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51. An Inequality from RMM with a Generic 5
Prove that, for a,b,c > 0,

. 6abc
v/ (2 5)(2b+5)(2¢+5) > ————
V2a+5)(20+5)(2+5) 2 =

Proposed by Daniel Sitaru - Romania

Proof:
By Hoélder’s inequality,
2V/abe + 5 = V8abe + V125 < V/2a+5v2b+ 5V/2c + 5
= {/(2a +5)(2b+ 5)(2¢ + 5)
On the other hand, 2v/abe > —-3%¢__ Indeed, by the AM - GM inequality, the

; . ab+bc+ca
latter is equivalent to

2V abe(ab + be + ca) > 2V abe (3 Y (abc)Q) = 6abc

Acknowledgment (by Alexander Bogomolny - USA)

Daniel Sitaru has kindly posted the above problem from the Romanian
Mathematical Magazine, with two practically identical proofs - one by Kevin
Soto Palacios (Peru), the other Pham Quy (Vietnam), at the Cut TheKnotMath

page.

52. An Inequality from RMM with Powers of 2
Prove that, for x,y,z >0
27 42V 4 27 4 27TUFE 5 TRY16wy 4+ VR/16v= + V1627 + 1
Proposed by Daniel Sitaru - Romanian

Proof (by Ravi Prakash - India):
Note that

2$ + 2y + 2Z 4 2m+y+z _ 2:c+y _ 2y+z _ 22+x ~1
— (2" —1)(2Y = 1)(27 = 1) > 0,
implying that
9T 1 9Y 4 9% 4 9rtytz o 9Tty 4 oytz | 9ztT 4
But

27 — 473" > 4 = TRY16%
The required inequality follows from the above by cycling through the pairs (y, 2)
and (z, ) then adding. O

Acknowledgment (by Alexander Bogomolny - USA)

Daniel Sitaru has kindly posted the above problem from the Romanian
Mathematical Magazine, with a proof by Ravi Prakash (India), at the
CutTheKnotMath page.



53. An Inequality in Acute Triangle, Courtesy of Ceva’s Theorema
Let, in AABC,a,b,c, AA'", BB',CC" be the altitudes; AA”,BB",CC" the angle
bisectors, and AA", BB",CC" the symmedians.

Then

AB'-BC'-CA'+ AB" - BC" -CA" + AB" - BC" - CA" < —abe.

col w

Proposed by Daniel Sitaru - Romania

Proof (by Daniel Sitaru - Romania):
Lemma:

Assume that in an acute AABC,AAy, BBy, CCy are concurrent cevians. Then
8'£%40'(1BO'44C% S abc.

For convenience, denote BAg = x1, AgC = y1,CBy = x2, BgA = ys, ACy = x3,
CyoB = y3. Then by Ceva’s theorem,
1 T2 X3
Y1 Y2 Y3
We have to prove that 8zizoxs < (1 + y1)(x2 + y2)(z3 + y3). In other words, we
need to show that

=1.

ity T2ty2 T3+Yys >
X1 T2 T3 =7

(1+2)(1+2)(1+2) =5
1 L2 L3

Multiplying out, this is reduced to

1+£+%+£+y1y2+y2y3+y3y1+y1y2y3 >3
T T2 I3 T1X9 o3 T3l T1T2T3

or,

Making multiple uses of Ceva’s theorem, this is equivalent to
T T x
R T PR Y

ry r2 T3 Y3 Y Y2

x T x
(y—l + —1)+(& + —2)+<$ + —3) >6
1 N T2 Y2 T3 Y3
which is true by the AM - GM inequality applied thrice.
Since the triples of angle bisectors, altitudes, and symmedians are all concurrent
cevians, we may apply the lemma to each triple:
8-AB'-BC'-CA' < abe
8-AB"-BC"-CA"” < abe
8-AB" - BC" .CA" < abe
Adding up give the desired result. O

and, in turn, to

Aknowledgment (by Alexander Bogomolny - USA)
The inequality with the solution has been posted by Daniel Sitaru at the
CutTheKnotMath page.



54. Power and Fractions Inequality

Prove that, for a,b,c >0,
a’v? ab
- 2 -
Z P c

cycl cycl
Proposed by Daniel Sitaru - Romania

Proof 1 (by Ravi Prakash - India):

By the AM - GM inequality,
A I ><a303 ba gb)% _ Jac
bd c  a b’

bd c a

L. 3 3 . 33 .
Similarly, 24 +%+%2%andcg —|—%—|—%‘12%. Adding up,

C a

3.3 b b
) L) P

cycl cycl cycl

which directly proves the required inequality. ([

Proof 2 (by Lam Phan - Vietnam).
By the AM - GM inequality,
33 33 3.3

ac? _ a?c® b3ad b2a® ¢ c a’c
2> = e ) )
!

3 b3 3
S A LA L
be ca ab
a® b b3 c? & ad ab be ca ac
==+ — - 4+ = — 4 —)>2—4+2—+2—=2 —
(bcJrca)Jr<ca+ab)+(abJr bc) - ¢ * a + 2 Z b

Proof 3 (by Soumava Chakraborty - India).
The given inequality is equivalent to

Z a®b® > atbict Z a’b?.
cycl cycl
Let a?b? = z,b%c? =y, c%a® = z, 2,9,z > 0. We need to prove that
(1) st oyt 42t > ayz(a 4y + 2)
Schur’s inequality for t = 2 gives
(a) @' +y' 4+t Fayze+y+2) > ay(@® +07) +y2(y’ + 2%) + za(27 + 2?)
Now, z2 + y? > 2zy, etc., so that
(2) ry(2® + %) Fyz(y? + 2%) + 2w(2? + 2?%) > 2(2y? + y22? + 2%2?)
Further,
202y + 92 2% 4 222?) — 2ayz(r +y + 2) =
= (zy —y2)? + (yz — 22)° + (22 —2y)* > 0,
implying
(3) 2(z?y? + 222 + 222?) > 2ayz(x +y + 2)
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and (3) give

(b) wy(x® +y%) +y2(y? + 2%) + 20(2* + 2%) > 2eyz(z +y + 2)
@ and (]E[) add up to the required O
Proof 4 (by Rory Tarnow - Mordi).
a’b? a’® b3 Ba?
=Y (a2
cycl cycl
a®b®  adp® B3 Bad\i ab
23 (T e ) =l
cycl cycl

Proof 5 (by Alexander Bogomolny - USA).
As in Proof 3, the required inequality is reduced to

Z a®v® > a*dvic? Z a’b?.
cycl cycl
By Chebysev’s inequality,
3 Z a®v® > Z a®p® Z a’b?.
cycl cycl cycl
But, by the AM - GM inequality,
Za6b6 > 3(a12b12012)§ — 3g4pict
cycl
Acknowledgment (by Alexander Bogomolny - USA):
Daniel Sitaru has kindly posted the above problem at the CutTheKnotMath

page, along with several solutions. The problems comes from his book Math Accent.
O

55. An Inequality for the Cevians through Spieker Point via Brocard
Angle

Let AA', BB',CC'be the cevians through the Spieker point in AABC.

Then
a’b? + b2 + *a® > 25(AC' - BA' - CB' + AB' - BC' - CA)

where s is the semiperimeter of AABC and a,b, c are its side lengths.

Proposed by Daniel Sitaru - Romania



Proof (by Alerander Bogomolny - USA).
The Spieker point can be characterised in several ways. One of these is a point
where the three triangle’s cleavers intersect. Thus, in particular,

AB+BA’:AC+CA’:%()+C:57

ie., BA' = %b_c and A'C = “‘Tb“.

C
A Gl i
B a+b—c 2
2
Similarly we can calculate the remaining four segments. To sum up,

AB=DBA= %b—c’
AC=C"A= a—Tb—i—c’

B'C=C'B= %b—kc.

There is a well known expression involving the Brocard angle w of AABC:"
sin o — (—a+b+c)(a—b—ﬁ—c)(a—ﬁ—b—c)(a—l—b—ﬁ—c)'
4(a?b? + b2c? + c%a?)
Using that and 1 > sin? w, we obtain
2B'C -2C'A-2A'B-2s 4s-B'C-C'A-A'B
4(a?b? 4+ b2c? + 2a?) T Q202 1+ 22 1 2q2
4s-A'C-C'B-B'A
a2b? + b2¢2 + 2a?
Summing up leads to the desired result.
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56. Sanchez’s Areas in Bottema’s Configuration

ABQP and CBNL are two squares sharing a vertex. M is the midpoint of AC.

Prove that [AMPN] = [AMLQ)], where [F] denotes the area of shape F'.
Proposed by Miguel Ochoa Sanchez - Peru

Proof (by Leonard Giugiuc - Romania).
Note that AMPN = ABPN UAMBPUAMBN and

AMLQ = ABLQUAMBLUAMBQ :

Let’s set BC = ¢, AB = a. Observe that /ZPBN = QBN + 45° = ZQ BL. Denote
this angle as w. Then

[ABPN] = %(a\/i) cc-sinw = %a~ (¢v/2) - sinw = [ABLQ)].



11

Introduce angles o and ~ as shown:

Q

Then, since [AABM] = [ACBM],
asina = csinvy
Using that,
2([AMBP] + [AMBN]) = BM - (BP -sin /ZMBP + BN -sin /M BN)
= BM- (a 2sin(a 4 45°) + ¢ - sin(y + 900))
= BM - (asina 4+ acosa + ccosy) = BM - (¢siny + acosa + ccos)
= BM - (cosa + csiny + ccosvy) = BM- (asin(a +90°) + ¢v/2sin(y + 450)>

— BM - (BQ -sin /M BQ + BL - sin /M BL) = 2([AMBQ] + [AM BL)),
which proves the require [AMPN] = [AMLQ)]. O

57. Non square Matrix as a Tool for Proving an Inequality
Let a, b, c be non-negative. Prove that

2
2(a + b+ c)(a+ 3b+ 3¢) 2(\/1)(@ +b) +2v/c(b+0) + Vale+ a))
Proposed by Daniel Sitaru, Leonard Giugiuc - Romania

Proof (by Daniel Sitaru, Leonard Giugiuc - Romania,).
Define matrix

A(\/aer Vb+c  Va Ve

b /e JaTe m) . We have A € M, 5(R).

Further
AAt:< a+b+b+ct+a+c \/a(a+b)+2\/c(b+c)+\/a(a—i—c))
Va(a+b) +2y/cb+c)+ /ala+c) a+b+b+c+a+tec
AA" € My(R). By the Cauchy - Binet theorem,det(AA") > 0. More explicitly,
AAL — 2a + 2b+ 2¢ Va(a+b)+2/cb+c)+ ala+c)
Va(a+b) +2y/cb+c)+ y/ala+c) 2a 4 2b+ 2¢



12

whereas,

det(AA") = (2a + 2b+ 2¢)(a +2b + 3c)—<\/b(a +0) +2¢/c(b+¢) + Valc+ a))Q.

Or, else,

det(AAY) = 2(a+b+c) ((a+2b+3c)(\/b(a +b)+2v/c(b+ c)++/alc + a))) >0

O

58. An Inequality with Determinants V
With a,b, c the sides and s the semiperimeter of AABC, prove that

s a’b b2c Za
N a’+b b32+c c35&-a
a“b s ca b c
3 3 3
A= Zzg Za ¢ta baizc >0
b+c  c34a S a’+b
Za b%c a’b s

S+a b3 +c  ad+b
FEquality is only achieved for a =b=c=1.
Proposed by Daniel Sitaru - Romania

Lemma:
For x,y,z,t € R,
x y z t
A — y x t =z
z t T vy
t 2 y «x

— oty +rtD@—yti—try—z—ta—y—z+1)
Proof 1 of Lemma (by Leonard Giugiuc - Romania).
We shall compute the determinant first using row and/or column operations, de-
scribing each step symbolically next to the determinant the operation applied to:
(ri=:ir1t+ra+rs+ra)

z y z t
AT t z
Tzt oz oy
t z y «x
11 1 1 (ca=ica—cazt+ca—ci)
B y x t =z
=@x+y+z+1) 2t z y
t 2z y =z
1 1 1 0 (ca=:ca—c1,c3=:c3—c1)
B B aly oot 1
=@+y+z+t)z—y+z t)z ¢ r 1
t z y 1
1 0 0 0

_ . Ny t-y 1
=@tytzti)e—yt+e t)z t—2z -2z -1

t z—t y—t 1
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T—y t— y 1 (ri=:r1+ra2,r3=:r3+7r2)
=@+yt+z+t)z—y+z—t)|t—2z xz—2 -1
z—t y—t 1

r—y+t—z z—y+t—z 0

=x+y+z+t)z—y+z—1) t—z x—z -1
0 r+y—z—t 0
r—y+t—2 xz—y+t—=z
0 r+y—z—1

=@tytz+)e—y+z-t)e—y+t—2)(z+y—2z—-1)

=@x4+y+z+t)z—y+z—1)

Proof 2 of Lemma (by Alexander Bogomolny - USA).
Note that the matrix in the lemma is defined block-wise, say

r z 2z 1
g ¥ * t z| (A B
Tzt oz oy| \B A)’
t 2z y x
where A = Za; i and B = ¢ E It is easily verifiable that the matrices com-

mute: AB = BA, which allows for an application of Silvester’s theorem, concerning
the determinants of block - matrices. In our case,

det(S) = det(A% — B?) = (2® +y* — 2 — 2%)* — [2(zy — t2)]?
= (2?4 y* — 1% = 2xy + 2t2) (2 +y? —t? — 22 + 22y — 2t2)
~(@=9? == 2?)(@+y? - (t+2)?)

which is exactly the same expression as above.

Reference:
1. John R. Silvester, Determinants of Block Matrices, The Mathematical Gazzete,
Vol. 84, No. 501 (Nov, 2000), pp. 460 - 467 O

Proof (by Daniel Sitaru, Leonard Giugiuc - Romania):
In the problem, let x = s,y = a‘éifb, z = bgi_fc,t = ngfla. We have, for example, by
the AM - GM inequality,

a’b < a’b _ab _\/@<a—|—b
ad+b 7~ 2av/ab  2Vab 2 — 4

For equality, we need a® = b and also a = b, with the only feasible solution
a=b=1.

Similarly to the above, b’;ifc < bjc and ngfa < &2 From these we conclude that
y + z +t < x which guarantees that all four factors in Lemma are nonnegative,
making A’ > 0 and also A > 0. The equality in y + z +t < x is achieved when
a=0b=c=1. Otherwise, A > 0. O

Acknowledgment (by Alexander Bogomolny - USA)
The inequality from the Romanian Mathematical Magazine has been shared
at the CutTheKnotMath page by Daniel Sitaru. The problem and the solution
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above are due to Daniel Sitaru and Leo Giugiuc. I reproduce that part here because
of a lemma of a general character, interesting in its own right.

59. An Inequality with Determinants VI

Let a,b,c > 0, all distinct, and
3 2

1 a a a b2 2
Ar=1 b VP, Ay=[2+c* 2+a? a®?+b?
1 ¢ & be ca ab
Prove that
Ay — Ay

> 12/ (abc)b.
G—aa—o0—o = 2Vl
Proposed by Daniel Sitaru - Romania
Proof (by Ravi Prakash - India):

3|71 —T2,"2="2—7"3

1 a a 0 a—b a®—10°
Ai=|1 b b =10 b—c -6
1 ¢ & 1 c c?
1 a®+ab+0?
—@-Db-a|] G = n0 - aatbo)
a? b? 2 |EEnT a? b A2
Ay =[0>+c2 2+a? a®+b? =@+ +AH1 1 1
be ca ab

bc ca ab

3 3 3 3 13 .3
2 4 g2 5 a b c a® b° c
:% a b cl=W+v+)|a b ¢
ave abc abc abc 1 1 1

= (a®>+ b+ A,
Thus, we have
A —A
eI AL A AL GRS

3(abc)3 + 3(abe)3 (a® + b + ) > 3(abe)s - 4(a?b*c?)F = 12(abc)s
(I
Acknowledgment (by Alexander Bogomolny - USA)

The inequality from his book ”Ice Math” (Problem 026) has been kindly shared

at the CutTheKnotMath page by Daniel Sitaru, along with a solution by Ravi
Prakash.

60. Inequality in Quadrilateral
In a quadrilateral ABCD, with sides AB = a, BC =b,CD =c¢, DA =d, the

following inequality holds
> Va2 + b+ >2v3- AC- BD.

cycl

Proposed by Daniel Sitaru - Romania
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Proof (by Alerander Bogomolny- USA).
The Arithmetic Mean - Quadratic Mean inequality gives:

fa? + b2 + 2 < a+b+c
3 - 3 ’

implying va? + b + ¢ > L\}’gc and similarly, for other triples of the sides, such

that, on adding up, we obtain

btc+d
S Vet ey etbietd ) VBa+ b+t a).
cycl \/g

By the AM - GM inequality, a + ¢ > 2\/ac and b+ d > 2v/bd. Now, by the
Ptolemy’s inequality,

(vac + Vbc)®> > ac+ bd > AC - BD,
so that /ac + Vbd > v/AC - BD. Putting everything together shows that
d o Va+ 02+ >V3(a+b+c+d) >2v3(vac+ Vbd) > 2v/3VAC - BD.

cycl

O

Acknowledgment (by Alexander Bogomolny - USA)
The problem, due to Daniel Sitaru, has been published in the Romanian Math-
ematical Magazine where more solutions can be found.

61. Cyclic Inequality with Logarithms
Let a,b,c > 1. Prove that

(1+ 2a)
In(a’ - b - +6Z1+4+2*3( a+b+c).

Proposed by Daniel Sitaru - Romania

Solution 1 (by Leonard Giugiuc - Romania).
First we prove
Lemma
Fora,b>1,
6b(1 + 2a)
—2 > 3b.
a?+4a+1 "~

Indeed, set f(b) =blna + SS(J:LQJ‘:% —3bon [1,00).

blna +

6(1 + 2a)
"(b) =1 _
() na+a2+4a+1

Now let g(a) = (a® +4a+1)f'(b) = (a®> +4a+1)Ina — 3a%+ 3, on [1,00). We have

1
g (a)=2(a+2)Ina—5a+4+ —.
a

4 1

"(a) =2Ina -3+ - — —

g"(a) na —|—a 2
2(a —1)2

(@) =2 g0

a3
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We deduce that ¢”(a),¢'(a), g(a) are all increasing for a > 1, implying that so is f
and since f(1) = — 1(4‘2) —7 = 0, the conclusion follows.
The other two inequalities are treated in a similar manner and then added to obtain

the required inequality.
f(z) <0, for x < 1,and f'(z) >0, for z > 1.
Since f(1) =0, f(x) > 0, for > 0.

Solution 2 (by Leonard Giugiuc -Romania).
First we prove
Lemma

6(1+2
Function f(z) =Inz + 1‘2(—#%33—7—)1 is strictly increasing on [0, 00).

Indeed, f'(z) = % — %. Further,

fl(x) >0e [(2% + 2+ 1)+ 32]* > 120(2® + 2 + 1),
which is true by the AM - GM inequality for v = 2> +  + 1 and v = 3z. Back

to the problem: by the lemma, f(z) > f(1) = 3,2 > 1.
Thus, bf(a) + cf(b) + af(c) > 3(a + b+ ¢), implying the required inequality. O

Acknowledgment (by Alexander Bogomolny - USA)
The problem above has been posted on the CutTheKnotMath page by Daniel
Sitaru. Leonard Giugiuc submitted two solutions (Solution 1 and Solution 2);
Soumitra Mandal submitted a solution, practically the same as Solution 2.

62. Beatty Sequences II

Assume r and s are two (strictly) irrational numbers that satisfy % + % =1. Then
the sequences {an} = {|nr] : n € N} and {b,} = {|ns] : n € R} are complemen-
tary. In other words,

{an}U{bn} =N and {a,} N{bn} =0
where N ={1,2,3,...}.

This statement of Beatty’s theorem (1926) one proof of which was published in
1927 and has been reproduced elsewhere at this site.

Below is a slight modification of the proof posted by Daniel Sitaru at the
CutTheKnotMath page.

Proof (by Alerxander Bogomolny - USA).
Assume to the contrary that there are integers n, m, ¢ such that

g<mr<q+1

q<ns<q+1,
which is the same as
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n 1 n
< -< -
qg+1 s ¢
Adding up we obtain 7:;:{1 <itlc m;n’ or
m+n m+n
<1l< ,
qg+1 q

so that ¢ < m +n < ¢+ 1, which is impossible since both m + n and ¢ have been
assumed to be integers. This immediately implies that {a,} N {b,} = 0.

Below any integer N the two sequence have between them %J + {%J terms.

Let’s denote the two numbers as, say a(N) and b(N). We have
a(N) <X <a(N)+1and b(N) < & <b(N)+1

so that
o) 1 _a(m 41
N r N
B(N) 1 b(N)+1
N Ss°T N
Adding up gives M <1l< MIZ\’;NHQ’ or

a(N)+b(N) < N < a(N)+b(N)+2. Since all the quantities involved are integers,
it follows that, it follows that N = a(N) +b(N) + 1, or a(N) +b(N) = N — 1, the
exact number of integer intervals up to and including N. Thus every interval of
with successive integer endpoints, say [u,u + 1], contains exactly one term of the
union {a,} U{b,} so that, indeed, {a, }cup{b,} = N. O

63. An Inequality in Cyclic Quadrilateral IV
Prove that in quadrilateral ABC D, with sides AB = a,BC =b,CD = c,
DA =d, and the area = [ABCD)], the following inequality holds
a? — b — P+ d? + 45 < 2v2(ad + be)
Proposed by Daniel Sitaru - Romania

Proof (by Daniel Sitaru - Romania).

In AABD : BD? = a? + d? — 2ad cos A,

In ABCD : BD? = b? + ¢* — 2bccos(m — A).

It follows that a? + d? — 2ad cos A = b + ¢ + 2bccos A, or,

o l . l . . _ 25
S = 2adsmA+ 2bcsmA, or, sin A = adibe-

Let f:(0,27) = R, f(z) =sinx + cosz = ﬂcos(ﬂc+ %)
Thus max f(z) = V2. We now have sinz + cosz < v/2, i.e.
woboetd 4 25 < /2, whichis a® — 02 — ¢+ d2 + 45 < 2V2(ad + be). O

Acknowledgment (by Alexander Bogomolny - USA)
The problem from his book Math Accent has been posted at CutTheKnotMath
page by Daniel Sitaru, with his solution.
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64. Algebraic - Geometric Inequality
Let x,y,z > 0. Prove that

\/x2—\/§xy+y2+\/y2—\/§yz+222\/z2—2x+x2

Proposed by Daniel Sitaru - Romania

Proof 1 (by Leonard Giugiuc - Romania). _
In complex numbers, let u=e% ,v =e7, and w = e12 . We have

Va2 = V3ay +y? = |z — yul, \Jy? — V2yz + 22 = |y — 20| = Jully — 20| =

= |yu — zw|. It follows that
\/:r2—\/§acy—|—yz—|—\/yz—\/iyz—i—z2 = |z — yu| + |yu — zw|

VB V2
2

Z|m—yu+yu—zw|:m—zw:\/xQ—:cz( )+z2

> Va2 —xz+ 22
[l
Proof 2.
Consider triangles ABC and ACD such that AB = x, AC =y, AD = z,
/BAC = %,/CAD = 7. Then BC = /2 — V3zy 4+ 42 and
CD = +\/y2 — 2+ 22. Also, /ZBAD = 75°, BD = \/22 — zx cos 75° + z2.
A
2%
z
T
D
B
Since cos 75° < cos60° = 3, 2% — zw cos 75° + 2% > 22 — zz + 2. Now,
BC +CD > BD > /22 — zx + 22
which proves the required inequality. O

Proof 3.

\/xQ—\/gxy+y2+\/y2—\/§yz+22

VO @) - 32
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V3 z x z V3 -
(e (e ) - e Bt v

since v/2 + 1 > /3. This completes the proof. O

Acknowledgment (by Alexander Bogomolny - USA)
Daniel Sitaru has kindly posted the above problem (from his book ”Math Accent”)
at the CutTheKnotMath page. Solution 1 is by Leo Giugiuc; Solution 2 is by
Ravi Prakash and, independently, by Chris Kyriazis; Solution 3 is by Nguyen Minh
Triet and, independently, by Soumitra Mandal.

65. For Equality Choose Angle Bisector

What Might This Be About?

[ Extra
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Source:

Propuesto Por : Miguel Ochoa

¢ S: FB=EC

Demuestre que:

m«£0 =miop

We’ll prove a little more: the condition BF = CF is not sufficient for 6 = ¢, it is
also necessary:

Given AABC and point D, on neither AB or AC. From circles (ABD) and
(ACD) intersect AC in E;(ACD) intersect AB in F':

Let /ZBAD =60,/CAD = . Prove that § = ¢ if BF = CE.
Proposed by Miguel Ochoa Sanchez - USA

Solution 1 (by Alexander Bogomolny - USA).

Angles 0 and ¢ are subtended by the chords BD, DE in circle (ABD) and by the
chords DF,CD in circle (ACD), implying % = %. In addition,

/BDF = /BDFE — /FDE, whereas Z/CDE = /CDF — ZFDE. Both angles
BDE and CDF are supplementary to Z/BAC and are thus equal. It follows that
/BDF = ZCDE, and, consequently, triangles BDF and CDE are similar. They
are equal when, say, the two chords BD and DF in circle (ABD) are equal. This
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only happens when 8 = . Thus ABDF = ACDFE and then also BF = CE if AD
bisects ZBAC. (]

Solution 2 (by Leonard Giugiuc - Romania).
Here we establish only the sufficiency of the condition BF = CFE for 8 = .
Introduce M, N, P and x as below.

Denote circle (ABE) as w and circle (ACF) as q. By the power of B relative to
q,BM - BC = BF - AB, i.e., a- BM = zc. Similarly, by the power of C with

respect to w,a - CN = z - b. From here, g—]‘]\/,[ =i

P belongs to the radical axis w and g, hence, it has the same power relative to both
w and q. It follows that PB-PN = PC-PM, or PB(PC—-CN) = PC(PB—BM),
which is equivalent to PB - CN = PC - BM, implying % = % = 7. By the
inverse of the Internal Bisector theorem, AP is the angle bisector of ZBAC. [O

Acknowledgment (by Alexander Bogomolny - USA)
The problem that is due to Miguel Ochoa Sanchez has been posted by Leonard
Giugiuc at the CutTheKnotMath page along with a solution (Solution 2).

66. A Cyclic Inequality in Three Variables XX
Prove that, for a,b,c >0, witha+b+c=1.

5> Vab <> {/(a+4b)(2a+ 3b)(3b + 2a)(da + b) <5

cycl cycl

Proposed by Daniel Sitaru - Romania

Proof 1.
By the AM - GM inequality,

> /(a+4b)(2a + 3b)(3b + 2a)(4a + b)
cycl

(a + 4b)(2a + 3b)(3b + 2a)(4a + b)
<> 0

cycl
Again, by the AM - GM inequality,

3" /(a+ 4b)(2a + 30)(3b + 2a)(da + b) <

cycl
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> Z </€/ab4-a2b3-a3b2-a4b: 52\/%.
cycl cycl

This completes the proof. ([l

Proof 2.

{/(a + 4b)(2a + 3b)(3b + 2a)(4a + b)

= /(402 + 4 + 17ab)(6a2 + 6b + 13ab) > /(25ab)(25ab) = 5V ab.
Further

V/(a + 4b)(2a + 3b)(3b + 2a)(4a + b)

4
(a + 4b)(2a + 3b)(3b + 2a)(4a +b) 10 B

cycl

O

Acknowledgment (by Alexander Bogomolny - USA)
This is a problem from the Romanian Mathematical Magazine, posted by
Daniel Sitaru at the CutTheKnotMath page. Solution 1 is by Anas Adlany and
independently by Diego Alvariz and also by Dang Thanh Tung; Solution 2 is by
Kevin Soto Palacios and independently by Soumava Chakraborty.

67. An Inequality from Gazeta Matematica, March 2016 III
Several inequalities with solution by Daniel Sitaru and Leonard Giugiuc have been
just published in Gazeta Matematica (March 2016). Here is one with two of its ap-
plications and a proof (Proof 1) from the article. Along the way several additional
proofs have been added. Proof 2 is by Imad Zak; Proof 3 is by Emil Stoyanov;
Proof 4 is by Grégoire Nicollier.

Let a,b, c be real numbers. Prove that:

a2+ +1>a+ab+b

Proposed by Daniel Sitaru, Leonard Giugiuc - Romania

Proof 1 (by Daniel Sitaru, Leonard Giugiuc - Romania).

Define A = ((11 Z I;) By the Binet - Cauchy theorem, det(AAT) > 0. But
det(AAT) = (a®> +b* +1)? — (a + ab + b)?
proving the inequality at hand. O

Proof 2 (by Imad Zak - Lebanon).

Let S =a+0band P = ab, by the AM - GM inequality, we have P < %2 and
the required inequality is equivalent to S2 — S + 1 > 3P, so suffice it to prove that
S2_S+1> % which is equivalent to %2 —S+1>0,0r (g — 1)2 > 0 which is
clearly true. The equality holds when S =2 and P =1, i.e., whena=0=1. O



Proof 3 (by Emil Stoyanov).
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The required inequality is equivalent to a® — (b+ 1)a + (b*> — b+ 1) > 0. Consider
the quadric function f(z) = 2% — (b+ 1)z + (b*> — b+ 1) > 0. Its discriminant
D= (b+1)? —4b*> +4b— 4 = —3(b — 1)? is never positive, implying that function

f is never negative.

Proof 4 (by Grégoire Nicollier).

O

The inequality reduces to (a — 1)2 + (b — 1)2 > (a — 1)(b — 1) which could be

strengthened to (a — 1)2 + (b —1)? > 2(a — 1)(b— 1).

Proof 5 ( by Alexander Bogomolny - USA).
By the AM - QM inequality,

a®? +b*+1> %(a+b)2+1.
Suffice it to prove that
(a+b)? +2 > 2a + 2ab + 2b.
But this is equivalent to (a — 1)? + (b — 1)2 > 0, which is obvious.
Application 1 (by Daniel Sitaru)

II @+2+n=n J[ @+Vij)

1<i<j<n 1<i<j<n

Observe that a2+b2+1Za—i—b—i—abZab—i—Q\/a»:\/%(Q—i—\/@).

Using this,
I[I @+2+v= ] Viie+Vi)=

1<i<j<n 1<i<j<n

= II Vii [I e+Vin=n J] @+Vij).

1<i<j<n 1<i<j<n 1<i<j<n
Obviously, the inequality can be strengthened.

Application 2 (by Daniel Sitaru)
Prove that

™

2 1 T
- - dr > —.
o sinz +sinxcosx + cosx 4
Set ¢ =sinz and b = cos z.
Then 2 > 1+ sin® z + cos? x > sinx + sinx cos x + cos z, implying

™

z 1 1 [% m
- - dr > = dr > —
o sinx +sinzcosz + cosz 2 Jo 4

Note that, according to wolframalpha,

2 1
/ - - dr ~ 1.02245.
0 ST+ SInXxCosT + Cosx

O



24

68. An Inequality form Gazeta Matematica, March 2016 IV

Several inequalities with solution by Dan Sitaru and Leo Giugiuc have been just
published in Gazeta Matematica (March 2016). Here is one of two exercises that
lets you check your understanding of the technique. I have.

For real a,b,c such that a® 4+ b? + ¢ = 1, prove the inequality
a-+ac+b<2.
Proposed by Daniel Sitaru, Leonard Giugiuc - Romania
Proof (by Alexander Bogomolny - USA ).

Define A = ((11 l{ 2) By the Binet - Cauchy theorem, det(AAT) > 0. But

det(AAT) = (a®> +b* + *)(2 + a®) — (a + ac+ b)? >0,
which is 2+ a? > (a+ ac+b?). Given that a? < a? +b? + ¢® = 1, we conclude that
3>24a*>> (a+ac+b)?

i.e., a +ac+ b < /3 — a somewhat stronger inequality than is required.
With the constraint a? + b2 + ¢ = 2, we are led to 4 > 2+ a? > (a + ac+ b)?, and
a+ ac+ b < 2. Ought to be a typo. (Il

Ilustration (by Nassim Nicholas Taleb - USA)
Nassim Nicholas Taleb has kindly produced the following graphics:

AxesLabel -+ {a, b, c]],
pl5 = RegionPlot3D[a + ac + b< A, {a, 0, 1}, {b, 0, 1}, {c, 0, 1},
AxesLabel -+ {a, b, ¢}, PlotStyle + Transparent]], {1, 1.5, 1.7}]

A |

15535 (=D [+ [rIz] =]
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What graphics tells us is that 1.5535 is closer to the smallest bound for a + ac + b
than /3.

Using Lagrange’s multiplier to find max(a + ac + b) subject to a® + b + ¢ = 1
produced an approximation, 1.576881.

Pradyumna Agashe found this estimate: a + ac + b < % = 1.583. The proof
stems from an equivalent inequality

a 2 2 sav/3 2
(-9 -+ (5 -5) =0

69. Inequality with Roots, Squares and the Area
Let P be an interior point in AABC . Prove that:

V2(PA+ PB+ PC) > \/a? + b + ¢ + 4V/38,
where S = [AABC] , the area of AABC, a, b, c its side lengths. Equality is achieved
when P is the Fermat - Torricelli point in AABC.

Proposed by Daniel Sitaru - Romania

Proof 1 (by Alexander Bogomolny - USA).
Rotate ACBP around B and away from A through 60° into position C'BP’.
Observe that this creates equilateral triangles BCC’" and BPP'.

-----"'..'T-‘-'sﬁ’ C
Ao

Q._ e B i \1

This gives us PB = PP’, and PC = P'C’ so that
(1) PA+ PB+PC=AP+ PP +P'C' > AC'.
The Law of Cosines in AABC’ gives (with ZABC = f3)
AC"™ = AB* + BC"? —2- AB - BC' cos ZABC' = ¢* + a® — 2ac cos(3 + 60°)
1 3

= ¢® + a® — 2ac(cos 60° cos f — sin 60° sin B) = ¢* + a* — 2ac(§ cos 8 — g sin ﬁ)
a’+c* —b?

2

202 4+ 9¢2 — a2 — 2 4+ B2 2 2 132
:a+02a c+ +2\/§S:a+02+ 1 9v35

=%+ a® — (accos B+ V3acsin B) = 2 + a® — ++/3-28
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Thus AC' = \/“2“’2# +2¢/3S. With , this implies

21 12 4 2
PA+ PB+ PC > \/M+2\/§S,
which is the same as the required

V2(PA+ PB+ PC) > \/a2 + b2+ ¢+ 43S
For equality, we need P, P’ € AC".

[]

.

1
A

[

._\ ll

E"‘-h\_ ~. 1
: \

=gt o
In such a case, Z/ZBP'C’ = 120°, for, it’s complementary to ZBP’P. This makes
/BPC = 120°. Also, /BPA = 120°, as complementary to ZBPP’.

ZABC = 120° also, which makes P the Fermat - Torricelli point in AABC.
Naturally, this argument does not work when ZABC > 120°.

Thus,
|
Solution 2 (by Leonard Giugiuc - Romania).

We’ll consider the case in which A, B,C' < 120°. Let T be the Fermat - Torricelli
point. Denote TA = 2, 7B =y and TC = z. Choose T'=0,A = z, B = yu and
C=z2?u= —% + z@ We have:

a? =y* +yz + 22,
b2 =22 4 2z + 22,
a2:x2—|—xy+y2,

45V3 = 3(xy + yz + zz),

so that a? + b + ¢ + 45V3 = 2(x + y + 2)?

Let P = w. We need to show that

. Thus, our inequality reduces to
PA+ PB+ PC >TA+TB+TC, which is known. Let’s prove it, though.

lw— 2| + |w—yu| + |w — 2u?| >z +y+ 2
which is equivalent to

lw — x| + |u?||w — yu| + |u|jw — 2u?| > x4+ y + 2
But

w — | + [w?[Jw = yul + |ullw — 20| > Jw(l +u® +u) = (2 +y + 2)]
=r+y+z.

Naturally, equality holds iff w = 0, i.e., when P =T.
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70. Romano Norwegian Inequality

Here is a sample inequality from a recent book 300 Romanian Mathematical Chal-
lenges by Professor Radu Gologan, Daniel Sitaru and Leonard Giugiuc. The prob-
lem is an invention of Lorian Nelu Saceanu, Norway - Romania. Solution below is
by Leonard Giugiuc.

Let ABC' be a triangle with no obtuse angles.
Prove that vcot A + vcot B+ vcot C > 2.

Proposed by Lorian Nelu Saceanu - Romania

Proof (by Leonard Giugiuc - Romania).
Denote = cot A,y = cot B,z = cot C. Then z,y,z > 0 and xy +yz+ zx = 1. We

need to prove \/z + /y 4+ /z > 2.

WLOG, let’s assume that yz = max{zy, yz,xz}. As a consequences, % <yz <1
Define y 4+ z = 2s and yz = p; then, by the AM - GM inequality, s > p and also

% < p < 1. On the other hand, =z = llfyy = 1*”2. Further

VI+Vz= \/y+z+2,/yz—\/2s—|—2p For any ﬁxedpe[f,l} we consider the

function f, : [p,00) — R, defined by f,(¢) >+ 2+ 2p.
First off, f}(t) = —~

) / .. .

(205 . m We'll prove that f;(¢) > 0. This is equivalent

to showing that 83 > (1 — p?)(2t + 2p), i.e., 4t> — (1 — p*)t — (1 — p?)p > 0, for
t>p.

Define function g,(t) : [p,00) = R, by g,(t) = 4¢3 — (1 — p*)t — (1 — p*)p.
The only critical point of g,(t) in [0,00) is t = 4/ 1;2 , which is clearly less than p,
implying g,(t) > g,(p) = 2p(3p*> — 1) > 0, for ¢ > p, so that

fp(t) > fp(p) =

Thus, suffice it to show that, for p E{ ] NE ® 4 2,/p > 2. This is equivalent
to /UL=RUEP) > 20-P) Ginee 1 — p > 0, we just need to prove /2 > 2VI-E

s, in particular.

2p = 2P 2p = 1+\/ﬁ

2
Set \/p = u. Then u 6[\[,1} and we’ll show that 12+u1§ > 4((11_;72)) which is
9u* + 2u® — 6u? +2u > 0, or (3u? — 1)% + 2u® + 2u > 0. The latter is obviously
true for u € [ 75 ] The proof is complete. ([

71. Radon’s Inequality and Applications

Radon’s Inequality (by Alexander Bogomolny - USA)

The content of the present page has been borrowed (at least in its initial form)
from an article by Dorin Marghidanu Generalisations and Refinements for
Bergstrom and Radon’s Inequalities.



28

If xg,a >0,k €{1,2,...,n},p >0, then:

1 1
bt N xht - Pt (mp we .+ a,)P
al ab ah, T (a1+ax+...+ap)P

The equality is only attained for
ry X2 _ Tn

ay a2 Gnp

Clearly, for p = 1 the inequality becomes that of Bergstrom.

Proof of Radon’s Inequality.
As a first step, we prove the inequality for n = 2, deriving it from the well-known
Holder’s inequality:

1 1
n n B n t
o S < uj) ( vf) ’
i=1 i=1 i=1

where % + % =1,s,t,> 1, and all u; and v; are assumed positive. This is obviously
a generalisation of the Cauchy - Schwarz inequality. The same method will
also work for larger n but I prefer to use Dorin Marghidanu’s original derivation
that depends on the case of n = 2.

Thus, we want to prove that, say,

P+ N yp+1 (;v + y)p—i-l
ap b~ (a+b)p

Setting s = prl and t = p+ 1, we start with

t t

x+y=a%(xl) b%(byl) g(af+b§)%(ajt +y—)

a’s s s

1
t

as  bs

(a—&-b)p(— +

1
Pt yptl (p+1)
aP br

This is equivalent to the required inequality. Now for the rest of n. Define

1 1
bttt D € o S N L
o=+ 2 . B~
ai Ty Ty ar tag+...+ay

Our task is to prove that d,, > 0, for n > 2. We are going to show more, viz., that
the sequence {d,} monotone increasing and, since d; = 0, this will solve the entire
problem of proving Radon’s inequality.

To this end,
+1  p+1 +1 +1
PIPRL A S Gl o Ao Y
mn n — [0
k=1 aj (k) an)P Pt aj, (> km1 ar)?

)

:l (g 2t 1_@:%)?*1 S (S et
(

+1 | = +1 o +1
ST ar)? + % (XChy ar)? Chtian)?  (Tpl aw)?
- n+1
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where in the penultimate step we used the earlier case of n = 2.

Obviously, this proof can be regarded as a proof by induction. O

Reverse Radon’s Inequality

Daniel Sitaru has kindly alert me to the validity of what’s known as the reverse
Radon’s inequality:

If xp,ar >0,k € {1,2,..,n},0 <p <1, then

P P p P
W S < (x1+x20+...+2p)

—1 —1 —1 -1
I ah ' T (e tazt .t ag)Pt

Applications:
1. A Problem in Four Variables

Daniel Sitaru has posted the following problem from the Romanian
Mathematical Magazine:
If a,b,c,d € (0,00), and abed =1 then

(a+b+e)® (b+c+d)® (c+d+a) (d+a+b)5>12
b+c+d)?* (c+d+a)* (d+a+b)?* (a+b+c)*

Proposed by Daniel Sitaru - Romania

Proof (by Alerxander Bogomolny - USA).
The inequality is solved by an application of Radon’s inequality, followed by the
AM - GM inequality:
(@a+b+c)® (b+c+d)® (c+d+a)® N (d+a+0b)° S
b+c+d)?* (c+d+a)* (d+a+bd?* (a+b+0)* ~

Bla+b+c+d)
Bla+b+c+d)*

=3(a+b+c+d) >3-4(abed)F > 12.

Y

2. 42 IMO, Problem 2

Prove that, for all positive a, b, c,
a n b n c -1
a2 +8bc b2 +8ca 2+ 8ab —

Proof (by Alerxander Bogomolny - USA).
The left-land side can be rewritten as

3 3 3
a2 b2 c2
a3 + 8abe + b3 4+ 8abe + c3 4 Sabs

which suggests using Radon’s inequality with p = % and n = 3:

(a+b+c)? _\/ (a+b+c)
a® + b% + ¢3 + 24abe

M > _
(a? 4+ b3 + 2 + 24abc)=
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(a+b+c)3

Thus suffice it to prove that PPt adabe

> 1. This inequality reduces to
ab® + a%b + bc? + b%c + ca® + a > 6abe
which is an immediate consequence of the AM - GM inequality. O

72. An Inequality in Triangle, IX
In an acute AABC,A',A” € BC;B',B" € AC;C’',C" € AB.AA’,BB’,CC’ are
angle bisectors that intersect at the incenter I; AA”, B"”,C" are the altitudes that
intersect at the orthocenter H. Prove that

1
7 [[ 14" HA" < =[] laha,
cycl cycl

where 1y, 1y, l., are the lengths of the bisector and hg, hy, he the lengths of the alti-
tudes in AABC.

Proposed by Daniel Sitaru - Romania

Proof (by Daniel Sitaru - Romania).

Let M be a point in the interior of AABC, and AAy, BBy, CCy the cevians
through M. Then by Gergonne’s Theorem, and, applying the AM - GM
inequality,

M Ay n M By n MCy - MAy MBy, MCy
AAg BBy CCy — V AAy BBy, CCy’

. ! ! !’ " 1" 1 .
In particular, 1 > 27IlA - % . IlL and 1 > 27HhA . % . % whose product gives

the required result. ([

1=

Acknowledgment (by Alexander Bogomolny - USA)
The inequality and the solution have been kindly communicated to me by Daniel
Sitaru.

73. An Inequality in Triangle, X
In any AABC,

%2 Z a®cos BeosC > 16 (Z sin A) (Z cos? A)

cycl cycl cycl
where r is the inradius of AABC.

Proposed by Daniel Sitaru - Romania

Proof (by Daniel Sitaru).

Since, by the Law of Sines, ;15 = ﬁ = 5oz = 2R, where R is the circumra-
dius of AABC,
a bcosC ccosB sinA sinBcosC sinCcosB
A=1|b ccosA acosC|=8R3|sinB sinCcosA sinAcosC
¢ acosB bcosA sinC sin AcosB sin Bcos A
sinA sin(B+C) sinCcosB sin A sin(m — A) sinCcos B

=8R*[sin B sin(A+C) sinAcosC|=8R?|sinB sin(r — B) sinAcosC
sinC sin(A+ B) sinBcosA sinC  sin(r — C) sinBcosA
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sinA sinA sinCcosB

=8R3|sinB sinB sinAdcosC| =0
sinC sinC sinBcos A

On the other hand,

a bcosC ccosB
0=A=1|b ccosA acosC
¢ acosB bcosA

= abccos® A + abecos® C + abecos? A—

—c®cos Acos B — a® cos BcosC — b? cos A cos C

= achcosQAf ZagcosBcosC

cycl cycl
=4RS E cos? A — g a3 cos B cos C,
cycl cycl

where S = [AABC] is the area of AABC. (As is well known, abc=4RS.)
Further,

Za?’ cos BecosC = 4RSZCOS2 A

cycl cycl
=4Rrp Z cos® A
cycl
b
=4Rr - %Zces%él
cycl
so that
a3 cos B cos C
chg o A =2Rr(a+b+c¢)=2Rr-2R- ZsinA = 4R27"ZsinA
cyc cycl cycl
Now using Fuler’s inequality R > 2r,
a3 cos B cos C
eyl = 4R%r > 161°,
(D eyer SILA) (3o cOs? A)
which is the same as the required inequality. (I

Acknowledgment (by Alexander Bogomolny - USA)
The inequality and the solution have been kindly communicated to me by Dan
Sitaru. It was published at the Romanian Mathematical Magazine.

74. An Inequality with Cycling Sums

Acknowledgment (by Alexander Bogomolny - USA)
The following problem and its solution have been communicated to me by Daniel
Sitaru along with Proof 1. Proof 2 has been added by Imad Zak.

Prove that, for all positive numbers x,y, z,xyz = 1 , the following inequality holds:

2 2
4 3 x*+y

E +y° + >E +3
(@"+y°+2) 2 >

cycl cycl

Proposed by Daniel Sitaru - Romania
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Proof 1 (by Daniel Sitaru).
We use the two special cases of Schur’s inequality:

t=1:30 3 4 3xyz > D eyer TY(T 4 y),
t=2:3  qrt Fayzd gt > Y0 vy + yP)

The two inequalities are simplified by nothing that xyz = 1. Add the two:

Z(x4+x3+a:)+3zzx2;ry2+Z(§+g)

cycl cycl cycl
2 2
. Tty T z)
=S (G
cycl cycl
2 2
e +y
> 6
>y
cycl
which prove the required inequality. O

Proof 2 (by Imad Zak - Lebanon).
First note that by the AM - GM inequality,

Z v > 3ayz =3
cycl

Thus (where we also use Schur’s inequality with t = 2),

St +yt+2)=> 2+ ) P+ oz

cycl cycl cycl cycl cycl
S SRS PRI JHETE
cyclz*  cycl cycl cycl
1
> 2 2 _ 1. 9 2
_Zmy(az +y°)+3 Zz(x +y°)+3
cycl cycl
Equality holds when z =y =z = 1. (]

75. An Inequality with Determinants
Let a,b,c,d > 0. Then

a —b 0 0

0 b —c 0 4 5
0 0 ¢ —d > 3v/4(abed) s
1 1 1 1+4d

Determine when the equality holds.
Proposed by Daniel Sitaru - Romania

Proof (by Ravi Prakash - India).
It could be seen that the determinant A in the left-hand side of the required in-
equality equals A = abed + acd + abd + abe + bed which is evaluated via AM - GM
inequality:

A = abcd + acd + abd + abe + bed
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1 1
= Eabcd + §abcd + acd + abd + abc + bed

-

1 % 1\ & 5
>6 Z(abcd)2(acd)(abd)(abc)(bcd)} :6(1) (abed)

=343 (abed)
The equality holds when %abcd =abc=bed =---,i.e., whena=b=c=d=2. O

Acknowledgment (by Alexander Bogomolny - USA)

The inequality from the book Math Accent has been posted at the CutTheKnot-
Math page by Dan Sitaru along with a solution by Ravi Prakash.

76. An Inequality with Determinants II
Let 0 < a,b,c,d < 1. Then

A:

%‘H QL\D Q

1
AP
d*| "~ abed\a b d
el

= o =
Om"—' QMQ —

Proposed by Daniel Sitaru - Romania
Proof 1 (by Leonard Giugiuc).

Start with subtracting the first column from the other three:

1 0 0 0
Al b—a c—a d—a
“la® (b—a)(b+a) (c—a)ict+a) (d—a)(d+a)
1 (b—a)(b+a) (c=a)(cta) (d—a)(d+a)
a? a?b? a2c2 azdz?

b-a)c-a)d-a| + 1 1

5 b+a c+a d+a
Q b+a cta d+a
b2 P a2
1 1 1
(b—a)(c—a)(d—a)
= pTERRT b+a c+a d+a

Ad*(b+a) bV d*(c+a) b*cA(d+a)
_(b—a)(c—a)(d—a)

N a2b2c2d? A
where A’ is being evaluated furher:
1 0 0
A'=| b+a c—b d—b
Ad*(b+a) d*(c—b)(ab+ac+bc) c*(d—b)(ab+ ad+ bd)
It follows that
|(b—a)(c—a)(d—a)(c—0b)(d—b)(d—c)|(abc+ abd 4+ acd + bed)
Al = 202022
a?b?c?d
- abc + abd + acd +bed 1 (1+1+1+1>
a?b?c2d? Cabed\a b ¢ d
because |(b—a)(c —a)(d —a)(c —b)(d — )] < 1.
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Proof 2 (by Hector Manuel Garduno Castaneda).
First of all, the required inequality is equivalent to

a2 b 2 a2
a v d 1 1 1 1
D= PR X R 2} <abcd<—+5+7+g>
1 1 1 1
11 1 1 1 1 1 1
a2 v 2 d? 2 2 2P
Note that D= =135 43 3 go|- SF PO =5 43 3 g
at bt A gt 2ot gt

P(z) is a polynomial of degree 4 and P(b) = P(c) = P(d) = 0. Thus
P(z) = q(b, ¢,d)(x — b)(z — ¢)(ax + )

Indeed, P(a) = q(b,¢,d)(a — b)(a — ¢)(a — d)(aa + B). Now, since D is symmetric
in all four variables, it is easy to show that ¢(b,¢,d) = (b — ¢)(b — d)(c — d) so that

(1) P(z) = (b—¢)(b—d)(c—d)(z = b)(z = ¢)(x — d)(azx + )

On the other hand, in the determinant representation of P(x) we get

1 1 1 1

0 v 2 & Lol
P(O): 0 b3 C3 d3 :b262d2 b C d

0 bt &t gt o &

Comparing this to gives 8 = bed. Thus,
Pz)=0-c)b—d)(c—d)(z—b)(z —c)(z — d)(azx + bed)
Using the symmetry of D again, we obtain a = bc + bd + ¢d, and, therefore,
D=—-P(a)=(b—c)(d—0b)(d—c)(b—a)(c—a)(d—a)(abc + abd + acd + bed)

and the required inequality follows. ([

Acknowledgment (by Alexander Bogomolny - USA)
The inequality from the book Math Power has been posted at the CutTheKnot-

Math page by Dan Sitaru. Solution 1 is by Leo Giugiuc; Solution 2 is by Hector
Manuel Garduno Castaneda.

77. An Inequality with Determinants III
If0<x<a,0<y<b,0<2z<c, then

2 2

0 x? Y z 1 0 a® b? c? 1
z? 0 22 4+y? 2?4221 a® 0 a?+b% a’+c2 1
y? 2%+ q? 0 Y2 +22 1 < a4+ 02 0 2+ 1
22 22422 y? 422 0 1 2 a’+c b+ 0 1
1 1 1 1 0 1 1 1 1 0

Proposed by Daniel Sitaru - Romania
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Proof 1 (by Daniel Sitaru - Romania).
Following the notations in the diagram below:

OA=a:0B=0b;0C =c¢;AC? =a® + ¢*; BC? = b*> + ¢*; AB? = a® + b? and

OM = z;0ON = y;OP = z; MP? = 22 + 22, NP? = 4> + 2%, MN? = 22 + ¢~

One may recollect that

O OA? 0B? 0C? 1
1 0A? 0 OA%2 +0B? 0A?+0C?
VIOABC] = — -|OB? 0A% +0B? 0 OB?>+0C? 1
0C? 0C?+04? 0C?+0B? 0 1
1 1 1 1 0
In other words,
0 a® b2 c? 1
1 a? 0 a?+b2 a’+c2 1
V[OABC] = 288 b2 a®+b? 0 2+ 1
2 a?>+cE P+ 0 1
1 1 1 1 0
Similarly,
0 x> y? 22 1
1 x? 0 2 +y? 2?2422 1
VIOMNP] = 288 y?  x? 4 y? 0 y+22 1
22 2?2422 Y2422 0 1
1 1 1 1 0

and the fact that, obviously, V(OMNP) < V(OABC), proves the required inqual-
ity. [
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Solution 2 (by Alexander Bogomonly - USA).
We’ll use column and row transformations:

0 x? y? 22 1 0 22 y? z 1
z? 0 22 +y? 2?2422 1 x?2 —x? P z 1
y? 2?4 y? 0 v 422 1 =2 22 =y 221
22 2?2422 P42 0 1 22 22 y? =221
1 1 1 1 0 1 0 0 0 0
x? y? 22 1 1 1 1 1
—z2 g 22 1 9 9 o|—1 1 1 1
I I - S R I IS T B R T
x2 y2 =22 1 1 1 -1 1
1 1 1 1 9 0 0
= x2y2z2 -2 0 00 = —x2y2z2 0 -2 0= 8m2y222
0 -2 0 O 0 0 —9
0 0 -2 0
Similarly, the determinant in the right-hand side of the required inequality equals
8a2b?c?, making the inequality obvious. O

Acknowledgment (by Alexander Bogomolny - USA)
The inequality from his book Math Accent has been posted at the CutTheKnot-
Math page by Dan Sitaru. Dan has later communicated privately a solution
(Solution 1) and placed a link to this page at the Romanian Mathematical
Magazine.

78. An Inequality with Integrals and Rearrangement
Acknowledgment (by Alexander Bogomolny - USA)
Leo Giugiuc has kindly communicated to me the following problem, along with a

solution. The problem is from Dan Sitaru’s book Math Accent.
If a,b,c € (0,7) then:

Z b2c? / (cot z)(tan™' z)dx < abc(a® + b3 + %)
0

Proposed by Daniel Sitaru - Romania

Proof (by Leonard Giugiuc - Romania).
arctan x

First off, lim (cotz -arctanz) = lim (cos x -
xz—0t z—0t

- ) =1, implying that the
sinx

function f : [0, 7) — R, defined by

cotx - arctanzx,x € (0,7
flx) = _ (0.7
1,2 =0,

is continuos.
Now, for z € (0, g) ,arctanz < x < tanx, implying that

2
an f(z)dx < an ldx < a, if a E(O, g} .

cotz - arctanz < cotzx - tanaz = 1. It follows that on [07 £:|,f($(}) < 1 so that
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Illustration by Alexander Bogomolny - USA:

{x from - 2.6to 2.6)

—
wm

—ﬁ ff':?//j I/\XI\HI [\]\\ “\% _ (xfrom -154t015.4)

If a E(%,W) then

/Oaf(w)dm—/ogf(:v)dx—k/;f(x)dx</ogf(x)dx<72T<a

Thus, for a € (0,7), [ f(z)dx < a and similarly fob f(x)dz < band [ f(z)de < c.

Thus, Zb203 /a f(x)dz < Zab2c3. But Zab203 = achch

cycl cycl cycl cycl
and, by the rearrangement inequality, Z be? <a® +0* 4 3

cycl

79. An Inequality with Just Two Variables

Prove that, for positive a, b,

2ab n [a? + b2 a—|—b+ [ 2 <(a—|—b)2
a+b 2 2ab a2+0b2 )~ ab

Proposed by Danile Sitaru - Romania

Proof 1 (by Kevin Soto Palacios - Huarmey - Peru).

The required inequality is equivalent to

a+b la? + b2 2ab /2 a b
< z2. 2
1+1+( 2ab)< 2 >+<a+b)< CLQ—I—bQ>_2+b+a7

or,
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(a2_c|z—bb) <V a2_2|—b2>+(a2j-bb) (\/ c12—2&-l)2>S % * 2’

Focusing on the left - hand side:

CaD (VD) 0 (Vo)

B 1 a+b, 5 4ab
= <2ab (a® +b°) + )

2(a? + b?) a+b
1 a+b, 5 o 1 a+b, 5, o
b b) | < b b
2(a2+b2)<2ab (™ +07) + (a+ ))_a+b<2ab (™ +07) + (a+1)
a? + b? l/a b l/a b a b
s 1S G ) =gt

where we applied the AM - GM inequality.

Proof 2 (by Soumava Chakraborty - Kolkata - India).
We know that

Harmonic mean < Arithmetic mean < Quadratic mean,

implying
2 2
2ab _ 2 <a—|—b< [a? 4+ b
a+b %—4—%_ 2 2
such that
2ab a? + b2 a? + b2
1 1/ <24/ .
(1) a—l—bJr 2 - 2
Also,
a+b(i)< /a2+b2<i)
2 \ab/ — 2 ab/’
such that

a+b [ 2 [a?2 4+ b2 /1 [ 2
2 < _ -
(2) 2ab + a2 4+b2 — 2 (ab) + a? + b2’

Multiplying (1)) and (2] we get

2ab [a2 + b2 a+b 2
<a+b+ 2 ><2ab +Va2+b2>
a2 + b2 \/a2+b2 1 2 a® +b? (a+b)?
<2 Y4y - 2 — .
- \/ 2 ( 2 (ab)Jr a? + b2 ab + ab




39

Proof 3 (by Daniel Sitaru - Romania).
WLOG, assume a < b. As before,

2ab 2 a+b a? + b2
< = < < <b.
V<espT IS SV S

We'll use Schweitzer’s inequality:
(zxk> <z>g (m+ APt
k=1 =1 Tk m
where x1,...,x, € [m, M], M > 0.

. 2ab [a? + b? i
with =2,21 = m,xg =\~ we directly get
2 12 2
2ab n [a®+b a+b+ [ 2 < (a+0b) -
a+b 2 2ab a2+ b2 ab

Acknowledgment (by Alexander Bogomolny - USA)
The problem above has been kindly posted to the CutTheKnotMath page by
Dan Sitaru, along with several solutions. Solution 1 is by Kevin Soto Palacios;
Solution 2 by Soumava Chakraborty; Solution 3 is by Dan Sitaru.

O

80. Inequality with Cubes and Cube Roots
In AABC,
> (Va+ Vo)’ = V3a+ V3b+ V3c -2
eyel
where, ays usual, a,b, c denote the side lengths of the triangle.
Proposed by Daniel Sitaru - Romania
Proof 1 (by Leonard Giugiuc - Romania,).
First note that /a, v/b, {/c from a triangle. Indeed,
(Ya+ Vb) =a+b+3Vab(Ya+ Vb) >a+b>c,
implying &/a + /b > &/c. With this in mind, denote
—a+ b+ Ve =2,
Va— b+ e =2y,
Ya+ Vb — Ye=2z.
Then z,y,z > 0. Further ¥/a =y + 2, Vb =z + z, and ¢/c = z +y. The required
inequality becomes
4@+ P+ 23 > VB ty+2) — 1.
Let x +y + z = 3s. By Jensen’s inequality, 2% + 3 + 23 > 353, with equality only
if x =y = z + s. Hence, suffice it to show that
125% —3V/3s+1>0,
which is equivalent to (24/3s — 1)(+/3s + 1) > 0,3 which is obviously true.

Equality holds only if z =y =2 = %, ie,whena=b=c=1 O

3-
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Proof 2 (by Daniel Sitaru - Romania).
By the AM - GM inequality,
. 2 ; 1 1
(%+€/B—%)3+§=(%+€/B—\%)3+§+§

3[(3 3 3 1 17 3 3 3 3 3 3 3 3
34/ (a4 VYo 5 h = S V- 0 = B3+ VB 0
That is,
(%+€/B—€/E)2+§2 V3a + V/3b — V/3c.
Similarly,
(Vot o= ay’ + > > 3+ V3e — V3a
and

. . 2 A
(%+€/&—%)3+§2 V3e+ V/3a — V/3b

Adding the three gives the required inequality. Equality is attained for
a = b = C = %. |:|

Acknowledgment (by Alexander Bogomolny - USA)
I am grateful to Dan Sitaru for communicated to me the above problem from his
book Math Accent, with two solutions. Solution 1 is by Leo Giugiuc, Solution 2 is
by Dan Sitaru.

81. A Followup on Solving A Fourth Degree Equation

Acknowledgment (by Alexander Bogomolny - USA)

I learned of a problem posted by Dan Sitaru from a solution by Kunihiko Chikaya.
More than the solution I liked the question, and not even the question its being a
followup on the previous one. This teaches a brilliant way to generate new problems
by modifying the ones already solved. This is certainly an excellent illustration of
George Polya’s last step - Looking back - in problem solving.

Find

4

>_lil

i=1
where x;,1 = 1,2,3,4 are the roots of

z* + 82° + 2327 + 282+ 10 =0

Proposed by Daniel Sitaru - Romania
Proof (by Kunihiko Chikaya - Tokyo - Japan).
Clearly this problem is a followup on another one where a similar equation has

been solved by three different methods. Any of these will be a good first step for
answering the question at hand. I'll use the second solution which implies that

2 +82% + 2322 + 282 + 10 = (v + 2)* — (v +2)* — 2.

Thus we are led to four roots of the given polynomial; —2 + v/2 and 2 + i, whose
moduli add up to 4 + 2/5. O
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82. An Inequality in Triangle III

Prove that in AABC, with angles A, B, C side lengths a, b, ¢ the following inequality

holds: ; . )
a(b+c ct+a cla +

(b+e) | bera) | clath)

be - cos? é ca - cos? % ab - cos? %

Proposed by Daniel Sitaru - Romania

> 8.

Proof 1 (by Daniel Sitaru, Leonard Giugiuc - Romania).
WLOG, assume a > b > ¢. Then ab + ac > bc+ ca > ¢b + ca; also, ﬁ >1>1

= ca = ab*
From these, “b;'c“c > “b;'cbc > bc:b“‘:. On the other hand, = 1+ tan? z and the

_1
cos? x

tangent function in strictly increasing and positive on (0, 7 |, hence

1 + tan? g > 1+ tan? g > 1+ tan? % We can apply now Chebyshev’s inequality

to get
b
z a+acAZ
be - cos? 5
cyc
l/ab+ac ab+bc be+ ac
> (e e !

-3 be ac ab
Suffice it to prove that

A B C
3 + tan? Bl + tan? 5 + tan? 5)

1/ab b+ b b A B
7((1 +ac+a+0+ C+ac)(3+tan2—+tan2—+tan2€)224
3 be ac ab 2 2 2
But obviously abgrcac + abjcbc + bc;rbac > 6. On the other hand,
A B C 1 A B C\?2
3—|—tan2§ + tan? 5 —|—tan2§ >3+ g(taDE —l—tan? +tan§) >34+1=4
O
Proof 2 (by Kunihiko Chikaya - Japan).
From the half - angle formula and the Low of Cosine,
2 A 1+cosA (b+c)?—a?
cos® — = = ,
2 2 4be
and similarly for the other two angles. Thus the inequality at hand is equivalent to
a(b+c) b(c+ a) cla+b) -
(b+c)2—a? (c+a)2—-0 (a+b2—-c2~"
or,
b b b
a(b+c) (c+a) cla+Db) > 2a+bt o),
b+c—a c+a—-b a+b-—c
or, else
a? b2 c?
+ + >a+b+e,
b+c—a c+a—-b a+b—c
Now, by the Cauchy - Schwarz inequality, for any x,y,z > 0,
2 2 2 2
a® b7+ci>(a+b+c)7
T Y z  rty+z
which with x =b+c—a,y=c+a—b,z=a+b— c gives
2 2 2 2
a b c >(a+b—|—c) et bt

b—|—c—a+c—|—a—b+a—|—b—c_ at+b+ec
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Proof 3 (by Alexander Bogomolny - USA).

We know that cos? g = W7 where p = % is the semiperimeter of AABC.

Thus, the required inequality can be rewritten as
a(b+c blc+a c(b+a
(b+c)  Meta)  clbta)

p(p—a) plp—>b) pp-—-c =

Now observe that a(bfc) =24 %, and similar for the other two fractions.
p(p—a) p ' p(p—a)
Since, chc 2;“ = 4, the required inequality reduces to

a? b2 2

+ +

pp—a) plp—0b) plp—c)
Consider the function f(z) = px_%’ f(x) = (pz_xf)Q >0 and f"(z) = % < 0 for
x € (0,p). Thus the function is convex on (0,p). Keeping p fixed, we may apply
Jensen’s inequality:

>4

a2 b2 CQ (%IH-C)Q
+ + >
plp—a)  plp—0)  plp—c) = p(p— Le)
—37(2%)2 _g. 2.3y
Cplp—-2) T 91

The problem form the Math Phenomenon has been posted at the CutTheNotMath
page by Dan Sitaru, along with a solution (Solution 1) by Leo Giugiuc and Dan
Sitaru. Solution 2 is by Kunikiko Chikaya. O

83. An Inequality with Exponents

Acknowledgment (by Alexander Bogomolny - USA)
Dan Sitaru has kindly posted a problem form his book ”Math Phenomenon” at the
CutTheKnotMath page. He also posted a solution (Solution 1)

If a,b,c € (0,1], then
e% (b . a2‘/§—|—c-b2‘/g+ a- 62\/6) > 3vabe.
When does the equality hold?
Proposed by Daniel Sitaru - Romania

Proof 1 (by Daniel Sitaru - Romania).

Define f(z) : (0,1] — R with f(z) = 22V% f/(z) = 22V" 2 (2 + Inx).
lim .132\/5 — lim 62\/51nx — teimIﬁOJr Velnz _ 60 =1
z—0t z—0+t

f'(x) has the only root that can be found from 2 +Inz = 0, giving z = =2,

Thus f(z) is monotone decreasing on (0, e~2] and monotone increasing on
(e72,1].f(1) = 1. It follows that

et < a2V < 1,6_% < b2‘/g < 1,6_% < r2Ve < 1.
And, subsequently,

4
boe e §ba2ﬁ< 1,c~e*% §0b2ﬁ< l,a-e < §a02\/5< 1.
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Adding up and using the AM - GM inequality,
be edc-ecda-e ¢ > (a—l—b—i—c)e_% > 3vVabc-e" <.

In other words,
e% (b-e_% —l—c-e_% —I—a-e_%) > 3vabe.

Proof 2 (by Alexander Bogomolny - USA).
This solution is much the same as the first one, with a few simplifications. First,
replace a = 22,b = y?, ¢ = 22 to reduce the required inequality to
e%(y2x4x + 22y4y + $224Z) >3 3 xzygzg.
With the AM-GM inequality we obtain

é(yzz‘“’ + 22y a?1) > Yyt (a2

4
e

L 143
1l 1
> v | ” _ g/ (1)

The latter inequality is the consequence of the properties of function f(x) = z%,

defined for z > 0. Its derivative f'(x) = 2%(1 +Inx) vanishes only at = 1, where

e
the function attains its minimum:

10F /

R

0.5 1.0 1.5 20 2.5 3.0

Indeed, the derivative f’(z) = 2%(1 4+ Inz) is negative for z < 1 and positive for
T > % Thus the required inequality hods for a, b, c > 0.
The equality is attained when x =y = 2z = %, i.e., whena=b=c= in which

case both sides of the inequality are equal to 3e~2. (I

1
ol
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84. Parallelogram in Trapezoid

In trapezoid ABCD,BC | AD,P € CD satisfies AP = BP;M € AB, with
LAMD = /ZBMC;N = BPNCM and Q = APNDM.

B c

A

Prove that the quadrilateral M N PQ is a parallelogram.
Proposed by Miguel Ochoa Sanchez - Peru

Proof 1 (by Leonard Giugiuc - Romania,).

Choose A = (1,0),B = (—1,0), and P = (0,a) with a > 0. Since P € CD does
not cross the interior of AAPB, there is m € (—a, a) such that CD is defined by
the equation —mx + y = a. Also, since BC || AD, and neither passes through the
interior of AAPB, there is n 6( - %, %) such that BC' and AD are defined by
r—ny = —1 and x — ny = 1, respectively.

These gives us C :(I"f;;, 1“7_772””) and D :(1’1‘1:1117 1‘12% . Assume M = (k,0).
Since /BMC = ZAM D, the lines MC and M D have opposite antislopes.

Thus

na—1 na+1
k— l1-mn __ —k + 177—’;71
a—m  —  atm
1—nm 1—-mn
implying k = a?l“j;z) Using this, we can easily check that MC || AP and
MD || BP. Thus M NPQ is indeed a parallelogram. O

Proof 2 (by Alexander Bogomolny - USA).

Find point M’ on AB such that Z/ZBM'C = 90° — %AAPB. From M’ draw a ray
M'D’, with D’ on line CP such that ZCM'D’ = ZAPB. Then, as we know,
AD' || BC, so, since also AD || BC, we see that D’ = D. Thus M’ solves Heron’s
problem for C' and D and, as such, is unique on AB with the property that
/BM'C = ZAM'D. It follows that M = M.

From the construction of M’, the quadrilateral M N PQ is a parallelogram. (I

85. A Cyclic Inequality in Three Variables II
Let a,b,c > 0. Prove that
10a® 1003 103
>a+b+c

3a? + The + 3b2 + Tea + 3a2 +7ab ~
Proposed by Daniel Sitaru - Romania
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Proof 1 (by Anas Adlany - Morroco).
Since the inequality is homogeneous, we may assume WLOG, a? 4+ b2 + ¢ = 1.
First using the GM - QM inequality and then Chebyshev’s inequality twice,

we get
10a3 10a3
2 e 2 2 (3+7<>>
cycl cycl 2
a3 3
=2 Z6a2+7b2+7c2 - 0%( —a2)
20 1 20
25 () () (X ) 2 5 () s ray) = 2
cycl cycl cycl cycl cye cycl

as desired. 0

Solution 2 (by Imad Zak - Lebanon).
Since the inequality is homogeneous, we may assume WLOG, abc = 1. The in-

equality is then rewritten as . , f(a) > 0, where

102* Tr(z® — 1)

fO w7 7" = 347
21

The function is convex, so that f(x) > g(x) = f;(x — 1), which is its tangent at
rz =1

Thus 63
>0 Yato) = - B o
cycl cycl
which is the required inequality. (Il

Proof 3 (by Soumitra Mandal - India).
By Hoélder’s inequality,

a3
b+e)P <y 3a® 4+ Tbe) - Y 1.
(a+b+c) Z3a2+7bc %(a +be) D
Thus, suffice it to prove that

10 b+c)?
S (3a? + The) < (“%”)

cycl
or, in other words, that a® + b2 + ¢? > a + b+ c¢. But then
Z 10a® o _10(a+b+ c)? o 10(a+b+ c)?
o 3a® +Tbe — 3%°.,4(3a% +Tbc) — 10(a +b+c)?

=a+b+ec.

Proof 4 (by Soumava Chakraborty - India).
We have a series of equivalent inequalities:

10a® + 1063 10¢3
3a2 +7bc  3b2 + Tca 3a2 + Tab —

3
%(:’%‘“)”v

>a+b+c,
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72 ala+b)(a—c)+ala—>b)(a+c)

>
3a2 + Tbe =0,
cycl

72{ a(a —b)(a+¢) a(a+b)(a—c)]>

3a2 + Tbe 3a? + The -
ala—b)(a+c) bb+c)(b—a)

_ >
Z{ 3a? + The + 3b% + Tca } =0,
72 [ a(a + c) b(b+c)]20,

3a2 4+ Tbe  3b2 + Tca
cycl
72 {70(1 +b?) + 7c2(a +b)+4ab0}>0
ot 3a? + 7bc)(3b2 + Tca) ’
The latter is obviously true and, so, the rest are also true. (Il

Acknowledgment (by Alexander Bogomolny - USA)
The problem above (from the Romanian Mathematical Magazine) has been
kindly communicated to me by Dan Sitaru, along with four solutions. Solution 1
is by Anas Adlany (Morroco); Solution 2 is by Imad Zak (Lebanon); Solution 3 is
by Kevin Soto Palacios (Peru); Solution 3 is by Soumitra Mandal (India); Solution
4 is by Soumava Chakraborty (India).

86. A Cyclic Inequality in Three Variables IV
Let a,b,c > 0. Prove that

2> (a+b)*+5» a®>21> a’

cycl cycl cycl
Proposed by Daniel Sitaru - Romania

Proof 1 (by Kevin Soto Palacios - Peru).

The required inequality is equivalent to 9 Z a®+6 Z ab®* > 15 Z a’b.
cycl cycl cycl

Using AM - GM inequality,
6a® + 6b%a > 12a%b
6b> + 6¢*b > 12b%c
6¢3 + 6a’c > 12¢%a.
Summing the three up gives

(10) 6 a®+6> ab®>12) a®b.

eycl eycl cyel
On the other hand, again, by the AM - GM inequality,
3@+ 0+ ) = (a®+a®+ )+ (B + 02+ 3) + (P + &+ a?)
> 3a’b + 3b%c + 3c%a.
Adding this to proves the required inequality. [
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Proof 2 (by Soumava Chakraborty - India).
The required inequality reduces to,

3Za3 +22a2b+22ab2 > 7Za2b.
cycl cycl cycl cycl
Bu the AM - GM inequality,
a® + a®b+ ab® > 3d%b
b? + b2+ be? > 3bc
&+ c® + ca® > 3c%a.
Summing up we get

(1) Za3+2a2b+2ab2232a26.

cycl cycl cycl cycl
On the other hand,
3@+ + %) = (a® +a® + b*) + (b® + 0> + ) + (¢ + & + a?)
> 3a2b + 3b%c + 3c%a
So that >, a® > > eyel a®b. adding this to twice gives
3Za3 —|—22:a2b—|—22:ab2 > 72@21)
cycl cycl cycl cycl
as expected. O
Proof 3 (by Seyran Ibrahimov - Azerbaidian).
By the AM - GM inequality,
a® + a® + ab® + ab® > 4a%b
b3 + b3 + bc? + bc? > 4b3c
A+ A+ ca® + ca? > 4c%a.
Summing up gives Z a®+ Z ab® > 2 Z a®b. Denotes the left - hand side X.
cycl cycl cycl
Further, the required inequality reduces to

9Za3+62ab2 > 15Za2b

cycl cycl cycl
which can be written as Z a®+2X >5 Z a?b. Tt will proved correct if
cycl cycl
IES P
cycl cycl
But this is true due to the Rearrangement inequality. a

Acknowledgment (by Alexander Bogomolny - USA)
Dan Sitaru has kindly posted the above problem at the CutTheKnotMath page,
followed by three solutions. Solution 1 is by Kevin Soto Palacios (Peru); Solution
2 is by Soumava Chakraborty (India); Solution 3 is by Seyran Ibrahimov
(Azerbaijan).
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87. A Cyclic Inequality in Three Variables IX

Let x,y,z > 0. Prove that

2
1'2 X .133
(2] =5(x0) (25 o)
cycl cycl cycl

Proposed by Daniel Sitaru - Romania

Proof 1 (by Saptak Bhattacharya - India).
Let z = %, = %,a = 2. Note that abc = 1. The given inequality rewrites as

9(a® +b* +c*)? > 8(a+b+c)(a® + b + ¢ — 3abe).

Using a® + b3 + ¢® — 3abe = (a + b+ c)(a® + b* + ¢ — ab — be — ca) and rearranging,

this reduces to
2 2
(Z a2> -8 (Z ab) (Z a2> +16 (Z ab) >0,
cycl cycl cycl cycl

or, (a% +b? + ¢® — 4ab — 4bc — 4ca)? > 0 which is obviously true. O

Proof 2 (Nassim Nicholas Taleb - USA).

2 3
Set f = QZ % — 8(2 :v) <—3Z ;) We need to prove that f > 0.

cycl cycl Yy cycl

Factoring we get

f _ Q(chcl x2y4)2 _ S(chcl 'Ty2)2(20ycl x2y4 - chcl ‘Tsyzz)

2hyizd ahyizd

The numerator reduces to

2
(Z 2yt — 4Zx3y22> >0

cycl cycl
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Fl=-4xyiz+x 22 —dAxy? 22 + 2 2t + %2 (v*-4yz*);
We know that there is no region where f1 = 0. We can see the positive and the negatives|

GraphicsRow[ {RegionPlot3D[fl » 0, {x, O, 11}, {v, O, 1}, {z, O, 1}]1,
RegionPlot3D[fl < ®, {x, ®, 11}, {y, &, 1}, {z, 0, 1}]1}]

1.0
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Ilustration (by Gary Davis - USA)

Acknowledgment (by Alexander Bogomolny - USA)
Dan Sitaru has kindly posted the above problem (from his book "Math Accent”)
at the CutTheKnotMath page, along with a solution (Solution 1) by Saptak

Bhattacharya. Solution 2 is by Nassim Nicholas Taleb. The illustration is by Gary
Davis.

88. A Cyclic Inequality in Three Variables VI
Let a,b,c > 0. Prove that

a+b+c la+b /
> g
cycl( a+b>

Proposed by Daniel Sitaru - Romania

Proof 1 (by Kevin Soto Palacios - Peru).

SV S < S e S
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T

chcl (\[ +b) Ecycl V2(Va+b)? '

vV 2abc

ﬁ

It follows that

a+b chcl \ﬁ(v a’+b)2
Z 2ac cla+ b) Vabe

cycl
B 2\/§(a+b+c) ~2(a+b+eo)
vV 2abc Vabe
as required. (I

Proof 2 (by Soumava Chakraborty - India).
Using the Cauchy - Schwarz inequality,

T < 3 g < Ve

at+b+ec
v abe

Again, using the Cauchy - Schwarz inequality,

2a 1 1
%\/ (atd) = @mf \/QQG %W@

/ 1 /
- ; ‘ \/E c’qcl cycl \/E Z

cy(l Z \/7 < cycl Za Z b < chcl a
\/ abc \/ abe powr Y - Vabe

cycl
Now it only remains to add the two inequalities.
Acknowledgment (by Alexander Bogomolny - USA)
Dan Sitaru has kindly posted the problem from his book, Math Accent, with two
solutions, at the CutTheKnotMath page. Solution 1 is by Kevin Soto Palacios;
Solution 2 is by Soumava Chakraborty. O

89. A Cyclic Inequality in Three Variables VIII
Let x,y,z > 0 . Prove that

Za: + 92 Z+Z 5 = 2Txyz
cycl cycl

Proposed by Daniel Sitaru - Romania

Proof (by Mihalcea Andrei Stefan - Romania).
Dividing by xyz throughout, we get an equivalent inequality:

1
42( ) 27£+£+2227.
cl Y x

cycl



52

We’ll show that
4(E + g) td—— >
y T % +24+2 "
Denote a = % + £ >2 (by the AM - GM inequality). In terms of a the latter

inequality becomes 4o + 0%2 > 9, which reduces to

9.

40 —a+14 = (o —2)(4a +7) > 0,
which is true because o > 2. O
Acknowledgment (by Alexander Bogomolny - USA)
Dan Sitaru has kindly posted the above problem (from the Romanian Mathe-

matical Magazine) at the CutTheKnotMath page, along with a solution by
Mihalcea Andrei Stefan.

90. A Cyclic Inequality in Three Variables X
Let a,b,c > 0 satisfy a®> + b*> + ¢* = 3. Prove that
1 1 9
— t+4 —7 23
2 i TG s
Proposed by Daniel Sitaru - Romania
Proof 1 (by Leonard Giugiuc - Romania,).
2
First note that from AM - QM inequality, (%b“‘c) < M = 1 so that

a+b+c<3.
Now, both functions, y = ﬁ and y = ﬁ are convex on (0,00), so that by
Jensen’s inequality

> P TR 2
Sl 1P 7 (I
and 4 3-4 3
> : >
; (a+1)* = (eHEe 4 1)t — 4
O
Proof 2 (by Alexander Bogomolny - USA).
We obtain the same result by using Radon’s inequality
Z 1 (1+1+1)4 3
powt (a+1)2 = (a+b+c+3)3 8
and
Z 4 S 4(1+1+1)5 3
powet (a+1* =~ (a+b+c+3)* 4
|

Proof 3 (by Imad Zak - Lebanon).
Define (z) = ﬁ + ﬁ. We have
17 11) (z — 1)%(112® + 4922 + 85z + 63)

f(m)_(ﬁ 16/ T 16(z + 1) 20,




implying
1la 17 11
3 fla) Z(*—*) 315 —(atbro) oo
cycl cycl
But from
YD
cycl
it follows that a + b + ¢ < 3. Thus,
51 33 9
s> R-2 -2

- 16 16 8
cycl

Proof 4 (by Amit TItagi).
Let define x = a2,y = b?, 2 = ¢2. The problem becomes

Let x,y,z > 0 satisfy x +y + z = 3. Prove that

VT +5 9
> AT

cycl

53

Note that the function f(u) = (\*ff_:'f’)él is convex on (0,00) and thus the problem

lends itself to Jensen’s inequality:

3 VT +5 \[+5 9
cycl(\f+1 f—i—l

Acknowledgment (by Alexander Bogomolny - USA)

O

Dan Sitaru has kindly posted the above problem (from his book ”"Math Accent”)
at the CutTheKnotMath page to which Leo Giugiuc responded with Solution 1.

Solution 3 is by Imad Zak; Solution 4 is by Amit Itagi.

91. A Cyclic Inequality in Three Variables XII
Prove that, for all a,b,c >0

2
1 a+b \2
<§%(a2—ab+b%6> <32;<a2+62)

cyc

Proposed by Daniel Sitaru - Romania

Proof (by Leonard Giugiuc - Romania).

By Cauchy - Schwarz inequality, (a® + b*)? < (a + b)(a® +b3) , so that
2

2
1 a-+b 1 a+b
a?—ab+b? < <a2+b2 ) - From here, (a?—ab+b2)6 < (a2+b2 )

Summing up and, subsequently, applying the AM - QM inequality,

(S ) <) o ()

cyc
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Acknowledgment (by Alexander Bogomolny - USA)
Dan Sitaru has kindly posted the above problem (from his book ”"Math Accent”)
at the CutTheKnotMath page. The solution is by Leo Giugiuc.

92. A Cyclic Inequality in Three Variables XIII
Prove that, for all a,b,c >0

P W TN
cyc

cycl cycl

Proposed by Daniel Sitaru - Romania

Proof 1.
The inequality is equivalent to

a+ b2+ 9ab— 6(a+ b)Vab
Z( ) ( )

eycl atb .
This simplifies to w b B
g:d L a —I—Sb >0,
which is obvious. ([l

Proof 2 (by Seyran Ibrahimov - Azerbaidian).
Using the AM - GM inequality,
2402 11ab b)? 9ab
@ r b7 Mab _fax b, 9ab ¢ /ap
a+b a+b a+b a+b
and similar for the other terms. ([l

Proof 3.
Set a + b = s,ab = r. The required inequality becomes
52— 6syr +7 > 0.
Since s? — 6sy/7 + 1 = (s — 3y/r)? > 0. We only need to show that the equality

is not possible. The equality would mean s — 3y/r = 0, i.e., a + b = 3vab, or,
JVa= \/5(%3\/5) Vb = ﬁ(7§3\/5) and /¢ = \/5(7:;23\/5)'

. Similarly,
The product of the three equates a rational number 1 to an irrational number

) 3
(&%\/g) which is impossible. Thus, the required inequality is indeed strict. [

Acknowledgment (by Alexander Bogomolny - USA)
Dan Sitaru has kindly posted the above problem (from his book "Math Accent”) at
the CutTheKnotMath page, with solutions by Soumitra Mandal, Ravi Prakash
(India, Solution 1), Seyran Ibrahimov (Azerbaijan, Solution 2), Mihalcea Andrei
Stefan (Romania) and Abdallah El Farissi (Algeria) Solution 3.
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93. A Cyclic Inequality in Three Variables XV

Prove that for positive a,b, c

a(a2+b2)+b(b2+02)+ c? 4 a?) \/> \/7 f
a3 +b3 b3 +C3 3 +a3

Proposed by Daniel Sitaru - Romania

Proof (by Daniel Sitaru - Romania).
Consider function f : (0,00) — R; defined as

f() x2 + b 22428 —x—2”
€T) = —xr =
1+ 26 1+ 26

2°(1—2) —2(1 —2) _ (1 —x)(25 - 1)
14 a6 z0+1

_ —x(z—1D)(a® —1)  —z(z—1)%(a? + 2% + 2? +:17+1) <0
B 20 +1 B b +1 -

Now,

1+%§ b a3+ b’

f( a):‘,er?ﬁ a a(a®+b?) a

It follows that f (ﬁ) < 0 is equivalent to

2 32
a(a® +b%) g<07
ad + b3 b~

a(a?+b?)

Le., =37

< \/% . The required inequality in nothing but

() (2=

Challenge (by Alexander Bogomolny - USA)

Prove that, for x,y > 0,

T+22  1+9y?  ay(l+2%y?) <3
1+23  1+y3 14 a3y3
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Visual support:

As this doesn't (easily) match standard inequalities, we can use calculus.

We getequality lhs = rhsforx =y =1.
We can see visually and check analytically that this constitutes a maximum.
Let f be the left hand side.

1 2
afr ; ) g
A= m // FullSimplify; A // MatrixFornl
2
atrixForm=

311(1+x2] 2y 313}r4|[1+3<2w2:| 212:!3 y[{luzyj:l
- {1+1<3}2 i 1ex3 |[1+:'c33,r3:|2 o Lex=y 5 1«x%y

3)r2|[1+:.rz] 2y 3x4)r3|[1+x2w2] 5 3y 2 x[{luzyj:l
- (1+¥3)? Tt [1:x3y3)2 ¥ my;z FTIoaTy

=
Which is satsfied for x == 1, with a matrix of local second derivatives (_ 1 -
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and contour plot:

Contour plot:

4

This problem with the solution has been kindly communicated to me by Dan Sitaru.
Wolframalpha was instrumental in obtaining the 3d plots.

94. A Cyclic Inequality in Three Variables XVI
Prove that for a,b,c € R

YDICERIEIIESS SRS it

cycl cycl cycl
Proposed by Daniel Sitaru - Romania

Proof (by Daniel Sitaru - Romania,).
[(1+a)+b(1—a)*>0
(1+a)*+2b(1 —a®) +b*(1 —a®) >0 &
1+ 2a + a® + 2b — 2ba® + b? — 2b%a + b?a® > 0 &
1+a®>+0*+a?? +2(a+b—a’b—ab®) >0&
(1+a2)(1+b?) > 2(ab(a +b) —a(a+b)) &
20a+b)(ab—1) < (14+a)(1+V) <
(1) 2(a+b)(1 —ab) > —1(1 + a*)(1 + b?)
Further,
(1—a)=b(1+a)*>0s
(1—a)*>=2b(1—a®)+b*(1+a)* >0«
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1—2a+a?—2b+ 2ba® + b + 2ab® + a’b?* > 0 =
1+a2+b2+a2b2—2(a+b—ab2—a2b)20(:)
(1+ a2)(1 + b?) 22(a+b—ab(a+b)) .

(2) 2(a +b)(1 —ab) < (1 +a?)(1 +b?)

From , it follows that

(3) 2|(a+b)(1 —ab)| < (1+a?)(1 +b?)
Similarly,

(4) 2|(b+c)(1 —be)| < (140> (1 + )

(5) 2|(c+a)(1 —ca)| < (1+c*)(1+a?)

In equality is attained for a = 0;b = 1 or a = 1;b = 0; similarly, for and
Thus, Z A of three inequality is strict:

cycl
2> [(a+b)(1—ab)| <> (1+a*+b*+a’b?)
cycl cycl
3+2(a2+b2+62)+2a2b2 < 3—|—2(a2+b2—|—02)—|—2a4

cycl cycl
Dividing by 2,

3 2 2 2 1 4
;|(a+b)(lab)<2+a +0+c +2§a

O

Acknowledgment (by Alexander Bogomolny - USA)
This problem with the solution has been kindly communicated to me by Dan Sitaru,
all on a tex file.

95. A Cyclic Inequality with Many Sums
Let a,b,c > 0,abc = 1, prove that

(5)(25)(22) (2 (£2): () (=4)

Proposed by Daniel Sitaru - Romania

Proof 1 (by Daniel Sitaru - Romania).

If n €N,
a" Tttt et — g a0 b4 e
Chebyshevl A]\,/[/—\G]\/I 1
> g(a”—l—b”—l—cn)(a—i—b—i—c) > g(a"—i—b"—i—c”) -3V abe

1
:§(a"+b”+c")~3:a"+b”+c".
It follows that
Ad+r+t >+ +E >+ P+ >a+b+e
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In particular,

(1) dat>>"a

cycl cycl
and
® YOI B
cycl cycl
Further,
Za3=a3+b3—|—c3:az-a+62-a—|—62-c
cycl
Chebyshevl
=
> g(a2+b2+c2)(oz+b+c)
AM—GM1 1
> g(a2+b2+02)~3\/3ab :§(a2+b2+62)~3:a2+b2+02
1 1 1 1
> = - — R —
> ab+ bc+ ca a+b+c Za’
cycl
1
(3) So that Zag’zzf
cycl cycla
By the AM-GM inequality,
a a b _ 2+e4?
4 _ae e b vy T
) TNV ST 3
b b c t+b4c
5 b:37.7.7<c c a
(5) c ¢ a 3
c ¢ a 442
6 —3/zZ.z.Z a a b
(6) ¢ a a b~ 3
cycla
(7) By adding , ,@ ZEEZa and, by analogywith—@,
cycl
b §+§+2
8 ) < a a c
() a a - 3
1 /e ¢c b _t+7+%
9 - = - =<
) b b b a— 3
1 a a c 24242
10 3l 2. < c c b
(10) c c ¢ b~ 3

(11) By adding the relationships (§), (9); (10), Z % > Z %

cycl cycl
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The product of (1), ), (). (@, is exactly
3 2
a a 1
cycl cycl cycl cycl cycl cycl cycl

Proof 2 (by Leonard Giugiuc - Romania).
By the AM - GM inegquality, 3, ,a >3, so that (3., a)® > 9(3,, a). But

o(5+) ()

Za3 EZa.

cycl cycl

(]

Combining all these gives

By Hélder’s inequality,

(5 (5)(£)= ()
() (=) (5#): (=)
(52)-(5#)

DL P

cycl cycl

implying
On the other hand,

As in of Solution 1,

so that

(9= (z)

which completes the proof. ([

Acknowledgment (by Alexander Bogomolny - USA)
Dan Sitaru has kindly posted the problem from this book Math Accent at the
CutTheKnotMath page and supplied his solution (Solution 1) on a tex file.
Solution 2 is by Leo Giugiuc.

96. A Triple Integral Inequality
Prove that, for all a,b,c € (0, %)

0< /O (/Ob (/()C<Z(tanz — 2tany tan 2) +4Htanx>da:>dy>dz < abe

cycl cycl
Proposed by Daniel Sitaru - Romania
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Proof 1 (by Leonard Giugiuc - Romania,).
1
T= Z(tanm —2tanytanz) + 4 H tanz = B (1 — H(l — 2tanx)>.
cycl cycl cycl
Assuming a, b, ¢ 6(0, %),0 < T < 1. Thus,

0< /Oa (/Ob</00 <Z(tanx2tanytanz) +4cly_[dtanx>dx>dy>dz

cycl

a b c
< / / / ldxdydz = abc.
o Jo Jo

Proof 2 (by Soumitra Mandal - India).
Let f:[0,¢] = R defined by
f(x) =tanz(4tanytanz — 2tany — 2tanz + 1) + tany + tan z — 2tany tan z
for all x € [0, c]. Now,
f'(x) =sec’ x(4tanytan z — 2tany — 2tan z + 1) > 0 since

x € (0,¢) Q(O, %) and y, z 6(0, %) So, f is continuous on [0, c] and
f'(x) >0 hence f is increasing on [0, c]. So, f(%) > f(z) > f(z) > f(0)
= 4tanytanz — 2tany — 2tanz + 1 > f(z) > tany + tanz — 2tany tan z

= (2tany — 1)(2tanz — 1) > f(x) > % - 1(2ta1f1y —1)(2tanz — 1)
= (2tany — 1)(2tanz — 1) > f(x) > % - %(Qtany —1)(2tanz — 1)

= 1> f(z) >0 forall, y,z 6(0, %)

a b c
...og/ (/ (/ Z(tanx—2tanytanz)+4Htanxd:v>dy>dzSabc
0 0 0

cyc cyc

(proved)

Acknowledgment (by Alexander Bogomolny - USA)
Dan Sitaru has kindly posted the above problem (from the Romanian
Mathematical Magazine at the CutTheKnotMath page. Solution 1 is by Leo
Giugiuc. Solution 2 is by Soumitra Mandal - Chandar Nagore - India.

97. An Inequality in Triangle and in General
In any acute AABC,

Z czotAcot?’B2 22 cot? A + cot B >
cot* B+ 2cot“ A cot A+ 2cot B

cycl cycl
Proposed by Daniel Sitaru - Romania
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Remark (by Alexander Bogomolny - USA)
Both solutions below use the fact that in any triangle

cot Acot B+ cot Beot C +cotCcot A =1

Thus, using the substitutions a = cot A,b = cot B, ¢ = cot C' the problem reduces
to proving that

Prove that for positive a, b, csuch that ab + bec + ca = 1,

a’b
Zb2—|—2a2 Czda—l—%zl'

cycl

Proof 1 (by Dung Thanh Tung - Vietman).
The required inequality is equivalent to

a’b
Zab 2z:b?JrQ? zy;a+2b>1’

cycl cycl

reducing the task to proving

a®b a’b
1 —_— > —_
(1) Za+2b_zb2+2a2
cycl cycl
We'll prove +2b b2+32 > which is equivalent to 2a% + b* > a(a + 2b), i
(a —b)? > 0, implying (I).
Equality holds when a = b=c = %, i.e., when A =B = C = 60°. (I

Proof 2 (by Myagmarsuren Yadamsuren - Mongolia).

ab® a’b b? (2a)(2a)
2 =ab
b2 4 2a? + a+2b (62 +2a?  (a+2b) (2@))
b? (2a)? (b+ 2a)?
= >ab(—— ) =
(33 T2 242+ 1) 2 “b((b+ 2a)2) ab,

where, on the penultimate step, we used Bergstrém’s inequality. Summing up
and using ab + bc + ca = 1, delivers the required inequality. O

Acknowledgment (by Alexander Bogomolny - USA)
Dan Sitaru has kindly posted the above problem (from his book "Math Accent”)
at the CutTheKnotMath page. Solution 1 is by Dung Tung; Solution 2 is by
Myagmarsuren Yadamsuren.

98. An Inequality in Triangle with Differences of Medians
Prove tha in a scalene AABC :

8(1ma — my)(my = me)(me —ma) _ 27abe
(b—a)(c=0b)(a—rc) (a+2s)(b+ 2s)(c+ 2s)

Proposed by Daniel Sitaru - Romania
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Proof 1.

(mg —mp)(Mg +myp) = mz - m%

1 1 1 1
= §(b2 +c*)——a? — ~(a* + )+ sz

4 2
22 +2¢7 —a? 20 22+ 302 —a?)  3(b—a)(b+a)
N 4 N 4 N 4
Mg — My 3(b+a) 3(b+a)
b—a  4(mg+my) " 4(bEe 4 ake)
3b+a)  3(b+a) _ 3-2Vab

V

- 2@ +b+2c) 2(2s+c¢) = 2(25+c¢)
It follows that
2(mg —my) _ 3Vab
>
b—a 2s+c
Similarly, 2(mcb:bm°) > S’S‘ﬁ_% and Q(WJ:TG) > zﬁ Multiplying the three relation-
ship yields

8(mq — myp)(mp — me)(me — my) 27abc

(b—a)(c=0b)(a—rc) ~ (a+25)(b+2s)(c+ 2s)

Proof 2.

. 2 2 2
First we note a > b = m, < mp. Indeed, from m? = L ;c — 4 and

mi = “2;”2 — % we obtain m2 —m? = 2(b* — a?).
Now, using mgmp < @,
(Mg —mp)? =m2 +mi — 2mgmy,
- a’> +b+2+4c> 2 +ab
- 4 2
(b—a)?
=

sucht that w > 1. Similarly, z(mbf_bm“‘) > 1 and A™e=me) > 1 the product
a (& a—c

of which leads to
8(mg — myp)(mp — me)(Mme — my)

b—a)c—b)a—o =1
Suffice it to prove that 1 > m But, by the AM - GM inequality,
a+b+c> 3Vabe. Thus, we continue
2T7abc 27abc 27abc 27abc
(a+25)(b+2s)(c+ 2s) < (28)(25)(2s) B (a+b+c)3 = 27abe
This completes the proof. (Il

Acknowledgment (by Alexander Bogomolny - USA)
Dan Sitaru has kindly posted at the CutTheKnotMath page the above problem
of his that was published in the Romanian Mathematical Magazine. Dan
messaged me his solution in a tex file an later added two more solutions. Solution
2 is by Soumava Chakraborty. Serban George Florin and independently Athina
Kalampolka and Chris Kyriazis gave solutions very similar to that of Dan Sitaru.
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99. An Inequality in Triangle with Roots and Circumradius
Prove that in any AABC,

aVb+ by + cv/a < 3RV ?2s,
where s is the semiperimeter of AABC, R its circumradius.

Proposed by Daniel Sitaru - Romania

Proof (by Mihalcea Andrei Stefan - Romania).
Use Hélder’s inequality followed by the rearrangement inequality,

(aVb + by/e+ ev/a)? < (a+ b+ ¢)(ab + be + ca)
< 2s(a® + b +c2)

But we know that a® +b> + ¢? < 9R%. A combination of the two gives desired
result. (]

Acknowledgment (by Alexander Bogomolny - USA)
Dan Sitaru has kindly posted the above problem from his book Math Accent, with
a solution, at the CutTheKnotMath page. The solution is by Mihalcea Andrei
Stefan, a grade 9 student.

100. An Inequality in Triangle with the Sines of Half - Angles and
Cube Roots

Prove that in an acute-angled triangle AABC:

233 D)o = vl )

Proposed by Daniel Sitaru - Romania

Proof 1(by Daniel Sitaru - Romania).

23 (5 D)o = (5 Lo -

cycl cycl
b a b
=2 1—cosC) = SN — 4+ —)cosC
Czy;( ) %(b a) czg;l(b a)
(1) 22(%+§) Z Z*—Z( )cosC
cycl cycl cycl cycl
a b a2+ a?+0b%—c?
;(b+a) COSC:; ab 2ab
aszc2 %;l FHP)@ Y ) = a2b202 %c:l 24 07)? = Ma? + )]

1 Z 2/ 4 | 14 22 4.2 432

:ﬁ (C(a+b+2ab)_ca_cb)
2a%b?c v

E (a4 bt 4 20?02 — 'b? — cta?)

T 202122 b2 2
cycl



= 72&;7262 (Z alc? — Z atc? + Z bie? — Z be? + 6a’b3c?

cycl cycl cycl cycl

6a2b%c? B

6a2b2c?
We continue:

(2) 22(%+§>sin2%:2%+22_3

cycl cycl cycl
a a b sJa a b s/a? a
3 -4+ -4+-23{/--=-—-=31/—=3
) PRl A ¢ = Vb
b b ¢ 5/b b ¢ 3/ b2 b
4 -+ -4+ —->3y/----—=3{/—=3
(4) c+c+a_ c ¢ a ac Y abe
c ¢ a c ¢ a 5/ c? c
5 -+ —-+->3--—-==31/—=3
(5) a+a+b* a a b ab Y abe
Further,
a b ¢ at+b+e
T BN Sl g
(b+c+a)_ \3/abc
g_’_b c at+b+ec 33abc_
b ¢ a abc abc

From it follows that

by ., C b b b
22(%+5>Sm2§:Z%+Zg_323+25_3225’

cycl

cycl cycl cycl cycl
ie.,
a by . ,C b
() Y (o)t z =g
cycl cycl
@, 8, b gpfa a b _ 3Vabe
c c a c ¢ a c
b b ¢ /b b ¢ Y abe
—+—-+->3{/--=--=3
a+a+b* a a b a
€LC 8y gsfc ¢ a_gVabe
b b ¢ b b ¢ b
b 3 1 1 1
7 2> b(f 2 7)
(™) Cycla_ aca+b+c
From@and,

(5 )t G (o)

cycl

)
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Proof 2 (by Kevin Soto Palacios - Peru).
We’ll prove instead a stronger inequality

O

cycl

Or, equivalently,

3 a b ¢
where .
a a
A-E () min-5(;
; b e ; p T

)

)

L

cosC

p= (5 )0 = () (g

cycl cycl

cycl

_Z (a®> +0%)*)\ [ (e +b°)
2a2b2 2a2b2

)

Z2b2 Z +Zl Z%? 22a2:

cycl cycl cycl cycl cycl

A=Y (G =-X s

cycl cycl
We need to prove that

A*B:Zb:C*:iZ(a—’_g—i_C)(éJr

cycl

This is equivalent to

cycl cycl

ie.,

which is true because, by the AM - GM inequality,

<Z>()>3\/£ 3%

cycl

Solution 3 (by Soumava Chakraborty - India).
First observe that

(o) (zi) o=+

b

9.

7_1_7

w

)
c )

(s—a)(s—

b)

s =2y (5 + )sm _2Z<“ + &

cycl cycl

)

ab

Z (@®>+b*)(b+c—a)(c+a—1D)

2a2b?
cycl
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Let’s prove that
20,2 1 p2 _ _
LHS Zc(a +b0)b+c—a)(cta—b)

2a2b?
cycl
a+b+c\ sab+ be+ ca
>
_< 3 )( abc )
A +v)b+c—a)(c+a—0b) _sa+b+c\ ab+be+ca
1 LHS = >
(1) 2a2b? _( 3 )( abe )

This is equivalent to

3202(112 + )b +c—a)(ct+a—0b)> 2achaZab¢>

cycl cycl cycl
4(a®b®c + a®bc® + b3 ca + b ca® + *a’b + Pab?) > 24a*b*? <
(a®b + a’c + b?c + b*a + c*a + ¢*b) > 6abc,

which is the same as
(2) b(a® 4 ) + c(a® + b?) + a(b® + ¢?) > 6abe.
But, by the AM - GM inequality, b(a? + ¢2) > 2abc, c(a? + b*) > 2abe,
a(b? + ¢?) > 2abe, so that (2)) holds and so is (TJ).
This is stronger that the required inequality. ([
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Its nice to be important but more
important its to be nice.

At this paper works a TEAM.

This is RMM TEAM.

To be continued!

Daniel Sitaru
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