Z a® — az) + c2q2 (Z a® — bz)
= (Z az) (Z azbz) — 3a?b?c?

mimymZ = 6_14{_4 (Z a2)3 +12 (Z az) (Z azbz) —12a%b*c? +6 (Z az) (Z azbz) — 18a®b?c? + 3a2b2c2}

- %{—2 (z az)3 +9 (z az) (z azbz) _ 22—7a2b2c2}
Z a’b® = (Z ab)z — 2abc(2s) = (s + 4Rr + r2)%2 — 16Rrs? =

=s*+ 16R?*r% + r* — 8Rrs? + 8R1r3 + 2s5%r?

1 —16(s? — 4Rr — 1r?)3 + 18(s2 — 4Rr — 1?) -
mimim? = (

— 27
32 |- (s*+ 16R?*r? + r* — 8Rrs? + 8Rr3 + 2s%r? — > (4Rrs)2)

= %(sﬁ — 125*Rr + 335*r% — 60s2R?r? — 120s%Rr® — 335%r* — 64R31® — 48R*r* — 12Rr° — 1%) (2)



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Given inequality:

1
o E(Sﬁ — 125*Rr + 335%r% — 60s*R%*r? — 120s2Rr> — 335%r* — 64R3r® — 48R*r* — 12R7° —1°) <

2
R%s*(s2—6Rr+1?)
(s2+2Rr+712)2

& s10 + §8(35r2 — 8Rr — 16R?) + s%(341r* — 136R?*r? — 8Rr3 + 192R3r) —
—s*(160R3r® + 576R*r? + 580R*r* + 264Rr° + 341°) —

. (from (1), (2))

—52(496R*r* + 1040R3r> + 816R?r® + 280Rr” + 35r8) — 256R°r5 —
—448R*r® — 304R3*r” — 100R*>r® — 16Rr° —r'° <0 (A)
LHS of (A) < (4R? + 4Rr + 3r%)° +
+(4R? + 4Rr + 3r?)*(35r%> — 8Rr — 16R?) +

+(4R? + 4Rr + 31%)3(34r* — 136R*r? — 8Rr3 + 192R3r) —
—(16Rr — 51%)%(160R3r3 + 576R*r? + 580R*r* + 264Rr> + 347r°) —
—(16Rr — 51%)(496R*r* + 1040R3r> + 816R*r° + 280Rr” + 3578) —

—256R°r> — 448R*r® — 304R3r” — 100R?*r® — 16Rr° — 10 =
= —3072R'® — 1024R°r + 6144R%r* + 27648R"r3 — 91776R%r* +
+130176R5r> — 52240R*r® + 97984R3r” + 69116R*r® +
+19212Rr° + 3320r1°. it suffices to prove:

—3072R'® — 1024R°r + 6144R%r? + 27648R"r3 —
—91776R%r* + 130176R%r> — 52240R*r® + 97984R3r” + 69116R*r8 +
+19212Rr° + 3320r'° < 0
& 3072t1° + 1024t° — 6144t% — 27648t” + 91776t° — 130176t° +

R
+52240t* — 979843 — 69116t> — 19212t — 3320 > 0 (t = F)

& 768t10 + 256t% — 15388 — 69127 + 22944t° — 32544t> + 13060t* —
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—24496t3 — 17279t%> — 4803t — 830 >0
o (t—2)(768t° + 1792t + 2048t7 — 2816t° + 17312t5 + 2080t* + 17220¢> + 9944t% + 2609t + 415) > 0 (B)
Now, 768t° — 2816t° + 17220t3 = t3(768t° — 2816¢3 + 17220)
2
— 3 (7682 — 2816z + 17220) (z = t3)

e
A=-44969984<0 e>0

768t — 2816t° + 17220t3 > 0 = (B) is true (t =

S =

> 2 — Euler)

= (A) is true (Hence proved)

61. In AABC the following relationship holds:

r r
Z - (1 - —) > 2
Trp re
Proposed by Nicolae Nica - Romania

Solution 1 by Adil Abdullayev — Baku — Azerbaidian

Ta Th Tc_ (4R + r)?

LHS ="+ "+~ ~ 4+2=
Trp re Tq p
2 rp  r2 (4R+r)?2  CET
= + + — 5 +2 >
rqTp rerp L p

CB-S(aR+71)?2 (4R+T)?
= T ;2
Solution 2 by Daniel Sitaru — Romania

Y- D)=y i (1- 1) =5y S
:%ZMZZHZMZZ()C_FY_FZ)H

(a=y+zb=z+x,c=x+Yy)
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H¥+¥+%>x+y+z<—>x yz+yzz2+z2x2 >xyz(x+y+2z)
(2,2,0) > (2,1, 1)(Muirhead)

62. Prove that in any triangle ABC:

T, T T, 2 4R+ 1
G-bG-0 G-0G-a G-aG-b"> 2R

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Kevin Soto Palacios — Huarmey — Peru

Probar en en triangulo ABC, la siguiente desigualdad:

T, T T 2 4R +1r
(s—b)(s—c) (s—a)(s—c) (s—b)(s—a) 2R
s

S

. ., S
Recordar lo siguiente en un triangulo ABC: ry, = — 1rp = —, 1, = —,5 =
s—a s—b' s—c' 4—R

A B C s—a)(s—b)(s—c
r:4RsinisinEsinE:4R( ) X )

abc

abc
Reemplazando en la desigualdad...
S S S
G-AG-bG-0 G-E-bs-0 G-0E-bE-0"

- 2abc 4R +1r
“4R(s —a)(s — b)(s — ¢) 2R

4R+1r 3 R+r 1 r
- == =
2 2R = 2R 4 2R

& R > 2r.... (Desigualdad de Euler)
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63. In AABC the following relationship holds:

1 1 1 b% + bc + ¢?
(i) =2
h, h, h, bcm,

Proposed by Daniel Sitaru — Romania
Solution by Soumava Chakraborty — Kolkata — India

2

. . . . b2+c
ing Tereshin’s in lity, m, >
Using Tereshin’s inequality, m, > R iR

b% + bc + c? b2+c>+bc c*+a*+ca a’+Db*+ab
< + + =
Z bcm, - bc(b%2+ c2) ca(c?+ a?) ab(a? + b?)

—4R{(1+1+1)+( 1 N 1 N 1 )}_
N bc ca ab b2+c2 c2+a? a?+b%))

a+b+c 1/1 1 1
S e )
abc 2\bc ca ab

(b? + ¢ > 2bc,c* + a® > 2ca, a® + b% > 2ab)

— 4R (a+b+c+a+b+c) — 4R 3( 2s ) 3

2 2 2 2
c“+a a“+b
,my, =

g M=

3 =2
abc 2abc 2 \4Rrs r ( )
1 1 1 1 1 1 2s 4Rs 1
NOW—+—+—:2R(—+—+—): — = =-
"hy, hp, h, bc ca ab abc 4Rrs r

3(hia+hib+hic):§ 2)

r

(1) and (2) = the desired inequality

64. Prove that in any triangle ABC,

hahb + hbhc + hcha =

L rpre rerq

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
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Solution by Kevin Soto Palacios — Huarmey — Peru
hahy | hohe | hoh

Probar en un triangulo ABC: < > 3. Recordar lo siguiente:

Talp TpTc Talc
, 25, 25 25 s s S
P T

La desigualdad es equivalente:

2(19—&)_2(p—b)+2(p—b)_2(19—0)+2(p—al)_2(19—0)23
a b b c a c
(b+c—a)la+c—b) (a+c—b)la+b—-c) (b+c—a)la+b—c)
+ + >
ab bc ac -

3
Seantb=z+x,c=x+ya=y+z
Porlatanto:b+c—a=2x>0,a+c—b=2y>0,a+b—c=2z=>0

xy yz Xz 3

G NG+ Gra)x+y) Gry+z -4

(xy)? + (yz)? + (xz)?
+2)y(z+x) y(z+x)z(x+y) x(y+z)z(x+y) —

Por desigualdad de Cauchy: e

J y+yz+xa)® Y(xy)? + 2xyz(x +y + z)
~Xxy(z+x)(z+y)  Xzlxy + X xPyz + Y y*xz + Y(xy)?
Y(xy)* +2xyz(x+y+z) 3

3xyz(x +y + z) + Y (xy)? = 1< Z(xy)z > xyz(x +y + z)

65. Prove that in any triangle ABC,

+ + <
b+c c+a a+b

Al BI cl1 3
2

where I is the incenter.

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
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Solution by Kevin Soto Palacios — Huarmey — Peru

A BI cI V3
Siendo: “I”’ incentro. Probar en un triangulo ABC: — + — + — < —
b+c a+c a+b 2

Tener presente lo siguiente: IA = %cosé = p(p @) \/ c/p(p - a),

2

=~+ac /p(p ~ b). IC = ~Vab\/p(p — )
VbeJp(p-a) | Vacyp(p-b) , Vabp(p—c) _ 3

Tenemos en la desigualdad:

p(b+c) p(a+c) p(a+b) ~— 2
Aplicando: MA > MG VbeJplp=a) , Vacipp-b) | Vabipl-o) _
p(b+c) p(a+c) p(a+b)
O L B
< 2[ z[ 27 De la desigualdad de Cauchy:

3(x2+y2+zz)2(x+y+z)2_sean:x: /p_a,y: /p_b,Z: p —c,

porlatantosetendra:=3(p—a+p—-b+p—c) =

2(\/p—a+\/p—b+\/p—c)2@\/sz\/p—a+\/p—b+\/p—c.Para
VBES5oa) | JaelooB) , Vab/eed _

p(b+c) p(a+c) pla+b) —

_Jyp—a Jp-b Jp—c_3p_V3

2 o oy o) 2

culminar: =

66. Let ABC be a triangle witha = BC,b = CA,c = AB and the incenter I.
Prove that:

IB-IC IC-IA IA-IB a+b+c
+ + <
a b [ 3

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
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Solution by Kevin Soto Palacios — Huarmey — Peru

Sea “I”’ incentro. Probar en un triangulo ABC la siguiente desigualdad:
IB-IC IA-IC IA-IB a+b+c 2p
+ +

a b c = 3 3
bc A bc a)
1A = ?cosi = > p(pbc \/_\/p(p a)

= %\/E p(p —b)IC = %\/abw/p(p — ¢). Reemplazando en la desigualdad:

%‘/E\/(P —b)(p —c) +1x/Ex/(p —a)(p-c) +%\/Ex/(p —a)(p—b) <

a+b+c

< . Por desigualdad de Cauchy:

%(‘/E\/(P— B)(p—0) +Vac - A — o) +Vab/(p —p - b)) <

<(D ) (D w-n@-0)

(a+b+c)*  4ap?
3 3

—>Zbc:ab+bc+acs

Z(p—b)(p—c):3p2—2p(a+b+c)+ab+bc+ac

,  4p* _p?
_’Z(P b)(p — ¢) = 3p* — 2p(2p) + ab + bc + ac < —p* + — 3 ?

Por latanto: (X bc)C(p — b)(p — ¢)) < (4%) (p?) = %. Por transitividad:

%(mx/(p—b)(p—c)+x/E\/(p—a)(p—C)+\/Ex/(p—a)(p—b)) <

4 4
1t _2p
P+ 9 3
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67.1n A ABC the following relationship holds:
4
sin? A cos* 4 + sin? B cos* B + sin? C cos* C < 5
Proposed by Daniel Sitaru - Romania
Solution by Soumava Chakraborty — Kolkata — India
Letsin?4A=x",cos?A=x,x+x'=1;sin?4Acos*A=(1 —x)x% = x% - x3

4 4 —-(Bx-2)23Bx+1
sinfAcos*A—-—=x%2-x3-——= ( )=( )

2 3 _
27 27 27
— —72)2
Similarly, letting cos?B = y and cos2C =z sin® B cos*B — 24_7 _ -Gy 22)7(3y+1)
and sin? C cos?* ¢ — - = —Bz-2°Bz+1)
27 - 27

- — 2)2 sy o2
Zsinucosm_g: (Bx-2)*Gx+1)+ By 22)7(3y+1)+(3z 2)2(3z + 1)}

Now,0 <x<10<y<10<z<l1

()

(equality holding in case of only 1 variable, only angle = 90°)

3x+1,3y+1,3z+1all>0 (1)

|f3x—2:0,3y—2:0,32—2:O,COSZA:COSZB:COSZC:§
Case 1: AABC is acute, cos A = cosB = cosC:\E
ButcosA:cosB:cosC:A:B:C:§=>cosA:cosB:cosC:%

= cosA =cosB =cosC = \E is impossible
= all of 3x — 2),(3y — 2),(3z — 2) can’t be = 0 at the same time (2)

1), (2= -X(Bx—2)*(3x+ 1) <03 Y sin? Acos* A4 — % <0
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4
= ZsinZAcos4A < 5
Case 2: AABC is obtuse = 2 of cos A,cosB,cosC = \E

andlofthem:—\/§=>2cosA:\E<l. But) cosA4 = 1+%>1=>

= all of 3x — 2),(3y — 2),(3z — 2) can’t be = 0 at the same time in case of
obtuse 4 too (3)

(1),3)=> —XBx—2)2(3x+1) <03 sinAcos*A-2<0>
9

4
:ZsinZAcos4A<6

68. Let ABC be a triangle and let P be any pointin its plane. Prove that:

(b+c)PA+ (c+a)PB+ (a+b)PC > 2\/abc(a +b+0)
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Kevin Soto Palacios — Huarmey — Peru

PB PC
7(ab+ac) + (cb+ca)7+7(ca+cb) > 2,/abc(a+ b + c)

1. Paratodoslos R*:m, n,p, x,y, z se cumple la siguiente desigualdad:

n+p)x+(P+rm)y+(m+n)z > 2\/(mn+np+mp)(xy+yz+zx)

(Demostrado anteriormente) ... (A)

PA PB PC
Sea:x:7,y27,z:T,n: ab,p =ac,m = cb

2. De la desigualdad: “HAYASHI” se llego a demonstrar lo siguiente:
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PA PB PB PC+PA PC_ N N > 1
a b b [ a ¢ ryTyzTzx

Reemplazando en ... (A)

PA PB PC
T(ab +ac) + (cb + ca)T+T(ca+ cb) >

PA PB PB PC PA PC
> 2 abc(a+b+c)(7 —_—t— —+— T)—Z\/abc(a+b+c)

b b c a

69. Prove that in two any triangles ABC and A'B'C’ the following inequality
holds:
(b+c)a' + (c +a)b' + (a+b)c’ > 8V/3SS'
Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Kevin Soto Palacios — Huarmey — Peru
1. Para todos los R*: m, n, p,x,y, z, se cumple la siguiente desigualdad:

Demonstracion:

(n + p)x+ (m + p)y + (m + n)z > 2/(mn + np + pm)(xy + yz + zx)
Aplicando: Cauchy — Schwarz:

P=(m+p)x+(m+p)y+(m+n)z=(m+n+p)x+y+z)— (mx+ny+ pz)

P= J((mz +n2 + p2) + 2(mn + np + mp) ) ((x% + y2 + 2z2) + 2(xy + yz + zx)) — (mx + ny + pz)

> /(m? + n? + p2)(x2 + y% + z2) + 2,/(mn + np + mp)(xy + yz + zx) — (mx + ny + pz) >

> 2,/(mn + np + pm)(xy + yz + zx). La igualdad se alcanza cuando: % = 3 = E

2.Siendoa,b,c Aa',b’,c’ loslados de los triangulos ABC yA'B'C, se cumple la

siguiente desigualdad:
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ab + bc +ac > 4V3S Aa'b' +b'c’ +a'c’ > 4V3S'
Demostracion:
ab + bc + ac = (2Rsin A)(2Rsin B) + (2R sin B)(2R sin C) + (2R sin A)(2Rsin C) >
> 4+/3(2R? sin A sin B sin C)
= cscC + cscA + cscB > 2v/3 ... (Valido en un triangulo ABC)
Realizamos los siguientes cambiossm =a,n=b,p=c,x=a’,y=b',z=c’
mn+np + mp = ab + bc + ac > 43§
xy+yz+zx=ab' +b'c +a'c >4V3S'

Aplicando las desigualdad (1) A (2) se tiene lo siguiente:

(b + c)a’ + (c+a)b' + (a+ b)c' = 2./(mn+ np +pm)(xy + yz+ zx) >

> 2 \/ (4v3S)(4V3s') = 8V3sS’

70. Prove that for any triangle ABC and all positive real numbers x, y, z the

following inequality holds:

X sinA y sin B z sinC

> /3

. + . + .
y+2z sinBsinC z+x sinCsinA x+7y sinAsinB
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Prove that for any triangle ABC and all positive real numbers x, y, z the following

inequality holds; = . —24_ ¥ . _sinB 2z _sinC . 3 (a)

y+z sinBsinC z+x sinCsinA x+y sinAsinB —

1) Para todos los R*: m, n, p, u, v, w, se cumple la siguiente desigualdad:

Demostracion:
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m+pu+(m+p)v+(m+n)w > 2\/(mn + np + pm)(uv + vw + wu)
Aplicando: Cauchy — Schwarz:

P=(m+pu+m+pv+(m+nw=m+n+p)(u+v+w)— (mu+nv+pw)

P= \/((mz +n2 + p2) + 2(mn +np + mp))((u? + v2 + w2) + 2(uv + vw + wu) ) —

—(mu + nv + pw)

> /(M2 + n2 + p2)(u? + v2 + w2) + 2,/(mn + np + mp) (uv + vw + wu) —

—(mu+nv + pw) > 2\/(mn +np + pm)(uv + vw + wu)

La igualdad se alcanza cuando: % =-==

v w

2) Siendo: x,y,z > 0 — Se cumple la siguiente la desigualdad:

Xy + yz N ZX >3
z+x)(z+y) +2)x+y) +2)(y+x) "4

La desigualdad puede ser equivalente en ... (A) como:

x sin(B+C)+ y sin(A+C)+ z sin(A +B)
y+z sinBsinC z+x sinCsinB x+y sinAsinB

>+/3

x z
(cotB + cotC) + Y (cotA + cot(C) +

(cotA + cotB) >3
y+z Z+x x+y

=

Realizamos los siguientes cambios:

X z
u=cotA,v=cotB,w=cotC,m = ,n = Y P =
y+z zZ+Xx x+y
xy yz ZX

3
2_
4

TP TP T G 0@y G xty) G+ D+ D)

SEA+B+C=m
uv+vw+ wu = cotAcotB +cotBcotC+cotCcotA=1

Aplicando las desigualdad (1) A (2) se tiene lo siguiente:
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(cotA + cotB) >

z
(cotA + cotC) +
x+y

(cotB + cotC) + 4
zZ+Xx

ytz

=3

> 2,/ (uv + vw + wu)(mn + np + pm) > 2 I(Z)

Solution 2 by Myagmarsuren Yadamsuren — Mongolia
X sin A
=y X S,
4 y+2z sinB-sinC
X y.Z
AB;C

1 X y N z sin A4 N sinB N sin C
sinB-sinC sinA-sinC sinA-sinB

I > = +
y+z x+z x+y
I

o 3
Chebyshev
I

1 1 1 Cauchy:\S‘chwarz
-(x+y+z)-( + + ) >
x+y y+z z+x
1+1+1)*\ 3
. + v + . :—;I >
(x y Z) <Z(x+y+z) 2 1
1 1 1
+ +
sinB:-sinC sinC -sin4
1 3 — - - 1
>3-~-3VsinA-sinB-sinC - =
3 \/(sinA - sin B - sin C)2

Chebyshev
’-A-\
I, =

N| W

Wl Wik

Chebyshev
<
I, 2 Z(sinA+sinB+sinC)-
z - 3(sm s sin ) (sinAsinB

Cauch
1 i 9
=

3\/sinA -sin B - sinC

sinA4 + sinB +sinC

=3

9
y=sinx; y' =—-sinx <0

I, > — - -
sinA4 +sinB +sinC
ensen

/ 9

9 -~ 3
12 = > =
- - - + +
sinA +sin B + sinC 3. sin (A g C) 12/3

Cauchy
o

= 2\/§
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1 13
I25 1 1255 2Y3=V3;1243

Solution 3 by Marian Dincd — Romania

X sinA 1 X )
Z o — = — - — -sin” A =
y+2z sinBsinC sinAsinBsinC y+z

1 a’
Z——:— .aZZ
sin A sin Bsin C y+z 4R? 2F y+z

Use the well — known inequality: ua® + vb? + wc? > vuv + vw + wu - 4F

where: a, b, ¢, F the sides and the area triangle and: }; : E =7 3 _well —known
1 X y 1 |3
> — . -4F > -4F = /3
_ZF\/Zy+z Z+X = 2F |4

71. Prove that in any triangle ABC and for all positive real numbers x, y, z the

following inequality holds
<i+l+i) <i+l+i) <£+1+i) > 2z
rgy Ty TJ\ry, 1v. 1 /\r, r, 1, r3
Proposed by Hung Nguyen Viet-Hanoi-Vietnam

Solution by Marian Dincd — Romania
Use the identity:

111 % and weighted AM-GM for ponders: ri ; ri ; rl and variables x,y, z
a b c

Ta Tp L

we obtain:

1./(1 1 1 1./(1 1 1 1.(1 1 1
¢y a1y () (i) 111
—+=—+—>—+—=—4+—=) . xTa\ra 1p ¢ ,yrb ra Tp Tc ZTc'\ra Tp rc (1)
Ta Tp L Ta Tp Tc

and similarly:
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1 1 1 :
N e EZ
Tp L Tq Tp L Tq
1 1 1 1 1
—|—F+—+— —i|—+—+— —i|—+—+—
x + Y + Zz > (i+ l + 1) - XTc <T‘a Tp T’c) . yra <T’a Th Tc) - Z"b <Ta Th rc) (3)
re Ta Tp - Tq Tp re

and multiplying (1); (2); (3) proved the inequality

72.1n A ABC the following relationship holds:

a b b ¢ ¢ a 3s
—_—t -t —F -+ -+ - 3
b a ¢ b a c  3/abc(sinAsinBsinC)?

Proposed by Daniel Sitaru - Romania

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

R_b o
1.->-+ E. Tener presente lo siguiente:
r C
. A . B . C_ 4(s—a)(s—b)(s— .
I = 4sin2sinZsin & = 26669 poombiazando en la desigualdad:
R 2 2 abc
abc b? + c?

& ab?%c? > (b2 + c?)(s—a)(s—b)(s —¢)

>
4(s—a)(s—b)(s—c) ~ bc
Realizamos los siguientes cambios de variables:

x=s—a=20y=s—-b=>0,z=s-c=>0
y+z=2s—b—-c=az+x=2s—a—-c=bx+y=2s—a—-b=c
La desigualdad es equivalente:
(v +2)(z + x)?(x +y)? = 4((z + x)* + (x + y)?)(xyz)
(y +z)(z+x)?(x+y)? — 4((z +x)* + (x +y)*)(xyz) = 0
y(z +x)*(x+y)? +z(z+ x)?’(x + y)? — 4xyz(z + x)? —4xyz(x +y)? > 0
y(x +z)?((x +z)? —4xz) + z(x + 2)2((x + y)? — 4xy) > 0 &

oyx+y)Px-z)+z(x+z)’(x—-y)?=>0
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, R .,
De forma andloga: - > 2 + % 2. Probar en un triangulo ABC:
r a
b b a
2424248
b a c b

,S — semiperimeter
\/abc(sm AsinBsin C)2
Recordar lo siguiente:

C . a+b+c b 4sR
= , = ,§ = ——,abcC = 4SRKkr
2R 2R 2
a 3 a+b+c a b b
—+—+—+—+—SE-—(:)
C

3 +b+
—+—+—+5+3§—(‘?l c)4R2
3 abc\2 b a ¢ b ¢~ 2\ abc

abc( )

4er) 4R? = BTR. Desde que:
...(I1N; Sumando: (I) + (II) + (III)

TErLT oy e (QQD)
Solution 2 by Soumava Chakraborty — Kolkata

—India
a+c b+c a+b Zs—b 2s—a 2s-—c¢
LHS = + + + =
b a C b a C
_a (11,1 3_Zs(sz+4Rr+r2) -
B S(a b c)_ N 4Rrs T
s2 + 4Rr + r? _52—2R1'+1'2
N 2Rr N 2Rr
3s 3s 3s 3R
RHS = = =

g\/abc . —a;i):{ce,z ) (Z_II){E) ) (%) T

. . . s?-2Rr+r? _ 3R
o — < —
Given inequality e = o

& s2 —2Rr +r2 < 6R? & s2 < 6R? + 2Rr — r?

Gerretsen = s < 4R? + 4Rr + 3r?
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It suffices to prove: 4R? + 4Rr + 3r? < 6R? + 2Rr — r?
©2R?-2Rr—4r2>0 R> —Rr-2r: © (R—2r)(R+r) > 0 - true
R > 2r (Euler) (Hence proved)
73.1n A ABC the following relationship holds:

(\/E+\/F+\/E)4(§/E+ Va + 3{/5)6 >2*.3%.52,5=[ABC] —area
Proposed by Daniel Sitaru-Romania
Solution 1 by Soumava Chakraborty — Kolkata — India
(Va+vb+ve) (Ya+ Vb +¥c) > 2¢.3°. 52
Vva++vb++c> 3(abc)§ (AM > GM); ¥a + Vb + ¥c > 3(abc)§ (AM > GM)
LHS > 3%. 36(abc)%(abc)g = 31°(abc)%
It suffices to prove: 31°(abc)§ > 2%4.3%252 (S =rs) & 33(abc)* > 212160
& 27(4Rrs)* > 212056 < 27 .28 . R . r* . s* > 2121656
© 27R* > 24r’s? 5?2 < le—lr{:. Gerretsen = s < 4R? + 4Rr + 3r?

27R*
1612

& 27R* — 64R?%r%2 — 64Rr3 —48r* > 0

It suffices to prove: 4R? + 4Rr + 3r% <

R
<:>27t4—64t2—64t—4820(t:F)

e (t—2)(27t3 + 54t + 44t + 24) > 0 > true,t = - > 2 (Euler)

==

(Hence proved)

Solution 2 by Seyran Ibrahimov — Maasilli — Azerbaidian

va+ Vb ++c > 3Yabc: ¥a+ b+ 3/c>3Vabc
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34. Y a2b2c? - 36 - {a2b2c? > 243°S?; 3abciabc > 1652
12R - S¥abc > 1652%; 3R abc > 4S: 27R3 - 4RS > 6453

3V/3R?
27R* > 165%: 3\V/3R* > 4S: S < 2

3v/3R? 33

: SindsinBsinC < 8

2R?%sinAsinBsinC <

74. Prove that for two any triangles ABC and A'B’'C’

ot T Tt T T T 6V

> — h+h +h >—
s'—a s'— b’ \/ b r’

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Kevin Soto Palacios — Huarmey — Peru
1. Paratodos los R*: m,n, p, u, v, w, se cumple la siguiente desigualdad:

Demostracion:

(n + p)u+ (m + p)v + (m + n)w > 2,/(mn + np + pm)(uv + vw + wu)
Aplicando: Cauchy — Schwarz: P = (n + p)u + (m + p)v + (m + n)w =

=(m-+n+p)(u+v+w)— (mu+nv+pw)

P= \]((mz +nZ? + p2) + 2(mn + np + mp) ) ((uZ + vZ + w2) + 2(uv + vw + wu)) —

—(mu + nv + pw)

>,/(m2 + n? + p2)(uZ + v2 + w2) + 2,/(mn + np + mp)(uv + vw + wu) —

—(mu + nv + pw) > 2,/(mn + np + pm)(uv + vw + wu)

La igualdad se alcanza cuando: % = % =2

w

2. Tener en cuenta las siguientes desigualdades:
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IhI'c = hay\/ Il = hbv\/ Iy = hcv ha + hb + hC = 9r

1 1 1

Sean:m = ra,n:,/rb,p:\/Fc,uzs,_a,,vzs,_b,,WZS,_c,
mn + np + pm = /r,r, + /rpre + /Iare = h, + hy +h
1 1 1

’ ’ ’ ’ + ’ ’ ’ r + ’ r ’ r

(s'—a)@-b) (s'—=b)(s—c) (s—-c)(s—a)

po8=a)*(s=b)+(s'—c) ()’
(s"—a)(s"—b)(s' =) s(s—a)(s—b)(s—c)

uv + vw +wu =

uv+vw+w
) _
)2~ @)?

SR W

s —a s —b

> 2 ha+hy + 0, > 201 > &7 (LQQD)

Aplicando las desigualdades (1) A (2), se tiene lo siguiente:

> 2\/(mn +np + pm)(uv + vw + wu) >

75. Let ABC be a triangle and let P be any point in the plane. Prove that:

1 1\PA 1 1\ PB 1 1\ PC 2
—F =)+ -+ =) —F [+ )| — > |[—
(b c) a (c a) b (a b) [ Rr

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Kevin Soto Palacios — Huarmey — Peru

Let ABC be a triangle and let P be any point in the plane. Prove that:

1 1\ PA 1 1\ PB 1 1\ PC 2
R N ESN G
b c/ a c a/ b a b/ ¢ Rr

1. Paratodos los R*: m, n, p, u, v, w, se cumple la siguiente desigualdad:

(m+p)u+(m+p)v+ (m+n)w > 2\/(mn+np+pm)(uv+vw+wu) S

& (Demostrado anteriormente)
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Sean: n =

2. Hayashi Inequality:
Siendo P un punto arbitrario en el plano de un triangulo ABC, se cumple lo
siguiente: anp + bmp + cmn > abc
Donde:m = PA,n = PB,p =PC,a=BC,b=AC,c = AB
(BC) - (PB) - (PC) + (AC) - (PA) - (PC) + (AB) - (PA) - (PB) = (AB) - (AC) - (BC)

PB-PC A PA-PC PAPB . .z
= + + =1..
5ac T eanc T cace = 1+ (Acontinuacion lo demostraremos)

La manera clasica para demostrar esta desigualdad es trabajando en el plano
complejo.

Siendo P el origen, la asignacion de los puntos A, B, C, los afijos x, y, z. Entonces:

PB-PC_|y-o0|-]z—0]  lyl-lz[] _ yz
AB-AC |x-y|-Ix—2z| [x—y|l'|Ix—z] [x-y)(x-1z)
PA - PC PA - PB

BA-BC_|(y—x)(y—z) (Z—X)(Z—Y)|
PB-PC . PAPC . PAPB
+ + =

AB-AC BABC CACB

CA-CB

yzZ XZ
+ | +
x-y)(x-1z) y—-x)(y-2)

Por desigualdad triangular:

Xy
(z—X)(z—y)| - (B)

yz
(x-y)(x-z)

yz XZ

+
x-x-z)  (-x@-z) (z-x)(z-y) ®)

| XZ 4+
(y—x)(y-2)

Xy | >
@0 @-y)| =
Tener presente lo siguiente:

yz + XZ + Xy — yz XZ _ Xy
G- y-0G-2  @0@y) &NE-2) -y &-2)(z-y)
yz XZ N Xy _yz(z-y)+zx(x—z) —xy(x—y) 1
(x — w@—ﬂ x-y)z-y) &-z)(z-Yy) x-y)x—-2z)(z-y)

>x-—yEx—2z)(z—y) =yz(z —y) + zx(x — z) — xy(x —y) ... (Lo cual es cierto)
Por la tanto tenemos en ... (B)
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yz
(x=y)(x-2)

yz XZ

G-N&-2)  -0(-2)
Finalmente tenemos en ... (A)

1 1\PA 1 1\PB 1 1\ PC
(_+_)_+(_+_)_+(_+_)_>
b ¢/ a a

c/ b a b/ c

Xy

Xy |>
(z-x)(z-y)| — (z—x)(z-y)

| Xz
-x)(y-2)

j 1 1 1\(PB-PC PA-PC_ PA-PB
22 (e 2eab) )2
C

AB - AC BA - BC CA-CB

ac
> 2 \[T = \f .(LQQD)

76.In A ABC, I — incentre

R B — C\> 6abc
—z (AI - COS ) >
r 2

a+b+c

Proposed by Daniel Sitaru — Romania

Solution 1 by George Apostolopoulos — Messolonghi — Greece

WehaveAI:4Rsingsin§,Bl:4Rsin§sin§,CI:4Rsin§sin5.
"BI. CL= (4R)? (sin® - sin® - sin &)
So Al - BI - CI = (4R) (sm2 sin 2 smz)

It is well — known that sin2 - sin > - sin < = ﬁ Al -BI - CI = 4Rr2.

B-C
. b-c _ sinB-sinC _ Sin—>-
Also, we have by the Law of Sines that — = smSian =_—2 namely

COS—
2

ZB—C

b—c sin“—— B b-c B-C

(—) = > sin —so( ) >1-—cos’ — o
a COSZE 2 a 2

2B=C_ 4§ _ (b=c)" = Hs-b)d—0)
& cos"— =1 ( " ) 2 but
2A _ (s—b)(s—c)

bc

. B- 4bc . 7 A
sin s0 cos? 20 > Bgip2 2
2 a 2
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4ab . - C

4ca 2A-B
—-sin? -, and cos? > —-sin” -
b 2 c 2

.- C-A

Similarly coszT >
2 A-B 2 B—C 9 C-A r\2 r2

S0 cos“— - cos“— - cos —264(—) =4 —.
2 2 2 4R R?

Now from the Cauchy — Schwarz Inequality, we get

—c\2 _ _ _
EZ(AI'COSB_C) ZE'Bi/(AI'BI'CI)Z'COSZA_B'COSZB_C'COSZC >
r 2 r 2 2 2

R 3 r2 3R 3R
>—. j(4Rr2)2-4—2:—-3\/43-r6:—-r2:12Rr:
r R r r
6abc
=6-(2Rr) =———
(2Rr) a+b+c

Solution 2 by Kevin Soto Palacios — Huarmey — Peru

En un triangulo: Probar que: I — incentre

t (axcos(59) = 25

a+b+c

Recordar lo siguiente en un triangulo ABC:

1) R _ 1 _ abc
r 4 sen% seng seng 4(s—a)(s—b)(s—c)
Ahora bien:

c
2)cos( ):cos cos- +senzsen5

B-C\ [s(s—b) [s(s—c) (s—c)(s—a) [(s—Db)(s—a)
=>cos( 2 )_ ca ab + ac ab

:COS(B;C):(§+s;a)j(s—bgis—c)
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- (159 (25 [0

De forma anéloga para los demas:

cos(A;B):<atb)W OS<C;A):<a;c) (s—ajis—c)

3) Los incentros de un triangulo ABC, se puede expresar de la siguiente manera:

IA = ’s(s a) ’bc(s a) 1B = /ac(s —b) Ic= ab(s c)

Reemplazando en la desigualdad ...

abc bc(s —a) /b + c\% (s — b)(s — ¢) 6abc
4(s—a)(s—b)(s—0) (Z S ( a ) bc > 2s

La cual es suficiente probar:

1 b + c\?
(p—-a)(p-b)(p-c) Z(S‘a)( )(S—bxs—c) > 12

2 3 2
- (E) > 3\/((b+c)(a+C)(a+b)) > 3382 =12 . (LQQD)

a abc

Solution 3 by Soumava Chakraborty — Kolkata — India

r
_ . AT2 2
Al = A Al“ cos

in2 2 iz A
sin sin?
2(B-C 2 (B-C
) ) ) R cos?(— 24R cos?(—
given inequality & = - r? }, ( 2 ) > o) ( 2 ) > 12
r sinZE 2s sinZE
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B—-C
2
cos ( > ) _ 1 _ 1 _
A A B—-C A B—-C
2 A4 28 oo a2 284 2
sin®5 sin® 5 sec ( > ) sin 2(1+tam > )
. ., . B-C\ _ (b-c A
using Napier’s analogy: tan (T) = (ﬁ) cot>
., A (b — c)? A A L (b—c)? A_
244 244 2 28
sin® 3 {1 + (b +¢)Z ot 2} sin (b b+ o2 cos
A (b—1c¢c)2) s(s—a) 4bc
— 282)4 V7% — .
1—cos > {1 b+ c)Z} 1 be b + )2
_ (b +c)? _(b+0c)?
“ (2s—a)2—-4s(s—a) = a?

cos? (ﬂ) (c+a)2 cosz(ﬂ) (a+b)2
Similarly, 2 - = and 22 =
y sin22 b2 sinzg c?

ZCOSZ(T):(b+c)2+(c+a)2+(a+b)2:

a2 b2 c2

in2
sin“ >
2

_(b*  a® ¢z a? ¢z Db? bc ca ab
=(z*p2) @ a)t ore) 2a et )
AM GM 3 [22p2c2
S 2+2+2+2-3 S = 12
b“c

(Proved)
Solution 4 by Soumitra Mandal- Chandar Nagore — India
. A
a sin A _ Siny A B-C b+c
b+c sinB+sinC - =>cscEcos 2 a
COST

SO,
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2 2

Al B—C2>1 AleosB=C) _1 A B-C
Z( COos ) =3 Z Cos 2 —3 ZI‘CSCZCOS 2

cyc cyc cyc

) A B C
since, Al = rcsc;, BI = rcsc; and CI = rcscE

2 2
2 3

r b+c r 3 b+c )
=3 >= (3 [ [(55) ] 212
3 a 3 a

cyc cyc

50,~ Yy (Al cos BT‘C) > 12Rr =125 1= 20 = 2

s s a+b+c

77. In acute-angled A ABC:

( ! >2<(m +w +h)-ﬂ
Goa = \Ma bFhe) =5
Proposed by Daniel Sitaru — Romania
Solution by Soumava Chakraborty — Kolkata — India
m, > w, > h, isany triangle

ab sZ +4Rr+r?
m, + Wy, + h > h, + hy, + h, = 22 = ST ()

Now, (Z \/S%_a)z <3 (i + L4 i) (CBS)

s—a s—b s—c

3sY(s—a)(s—b) BZ(s—a)(s—b)

- “s(s—a)(s—b)(s—c) r2s
_3{3s’—s-2(a+b+c)+Yab} 3(3s®—4s®+s®+4Rr+r?)
B r2s B rZs B

3r(4—R+r) 3r(4R+r) sZ+4Rr+r? (4-R+r)
(2). It suffices to show: = ST m - m (1), (2)

& s2+4Rr +r2 > 18Rr © s? > 14Rr — r?
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Gerretsen = s? > 16Rr — 5r2. It suffices to prove: 16Rr — 5r% > 14Rr — r?

& 2Rr > 4r? © Rr > 2r? © R > 2r (true - Euler) (proved)

78. Prove that for two any triangles ABC and A'B’C’ we have:
(L+L)tanf1_’+ (L+L)tani’+(1 1)tan£’>i
h, h, 2 \h, h, 2 \h, h, 2 “a+b+c
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

1) Paratodoslos R*:m, n, p,u,v,w, se cumple la siguiente desigualdad:

(n+p)u+ (m + p)v + (m + n)w > 2,/(mn + np + pm)(uv + vw + wu) ... (A)
Realizamos los siguientes cambios de variables:
1 1 1 A B' (of
n-— h—b,p = h—c,m = h—a,u = tanE,v = tanE,w = tanE
2) Recordar los siguiente en los triangulos ABCy AB'C:

A B C_n A B B c C
|\/|)S|:—+—+—=;—>uv+vw+wu:tan;tan;+tan;tan;+tan;tan;:1

1 1 2R 2R, 2R 2R , 2R 2R _ 4R (1 , 1 , 1
= =+ gl (A

1
N) mn + np + pm = + + == —. = =
) pTp hahy,  hyhe  hch, bc ac ac ab ab bc abc \c a b

Por la desigualdad de Cauchy y Euler (R = 2r):
N 4R2(1+1+1)>4R2( 9 )>
= = —| - —_ —
mn-=ap = pm abc\c a b/ 4sRr\a+b+c/

4 9 36 :
~ (a+b+o) . (a+b+c)  (a+b+c)?’ Finalmente en ... (A)

(1+1)t A'+(1+1)t B'+(1 1)t (ol
W A I VU A T VI Y L i

= Z\I( )(a+b+c)2 a+b+c’ ( QQD)
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Solution 2 by Soumitra Mandal- Chandar Nagore — India

We have,

(m+n)x+m+p)y+(p+m)z > 2\/(mn + np + pm)(xy + yz + zx)
. m_n_p . é: EL_
equality at—= s Again we have Y, tan Stan—=1

1

. A B’ c 1 1
putting x = tan;,y— tan;,z = tan;,m —h—a,n— h—bandp =

z(l . z zt 't B’ _, ab+bc+ca
h, hb) a“ h,h, anmtany 442

cyc cyc cyc

ab +bc + ca (1+1+1)8> 144 _ 12
s(s—a)(s—b)(s—c) b c¢/s~ |(@a+b+c)2 a+b+c

Solution 3 by Soumava Chakraborty — Kolkata — India

Vx,yzmnp€R"

n+p)x+@PE+m)y+(m+n)z > 2\/(mn+np+mp)(xy+yz+zx)

1 1 A
Letm—h—a,n—h—b,p—h—c, x—tan?,y—tan?,z—tan?

LHS >2 LI B Zt A,t B’—z 2 1=
=% [h.h, hyh, h.h, ANy =% hon,h,

bc ca ab
(ha:— h, = — hC:—)

2R’ 2R’ 2R
s2+ 4Rr +1r? ) 4R [T AR Vs2 + 4Rr + 12
= . = s r+ri=
a’b?c? 4Rrs rs
vV Ss24+4Rr+1?

Given inequality & > g

rs
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& s2+ 4Rr + 1% > 361% © s? > 35r% — 4Rr. Gerretsen = s? > 16Rr — 5r?
It suffices to prove: 16Rr — 5r? > 35r? — 4Rr < 20Rr > 40r? © R > 2r

(true — Euler)

79.In A ABC:
8r3 - 1
(ma + mb)(mb + mc)(mc + ma) - 27

Proposed by Daniel Sitaru, Romania
Solution 1 by George Apostolopoulos — Messolonghi — Greece

We have, by (AM — GM)

8r3 8r3 _ r3

< =
(my+mp)(mp+m)(me+m,) = 2,/mymy,-2,/mpme-2,/mem,  m,-my-me

(*)
Now we use the notation A for the area of the triangle and h, for the altitude

from vertex A, etc. Since h, is the shortest segment from A to BC, we have

h, < m,, and similarly for the medians and altitudes from B and C. Therefore,

1 1 1 1 1 1 +b+ 1
—+—+—<—+—+—=""=0 (1)
m, m, m h, h, h, 2A r

From the geometric mean — harmonic mean inequality, we have

1
(m,mym.)3 > % > 3r, where we used (1) in the last step.

my mp mc
Som,mym, > (3r)3 = 27r3 . So (*) gives
8r3 ri r3 1

< < =
(ma + mb)(mb + mc)(mc + ma) B m;mpm, B 271‘3 27

Equality holds when the triangle ABC is equilateral.
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Solution 2 by Rovsen Pirguliev-Sumgait-Azerbaidian

We prove that: (m, + my,)(my + m.)(m, + m,) > 27 - 8r3

m, + my > 2,/mymy

my, +m, = 2,/mpym, ; Q

m.+m, = 2,/m,m,

(ma + mb)(mb + mc)(mc + ma) = 8mambmc

m

2
aé> > [[bc = a®b?c?

Now we prove that mymym, > p?r; [] (
COS
2

p23\/§r
or mymym, > p?ritisknown thatp > 3v3r; mympym, > p’r > 27r3

Solution 3 by Soumava Chakraborty — Kolkata — India

bc ca ab
m, Zha,mb = hb,mc = hcand ha_ﬁvhb _E' C_E

n(ma rmy) > abc(a +b)(b + ¢)(c + a) AéG abc(2vab)(2vbc)(2+/ca)

8R3 8R3
(abc)? (4Rrs)? 16r?s? 1 R
“"R®  R® R =>]'[(ma+mb)sl6rzs2
8r3 Rr

. . Rr 1
s = 252 it suffices to prove: 5 < —

Rr

e < % & 2s2 > 27Rr Gerretsen = 2s% > 32Rr — 10r?

it suffices to prove: 32Rr — 10r? > 27Rr
& 5Rr > 10r? & R > 2r (true — Euler)
Solution 4 by Adil Abdullayev — Baku — Azerbaidian
LHS < RHS © (m, + m)(my, + m.)(m, + m,) > 27 - 8r3

Lemmal. (m, + my)(m, + m.)(m, + m,) > 8r,ryr.
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Lemma 2. p? > 27r2.

Lemma 1 Lemma 2
~ ~
(m, + my)(my, + m )(m, +m,) > 8rp? > 27-8rd.

80. Let a, b, c be three side — lengths of a triangle with the area S and let x, y, z

be positive real numbers. Prove that

x(b+c)+y(c+a)+z(a+b)
y+z Z+cC x+y

1
2\/6\/§S+E(a2 + bZ + ¢2)

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Kevin Soto Palacios — Huarmey — Peru
Let a, b, c be three side — lengths of a triangle with the area S and let x,y, z be

positive real numbers. Prove that:

xbto) | y(cta) | z@@+b) \/6\/§S + %(«?lZ +b? +c2) ... (A

y+z z+c x+y

1. Paratodos los R*: m,n, p, u, v,w, se cumple la siguiente desigualdad:

(m+p)u+(m+p)v+ (m+n)w > 2\/(mn+np+pm)(uv+vw+wu) S

< (Demostrado anteriormente). Realizando los siguientes cambios de variables:
X y y/
u= V= LW = n=bp=cm=a
y+z X+z X+y

2. Siendo: x,y,z > 0, se cumple la siguiente desigualdad:

¥ L y2 L 0=
(z+x)(z+y) (x+z2)(x+y) (y+x)(y+z)

3 . .z
2 (A continuacion lo demostraremos)

De la siguiente identidad:

x+y)(y+2z)(z+x)=xy(x+y)+yz(y + z) + zx(z + X) + 2xyz
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R Xy . yZ . ZX 1 2Xyz7 -
(z+x)z+y) G+z)x+y) (Y+x)(y+2z) x+y)(y+2z)(z+x) ~

>1-=2...(LQQD). Por consiguiente:

Xy yZ ZX
G rOE+y) GraGx+y) G+rOF+2)

Luego, en (A) ...

3
>
4

mn +np +pm = ab +bc+ac Auv+vw +wu =

Z

L(b+c)+ (a+c)+ (a+b)2J3(ab+bc+ac)2

y+z X+z X+y

> \/6\/§S + % (a? + b?% + c¢2). Lo cual nos falta probar que:

J3(ab +bc+ac) > \/6\/§S + ;(a2 + b2 + ¢2) ... (B). Recordar lo siguiente:
aZ+b?% +c? = 4S(cotA + cotB + cotC),ab = 2ScscC,bc = 2ScscA,ac = 2ScscB
Elevando al cuadrado ... (B), nos queda:

3
3(ab + bc + ac) > 6\/§S+E(a2 + b? + ¢2) © 2(ab + bc + ac) >

> 44/3S + a® + b? + ¢?
4S(cscC + cscA + cscB) > 4v/3S + 4S(cot A + cotB + cotC)
(csc A — cotA) + (cscB — cotB) + (cscC — cotC) = tan% + tang + tang > /3 ...(LQQD)

Por transitividad:

Lb+ro+-@+o+_~(@+b) 2\/6\/§S+%(az+b2+c2) ... (LQQD)

81. Prove that in any triangle ABC the following relationship holds:

a? + b?% + ¢? 2R

>
ab + bc+ca R+ 2r

Proposed by Nica Nicolae - Romania
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Solution by Adil Abdullayev - Baku Azerbaidjian
Zaz = 2(s% —r? —4Rr),2ab =s2+1r2+4Rr

Ya? 2(s>—1r?—4Rr) 2R
= >
Y. ab s2+r2+4Rr ~— R+2r

— (s2 =12 —4Rr)(R+2r) > (s’ +r2+ 4Rr)R <
« 5Rr + 4R? + r? > s?

to prove GERRETSEN
~ ~
SRr+4R?>+1r? > 4R? +4Rr + 3r? > s2

5Rr + 4R? + r?2 > 4R? + 4Rr + 3r? < Rr > 2r? < R > 2r (EULER)

82.In AABC:

+lab? +|bc? *|ca? 5
\[R +\[R+\[CIC; <vVva+b+c-38

Proposed by Daniel Sitaru — Romania

Solution by Kevin Soto Palacios — Huarmey — Peru

Pro la desigualdad de Cauchy:
(4/abZ + ¥beZ + Yca)” < (Va + Vb + V) (VBZ + VeZ +aZ) .. (A)
Va+vb++Vc<{3@+b+c)< /3(3\/§R) — 343VR = 31VR

Por lo cual reemplanzando en ... (A)

= Vab2 + Ybc2 + y/ca? < (JBZ/E) (Vb+c+a)
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5
S 4/%+ 4/g+ /? <va+b+c-3s..(LQQD)

83. In 4 ABC the following relationship holds:

b*c?* c*a* a?b?
myh,w, + myhyw, + m:h.w, > sin Asin B sin C < a + b + c >
Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakraborty — Kolkata — India

b?c?
myh,w, + myh,w, + m_h.w, > sinAsin B sin C (Z

a
LHS > h3 + h} + h? (m, = w, = h,) etc
_ Za3b3 _ E
~ 8R3 (ha - ZR) etc
RHS — abc (b3c3 + c2a® + a®b®\ Y aPb® LHS > Ya*h? RHS
~ 8R3 abc ~ 8R3 ~ 8R3

Solution 2 by Soumava Pal — Kolkata — India
In4 ABC, we have m, = h,andw, = h,,

bC)3 __ b2c%-2Rsin(B)-2Rsin(c) bysinrule

a
2R ZR'ZR'sin(A)

_ sin(4) sin(B) sin(C) b*c?
a

sin(4) sin(B) sin(C) b?c?
= Z myw.h, > Z

a

somghow, > h3 = (

cycl cycl
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84.In A ABC the following relationship holds:
a’(2s — a)3 N b3(2s — b)3 N c3(2s—¢)? - 27a?’b?c?
b(2s — b) c(2s —¢) a(2s —a) — s2

s — semiperimeter

Proposed by Daniel Sitaru — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru
Probar en un triangulo ABC:
a2(2s—a)® b3@2s-b)® c3(2s-c)® 27a’b?c?
+ + >
b(2s — b) c(2s — ¢©) a(2s —a) s2
a2(2s—a)® b3@2s—-b)® c3(2s-¢)?
= s?

b(2s — b) + c(2s —¢) + a(2s—a)

(a+b+c)? (33(25—3)3 + b3(2s-b)3 + c3(Zs—c)) .
4 b(2s—b) c(2s—c) a(2s—a)

> > 27a%b?c?

Por: MA > MG =

9\/ (abc)2

\/( bc)2((2s — a)(2s — b)(2s — c))

Lo cual es suficiente probar:

PG 3| (abe)? (25 - a)(2s — b2 - ©))° = 27albEe? .. ()

Desde que: (2s — a)(2s — b)(2s — c¢) = (b + ¢)(c + a)(a + b) = 8abc

Utilizando en ... (A): o (Zbc)z . 33\/(abc)2((28 —a)(2s —b)(2s — c))2 >

(abc
4

>

> -33/(abc)?264(abc)? = 27a%b?%c? ... (LQQD)
Solution 2 by Soumava Chakraborty — Kolkata — India

(ab + ca)? N (bc + ab)3 N (bc + ca)3
(ab+bc) (bc+ca) (ca+ab) —

LHS =
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AM-GM
faan)

> 33i/a%b%c2(a + b)2(b + c¢)2(c + a)?

729a%h°c®
56

it suffices to show: a?b?c? [J(a + b)? >
27
o[Ja+b =2

& 2abe +ab(2s — ¢) + bc(2s — a) + ca(2s —b) >

abc)>  432R%*r?
s3 B s

432R?%*r?

o 252 (Z ab) — 4Rrs? > 432R%r?

© s2(s? + 4Rr +r?) — 2Rrs? — 216R?*r? > 0
& s+ s2(2Rr +r?) — 216R*r2 > 0 (1)

Gerretsen = s? > 16Rr — 5r?
LHS of (1) > (16Rr — 5r?)? + (16Rr — 5r%)(2Rr + r?) — 216R?*r?
It suffices to show: (16R — 5r)% + (16R — 5r)(2R +r) — 216R? > 0

& 36R% —77Rr + 10r%2 > 0

< (R—2r)(36R — 5r) > 0, which is true R = 2r (Euler)
Solution 3 by Soumitra Mandal- Chandar Nagore — India

a3(2s — a)3 1 (Xeye(2sa — .312))3
b(2s—b) ~ 3 Ycb(2s-b)

cyc

3
1{2s(a+b+0)-Yyca?}” _ 4(ab+bctca)d
3 Zs(::l+b+c)—§](:yca2 " 3(ab+bct+ca) —

4(ab + bc + ca)® 27a’b?c?
(a+b+c¢c)2 s2

Applying Holder’s Inequality =
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85. Prove that for two any triangles ABC and A'B’C’ we have:

m m A m m B’ m m c
a. (—”+—f)tan—+ (—f+—“)tan—+ (—“+—”)tan—2 3
b c 2 c a 2 a b 2

b A B’ b ¢
b. (—+i)tan;+ (i+i)tan;+ (i+—)tan; > 4.

my me m. mg, mg myp
Proposed by Hung Nguyen Viet-Ha Noi-Viet Nam

Solution by Kevin Soto Palacios — Huarmey — Peru

A’ ’ C’
a (ﬂ_._ﬁ) tan® + (ﬁ+&) tan B, + (ﬂ+ﬂ) tan= >3 ... (A)
b c 2 a b 2

C a

1) Paratodoslos R*:m, n, p,u,v,w, se cumple la siguiente desigualdad:

(n+p)u+ (m+p)v+ (m+ n)w > 2,/(mn + np + pm)(uv + vw + wu) ...(B)

my, m, m, A B’ c
Sean:n = — = — m=—,u=tan—,v=tan—,w =tan—
b’p c' a' 2’ 2’ 2

2. Hayashi’s Inequality:

Siendo P un punto arbitrario en el plano de un triangulo ABC, se cumple lo
PB-PC PA-PC PA-PB
+ +
AB-AC BABC CACB

GBGC | GAGC  GAGB _ (3mp)(3m,) . (3m,)(3m. ) . (3m,)(3my ) -1
bc ac ab bc ac ab

siguiente:

> 1 < Sea P = G (Centroid)

m, my, + my,m, + m,

m, 9 . .
= mn +np +pm = —- - - <> " Ademas: si:

A'+B'+C' T . . ¢ A't B'+t B't C'+t C't A 1
—_—t—t—=— 5 = — — — — — — =
2 2 2 2 uv +- vw +— wu an 2 an 2 an 2 an an 2 an 2

Finalmente reemplazando en ... (A)

(%+%) tan%’+ (%+%) tan%’+ (%+%)tan% =

> 2 /G) (1) =3 ... (LQQD) . En un triangulo ABC. Demonstrar que:
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2c?+ab > 4m,m; © m, = %\/Za2 +2c%2 —b? .. (B)
Elevando al cuadrado la expression:
(2¢? + ab)? > (2b? + 2c? — a%)(2a% + 2¢% — b?)
4c* + 4abc? + a’b? >
> 4b?%a? + 4b?*c? — 2b* + 4a%c? + 4c* — 2b%c? — 2a* — 2c%a? + a?b?
= 2a* + 2b* — 4a%b? — 2c%a% — 2b%c? + 4abc2 > 0
= 2(a%2 -b?)2-2(ac—bc)? >0
=2(a—-b)?’(@a+b)2-2c?(a—b)?=>0-2(@—-b)?’((a+b)?-c?) >0
=2(a—b)’@+b+c)a+b-c)>0e
< a+b— c> 0 (Pordesigualdad triangular) ... (LQQD)
Anélogamente se cumple lo siguiente: a% + bc > 4mpm, A 2b? + ac > 4mm,
De las siguientes desigualdades:
4m,my, < 2c¢% + ab,4mym, < 2a% + bc,4m m, = 2c% + ab
Demostraremos la desigualdad pedida:

ab bc ca ab bc ca
+ + >4 & + + =
m,m, mpym, m,m, 4m,m, 4mym, 4m.m,

Aplicando las desigualdades iniciales:

ab + bc + ca (ab)? (bc)? (ca)?
4m,m, 4mpm, 4m.m,  2cZab+(ab)?  2a2bc+(bc)2  2b2ac+(ca)?
) (ab)? (bc)? (ca)?
: +
Por la desigualdad de Cauchy: 22abr @) | 2a2ber®o? | 2bZact(a)? =
(ab+bc+ca)?
> >
— (ab)2+(bc)2+(ac)2+2abc(a+b+c) — 1.. (LQQD)
b A B’ b c
b. (—+ i) tan— + (i+ i) tan— + (i+ —) tan= > 4.
m, m, 2 m, m, 2 m, my 2
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1) Paratodoslos R*:m,n, p,u,v,w, se cumple la siguiente desigualdad:

(n+p)u+ (m+ p)v+ (m+n)w > 2,/(mn + np + pm)(uv + vw + wu) ... (B)

. b c a A B’ (o
Sean: n =—,p=—m=—,u=tan_,v=tan—-,w=tan—
my, m, m, 2 2 2

Ademas ya se demostro anteriormente lo siguiente:
ab bc ca

- mp +np +pm = + + =>4
m;my, mym, mcm,

¢ A
s> uv+vw+ wu = tan—tan—+ tan—tan—+tan—tan—=1
2 2 2 2 2 2

Finalmente reemplazando en ... (B):

’

b ¢ A c a B’ a b C
(2 ) tan o (£ D) anZ o (2 2 anS s 2/ @D = 4
m, m, 2 m, m, 2 m, my 2

86. In A ABC the following relationship holds:

Ma My Mc)[ Ma M M) OR
w, wp W, h, hy h, 2r

Proposed by Daniel Sitaru — Romania

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

En un tridngulo ABC, se cumple la siguiente desigualdad: ‘Z—I: > ':—: + ':—: + ':—:
Lo cual es suficiente demostrar lo siguiente:
5>E—>5>&—>Rs>am —>a—bc>am —>E>m -
2r  h, 2r  2rs IR 5 R 5

a

— b%c? > 4r?(2b? + 2¢% — a?%)
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= b%c? >4 (2b% + 2¢* - a%) »

(s—a)(s=b)(s—c)
S

- b%c?s —4(s —a)(s—b)(s — c)(2b% +2c? —a%) >0
Sea;x=s—ay=s—bz=s—-coa=y+zb=x+zZ Ac=y+z
La desigualdad es equivalente:
(x+2z)2(x+y)’(x+y+z)—4xyz(2(x +2)* + 2(x +y)’ — (y +2)*) = 0
x(x +z)2(x +y)? +y(x + z)’2(x + y)? + z(x + z)*(x + y)* — 4xyz(x + 2)* —
—4xyz(x + 2)? — 4xyz(x + y)? — 4xyz(x + y)? + 4xyz(x + y)?> > 0
= y(x+ y)zl(x +7)?% — 4sz +z(x + z)zl(x +y)? — 4ny +
+x|(x + 2)?(x + y)? — 4yz(x + 2)? — 4yz(x + y)® + 4yz(y + 2)?| = 0
s> yx+y)lx-—z)?+z(x+z)2(x—-y)* +
+x(x* + 2x3y + 2x3z + x%y? + x22% — 4x%yz — 6xy?z — 6xyz? + 9y?z%) > 0
=>yx+y)likx—-z)??+ z(x +2)?(x—y)? +x(x? +xy+xz — 3yz)2 > 0

R

(LQQD). De forma analoga — % En un tridngulo ABC probar que:

_b
~ hy

ma My, M) Ma M, M) SR
h, h, h, w, wb W, 2r

Tener en cuenta lo siguiente, lo cual ya se ha demostrado:

1)w, = h,,wy = hy,,w, = h,

9R 1 1 1
2) m, + my + m, <4R+r<7—+—+h—:

1
ha hb r

Por la desigualdad de Cauchy:

e memo (o) <[ e JB)



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

2
4) (m, +mb+m)( +i+1)s(\/§+\[ﬁ+\/ﬂ)
W, Wp Wc W, Wp Wc
2
1 1 1 m, my m,
+ + —+—+—| > [—=+ | —+ |—
= 4) (m, +my, + m,) (ha hy, hc) - (\/w,sl jwb jwc> =z
- )3 \/E+\/ﬂ+\/ﬁ
2/)\r w, b W,
m, my, mC m, my, m, 9R
Multiplicando (3) % (4): \[7 \[; \[7 \[Wi + \/w: \[w: S o (LQQD)
my, m, m, m, 9R
En un triAngulo ABC probar que: \/7 \/; \/h:c \/w:a \/;c) =

Desde que: w, = h,, wy, = hy,,w. > h, 2)— I:—

+

|=u
|E

me

R
> ,—_
2r h

r

N
=

b c

Por lo cual de desigualdad es equivalente: \/7 ':: \/’:: R (A),

E_F ﬂ_p ES E_F ﬂ_p ES 3_R (B)
w, W W, h, hy, h, 2r

Multiplicando: (A) % (B):

Solution 2 by Soumava Chakraborty — Kolkata — India

([ S ) (S (S )< (5m) S 5




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1 1 1 1
> _<< — < —
(W, _haetc,W _haetc:ZWa_Zha)

a

ths < (D m,) (> hia) =(2,m) (%) -

Bottema—Bager

. 2s 4R +r
™ e ()

4R+r

it suffices to prove that < ; & B8R+ 2r < 9R < R = 2r - true (Euler)

Solution 3 by George Apostolopoulous — Messolonghi — Greece

Itis well — known thatm, = I, = h,, etc.

Mq mp M Mq My mne
Wehave(fla+ /lb+ /lc)s /ha+ /hb+ /hc,so
Z Ma < Ma <3 —+—+—C)
ha a hb hc
C}’C cyc cyc

(x +y+z)? < 3(x® + y? + z%). Now we have
Yy
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mg , my e 1, 1) ey b e
m, <R +d,, etc. Then ™ + I ; hc <R(ha+hb+hc)+ha+hb+hc
ad bd cd
(a+ b+ C) 2a 2b 2(:
= + + + =
2[ABC] ah, bh, ch,
2 2 2
__ R2s [ABC] _ Rs R m,
"~ 2[ABC] + [ABC] ~ rs +1= + 1.50 (ZCJ’C\/ ) (ZCJ’C\/ ha) =3 (r * 1) '
area of AABC
Now, we have (EULER)R = 2r & 6r < 3R &
6R+6r<9R =L +3<B o3 +1)s';—’:.80

a
A ’ A ’ a
cyc cyc

Equality holds when the triangle ABC is equilateral.

87.In A ABC, I — incentre
2 6abc

RZ(AI B—C) -
r cos 2 “a+b+c

Proposed by Daniel Sitaru — Romania

Solution 1 by Kevin Soto Palacios — Huarmey — Peru
En un triangulo: Probar que: I — incentre

b (e cos(59) = 52y

Recordar lo siguiente en un triangulo ABC:

R 1 abc .
1)-= = . Ahora bien:
) r 4sen2—seng seng 4(s—a)(s—b)(s—c)
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B- C
2) cos (T) = cos cos > ‘+sen= S sen-

B—C\ [s(s—b) [s(s—c) (s—c)(s—a) [(s—Db)(s—a)
=>cos( 2 )_ ca ab + ac ab
B-C s s—a\ [(s=b)(s—0¢)
=>cos( 2 ):(;_F a )j bc

- o059 (1) [0

De forma anéloga para los demas:

cos(A_B):<a“cLb) (S—a;t()s—b)’cos<C;A):<a;rc> (s—azis—C)

3) Los incentros de un triangulo ABC, se puede expresar de la siguiente manera:

IA = ’s(s a) ’bc(s a) 1B = /ac(s —b) Ic= ab(s c)

Reemplazando en la desigualdad ...

abc be(s —a) /b + c\2 (s — b)(s — ¢) 6abc
4(s—a)(s—b)(s—c¢) (Z S ( a ) bc > = 2s

La cual es suficiente probar:

) (s—b)(s—c)) > 12

1 b+c2
P-a)(p-bp-0 (Z(S ~a)(

b+c\2 3| ((b+c)(a+c)(a+b))? 3/aZ —
N (T) 23\/( = ) > 3%¥/8Z = 12 ... (LQQD)
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Solution 2 by Soumava Chakraborty — Kolkata — India

2 B—C r2 cosz(B c) cosz(¥) -, 24Rrs

Al = - AIZ cos

given inequality <:> 12y

sinz sinzg sinzg - 2s
cos?
= Z > 12
sm2
B—-C
cos? (—2 ) ~ 1 ~ 1
A o A B—C\ A B—-C
2 A 28 2 28 2
sin’ > sin” 5 sec ( 5 ) sin” 3 (1 + tan’ — )
using Napier’s analogy: tan (BT_C) = (E) cot% =
sin 2{1 b+o? cot } sin 2+(b+ )2 cos
A (b—c¢c)2) s(s—a) 4bc
_ 28y, D76 — :
1— cos > {1 b+ c)Z} 1 be b+ )2
. (b+¢)? _ (b+0)? .. . (T) (c+a)? cosz(¥) _ (at+b)?
= Geaitsom) . Slmllarly, S E T and T

2

ZCOSZ(T):(b+c)2+(c+a)2+(a+b)2:

a2 b2 c2

in2
sin“ >
2

B b% aZ c2 a? c2 Db? bc ca ab
=(Grree) e a) o) e e ) 2

AM GM
3aZb22
S 2+2+2+2-3 /“2—12
b
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Solution 3 by Soumitra Mandal- Chandar Nagore — India

a sin A SmA— A B-C b+c
— = — - = Bc:ocsc COS— = —8S0,
b+c sin B+smC cos—— 2 2 a
2
(AI B—C)2>1 Al B-C 1 A B-C
COS = = COS = = rcsc—cCcos

Z 3 Z 2 3 Z 2 2
cyc cyc cyc

) A B C
since, Al = rcsc;, BI = rcsc; and CI = rcscz

25022 2 2(51e () 2 1200

R B-C abc S 3abc 6abc
FZ (AI cos ) > 12Rr=12-—— . — = =
cyc

4S s s a+b+c

Solution 4 by Soumava Pal — Kolkata — India
A

B ]
D

w C

AD - altitude, AW - angle bisector, I - incentre, IX L AD

From angle bisector theorem, in A ABC
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BW AB ¢ BW ac
— = =—> =
WC AC b b+c
. . Al AB
From angle bisector theorem in A ABW, — = —
ID BW
Al C b+c Al b+c
= —= =
WI ac a
b +

= =
AW a+b+c
C
A A A+B+C
LDAW:LBAW—LBAD:E—(90—B):——( —

B) B-C
2 2 -
B—C
AX = Al cos £ZIAX = Al cos «.DAW = Al cos (—) (2)
AX
AD

:—VIV (A AXI and A ADW are similar)
AX b+

= = A= (3) 57 =50 0= () @
From (2) and (3), Al cos (BT_C) =AX=r (?)
=2 (e (59 =53 (4 -

r a

= Rr (z ('i)z) (1)
Z (b : C)Z N 3':/1—[ (b + c)z 3':/(b +c)?(c+a)?(a+b)? _

a a’b2c?

3|(b+¢)? (c+a)? (a+b)? 3 b+ c\2/c+a\?/a+b\?
e
> 33/22.22.22, (by AM - GM,

b+c
Toe > 2)
=12 (2)
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From (1) and (2), X = 12Rr = 12 - ﬂ A_ _3abc _ 6abc

s (a+b+c)12 " a+b+c
B-C 6abc
= — Z (AI cos( )) _
“a+b+c

88. Let ABC be a triangle. Prove that:

= sins sin
2+ 2+

A B
cot; coty cot

sin

V3
2

=

N| OIS

Proposed by George Apostolopoulos — Messolonghi — Greece

Solution by Marian Dincd — Romania
2

2
smA (sin 4) 1- (cos é) 1 A
R e I DX
A A A A 2
2 COSE COSE COSE
S 9 A_ 9 3eos(AFBHC _
70,55 e oS5 )=
Zcosf 3COS(T
-3 3 v3_ 2v/3 — 3‘5 V3
3 357 2 2
2
because: ), cos%1 < 3 cos (A+B+C) —Jensen inequality
89.In A ABC:

a?+b%*+c*+3

Z\/sinA = 228

Proposed by Daniel Sitaru — Romania
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Solution 1 by Kevin Soto Palacios — Huarmey — Peru

1 24b%+c%+3 - .,
Yy [—<? = ™2 Recordar lo siguiente, en un triangulo ABC:
sinA 228
abc 1 2R 1 2R 1 2R . ]
ST R TAT T e R TS o La desigualdad es equivalente:

abc 2R
2 (2. — —<a’?+b%?+c%2+3
4R a

= 2(Vbc ++/ac +Vab) < a? + b? + ¢% + 3. De la siguiente desigualdad:
a? +b? +c?+3 > (ab + 1) + (bc + 1) + (ac + 1) > 2(Vbc + Vac + Vab)
Solo basta probar: (ab + 1) + (bc + 1) + (ac + 1) = 2(vbc + Vac + Vab)
> (Vab-1) +(Vbc—1)" + (vac—1)* > 0

Solution 2 by Soumitra Mandal - Chandar Nagore — India

3+Yca? YelaZ+1 2R . b
cyc — cyc( ) . |== since, R = abc
228 2 abc 4S
2

’ZR 2R , Ycyc ab
—_= [ >V2R: |3—=
a abc abc Z al = abc

cyc cyc
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Solution 3 by Soumava Pal — Kolkata — India

a?+b*?+c?+3>ab+bc+ca+3; (a>+b?>+c?>ab+ bc+ca)

ab +1 > 2vab ﬂ (basmC A)
24
Similarly bc+1>2/ ca+1>2
sinB
9 1
a? + b* + ¢? +3>ab+bc+ca+3>2\/_( + )
Vsin 4 \/sinB VsinC
a? + b% + c? 1

>
2\/2A Cyd\/sinA

90.InAABC,AA'B'C":

s’ (Z ﬁ) + R’ (Z ﬁ) (z cos A’) < 9R’

Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakraborty — Kolkata — India

s <22 () ) R (O )
-2 a’ + b? VaZ +bZ/ \2
(s'< i (Mitrinovic) and ¥’ cos A" = 1 + I—r{ %) it suffices to prove:

TB(ZW)%(ZV%)“
\/_
@TB(ZW)%(ZV%) =3

<\/3 a 1 b > <\/3 b 1 c >
@ [ — s T R — A [—
2 a2 + b2 "2 Va2 + b2 2 \pZ+ 2 "2 Vb2 + ¢2
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+ﬁ( < _4+2. 2 )s3 (1)
2 2

c2+a? 2 c2+a

b B B [azenz
a - + aZ+
. +=- < |—- =1 (i)
[a21b2 2 JaZib? 4 a?+b?
L1 255 1 ,b
c ) + +c2
. - < —_— =1 (n
Vb2+c? 2 VvbZ4+c2 T b +c? (i)

4
-B-
\/75'1/ 2c+ 2 + Za+ 2 g = \I Cziaz (ifi)
(i) + (ii) + (iii) = (1) ; (1) is true (Proved)

[

~ (S

b
C

Solution 2 by Soumitra Mandal- Chandar Nagore — India

s<; ﬁ) +R (; ﬁ) (; cos A’) <
< S'(Z «—Tb> R (Z %) (Z SM') -
cyc cyc cyc

[since sin x > cos x for all x > 0]
g Z a N Z b (chc a’) B
cyc a* + b? cyc a? + b? 2

. o d
[since, sin4 = 2R,]

, a+b <a+b+c<9R,
=S < <
CyC\/a2+b2 V2
(proved)
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91. In 4 ABC the following relationship holds:

5+ —4+ "4
Tq Trp re

h hb h WpW, < 8(2R + 7')
( ) myh, — r
Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

([ o) (Y )
maha B . mawaha

_ 2bc 4\ _ 8(abc)? s\ _ 32Rr2s3
Now, [Tw, =11 (b+c cos z) " TI(a+b) (4R) " TI(a+b)

B 32Rr?*s3 B 32Rr?s3 (1 16Rr*s?
" 2abc+Yab(2s—c¢) 2s(s?+4Rr +12)  s2+ 2Rr + 1?2

. b+c b+c 2bc bc b2c? s(s—a))
A >— = > (—
gain~mg, =~ cos ~mgwgh, = ( cos )(b+cC°s Z) (ZR) R ( P

sbc(s —a) 1 (@ 2R
= = <
2R mow,h, ~ sbc(s — a)

(ii) 2R 1 (iii) 2R

Similarly L and
"mgwphp, — sca(s—b) "mewch, T sab(s—c)

2 (o) - 2 -

s bc(s—a) abc [[(s—a)

“(sramy ) (et -st0+0 o)

@ 2R—r
{s2(2s) — 2s(s?> + 4Rr + r?) + 12Rrs} = S

:27'3 3

_ 2 2
Also,5+2ﬁ=5+2(Z¥)=5+2s23—6=$—1

(3) s2+2Rr+r?

(a),(1),(2,(3)=LHS <

s2+2Rr+1r? ris? 2Rr r

< 16R1r?%s? > (ZR - r) <s +2Rr+r > _ 8(2R-71)

(proved)



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

92. Prove that in any A ABC,

az bz 2\’ 9
Jm<ﬁ+ﬁ+ﬁ> > 16(v/a+ Vb +/c)S?,

where S = [A ABC] is the area of A ABC.
Proposed by Daniel Sitaru-Romania

Solution 1 by Soumava Pal-Kolkata-India

1 .11 First employin
A ES R pIoying
AM

— GM inequality,

WLOG, assume a > b > c¢. Then a? = b? > c? but

the Rearrangement inequality, and then the

= aZ —+ bZ —+ cZ >3
> G2 ab
cycl cycl
2
Thus, (1) zcyd% > 3+abc.
Using the Rearrangement inequality the second time and then the Chebyshev’s

inequality,

Z Z\/_—a\/_+b\/_+c\/_> (a+ b+ c)(va++Vb++c)
cycl cycl
So that (2) chcl\/— (chcl a) (chcl \/_)
Multiplying (1) and (2), we get:
aZ
(3) Vabc (chd ﬁ) > (abc)(a+ b + c)(Va+ Vb +c).

Definex=a+b—-c,y=b+c—a,z=c+a—-b.Thenx+y > 2, /xyand
b > /xy . Similarly, a > Vxz and ¢ > ,/yz. It follows that abc > xyz. Thus we

may continue (3):
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a2
abc Zﬁ > (abc)(a+b+c)(\/5+\/3+\/z) >

cyel
> xyz(a+ b + ¢)(Va+ Vb ++/c) = 165%(va + Vb + +/c), as required.
Solution 2 by Soumitra Moukherjee-Chandar Nagore-India
Since
x+y)y+2z)(z+x)=8xyz,abc =(a+b—c)(b+c—a)(c+a—b).

Further,

2
a? 5 ’ a? a? B a?
abc <C}ch ﬁ) >3 Ll ﬁ <Cyzd ﬁ) vabc = 3abc <C}ch _\/E> =

3(a+ b+ c)?
= <1_[(a *b- C)> chcl\/a =

cycl

2<Zﬁ>(a+b+c)<n(a+b—c)>: (Va+ Vb ++/c)16s2

cycl cycl

Solution 3 by George Apostolopoulos — Messolonghi — Greece

a3(2s—a)3 + b3(2s-b)3 + c3(2s—c)3 —

We have ZS =a-+ b + C, SO b(ZS—b) C(ZS—C) a(Zs—a)

by AM—GM I li
aB(b + C)B b3(c + 3)3 c3(a + b)3 y ﬁnequa ity

b(c+ a) + c(a+b) + a(b +c¢) =

3/[a(b+ c)b(c+a)c(a+Db)]®
=3 abc(a+b)(b+c)(c+a)
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_ 3abc-(@a+b)(b+c)(c+a) - 3abc - (2vab)(2vbc)(2vea)

_3\/abc-3;/(a+b)(b+c)(c+a)_a+g+c.a+b+b;-c+c+d_

24a2%b?c? B 24a2%b?c? B 27a%b?c?

2 A 52
§(a+b+c) 645

Equality holds when the triangle ABC is equilateral.
Solution 4 by Tuk Zaya — Ulanbaataar — Mongolia

b -(a—2+b—2+i> >16(va+Vb++c)-s* /3Vab
aoc \/E \/E \/E = a c aoc

a2 b2 2\’
3abc-<—b+—+—> > 48Vabc(va + Vb + c) - §*

Vb Ve Va
3va Vb - ve(va+ Vb + <) < (Vab + Vbe +vac)
85?2

abc > 8(p —a)(p —b)(p—c) = -
(az b? cz>2 24$2<a2 b? cz>
3abc | —+—+—]| > — e —+—

Vb Ve Va Vb Ve Va
48Vabe(va + Vb +Vc)s? < 16(Vab + vbe + vac) - §?

2482 (a? b? 2\’ 2
'<—+—+—> > 16(Vab + Vbc + Vac) - S*

2

I

p vb Ve Va
ﬁ-(afz+bfi+%>2\/a+b+c(\/ﬁ+\/ﬁ+\/ﬂ)

Vab + Vbc +Vac < /3(ab + bc + ac)

a? b* c?
\/§<E+ﬁ+ﬁ> >+/3./(a+ b+ c)(ab + bc + ac)
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a’? b%2 c?
_— 4 —

Vb Ve Va
(a+b+c)42(\/E+\/E+\/E)Z-(a+b+c)(ab+bc+ac)

(a+b+c) > (\/E+\/B+\/E)Z(ab+bc+ac)

WE+ﬁhwEfSBM+b+Q
(a+b+c)®>3(a+b+c)ab+ bc+ ac)

(a+ b+ c)? > 3(ab + bc + ac)

> /(a+ b+ c)(ab + bc + ac)

93. Prove that in any triangle ABC:
h
a hb + hc S;En
h,+r, hy+r, h.+r., 2
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution 1 by Kevin Soto Palacios — Huarmey — Peru
. h h h 3
Probar en un triangulo ABC: —%— + —2— + —— < =
hqg+ry  hp+ry  hq+r, 2

25 25 25
a b [ 2
U325, 25 2525 2525 2
a 2(s—a) b 2(s—-b) ¢ 2(s—c)
1 1 r
a b [
= b+c ' _a+tc " a+b =2
alb+c—a) bla+c—b) cla+b-c)
b+c—a a+c—b+a+b—c 3

+ <
b+c a+c a+b 2

b 3
=>(l_bic)+(1_a+c)+(1_a-(l:-b)SE
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b
= E +——+ E >3 , < (Desigualdad de Nesbitt)

Solution 2 by Myagmarsuren Yadamsuren-MongoIia
Cauchy

3
h+r 1+7' -

ab,c

h,, h,
32T TE | ot o o) 2
Z, Zy VA
Cauchy—-Schwarz
- 1 h, h, h, 1 h 3
< —. (12 +12+12). (__|__b_|_ ):_. 3 L
2 Tq Tp T 2 Ty 2

28 28 2§
hy _, MeT g e =0
Tq ro=

a p_a1

28 —a —b —cC 1 1 1
(p +p +p )33 2 (p —+p- E+p ——3) 3

1 1 1 1 11 1 p rn 1
-(—+—+—)§9;—+ +—= —-(—+—)+—
a b c a b ¢ 4R \r p/ p

2
Zp.(i.(p r) 1) <9: i p—+r +2<9=>p><14R-r—7?
4R \r p/ p 2R \r

14R - r —1r2=12R -r+ 2R - r — r?
Euler
’-A-\
=8R-r+4R -1 +3r% > 4R>+4R -1+ 31r? > p?

(Gerretsen)

Euler
~
> 12R-r+3r? =
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94. In A ABC the following relationship holds:

ab + bc + ca>4
6R
Proposed by Daniel Sitaru — Romania

2RZW2(W3—W§+ 1) > (ab+bc+ca)(

Solution by Myagmarsuren Yadamsuren — Mongolia

ab+bc+ca 4
b))

InA ABC: 2R w3 (w* — w? + 1) > (ab + bc + ca)( =

M =>Iwiwt+1-w)>

1 (ab+bc+ca)5
34 2R

Cauchy
wiii1>2u2

’ﬂ-\
Dwiwi+1-wd) £ ) wi
CBC
’ﬂ-\
wazha:ngzzhgzhg+h,5,+h§ >

N AT (zs+zs+zs)5_ 1 (ab+bc+ca)5
—3ee Tl T3e g p ) T 3% 2R

95. In 4 ABC the following relationship holds:

a . b . c <24 abc
b+c c+a a+b (a+b)(b+c)(c+a)

Proposed by Daniel Sitaru — Romania

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

i4 .2 b L c abe
Probar en un triangulo ABC: et oot — < 2+ @b (M)

En un triangulo ABC, se cumple la siguientes desigualdades:

a b [ 3
2> + + > —
b+c a+c a+b 2
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Como: a, by c son lados de un triangulo tenemos:

1 2 c 2c
< = < .
a+b a+b+c a+b a+b+c

b @)= <2

a+b+c’ a+b  a+b+c
Sumando: (A) + (B) + (C): 2 > — + — +— .. (LQQD)

b c
b+c a+c a+b’

a+b>c->2(a+b)>a+b+c>

(A

. : b
Anélogmente se obtiene: —<

La desigualdad es equivalente en ... (M):

a b c abc abc
bre are arb T @n0ro@re @@ 0 (LQD)

Solution 2 by Soumava Chakraborty — Kolkata — India
a(c+a)(a+b)+bla+b)(b+c)+c(b+c)(c+a)<
< 2(a+ b)(b+c)(c+ a)+ abc

(:)a(Zab+a2)+b(2ab+b2)+c(2ab+cz)<

< 5abc + 2{ab(a + b) + bc(b + ¢) + ca(c + a)}

=N (Z ab) (2s) +Z a3 <

< 5abc + 2{ab(2s — ¢) + bc(2s — a) + ca(2s — b)}

o 2s (Z ab) + (Z a® — 3abc) < 2abc — 6abc + 4s (Z ab)
o 2s (Z ab) > 4abc + (2s) (Z a? — Z ab) =
= 4abc + 25 (Z a?) - 2s (Z ab) & 4s (Z ab) > dabc + 25 (Z a?)

& 4s(s?> + 4Rr +1r?) > 16Rrs + 4s(s? — 4Rr — r?)
&S24+ ARr + 12 > ARr + s2 — ARr — r? & 2r%2 + 4Rr > 0 > true

(proved)
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96.I1fin4ABC,AA'B'C’a+a’' =b + b’ = c+ ¢’ then:

s(a’'b’'+b'c' +c'a’) <6R'S' (% + 5 + 5)
Proposed by Daniel Sitaru — Romania
Solution by Soumava Pal — Kolkata — India
Without loss of generality we can assumea = b > ¢ (1)
Thatimpliesa’' < b’ < ¢’ (Sincea+a' =b+b' =c+ ')
=>b'c'=c'a =ab (2
(1) and (2) are two similarly oriented sequences: Applying Chebyshev,

(a+b+c)(b'c'+ca+ab)<3(a-bc"+b-c'a+c-a'b")

g3
=S (Z a’b’) < ;a’b’c’ (Z g) =6R'A’ (Z g)

(a’'b'c’ =4R'A")

97. Let ABC be a triangle with circumradius R and inradius r. Prove that

4 < coc?d s coc?B 4 ZC<(R>2
s sec 2 sec 2 sec 7 =

Proposed by George Apostolopoulos —Messolonghi — Greece

r

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

2
., A B c R
Probar en un triangulo ABC: 4 < sec? 5+ sec? >+ sec? 5 < (;)

La desigualdad es equivalente:

A B C R\?
4 < (1+tan2—) +(1 +tan2—)+ (1 +tan2—) < (—)
2 2 2 r
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A B, C_m A B B C A C
St —+-== “tan=+ —tan- + “tan- =
Desde que ,t;+; =~ tan_tan_ +tan_tan_ +tan_tan_ =1

,A , B ,C A B C\?
tan E+tan E+tan EZI@(tanE+tanE+tanE) >3

A B c , A T B T c T
& tan=+ tan— + tan- > /3. Ademés:; tan= = -2 ,tan- = 2, tan- = =<
2 2 2 2 P 2 P 2 P
Sr,+r,+r.=4R+r
2 R 2

<1+tan2é)+<1+tanZE)+<1+tanZ£) = (tané+tan5+tan£) +1< (—)
2 2 2) 2 2 2 = \r

4R +1\° R\?
=>( ) +1S(—) > AR+ 1)’r* +p*r’ < p*R*>
p r

= (4R + r)*r? < p*(R? — r?). Por la desigualdad de Gerretsen:
p*(R? —1r?) > (16Rr — 51*)(R* — r?) > (4R + 1r)*r?
= Solo es suficiente probar que: (16Rr — 5r2)(R? — %) > (4R + r)?r?
16R3*r — 5R*r? — 16R13 + 51r* > (16R? + 8Rr + 1r®)r?
= 16R3r — 21R?*r? — 24Rr3 + 41r* > 0
= r(16R3 — 21R*r — 24Rr* + 41r3) > 0
= r(16R*(R — 2r) + 11Rr(R — 2r) - 2r*(R — 2r)) 2 0

= r(R - 2r)(16R? + 11Rr — 2r%) > 0 © R > 2r ... (Desigualdad e Euler)
Ademas: 16R? + 11Rr — 212 > 6412 +22r2 —2r2 = 8412 >0

2
Por lo tanto se ha demostrado: 4 < sec? g + sec? g + seczg < (5) ... (LQQD)

r
Solution 2 by Martin Lukarevski-Skopje-Macedonia
The stronger inequality 5 — %r < sec? %1 + seczg + seczg <2+ § holds. We use

the Garfunkel — Bankoff inequality [1]
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tan? 4 + tan? B + tan? ¢ > 2 85inAsinBsinC
2 2 2 2 2 2

Which by the well — known identity singsingsing = é is equivalent to

A B C 2
tan? S+ tan? >+ tan? 52 2 — ?r. Then

A B c A B c 2r
sec25+sec25+sec222 3+tan25+tan2;+tan252 5-—,

which proves the LHS of the inequality. For the RHS we use the inequality
(4R +1)? < 52 (1 + g) which follows from Gerretsen’s inequality

s? > 16Rr — 5r% and Euler’s R > 2r, combined with the identity

A B C _ (4R+1)*-2s?
tan?~ +tan®~ + tan® > = % We have

4R+r

S

2
sec?2 +sec?Z +sec?i=1+ ( ) < 2 +% and we are done.
2 2 2 r
References:
[1] Problem 825 (proposed by J. Garfunkel, solution by L. Bankoff) Crux Math. 9

(1983), 79 and 10 (1984), 168

98. Let ABC be a triangle and let P be any pointin its plane. Prove that the

following inequality holds for every positive real numbers x,y, z

PA PB PC
(y+z)27+ (z+x)27+ (x+y)272 4,/xyz(x + y + 2)
where a = bc,b = ca,and ¢ = AB.
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Kevin Soto Palacios — Huarmey — Peru

Sea ABC un triangulo y P sea cualquier punto en su plano.
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Probar la siguiente desigualdad se mantiene para todos los niUmeros R* x,y, z:

PA PB PC
(y+z)27+(z+x)27+(x+y)2724\/xyz(x+y+z)

1) De la desigualdad Ponderada: (Refinamiento de lonescu-Weitzenbock)

Siendo a, b, c los lados de un triangulo ABC:

ma* + nb® + pc? > 4S,/mn +np + pm ... (A) & (m,n,p) = 0, donde S es el

area del tridngulo. Realizando los siguientes cambios de variables:

PA PB PC
m=—>0n=—>0,p=—>0;
a b c

a=y+z>0b=z+x>0c=x+y>0

Luego: S = \/(p)(p —a)p-b)(p—c)->S= \/xyz(x +vy+2z)
2) De la desigualdad HAYASHY se llegé demonstrar lo siguiente:

N N _PA PB+PB PC+PA PC>1
mnnppm—ab b c a ¢

Reemplazando en ... (A), se obtiene la desigualdad propuesta:

(y+z)zPA+(z+x)2¥+(x+y)2%24\/xyz(x+y+z)\/mn+np+pm2

> \xyz(x +y + z) .. (LQQD)

99. Let ABC be a triangle and let P be any pointin its plane. Prove that

', 1.1 (PA+PB + PC)® >3(a+b+c)?
_ N
(PA PB PC) =2 ¢
wherea = BC,b = CA,and c = AB.
Proposed by Nguyen Viet Hung — Hanoi — Vietnam
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Solution by Kevin Soto Palacios — Huarmey — Peru
KLAMKIN INERTIAL MOMENT
Siendo a, b, c los lados de un triangulo ABCy PA, PB, PC son las distancias de
un punto P en en plano ABC. Se cumple para todos los niumeros R, x, y, z se
tiene lo siguiente:
(x +y + z)(xPA? + yPB? + zP(C?) > yza® + zxb? + xyc? ... (A continuacion
lo demostaremos). La manera clasica es de la siguiente forma:
(xPA” + yPB~ + zPC>)? > 0
= x2PA? + y?PB? + z?PC? + 2xyPA”PB~ + 2yzPB~PC” + 2zxPA”PC~ > 0 ... (B)
Desde que: 2PA”PB~ = PA? + PB? — c?
2PB”PC” = PB? + PC* — a%?,2PA”PC” = PA? + PC? — b?
Tenemosen ... (B)

= x2PA%* + y?PB? + z*PC? + xy(PA? + PB? — ¢?) + yz(PB? + PC? — a?) + zx(PA* + PC* —b%?) > 0
= (x2PA% + xyPA? + xzPA?%) + (y?PB? + yxPB? + yzPB?) + (22 PC? + zxPC? + zyP(?) > yza® + zxb® + xyc?

= (x +y + z)(xPA? + yPB% + zP(C?) > yza® + zxb? + xyc? ... (LQQD)
Por la tanto, desde que:
(x +y+z)(xPA? + yPB? + zPCZ) > yza® + zxb? + xyc?

1 1
Seanx—ﬁ>0y B >0z=—>0

PC
(1 1 1)(PA+PB+PC) @ + i + c?
PA PB PC = PBPC PAPC PAPB
2 bZ CZ

(1 1 1)(PA+PB+PC)3 <

+ + 2
PA PB PC >(PA PB +PC)

+ +
PBPC PAPC PAPB

Por la desigualdad de Cauchy:

a? b? c? a? b? c?
+ + + + 2 > + + + + >
<PBPC PAPC PAPB) (PA+PB +PC)* = <PBPC PAPC PAPB) 3(PBPC+ PAPC+ PAPE) =
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Por transtivitidad: (PA + % + ) (PA+PB+PC)2>3(a+b+c)?...(LQQD)

100. Prove that in any triangle:

4(4R +1)?
Ta Ty, Te [H4R*D?
Tp re Tq p
Proposed by Adil Abdullayev — Baku — Azerbaidian

Solution by Kevin Soto Palacios — Huarmey — Peru

2
Ta  Th T 4(4R+7) _3>3

Probar en un triangulo ABC: = +-<> > =
Tp L Ta 4

1) De la siguiente desigualdad demostrada anteriormente, siendo: x,y,z > O:

2
y  z X 1 1 1
“t+-+-) >2(x+y+2z (—+—+—), NNXxX=1r,yY=71:,Z=T,,.
(x y z) _( y ) x y z Sea @y ¢ b
2
Tq Tp T 1 1 1
:(—a+—+—c) Z(Ta+7'b+7'c)(—+—+—)=>
Tp e Tqa Ta Tp T

Tg T 1
=>( S ) 2(4R+r)(—)
r, T, T, r

S +i>
Tp L

\/4R +7r \/4(4R +71)2 4R+1r 4(4R+1)?
= 3- > —

\/‘“”r \/4(4R+r) — 3. Por lo cual es sufficiente probar que:

p> r p?

r
= p*(4R + 4r) = 4r(4R +1)% ... (A)
2) Desigualdad de Gerretsen: p? > 16Rr — 512
Utilizando la desigualdad de Gerretsen teneoms en ...

p*(4R + 4r) > (16Rr — 51%) (4R + 41) > 41(4R + 1)?

(A)
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Por ultimo probaremos que: (16Rr — 5r%)(4R + 4r) > 4r (4R + r)?
= 64R*r + 44Rr?* — 2013 > 64R*r + 32Rr? + 413
= 12r%(R — 2r) > 0 < Siendo esto ultimo valido por desigualdad de Euler:

(R = 2r). Ahora demostraremos RHS

4(4R+1)2 )
3) o 3 > 3. Desde que:
A B C
AR+r=ra+rp+T1r.= ptani+ptan5+ptani—>
4R + A B C A+B+C
r — — —
- =tan—+tan—+ tan— > 3tan 2 2 2 =43
p 2 2 2 3
4(4R+1)?

Por lo tanto: = T 3>.,4(3)—3=3..(LQQD)
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Its nice to be important but more important its to be
nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru



