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1. Prove that in any triangle ࡯࡮࡭ the following relationship holds: 

૛࡮ܜܗ܋ ܜܗ܋
࡯
૛

ܜܗ܋ ૛࡭
+
૛࡯ܜܗ܋ ܜܗ܋

࡭
૛

૛࡮ܜܗ܋
+
ܜܗ܋ ૛࡭ ܜܗ܋

࡮
૛

૛࡯ܜܗ܋
≥ ૛൬ܛܗ܋

࡭
૛

+ ܛܗ܋
࡮
૛

+ ܛܗ܋
࡯
૛
൰ 

Proposed by Hung Nguyen Viet-Vietnam 

Solution by Rozeta Atanasova- Skopje 

ࡿࡴࡸ =
૛࡮ܜܗ܋ ܜܗ܋

࡯
૛

૛࡭ܜܗ܋
+
૛࡯ܜܗ܋ ܜܗ܋

࡭
૛

૛࡮ܜܗ܋
+
૛࡭ܜܗ܋ ܜܗ܋

࡮
૛

૛࡯ܜܗ܋
= 

=
૚
૛൮ܜܗ܋

࡭
૛ ቌ

૛࡮ܜܗ܋
૛࡯ܜܗ܋

+
ܜܗ܋ ૛࡯
૛࡮ܜܗ܋

ቍ + ܜܗ܋
࡮
૛ ቌ

ܜܗ܋ ૛࡭
ܜܗ܋ ૛࡯

+
૛࡯ܜܗ܋
૛࡭ܜܗ܋

ቍ + ܜܗ܋
࡯
૛ ቌ

૛࡮ܜܗ܋
ܜܗ܋ ૛࡭

+
ܜܗ܋ ૛࡭
ܜܗ܋ ૛࡮

ቍ൲ = 

≥ ܜܗ܋
࡭
૛ + ܜܗ܋

࡮
૛ + ܜܗ܋

࡯
૛ ≥ ૜ ܜܗ܋

࡭
૛ + ࡮

૛ + ࡯
૛

૜ = ૜ ܜܗ܋
࣊
૟ = ૜√૜ = 

= ૛ ∙ ૜ ܛܗ܋
࣊
૟

= ૛ ∙ ૜ ܛܗ܋
࡭
૛ + ࡮

૛ + ࡯
૛

૜
≥ ૛ ൬ܛܗ܋

࡭
૛

+ ܛܗ܋
࡮
૛

+ ܛܗ܋
࡯
૛
൰ =  ࡿࡴࡾ

 

2. Let ࡯࡮࡭ be a triangle with ࢇ = ࢈,࡯࡮ = ࢉ and 	,࡭࡯ =  ᇱ be࡯ᇱ࡮ᇱ࡭ Let .࡮࡭

another triangle with ࡮ᇱ࡯ᇱ = ᇱ࡭ᇱ࡯,ࢇ√ = ᇱ࡮ᇱ࡭ and ,࢈√ =  :Prove that .ࢉ√

ܖܑܛ ൬
૚
૛
൰࡭ ܖܑܛ ൬

૚
૛
൰࡮ ܖܑܛ ൬

૚
૛
൰࡯ = ᇱ࡭ܛܗ܋ ᇱ࡮ܛܗ܋  .ᇱ࡯ܛܗ܋

Proposed by Mehmet Sahin- Ankara - Turkey 

Solution by Daniel Sitaru – Romania  

ෑ࡭ܛܗ܋ᇱ = ෑ
ࢇ + ࢈ − ࢉ
૛√࢈ࢇ

=
૚

ૡࢉ࢈ࢇ
ෑ(૛࢙ − ૛ࢉ) = 
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=
૚
ࢉ࢈ࢇ

ෑ(࢙ − (ࢉ = ෑඨ
࢙) − ࢙)(࢈ − (ࢉ

ࢉ࢈
= ෑܖܑܛ

࡭
૛

 

 

3. In acute-angled ࢤ	࡯࡮࡭ the following relationship holds: 

෍(ܖܑܛ ૛࡭ + ܖܑܛ ૛࡮) ൬
૚

࡭૛ܖܑܛ
+

૚
ܖܑܛ ૛࡮

൰ ≤෍(࡭ܖ܉ܜ + ܖ܉ܜ ࡭ܜܗ܋)(࡮ +  (࡮ܜܗ܋

Proposed by Daniel Sitaru-Romania 

Solution 1 by Soumava Chakraborty-India: 

࡯,࡮,࡭ ≠
࣊
૛

 

෍(ܖ܉ܜ ࡭ + ࡭ܜܗ܋)(࡮ܖ܉ܜ + (࡮ܜܗ܋ ≥෍(ܖܑܛ૛࡭ + ܖܑܛ ૛࡮) ൬
૚

࡭૛ܖܑܛ
+

૚
ܖܑܛ ૛࡮

൰ 

⇔෍ቊ൬
࡭ܖܑܛ
࡭ܛܗ܋

+
࡮ܖܑܛ
࡮ܛܗ܋

൰൬
࡭ܛܗ܋
࡭ܖܑܛ

+
࡮ܛܗ܋
࡮ܖܑܛ

൰ −
ܖܑܛ) ૛࡭ + ܖܑܛ ૛࡮)૛

࡭૛ܖܑܛ ࡮૛ܖܑܛ
ቋ ≥ ૙ 

⇔෍ቊ
૝ܖܑܛ૛(࡭ + (࡮

૝࡭ܖܑܛ ࡭ܛܗ܋ ࡮ܖܑܛ ࡮ܛܗ܋ −
૝ܖܑܛ૛(࡭ + (࡮ ࡭)૛ܛܗ܋ − (࡮

࡭૛ܖܑܛ ܖܑܛ ૛࡮ ቋ ≥ ૙ 

⇔෍ቊ
࡭)૛ܖܑܛ + (࡮
࡭૛ܖܑܛ ܖܑܛ ૛࡮

(૚ − ࡭)૛ܛܗ܋ − ቋ((࡮ ≥ ૙ 

⇔ ∑ቄܖܑܛ
૛ (࡮ି࡭)૛ܖܑܛ࡯
ܖܑܛ ૛࡭ ܖܑܛ ૛࡮

ቅ ≥ ૙    (1) 

૙ < ࡯,࡮,࡭ <
࣊
૛ ,૙ < ૛࡭, ૛࡮,૛࡯ < ࣊ ⇒ ࡭૛ܖܑܛ , ܖܑܛ ૛࡮ , ܖܑܛ ૛࡯ > ૙ 

 (1)  always holds true, equality at ࡭ = ࡮ = ࡯ = ࣊
૜
 

Solution 2 by Kevin Soto Palacios-Peru: 

En un triángulo acutángulo ۰۱ۯ. Probar que: 
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෍(ܖ܍ܛ૛ۯ + (૛۰ܖ܍ܛ ൬
૚

ۯ૛ܖ܍ܛ +
૚

૛۰൰ܖ܍ܛ ≤෍(ۯܖ܉ܜ + ۯܜܗ܋)(۰ܖ܉ܜ + ܜܗ܋ ۰) 

A lo que es equivalente: 

૛ ∙ ૜ +
ۯ૛ܖ܍ܛ + ૛۰ܖ܍ܛ

૛۱ܖ܍ܛ
+
૛۰ܖ܍ܛ + ૛۱ܖ܍ܛ

ۯ૛ܖ܍ܛ
+
ܖ܍ܛ ૛ۯ+ ૛۱ܖ܍ܛ

૛۰ܖ܍ܛ
≤ 

≤ ૛ ∙ ૜ +
ܖ܉ܜ +ۯ ۰ܖ܉ܜ

۱ܖ܉ܜ
+
ܖ܉ܜ ۰ + ܖ܉ܜ ۱

ۯܖ܉ܜ
+
ۯܖ܉ܜ + ܖ܉ܜ ۱

ܖ܉ܜ ۰
 

⇒ ۯ૛ܖ܍ܛ) + ૛۰ܖ܍ܛ + (૛۱ܖ܍ܛ ൬
૚

ۯ૛ܖ܍ܛ
+

૚
૛۰ܖ܍ܛ

+
૚

૛۱ܖ܍ܛ
൰ ≤ 

≤ ܖ܉ܜ) ۯ + ۰ܖ܉ܜ + ܖ܉ܜ ۯܜܗ܋)(۱ + ۰ܜܗ܋ + ܜܗ܋ ۱) 

⇒ ۯ૛ܖ܍ܛ) + +૛۰ܖ܍ܛ (૛۱ܖ܍ܛ ൬
૛۰ܖ܍ܛ ૛۱ܖ܍ܛ + ܖ܍ܛۯ૛ܖ܍ܛ ૛۱ + ૛۰ܖ܍ܛۯ૛ܖ܍ܛ

૛۱ܖ܍ܛ૛۰ܖ܍ܛۯ૛ܖ܍ܛ ൰ ≤ 

≤ ۯܖ܉ܜ) ۰ܖ܉ܜ ۯܜܗ܋)(۱ܖ܉ܜ + ܜܗ܋ ۰ +  (۱ܜܗ܋

⇒ ૝ܖ܍ܛ ۰ܖ܍ܛۯ ۱ܖ܍ܛ ቆ
+૛۱ܖ܍ܛ૛۰ܖ܍ܛ +૛۱ܖ܍ܛۯ૛ܖ܍ܛ ૛۰ܖ܍ܛۯ૛ܖ܍ܛ

(૛ۯܖ܍ܛ (۱ܛܗ܋۰ܛܗ܋ۯܛܗ܋૝)(۱ܖ܍ܛ۰ܖ܍ܛ ቇ ≤ 

≤ ቆ
۱ܖ܍ܛ۰ܖ܍ܛۯܖ܍ܛ
ۯܛܗ܋ ۰ܛܗ܋ ܛܗ܋ ۱ ቇቆ

+ۯ૛ܖ܍ܛ +૛۰ܖ܍ܛ ૛۱ܖ܍ܛ
૛ ۱ܖ܍ܛ۰ܖ܍ܛۯܖ܍ܛ ቇ 

Simplificando la expresión, se obtiene que: 

૛۰ܖ܍ܛ ૛۱ܖ܍ܛ + ۯ૛ܖ܍ܛ ܖ܍ܛ ૛۱ + ۯ૛ܖ܍ܛ ૛۰ܖ܍ܛ ≤ 

≤ ۯ૛ܖ܍ܛ + ૛۰ܖ܍ܛ + ૛ܖ܍ܛ ۱ → (Multiplicando × ૛) 

૛۰)ܛܗ܋− + ૛۱) + ૛۰)ܛܗ܋ −૛۱) − ۯ૛)ܛܗ܋ + ૛۱) + ۯ૛)ܛܗ܋ −૛۱) − ۯ૛)ܛܗ܋ −૛۰) + ۯ૛)ܛܗ܋ + ૛۰) ≤ 

≤ ૜ − ܛܗ܋ ૛ۯ − ૛۰ܛܗ܋ −  ૛۱ܛܗ܋

ۯ૛ܛܗ܋− + ૛۰)ܛܗ܋ − ૛۱) − ૛۰ܛܗ܋ + ۯ૛)ܛܗ܋ − ૛۱) − ૛۱ܛܗ܋ + ۯ૛)ܛܗ܋ + ૛۰)

≤ ૜ − ܛܗ܋ ૛ۯ − ૛۰ܛܗ܋ − ܛܗ܋ ૛۱ 

૛۰)ܛܗ܋ − ૛۱) + ۯ૛)ܛܗ܋ − ૛۱) + ۯ૛)ܛܗ܋ − ૛۰) ≤ ૜ (LQQD) 

Solution 3 by Soumitra Mandal-India: 

෍(ܖܑܛ ૛࡭ + ܖܑܛ ૛࡮)
ࢉ࢟ࢉ

൬
૚

࡭૛ܖܑܛ
+

૚
ܖܑܛ ૛࡮

൰ ≤෍(࡭ܖ܉ܜ + ܖ܉ܜ ࡭ܜܗ܋)(࡮ + (࡮ܜܗ܋
ࢉ࢟ࢉ
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⇔ ૙ ≤෍൬
࡭૛ܖܑܛ
ܖܑܛ ૛࡮

− ࡭ܖ܉ܜ ࡮ܜܗ܋ +
ܖܑܛ ૛࡮
ܖܑܛ ૛࡭

− ࡮ܖ܉ܜ ൰࡭ܜܗ܋
ࢉ࢟ࢉ

 

⇔ ૙ ≤෍൬
࡭ܖܑܛ
ܖܑܛ ࡮ −

࡮ܖܑܛ
൰൬࡭ܖܑܛ

࡮ܛܗ܋
࡭ܛܗ܋ −

࡭ܛܗ܋
൰࡮ܛܗ܋

ࢉ࢟ࢉ

 

⇔ ૙ ≤෍ቆ
࡭૛ܖܑܛ − ࡮૛ܖܑܛ
࡭ܖܑܛ ࡮ܖܑܛ

ቇ ቆ
࡮૛ܛܗ܋ − ࡭૛ܛܗ܋
࡭ܛܗ܋ ࡮ܛܗ܋

ቇ
ࢉ࢟ࢉ

 

⇔≤෍
૛ܖܑܛ) ࡭ − ૛(࡮૛ܖܑܛ

࡭ܖܑܛ ࡮ܖܑܛ ࡭ܛܗ܋ ࡮ܛܗ܋
ࢉ࢟ࢉ

 ܍ܝܚܜ	ܛܑ	ܐ܋ܑܟ,

෍(ܖܑܛ ૛࡭ + ܖܑܛ ૛࡮) ൬
૚

ܖܑܛ ૛࡭ +
૚

ܖܑܛ ૛࡮൰
ࢉ࢟ࢉ

≤ 

≤෍(ܖ܉ܜ ࡭ + ࡭ܜܗ܋)(࡮ܖ܉ܜ + (࡮ܜܗ܋
ࢉ࢟ࢉ

 

4. If ࢔ ∈ ℕ then in ࢤ	࡯࡮࡭ the following relationship holds: 

૛ૠ෍ܖܑܛ(૛࡭࢔) (࡮࢔૛)ܛܗ܋ (࡯࢔૛)ܛܗ܋ ≤ ቀ෍ܖܑܛ(૛࡭࢔)ቁ
૜

 

Proposed by Daniel Sitaru-Romania 

Solution by Kevin Soto Palacios-Huarmey-Peru:  

Si: ࢔ ≥ ૙. Probar en un triángulo ࡯࡮࡭: 

૛ૠ෍ܖ܍ܛ(૛࡭࢔) (࡮࢔૛)ܛܗ܋ (࡯࢔૛)ܛܗ܋ ≤ ቀ෍ܖ܍ܛ(૛࡭࢔)ቁ
૜

 

Sea: ࡭ = ࡮⋀	࡯࢑ܛܗ܋࡮࢑ܖ܍ܛ࡭࢑ܖ܍ܛ∑ = ࡭࢑ܛܗ܋∑ ࡯࢑ܖ܍ܛ࡮࢑ܛܗ܋ ⇔ ࢑ ∈ ℤା 

Se puede observar que: 

࡭ܛܗ܋) + ࢏ ࡮ܛܗ܋)(࡭ܖ܍ܛ + ࢏ ܖ܍ܛ +࡯ܛܗ܋)(࡮ ࢏ (࡯ܖ܍ܛ = ࡭)ܛܗ܋ + ࡮ + (࡯ + ࢏ ࡭)ܖ܍ܛ + ࡮ +  (࡯

࡭ܛܗ܋) + ࢏ ࡮ܛܗ܋)(࡭ܖ܍ܛ + ࢏ ࡯ܛܗ܋)(࡮ܖ܍ܛ + ࢏ (࡯ܖ܍ܛ = −૚ 
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⇒ Por la fórmula de Moivre: 

࡭࢑ܛܗ܋) + ࢏ ࡮࢑ܛܗ܋)(࡭࢑ܖ܍ܛ + ࢏ ࡯࢑ܛܗ܋)(࡮࢑ܖ܍ܛ + ࢏ (࡯࢑ܖ܍ܛ = (−૚)࢔ 

Desarrollando tenemos: 

+࡭− ࡮࢏ + ܛܗ܋ ࡭࢑ ࡮࢑ܛܗ܋ ࡯࢑ܛܗ܋ − ࢏ ࡭࢑ܖ܍ܛ ࡮࢑ܖ܍ܛ ࡯࢑ܖ܍ܛ = (−૚)࢔ 

Por lo tanto:  

→ ࡮ = ࡭࢑ܖ܍ܛ ࡮࢑ܖ܍ܛ ∧	࡯࢑ܖ܍ܛ ࡭ = (−૚)࢔ା૚ + ࡭࢑ܛܗ܋ ࡮࢑ܛܗ܋  ࡯࢑ܛܗ܋

Desde que: ࡮ = ࡯࢑ܖ܍ܛ ࡮࢑ܖ܍ܛ  :entonces ,࡯࢑ܖ܍ܛ

෍ܖ܍ܛ(૛࡭࢔) (࡮࢔૛)ܛܗ܋ (࡯࢔૛)ܛܗ܋ = (࡭࢔૛)ܖ܍ܛ (࡮࢔૛)ܖ܍ܛ  (࡯࢔૛)ܖ܍ܛ

La desigualdad es equivalente: 

૛ૠ (࡭࢔૛)ܖ܍ܛ (࡮࢔૛)ܖ܍ܛ (࡯࢔૛)ܖ܍ܛ ≤ ૜((࡭࢔૛)ܖ܍ܛ∑) → Válido (࡭ࡹ ≥  (ࡳࡹ

 

5. In acute - angled ࢤ	࡯࡮࡭ the following relationship holds: 

ܛܗ܋ ቀ
࣊
૝
− ቁ࡭ + ܛܗ܋ ቀ

࣊
૝
− ቁ࡮ + ܛܗ܋ ቀ

࣊
૝
− ቁ࡯ >

૛ࡿ
૛ࡾ

 

ࡿ − area, ࡾ − circumradius 

Proposed by Daniel Sitaru – Romania 

Solution by Soumava Chakraborty – Kolkata – India 

In acute – angled ࢤ	࡯࡮࡭:	 ∑ ܛܗ܋ ቀ࣊
૝
ቁ࡭− > ૛ࡿ

૛ࡾ
 

૛ࡿ
૛ࡾ

=
૛
૛ࡾ

൬
ࢉ࢈ࢇ
૝ࡾ

൰ =
ࢉ࢈ࢇ
૛ࡾ૜

=
(૛࡭ܖܑܛࡾ)(૛࡮ܖܑܛࡾ)(૛࡯ܖܑܛࡾ)

૛ࡾ૜
 

=
ૡࡾ૜ ࡭ܖܑܛ ࡮ܖܑܛ ܖܑܛ ࡯

૛ࡾ૜
= ૝ ࡭ܖܑܛ ࡮ܖܑܛ ܖܑܛ  ࡯

= ૛ܖܑܛ ࡯ (૛ ࡭ܖܑܛ (࡮ܖܑܛ = ૛ ࡯ܖܑܛ ࡭)ܛܗ܋) − −(࡮ ࡭)ܛܗ܋ +  ((࡮

= ૛ ࡭)ܖܑܛ + (࡮ ࡭)ܛܗ܋ − −(࡮ ૛࡯ܖܑܛ (−  (࡯ܛܗ܋
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= ࡭૛ܖܑܛ + ܖܑܛ ૛࡮ +  ࡯૛ܖܑܛ

= ܖܑܛ)) ࡭ + ૛(࡭ܛܗ܋ − ૚) + ࡮ܖܑܛ)) + ૛(࡮ܛܗ܋ − ૚) + ࡯ܖܑܛ)) + ૛(࡯ܛܗ܋ − ૚) 

= ൜√૛ ൬
૚
√૛

࡭ܛܗ܋ +
૚
࡭√

൰ൠ࡭ܖܑܛ
૛

+ ൜√૛ ൬
૚
√૛

࡮ܖܑܛ +
૚
√૛

൰ൠ࡮ܛܗ܋
૛

+ 

+ ൜√૛ ൬
૚
√૛

࡯ܛܗ܋ +
૚
√૛

ܖܑܛ ൰ൠ࡯
૛

− ૜ = 

= ૛෍ቀܛܗ܋
࣊
૝
࡭ܛܗ܋ + ܖܑܛ

࣊
૝
ܖܑܛ ቁ࡭

૛
− ૜ = ૛෍ܛܗ܋૛ ቀ

࣊
૝
− ቁ࡭ − ૜ 

= ૛ ૛ܛܗ܋ ቀ
࣊
૝ − ቁ࡭ + ૛ ૛ܛܗ܋ ቀ

࣊
૝ − ቁ࡮ + ૛ ૛ܛܗ܋ ቀ

࣊
૝ − ቁ࡯ − ૜ 

Let ܛܗ܋ ቀ࣊
૝
− ቁ࡭ = ,࢞ ܛܗ܋ ቀ࣊

૝
− ቁ࡮ = ,࢟ ܛܗ܋ ቀ࣊

૝
− ቁ࡯ =  ࢠ

The proposed inequality ⇒ ࢞ + ࢟ + ࢠ > ૛࢞૛ + ૛࢟૛ + ૛ࢠ૛ − ૜ 

⇔ ∑(૛࢞૛ − ࢞ − ૚) < ૙ ⇔ ࢞)∑ − ૚)(૛࢞ + ૚) < ૙    (1) 

is acute, ૙ ࡯࡮࡭	ࢤ < ࡯,࡮,࡭ < ࣊
૛
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⇒ −
࣊
૛

< ࡯−,࡮−,࡭− < ૙ ⇒ −
࣊
૝

<
࣊
૝
− ,࡭

࣊
૝
,࡮−

࣊
૝
− ࡯ <

࣊
૝

 

⇒
૚
√૛

< ܛܗ܋ ቀ
࣊
૝
− ቁ࡭ , ܛܗ܋ ቀ

࣊
૝
ቁ࡮− , ܛܗ܋ ቀ

࣊
૝
− ቁ࡯ < ૚ 

⇒ ૚
√૛

< ,࢟,࢞ ࢠ < ૚,࢞ − ૚ < ૙ and (૛࢞ + ૚) > ૙ 

⇒ ࢞) − ૚)(૛࢞ + ૚) < ૙ 

Similarly, (࢟ − ૚)(૛࢟ + ૚) < ૙ and (ࢠ − ૚)(૛ࢠ + ૚) < ૙ 

࢞)∑ − ૚)(૛࢞ + ૚) < ૙ ⇒ (1) is proved, which proves the proposed inequality 

 

6. En un triángulo ࡯࡮࡭: Probar que si es (V) O (F) 

ࢉ૝ࢇ + ࢇ૝࢈ + ࢈૝ࢉ ≥ ૛૝√૛૜ (ࡿࡾ)
૞
૜ 

Proposed by Daniel Sitaru-Romania 

Solution  by Kevin Soto Palacios-Huarmey-Peru 

Desarrollando el lado derecho tenemos: 

૛૝√૛૜ (ࡿࡾ)
૞
૜ = ૛૝√૛૜ ൬

ࢉ࢈ࢇ
૝ ൰

૞
૜

= ૛૝√૛૜ ૜ඨ ૚
૛૚૙

૞(ࢉ࢈ࢇ) = ૛૝ඨ
૚
૛ૢ

૞(ࢉ࢈ࢇ)
૜

= ૜ඥ(ࢉ࢈ࢇ)૞૜  

Por las desigualdades entre las medias:  

Siendo: ࢈,ࢇ, ࢉ > ૙ (lados de un triángulo ࡯࡮࡭) 

ࢉ૝ࢇ + ࢇ૝࢈ + ࢈૝ࢉ ≥ ૜ඥ(ࢉ࢈ࢇ)૞૜    (LQQD) 

7. In ࢤ	࡯࡮࡭: 

෍(૛ࢇ૛࢈૛ − (૝ࢉ ≥ ૚૟ࡿ૛ 

ࡿ − area 

Proposed by Daniel Sitaru-Romania 
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Solution by Kevin Soto Palacios-Huarmey-Peru 

Tener presente en un triángulo ࡯࡮࡭ que: 

ࢇ = ૛ࡾ ࡭ܖ܍ܛ ࢈, = ૛࡮ܖ܍ܛࡾ , ࢉ = ૛࡯ܖ܍ܛࡾ 

ࡿ = ૛ࡾ૛ ࡭ܖ܍ܛ ࡮ܖ܍ܛ ∧	࡯ܖ܍ܛ ࡭ܜܗ܋ ࡮ܜܗ܋ + ࡮ܜܗ܋ ࡯ܜܗ܋ + ࡭ܜܗ܋ ࡯ܜܗ܋ = ૚ 

Reemplazando en la desigualdad: 

૛(૚૟ࡾ૝ (࡮૛ܖ܍ܛ࡭૛ܖ܍ܛ + ૛(૚૟ࡾ૝ ૛ܖ܍ܛ࡮૛ܖ܍ܛ (࡯ + ૛(૚૟ࡾ૝ ࡭૛ܖ܍ܛ ૛ܖ܍ܛ (࡯

− ૚૟ࡾ૝(ܖ܍ܛ૝࡭ + ࡮૝ܖ܍ܛ + ૝ܖ܍ܛ (࡯ ≥ ૚૟ࡿ૛ 

Dividiendo a la expresión: (૚૟ࡾ૝ ࡭૛ܖ܍ܛ ૛ܖ܍ܛ࡮૛ܖ܍ܛ (࡯ ⇔	(La desigualdad no 

se altera) 

⇒ ૛܋ܛ܋૛࡯+ ૛܋ܛ܋૛࡭ + ૛܋ܛ܋૛࡮− ൬
࡭ܖ܍ܛ

࡮ܖ܍ܛ ൰࡯ܖ܍ܛ
૛

− ൬
࡮ܖ܍ܛ

ܖ܍ܛ࡭ܖ܍ܛ ൰࡯
૛

− ൬
ܖ܍ܛ ࡯

࡭ܖ܍ܛ ൰࡮ܖ܍ܛ
૛

≥ ૝ 

⇒ ૛൫૜ + ࡭૛ܜܗ܋ + ૛ܜܗ܋ ࡮ + ૛ܜܗ܋ ൯࡯ − ࡮ܜܗ܋) + ܜܗ܋ ૛(࡯ − ܜܗ܋) ࡭ + ૛(࡯ܜܗ܋ − ࡭ܜܗ܋) + ૛(࡮ܜܗ܋ ≥ ૝ 

⇒ ૟ − ૛(ܜܗ܋࡭ܜܗ܋ ࡮ + ܜܗ܋࡮ܜܗ܋ ࡯ + ࡭ܜܗ܋ (࡯ܜܗ܋ ≥ ૝ ⇔ ૝ ≥ ૝ (Lo cual si es cierto) (V) 

 

8. Prove that if ࢟,࢞, ࢠ ∈ [૚,૛] then in ࢤ	࡯࡮࡭: 

ඥࢠ࢟࢞ࢉ࢈ࢇ૜ ൬
ࢇ
࢞

+
࢈
࢟

+
ࢉ
ࢠ
൰
૛

≤
૚૟࢙૜

૜
 

Proposed by Daniel Sitaru – Romania 

Solution by Soumava Chakraborty – Kolkata – India 

࢞ ≤ ૛;࢟ ≤ ૛; ࢠ ≤ ૛ ⇒ ࢠ࢟࢞ ≤ ૡ ⇒ ඥࢠ࢟࢞૜ ≤ ૛ 

ඥࢠ࢟࢞ࢉ࢈ࢇ૜ = ૜ࢉ࢈ࢇ√ ⋅ ඥࢠ࢟࢞૜ ≤
ࢇ + ࢈ + ࢉ

૜
⋅ ૛ =

૛(ࢇ + ࢈ + (ࢉ
૜

 

,࢞ ࢠ,࢟ ≥ ૚ ⇒
૚
࢞ ,
૚
࢟ ,
૚
ࢠ ≤ ૚ ⇒

ࢇ
࢞ +

࢈
࢟ +

ࢉ
ࢠ ≤ ࢇ + ࢈ +  ࢉ



 
www.ssmrmh.ro 

 
 

൬
ࢇ
࢞

+
࢈
࢟

+
ࢉ
ࢠ
൰
૛

≤ ࢇ) + ࢈ +  ૛(ࢉ

ඥࢠ࢟࢞ࢉ࢈ࢇ૜ ൬
ࢇ
࢞

+
࢈
࢟

+
ࢉ
ࢠ
൰
૛

≤
૛(ࢇ + ࢈ + (ࢉ

૜
⋅ ࢇ) + ࢈ + ૜(ࢉ = 

=
૛
૜
⋅ (૛࢙)૜ =

૚૟࢙૜

૜
 

 

9. In ࢤ	࡯࡮࡭ the following relationship holds: 

൫√ࢇ + −࢈√ ࢇ√൯൫ࢉ√ − +࢈√ ࢇ√−൯൫ࢉ√ + +࢈√ ൯ࢉ√ ≥ ඥ(ࢇ + −࢈ ࢇ)(ࢉ − ࢈ + +ࢇ−)(ࢉ +࢈  (ࢉ

Proposed by Lucian Stamate-Romania 

Solution by Nguyen Viet Hung-Hanoi-Vietnam 

From the condition (࢈ + ࢉ − ࢉ)(ࢇ + ࢇ − ࢇ)(࢈ + ࢈ − (ࢉ ≥ ૙, we deduce that 

࢈ + ࢉ − ࢇ ≥ ૙, ࢉ + ࢇ − ࢈ ≥ ૙,ࢇ + ࢈ − ࢉ ≥ ૙ 

The desired inequality is equivalent to: 

൫√࢈+ −ࢉ√ ൯ࢇ√
૛
൫√ࢉ+ ࢇ√ − ൯࢈√

૛
൫√ࢇ + −࢈√ ൯ࢉ√

૛
≥ ࢈) + ࢉ − ࢉ)(ࢇ + ࢇ − +ࢇ)(࢈ ࢈ −  (ࢉ

or 

ቀࢇ − ൫√࢈ − ൯ࢉ√
૛
ቁ ቀ࢈ − ൫√ࢉ − ൯ࢇ√

૛
ቁ ቀࢉ − ൫√ࢇ − ൯࢈√

૛
	ቁ ≥ ࢈) + ࢉ − ࢉ)(ࢇ + ࢇ − ࢇ)(࢈ + ࢈ −  (ࢉ

Now we will show that: ቀࢇ − ൫√࢈ − ൯ࢉ√
૛
ቁ ≥ ࢉ) + ࢇ − ࢇ)(࢈ + ࢈ −  (ࢉ

Indeed, this inequality is equivalent to: ൫√࢈ − ൯ࢉ√
૛

࢈) + ࢉ − (ࢇ ≥ ૙, 

which is true. Writing two similar relations and multiplying them up we obtain  

the desired result. 
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10. In ࢤ	࢔,࡯࡮࡭ ∈ ℕ∗: 

ෑቀࢇ࢓ + ࢈࢓࢑ +
ࢉ࢓

࢑
ቁ ቀ࢈࢓ + ࢉ࢓࢑ +

ࢇ࢓

࢑
ቁ ቀࢉ࢓ + ࢇ࢓࢑ +

࢈࢓

࢑
ቁ

࢔

ୀ૚࢑

≥ (૛ૠࢉ࢝࢈࢝ࢇ࢝)࢔ 

ࢇ࢓ − median’s length, ࢇ࢝ − bisector’s length  

Proposed by Daniel Sitaru – Romania  

Solution by Kevin Soto Palacios-Huarmey-Peru 

En un triángulo ࢔,࡯࡮࡭ ∈  :Probar que .ࡺ

ෑቀࢇ࢓ + ࢈࢓࢑ +
ࢉ࢓

࢑
ቁ ቀ࢈࢓ + ࢉ࢓࢑ +

ࢇ࢓

࢑
ቁ ቀࢉ࢓ + ࢇ࢓࢑ +

࢈࢓

࢑
ቁ

࢔

ୀ૚࢑

≥ (૛ૠࢉ࢝࢈࢝ࢇ࢝)࢔ 

Recodar lo siguiente: 1. 

ෑ[(࢏)ࢎ(࢏)ࢍ(࢏)ࢌ]
࢔

ୀ૚࢑

= ൥ෑ(࢏)ࢌ
࢔

ୀ૚࢑

൩ ൥ෑ(࢏)ࢍ
࢔

ୀ૚࢑

൩ ൥ෑ(࢏)ࢎ
࢔

ୀ૚࢑

൩ 

ࢇ࢝ .2 = ૛√ࢉ࢈
ࢉା࢈

ඥ࢖)࢖ − (ࢇ ≤ ඥ࢖)࢖ − (ࢇ ≤  :De forma análoga ,ࢇ࢓

࢈࢝ ≤ ࢈࢓ ∧ ࢉ࢝ ≤ ࡭ࡹ :Por la tanto: Por .ࢉ࢓ ≥  ࡳࡹ

ෑ(࢏)ࢌ
࢔

ୀ૚࢑

= ቂ(ࢇ࢓ + ࢈࢓ ࢇ࢓ቀ(ࢉ࢓+ + ૛࢈࢓ +
ࢉ࢓

૛
ቁ… ቀࢇ࢓ + ࢈࢓࢔ +

ࢉ࢓

࢔
ቁቃ ≥ ൫૜ඥࢉ࢓࢈࢓ࢇ࢓

૜ ൯
࢔
 (࡭)		

ෑ(࢏)ࢍ
࢔

ୀ૚࢑

= ࢇ࢓) ࢈࢓+ + (ࢉ࢓ ቀ࢈࢓ + ૛ࢉ࢓ +
ࢇ࢓

૛
ቁ… ቀ࢈࢓ + ࢉ࢓࢔ +

ࢇ࢓

࢔
ቁ ≥ ൫૜ඥࢉ࢓࢈࢓ࢇ࢓

૜ ൯
࢔
 (࡮)					

ෑ(࢏)ࢎ
࢔

ୀ૚࢑

= ࢇ࢓) ࢈࢓+ + ࢉ࢓ቀ(ࢉ࢓ + ૛ࢇ࢓ +
࢈࢓

૛
ቁ… ቀࢉ࢓ + ࢇ࢓࢔ +

࢈࢓

࢔
ቁ ≥ ൫૜ඥࢉ࢓࢈࢓ࢇ࢓

૜ ൯
࢔
 (࡯)					

Multiplicando (࡭)(࡮)(࡯) → 

→ෑቀࢇ࢓ + ࢈࢓࢑ +
ࢉ࢓

࢑
ቁቀ࢈࢓ + ࢉ࢓࢑ +

ࢇ࢓

࢑
ቁ ቀࢉ࢓ + ࢇ࢓࢑ +

࢈࢓

࢑
ቁ

࢔

ୀ૚࢑

≥ (૛ૠࢉ࢓࢈࢓ࢇ࢓)࢔ ≥ (૛ૠࢉ࢝࢈࢝ࢇ࢝)࢔ 
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11. In ࢤ	࡯࡮࡭ the following relationship holds: 

࢈)૜ࢇ + (ࢉ + ࢉ)૜࢈ + (ࢇ + ࢇ)૜ࢉ + (࢈ ≥ ૚૟࢖ࡿࡾ 

ࡾ − circumscribed radius, ࡿ − area, ࢖ − semiperimeter 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios-Huarmey-Peru 

Probar en un triángulo si es (V) ó (F): 

࢈)૜ࢇ + (ࢉ + ࢉ)૜࢈ + (ࢇ + ࢇ)૜ࢉ + (࢈ ≥ ૚૟࢖ࡿࡾ 

En un triángulo ࡯࡮࡭ tener en cuenta, lo siguiente: 

૝ࡿࡾ = 	ࢉ࢈ࢇ ∧ 	૛࢖ = ࢇ + ࢈ +  ࢉ

Desde que: ࢈,ࢇ, ,࢈,ࢇ :son lados de un triángulo, por la tanto ࢉ ࢉ > ૙ 

Aplicando: ࡭ࡹ ≥  ࡳࡹ

࢈૜ࢇ + ࢈૜ࢇ + ࢈૜ࢉ + ࢉ૜ࢇ + ࢉ૜ࢇ + ࢉ૜࢈ ≥ ૟ࢇ૛ࢉ࢈      (A) 

ࢉ૜࢈ + ࢉ૜࢈ + ࢉ૜ࢇ + ࢇ૜࢈ + ࢇ૜࢈ + ࢇ૜ࢉ ≥ ૟࢈૛ࢉࢇ      (B) 

࢈૜ࢉ + ࢈૜ࢉ + ࢈૜ࢇ + ࢇ૜ࢉ + ࢇ૜ࢉ + ࢇ૜࢈ ≥ ૟ࢉ૛࢈ࢇ      (C) 

Sumando: (࡭) + (࡮) +  (࡯)

࢈)૜ࢇ + (ࢉ + ࢉ)૜࢈ + (ࢇ + ࢇ)૜ࢉ + (࢈ ≥ ૛ࢇ)ࢉ࢈ࢇ + ࢈ +  (ࢉ

࢈)૜ࢇ + (ࢉ + ࢉ)૜࢈ + (ࢇ + ࢇ)૜ࢉ + (࢈ ≥ ૚૟࢖ࡿࡾ 

Solution 2 by Soumava Chakraborty-Kolkata-India 

࢈)૜ࢇ + (ࢉ + ࢉ)૜࢈ + (ࢇ + ࢇ)૜ࢉ + (࢈ ≥ ૚૟࢖ࡿࡾ 

⇔ ૛ࢇ)࢈ࢇ + (૛࢈ + ૛࢈)ࢉ࢈ + (૛ࢉ + ૛ࢉ)ࢇࢉ + (૛ࢇ ≥ ૚૟ࡾ൬
ࢉ࢈ࢇ
૝ࡾ

൰ ൬
ࢇ + ࢈ + ࢉ

૛
൰ 

≥ ૛࢈ࢇ																		 ≥ ૛ࢉ࢈															 ≥ ૛ࢇࢉ 

૛ࢇ)࢈ࢇ + (૛࢈ + ૛࢈)ࢉ࢈ + (૛ࢉ + ૛ࢉ)ࢇࢉ + (૛ࢇ = ૛ࢇ)ࢉ࢈ࢇ + ࢈ +  (ࢉ

≥ ૛ࢇ૛࢈૛ + ૛࢈૛ࢉ૛ + ૛ࢉ૛ࢇ૛	(ࡹ࡭ ≥  (ࡹࡳ
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= ૛(࢞૛ + ૛࢟ + (૛ࢠ ≥ ૛(࢟࢞ + ࢠ࢟ + (࢞ࢠ = ૛ࢇ)ࢉ࢈ࢇ + ࢈ +  (ࢉ

 (where ࢞ = ,࢈ࢇ ࢟ = ࢠ,ࢉ࢈ =  (ࢇࢉ

 

12. In acute triangle ࡯࡮࡭ the following relationship holds: 

૛ૠࢇ࢓
૛࢈࢓

૛ࢉ࢓
૛

૟ࡿ ≤ ൬
૚

࢖) − ૛(ࢇ +
૚

࢖) − ૛(࢈ +
૚

࢖) − ૛൰(ࢉ
૜

 

ࢇ࢓ − median length, ࡿ − area 

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

∆=  ࡿ

૛ૠࢇ࢓
૛࢈࢓

૛ࢉ࢓
૛

૟ࢤ
≤ ቄ ૚

૛(ࢇି࢖) + ૚
૛(࢈ି࢖) + ૚

૛ቅ(ࢉି࢖)
૜

    (1) 

ࢇ࢓
૛ =

૛࢈૛ + ૛ࢉ૛ − ૛ࢇ

૝
; ࢈࢓	

૛ =
૛ૠࢉ૛ + ૛ࢇ૛ − ૛࢈

૝
; ࢉ࢓	

૛ =
૛ࢇ૛ + ૛࢈૛ − ૛ࢉ

૝
 

(1) ⇔ ૛ૠ
૟૝

(૛࢈૛ + ૛ࢉ૛ − ૛ࢉ૛)(૛ࢇ + ૛ࢇ૛ − ૛ࢇ૛)(૛࢈ + ૛࢈૛ −  (૛ࢉ

≤ ቊ
૛ࢤ

࢖) − ૛(ࢇ +
૛ࢤ

࢖) − ૛(࢈ +
૛ࢤ

࢖) − ૛ቋ(ࢉ
૜

 

⇔
૜
૝
ඥ(૛࢈૛ + ૛ࢉ૛ − ૛ࢉ૛)(૛ࢇ + ૛ࢇ૛ − ૛ࢇ૛)(૛࢈ + ૛࢈૛ − ૛)૜ࢉ  

≤
૛ࢤ

࢖) − ૛(ࢇ +
૛ࢤ

࢖) − ૛(࢈ +
૛ࢤ

࢖) −  ૛(ࢉ

ࡹࡳ ≤ ࡹ࡭ ⇒
૜
૝
ඥ(૛࢈૛ + ૛ࢉ૛ − ૛ࢉ૛)(૛ࢇ + ૛ࢇ૛ − ૛ࢇ૛)(૛࢈ + ૛࢈૛ − ૛)૜ࢉ  

≤
૜
૝

(૛࢈૛ + ૛ࢉ૛ − (૛ࢇ + (૛ࢉ૛ + ૛ࢇ૛ − (૛࢈ + (૛ࢇ૛ + ૛࢈૛ − (૛ࢉ
૜  
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= ૜
૝

૛ࢇ) + ૛࢈ + ૛࢈ ;is acute ࢤ ;(૛ࢉ + ૛ࢉ − ૛ࢇ > ૙, ૛࢈૛ + ૛ࢉ૛ − ૛ࢇ > ૙.... 

similarly I shall show that, ૜
૝

૛ࢇ) + ૛࢈ + (૛ࢉ ≤ ૛ࢤ

૛(ࢇି࢖) + ૛ࢤ

૛(࢈ି࢖) + ૛ࢤ

 ૛    (2)(ࢉି࢖)

which will prove (1) 

= of (2) ࡿࡴࡾ (ࢉି࢖)(࢈ି࢖)(ࢇି࢖)࢖
૛(ࢇି࢖) + (ࢉି࢖)(࢈ି࢖)(ࢇି࢖)࢖

૛(࢈ି࢖) + (ࢉି࢖)(࢈ି࢖)(ࢇି࢖)࢖
૛(ࢉି࢖)  

= ࢖ ቊ
࢖) − ࢖)(࢈ − (ࢉ

࢖ − ࢇ
+

࢖) − ࢖)(ࢉ − (ࢇ
࢖ − ࢈

+
࢖) − ࢖)(ࢇ − (࢈

࢖ − ࢉ
ቋ 

=
+ࢇ) ࢈ + (ࢉ

૝ ቊ
ࢉ) + ࢇ − ࢇ)(࢈ + −࢈ (ࢉ

࢈ + ࢉ − ࢇ +
+ࢇ) −࢈ +࢈)(ࢉ ࢉ − (ࢇ

+ࢉ ࢇ − ࢈ +
+࢈) ࢉ − ࢉ)(ࢇ + ࢇ − (࢈

ࢇ + +࢈ ࢉ ቋ 

 (2) ⇔ ૜(ࢇ૛ + ૛࢈ + (૛ࢉ ≤ ࢇ) + ࢈ + (ࢉ ቄ(ࢉା࢈ିࢇ)(ࢇାࢉି࢈)
ࢇିࢉା࢈

+ (ࢇିࢉା࢈)(ࢉି࢈ାࢇ)
࢈ିࢇାࢉ

+ (࢈ିࢇାࢉ)(ࢇିࢉା࢈)
ࢉି࢈ାࢇ

ቅ   (3) 

Let ࢇ + ࢈ − ࢉ = ࢈,࢞ + ࢉ − ࢇ = ,࢟ ࢉ + ࢇ − ࢈ =  ࢠ

ࢇ + ࢈ + ࢉ = ࢞ + ࢟ + ࢇ,ࢠ =
ࢠ + ࢞
૛ ࢈, =

࢞ + ࢟
૛ , ࢉ =

࢟ + ࢠ
૛  

 (3) ⇔ ૜
૝

ࢠ)} + ૛(࢞ + ࢞) + ૛(࢟ + ࢟) + {૛(ࢠ ≤ ࢞) + ࢟ + (ࢠ ቀ࢟࢞
ࢠ

+ ࢠ࢟
࢞

+ ࢞ࢠ
࢟
ቁ 

⇔ ૟ቀ෍࢞૛ + ෍࢟࢞ቁࢠ࢟࢞ ≤ ૝ ቀ෍࢞ቁ ቀ෍࢞૛࢟૛ቁ 

⇔ ૛(࢞ + ࢟ + ૛࢟૛࢞)(ࢠ + ૛ࢠ૛࢟ +  (૛࢞૛ࢠ

≥ ૜(࢞૛ + ૛࢟ + ૛ࢠ + +࢟࢞ ࢠ࢟ +  ࢠ࢟࢞(࢞ࢠ

⇔ ૛࢞૜࢟૛ + ૛࢞૛࢟૜ + ૛࢟૛ࢠ૛ + ૛࢟૛ࢠ૜ + ૛ࢠ૜࢞૛ + ૛ࢠ૛࢞૜ 

+૛࢟࢞)ࢠ࢟࢞+ ࢠ࢟ + (࢞ࢠ ≥ ૜ࢠ࢟࢞ ቀ෍࢞૛ቁ + ૜ࢠ࢟࢞(૜ࢠ࢟࢞+ ૛࢞) 

⇔ ૛࢞૜࢟૛ + ૛࢞૛࢟૜ + ૛࢟૜ࢠ૛ + ૛࢟૛ࢠ૜ + ૛ࢠ૜࢞૛ + ૛ࢠ૛࢞૜ ≥ 

≥ ૜࢞૜ࢠ࢟ + ૜࢟૜࢞ࢠ + ૜ࢠ૜࢟࢞ + ࢠ૛࢟૛࢞ + ࢞૛ࢠ૛࢟ +  (4)   ࢟૛࢞૛ࢠ

ࡹ࡭ ≥ ࡹࡳ ⇒ ૜
૛

૛࢟૜࢞) + (૛ࢠ૜࢞ ≥ ૜࢞૜ࢠ࢟   (i) 
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૜
૛

૛࢞૜࢟) + (૛ࢠ૜࢟ ≥ ૜࢟૜࢞ࢠ    (ii) 

૜
૛

૛࢞૜ࢠ) + (૛࢟૜ࢠ ≥ ૜ࢠ૜࢟࢞    (iii) 

(࢏) + (࢏࢏) + (࢏࢏࢏) ⇒
૜
૛

૛࢟૜࢞) + ૜࢟૛࢞ + ૛ࢠ૜࢟ + ૜ࢠ૛࢟ + ૛࢞૜ࢠ + (૜࢞૛ࢠ ≥ 

≥ ૜࢞૜ࢠ࢟ + ૜࢟૜࢞ࢠ + ૜ࢠ૜࢟࢞    (A) 

⎩
⎪⎪
⎨

⎪⎪
࢞⎧

૜࢟૛ + ૜ࢠ૛࢟ + ૜ࢠ૛࢟ ≥ ૜࢟࢞૛ࢠ૛

૛࢞૜࢟ + ૜ࢠ૛࢞ + ૜ࢠ૛࢞ ≥ ૜࢞࢟૛ࢠ૛

૛ࢠ૜࢟ + ૜࢞૛ࢠ + ૜࢞૛ࢠ ≥ ૜ࢠ࢟૛࢞૛

૛࢟૛ࢠ + ૜࢞૛࢟ + ૜࢞૛࢟ ≥ ૜࢟ࢠ૛࢞૛

૛࢞૜ࢠ + ૜࢟૛࢞ + ૜࢟૛࢞ ≥ ૜࢞ࢠ૛࢟૛

૛ࢠ૜࢞ + ૜࢟૛ࢠ + ૜࢟૛ࢠ ≥ ૜࢟࢞૛ࢠ૛⎭
⎪⎪
⎬

⎪⎪
⎫

ࡹ࡭	 ≥  ࡹࡳ

Adding, 

 ૜(࢞૜࢟૛ + ૜࢟૛࢞ + ૛ࢠ૜࢟ + ૜ࢠ૛࢟ + ૛࢞૜ࢠ + (૜࢞૛ࢠ ≥ ૟(࢞૛࢟૛ࢠ + ࢞૛ࢠ૛࢟ +  (࢟૛࢞૛ࢠ

⇒ ૚
૛

૛࢟૜࢞) + ૜࢟૛࢞ + ૛ࢠ૜࢟ + ૜ࢠ૛࢟ + ૛࢞૜ࢠ + (૜࢞૛ࢠ ≥ ࢠ૛࢟૛࢞ + ࢞૛ࢠ૛࢟ +    ࢟૛࢞૛ࢠ

(B) 

࡭ ࡮+ ⇒ ૛(࢞૜࢟૛ + ૜࢟૛࢞ + ૛ࢠ૜࢟ + ૜ࢠ૛࢟ + ૛࢞૜ࢠ + (૜࢞૛ࢠ ≥ 

≥ ૜࢞૜ࢠ࢟ + ૜࢟૜࢞ࢠ + ૜ࢠ૜࢟࢞ + ࢠ૛࢟૛࢞ + ࢞૛ࢠ૛࢟ +  ࢟૛࢞૛ࢠ

which proves (4) and thus, the inequality. 

 

13. In ࢤ	࡯࡮࡭ the following relationship holds: 

෍
૚
૛ࢇ

ࢉ࢟ࢉ

൬
࢈
૛ࢇ +

૚
൰࢈ ≥

૜
૛ࡿࡾ 

ࡿ − area, ࡾ− circumscribed radius 

Proposed by Daniel Sitaru – Romania 
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Solution by Kevin Soto Palacios –Huarmey- Peru  

Probar en un triángulo ࡯࡮࡭ si es (V) o (F): ∑ ૚
૛ࢇ
ቀ ࢈
૛ࢇ

+ ૚
࢈
ቁ ≥ ૜

૛ࡿࡾ
 

Tener presente en un triángulo ࡯࡮࡭: ૝ࡿࡾ =  ࢉ࢈ࢇ

La desigualdad es equivalente: ૚
૛ࢇ
ቀ ࢈
૛ࢇ

+ ૚
࢈
ቁ+ ૚

૛࢈
ቀ ࢉ
૛࢈

+ ૚
ࢉ
ቁ + ૚

૛ࢉ
ቀ ࢇ
૛ࢉ

+ ૚
ࢇ
ቁ ≥ ૟ࢉ࢈ࢇ 

Por desigualdades entre las medias: ࡭ࡹ ≥ ,࢈,ࢇ :Siendo ,ࡳࡹ ࢉ > ૙ 
࢈
૛ࢇ

+ ૚
࢈
≥ ૛

ࢇ
⇔ ૚

૛ࢇ
ቀ ࢈
૛ࢇ

+ ૚
࢈
ቁ ≥ ૛

૜ࢇ
      (A) 

૚
૛࢈
ቀ ࢉ
૛࢈

+ ૚
ࢉ
ቁ ≥ ૛

૜࢈
     (B) 

૚
૛ࢉ
ቀ ࢇ
૛ࢉ

+ ૚
ࢇ
ቁ ≥ ૛

૜ࢉ
     (C) 

Sumando: (࡭) + (࡮) + ࡭ࡹ :y aplicando (࡯) ≥  ࡳࡹ
૚
૛ࢇ
ቀ ࢈
૛ࢇ

+ ૚
࢈
ቁ + ૚

૛࢈
ቀ ࢉ
૛࢈

+ ૚
ࢉ
ቁ + ૚

૛ࢉ
ቀ ࢇ
૛ࢉ

+ ૚
ࢇ
ቁ ≥ ૛

૜ࢇ
+ ૛

૜࢈
+ ૛

૜ࢉ
≥ ૟

ࢉ࢈ࢇ
   (LQQD) →  

La desigualdad es (V). 

 

14. In ࢤ	࡯࡮࡭ the following inequality holds: 

෍
൫ࢇ√ࢇ + ൯࢈√࢈ ܖܑܛ ࡯

ࢇ√ + ࢈√
≤෍

൫ࢇ૜√ࢇ + ൯࢈√૜࢈ ܖܑܛ ࡯
ࢇ√૛ࢇ + ࢈√૛࢈

 

Proposed by Daniel Sitaru – Romania 

Solution by Kevin Soto Palacios-Huarmey-Peru: 

En un triángulo ࡯࡮࡭. Probar que: ∑ ൫ࢇ√ࢇା࢈√࢈൯࡯ܖܑܛ
࢈√ାࢇ√

≤ ∑ ൫ࢇ૜√ࢇା࢈૜√࢈൯ ࡯ܖܑܛ
࢈√૛࢈ାࢇ√૛ࢇ

⇔ 

⇔෍
൫ࢇ૜√ࢇ + ൯࢈√૜࢈ ࡯ܖܑܛ

ࢇ√૛ࢇ + ࢈√૛࢈
−෍

൫ࢇ√ࢇ + ൯࢈√࢈ ࡯ܖܑܛ

ࢇ√ + ࢈√
≥ ૙ 

Realizamos los siguientes cambios de variables: 
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ࢇ√ = ࢈√,૛࢞ = ࢉ√,૛࢟ = ૛ࢠ ⇔ ,࢈,ࢇ ࢉ > 0, por lo tanto: ࢟,࢞, ࢠ > 0 

⇒
൫ࢇ√ࢇ + ൯࢈√࢈ ܖܑܛ ࡯

ࢇ√ + ࢈√
≤
൫ࢇ૜√ࢇ + ൯࢈√૜࢈ ࡯ܖܑܛ

ࢇ√૛ࢇ + ࢈√૛࢈
 

⇒ ࡯ܖܑܛ ቆ
ૠ࢞ + ૠ࢟

૞࢞ + ૞࢟ −
૜࢞ + ૜࢟

࢞ + ࢟ ቇ ≥ ૙ → ܖܑܛ ቆ࡯
ૠ࢞) + +࢞)(ૠ࢟ (࢟ − ૜࢞) + ૞࢞૜)൫࢟ + ૞൯࢟

࢞) + ૞࢞)(࢟ + (૞࢟ ቇ ≥ ૙ 

⇒ ܖܑܛ ࡯
૟࢞)࢟࢞ + (૟࢟ − ૛࢞)૜࢟૜࢞ + (૛࢟

࢞) + ૞࢞)(࢟ + (૞࢟ ≥ ૙ → ܖܑܛ ࡯
૟࢞]࢟࢞ + ૟࢟ − ૛࢞)૛࢟૛࢞ + [(૛࢟

࢞) + ૞࢞)(࢟ + (૞࢟ ≥ ૙ 

⇒ ܖܑܛ ࡯
૛࢞)]࢟࢞ + ૛)૜࢟ − ૝࢞૛࢟૛(࢞૛ + [(૛࢟

࢞) + ૞࢞)(࢟ + (૞࢟ → ܖܑܛ ࡯
૛࢞)࢟࢞ + ૛࢞)](૛࢟ + ૛)૛࢟ − ૝࢞૛࢟૛]

࢞) + ૞࢞)(࢟ + (૞࢟ ≥ ૙ 

⇒ ܖܑܛ ࡯ ૛൯࢟૛ି࢞൫࢟࢞
૛

૞൯࢟૞ା࢞൫(࢟ା࢞)
≥ ૙      (A)   Por la tanto: ܖܑܛ ࡭ ૛൯ࢠ૛ି࢟൫ࢠ࢟

૛

૞൯ࢠ૞ା࢟൫(ࢠା࢟)
≥ ૙    (B) 

⇒ ࡮ܖܑܛ ૛൯࢞૛ିࢠ൫ࢠ࢞
૛

૞൯ࢠ૞ା࢞൫(ࢠା࢞)
≥ ૙      (C)  → Sumando (࡭) + (࡮) +  :(࡯)

෍
൫ࢇ૜√ࢇ+ ܖܑܛ൯࢈√૜࢈ ࡯

ࢇ√૛ࢇ + ࢈√૛࢈
−෍

൫ࢇ√ࢇ+ ൯࢈√࢈ ܖܑܛ ࡯
ࢇ√ + ࢈√

≥ ૙ 

 

15. In ࢤ	࡯࡮࡭	the following relationship holds: 

૚
૜ࢇ૜෍࢘ ࡮ܛܗ܋ ࡯ܛܗ܋ ≥ ૚૟ ቀ෍࡭ܖܑܛቁ ቀ෍ܛܗ܋૛࡭ቁ 

࢘ − inradius 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumava Chakraborty – Kolkata – India  

૜ࢇ ࡮ܛܗ܋ ࡯ܛܗ܋ = ૜(ૡࡾ ૜ܖܑܛ ࡮ܛܗ܋࡭  (࡯ܛܗ܋

ૡܖܑܛ૜ ࡮ܛܗ܋࡭ ࡯ܛܗ܋ = (૛ ૛ܖܑܛ ૝)(࡭ ࡭ܖܑܛ ࡮ܛܗ܋ (࡯ܛܗ܋ = 

= (૚ − ૛)(࡭૛ܛܗ܋ ૛)(࡯ܛܗ܋ ࡭ܖܑܛ (࡮ܛܗ܋ = 

= (૚ − ܛܗ܋ ૛࡭)(૛ ࡭)ܖܑܛ}(࡯ܛܗ܋ + (࡮ + ࡭)ܖܑܛ − {(࡮ = 

= (૚ − ૛}(࡭૛ܛܗ܋ ࡯ܛܗ܋ ܖܑܛ ࡯ − ૛࡭)ܛܗ܋ + (࡮ ࡭)ܖܑܛ − {(࡮ = 
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= (૚ − ࡯૛ܖܑܛ}(࡭૛ܛܗ܋ − ܖܑܛ) ૛࡭ − ܖܑܛ ૛࡮)} = 

= (૚ − ܖܑܛ)(࡭ܛܗ܋ ૛࡮ + ࡯૛ܖܑܛ − ܖܑܛ ૛࡭) = 

= ࡮૛ܖܑܛ + ܖܑܛ ૛࡯ − ܖܑܛ ૛࡭ − ܛܗ܋ ૛࡭ ܖܑܛ ૛࡮ − ܛܗ܋ ૛࡭ ܖܑܛ ૛࡯ + ࡭૛ܛܗ܋ ܖܑܛ ૛࡭   

(1) 

Similarly, ૡ ࡯ܛܗ܋࡮૜ܖܑܛ ࡭ܛܗ܋ = (૚ − ܛܗ܋ ૛ܖܑܛ)(࡮૛࡯ + ࡭૛ܖܑܛ − ܖܑܛ ૛࡮) 

= ࡯૛ܖܑܛ + ܖܑܛ ૛࡭ − ܖܑܛ ૛࡮ − ࡮૛ܛܗ܋ ܖܑܛ ૛࡯ − ࡮૛ܛܗ܋ ܖܑܛ ૛࡭ + ܖܑܛ ૛࡮    ࡮૛ܛܗ܋

(2) 

and ૡܖܑܛ૜ ࡭ܛܗ܋࡯ ࡮ܛܗ܋ = (૚ − ܖܑܛ)(࡯૛ܛܗ܋ ૛࡭ + ܖܑܛ ૛࡮ − ܖܑܛ ૛࡯) 

= ࡭૛ܖܑܛ + ܖܑܛ ૛࡮ − ࡯૛ܖܑܛ − ܛܗ܋ ૛࡯ ܖܑܛ ૛࡭ − ࡯૛ܛܗ܋ ܖܑܛ ૛࡮ + ࡯૛ܖܑܛ     ࡯૛ܛܗ܋

(3) 

(૚) + (૛) + (૜) ⇒
૚
૜࢘
෍ࢇ૜ ࡮ܛܗ܋  ࡯ܛܗ܋

=
૜ࡾ

૜࢘
൫(ܖܑܛ ૛࡭ + ૛ ܖܑܛ ૛࡮ + ܖܑܛ ૛࡯)− ࡯૛ܖܑܛ ࡭૛ܛܗ܋) + (࡮૛ܛܗ܋

− ܖܑܛ ૛ܛܗ܋)࡮૛࡯ + ܛܗ܋ ૛࡭) − ࡭૛ܖܑܛ ܛܗ܋) ૛࡮ + (࡯૛ܛܗ܋ + ܛܗ܋ ૛࡭ ܖܑܛ ૛࡭ + ܛܗ܋ ૛࡮ ܖܑܛ ૛࡮

+ ܛܗ܋ ૛࡯ ܖܑܛ ૛࡯൯ 

ܖܑܛ− ૛࡯ ܛܗ܋) ૛࡭ + ܛܗ܋ ૛࡮) = ܖܑܛ− ૛࡯ {૛ ࡭)ܛܗ܋ + (࡮ ࡭)ܛܗ܋ −  {(࡮

= −૛ ࡯ܖܑܛ ࡯ܛܗ܋ (−૛ ࡯ܛܗ܋ ࡭)ܛܗ܋ −  ((࡮

= ૝ ૛ܛܗ܋ ࡭)ܖܑܛ࡯ + (࡮ ࡭)ܛܗ܋ − (࡮ = ૛ ૛ܛܗ܋ ࡯ ܖܑܛ) ૛࡭ + ܖܑܛ ૛࡮) 

= (૚ + ܖܑܛ)(࡯૛ܛܗ܋ ૛࡭ + ܖܑܛ ૛࡮) 

= ܖܑܛ) ૛࡭ + (࡮૛ܖܑܛ + ܛܗ܋ ૛࡯ ܖܑܛ) ૛࡭ +  (4)        (࡮૛ܖܑܛ

Similarly, −ܖܑܛ ૛࡮ ࡯૛ܛܗ܋) +  (࡭૛ܛܗ܋

= ܖܑܛ) ૛࡯ + (࡭૛ܖܑܛ + ܛܗ܋ ૛࡮ ܖܑܛ) ૛࡯ + ܖܑܛ ૛(5)         (࡭ 

and – ܖܑܛ ૛࡭ ࡮૛ܛܗ܋) +  (࡯૛ܛܗ܋

= ܖܑܛ) ૛࡮ + ܖܑܛ ૛࡯) + ܛܗ܋ ૛࡭ ܖܑܛ) ૛࡮ + ܖܑܛ ૛(6)         (࡯ 
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૚
૜࢘
෍ࢇ૜ ࡮ܛܗ܋  ࡯ܛܗ܋

=
૜ࡾ

૜࢘ ቄ૜෍ܖܑܛ૛࡭ + ࡭૛ܛܗ܋) + ࡮૛ܛܗ܋ + (࡯૛ܛܗ܋ ቀ෍ܖܑܛ ૛࡭ቁቅ 

=
૜ࡾ

૜࢘
ቀ෍ܖܑܛ૛࡭ቁ {(૚ + (࡭૛ܛܗ܋ + (૚ + ܛܗ܋ ૛࡮) + (૚ + ܛܗ܋ ૛࡯)} 

= ૜ࡾ

૜࢘
ܖܑܛ∑) ૛࡭)(૛)(∑ܛܗ܋૛࡭) = ૛ࡾ૜

૜࢘
ܖܑܛ∑) ૛࡭)(∑ܛܗ܋૛࡭)     (A) 

෍ܖܑܛ૛࡭ = ࡭૛ܖܑܛ + ܖܑܛ ૛࡮ + ܖܑܛ ૛࡯ = 

= ૛ ࡭)ܖܑܛ + (࡮ ⋅ ࡭)ܛܗ܋ − (࡮ + ૛ ܖܑܛ ࡯ ࡯ܛܗ܋ = 

= ૛ܖܑܛ ࡯ ࡭)ܛܗ܋} − −(࡮ ࡭)ܛܗ܋ + {(࡮ = 

= ૛ ܖܑܛ ࡯ ⋅ ૛ ࡭ܖܑܛ ࡮ܖܑܛ = ૝ ࡭ܖܑܛ ࡮ܖܑܛ ܖܑܛ ࡯ = 

= ૝ ⋅ ૡ ܖܑܛ
࡭
૛ ܖܑܛ

࡮
૛ ܖܑܛ

࡯
૛ ܛܗ܋

࡭
૛ ܛܗ܋

࡮
૛ ܛܗ܋

࡯
૛ = 

= ቀૡ ܖܑܛ ࡭
૛
࡮ܖܑܛ

૛
ܖܑܛ ࡯

૛
ቁ ቀ૝ ܛܗ܋ ࡭

૛
࡮ܛܗ܋

૛
ܛܗ܋ ࡯

૛
ቁ        (7) 

Now, ࡭ܖܑܛ + ܖܑܛ ࡮ + ܖܑܛ ࡯ = ૛ܖܑܛ ࡮ା࡭
૛
ܛܗ܋ ࡮ି࡭

૛
+ ૛ ܖܑܛ ࡯

૛
ܛܗ܋ ࡯

૛
 

= ૛ ܛܗ܋
࡯
૛
൬ܛܗ܋

࡭ − ࡮
૛

+ ܛܗ܋
࡭ + ࡮
૛

൰ = ૝ ܛܗ܋
࡭
૛
ܛܗ܋

࡮
૛
ܛܗ܋

࡯
૛

 

(7) ⇒ ࡭૛ܖܑܛ∑ = ૡ ܖܑܛ ࡭
૛
ܖܑܛ ࡮

૛
ܖܑܛ ࡯

૛
 (࡭ܖܑܛ∑)

= ૡඨ
࢙) − ࢙)(࢈ − (ࢉ

ࢉ࢈
ඨ

࢙) − ࢙)(ࢉ − (ࢇ
ࢇࢉ

ඨ
࢙) − ࢙)(ࢇ − (࢈

࢈ࢇ
ቀ෍࡭ܖܑܛቁ 

=
ૡ࢙)࢙ − ࢙)(ࢇ − ࢙)(࢈ − (࢈

ࢉ࢈ࢇ࢙ ቀ෍ܖܑܛ ቁ࡭ = ቆ
ૡࢤ૛

ቇࢉ࢈ࢇ࢙ ቀ෍࡭ܖܑܛቁ 

ࢤ = ࢉ࢈ࢇ
૝ࡾ

 and ࢤ = ૛ࢤ ,࢙࢘ = ࢘(ࢉ࢈ࢇ࢙)
૝ࡾ
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෍ܖܑܛ ૛࡭ =
ૡ(ࢉ࢈ࢇ࢙)࢘
૝(ࢉ࢈ࢇ࢙)ࡾ ቀ෍࡭ܖܑܛቁ =

૛࢘
ࡾ
ቀ෍࡭ܖܑܛቁ 

(A) ⇒ ૚
૜࢘

૜ࢇ∑) ࡮ܛܗ܋ (࡯ܛܗ܋ = ቀ૛ࡾ
૜

૜࢘
ቁ ൬૛࢘

ࡾ
൰(࡭ܖܑܛ∑)  (࡭૛ܛܗ܋∑)

(B)  

= ૝ ቀࡾ
૛

૛࢘
ቁ ܖܑܛ∑) (࡭૛ܛܗ܋∑)(࡭ ≥ ૝(૛૛)(∑࡭ܖܑܛ)(∑ܛܗ܋૛࡭)      (ࡾ ≥ ૛࢘) 

= ૚૟ ቀ෍࡭ܖܑܛቁ ቀ෍ܛܗ܋૛࡭ቁ 

Solution 2 by Kevin Soto Palacios – Huarmey – Peru  

En un triángulo ࡯࡮࡭. Probar que: 
૚
૜࢘
૜ࢇ∑ ࡮ܛܗ܋ ࡯ܛܗ܋ ≥ ૚૟(∑࡭ܖ܍ܛ)(ܛܗ܋૛࡭) →  (Inradio) ࢘

૜ࡾ

૜࢘
(ૡ ࡮ܛܗ܋࡭૜ܖ܍ܛ ࡯ܛܗ܋ + ૡ ࡭ܛܗ܋࡮૜ܖ܍ܛ ࡯ܛܗ܋ + ૡ ૜ܖ܍ܛ ࡭ܛܗ܋࡯ (࡮ܛܗ܋ ≥ 

≥ ૚૟(࡭ܖ܍ܛ + ࡮ܖ܍ܛ + ࡭૛ܛܗ܋)(࡯ܖ܍ܛ + ࡮૛ܛܗ܋ + ૛ܛܗ܋  (࡯

Tener presente en un triángulo ࡯࡮࡭: 

࡭૝ܖ܍ܛ .1 + ࡮૝ܖ܍ܛ + ࡯૝ܖ܍ܛ = −૝ܖ܍ܛ૛࡭  ࡯૛ܖ܍ܛ࡮૛ܖ܍ܛ

࡭૛ܛܗ܋ .2 + ࡮૛ܛܗ܋ + ૛ܛܗ܋ ࡯ = ૚ − ૛ ࡭ܛܗ܋ ࡮ܛܗ܋  ࡯ܛܗ܋

࢘ .3
ࡾ

= ૝ ܖ܍ܛ ࡭
૛
ܖ܍ܛ ࡮

૛
ܖ܍ܛ ࡯

૛
 

࡮)ܖ܍ܛ .4 + (࡯ = ࡮૛)ܖ܍܁ .5	∧	࡭ܖ܍ܛ + ૛࡯) =  ࡭૛ܖ܍ܛ−

૚ࢀ = ૡ ૜ܖ܍ܛ ࡮ܛܗ܋࡭ ࡯ܛܗ܋ → ૚ࢀ = (૛ ૛ܖ܍ܛ ૛)(࡭ ࡮)ܛܗ܋)(࡭ܖ܍ܛ + (࡯ + −࡮)ܛܗ܋  ((࡯

૚ࢀ = (૚ − ૛)(࡭૛ܛܗ܋ ࡮)ܖ܍ܛ + (࡯ ࡮)ܛܗ܋) + (࡯ + ࡮)ܛܗ܋ −  ((࡯

૚ࢀ = (૚ − ࡮૛)ܖ܍ܛ)(࡭૛ܛܗ܋ + ૛࡯) + ࡮૛ܖ܍ܛ +  (࡯૛ܖ܍ܛ
૚ࢀ = ܖ܍ܛ−) ૛࡭ + ܖ܍ܛ ૛࡮ + ܖ܍ܛ ૛࡯)− ܖ܍ܛ ૛࡮ ࡭૛ܛܗ܋ − ࡭૛ܛܗ܋	૛۱ܖ܍ܛ + (૙.૞)૛ ܖ܍ܛ ૛࡭  ࡭૛ܛܗ܋

૛ࢀ = ૡ ૜ܖ܍ܛ ܛܗ܋࡮ ࡯ܛܗ܋࡭ → ૛ࢀ
= ࡮૛ܖ܍ܛ−) + ܖ܍ܛ ૛࡭ + (࡯૛ܖ܍ܛ − ࡭૛ܖ܍ܛ ܛܗ܋ ૛࡮ − ܖ܍ܛ ૛࡯ ࡮૛ܛܗ܋ + (૙,૞)૛ ࡮૛ܖ܍ܛ  ࡮૛ܛܗ܋
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૜ࢀ = ૡ ૜ܖ܍ܛ ܛܗ܋࡯ ࡮ܛܗ܋࡭ → ૜ࢀ
= ࡯૛ܖ܍ܛ−) + ܖ܍ܛ ૛࡭ + (࡮૛ܖ܍ܛ − ࡭૛ܖ܍ܛ ܛܗ܋ ૛࡯ − ܖ܍ܛ ૛ܛܗ܋࡮૛࡯ + (૙,૞)૛ ܖ܍ܛ ૛࡯  ࡯૛ܛܗ܋

૚ࢀ + ૛ࢀ + ૜ࢀ = ૛(ܖ܍ܛ૛࡭ + ࡮૛ܖ܍ܛ + (࡯૛ܖ܍ܛ − ૛ܖ܍ܛ૛࡭  ࡯૛ܖ܍ܛ࡮૛ܖ܍ܛ

૚ࢀ + ૛ࢀ + ૜ࢀ = ૛(૝ ܖ܍ܛ ࡭ ࡮ܖ܍ܛ ૚)(࡯ܖ܍ܛ − ૛ ܛܗ܋ ࡭ ܛܗ܋ ࡮ (࡯ܛܗ܋ ≥ 

≥ ૚૟(࡭ܖ܍ܛ + ࡮ܖ܍ܛ + ૛ܛܗ܋)(࡯ܖ܍ܛ ࡭ + ૛ܛܗ܋ ࡮ + ૛ܛܗ܋ (࡯ ൬૝ ܖ܍ܛ
࡭
૛ ܖ܍ܛ

࡮
૛ ܖ܍ܛ

࡯
૛൰

૜

 

ૡ ܖ܍ܛ ࡭ ܖ܍ܛ࡮ܖ܍ܛ ࡯ ≥ ૚૟ ൬૝ ܛܗ܋
࡭
૛
ܛܗ܋

࡮
૛
ܛܗ܋

࡯
૛
൰൬૛ ܖ܍ܛ

࡭
૛
ܖ܍ܛ

࡮
૛
ܖ܍ܛ

࡯
૛
൰ૡ࢞૝൬ܖ܍ܛ

࡭
૛
ܖ܍ܛ

࡮
૛
ܖ܍ܛ

࡯
૛
൰
૛

→ 

→
૚
૟૝ ≥ ൬ܖ܍ܛ

࡭
૛ ܖ܍ܛ

࡮
૛ ܖ܍ܛ

࡯
૛൰

૛

→
૚
ૡ≥ ܖ܍ܛ

࡭
૛ ܖ܍ܛ

࡮
૛ ܖ܍ܛ

࡯
૛ 

 

16. In ࢤ	࡯࡮࡭ the following relationship holds: 

෍ඨܛܗ܋
࡭
૛ ܛܗ܋

࡮
૛ ≤ ܛܗ܋

࣊ − ࡭
૝ + ܛܗ܋

࣊ − ࡮
૝ + ܛܗ܋

࣊ − ࡯
૝  

Proposed by Daniel Sitaru – Romania 

Solution by Kevin Soto Palacios-Huarmey-Peru  

En un triángulo ࡯࡮࡭. Probar si es (V) o (F): 

෍ඨܛܗ܋
࡭
૛
ܛܗ܋

࡮
૛
≤ ൬ܛܗ܋

࣊ − ࡭
૝

൰ + ܛܗ܋ ൬
࣊ − ࡮
૝

൰ + ܛܗ܋ ൬
࣊ − ࡯
૝

൰ 

Sea: ࢀ૚ = ටܛܗ܋ ࡭
૛
ܛܗ܋ ࡮

૛
= ටܛܗ܋ቀ࡭శ࡮૛ ቁାቀ࡭ܛܗ܋ష࡮૛ ቁ

૛
⇔ ࡮ି࡭ቀܛܗ܋

૛
ቁ ≤ ૚ 

⇒ ૚ࢀ = ඨܛܗ܋ቀ
࡭ + ࡮
૛ ቁ + ቀ࡭ܛܗ܋ − ࡮

૛ ቁ
૛

≤ ඨܖ܍ܛ
࡯
૛ + ૚
૛

= ඨ૚ + ܛܗ܋ ቀ࣊ − ࡯
૛ ቁ

૛
= 

= ටܛܗ܋૛ ቀ࡯ି࣊
૝
ቁ = ࡯ି࣊ቀܛܗ܋

૝
ቁ     (A) 

Análogamente para los demás términos:  
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⇒ ૛ࢀ = ට࡮ܛܗ܋
૛
ܛܗ܋ ࡯

૛
≤ ࡭ି࣊ቀܛܗ܋

૝
ቁ    (B) 

૜ࢀ = ටܛܗ܋ ࡭
૛
ܛܗ܋ ࡯

૛
≤ ܛܗ܋ ቀ࡮ି࣊

૝
ቁ    (C) 

Sumando: (࡭) + (࡮) +   :(࡯)

∑ටܛܗ܋ ࡭
૛
࡮ܛܗ܋

૛
≤ ࡭ି࣊ቀܛܗ܋

૝
ቁ+ ܛܗ܋ ቀ࡮ି࣊

૝
ቁ+ ܛܗ܋ ቀ࡯ି࣊

૝
ቁ;  (LQQD)→es (V) 

 

17. In ࢤ	࡯࡮࡭ the following relationship holds: 

ܖܑܛ
࡭
૛
ܖܑܛ

࡮
૛
ܖܑܛ

࡯
૛

+ ܛܗ܋
࡭
૛
ܛܗ܋

࡮
૛
ܛܗ܋

࡯
૛
≥
ࡿ√
૛ࡾ

 

ࡾ − circumradius, ࡿ − area 

Proposed by Daniel Sitaru – Romania  

Solution by Kevin Soto Palacios –Huarmey- Peru  

En un triángulo ࡯࡮࡭: Probar que si es (V) o (F) lo siguiente: 

ܖ܍ܛ
࡭
૛
ܖ܍ܛ

࡮
૛
ܖ܍ܛ

࡯
૛

+ ܛܗ܋
࡭
૛
ܛܗ܋

࡮
૛
ܛܗ܋

࡯
૛
≥
√૛
૛ࡾ

 

Tener en cuenta lo siguiente: ࡿ = ૛ࡾ૛ ࡭ܖ܍ܛ  ࡯ܖ܍ܛ࡮ܖ܍ܛ

࢞૛ܖ܍ܛ = ૛ܖ܍ܛ ܛܗ܋࢞  :Por desigualdades entre las medias .࢞

࡭ࡹ ≥  ࡳࡹ

ܖ܍ܛ
࡭
૛ ܖ܍ܛ

࡮
૛ ܖ܍ܛ

࡯
૛ + ܛܗ܋

࡭
૛ ܛܗ܋

࡮
૛ ܛܗ܋

࡯
૛ ≥ ૛ඨ

૛ࡾ૛ ࡭ܖ܍ܛ ࡯ܖ܍ܛ࡮ܖ܍ܛ
ૡ࢞૛ࡾ૛

૛

 

ܖ܍ܛ ࡭
૛
࡮ܖ܍ܛ

૛
ܖ܍ܛ ࡯

૛
+ ܛܗ܋ ࡭

૛
࡮ܛܗ܋

૛
ܛܗ܋ ࡯

૛
≥ ࡿ√

૛ࡾ
     (LQQD) → (V) 
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18. In ࢤ	࡯࡮࡭ the following relationship holds: 

ࢇ࢓) + ࢈࢓)(ࢇ࢘ + ࢉ࢓)(࢈࢘ + (ࢉ࢘ ≥ ૡࢉ࢝࢈࢝ࢇ࢝ 

Proposed by Daniel Sitaru – Romania 

Solution by Kevin Soto Palacios – Huarmey-Peru  

En un triángulo ࡯࡮࡭. Probar que: (ࢇ࢓ + ࢈࢓)(ࢇ࢘ + ࢉ࢓)(࢈࢘ + (ࢉ࢘ ≥ ૡࢉ࢝࢈࢝ࢇ࢝ 

Considerar lo siguiente en un triángulo ࡯࡮࡭: 

ࢇ࢓ =
√૛࢈૛ + ૛ࢉ૛ − ૛ࢇ

૛ ࢈࢓, =
√૛ࢇ૛ + ૛ࢉ૛ − ૛࢈

૛ ࢉ࢓, =
√૛ࢇ૛ + ૛࢈૛ − ૛ࢉ

૛  

ࢉ࢘࢈࢘ࢇ࢘ = ,࢖ࡿ ࡿ = ඥ࢖)࢖ − ࢖)(ࢇ − ࢖)(࢈ −  (ࢉ

⇔ ࡿ = Área de región triangular, ࢖ = semiperímetro 

ࢇ࢝ =
૛√ࢉ࢈ඥ࢖)࢖ − (ࢇ

࢈ + ࢉ ࢈࢝, =
૛√ࢉࢇඥ࢖)࢖ − (࢈

ࢇ + ࢉ ࢉ࢝, =
૛√࢈ࢇඥ࢖)࢖ − (ࢉ

ࢇ + ࢈  

Por: ࡭ࡹ ≥ ࢇ࢓) :ࡳࡹ + ࢈࢓)(ࢇ࢘ + ࢉ࢓)(࢈࢘ + (ࢉ࢘ ≥ ૡඥࢉ࢘࢈࢘ࢇ࢘ࢉ࢓࢈࢓ࢇ࢓ 

Ahora demostraremos que: ࢉ࢓࢈࢓ࢇ࢓ ≥  ࢉ࢘࢈࢘ࢇ࢘

Por: ࡼࡹ ≥ ࡭ࡹ → ૛(࢈૛ + (૛ࢉ ≥ ࢈) + ૛(ࢉ → ૛(࢈૛ + −(૛ࢉ ૛ࢇ ≥ ࢈) + ૛(ࢉ −  ૛ࢇ

→ ඥ૛(࢈૛ାࢉ૛)ିࢇ૛

૛
≥ ඥ(࢈ + ࢉ + ࢈)(ࢇ + ࢉ − (૙,૞)(ࢇ → ࢇ࢓ ≥ ඥ࢖)࢖ −  (A)    (ࢇ

Por lo tanto: ࢈࢓ ≥ ඥ࢖)࢖ − ࢉ࢓ ;(B)    (࢈ ≥ ඥ࢖)࢖ −  (C)     (ࢉ

Multiplicando (࡭)(࡮)(࡯) → ࢉ࢓࢈࢓ࢇ࢓ ≥  :Por lo tanto .ࢉ࢘࢈࢘ࢇ࢘

ࢇ࢓) + ࢈࢓)(ࢇ࢘ + ࢉ࢓)(࢈࢘ + (ࢉ࢘ ≥ ૡඥࢉ࢘࢈࢘ࢇ࢘ࢉ࢓࢈࢓ࢇ࢓ ≥ 

≥ ૡࢉ࢘࢈࢘ࢇ࢘ = ૡ࢖ࡿ
ࢇ) + ࢈)(࢈ + ࢇ)(ࢉ + (ࢉ
ࢇ) + ࢈)(࢈ + ࢇ)(ࢉ + (ࢉ ≥ 

≥
૟૝࢖ࢉ࢈ࢇඥ࢖)࢖ − ࢖)(ࢇ − ࢖)(࢈ − (ࢉ

ࢇ) + ࢈)(࢈ + ࢇ)(ࢉ + (ࢉ = ૡࢉ࢝࢈࢝ࢇ࢝ 
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19. In ࡯࡮࡭ࢤ: 

࡭ܖܑܛ ܖܑܛ ࡮
࢈࢓ࢇ࢓

+
࡮ܖܑܛ ࡯ܖܑܛ
ࢉ࢓࢈࢓

+
ܖܑܛ ࡯ ࡭ܖܑܛ
ࢇ࢓ࢉ࢓

≥
૚
 ૛ࡾ

ࢇ࢓ − median’s length, ࡾ − circumradius 

Proposed by Daniel Sitaru – Romania  

Solution by Kevin Soto Palacios – Huarmey-Peru  

Tener en cuenta las siguientes desigualdades: 

૝࢈࢓ࢇ࢓ ≤ (૛ࢉ૛ + ,(࢈ࢇ ૝ࢉ࢓࢈࢓ ≤ (૛ࢇ૛ + ,(ࢉ࢈ ૝ࢉ࢓ࢇ࢓ ≤ (૛࢈૛ +  (ࢉࢇ

La desigualdad es equialente: ૚
૛ࡾ
⋅ ࢈ࢇ
૝࢈࢓ࢇ࢓

+ ૚
૛ࡾ
⋅ ࢉ࢈
૝ࢉ࢓࢈࢓

+ ૚
૛ࡾ
⋅ ࢉࢇ
૝ࢉ࢓ࢇ࢓

≥ ૚
૛ࡾ

 

⇒
࢈ࢇ

૛ࢉ૛ + ࢈ࢇ
+

ࢉ࢈
૛ࢇ૛ + ࢉ࢈

+
ࢉࢇ

૛࢈૛ + ࢉࢇ
≥ ૚ 

⇒ ૛࢈૛)࢈ࢇ + ૛ࢇ૛)(ࢉࢇ + (ࢉ࢈ + ૛ࢉ૛)ࢉ࢈ + ૛࢈૛)(࢈ࢇ + (ࢉࢇ + 

૛ࢉ૛)ࢉࢇ+ + ૛ࢇ૛)(࢈ࢇ + (ࢉ࢈ ≥ (૛ࢉ૛ + ૛ࢇ૛)(࢈ࢇ + ૛࢈૛)(ࢉ࢈ +  (ࢉࢇ

⇒ ࡭ = ૛࢈૛ࢇ૝)࢈ࢇ + ૛࢈૜ࢉ + ૛ࢇ૛ࢉ + (ࢉࢇ૛࢈ + ૛ࢉ૛࢈૝)ࢉ࢈ + ૛࢈૜ࢇ + ૛ࢉ૜ࢇ+ (ࢉ࢈૛ࢇ + 

૛ࢉ૛ࢇ૝)ࢉࢇ+ + ૛ࢇ૜࢈ + ૛ࢉ૜࢈ +  (ࢉࢇ૛࢈

⇒ ࡭ = (૝ࢇ૜࢈૜ + ૛࢈૛ࢉࢇ+ ૛ࢇ૝࢈ࢉ+ (૛ࢉ૛࢈૛ࢇ + (૝࢈૜ࢉ૜ + ૛࢈૝ࢇࢉ + ૛ࢉ૝࢈ࢇ + (૛ࢉ૛࢈૛ࢇ + 

+(૝ࢇ૜ࢉ૜ + ૛ࢇ૝࢈ࢉ+ ૛ࢉ૝࢈ࢇ +  (૛ࢉ૛࢈૛ࢇ

⇒ ࡭ = ૝ࢇ૜࢈૜ + ૝࢈૜ࢉ૜ + ૝ࢇ૜ࢉ૜ + ૝ࢇ૛࢈ࢉ + ૝࢈૝ࢉࢇ + ૝ࢉ૝࢈ࢇ + ૜ࢇ૛࢈૛ࢉ૛ 

⇒ ࡮ = (૛ࢉ૛ + ૛ࢇ૛)(࢈ࢇ + ૛࢈૛)(ࢉ࢈ + (ࢉࢇ = (૝ࢇ૛ࢉ૛ + ૛ࢇ૜࢈ + ૛ࢉ૜࢈ + ૛࢈૛)(ࢉࢇ૛࢈ +  (ࢉࢇ

⇒ ࡮ = (૛ࢉ૛ + ૛ࢇ૛)(࢈ࢇ + ૛࢈૛)(ࢉ࢈ + (ࢉࢇ = 

= (ૡࢇ૛࢈૛ࢉ૛ + ૝ࢇ૜࢈૜ + ૝࢈૜ࢉ૜ + ૛࢈૝ࢇࢉ+ ૝ࢇ૜ࢉ૜ + ૛ࢇ૝࢈ࢉ + ૛ࢉ૝ࢇ࢈ +  (૛ࢉ૛ࢇ૛࢈

⇒ ࡮ = (૛ࢉ૛ + ૛ࢇ૛)(࢈ࢇ + ૛࢈૛)(ࢉ࢈ + (ࢉࢇ = 

= ૝ࢇ૜࢈૜ + ૝࢈૜ࢉ૜ + ૝ࢇ૜ࢉ૜ + ૝ࢇ૜ࢉ૜ + ૛ࢇ૝࢈ࢉ + ૛࢈૝ࢉࢇ + ૛ࢉ૝࢈ࢇ +  ૛ࢉ૛ࢇ૛࢈ૢ

⇒ Por la tanto nos queda: 
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૝ࢇ૜࢈૜ + ૝࢈૜ࢉ૜ + ૝ࢇ૜ࢉ૜ + ૝ࢇ૝࢈ࢉ + ૝࢈૝ࢉࢇ + ૝ࢉ૝࢈ࢇ + ૜ࢇ૛࢈૛ࢉ૛ ≥ 

≥ ૝ࢇ૜࢈૜ + ૝࢈૜ࢉ૜ + ૝ࢇ૜ࢉ૜ + ૝ࢇ૜ࢉ૜ + ૛ࢇ૝࢈ࢉ + ૛࢈૝ࢉࢇ + ૛ࢉ૝࢈ࢇ +  ૛ࢉ૛ࢇ૛࢈ૢ

⇒ ૛ࢇ૝࢈ࢉ + ૛࢈૝ࢇࢉ + ૛ࢉ૝࢈ࢇ ≥ ૟ࢇ૛࢈૛ࢉ૛ ⇔ (Válido por: ࡭ࡹ ≥  (ࡳࡹ

 

20. In acute triangle ࡯࡮࡭ the following relationship holds: 

૛ ൬ܜܗ܋
࡭
૛

+ ܜܗ܋
࡮
૛

+ ܜܗ܋
࡯
૛
൰ + ࡭ܖ܉ܜ ࡮ܖ܉ܜ ࡯ܖ܉ܜ ≥ ૢ√૜ 

Proposed by Daniel Sitaru – Romania 

Solution by Kevin Soto Palacios – Huarmey-Peru  

En un triángulo acutángulo ࡯࡮࡭:  

૛ ቀܜܗ܋ ࡭
૛

+ ܜܗ܋ ࡮
૛

+ ܜܗ܋ ࡯
૛
ቁ + ࡭ܖ܉ܜ ࡮ܖ܉ܜ ࡯ܖ܉ܜ ≥ ૢ√૜. Si: ࡭ + ࡮ + ࡯ =  ࣊

→ ࡭)ܖ܉ܜ + (࡮ = −࣊)ܖ܉ܜ (࡯ →
࡭ܖ܉ܜ + ܖ܉ܜ ࡮
૚ − ࡭ܖ܉ܜ ࡮ܖ܉ܜ = −  ࡯ܖ܉ܜ

⇒ ܖ܉ܜ ࡭ + ࡮ܖ܉ܜ + ࡯ܖ܉ܜ = ܖ܉ܜ ࡭ ࡮ܖ܉ܜ ܖ܉ܜ  ࡯

Desde que es un triángulo acutángulo: ࡭ܖ܉ܜ , ࡮ܖ܉ܜ , ࡯ܖ܉ܜ > 0. 

Por: ࡭ࡹ ≥ ࡭ܖ܉ܜ :ࡳࡹ + ࡮ܖ܉ܜ + ܖ܉ܜ ࡯ ≥ ૜√࡭ܖ܉ܜ ࡮ܖ܉ܜ ૜࡯ܖ܉ܜ → 

→ ࡭ܖ܉ܜ) ࡮ܖ܉ܜ ૜(࡯ܖ܉ܜ ≥ ૛ૠ ܖ܉ܜ ࡭ ࡮ܖ܉ܜ ܖ܉ܜ  ࡯

⇒ ࡭ܖ܉ܜ ࡮ܖ܉ܜ ࡯ܖ܉ܜ ≥ ૜√૜    (A) 

Si: ࡭
૛

+ ࡮
૛

+ ࡯
૛

= ࣊
૛
→ ܜܗ܋ ቀ࡭

૛
+ ࡮

૛
ቁ = ܜܗ܋ ቀ࣊

૛
− ࡯

૛
ቁ → ܜܗ܋ ࡭

૛
+ ܜܗ܋ ࡮

૛
+ ܜܗ܋ ࡯

૛
= ܜܗ܋ ࡭

૛
ܜܗ܋ ࡮

૛
ܜܗ܋ ࡯

૛
 

Por: ࡭ࡹ ≥ ܜܗ܋ :ࡳࡹ ࡭
૛

+ ࡮ܜܗ܋
૛

+ ܜܗ܋ ࡯
૛
≥ ૜ටܜܗ܋ ࡭

૛
ܜܗ܋ ࡮

૛
ܜܗ܋ ࡯

૛

૜
→ 

→ ൬ܜܗ܋
࡭
૛ ܜܗ܋

࡮
૛ ܜܗ܋

࡯
૛൰

૜

≥ ૛ૠܜܗ܋
࡭
૛ ܜܗ܋

࡮
૛ ܜܗ܋

࡯
૛ 

૛ ܜܗ܋ ࡭
૛
࡮ܜܗ܋

૛
ܜܗ܋ ࡯

૛
≥ ૟√૜     (B) → 
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→ Sumando: (࡭) + (࡮) → ૛ቀܜܗ܋ ࡭
૛

+ ࡮ܜܗ܋
૛

+ ܜܗ܋ ࡯
૛
ቁ + ࡭ܖ܉ܜ ࡮ܖ܉ܜ ࡯ܖ܉ܜ ≥ ૢ√૜ 

 

21. In ∆࡯࡮࡭ the following relationship holds: 

૛ࢇ࢘

ࢇ
+
૛࢈࢘

࢈
+
૛ࢉ࢘

ࢉ
≥
ૡ૚࢘૛

૛࢖
 

ࢇ࢘ − exinscribed radius, ࢘ − inscribed radius 

࢖ − semiperimeter 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumava Chakraborty – Kolkata – India  

૛ࢇ࢘

ࢇ
+
૛࢈࢘

࢈
+
૛ࢉ࢘

ࢉ
≥
ૡ૚࢘૛

૛࢖
; ࢖	 = ࢙ ⇔

૛ࢤ

࢙)ࢇ − ૛(ࢇ +
૛ࢤ

࢙)࢈ − ૛(࢈ +
૛ࢤ

࢙)ࢉ − ૛(ࢉ ≥
ૡ૚࢘૛

૛࢙૜
 

ࢤ = ࢇ Let .࢙࢘ + ࢈ − ࢉ = ࢈,࢞ + ࢉ − ࢇ = ,࢟ ࢉ + ࢇ − ࢈ =  ࢠ

ࢇ =
ࢠ + ࢞
૛ ࢈, =

࢞ + ࢟
૛ , ࢉ =

࢟ + ࢠ
૛ ࢇ, + ࢈ + ࢉ = ࢞ + ࢟ +  ࢠ

⇔
ૡ

ࢠ)૛࢟ + (࢞ +
ૡ

࢞)૛ࢠ + (࢟ +
ૡ

࢟)૛࢞ + (ࢠ ≥
ૡ ⋅ ૡ

૛(࢞ + ࢟ +  ૜(ࢠ

⇔
࢞)૛ࢠ૛࢟ + ࢠ)(࢟ + (࢞ + ࢞)૛࢞૛ࢠ + ࢟)(࢟ + (ࢠ + ࢟)૛࢟૛࢞ + ࢠ)(ࢠ + (࢞

࢞)૛ࢠ૛࢟૛࢞ + ࢟)(࢟ + ࢠ)(ࢠ + (࢞ ≥ 

≥
ૡ

૛(࢞ + ࢟ +  ૜(ࢠ

⇔
࢟࢞) + ࢠ࢟ + ૛࢟૛࢞)(࢞ࢠ + ૛ࢠ૛࢟ + (૛࢞૛ࢠ + ૜࢞૛࢟૛ࢠ૛

࢞)૛ࢠ૛࢟૛࢞ + ࢟)(࢟ + ࢠ)(ࢠ + (࢞ ≥
ૡ

૛(࢞ + ࢟ +  ૜(ࢠ

ࡹ࡭ ≥ ࡹࡳ ⇒ ඥࢠ࢟࢞૜ ≤
࢞ + +࢟ ࢠ

૜ ⇒
૚
ࢠ࢟࢞ ≥

૛ૠ
࢞) + ࢟ +  ૜(ࢠ
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So, if we can prove: 
૛ࢠ૛࢟૛࢞૛൯ା૜࢟૛࢞∑൫(࢟࢞∑)

(࢞ାࢠ)(ࢠା࢟)(࢟ା࢞)ࢠ࢟࢞ ≥ ૜
૛
   (1) we are done 

 (1) ⇔ ૛∑࢞૜࢟૜ + ૛(∑࢞૜࢟૛ࢠ + (ࢠ૜࢟૛࢞∑ + ૟࢞૛࢟૛ࢠ૛ ≥ 

≥ ૟࢞૛࢟૛ࢠ૛ + ૜ࢠ࢟࢞ ቀ෍࢞૛࢟ + ෍࢟࢞૛ቁ 

⇔ ૛∑࢞૜࢟૜ ≥ ࢟૛࢞∑)ࢠ࢟࢞ +  ૛)   (2)࢟࢞∑

૜࢟૜࢞ + ૜࢟૜࢞ + ૜ࢠ૜࢟ ≥ ૜࢟૜࢞૛ࢠ
૜࢟૜࢞ + ૜ࢠ૜࢟ + ૜ࢠ૜࢟ ≥ ૜࢟૜ࢠ૛࢞
૜ࢠ૜࢟ + ૜ࢠ૜࢟ + ૜࢞૜ࢠ ≥ ૜ࢠ૜࢟૛࢞
૜ࢠ૜࢟ + ૜࢞૜ࢠ + ૜࢞૜ࢠ ≥ ૜ࢠ૜࢞૛࢟
૜࢞૜ࢠ + ૜࢞૜ࢠ + ૜࢟૜࢞ ≥ ૜࢞૜ࢠ૛࢟
૜࢞૜ࢠ + ૜࢟૜࢞ + ૜࢟૜࢞ ≥ ૜࢞૜࢟૛ࢠ⎭

⎪⎪
⎬

⎪⎪
⎫

⇒ ૟෍࢞૜࢟૜

≥ ૜ࢠ࢟࢞ ቀ෍࢞૜࢟ + ෍࢟࢞૛ቁ

⇒ ૛෍࢞૜࢟૜

≥ ࢠ࢟࢞ ቀ෍࢞૛࢟ + ෍࢟࢞૛ቁ

⇒ (૛)	࢙࢏	ࢊࢋ࢜࢕࢘࢖

 

Solution 2 by Kevin Soto Palacios – Peru  

Probar en un triángulo ࢇ࢘ :࡯࡮࡭
૛

ࢇ
+ ࢈࢘

૛

࢈
+ ૛ࢉ࢘

ࢉ
≥ ૡ૚࢘૛

૛࢖
 

Tener en cuenta lo siguiente: ࢉ࢘࢈࢘ࢇ࢘ = ࡿ			,࢖ࡿ =  ࢘࢖

Por: ࡭ࡹ ≥ ࢇ࢘ :ࡳࡹ
૛

ࢇ
+ ࢈࢘

૛

࢈
+ ૛ࢉ࢘

ࢉ
≥ ૜ටࢇ࢘૛

ࢇ
⋅ ࢈࢘

૛

࢈
⋅ ࢉ࢘

૛

ࢉ

૜
= ૜ට࢖૝࢘૛(ࢇା࢈ାࢉ)૜

૜(ࢉା࢈ାࢇ)ࢉ࢈ࢇ
૜

≥ 

≥ ૜ඨ
ࢉ࢈ࢇ૛૛ૠ࢘૝࢖

+ࢇ)ࢉ࢈ࢇ ࢈ + ૜(ࢉ
૜

≥ ૜ඨ
൫૜√૜࢘൯

૝
૛ૠ࢘૛

+ࢇ) ࢈ + ૜(ࢉ
૜

=
ૡ૚࢘૛

૛࢖
 

Se aplico lo siguiente: (ࢇ + ࢈ + ૜(ࢉ ≥ ૛ૠࢉ࢈ࢇ ⇔ Válido por: (࡭ࡹ ≥  (ࡳࡹ

࢖ ≥ ૜√૜࢘ (Lo cual demostraremos) 

࢖
࢘ = ܜܗ܋

࡭
૛ ܜܗ܋

࡮
૛ ܜܗ܋

࡯
૛ ≥ ૜√૜ → ࢖ ≥ ૜√૜࢘ 
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22. In ࢤ	࡯࡮࡭, ࡵ − incentre, the following relationship holds: 

૛ࡵ࡭૛෍࢙ > ࢈࢝ࢇ࢝࢈࢓ࢇ࢓ + ࢉ࢝࢈࢝ࢉ࢓࢈࢓ +  ࢇ࢝ࢉ࢝ࢇ࢓ࢉ࢓

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

࢈࢓ࢇ࢓ =
√૛࢈૛ + ૛ࢉ૛ − ૛ࢇ

૛
⋅
√૛ࢉ૛ + ૛ࢇ૛ − ૛࢈

૛
 

=
ඥ(࢈ + ૛(ࢉ + ࢈) − ૛(ࢉ − ࢉ)૛ඥࢇ + ૛(ࢇ + ࢉ) − ૛(ࢇ − ૛࢈

૝
 

=
ඥ(࢈ + ૛(ࢉ + ࢈) − ࢉ + ࢈)(ࢇ − ࢉ − ࢉ)ඥ(ࢇ + ૛(ࢇ + ࢉ) − ࢇ + ࢉ)(࢈ − ࢇ − (࢈

૝  

ࢇ + ࢈ > ܿ, ࢈ − ࢉ + ࢇ > 0
࢈ < ܿ + ܽ, ࢈ − ࢉ − ࢇ < 0ൠ ⇒ ࢈) − ࢉ + ࢈)(ࢇ − ࢉ − (ࢇ < 0 

࢈ + ࢉ > ܽ, ࢉ − ࢇ + ࢈ > 0
ࢉ < ܽ + ܾ, ࢉ − ࢇ − ࢈ < 0ൠ ⇒ ࢉ) − ࢇ + ࢉ)(࢈ − ࢇ − (࢈ < 0 

ඥ(࢈ + ૛(ࢉ + ࢈) − ࢉ + ࢈)(ࢇ − ࢉ − ࢉ)ඥ(ࢇ + ૛(ࢇ + ࢉ) − ࢇ + ࢉ)(࢈ − ࢇ − (࢈
૝

< 

<
૚
૝
ඥ(࢈+ ࢉ)૛ඥ(ࢉ + ૛(ࢇ =

࢈) + ࢉ)(ࢉ + (ࢇ
૝

 

࢈࢓ࢇ࢓ < (ࢇାࢉ)(ࢉା࢈)
૝

. Similarly, ࢉ࢓࢈࢓ < (࢈ାࢇ)(ࢇାࢉ)
૝

 and ࢇ࢓ࢉ࢓ < (ࢉା࢈)(࢈ାࢇ)
૝

 

Now ࢈࢝ࢇ࢝ = ቆ
૛࡭ܛܗ܋ࢉ࢈૛
ࢉା࢈

ቇቆ
૛ࢇࢉ ૛࡮ܛܗ܋
ࢇାࢉ

ቇ =
૝ࢉ૛࡭ܛܗ܋࢈ࢇ૛ ܛܗ܋

࡮
૛

(ࢇାࢉ)(ࢉା࢈)  

࢈࢝ࢇ࢝࢈࢓ࢇ࢓ < ࢈ࢇ૛ࢉ ܛܗ܋ ࡭
૛
ܛܗ܋ ࡮

૛
. Similarly, ࢉ࢝࢈࢝ࢉ࢓࢈࢓ < ࢉ࢈૛ࢇ ࡮ܛܗ܋

૛
࡮ܛܗ܋

૛
 



 
www.ssmrmh.ro 

 
 

and ࢇ࢝ࢉ࢝ࢇ࢓ࢉ࢓ < ૛࢈ ܛܗ܋ ࡯
૛
ܛܗ܋ ࡭

૛
 

෍࢈࢝ࢇ࢝࢈࢓ࢇ࢓ < ඨ࢈ࢇ૛ࢉ
࢙)࢙ − (ࢇ

ࢉ࢈
ඨ࢙

࢙) − (࢈
ࢇࢉ

+ ඨࢉ࢈૛ࢇ
࢙)࢙ − (࢈

ࢇࢉ
ඨ࢙

࢙) − (ࢉ
࢈ࢇ

+ 

ඨࢇࢉ૛࢈+
࢙)࢙ − (ࢉ
࢈ࢇ

ඨ࢙)࢙ − (ࢇ
ࢉ࢈  

= ൯࢈ࢇ√൫࢙ࢉ ቀඥ(࢙ − ࢙)(ࢇ − ቁ(࢈ + ൯ࢉ࢈√൫࢙ࢇ ቀඥ(࢙ − ࢙)(࢈ − ቁ(ࢉ + 

࢙)ඥ࢙࢈+ − ࢙)(ࢉ − (ࢇ ≤ 

≤ ൬ࢉ൭࢙
+ࢇ ࢈
૛ ൰ቆ

૛࢙ − +ࢇ) (࢈
૛ ቇ + ࢇ ൬

࢈ + ࢉ
૛ ൰ቆ

૛࢙ − ࢈) + (ࢉ
૛ ቇ + ࢈ ൬

ࢉ + ࢇ
૛ ൰ቆ

૛࢙ − +ࢉ) (ࢇ
૛ ቇ൱ 

 (by ࡹ࡭ ≥  (ࡹࡳ

෍࢈࢝ࢇ࢝࢈࢓ࢇ࢓ ≤
࢙
૝ ቀࢉ

૛(ࢇ + (࢈ + ࢈)૛ࢇ + (ࢉ + ࢉ)૛࢈ +  ቁ(ࢇ

=
ࡿ
૝ቀ෍ࢇ૛࢈ +෍࢈ࢇ૛ቁ 

Now, ࢙૛∑ࡵ࡭૛ = ૛࢘૛࢙ ቆ ૚

૛ቁ࡭૛ቀܖܑܛ
+ ૚

૛ቁ࡮૛ቀܖܑܛ
+ ૚

૛ቁ࡯૛ቀܖܑܛ
ቇ 

࢘
ࡵ࡭ = ܖܑܛ ൬

࡭
૛൰ ⇒ ࡵ࡭ =

࢘

ܖܑܛ ቀ࡭૛ቁ
= ૛ࢤ ൬

ࢉ࢈
࢙) − ࢙)(࢈ − (ࢉ +

ࢇࢉ
࢙) − ࢙)(ࢉ − (ࢇ +

࢈ࢇ
࢙) − ࢙)(ࢇ − ൰(࢈ = 

=
࢙)࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ
࢙) − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ ൫࢙)ࢉ࢈ − (ࢇ + ࢙)ࢇࢉ − (࢈ + ࢙)࢈ࢇ −  ൯(ࢉ

= +࢈ࢇ)࢙)࢙ +ࢉ࢈ −(ࢇࢉ ૜ࢉ࢈ࢇ) 

= ൬
ࡿ
૛൰ ൫

+ࢇ) ࢈ + ࢈ࢇ)(ࢉ + ࢉ࢈ + (ࢇࢉ − ૟ࢉ࢈ࢇ൯ 

= ቀࡿ
૛
ቁ ࢈૛ࢇ∑) + ૛࢈ࢇ∑ − ૜(2)   (ࢉ࢈ࢇ 

Now, ∑ࢇ૛࢈ + ૛࢈ࢇ∑ = ૛࢈)ࢇ + (૛ࢉ + ૛ࢉ)࢈ + (૛ࢇ + ૛ࢇ)ࢉ +  (૛࢈
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ࡹ࡭ ≥ ࡹࡳ ←≥ ૛ࢉ࢈ࢇ + ૛ࢉ࢈ࢇ + ૛ࢉ࢈ࢇ = ૟ࢉ࢈ࢇ 

⇒෍ࢇ૛࢈ + ෍࢈ࢇ૛ ≥ ૟ࢉ࢈ࢇ 

⇒ ૛ቀ෍ࢇ૛࢈ + ෍࢈ࢇ૛ቁ ≥ ૟ࢉ࢈ࢇ + ቀ෍ࢇ૛࢈ + ෍࢈ࢇ૛ቁ 

⇒ ૛ቀ෍ࢇ૛࢈ + ෍࢈ࢇ૛ − ૜ࢉ࢈ࢇቁ ≥෍ࢇ૛࢈ + ෍࢈ࢇ૛ 

⇒
࢈૛ࢇ∑ + ૛࢈ࢇ∑ − ૜ࢉ࢈ࢇ

૛ ≥
࢈૛ࢇ∑ + ૛࢈ࢇ∑

૝  

⇒
ࡿ
૛ቀ෍ࢇ૛࢈ + ෍࢈ࢇ૛ − ૜ࢉ࢈ࢇቁ ≥

ࡿ
૝ቀ෍ࢇ૛࢈ +෍࢈ࢇ૛ቁ 

⇒ ૛ࡵ࡭૛෍ࡿ ≥
ࡿ
૝ ቀ෍ࢇ૛࢈ + ෍࢈ࢇ૛ቁ > ෍࢈࢝ࢇ࢝࢈࢓ࢇ࢓ 

from (1) and (2) 

 

23. In acute triangle ࡯࡮࡭ the following relationship holds: 

૛෍ܖܑܛ ࡭ > ࣊3 −ෑ࡭ܖ܉ܜ 

Proposed by Daniel Sitaru – Romania 

Solution by Kevin Soto Palacios – Peru 

Probar en un triángulo acutángulo ࡯࡮࡭, Si es verdadero o falso: 

૛෍࡭ܖ܍ܛ > ߨ3 −ෑ࡭ܖ܉ܜ 

Tener en cuenta lo siguiente para el desarrollo:  

૛෍࡭ܖ܍ܛ + ࡭ܖ܉ܜ + ࡮ܖ܉ܜ + ࡯ܖ܉ܜ >  ࣊3

Consideremos: (࢞)ࢌ = ܖ܉ܜ ࢞ + ૛ ࢞ܖ܍ܛ − ૜࢞ 

Realizamos la primera derivada: ࢌᇱ(࢞) = ૛܋܍ܛ ࢞ + ૛ ࢞ܛܗ܋ − ૜ 
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Realizamos la segunda derivada. 

(࢞)ᇱᇱࢌ = −૛࢞ܖ܍ܛ +
૛࢞ܖ܍ܛ
૜ܛܗ܋ ࢞

= ૛ ࢞ܖ܍ܛ
(૚ − ૜ܛܗ܋ (࢞

૜ܛܗ܋ ࢞
> 0, ݔ ∈< 0,

࣊
૛

> 

Desde que: ࢌ(૙) = ᇱ(૙)ࢌ = ૙ y ࢌᇱᇱ(࢞) > 0, se concluye que: (࢞)ࢌ > 0 

Por lo tanto: ૛ ࡭ܖ܍ܛ + ܖ܉ܜ ࡭ >  (࢞)			࡭3

૛ ࡮ܖ܍ܛ + ܖ܉ܜ ࡮ >  (࢟)				࡮3

૛࡯ܖ܍ܛ + ࡯ܖ܉ܜ >  (ࢠ)				࡯3

Sumando (࢞) + (࢟) + →:(ࢠ) ૛∑࡭ܖ܍ܛ + ܖ܉ܜ ࡮ + ࡯ܖ܉ܜ > ࣊3 → 

→ ૛෍࡭ܖ܍ܛ > ࣊3 −ෑ࡭ܖ܉ܜ 

 

24. In acute triangle ࡯࡮࡭ the following relationship holds: 

෍
ା૚࢔૛(࡭ܖ܉ܜ)

࡮ܖ܉ܜ√ ⋅ ࡯ܖ܉ܜ
≥ ૜ ቀ෍࡭ܖ܉ܜቁ

૛࢔
૜ ࢔, ∈ ℕ∗ 

Proposed by Daniel Sitaru – Romania  

Solution by Kevin Soto Palacios-Huarmey-Peru: 

Probar en un triángulo acutángulo si es (V) o (F): ∑ శ૚࢔૛(࡭ܖ܉ܜ)

࡮ܖ܉ܜ√ ܖ܉ܜ ࡯
≥ ૜(∑ ܖ܉ܜ (࡭

૛࢔
૜ , 

࢔	 ∈ ℕ. Dado que es un triángulo acutángulo: ࡭ܖ܉ܜ , ܖ܉ܜ ࡮ , ࡯ܖ܉ܜ > 0 

Por: ࡭ࡹ ≥ ܖ܉ܜ :ࡳࡹ ࡭
(૛࢔శ૚)

࡯ܖ܉ܜ࡮ܖ܉ܜ√
+ (శ૚࢔૛)࡮ܖ܉ܜ

࡭ܖ܉ܜ√ ܖ܉ܜ ࡯
+ (శ૚࢔૛)࡯ܖ܉ܜ

࡮ܖ܉ܜ√ ܖ܉ܜ ࡯
≥ ૜ට(࡭ܖ܉ܜ ܖ܉ܜ ࡮ శ૚࢔૛(࡯ܖ܉ܜ

࡭ܖ܉ܜ ܖ܉ܜ ࡮ ࡯ܖ܉ܜ

૜
 

(ା૚࢔૛)࡭ܖ܉ܜ

࡮ܖ܉ܜ√ ࡯ܖ܉ܜ
+

ܖ܉ܜ (ା૚࢔૛)࡮

࡭ܖ܉ܜ√ ܖ܉ܜ ࡯
+

(ା૚࢔૛)࡯ܖ܉ܜ

࡮ܖ܉ܜ√ ࡯ܖ܉ܜ
≥ ૜(ܖ܉ܜ ࡭ ࡮ܖ܉ܜ (࡯ܖ܉ܜ

૛࢔
૜  

Tener en cuenta que si:  

࡭ + ࡮ + ࡯ = ࣊ → ࡭ܖ܉ܜ ࡮ܖ܉ܜ ࡯ܖ܉ܜ = ࡭ܖ܉ܜ + ࡮ܖ܉ܜ +  ࡯ܖ܉ܜ
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Por lo tanto: ∑ శ૚࢔૛(࡭ܖ܉ܜ)

࡮ܖ܉ܜ√ ܖ܉ܜ ࡯
≥ ૜(∑ (࡭ܖ܉ܜ

૛࢔
૜  

25. In ࢤ	࡯࡮࡭ the following relationship holds: 

૝(࢈࢓ࢇ࢓ + ࢉ࢓ࢇ࢓ + (ࢉ࢓࢈࢓ ≤ ૛(ࢇ૛ + ૛࢈ + (૛ࢉ + ࢈ࢇ + ࢉࢇ +  ࢉ࢈

Proposed by Daniel Sitaru – Romania  

Solution by Kevin Soto Palacios – Peru  

En un triángulo ࡯࡮࡭. Probar que: 

૝(࢈࢓ࢇ࢓ + ࢉ࢓࢈࢓ + (ࢉ࢓ࢇ࢓ ≤ ૛(ࢇ૛ + ૛࢈ + (૛ࢉ + ࢈ࢇ + ࢉࢇ +  ࢉ࢈

⇒ (૛ࢉ૛ + ࢈ࢇ − ૝࢈࢓ࢇ࢓) + (૛ࢇ૛ + ࢉ࢈ − ૝ࢉ࢓࢈࢓) + (૛࢈૛ + ࢉࢇ − ૝ࢉ࢓ࢇ࢓) ≥ ૙ 

Para ello demostraremos que:  

૛ࢉ૛ + ࢈ࢇ ≥ ૝࢈࢓ࢇ࢓ ࢇ࢓⇔ =
૚
૛
ඥ૛࢈૛ + ૛ࢉ૛ −  (࡭)				૛ࢇ

࢈࢓ = ૚
૛
√૛ࢇ૛ + ૛ࢉ૛ −   :Elevando al cuadrado la expresión .(࡮)					૛࢈

(૛ࢉ૛ + ૛(࢈ࢇ ≥ (૛࢈૛ + ૛ࢉ૛ − ૛ࢇ૛)(૛ࢇ + ૛ࢉ૛ −  (૛࢈

૝ࢉ૝ + ૝ࢉ࢈ࢇ૛ + ૛࢈૛ࢇ ≥ ૝࢈૛ࢇ૛ + ૝࢈૛ࢉ૛ − ૛࢈૝ + ૝ࢇ૛ࢉ૛ + ૝ࢉ૝ − ૛࢈૛ࢉ૛ − ૛ࢇ૝ − ૛ࢉ૛ࢇ૛ +  ૛࢈૛ࢇ

⇒ ૛ࢇ૝ + ૛࢈૝ − ૝ࢇ૛࢈૛ − ૛ࢉ૛ࢇ૛ − ૛࢈૛ࢉ૛ + ૝ࢉ࢈ࢇ૛ ≥ ૙ 

⇒ ૛(ࢇ૛ − ૛)૛࢈ − ૛(ࢉࢇ − ૛(ࢉ࢈ ≥ ૙ 

⇒ ૛(ࢇ − ࢇ)૛(࢈ + ૛(࢈ − ૛ࢉ૛(ࢇ − ૛(࢈ ≥ ૙ → ૛(ࢇ − ࢇ))૛(࢈ + ૛(࢈ − (૛ࢉ ≥ ૙ 

⇒ ૛(ࢇ − +ࢇ)૛(࢈ ࢈ + +ࢇ)(ࢉ −࢈ (ࢉ ≥ ૙ ⇔ +ࢇ −࢈ ࢉ > 0 (Por desigualdad triangular) 

⇒ Por la tanto: ૛ࢉ૛ + ࢈ࢇ ≥ ૝࢈࢓ࢇ࢓			(࡯); de forma análoga: ૛ࢇ૛ + ࢉ࢈ ≥ ૝ࢉ࢓࢈࢓			(ࡱ) y 

૛࢈૛ + ࢉࢇ ≥ ૝ࢉ࢓ࢇ࢓			(ࡲ) 

26. In ࢤ	࡯࡮࡭ the following relationship holds: 

૚૟
ࢇ) + ૜)(࢈ + ૞)(ࢉ + ૠ) ≤

૚
૝ࡿࡾ

+
૚
૚૙૞

 

ࡾ − circumradius, ࡿ − area 
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Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Peru  

En un triángulo ࡯࡮࡭. Probar que: ૚૟
(ାૠࢉ)(ା૞࢈)(ା૜ࢇ) ≤

૚
૝ࡿࡾ

+ ૚
૚૙૞

 

ࡾ = Circunradio, ࡿ = Área de región triangular. Tener presente lo siguiente: 
૚
૝ࡿࡾ

= ૚
ࢉ࢈ࢇ

. Desde que: ࢈,ࢇ, ⇔ son lados de un triángulo ࢉ ,࢈,ࢇ ࢉ > 0 

La expresión puede ser equivalente: ૚૟ ≤ (ାૠࢉ)(ା૞࢈)(ା૜ࢇ)
૝ࡿࡾ

+ (ାૠࢉ)(ା૞࢈)(ା૜ࢇ)
૚૙૞

 

Por: ࡭ࡹ ≥ ࡳࡹ → ࢇ + ૜ ≥ ૛√૜ࢇ   (A); ࢈ + ૞ ≥ ૛√૞࢈   (B); ࢉ + ૠ ≥ ૛√ૠࢉ    (C) 

Multiplicando: (A)(B)(C): (ࢇ + ૜)(࢈ + ૞)(ࢉ + ૠ) ≥ ૡ√૚૙૞ࢉ࢈ࢇ ⇒ 

⇒ (ାૠࢉ)(ା૞࢈)(ା૜ࢇ)
ࢉ࢈ࢇ

≥ ૡ√૚૙૞
ࢉ࢈ࢇ√

    (D) 

(ାૠࢉ)(ା૞࢈)(ା૜ࢇ)
૚૙૞

≥ ૡ√૚૙૞ࢉ࢈ࢇ
૚૙૞

→ (ାૠࢉ)(ା૞࢈)(ା૜ࢇ)
૚૙૞

≥ ૡ√ࢉ࢈ࢇ
√૚૙૞

    (E) 

Sumando: (ࡰ) + (ࡱ) → (ାૠࢉ)(ା૞࢈)(ା૜ࢇ)
૝ࡿࡾ

→ (ାૠࢉ)(ା૞࢈)(ା૜ࢇ)
૚૙૞

≥ ૡ√૚૙૞
ࢉ࢈ࢇ√

+ ૡ√ࢉ࢈ࢇ
√૚૙૞

≥ ૚૟ 

(LQQD)⇔(Válido por ࡭ࡹ ≥  (ࡳࡹ

Solution 2 by Soumava Chakraborty-Kolkata-India 
ࢉ࢈ࢇ
૝ࡾ

= ࡿ ⇒ ૚
૝ࡿࡾ

= ૚
ࢉ࢈ࢇ

. To prove: ૚૟
(ାૠࢉ)(ା૞࢈)(ା૜ࢇ) ≤

૚૙૞ାࢉ࢈ࢇ
૚૙૞ࢉ࢈ࢇ

 

⇔ (૚૙૞ + ࢇ)(ࢉ࢈ࢇ + ૜)(࢈ + ૞)(ࢉ + ૠ) ≥ ૚૟ ⋅ ૚૙૞ࢉ࢈ࢇ 

⇔ ૚૙૞ࢉ࢈ࢇ + ૚૙૞ ⋅ ૞ࢇࢉ+ ૚૙૞ ⋅ ૜ࢉ࢈ + ૚૙૞ ⋅ ૚૞ࢉ + ૚૙૞ ⋅ ૠ࢈ࢇ + 

+૚૙૞ ⋅ ૜૞ࢇ + ૚૙૞ ⋅ ૛૚࢈ + ૚૙૞૛ + ૛ࢉ૛࢈૛ࢇ + ૞ࢉ࢈ࢇ ⋅ +ࢇࢉ ૜ࢉ࢈	 ⋅ ࢉ࢈ࢇ + 

+૚૞ࢉ ⋅ ࢉ࢈ࢇ + ૠ࢈ࢇ ⋅ ࢉ࢈ࢇ + ૜૞ࢇ ⋅ ࢉ࢈ࢇ + ૛૚࢈ ⋅ ࢉ࢈ࢇ + ૚૙૞ࢉ࢈ࢇ ≥ ૚૟ ⋅ ૚૙૞ࢉ࢈ࢇ 

⇔ ૚૙૞(ૠ࢈ࢇ + ૜ࢉ࢈ + ૞ࢇࢉ) + ૚૙૞(૜૞ࢇ + ૛૚࢈ + ૚૞ࢉ) + ૚૙૞૛ + ૛ࢉ૛࢈૛ࢇ + 

࢈ࢇૠ)ࢉ࢈ࢇ+ + ૜ࢉ࢈ + ૞ࢇࢉ) + ࢇ૜૞)ࢉ࢈ࢇ + ૛૚࢈ + ૚૞ࢉ) ≥ ૚૝ ⋅ ૚૙૞ࢉ࢈ࢇ 

⇔ (૚૙૞ ⋅ ૠ࢈ࢇ + ૚૙૞ ⋅ ૜૞ࢇ + ૜࢈૛ࢉ૛ࢇ + ૚૞ࢉ૛࢈ࢇ) + 
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+(૚૙૞ ⋅ ૜ࢉ࢈ + ૚૙૞ ⋅ ૛૚࢈ + ૞ࢉ૛ࢇ૛࢈ + ૜૞ࢇ૛ࢉ࢈) 

+(૚૙૞ ⋅ ૞ࢇࢉ+ ૚૙૞ ⋅ ૚૞ࢉ + ૠࢇ૛࢈૛ࢉ + ૛૚࢈૛ࢇࢉ) 

+(૚૙૞૛ + (૛ࢉ૛࢈૛ࢇ ≥ ૚૝ ⋅ ૚૙૞ࢉ࢈ࢇ    (A). Applying ࡹ࡭ ≥  ,ࡹࡳ

૚૙૞ ⋅ ૠ࢈ࢇ + ૚૙૞ ⋅ ૜૞ࢇ+ ૜࢈૛ࢉ૛ࢇ + ૚૞ࢉ૛࢈ࢇ ≥ ૝ඥ૚૙૞૝ࢇ૝࢈૝ࢉ૝ ⋅ ૝ = ૝(૚૙૞)ࢉ࢈ࢇ 

૚૙૞ ⋅ ૜ࢉ࢈ࢇ + ૚૙૞ ⋅ ૛૚࢈ + ૞ࢉ૛ࢇ૛࢈+ ૜૞ࢇ૛ࢉ࢈ ≥ ૝ ⋅ ඥ૚૙૞૝ࢇ૝࢈૝ࢉ૝૝ = ૝(૚૙૞)ࢉ࢈ࢇ 

૚૙૞ ⋅ ૞ࢇࢉ+ ૚૙૞ ⋅ ૚૞ࢉ + ૠࢇ૛࢈૛ࢉ + ૛૚࢈૛ࢇࢉ ≥ ૝ ⋅ ඥ૚૙૞૝ࢇ૝࢈૝ࢉ૝૝ = ૝(૚૙૞)ࢉ࢈ࢇ 

૚૙૞૛ + ૛ࢉ૛࢈૛ࢇ ≥ ૛ ⋅ ૚૙૞ ⋅ (૚) ;ࢉ࢈ࢇ + (૛) + (૜) + (૝) ⇒  (࡭)

 

27. In ࢤ	࡯࡮࡭, ࡵ − the incentre, ࡻ − the circumcentre, ࡳ − the centroid 

Prove that: 

૜(ࡵࡻ + +ࡳࡵ ૛(ࡻࡳ + ૞૛࢘ࡾ ≤ ૛࢙ + ૞࢘૛ + ૚ૡࡾ૛ 

Proposed by Daniel Sitaru – Romania  

Solution by Adil Abdullayev-Baku-Azerdbadjan 

૜(ࡵࡻ + +ࡳࡵ ૛(ࡻࡳ + ૞૛࢘ࡾ ≤ ૛࢙ + ૞࢘૛ + ૚ૡࡾ૛ 

૜(ࡵࡻ + ࡳࡵ + ૛(ࡻࡳ + ૞૛࢘ࡾ ≤ ૜(૚૛ + ૚૛ + ૚૛)(ࡵࡻ૛ + ૛ࡳࡵ + (૛ࡻࡳ + ૞૛࢘ࡾ = 

= ૢቆࡾ૛ − ૛࢘ࡾ +
૛࢙ + ૞࢘૛ − ૚૟࢘ࡾ

ૢ + ૛ࡾ −
૛(࢙૛ − ૛࢘ − ૝࢘ࡾ)

ૢ ቇ + ૞૛࢘ࡾ = 

= ૚ૡࡾ૛ + ૛૟࢘ࡾ + ૠ࢘૛ − ૛࢙ ≤ ૛࢙ + ૞࢘૛ + ૚ૡࡾ૛ ⇔ ૛࢙ ≥ ૚૜࢘ࡾ +  .૛࢘

Gerretsen ⇒ ૛࢙ ≥ ૚૟࢘ࡾ − ૞࢘૛ ≥ ૚૜࢘ࡾ + ૛࢘ ⇔ ࡾ ≥ ૛࢘ (Euler). 

 

28. In ࢤ	࡯࡮࡭: 

ෑ(૜ࢇ૛ + ૛ࢉ࢈ (࡭ܛܗ܋
ࢉ࢟ࢉ

≥ [(૛࢖ − ࢖૛)(ࢇ − ࢖૛)(࢈ −  ૛[(ࢉ
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Proposed by Daniel Sitaru – Romania  

Solution by Kevin Soto Palacios – Peru  

En un triángulo ࡯࡮࡭. Probar que:  

ෑ(૜ࢇ૛ + ૛ࢉ࢈ (࡭ܛܗ܋ ≥ [(૛࢖ − ࢖૛)(ࢇ − ࢖૛)(࢈ −  ૛[(ࢉ

Tener presente en un triángulo ࡯࡮࡭, lo siguiente: 

૛ࢉ࢈ ܛܗ܋ ࡭ = ૛࢈ + ૛ࢉ − ܛܗ܋࢈ࢇ૛,૛ࢇ ࡯ = ૛ࢇ + ૛࢈ − ࢉࢇ૛,૛ࢉ = ૛ࢇ + ૛ࢉ − ࢖૛,૛࢈ = ࢇ + +࢈  ࢉ

Reeemplazando en la desigualdad: 

ቀ(ࢇ૛ + (૛࢈ + ૛ࢇ) + ૛)ቁࢉ ቀ(࢈૛ + (૛ࢉ + ૛࢈) + ૛)ቁࢇ ቀ(ࢉ૛ + (૛ࢇ + ૛ࢉ) + ૛)ቁ࢈ ≥ 

≥ ࢈) + ࢇ)૛(ࢉ + ࢇ)૛(ࢉ + ࡼࡹ :૛. Por(࢈ ≥  ࡭ࡹ

૛ࢇ + ૛࢈ ≥ ૛(࢈ାࢇ)

૛
૛ࢇ ;(࡭)				 + ૛ࢉ ≥ ૛(ࢉାࢇ)

૛
૛࢈ ;(࡮)				 + ૛ࢉ ≥ ૛(ࢉା࢈)

૛
 (࡯)				

Sumando: (࡭) + (࡮) → Por: ࡭ࡹ ≥ ࡳࡹ → ૛ࢇ૛ + ૛࢈ + ૛ࢉ ≥ ૛(࢈ାࢇ)

૛
+ ૛(ࢉାࢇ)

૛
≥ 

≥ ࢇ) + ࢇ)(࢈ +  :Análogamente para los demás términos .(ࡰ)							(ࢉ

૛࢈૛ + ૛ࢇ + ૛ࢉ ≥
ࢇ) + ૛(࢈

૛
+

࢈) + ૛(ࢉ

૛
≥ ࢇ) + ࢈)(࢈ +  (ࡱ)					(ࢉ

૛ࢉ૛ + ૛ࢇ + ૛࢈ ≥
ࢇ) + ૛(ࢉ

૛
+

࢈) + ૛(ࢉ

૛
≥ ࢇ) + ࢈)(ࢉ +  (ࡲ)						(ࢉ

Multiplicando: (ࡰ)(ࡱ)(ࡲ): ቀ(ࢇ૛ + (૛࢈ + ૛ࢇ) + ૛࢈)૛)ቁቀࢉ + (૛ࢉ + ૛࢈) + ૛ࢉ)૛)ቁቀࢇ + (૛ࢇ + ૛ࢉ) + ૛)ቁ࢈ ≥ 

≥ ࢈) + ࢇ)૛(ࢉ + ࢇ)૛(ࢉ +  ૛(࢈

 

 

29. In ࢤ	࡯࡮࡭: 

࡭ܖܑܛ + ૝ ࡮ܖܑܛ + ૝ ܛܗ܋
࡯
૛
≤ ૢ ܖܑܛ ൬

࣊ + ࡮ − ࡯
૜

൰ 
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Proposed by Daniel Sitaru – Romania  

Solution by Kevin Soto Palacios –Huarmey- Peru  

En un triángulo ࡭ܖ܍ܛ :࡯࡮࡭ + ૝ ࡮ܖ܍ܛ + ૝ ܛܗ܋ ࡯
૛
≤ ૢ ܖ܍ܛ ቀ࣊ା࡯ି࡮

૜
ቁ 

⇒ ࡱ = ܖ܍ܛ ࡭ + ࡮ܖ܍ܛ + +࡮ܖ܍ܛ ࡮ܖ܍ܛ + ࡮ܖ܍ܛ + ܖ܍ܛ ൬
࡭ + ࡮
૛

൰ + ܖ܍ܛ ൬
࡭ + ࡮
૛

൰+ ܖ܍ܛ ൬
࡭ + ࡮
૛

൰ 

Por desigualdad de Jensen: ܖ܍ܛ ࡭ + ૝࡮ܖ܍ܛ + ૝ ࡮ା࡭ቀܖ܍ܛ
૛
ቁ ≤ ૢ ቆܖ܍ܛ

૛࡮శ࡭ା૝ቀ࡮ା૝࡭ ቁ

ૢ
ቇ = 

= ૢ ൬ܖ܍ܛ
૜࡭ + ૟࡮

ૢ ൰ = ૢ ൬ܖ܍ܛ
࡭ + ૛࡮

૜ ൰ 

࡭ܖ܍ܛ + ૝ ࡮ܖ܍ܛ + ૝ ܖ܍ܛ ൬
࡭ + ࡮
૛ ൰ ≤ ૢ ൬ܖ܍ܛ

+࣊ ࡮ − ࡯
૜ ൰ 

 

30. In ࢤ	࡯࡮࡭: 

૝૞ࢇ૛ + ૛ૠ࢈૛ + ૞ࢉ૛ > 60√ૠࡿ 

ࡿ − area 

Proposed by Daniel Sitaru - Romania  

Solution by Kevin Soto Palacios-Huarmey-Peru 

De la desigualdad ponderada Weizenbock (Refinamiento de Pohata): 

࢞૛ࢇ + ࢟૛࢈ + ࢠ૛ࢉ ≥ ૝ඥ࢟࢞+ ࢠ࢟ + →,ࡿࢠ࢞ ,࢞ ,࢟ ࢠ ≥ ૙. Sea: ࢞ = ૝૞,࢟ = ૛ૠ, ࢠ = ૞ 

૝૞ࢇ૛ + ૛ૠ࢈૛ + ૞ࢉ૛ ≥ ૝√૝૞࢞૛ૠ + ૛ૠ࢞૞ + ૝૞࢞૞ࡿ 

૝૞ࢇ૛ + ૛ૠ࢈૛ + ૞ࢉ૛ ≥ ૝ඥ૚૞(ૢ૛ + ૢ + ૚૞)ࡿ 

૝૞ࢇ૛ + ૛ૠ࢈૛ + ૞ࢉ૛ ≥ ૝√૚૞࢞૚૞࢞ૠࡿ; ૝૞ࢇ૛ + ૛ૠ࢈૛ + ૞ࢉ૛ ≥ ૟૙√ૠࡿ 

31. Prove that in any triangle ࡯࡮࡭: 

ࢇ࢓

ࢇࢎ
+
࢈࢓

࢈ࢎ
+
ࢉ࢓

ࢉࢎ
≥
૚
૛
൬
࢈ + ࢉ
ࢇ

+
ࢉ + ࢇ
࢈

+
ࢇ + ࢈
ࢉ

൰ 
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Proposed by Nguyen Viet Hung – Vietnam  

Solution by Soumava Chakraborty-Kolkata-India 

ࢇ࢓

ࢇࢎ
+
࢈࢓

࢈ࢎ
+
ࢉ࢓

ࢉࢎ
≥
૚
૛
൬
࢈ + ࢉ
ࢇ

+
ࢉ + ࢇ
࢈

+
ࢇ + ࢈
ࢉ

൰ 

Tereshin’s inequality ⇒ ࢇ࢓ ≥
૛ࢉ૛ା࢈

૝ࡾ
࢈࢓, ≥

૛ࢇ૛ାࢉ

૝ࡾ
ࢉ࢓, ≥

૛࢈૛ାࢇ

૝ࡾ
 

ࢇࢎ =
૛ࢤ
ࢇ

࢈ࢎ, =
૛ࢤ
࢈

ࢉࢎ, =
૛ࢤ
ࢉ

,
ࢇ࢓

ࢇࢎ
≥
૛࢈ + ૛ࢉ

૝ࡾ
⋅
ࢇ
૛ࢤ

=
૛࢈)ࢇ + (૛ࢉ
૛(૝ࢤࡾ) =

૛࢈)ࢇ + (૛ࢉ
૛ࢉ࢈ࢇ

 

Similarly, ࢈࢓

࢈ࢎ
≥ ૛൯ࢇ૛ାࢉ൫࢈

૛ࢉ࢈ࢇ
ࢉ࢓,

ࢉࢎ
≥ ૛൯࢈૛ାࢇ൫ࢉ

૛ࢉ࢈ࢇ
 

ࢇ࢓

ࢇࢎ
+
࢈࢓

࢈ࢎ
+
ࢉ࢓

ࢉࢎ
≥
ࢇ)࢈ࢇ + (࢈ + ࢈)ࢉ࢈ + (ࢉ + ࢉ)ࢇࢉ + (ࢇ

૛ࢉ࢈ࢇ
 

=
૚
૛
൬
࢈ + ࢉ
ࢇ

+
ࢉ + ࢇ
࢈

+
ࢇ + ࢈
ࢉ

൰ 

 

32. En un triángulo ࡯࡮࡭: Probar que si es (V) O (F) 

ࢉ૝ࢇ + ࢇ૝࢈ + ࢈૝ࢉ ≥ ૛૝√૛૜ (ࡿࡾ)
૞
૜ 

Proposed by Daniel Sitaru-Romania 

Solution by Kevin Soto Palacios-Huarmey-Peru 

Desarrollando el lado derecho tenemos: 

૛૝√૛૜ (ࡿࡾ)
૞
૜ = ૛૝√૛૜ ൬

ࢉ࢈ࢇ
૝
൰
૞
૜

= ૛૝√૛૜ ૜ඨ ૚
૛૚૙

૞(ࢉ࢈ࢇ) = ૛૝ඨ
૚
૛ૢ

૞(ࢉ࢈ࢇ)
૜

= ૜ඥ(ࢉ࢈ࢇ)૞૜  

Por las desigualdades entre las medias:  

Siendo: ࢈,ࢇ, ࢉ > ૙ (lados de un triángulo ࡯࡮࡭) 

ࢉ૝ࢇ + ࢇ૝࢈ + ࢈૝ࢉ ≥ ૜ඥ(ࢉ࢈ࢇ)૞૜    (LQQD) 
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33. In ࡯࡮࡭ࢤ: 

૛ܖܑܛ ࡭ + ࡮૛ܖܑܛ + ܖܑܛ ࡯ ≤ ૛ඥ૚ + ࡭)ܛܗ܋ − (࡮  ࡯ܛܗ܋

Proposed by Daniel Sitaru – Romania  

Solution by Kevin Soto Palacios – Huarmey-Peru  

En un triángulo ࡯࡮࡭: Probar que:  

૛ܖ܍ܛ ࡭ + ࡮૛ܖ܍ܛ + ܖ܍ܛ ࡯ ≤ ૛ඥ૚+ ࡯ܛܗ܋ ࡭)ܛܗ܋ −  (࡮

Tener en cuenta lo siguiente: 

࡭૛ܖ܍ܛ + ࡮૛ܖ܍ܛ + ૛ܖ܍ܛ ࡯ = ૛(૚ + ࡭ܛܗ܋ ࡮ܛܗ܋  (࡯ܛܗ܋

૛ ࡮ܖ܍ܛ ܖ܍ܛ ࡯ܛܗ܋࡭ = ૛ܖ܍ܛ ࡭ + ࡮૛ܖ܍ܛ − ૛ܖ܍ܛ  ࡯

૛ܖ܍ܛ +࡭ ࡮૛ܖ܍ܛ + ࡯ܖ܍ܛ ≤ ૛√૚ + ࡭ܛܗ܋ ࡮ܛܗ܋ ࡯ܛܗ܋ + ࡮ܖ܍ܛ  ࡭ܛܗ܋࡯ܖ܍ܛ

࡭૛ܖ܍ܛ + ࡮૛ܖ܍ܛ + ࡯ܖ܍ܛ ≤ ૛ඥܖ܍ܛ૛࡭ +  ࡮૛ܖ܍ܛ

૛ܖ܍ܛ ࡭ + ࡮૛ܖ܍ܛ + ࡭ܖ܍ܛ ࡮ܛܗ܋ + ࡮ܖ܍ܛ ࡭ܛܗ܋ ≤ ૛ඥܖ܍ܛ૛࡭ +  ࡮૛ܖ܍ܛ

࡭ܖ܍ܛ ࡭ܖ܍ܛ) + (࡮ܛܗ܋ + ࡮ܖ܍ܛ ࡮ܖ܍ܛ) + (࡭ܛܗ܋ ≤ ૛ඥܖ܍ܛ૛࡭ +  ࡮૛ܖ܍ܛ

Por desigualdad de Cauchy:  

൫࡭ܖ܍ܛ ࡭ܖ܍ܛ) + (࡮ܛܗ܋ + ࡮ܖ܍ܛ ࡮ܖ܍ܛ) + ൯(࡭ܛܗ܋
૛
≤ 

≤ ࡭૛ܖ܍ܛ) + ࡭ܖ܍ܛ))(࡮૛ܖ܍ܛ + ૛(࡮ܛܗ܋ + ࡮ܖ܍ܛ) +  (૛(࡭ܛܗ܋

൫࡭ܖ܍ܛ ࡭ܖ܍ܛ) + (࡮ܛܗ܋ + ࡮ܖ܍ܛ ࡮ܖ܍ܛ) + ൯૛(࡭ܛܗ܋ ≤ 

≤ ૛ܖ܍ܛ) ࡭ + +൫૛(࡮૛ܖ܍ܛ ૛(࡭ܖ܍ܛ ࡮ܛܗ܋ + ࡮ܖ܍ܛ  ൯(࡭ܛܗ܋

൫࡭ܖ܍ܛ ࡭ܖ܍ܛ) + (࡮ܛܗ܋ + ࡮ܖ܍ܛ ࡮ܖ܍ܛ) + ൯(࡭ܛܗ܋
૛
≤ 

≤ ࡭૛ܖ܍ܛ) + ૛)(࡮૛ܖ܍ܛ + ૛  (࡯ܖ܍ܛ

࡭ܖ܍ܛ ࡭ܖ܍ܛ) + (࡮ܛܗ܋ + ࡮ܖ܍ܛ ࡮ܖ܍ܛ) + (࡭ܛܗ܋ ≤ 
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≤ ඥ૛(૚ + ࡭૛ܖ܍ܛඥ(࡯ܖ܍ܛ +  ࡮૛ܖ܍ܛ

Por lo cual nos f alta probar que: 

ඥ૛(૚+ ࡭૛ܖ܍ܛඥ(࡯ܖ܍ܛ + ࡮૛ܖ܍ܛ ≤ ૛ඥܖ܍ܛ૛࡭ + ࡮૛ܖ܍ܛ ⇔ ૚ ≥  ࡯ܖ܍ܛ

 

34. Let ࡯࡮࡭ be a triangle with the incenter ࡵ. Prove that: 

૚
࡭ࡵ ⋅ ࡮ࡵ

+
૚

࡮ࡵ ⋅ ࡯ࡵ
+

૚
࡯ࡵ ⋅ ࡭ࡵ

≤
ࡾ + ࢘
૛࢘ࡾ૛

 

Proposed by Hung Nguyen Viet-HaNoi-VietNam 

Solution by Kevin Soto Palacios-Huarmey-Peru 

Probar en un triángulo ࡯࡮࡭ con el Incentro “I”: ૚
࡮ࡵ࡭ࡵ

+ ૚
࡯ࡵ࡮ࡵ

+ ૚
࡯ࡵ࡭ࡵ

≤ ࢘ାࡾ
૛ࡾ૛

 

Tener en cuenta lo siguinete: ࡭ࡵ = ࢘

૛࡭	ܖ܍ܛ
= ૝ܖ܍ܛࡾ	 ࡮

૛
	ܖ܍ܛ ࡯

૛
 

࡮ࡵ =
࢘

૛࡮	ܖ܍ܛ
= ૝ࡾ 	ܖ܍ܛ

࡭
૛
	ܖ܍ܛ

࡯
૛

; ࡯ࡵ	 =
࢘

૛࡯	ܖ܍ܛ

= ૝ 	ܖ܍ܛ
࡭
૛
	ܖ܍ܛ

࡮
૛

 

࢘ = ૝ࡾ 	ܖ܍ܛ
࡭
૛
	ܖ܍ܛ

࡮
૛
	ܖ܍ܛ

࡯
૛

,
࡯ࡵ࡮ࡵ࡭ࡵ
૛࢘ࡾ૛

= ૛,࢈ࢇ + ࢉ࢈ + ࢉࢇ = ૛࢖ + ૛࢘ + ૝࢘ࡾ, 

૛࢖ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛  (Gerretsen) 

⇒
+࡭ࡵ ࡮ࡵ + ࡯ࡵ
࡯ࡵ࡮ࡵ࡭ࡵ ≤

+ࡾ ࢘
૛࢘ࡾ૛ → ࡭ࡵ + ࡮ࡵ + ࡯ࡵ ≤ ૛ࡾ + ૛࢘ 

Asimismo también se puede expresar de la siguiente manera: 

࡭ࡵ =
ࢉ࢈
࢖
ܛܗ܋

࡭
૛

=
ࢉ࢈
࢖
ඨ࢖

࢖) − (ࢇ
ࢉ࢈

=
૚
࢖
࢖)࢖ඥࢉ࢈√ −  (ࢇ

De forma análoga: ࡮ࡵ = ૚
࢖)࢖ඥࢉࢇ√࢖ − ,(࢈ ࡯ࡵ = ૚

࢖)࢖ඥ࢈ࢇ√࢖ −  (ࢉ

Por la desigualdad de Cauchy: 
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࡭ࡵ) + ࡮ࡵ + ૛(࡯ࡵ =
૚
૛࢖

ቀ√ࢉ࢈ඥ࢖)࢖ − (ࢇ + ࢖)࢖ඥࢉࢇ√ − (࢈ + ࢖)࢖ඥ࢈ࢇ√ − ቁ(ࢉ
૛
≤ 

≤
૚
૛࢖

ࢉ࢈) + ࢉࢇ + ࢖)࢖൫(࢈ࢇ − (ࢇ + ࢖)࢖ − (࢈ + ࢖)࢖ −  ൯(ࢉ

⇒ ࡭ࡵ) + ࡮ࡵ + ૛(࡯ࡵ ≤ ࢈ࢇ) + ࢉ࢈ + (ࢉࢇ = ૛࢖ + ૛࢘ + ૝࢘ࡾ ≤ 

≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛ + ૛࢘ + ૝࢘ࡾ = ૝(ࡾ + ૛(࢘ ⇒ Por transitividad:  

࡭ࡵ) + ࡮ࡵ + ૛(࡯ࡵ ≤ ૝(ࡾ + ૛(࢘ → ࡭ࡵ + ࡮ࡵ + ࡯ࡵ ≤ ૛ࡾ + ૛࢘ 

 

35. Let ࢉ,࢈,ࢇ be the side-lengths of a triangle. Prove that: 

෍ࢉ࢈)ࢉ࢈ − ࢈)(૛ࢇ + ࢉ − (ࢇ
ࢉ࢟ࢉ

≥ ૙ 

Proposed by Nguyen Viet Hung – Hanoi - Vietnam 

Solution by Kevin Soto Palacios –Huarmey- Peru  

Sea: ࢈,ࢇ, ࢉ࢈)ࢉ࢈∑ :los lados de un triángulo. Probar que ࢉ − ࢈)(૛ࢇ + ࢉ − (ࢇ ≥ ૙ 

Denotemos: ࢀ૚ = ࢉ࢈)ࢉ࢈ − ࢈)(૛ࢇ + ࢉ −  (ࢇ

૚ࢀ = ࢉ૛࢈)ࢉ࢈ + ࢈૛ࢉ − ࢉ࢈ࢇ − ࢈૛ࢇ − ࢉ૛ࢇ +  (૜ࢇ

૚ࢀ = ૛ࢉ૜࢈ + ૛࢈૜ࢉ − ࢉ૛࢈૛ࢇ − ࢈૛ࢉ૛ࢇ +  ࢉ࢈૜ࢇ

De forma análoga para los siguientes términos: ࢀ૛ = ࢉࢇ)ࢉࢇ − ࢇ)(૛࢈ + ࢉ −  (࢈

⇒ ૛ࢀ = ૛ࢉ૜ࢇ + ૛ࢇ૜ࢉ + ૛ࢇ૜ࢉ − ࢉ૛ࢇ૛࢈ − ࢇ૛ࢉ૛࢈ +  ࢉࢇ૜࢈

૜ࢀ = ࢈ࢇ)࢈ࢇ − ࢈)(૛ࢉ + ࢉ − (ࢇ ⇒ ૜ࢀ = ૛࢈૜ࢇ + ૛ࢇ૜࢈ − ࢈૛ࢇ૛ࢉ − ࢇ૛࢈૛ࢉ +  ࢈ࢇ૜ࢉ

Sumando y factorizando convenientemente se llega a que: 

→ ૚ࢀ + ૛ࢀ + ૜ࢀ = ૛࢈)૜ࢇ + (૛ࢉ + ૛ࢇ)૜࢈ + (૛ࢉ + ૛ࢇ)૜ࢉ + −(૛࢈ ૜࢈ࢇ)ࢉ࢈ࢇ + +ࢉ࢈ (ࢉࢇ + ૛ࢇ)ࢉ࢈ࢇ + ૛࢈ +  (૛ࢉ

Desde que: ࢈,ࢇ, ࢉ > 0 → Por: ࡭ࡹ ≥ ࡳࡹ → 

→ ૛࢈)૜ࢇ + (૛ࢉ + ૛ࢇ)૜࢈ + (૛ࢉ + ૛ࢇ)૜ࢉ + (૛࢈ ≥ ૛ࢇ)ࢉ࢈ࢇ૛ + ૛࢈ +  (૛ࢉ
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૛࢈)૜ࢇ + (૛ࢉ + ૛ࢇ)૜࢈ + (૛ࢉ + ૛ࢇ)૜ࢉ + (૛࢈ − ૛࢈ࢇ)ࢉ࢈ࢇ+ +ࢉ࢈ (ࢉࢇ + ૛ࢇ)ࢉ࢈ࢇ + ૛࢈ + (૛ࢉ ≥ 

≥ ૜ࢇ)ࢉ࢈ࢇ૛ + ૛࢈ + ૛ࢉ − ࢈ࢇ − ࢉ࢈ − (ࢉࢇ ≥ ૙ 

 

36. Let ࢉ,࢈,ࢇ be side-lenghts of a triangle with the semi-perimeter ࢙. 

Prove that 

࢙) − ࢙)(ࢇ − (࢈

࢈ࢇ√
+

࢙) − ࢙)(࢈ − (ࢉ

ࢉ࢈√
+

࢙) − ࢙)(ࢉ − (ࢇ

ࢇࢉ√
≤
࢙
૛

 

Proposed by Nguyen Viet Hung - Vietnam 

Solution by Kevin Soto Palacios –Huarmey- Peru  

Sean: ࢈,ࢇ,  :lados de un triángulo con semiperímetro “s”. Probar que ࢉ

࢙) − ࢙)(ࢇ − (࢈

࢈ࢇ√
+

࢙) − ࢙)(࢈ − (ࢉ

ࢉ࢈√
+

࢙) − ࢙)(ࢇ − (ࢉ

ࢉࢇ√
≤
࢙
૛ 

De la siguiente desigualdad ya demostrado anteriormente: 

૛࢞ + ૛࢟ + ૛ࢠ

૛
≥ ࢠ࢟ ܖܑܛ

࡭
૛

+ ࢞ࢠ ܖܑܛ
࡮
૛

+ ࢟࢞ ܖܑܛ
࡯
૛
→ ,࢟,࢞ ࢠ ∈ ℝ	࢟	 ∧ ࢠ࢟࢞ > 0 

Es equivalente: 

૛࢞ + ૛࢟ + ૛ࢠ

૛
≥ ඨࢠ࢟

࢙) − ࢙)(࢈ − (ࢉ
ࢉ࢈

+ ඨ࢞ࢠ
࢙) − ࢙)(ࢇ − (ࢉ

ࢉࢇ
+ ඨ࢟࢞

࢙) − ࢙)(ࢇ − (࢈
࢈ࢇ

 

Sea: ࢞ = ࢙√ − ࢟,ࢇ = ࢙√ − ,࢈ ࢠ = ࢙√ −  ࢉ

⇒
࢙ − ࢇ + ࢙ − ࢈ + ࢙ − ࢉ

૛
≥

࢙) − ࢙)(࢈ − (ࢉ
ࢉ࢈

+
࢙) − ࢙)(࢈ − (ࢉ

ࢉࢇ
+

࢙) − ࢙)(ࢇ − (࢈
࢈ࢇ

 

⇒
࢙
૛ ≥

࢙) − ࢙)(࢈ − (ࢉ
ࢉ࢈ +

࢙) − ࢙)(ࢇ − (ࢉ
ࢉࢇ +

࢙) − ࢙)(ࢇ − (࢈
࢈ࢇ  
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37. Prove that in any triangle ࡯࡮࡭: 

૛࡭ܛܗ܋
૛ܖܑܛ ࡭

+
૛࡮ܛܗ܋
࡮૛ܖܑܛ

+
૛࡯ܛܗ܋
૛ܖܑܛ ࡯

≥ √૜
ࡾ
࢘

 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭: 
૛࡭ܛܗ܋
૛ܖ܍ܛ ࡭

+
૛࡮ܛܗ܋
૛࡮૛ܖ܍ܛ

+
૛࡯ܛܗ܋
૛ܖ܍ܛ ࡯

≥ √૜ ࡾ
࢘

 

૛࡭ܛܗ܋
૛ܖ܍ܛ ࡭

+
૛࡮ܛܗ܋
࡮૛ܖ܍ܛ

+
૛࡯ܛܗ܋
૛ܖ܍ܛ ࡯

≥ √૜
૚
૝
܋ܛ܋

࡭
૛
܋ܛ܋

࡮
૛
܋ܛ܋

࡯
૛

 

⇒
૛࡮ܖ܍ܛ ܖ܍ܛ

࡯
૛

૛࡭ܖ܍ܛ ܛܗ܋
࡭
૛

+
૛࡭ܖ܍ܛ ܖ܍ܛ

࡯
૛

૛࡮ܖ܍ܛ ܛܗ܋
࡮
૛

+
૛࡭ܖ܍ܛ ܖ܍ܛ

࡮
૛

૛࡯ܖ܍ܛ ܛܗ܋
࡯
૛
≥ √૜ 

⇒
૛࡮ܖ܍ܛ ܖ܍ܛ

࡯
૛

࡭ܖ܍ܛ
+
ܖ܍ܛ ૛࡭ ܖ܍ܛ

࡯
૛

࡮ܖ܍ܛ
+
૛࡭ܖ܍ܛ ܖ܍ܛ

࡮
૛

࡯ܖ܍ܛ
≥
√૜
૛

 

Tener en cuenta lo siguiente: ࡭ܖ܍ܛ = ૛ࡿ
ࢉ࢈

     (I); ࡮ܖ܍ܛ = ૛ࡿ
ࢉࢇ

     (II);  

࡯ܖ܍ܛ = ૛ࡿ
࢈ࢇ

      (III); ࡿ = ඥ࢖)࢖ − ࢖)(ࢇ − ࢖)(࢈ −  (ࢉ

ܖ܍ܛ ࡭
૛

= ට(࢈ି࢖)(ࢉି࢖)
ࢉ࢈

     (IV); ܖ܍ܛ ࡮
૛

= ට(ࢇି࢖)(ࢉି࢖)
ࢉࢇ

      (V); ܖ܍ܛ ࡯
૛

= ට(ࢇି࢖)(࢈ି࢖)
࢈ࢇ

      (VI) 

⇒෍
૛࡮ܖ܍ܛ ܖ܍ܛ

࡯
૛

࡭ܖ܍ܛ
=

࢖) − ࢖)ඥ(ࢇ − ࢖)(࢈ − (ࢉ

ࢉ࢈૛ࢇ√
૛ඥ࢖)࢖ − ࢖)(ࢇ − ࢖)(࢈ − (ࢉ

ࢉ࢈

=
࢖)ࢉ࢈ − (ࢇ

૛ඥࢇ૛࢖)(࢖)ࢉ࢈ − (ࢇ
= 

=
૚
૛

࢈)ࢉ࢈ + ࢉ − (ࢇ

ඥࢇ)ࢉ࢈ࢇ + ࢈ + ࢈)ࢇඥ(ࢉ + ࢉ − (ࢇ
≥
૚
૛

࢈)ࢉ࢈ + ࢉ − (ࢇ

ඥࢇ)ࢉ࢈ࢇ+ ࢈ + (ࢉ ቀࢇ + ࢈ + ࢉ − ࢇ
૛ ቁ
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→
૚
૛
෍

࢈)ࢉ࢈ + ࢉ − (ࢇ

ඥࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ ቀࢇ + ࢈ + ࢉ − ࢇ
૛ ቁ

= ෍
ࢉ)ࢉ࢈ + ࢇ − (ࢇ

࢈ + ࢉ
ඥࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ

= 

= ෍
ࢉ࢈ − ࢉ࢈ࢇ

࢈ + ࢉ
ඥࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ

≥෍
ࢉ࢈ − ࢉ࢈ࢇ ቀ ૚૝࢈ + ૚

૝ࢉቁ

ඥࢇ)ࢉ࢈ࢇ+ ࢈ + (ࢉ
 

→෍
ࢉ࢈ − ࢉ࢈ࢇ ቀ ૚૝࢈ + ૚

૝ࢉቁ

ඥࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ
=
ࢉ࢈∑ − ࢉ࢈ࢇ∑ ቀ ૚૝࢈ + ૚

૝ࢉቁ

ඥࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ
= 

=
ࢉ࢈∑ − ૝ࢉࢇ∑ − ૝࢈ࢇ∑
ඥࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ

=
૛ࢉ࢈∑

ඥࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ
=
૚
૛

ࢉ࢈∑
ඥࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ

 

૚
૛

ࢉ࢈∑
ඥࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ

≥
૚
૛
√૜ඥࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ

ඥࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ
=
√૜
૛

 

Se utilizo lo siguiente en el desarollo: (࢓ + ࢔ + ૛(࢖ ≥ ૜(࢔࢓ + ࢖࢔  (࢖࢓+

૚
࢓

+ ૚
࢔
≥ ૝

࢔ା࢓
. Por la tanto: ⇒

૛࡮ܖ܍ܛ ܖܑܛ
࡯
૛

ܖ܍ܛ ࡭
+

૛࡭ܖ܍ܛ ܖ܍ܛ
࡯
૛

ܖ܍ܛ ࡮
+

૛࡭ܖ܍ܛ ܖ܍ܛ
࡮
૛

࡯ܖ܍ܛ
≥ √૜

૛
 

 

38. In ࢤ	࡯࡮࡭: 

૜ቆ෍
૜ࢇ

ࢇ࢝
ቇ ⋅ ቀ෍

ࢇ࢝

ࢇ ቁ ≥ ૝ ቀ෍ࢇ࢝ቁ
૛

 

Proposed by Daniel Sitaru – Romania  

Solution by Adil Abdullayev-Baku-Azerbaidjian 

Lemma:  

෍ࢇ࢝
ࢉ࢟ࢉ

≤  ૜√࢖

Proof:  
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෍ࢇ࢝
ࢉ࢟ࢉ

= ෍ቆ
૛√ࢉ࢈
+࢈ ࢉ

⋅ ඥ࢖)࢖ − ቇ(ࢇ
ࢉ࢟ࢉ

≤෍ඥ࢖)࢖ − (ࢇ
ࢉ࢟ࢉ

= 

= ඥ࢖ ⋅෍ඥ࢖ − ࢇ
ࢉ࢟ࢉ

⇔ ቌ෍ࢇ࢝
ࢉ࢟ࢉ

ቍ

૛

≤ ࢖ ⋅ ቌ෍ඥ࢖ − ࢇ
ࢉ࢟ࢉ

ቍ

૛

≤⏞
ࡿି࡮ି࡯

࢖ ⋅ ૜෍(࢖ − (ࢇ
ࢉ࢟ࢉ

= 

= ࢖ ⋅ ૜࢖ = ૜࢖૛ ⇔ ࡿࡴࡸ ≤  ࡿࡴࡾ

Solution: 

ࡿࡴࡸ = ૜෍ቌඨ
૜ࢇ

ࢇ࢝
ቍ

૛

ࢉ࢟ࢉ

⋅෍ቆට
ࢇ࢝

ࢇ
ቇ
૛

ࢉ࢟ࢉ

≥⏞
ࡿି࡮ି࡯

૜ ⋅ ቌ෍ࢇ
ࢉ࢟ࢉ

ቍ

૛

= ૚૛࢖૛ ≥ ࡿࡴࡾ ⇔ 

⇔෍ࢇ࢝
ࢉ࢟ࢉ

≤  ૜√࢖

39. In any triangle ࡯࡮࡭: 

૛ૠࢇ࢓
૛࢈࢓

૛ࢉ࢓
૛

૟ࡿ ≤ ൬
૚

࢖) − ૛(ࢇ +
૚

࢖) − ૛(࢈ +
૚

࢖) − ૛൰(ࢉ
૜

 

ࢇ࢓ − median length, ࡿ − area 

Proposed by Daniel Sitaru, Romania  

Solution 1 by Soumava Chakraborty-Kolkata-India 

૛ૠࢇ࢓
૛࢈࢓

૛ࢉ࢓
૛

૟ࢤ ≤ ൜
૚

࢖) − ૛(ࢇ +
૚

࢖) − ૛(࢈ +
૚

࢖) − ૛ൠ(ࢉ
૜

							(૚) 

ࢇ࢓
૛ =

૛࢈૛ + ૛ࢉ૛ − ૛ࢇ

૝
࢈࢓,

૛ =
૛ࢉ૛ + ૛ࢇ૛ − ૛࢈

૝
; ࢉ࢓	

૛ =
૛ࢇ૛ + ૛࢈૛ − ૛ࢉ

૝
 

 (1) ⇔ ૛ૠ
૟૝

(૛࢈૛ + ૛ࢉ૛ − ૛ࢉ૛)(૛ࢇ + ૛ࢇ૛ − ૛ࢇ૛)(૛࢈ + ૛࢈૛ − (૛ࢉ ≤ 
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≤ ቊ
૛ࢤ

࢖) − ૛(ࢇ +
૛ࢤ

࢖) − ૛(࢈ +
૛ࢤ

࢖) − ૛ቋ(ࢉ
૜

 

⇔
૜
૝
ඥ(૛࢈૛ + ૛ࢉ૛ − ૛ࢉ૛)(૛ࢇ + ૛ࢇ૛ − ૛ࢇ૛)(૛࢈ + ૛࢈૛ − ૛)૜ࢉ ≤ 

≤
૛ࢤ

࢖) − ૛(ࢇ +
૛ࢤ

࢖) − ૛(࢈ +
૛ࢤ

࢖) −  ૛(ࢉ

ࡹࡳ ≤ ࡹ࡭ ⇒
૜
૝
ඥ(૛࢈૛ + ૛ࢉ૛ − ૛ࢉ૛)(૛ࢇ + ૛ࢇ૛ − ૛ࢇ૛)(૛࢈ + ૛࢈૛ − ૛)૜ࢉ ≤ 

≤
૜
૝
	
(૛࢈૛ + ૛ࢉ૛ − (૛ࢇ + (૛ࢉ૛ + ૛ࢇ૛ − (૛࢈ + (૛ࢇ૛ + ૛࢈૛ − (૛ࢉ

૜
 

=
૜
૝

૛ࢇ) + ૛࢈ +  (૛ࢉ

I shall show that, ૜
૝

૛ࢇ) + ૛࢈ + (૛ࢉ ≤ ૛ࢤ

૛(ࢇି࢖) + ૛ࢤ

૛(࢈ି࢖) + ૛ࢤ

 ૛   (2)(ࢉି࢖)

which will prove (1) 

= of (2) ࡿࡴࡾ (ࢉି࢖)(࢈ି࢖)(ࢇି࢖)࢖
૛(ࢇି࢖) + (ࢉି࢖)(࢈ି࢖)(ࢇି࢖)࢖

૛(࢈ି࢖) + (ࢉି࢖)(࢈ି࢖)(ࢇି࢖)࢖
૛(ࢉି࢖)  

= ࢖ ቊ
࢖) − ࢖)(࢈ − (ࢉ

࢖ − ࢇ
+

࢖) − ࢖)(ࢉ − (ࢇ
࢖ − ࢈

+
࢖) − ࢖)(ࢇ − (࢈

࢖ − ࢉ
ቋ 

=
+ࢇ) ࢈ + (ࢉ

૝ ቊ
ࢉ) + ࢇ − ࢇ)(࢈ + −࢈ (ࢉ

࢈ + ࢉ − ࢇ +
+ࢇ) −࢈ +࢈)(ࢉ ࢉ − (ࢇ

+ࢉ ࢇ − ࢈ +
+࢈) ࢉ − ࢉ)(ࢇ + ࢇ − (࢈

ࢇ + −࢈ ࢉ ቋ 

 (2) ⇔ ૜(ࢇ૛ + ૛࢈ + (૛ࢉ ≤⏞
(૜)

+ࢇ) ࢈ + (ࢉ ቄ(ࢉା࢈ିࢇ)(ࢇାࢉି࢈)
ࢇିࢉା࢈

+ (ࢇିࢉା࢈)(ࢉି࢈ାࢇ)
࢈ିࢇାࢉ

+ (࢈ିࢇାࢉ)(ࢇିࢉା࢈)
ࢉି࢈ାࢇ

ቅ 

Let ࢇ + ࢈ − ࢉ = ࢈,࢞ + ࢉ − ࢇ = ,࢟ ࢉ + ࢇ − ࢈ =  ࢠ

ࢇ + ࢈ + ࢉ = ࢞ + ࢟ + ࢇ,ࢠ =
ࢠ + ࢞
૛

࢈, =
࢞ + ࢟
૛

, ࢉ =
࢟ + ࢠ
૛

 

 (3) ⇔ ૜
૝

ࢠ)} + ૛(࢞ + ࢞) + ૛(࢟ + ࢟) + {૛(ࢠ ≤ ࢞) + ࢟ + (ࢠ ቀ࢟࢞
૛

+ ࢠ࢟
࢞

+ ࢞ࢠ
࢟
ቁ 
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⇔ ૟ቀ෍࢞૛ + ෍࢟࢞ቁࢠ࢟࢞ ≤ ૝ ቀ෍࢞ቁ ቀ෍࢞૛࢟૛ቁ 

⇔ ૛(࢞ + ࢟ + ૛࢟૛࢞)(ࢠ + ૛ࢠ૛࢟ + (૛࢞૛ࢠ ≥ ૜(࢞૛ + ૛࢟ + ૛ࢠ + ࢟࢞ + ࢠ࢟ +  ࢠ࢟࢞(࢞ࢠ

⇔ ૛࢞૜࢟૛ + ૛࢞૛࢟૜ + ૛࢟૜ࢠ૛ + ૛࢟૛ࢠ૜ + ૛ࢠ૜࢞૛ + ૛ࢠ૛࢞૜ + 

+૛࢟࢞)ࢠ࢟࢞ + ࢠ࢟ + (࢞ࢠ ≥ ૜ࢠ࢟࢞ ቀ෍࢞૛ቁ + ૜ࢠ࢟࢞(૜ࢠ࢟࢞+  (࢞ࢠ

⇔ ૛࢞૜࢟૛ + ૛࢞૛࢟૜ + ૛࢟૜ࢠ૛ + ૛࢟૛ࢠ૜ + ૛ࢠ૜࢞૛ + ૛ࢠ૛࢞૜ ≥ 

≥ ૜࢞૜ࢠ࢟ + ૜࢟૜࢞ࢠ + ૜ࢠ૜࢟࢞ + ࢠ૛࢟૛࢞ + ࢞૛ࢠ૛࢟ +  (૝)				࢟૛࢞૛ࢠ

ࡹ࡭ ≥ ࡹࡳ ⇒ ૜
૛

૛࢟૜࢞) + ⏞≤(૛ࢠ૜࢞
࢏

૜࢞૜ࢠ࢟; ૜
૛

૛࢞૜࢟) + ⏞≤(૛ࢠ૜࢟
࢏࢏

૜࢟૜࢞ࢠ 

૜
૛

૛࢞૜ࢠ) + ⏞≤(૛࢟૜ࢠ
࢏࢏࢏

૜ࢠ૜࢟࢞;  

࢏ + ࢏࢏ + ࢏࢏࢏ ⇒
૜
૛

૛࢟૜࢞) + ૜࢟૛࢞ + ૛ࢠ૜࢟ + ૜ࢠ૛࢟ + ૛࢞૜ࢠ + (૜࢞૛ࢠ ≥ 

≥ ૜࢞૜ࢠ࢟ + ૜࢟૜࢞ࢠ + ૜ࢠ૜࢟࢞					(࡭) 

⎩
⎪⎪
⎨

⎪⎪
࢞⎧

૜࢟૛ + ૜ࢠ૛࢟ + ૜ࢠ૛࢟ ≥ ૜࢟࢞૛ࢠ૛

૛࢞૜࢟ + ૜ࢠ૛࢞ + ૜ࢠ૛࢞ ≥ ૜࢞࢟૛ࢠ૛

૛ࢠ૜࢟ + ૜࢞૛ࢠ + ૜࢞૛ࢠ ≥ ૜ࢠ࢟૛࢞૛

૛࢟૜ࢠ + ૜࢞૛࢟ + ૜࢞૛࢟ ≥ ૜࢟ࢠ૛࢞૛

૛࢞૜ࢠ + ૜࢟૛࢞ + ૜࢟૛࢞ ≥ ૜࢞ࢠ૛࢟૛

૛ࢠ૜࢞ + ૜࢟૛ࢠ + ૜࢟૛ࢠ ≥ ૜࢟࢞૛ࢠ૛⎭
⎪⎪
⎬

⎪⎪
⎫

ࡹ࡭ ≥  ࡹࡳ

Adding, ૜(࢞૜࢟૛ + ૜࢟૛࢞ + ૛ࢠ૜࢟ + ૜ࢠ૛࢟ + ૛࢞૜ࢠ + (૜࢞૛ࢠ ≥ 

≥ ૟(࢞૛࢟૛ࢠ + ࢞૛ࢠ૛࢟ +  (࢟૜࢞૛ࢠ

⇒
૚
૛

૛࢟૜࢞) + ૜࢟૛࢞ + ૛ࢠ૜࢟ + ૜ࢠ૛࢟ + ૛࢞૜ࢠ + (૜࢞૛ࢠ ≥ ࢠ૛࢟૛࢞ + ࢞૛ࢠ૛࢟ +  (࡮)	࢟૜࢞૜ࢠ

Solution 2 by Soumava Chakraborty-Kolkata-India 

૛ૠࢇ࢓
૛࢈࢓

૛ࢉ࢓
૛

૟ࡿ ≤ ൜
૚

࢖) − ૛(ࢇ +
૚

࢖) − ૛(࢈ +
૚

࢖) − ૛ൠ(ࢉ
૜
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⇔ ૜ටࢇ࢓
૛࢈࢓

૛ࢉ࢓
૛૜
≤

૛ࡿ

࢖) − ૛(ࢇ +
૛ࡿ

࢖) − ૛(࢈ +
૛ࡿ

࢖) − ૛(ࢉ = ෍ࢇ࢘૛ 

Now, ૜ටࢇ࢓
૛࢈࢓

૛ࢉ࢓
૛૜

≤⏞
ࡹࡳିࡹ࡭

ࢇ࢓∑
૛ ≤ ૛ૠ

૝
૛ࡾ ≤  ૛ࢇ࢘∑

 

40. Prove that in any triangle, 

૚+ ܖܑܛ
࡭
૛
ܖܑܛ

࡮
૛
ܖܑܛ

࡯
૛
≥ √૜ ܛܗ܋

࡭
૛
ܛܗ܋

࡮
૛
ܛܗ܋

࡯
૛

 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭: ૚ + ܖ܍ܛ ࡭
૛
ܖ܍ܛ ࡮

૛
ܖ܍ܛ ࡯

૛
≥ √૜ ܛܗ܋ ૛࡭ ܛܗ܋

࡮
૛
ܛܗ܋ ࡯

૛
 

Tener en cuenta lo siguiente: ࢘
૝ࡾ

= ܖ܍ܛ ࡭
૛
࡮ܖ܍ܛ

૛
ܖ܍ܛ ࡯

૛
	∧ ࢖

૝ࡾ
= ܛܗ܋ ࡭

૛
࡮ܛܗ܋

૛
ܛܗ܋ ࡯

૛
 

ࢇ࢘ + ࢈࢘ + ࢉ࢘ = ૝ࡾ +  :La desigualdad es equivalente .࢘

૚ +
࢘
૝ࡾ

≥ √૜
࢖
૝ࡾ

→ ૝ࡾ + ࢘ ≥ √૜࢖ → ࢇ࢘ + ࢈࢘ + ࢉ࢘ ≥ √૜࢖ 

→ ܖ܉ܜ࢖
࡭
૛

+ ࢖ ܖ܉ܜ
࡮
૛

+ ࢖ ܖ܉ܜ
࡯
૛
≥ √૜࢖ → ܖ܉ܜ

࡭
૛

+ ܖ܉ܜ
࡮
૛

+ ܖ܉ܜ
࡯
૛
≥ √૜ 

En la desigualdad siguiente: ࢞ + ࢟ + ࢠ ≥ ඥ૜(࢟࢞ + ࢠ࢟ + :∀,(ࢠ࢞ ,࢟,࢞ ࢠ ∈ ℝା 

Sea: ࢞ = ܖ܉ܜ ࡭
૛

, ࢟ = ܖ܉ܜ ࡮
૛

, ࢠ = ܖ܉ܜ ࡯
૛

࢟࢞, + ࢠ࢟ + ࢠ࢞ = ૚ 

ܖ܉ܜ
࡭
૛ + ܖ܉ܜ

࡮
૛ + ܖ܉ܜ

࡯
૛ ≥ √૜ 

41. Prove that for any triangle ࡯࡮࡭, 

ࡾ ≥
૛࢈૛ࢇ√ + ૛ࢉ૛࢈ + ૛ࢇ૛ࢉ

ࢇ + ࢈ + ࢉ
 

Proposed by Nguyen Viet Hung  - Hanoi – Vietnam  
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Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡾ :࡯࡮࡭ ≥ ඥ(࢈ࢇ)૛ା(ࢉ࢈)૛ା(ࢉࢇ)૛

ࢉା࢈ାࢇ
 

Tener presente lo siguiente en un triángulo ࡯࡮࡭: 

ࡾ =
ࢉ࢈ࢇ
૝ࡿ

	∧ 		૝ࡿ = ඥ(ࢇ + ࢈ + ࢈)(ࢉ + ࢉ − ࢇ)(ࢇ + ࢉ − ࢈)(࢈ + ࢇ −  (ࢉ

⇒ ࡾ =
ࢉ࢈ࢇ

ඥ(ࢇ + ࢈ + ࢈)(ࢉ + ࢉ − ࢇ)(ࢇ + ࢉ − ࢈)(࢈ + ࢇ − (ࢉ
⇔ ࢈ + ࢉ > ܽ, 

ࢇ + ࢉ > ࢈ ;ܾ + ࢇ > ܿ. Elevando al cuadrado la expresión tenemos: 

⇒
૛(ࢉ࢈ࢇ)

ࢇ) + ࢈ + ࢈)(ࢉ + ࢉ − ࢇ)(ࢇ + ࢉ − ࢈)(࢈ + ࢇ − (ࢉ ≥
૛(࢈ࢇ) + ૛(ࢉ࢈) + ૛(ࢉࢇ)

ࢇ) + ࢈ + ૛(ࢉ  

⇒
૛(ࢉ࢈ࢇ)

࢈) + ࢉ − ࢇ)(ࢇ + ࢉ − ࢈)(࢈ + ࢇ − (ࢉ ≥
૛(࢈ࢇ) + ૛(ࢉ࢈) + ૛(ࢉࢇ)

ࢇ + ࢈ + ࢉ
→ 

→  ࢙࢕࢓ࢋ࢔ࢋ࢚	࢕ࢊ࢔ࢋ࢏࢚࢘࢏࢜࢔ࡵ

⇒
࢈) + ࢉ − ࢇ)(ࢇ + ࢉ − ࢈)(࢈ + ࢇ − (ࢉ

૛(ࢉ࢈ࢇ) ≤
ࢇ + ࢈ + ࢉ

૛(࢈ࢇ) + ૛(ࢉ࢈) + ૛(ࢉࢇ) ⇔ 

⇔
૛(࢈ࢇ) + ૛(ࢉ࢈) + ૛(ࢉࢇ)

૛(ࢉ࢈ࢇ) ≤
ࢇ + ࢈ + ࢉ

࢈) + ࢉ − ࢇ)(ࢇ + ࢉ − ࢈)(࢈ + ࢇ −  (ࢉ

⇒
૚
૛ࢉ

+
૚
૛ࢇ

+
૚
૛࢈

≤
࢈) + ࢇ − (ࢉ + ࢈) + ࢉ − (ࢇ + ࢇ) + ࢉ − (࢈

࢈) + ࢉ − ࢇ)(ࢇ + ࢉ − ࢈)(࢈ + ࢇ − (ࢉ → 

→෍
૚
૛ࢉ

≤෍
૚

ࢇ) + ࢉ − ࢈)(࢈ + ࢉ −  (ࢇ

⇒෍
૚

ࢇ) + ࢉ − ࢈)(࢈ + ࢉ − (ࢇ −෍
૚
૛ࢉ

= ෍
૛ࢉ − ࢉ) + ࢇ − ࢈)(࢈ + ࢉ − (ࢇ

ࢇ) + ࢉ − ࢈)(࢈ + ࢉ − ૛ࢉ(ࢇ
= 

= ෍
૛ࢉ − ૛ࢉ) − ࢇ) − (૛(࢈

ࢇ) + ࢉ − ࢈)(࢈ + ࢉ − ૛ࢉ(ࢇ
= ෍

ࢇ) − ૛(࢈

ࢇ) + ࢉ − ࢈)(࢈ + ࢉ − ૛ࢉ(ࢇ
≥ ૙ 
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42. In acute-angled ࢤ	࡯࡮࡭: 

෍หܖ܉ܜૠ ࡭ − ห࡭ૠܜܗ܋ ≥ ૠ෍|࡭ܜܗ܋ −  |࡭ܖ܉ܜ

Proposed by Daniel Sitaru – Romania  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Es bien sabido que: |࢞| =  |࢞−|

ૠܖ܉ܜ ࡭ − ૠܜܗ܋ ࡭ = ࡭ܖ܉ܜ) − ܜܗ܋ ૟ܖ܉ܜ)(࡭ ࡭ + ૞ܖ܉ܜ ܜܗ܋࡭ ࡭ + ૝ܖ܉ܜ ૛ܜܗ܋࡭ ࡭ + ૜ܖ܉ܜ ૜ܜܗ܋࡭ ࡭ + 

+ ૛ܖ܉ܜ ૝ܜܗ܋࡭ ࡭ + ૞ܜܗ܋࡭	ܖ܉ܜ ࡭ + ૟ܜܗ܋  (࡭

Siendo un triángulo acutángulo: ܖ܉ܜ ࡭ , ࡮ܖ܉ܜ , ࡯ܖ܉ܜ > 0. Por la tanto: 

෍|࡭ܖ܉ܜ − |࡭ܜܗ܋ ≥ ૙ 

෍|ܖ܉ܜ ࡭ − ܜܗ܋ |࡭ หܖ܉ܜ૟࡭ + ૞ܖ܉ܜ ࡭ ܜܗ܋ +࡭ ૝ܖ܉ܜ ࡭ ૛ܜܗ܋ +࡭ ૜ܖ܉ܜ ૜ܜܗ܋࡭ +࡭ ૝ܖ܉ܜ ૛ܜܗ܋࡭ ࡭ + ૞ܖ܉ܜ ࡭ ܜܗ܋ +࡭ ૟ܜܗ܋ −࡭ ૠห ≥ ૙ 

Por: ࡭ࡹ ≥  ࡳࡹ

หܖ܉ܜ૟ +࡭ ૞ܖ܉ܜ ࡭ ࡭ܜܗ܋ + ૝ܖ܉ܜ ࡭૛ܜܗ܋࡭ + ૜ܖ܉ܜ ૜ܜܗ܋࡭ +࡭ ࡭૝ܖ܉ܜ ࡭૛ܜܗ܋ + ૞ܖ܉ܜ ܜܗ܋࡭ +࡭ ࡭૟ܜܗ܋ −ૠห ≥ ૙ 

→෍|ܖ܉ܜ ࡭ − ܜܗ܋ |࡭ หܖ܉ܜ૟࡭ + ࡭૞ܖ܉ܜ ࡭ܜܗ܋ + ૝ܖ܉ܜ ࡭ ૛ܜܗ܋ ࡭ + ૜ܖ܉ܜ ࡭ ૜ܜܗ܋ ࡭ + ૝ܖ܉ܜ ࡭ ૛ܜܗ܋ ࡭ + ૞ܖ܉ܜ ࡭ ࡭ܜܗ܋ + ૟ܜܗ܋ ࡭ − ૠห ≥ ૙ 

 

43. Prove that in any acute triangle ࡯࡮࡭, 

ࡴ࡭√ + ࡴ࡮√ + ࡴ࡯√ ≤ ඥ૛(ࢇࢎ + ࢈ࢎ +  (ࢉࢎ

where ࡴ is the orthocenter.  

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Desde que es un triángulo acutángulo: → ൫√ࡴ࡯√,ࡴ࡮√,ࡴ࡭൯ > 0 

Por desigualdad de Cauchy:  

ࢇࢎ) + ࢈ࢎ + (ࢉࢎ ൬
ࡴ࡭
ࢇࢎ

+
ࡴ࡮
࢈ࢎ

+
ࡴ࡯
ࢉࢎ

൰ ≥ ൫√ࡴ࡭ + ࡴ࡮√ + ൯ࡴ࡯√
૛

 

Para ello desarrolaremos:  
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ࡴ࡭
ࢇࢎ

+
ࡴ࡮
࢈ࢎ

+
ࡴ࡯
ࢉࢎ

=
૛࡭ܛܗ܋ࡾ

ࢉ࢈
૛ࡾ

+
૛࡮ܛܗ܋ࡾ

ࢉࢇ
૛ࡾ

+
૛ࡾ ࡯ܛܗ܋

࢈ࢇ
૛ࡾ

= 

=
૛ࡾ ࡭ܛܗ܋

૛࡮ܖ܍ܛࡾ ࡯ܖ܍ܛ +
૛ࡾ ࡮ܛܗ܋

૛࡭ܖ܍ܛࡾ ࡯ܖ܍ܛ +
૛ࡾ ࡯ܛܗ܋

૛࡭ܖ܍ܛࡾ  ࡮ܖ܍ܛ

⇒ −
࡮)ܛܗ܋ + (࡯
࡯ܖ܍ܛ࡮ܖ܍ܛ

−
࡭)ܛܗ܋ + (࡯
࡭ܖ܍ܛ ࡯ܖ܍ܛ

−
࡭)ܛܗ܋ + (࡮
࡭ܖ܍ܛ ࡮ܖ܍ܛ

= 

= ࡮ܜܗ܋)− ࡯ܜܗ܋ − ૚) − ࡭ܜܗ܋) ࡯ܜܗ܋ − ૚) − ࡭ܜܗ܋) ࡮ܜܗ܋ − ૚) 

⇒
ࡴ࡭
࢈ࢎ

+
ࡴ࡮
࢈ࢎ

+
ࡴ࡯
ࢉࢎ

= ૜ − ࡭ܜܗ܋) ࡮ܜܗ܋ + ࡮ܜܗ܋ ࡯ܜܗ܋ + ࡭ܜܗ܋ (࡯ܜܗ܋ = ૛ 

⇒ ૛(ࢇࢎ + ࢈ࢎ + (ࢉࢎ ≥ ൫√ࡴ࡭ + +ࡴ࡮√ ൯ࡴ࡯√
૛
→ 

→ ࡴ࡭√ + ࡴ࡮√ + ࡴ࡯√ ≤ ඥ૛(ࢇࢎ + ࢈ࢎ +  (ࢉࢎ

 

44. Prove that in any acute triangle ࡯࡮࡭, 

૛ܜܗ܋ ࡮૛ܜܗ܋࡭ + ૛ܜܗ܋࡮૛ܜܗ܋ ࡯ + ૛ܜܗ܋ ࡯ ૛ܜܗ܋ ࡭ ≥
࡭૛ܛܗ܋ + ࡮૛ܛܗ܋ + ૛ܛܗ܋ ࡯
૛ܖܑܛ ࡭ + ࡮૛ܖܑܛ + ૛ܖܑܛ ࡯

 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Sea ࡯࡮࡭ un triángulo acutángulo. Probar que: 

૛ܜܗ܋ ࡮૛ܜܗ܋࡭ + ૛ܜܗ܋࡮૛ܜܗ܋ ࡯ + ૛ܜܗ܋ ࡯ ૛ܜܗ܋ ࡭ ≥
࡭૛ܛܗ܋ + ࡮૛ܛܗ܋ + ૛ܛܗ܋ ࡯
૛ܖܑܛ ࡭ + ࡮૛ܖܑܛ + ૛ܖܑܛ ࡯

 

ܜܗ܋) ܜܗ܋࡭ ࡮ + ࡮ܜܗ܋ ࡯ܜܗ܋ + ܜܗ܋ ࡭ ܜܗ܋ ૛(࡯ − ૛ܜܗ܋ ࡮ܜܗ܋࡭ ܜܗ܋ ࡯ ࡭ܜܗ܋) + ࡮ܜܗ܋ + ܜܗ܋ (࡯ ≥ 

≥
૛ܛܗ܋ ࡭ + ૛ܛܗ܋ ࡮ + ૛ܛܗ܋ ࡯
૛ܖܑܛ ࡭ + ૛ܖܑܛ ࡮ + ૛ܖܑܛ ࡯ 						(૚) 

Tener en cuenta lo siguiente: → Si: ࡭ + ࡮ + ࡯ =  ࣊

࡭ܜܗ܋ ࡮ܜܗ܋ + ࡯ܜܗ܋࡮ܜܗ܋ + ࡭ܜܗ܋ ࡯ܜܗ܋ = ૚				(ࢻ) 
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࡭܋܍ܛ ࡮܋܍ܛ ࡯܋܍ܛ + ૚ = ࡭ܖ܉ܜ ࡮ܖ܉ܜ + ࡮ܖ܉ܜ ࡯ܖ܉ܜ + ܖ܉ܜ ࡭ ܖ܉ܜ  (ࢼ)			࡯

૛ܖܑܛ ࡭ + ૛ܖܑܛ ࡮ + ૛ܖܑܛ ࡯ = ૛(૚ + ܛܗ܋ ࡭ ࡮ܛܗ܋ (ࢽ)			(࡯ܛܗ܋ 	∧ ૛ܛܗ܋ ࡭ + ૛ܛܗ܋ ࡮ + ૛ܛܗ܋ ࡯ = 

= ૚ − ૛࡭ܛܗ܋  (ࣂ)			࡯ܛܗ܋࡮ܛܗ܋

Reemplazando (ࢻ) en (૚): 

൫૚ − ૛ܜܗ܋ ࡭ ࡮ܜܗ܋ ࡯ܜܗ܋ ࡭ܜܗ܋) + ࡮ܜܗ܋ + ࡭૛ܖܑܛ)൯(࡯ܜܗ܋ + ࡮૛ܖܑܛ + ૛ܖܑܛ (࡯ ≥ 

≥ ࡭૛ܛܗ܋ ૛ܛܗ܋࡮૛ܛܗ܋ (ࢽ) De .࡯ ∧  :en (૚) (ࣂ)

(૚ − ૛࡭ܜܗ܋ ࡮ܜܗ܋ ࡭ܜܗ܋)(࡯ܜܗ܋ + ࡮ܜܗ܋ + ૛)(࡯ܜܗ܋ + ૛ ࡭ܛܗ܋ ࡮ܛܗ܋ (࡯ܛܗ܋ ≥ 

≥ ૚ − ૛ ࡭ܛܗ܋  ࡯ܛܗ܋࡮ܛܗ܋

Dado que el ࢤ es acutángulo: ࡭ܛܗ܋ ࡮ܛܗ܋ ࡯ܛܗ܋ > 0 ⇔ dividamos sin alterar el 

sentido de la desigualdad: 

(૚− ૛࡭ܜܗ܋ ࡮ܜܗ܋ ܜܗ܋ ࡭ܜܗ܋)(࡯ + ࡮ܜܗ܋ + ܜܗ܋ ܋܍ܛ)૛(࡯ ܋܍ܛ࡭ ࡯܋܍ܛ࡮ + ૚) ≥ ࡭܋܍ܛ ܋܍ܛ ࡮ ܋܍ܛ ࡯ − ૛ 

൫૚ − ૛ ܜܗ܋ ܜܗ܋࡮ܜܗ܋࡭ ࡯ ࡭ܜܗ܋) + ࡮ܜܗ܋ + ܜܗ܋ ࡭ܖ܉ܜ)൯૛(࡯ ࡮ܖ܉ܜ + ࡮ܖ܉ܜ ࡯ܖ܉ܜ + ࡭ܖ܉ܜ (࡯ܖ܉ܜ ≥ 

≥ ࡭ܖ܉ܜ ࡮ܖ܉ܜ + ࡮ܖ܉ܜ ࡯ܖ܉ܜ + ࡭ܖ܉ܜ ࡯ܖ܉ܜ − ૜ 

૛(࡭ܖ܉ܜ ࡮ܖ܉ܜ + ࡮ܖ܉ܜ ࡯ܖ܉ܜ + ࡭ܖ܉ܜ (࡯ܖ܉ܜ − 

−૝࡭ܜܗ܋ ܜܗ܋࡮ܜܗ܋ ࡯ ൬૛(࡭ܖ܉ܜ + +࡮ܖ܉ܜ (࡯ܖ܉ܜ +
࡭ܖ܉ܜ ࡮ܖ܉ܜ

࡯ܖ܉ܜ
+
࡯ܖ܉ܜ ࡮ܖ܉ܜ

࡭ܖ܉ܜ
+
࡯ܖ܉ܜ ࡭ܖ܉ܜ
࡮ܖ܉ܜ

൰ ≥ 

≥ ࡭ܖ܉ܜ ࡮ܖ܉ܜ + ࡯ܖ܉ܜ࡮ܖ܉ܜ + ࡭ܖ܉ܜ ࡯ܖ܉ܜ − ૜ 

→ Probaremos que: ࡭ܖ܉ܜ ࡮ܖ܉ܜ
࡯ܖ܉ܜ

+ ܖ܉ܜ࡮ܖ܉ܜ ࡯
࡭ܖ܉ܜ

+ ࡭ܖ܉ܜ ࡯ܖ܉ܜ
࡮ܖ܉ܜ

≥ ܖ܉ܜ ࡭ + ࡮ܖ܉ܜ +  ࡯ܖ܉ܜ

Por: ࡭ࡹ ≥ ܖ܉ܜ :ࡳࡹ ࡭ ࡮ܖ܉ܜ
࡯ܖ܉ܜ

+ ࡭ܖ܉ܜ ܖ܉ܜ ࡯
ܖ܉ܜ ࡮

≥ ૛࡭ܖ܉ܜ					(૚) 

ܖ܉ܜ ࡭ ࡮ܖ܉ܜ
࡯ܖ܉ܜ

+
࡮ܖ܉ܜ ࡯ܖ܉ܜ

ܖ܉ܜ ࡭
≥ ૛  (૛)					࡮ܖ܉ܜ

࡮ܖ܉ܜ ࡯ܖ܉ܜ
ܖ܉ܜ ࡭

+
࡭ܖ܉ܜ ࡯ܖ܉ܜ
࡮ܖ܉ܜ

≥ ૛ ܖ܉ܜ  (૜)					࡯

Sumando (૚) + (૛) + (૜): Se concluye que:  

࡭ܖ܉ܜ ࡮ܖ܉ܜ
࡯ܖ܉ܜ +

࡯ܖ܉ܜ࡮ܖ܉ܜ
࡭ܖ܉ܜ +

࡭ܖ܉ܜ ࡯ܖ܉ܜ
࡮ܖ܉ܜ ≥ ࡭ܖ܉ܜ + ࡮ܖ܉ܜ + ࡯ܖ܉ܜ = ࡭ܖ܉ܜ  ࡯ܖ܉ܜ࡮ܖ܉ܜ
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૛(࡭ܖ܉ܜ ࡮ܖ܉ܜ + ࡮ܖ܉ܜ ࡯ܖ܉ܜ + ࡭ܖ܉ܜ (࡯ܖ܉ܜ − ૝ܜܗ܋ ࡭ ܜܗ܋ ࡮ ࡯ܜܗ܋ (૜ ࡭ܖ܉ܜ (࡯ܖ܉ܜ࡮ܖ܉ܜ ≥ 

≥ ࡭ܖ܉ܜ ࡮ܖ܉ܜ + ࡯ܖ܉ܜ࡮ܖ܉ܜ + ࡭ܖ܉ܜ ࡯ܖ܉ܜ − ૜ 

૛(࡭ܖ܉ܜ +࡮ܖ܉ܜ ࡮ܖ܉ܜ +࡯ܖ܉ܜ ࡭ܖ܉ܜ −(࡯ܖ܉ܜ ૚૛ ≥ ࡭ܖ܉ܜ ࡮ܖ܉ܜ + ࡮ܖ܉ܜ +࡯ܖ܉ܜ ࡭ܖ܉ܜ ࡯ܖ܉ܜ − ૜ 

⇒ ࡭ܖ܉ܜ ࡮ܖ܉ܜ + ࡯ܖ܉ܜ࡮ܖ܉ܜ + ࡭ܖ܉ܜ ࡯ܖ܉ܜ ≥ ૢ 

⇒
࡭ܖ܉ܜ + ࡮ܖ܉ܜ + ࡯ܖ܉ܜ

࡯ܖ܉ܜ +
࡭ܖ܉ܜ + ࡮ܖ܉ܜ + ࡯ܖ܉ܜ

࡭ܖ܉ܜ +
࡭ܖ܉ܜ + ࡮ܖ܉ܜ + ࡯ܖ܉ܜ

࡮ܖ܉ܜ ≥ ૢ 

⇒ ࡭ܖ܉ܜ) + ࡮ܖ܉ܜ + ܜܗ܋)(࡯ܖ܉ܜ ࡭ + ࡮ܜܗ܋ + ܜܗ܋ (࡯ ≥ ૢ→ (Válido por: ࡭ࡹ ≥  (ࡳࡹ

 

45. Prove that in any triangle ࡯࡮࡭: 

࡮ܖܑܛ ܖܑܛ ࡯

૛ܖܑܛ ૛࡭
+
ܖܑܛ ࡯ ࡭ܖܑܛ

૛࡮૛ܖܑܛ
+
࡭ܖܑܛ ܖܑܛ ࡮

૛ܖܑܛ ૛࡯
≥ ૢ 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ܖ܍ܛ :࡯࡮࡭ ܖ܍ܛ࡮ ࡯
૛࡭૛ܖ܍ܛ

+ ܖ܍ܛ ܖ܍ܛ࡯ ࡭

૛࡮૛ܖ܍ܛ
+ ࡭ܖ܍ܛ ࡮ܖ܍ܛ

૛࡯૛ܖ܍ܛ
≥ ૢ 

૛࡮ܖ܍ܛ ࡯ܖ܍ܛ

૛ܖ܍ܛ૛࡭૛
+
૛ ࡭ܖ܍ܛ ࡯ܖ܍ܛ

૛ ૛࡮૛ܖ܍ܛ
+
૛ ࡭ܖ܍ܛ ࡮ܖ܍ܛ

૛ ૛ܖ܍ܛ ૛࡯
≥ ૢ 

૛࡮ܖ܍ܛ ࡯ܖ܍ܛ
૚ − ࡭ܛܗ܋

+
૛ ࡭ܖ܍ܛ ࡯ܖ܍ܛ
૚ − ࡮ܛܗ܋

+
૛ ࡭ܖ܍ܛ ࡮ܖ܍ܛ
૚ − ࡯ܛܗ܋

≥ ૢ 

૛࡮ܖ܍ܛ ࡯ܖ܍ܛ (૚ + (࡭ܛܗ܋
(૚+ ૚)(࡭ܛܗ܋ − ܛܗ܋ (࡭ +

૛ ࡭ܖ܍ܛ ࡯ܖ܍ܛ (૚ + (࡮ܛܗ܋
(૚ + ૚)(࡮ܛܗ܋ − (࡮ܛܗ܋ +

૛ ࡮ܖ܍ܛ࡭ܖ܍ܛ (૚ + ܛܗ܋ (࡯
(૚ − ܛܗ܋ ૚)(࡯ + (࡯ܛܗ܋ ≥ ૢ 

૛࡮ܖ܍ܛ ࡯ܖ܍ܛ (૚ + (࡭ܛܗ܋
૛ܖ܍ܛ ࡭ +

૛ ࡭ܖ܍ܛ ࡯ܖ܍ܛ (૚ + (࡮ܛܗ܋
࡮૛ܖ܍ܛ +

૛ ࡮ܖ܍ܛ࡭ܖ܍ܛ (૚ + ܛܗ܋ (࡯
૛ܖ܍ܛ ࡯ ≥ ૢ 

࡭ = ૛ܖ܍ܛ ࡯ܖ܍ܛ࡭
૛ܖ܍ܛ ࡭

+ ૛ ܖ܍ܛ ࡯ܖ܍ܛ࡭
૛ܖ܍ܛ ࡮

+ ૛ ࡭ܖ܍ܛ ࡮ܖ܍ܛ
૛ܖ܍ܛ ࡯

≥ ૟ → (Válido por: ࡭ࡹ ≥   (ࡳࡹ

࡮ =
૛ ࡭ܛܗ܋࡯ܖ܍ܛ࡮ܖ܍ܛ

࡭૛ܖ܍ܛ
+
૛ܖ܍ܛ ࡭ ࡯ܖ܍ܛ ࡮ܛܗ܋

࡮૛ܖ܍ܛ
+
૛࡭ܖ܍ܛ ࡮ܖ܍ܛ ࡯ܛܗ܋

૛ܖ܍ܛ ࡯
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࡮ =
૛ܖ܍ܛ ࡮ + ૛ܖ܍ܛ ࡯ − ૛ܖ܍ܛ ࡭

૛ܖ܍ܛ ࡭ +
૛ܖ܍ܛ ࡭ + ૛ܖ܍ܛ ࡯ − ૛ܖ܍ܛ ࡮

૛ܖ܍ܛ ࡮ +
૛ܖ܍ܛ ࡭ + −࡮૛ܖ܍ܛ ૛ܖ܍ܛ ࡯

૛ܖ܍ܛ ࡯  

࡮ =
࡮૛ܖ܍ܛ
࡭૛ܖ܍ܛ +

૛ܖ܍ܛ ࡭
࡮૛ܖ܍ܛ +

࡮૛ܖ܍ܛ
૛ܖ܍ܛ ࡯ +

࡯૛ܖ܍ܛ
࡮૛ܖ܍ܛ +

૛ܖ܍ܛ ࡯
૛ܖ܍ܛ ࡭ +

࡭૛ܖ܍ܛ
࡯૛ܖ܍ܛ − ૜ ≥ ૜ ⇔ 

⇔  (Válido por: ࡭ࡹ ≥ → (ࡳࡹ ࡭ + ࡮ ≥ ૢ 

 

46. In ࢤ	࡯࡮࡭ the following relationship holds: 

ܖ܉ܜ ૛૙૚૟࡭ + ܖ܉ܜ ૛૙૚૟࡮ + ܖ܉ܜ ૛૙૚૟࡯ = ܖ܉ܜ ૛૙૚૟࡭ ࡮૛૙૚૟ܖ܉ܜ  ࡯૛૙૚૟ܖ܉ܜ

Proposed by Daniel Sitaru – Romania  

Solution by Kevin Soto Palacios – Huarmey-Peru  

En un triángulo ࡯࡮࡭: Probar que si es (V) o (F) lo siguiente: 

ܖ܉ܜ ૛૙૚૟࡭ + ܖ܉ܜ ૛૙૚૟࡮ + ܖ܉ܜ ૛૙૚૟࡯ = ܖ܉ܜ ૛૙૚૟࡭ ࡮૛૙૚૟ܖ܉ܜ  ࡯૛૙૚૟ܖ܉ܜ

Si: ࡭ + ࡮ + ࡯ = ࣊ → Se cumple que: ܖ܉ܜ +࡭ ࡮ܖ܉ܜ + ࡯ܖ܉ܜ = ܖ܉ܜ ࡭ ࡮ܖ܉ܜ ܖ܉ܜ  ࡯

Demostraré lo siguiente:  

ܖ܉ܜ ࡭࢑ + ܖ܉ܜ ࡮࢑ + ܖ܉ܜ ࡯࢑ = ܖ܉ܜ ࡭࢑ ܖ܉ܜ ࡮࢑ ࡯࢑ܖ܉ܜ ⇔ ࢑ ∈ ℤ 

⇒ ࡭࢑ + ࡮࢑ + ࡯࢑ = ࣊࢑ → ࡭࢑ + ࡮࢑ = ࣊)࢑ −  (࡯

⇒ ࡭࢑)ܖ܉ܜ + (࡮࢑ = −࣊)࢑൫ܖ܉ܜ ൯(࡯ ⇒
࡭࢑ܖ܉ܜ + ܖ܉ܜ ࡮࢑
૚ − ܖ܉ܜ ࡭࢑ ࡮࢑ܖ܉ܜ

= − ࡯࢑ܖ܉ܜ → 

→ ܖ܉ܜ ࡭࢑ + ܖ܉ܜ ࡮࢑ + ܖ܉ܜ ࡯࢑ = ܖ܉ܜ ࡭࢑ ࡮࢑ܖ܉ܜ   :Si .࡯࢑ܖ܉ܜ

࢑ = ૛૙૚૟ → ࡭૛૙૚૟ܖ܉ܜ + ࡮૛૙૚૟ܖ܉ܜ + ܖ܉ܜ ૛૙૚૟࡯ =  ࡯૛૙૚૟ܖ܉ܜ࡮૛૙૚૟ܖ܉ܜ࡭૛૙૚૟ܖ܉ܜ

 

47. Prove that in any acute triangle ࡯࡮࡭, 

ࢉ࢈√࡭ࡴ + +ࢇࢉ√࡮ࡴ ࢈ࢇ√࡯ࡴ ≥ ૛(ࡾ + ࡾ)ࡾඥ૛(࢘ +  (࢘

where ࡴ is the orthocenter. 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  
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Solution by Kevin Soto Palacios – Huarmey – Peru  

Siendo ࡴ ortocentro. Probar en un triángulo acutángulo ࡯࡮࡭: 

ࢉ࢈√࡭ࡴ + ࢉࢇ√࡮ࡴ + ࢈ࢇ√࡯ࡴ ≥ ૛(ࡾ + ࡾ)ࡾඥ૛(࢘ +  (࢘

Por la desigualdad de Cauchy: 

൫ࢉ࢈√࡭ࡴ + ࢉࢇ√࡮ࡴ + ൯࢈ࢇ√࡯ࡴ ൬
࡭ࡴ
ࢉ࢈√

+
࡮ࡴ
ࢉࢇ√

+
࡯ࡴ
࢈ࢇ√

൰ ≥ ࡭ࡴ) + ࡮ࡴ +  ૛(࡯ࡴ

൫ࢉ࢈√࡭ࡴ ࢉࢇ√࡮ࡴ+ + ൯࢈ࢇ√࡯ࡴ ≥
૛(࡯ࡴା࡮ࡴା࡭ࡴ)

ቀ࡭ࡴ
ࢉ࢈√

ା࡮ࡴ
ࢉࢇ√

ା ࡯ࡴ
࢈ࢇ√

ቁ
      (A) 

Tener en cuenta lo siguiente:  

࡭ࡴ .1 ࡮ࡴ+ + ࡯ࡴ = ૛(ࡾ + (࢘ 	∧  2. ቀ࡭ࡴ
ࢉ࢈√

+ ࡮ࡴ
ࢉࢇ√

+ ࡯ࡴ
࢈ࢇ√

ቁ ≤ ට૛(ࡾା࢘)
ࡾ

 

Por la tanto reemplazando en (A) 

൫ࢉ࢈√࡭ࡴ + ࢉࢇ√࡮ࡴ + ൯࢈ࢇ√࡯ࡴ ≥
࡭ࡴ) + ࡮ࡴ ૛(࡯ࡴ+

൬࡭ࡴ
ࢉ࢈√

+ ࡮ࡴ
ࢉࢇ√

+ ࡯ࡴ
࢈ࢇ√

൰
≥ 

≥
૝(ࡾ + ૛(࢘

ට૛(ࡾ + (࢘
ࡾ

= ૛(ࡾ + ࡾ)ࡾඥ૛(࢘ +  (࢘

 

48. Prove that in any triangle: 

෍ඥࢇ࢘૛ + ૚
ࢉ࢟ࢉ

≥ ඥ૟(૝ࡾ +  (࢘

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution by Nguyen Viet Hung – Hanoi – Vietnam  

Using Minkowski and AM-GM inequalities respectively we get: 
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ඥࢇ࢘૛ + ૚+ ට࢈࢘૛ + ૚ + ඥࢉ࢘૛ + ૚ ≥ ඥ(ࢇ࢘ + ࢈࢘ + ૛(ࢉ࢘ + (૚ + ૚ + ૚)૛ 

= ඥ(ࢇ࢘ + ࢈࢘ + ૛(ࢉ࢘ + ૢ ≥ ඥ૟(ࢇ࢘ + ࢈࢘ + (ࢉ࢘ = ඥ૟(૝ࡾ +  .as desired (࢘

 

49. Prove that in any triangle: 

ඥ(ࢇ࢘ + ࢈࢘)(࢈࢘ + ࢉ࢘)(ࢉ࢘ + ૜(ࢇ࢘ ≥
૛࢖
√૜

 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution by Seyran Ibrahimov-Massilli-Azerbaidian 

ඥ(ࢇ࢘ + ࢈࢘)(࢈࢘ + ࢇ࢘)(ࢉ࢘ + ૜(ࢉ࢘ ≥ ૛࢖
√૜
⇒ ࢖ − semiperimeter 

൬
ࡿ

࢖ − ࢇ +
ࡿ

࢖ − ൰࢈ ൬
ࡿ

࢖ − ࢈ +
ࡿ

࢖ − ൰ࢉ ൬
ࡿ

࢖ − ࢇ +
ࡿ

࢖ − ൰ࢉ ≥
ૡ࢖૜

૜√૜
 

࢖૛)ࡿ − ࢇ − (࢈
࢖) − ࢖)(ࢇ − (࢈ ⋅

࢖૛)ࡿ − ࢈ − (ࢉ
࢖) − ࢖)(࢈ − (ࢉ ⋅

࢖૛)ࡿ − ࢇ − (ࢉ
࢖) − ࢖)(ࢇ − (࢈ ≥

ૡ࢖૜

૜√૜
 

ࢉ࢈ࢇ૜ࡿ
࢖) − ࢖)૛(ࢇ − ࢖)૛(࢈ − ૛(ࢉ ≥

ૡ࢖૜

૜√૜
⇒ ࢉ࢈ࢇ = ૝ࡿࡾ 

࢖)૛࢖ − ࢖)૛(ࢇ − ࢖)૛(࢈ − ૛(ࢉ ⋅ ૝ࡾ
࢖) − ࢖)૛(ࢇ − ࢖)૛(࢈ − ૛(ࢉ ≥

ૡ࢖૜

૜√૜
; 	૝ࡾ ≥

ૡ࢖
૜√૜

; 	૚૛√૜ࡾ − ૡ࢖ ≥ ૙ 

૜√૜ࡾ − ૛࢖ ≥ ૙ ⇒ ૛ૠࡾ૛ ≥ ૝࢖૛   (Gerretsen) ⇒ ૝࢖૛ ≤ ૚૟ࡾ૛ + ૚૟࢘ࡾ + ૚૛࢘૛ 

૛ૠࡾ૛ ≥ ૚૟ࡾ૛ + ૚૟࢘ࡾ + ૚૛࢘૛; 	૚૚ࡾ૛ − ૚૟࢘ࡾ − ૚૛࢘૛ ≥ ૙ 

ࡾ) − ૛࢘)(૚૚ࡾ + ૟࢘) ≥ ૙ ⇒ ࡾ ≥ ૛࢘   (Euler)  

50. Let ࡯࡮࡭ be a triangle with incenter ࡵ. Prove that: 

ࡵ࡭√ ⋅ ࡮࡭ ⋅ ࡯࡭ + ࡵ࡮√ ⋅ ࡯࡮ ⋅ ࡭࡮ + ࡵ࡯√ ⋅ ࡭࡯ ⋅ ࡮࡯ ≥ ૟࢘√૟࢘ 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  
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Solution by Kevin Soto Palacios – Huarmey – Peru   

Siendo ࡵ incentro. Probar en un triángulo ࡯࡮࡭: 

ࡵ࡭√ × ࡮࡭ × ࡯࡭ + ࡵ࡮√ ࡯࡮× × +࡭࡮ ࡵ࡯√ × ࡭࡯ × ࡮࡯ ≥ ૟࢘√૟࢘ 

Tener en cuenta lo siguiente: ࡵ࡭ = ࢘ ܋ܛ܋ ࡭
૛

ࡵ࡮, = ࢘ ܋ܛ܋ ࡮
૛

ࡵ࡯, = ࢘ ܋ܛ܋ ࡯
૛

 

࡮࡭ = ૛࡯ܖ܍ܛࡾ ࡯࡭, = ૛ࡾ ࡮ܖ܍ܛ ࡯࡮, = ૛ࡾ ࡭ܖ܍ܛ , ࢘ = ૝ܖ܍ܛࡾ
࡭
૛
ܖ܍ܛ

࡮
૛
ܖ܍ܛ

࡯
૛

 

La desigualdad es equivalente: ⇒ ∑ට܋ܛ܋࢘ ࡭
૛
૝࢘૛ ࡯ܖ܍ܛ ࡮ܖ܍ܛ ≥ ૟࢘√૟࢘ → 

→෍૛ࡾඨ࡮ܖ܍ܛ ࡯ܖ܍ܛ ܋ܛ܋
࡭
૛
≥ ૟࢘√૟ 

⇒෍ඨ࡮ܖ܍ܛ࡯ܖ܍ܛ ܋ܛ܋
࡭
૛ ≥ ૚૛√૟ܖ܍ܛ

࡭
૛ ܖ܍ܛ

࡮
૛ ܖ܍ܛ

࡯
૛ 

⇒ ඨ܋ܛ܋
࡭
૛
܋ܛ܋

࡮
૛
܋ܛ܋

࡯
૛
෍ඨ࡯ܖ܍ܛ ࡮ܖ܍ܛ ܋ܛ܋

࡭
૛

× ܋ܛ܋
࡭
૛
܋ܛ܋

࡮
૛
܋ܛ܋

࡯
૛
≥ ૚૛√૟ 

⇒ ૛ඨ܋ܛ܋
࡭
૛ ܋ܛ܋

࡮
૛ ܋ܛ܋

࡯
૛෍

ඨܛܗ܋
࡮
૛ ܛܗ܋

࡯
૛ ܋ܛ܋

࡭
૛ ≥ ૚૛√૟ 

⇔ ૛ට܋ܛ܋ ࡭
૛
࡮܋ܛ܋

૛
܋ܛ܋ ࡯

૛
≥ ૝√૛	∧ Por: ࡭ࡹ ≥  :ࡳࡹ

෍ඨܛܗ܋
࡮
૛
ܛܗ܋

࡯
૛
܋ܛ܋

࡭
૛
≥ ૜ඨܜܗ܋

࡭
૛
ܜܗ܋

࡮
૛
ܜܗ܋

࡯
૛

૜
≥ ૜√૜ 
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51. Let ࢉ,࢈,ࢇ be side – lengths of a triangle with circumradius ࡾ. Prove that: 

૛ࢇ

ࢉ࢈ +
૛࢈

ࢇࢉ +
૛ࢉ

࢈ࢇ ≤ ૛ࡾ ൬
૚
ࢇ +

૚
࢈ +

૚
൰ࢉ

૛

 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Kevin Soto Palacios – Huarmey – Peru  

De la desigualdad ponderada Weizenbock (Refinamiento de Pohoata) 

࢓૛ࢇ + ࢔૛࢈ + ࢖૛ࢉ ≥ ૝ඥ࢔࢓ + ࢖࢔ + ࡿ࢖࢓ ⇔ ࢖,࢔,࢓ ≥ ૙, 

,࢈,ࢇ)  ∧ (lados de un triángulo ࢉ ࡿ			 = (Área). Sea: ࢓ = ࢞
ࢇ

࢔, = ࢟
࢈

࢖, = ࢠ
ࢉ
 

࢞ࢇ + ࢟࢈ + ࢠࢉ ≥ ૝ට
࢟࢞
࢈ࢇ

+
ࢠ࢟
ࢉ࢈

+
ࢠ࢞
ࢉࢇ

ࡿ → ࢞ࢇ + ࢟࢈ + ࢠࢉ ≥ ૝ට
࢟࢞
࢈ࢇ

+
ࢠ࢟
ࢉ࢈

+
ࢠ࢞
ࢉࢇ

ࢉ࢈ࢇ
૝ࡾ

 

⇒ ࡾ
ࢉ࢈
࢞ + ࡾ

ࢉࢇ
+࢟ ࡾ

࢈ࢇ
ࢠ ≥ ට࢟࢞

࢈ࢇ
+ ࢠ࢟

ࢉ࢈
+ ࢞ࢠ

ࢉࢇ
    (1) . En. (1). Sean:  ࢞ = ࢉ࢈

ࢇ
, ࢟ = ࢇࢉ

࢈
ࢠ			, = ࢈ࢇ

ࢉ
 

ቀ૚ࡾ
ࢇ

+ ૚
࢈

+ ૚
ࢉ
ቁ ≥ ටࢉ૛

࢈ࢇ
+ ૛ࢇ

ࢉ࢈
+ ૛࢈

ࢉࢇ
→ Elevando al cuadrado, nos quenda... 

૛ࢇ

ࢉ࢈
+ ૛࢈

ࢉࢇ
+ ૛ࢉ

࢈ࢇ
≥ ૛ࡾ ቀ૚

ࢇ
+ ૚

࢈
+ ૚

ࢉ
ቁ
૛

   (LQQD) 

 

52. In ࢤ	࡯࡮࡭: 

൫ࢇ࢓
ૠ + ࢈࢓

ૠ + ࢉ࢓
ૠ൯ ൬ ૚

ࢇ࢓
૜ + ૚

࢈࢓
૜ + ૚

ࢉ࢓
૜൰ ≥ ,૝࢙ ࢙ − semiperimeter 

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty – Kolkata – India  

൫ࢇ࢓
ૠ + ࢈࢓

ૠ + ࢉ࢓
ૠ൯ ቆ

૚
ࢇ࢓

૜ +
૚
࢈࢓

૜ +
૚
ࢉ࢓

૜ቇ 

≥⏞
ࡿି࡮ି࡯

൫ࢇ࢓
૛ + ࢈࢓

૛ + ࢉ࢓
૛൯

૛
= ൜

૜
૝

૛ࢇ) + ૛࢈ + ૛)ൠࢉ
૛
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It suffices to show ૜
૝

૛ࢇ) + ૛࢈ + (૛ࢉ ≥ ૛࢙ = ૛(ࢉା࢈ାࢇ)

૝
 

⇔ ૛ࢇ + ૛࢈ + ૛ࢉ ≥ ࢈ࢇ + ࢉ࢈ + ࢇࢉ →  true (Proved) 

53. In ࢤ	࡯࡮࡭: 

૚૟ቆ෍
૟ࢇ࢘

૜ቇቆ෍ࢇ
૜ࢇ

૛ࢇ࢘
ቇ ≥ ૛ࢇ)ૢ + ૛࢈ +  ૛)૛ࢉ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭: ૚૟ቀ∑ ૟ࢇ࢘

૜ࢇ
ቁ ቀ∑ ૜ࢇ

૛ࢇ࢘
ቁ ≥ ૛ࢇ)ૢ + ૛࢈ +  ૛)૛ࢉ

Tener en cuenta lo siguiente: 

૛ࢇ࢘∑ ≥
૛ૠࡾ૛

૝
  (Demostrado anteriormente) ∧  ૢࡾ૛ ≥ ૛ࢇ) + ૛࢈ + (૛ࢉ → 

→  (Desigualdad Leibniz). Por desigualdad de Cauchy: 

૚૟ቆ
૟ࢇ࢘

૜ࢇ
ቇቆ෍

૜ࢇ

૛ࢇ࢘
ቇ ≥ ૚૟ ቀ෍ࢇ࢘૛ቁ

૛
≥ ૠ૛ૢࡾ૝ ≥ ૛ࢇ)ૢ + ૛࢈ + ૛)૛ࢉ ⇔ 

⇔ ૛ࡾૢ ≥ ૛ࢇ) + ૛࢈ +  ૛)(Leibniz)ࢉ

Solution 2 by Soumava Chakraborty-Kolkata-India 

૚૟ቆ
૟ࢇ࢘

૜ࢇ
+
૟࢈࢘

૜࢈
+
૟ࢉ࢘

૜ࢉ
ቇ ቆ

૜ࢇ

૛ࢇ࢘
+
૜࢈

૛࢈࢘
+
૜ࢉ

૛ࢉ࢘
ቇ 

≥⏞
ࡿି࡮ି࡯

૚૟൫ࢇ࢘૛ + ૛࢈࢘ + ૛൯ࢉ࢘
૛

≥⏞
࢚࢒࢛ࢇ࢈ࢋࢎࢀ

૚૟ቆ
૛ૠࡾ૛

૝
ቇ
૛

= (૛ૠࡾ૛)૛ 

≥ ቀ૜(ࢇ૛ + ૛࢈ + ૛)ቁࢉ
૛

= ૛ࢇ)ૢ + ૛࢈ +  ૛)૛ࢉ

૛ࡾૢ) ≥ ૛ࢇ + ૛࢈ +  ૛)(Leibniz)ࢉ
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54. In ࢤ	࡯࡮࡭: 

૛ࢇ) + ૛࢈ + ૛ࡷ࡭)૛)૛ࢉ + ૛ࡷ࡮ + (૛ࡷ࡯ < ૛࢈૛ࢇ)૛࢙4 + ૛ࢉ૛࢈ +  (૛ࢇ૛ࢉ

࢙ − semiperimeter, ࡷ− Lemoine’s point 

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty – Kolkata – India  

In ࢤ	ࢇ) ,࡯࡮࡭૛ + ૛࢈ + ૛ࡷ࡭)૛)૛ࢉ ૛ࡷ࡮+ + (૛ࡷ࡯ < ૛࢈૛ࢇ)૛࢙4 + ૛ࢉ૛࢈ +  (૛ࢇ૛ࢉ

ࡷ࡭
࡭ࡷࡷ

= ૛ࢉ૛ା࢈

૛ࢇ
 (Hansberger), ࡭ࡷ࡭ → symmetric from ࡭ to ࡯࡮ and ࡭ࡷ is on ࡯࡮ 

⇒ ࡭ࡷࡷ
ࡷ࡭

= ૛ࢇ

૛ࢉ૛ା࢈
  

⇒ ࡭ࡷ࡭
ࡷ࡭

= ૛ࢉ૛ା࢈૛ାࢇ

૛ࢉ૛ା࢈
⇒ ࡷ࡭ = ቀ ૛ࢉ૛ା࢈

૛ࢉ૛ା࢈૛ାࢇ
ቁ(1)     ࡭ࡷ࡭ 

Again, ࡭ࡷ࡮
࡭ࡷ࡯

= ૛ࢉ

૛࢈
⇒ ࢓

࢔
= ૛ࢉ

૛࢈
, where ࢇࡷ࡮ = ࡭ࡷ࡯,࢓ =  ࢔

Stewart’s theorem states that: ࢈૛࢓ + ࢔૛ࢉ = ૛ࢊ)ࢇ + ࢊ where ,(2)   (࢔࢓ =  ࡭ࡷ࡭

we have ࢓
࢔

= ૛ࢉ

૛࢈
  and ࢓ + ࢔ = ࢇ ⇒ ࢔ା࢓

࢔
= ૛ࢉ૛ା࢈

૛࢈
⇒ ࢔ = ૛࢈ࢇ

૛ࢉ૛ା࢈
࢓; = ૛ࢉࢇ

૛ࢉ૛ା࢈
 

 (2) ⇒ ૛ࢉࢇ૛࢈

૛ࢉ૛ା࢈
+ ૛࢈ࢇ૛ࢉ

૛ࢉ૛ା࢈
= ࢇ ቀࢊ૛ + ૛ࢉ૛࢈૛ࢇ

૛ቁ(૛ࢉ૛ା࢈) ⇒
૛࢈૛ࢉ૛

૛ࢉ૛ା࢈
= ૛ࢊ + ૛ࢉ૛࢈૛ࢇ

 ૛(૛ࢉ૛ା࢈)

⇒ ૛ࢊ =
૛ࢉ૛࢈

૛࢈ + ૛ࢉ
ቆ૛ −

૛ࢇ

૛࢈ + ૛ࢉ
ቇ =

૛࢈૛(૛ࢉ૛࢈ + ૛ࢉ૛ − (૛ࢇ
૛࢈) + ૛)૛ࢉ  

⇒ ࡭ࡷ࡭ = ࢊ = ൬
ࢉ࢈

૛࢈ + ૛ࢉ
൰ඥ૛࢈૛ + ૛ࢉ૛ − ૛ࢇ ⇒ ࡷ࡭ =

૛࢈૛√ࢉ࢈ + ૛ࢉ૛ − ૛ࢇ

૛ࢇ + ૛࢈ + ૛ࢉ
 

Similarly, ࡷ࡮ = ૛࢈૛ିࢇ૛ା૛ࢉඥ૛ࢇࢉ

૛ࢉ૛ା࢈૛ାࢇ
   and ࡷ࡯ = ૛ࢉ૛ି࢈૛ା૛ࢇඥ૛࢈ࢇ

૛ࢉ૛ା࢈૛ାࢇ
 

Given inequality ⇔ 

૛ࢇ) + ૛࢈ + ૛)૛ࢉ

૛ࢇ) + ૛࢈ + ૛)૛ࢉ ૛࢈૛(૛ࢉ૛࢈) + ૛ࢉ૛ − (૛ࢇ + ૛ࢉ૛(૛ࢇ૛ࢉ + ૛ࢇ૛ − (૛࢈ + 
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૛ࢇ૛(૛࢈૛ࢇ+ + ૛࢈૛ −  ((૛ࢉ

< ࢇ) + ࢈ + ૛࢈૛ࢇ)૛(ࢉ + ૛ࢉ૛࢈ +  (૛ࢇ૛ࢉ

⇔ ૛࢈૛(૛ࢉ૛࢈ + ૛ࢉ૛ − (૛ࢇ + ૛ࢉ૛(૛ࢇ૛ࢉ + ૛ࢇ૛ − (૛࢈ + ૛ࢇ૛(૛࢈૛ࢇ + ૛࢈૛ − (૛ࢉ < 

< ࢇ) + ࢈ + ૛࢈૛ࢇ)૛(ࢉ + ૛ࢉ૛࢈ +  (૛ࢇ૛ࢉ

Now, ૛࢈૛ + ૛ࢉ૛ − ૛ࢇ = ࢈) + ૛(ࢉ + ࢈) − ૛(ࢉ − ૛ࢇ = 

= ࢈) + ૛(ࢉ + ࢈) − ࢉ + ࢈)(ࢇ − ࢉ − (ࢇ < ࢈) +  ;						૛(ࢉ

࢈) − ࢉ + ࢇ > 0   and ࢈ − ࢉ − ࢇ < 0) 

Similarly, ૛ࢉ૛ + ૛ࢇ૛ − ૛࢈ < ࢉ) + ૛ࢇ૛  and ૛(ࢇ + ૛࢈૛ − ૛ࢉ < ࢇ) +  ૛(࢈

૛࢈૛(૛ࢉ૛࢈ + ૛ࢉ૛ − (૛ࢇ + ૛ࢉ૛(૛ࢇ૛ࢉ + ૛ࢇ૛ − (૛࢈ + ૛ࢇ૛(૛࢈૛ࢇ + ૛࢈૛ −  (૛ࢉ

< ࢈)૛ࢉ૛࢈ + ૛(ࢉ + ࢉ)૛ࢇ૛ࢉ + ૛(ࢇ + ࢇ)૛࢈૛ࢇ +  ૛(࢈

if we can prove ࢈૛ࢉ૛(࢈ + ૛(ࢉ + ࢉ)૛ࢇ૛ࢉ + ૛(ࢇ + ࢇ)૛࢈૛ࢇ + ૛(࢈ < 

< ࢇ) + ࢈ + ૛࢈૛ࢇ)૛(ࢉ + ૛ࢉ૛࢈ +  .૛), we are doneࢇ૛ࢉ

⇔ ૛ࢉ૝࢈ + ૝ࢉ૛࢈ + ૛ࢇ૝ࢉ + ૝ࢇ૛ࢉ + ૛࢈૝ࢇ + ૝࢈૛ࢇ + ૛ ቀ෍ࢇ૜࢈૜ቁ 

< ૛ࢇ) + ૛࢈ + ૛࢈૛ࢇ)(૛ࢉ + ૛ࢉ૛࢈ + (૛ࢇ૛ࢉ + 

+૛(࢈ࢇ + ࢉ࢈ + ૛࢈૛ࢇ)(ࢇࢉ + ૛ࢉ૛࢈ +  (૛ࢇ૛ࢉ

= ૛࢈૝ࢇ + ૝࢈૛ࢇ + ૛ࢉ૝࢈ + ૝ࢉ૛࢈ + ૛ࢇ૝ࢉ + ૝ࢇ૛ࢉ + ૜ࢇ૛࢈૛ࢉ૛ + 

+૛ቀ෍ࢇ૜࢈૜ቁ+ ૛(࢈ࢇ૜ࢉ૛ + ૛ࢉ૛ࢇ࢈ + ૛ࢇ૜࢈ࢉ + ૛ࢇ૜ࢉ࢈ + ૛࢈૜ࢇࢉ +  (૛࢈૜ࢉࢇ

⇔ ૜ࢇ૛࢈૛ࢉ૛ + ૛ࢇ∑)ࢉ࢈ࢇ૛࢈ + (૛࢈ࢇ∑ > 0 → true, hence proved 

55. Let ࢉ,࢈,ࢇ be the side – lengths of a triangle. Prove that: 

ࢇ) + ࢈ + ૞(ࢉ + ࢇ)ࢉ࢈ࢇૢ + ࢈ + ૛(ࢉ + ૚૛(ࢇ + ࢈ + ࢈ࢇ)(ࢉ + ࢉ࢈ + ૛(ࢇࢉ ≥ 

≥ ૠ(࢈ࢇ + ࢉ࢈ + ࢇ)(ࢇࢉ + ࢈ + ૜(ࢉ + ૛ૠ࢈ࢇ)ࢉ࢈ࢇ + ࢉ࢈ +  (ࢇࢉ

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  
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Solution by Kevin Soto Palacios – Huarmey – Peru   

Siendo: ࢈,ࢇ,  :los lados de un triángulo. Probar que ࢉ

ࢇ) + ࢈ + ૞(ࢉ + ࢇ)ࢉ࢈ࢇૢ + ࢈ + ૛(ࢉ + ૚૛(ࢇ + ࢈ + ࢈ࢇ)(ࢉ + ࢉ࢈ + ૛(ࢉࢇ ≥ 

≥ ૠ(࢈ࢇ + ࢉ࢈ + ࢇ)(ࢉࢇ + ࢈ + ૜(ࢉ + ૛ૠ࢈ࢇ)ࢉ࢈ࢇ + ࢉ࢈ +  (ࢉࢇ

ࢇ) + ࢈ + ࢇ)](ࢉ + ࢈ + ૝(ࢉ + ૚૛(࢈ࢇ + ࢉ࢈ + ૛(ࢉࢇ − ૠ(ࢇ + ࢈ + +࢈ࢇ)૛(ࢉ ࢉ࢈ + [(ࢉࢇ + 

+ࢇ)]ࢉ࢈ࢇૢ+ ࢈ + ૛(ࢉ − ૜(࢈ࢇ + +ࢉ࢈ [(ࢉࢇ ≥ ૙ 

ࢇ) + ࢈ + ࢇ)](ࢉ + ࢈ + ૛(ࢉ − ૜(࢈ࢇ+ ࢉ࢈ + +ࢇ)][(ࢉࢇ ࢈ + ૛(ࢉ − ૝(࢈ࢇ + ࢉ࢈ + [ࢉࢇ + 

ࢇ)]ࢉ࢈ࢇૢ+ + ࢈ + ૛(ࢉ − ૜(࢈ࢇ + ࢉ࢈ + [(ࢉࢇ ≥ ૙ 

ࢇ)] + ࢈ + ૛(ࢉ − ૜(࢈ࢇ + ࢉ࢈ + +ࢇ)][(ࢉࢇ ࢈ + ૜(ࢉ − ૝(ࢇ + +࢈ +࢈ࢇ)(ࢉ +ࢉ࢈ (ࢉࢇ + [ࢉ࢈ࢇૢ ≥ ૙ 

Desde que: ࢈,ࢇ,  :son lados de un triángulo. Por la tanto ࢉ

ࢇ + ࢈ + ࢉ = ૛࢈ࢇ,࢖ + ࢉ࢈ + ࢉࢇ = ૛࢖ + ૛࢘ + ૝ࢉ࢈ࢇ,࢘ࡾ = ૝࢘ࡾ࢖ 

ࢇ)] + ࢈ + ૛(ࢉ − ૜(࢈ࢇ + ࢉ࢈ + ૜࢖ૡ][(ࢉࢇ − ૡ࢖)࢖૛ + ૛࢘ + ૝࢘ࡾ) + ૜૟࢘ࡾ࢖] ≥ ૙ 

ࢇ)] + ࢈ + ૛(ࢉ − ૜(࢈ࢇ + ࢉ࢈ + ࡾ)࢘࢖૝][(ࢉࢇ − ૛࢘)] ≥ ૙ 

⇔ ࢇ) + ࢈ + ૛(ࢉ − ૜(࢈ࢇ + ࢉ࢈ + (ࢉࢇ ≥ ૙	 ∧ ૝ࡾ)࢘࢖ − ૛࢘) ≥ ૙ ⇔ 

⇔ (Desigualdad de Euler) 

56. Prove that in any triangle ࡯࡮࡭: 

૜ࡾ√૜ ≥ ࢈ࢇ√ + ࢉ࢈√ + ࢇࢉ√ ≥ ૜√૟࢘ࡾ	 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam   

Solution by Kevin Soto Palacios – Huarmey – Peru  

1. ૜ࡾ√૜ ≥ ࢈ࢇ√ + ࢉ࢈√ +  ࢉࢇ√

Tener presente lo siguiente:  

ࢇ = ૛ܖܑܛࡾ ࡭ ࢈, = ૛࡮ܖܑܛࡾ , ࢉ = ૛ܖܑܛࡾ ࡯ , ࢘ = ૝ܖܑܛࡾ
࡭
૛
ܖܑܛ

࡮
૛
ܖܑܛ

࡯
૛
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ܖܑܛ +࡭ ࡮ܖܑܛ + ܖܑܛ ࡯ ≤
૜√૜
૛

 

૜ࡾ√૜ ≥ ૛࡭ܖܑܛ√ࡾ ࡮ܖܑܛ + ૛࡮ܖܑܛ√ࡾ ܖܑܛ ࡯ + ૛࡭ܖܑܛ√ࡾ  ࡯ܖܑܛ

૜√૜
૛
≥ ࡭ܖܑܛ√ ࡮ܖܑܛ + ࡮ܖܑܛ√ ࡯ܖܑܛ + ࡭ܖܑܛ√ ࡭ࡹ :Por .࡯ܖܑܛ ≥  ࡳࡹ

૛√࡭ܖܑܛ ܖܑܛ ࡮ ≤ ࡭ܖܑܛ +  (A)    ࡮ܖܑܛ

૛√࡮ܖܑܛ ࡯ܖܑܛ ≤ ࡮ܖܑܛ + ܖܑܛ  (B)    ࡯

૛√࡭ܖܑܛ ܖܑܛ ࡯ ≤ ܖܑܛ ࡭ + ܖܑܛ  (C)   ࡯

Sumando: (࡭) + (࡮) +  ...(࡯)

⇒ ࡭ܖܑܛ√ ܖܑܛ ࡮ + ࡮ܖܑܛ√ ܖܑܛ ࡯ + ࡭ܖܑܛ√ ܖܑܛ ࡯ ≤ ࡭ܖܑܛ + ࡮ܖܑܛ + ܖܑܛ ࡯ ≤ 

≤ ૜ ܖܑܛ ࣊
૜

= ૜√૜
૛

      (LQQD) 

࢈ࢇ√ .2 + ࢉ࢈√ + ࢉࢇ√ ≥ ૜√૟࢘ࡾ. La desigualdad es equivalente:  

૛ࡾ൫√࡭ܖܑܛ ܖܑܛ ࡮ + ࡮ܖܑܛ√ ܖܑܛ +࡯ ܖܑܛ√ ࡭ ܖܑܛ ൯࡮ ≥ ૜ඨ૟ࡾ ൬૝ࡾ ܖܑܛ
࡭
૛ ܖܑܛ

࡮
૛ ܖܑܛ

࡯
૛൰ 

࡭ܖܑܛ√ ࡮ܖܑܛ + ࡮ܖܑܛ√ ࡯ܖܑܛ + ࡭ܖܑܛ√ ܖܑܛ ࡯ ≥ ૜ඨ૟ ܖܑܛ
࡭
૛ ܖܑܛ

࡮
૛ ܖܑܛ

࡯
૛ 

⇒ ૛ඩ
૛࡭ܛܗ܋ ܛܗ܋

࡮
૛

૛࡯ܖܑܛ
+ ૛ඩ

૛࡭ܛܗ܋ ܛܗ܋
࡯
૛

૛࡭ܖܑܛ
+ ૛ඩ

૛࡭ܛܗ܋ ܛܗ܋
࡯
૛

૛࡮ܖܑܛ
≥ ૜√૟ 

⇒  Desde que: 
૛࡭ܛܗ܋ ܛܗ܋

࡮
૛

૛࡯ܖܑܛ
=

૛࡭ܛܗ܋ ܛܗ܋
࡮
૛

૛࡮శ࡭ቀܛܗ܋ ቁ
=

૛࡭ܛܗ܋ ܛܗ܋
࡮
૛

૛࡭ܛܗ܋ ܛܗ܋
࡮
૛ିܖܑܛ

࡭
૛ ܖܑܛ

࡮
૛

= ૚

૚ି࡭ܖ܉ܜ૛ ܖ܉ܜ
࡮
૛

 

⇒ La desigualdad es equivalente: 
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૚

ට૚ − ܖ܉ܜ ૛࡭ ܖ܉ܜ
࡮
૛

+
૚

ට૚ − ૛࡮ܖ܉ܜ ܖ܉ܜ
࡯
૛

+
૚

ට૚ − ૛࡭ܖ܉ܜ ܖ܉ܜ
࡯
૛

≥
૜√૟
૛

 

Por desigualdad de Cauchy: 

૚

ට૚ − ૛࡭ܖ܉ܜ ܖ܉ܜ
࡮
૛

+
૚

ට૚ − ૛࡮ܖ܉ܜ ܖ܉ܜ
࡯
૛

+
૚

ට૚ − ૛࡭ܖ܉ܜ ܖ܉ܜ
࡯
૛

≥ 

≥ (૚ା૚ା૚)૛

∑ට૚ି࡭ܖ܉ܜ૛ ܖ܉ܜ
࡮
૛

≥ ૢ

∑ට૚ି࡭ܖ܉ܜ૛ ܖ܉ܜ
࡮
૛

     (A) 

De la siguiente desigualdad: ૜(࢞૛ + ૛࢟ + (૛ࢠ ≥ ࢞) + ࢟ +  ૛(ࢠ

⇒ Sea: ࢞ = ට૚ − ܖ܉ܜ ࡭
૛
ܖ܉ܜ ࡮

૛
࢟, = ට૚ − ܖ܉ܜ ࡮

૛
ܖ܉ܜ ࡯

૛
, ࢠ = ට૚ − ܖ܉ܜ ࡭

૛
ܖ܉ܜ ࡯

૛
 

૜ ൬૜ − ܖ܉ܜ
࡭
૛
ܖ܉ܜ

࡮
૛
− ܖ܉ܜ

࡮
૛
ܖ܉ܜ

࡯
૛
− ܖ܉ܜ

࡭
૛
ܖ܉ܜ

࡯
૛
൰ ≥ ቌ෍ඨ૚− ܖ܉ܜ

࡭
૛
ܖ܉ܜ

࡮
૛ቍ

 

⇒ √૟ ≥ ∑ට૚ − ܖ܉ܜ ࡭
૛
ܖ܉ܜ ࡮

૛
⇒  Por tanto en (A) 

ૢ

∑ට૚ି࡭ܖ܉ܜ૛ ܖ܉ܜ
࡮
૛

≥ ૢ
√૟

= ૜√૟
૛
		    (LQQD) 

 

57. In acute – triangle ࡯࡮࡭: 

૝ܖ܉ܜ ࡭
࡮૜ܖ܉ܜ

+
࡮૝ܖ܉ܜ
૜ܖ܉ܜ ࡯

+
૝ܖ܉ܜ ࡯
૜ܖ܉ܜ ࡭

≥ ࡭ܖ܉ܜ ࡮ܖ܉ܜ  ࡯ܖ܉ܜ

Proposed by Daniel Sitaru – Romania  

Solution by Seyran Ibrahimov – Maasilli – Azerbaidian  

ࢇ = ࢈,࡭࢔ࢇ࢚ = ,	࡮࢔ࢇ࢚ ࢉ =  ࡯࢔ࢇ࢚
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ࢇ + ࢈ + ࢉ = ;ࢉ࢈ࢇ 	
૝ࢇ

૜࢈ +
૝࢈

૜ࢉ +
૝ࢉ

૜ࢇ ≥  ࢉ࢈ࢇ

૝ࢇ

૜࢈
+
૝࢈

૜ࢉ
+
૝ࢉ

૜ࢇ
≥⏞

࢔࢕ࢊࢇࡾ ࢇ) + ࢈ + ૝(ࢉ

ࢇ) + ࢈ + ૜(ࢉ = ࢇ + ࢈ + ࢉ =  ࢉ࢈ࢇ

 

58. In ࢤ	࡯࡮࡭: 

૛(ࡺ࡭૛ ૛ࡺ࡮+ + (૛ࡺ࡯ + ૝૛࢘ࡾ ≤ ૝࢙૛ + ૜ࡾ ⋅  ࡺࡻ

ࡻ ,Nagel’s point	−ࡺ − circumcentre, ࢙ − semiperimeter 

࢘ − inradius, ࡾ − circumradius 

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty – Kolkata - India   

ࡺࡳ in that order, are collinear and ࡺ,ࡳ,ࡵ = ૛ࡳࡵ 

 

By Stewart’s theorem, ࡵ࡭૛ ⋅ ૛ࡳࡵ + ૛ࡺ࡭ ⋅ ࡳࡵ = ૜ࡳ࡭)ࡳࡵ૛ + ૛ࡳࡵ૛) 

⇒ ૛ࡵ࡭૛ + ૛ࡺ࡭ = ૝ࡳ࡭૛ + ૟ࡳࡵ૛ ⇒ ૛ࡺ࡭ = ૜ࡳ࡭૛ + ૟ࡳࡵ૛ − ૛ࡵ࡭૛ 

Similarly, ࡺ࡮૛ = ૜ࡳ࡮૛ + ૟ࡳࡵ૛ − ૛ࡵ࡮૛; ૛ࡺ࡯	 = ૜ࡳ࡯૛ + ૟ࡳࡵ૛ − ૛ࡵ࡯૛ 
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૛ ቀ෍ࡺ࡭૛ቁ = ૟ቀ෍ࡳ࡭૛ቁ + ૜૟ࡳࡵ૛ − ૝ቀ෍ࡵ࡭૛ቁ		(࢏) 

෍ࡳ࡭૛ =
૝
ૢ
ቀ෍ࢇ࢓

૛ቁ =
૝
ૢ
⋅
૜
૝

૛ࢇ) + ૛࢈ + (૛ࢉ =
૛ࢇ + ૛࢈ + ૛ࢉ

૜
 

૟ ቀ෍ࡳ࡭૛ቁ = ૛ ቀ෍ࢇ૛ቁ = ૛ ቀ૛࢙૛ − ૛࢘(૝ࡾ+  ቁ(࢘

= ૝࢙૛ − ૚૟࢘ࡾ − ૝࢘૛    (1) 

૛ࡵ࡭ = ૛࢘ ૛܋ܛ܋
࡭
૛

૛ࡵ࡮, = ૛࢘ ૛܋ܛ܋
࡮
૛

૛ࡵ࡯, = ૛࢘ ૛܋ܛ܋
࡯
૛

 

෍ࡵ࡭૛ = ૛࢘ ൜
ࢉ࢈

࢙) − ࢙)(࢈ − (ࢉ +
ࢇࢉ

࢙) − ࢙)(ࢉ − (ࢇ +
࢈ࢇ

࢙) − ࢙)(ࢇ −  ൠ(࢈

=
࢙)ࢉ࢈}૛࢘ − (ࢇ + ࢙)ࢇࢉ − (࢈ + ࢙)࢈ࢇ − {(ࢉ

࢙) − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ  

=
࢈ࢇ)࢙}૛࢘ + ࢉ࢈ + (ࢇࢉ − ૜ࢉ࢈ࢇ}

࢙) − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ =
࢈ࢇ)૛࢙૛࢘ + ࢉ࢈ + (ࢇࢉ − ૜࢘૛ࢉ࢈ࢇ࢙

࢙)࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ  

=
࢈ࢇ)૛࢙૛࢘ + ࢉ࢈ + −(ࢇࢉ ૜࢘૛ࢉ࢈ࢇ࢙

૛࢙૛࢘
= ࢈ࢇ + ࢉ࢈ + ࢇࢉ −

૜ࢉ࢈ࢇ
࢙

 

= ૛࢙ + ૝࢘ࡾ+ ૛࢘ − ૚૛࢘ࡾ = ૛࢙ − ૡ࢘ࡾ +  ૛࢘

−૝(∑ࡵ࡭૛) = −૝࢙૛ + ૜૛࢘ࡾ − ૝࢘૛    (2) 

ࡳࡵ = ඨ
૜ࢇ− − ૜࢈ − ૜ࢉ − ࢉ࢈ࢇૢ + ૛(∑ࢇ૛࢈ + (૛࢈ࢇ∑

ࢇ)ૢ + ࢈ + (ࢉ  

૜૟ࡳࡵ૛ = ૜૟ ⋅
૜ࢇ)− + ૜࢈ + (૜ࢉ − ࢉ࢈ࢇૢ + ૛(∑ࢇ૛࢈ (૛࢈ࢇ∑+

ࢇ)ૢ + ࢈ + (ࢉ  

=
૛
࢙
ቄ−(ࢇ૜ + ૜࢈ + (૜ࢉ − ࢉ࢈ࢇૢ + ૛ ቀ෍ࢇ૛࢈ +෍࢈ࢇ૛ቁቅ 

෍ࢇ૛࢈ + ෍࢈ࢇ૛ = ࢈)૛ࢇ + (ࢉ + ࢉ)૛࢈ + (ࢇ + ࢇ)૛ࢉ +  (࢈
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= ࢙૛(૛ࢇ − (ࢇ + ࢙૛(૛࢈ − (࢈ + ࢙૛(૛ࢉ −  (ࢉ

= ૛ࢇ)࢙૛ + ૛࢈ + (૛ࢉ − ૜ࢇ) + ૜࢈ +  (૜ࢉ

૜૟ࡳࡵ૛ =
૛
࢙

{−૜(ࢇ૜ + ૜࢈ + (૜ࢉ − ࢉ࢈ࢇૢ + ૝ࢇ)࢙૛ + ૛࢈ +  {(૛ࢉ

=
૛
࢙

{−૜(ࢇ૜ + ૜࢈ + ૜ࢉ − ૜ࢉ࢈ࢇ + ૜ࢉ࢈ࢇ) − ࢉ࢈ࢇૢ + ૝ࢇ)࢙૛ + ૛࢈ +  {(૛ࢉ

=
૛
࢙

{−૜(ࢇ૜ + ૜࢈ + ૜ࢉ − ૜ࢉ࢈ࢇ)− ૚ૡࢉ࢈ࢇ + ૝ࢇ)࢙૛ + ૛࢈ +  {(૛ࢉ

= −
૟
࢙

ࢇ) + ࢈ + ૛ࢇ)(ࢉ + ૛࢈ + ૛ࢉ − ࢈ࢇ − ࢉ࢈ −  (ࢇࢉ

−
૜૟
࢙

(૝࢙࢘ࡾ) + ૡ(ࢇ૛ + ૛࢈ +  (૛ࢉ

= −૚૛(ࢇ૛ + ૛࢈ + ૛ࢉ − ࢈ࢇ − ࢉ࢈ − (ࢇࢉ + ૡ(ࢇ૛ + ૛࢈ + −(૛ࢉ ૚૝૝࢘ࡾ 

= ૚૛(࢈ࢇ + ࢉ࢈ + −(ࢇࢉ ૝(ࢇ૛ + ૛࢈ + −(૛ࢉ ૚૝૝࢘ࡾ 

= ૚૛{࢙૛ + +ࡾ૝)࢘ −{(࢘ ૝{૛࢙૛ − ૛࢘(૝ࡾ + {(࢘ − ૚૝૝࢘ࡾ 

= ૝࢙૛ + ૛૙࢘(૝ࡾ + (࢘ − ૚૝૝࢘ࡾ = ૝࢙૛ − ૟૝࢘ࡾ + ૛૙࢘૛    (3) 

(૚) + (૛) + (૜) using (࢏) ⇒ ૛(∑ࡺ࡭૛) = ૝࢙૛ − ૝ૡ࢘ࡾ + ૚૛࢘૛ 

⇒ ૛ቀ෍ࡺ࡭૛ቁ + ૝૛࢘ࡾ = ૝࢙૛ − ૟࢘ࡾ + ૚૛࢘૛ 

Now, ૝࢙૛ + ૜ࡾ ⋅ ࡺࡻ = ૝࢙૛ + ૜ࡾ ⋅ ቀ૝ࡵࡻࢤ
૛

ࢉ࢈ࢇ
ቁ 

= ૝࢙૛ +
૜ࡾ ⋅ ૝ࢤ ⋅ ࡾ)ࡾ − ૛࢘)

૝ࢤࡾ
= ૝࢙૛ + ૜ࡾ૛ − ૟࢘ࡾ 

given inequality ⇔ ૝࢙૛ − ૟࢘ࡾ + ૚૛ࡾ૛ ≤ ૝࢙૛ + ૜ࡾ૛ − ૟࢘ࡾ 

⇔ ૜ࡾ૛ ≥ ૚૛࢘૛ ⇔ ૛ࡾ ≥ ૝࢘૛ ⇔ ࡾ ≥ ૛࢘ → true (Proved) 
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59. Prove that in any acute triangle ࡯࡮࡭: 

࡭૝ܛܗ܋ + ࡮૝ܛܗ܋ + ࡯૝ܛܗ܋ + ૜ ࡭ܛܗ܋ ࡯ܛܗ܋࡮ܛܗ܋ ≥ ૝ܛܗ܋૛ܛܗ܋࡭૛ܛܗ܋࡮૛ ࡯ +
૚
૛ 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Kevin Soto Palacios – Huarmey – Peru   

Probar en un triángulo acutángulo ࡯࡮࡭: 

࡭૝ܛܗ܋ + ࡮૝ܛܗ܋ + ૝ܛܗ܋ ࡯ + ૜ ࡭ܛܗ܋ ࡮ܛܗ܋ ࡯ܛܗ܋ ≥ ૝(࡭ܛܗ܋ ࡮ܛܗ܋ ૛(࡯ܛܗ܋ +
૚
૛ 

⇒ ࡭૝ܛܗ܋ + ࡮૝ܛܗ܋ + ૝ܛܗ܋ ࡯ − ૝(࡭ܛܗ܋ ૛(࡯ܛܗ܋࡮ܛܗ܋ + ૝࡭ܛܗ܋ ࡮ܛܗ܋ ࡯ܛܗ܋ ≥ 

≥ ૚
૛

+ ࡭ܛܗ܋ ࡮ܛܗ܋  (A)            ࡯ܛܗ܋

Desde que: ࡭ + ࡮ + ࡯ =  :se cumple lo siguiente ,࣊

࡭૛ܛܗ܋ + ࡮૛ܛܗ܋ + ૛ܛܗ܋ ࡯ + ૛ ࡭ܛܗ܋ ࡯ܛܗ܋࡮ܛܗ܋ = ૚ → 

→ ࡭૛ܛܗ܋ + ࡮૛ܛܗ܋ + ࡯૛ܛܗ܋ = ૚ − ૛ ࡭ܛܗ܋  ࡯ܛܗ܋࡮ܛܗ܋

⇒ ࡭૛ܛܗ܋) + ࡮૛ܛܗ܋ + ૛(࡯૛ܛܗ܋ = (૚ − ૛ ࡭ܛܗ܋  ૛(࡯ܛܗ܋࡮ܛܗ܋

⇒ ૝ܛܗ܋ ࡭ + ૝ܛܗ܋ ࡮ + ૝ܛܗ܋ +࡯ ૛(࡭ܛܗ܋ ܛܗ܋ ૛(࡮ + ૛(࡮ܛܗ܋ ૛(࡯ܛܗ܋ + ૛(࡭ܛܗ܋ ܛܗ܋ ૛(࡯ = 

= ૚ − ૝ ࡭ܛܗ܋ ࡯ܛܗ܋࡮ܛܗ܋ + ૝(࡭ܛܗ܋ ࡮ܛܗ܋  ૛(࡯ܛܗ܋

⇒ ࡭૝ܛܗ܋ + ࡮૝ܛܗ܋ + ૝ܛܗ܋ ࡯ − ૝(࡭ܛܗ܋ ૛(࡯ܛܗ܋࡮ܛܗ܋ + ૝࡭ܛܗ܋ ࡮ܛܗ܋ ࡯ܛܗ܋ = 

= ૚ − ૛(࡭ܛܗ܋ ૛(࡮ܛܗ܋ − ૛(࡮ܛܗ܋ ૛(࡯ܛܗ܋ − ૛(࡭ܛܗ܋  ૛(࡯ܛܗ܋

Reemplazando en (A)… 

⇒ ૚− ૛(࡭ܛܗ܋ ܛܗ܋ ૛(࡮ − ૛(࡮ܛܗ܋ ૛(࡯ܛܗ܋ − ૛(࡭ܛܗ܋ ૛(࡯ܛܗ܋ ≥
૚
૛ + ܛܗ܋ ࡭ ࡮ܛܗ܋  ࡯ܛܗ܋

⇒
૚
૛ ≥ ૛(࡭ܛܗ܋ ૛(࡮ܛܗ܋ + ૛(ܛܗ܋࡮ܛܗ܋ ૛(࡯ + ૛(࡯ܛܗ܋࡭ܛܗ܋)૛ + ܛܗ܋ ࡭ ܛܗ܋ ࡮ ܛܗ܋  ࡯

⇒ ૚ − ૛࡭ܛܗ܋ ܛܗ܋ ܛܗ܋࡮ ࡯ ≥ ૝(࡮ܛܗ܋ ૛(࡯ܛܗ܋ + ૝(࡭ܛܗ܋ ૛(࡯ܛܗ܋ + ૝(࡭ܛܗ܋ ܛܗ܋  ૛(࡮

⇒ ૛ܛܗ܋ ࡭ + ૛ܛܗ܋ ࡮ + ૛ܛܗ܋ ࡯ ≥ ૝(࡮ܛܗ܋ ૛(࡯ܛܗ܋ + ૝(࡭ܛܗ܋ + ૛(࡯ܛܗ܋ + ૝(࡭ܛܗ܋  ૛(࡮ܛܗ܋

Dado que es un triángulo acutángulo: ࡭ܛܗ܋ , ࡮ܛܗ܋ , ࡯ܛܗ܋ > 0 
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En la desigualdad, dividamos (÷) ࡭ܛܗ܋ ࡮ܛܗ܋ ࡯ܛܗ܋ ⇔ de tal manera que el 

sentido no se altere: 
ܛܗ܋ ࡭

ܛܗ܋࡮ܛܗ܋ ࡯
+ ܛܗ܋ ࡮

ܛܗ܋ ࡯ ܛܗ܋ ࡭
+ ࡯ܛܗ܋

ܛܗ܋ ࡮ܛܗ܋࡭
≥ ૝ܛܗ܋ ࡯ܛܗ܋࡮

࡭ܛܗ܋
+ ૝ ࡭ܛܗ܋ ࡯ܛܗ܋

࡮ܛܗ܋
+ ૝ ࡮ܛܗ܋࡭ܛܗ܋

ܛܗ܋ ࡯
    (B) 

Ahora bien: ܛܗ܋ ࡭
࡮ܛܗ܋ ࡯ܛܗ܋

=
૚

࡮ܛܗ܋ ࡯ܛܗ܋
૚

ܛܗ܋ ࡭

=
(࡯శ࡮)ܖܑܛ
࡮ܛܗ܋ ܛܗ܋ ࡯

ܖܑܛ ࡭
ܛܗ܋ ࡭

= ࡯ܖ܉ܜା࡮ܖ܉ܜ
࡯ܖ܉ܜ

 

Por lo tanto en (B)… 

࡮ܖ܉ܜ + ࡯ܖ܉ܜ
૝ ࡭ܖ܉ܜ

+
࡭ܖ܉ܜ + ࡯ܖ܉ܜ

૝ ࡮ܖ܉ܜ
+
࡭ܖ܉ܜ + ࡮ܖ܉ܜ

૝ ࡯ܖ܉ܜ
≥ 

≥
࡭ܖ܉ܜ

࡮ܖ܉ܜ + ܖ܉ܜ ࡯
+

࡮ܖ܉ܜ
࡭ܖ܉ܜ + ܖ܉ܜ ࡯

+
࡯ܖ܉ܜ

࡭ܖ܉ܜ + ࡮ܖ܉ܜ
 

Aplicando: ࡭ࡹ ≥  ࡳࡹ

ܖ܉ܜ) ࡮ + ૛(࡯ܖ܉ܜ ≥ ૝࡮ܖ܉ܜ ࡯ܖ܉ܜ ⇒
࡮ܖ܉ܜ + ܖ܉ܜ ࡯
૝ ࡮ܖ܉ܜ ࡯ܖ܉ܜ ≥

૚
࡮ܖ܉ܜ + ࡯ܖ܉ܜ → 

૚
૝ ࡮ܖ܉ܜ +

૚
૝ ࡮ܖ܉ܜ ≥

૚
࡮ܖ܉ܜ + ܖ܉ܜ  ࡯

⇒ ૚
૝
ቀ࡭ܖ܉ܜ
࡯ܖ܉ܜ

+ ࡭ܖ܉ܜ
࡮ܖ܉ܜ

ቁ ≥ ࡭ܖ܉ܜ
࡯ܖ܉ܜା࡮ܖ܉ܜ

     (M), 

૚
૝
ቀ࡮ܖ܉ܜ
࡯ܖ܉ܜ

+ ܖ܉ܜ ࡮
࡭ܖ܉ܜ

ቁ ≥ ࡮ܖ܉ܜ
࡯ܖ܉ܜା࡭ܖ܉ܜ

        (N) 

૚
૝
ቀ࡯ܖ܉ܜ
࡭ܖ܉ܜ

+ ࡯ܖ܉ܜ
࡮ܖ܉ܜ

ቁ ≥ ࡯ܖ܉ܜ
࡮ܖ܉ܜା࡭ܖ܉ܜ

    (P) 

Por último, sumando: (ࡹ) + (ࡺ) +  (ࡼ)

࡮ܖ܉ܜ + ࡯ܖ܉ܜ
૝ ࡭ܖ܉ܜ +

࡭ܖ܉ܜ + ࡯ܖ܉ܜ
૝ ࡮ܖ܉ܜ +

࡭ܖ܉ܜ + ࡮ܖ܉ܜ
૝ ࡯ܖ܉ܜ ≥ 

≥
࡭ܖ܉ܜ

࡮ܖ܉ܜ + ܖ܉ܜ ࡯ +
࡮ܖ܉ܜ

࡭ܖ܉ܜ + ܖ܉ܜ ࡯ +
࡯ܖ܉ܜ

࡭ܖ܉ܜ +  ࡮ܖ܉ܜ
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60. Prove that in any ࢤ	࡯࡮࡭ the following relationship holds: 

ࢉ࢓࢈࢓ࢇ࢓

ࢉ࢘࢈࢘ࢇ࢘
+
ࢉ࢝࢈࢝ࢇ࢝

ࢉࢎ࢈ࢎࢇࢎ
≤
ࡾ
࢘  

Proposed by Daniel Sitaru-Romania 

Solution  by Soumava Chakraborty – Kolkata – India  

ࢉ࢝࢈࢝ࢇ࢝

ࢉࢎ࢈ࢎࢇࢎ
=

૛ࢉ࢈ ૛࡭ܛܗ܋
࢈ + ࢉ ⋅

૛࡮ܛܗ܋ࢇࢉ૛
ࢉ + ࢇ ⋅

૛࢈ࢇ ૛࡯ܛܗ܋
ࢇ + ࢈ 	

ቀࢉ࢈૛ࡾቁ ቀ
ࢇࢉ
૛ࡾቁቀ

࢈ࢇ
૛ࡾቁ

 

=
૟૝ࡾ૜ට࢙)࢙ − (ࢇ

ࢉ࢈ ⋅ ࢙)࢙ − (࢈
ࢇࢉ ⋅ ࢙)࢙ − (ࢉ

࢈ࢇ
ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ =

૟૝ࡾ૜࢙ ⋅ ࢤ
ࢉ࢈ࢇ

ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ +  (ࢇ

=
૟૝ࡾ૜࢙ ࢤ

૝ࢤࡾ
ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ =

૚૟ࡾ૛࢙
ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ +  (ࢇ

ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ = (૛࢙ − ࢙૛)(ࢉ − ࢙૛)(ࢇ − (࢈ = 

= ૡ࢙૜ − ૝࢙૛(૛࢙) + ૛࢙ ቀ෍࢈ࢇቁ − ࢉ࢈ࢇ = 

= ૛࢙)࢙૛ + ૝࢘ࡾ + −(૛࢘ ૝࢙࢘ࡾ = ૛࢙)࢙૛ + ૛࢘ࡾ+  (૛࢘
ࢉ࢝࢈࢝ࢇ࢝

ࢉࢎ࢈ࢎࢇࢎ
= ૡࡾ૛

૛࢘ା࢘ࡾ૛ା૚૛࢙
. Now, ࢉ࢘࢈࢘ࢇ࢘ = ૛ࢤ

࢘
= ૛࢙૛࢘

࢘
=  ૛࢙࢘

given inequality ⇔ ࢉ࢓࢈࢓ࢇ࢓

૛࢙࢘
+ ૡࡾ૛

૛࢘ା࢘ࡾ૛ା૛࢙
≤ ࡾ

࢘
⇔ ࢉ࢓࢈࢓ࢇ࢓

૛࢙࢘
≤ ࡾ

࢘
− ૡࡾ૛

૛࢘ା࢘ࡾ૛ା૛࢙
 

ࢉ࢓࢈࢓ࢇ࢓⇔ ≤ ૛࢙ࡾ −
ૡࡾ૛࢙࢘૛

૛࢙ + ૛࢘ࡾ + ૛࢘
= 

= ૛࢙ࡾ ൬૚ −
ૡ࢘ࡾ

૛࢙ + ૛࢘ࡾ + ૛࢘
൰ =

૛࢙)૛࢙ࡾ − ૟࢘ࡾ + (૛࢘
૛࢙ + ૛࢘ࡾ + ૛࢘

 

⇔ ࢇ࢓
૛࢈࢓

૛ࢉ࢓
૛ ≤ ൯࢘ା࢘ࡾ૛ି૟࢙૝൫࢙૛ࡾ

૛

૛(૛࢘ା࢘ࡾ૛ା૛࢙)         (1) 
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ࢇ࢓
૛࢈࢓

૛ࢉ࢓
૛ =

૚
૟૝

(૛࢈૛ + ૛ࢉ૛ − ૛ࢉ૛)(૛ࢇ + ૛ࢇ૛ − ૛ࢇ૛)(૛࢈ + ૛࢈૛ −  (૛ࢉ

=
૚
૟૝

ቄ−૝ ቀ෍ࢇ૟ቁ+ ૟ ቀ෍ࢇ૝࢈૛ + ෍ࢇ૛࢈૝ቁ + ૜ࢇ૛࢈૛ࢉ૛ቅ 

Now, ∑ࢇ૟ = ૜(૛ࢇ∑) − ૜(ࢇ૛ + ૛࢈)(૛࢈ + ૛ࢉ)(૛ࢉ +  (૛ࢇ

૛ࢇ) + ૛࢈)(૛࢈ + ૛ࢉ)(૛ࢉ + (૛ࢇ = ቀ෍ࢇ૛ − ૛ቁࢉ ቀ෍ࢇ૛ − ૛ቁࢇ ቀ෍ࢇ૛ −  ૛ቁ࢈

= ቀ෍ࢇ૛ቁ
૜
− ቀ෍ࢇ૛ቁ

૛
ቀ෍ࢇ૛ቁ + ቀ෍ࢇ૛ቁ ቀ෍ࢇ૛࢈૛ቁ −  ૛ࢉ૛࢈૛ࢇ

= ቀ෍ࢇ૛ቁ ቀ෍ࢇ૛࢈૛ቁ −  ૛ࢉ૛࢈૛ࢇ

෍ࢇ૟ = ቀ෍ࢇ૛ቁ
૜
− ૜ ቀ෍ࢇ૛ቁ ቀ෍ࢇ૛࢈૛ቁ + ૜ࢇ૛࢈૛ࢉ૛ 

Also, ∑ࢇ૝࢈૛ ૝࢈૛ࢇ∑+ = 

= ૛࢈૛ࢇ ቀ෍ࢇ૛ − ૛ቁࢉ + ૛ࢉ૛࢈ ቀ෍ࢇ૛ − ૛ቁࢇ + ૛ࢇ૛ࢉ ቀ෍ࢇ૛ −  ૛ቁ࢈

= ቀ෍ࢇ૛ቁ ቀ෍ࢇ૛࢈૛ቁ − ૜ࢇ૛࢈૛ࢉ૛ 

ࢇ࢓
૛࢈࢓

૛ࢉ࢓
૛ =

૚
૟૝ቊ

−૝ቀ෍ࢇ૛ቁ
૜

+ ૚૛ቀ෍ࢇ૛ቁቀ෍ࢇ૛࢈૛ቁ− ૚૛ࢇ૛࢈૛ࢉ૛ + ૟ቀ෍ࢇ૛ቁ ቀ෍ࢇ૛࢈૛ቁ − ૚ૡࢇ૛࢈૛ࢉ૛ + ૜ࢇ૛࢈૛ࢉ૛ቋ 

 

=
૚
૜૛ ቊ−૛

ቀ෍ࢇ૛ቁ
૜

+ ૢ ቀ෍ࢇ૛ቁ ቀ෍ࢇ૛࢈૛ቁ −
૛ૠ
૛  ૛ቋࢉ૛࢈૛ࢇ

෍ࢇ૛࢈૛ = ቀ෍࢈ࢇቁ
૛
− ૛ࢉ࢈ࢇ(૛࢙) = ૛࢙) + ૝࢘ࡾ + ૛)૛࢘ − ૚૟࢙࢘ࡾ૛ = 

= ૝࢙ + ૚૟ࡾ૛࢘૛ + ૝࢘ − ૡ࢙࢘ࡾ૛ + ૡ࢘ࡾ૜ + ૛࢙૛࢘૛ 

ࢇ࢓
૛࢈࢓

૛ࢉ࢓
૛ =

૚
૜૛

ቐ
−૚૟(࢙૛ − ૝࢘ࡾ − ૛)૜࢘ + ૚ૡ(࢙૛ − ૝࢘ࡾ − (૛࢘ ∙

∙ ൬࢙૝ + ૚૟ࡾ૛࢘૛ + ૝࢘ − ૡ࢙࢘ࡾ૛ + ૡ࢘ࡾ૜ + ૛࢙૛࢘૛ −
૛ૠ
૛

(૝࢙࢘ࡾ)૛൰
ቑ 

= ૚
૚૟
൫࢙૟ − ૚૛࢙૝࢘ࡾ + ૜૜࢙૝࢘૛ −૟૙࢙૛ࡾ૛࢘૛ − ૚૛૙࢙૛࢘ࡾ૜ − ૜૜࢙૛࢘૝ − ૟૝ࡾ૜࢘૜ − ૝ૡࡾ૛࢘૝ − ૚૛࢘ࡾ૞ −  ૟൯   (2)࢘



 
www.ssmrmh.ro 

 
 

Given inequality: 

⇔
૚
૚૟

൫࢙૟ − ૚૛࢙૝࢘ࡾ+ ૜૜࢙૝࢘૛ − ૟૙࢙૛ࡾ૛࢘૛ − ૚૛૙࢙૛࢘ࡾ૜ − ૜૜࢙૛࢘૝ − ૟૝ࡾ૜࢘૜ − ૝ૡࡾ૛࢘૝ − ૚૛࢘ࡾ૞ ૟൯࢘− ≤ 

≤ ૛൯࢘ା࢘ࡾ૛ି૟࢙૝൫࢙૛ࡾ
૛

૛(૛࢘ା࢘ࡾ૛ା૛࢙) .  (from (1), (2)) 

⇔ ૚૙࢙ + ૛࢘ૡ(૜૞࢙ − ૡ࢘ࡾ − ૚૟ࡾ૛) + ૝࢘૟(૜૝࢙ − ૚૜૟ࡾ૛࢘૛ − ૡ࢘ࡾ૜ + ૚ૢ૛ࡾ૜࢘) − 

૜࢘૜ࡾ૝൫૚૟૙࢙− + ૞ૠ૟ࡾ૝࢘૛ + ૞ૡ૙ࡾ૛࢘૝ + ૛૟૝࢘ࡾ૞ + ૜૝࢘૟൯ − 

૝࢘૝ࡾ૛൫૝ૢ૟࢙− + ૚૙૝૙ࡾ૜࢘૞ + ૡ૚૟ࡾ૛࢘૟ + ૛ૡ૙࢘ࡾૠ + ૜૞࢘ૡ൯ − ૛૞૟ࡾ૞࢘૞ − 

−૝૝ૡࡾ૝࢘૟ − ૜૙૝ࡾ૜࢘ૠ − ૚૙૙ࡾ૛࢘ૡ − ૚૟ૢ࢘ࡾ − ૚૙࢘ ≤ ૙    (A) 

≥ of (A) ࡿࡴࡸ (૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)૞ + 

+(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)૝(૜૞࢘૛ − ૡ࢘ࡾ − ૚૟ࡾ૛) + 

+(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)૜(૜૝࢘૝ − ૚૜૟ࡾ૛࢘૛ − ૡ࢘ࡾ૜ + ૚ૢ૛ࡾ૜࢘)− 

−(૚૟࢘ࡾ − ૞࢘૛)૛൫૚૟૙ࡾ૜࢘૜ + ૞ૠ૟ࡾ૝࢘૛ + ૞ૡ૙ࡾ૛࢘૝ + ૛૟૝࢘ࡾ૞ + ૜૝࢘૟൯ − 

−(૚૟࢘ࡾ − ૞࢘૛)൫૝ૢ૟ࡾ૝࢘૝ + ૚૙૝૙ࡾ૜࢘૞ + ૡ૚૟ࡾ૛࢘૟ + ૛ૡ૙࢘ࡾૠ + ૜૞࢘ૡ൯ − 

−૛૞૟ࡾ૞࢘૞ − ૝૝ૡࡾ૝࢘૟ − ૜૙૝ࡾ૜࢘ૠ − ૚૙૙ࡾ૛࢘ૡ − ૚૟ૢ࢘ࡾ − ૚૙࢘ = 

= −૜૙ૠ૛ࡾ૚૙ − ૚૙૛૝࢘ૢࡾ + ૟૚૝૝ࡾૡ࢘૛ + ૛ૠ૟૝ૡࡾૠ࢘૜ − ૢ૚ૠૠ૟ࡾ૟࢘૝ + 

+૚૜૙૚ૠ૟ࡾ૞࢘૞ − ૞૛૛૝૙ࡾ૝࢘૟ + ૢૠૢૡ૝ࡾ૜࢘ૠ + ૟ૢ૚૚૟ࡾ૛࢘ૡ + 

+૚ૢ૛૚૛ૢ࢘ࡾ + ૜૜૛૙࢘૚૙. it suffices to prove: 

−૜૙ૠ૛ࡾ૚૙ − ૚૙૛૝࢘ૢࡾ + ૟૚૝૝ࡾૡ࢘૛ + ૛ૠ૟૝ૡࡾૠ࢘૜ − 

−ૢ૚ૠૠ૟ࡾ૟࢘૝ + ૚૜૙૚ૠ૟ࡾ૞࢘૞ − ૞૛૛૝૙ࡾ૝࢘૟ + ૢૠૢૡ૝ࡾ૜࢘ૠ + ૟ૢ૚૚૟ࡾ૛࢘ૡ + 

+૚ૢ૛૚૛ૢ࢘ࡾ + ૜૜૛૙࢘૚૙ ≤ ૙ 

⇔ ૜૙ૠ૛࢚૚૙ + ૚૙૛૝ૢ࢚ − ૟૚૝૝࢚ૡ − ૛ૠ૟૝ૡ࢚ૠ + ૢ૚ૠૠ૟࢚૟ − ૚૜૙૚ૠ૟࢚૞ + 

+૞૛૛૝૙࢚૝ − ૢૠૢૡ૝࢚૜ − ૟ૢ૚૚૟࢚૛ − ૚ૢ૛૚૛࢚ − ૜૜૛૙ ≥ ૙	 ൬࢚ =
ࡾ
࢘
൰ 

⇔ ૠ૟ૡ࢚૚૙ + ૛૞૟ૢ࢚ − ૚૞૜࢚ૡ − ૟ૢ૚૛࢚ૠ + ૛૛ૢ૝૝࢚૟ − ૜૛૞૝૝࢚૞ + ૚૜૙૟૙࢚૝ − 
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−૛૝૝ૢ૟࢚૜ − ૚ૠ૛ૠૢ࢚૛ − ૝ૡ૙૜࢚ − ૡ૜૙ ≥ ૙ 
⇔ ࢚) − ૛)൫ૠ૟ૡૢ࢚ + ૚ૠૢ૛࢚ૡ + ૛૙૝ૡ࢚ૠ− ૛ૡ૚૟࢚૟ + ૚ૠ૜૚૛࢚૞ + ૛૙ૡ૙࢚૝ + ૚ૠ૛૛૙࢚૜ + ૢૢ૝૝࢚૛ + ૛૟૙ૢ࢚+ ૝૚૞൯ ≥ ૙ (B) 

Now, ૠ૟ૡૢ࢚ − ૛ૡ૚૟࢚૟ + ૚ૠ૛૛૙࢚૜ = ૟࢚૜(ૠ૟ૡ࢚ − ૛ૡ૚૟࢚૜ + ૚ૠ૛૛૙) 

= ૜࢚ ൬ૠ૟ૡࢠ
૛ − ૛ૡ૚૟ࢠ+ ૚ૠ૛૛૙

ࢋ
൰ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇥ

௘வ଴					ୀି૝૝ૢ૟ૢૢૡ૝ழ଴ࢤ

ࢠ)	 =  (૜࢚

ૠ૟ૡૢ࢚ − ૛ૡ૚૟࢚૟ + ૚ૠ૛૛૙࢚૜ > 0 ⇒ (B) is true (࢚ = ࡾ
࢘
≥ ૛ → Euler) 

⇒ (A) is true (Hence proved) 

 

61. In 	∆࡯࡮࡭ the following relationship holds: 

෍
ࢇ࢘
࢈࢘
൬૚ −

࢘
ࢉ࢘
൰ ≥ ૛ 

Proposed by Nicolae Nica - Romania 

Solution 1 by Adil Abdullayev – Baku – Azerbaidian  

ࡿࡴࡸ =
ࢇ࢘
࢈࢘

+
࢈࢘
ࢉ࢘

+
ࢉ࢘
ࢇ࢘
−

(૝ࡾ + ૛(࢘

૛࢖
+ ૛ = 

=
૛ࢇ࢘

࢈࢘ࢇ࢘
+

૛࢈࢘

࢈࢘ࢉ࢘
+

૛ࢉ࢘

ࢉ࢘ࢇ࢘
−

(૝ࡾ + ૛(࢘

૛࢖ + ૛ ≥⏞
ࡿି࡮ି࡯

 

≥⏞
ࡿି࡮ି࡯ (૝ࡾ + ૛(࢘

૛࢖
−

(૝ࡾ + ૛(࢘

૛࢖
+ ૛ = ૛. 

Solution 2 by Daniel Sitaru – Romania  

෍
ࢇ࢘
࢈࢘
൬૚ −

࢘
ࢉ࢘
൰ = ෍

−࢙ ࢈
࢙ − ቀ૚ࢇ −

࢙ − ࢉ
࢙ ቁ =

૚
෍࢙

࢙) − ࢉ(࢈
࢙ − ࢇ = 

=
૚
෍࢙

࢞)࢟ + (࢟
࢞ ≥ ૛ ↔෍

࢞)࢟ + (࢟
࢞ ≥ ૛(࢞ + ࢟ + (ࢠ ↔ 

ࢇ)	 = ࢟ + ࢈,ࢠ = ࢠ + ,	࢞ ࢉ = ࢞ +  (࢟



 
www.ssmrmh.ro 

 
 

↔
ࢠ࢟
࢞ +

࢟࢞
ࢠ +

ࢠ࢞
࢟ ≥ ࢞ + ࢟ + ࢠ ↔ ૛࢟૛࢞ + ૛ࢠ૛࢟ + ૛࢞૛ࢠ ≥ ࢞)ࢠ࢟࢞ + ࢟ +  (ࢠ

	(૛, ૛,૙) ≽ (૛,૚, ૚)(Muirhead) 

62. Prove that in any triangle ࡯࡮࡭: 

ࢇ࢘
࢙) − ࢙)(࢈ − (ࢉ +

࢈࢘
࢙) − ࢙)(ࢉ − (ࢇ +

ࢉ࢘
࢙) − ࢙)(ࢇ − (࢈ ≥

૛
࢘
ඨ૝ࡾ + ࢘

૛ࡾ  

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en en triángulo ࡯࡮࡭, la siguiente desigualdad: 

ࢇ࢘
࢙) − ࢙)(࢈ − (ࢉ +

࢈࢘
࢙) − ࢙)(ࢇ − (ࢉ +

ࢉ࢘
࢙) − ࢙)(࢈ − (ࢇ ≥

૛
࢘
ඨ૝ࡾ + ࢘

૛ࡾ  

Recordar lo siguiente en un triángulo ࢇ࢘ :࡯࡮࡭ = ࡿ
ࢇି࢙

, ࢈࢘ = ࡿ
࢈ି࢙

, ࢉ࢘ = ࡿ
ࢉି࢙

, ࡿ = ࢉ࢈ࢇ
૝ࡾ

 

࢘ = ૝ܖܑܛࡾ
࡭
૛
ܖܑܛ

࡮
૛
ܖܑܛ

࡯
૛

= ૝ࡾ
࢙) − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ

ࢉ࢈ࢇ
 

Reemplazando en la desigualdad... 

ࡿ
࢙) − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ +

ࡿ
࢙) − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ +

ࡿ
࢙) − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ ≥ 

≥
૛ࢉ࢈ࢇ

૝࢙)ࡾ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ
ඨ૝ࡾ + ࢘

૛ࡾ
 

⇒
૟ࡾࡿ
ࢉ࢈ࢇ

≥ ඨ૝ࡾ + ࢘
૛ࡾ

→
૜
૛
≥ ඨ૝ࡾ + ࢘

૛ࡾ
→
ૢ
૝
≥ ૛ +

࢘
૛ࡾ

→
૚
૝
≥

࢘
૛ࡾ

⇔ 

⇔ ࡾ ≥ ૛࢘.... (Desigualdad de Euler)  
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63. In ࡯࡮࡭ࢤ the following relationship holds: 

૜ ൬
૚
ࢇࢎ

+
૚
࢈ࢎ

+
૚
ࢉࢎ
൰ ≥ ෍

૛࢈ + ࢉ࢈ + ૛ࢉ

ࢇ࢓ࢉ࢈
 

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty – Kolkata – India  

Using Tereshin’s inequality, ࢇ࢓ ≥
૛ࢉ૛ା࢈

૝ࡾ
࢈࢓, ≥

૛ࢇ૛ାࢉ

૝ࡾ
ࢉ࢓, ≥

૛࢈૛ାࢇ

૝ࡾ
 

෍
૛࢈ + ࢉ࢈ + ૛ࢉ

ࢇ࢓ࢉ࢈
≤ ૝ࡾቊ

૛࢈ + ૛ࢉ + ࢉ࢈
૛࢈)ࢉ࢈ + (૛ࢉ +

૛ࢉ + ૛ࢇ + ࢇࢉ
૛ࢉ)ࢇࢉ + (૛ࢇ +

૛ࢇ + ૛࢈ + ࢈ࢇ
૛ࢇ)࢈ࢇ + (૛࢈ ቋ = 

= ૝ࡾ ൜൬
૚
ࢉ࢈

+
૚
ࢇࢉ

+
૚
࢈ࢇ

൰+ ൬
૚

૛࢈ + ૛ࢉ
+

૚
૛ࢉ + ૛ࢇ

+
૚

૛ࢇ + ૛࢈
൰ൠ = 

≤ ૝ࡾ ൜
ࢇ + ࢈ + ࢉ
ࢉ࢈ࢇ

+
૚
૛
൬
૚
ࢉ࢈

+
૚
ࢇࢉ

+
૚
࢈ࢇ

൰ൠ = 

૛࢈) + ૛ࢉ ≥ ૛ࢉ࢈, ૛ࢉ + ૛ࢇ ≥ ૛ࢇ,ࢇࢉ૛ + ૛࢈ ≥ ૛࢈ࢇ) 

= ૝ࡾቀࢇା࢈ାࢉ
ࢉ࢈ࢇ

+ ࢉା࢈ାࢇ
૛ࢉ࢈ࢇ

ቁ = ૝ࡾ	 ∙ ૜
૛
ቀ ૛࢙
૝࢙࢘ࡾ

ቁ = ૜
࢘
       (1) 

Now, ૚
ࢇࢎ

+ ૚
࢈ࢎ

+ ૚
ࢉࢎ

= ૛ࡾ ቀ ૚
ࢉ࢈

+ ૚
ࢇࢉ

+ ૚
࢈ࢇ
ቁ = ૛ࡾ ૛࢙

ࢉ࢈ࢇ
= ૝࢙ࡾ

૝࢙࢘ࡾ
= ૚

࢘
 

૜ ቀ ૚
ࢇࢎ

+ ૚
࢈ࢎ

+ ૚
ࢉࢎ
ቁ = ૜

࢘
      (2) 

(1) and (2) ⇒ the desired inequality 

 

 

64. Prove that in any triangle ࡯࡮࡭, 

࢈ࢎࢇࢎ
࢈࢘ࢇ࢘

+
ࢉࢎ࢈ࢎ
ࢉ࢘࢈࢘

+
ࢇࢎࢉࢎ
ࢇ࢘ࢉ࢘

≥ ૜ 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  
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Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࢈ࢎࢇࢎ :࡯࡮࡭
࢈࢘ࢇ࢘

+ ࢉࢎ࢈ࢎ
ࢉ࢘࢈࢘

+ ࢉࢎࢇࢎ
ࢉ࢘ࢇ࢘

≥ ૜. Recordar lo siguiente: 

ࢇࢎ =
૛ࡿ
ࢇ

࢈ࢎ, =
૛ࡿ
࢈

ࢉࢎ, =
૛ࡿ
ࢉ

; ࢇ࢘	 =
ࡿ

࢖ − ࢇ
, ࢈࢘ =

ࡿ
࢖ − ࢈

, ࢉ࢘ =
ࡿ

࢖ − ࢉ
 

La desigualdad es equivalente: 

૛(࢖ − (ࢇ
ࢇ ⋅

૛(࢖ − (࢈
࢈ +

૛(࢖ − (࢈
࢈ ⋅

૛(࢖ − (ࢉ
ࢉ +

૛(࢖ − (ࢇ
ࢇ ⋅

૛(࢖ − (ࢉ
ࢉ ≥ ૜ 

࢈) + ࢉ − ࢇ)(ࢇ + ࢉ − (࢈
࢈ࢇ +

+ࢇ) ࢉ − +ࢇ)(࢈ ࢈ − (ࢉ
ࢉ࢈ +

+࢈) ࢉ − +ࢇ)(ࢇ ࢈ − (ࢉ
ࢉࢇ ≥ ૜ 

Sean: ࢈ = ࢠ + ,࢞ ࢉ = ࢞ + ࢇ,࢟ = ࢟ +  ࢠ

Por la tanto: ࢈ + ࢉ − ࢇ = ૛࢞ ≥ ૙,ࢇ + ࢉ − ࢈ = ૛࢟ ≥ ૙,ࢇ + ࢈ − ࢉ = ૛ࢠ ≥ ૙ 

࢟࢞
ࢠ) + ࢠ)(࢟ + (࢞ +

ࢠ࢟
࢞) + ࢞)(ࢠ + (࢟ +

ࢠ࢞
࢟) + ࢟)(ࢠ + (ࢠ ≥

૜
૝

 

Por desigualdad de Cauchy: 
૛(࢟࢞)

(࢞ାࢠ)࢟(ࢠା࢟)࢞ + ૛(ࢠ࢟)

(࢟ା࢞)ࢠ(࢞ାࢠ)࢟ + ૛(ࢠ࢞)

(࢟ା࢞)ࢠ(ࢠା࢟)࢞ ≥ 

≥
+࢟࢞) ࢠ࢟ + ૛(ࢠ࢞

+ࢠ)࢟࢞∑ ࢠ)(࢞ + (࢟ ≥
૛(࢟࢞)∑ + ૛࢞)ࢠ࢟࢞ + ࢟ + (ࢠ

࢟࢞૛ࢠ∑ + ࢠ࢟૛࢞∑ + ࢠ࢞૛࢟∑  ૛(࢟࢞)∑+

⇒
૛(࢟࢞)∑ + ૛࢞)ࢠ࢟࢞ + ࢟ + (ࢠ
૜࢞)ࢠ࢟࢞ + ࢟ + (ࢠ + ૛(࢟࢞)∑ ≥

૜
૝
⇔෍(࢟࢞)૛ ≥ ࢞)ࢠ࢟࢞ + ࢟ +  (ࢠ

 

65. Prove that in any triangle ࡯࡮࡭, 

ࡵ࡭
࢈ + ࢉ +

ࡵ࡮
ࢉ + ࢇ +

ࡵ࡯
ࢇ + ࢈ ≤

√૜
૛  

where ࡵ is the incenter. 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  
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Solution by Kevin Soto Palacios – Huarmey – Peru  

Siendo: “ࡵ” incentro. Probar en un triángulo ࡯࡮࡭: ࡵ࡭
ࢉା࢈

+ ࡵ࡮
ࢉାࢇ

+ ࡵ࡯
࢈ାࢇ

≤ √૜
૛

 

Tener presente lo siguiente: ࡭ࡵ = ࢉ࢈
࢖
ܛܗ܋ ࡭

૛
= ࢉ࢈

࢖
ට(ࢇି࢖)࢖

ࢉ࢈
= ૚

࢖
࢖)࢖ඥ	ࢉ࢈√ −  ,(ࢇ

࡮ࡵ = ૚
࢖)࢖ඥ	ࢉࢇ√࢖ − ࡯ࡵ ,(࢈ = ૚

࢖
࢖)࢖ඥ࢈ࢇ√ −  (ࢉ

Tenemos en la desigualdad: √ࢉ࢈ඥ࢖
(ࢇି࢖)

(ࢉା࢈)࢖ + (࢈ି࢖)࢖ඥࢉࢇ√
(ࢉାࢇ)࢖ + (ࢉି࢖)࢖ඥ࢈ࢇ√

(࢈ାࢇ)࢖ ≤ √૜
૛

 

Aplicando: ࡭ࡹ ≥ ࢖ඥࢉ࢈√ ࡳࡹ
(ࢇି࢖)

(ࢉା࢈)࢖ + (࢈ି࢖)࢖ඥࢉࢇ√
(ࢉାࢇ)࢖ + (ࢉି࢖)࢖ඥ࢈ࢇ√

(࢈ାࢇ)࢖ ≤ 

≤ ඥࢇି࢖
૛ඥ࢖

+ ඥ࢈ି࢖
૛ඥ࢖

+ ඥࢉି࢖
૛ඥ࢖

. De la desigualdad de Cauchy: 

 ૜(࢞૛ + ૛࢟ + (૛ࢠ ≥ ࢞) + +࢟ ࢞ :૛. Sean(ࢠ = ඥ࢖ − ࢟,ࢇ = ඥ࢖ − ,࢈ ࢠ = ඥ࢖ −  ,ࢉ

por la tanto se tendrá: ⇒ ૜(࢖ − ࢇ + ࢖ − ࢈ + ࢖ − (ࢉ ≥ 

≥ ൫ඥ࢖ − ࢇ + ඥ࢖− ࢈ + ඥ࢖− ൯ࢉ
૛
⇔ ඥ૜࢖ ≥ ඥ࢖ − ࢇ + ඥ࢖− ࢈ + ඥ࢖−  Para .ࢉ

culminar: ⇒ (ࢇି࢖)࢖ඥࢉ࢈√
(ࢉା࢈)࢖ + (࢈ି࢖)࢖ඥࢉࢇ√

(ࢉାࢇ)࢖ + (ࢉି࢖)࢖ඥ࢈ࢇ√
(࢈ାࢇ)࢖ ≤ 

≤
ඥ࢖− ࢇ
૛ඥ࢖

+
ඥ࢖− ࢈
૛ඥ࢖

+
ඥ࢖ − ࢉ
૛ඥ࢖

≤
ඥ૜࢖
૛ඥ࢖

=
√૜
૛  

 

66. Let ࡯࡮࡭ be a triangle with ࢇ = ࢈,࡯࡮ = ,࡭࡯ ࢉ =   .ࡵ and the incenter ࡮࡭

Prove that: 

࡮ࡵ ⋅ ࡯ࡵ
ࢇ +

࡯ࡵ ⋅ ࡭ࡵ
࢈ +

࡭ࡵ ⋅ ࡮ࡵ
ࢉ ≤

ࢇ + ࢈ + ࢉ
૜  

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  
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Solution by Kevin Soto Palacios – Huarmey – Peru  

Sea “ࡵ” incentro. Probar en un triángulo ࡯࡮࡭ la siguiente desigualdad: 

࡮ࡵ ∙ ࡯ࡵ
ࢇ

+
࡭ࡵ ∙ ࡯ࡵ
࢈

+
࡭ࡵ ∙ ࡮ࡵ
ࢉ

≤
ࢇ + ࢈ + ࢉ

૜
=
૛࢖
૜

 

࡭ࡵ =
ࢉ࢈
࢖ ܛܗ܋

࡭
૛ =

ࢉ࢈
࢖
ඨ࢖

࢖) − (ࢇ
ࢉ࢈ =

૚
࢖
࢖)࢖ඥ	ࢉ࢈√ −  (ࢇ

࡮ࡵ = ૚
࢖)࢖ඥ	ࢉࢇ√࢖ − ࡯ࡵ;(࢈ = ૚

࢖)࢖ඥ࢈ࢇ√࢖ −  :Reemplazando en la desigualdad .(ࢉ

૚
࢖
࢖)ඥࢉ࢈√ − ࢖)(࢈ − (ࢉ +

૚
√࢖

࢖)ඥࢉࢇ − ࢖)(ࢇ − (ࢉ +
૚
࢖
࢖)ඥ࢈ࢇ√ − ࢖)(ࢇ − (࢈ ≤ 

≤ ࢉା࢈ାࢇ
૜

. Por desigualdad de Cauchy: 

૚
࢖
ቀ√ࢉ࢈ඥ(࢖ − ࢖)(࢈ − (ࢉ + ࢖)ඥࢉࢇ√ − ࢖)(ࢇ − (ࢉ + ࢖)ඥ࢈ࢇ√ − ࢖)(ࢇ − ቁ(࢈

૛
≤ 

≤ ቀ෍ࢉ࢈ቁቀ෍(࢖ − ࢖)(࢈ −  ቁ(ࢉ

→෍ࢉ࢈ = ࢈ࢇ + ࢉ࢈ + ࢉࢇ ≤
ࢇ) + ࢈ + ૛(ࢉ

૜ =
૝࢖૛

૜  

෍(࢖ − ࢖)(࢈ − (ࢉ = ૜࢖૛ − ૛ࢇ)࢖ + ࢈ + (ࢉ + ࢈ࢇ + ࢉ࢈ +  ࢉࢇ

→෍(࢖ − ࢖)(࢈ − (ࢉ = ૜࢖૛ − ૛࢖(૛࢖) + ࢈ࢇ + ࢉ࢈ + ࢉࢇ ≤ ૛࢖− +
૝࢖૛

૜ =
૛࢖

૜  

Por la tanto: (∑ࢉ࢈)(∑(࢖ − ࢖)(࢈ − ((ࢉ ≤ ቀ૝࢖
૛

૜
ቁ ቀ࢖

૛

૜
ቁ = ૝࢖૝

ૢ
. Por transitividad: 

૚
࢖
ቀ√ࢉ࢈ඥ(࢖ − ࢖)(࢈ − (ࢉ + ࢖)ඥࢉࢇ√ − ࢖)(ࢇ − (ࢉ + ࢖)ඥ࢈ࢇ√ − ࢖)(ࢇ − ቁ(࢈ ≤ 

≤
૚
࢖
ඨ૝࢖

૝

ૢ
=
૛࢖
૜
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67. In ࢤ	࡯࡮࡭ the following relationship holds: 

૛ܖܑܛ ࡭ ࡭૝ܛܗ܋ + ࡮૝ܛܗ܋࡮૛ܖܑܛ + ૛ܖܑܛ ૝ܛܗ܋࡯ ࡯ <
૝
ૢ 

Proposed by Daniel Sitaru - Romania  

Solution by Soumava Chakraborty – Kolkata – India 

Let ܖܑܛ૛ ࡭ = ,ᇱ࢞ ࡭૛ܛܗ܋ = ࢞,࢞ + ᇱ࢞ = ૚; ܖܑܛ૛࡭ ࡭૝ܛܗ܋ = (૚ − ૛࢞(࢞ = ૛࢞ −  ૜࢞

࡭૛ܖܑܛ ࡭૝ܛܗ܋ −
૝
૛ૠ = ૛࢞ − ૜࢞ −

૝
૛ૠ =

−(૜࢞ − ૛)૛(૜࢞ + ૚)
૛ૠ  

Similarly, letting ܛܗ܋૛࡮ = ૛ܛܗ܋ and ࢟ ࡯ = ࡮૝ܛܗ܋࡮૛ܖܑܛ ,ࢠ − ૝
૛ૠ

= ି(૜ି࢟૛)૛(૜࢟ା૚)
૛ૠ

  

and ܖܑܛ૛ ૝ܛܗ܋࡯ ࡯ − ૝
૛ૠ

= ି(૜ିࢠ૛)૛(૜ࢠା૚)
૛ૠ

 

෍ܖܑܛ૛ ૝ܛܗ܋࡭ ࡭ −
૝
ૢ

=
−൛(૜࢞− ૛)૛(૜࢞+ ૚) + (૜࢟− ૛)૛(૜࢟+ ૚) + (૜ࢠ − ૛)૛(૜ࢠ+ ૚)ൟ

૛ૠ
				(∗) 

Now, ૙ ≤ ࢞ < 1, 0 ≤ ݕ < 1, 0 ≤ ݖ < 1 

 (equality holding in case of only ૚ variable, only angle = ૢ૙°) 

૜࢞ + ૚,૜࢟ + ૚,૜ࢠ + ૚	࢒࢒ࢇ > 0    (1) 

If ૜࢞ − ૛ = ૙, ૜࢟ − ૛ = ૙,૜ࢠ − ૛ = ૙, ܛܗ܋૛࡭ = ࡮૛ܛܗ܋ = ૛ܛܗ܋ ࡯ = ૛
૜
 

Case 1: ࡯࡮࡭ࢤ is acute, ࡭ܛܗ܋ = ࡮ܛܗ܋ = ࡯ܛܗ܋ = ට૛
૜
 

But ࡭ܛܗ܋ = ࡮ܛܗ܋ = ࡯ܛܗ܋ ⇒ ࡭ = ࡮ = ࡯ = ࣊
૜
⇒ ࡭ܛܗ܋ = ࡮ܛܗ܋ = ࡯ܛܗ܋ = ૚

૛
 

⇒ ࡭ܛܗ܋ = ࡮ܛܗ܋ = ࡯ܛܗ܋ = ට૛
૜
  is impossible 

⇒ all of (૜࢞ − ૛), (૜࢟ − ૛), (૜ࢠ − ૛) can’t be = ૙ at the same time  (2) 

 (1), (2) ⇒ −∑(૜࢞ − ૛)૛(૜࢞ + ૚) < 0⇒⏞
∗
૛ܖܑܛ∑ ࡭૝ܛܗ܋࡭ − ૝

ૢ
< 0 
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⇒෍ܖܑܛ૛ ࡭૝ܛܗ܋࡭ <
૝
ૢ

 

Case 2: ࡯࡮࡭ࢤ is obtuse ⇒ ૛ of ࡭ܛܗ܋ , ࡮ܛܗ܋ , ࡯ܛܗ܋ = ට૛
૜
 

and 1 of them = −ට૛
૜
⇒ ࡭ܛܗ܋∑ = ට૛

૜
< 1. But ∑࡭ܛܗ܋ = ૚ + ࢘

ࡾ
> 1 ⇒ 

⇒ all of (૜࢞ − ૛), (૜࢟ − ૛), (૜ࢠ − ૛) can’t be = ૙ at the same time in case of  

obtuse ࢤ too (3) 

 (1), (3) ⇒ −∑(૜࢞ − ૛)૛ (૜࢞ + ૚) < 0⇒⏞
∗
૛ܖܑܛ∑ ࡭૝ܛܗ܋࡭ − ૝

ૢ
< 0 ⇒ 

⇒෍ܖܑܛ૛ ࡭૝ܛܗ܋࡭ <
૝
ૢ

 

 

68. Let ࡯࡮࡭ be a triangle and let ࡼ be any point in its plane. Prove that: 

࢈) + ࡭ࡼ(ࢉ + ࢉ) + ࡮ࡼ(ࢇ + ࢇ) + ࡯ࡼ(࢈ ≥ ૛ඥࢇ)ࢉ࢈ࢇ + ࢈ +  (ࢉ

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Kevin Soto Palacios – Huarmey – Peru  

࡭ࡼ
ࢇ

࢈ࢇ) + (ࢉࢇ + ࢈ࢉ) + (ࢇࢉ
࡮ࡼ
࢈

+
࡯ࡼ
࡯

ࢇࢉ) + (࢈ࢉ ≥ ૛ඥࢇ)ࢉ࢈ࢇ + ࢈ +  (ࢉ

1. Para todos los ࡾା:࢖,࢔,࢓, ,࢟,࢞  :se cumple la siguiente desigualdad ࢠ

࢔) + ࢞(࢖ + ࢖) + +࢟(࢓ ࢓) + ࢠ(࢔ ≥ ૛ඥ(࢔࢓ + ࢖࢔ + +࢟࢞)(࢖࢓ ࢠ࢟ +  (࢞ࢠ

 (Demostrado anteriormente) ... (A) 

Sea: ࢞ = ࡭ࡼ
ࢇ

࢟, = ࡮ࡼ
࢈

, ࢠ = ࡯ࡼ
ࢉ

࢔, = ࢖,࢈ࢇ = ࢓,ࢉࢇ =  ࢈ࢉ

2. De la desigualdad: “HAYASHI” se llego a demonstrar lo siguiente: 
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࡭ࡼ
ࢇ
⋅
࡮ࡼ
࢈

+
࡮ࡼ
࢈
⋅
࡯ࡼ
ࢉ

+
࡭ࡼ
ࢇ
⋅
࡯ࡼ
ࢉ

= ࢟࢞ + ࢠ࢟ + ࢞ࢠ ≥ ૚ 

Reemplazando en ... (A) 

࡭ࡼ
ࢇ

࢈ࢇ) + (ࢉࢇ + ࢈ࢉ) + (ࢇࢉ
࡮ࡼ
࢈ +

࡯ࡼ
ࢉ

ࢇࢉ) + (࢈ࢉ ≥ 

≥ ૛ඨࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ ൬
࡭ࡼ
ࢇ
⋅
࡮ࡼ
࢈

+
࡮ࡼ
࢈

⋅
࡯ࡼ
ࢉ

+
࡭ࡼ
ࢇ
⋅
࡯ࡼ
ࢉ
൰ = ૛ඥࢇ)ࢉ࢈ࢇ + ࢈ +  (ࢉ

 

69. Prove that in two any triangles ࡯࡮࡭ and ࡭ᇱ࡮ᇱ࡯ᇱ the following inequality 

holds: 

࢈) + ᇱࢇ(ࢉ + ࢉ) + ᇱ࢈(ࢇ + ࢇ) + ᇱࢉ(࢈ ≥ ૡ√૜ࡿࡿᇱ 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Kevin Soto Palacios – Huarmey – Peru  

1. Para todos los ℝା:	ܘ,ܖ,ܕ, ,ܡ,ܠ  :se cumple la siguiente desigualdad ,ܢ

Demonstración: 

ܖ) + +ܠ(ܘ ܕ) + ܡ(ܘ + ܕ) + ܢ(ܖ ≥ ૛ඥ(ܖܕ + ܘܖ + ܡܠ)(ܕܘ + ܢܡ +  (ܠܢ

Aplicando: Cauchy – Schwarz: 

۾ = ܖ) + +ܠ(ܘ ܕ) + +ܡ(ܘ ܕ) + ܢ(ܖ = ܕ) + ܖ + +ܠ)(ܘ ܡ + (ܢ − +ܠܕ) +ܡܖ  (ܢܘ

۾ = ට൫(ܕ૛ + ૛ܖ + (૛ܘ + ૛(ܖܕ + ܘܖ ૛ܠ)൯൫(ܘܕ+ + ૛ܡ + (૛ܢ + ૛(ܡܠ + ܢܡ + ൯(ܠܢ − ܠܕ) + +ܡܖ  (ܢܘ

≥ ඥ(ܕ૛ + ૛ܖ + ૛ܠ)(૛ܘ + ૛ܡ + (૛ܢ + ૛ඥ(ܖܕ + +ܘܖ ܡܠ)(ܘܕ + ܢܡ + (ܠܢ − ܠܕ) + ܡܖ + (ܢܘ ≥ 

≥ ૛ඥ(ܖܕ + ܘܖ + ܡܠ)(ܕܘ + ܢܡ + ܕ :La igualdad se alcanza cuando .(ܠܢ
ܠ

= ܖ
ܡ

= ܘ
ܢ
 

2. Siendo ࢈,ࢇ, 	ࢉ ∧ ,ᇱ࢈,ᇱࢇ  se cumple la ,࡯ᇱ࡮ᇱ࡭y ࡯࡮࡭ ᇱ los lados de los triángulosࢉ

siguiente desigualdad: 
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࢈ࢇ + ࢉ࢈ + ࢉࢇ ≥ ૝√૜ࡿ	 ∧ ᇱ࢈ᇱࢇ + ᇱࢉᇱ࢈ + ᇱࢉᇱࢇ ≥ ૝√૜ࡿᇱ 

Demostración: 

࢈ࢇ + ࢉ࢈ + ࢉࢇ = (૛܀ ܖܑܛ܀૛)(ۯܖܑܛ ۰) + (૛۰ܖܑܛ܀)(૛ܖܑܛ܀ ۱) + (૛܀ ܖܑܛ ܖܑܛ܀૛)(ۯ ۱) ≥ 

≥ ૝√૜(૛܀૛ ۯܖܑܛ ۰ܖܑܛ ܖܑܛ ۱) 

⇒ ۱܋ܛ܋ + ۯ܋ܛ܋ + ۰܋ܛ܋ ≥ ૛√૜ ... (Válido en un triángulo ۰۱ۯ) 

Realizamos los siguientes cambios: ࢓ = ࢔,ࢇ = ࢖,࢈ = ࢞,ࢉ = ,ᇱࢇ ࢟ = ,ᇱ࢈ ࢠ =  ᇱࢉ

࢔࢓ + ࢖࢔ ࢖࢓+ = ࢈ࢇ + ࢉ࢈ + ࢉࢇ ≥ ૝√૜ࡿ 

+࢟࢞ ࢠ࢟ + ࢞ࢠ = ᇱ࢈ᇱࢇ + ᇱࢉᇱ࢈ + ᇱࢉᇱࢇ ≥ ૝√૜ࡿᇱ 

Aplicando las desigualdad (1) ∧ (2) se tiene lo siguiente: 

࢈) + ᇱࢇ(ࢉ + ࢉ) + ᇱ࢈(ࢇ + ࢇ) + ᇱࢉ(࢈ ≥ ૛ඥ(࢔࢓ + ࢖࢔ + ࢟࢞)(࢓࢖ + ࢠ࢟ + (࢞ࢠ ≥ 

≥ ૛ට൫૝√૜ࡿ൯൫૝√૜ࡿᇱ൯ = ૡ√૜ࡿࡿᇱ 

 

70. Prove that for any triangle ࡯࡮࡭ and all positive real numbers ࢠ,࢟,࢞ the 

following inequality holds: 

࢞
࢟ + ࢠ ⋅

࡭ܖܑܛ
࡯ܖܑܛ࡮ܖܑܛ +

࢟
ࢠ + ࢞ ⋅

࡮ܖܑܛ
ܖܑܛ ࡯ ࡭ܖܑܛ +

ࢠ
࢞ + ࢟ ⋅

ܖܑܛ ࡯
࡭ܖܑܛ ࡮ܖܑܛ ≥ √૜ 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Prove that for any triangle ࡯࡮࡭ and all positive real numbers ࢟,࢞,  the following ࢠ

inequality holds: ࢞
ࢠା࢟

⋅ ࡭ܖܑܛ
࡮ܖܑܛ ࡯ܖܑܛ

+ ࢟
࢞ାࢠ

⋅ ࡮ܖܑܛ
࡯ܖܑܛ ࡭ܖܑܛ

+ ࢠ
࢟ା࢞

⋅ ࡯ܖܑܛ
ܖܑܛ ࡮ܖܑܛ࡭

≥ √૜ ... (A) 

1) Para todos los ℝା:࢝,࢜,࢛,࢖,࢔,࢓, se cumple la siguiente desigualdad: 

Demostración: 
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࢔) + ࢛(࢖ + ࢓) + ࢜(࢖ + ࢓) + ࢝(࢔ ≥ ૛ඥ(࢔࢓ + ࢖࢔ + ࢛࢜)(࢓࢖ + ࢝࢜ +  (࢛࢝

Aplicando: Cauchy – Schwarz: 

ࡼ = ࢔) + +࢛(࢖ ࢓) + +࢜(࢖ ࢓) + ࢝(࢔ = ࢓) + +࢔ +࢛)(࢖ ࢜ + (࢝ − +࢛࢓) ࢜࢔ +  (࢝࢖

ࡼ = ට൫(࢓૛ + ૛࢔ + (૛࢖ + ૛(࢔࢓ + ࢖࢔ + ૛࢛)൯൫(࢖࢓ + ૛࢜ + (૛࢝ + ૛(࢛࢜ + ࢝࢜ + ൯(࢛࢝ − 

+࢛࢓)− ࢜࢔ +  (࢝࢖

≥ ඥ(࢓૛ + ૛࢔ + ૛࢛)(૛࢖ + ૛࢜ + (૛࢝ + ૛ඥ(࢔࢓+ ࢖࢔ + +࢛࢜)(࢖࢓ ࢝࢜ + (࢛࢝ − 

+࢛࢓)− ࢜࢔ + (࢝࢖ ≥ ૛ඥ(࢔࢓+ ࢖࢔ + +࢛࢜)(࢓࢖ ࢝࢜ +  (࢛࢝

La igualdad se alcanza cuando: ࢓
࢛

= ࢔
࢜

= ࢖
࢝

 

2) Siendo: ࢞, ,࢟ ࢠ > 0 → Se cumple la siguiente la desigualdad: 

࢟࢞
ࢠ) + ࢠ)(࢞ + (࢟ +

ࢠ࢟
࢞) + ࢞)(ࢠ + (࢟ +

࢞ࢠ
࢟) + ࢟)(ࢠ + (࢞ ≥

૜
૝

 

La desigualdad puede ser equivalente en ... (A) como: 

࢞
࢟ + ࢠ

⋅
۰)ܖܑܛ + ۱)
۰ܖܑܛ ܖܑܛ ۱

+
ܡ

ܢ + ܠ
⋅
ۯ)ܖܑܛ + ۱)
ܖܑܛ ۱ ۰ܖܑܛ

+
ܢ

ܠ + ܡ
⋅
ۯ)ܖܑܛ + ۰)
ۯܖܑܛ ۰ܖܑܛ

≥ √૜ 

⇒
࢞

࢟ + ࢠ
ܜܗ܋) ۰ + (۱ܜܗ܋ +

࢟
ࢠ + ࢞

ۯܜܗ܋) + (۱ܜܗ܋ +
ࢠ

࢞ + ࢟
ۯܜܗ܋) + (۰ܜܗ܋ ≥ √૜ 

Realizamos los siguientes cambios:  

࢛ = ܜܗ܋ ۯ , ܞ = ۰ܜܗ܋ ࢝, = ܜܗ܋ ۱ ࢓, =
࢞

࢟ + ࢠ
࢔, =

࢟
ࢠ + ࢞

࢖, =
ࢠ

࢞ + ࢟
 

࢔࢓ + ࢖࢔ + ࢓࢖ =
࢟࢞

ࢠ) + ࢠ)(࢞ + (࢟ +
ࢠ࢟

࢞) + ࢞)(ࢠ + (࢟ +
࢞ࢠ

࢟) + ࢟)(ࢠ + (࢞ ≥
૜
૝ 

Si: ࡭ + ࡮ + ࡯ =  ࣊

+࢛࢜ ࢝࢜ + ࢛࢝ = ۯܜܗ܋ ۰ܜܗ܋ + ۰ܜܗ܋ ܜܗ܋ ۱ + ܜܗ܋ ۱ ۯܜܗ܋ = ૚ 

Aplicando las desigualdad (1) ∧ (2) se tiene lo siguiente: 
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࢞
࢟ + ࢠ

۰ܜܗ܋) + (۱ܜܗ܋ +
࢟

ࢠ + ࢞
ۯܜܗ܋) + (۱ܜܗ܋ +

ࢠ
࢞ + ࢟

ۯܜܗ܋) + (۰ܜܗ܋ ≥ 

≥ ૛ඥ(࢛࢜+ ࢝࢜ + ࢔࢓)(࢛࢝ + ࢖࢔ + (࢓࢖ ≥ ૛ඨ૚ ൬
૜
૝൰ = √૜ 

Solution 2 by Myagmarsuren Yadamsuren – Mongolia  

ࡵ = ෍
࢞

࢟ + ࢠ;࢟;࢞ࢠ
࡯;࡮;࡭

⋅
ܖܑܛ ࡭

࡮ܖܑܛ ⋅ ࡯ܖܑܛ
≥ ૜ 

ࡵ ≥⏟
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯

૚
૜
⋅ ൮

࢞
࢟ + ࢠ

+
࢟

࢞ + ࢠ
+

ࢠ
࢞ + ᇣᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇥ࢟

૚ࡵ

൲ ⋅ ൮
࡭ܖܑܛ

ܖܑܛ ࡮ ⋅ ܖܑܛ ࡯
+

࡮ܖܑܛ
࡭ܖܑܛ ⋅ ࡯ܖܑܛ

+
ܖܑܛ ࡯

࡭ܖܑܛ ⋅ ܖܑܛ ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ࡮
૛ࡵ

൲ 

૚ࡵ ≥⏞
૚࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯

૜
⋅ ࢞) + ࢟ + (ࢠ ⋅ ൬

૚
࢞ + ࢟

+
૚

࢟ + ࢠ
+

૚
ࢠ + ࢞

൰ ≥⏞
ࢠ࢘ࢇ࢝ࢎࢉࡿି࢟ࢎࢉ࢛ࢇ࡯

 

≥
૚
૜
⋅ ࢞) + ࢟ + (ࢠ ⋅ ቆ

(૚ + ૚ + ૚)૛

૛(࢞ + ࢟ + ቇ(ࢠ =
૜
૛

; ૚ࡵ	 ≥
૜
૛

 

૛ࡵ ≥⏞
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૚

૜
ܖܑܛ) ࡭ + ܖܑܛ ࡮ + ܖܑܛ (࡯ ⋅ ൬

૚
ܖܑܛ ࡭ ࡮ܖܑܛ +

૚
ܖܑܛ ࡮ ⋅ ܖܑܛ +࡯

૚
࡯ܖܑܛ ⋅ ܖܑܛ ൰࡭ ≥⏞

࢟ࢎࢉ࢛ࢇ࡯

 

≥ ૜ ⋅
૚
૜
⋅ ૜ ⋅ ࡭ܖܑܛ√ ⋅ ࡮ܖܑܛ ⋅ ܖܑܛ ૜࡯ ⋅

૚
ඥ(࡭ܖܑܛ ⋅ ࡮ܖܑܛ ⋅ ܖܑܛ ૛૜(࡯ = 

= ૜ ⋅
૚

࡭ܖܑܛ√ ⋅ ܖܑܛ ࡮ ⋅ ܖܑܛ ૜࡯ ≥⏞
࢟ࢎࢉ࢛ࢇ࡯ ૢ

࡭ܖܑܛ + ࡮ܖܑܛ + ܖܑܛ  ࡯

૛ࡵ ≥
ૢ

࡭ܖܑܛ + ࡮ܖܑܛ + ܖܑܛ ࡯
⇒ ࢟ = ܖܑܛ ࢞ ; ᇱᇱ࢟	 = − ࢞ܖܑܛ < 0 

૛ࡵ ≥
ૢ

࡭ܖܑܛ + ܖܑܛ ࡮ + ࡯ܖܑܛ
≥⏞

࢔ࢋ࢙࢔ࢋࡶ ૢ

૜ ⋅ ܖܑܛ ቀ࡭ ࡮+ + ࡯
૜ ቁ

=
૜
√૜
૛

= ૛√૜ 
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ࡵ ≥
૚
૜
⋅ ૚ࡵ ⋅ ૛ࡵ ≥

૚
૜
⋅
૜
૛
⋅ ૛√૜ = √૜; ࡵ	 ≥ √૜ 

Solution 3 by Marian Dincă – Romania  

෍
ܠ

ܡ + ܢ ⋅
ۯܖܑܛ

۰ܖܑܛ ۱ܖܑܛ =
૚

ۯܖܑܛ ۰ܖܑܛ ۱ܖܑܛ ⋅෍
ܠ

ܡ + ܢ ⋅ ܖܑܛ
૛ ۯ = 

૚
ۯܖܑܛ ۰ܖܑܛ ܖܑܛ ۱

⋅෍
ܠ

ܡ + ܢ
⋅
૛܉

૝܀૛
=

૚
૛۴

⋅෍
ܠ

ܡ + ܢ
⋅ ૛܉ ≥ 

Use the well – known inequality: ܉ܝ૛ + ૛܊ܞ + ૛܋ܟ ≥ ܞܝ√ + ܟܞ ܝܟ+ ⋅ ૝۴ 

where: ܊,܉, ∑ :the sides and the area triangle and ۴,܋ ܠ
ܢାܡ

⋅ ܡ
ܠାܢ

≥ ૜
૝
−well –known 

≥
૚
૛۴ඨ෍

ܠ
ܡ + ܢ ⋅

ܡ
ܢ + ܠ ⋅ ૝۴ ≥

૚
૛۴

ඨ૜
૝ ⋅ ૝۴ = √૜ 

 

71. Prove that in any triangle ࡯࡮࡭ and for all positive real numbers ࢞, ,࢟  the ࢠ

following inequality holds 

൬
࢞
ࢇ࢘

+
࢟
࢈࢘

+
ࢠ
ࢉ࢘
൰ ൬

࢞
࢈࢘

+
࢟
ࢉ࢘

+
ࢠ
ࢇ࢘
൰ ൬

࢞
ࢉ࢘

+
࢟
ࢇ࢘

+
ࢠ
࢈࢘
൰ ≥

ࢠ࢟࢞
૜࢘

. 

Proposed by Hung Nguyen Viet-Hanoi-Vietnam 

Solution by Marian Dincă – Romania  

Use the identity: 
૚
ࢇ࢘

+ ૚
࢈࢘

+ ૚
ࢉ࢘

= ૚
࢘
 and weighted AM-GM for ponders: ૚

ࢇ࢘
; ૚
࢈࢘

; ૚
ࢉ࢘

 and variables ࢟,࢞,  ࢠ

we obtain: 

࢞
ࢇ࢘

+ ࢟
࢈࢘

+ ࢠ
ࢉ࢘
≥ ቀ ૚

ࢇ࢘
+ ૚

࢈࢘
+ ૚

ࢉ࢘
ቁ ⋅ ࢞

૚
ࢇ࢘

:൬ ૚ࢇ࢘ା
૚
࢈࢘
ା ૚
ࢉ࢘
൰
⋅ ࢟

૚
࢈࢘

:൬ ૚ࢇ࢘ା
૚
࢈࢘
ା ૚
ࢉ࢘
൰
⋅ ࢠ

૚
ࢉ࢘

:൬ ૚ࢇ࢘ା
૚
࢈࢘
ା ૚
ࢉ࢘
൰
   (1) 

and similarly: 
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࢞
࢈࢘

+ ࢟
ࢉ࢘

+ ࢠ
ࢇ࢘
≥ ቀ ૚

࢈࢘
+ ૚

ࢉ࢘
+ ૚

ࢇ࢘
ቁ ⋅ ࢞

૚
࢈࢘

:൬ ૚ࢇ࢘ା
૚
࢈࢘
ା ૚
ࢉ࢘
൰
⋅ ࢟

૚
ࢉ࢘

:൬ ૚ࢇ࢘ା
૚
࢈࢘
ା ૚
ࢉ࢘
൰
⋅ ࢠ

૚
ࢇ࢘

:൬ ૚ࢇ࢘ା
૚
࢈࢘
ା ૚
ࢉ࢘
൰
    (2) 

࢞
ࢉ࢘

+ ࢟
ࢇ࢘

+ ࢠ
࢈࢘
≥ ቀ ૚

ࢇ࢘
+ ૚

࢈࢘
+ ૚

ࢉ࢘
ቁ ⋅ ࢞

૚
ࢉ࢘

:൬ ૚ࢇ࢘ା
૚
࢈࢘
ା ૚
ࢉ࢘
൰
⋅ ࢟

૚
ࢇ࢘

:൬ ૚ࢇ࢘ା
૚
࢈࢘
ା ૚
ࢉ࢘
൰
⋅ ࢠ

૚
࢈࢘

:൬ ૚ࢇ࢘ା
૚
࢈࢘
ା ૚
ࢉ࢘
൰
    (3) 

and multiplying (1); (2); (3) proved the inequality 

 

72. In ࢤ	࡯࡮࡭ the following relationship holds: 

ࢇ
࢈ +

࢈
ࢇ +

࢈
ࢉ +

ࢉ
࢈ +

ࢉ
ࢇ +

ࢇ
ࢉ ≤

૜࢙

ඥ࡭ܖܑܛ)ࢉ࢈ࢇ ܖܑܛ࡮ܖܑܛ ૛૜(࡯  

Proposed by Daniel Sitaru - Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

܀ .1
ܚ
≥ ܊

܋
+ ܋

܊
. Tener presente lo siguiente: 

ܚ
܀

= ૝ ܖܑܛ ۯ
૛
ܖܑܛ ۰

૛
ܖܑܛ ۱

૛
= ૝(܉ିܛ)(܊ିܛ)(܋ିܛ)

܋܊܉
. Reemplazando en la desigualdad: 

܋܊܉
૝(ܛ − ܛ)(܉ − ܛ)(܊ − (܋ ≥

૛܊ + ૛܋

܋܊
⇔ ૛܋૛܊܉ ≥ ૛܊) + ܛ)(૛܋ − ܛ)(܉ − ܛ)(܊ −  (܋

Realizamos los siguientes cambios de variables: 

ܠ = ܛ − ܉ ≥ ૙, ܡ = ܛ − ܊ ≥ ૙, ܢ = ܛ − ܋ ≥ ૙ 

ܡ + ܢ = ૛ܛ − ܊ − ܋ = ,܉ ܢ + ܠ = ૛ܛ − ܉ − ܋ = ,܊ ܠ + ܡ = ૛ܛ − ܉ − ܊ =  ܋

La desigualdad es equivalente: 

ܡ) + ܢ)(ܢ + ܠ)૛(ܠ + ૛(ܡ ≥ ૝((ܢ + ૛(ܠ + ܠ) +  (ܢܡܠ)(૛(ܡ

ܡ) + ܢ)(ܢ + ܠ)૛(ܠ + ૛(ܡ − ૝((ܢ + ૛(ܠ + ܠ) + (ܢܡܠ)(૛(ܡ ≥ ૙ 

ܢ)ܡ + +ܠ)૛(ܠ ૛(ܡ + +ܢ)ܢ ܠ)૛(ܠ + ૛(ܡ − ૝ܢ)ܢܡܠ + ૛(ܠ − ૝ܠ)ܢܡܠ + ૛(ܡ ≥ ૙ 

ܠ)ܡ + ܠ))૛(ܢ + ૛(ܢ − ૝ܢܠ) + ܠ)ܢ + ܠ))૛(ܢ + ૛(ܡ − ૝ܡܠ) ≥ ૙ ⇔ 

⇔ +ܠ)ܡ ܠ)૛(ܡ − ૛(ܢ + ܠ)ܢ + ܠ)૛(ܢ − ૛(ܡ ≥ ૙ 
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De forma análoga: ܀
ܚ
≥ ܉

܋
+ ܋

܉
, ܀
ܚ
≥ ܉

܊
+ ܊

܉
. Probar en un triángulo ۰۱ۯ: 

܉
܊

+ ܊
܉

+ ܊
܋

+ ܋
܊

+ ܉
܋
≤ ૜ܛ

ඥۯܖܑܛ)܋܊܉ ܖܑܛ۰ܖܑܛ ۱)૛૜ , ܛ −	semiperimeter 

Recordar lo siguiente:  

܉
૛܀

= ۯܖܑܛ ,
܊
૛܀

= ۰ܖܑܛ ,
܋
૛܀

= ܖܑܛ ۱ , ܛ =
܉ + ܊ + ܋

૛
܋܊܉, = ૝ܚ܀ܛ 

܉
܊

+ ܊
܉

+ ܊
܋

+ ܋
܊

+ ܉
܋
≤ ૜

૛
⋅ ܋ା܊ା܉

ට܋܊܉ቀ܋܊܉
ૡ܀૜

ቁ
૛૜
⇔ ܉

܊
+ ܊

܉
+ ܊

܋
+ ܋

܊
+ ܉

܋
≤ ૜

૛
ቀ܉ା܊ା܋

܋܊܉
ቁ૝܀૛  

⇒ ܉
܊

+ ܊
܉

+ ܊
܋

+ ܋
܊

+ ܉
܋
≤ ૜

૛
ቀ ૛ܛ
૝ܚ܀ܛ

ቁ 	૝܀૛ = ૜܀
ܚ

. Desde que: 

܀
ܚ
≥ ܊

܋
+ ܋

܊
 ... (I); ܀

ܚ
≥ ܉

܋
+ ܋

܉
 ...(II); ܀

ܚ
≥ ܉

܊
+ ܊

܉
 ...(III); Sumando: (۷) + (۷۷) + (۷۷۷) 

૜܀
ܚ
≥ ܉

܊
+ ܊

܉
+ ܊

܋
+ ܋

܊
+ ܉

܋
 ... (LQQD)  

Solution 2 by Soumava Chakraborty – Kolkata – India  

܁۶ۺ =
܉ + ܋
܊

+
܊ + ܋
܉

+
܉ + ܊
܋

=
૛ܛ − ܊
܊

+
૛ܛ − ܉
܉

+
૛ܛ − ܋
܋

= 

= ૛ܛ ൬
૚
܉ +

૚
܊ +

૚
൰܋ − ૜ =

૛ܛ)ܛ૛ + ૝ܚ܀ + (૛ܚ
૝ܛܚ܀ − ૜ = 

=
૛ܛ + ૝ܚ܀ + ૛ܚ

૛ܚ܀
− ૜ =

૛ܛ − ૛ܚ܀ + ૛ܚ

૛ܚ܀
 

܁۶܀ =
૜ܛ

ට܋܊܉ ⋅ ܉
૛܊૛܋૛
૟૝܀૟

૜
=

૜ܛ

ቀ܋܊܉૝܀૛ቁ
=

૜ܛ

ቀ૝ܛܚ܀૝܀૛ ቁ
=
૜܀
ܚ

 

Given inequality ⇔ ૛ܚାܚ܀૛ି૛ܛ

૛ܚ܀
≤ ૜܀

ܚ
 

⇔ ૛ܛ − ૛ܚ܀ + ૛ܚ ≤ ૟܀૛ ⇔ ૛ܛ ≤ ૟܀૛ + ૛ܚ܀ −  ૛ܚ

Gerretsen ⇒ ૛ܛ ≤ ૝܀૛ + ૝ܚ܀ + ૜ܚ૛ 
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It suffices to prove: ૝܀૛ + ૝ܚ܀ + ૜ܚ૛ ≤ ૟܀૛ + ૛ܚ܀ −  ૛ܚ

⇔ ૛܀૛ − ૛ܚ܀ − ૝ܚ૛ ≥ ૙ ⇔ ૛܀ − ܚ܀ − ૛ܚ૛ ⇔ ܀) − ૛܀)(ܚ + (ܚ ≥ ૙ → true  

܀ ≥ ૛ܚ (Euler)  (Hence proved)  

73. In ࢤ	࡯࡮࡭ the following relationship holds: 

൫√ࢇ + ࢈√ + ൯ࢉ√
૝
൫√ࢇ૜ + ૜ࢇ√ + ૜ࢉ√ ൯

૟
≥ ૛૝ ⋅ ૜ૢ ⋅ ૛ࡿ ࡿ, = [࡯࡮࡭] − area 

Proposed by Daniel Sitaru-Romania 

Solution 1 by Soumava Chakraborty – Kolkata – India  

൫√܉ + ܊√ + ൯܋√
૝
൫√܉૜ + ૜܊√ + ૜܋√ ൯

૟
≥ ૛૝ ⋅ ૜ૢ ⋅  ૛܁

܉√ + ܊√ + ܋√ ≥ ૜(܋܊܉)
૚
૟ (AM ≥ GM); √܉૜ + ૜܊√ + ૜܋√ ≥ ૜(܋܊܉)

૚
ૢ (AM ≥ GM)  

܁۶ۺ ≥ ૜૝ ⋅ ૜૟(܋܊܉)
૝
૟(܋܊܉)

૟
ૢ = ૜૚૙(܋܊܉)

૝
૜ 

It suffices to prove: ૜૚૙(܋܊܉)
૝
૜ ≥ ૛૝ ⋅ ૜ૢܚ૛ܛ૛ (܁ = (ܛܚ ⇔ ૜૜(܋܊܉)૝ ≥ ૛૚૛ܚ૟ܛ૟ 

⇔ ૛ૠ(૝ܛܚ܀)૝ ≥ ૛૚૛ܚ૟ܛ૟ ⇔ ૛ૠ ⋅ ૛ૡ ⋅ ૝܀ ⋅ ૝ܚ ⋅ ૝ܛ ≥ ૛૚૛ܚ૟ܛ૟ 

⇔ ૛ૠ܀૝ ≥ ૛૝ܚ૛ܛ૛ ⇔ ૛ܛ ≤ ૛ૠ܀૝

૚૟ܚ૛
. Gerretsen ⇒ ૛ܛ ≤ ૝܀૛ + ૝ܚ܀ + ૜ܚ૛ 

It suffices to prove: ૝܀૛ + ૝ܚ܀ + ૜ܚ૛ ≤ ૛ૠ܀૝

૚૟ܚ૛
 

⇔ ૛ૠ܀૝ − ૟૝܀૛ܚ૛ − ૟૝ܚ܀૜ − ૝ૡܚ૝ ≥ ૙ 

⇔ ૛ૠܜ૝ − ૟૝ܜ૛ − ૟૝ܜ − ૝ૡ ≥ ૙ ൬ܜ =
܀
 ൰ܚ

⇔ ܜ) − ૛)(૛ૠܜ૜ + ૞૝ܜ૛ + ૝૝ܜ + ૛૝) ≥ ૙ → true,ܜ = ܀
ܚ
≥ ૛ (Euler)  

(Hence proved)  

Solution 2 by Seyran Ibrahimov – Maasilli – Azerbaidian  

ࢇ√ + ࢈√ + ࢉ√ ≥ ૜√ࢉ࢈ࢇ૟ ; 	 ૜ࢇ√ + ૜࢈√ + ૜ࢉ√ ≥ ૜√ૢࢉ࢈ࢇ  
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૜૝ ⋅ ඥࢇ૛࢈૛ࢉ૛૜ ⋅ ૜૟ ⋅ ඥࢇ૛࢈૛ࢉ૛૜ ≥ ૛૝૜ૢࡿ૛; 	૜ࢉ࢈ࢇ√ࢉ࢈ࢇ૜ ≥ ૚૟ࡿ૛ 

૚૛ࡾ ⋅ ૜ࢉ࢈ࢇ√ࡿ ≥ ૚૟ࡿ૛; 	૜ࢉ࢈ࢇ√ࡾ૜ ≥ ૝ࡿ; 	૛ૠࡾ૜ ⋅ ૝ࡿࡾ ≥ ૟૝ࡿ૜ 

૛ૠࡾ૝ ≥ ૚૟ࡿ૛; 	૜√૜ࡾ૛ ≥ ૝ࡿ; ࡿ	 ≤
૜√૜ࡾ૛

૝
 

૛ࡾ૛࡯࢔࢏࢙࡮࢔࢏࢙࡭࢔࢏࢙ ≤
૜√૜ࡾ૛

૝
; ࡯࢔࢏࢙࡮࢔࢏࢙࡭࢔࢏࢙	 ≤

૜√૜
ૡ

 

 

74. Prove that for two any triangles ࡯࡮࡭ and ࡭ᇱ࡮ᇱ࡯ᇱ 

ඥ࢈࢘ +ඥࢉ࢘
ᇱ࢙ − ᇱࢇ

+
ඥࢉ࢘ + ඥࢇ࢘
ᇱ࢙ − ᇱ࢈

+
ඥࢇ࢘ + ඥ࢈࢘
ᇱ࢙ − ᇱࢉ

≥
૛
ᇱඥ࢘

ࢇࢎ + ࢈ࢎ + ࢉࢎ ≥
૟√࢘
ᇱ࢘

 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Kevin Soto Palacios – Huarmey – Peru  

1. Para todos los ℝା:	ܝ,ܘ,ܖ,ܕ,  :se cumple la siguiente desigualdad ,ܟ,ܞ

Demostración: 

ܖ) + ܝ(ܘ + ܕ) + ܞ(ܘ + ܕ) + ܟ(ܖ ≥ ૛ඥ(ܖܕ+ ܘܖ + ܞܝ)(ܕܘ + ܟܞ +  (ܝܟ

Aplicando: Cauchy – Schwarz: ۾ = ܖ) + ܝ(ܘ + ܕ) + ܞ(ܘ + ܕ) + ܟ(ܖ = 

= ܕ) + ܖ + ܝ)(ܘ + ܞ + −(ܟ ܝܕ) + ܞܖ +  (ܟܘ

۾ = ට൫(ܕ૛ + ૛ܖ + (૛ܘ + ૛(ܖܕ + +ܘܖ ૛ܝ)൯൫(ܘܕ + ૛ܞ + (૛ܟ + ૛(ܞܝ+ ܟܞ + ൯(ܝܟ − 

ܝܕ)− + ܞܖ +  (ܟܘ

≥ ඥ(ܕ૛ + ૛ܖ + ૛ܝ)(૛ܘ + ૛ܞ + (૛ܟ + ૛ඥ(ܖܕ + ܘܖ + +ܞܝ)(ܘܕ ܟܞ + (ܝܟ − 

+ܝܕ)− ܞܖ + (ܟܘ ≥ ૛ඥ(ܖܕ + ܘܖ + +ܞܝ)(ܕܘ ܟܞ +  (ܝܟ

La igualdad se alcanza cuando: ܕ
ܝ

= ܖ
ܞ

= ܘ
ܟ

 

2. Tener en cuenta las siguientes desigualdades: 
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ඥ܋ܚ܊ܚ ≥ ܉ܚ܋ܚඥ,܉ܐ ≥ ܊ܚ܉ܚඥ,܊ܐ ≥ ܉ܐ,܋ܐ + ܊ܐ + ܋ܐ ≥  ܚૢ

Sean: ܕ = ඥܖ,܉ܚ = ඥܘ,܊ܚ = ඥܝ,܋ܚ = ૚
ʹ܉ିʹܛ

, ܞ = ૚
ʹ܊ିʹܛ

ܟ, = ૚
ʹ܋ିʹܛ

 

ܖܕ + ܘܖ + ܕܘ = ඥ܊ܚ܉ܚ + ඥ܋ܚ܊ܚ + ඥ܋ܚ܉ܚ ≥ ܉ܐ + ܊ܐ +  ܋ܐ

ܞܝ + ܟܞ + ܝܟ =
૚

ʹܛ) − ʹ܉)(ʹ܉ − (ʹ܊ +
૚

ʹܛ) − ʹܛ)(ʹ܊ − ܋ ʹ) +
૚

ʹܛ) − ܋ ʹܛ)(ʹ −  (ʹ܉

+ܞܝ ܟܞ + ܝܟ =
൫ܛʹ − ൯ʹ܉ + ൫ܛʹ − ൯ʹ܊ + ൫ܛʹ − ܋ ʹ൯

ʹܛ) − ʹܛ)(ʹ܉ − ܊ ʹܛ)(ʹ − (ʹ܋ =
൫ܛʹ൯

૛

ʹܛ)ʹܛ − ʹܛ)(܉ − ʹܛ)(ʹ܊ − ܋ ʹ) = 

= ൫ܛʹ൯
૛

૛(ʹ܁)
= ૚

૛(ʹܚ)
. Aplicando las desigualdades (1) ∧ (2), se tiene lo siguiente: 

ඥ܊ܚ + ඥ܋ܚ
ܛ ʹ − ʹ܉

+
ඥ܋ܚ + ඥ܉ܚ
ܛ ʹ − ʹ܊ +

ඥ܉ܚ +ඥ܊ܚ
ʹܛ − ܋ ʹ

≥ ૛ඥ(ܖܕ+ ܘܖ + ܞܝ)(ܕܘ + ܟܞ + (ܝܟ ≥ 

≥ ૛
ܚ ʹඥ܉ܐ + ܊ܐ + ܋ܐ ≥

૛
ܚ ܚૢ√ʹ ≥

૟√ܚ
ܚ ʹ

 … (LQQD) 

 

75. Let ࡯࡮࡭ be a triangle and let ࡼ be any point in the plane. Prove that: 

൬
૚
࢈

+
૚
ࢉ
൰
࡭ࡼ
ࢇ

+ ൬
૚
ࢉ

+
૚
ࢇ
൰
࡮ࡼ
࢈

+ ൬
૚
ࢇ

+
૚
࢈
൰
࡯ࡼ
ࢉ
≥ ඨ ૛

࢘ࡾ
 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Let ۰۱ۯ be a triangle and let ۾ be any point in the plane. Prove that: 

ቀ૚
܊

+ ૚
܋
ቁ ۯ۾

܉
+ ቀ૚

܋
+ ૚

܉
ቁ ۰۾
܊

+ ቀ૚
܉

+ ૚
܊
ቁ ۱۾
܋
≥ ට ૛

ܚ܀
 ... (A) 

1. Para todos los ℝା:	ܝ,ܘ,ܖ,ܕ,  :se cumple la siguiente desigualdad ,ܟ,ܞ

ܖ) + ܝ(ܘ + ܕ) + ܞ(ܘ + ܕ) + ܟ(ܖ ≥ ૛ඥ(ܖܕ + ܘܖ + ܞܝ)(ܕܘ + ܟܞ + (ܝܟ ⇔ 

⇔ (Demostrado anteriormente) 
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Sean: ܖ = ૚
܊

ܘ, = ૚
܋

ܕ, = ૚
܉

ܝ, = ۯ۾
܉

, ܞ = ۰۾
܊

ܟ, = ۱۾
܋

 

2. Hayashi Inequality: 

Siendo ۾ un punto arbitrario en el plano de un triángulo ۰۱ۯ, se cumple lo 

siguiente: ܘܖ܉ + ܘܕ܊ + ܖܕ܋ ≥  ܋܊܉

Donde: ܕ = ܖ,ۯ۾ = ܘ,۰۾ = ܉,۱۾ = ܊,۰۱ = ,۱ۯ ܋ =  ۰ۯ

(۰۱) ∙ (۰۾) ∙ (۱۾) + (۱ۯ) ∙ (ۯ۾) ∙ (۱۾) + (۰ۯ) ∙ (ۯ۾) ∙ (۰۾) ≥ (۰ۯ) ∙ (۱ۯ) ∙ (۰۱) 

⇒ ۱۾∙۰۾
۱ۯ∙۰ۯ

+ ۱۾∙ۯ۾
۰۱∙ۯ۰

+ ۰۾∙ۯ۾
۱۰∙ۯ۱

≥ ૚ ... (A continuación lo demostraremos) 

La manera clásica para demostrar esta desigualdad es trabajando en el plano 

complejo. 

Siendo ۾ el origen, la asignación de los puntos ۰,ۯ, ۱, los afijos ܠ, ,ܡ  :Entonces .ܢ

۰۾ ∙ ۱۾
۰ۯ ∙ ۱ۯ

=
ܡ| − ૙| ∙ ܢ| − ૙|
ܠ| − |ܡ ∙ ܠ| − |ܢ =

|ܡ| ∙ |ܢ|
ܠ| − |ܡ ∙ ܠ| − |ܢ = ฬ

ܢܡ
ܠ) − ܠ)(ܡ −  ฬ(ܢ

ۯ۾ ∙ ۱۾
ۯ۰ ∙ ۰۱ = ฬ

ܢܠ
ܡ) − ܡ)(ܠ − ฬ(ܢ 	∧ 	

ۯ۾ ∙ ۰۾
ۯ۱ ∙ ۱۰ = ฬ

ܡܠ
ܢ) − ܢ)(ܠ −  ฬ(ܡ

⇒ ۱۾∙۰۾
۱ۯ∙۰ۯ

+ ۱۾∙ۯ۾
۰۱∙ۯ۰

+ ۰۾∙ۯ۾
۱۰∙ۯ۱

= ቚ ܢܡ
ቚ(ܢିܠ)(ܡିܠ) + ቚ ܢܠ

ቚ(ܢିܡ)(ܠିܡ) + ቚ ܡܠ
 ቚ … (B)(ܡିܢ)(ܠିܢ)

Por desigualdad triangular: 

ቚ ܢܡ
(ܢିܠ)(ܡିܠ)

ቚ + ቚ ܢܠ
(ܢିܡ)(ܠିܡ)

ቚ + ቚ ܡܠ
(ܡିܢ)(ܠିܢ)

ቚ ≥ ቚ ܢܡ
(ܢିܠ)(ܡିܠ)

+ ܢܠ
(ܢିܡ)(ܠିܡ)

+ ܡܠ
(ܡିܢ)(ܠିܢ)

ቚ … (B) 

Tener presente lo siguiente: 
ܢܡ

(ܢିܠ)(ܡିܠ)
+ ܢܠ

(ܢିܡ)(ܠିܡ)
+ ܡܠ

(ܡିܢ)(ܠିܢ)
= ܢܡ

(ܢିܠ)(ܡିܠ)
+ ܢܠ

(ܡିܢ)(ܡିܠ)
− ܡܠ

(ܡିܢ)(ܢିܠ)
  

ܢܡ
ܠ) − ܠ)(ܡ − (ܢ +

ܢܠ
ܠ) − ܢ)(ܡ − (ܡ +

ܡܠ
ܠ) − ܢ)(ܢ − (ܡ =

ܢ)ܢܡ − (ܡ + ܠ)ܠܢ − (ܢ − ܠ)ܡܠ − (ܡ
ܠ) − ܠ)(ܡ − ܢ)(ܢ − (ܡ = ૚ 

⇒ ܠ) − ܠ)(ܡ − ܢ)(ܢ − (ܡ = ܢ)ܢܡ − (ܡ + ܠ)ܠܢ − (ܢ − ܠ)ܡܠ −   (Lo cual es cierto) … (ܡ

Por la tanto tenemos en … (B)  



 
www.ssmrmh.ro 

 
 

ቚ ܢܡ
(ܢିܠ)(ܡିܠ)

ቚ + ቚ ܢܠ
(ܢିܡ)(ܠିܡ)

ቚ + ቚ ܡܠ
(ܡିܢ)(ܠିܢ)

ቚ ≥ ቚ ܢܡ
(ܢିܠ)(ܡିܠ)

+ ܢܠ
(ܢିܡ)(ܠିܡ)

+ ܡܠ
(ܡିܢ)(ܠିܢ)

ቚ = ૚  

Finalmente tenemos en … (A)  

൬
૚
܊

+
૚
܋
൰
ۯ۾
܉

+ ൬
૚
܉

+
૚
܋
൰
۰۾
܊

+ ൬
૚
܉

+
૚
܊
൰
۱۾
܋
≥ 

≥ ૛ඨ൬
૚
܋܊ +

૚
܋܉ +

૚
൰൬܊܉

۰۾ ∙ ۱۾
۰ۯ ∙ ۱ۯ +

ۯ۾ ∙ ۱۾
ۯ۰ ∙ ۰۱ +

ۯ۾ ∙ ۰۾
ۯ۱ ∙ ۱۰൰ ≥ 

≥ ૛ටቀ ૚
૛ܚ܀

ቁ ૚ = ට ૛
ܚ܀

 … (LQQD) 

76. In ࢤ	࡯࡮࡭, ࡵ − incentre 

ࡾ
ࡵ࡭෍൬࢘ ⋅ ܛܗ܋

࡮ − ࡯
૛ ൰

૛

≥
૟ࢉ࢈ࢇ

ࢇ + ࢈ +  ࢉ

Proposed by Daniel Sitaru – Romania 

Solution 1 by George Apostolopoulos – Messolonghi  – Greece  

We have ۷ۯ = ૝܀ ܖܑܛ ۰
૛
ܖܑܛ ۱

૛
,۰۷ = ૝ܖܑܛ܀ ۱

૛
ܖܑܛ ۯ

૛
,۱۷ = ૝܀ ܖܑܛ ۯ

૛
ܖܑܛ ۰

૛
. 

So ۷ۯ ⋅ ۰۷ ⋅ ۱۷ = (૝܀)૜ ቀܖܑܛ ۯ
૛
⋅ ܖܑܛ ۰

૛
⋅ ܖܑܛ ۱

૛
ቁ
૛

 

It is well – known that ܖܑܛ ۯ
૛
⋅ ܖܑܛ ۰

૛
⋅ ܖܑܛ ۱

૛
= ܚ

૝܀
۷ۯ ,  ⋅ ۰۷ ⋅ ۱۷ = ૝ܚ܀૛. 

Also, we have by the Law of Sines that ܋ି܊
܉

= ܖܑܛ ܖܑܛ۰ି ۱
ۯܖܑܛ

=
۰ష۱૛ܖܑܛ
૛ۯܛܗ܋

, namely 

ቀ܋ି܊
܉
ቁ
૛

=
૛۰ష۱૛ܖܑܛ
૛ۯ૛ܛܗ܋

≥ ૛ܖܑܛ ۰ି۱
૛

  so ቀ܋ି܊
܉
ቁ
૛
≥ ૚ − ૛ܛܗ܋ ۰ି۱

૛
⇔ 

⇔ ૛ܛܗ܋ ۰ି۱
૛
≥ ૚ − ቀ܋ି܊

܉
ቁ
૛

= ૝(܊ିܛ)(૝ି܋)
૛܉

 but 

૛ܖܑܛ ۯ
૛

= (܋ିܛ)(܊ିܛ)
܋܊

   so ܛܗ܋૛ ۰ି۱
૛
≥ ૝܋܊

૛܉
૛ܖܑܛ ۯ

૛
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Similarly ܛܗ܋૛ ۯ۱ି
૛
≥ ૝܉܋

૛܊
૛ܖܑܛ ۰

૛
 , and ܛܗ܋૛ ۰ିۯ

૛
≥ ૝܊܉

૛܋
૛ܖܑܛ ۱

૛
 

So ܛܗ܋૛ ۰ିۯ
૛
⋅ ૛ܛܗ܋ ۰ି۱

૛
⋅ ૛ܛܗ܋ ۯ۱ି

૛
≥ ૟૝ ቀ ܚ

૝܀
ቁ
૛

= ૝ ૛ܚ

૛܀
 .  

Now from the Cauchy – Schwarz Inequality, we get  

܀
ܚ
∑ቀ۷ۯ ⋅ ܛܗ܋ ۰ି۱

૛
ቁ
૛
≥ ܀

ܚ
⋅ ૜ට(۷ۯ ⋅ ۰۷ ⋅ ۱۷)૛ ⋅ ૛ܛܗ܋ ۰ିۯ

૛
⋅ ૛ܛܗ܋ ۰ି۱

૛
⋅ ૛ܛܗ܋ ۯ۱ି

૛

૜
≥  

≥
܀
ܚ ⋅ ૜

ඨ(૝ܚ܀૛)૛ ⋅ ૝
૛ܚ

૛܀
૜

=
૜܀
ܚ ⋅ ඥ૝૜ ⋅ ૟૜ܚ =

૜܀
ܚ ⋅ ૛ܚ = ૚૛ܚ܀ = 

= ૟ ⋅ (૛ܚ܀) =
૟܋܊܉

܉ + ܊ + ܋
 

Solution 2 by Kevin Soto Palacios – Huarmey – Peru  

En un triángulo: Probar que: ۷ − incentre 

܀
ܚ
∑ቀ۷ۯ × ܛܗ܋ ቀ۰ି۱

૛
ቁቁ

૛
≥ ૟܋܊܉

܋ା܊ା܉
 ... (A) 

Recordar lo siguiente en un triángulo ۰۱ۯ: 

܀ (1
ܚ

= ૚

૝ ૛ۯܖ܍ܛ ܖ܍ܛ
۰
૛ ܖ܍ܛ

۱
૛

= ܋܊܉
૝(܉ିܛ)(܊ିܛ)(܋ିܛ) 

Ahora bien: 

ܛܗ܋ (2 ቀ۰ି۱
૛
ቁ = ܛܗ܋ ۰

૛
ܛܗ܋ ۱

૛
+ ܖ܍ܛ ۰

૛
ܖ܍ܛ ۱

૛
 

⇒ ൬ܛܗ܋
۰ − ۱
૛ ൰ = ඨܛ)ܛ − (܊

܉܋
ඨܛ)ܛ − (܋

܊܉ +ඨ(ܛ − ܛ)(܋ − (܉
܋܉

ඨ(ܛ − ܛ)(܊ − (܉
܊܉  

⇒ ܛܗ܋ ൬
۰ − ۱
૛

൰ = ቀ
ܛ
܉

+
ܛ − ܉
܉

ቁඨ
ܛ) − ܛ)(܊ − (܋

܋܊
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⇒ ܛܗ܋ ൬
۰ − ۱
૛

൰ = ൬
܊ + ܋
܉

൰ඨ
ܛ) − ܛ)(܊ − (܋

܋܊
 

De forma análoga para los demás: 

ܛܗ܋ ൬
ۯ − ۰
૛ ൰ = ൬

܉ + ܊
܋ ൰ඨ

ܛ) − ܛ)(܉ − (܊
܊܉ , ܛܗ܋ ൬

۱ − ۯ
૛ ൰ = ൬

܉ + ܋
܊ ൰ඨ

ܛ) − ܛ)(܉ − (܋
܋܉  

3) Los incentros de un triángulo ۰۱ۯ, se puede expresar de la siguiente manera: 

ۯ۷ = ܋܊
ܛ
ܛܗ܋ ۯ

૛
= ܋܊

ܛ
ට(܉ିܛ)ܛ

܋܊
= ට(܉ିܛ)܋܊

ܛ
; ۷۰ = ට(܊ିܛ)܋܉

ܛ
, ۷۱ = ට(܋ିܛ)܊܉

ܛ
 

Reemplazando en la desigualdad ... (A): 

܋܊܉
૝(ܛ − ܛ)(܉ − ܛ)(܊ − ቆ෍(܋

ܛ)܋܊ − (܉
ܛ

൬
܊ + ܋
܉

൰
૛ ܛ) − ܛ)(܊ − (܋

܋܊
ቇ ≥

૟܋܊܉
૛ܛ

 

La cual es suficiente probar:  

૚
ܘ) − ܘ)(܉ − ܘ)(܊ − ቌ෍(܋

ܛ) − (܉ ൬
܊ + ܋
܉

൰
૛

ܛ) − ܛ)(܊ − ቍ(܋ ≥ ૚૛ 

⇒ ቀ܊ା܋
܉
ቁ
૛
≥ ૜ටቀ(܊ା܋)(܉ା܋)(܉ା܊)

܋܊܉
ቁ
૛૜
≥ ૜√ૡ૛૜ = ૚૛	 ... (LQQD) 

Solution 3 by Soumava Chakraborty – Kolkata – India  

۷ۯ =
ܚ

ܖܑܛ ૛ۯ
; ۷૛ۯ	 ૛ܛܗ܋

۰ − ۱
૛

=
૛ܚ ૛ܛܗ܋ ቀ۰ − ۱

૛ ቁ

૛ܖܑܛ ૛ۯ
 

given inequality ⇔ ܀
ܚ
⋅ ∑૛ܚ

૛ቀ۰ష۱૛ܛܗ܋ ቁ

૛ۯ૛ܖܑܛ
≥ ૛૝ܛܚ܀

૛ܛ
⇔ ∑

૛ቀ۰ష۱૛ܛܗ܋ ቁ

૛ۯ૛ܖܑܛ
≥ ૚૛ 
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૛ܛܗ܋ ቀ۰ − ۱
૛ ቁ	

૛ۯ૛ܖܑܛ
=

૚

૛ܖܑܛ ૛ۯ ܋܍ܛ
૛ ቀ۰ − ۱

૛ ቁ
=

૚

૛ۯ૛ܖܑܛ ቀ૚ + ૛ܖ܉ܜ ۰ − ۱
૛ ቁ

= 

using Napier’s analogy: ܖ܉ܜ ቀ۰ି۱
૛
ቁ = ቀ܋ି܊

܋ା܊
ቁ ܜܗ܋ ۯ

૛
 

=
૚

૛ܖܑܛ ૛ۯ ൜૚ + ܊) − ૛(܋
܊) + ૛(܋ ܜܗ܋

૛ ۯ
૛ൠ

=
૚

૛ܖܑܛ ૛ۯ + ܊) − ૛(܋
܊) + ૛(܋ ܛܗ܋

૛ۯ
૛

= 

=
૚

૚ − ૛ۯ૛ܛܗ܋ ൜૚ −
܊) − ૛(܋
܊) + ૛ൠ(܋

=
૚

૚ − ܛ)ܛ − (܉
܋܊ ⋅ ૝܋܊

܊) + ૛(܋
= 

=
܊) + ૛(܋

(૛ܛ − ૛(܉ − ૝ܛ)ܛ − (܉ =
܊) + ૛(܋

૛܉  

Similarly,  
૛ۯ૛ቀ۱షܛܗ܋ ቁ

૛۰૛ܖܑܛ
= ૛(܉ା܋)

૛܊
    and 

ష۰૛ۯ૛ቀܛܗ܋ ቁ

૛۱૛ܖܑܛ
= ૛(܊ା܉)

૛܋
 

෍
૛ܛܗ܋ ቀ۰ − ۱

૛ ቁ

૛ܖܑܛ ૛ۯ
=

܊) + ૛(܋

૛܉
+

܋) + ૛(܉

૛܊
+

܉) + ૛(܊

૛܋
= 

= ቆ
૛܊

૛܉
+
૛܉

૛܊
ቇ + ቆ

૛܋

૛܉
+
૛܉

૛܋
ቇ + ቆ

૛܋

૛܊
+
૛܊

૛܋
ቇ + ૛൬

܋܊
૛܉

+
܉܋
૛܊

+
܊܉
૛܋
൰ ≥ 

≥⏞
ۻ۵ିۻۯ

૛+ ૛ + ૛ + ૛ ⋅ ૜ට܉૛܊૛܋૛

૛܋૛܊૛܉
૜

= ૚૛   

(Proved) 

Solution 4 by Soumitra Mandal- Chandar Nagore – India  

܉
܊ + ܋ =

ܖܑܛ ۯ
۰ܖܑܛ + ܖܑܛ ۱ =

૛ۯܖܑܛ
۰ܛܗ܋ − ۱

૛
⇒ ܋ܛ܋

ۯ
૛ ܛܗ܋

۰ − ۱
૛ =

܊ + ܋
܉  

so,  
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෍൬۷ۯ ܛܗ܋
۰ − ۱
૛ ൰

૛

܋ܡ܋

≥
૚
૜ቌ෍۷ۯ ܛܗ܋

۰ − ۱
૛

܋ܡ܋

ቍ

૛

=
૚
૜ቌ෍܋ܛ܋ܚ

ۯ
૛ ܛܗ܋

۰ − ۱
૛

܋ܡ܋

ቍ

૛

 

since, ۷ۯ = ܚ ܋ܛ܋ ۯ
૛

,۰۷ = ܚ ܋ܛ܋ ۰
૛

   and ۱۷ = ܚ ܋ܛ܋ ۱
૛
 

=
૛ܚ

૜ ቌ෍
܊ + ܋
܉

܋ܡ܋

ቍ

૛

≥
૜ܚ

૜ ቌ૜ඨෑ൬
܊ + ܋
܉

൰
܋ܡ܋

૜ ቍ

૛

≥ ૚૛ܚ૛ 

so, ܀
ܚ
∑ ቀ۷ۯ ܛܗ܋ ۰ି۱

૛
ቁ
૛

܋ܡ܋ ≥ ૚૛ܚ܀ = ૚૛ ⋅ ܋܊܉
૝܁
⋅ ܁
ܛ

= ૜܋܊܉
ܛ

= ૟܋܊܉
܋ା܊ା܉

 

 

77. In acute-angled ࢤ	࡯࡮࡭: 

൬෍
૚

࢙√ − ࢇ
൰
૛

≤ ࢇ࢓) + ࢈࢝ + (ࢉࢎ ⋅
૝ࡾ + ࢘
૜࢙࢘૛  

Proposed by Daniel Sitaru – Romania 

Solution by Soumava Chakraborty – Kolkata – India  

܉ܕ ≥ ܉ܟ ≥  is any triangle ܉ܐ

܉ܕ + ܊ܟ + ܋ܐ ≥ ܉ܐ + ܊ܐ + ܋ܐ = ܊܉∑
૛܀

= ૛ܚାܚ܀૛ା૝ܛ

૛܀
    (1) 

Now, ቀ∑ ૚
܉ିܛ√

ቁ
૛
≤ ૜ቀ ૚

܉ିܛ
+ ૚

܊ିܛ
+ ૚

܋ିܛ
ቁ    (CBS) 

=
૜ܛ)∑ܛ − ܛ)(܉ − (܊

ܛ)ܛ − ܛ)(܉ − ܛ)(܊ − (܋ =
૜∑(ܛ − ܛ)(܉ − (܊

ܛ૛ܚ
= 

=
૜{૜ܛ૛ − ܛ ⋅ ૛(܉ + ܊ + (܋ + {܊܉∑

܁૛ܚ
=
૜(૜ܛ૛ − ૝ܛ૛ + ૛ܛ + ૝ܚ܀ + (૛ܚ

ܛ૛ܚ
= 

= ૜ܚ(૝܀ାܚ)
܁૛ܚ

   (2). It suffices to show: ૜ܚ
(૝܀ାܚ)
ܛ૛ܚ

≤ ૛ܚାܚ܀૛ା૝ܛ

૛܀
⋅ (૝܀ାܚ)

૛ܚܛ૛
  from (1), (2)  

⇔ ૛ܛ + ૝ܚ܀ + ૛ܚ ≥ ૚ૡܚ܀ ⇔ ૛ܛ ≥ ૚૝ܚ܀ −  ૛ܚ
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Gerretsen ⇒ ૛ܛ ≥ ૚૟ܚ܀ − ૞ܚ૛. It suffices to prove: ૚૟ܚ܀ − ૞ܚ૛ ≥ ૚૝ܚ܀ −  ૛ܚ

⇔ ૛ܚ܀ ≥ ૝ܚ૛ ⇔ ܚ܀ ≥ ૛ܚ૛ ⇔ ܀ ≥ ૛ܚ  (true → Euler) (proved) 

 

78. Prove that for two any triangles ࡯࡮࡭ and ࡭ᇱ࡮ᇱ࡯ᇱ we have: 

൬
૚
࢈ࢎ

+
૚
ࢉࢎ
൰ ܖ܉ܜ

ᇱ࡭

૛
+ ൬

૚
ࢉࢎ

+
૚
ࢇࢎ
൰ ܖ܉ܜ

ᇱ࡮

૛
+ ൬

૚
ࢇࢎ

+
૚
࢈ࢎ
൰ ܖ܉ܜ

ᇱ࡯

૛
≥

૚૛
ࢇ + ࢈ + ࢉ

 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

1) Para todos los ℝା:ܝ,ܘ,ܖ,ܕ,  :se cumple la siguiente desigualdad ,ܟ,ܞ

ܖ) + +ܝ(ܘ ܕ) + ܞ(ܘ + ܕ) + ܟ(ܖ ≥ ૛ඥ(ܖܕ+ ܘܖ + +ܞܝ)(ܕܘ ܟܞ +  (A) … (ܝܟ

Realizamos los siguientes cambios de variables: 

ܖ =
૚
܊ܐ

ܘ, =
૚
܋ܐ

ܕ, =
૚
܉ܐ

ܝ, = ܖ܉ܜ
ʹۯ

૛
, ܞ = ܖ܉ܜ

۰ ʹ

૛
ܟ, = ܖ܉ܜ

۱ʹ

૛
 

2) Recordar los siguiente en los triángulos ۰۱ۯ y ۱ʹ۰ʹۯʹ: 

M) Si: ۯ
ʹ

૛
+ ۰ʹ

૛
+ ۱ʹ

૛
= ૈʹ

૛
→ +ܞܝ ܟܞ + ܝܟ = ܖ܉ܜ ʹۯ

૛
ܖ܉ܜ ۰ʹ

૛
+ ܖ܉ܜ ۰ʹ

૛
ܖ܉ܜ ۱ʹ

૛
+ ܖ܉ܜ ۱ʹ

૛
ʹۯܖ܉ܜ

૛
= ૚ 

N) ܖܕ+ +ܘܖ ܕܘ = ૚
܊ܐ܉ܐ

+ ૚
܋ܐ܊ܐ

+ ૚
܉ܐ܋ܐ

= ૛܀
܋܊
⋅ ૛܀
܋܉

+ ૛܀
܋܉
⋅ ૛܀
܊܉

+ ૛܀
܊܉
⋅ ૛܀
܋܊

= ૝܀૛

܋܊܉
ቀ૚
܋

+ ૚
܉

+ ૚
܊
ቁ 

Por la desigualdad de Cauchy y Euler (܀ ≥ ૛ܚ): 

⇒ ܖܕ + ܘܖ + ܕܘ =
૝܀૛

܋܊܉
൬
૚
܋

+
૚
܉

+
૚
܊
൰ ≥

૝܀૛

૝ܚ܀ܛ
൬

ૢ
܉ + ܊ + ܋

൰ ≥ 

≥ ૝
(܋ା܊ା܉) ⋅

ૢ
(܋ା܊ା܉) = ૜૟

  ૛. Finalmente en … (A)(܋ା܊ା܉)

൬
૚
܊ܐ

+
૚
܋ܐ
൰ ܖ܉ܜ

ʹۯ

૛ + ൬
૚
܋ܐ

+
૚
܉ܐ
൰ ܖ܉ܜ

۰ ʹ

૛ + ൬
૚
܉ܐ

+
૚
܊ܐ
൰ܖ܉ܜ

۱ʹ

૛ ≥ 

≥ ૛ට(૚) ૜૟
૛(܋ା܊ା܉) = ૚૛

܋ା܊ା܉
 … (LQQD) 
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Solution 2 by Soumitra Mandal- Chandar Nagore – India  

We have, 

ܕ) + +ܠ(ܖ ܖ) + ܡ(ܘ + ܘ) + ܢ(ܕ ≥ ૛ඥ(ܖܕ + ܘܖ + ܡܠ)(ܕܘ + ܢܡ +  (ܠܢ

equality at ܕ
ܠ

= ܖ
ܡ

= ܘ
ܢ
. Again we have  ∑ ܖ܉ܜ ʹۯ

૛
ܖ܉ܜ ۰ʹ

૛܋ܡ܋ = ૚ 

putting ܠ = ܖ܉ܜ ʹۯ

૛
, ܡ = ܖ܉ܜ ۰ʹ

૛
, ܢ = ܖ܉ܜ ۱ʹ

૛
ܕ, = ૚

܉ܐ
ܖ, = ૚

܊ܐ
 and ܘ = ૚

܋ܐ
. 

෍൬
૚
܋ܐ

+
૚
܊ܐ
൰

܋ܡ܋

ܖ܉ܜ
ʹۯ

૛ ≥ ૛ඩቌ෍
૚

܋ܡ܋܊ܐ܉ܐ

ቍቌ෍ܖ܉ܜ
ʹۯ

૛ ܖ܉ܜ
۰ʹ

૛
܋ܡ܋

ቍ = ૛ඨ
+܊܉ ܋܊ + ܉܋

૝ઢ૛  

= ඨ
+܊܉ ܋܊ + ܉܋

ܛ)ܛ − ܛ)(܉ − ܛ)(܊ − (܋ ≥
ඨ൬

૚
܉

+
૚
܊

+
૚
܋
൰
ૡ
ܛ
≥ ඨ

૚૝૝
܉) + ܊ + ૛(܋ =

૚૛
܉ + ܊ + ܋

 

Solution 3 by Soumava Chakraborty – Kolkata – India  

,࢟,࢞	∀ ࢖,࢔,࢓,ࢠ ∈ ℝା, 

࢔) + ࢞(࢖ + ࢖) + +࢟(࢓ ࢓) + ࢠ(࢔ ≥ ૛ඥ(࢔࢓ + ࢖࢔ + +࢟࢞)(࢖࢓ ࢠ࢟ +  (࢞ࢠ

Let ࢓ = ૚
ࢇࢎ

࢔, = ૚
࢈ࢎ

࢖, = ૚
ࢉࢎ

; ࢞	 = ܖ܉ܜ ᇲ࡭

૛
࢟, = ܖ܉ܜ ᇲ࡮

૛
, ࢠ = ܖ܉ܜ ᇲ࡯

૛
 

ࡿࡴࡸ ≥ ૛ඨ
૚

࢈ࢎࢇࢎ
+

૚
ࢉࢎ࢈ࢎ

+
૚

ࢇࢎࢉࢎ
ඨ෍ܖ܉ܜ

ᇱ࡭

૛ ܖ܉ܜ
ᇱ࡮

૛ = ૛ඨ
ࢇࢎ∑
ࢉࢎ࢈ࢎࢇࢎ

⋅ ૚ = ૛ඩ
࢈ࢇ∑
૛ࡾ

૛ࢉ૛࢈૛ࢇ
ૡࡾ૜

= 

൬ࢇࢎ =
ࢉ࢈
૛ࡾ

࢈ࢎ, =
ࢇࢉ
૛ࡾ

ࢉࢎ, =
࢈ࢇ
૛ࡾ

൰ 

= ૛ඨ
૛࢙ + ૝࢘ࡾ + ૛࢘

૛ࢉ૛࢈૛ࢇ
⋅ ૝ࡾ૛ =

૝ࡾ
૝࢙࢘ࡾ

ඥ࢙૛ + ૝࢘ࡾ + ૛࢘ =
૛࢙√ + ૝࢘ࡾ + ૛࢘

࢙࢘
 

Given inequality ⇔
ඥ࢙૛ା૝࢘ࡾା࢘૛

࢙࢘
≥ ૟

࢙
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⇔ ૛࢙ + ૝࢘ࡾ + ૛࢘ ≥ ૜૟࢘૛ ⇔ ૛࢙ ≥ ૜૞࢘૛ − ૝࢘ࡾ. Gerretsen ⇒ ૛࢙ ≥ ૚૟࢘ࡾ − ૞࢘૛ 

It suffices to prove: ૚૟࢘ࡾ − ૞࢘૛ ≥ ૜૞࢘૛ − ૝࢘ࡾ ⇔ ૛૙࢘ࡾ ≥ ૝૙࢘૛ ⇔ ࡾ ≥ ૛࢘  

(true → Euler)  

 

79. In ࢤ	࡯࡮࡭: 

ૡ࢘૜

ࢇ࢓) + ࢈࢓)(࢈࢓ + ࢉ࢓)(ࢉ࢓ (ࢇ࢓+ ≤
૚
૛ૠ

 

Proposed by Daniel Sitaru, Romania 

Solution 1 by George Apostolopoulos – Messolonghi  – Greece  

We have, by (AM – GM)  

ૡܚ૜

(܉ܕା܋ܕ)(܋ܕା܊ܕ)(܊ܕା܉ܕ) ≤
ૡܚ૜

૛ඥ܊ܕ܉ܕ⋅૛ඥ܋ܕ܊ܕ⋅૛ඥ܉ܕ܋ܕ
= ૜ܚ

܋ܕ⋅܊ܕ⋅܉ܕ
   (*) 

Now we use the notation ઢ for the area of the triangle and ܉ܐ for the altitude 

from vertex ۯ, etc. Since ܉ܐ is the shortest segment from ۯ to ۰۱, we have 

܉ܐ ≤  ,and similarly for the medians and altitudes from ۰ and ۱. Therefore ,܉ܕ
૚
܉ܕ

+ ૚
܊ܕ

+ ૚
܋ܕ

≤ ૚
܉ܐ

+ ૚
܊ܐ

+ ૚
܋ܐ

= ܋ା܊ା܉
૛ઢ

= ૚
ܚ
   (1) 

From the geometric mean – harmonic mean inequality, we have 

(܋ܕ܊ܕ܉ܕ)
૚
૜ ≥ ૜

૚
܉ܕ
ା ૚
܊ܕ
ା ૚
܋ܕ

≥ ૜ܚ, where we used (1) in the last step. 

So ܋ܕ܊ܕ܉ܕ ≥ (૜ܚ)૜ = ૛ૠܚ૜ . So (*) gives 

ૡܚ૜

܉ܕ) + ܊ܕ)(܊ܕ + ܋ܕ)(܋ܕ + (܉ܕ ≤
૜ܚ

܋ܕ܊ܕ܉ܕ
≤

૜ܚ

૛ૠܚ૜
=

૚
૛ૠ

 

Equality holds when the triangle ۰۱ۯ is equilateral. 
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Solution 2 by Rovsen Pirguliev-Sumgait-Azerbaidian 

We prove that: (܉ܕ + ܊ܕ)(܊ܕ ܋ܕ)(܋ܕ+ + (܉ܕ ≥ ૛ૠ ⋅ ૡܚ૜ 

܉ܕ ܊ܕ+ ≥ ૛ඥ܊ܕ܉ܕ

܊ܕ + ܋ܕ ≥ ૛ඥ܋ܕ܊ܕ

܋ܕ + ܉ܕ ≥ ૛ඥ܋ܕ܉ܕ

ൢ⊗ 

܉ܕ) + ܊ܕ)(܊ܕ + ܋ܕ)(܋ܕ (܉ܕ+ ≥ ૡ܋ܕ܊ܕ܉ܕ 

Now we prove that ܋ܕ܊ܕ܉ܕ ≥ ;ܚ૛ܘ 	∏ ቆ ܉ܕ

૛ۯܛܗ܋
ቇ
૛

≥ ܋܊∏ =  ૛܋૛܊૛܉

or ܋ܕ܊ܕ܉ܕ ≥ ܘ it is known that	ܚ૛ܘ ≥ ૜√૜ܚ; ܋ܕ܊ܕ܉ܕ	 ≥ ܚ૛ܘ ≥⏞
ܚஹ૜√૜ܘ

૛ૠܚ૜ 

Solution 3 by Soumava Chakraborty – Kolkata – India   

ࢇ࢓ ≥ ࢈࢓,ࢇࢎ ≥ ࢉ࢓,࢈ࢎ ≥ ࢇࢎ and ࢉࢎ = ࢉ࢈
૛ࡾ

࢈ࢎ, = ࢇࢉ
૛ࡾ

ࢉࢎ, = ࢈ࢇ
૛ࡾ

 

ෑ(܉ܕ + (܊ܕ ≥
܉)܋܊܉ + ܊)(܊ + ܋)(܋ + (܉

ૡ܀૜
≥⏞
൯܉܋√൯൫૛܋܊√൯൫૛܊܉√൫૛܋܊܉۵ିۯ

ૡ܀૜
 

=
૛(܋܊܉)

૜܀ =
(૝ܛܚ܀)૛

૜܀ =
૚૟ܚ૛ܛ૛

܀ ⇒
૚

܉ܕ)∏ (܊ܕ+ ≤
܀

૚૟ܚ૛ܛ૛ 

⇒ ૡܚ૜

(܊ܕା܉ܕ)∏ ≤
ܚ܀
૛ܛ૛

   it suffices to prove: ܚ܀
૛ܛ૛

≤ ૚
૛ૠ

 

ܚ܀
૛ܛ૛

≤ ૚
૛ૠ
⇔ ૛ܛ૛ ≥ ૛ૠܚ܀    Gerretsen ⇒ ૛ܛ૛ ≥ ૜૛ܚ܀ − ૚૙ܚ૛ 

it suffices to prove: ૜૛ܚ܀ − ૚૙ܚ૛ ≥ ૛ૠܚ܀ 

⇔ ૞ܚ܀ ≥ ૚૙ܚ૛ ⇔ ܀ ≥ ૛ܚ  (true → Euler)  

Solution 4 by Adil Abdullayev – Baku – Azerbaidian  

܁۶ۺ ≤ ܁۶܀ ⇔ ܉ܕ) + ܊ܕ)(܊ܕ + ܋ܕ)(܋ܕ + (܉ܕ ≥ ૛ૠ ⋅ ૡܚ૜ 

Lemma 1. (܉ܕ + ܊ܕ)(܊ܕ + ܋ܕ)(܋ܕ + (܉ܕ ≥ ૡ܋ܚ܊ܚ܉ܚ 
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Lemma 2. ܘ૛ ≥ ૛ૠܚ૛. 

܉ܕ) + ܊ܕ)(܊ܕ + ܋ܕ)(܋ܕ (܉ܕ+ ≥⏞
૚	܉ܕܕ܍ۺ

ૡܘܚ૛ ≥⏞
૛	܉ܕܕ܍ۺ

૛ૠ ⋅ ૡܚ૜. 

 

80. Let ࢉ,࢈,ࢇ be three side – lengths of a triangle with the area ࡿ and let ࢟,࢞,  ࢠ

be positive real numbers. Prove that 

࢈)࢞ + (ࢉ
࢟ + ࢠ

+
ࢉ)࢟ + (ࢇ
ࢠ + ࢉ

+
ࢇ)ࢠ + (࢈
࢞ + ࢟

≥ ඨ૟√૜ࡿ +
૚
૛

૛ࢇ) + ૛࢈ +  (૛ࢉ

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Let ܊,܉, ,ܠ and let ܁ be three side – lengths of a triangle with the area ܋ ,ܡ  be ܢ

positive real numbers. Prove that: 

(܋ା܊)ܠ
ܢାܡ

+ (܉ା܋)ܡ
܋ାܢ

+ (܊ା܉)ܢ
ܡାܠ

≥ ට૟√૜܁ + ૚
૛

૛܉) + ૛܊ +  ૛) ... (A)܋

1. Para todos los ℝା:	ܝ,ܘ,ܖ,ܕ,  :se cumple la siguiente desigualdad ,ܟ,ܞ

ܖ) + ܝ(ܘ + ܕ) + ܞ(ܘ + ܕ) + ܟ(ܖ ≥ ૛ඥ(ܖܕ + ܘܖ + ܞܝ)(ܕܘ + ܟܞ + (ܝܟ ⇔ 

⇔ (Demostrado anteriormente). Realizando los siguientes cambios de variables: 

ܝ =
ܠ

ܡ + ܢ , ܞ =
ܡ

ܠ + ܢ ܟ, =
ܢ

ܠ + ܡ ܖ, = ܘ,܊ = ܕ,܋ =  ܉

2. Siendo: ܠ, ,ܡ ܢ > ૙, se cumple la siguiente desigualdad: 
ܡܠ

(ܡାܢ)(ܠାܢ) + ܢܡ
(ܡାܠ)(ܢାܠ) + ܠܢ

(ܢାܡ)(ܠାܡ) ≥
૜
૝
 ... (A continuación lo demostraremos) 

De la siguiente identidad:  

ܠ) + ܡ)(ܡ + ܢ)(ܢ + (ܠ = +ܠ)ܡܠ (ܡ + ܡ)ܢܡ + (ܢ + +ܢ)ܠܢ (ܠ + ૛ܢܡܠ 
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⇒
ܡܠ

+ܢ) +ܢ)(ܠ (ܡ +
ܢܡ

ܠ) + +ܠ)(ܢ (ܡ +
ܠܢ

ܡ) + +ܡ)(ܠ (ܢ = ૚ −
૛ܢܡܠ

ܠ) + ܡ)(ܡ + +ܢ)(ܢ (ܠ ≥ 

≥ ૚− ૚
૝

= ૜
૝
 ... (LQQD). Por consiguiente: 

ܖܕ + ܘܖ + ܕܘ = ܊܉ + +܋܊ 	܋܉ ∧ +ܞܝ ܟܞ + ܝܟ =
ܡܠ

ܢ) + ܢ)(ܠ + (ܡ +
ܢܡ

ܠ) + ܠ)(ܢ + (ܡ +
ܠܢ

ܡ) + ܡ)(ܠ + (ܢ ≥
૜
૝

 

Luego, en (A) ... 
ܠ

ܡ + ܢ
܊) + (܋ +

ܡ
+ܠ ܢ

܉) + (܋ +
ܢ

ܠ + ܡ
܉) + (܊ ≥ ඥ૜(܊܉ + ܋܊ + (܋܉ ≥ 

≥ ට૟√૜܁ + ૜
૛

૛܉) + ૛܊ +   :૛). Lo cual nos falta probar que܋

ඥ૜(܊܉ + ܋܊ + (܋܉ ≥ ට૟√૜܁ + ૜
૛

૛܉) + ૛܊ +  :૛) ... (B). Recordar lo siguiente܋

૛܉ + ૛܊ + ૛܋ = ૝ۯܜܗ܋)܁ + ܜܗ܋ ۰+ ܜܗ܋ ܊܉,(۱ = ૛܁ ܋ܛ܋ ۱ ܋܊, = ૛܁ ܋ܛ܋ ۯ , ܋܉ = ૛܋ܛ܋܁ ۰ 

Elevando al cuadrado ... (B), nos queda: 

૜(܊܉ + ܋܊ + (܋܉ ≥ ૟√૜܁ +
૜
૛

૛܉) + ૛܊ + (૛܋ ⇔ ૛(܊܉ + ܋܊ + (܋܉ ≥ 

≥ ૝√૜܁ + ૛܉ + ૛܊ +  ૛܋

૝܋ܛ܋)܁ ۱ + ۯ܋ܛ܋ + (۰܋ܛ܋ ≥ ૝√૜܁+ ૝ۯܜܗ܋)܁ + ۰ܜܗ܋ +  (۱ܜܗ܋

܋ܛ܋) ۯ − (ۯܜܗ܋ + ܋ܛ܋) ۰ − (۰ܜܗ܋ + ܋ܛ܋) ۱ − ܜܗ܋ ۱) = ܖ܉ܜ ۯ
૛

+ ܖ܉ܜ ۰
૛

+ ܖ܉ܜ ۱
૛
≥ √૜ ...(LQQD) 

Por transitividad: 

ܠ 
ܢାܡ

܊) + (܋ + ܡ
ܢାܠ

܉) + (܋ + ܢ
ܡାܠ

܉) + (܊ ≥ ට૟√૜܁ + ૜
૛

૛܉) + ૛܊ +  ૛) ... (LQQD)܋

81. Prove that in any triangle ࡯࡮࡭ the following relationship holds: 

૛ࢇ + ૛࢈ + ૛ࢉ

࢈ࢇ + ࢉ࢈ + ࢇࢉ ≥
૛ࡾ

ࡾ + ૛࢘ 

Proposed by Nica Nicolae  - Romania  
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Solution by Adil Abdullayev - Baku Azerbaidjian  

෍ࢇ૛ = ૛(࢙૛ − ૛࢘ − ૝࢘ࡾ),෍࢈ࢇ = ૛࢙ + ૛࢘ + ૝࢘ࡾ 

૛ࢇ∑

࢈ࢇ∑ =
૛(࢙૛ − ૛࢘ − ૝࢘ࡾ)
૛࢙ + ૛࢘ + ૝࢘ࡾ ≥

૛ࡾ
ࡾ + ૛࢘ ⟷ 

⟷ ૛࢙) − ૛࢘ − ૝ࡾ)(࢘ࡾ + ૛࢘) ≥ ૛࢙) + ૛࢘ + ૝ࡾ(࢘ࡾ ⟷ 

⟷ ૞࢘ࡾ + ૝ࡾ૛ + ૛࢘ ≥  ૛࢙

૞࢘ࡾ + ૝ࡾ૛ + ૛࢘ ≥⏞
ࢋ࢜࢕࢘࢖	࢕࢚

૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛ ≥⏞
ࡺࡱࡿࢀࡱࡾࡾࡱࡳ

 ૛࢙

૞࢘ࡾ + ૝ࡾ૛ + ૛࢘ ≥ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛ ࢘ࡾ⟷ ≥ ૛࢘૛ ⟷ ࡾ ≥ ૛࢘ (EULER) 

 

82. In ࡯࡮࡭ࢤ: 

ඨ࢈ࢇ
૛

ࡾ

૝

+ ඨࢉ࢈
૛

ࡾ

૝

+ ඨࢇࢉ
૛

ࡾ

૝

≤ ࢇ√ + ࢈ + ࢉ ⋅ ૜
૞
ૡ 

Proposed by Daniel Sitaru – Romania  

Solution by Kevin Soto Palacios – Huarmey – Peru   

Pro la desigualdad de Cauchy: 

൫√܊܉૛૝ + ૛૝܋܊√ + ૝܉܋√ ൯
૛
≤ ൫√܉ + ܊√ + ૛܊√൯൫܋√ + ૛܋√ +  ૛൯ ... (A)܉√

܉√ + ܊√ + ܋√ ≤ ඥ૜(܉ + ܊ + (܋ ≤ ට૜൫૜√૜܀൯ = ૜√૜૝ ܀√ = ૜
૞
૝√܀ 

Por lo cual reemplanzando en … (A)  

⇒ ඥ܊܉૛૝ + ඥ܋܊૛૝ + ඥ܉܋૛૝ ≤ ൭ට૜
૞
૝√܀൱൫√܊ + ܋ +  ൯܉
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⇒ ට܊܉૛

܀

૝
+ ට܋܊૛

܀

૝
+ ට܉܋૛

܀

૝
≤ ܉√ + ܊ + ܋ ⋅ ૜

૞
ૡ … (LQQD) 

 

83. In ࢤ	࡯࡮࡭ the following relationship holds: 

ࢇ࢝ࢇࢎࢇ࢓ + ࢈࢝࢈ࢎ࢈࢓ + ࢉ࢝ࢉࢎࢉ࢓ ≥ ࡭ܖܑܛ ܖܑܛ ࡯ܖܑܛ࡮ ቆ
૛ࢉ૛࢈

ࢇ
+
૛ࢇ૛ࢉ

࢈
+
૛࢈૛ࢇ

ࢉ
ቇ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumava Chakraborty – Kolkata – India  

ࢇ࢝ࢇࢎࢇ࢓ + ࢈࢝࢈ࢎ࢈࢓ + ࢉ࢝ࢉࢎࢉ࢓ ≥ ࡭ܖܑܛ ܖܑܛ ቆ෍࡯ܖܑܛ࡮
૛ࢉ૛࢈

ࢇ
ቇ 

ࡿࡴࡸ ≥ ૜ࢇࢎ + ૜࢈ࢎ + ࢇ࢓)            ૜ࢉࢎ ≥ ࢇ࢝ ≥  etc	(ࢇࢎ

= ૜࢈૜ࢇ∑

ૡࡾ૜
       ቀࢇࢎ = ࢉ࢈

૛ࡾ
ቁ     etc 

ࡿࡴࡾ =
ࢉ࢈ࢇ
ૡࡾ૜

ቆ
૜ࢉ૜࢈ + ૜ࢇ૜ࢉ + ૜࢈૜ࢇ

ࢉ࢈ࢇ
ቇ =

૜࢈૜ࢇ∑

ૡࡾ૜
; ࡿࡴࡸ	 ≥

૜࢈૜ࢇ∑

ૡࡾ૜
=  ࡿࡴࡾ

Solution 2 by Soumava Pal – Kolkata – India  

In ࢤ	࡯࡮࡭, we have ࢇ࢓ ≥ ࢇ࢝ and ࢇࢎ ≥  ,ࢇࢎ

so ࢇ࢝ࢇࢎࢇ࢓ ≥ ૜ࢇࢎ = ቀࢉ࢈
૛ࡾ
ቁ
૜

= ࡾ૛⋅૛ࢉ૛࢈ (࡯)ܖܑܛࡾ૛⋅(࡮)ܖܑܛ
૛ࡾ⋅૛ࡾ⋅ ࢇ

(࡭)ܖܑܛ
=

ܖܑܛܡ܊ ܍ܔܝܚ
 

=
(࡭)ܖܑܛ (࡮)ܖܑܛ ૛ࢉ૛࢈(࡯)ܖܑܛ

ࢇ
 

⇒ ෍ࢇࢎࢇ࢝ࢇ࢓
࢒ࢉ࢟ࢉ

≥ ෍
(࡭)ܖܑܛ (࡮)ܖܑܛ ૛ࢉ૛࢈(࡯)ܖܑܛ

ࢇ
࢒ࢉ࢟ࢉ

 

 

 



 
www.ssmrmh.ro 

 
 
84. In ࢤ	࡯࡮࡭ the following relationship holds: 

࢙૜(૛ࢇ − ૜(ࢇ

࢙૛)࢈ − (࢈ +
࢙૜(૛࢈ − ૜(࢈

࢙૛)ࢉ − (ࢉ +
࢙૜(૛ࢉ − ૜(ࢉ

࢙૛)ࢇ − (ࢇ ≥
૛ૠࢇ૛࢈૛ࢉ૛

૛࢙
 

࢙ − semiperimeter 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ۰۱ۯ: 

ܛ૜(૛܉ − ૜(܉

ܛ૛)܊ − (܊ +
ܛ૜(૛܊ − ૜(܊

ܛ૛)܋ − (܋ +
ܛ૜(૛܋ − ૜(܋

ܛ૛)܉ − (܉ ≥
૛ૠ܉૛܊૛܋૛

૛ܛ
 

⇒ ૛ܛ ቆ
ܛ૜(૛܉ − ૜(܉

ܛ૛)܊ − (܊ +
ܛ૜(૛܊ − ૜(܊

ܛ૛)܋ − (܋ +
ܛ૜(૛܋ − ૜(܋

ܛ૛)܉ − (܉ ቇ ≥ ૛ૠ܉૛܊૛܋૛ 

Por: ۯۻ ≥ ۵ۻ ⇒ ૛(܋ା܊ା܉)

૝
ቀ܉

૜(૛܉ିܛ)૜

(܊ିܛ૛)܊ + ૜(܊ିܛ૛)૜܊

(܋ିܛ૛)܋ + (܋ିܛ૛)૜܋
(܉ିܛ૛)܉ ቁ ≥ 

≥
ૢඥ(܋܊܉)૛૜

૝
⋅ ૜ට(܋܊܉)૛൫(૛ܛ − ܛ૛)(܉ − ܛ૛)(܊ − ൯૛(܋

૜
 

Lo cual es suficiente probar: 

ૢ ඥ(܋܊܉)૛૜

૝
⋅ ૜ට(܋܊܉)૛൫(૛ܛ − ܛ૛)(܉ − ܛ૛)(܊ − ൯૛(܋

૜
≥ ૛ૠ܉૛܊૛܋૛ ... (A) 

Desde que: (૛ܛ − ܛ૛)(܉ − ܛ૛)(܊ − (܋ = ܊) + +܋)(܋ ܉)(܉ + (܊ ≥ ૡ܋܊܉ 

Utilizando en ... (A): ૢ
ඥ(܋܊܉)૛૜

૝
⋅ ૜ට(܋܊܉)૛൫(૛ܛ − ܛ૛)(܉ − ܛ૛)(܊ − ൯૛(܋

૜
≥ 

≥ ૢ ඥ(܋܊܉)૛૜

૝
⋅ ૜ඥ(܋܊܉)૛૟૝(܋܊܉)૛૜ = ૛ૠ܉૛܊૛܋૛ ... (LQQD) 

Solution 2 by Soumava Chakraborty – Kolkata – India  

܁۶ۺ =
܊܉) + ૜(܉܋

܊܉) + (܋܊ +
܋܊) + ૜(܊܉

܋܊) + (܉܋ +
܋܊) + ૜(܉܋

܉܋) + (܊܉ ≥ 
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≥⏞
ۻ۵ିۻۯ

૜ඥ܉૛܊૛܋૛(܉ + ܊)૛(܊ + ܋)૛(܋ + ૛૜(܉  

it suffices to show: ܉૛܊૛܋૛∏(܉ + ૛(܊ ≥ ૠ૛ૢ܉૟܊૟܋૟

૟ܛ
 

⇔ෑ(܉ + (܊ ≥
૛ૠ(܋܊܉)૛

૜ܛ
=
૝૜૛܀૛ܚ૛

ܛ
 

⇔ ૛܋܊܉ + ܛ૛)܊܉ − (܋ + ܛ૛)܋܊ − (܉ + ܛ૛)܉܋ − (܊ ≥
૝૜૛܀૛ܚ૛

ܛ  

⇔ ૛ܛ૛ ቀ෍܊܉ቁ − ૝ܛܚ܀૛ ≥ ૝૜૛܀૛ܚ૛ 

⇔ ૛ܛ)૛ܛ + ૝ܚ܀ + (૛ܚ − ૛ܛܚ܀૛ − ૛૚૟܀૛ܚ૛ ≥ ૙ 

⇔ ૝ܛ + ܚ܀૛(૛ܛ + (૛ܚ − ૛૚૟܀૛ܚ૛ ≥ ૙   (1)  

Gerretsen ⇒ ૛ܛ ≥ ૚૟ܚ܀ − ૞ܚ૛ 

≤ of (1) ܁۶ۺ (૚૟ܚ܀ − ૞ܚ૛)૛ + (૚૟ܚ܀ − ૞ܚ૛)(૛ܚ܀ + (૛ܚ − ૛૚૟܀૛ܚ૛ 

It suffices to show: (૚૟܀ − ૞ܚ)૛ + (૚૟܀ − ૞ܚ)(૛܀ + −(ܚ ૛૚૟܀૛ ≥ ૙ 

⇔ ૜૟܀૛ − ૠૠܚ܀ + ૚૙ܚ૛ ≥ ૙ 

⇔ ܀) − ૛ܚ)(૜૟܀ − ૞ܚ) ≥ ૙, which is true ܀ ≥ ૛ܚ (Euler) 

Solution 3 by Soumitra Mandal- Chandar Nagore – India  

෍
ܛ૜(૛܉ − ૜(܉

ܛ૛)܊ − (܊
܋ܡ܋

≥
૚
૜
൫∑ (૛܉ܛ − ܋ܡ܋(૛܉ ൯

૜

∑ ܋ܡ܋܊ (૛ܛ − (܊  

Applying Holder’s Inequality = ૚
૜

൛૛ܛ(܉ା܊ା܋)ି∑ ܋ܡ܋૛܉ ൟ૜

૛ܛ(܉ା܊ା܋)ି∑ ܋ܡ܋૛܉
= ૝(܊܉ା܋܊ା܉܋)૜

૜(܊܉ା܋܊ା܉܋) ≥ 

≥
૝(܊܉ + ܋܊ + ૜(܉܋

܉) + ܊ + ૛(܋ ≥
૛ૠ܉૛܊૛܋૛

૛ܛ
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85. Prove that for two any triangles ࡯࡮࡭ and ࡯ʹ࡮ʹ࡭ʹ we have: 

a. ቀ࢈࢓

࢈
+ ࢉ࢓

ࢉ
ቁ ܖ܉ܜ ʹ࡭

૛
+ ቀࢉ࢓

ࢉ
+ ࢇ࢓

ࢇ
ቁ ܖ܉ܜ ʹ࡮

૛
+ ቀࢇ࢓

ࢇ
+ ࢈࢓

࢈
ቁ ܖ܉ܜ ʹ࡯

૛
≥ ૜ 

b. ቀ ࢈
࢈࢓

+ ࢉ
ࢉ࢓
ቁ ܖ܉ܜ ʹ࡭

૛
+ ቀ ࢉ

ࢉ࢓
+ ࢇ

ࢇ࢓
ቁ ܖ܉ܜ ʹ࡮

૛
+ ቀ ࢇ

ࢇ࢓
+ ࢈

࢈࢓
ቁ ܖ܉ܜ ʹ࡯

૛
≥ ૝. 

Proposed by Hung Nguyen Viet-Ha Noi-Viet Nam 

Solution by Kevin Soto Palacios – Huarmey – Peru  

a. ቀ܊ܕ

܊
+ ܋ܕ

܋
ቁ ܖ܉ܜ ʹۯ

૛
+ ቀ܋ܕ

܋
+ ܉ܕ

܉
ቁ ʹ۰૛ܖ܉ܜ + ቀ܉ܕ

܉
+ ܊ܕ

܊
ቁ ܖ܉ܜ ۱ʹ

૛
≥ ૜ … (A) 

1) Para todos los ℝା:ܝ,ܘ,ܖ,ܕ,  :se cumple la siguiente desigualdad ,ܟ,ܞ

ܖ) + ܝ(ܘ + +ܕ) ܞ(ܘ + ܕ) + ܟ(ܖ ≥ ૛ඥ(ܖܕ + +ܘܖ +ܞܝ)(ܕܘ ܟܞ +  (B)… (ܝܟ

Sean: ܖ = ܊ܕ

܊
ܘ, = ܋ܕ

܋
ܕ, = ܉ܕ

܉
ܝ, = ܖ܉ܜ ʹۯ

૛
, ܞ = ܖ܉ܜ ۰ʹ

૛
ܟ, = ܖ܉ܜ ۱ʹ

૛
 

2. Hayashi’s Inequality: 

Siendo ۾ un punto arbitrario en el plano de un triángulo ۰۱ۯ, se cumple lo 

siguiente: ۱۾∙۰۾
۱ۯ∙۰ۯ

+ ۱۾∙ۯ۾
۰۱∙ۯ۰

+ ۰۾∙ۯ۾
۱۰∙ۯ۱

≥ ૚ ⇔ Sea ۾ = ۵ (Centroid) 

۵۰∙۵۱
܋܊

+ ۵۱∙ۯ۵
܋܉

+ ۵۰∙ۯ۵
܊܉

=
ቀ૛
૜܊ܕቁቀ

૛
૜܋ܕቁ

܋܊
+

ቀ૛
૜܉ܕቁቀ

૛
૜܋ܕቁ

܋܉
+

ቀ૛
૜܉ܕቁቀ

૛
૜܊ܕቁ

܊܉
≥ ૚  

⇒ ܖܕ + ܘܖ + ܕܘ = ܊ܕ܉ܕ

܊܉
+ ܋ܕ܊ܕ

܋܊
+ ܋ܕ܉ܕ

܉܋
≥ ૢ

૝
. Además: si:   

ʹۯ

૛ +
۰ʹ

૛ +
۱ ʹ

૛ =
ૈʹ

૛ → +ܞܝ ܟܞ + ܝܟ = ܖ܉ܜ
ʹۯ

૛ ܖ܉ܜ
۰ʹ

૛ + ܖ܉ܜ
۰ʹ

૛ ܖ܉ܜ
۱ʹ

૛ + ܖ܉ܜ
۱ ʹ

૛ ܖ܉ܜ
ʹۯ

૛ = ૚ 

Finalmente reemplazando en ... (A) 

ቀ
܊ܕ

܊ +
܋ܕ

܋ ቁ ܖ܉ܜ
ʹۯ

૛ + ቀ
܋ܕ

܋ +
܉ܕ

܉ ቁ ܖ܉ܜ
۰ ʹ

૛ + ቀ
܉ܕ

܉ +
܊ܕ

܊ ቁ ܖ܉ܜ
۱ʹ

૛ ≥ 

≥ ૛ටቀૢ
૝
ቁ (૚) = ૜ ... (LQQD) . En un triángulo ۰۱ۯ. Demonstrar que: 
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૛܋૛ + ܊܉ ≥ ૝܊ܕ܉ܕ ܉ܕ⇔ = ૚
૛
√૛܉૛ + ૛܋૛ −  ૛ … (B)܊

Elevando al cuadrado la expression: 

(૛܋૛ + ૛(܊܉ ≥ (૛܊૛ + ૛܋૛ − ૛܉૛)(૛܉ + ૛܋૛ −  (૛܊

૝܋૝ + ૝܋܊܉૛ + ૛܊૛܉ ≥ 

≥ ૝܊૛܉૛ + ૝܊૛܋૛ − ૛܊૝ + ૝܉૛܋૛ + ૝܋૝ − ૛܊૛܋૛ − ૛܉૝ − ૛܋૛܉૛ +  ૛܊૛܉

⇒ ૛܉૝ + ૛܊૝ − ૝܉૛܊૛ − ૛܋૛܉૛ − ૛܊૛܋૛ + ૝܋܊܉૛ ≥ ૙ 

⇒ ૛(܉૛ − ૛)૛܊ − ૛(܋܉ − ૛(܋܊ ≥ ૙ 

⇒ ૛(܉ − ܉)૛(܊ + ૛(܊ − ૛܋૛(܉ − ૛(܊ ≥ ૙ → ૛(܉ − ܉))૛(܊ + ૛(܊ − (૛܋ ≥ ૙ 

⇒ ૛(܉ − ܉)૛(܊ + ܊ + ܉)(܋ + ܊ − (܋ ≥ ૙ ⇔ 

⇔ ܉ + ܊ − ܋ > ૙  (Por desigualdad triangular) … (LQQD) 

Análogamente se cumple lo siguiente: ܉૛ + ܋܊ ≥ ૝܋ܕ܊ܕ 	∧ ૛܊૛ + ܋܉ ≥ ૝܋ܕ܉ܕ 

De las siguientes desigualdades:  

૝܊ܕ܉ܕ ≤ ૛܋૛ + ܋ܕ܊ܕ૝,܊܉ ≤ ૛܉૛ + ܉ܕ܋ܕ૝,܋܊ = ૛܋૛ +  ܊܉

Demostraremos la desigualdad pedida: 

܊܉
܊ܕ܉ܕ

+
܋܊

܋ܕ܊ܕ
+

܉܋
܉ܕ܉ܕ

≥ ૝ ⇔
܊܉

૝܊ܕ܉ܕ
+

܋܊
૝܋ܕ܊ܕ

+
܉܋

૝܉ܕ܋ܕ
≥ ૚ 

Aplicando las desigualdades iniciales: 

܊܉
૝܊ܕ܉ܕ

+ ܋܊
૝܋ܕ܊ܕ

+ ܉܋
૝܉ܕ܋ܕ

≥ ૛(܊܉)

૛܋૛܊܉ା(܊܉)૛ + ૛(܋܊)

૛܉૛܋܊ା(܋܊)૛ + ૛(܉܋)

૛܊૛܋܉ା(܉܋)૛  

Por la desigualdad de Cauchy: 
૛(܊܉)

૛܋૛܊܉ା(܊܉)૛ + ૛(܋܊)

૛܉૛܋܊ା(܋܊)૛ + ૛(܉܋)

૛܊૛܋܉ା(܉܋)૛ ≥ 

≥ ૛(܉܋ା܋܊ା܊܉)

(܋ା܊ା܉)܋܊܉૛ା૛(܋܉)૛ା(܋܊)૛ା(܊܉) ≥ ૚ ... (LQQD) 

b. ቀ ܊
܊ܕ

+ ܋
܋ܕ
ቁ ܖ܉ܜ ʹۯ

૛
+ ቀ ܋

܋ܕ
+ ܉

܉ܕ
ቁ ܖ܉ܜ ۰ʹ

૛
+ ቀ ܉

܉ܕ
+ ܊

܊ܕ
ቁ ܖ܉ܜ ۱ʹ

૛
≥ ૝. 
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1) Para todos los ℝା:ܝ,ܘ,ܖ,ܕ,  :se cumple la siguiente desigualdad ,ܟ,ܞ

ܖ) + +ܝ(ܘ ܕ) + ܞ(ܘ + ܕ) + ܟ(ܖ ≥ ૛ඥ(ܖܕ+ ܘܖ + +ܞܝ)(ܕܘ ܟܞ +  (B) ... (ܝܟ

Sean: ܖ = ܊
܊ܕ

ܘ, = ܋
܋ܕ

ܕ, = ܉
܉ܕ

ܝ, = ܖ܉ܜ ʹۯ

૛
, ܞ = ܖ܉ܜ ۰ʹ

૛
ܟ, = ܖ܉ܜ ۱ʹ

૛
 

Además ya se demostro anteriormente lo siguiente: 

→ ܘܕ + ܘܖ + ܕܘ =
܊܉

܊ܕ܉ܕ
+

܋܊
܋ܕ܊ܕ

+
܉܋

܉ܕ܋ܕ
≥ ૝ 

→ ܞܝ + +ܟܞ ܝܟ = ܖ܉ܜ
ʹۯ

૛
ܖ܉ܜ

۰ ʹ

૛
+ ܖ܉ܜ

۰ʹ

૛
ܖ܉ܜ

۱ʹ

૛
+ ܖ܉ܜ

۱ʹ

૛
ܖ܉ܜ

ʹۯ

૛
= ૚ 

Finalmente reemplazando en ... (B): 

൬
܊
܊ܕ

+
܋
܋ܕ

൰ ܖ܉ܜ
ʹۯ

૛
+ ൬

܋
܋ܕ

+
܉
܉ܕ

൰ ܖ܉ܜ
۰ ʹ

૛
+ ൬

܉
܉ܕ

+
܊
܊ܕ

൰ ܖ܉ܜ
۱ʹ

૛
≥ ૛ඥ(૝)(૚) = ૝ 

 

86. In ࢤ	࡯࡮࡭ the following relationship holds: 

ቌඨ
ࢇ࢓

ࢇ࢝
+ ඨ

࢈࢓

࢈࢝
+ ඨ

ࢉ࢓

ࢉ࢝
ቍቌඨ

ࢇ࢓

ࢇࢎ
+ ඨ

࢈࢓

࢈ࢎ
+ ඨ

ࢉ࢓

ࢉࢎ
ቍ ≤

ࡾૢ
૛࢘

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

En un triángulo ۰۱ۯ, se cumple la siguiente desigualdad: ૜܀
૛ܚ
≥ ܉ܕ

܉ܐ
+ ܊ܕ

܊ܐ
+ ܋ܕ

܋ܐ
 

Lo cual es suficiente demostrar lo siguiente: 

܀
૛ܚ ≥

܉ܕ

܉ܐ
→

܀
૛ܚ ≥

܉ܕ
૛ܛܚ
܉

→ ܛ܀ ≥ ܉ܕ܉ →
܋܊܉
૝ܚ ≥ ܉ܕ܉ →

܋܊
૝ܚ ≥ ܉ܕ → 

→ ૛܋૛܊ ≥ ૝ܚ૛(૛܊૛ + ૛܋૛ −  (૛܉
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⇒ ૛܋૛܊ ≥ ૝
ܛ) − ܛ)(܉ − ܛ)(܊ − (܋

ܛ
(૛܊૛ + ૛܋૛ − (૛܉ → 

→ ܛ૛܋૛܊ − ૝(ܛ − ܛ)(܉ − ܛ)(܊ − ૛܊૛)(܋ + ૛܋૛ − (૛܉ ≥ ૙ 

Sea: ܠ = ܛ − ,܉ ܡ = ܛ − ,܊ ܢ = ܛ − ܋ ⇔ ܉ = ܡ + ܊,ܢ = ܠ + 	ܢ ∧ ܋ = ܡ +  :ܢ

La desigualdad es equivalente: 

ܠ) + ܠ)૛(ܢ + ܠ)૛(ܡ + ܡ + −(ܢ ૝ܢܡܠ(૛(ܠ+ ૛(ܢ + ૛(ܠ+ ૛(ܡ − ܡ) + (૛(ܢ ≥ ૙ 

+ܠ)ܠ ܠ)૛(ܢ + ૛(ܡ + ܠ)ܡ + ܠ)૛(ܢ + ૛(ܡ + ܠ)ܢ + ܠ)૛(ܢ + ૛(ܡ − ૝ܠ)ܢܡܠ+ ૛(ܢ − 

−૝ܠ)ܢܡܠ+ ૛(ܢ − ૝ܠ)ܢܡܠ+ ૛(ܡ − ૝ܠ)ܢܡܠ+ ૛(ܡ + ૝ܠ)ܢܡܠ + ૛(ܡ ≥ ૙ 

⇒ +ܠ)ܡ ܠ)૛උ(ܡ + ૛(ܢ − ૝ܢܠඏ + ܠ)ܢ + ܠ)૛උ(ܢ + ૛(ܡ − ૝ܡܠඏ + 

+ܠ)උܠ+ +ܠ)૛(ܢ ૛(ܡ − ૝ܠ)ܢܡ + ૛(ܢ − ૝ܠ)ܢܡ + ૛(ܡ + ૝ܡ)ܢܡ + ૛ඏ(ܢ ≥ ૙ 

⇒ ܠ)ܡ + ܠ)૛(ܡ − ૛(ܢ + +ܠ)ܢ ܠ)૛(ܢ − ૛(ܡ + 

૝ܠ)ܠ+ + ૛ܠ૜ܡ + ૛ܠ૜ܢ + ૛ܡ૛ܠ + ૛ܢ૛ܠ − ૝ܠ૛ܢܡ − ૟ܡܠ૛ܢ − ૟ܢܡܠ૛ + (૛ܢ૛ܡૢ ≥ ૙ 

⇒ +ܠ)ܡ ܠ)૛(ܡ − ૛(ܢ + ܠ)ܢ + ܠ)૛(ܢ − ૛(ܡ + ૛ܠ)ܠ + ܡܠ + ܢܠ − ૜ܢܡ)૛ ≥ ૙   

(LQQD). De forma análoga: ܀
૛ܚ
≥ ܊ܕ

܊ܐ
, ܀
૛ܚ
≥ ܋ܕ

܋ܐ
. En un triángulo ۰۱ۯ probar que: 

ቌඨ
܉ܕ

܉ܐ
+ ඨ

܊ܕ

܊ܐ
+ ඨ

܋ܕ

܋ܐ
ቍቌඨ

܉ܕ

܉ܟ
+ ඨ

܊ܕ

܊ܟ
+ඨ

܋ܕ

܋ܟ
ቍ ≤

܀ૢ
૛ܚ

 

Tener en cuenta lo siguiente, lo cual ya se ha demostrado: 

܉ܟ (1 ≥ ܊ܟ,܉ܐ ≥ ܋ܟ,܊ܐ ≥  ܋ܐ

܉ܕ (2 + ܊ܕ + ܋ܕ ≤ ૝܀ + ܚ ≤ ܀ૢ
૛

, ૚
܉ܐ

+ ૚
܊ܐ

+ ૚
܋ܐ

= ૚
ܚ
 

Por la desigualdad de Cauchy: 

܉ܕ) (3 + ܊ܕ + (܋ܕ ቀ
૚
܉ܐ

+ ૚
܊ܐ

+ ૚
܋ܐ
ቁ ≤ ൬ට

܉ܕ

܉ܐ
+ට

܊ܕ

܊ܐ
+ ට

܋ܕ

܋ܐ
൰
૛
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⇒ ૜)	ඨ൬
܀ૢ
૛ ൰൬

૚
൰ܚ ≥ ඨ

܉ܕ

܉ܐ
+ඨ

܊ܕ

܊ܐ
+ ඨ

܋ܕ

܋ܐ
 

܉ܕ) (4 + ܊ܕ + (܋ܕ ቀ
૚
܉ܟ

+ ૚
܊ܟ

+ ૚
܋ܟ
ቁ ≤ ൬ට

܉ܕ

܉ܟ
+ ට

܊ܕ

܊ܟ
+ට

܋ܕ

܋ܟ
൰
૛

 

⇒ ૝)	(܉ܕ + ܊ܕ + (܋ܕ ൬
૚
܉ܐ

+
૚
܊ܐ

+
૚
܋ܐ
൰ ≥ ቌඨ

܉ܕ

܉ܟ
+ ඨ

܊ܕ

܊ܟ
+ ඨ

܋ܕ

܋ܟ
ቍ

૛

⇒ 

⇒ ඨ൬
܀ૢ
૛
൰൬
૚
ܚ
൰ ≥ ඨ

܉ܕ

܉ܟ
+ ඨ

܊ܕ

܊ܟ
+ ඨ

܋ܕ

܋ܟ
 

Multiplicando (3) × (4): ൬ට
܉ܕ

܉ܐ
+ ට

܊ܕ

܊ܐ
+ ට

܋ܕ

܋ܐ
൰ ൬ට

܉ܕ

܉ܟ
+ට

܊ܕ

܊ܟ
+ ට

܋ܕ

܋ܟ
൰ ≤ ܀ૢ

૛ܚ
 ... (LQQD) 

En un triángulo ۰۱ۯ probar que: ൬ට
܉ܕ

܉ܐ
+ ට

܊ܕ

܊ܐ
+ට

܋ܕ

܋ܐ
൰ ൬ට

܉ܕ

܉ܟ
+ ට

܊ܕ

܊ܟ
+ ට

܋ܕ

܋ܟ
൰ ≤ ܀ૢ

૛ܚ
 

Desde que: ܉ܟ ≥ ܊ܟ,܉ܐ ≥ ܋ܟ,܊ܐ ≥ ܀ (2 ܋ܐ
૛ܚ
≥ ܉ܕ

܉ܐ
, ܀
૛ܚ
≥ ܊ܕ

܊ܐ
, ܀
૛ܚ
≥ ܋ܕ

܋ܐ
 

Por lo cual de desigualdad es equivalente: ට
܉ܕ

܉ܐ
+ ට

܊ܕ

܊ܐ
+ට

܋ܕ

܋ܐ
≤ ට૜܀

૛ܚ
 … (A), 

ට
܉ܕ

܉ܟ
+ ට

܊ܕ

܊ܟ
+ ට

܋ܕ

܋ܟ
≤ ට

܉ܕ

܉ܐ
+ ට

܊ܕ

܊ܐ
+ ට

܋ܕ

܋ܐ
≤ ට૜܀

૛ܚ
   … (B) 

Multiplicando: (A) × (B): 

൬ට
܉ܕ

܉ܐ
+ ට

܊ܕ

܊ܐ
+ ට

܋ܕ

܋ܐ
൰ ൬ට

܉ܕ

܉ܟ
+ ට

܊ܕ

܊ܟ
+ ට

܋ܕ

܋ܟ
൰ ≤ ට૜܀

૛ܚ
ට૜܀
૛ܚ

= ܀ૢ
૛ܚ

 ... (LQQD) 

Solution 2 by Soumava Chakraborty – Kolkata – India  

܁۶ۺ ≤ ቌට෍܉ܕඨ෍
૚
܉ܟ
ቍቌට෍܉ܕඨ෍

૚
܉ܐ
ቍ ≤ ቀ෍܉ܕቁ ඨ෍

૚
܉ܐ
ඨ෍

૚
܉ܐ
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܉ܟ)  ≥ etc, ૚ ܉ܐ
܉ܟ
≤ ૚

܉ܐ
 etc ⇒ ∑ ૚

܉ܟ
≤ ∑ ૚

܉ܐ
) 

܁۶ۺ ≤ ቀ෍܉ܕቁ ൬෍
૚
܉ܐ
൰ = ቀ෍܉ܕቁ ൬

܉ + ܊ + ܋
૛ઢ

൰ = 

≤⏞
ܚ܍܏܉۰ି܉ܕ܍ܜܜܗ۰

(૝܀ + (ܚ ൬
૛ܛ
૛ܛܚ

൰ =
૝܀ + ܚ

ܚ
 

it suffices to prove that ૝܀ାܚ
ܚ

≤ ܀ૢ
૛ܚ
⇔ ૡ܀ + ૛ܚ ≤ ܀ૢ ⇔ ܀ ≥ ૛ܚ → true (Euler) 

Solution 3 by George Apostolopoulous – Messolonghi  – Greece  

It is well – known that ࢇ࢓ ≥ ࢇ࢒ ≥  .etc ,ࢇࢎ

We have ൬ට
ࢇ࢓

ࢇ࢒
+ ට

࢈࢓

࢈࢒
+ ට

ࢉ࢓

ࢉ࢒
൰ ≤ ට

ࢇ࢓

ࢇࢎ
+ ට

࢈࢓

࢈ࢎ
+ ට

ࢉ࢓

ࢉࢎ
, so  

ቌ෍ඨ
ࢇ࢓

ࢉ࢟ࢉࢇ࢒

ቍ ⋅ ቌ෍ඨ
ࢇ࢓

ࢉ࢟ࢉࢇࢎ

ቍ ≤ ቌ෍ඨ
ࢇ࢓

ࢉ࢟ࢉࢇࢎ

ቍ

૛

≤ ૜൬
ࢇ࢓

ࢇࢎ
+
࢈࢓

࢈ࢎ
+
ࢉ࢓

ࢉࢎ
൰ 

࢞) + ࢟ + ૛(ࢠ ≤ ૜(࢞૛ + ૛࢟ +   ૛). Now we haveࢠ
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ࢇ࢓ ≤ ࡾ + ࢇ࢓ etc.  Then ,ࢇࢊ

ࢇࢎ
+ ࢈࢓

࢈ࢎ
+ ࢉ࢓

ࢉࢎ
≤ ቀࡾ ૚

ࢇࢎ
+ ૚

࢈ࢎ
+ ૚

ࢉࢎ
ቁ+ ࢇࢊ

ࢇࢎ
+ ࢈ࢊ

࢈ࢎ
+ ࢉࢊ

ࢉࢎ
= 

= ൬ࡾ
ࢇ + ࢈ + ࢉ
૛[࡯࡮࡭] ൰+

ࢇࢊࢇ
૛
ࢇࢎࢇ
૛

+
࢈ࢊ࢈
૛
࢈ࢎ࢈
૛

+
ࢉࢊࢉ
૛
ࢉࢎࢉ
૛

= 

= ࢙૛⋅ࡾ
૛[࡯࡮࡭] + [࡯࡮࡭]

ᇣᇤᇥ[࡯࡮࡭]
࡯࡮࡭ࢤ	܎ܗ	܉܍ܚ܉

= ࢙⋅ࡾ
࢙⋅࢘

+ ૚ = ࡾ
࢘

+ ૚. So ൬∑ ට
ࢇ࢓

ࢉ࢟ࢉࢇ࢒ ൰ ⋅ ൬∑ ට
ࢇ࢓

ࢉ࢟ࢉࢇࢎ ൰ ≤ ૜ ቀࡾ
࢘

+ ૚ቁ	. 

Now, we have (EULER) ࡾ ≥ ૛࢘ ⇔ ૟࢘ ≤ ૜ࡾ ⇔ 

૟ࡾ + ૟࢘ ≤ ࡾૢ ⇔ ૜ࡾ
࢘

+ ૜ ≤ ࡾૢ
૛࢘
⇔ ૜ቀࡾ

࢘
+ ૚ቁ ≤ ࡾૢ

૛࢘
	.	So  

ቌ෍ඨ
ࢇ࢓

ࢉ࢟ࢉࢇ࢒

ቍ ⋅ ቌ෍ඨ
ࢇ࢓

ࢉ࢟ࢉࢇࢎ

ቍ ≤
ࡾૢ
૛࢘
	. 

Equality holds when the triangle ۰۱ۯ is equilateral. 

 

87. In ࢤ	࡯࡮࡭, ࡵ − incentre 

ࡾ
࢘
෍൬ࡵ࡭ ⋅ ܛܗ܋

࡮ − ࡯
૛

൰
૛

≥
૟ࢉ࢈ࢇ

ࢇ + ࢈ + ࢉ
 

Proposed by Daniel Sitaru – Romania 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

En un triángulo: Probar que: ۷ − incentre 

܀
ܚ
∑ቀ۷ۯ × ܛܗ܋ ቀ۰ି۱

૛
ቁቁ

૛
≥ ૟܋܊܉

܋ା܊ା܉
 ... (A) 

Recordar lo siguiente en un triángulo ۰۱ۯ: 

܀ (1
ܚ

= ૚

૝ ૛ۯܖ܍ܛ ܖ܍ܛ
۰
૛ ܖ܍ܛ

۱
૛

= ܋܊܉
૝(܉ିܛ)(܊ିܛ)(܋ିܛ). Ahora bien: 
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ܛܗ܋ (2 ቀ۰ି۱
૛
ቁ = ܛܗ܋ ۰

૛
ܛܗ܋ ۱

૛
+ ܖ܍ܛ ۰

૛
ܖ܍ܛ ۱

૛
 

⇒ ൬ܛܗ܋
۰ − ۱
૛

൰ = ඨܛ)ܛ − (܊
܉܋

ඨܛ)ܛ − (܋
܊܉

+ඨ(ܛ − ܛ)(܋ − (܉
܋܉

ඨ(ܛ − ܛ)(܊ − (܉
܊܉

 

⇒ ܛܗ܋ ൬
۰ − ۱
૛

൰ = ቀ
ܛ
܉

+
ܛ − ܉
܉

ቁඨ
ܛ) − ܛ)(܊ − (܋

܋܊
 

⇒ ܛܗ܋ ൬
۰ − ۱
૛

൰ = ൬
܊ + ܋
܉

൰ඨ
ܛ) − ܛ)(܊ − (܋

܋܊
 

De forma análoga para los demás:  

ܛܗ܋ ൬
ۯ − ۰
૛ ൰ = ൬

܉ + ܊
܋ ൰ඨ

ܛ) − ܛ)(܉ − (܊
܊܉ , ܛܗ܋ ൬

۱ − ۯ
૛ ൰ = ൬

܉ + ܋
܊ ൰ඨ

ܛ) − ܛ)(܉ − (܋
܋܉  

3) Los incentros de un triángulo ۰۱ۯ, se puede expresar de la siguiente manera: 

ۯ۷ = ܋܊
ܛ
ܛܗ܋ ۯ

૛
= ܋܊

ܛ
ට(܉ିܛ)ܛ

܋܊
= ට(܉ିܛ)܋܊

ܛ
; ۷۰ = ට(܊ିܛ)܋܉

ܛ
, ۷۱ = ට(܋ିܛ)܊܉

ܛ
 

Reemplazando en la desigualdad ... (A): 

܋܊܉
૝(ܛ − ܛ)(܉ − ܛ)(܊ − ቆ෍(܋

ܛ)܋܊ − (܉
ܛ ൬

܊ + ܋
܉ ൰

૛ ܛ) − ܛ)(܊ − (܋
܋܊ ቇ ≥

૟܋܊܉
૛ܛ  

La cual es suficiente probar:  

૚
ܘ) − ܘ)(܉ − ܘ)(܊ − ቌ෍(܋

ܛ) − (܉ ൬
܊ + ܋
܉ ൰

૛
ܛ) − ܛ)(܊ − ቍ(܋ ≥ ૚૛ 

⇒ ቀ܊ା܋
܉
ቁ
૛
≥ ૜ටቀ(܊ା܋)(܉ା܋)(܉ା܊)

܋܊܉
ቁ
૛૜
≥ ૜√ૡ૛૜ = ૚૛	 ... (LQQD) 
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Solution 2 by Soumava Chakraborty – Kolkata – India  

۷ۯ = ܚ

૛ۯܖܑܛ
۷૛ۯ ; ૛ܛܗ܋ ۰ି۱

૛
=

૛ܚ ૛ቀ۰ష۱૛ܛܗ܋ ቁ

૛ۯ૛ܖܑܛ
 given inequality ⇔ ܀

ܚ
⋅ ∑૛ܚ

૛ቀ۰ష۱૛ܛܗ܋ ቁ

૛ۯ૛ܖܑܛ
≥ ૛૝ܛܚ܀

૛ܛ
 

⇔෍
૛ܛܗ܋ ቀ۰ − ۱

૛ ቁ

૛ܖܑܛ ૛ۯ
≥ ૚૛ 

૛ܛܗ܋ ቀ۰ − ۱
૛ ቁ	

૛ܖܑܛ ૛ۯ
=

૚

૛ܖܑܛ ૛ۯ ܋܍ܛ
૛ ቀ۰ − ۱

૛ ቁ
=

૚

૛ܖܑܛ ૛ۯ ቀ૚+ ૛ܖ܉ܜ ۰ − ۱
૛ ቁ

 

using Napier’s analogy: ܖ܉ܜ ቀ۰ି۱
૛
ቁ = ቀ܋ି܊

܋ା܊
ቁ ܜܗ܋ ۯ

૛
= 

=
૚

૛ܖܑܛ ૛ۯ ൜૚ + ܊) − ૛(܋
܊) + ૛(܋ ܜܗ܋

૛ ۯ
૛ൠ

=
૚

૛ܖܑܛ ૛ۯ + ܊) − ૛(܋
܊) + ૛(܋ ܛܗ܋

૛ۯ
૛

= 

=
૚

૚ − ૛ۯ૛ܛܗ܋ ൜૚ −
܊) − ૛(܋
܊) + ૛ൠ(܋

=
૚

૚ − ܛ)ܛ − (܉
܋܊ ⋅ ૝܋܊

܊) + ૛(܋
= 

= ૛(܋ା܊)

(૛܉ିܛ)૛ି૝(܉ିܛ)ܛ = ૛(܋ା܊)

૛܉
. Similarly, 

૛ۯ૛ቀ۱షܛܗ܋ ቁ

૛۰૛ܖܑܛ
= ૛(܉ା܋)

૛܊
    and 

ష۰૛ۯ૛ቀܛܗ܋ ቁ

૛۱૛ܖܑܛ
= ૛(܊ା܉)

૛܋
 

෍
૛ܛܗ܋ ቀ۰ − ۱

૛ ቁ

૛ܖܑܛ ૛ۯ
=

܊) + ૛(܋

૛܉
+

܋) + ૛(܉

૛܊
+

܉) + ૛(܊

૛܋
= 

= ቆ
૛܊

૛܉
+
૛܉

૛܊
ቇ + ቆ

૛܋

૛܉
+
૛܉

૛܋
ቇ + ቆ

૛܋

૛܊
+
૛܊

૛܋
ቇ + ૛൬

܋܊
૛܉

+
܉܋
૛܊

+
܊܉
૛܋
൰ ≥ 

≥⏞
ۻ۵ିۻۯ

૛+ ૛ + ૛ + ૛ ⋅ ૜ට܉૛܊૛܋૛

૛܋૛܊૛܉
૜

= ૚૛   
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Solution 3 by Soumitra Mandal- Chandar Nagore – India  

܉
܋ା܊

= ۯܖܑܛ
ܖܑܛ۰ାܖܑܛ ۱

=
૛ۯܖܑܛ
۰ష۱૛ܛܗ܋

⇒ ܋ܛ܋ ۯ
૛
ܛܗ܋ ۰ି۱

૛
= ܋ା܊

܉
 so,  

෍൬۷ۯ ܛܗ܋
۰ − ۱
૛ ൰

૛

܋ܡ܋

≥
૚
૜ቌ෍۷ۯ ܛܗ܋

۰ − ۱
૛

܋ܡ܋

ቍ

૛

=
૚
૜ቌ෍܋ܛ܋ܚ

ۯ
૛ ܛܗ܋

۰ − ۱
૛

܋ܡ܋

ቍ

૛

 

since, ۷ۯ = ܚ ܋ܛ܋ ۯ
૛

,۰۷ = ܚ ܋ܛ܋ ۰
૛

   and ۱۷ = ܚ ܋ܛ܋ ۱
૛
 

= ૛ܚ

૜
ቀ∑ ܋ା܊

܋ܡ܋܉ ቁ
૛
≥ ૛ܚ

૜
ቆ૜ට∏ ቀ܊ା܋

܉
ቁ܋ܡ܋

૜
ቇ
૛

≥ ૚૛ܚ૛ so,  

܀
ܚ
෍൬۷ۯ ܛܗ܋

۰ − ۱
૛

൰
૛

܋ܡ܋

≥ ૚૛ܚ܀ = ૚૛ ⋅
܋܊܉
૝܁

⋅
܁
ܛ

=
૜܋܊܉
ܛ

=
૟܋܊܉

܉ + ܊ + ܋
 

Solution 4 by Soumava Pal – Kolkata – India  

 
۲ۯ → altitude, ܅ۯ → angle bisector, ۷ → ,܍ܚܜܖ܍܋ܖܑ ܆۷ ⊥  ۲ۯ

From angle bisector theorem, in ઢ	۰۱ۯ 
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܅۰
۱܅

=
۰ۯ
۱ۯ

=
܋
܊
⇒ ܅۰ =

܋܉
܊ + ܋

 

From angle bisector theorem in ઢ	܅۰ۯ, ۷ۯ
۷۲

= ۰ۯ
܅۰

 

⇒
۷ۯ
۷܅

=
܋
܋܉

܊ + ܋
=
܊ + ܋
܉

⇒
۷ۯ
܅ۯ

=
܊ + ܋

܉ + ܊ + ܋
 

܅ۯ۲∠ = ܅ۯ۰∠ ۲ۯ۰∠− =
ۯ
૛
− (ૢ૙ − ۰) =

ۯ
૛
− ൬

ۯ + ۰ + ۱
૛

− ۰൰ =
۰− ۱
૛

 

܆ۯ = ۷ۯ ܆ۯ۷∠ܛܗ܋ = ۷ۯ ܅ۯ۲∠ܛܗ܋ = ۷ۯ ܛܗ܋ ቀ۰ି۱
૛
ቁ    (2) 

܆ۯ
۲ۯ

= ۷ۯ
܅ۯ

 (ઢ	۷܆ۯ and ઢ	܅۲ۯ are similar) 

⇒ ܆ۯ
ቀ૛ઢ
۰۱
ቁ

= ܋ା܊
܋ା܊ା܉

⇒ ܆ۯ = ቀ૛ઢ
܉
ቁ (܋ା܊)

૛ܛ
= ܋ା܊

܉
⋅ ઢ
ܛ

= ܚ ቀ܊ା܋
܉
ቁ   (3) 

From (2) and (3), ۷ۯ ܛܗ܋ ቀ۰ି۱
૛
ቁ = ܆ۯ = ܚ ቀ܊ା܋

܉
ቁ 

܆ =
܀
ܚ
෍൬۷ۯ ܛܗ܋ ൬

۰ − ۱
૛

൰൰
૛

≥
܀
ܚ
෍ቆ

܊)ܚ + (܋
܉

ቇ
૛

= 

= ܚ܀ ൬∑ ቀ܊ା܋
܉
ቁ
૛
൰    (1) 

෍൬
܊ + ܋
܉

൰
૛

≥ ૜ඨෑ൬
܊ + ܋
܉

൰
૛૜

= ૜ඨ
܊) + ܋)૛(܋ + ܉)૛(܉ + ૛(܊

૛܋૛܊૛܉
૜

= 

= ૜ඨ
܊) + ૛(܋

܋܊
⋅

܋) + ૛(܉

܉܋
⋅

܉) + ૛(܊

܊܉

૜

= ૜ඨ൬
+܊ ܋
܋܊√

൰
૛

൬
܋ + ܉
܉܋√

൰
૛
൬
܉ + ܊
܊܉√

൰
૛૜

≥ 

≥ ૜√૛૛ ⋅ ૛૛ ⋅ ૛૛૜ . (by AM – GM, ܊ା܋
܋܊√

≥ ૛) 

= ૚૛     (2) 
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From (1) and (2), ܆ ≥ ૚૛ܚ܀ = ૚૛ ⋅ ܋܊܉
૝ઢ

⋅ ઢ
ܛ

= ૜܋܊܉
૚૛(܋ା܊ା܉)

= ૟܋܊܉
܋ା܊ା܉

 

⇒
܀
ܚ ෍൬۷ۯ ܛܗ܋ ൬

۰ − ۱
૛ ൰൰

૛

≥
૟܋܊܉

܉ + ܊ +  ܋

 

88. Let ࡯࡮࡭ be a triangle. Prove that: 

ܖܑܛ ૛࡭
ܜܗ܋ ૛࡭

+
૛࡮ܖܑܛ
૛࡮ܜܗ܋

+
ܖܑܛ ૛࡯
ܜܗ܋ ૛࡯

≥
√૜
૛

 

Proposed by George Apostolopoulos – Messolonghi – Greece  

Solution by Marian Dincă – Romania  

෍
૛࡭ܖܑܛ
૛࡭ܜܗ܋

= ෍
ቀ࡭ܖܑܛ૛ቁ

૛

૛࡭ܛܗ܋
= ෍

૚− ቀ࡭ܛܗ܋૛ቁ
૛

૛࡭ܛܗ܋
= ෍

૚

૛࡭ܛܗ܋
−෍ܛܗ܋

࡭
૛
≥ 

≥
ૢ

૛࡭ܛܗ܋∑
−෍ܛܗ܋

࡭
૛ ≥

ૢ

૜ ܛܗ܋ ቀ࡭ + ࡮ + ࡯
૟ ቁ

− ૜ ൬ܛܗ܋
࡭ + ࡮ + ࡯

૟ ൰ = 

=
૜
√૜
૛

− ૜
√૜
૛

= ૛√૜ − ૜
√૜
૛

=
√૜
૛

 

because: ∑ܛܗ܋ ࡭
૛
≤ ૜ ܛܗ܋ ቀ࡭ା࡮ା࡯

૟
ቁ – Jensen inequality 

 

89. In ࢤ	࡯࡮࡭: 

෍
૚

࡭ܖܑܛ√
≤
૛ࢇ + ૛࢈ + ૛ࢉ + ૜

૛√૛ࡿ
 

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

∑ට ૚
ۯܖܑܛ

≤ ૛ା૜܋૛ା܊૛ା܉
૛√૛܁

. Recordar lo siguiente, en un triángulo ۰۱ۯ: 

܁ = ܋܊܉
૝܀

, ૚
ܖܑܛ ۯ

= ૛܀
܉

, ૚
۰ܖܑܛ

= ૛܀
܊

, ૚
ܖܑܛ ۱

= ૛܀
܋

. La desigualdad es equivalente: 

૛ඨ૛ ⋅
܋܊܉
૝܀

෍ඨ૛܀
܉
≤ ૛܉ + ૛܊ + ૛܋ + ૜ 

⇒ ૛൫√܋܊ + ܋܉√ + ൯܊܉√ ≤ ૛܉ + ૛܊ + ૛܋ + ૜. De la siguiente desigualdad: 

૛܉ + ૛܊ + ૛܋ + ૜ ≥ ܊܉) + ૚) + ܋܊) + ૚) + ܋܉) + ૚) ≥ ૛൫√܋܊ + ܋܉√ +  ൯܊܉√

Solo basta probar: (܊܉ + ૚) + ܋܊) + ૚) + ܋܉) + ૚) ≥ ૛൫√܋܊ + ܋܉√ +  ൯܊܉√

⇒ ൫√܊܉ − ૚൯
૛

+ ൫√܋܊ − ૚൯
૛

+ ൫√܋܉ − ૚൯
૛
≥ ૙ 

Solution 2 by Soumitra Mandal - Chandar Nagore – India  

૜ା∑ ܋ܡ܋૛܉

૛√૛܁
=

∑ ൫܉૛ା૚൯܋ܡ܋

૛
⋅ ට ૛܀

܋܊܉
  since, ܀ = ܋܊܉

૝܁
 

≥ ቌ෍܉
܋ܡ܋

ቍඨ
૛܀
܋܊܉

= ඩ૛܀
܋܊܉

⋅ ቌ෍܉
܋ܡ܋

ቍ

૛

≥ √૛܀ ⋅ ඨ૜
∑ ܋ܡ܋܊܉

܋܊܉
= 

= √૛܀ ⋅ ඩ૜ቌ෍
૚
܉

܋ܡ܋

ቍ ≥ √૛܀ቌ෍
૚
܋ܡ܋܉√

ቍ

⎣
⎢
⎢
⎡
,܍܋ܖܑܛ

૚
૜ ቌ෍

૚
܋ܡ܋܉√

ቍ ≤ ඩ
૚
૜ቌ෍

૚
܉

܋ܡ܋

ቍ

⎦
⎥
⎥
⎤

= 

= ෍ඨ૛܀
܉

܋ܡ܋

= ෍
૚

܋ܡ܋ۯܖܑܛ√
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Solution 3 by Soumava Pal – Kolkata – India  

૛ࢇ + ૛࢈ + ૛ࢉ + ૜ ≥ ࢈ࢇ + ࢉ࢈ + +ࢇࢉ ૜; ૛ࢇ)	 + ૛࢈ + ૛ࢉ ≥ ࢈ࢇ + ࢉ࢈ +  (ࢇࢉ

࢈ࢇ + ૚ ≥ ૛√࢈ࢇ = ૛ට ૛ࢤ
࡯ܖܑܛ

  ቀ૚
૛
ࢇ࢈ ࡯ܖܑܛ =  ቁࢤ

Similarly  ࢉ࢈ + ૚ ≥ ૛ට ૛ࢤ
࡭ܖܑܛ

, ࢇࢉ + ૚ ≥ ૛ට ૛ࢤ
࡮ܖܑܛ

 

૛ࢇ + ૛࢈ + ૛ࢉ + ૜ ≥ ࢈ࢇ + ࢉ࢈ + ࢇࢉ + ૜ ≥ ૛√૛ࢤ ൬
૚

ܖܑܛ√ ࡭
+

૚
࡮ܖܑܛ√

+
૚

࡯ܖܑܛ√
൰ 

⇒
૛ࢇ + ૛࢈ + ૛ࢉ

૛√૛ࢤ
≥ ෍

૚
࢒ࢉ࢟ࢉ࡭ܖܑܛ√

	 

90. In ࢤ	ࢤ,࡯࡮࡭	࡭ᇱ࡮ᇱ࡯ᇱ: 

ᇱ࢙ ൬෍
ࢇ

૛ࢇ√ + ૛࢈
൰ ᇱࡾ+ ൬෍

࢈
૛ࢇ√ + ૛࢈

൰ ቀ෍࡭ܛܗ܋ᇱቁ ≤  ᇱࡾૢ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumava Chakraborty – Kolkata – India  

܁۶ۺ ≤
૜√૜܀ʹ

૛
൬෍

܉
૛܉√ + ૛܊

൰ + ʹ܀ ൬෍
܊

૛܉√ + ૛܊
൰ ൬
૜
૛
൰ 

ʹܛ)  ≤ ૜√૜܀ʹ

૛
 (Mitrinovic) and ∑ۯܛܗ܋ʹ = ૚ + ܚ

܀
≤ ૜

૛
 ) it suffices to prove:  

√૜
૛
൬෍

܉
૛܉√ + ૛܊

൰ +
૚
૛
൬෍

܊
૛܉√ + ૛܊

൰ ≤ ૜ 

⇔
√૜
૛ ൬෍

܉
૛܉√ + ૛܊

൰ +
૚
૛ ൬෍

܊
૛܉√ + ૛܊

൰ ≤ ૜ 

⇔ ቆ
√૜
૛
⋅

܉
૛܉√ + ૛܊

+
૚
૛
⋅

܊
૛܉√ + ૛܊

ቇ + ቆ
√૜
૛
⋅

܊
૛܊√ + ૛܋

+
૚
૛
⋅

܋
૛܊√ + ૛܋

ቇ + 
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+ √૜
૛
൬ ܋
ඥ܋૛ା܉૛

+ ૚
૛
⋅ ܉
ඥ܋૛ା܉૛

൰ ≤ ૜    (1) 

√૜
૛
⋅ ܉
ඥ܉૛ା܊૛

+ ૚
૛
⋅ ܊
ඥ܉૛ା܊૛

≤⏞
܁۱ି۰ି

ට૜ା૚
૝
⋅ ට܉૛ା܊૛

૛܊૛ା܉
= ૚   (i)  

√૜
૛
⋅ ܊
ඥ܊૛ା܋૛

+ ૚
૛
⋅ ܋
ඥ܊૛ା܋૛

≤⏞
܁۱ି۰ି

ට૜ା૚
૝
⋅ ට܊૛ା܋૛

૛܋૛ା܊
= ૚   (ii) 

√૜
૛
⋅ ܋
ඥ܋૛ା܉૛

+ ૚
૛
⋅ ܉
ඥ܋૛ା܉૛

≤⏞
܁۱ି۰ି

ට૜ା૚
૝
⋅ ට܋૛ା܉૛

૛܉૛ା܋
   (iii) 

 (i) + (ii) + (iii) ⇒ (1) ;  (1) is true (Proved) 

Solution 2 by Soumitra Mandal- Chandar Nagore – India  

ቌ෍ʹ࢙
ࢇ

૛ࢇ√ + ࢉ࢟ࢉ૛࢈

ቍ + ʹࡾ ቌ෍
࢈

૛ࢇ√ + ࢉ࢟ࢉ૛࢈

ቍቌ෍࡭ܛܗ܋ʹ

ࢉ࢟ࢉ

ቍ ≤ 

≤ ʹ࢙ ቌ෍
ࢇ

૛ࢇ√ + ࢉ࢟ࢉ૛࢈

ቍ ʹࡾ+ ቌ෍
࢈

૛ࢇ√ + ࢉ࢟ࢉ૛࢈

ቍቌ෍࡭ܖܑܛʹ

ࢉ࢟ࢉ

ቍ = 

 [since ܖܑܛ ࢞ ≥ ܛܗ܋ ࢞ for all ࢞ > ૙] 

= ቌ෍ʹ࢙
ࢇ

૛ࢇ√ + ࢉ࢟ࢉ૛࢈

ቍ + ቌ෍
࢈

૛ࢇ√ + ࢉ࢟ࢉ૛࢈

ቍቆ
∑ ʹࢇ
ࢉ࢟ࢉ

૛
ቇ = 

 [since, ࡭ܖܑܛʹ = ʹࢇ

૛ࡾʹ ] 

= ቌ෍ʹ࢙
ࢇ + ࢈

૛ࢇ√ + ࢉ࢟ࢉ૛࢈

ቍ ≤
ʹࢇ + ʹ࢈ + ʹࢉ

√૛
≤  ʹࡾૢ

(proved)  

 



 
www.ssmrmh.ro 

 
 
91. In ࢤ	࡯࡮࡭ the following relationship holds: 

൬૞+
ࢇࢎ
ࢇ࢘

+
࢈ࢎ
࢈࢘

+
ࢉࢎ
ࢉ࢘
൰෍

ࢉ࢝࢈࢝

ࢇࢎࢇ࢓
≤
ૡ(૛ࡾ + (࢘

࢘  

Proposed by Bogdan Fustei-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

෍
ࢉ࢝࢈࢝

ࢇࢎࢇ࢓
=
(ࢇ)

ቀෑࢇ࢝ቁ ൬෍
૚

ࢇࢎࢇ࢝ࢇ࢓
൰ 

Now, ∏ࢇ࢝ = ∏ቀ૛ࢉ࢈
ࢉା࢈

ܛܗ܋ ࡭
૛
ቁ = ૡ(ࢉ࢈ࢇ)૛

(࢈ାࢇ)∏
ቀ ࢙
૝ࡾ
ቁ = ૜૛࢘ࡾ૛࢙૜

(࢈ାࢇ)∏
 

=
૜૛࢘ࡾ૛࢙૜

૛ࢉ࢈ࢇ + ࢙૛)࢈ࢇ∑ − (ࢉ =
૜૛࢘ࡾ૛࢙૜

૛࢙)࢙૛ + ૝࢘ࡾ + (૛࢘ =
(૚) ૚૟࢘ࡾ૛࢙૛

૛࢙ + ૛࢘ࡾ+  ૛࢘

Again ∵ ࢇ࢓ ≥
ࢉା࢈
૛
ܛܗ܋ ࡭

૛
∴ ࢇࢎࢇ࢝ࢇ࢓ ≥ ቀ࢈ାࢉ

૛
ܛܗ܋ ࡭

૛
ቁ ቀ૛ࢉ࢈

ࢉା࢈
ܛܗ܋ ࡭

૛
ቁ ቀࢉ࢈

૛ࡾ
ቁ = ૛ࢉ૛࢈

૛ࡾ
ቀ(ࢇି࢙)࢙

ࢉ࢈
ቁ 

=
࢙)ࢉ࢈࢙ − (ࢇ

૛ࡾ ⇒
૚

ࢇࢎࢇ࢝ࢇ࢓
≤
(࢏) ૛ࡾ
࢙)ࢉ࢈࢙ −  (ࢇ

Similarly, ૚
࢈ࢎ࢈࢝ࢇ࢓

≤
(࢏࢏) ૛ࡾ

(࢈ି࢙)ࢇࢉ࢙
 and, ૚

ࢉࢎࢉ࢝ࢉ࢓
≤

(࢏࢏࢏) ૛ࡾ
(ࢉି࢙)࢈ࢇ࢙

 

(i)+(ii)+(iii)⇒ ∑ ૚
ࢇࢎࢇ࢝ࢇ࢓

≤ ૛ࡾ
࢙
ቀ∑ ૚

(ࢇି࢙)ࢉ࢈
ቁ = ૛ࡾ

࢙
ቀ∑(ࢉି࢙)(࢈ି࢙)ࢇ

(ࢇି࢙)∏ࢉ࢈ࢇ
ቁ = 

= ൬
૛ࡾ

࢙ ⋅ ૝࢙࢘ࡾ ⋅ ૛࢙࢘
൰ቆ෍ࢇ ૛࢙) − +࢈)࢙ (ࢉ +  ቇ(ࢉ࢈

=
૚

૛࢘૜࢙૜
−(࢙૛)૛࢙} ૛࢙)࢙૛ + ૝࢘ࡾ+ (૛࢘ + ૚૛࢙࢘ࡾ} =

(૛) ૛ࡾ − ࢘
૛࢙૛࢘  

Also, ૞ + ∑ ࢇࢎ
ࢇ࢘

= ૞ + ૛ቀ∑ ࢇି࢙
ࢇ
ቁ = ૞ + ૛࢙∑ ૚

ࢇ
− ૟ = ૛࢘ା࢘ࡾ૛ା૝࢙

૛࢘ࡾ
− ૚ 

=
(૜) ૛࢘ା࢘ࡾ૛ା૛࢙

૛࢘ࡾ
 (a), (1), (2), (3) ⇒ ࡿࡴࡸ ≤ 

ቆ
૚૟࢘ࡾ૛࢙૛

૛࢙ + ૛࢘ࡾ+ ૛ቇ࢘ ൬
૛ࡾ − ࢘
૛࢙૛࢘ ൰ ቆ

૛࢙ + ૛࢘ࡾ+ ૛࢘

૛࢘ࡾ ቇ =
ૡ(૛ࡾ− (࢘

࢘  

(proved) 
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92. Prove that in any ઢ	۰۱ۯ, 

܋܊܉√ ቆ
૛܉

܊√
+
૛܊

܋√
+
૛܋

܉√
ቇ
૛

≥ ૚૟൫√܉ + ܊√ +  ,૛܁൯܋√

where ܁ = [ઢ	۰۱ۯ] is the area of ઢ	۰۱ۯ. 

Proposed by Daniel Sitaru-Romania 

Solution 1 by Soumava Pal-Kolkata-India 

WLOG, assume ࢇ ≥ ࢈ ≥ ૛ࢇ Then .ࢉ ≥ ૛࢈ ≥ ૛ but ૚ࢉ
ࢇ√
≤ ૚

࢈√
≤ ૚

ࢉ√
 . First employing  

the Rearrangement inequality, and then the AM – GM inequality, 

෍
૛ࢇ

࢒ࢉ࢟ࢉ࢈√

≥ ෍
૛ࢇ

࢒ࢉ࢟ࢉࢇ√

= ࢇ
૜
૛ + ࢈

૜
૛ + ࢉ

૜
૛ ≥ ૜√ࢉ࢈ࢇ 

Thus,  (1)   ∑ ૛ࢇ

࢒ࢉ࢟ࢉ࢈√ ≥ ૜√ࢉ࢈ࢇ. 

Using the Rearrangement inequality the second time and then the Chebyshev’s 

inequality, 

෍
૛ࢇ

࢒ࢉ࢟ࢉ࢈√

≥ ෍
૛ࢇ

࢒ࢉ࢟ࢉࢇ√

= ࢇ√ࢇ + ࢈√࢈ + ࢉ√ࢉ >
૚
૜

ࢇ) + ࢈ + ࢇ√൫(ࢉ + ࢈√ +  ൯ࢉ√

So that,  (2) ∑ ૛ࢇ

࢒ࢉ࢟ࢉ࢈√ ≥ ૚
૜
൫∑ ࢒ࢉ࢟ࢉࢇ ൯൫∑ ࢒ࢉ࢟ࢉࢇ√ ൯ 

Multiplying (1) and (2), we get: 

ࢉ࢈ࢇ√  (3)  ቀ∑ ૛ࢇ

࢒ࢉ࢟ࢉ࢈√ ቁ ≥ ࢇ)(ࢉ࢈ࢇ) + ࢈ + ࢇ√൫(ࢉ + ࢈√ +  .൯ࢉ√

Define ࢞ = ࢇ + ࢈ − ࢟,ࢉ = ࢈ + ࢉ − ,ࢇ ࢠ = ࢉ + ࢇ − ࢞ Then .࢈ + ࢟ ≥ ૛ඥ࢟࢞ and 

࢈ ≥ ඥ࢟࢞ . Similarly, ࢇ ≥ ࢉ and ࢠ࢞√ ≥ ඥࢠ࢟. It follows that ࢉ࢈ࢇ ≥  Thus we .ࢠ࢟࢞

may continue (3): 
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ࢉ࢈ࢇ√ ቌ෍
૛ࢇ

࢒ࢉ࢟ࢉ࢈√

ቍ ≥ ࢇ)(ࢉ࢈ࢇ) + ࢈ + ࢇ√൫(ࢉ + ࢈√ + ൯ࢉ√ ≥ 

≥ ࢇ)ࢠ࢟࢞ + ࢈ + ࢇ√൫(ࢉ + ࢈√ + ൯ࢉ√ = ૚૟ࡿ૛൫√ࢇ + ࢈√ +  .൯, as requiredࢉ√

Solution 2 by Soumitra Moukherjee-Chandar Nagore-India 

Since 

࢞) + ࢟)(࢟ + ࢠ)(ࢠ + (࢞ ≥ ૡࢉ࢈ࢇ,ࢠ࢟࢞ ≥ ࢇ) + ࢈ − ࢈)(ࢉ + ࢉ − ࢉ)(ࢇ + ࢇ −  .(࢈

Further, 

ቌ෍ࢉ࢈ࢇ√
૛ࢇ

࢒ࢉ࢟ࢉ࢈√

ቍ

૛

≥ ૜ඨෑ
૛ࢇ

࢒ࢉ࢟ࢉ࢈√

૜ ቌ෍
૛ࢇ

࢒ࢉ࢟ࢉ࢈√

ቍ√ࢉ࢈ࢇ = ૜ࢉ࢈ࢇቌ෍
૛ࢇ

࢒ࢉ࢟ࢉ࢈√

ቍ ≥ 

≥ ቌෑ(ࢇ + ࢈ − (ࢉ
࢒ࢉ࢟ࢉ

ቍ
૜(ࢇ + ࢈ + ૛(ࢉ

∑ ࢒ࢉ࢟ࢉࢇ√
≥ 

≥ ቌ෍√ࢇ
࢒ࢉ࢟ࢉ

ቍ ࢇ) + ࢈ + ࢇ)ቌෑ(ࢉ + ࢈ − (ࢉ
࢒ࢉ࢟ࢉ

ቍ = ൫√ࢇ+ ࢈√ +  .૛ࡿ൯૚૟ࢉ√

Solution 3 by George Apostolopoulos – Messolonghi  – Greece  

We have ૛ܛ = ܉ + ܊ + ܉ so ,܋
૜(૛܉ିܛ)૜

(܊ିܛ૛)܊ + ૜(܊ିܛ૛)૜܊

(܋ିܛ૛)܋ + ૜(܋ିܛ૛)૜܋

(܉ିܛ૛)܉ = 

܊)૜܉ + ૜(܋

܋)܊ + (܉ +
܋)૜܊ + ૜(܉

܉)܋ + (܊ +
܉)૜܋ + ૜(܊

܊)܉ + (܋ ≥⏞
ܡܜܑܔ܉ܝܙ܍ܖ۷	ۻ۵ିۻۯ	ܡ܊

 

≥ ૜ඨ
܊)܉] + ܋)܊(܋ + ܉)܋(܉ + ૜[(܊

+܉)܋܊܉ ܊)(܊ + ܋)(܋ + (܉
૜

= 
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=
૜܋܊܉ ⋅ ܉) + ܊)(܊ + ܋)(܋ + (܉

૜܋܊܉√ ⋅ ඥ(܉ + ܊)(܊ + ܋)(܋ + ૜(܉ ≥
૜܋܊܉ ⋅ ൫૛√܊܉൯൫૛√܋܊൯൫૛√܉܋൯

܉ + ܊ + ܋
૜ ⋅ ܉ + ܊ + ܊ + ܋ + ܋ + ܌

૜

= 

=
૛૝܉૛܊૛܋૛

૛
ૢ ܉) + ܊ + ૛(܋

=
૛૝܉૛܊૛܋૛

૛
ૢ ⋅ ૝ ⋅ ܁

૛
=
૛ૠ܉૛܊૛܋૛

૛܁
 

Equality holds when the triangle ۰۱ۯ is equilateral. 

Solution 4 by Tuk Zaya – Ulanbaataar – Mongolia  

ࢉ࢈ࢇ√ ⋅ ቆ
૛ࢇ

࢈√
+
૛࢈

ࢉ√
+
૛ࢉ

ࢇ√
ቇ
૛

≥ ૚૟൫√ࢇ + ࢈√ + ൯ࢉ√ ⋅  ࢉ࢈ࢇ√/૜								૛ࡿ

૜ࢉ࢈ࢇ ⋅ ቆ
૛ࢇ

࢈√
+
૛࢈

ࢉ√
+
૛ࢉ

ࢇ√
ቇ
૛

≥ ૝ૡ√ࢉ࢈ࢇ൫√ࢇ+ ࢈√ + ൯ࢉ√ ⋅  ૛ࡿ

૜√ࢇ ⋅ ࢈√ ⋅ +ࢇ√൫ࢉ√ ࢈√ + ൯ࢉ√ ≤ ൫√࢈ࢇ + ࢉ࢈√ + ൯ࢉࢇ√
૛

 

ࢉ࢈ࢇ ≥ ૡ(࢖ − ࢖)(ࢇ − ࢖)(࢈ − (ࢉ =
ૡࡿ૛

ࡼ
 

૜ࢉ࢈ࢇ ⋅ ቆ
૛ࢇ

࢈√
+
૛࢈

ࢉ√
+
૛ࢉ

ࢇ√
ቇ
૛

≥
૛૝ࡿ૛

ࡼ
ቆ
૛ࢇ

࢈√
+
૛࢈

ࢉ√
+
૛ࢉ

ࢇ√
ቇ
૛

 

૝ૡ√ࢉ࢈ࢇ൫√ࢇ+ ࢈√ + ૛ࡿ൯ࢉ√ ≤ ૚૟൫√࢈ࢇ + ࢉ࢈√ + ൯ࢉࢇ√
૛
⋅  ૛ࡿ

૛૝ࡿ૛

ࡼ
⋅ ቆ
૛ࢇ

࢈√
+
૛࢈

ࢉ√
+
૛ࢉ

ࢇ√
ቇ
૛

≥ ૚૟൫√࢈ࢇ + ࢉ࢈√ + ൯ࢉࢇ√
૛
⋅  ૛ࡿ

√૜ ⋅ ቆ
૛ࢇ

࢈√
+
૛࢈

ࢉ√
+
૛ࢉ

ࢇ√
ቇ ≥ ࢇ√ + ࢈ + ࢈ࢇ√൫ࢉ + ࢉ࢈√ +  ൯ࢉࢇ√

࢈ࢇ√ + ࢉ࢈√ + ࢉࢇ√ ≤ ඥ૜(࢈ࢇ + ࢉ࢈ +  (ࢉࢇ

√૜ቆ
૛ࢇ

࢈√
+
૛࢈

ࢉ√
+
૛ࢉ

ࢇ√
ቇ ≥ √૜ඥ(ࢇ + ࢈ + ࢈ࢇ)(ࢉ + ࢉ࢈ +  (ࢉࢇ
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૛ࢇ

࢈√
+
૛࢈

ࢉ√
+
૛ࢉ

ࢇ√
≥ ඥ(ࢇ + ࢈ + ࢈ࢇ)(ࢉ + ࢉ࢈ +  (ࢉࢇ

ࢇ) + ࢈ + ૝(ࢉ ≥ ൫√ࢇ+ ࢈√ + ൯ࢉ√
૛
⋅ ࢇ) + ࢈ + ࢈ࢇ)(ࢉ + ࢉ࢈ +  (ࢉࢇ

ࢇ) + ࢈ + ૜(ࢉ ≥ ൫√ࢇ + ࢈√ + ൯ࢉ√
૛

࢈ࢇ) + ࢉ࢈ +  (ࢉࢇ

൫√ࢇ + ࢈√ + ൯ࢉ√
૛
≤ ૜(ࢇ + ࢈ +  (ࢉ

ࢇ) + ࢈ + ૜(ࢉ ≥ ૜(ࢇ + ࢈ + ࢈ࢇ)(ࢉ + ࢉ࢈ +  (ࢉࢇ

ࢇ) + ࢈ + ૛(ࢉ ≥ ૜(࢈ࢇ + ࢉ࢈ +  (ࢉࢇ

 

93. Prove that in any triangle ࡯࡮࡭: 

ࢇࢎ
ࢇࢎ + ࢇ࢘

+
࢈ࢎ

࢈ࢎ + ࢈࢘
+

ࢉࢎ
ࢉࢎ + ࢉ࢘

≤
૜
૛
	. 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࢇࢎ :࡯࡮࡭
ࢇ࢘ାࢇࢎ

+ ࢈ࢎ
࢈࢘ା࢈ࢎ

+ ࢉࢎ
ࢉ࢘ାࢉࢎ

≤ ૜
૛
 

⇒
૛ࡿ
ࢇ

૛ࡿ
ࢇ + ૛ࡿ

૛(࢙ − (ࢇ
+

૛ࡿ
࢈

૛ࡿ
࢈ + ૛ࡿ

૛(࢙ − (࢈
+

૛ࡿ
ࢉ

૛ࡿ
ࢉ + ૛ࡿ

૛(࢙ − (ࢉ
≤
૜
૛

 

⇒
૚
ࢇ

࢈ + ࢉ
࢈)ࢇ + ࢉ − (ࢇ

+
૚
࢈

ࢇ + ࢉ
ࢇ)࢈ + ࢉ − (࢈

+
૚
ࢉ

ࢇ + ࢈
ࢇ)ࢉ + ࢈ − (ࢉ

≤
૜
૛ 

⇒
࢈ + ࢉ − 	ࢇ
࢈ + ࢉ +

ࢇ + ࢉ − ࢈
ࢇ + ࢉ +

ࢇ + ࢈ − ࢉ
ࢇ + ࢈ ≤

૜
૛ 

⇒ ቀ૚ −
ࢇ

࢈ + ࢉ
ቁ+ ൬૚ −

࢈
ࢇ + ࢉ

൰+ ቀ૚ −
ࢉ

ࢇ + ࢈
ቁ ≤

૜
૛
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⇒ ࢇ
ࢉା࢈

+ ࢈
ࢉାࢇ

+ ࢉ
࢈ାࢇ

≥ ૜
૛
⇔ (Desigualdad de Nesbitt)  

Solution 2 by Myagmarsuren Yadamsuren-Mongolia 

෍
ࢇࢎ

ࢇࢎ + ࢉ,࢈,ࢇࢇ࢘

= ෍
૚

૚ + ࢇ࢘
ࢇࢎ

≤⏞
࢟ࢎࢉ࢛ࢇ࡯

 

≤
૚
૛
⋅෍

૚

ට૚ ⋅ ࢇࢎࢇ࢘

=
૚
૛ ቌ

ඨ
ࢇࢎ
ࢇࢠ

+ ඨ
࢈ࢎ
࢈ࢠ

+ ඨ
ࢉࢎ
ࢉࢠ
ቍ ≤ 

≤⏞
૚ࢠ࢘ࢇ࢝ࢎࢉࡿି࢟ࢎࢉ࢛ࢇ࡯

૛
⋅ ඨ(૚૛ + ૚૛ + ૚૛) ⋅ ൬

ࢇࢎ
ࢇ࢘

+
࢈ࢎ
࢈࢘

+
ࢉࢎ
ࢉ࢘
൰ =

૚
૛
⋅ ඨ૜෍

ࢇࢎ
ࢇ࢘

≤
૜
૛

 

෍
ࢇࢎ
ࢇ࢘

≤ ૜ ⇒
ࢇࢎ =

૛ࡿ
ࢇ

࢈ࢎ; =
૛ࡿ
࢈

ࢉࢎ; =
૛ࡿ
ࢉ

ࢇ࢘ =
ࡿ

࢖ − 	ࢇ ; …
 

૛ࡿ
ࡿ
⋅ ൬
࢖ − ࢇ
ࢇ

+
࢖ − ࢈
࢈

+
࢖ − ࢉ
ࢉ

൰ ≤ ૜; 	૛ ⋅ ൬࢖ ⋅
૚
ࢇ

+ ࢖ ⋅
૚
࢈

+ ࢖ ⋅
૚
ࢉ
− ૜൰ ≤ ૜ 

૛࢖ ⋅ ൬
૚
ࢇ

+
૚
࢈

+
૚
ࢉ
൰ ≤ ૢ; 	

૚
ࢇ

+
૚
࢈

+
૚
ࢉ

=
૚
૝ࡾ

⋅ ൬
࢖
࢘

+
࢘
࢖
൰ +

૚
࢖

 

૛࢖ ⋅ ൬
૚
૝ࡾ ⋅ ൬

࢖
࢘ +

࢘
൰࢖ +

૚
൰࢖ ≤ ૢ; 	

૚
૛ࡾ ⋅ ቆ

૛࢖

࢘ + ቇ࢘ + ૛ ≤ ૢ ⇒ ૛࢖ ≤ ૚૝ࡾ ⋅ ࢘ −  ૛࢘

૚૝ࡾ ⋅ ࢘ − ૛࢘ = ૚૛ࡾ ⋅ ࢘ + ૛ࡾ ⋅ ࢘ − ૛࢘ ≥⏞
࢘ࢋ࢒࢛ࡱ

૚૛ࡾ ⋅ ࢘ + ૜࢘૛ = 

= ૡࡾ ⋅ ࢘ + ૝ࡾ ⋅ ࢘ + ૜࢘૛ ≥⏞
࢘ࢋ࢒࢛ࡱ

૝ࡾ૛ + ૝ࡾ ⋅ ࢘ + ૜࢘૛ ≥  ૛࢖

(Gerretsen) 
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94. In ࢤ	࡯࡮࡭ the following relationship holds: 

૛ࡾ෍ࢇ࢝
૜(ࢇ࢝

૝ ࢇ࢝−
૛ + ૚) > ࢈ࢇ) + ࢉ࢈ + (ࢇࢉ ൬

࢈ࢇ + ࢉ࢈ + ࢇࢉ
૟ࡾ ൰

૝

 

Proposed by Daniel Sitaru – Romania  

Solution by Myagmarsuren Yadamsuren – Mongolia  

In ࢤ	࡯࡮࡭: ૛ࢇ࢝∑ࡾ
૜(ࢇ࢝

૝ ࢇ࢝−
૛ + ૚) > ࢈ࢇ) + ࢉ࢈ + (ࢇࢉ ቀ࢈ࢇାࢉ࢈ାࢇࢉ

૟ࡾ
ቁ
૝

   (*) 

 (*) ⇒ ࢇ࢝∑
૜(ࢇ࢝

૝ + ૚ − ࢇ࢝
૛) > ૚

૜૝
⋅ ቀ࢈ࢇାࢉ࢈ାࢇࢉ

૛ࡾ
ቁ
૞

 

෍ࢇ࢝
૜ ࢇ࢝)

૝ + ૚ − ࢇ࢝
૛) ≥⏞

࢟ࢎࢉ࢛ࢇ࡯
ࢇ࢝
૝ା૚ஹ૛ࢇ࢝

૛

෍ࢇ࢝
૞ 

ࢇ࢝ ≥ ࢇࢎ ⇒෍ࢇ࢝
૞ ≥෍ࢇࢎ૞ = ૞ࢇࢎ + ૞࢈ࢎ + ૞ࢉࢎ ≥⏞

࡯࡮࡯

 

≥
૚
૜૝

ࢇࢎ) + ࢈ࢎ + ૞(ࢉࢎ =
૚
૜૝

⋅ ൬
૛ࡿ
ࢇ

+
૛ࡿ
࢈

+
૛ࡿ
ࢉ
൰
૞

=
૚
૜૝

⋅ ൬
࢈ࢇ + ࢉ࢈ + ࢇࢉ

૛ࡾ
൰
૞

 

 

95. In ࢤ	࡯࡮࡭ the following relationship holds: 

ࢇ
࢈ + ࢉ

+
࢈

ࢉ + ࢇ
+

ࢉ
ࢇ + ࢈

< 2 +
ࢉ࢈ࢇ

ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ +  (ࢇ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࢇ :࡯࡮࡭
ࢉା࢈

+ ࢈
ࢉାࢇ

+ ࢉ
࢈ାࢇ

< 2 + ࢉ࢈ࢇ
 (M) ... (ࢉାࢇ)(ࢉା࢈)(࢈ାࢇ)

En un triángulo ࡯࡮࡭, se cumple la siguientes desigualdades: 

૛ >
ࢇ

࢈ + ࢉ
+

࢈
ࢇ + ࢉ

+
ࢉ

ࢇ + ࢈
>
૜
૛
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Como: ࢈,ࢇ y ࢉ son lados de un triángulo tenemos: 

ࢇ + ࢈ > ܿ → ૛(ࢇ + (࢈ > ܽ + ܾ + ܿ ⇒ ૚
࢈ାࢇ

< ૛
ࢉା࢈ାࢇ

⇒ ࢉ
࢈ାࢇ

< ૛ࢉ
ࢉା࢈ାࢇ

 ... (A) 

Análogmente se obtiene: ࢈
ࢉାࢇ

< ૛࢈
ࢉା࢈ାࢇ

 ... (B); ࢉ
࢈ାࢇ

< ૛ࢉ
ࢉା࢈ାࢇ

 ... (C) 

Sumando: (A) + (B) + (C): ૛ > ࢇ
ࢉା࢈

+ ࢈
ࢉାࢇ

+ ࢉ
࢈ାࢇ

 ... (LQQD) 

La desigualdad es equivalente en ... (M): 

૛ − ࢇ
ࢉା࢈

− ࢈
ࢉାࢇ

− ࢉ
࢈ାࢇ

+ ࢉ࢈ࢇ
(ࢉାࢇ)(ࢉା࢈)(࢈ାࢇ) > ࢉ࢈ࢇ

(ࢉାࢇ)(ࢉା࢈)(࢈ାࢇ) > 0 ... (LQQD) 

Solution 2 by Soumava Chakraborty – Kolkata – India  

ࢉ)ࢇ + ࢇ)(ࢇ + (࢈ + ࢇ)࢈ + ࢈)(࢈ + (ࢉ + ࢈)ࢉ + ࢉ)(ࢉ + (ࢇ < 

< ࢇ)2 + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ +  ࢉ࢈ࢇ

⇔ ࢈ࢇቀ෍ࢇ + ૛ቁࢇ + ࢈ ቀ෍࢈ࢇ + +૛ቁ࢈ ࢉ ቀ෍࢈ࢇ + ૛ቁࢉ < 

< ࢉ࢈ࢇ5 + ૛{ࢇ)࢈ࢇ + (࢈ + ࢈)ࢉ࢈ + (ࢉ + ࢉ)ࢇࢉ +  {(ࢇ

⇔ ቀ෍࢈ࢇቁ (૛࢙) +෍ࢇ૜ < 

< ࢉ࢈ࢇ5 + ૛{࢈ࢇ(૛࢙ − (ࢉ + ࢙૛)ࢉ࢈ − (ࢇ + ࢙૛)ࢇࢉ −  {(࢈

⇔ ૛࢙ቀ෍࢈ࢇቁ + ቀ෍ࢇ૜ − ૜ࢉ࢈ࢇቁ < ࢉ࢈ࢇ2 − ૟ࢉ࢈ࢇ + ૝࢙ ቀ෍࢈ࢇቁ 

⇔ ૛࢙ቀ෍࢈ࢇቁ > ࢉ࢈ࢇ4 + (૛࢙) ቀ෍ࢇ૛ −෍࢈ࢇቁ = 

= ૝ࢉ࢈ࢇ + ૛࢙ ቀ෍ࢇ૛ቁ − ૛࢙ ቀ෍࢈ࢇቁ ⇔ ૝࢙ ቀ෍࢈ࢇቁ > ࢉ࢈ࢇ4 + ૛࢙ ቀ෍ࢇ૛ቁ 

⇔ ૝࢙)࢙૛ + ૝࢘ࡾ + (૛࢘ > ࢙࢘ࡾ16 + ૝࢙)࢙૛ − ૝࢘ࡾ −  (૛࢘

⇔ ૛࢙ + ૝࢘ࡾ + ૛࢘ > ࢘ࡾ4 + ૛࢙ − ૝࢘ࡾ − ૛࢘ ⇔ ૛࢘૛ + ૝࢘ࡾ > 0 → true  

(proved) 
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96. If in ࢤ,࡯࡮࡭ࢤ	࡭ᇱ࡮ᇱ࡯ᇱ:ࢇ + ᇱࢇ = ࢈ + ᇱ࢈ = ࢉ +  :ᇱ thenࢉ

ᇱ࢈ᇱࢇ)࢙ + ᇱࢉᇱ࢈ + (ᇱࢇᇱࢉ ≤ ૟ࡾᇱࡿᇱ ቀࢇ
ᇲࢇ

+ ࢈
ᇲ࢈

+ ࢉ
ᇲࢉ
ቁ  

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Pal – Kolkata – India  

Without loss of generality we can assume ࢇ ≥ ࢈ ≥  (1)    ࢉ

That implies ࢇᇱ ≤ ᇱ࢈ ≤ ࢇ ᇱ (Sinceࢉ + ᇱࢇ = ࢈ + ᇱ࢈ = ࢉ +  (ᇱࢉ

⇒ ᇱࢉᇱ࢈ ≥ ᇱࢇᇱࢉ ≥  ᇱ    (2)࢈ᇱࢇ

(1) and (2) are two similarly oriented sequences: Applying Chebyshev, 

ࢇ) + ࢈ + ᇱࢉᇱ࢈)(ࢉ + ᇱࢇᇱࢉ + (ᇱ࢈ᇱࢇ ≤ ૜(ࢇ ⋅ ᇱࢉᇱ࢈ + ࢈ ⋅ ᇱࢇᇱࢉ + ࢉ ⋅  (ᇱ࢈ᇱࢇ

⇒ ૛࢙ ቀ෍ࢇᇱ࢈ᇱቁ ≤ ૜ࢇᇱ࢈ᇱࢉᇱ ቀ෍
ࢇ
ᇱࢇ
ቁ 

⇒ ᇱቁ࢈ᇱࢇቀ෍࢙ ≤
૜
૛
ᇱࢉᇱ࢈ᇱࢇ ቀ෍

ࢇ
ᇱࢇ
ቁ = ૟ࡾᇱࢤᇱ ቀ෍

ࢇ
ᇱࢇ
ቁ 

ᇱࢉᇱ࢈ᇱࢇ) = ૝ࡾᇱࢤᇱ) 

 

97. Let ࡯࡮࡭ be a triangle with circumradius ࡾ and inradius ࢘. Prove that 

૝ ≤ ૛܋܍ܛ
࡭
૛ + ૛܋܍ܛ

࡮
૛ + ૛܋܍ܛ

࡯
૛ ≤ ൬

ࡾ
൰࢘

૛

 

Proposed by George Apostolopoulos –Messolonghi – Greece  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭: ૝ ≤ ૛܋܍ܛ ࡭
૛

+ ૛܋܍ܛ ࡮
૛

+ ૛܋܍ܛ ࡯
૛
≤ ቀࡾ

࢘
ቁ
૛

 

La desigualdad es equivalente:  

૝ ≤ ൬૚+ ૛ܖ܉ܜ
࡭
૛
൰ + ൬૚ + ૛ܖ܉ܜ

࡮
૛
൰+ ൬૚ + ૛ܖ܉ܜ

࡯
૛
൰ ≤ ൬

ࡾ
࢘
൰
૛
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Desde que: ࡭
૛

+ ࡮
૛

+ ࡯
૛

= ࣊
૛
→ ܖ܉ܜ ࡭

૛
ܖ܉ܜ ࡮

૛
+ ܖ܉ܜ ࡮

૛
ܖ܉ܜ ࡯

૛
+ ܖ܉ܜ ࡭

૛
ܖ܉ܜ ࡯

૛
= ૚ 

૛ܖ܉ܜ
࡭
૛

+ ૛ܖ܉ܜ
࡮
૛

+ ૛ܖ܉ܜ
࡯
૛
≥ ૚ ⇔ ൬ܖ܉ܜ

࡭
૛

+ ܖ܉ܜ
࡮
૛

+ ܖ܉ܜ
࡯
૛
൰
૛

≥ ૜ ⇔ 

⇔ ܖ܉ܜ ࡭
૛

+ ܖ܉ܜ ࡮
૛

+ ܖ܉ܜ ࡯
૛
≥ √૜. Además: ܖ܉ܜ ࡭

૛
= ࢇ࢘

࢖
, ܖ܉ܜ ࡮

૛
= ࢈࢘

࢖
, ܖ܉ܜ ࡯

૛
= ࢉ࢘

࢖
 

⇒ ࢇ࢘ + ࢈࢘ + ࢉ࢘ = ૝ࡾ +  ࢘

൬૚ + ૛ܖ܉ܜ
࡭
૛൰ + ൬૚ + ૛ܖ܉ܜ

࡮
૛൰ + ൬૚ + ૛ܖ܉ܜ

࡯
૛൰ = ൬ܖ܉ܜ

࡭
૛ + ܖ܉ܜ

࡮
૛ + ܖ܉ܜ

࡯
૛൰

૛

+ ૚ ≤ ൬
ࡾ
൰࢘

૛

 

⇒ ൬
૝ࡾ + ࢘
࢖

൰
૛

+ ૚ ≤ ൬
ࡾ
࢘
൰
૛

→ (૝ࡾ + ૛࢘૛(࢘ + ૛࢘૛࢖ ≤ ૛ࡾ૛࢖ ⇒ 

⇒ (૝ࡾ + ૛࢘૛(࢘ ≤ ૛ࡾ)૛࢖ −  :૛). Por la desigualdad de Gerretsen࢘

૛ࡾ)૛࢖ − (૛࢘ ≥ (૚૟࢘ࡾ − ૞࢘૛)(ࡾ૛ − (૛࢘ ≥ (૝ࡾ +  ૛࢘૛(࢘

⇒ Solo es suficiente probar que: (૚૟࢘ࡾ − ૞࢘૛)(ࡾ૛ − (૛࢘ ≥ (૝ࡾ +  ૛࢘૛(࢘

૚૟ࡾ૜࢘ − ૞ࡾ૛࢘૛ − ૚૟࢘ࡾ૜ + ૞࢘૝ ≥ (૚૟ࡾ૛ + ૡ࢘ࡾ +  ૛࢘(૛࢘

⇒ ૚૟ࡾ૜࢘ − ૛૚ࡾ૛࢘૛ − ૛૝࢘ࡾ૜ + ૝࢘૝ ≥ ૙ 

⇒ ૜ࡾ૚૟)࢘ − ૛૚ࡾ૛࢘ − ૛૝࢘ࡾ૛ + ૝࢘૜) ≥ ૙ 

⇒ ࢘ ቀ૚૟ࡾ૛(ࡾ − ૛࢘) + ૚૚ࡾ)࢘ࡾ − ૛࢘)− ૛࢘૛(ࡾ − ૛࢘)ቁ ≥ ૙ 

⇒ ࡾ)࢘ − ૛࢘)(૚૟ࡾ૛ + ૚૚࢘ࡾ − ૛࢘૛) ≥ ૙ ⇔ ࡾ ≥ ૛࢘ ... (Desigualdad e Euler) 

Además: ૚૟ࡾ૛ + ૚૚࢘ࡾ − ૛࢘૛ ≥ ૟૝࢘૛ + ૛૛࢘૛ − ૛࢘૛ = ૡ૝࢘૛ > 0 

Por lo tanto se ha demostrado: ૝ ≤ ૛܋܍ܛ ࡭
૛

+ ૛܋܍ܛ ࡮
૛

+ ૛܋܍ܛ ࡯
૛
≤ ቀࡾ

࢘
ቁ
૛

 ... (LQQD)  

Solution 2 by Martin Lukarevski-Skopje-Macedonia 

The stronger inequality ૞ − ૛࢘
ࡾ
≤ ૛܋܍ܛ ࡭

૛
+ ૛܋܍ܛ ࡮

૛
+ ૛܋܍ܛ ࡯

૛
≤ ૛ + ࡾ

࢘
 holds. We use 

the Garfunkel – Bankoff inequality [1] 
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૛ܖ܉ܜ
࡭
૛

+ ૛ܖ܉ܜ
࡮
૛

+ ૛ܖ܉ܜ
࡯
૛
≥ ૛ − ૡ ܖܑܛ

࡭
૛
ܖܑܛ

࡮
૛
ܖܑܛ

࡯
૛

, 

Which by the well – known identity ܖܑܛ ࡭
૛
ܖܑܛ ࡮

૛
ܖܑܛ ࡯

૛
= ࢘

૝ࡾ
 is equivalent to 

૛ܖ܉ܜ ࡭
૛

+ ૛ܖ܉ܜ ࡮
૛

+ ૛ܖ܉ܜ ࡯
૛
≥ ૛ − ૛࢘

ࡾ
. Then 

૛܋܍ܛ ࡭
૛

+ ૛܋܍ܛ ࡮
૛

+ ૛܋܍ܛ ࡯
૛

= ૜ + ૛ܖ܉ܜ ࡭
૛

+ ૛ܖ܉ܜ ࡮
૛

+ ૛ܖ܉ܜ ࡯
૛
≥ ૞ − ૛࢘

ࡾ
, 

which proves the LHS of the inequality. For the RHS we use the inequality 

(૝ࡾ + ૛(࢘ ≤ ૛࢙ ቀ૚+ ࡾ
࢘
ቁ, which follows from Gerretsen’s inequality  

૛࢙ ≥ ૚૟࢘ࡾ − ૞࢘૛ and Euler’s ࡾ ≥ ૛࢘, combined with the identity 

૛ܖ܉ܜ ࡭
૛

+ ૛ܖ܉ܜ ࡮
૛

+ ૛ܖ܉ܜ ࡯
૛

= (૝ࡾା࢘)૛ି૛࢙૛

૛࢙
. We have  

૛܋܍ܛ ࡭
૛

+ ૛܋܍ܛ ࡮
૛

+ ૛܋܍ܛ ࡯
૛

= ૚ + ቀ૝ࡾା࢘
࢙
ቁ
૛
≤ ૛ + ࡾ

࢘
, and we are done. 

References: 

[1] Problem 825 (proposed by J. Garfunkel, solution by L. Bankoff) Crux Math. 9 

(1983), 79 and 10 (1984), 168 

 

98. Let ࡯࡮࡭ be a triangle and let ࡼ be any point in its plane. Prove that the 

following inequality holds for every positive real numbers ࢟,࢞,  ࢠ

࢟) + ૛(ࢠ
࡭ࡼ
ࢇ + ࢠ) + ૛(࢞

࡮ࡼ
࢈ + ࢞) + ૛(࢟

࡯ࡼ
ࢉ ≥ ૝ඥ࢞)ࢠ࢟࢞ + +࢟  (ࢠ

where ࢇ = ࢈,ࢉ࢈ = ࢉ and	,ࢇࢉ =  .࡮࡭

Proposed by  Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Sea ࡯࡮࡭ un triángulo y ࡼ sea cualquier punto en su plano. 
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Probar la siguiente desigualdad se mantiene para todos los números ࡾା	࢟,࢞,  :ࢠ

࢟) + ૛(ࢠ
࡭ࡼ
ࢇ + ࢠ) + ૛(࢞

࡮ࡼ
࢈ + ࢞) + ૛(࢟

࡯ࡼ
ࢉ ≥ ૝ඥ࢞)ࢠ࢟࢞ + +࢟  (ࢠ

1) De la desigualdad Ponderada: (Refinamiento de Ionescu-Weitzenbock) 

Siendo ࢈,ࢇ,  :࡯࡮࡭ los lados de un triángulo ࢉ

૛ࢇ࢓ + ૛࢈࢔ + ૛ࢉ࢖ ≥ ૝ࡿඥ࢔࢓ + ࢖࢔ + ⇔ (A) ... ࢓࢖ (࢖,࢔,࢓) ≥ ૙, donde ࡿ es el 

área del triángulo. Realizando los siguientes cambios de variables: 

࢓ =
࡭ࡼ
ࢇ

> 0,݊ =
࡮ࡼ
࢈

> ݌,0 =
࡯ࡼ
ࢉ

> 0; 

ࢇ = +࢟ ࢠ > 0, ܾ = ݖ + ݔ > 0, ܿ = ݔ + ݕ > 0 

Luego: ࡿ = ඥ(࢖)(࢖ − ࢖)(ࢇ − ࢖)(࢈ − (ࢉ → ࡿ = ඥ࢞)ࢠ࢟࢞ + ࢟ +  (ࢠ

2) De la desigualdad HAYASHY se llegó demonstrar lo siguiente: 

࢔࢓ + ࢖࢔ + ࢓࢖ =
࡭ࡼ
ࢇ
⋅
࡮ࡼ
࢈

+
࡮ࡼ
࢈

⋅
࡯ࡼ
ࢉ

+
࡭ࡼ
ࢇ
⋅
࡯ࡼ
ࢉ
≥ ૚ 

Reemplazando en ... (A), se obtiene la desigualdad propuesta: 

࢟) + ૛(ࢠ ࡭ࡼ
ࢇ

+ +ࢠ) ૛(࢞ ࡮ࡼ
࢈

+ ࢞) + ૛(࢟ ࡯ࡼ
ࢉ
≥ ૝ඥ࢞)ࢠ࢟࢞ + +࢟ +࢔࢓ඥ(ࢠ ࢖࢔ + ࢓࢖ ≥ 

≥ ඥ࢞)ࢠ࢟࢞ + ࢟ +  (LQQD) ... (ࢠ

 

 

99. Let ࡯࡮࡭ be a triangle and let ࡼ be any point in its plane. Prove that 

൬
૚
࡭ࡼ +

૚
࡮ࡼ +

૚
൰࡯ࡼ

࡭ࡼ) + ࡮ࡼ + ૜(࡯ࡼ ≥ ૜(ࢇ + ࢈ +  ૛(ࢉ

where ࢇ = ࢈,࡯࡮ = ࢉ and ,࡭࡯ =  .࡮࡭

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  
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Solution by Kevin Soto Palacios – Huarmey – Peru  

 KLAMKIN INERTIAL MOMENT  

Siendo ࢈,ࢇ,  son las distancias de ࡯ࡼ,࡮ࡼ,࡭ࡼ y ࡯࡮࡭ los lados de un triángulo ࢉ

un punto ࡼ en en plano ࡯࡮࡭. Se cumple para todos los números ࡾ, ,࢟,࢞  se ࢠ

tiene lo siguiente: 

࢞) + ࢟ + ૛࡭ࡼ࢞)(ࢠ + ૛࡮ࡼ࢟ + (૛࡯ࡼࢠ ≥ ૛ࢇࢠ࢟ + ૛࢈࢞ࢠ +  ૛ ... (A continuaciónࢉ࢟࢞

lo demostaremos). La manera clásica es de la siguiente forma: 

→࡭ࡼ࢞) + →࡮ࡼ࢟ + ૛(→࡯ࡼࢠ ≥ ૙ 
⇒ ૛࡭ࡼ૛࢞ + ૛࡮ࡼ૛࢟ + ૛࡯ࡼ૛ࢠ + ૛࡮ࡼ→࡭ࡼ࢟࢞→ + ૛࡯ࡼ→࡮ࡼࢠ࢟→ + ૛࡯ࡼ→࡭ࡼ࢞ࢠ→ ≥ ૙ ... (B) 

Desde que: ૛࡮ࡼ→࡭ࡼ→ = ૛࡭ࡼ + ૛࡮ࡼ −  ,૛ࢉ

૛࡯ࡼ→࡮ࡼ→ = ૛࡮ࡼ + ૛࡯ࡼ − →࡯ࡼ→࡭ࡼ૛,૛ࢇ = ૛࡭ࡼ + ૛࡯ࡼ −  ૛࢈

Tenemos en ... (B) 

⇒ ૛࡭ࡼ૛࢞ + ૛࡮ࡼ૛࢟ + ૛࡯ࡼ૛ࢠ + ૛࡭ࡼ)࢟࢞ + ૛࡮ࡼ − (૛ࢉ + ૛࡮ࡼ)ࢠ࢟ + ૛࡯ࡼ − (૛ࢇ + ૛࡭ࡼ)࢞ࢠ + ૛࡯ࡼ (૛࢈− ≥ ૙ 

⇒ ൫࢞૛࡭ࡼ૛ + ૛࡭ࡼ࢟࢞ + +૛൯࡭ࡼࢠ࢞ ൫࢟૛࡮ࡼ૛ + ૛࡮ࡼ࢞࢟ + +૛൯࡮ࡼࢠ࢟ ൫ࢠ૛࡯ࡼ૛ + ૛࡯ࡼ࢞ࢠ + ૛൯࡯ࡼ࢟ࢠ ≥ ૛ࢇࢠ࢟ + ૛࢈࢞ࢠ +  ૛ࢉ࢟࢞

⇒ ࢞) + ࢟ + ૛࡭ࡼ࢞)(ࢠ + ૛࡮ࡼ࢟ + (૛࡯ࡼࢠ ≥ ૛ࢇࢠ࢟ + ૛࢈࢞ࢠ +   ૛ ... (LQQD)ࢉ࢟࢞

Por la tanto, desde que: 

࢞) + ࢟ + ૛࡭ࡼ࢞)(ࢠ + ૛࡮ࡼ࢟ + (૛࡯ࡼࢠ ≥ ૛ࢇࢠ࢟ + ૛࢈࢞ࢠ +  ૛ࢉ࢟࢞

Sean: ࢞ = ૚
࡭ࡼ

> ݕ,0 = ૚
࡮ࡼ

> ݖ,0 = ૚
࡯ࡼ

> 0 

⇒ ൬
૚
࡭ࡼ

+
૚
࡮ࡼ

+
૚
࡯ࡼ

൰ ࡭ࡼ) + ࡮ࡼ + (࡯ࡼ ≥
૛ࢇ

࡯ࡼ࡮ࡼ
+

૛࢈

࡯ࡼ࡭ࡼ
+

૛ࢉ

࡮ࡼ࡭ࡼ
 

⇒ ൬
૚
࡭ࡼ +

૚
࡮ࡼ +

૚
൰࡯ࡼ

࡭ࡼ) + ࡮ࡼ + ૜(࡯ࡼ ≥ ቆ
૛ࢇ

࡯ࡼ࡮ࡼ +
૛࢈

࡯ࡼ࡭ࡼ +
૛ࢉ

ቇ࡮ࡼ࡭ࡼ
࡭ࡼ) + ࡮ࡼ +  ૛(࡯ࡼ

Por la desigualdad de Cauchy: 

ቆ
૛ࢇ

+࡯ࡼ࡮ࡼ
૛࢈

+࡯ࡼ࡭ࡼ
૛ࢉ

࡮ࡼ࡭ࡼ
ቇ ࡭ࡼ) + ࡮ࡼ + ૛(࡯ࡼ ≥ ቆ

૛ࢇ

+࡯ࡼ࡮ࡼ
૛࢈

+࡯ࡼ࡭ࡼ
૛ࢉ

࡮ࡼ࡭ࡼ
ቇ૜(࡯ࡼ࡮ࡼ+ +࡯ࡼ࡭ࡼ (࡮ࡼ࡭ࡼ ≥ 

≥ ૜ +࢈+ࢇ) (ࢉ ૛ 
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Por transtivitidad: ቀ ૚
࡭ࡼ

+ ૚
࡮ࡼ

+ ૚
࡯ࡼ
ቁ ࡭ࡼ) + ࡮ࡼ + ૜(࡯ࡼ ≥ ૜(ࢇ + ࢈ +   ૛ ... (LQQD)(ࢉ

 

100. Prove that in any triangle: 

ࢇ࢘
࢈࢘

+
࢈࢘
ࢉ࢘

+
ࢉ࢘
ࢇ࢘

≥ ඨ
૝(૝ࡾ + ૛(࢘

૛࢖ − ૜ ≥ ૜ 

Proposed by Adil Abdullayev – Baku – Azerbaidian 

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࢇ࢘ :࡯࡮࡭
࢈࢘

+ ࢈࢘
ࢉ࢘

+ ࢉ࢘
ࢇ࢘
≥ ට૝(૝ࡾା࢘)૛

૛࢖
− ૜ ≥ ૜ 

1) De la siguiente desigualdad demostrada anteriormente, siendo: ࢞, ࢠ,࢟ > 0: 

ቀ࢟
࢞

+ ࢠ
࢟

+ ࢞
ࢠ
ቁ
૛
≥ ࢞) + ࢟ + (ࢠ ቀ૚

࢞
+ ૚

࢟
+ ૚

ࢠ
ቁ. Sean: ࢞ = ࢟,ࢇ࢘ = ࢠ,ࢉ࢘ =  .࢈࢘

⇒ ൬
ࢇ࢘
࢈࢘

+
࢈࢘
ࢉ࢘

+
ࢉ࢘
ࢇ࢘
൰
૛
≥ ࢇ࢘) + ࢈࢘ + (ࢉ࢘ ൬

૚
ࢇ࢘

+
૚
࢈࢘

+
૚
ࢉ࢘
൰ ⇒ 

⇒ ൬
ࢇ࢘
࢈࢘

+
࢈࢘
ࢉ࢘

+
ࢉ࢘
ࢇ࢘
൰
૛
≥ (૝ࡾ + (࢘ ൬

૚
࢘
൰ 

⇒ ࢇ࢘
࢈࢘

+ ࢈࢘
ࢉ࢘

+ ࢉ࢘
ࢇ࢘
≥ ට૝ࡾା࢘

࢘
≥ ට૝(૝ࡾା࢘)૛

૛࢖
− ૜. Por lo cual es sufficiente probar que:  

ඨ૝ࡾ + ࢘
࢘

≥ ඨ
૝(૝ࡾ + ૛(࢘

૛࢖
− ૜ →

૝ࡾ + ࢘
࢘

≥
૝(૝ࡾ+ ૛(࢘

૛࢖
− ૜ ⇒ 

⇒ ࡾ૛(૝࢖ + ૝࢘) ≥ ૝࢘(૝ࡾ +  ૛ … (A)(࢘

2) Desigualdad de Gerretsen: ࢖૛ ≥ ૚૟࢘ࡾ − ૞࢘૛ 

Utilizando la desigualdad de Gerretsen teneoms en … (A)  

ࡾ૛(૝࢖ + ૝࢘) ≥ (૚૟࢘ࡾ − ૞࢘૛)(૝ࡾ + ૝࢘) ≥ ૝࢘(૝ࡾ +  ૛(࢘
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Por último probaremos que: (૚૟࢘ࡾ − ૞࢘૛)(૝ࡾ + ૝࢘) ≥ ૝࢘(૝ࡾ+  ૛(࢘

⇒ ૟૝ࡾ૛࢘ + ૝૝࢘ࡾ૛ − ૛૙࢘૜ ≥ ૟૝ࡾ૛࢘ + ૜૛࢘ࡾ૛ + ૝࢘૜ 

⇒ ૚૛࢘૛(ࡾ − ૛࢘) ≥ ૙ ⇔ Siendo esto último válido por desigualdad de Euler: 

ࡾ) ≥ ૛࢘). Ahora demostraremos ࡿࡴࡾ 

3) ට૝(૝ࡾା࢘)૛

૛࢖
− ૜ ≥ ૜. Desde que: 

૝ࡾ + ࢘ = ࢇ࢘ + ࢈࢘ + ࢉ࢘ = ࢖ ܖ܉ܜ
࡭
૛ + ࢖ ܖ܉ܜ

࡮
૛ + ࢖ ܖ܉ܜ

࡯
૛ → 

→
૝ࡾ + ࢘
࢖

= ܖ܉ܜ
࡭
૛

+ ܖ܉ܜ
࡮
૛

+ ܖ܉ܜ
࡯
૛
≥ ૜ ቌܖ܉ܜ

࡭
૛ + ࡮

૛ + ࡯
૛

૜ ቍ = √૜ 

Por lo tanto: ⇒ ට૝(૝ࡾା࢘)૛

૛࢖
− ૜ ≥ ඥ૝(૜) − ૜ = ૜ … (LQQD) 
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Its nice to be important but more important its to be 

nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 
 

 


