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Problem: Let a,b,c be nonnegative real numbers such that ¢ = min{a, b, c}.

Prove
a’ + b + ¢? 8abc S 94 2c(a — b)?
ab+bc+ca  (a+b)(b+c)(c+a) ~ 3(a+b)(b+c)(c+a)
Solution.
lemma:
If a,b,c > 0 and ¢ = min{a, b, ¢} then.
a?+ b2+ 2 8abe < 2ab + c? 2(a+b)c 2c(a — b)?

ab+bc—|—ca+(a—|—b)(b+c)(c+a) “ab+bcteca (b+c)(c+a) 3(a+b)(b+c)(c+a)



Write the inequality as follows.

(a — b)? < 8(a —b)?c
ab+bc+ca ~ 3(a+b)(b+c)(c+ a)

3(a+b)(b+c)(c+ a) > 8c(ab+ be + ca).

We make the substitutions

a=c+x
b=c+y
z,y >0

The inequlity becomes as follows.
8(x +y)c® 4+ 2(32? + 5xy + 3y?)c + 3axy(x +y) >0

Thus, the proof is completed. Therefore, it suffices to show that

2ab + c? 2(a+b)c
ab+bc+ca  (b+c)(c+a) —

(a—rc)(b—c)
(a+c)(b+c)(ab+ bc+ ca) —

The equality occurs for a =b=c, and forc=0and b=cll




Problem: Let a,b,c be nonnegative real numbers such that a + b+ ¢ = 3 and

¢ = min{a, b, ¢}. Prove that

a? 15 a—b\?
Zb+c+2(ab+bc+ca)2?+( 1 ) .

cyc

Solution.
lemma:
If a,b,c > 0 and ¢ = min{a, b, c} then.

a? b? (a+b)? (a+0b)? (a—0b)?
2ab >
b—&—chc—&—aJr @ _a—|—b—|—26jL 2 * 16
Or
(a —b)*(a+b+c)? S 9(a — b)?
(a+c)b+c)a+b+2c) = 16
By the AG inequality, we have
3
a+c)b+c)la+b+2c) < (3+c) < 16.
(at o) -

Thus, the proof is completed. Therefore, it suffices to show

(3—¢)?  (a+b)? c? 15
2(3—¢) > —.
5vc Tz Tg_ tHB-9z3
Or ) )
3c*(c—1) >0
29 —c2) —

The equality occurs fora =b=c,and forc=0and b=cll



Problem: Let a,b,c be nonnegative real numbers such that a + b+ ¢ = 3 and

¢ = min{a, b, c}. Prove
3(a* +b" + ") +33 > 14(a® + 0> + ) 4+ 2(a — b)?

Solution.
lemma:
If a,b,c > 0 and ¢ = min{a, b,c} — a + b > 2, then.

4
3(a® +bY) — 14(a2 + b%) > w ~7(a+b)* + 2(a — b)2.
or 3(a — b)*(7a® + ab + 7b?)
< > 9(a — b)>.
We have

3(7a2 4 ab+7b%) 3 [(a—b)>+6(a +b)?] -
8 B 8 -7

Thus, the proof is completed. Therefore, it suffices to

EEPAY!
w +3c* +33> 14 +7(3 — ¢)?,

Which is
3(c—1)*(3c +1)?
8

> 0.

The equality occurs fora=b=c=1, B



Problem: Let a,b,c be nonnegative real numbers such that a + b+ ¢ = 3 and

¢ = max{a, b, c}. Prove

1 1 1 2ab+bc+ca) _ 13  [a—b\"
> -
a—|—1+b+1+c—|—1 9 _6+<12)
Solution.
lemma:
If a,b,¢ > 0 and ¢ = max{a,b,c} = a+b<2
1 1 2ab 4 (a+0b)? (a—0b)?
—_— —_— > .
a+1+b+1+ 9 _a+b+2+ 18 + 144
Or
(a— by o (a—by
(a+1)(b+1)(a+b+2) = 16
Or 5
2
(@+1)(b+1)(a+b+2)< W < 16.
Thus, the proof is completed. Therefore, it suffices to
4 (3 —c)? 1 2¢(3—¢) _ 13
> —.
5—c+ 18 + c+1 + 9 - 6

(c=1)%(c—2)?
6G-act1) ="

The equality occurs fora =b=c=1,and forc=2and a =b= % |



Problem: Let a,b,c be positive real numbers such that a +b+c =1 and ¢ =
max{a, b, c}. Prove
11 1 3(a — b)?

—F gt HA8(abtbetca) > 25+ =

lemma:

If a,b,¢ > 0 and ¢ = max{a,b,c} = a+b< % then

1

1 4 2 3(a—0b)?
—+ - +48ab> —— +12(a+b)° + ———.
sty t 8a_a+b+ (a+b) +

2
Or
(a —b)* _ 27(a —b)?
abla +b) — 2
Thus, the proof is completed, because

(a+0b)°

<
ab(a+b) < 1

<2
- 27
T herefore, it suffices to

4 1
T 120 -’ + ~ +48¢(1—¢) > 2.

(3¢ —1)%(2c —1)2
c(l—c¢) 2 0.

The equality occurs for a =b=c= %, and for ¢ = % and a =b= % |

Example: Schur. Let a, b, c be nonnegative real numbers, then
a® +b° 4 ¢ + 3abe > ab(a + b) 4 be(b + ¢) + ca(c + a)

Example: khanhsy. Let a, b, c, m be nonnegative real numbers such that a + b+

¢ = 3. Prove that

Z a2 +64(ab+bc+ca)>ﬁ
a—+2 243 — 81"

cyc



Example: khanhsy. Let a, b, c, m be nonnegative real numbers such that a +b+

¢ = 3. Prove that

Z 1 +16(ab+bc+ca) 241
a+4 1125 = 375

cyc
Example: khanhsy. Let a, b, ¢, m be nonnegative real numbers such that a+b+c = 3.
Prove that

a® 48m? 25m? +18m +9
b+b > 200 T oY
Za+m+(3m+3)3(a +heca) 2 3(m+1)3

cyc
Example: Jack Garfunkel. Let a, b, ¢, be nonnegative real numbers, then
a? + b+ 8abc
ab+bc+ca  (a+b)(b+c)(c+a) —

Example: AoPs. Let a, b, ¢, be be positive real numbers such that abc = 1 and. Prove
that

PP+ 16> (atbret+rt+1).
2 a b ¢

Example: Vasile Cirtoaje. Let a, b, ¢ be positive real numbers such that a+b+c = 3.
Prove that

8(1+1+1)+9210(a2+b2+c2)
a b ¢



Problem: Let a,b, c be positive real numbers. Prove that

2 2 2
a n b n c >1 b n c n a
a+b b+c c+a ~—2\a+b b+c c+a

Solution.

Let
a z+1
a+b 2
b y+1
b+ec 2
c _z+1
c+a 2

Where z,y,z € (=1;1) andz + y + z + zyz = 0This inequality is equivalent to
2 2 2
4y +2°+3@@+y+2) >0

Or
x2+y2+z2—3wy220

By virtue of the Am-GM, we have
2? + P+ 22+ —ayz > 3 (zyz)? — 3zyz > 3lzyz| — 3zyz >0

The equation occurs t =y =z =0or a = b =c W Problem: Let a,b, c be positive
real numbers such that abc = 1. Prove that

3a’>+a n 32 +b " 32 +¢
(I+a)? (1402 (1+¢? ~

Solution.
Let
o= 1—=x
_11+x
b= Y
1+y
. 1—2z
T 142z

Where z,y, 2z € (—1;1). Since abc = 1 involves  + y + z + xyz = 0 This inequality is

equivalent to

2 2 2
°—3rx+2 y —-3y+2 2z2—3z2+2
>
2 + 2 + 2 23
Or
m2+y2+z2+3xyz20

By virtue of the Am-GM, we have
2? + 7 + 22 + 3zyz > 3%/ (2yz)? + 3zyz > 3|ayz| + 3zyz > 0

The equation occurs t =y=z=0ora=b=c. B



Example: From Mathematics and Youth Magazine in VietNam. If a,b, c

are positive real numbers, then

2 2 2
)V () () e R
a+b b+c c+a —2\a+b b+c cHa

Example: Vasile Cirtoaje. If a, b, ¢ are positive real numbers such that abc = 1.

Prove that ) ) )
4a 4b 4c
1 14+ — 1 > 27
( +a+b) +( +b+c) +< +c+a> -

Example: Pham Van Thuan. If a, b, ¢ are positive real numbers, then

LR SRR S 2 -
1+a?  (1+02  (I+e2  OA+a)d+b(1+e =






