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101. In A ABC the following relationship holds:

3
Or r,r
| |(mfl+mamb+mf,)2<—a b_c )
Ta+r,+r,

Proposed by Daniel Sitaru — Romania

Solution 1 by Adil Abdullayev — Baku — Azerbaidian
Lemma. m, = /17T,

1 1
mazi\/Z(b2+c2)—a2 ZE\/(b+c)2—a2 =

:%\/(b+c+a)(b+c—a) :%\/Zp(Zp—Za) =/p(p—a) = JTbTe .
By lemma: m2 > r,r,.

Lemma ?
LHS > 1_[ 3mymy, = 27mimim? > 27ririr!>RHS &

ra+rb+rc 3
S > TrarpTec.

Solution 2 by Soumava Chakraborty — Kolkata — India

A-G
(m2 +mgmy +mji) > Bm,my) = 27m2mim?

. . 2 2 2 277'336
‘m2m?m? > :
It suffices to prove: mymym; @RI1)?

Now, m2 > s(s — a), etc.
m2mim? > s3(s — a)(s — b)(s — c). It suffices to prove:

27r%sb
rist>21°% o 62 <

(4R+7)3

> Gerretsen = s% < 4R? + 4Rr + 3r2. It
(4R+1)3 27r

(4R+71)3

suffices to prove: 4R? + 4Rr + 3r? < & 1613 — 15R?*r —

R
—24Rr?> -20r3 >0 (t—2)(16t> +17t+10) =0 (t = F)

true

> 2 (Euler)

t =

S =
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102. In A ABC:

b*c” c*a” a*b? - V3
+ + >
alz = piz 12 R

Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakraborty — Kolkata — India

LHS 'S 3 / . Suffices to show: ﬂzﬁ:ﬂz%@ssﬂm
bc = R 4RS — R 4
2
<£(Mltr|nowc) andr<— S<3ﬁR

4
Solution 2 by Adil Abdullayev — Baku - Azerbaidjian

p? 3R2\/—
Lemma. S < — 33 < —

N 3R2\/§
>
abc 4SR 4

Solution 3 by Soumava Pal — Kolkata — India

Yeyer Sin(4) < ﬂand by AM-GM
chcl sin A4 \/_ 3\/§

\/smAsmBsmC< <—=>smAsmBsmC<T

, ’ 3, 1 33/8 _ 3
ZC}’Cl c12 = (byAM GM) 3 bc sinAsinBsinCZE ﬁ_F

Solution 4 by Seyran Ibrahimov — Maasilli — Azerbaidjian

b*c7? cta’ 4b7
a2b2c,¢112+b12 R / = x'; x>3/ (to prove)

3 V3, 27 3«/‘ «/—
A= R s> B Equivalent inequality - § < (to prove)

R% . . . 3V3
;sina-sinb - sinc < e (proved)

. . . 3V3
2R?sina - sinb - sinc <
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103. Given a triangle ABC.Prove that:
asiné+ bsinE+ csin£ > LM.
2 2 2 2
Proposed by Kunihiko Chikaya — Tokyo — Japan
Solution by Kevin Soto Palacios — Huarmey — Peru

a+b+c
2

. . A . B . C
Probar en un triangulo ABC: asin- +b sin - + csin; =

Por la desigualdad de Jensen:

cosB + cosC = 2cos (BTJFC) cos (BT_C) < Zsing .. (A)

Analogamente: cos A + cosC < 2 sing ... (B),

cosA+cosB <2 sing .. (C)

Por teorema de las proyecciones: a = b cos C + ccos B
b=acosC+ccosA,c=acosB+bcosA
La desigualdad propuesta, es equivalente:

A . B . C
=>2asmEstmE+2csmiz(acosB+acosC)+(bcosA+bcosC)+(ccosA+ccosB)=a+b+c

104. In A ABC the following relationship holds:

\/ma+\/mb+\/mc2\/ma+mb+mc+63 Tal'pT¢

Proposed by Daniel Sitaru — Romania

Solution 1 by Soumitra Mandal-Chandar Nagore-India

ma:]bz-zkcz_azzzj(b+cl):—a2: sG_a).my > Js(s—b)
andm, = /s(s — c).
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cyc cyc cyc cyc

2
Z VMg = \/Z mg + 63\/ TalpTc < Z VMg = Z m, + 63\/ TalpTc
o Z,/mamb >33 /r,rpr. ... (1)

cyc

Applying AM > G.M: ZeyeMaty “Bm“m" > 3/m,mym, >

> i/s\/(s—a)(s—b)(s—c): VsS =

= 3/r,rpr., hence statement (1) is proved.

Zmzjzmmm

cyc cyc

Solution 2 by Adil Abdullayev — Baku — Azerbaidjian
Lemma 1.

my = \[TpT, My = [T T, M = /T, T
Lemma 2.

mom,m, > r,r,r., LHS > RHS < (LHS)? > (RHS)?
e Jmom, + /mym + /mm, = 3 - {rorpre . (A)

AM-GM 3 Lemma 2
Jmgmy + Jmpym,+ /mem, = 3-imymym, = 3-

Mrarpre © (A)

105. In A ABC the following relationship holds:

1 1 1 1 z Va(a® +bc)
+ + <— +a
sinA sinB sinC ™ 4§ Vb ++/c

Proposed by Daniel Sitaru — Romania
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Solution by Soumava Chakraborty — Kolkata — India

4A 2bcsin A 4A 2casin B
- = - = 2bc,— = - = 2ca,
sinA sinA sin B sin B
4A _ZabsinC_2 b
sinC  sinC a
Va 2 \/E(b2+ca) \/?(c2+ab) 2
Torve @+ )+ = Ty tLat 223 ab (1)
Va
Now, 7 7% < «/‘+x/—(:” c+as<b+vb

& (a-b)+Ve(Va-Vb) <0 (Va—Vb)(Va+Vb++c)<0

evasVvboa<hb (i)

Vb Ve
Slmllarly,\r\/_<\/_+\/_
Also,a? +bc <b*+ca=a*—-b*>—cla—b) <0

o b<c (i)

o(a-b)la+b-c)<0oa-b<0 (a+b>0)
©a<b (i)
Similarly,b> +ca<c*+ab < b<c (iv)

WLOG, let'sassumea < b <c

LHS of (1) e 2(z @f‘ ﬁ) (X a? + Y. be) + ¥ a2 (using (i), (ii), (iii),

(iv))

Nesbltt]_ 3 3 1
(D @+ ab)+ p @ =3 ) a3 ) ab

it suffices to prove: EZ a? + %Z ab >2) ab

©3Ya’+Yab>4Yab < Ya%?>Y ab - true
(1) is true (Proved)
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106. In A ABC the following relationship holds:

hy cosB +—h. cosC < be
bCOSE+ oo phecosC<) ey

Proposed by Daniel Sitaru — Romania

——h_,cosA +
b+c ¢ c+a

Solution 1 by Myagmarsuren Yadamsuren — Mongolia
1 bc
Z—b_l_c- a  COSA < T o2

b+c 1 1
<— — > —
1) mg = 2 = 2m, -~ b+c (1)

b2+c2 1
c N m, 2_|
4R b%24+c2 ~— 4R

2bc-m, >4bc-a 28
b2+c2 T 4R-a a

N —

-2bc

a

AK 4 (Simedian)
AK, > h,

1 W< h,
Z—-ha-cosASZ +COoSA <
b+c 2-m,

- AK 4 4= 2bc-m, 2
_ZZ * COS _Z(b2+cz)-2ma'cos

a

bc bc
= Zm COsA < Zm, cosA<1
Solution 2 by Soumava Chakraborty — Kolkata — India
—1 h A< —bc
b+c at0 b2 + 2
1 bc bc

= +—-CO0SA <
2R(sinB +sinC) 2R 4R2(sin? B + sin? C)

sin B+sin C
(1)

S coSA<—————
sin2 B+sin? C

Now, sin? B < sin B and, sin? € < sin C
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. . . . sin B+sin C
sin? B +sin? C < sinB +sinC = ———->1 > cosA4 = (1) is true
sinZ B+sin2 C —

1
=>— <— — < —
o - hg,cosA o2y Slmllarly, hb cos B +a2 and

a—h cosC <= Addmg we get the desired inequality

107.In A ABC the following relationship holds:

A B C 1
cosE+ cosi+ cos > ﬁ(ma+mb +m,)

Proposed by Daniel Sitaru — Romania
Solution by Soumava Chakraborty — Kolkata — India

Case 1: A ABC is acute

m, < R(1+ cosA) = m, < 2R cos’=

W N

my, < R(1+ cosB) = my, < 2R cos? —

a N

< R(1+ cosC) = m, < 2R cos? =

N

A . A A
% < ¥ cos? 5 Itsuffices to prove: ¥ cos? 5 < Xcos;

0< A B C<1
cos2 ,cosz,cosz :

,A_ A ,B_ B ,C_ . ZA<Z A
cos COSZ,COS 2 COSZ,COS 2 (IOS2 cos 2 (IOS2

hence proved

Case 2: 4 ABC is non-acute
WLOG, let us assume 24 = 90°. Now 4B, «C are acute angles.

For acute angles B,C,m;, < R(1 + cosB) and m, < R(1 + cos ()
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my, +m, B C B C

> — - < cos?—+ cos?— < cos— + cos—

2R 2 2 2 2

B Cc . A
(0 < €0S_,C0S; < 1). It suffices to prove: % < cos -, where 4 > 90°

2R cos%sin% V2bZ +2¢2 — a2

= =
sinf 2
2RsinA  V2b? + 2c¢2 — a? a
= T2 > & AZ\/2b2+Zcz—aZ
Zsini sinf

Now— > 1,— > a. It suffices to prove: a > V2b? + 2¢2 — a?

sm— sm—
2 2

2o 2, 2 i —a
Sac>be+ct o T <0 cosAdA<0,
c

which is true: 4 = 90° (Proved)

108. In A ABC the following relationship holds:

h3 h# N h3h* N h3h} . R
hl® = pl® ° Rlo 252

Proposed by Daniel Sitaru — Romania

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

4
Probar en un triangulo ABC: Z B0 <> 3#%

2s 25 25 _ 8s3 252

Desde que: h hyh, =T s E T Por:. MA = MG

hls,h4 3
h10 = 252
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Solution 2 by Adil Abdullayev — Baku — Azerbaidjian

LHS AM-GM 3 3
> .
B hahb hc

= RHS

109. Let ABC be atriangle and x, y, z be positive real numbers. Prove that:

(x2 +y(z—x))hia+ (yz +z(x—y))h£b+ (22 +x(y—z))h%2 2./x3y + y3z + z3x .

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Kevin Soto Palacios — Huarmey — Peru

Sea ABC un tridngulo con x,y, z nimeros R*. Probar que:

b
(xZ +y(z — x))hi + (yZ +z(x — y))h—b + (zZ +x(y — z))hi > 2,/x3y + y3z + z3x
De la desigualdad Ponderada Weizenbock:

Siendo u, v,w nimeros R*, tales que: uv + vw +wu = 0

a’u + b*v + c*w = 4Juv + vw + wus ... (A)
Siendo:u=x*+y(z—x)>0v=y*+z(x—y) >0,

w = z2 + x(y — z) > 0. Ahora bien:

2) uv + vw + wu = (y2+z(x—y))(x2+y(z—x))+

+(x2+y(z-x)) (2 +x(y—2)) + (22 + x(y - 2)) (y? + z(x - y))
A= (y?+2(e— ) (22 + y(z — x)) = y22% + 222(x — y) + y*(z - x) + yz(x - y)(z - %)
A=y*x? +x3z — x’yz + y*z — y3x + z%xy — y?z* — x*yz + y*xz
B = (x +y(z—x))(z +x(y—z))—xzzz+z y(z—x)+x3(y—2z)+
+xy(z — x)(y — 2)

B = x%*z* + 23y — 2%xy + x3y — x3z + y?xz — y*x? — z%xy + x%yz
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c=(2+x(y-2)(y?+z(x-y)) =

= 22y + y2x(y — 2) + 23(x — y) + xz(y — 2)(x — y)

C=z*y?> +y3x —y*xz+ 23x — 23y + x?yz — x*2* — y?’xz + z%xy

Sumando: (A) + (B) + (C) nos resulta:

3

suv+vw+wu=x3y+7y3z+z3x

a’u  b%*v  cEw
Tenemosen ... (A) : S Soto 52 2Vuv +vw + wu =

a’u b*v c*w
= + + > 2\uv + vw + wu
ah, bh, ch,

> 2/x3y + y2z + z3x
110. In acute-angled 4 ABC the following relationship holds:

(Y =) = my s wy v 1) 22T
s—a) o e Wb TR Tge

Proposed by Daniel Sitaru — Romania
Solution 1 by Soumava Chakraborty — Kolkata — India

m, = w, = h,isany triangle

__ Yab _ s*+4Rr+r?
ma+wb+hc2ha+hb+hc_2R_ 2R (1)

Now, (Z \/S%_a)z <3 (i + 14 i) = (CBS)

s—a s—b s—c

3sY(s—a)(s—b) 3X(s—a)(s—b) _

- s(s—a)(s=b)(s—c) r2s
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_3(3s*—s-2(a+b+c)+Yab}
= 75 =

3(3s2—4-sz+s2 +4—Rr+r2) 3r(4R+71)
= = (2)
r2s

3r(4R+71) <sz+4-Rr+r2 (4R+71)
- 2R 2s12

r2s

It suffices to show: from (1), (2)

rZs
& s2+4Rr +1r%* > 18Rr © s > 14Rr — r?
Gerretsen = s? > 16Rr — 5r2. It suffices to prove:
16Rr —5r> > 14Rr —r>* © 2Rr > 4r* © Rr > 2r> © R > 2r
(true — Euler) (proved)
Solution 2 by Martin Lukarevski-Stip
Letr,, rp, r. and F denote the exradii and the area of the triangle

respectively. We use the well-known inequality h, + hy, + h, = 97, and

the equality r, + r, + r. = 4R + r. Hence by the Cauchy-Schwarz

4R+r

. . AR+
inequality (m, +wy, + h,) - < .

3sr2

Z(ha+hb+hc)'

) 4R+r —3. Ta+rp+7r,

>3
F F

=3.3L > (2-2) and d
= = N , and we are done.

111. In AABC, K — Lemoine’s point. Prove that:

AK BK CK m, +m,+m,
+ + <

Proposed by Adil Abdullayev — Baku — Azerbaidian
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Solution 1 by Daniel Sitaru — Romania

A

By

A

P . .. A4B 2 ByC 2 c,A_ b?
K — Lemoine’s point; == = = 2 =2 218 = 2

AIC - bZ,Bl CZ ,Cl az
b?c? b2 2
2 — 2 _ 2) — 9 2 2
AK - (Z aZ)Z (2 Z a 3a ) (az T bZ T CZ)Z (Zb =+ ZC a )
2 — L 2 2 _ 2} 2 _ i 2 2 2
BK - (a2+b2+02)2 (za + ZC b )1 CK = (a2+b2+02)2 (Za + 2b C )

AK _Zbcx/2b2+202—a2_ 1 2bcm, Ym,

112. In A ABC the following equality holds:
3
Z(i/a+ Vb -3c) = V3a+V3b+3Y3c-2

Proposed by Daniel Sitaru — Romania
Solution by Daniel Sitaru-Romania:

ByAM-GM:("{/E+§/B_§/E)3+§: (§/5+§/5_§/;)3+%+§2

3

> 37(%a + VB - %) 2

(%+W_%)3+§233a+m—m (1)
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3
Analogous: (Vb + /¢ — /a) +§ > 33b+Y3c—33a (2

(Ve+Ya-¥b) +223c+33a- 33D @)

By adding (1); (2); (3): £(¥a + ¥b — ¥¢)’ + 2 > ¥/3a + ¥3b + /3¢

Z(%+W—%)323§/§+3§/ﬁ+33c—2

Equality holdsforra=b =c= %

113.Inany A4 ABC, prove that:

Srore g <
r — —
b T tans 1

Proposed by George Apostolopoulous — Messalonghi

— Greece
Solution by Kevin Soto Palacios — Huarmey — Peru

Prove in any triangle ABC: ), 1, tam‘;1 9\/—

A B
T, :ptani,rb =ptan—

23 R2 \We know that:

C A B C 1
,Tc =ptan_; tan_tan tan—

2’ 22 33

A 392 t At Bt C
7 Z—panzanza2

2(L)=Lz o L 27R _9V3
=3p (3«/5)_«/517 <% Tz - ¢ R (Done)

p=

2’
3\/_R B
2

114. In acute 4 ABC:

512
n(tanAtanB —cotAcotB) > 7

Proposed by Daniel Sitaru — Romania
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Solution by Rozeta Atanasova - Skopje
_ (tan Atan B—1)(tan Atan B+1) __
[I(tanAtan B — cotAcotB) =[] PP =

B 1—[ (tanAtanB — 1)(tanAtan B + 1)(tanA + tanB) _
B (tanA + tanB)tan Atan B B

tanAtan B
(tan Atan B+1)(tan A+tan B) _ H (3* 3 +1)(tanA+tanB) >

- H tanAtan BtanC tanAtan B tanC

4| tanAtanB\3 . 3
AM;GM 4 ( 3 ) sin(4+B) __ 64(tan A tan B tan C)2 sin A sin B sin C

= — 9
tan Atan B tan C cos A cos B 34(tan A tan B tan C)3(cos A cos B cos C)?

64 sin A sin B sin C _ 64 _

— "9
34+/sin A sin B sin C cos 4 cos B cos C

9 3
34(tan A tan B tan C)2(cos A cos B cos C)?

B 64 22 AM_GM 64 « 22
3%\/51112,4 sin2B sin 2C B 3%\/(sin2A+sinZB+sinZC)3 B
3
Jensen 64 * 2\/7 64 * 2\/7 B 64 * 2\/7 B 512

> =
- 9 3 9 3 27
31\/(sin 2A + 233 + ZC) 3% /sin3 ZT” 3% (ﬂ)Z
2

115. Prove that in any triangle ABC the following relationship holds:
a’? + b* + ¢?
2r

mg, my m, =

. A . B . C
siny  siny  sing
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solutin by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo ABC: =% 1 + Z2r + Z<p >
Slnz Sln; Slnz
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m A B m, m C a*+b%*+c?
aA(p—a)tanE+ (p b)tan2 + + CC(p—c)tanEZf
sinf sm > sin 5 > sini

De las siguientes desigualdades conocidas en un triangulo ABC:

- b+ c A - a+c B - a+b C
m, > > cosz,mb_ > cosz,mc_ > cos2
La desigualdad es equivalente:
m, A B C
(p —a) tani (p b) tanE (p —¢) tan E
sm > sm > sm >

-3 1Y 0-0
3 -0 (TS ()

+(a+b)(a+b—(:)_a2+b2+cz
2 2 B 2

116. In AABC the following relationship holds:
as
9 Z Gbrc_ar > 8s5(s,1q + SpTp + 5.7C)
Sa Sp, S — Simedians, s - semiperimeter
Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty — Kolkata — India

__ 2bc
Sa = b2+c?

RHSZSS( STy CESSS\/ZSZ\/ZT%SSS\/ZTTI,Z\/ZTZ

(1) < 8syXri X1} =8s(Z13)

-m, <mg, (~ 2bc < b? + ¢?). Similarly, s, < mj and s, < m,
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3 Leibniz 27R2 Thebault
) E 2 _°2 E 2 E 2
(-- mg = 4( a ) < 1 < ra>

S_g a5 _9 a5 N b5 . CS
LH _ZZW_Z{(S—a)Z (s = b)? (S—CV}

WLOG, we may assume a < b < c. Now—<—b<:>as<bs<:>a<b

a s—

a’ b2 c2

(s—a)? = (s-b)? — = (s—c)?

Now, LHS = >{a? ((S‘_i)z) + b’ ((si)z) +e ((si)Z)}

Chebyshecg 1 3 —AZ
= 3(2.¢°) ( (S—a)2> (2. )<Za2 (S—“V)

3

= a7 (Z a3) (a®r% + b*ri + c*r?)

A
Now,ra<rb<:>—<—<:>s—b<s—a<:>a<b

s—a s—b

Agaln—<—<:>bs<cs<:>b<c a<b<c>

Similarly, r, <r,©b<c.a<b<c=>r2<ri<r?
LHS > i(z a3) (z azrz) Cheb§hev i ) 1 (z a3) (z az) (z rz)
442 @ 442 3 a
" teao (L) (L) =G () ()

eitzenboc 2
w 2b k3R(4\/§AA)(Zra) — (3\/§R) (421,3)

Mitrinovic

> (2s)(4 X r2) = 8s(Zr2) > RHS (from (1) ) (proved)

117. Prove that in any ABC triangle the following relationship holds:

r_13 a® cosBcosC > 16 (z sin A) (Z cos? A)

Proposed by Daniel Sitaru - Romania
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Solution 1 by Kevin Soto Palacios — Huarmey — Peru
En un triangulo ABC. Probar que:

%Z a® cos B cos C > 16(% senA)( cos? 4) - r (Inradio)
3
r_3(8 sen® AcosBcosC + 8sen3 BcosAcosC + 8sen3 CcosAcosB) >
> 16(sen A + sen B + sen C)(cos? A + cos? B + cos? C)
Tener presente en un triangulo ABC:
1)sen4A +sen4B +sen4C = —4sen2Asen2B sen 2C,

2) cos?A + cos? B + cos>C =1 —2cosAcosB cosC,

3) % =4 sengsengseng ,
4)sen(B + C) =senA A5)sen(2B +2C) = —sen 24
T, =8sen3AcosBcosC - T, = (2sen?A)(2senA)(cos(B + C) + cos(B — (C))
T;=(1—-cos24)(2sen(B + C) cos(B + C) + cos(B — ())
T, =1 —cos2A4)(sen(2B + 2C) +sen2B + sen2()
T, = (- sen 24 + sen 2B + sen 2C) — sen 2B cos 24 — sen 2C cos 24 + (0, 5)2 sen 24 cos 24

T, = 8sen3BcosAcosC -
— T, =(—sen2B +sen2A+sen2C) — sen2Acos 2B —
—sen2Ccos2B + (0,5)2sen2B cos2B
T; = 8sen3CcosAcosB -

— T3 =(—sen2C +sen2A +sen2B) —sen24Acos2C —
—sen2Bcos2C +(0,5)2sen2Ccos2C
T,+T,+T3;=2(sen2A+sen2B +sen2C) —2sen2Asen2Bsen2C
T,+T,+T3=2(4sendAsenBsenC)(1—2cosAcosBcosC) >

A c\®
> 16(sen A + sen B + sen C)(cos? A + cos? B + cos? C) <4 sen - sen sen E)
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2
A B c A B c A B c
8senAsenBsen(C > 16 (4 €0s €OS - COS E) (2 sen: sen—sen E) 8 x4 (sen ; sensen E) -

1 >< A B C)Z 1> A B C
- — — — -] - = — — —
64 = senzsenzsenz 8_senzsenzsen2

Solution 2 by Daniel Sitaru — Romania

a bcosC ccosB
b ccosA acosC
¢ acosB bcosA

Letbe 4 =

sinA sinBcosC sin Ccos B|27¢3 sinA sin(B+C) sinCcosB
=8R3|sinB sinCcosA sinAcosC =8R3|sinB sin(A+C) sinAcosC|=
sinC sinAcosB sinBcosA sinC sin(A+B) sinBcosA
sinA sin(m—A) sinCcosB sindA sinA sinCcosB
=8R3|[sinB sin(m—B) sinAcosC|=8R3|sinB sinB sinAcosC|=0
sinC sin(m—C) sinBcosA sinC sinC sinBcosA

a bcosC ccosB
b ccosA acosC
¢ acosB bcosA

On the other hand: 0 = 4 =

= ab cos? A + abc cos?C + abc cos* A —
—c3cosAcosB —a3cosBcosC— b3cosAcosC =
= abc Y cos’?A—Y a®cosBcosC =4RSY cos’?A— Y a®cosBcosC.
It follows: Y. a3 cos B cos C = 4RS Y. cos?A =

) a+b+c )
= 4Rrpz COs“A = 4RT-TZ cos“ A

Y a3 cos B cos C
Y cos?A

=2Rr(a+b+c)=2Rr-2R- Z sinA = 8R2rz sin A

From Euler’s inequality: R > 2r

Y a3 cos B cos C

(X sinA4)(G cos? A)

r_13 a3 cosBcosC > 16 (Z sin A) (Z cos? A)

=8R*’r>8-(2r)% - r = 1613
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Solution 3 by Soumava Chakraborty — Kolkata — India
In AABC, T%Z a3 cosBcosC > 16(3 sin 4)(3 cos? A); r - inradius

a3 cos B cos C = R3(8sin3 A cos B cos C)
8sin3 AcosB cosC = (2sin? A)(4sin A cos B cosC) =
=(1-cos24)(2cosC)(2sinAcosB) =
= (1 - cos24)(2cos C){sin(4 + B) + sin(4 — B)} =
=(1-cos24){2cosCsinC — 2 cos(A + B) sin(A - B)} =
= (1 - cos2A4){sin2C — (sin24 — sin2B)} =
= (1 —-cos24)(sin2B + sin2C — sin 24) =
= sin 2B + sin 2C — sin2A — cos 2Asin 2B — cos 2A sin 2C + cos 2Asin 24 (1)
Similarly, 8 sin® B cos Ccos A = (1 — cos 2B)(sin 2C + sin 24 — sin 2B)
= sin 2C + sin24 — sin 2B — cos 2B sin 2C — cos 2B sin 24 + sin 2B cos 2B (2)
and 8sin3® C cos A cos B = (1 — cos 2C)(sin 24 + sin 2B — sin 2C)

= sin 24 + sin 2B — sin 2C — cos 2C sin 24 — cos 2Csin 2B + sin 2C cos 2C (3)

Q) +@)+@B)> T%Z a® cosB cos C

e sin 2B (cos 2C + cos2A4) — sin2A4 (cos 2B + cos 2C) +

+cos2Asin2A + cos2Bsin2B + cos2Csin2C
—sin2C (cos24 + cos2B) = —sin 2C{2 cos(4 + B) cos(4 — B)}
= —2sinCcosC (-2 cosC cos(4A — B))
= 4 cos? Csin(4 + B) cos(4 — B) = 2 cos? C (sin 24 + sin 2B)
= (1+ cos2C)(sin2A4 + sin 2B)
= (sin2A4 +sin2B) + cos 2C (sin 24 +sin2 B) (4)

R3 ((sin 2A + sin2B + sin2C) — sin2C (cos 24 + cos 2B) —)

Similarly,
—sin 2B (cos 2C + cos 24) = (sin 2C + sin 24) + cos 2B (sin 2C + sin 24) (5)
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and
—sin 24 (cos 2B + cos 2C) = (sin 2B + sin 2C) + cos 2A (sin 2B + sin2C) (6)

1 3
=3 a’cosBcosC =
T
R3
= r—3{3 Z sin24 + (cos2A4 + cos 2B + cos 2C) (Z sin ZA)} =

3

= f_B(Z sin 2A) {(1+ cos24) + (1 + cos2B) + (1 + cos 2C)} =

= f—: (X sin 24)(2)(X cos? 4) = Zri; (X sin24)(X cos? 4) (A)

ZsinZA =sin2A4 + sin2B +sin2C =

=2sin(A+ B)-cos(A—B)+2sinCcosC =
=2sinC{cos(4 — B) — cos(A+ B)} =

=2sinC-2sinAsinB =4sinAsinBsinC =
A B C A B C

=4. 8smismismicosicosicosi:

. A . B . C A B C
= (8 sm—sm—sm—) (4 COS—COS—COS —) (7)
27272 2 2 2

. . . . A+B A-B . C c
Now, sinA4 + sinB + sin C = ZsmTcosT+ 2 sin cos; =

_, c( A-B A+B)_4 A B ¢
- COS2 cos cos - COSZCOSZCOS2

(7) > Y sin24 = 85in§sin§sing(z sinA) =

(s=b)(s—c) [(s—c)(s—a) [(s—a)(s—Db) . _
- 8] bc j ca j ab (Z smA) B

8s(s —a)(s —b)(s — ¢) . 84° .
- — as:lbc — (Z SmA):(sabc>(z smA)
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abc

A=%anda =rs 42 =
4R !

4R

Z sin24 = —zﬁ(‘:ﬁ?:) (Z sind) = % (Z sinA)
A) = %(Z a3 cosBcos(C) = (Zri:) (% (O sin A)) (> cos? 4)

= 4(5) (Y sina) (Y o5t 4) = 425 (3 sin4) (3 cos? 4)

(R = 2r) =16(Y sin A)(T, cos? A). (Hence proved)

118. Let ABC be an acute triangle. Show that

secA
>6
\JcosA + cosB

where the sum ¥ is over all cyclic permutations of (4, B, C).
Proposed by George Apostolopoulos — Messalonghi — Greece
Solution by Kevin Soto Palacios — Huarmey — Peru

Probar en un tridngulo acutangulo ABC:
secA secB secC

+ + >
vJcosA+cosB +/cosB+cosC +/cosC+ cosA

Dado que es un triangulo acutangulo: cos A,cos B, cos C > 0,

secAsecBsecC > 8. Por ladesigualdad de Cauchy:
secA secB secC
+ +

>
vJcosA+cosB +/cosB+cosC +/cosC+cosA

2
- (VsecA ++/secB ++sec()

" \/cosA +cosB ++/cosB+cosC++cosC+cosA

Esto es suficiente probar que:
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2
3(\/secA ++sec B +VsecC) = 18(\/cosA + cos B ++cos B+ cosC + VcosC +cos A)

Desde que: vcosA + cos B ++/cos B + cosC ++/cosC + cosA <

<+/3(2)(cosA + cos B+ cosC) < 3
2

3 2
18 < (3\/\/secA sechecC) < (VsecA +VsecB + VsecC)

(The proof is completed)

119. In ABC the following relationship holds:

s
asina 4 psinB 4 sinC > 3, (?)3R

wherea+ b + c = 2s
Proposed by Mehmet Sahin — Ankara — Turkey

Solution 1 by Daniel Sitaru — Romania

1
s af[Tomra [

a+b+c

3 a+b+c\, 6R 3 23%
> _— = —_
- ( 3 ) (3)

Solution 2 by Mehmet Sahin — Ankara — Turkey

First, let’s define the function

f(x) = xﬁ,f”(x) > 0 = f is convex. If used Jensen Inequality, then

b
(P57 <2 1(@ + £8) + 1]

a+b+c

a+b+c\ 32R 1/ a b £
(—3 ) < §(a2R + b2R + cZR)
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N

= a’it4 + psinB 4 ¢sinC > 3. (23—3)ﬁ as desired.
120. In ABC the following relationship holds:

1 7 2
S
res—7" R 1T

ab.c

Proposed by Mehmet Sahin — Ankara — Turkey

Solution 1 by Daniel Sitaru — Romania

s(s—a) s—a_s s + r2 —8Rr 7r — 2R
Zr -r SZ SZ 4Rr = Rr <

os2+1r2—8Rr>28r2—8Rr o s2>27r o s>3V3r

Solution 2 by George Apostolopoulos — Messalonghi — Greece

2
We have -+ -1 4+ 1 (1+1+1)2 9 3

Tq—T Tp—T Te—T  Ta+rp+rc—3r - (4R+1)-3r ~ 4R-2r

7
>———Wehave

It suffices to prove that .

& 9Rr > 7r(4R — 2r) — 2R(4R — 2r) © 8R?* — 23Rr + 1412 > 0

We have 8R? — 23Rr + 1412 = 8(R — 2r) (R - —) >0

because R > 2r (Euler),and R — % > 2r — f >0

Equality holds when the triangle ABC is equilateral.

121. In A ABC the following relationship holds:

a b c w w w
/ + + / 22\5( @y b 4 " )
s—a s—b s—c r,+r, r.+*r, r,+tr,

Proposed by Bogdan Fustei-Romania
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Solution 1 by Soumava Chakraborty-Kolkata-India

a_ _ Vavsy(s—b)(s—c)
S—a_\/s(s—a)(s—b)(s—c)

. b 1 c 3 1
Similarly, /E = \/bs-m & — = \/c_s-m

W+@+@)= Lis 2 V53 (va- )

s—CcQ@

N
= \vas

1 1

>
VT \/ TcTa VTala

rbr )

A-G
wwy<.s(s—a)etc&r,+r, = 2, /r,r. etc.. RHS S V2s), (x/s —-a-

“a>=b>c (byassumption)

WLOG, we may assume a > b > ¢. Thenva > Vb > vc & —

Chebyshev

“@)=>LHS > —(Z\/‘)<

7o)

1 1 1
~vVs—a<+vs—b<+s—c &ofcourse, > >
Vsasvs—bs<y e = Trera = Jrars

C hebyshev

+(6)=RHS > —(Z\/ST)< rbr)

(5), (7) = it suffices to prove: Y V/a > Y vV2s — 2a ©

(€))
esva+Vvb+ve>Vb+c—a+Vc+a—-b+Va+b—c
letb+c—a=x,cta—-b=y,a+b—-—c=zThena+b+c=x+y+2z

y+z z+x x+y
a > b > ,C > -x,y,z>0

~(@) ey y+z>zx/_@z(y+2)+zz M>2x+22\/ﬁ(uponsquaring)

@z\/(y+z)(z+x)2Zz\/x_y@Z(y"'Z)(Z"'x)"'z /n(x"'}’)(z\/x—ﬂ’)

>4 Y xy + 8,/xyz(X+x) (upon squaring)

@Zx2+32xy+2 /n(x+y)(z\/x—+y)242xy+8\/m(z\/?c)
@Zx2+2 /n(x+y)(zm) (§)ny+8\@(z\/y7)
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Now, Y x2 > ¥ xy. Also, [1(x + y) = 8xyz .. in order to prove (9), it suffices to show:

PR EIRE

Chebyshev

Now, %2(x+y) = X |(Wx+y) =3(Vx+y) =23 Vx> (10)istrue

(Hence proved)

Solution 2 by Soumitra Mandal-Chandar Nagore-India

AM GM 3
We know abc > 8]],,.(p — a) then chc cyc a a

AM
= 33/V8 = 3v2 again, Zﬁchc S Zﬁchc

S‘EZ Vp(p —a) :3\/5_\/10(10—a)(xn—b)(xn—c):3\/E

&~ | A A A
Ip-b'p—c

122. In acute 4ABC the following relationship holds:

2 (sin (A + g) + sin (B + E) + sin (C + E)) > 3+ +/sin 24 + /sin 2B + +/sin 2C
Proposed by Daniel Sitaru — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar en un tridngulo acutangulo ABC:

2 (sin (A + f) + sin (B + %) + sin (c + g)) > 3 ++/sin 24 + V/sin 2B + V/sin 2C

= 2 <(\/%) (sinA4 + cos A4) + (\/%) (sinB + cosB) + (\/%) (sin C + cos C)) >

> 3 ++/sin 24 + Vsin 2B + Vsin 2C

= v2(sin A + cos A) + V2(sin B + cos B) + v2(sin C + cos C) >

> 3+ +/sin2A4 + /sin 2B + /sin 2C ... (A)

Dado que es un triangulo acutangulo:
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(sinA,sinB ,sinC),(cosA,cosB,cosC) >0
Ademas: V1 + sin2x = sinx + cos x & (sinx,cosx) >0

Por la tanto tenemos en ... (A):

= /2(1 +sin 24) +/2(1 + sin 2B) + y/2(1 + sin 2C) >

> 3+ +/sin 24 + Vsin 2B + Vsin 2C

Es suficiente demonstrar lo siguiente:

=>\/2(1+sin2A) >1++sin24 - 2(1+sin24) > 1 +sin24 +

2
2v/sin24 > 1+ sin24 > 2Vsin24 = (1 —+/sin24) > 0, desde que:
0<24<m->0<sin24<1-0<+sin24 <1 = Por latanto:

J2(1 +sin24) +/2(1 + sin 2B) + /2(1 + sin 2C) >

> 3+ +/sin 24 + v/sin 2B + +/sin 2C ... (LQQD)

Solution 2 by Soumava Chakraborty — Kolkata — India

In acute AABC, Y. 2 sin (A + g) > 3+ Y /sin 24

Given inequality & Y. v2 (sin4 + cos 4) > ¥(1+ /2 sin A cos A)

Let's prove that vx € ( ) V2(sinx + cosx) > 1 ++/2sinxcosx

& V2(sinx + cosx) — 1—\/(sinx+cosx)2 —-1=>0
©V2t—1—-+Vt2 — 1> 0,wheret = sinx + cosx
t2—1:25inxcosx>0=>t2>1=>t>1('.'t>0)

Let f(t) =V2t—1—Ve2 -1 = f'(t) =

14

>0
(t2 1)z
~ f'(t) = 0 = occurs when f(t) attains a minima
2
=2=t=V2(-t>1)

f’(t):():»'ﬁ
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« f(t) never attainsa maximavt>1- f(t) > f(vV2)=2-1-1=0

= f(t) = 0, equality at x = g

T

= v2(sinx + cosx) > 1++/2sinxcosx,V x € (Og) equality at x = .

Casel:1angle>~ 1angle >~ 1angle<:
WLOG we may assume A >§,B 2§,C<g

Thenv2(sinA + cos A) > 1 ++/sinA4,v2(sin B + cos B) > 1 + /sin 2B,
V2(sin € + cos €) > 1 ++/sin C ... adding,

Z V2 (sin A + cos A) > Z(l + +/sin 24)

Case 2: 2 angles > g, 1 angle > g . WLOG, we may assume 4, B > g, C>

T
4

Then, V2(sin 4 + cos A) > 1 ++/sin 24 ,/2(sin B + cos B) > 1 + +/sin 2B,
V2(sin € + cos €) > 1 ++/sin C ... adding

Z V2 (sin A + cos A) > Z(l + v/sin 24)

123.In A ABC the following relationship holds:

r. h ryh r.h 1/ r,+1r r.+r r,+r
aa+bb+cc<_<bb c+ c ab+ abb>
+c—a c+a- a+b—c

aw, bw, cw, 2
Proposed by Daniel Sitaru — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo ABC, la siguiente desigualdad:

2r_ h 2ryh 2r_.h r,+r ry,+1r r.+r
aa+ b b+ (:(:S a b b c + c a
aw, bw,, cw, a+b—c b+c—a a+c—-b>b

En un triangulo ABC, se cumple la siguiente desigualdad:
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2bc A 2bc 2bc 28
Wy 2 hg - —cos_ = B0\ = e =—=h,.. (LQQD)

- b+c 2 4R cos( > ) -5 x1 a

Por lo tanto la desigualdad es equivalente:

2r, h 2ryh 2r.h 2r 2r 2r r,+r r,+r r.+r
a a+ b b+ c cS a+ b+ cS a b + b c + c a
aw, bw, cw, a b c a+b—c b+c—a a+c—-b

Desde que: a, b, ¢ son lados de un triangulo:
(a+b—-c),(b+c—a),(a+c—b)=>0.Porladesigualdad de Cauchy:

1 1 4r, 2r,
Ta( =+ )2 o ,
a+b—-—c a+c—-0»>b 2a a

1 1 27y, 1 1 27,
"(rrasetirema) > 5 crass v a2

b+a—c b+c—a ct+ra—b c+b—a c
= Sumando se obtiene: X7t 4 Tb*Te | TetTa o 2a 4 2p 4 2Pe
a+b—-c b+c—a a+c—b a b c
2r,h 2rph 2r.h
> alla + b b c c
T oaw, bwy, cw, (LQQD)
Solution 2 by Soumava Chakraborty — Kolkata-India
= = —1,(rp + 1,
2(b+c—a) 4(s—a) 44 s =T =3y b
imi Tctrg rq+7p 1
—_— - +
Similarly, 2(c+a-b) 44 rb(r + 1), 2(a+b-c) 44 Te(re+ 1)

RHS = (ZZ )— s _3
~ 22 Talb) = 5rs ~ 21

r r r
LHSS;“+F”+?C (+ hy < wg hy < Wy, he < W)

1 1 1
:A{a(s—a)+b(s—b)+c(s—c)}
_rs{bc(s — b)(s — ¢) + ca(s — c)(s — a) + ab(s — a)(s — b)}
B abc(s —a)(s — b)(s — ¢)
_ rs{s*(X ab) — s{bc(b + c) + ca(c + a) + ab(a + b)} + ¥ a®b*}
B 4Rrs(s —a)(s — b)(s — ¢)
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rs{s*(X ab) — s{bc(2s — a) + ca(2s — b) + ab(2s — ¢)} + (3 ab)? — 2abc(2s)}

4R1r(rs)?
s2(X ab) — 2s5%(3 ab) + 3s(abc) + (3 ab)? — 4s(abc)
- 4Rr?s
—s%(s? + 4Rr +r?) + (s® + 4Rr + %)% — s(4Rrs)
- 4Rr2s
(s2 + 4Rr + r2)(4Rr + r2) — 4Rrs?
- 4Rr2s
s2(4Rr +1%) — 4s’Rr + r?(4Rr + r)?  s?1% + r2(4R +r)?

- 4Rr2s - 4Rr2s
= # =~ it suffices to prove: # < Z—Sr
S (::: n)” < % & 2Rs? > r{s’ + (4R + 1)?}

o s?R-r)=>r(AR+1)? (1)
Gerretsen = s?2 > (16R —5r)rand~ 2R—r >0
~s*2R-1r)=2r(16R-5r)(2R-1) (2)
(1) and (2) = it suffices to prove: (16R — 5R)(2R — 1) > (4R +1)?
& 32R%? — 26Rr + 51% > 16R? + 8Rr + r?
& 16R? —34Rr + 41> > 0 & 8R?2 —17Rr + 212 > 0

Euler
< 2R-2r)(BR—r)=0->true~ R = 2r (Proved)

124. Prove that in any triangle the following relationship holds:

m, m, m a+b+c)?
a+_b+ c>( )

S, Sp S, ab+bc+ca’

Proposed by Adil Abdullayev — Baku — Azerbaidjian
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Solution by Daniel Sitaru — Romania

Z z:b2+c2 2(a+b+c)*  (a+b+c)

2bc 2(ab + bc + ca) ab + bc + ca

125. Let ABC be a triangle with circumradius R and inradius r, and let

w,, wp, w, be the lengths of the internal bisectors of the angle opposite of
the sides of lengths a, b, c, respectively.Prove that:

3 <a2+b2+cz> r

8 \w2 + w2+ w?

Z 7
Proposed by George Apostolopoulos — Messalonghi — Greece

Solution by Kevin Soto Palacios — Huarmey — Peru

., 3 ( a?+b%+c? 3 ( a?+b%+c? \ R
Probar en un triangulo ABC: §(¥) >I,°2 (#) R>1

w2+w,2,+w3 R 8 w5+w,2,+w3 r

Desde que: w, = 2\/_”’(” 9 < [p(p—a)
<vp@-b)w: < p(p-o)

<a2+b2+cz> a? + b?% + ¢2 _a*+b*+c?
wi+wli+w?) pp-a)+p@—b)+p(p—o©) p?
3<a2+b2+cz>R 3<a +b2+cz> _ 3(a® +b*+c?)

ﬁ_
8\w2 + w? + w2 p? (a+b+c)?

r=8

126. In A ABC the following relationship holds:

1 1 1 a b c 3
b Y- (b D)
a b c bc ca ab/ {/(b+c-a)(c+a—-b)(a+b—rc)

Proposed by Daniel Sitaru — Romania
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Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo ABC, la siguiente desigualdad:

2<%+%+%)—<i+£+£)[i/(b+c—a)(a+c—b)(b+a—c)]S3

bc ac
= [i/(b +c—a)a+c—b)(b+a-— c)] (b+c+a)+(a+; bt(bta-c) _ .. (A)
1 1 1 a b ¢ 2(ab+bc+ac)—(a2+b2+cz)
=>2( —)—(—+—+—): —

a b c bc ac ab abc

_ 2(p* +7r*+4Rr) — 2(p*> —r* — 4Rr)

B 4pRr

1 1 1 b 4r(4R+r) 4R+r
= 2(Z+;+;) (bc+ac+ab) 4pRr pR " (B)

Multiplicando (A) % (B):
= 2(1+1+1) (bc+ b 4 )[i/(b+c—a)(a+c—b)(b+a—c)]

a b c ac

4R
< 2(4:R+r) < (3 + ) =3 . (LQQD)

Solution 2 by Soumitra Mandal-Chandar Nagore-India

3 1 1 1 a b ¢
3 ol ded) (k)
Y@+b—c)(b+c—a)(c+a—b) a b c bc ca ab
3 - 9
Y@+b-c)b+c—a)(c+a—-b) a+tb+c

9 1 1 1 b
so we need to prove, - >2( +o+ ) ( +—+i)
+b+ c bc ca ab

Z Za a+b+c

cyc cyc cyc
a? + b? +cz—ab—bc—ca> Yeyealb — c)?

= >
abc abc(a + b + ¢)
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chc(x + }’)Z - chc(x + }’)(y + Z) > chc(x + }’)(y - x)Z
(x+y)(y +2)(z + x) T2(x+y+2)(x+y)(y+ 2)(z+ x)
Applying Ravi Transformation.Leta=x+y b=y+zandc=z+x
X2y 2 —xy—yz—zx Yeye(x + y)(y — x)?
x+y)y+2z)(z+x) —2(x+y+2z)(x+y)(y+2z)(z+x)
Yeye(x — y)? S Yeye(x + y)(x — y)?
TErNG+ D@+ Gry+DE+ NG+ )@+ )
chcz(x }’)

> 0, which is true

(x+y)(y+2)(z+x) —

3
“3;/(a+b—c)(b+c—a)(c+a—b)22(“ b C) Zbc

cyc

127. In any triangle ABC the following relationship holds:

¢ A+t B+t C<R 2R 1
an2 an2 an2 > 7

Proposed by George Apostolopoulos — Messolonghi — Greece

Solution by Kevin Soto Palacios — Huarmey — Peru

2R

Prove that in any triangle ABC: t:;m;1 + tan= >t tan2 < ; —- 1

We know that: ZTR —1 > 3 > 0. Since:
A _ C _
ro=ptan,r, = ptan Te=ptan_, ro+rp+r. = 4R + 1
Inequality is equivalent:

4R+r< R 2R —7r
p  2r

R)Z 2R —r
X

> (4R+1)* < p (Zr

r
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— (4R +1)2(41)3 < p?>(2R — 1)R?
By Gerretsen’s Inequality:
p*(2R — r)R? > (16Rr — 5r%)(2R® — R*r) > (4R + r)%(4r3)
We need to prove that: (16Rr — 5r2)(2R3 — R?*r) > (4R + r)*(4r3)
= 32R*r — 10R3r? — 16R3r? + 5R?*r3 > 64R*13 + 32Rr* + 41r° &
(Dividing = (r° > 0))
3 2

R\* R R R R
=>32(—) —26(—) —59(—) —32(—)—420=>m:—22
Tr Tr Tr Tr Tr

= 32m* -26m3® -59m? -32m—-4=(m-2)(32m3®* +38m? +17m+2) >0

128. Let ABC be an acute triangle area 4. Prove that:

(b + c)? (c + a)? (a + b)?
+ + <84
tanB+tanC tanC+tanA tanA+tanB

Proposed by Ngyuen Viet Hung — Hanoi — Vietnam
Solution by Kevin Soto Palacios — Huarmey — Peru
Sea ABC un triangulo acutangulo con area 4. Probar que:

(b + c)? (c + a)? (a + b)?
+ + <84
tanB+tanC tanA+tanC tanA+tanB

Dado que es triangulo acutangulo: tan A,tanB,tanC > 0

(b+c)? < b2 + c2

Por la desigualdad de Cauchy: oS T oo (A)
2 2 2 2 2 2
(c+a) < ¢ L« (B): (a+b) < a® b .. (©)
tanA+tan C tan C tan 4 tanA+tan B tan4 tan B
Sumando: (A) + (B) + (C)
2 2 2 2 2 2
(b+c) + (c+a) + (a+b) < 2a + 2b + 2¢ (D)
tan B+tan C tanA+tan C tan A+tan B tan 4 tan B tanC
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2a? + 2b2 + 2c? ZZSIII AcosA+4R2 2 sin? BcosB+4R2 2sin2 C cos C

tan A tan B tan C sin A sin B sinC
2a? 2b? 2c?
= + +
tan4A tanB tanC
= 8(2R? sin A sin B sin C) = 84. Por lo tanto, tenemos en (D)...

= 4R?(sin24 + sin 2B + sin 2C) =

(b + c)? (c + a)? (a + b)? 2a? 2b? 2c?

N + + < + + =84
tanB +tanC tand+tanC tanA+tanB  tanA4d tanB tanC

129. Given a triangle ABC.Prove that:

\/E('A+'B+'C)> _A+ _B+ A
sm2 sm2 sm2 > sm2 sm2 sm2

Proposed by Richdad Phuc — Hanoi — Vietnam

Solution by Daniel Sitaru — Romania

f(x) = sm——\/_sm— f”(x)— (smz) ;+\/Tisin§>0,fconvex
e U Al o e EOYCE

1 ’ A A
—52 smi—\/fsmi

130. In acute 4 ABC the following relationship holds:
Z(AZ + cos A) + log|cosAcosBcosC| < 3

Proposed by Daniel Sitaru — Romania
Solution by Ravi Prakash - New Delhi - India
Let
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T
f(x):x2+cosx+ln|cosx|—1,0§x<5
T
f'(x):Zx—sinx—tanx,0<x<?

T
f"(x)=2—cosx—sec2x,0<x<i
For0<x<§;cosx+sec2x>2M22
=2—cosx—sec’x<0 for 0<x<§=>f’(x)<0 for 0<x<§
= f(x) is strictly decreasing on [Og) > f(x)<f(0) 0<x <§

w
= x2 + cosx +In|cosx| < 1for0 <x<3

Taking x = A, B, C and adding we get desired inequality.

131. Let a, b and c be the side lengths of a triangle AB C with inradius r-.

Prove that:

o at b* ct p
+ + .r
A B C~—
24 2 b 2
tan’3 tan’3 tan >

Proposed by George Apostolopoulos — Messolonghi — Greece
Solution by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo ABC, la siguiente desigualdad:

.| a* b4 ct - at b* ct - A
tan2é+tan2§+t 2£_6r_)tan2—+tanzg+t 25_12967'
2 ) 2 2 anty

Recordar las siguientes desigualdades: R > 2r, p > 3+/3r - p? > 27r?

Tener en cuenta la siguientes identidades:



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

A B C
abc = 4RS,r, = ptan—,r, = ptan—-,r, = ptan_,
2 2 2

s%s
" -a@-bp-0
Desde que: (r,, 1, 1.),(a,b,c) > 0. Por: MA > MG:

TalpTc =pS

4 bt 4 bc)t
. . c _ 33 (abc)

A B C
tan2 tan2 tan? =

a

4 B 2%
tan tan = tanz)

2
5 4p 3 4
JE:R:,,)r =3 [ = 3R

= Y + 2 > 33/(8r)4(27r2)3r2 = (3 x 2)*r* = 12961
tan?5 tan? E tan2;
2 2 2

132. Let ABC be an arbitrary triangle, I, I}, I. are excenters, r is inradius,
and R is circumradius of ABC. Prove that:
12rV3 < P(I,1,1,.) < 6RV3
where P(I,1,1.) is perimeter of ABC.
Proposed by Mehmet Sahin — Ankara — Turkey
Solution by Adil Abdullayev — Baku — Azerbaidjian
Lemma 1.

p(p —c)

C
I lp = 4R —=4R
alp cos2 b

Lemma 2.
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Z A<3\/_
cosz_ >

33

cyc cyc

- - 3rv3
LHS = 4RZ /p(p > 12rV3 & Z p(p 2) rR\/_
cyc cyc

m—on -y PO JB(p—axp D@p-c) 33

GERRETSEN - p2? > 16Rr — 512 > 27r% >

a’b?c? R

cyc
, _ 16-27r°
op > —R4

16-27r°

o R*>16r* o R >2r

133. Let m,, my,, m. be the lengths of the medians of a triangle, and let

Wa, Wp, W,

be the lengths of the internal bisectors of the angle opposite of

the sides of lenghts a, b, c, respectively. Prove that:

2
mZ  mj m?
+ +
a b [ 9
> —

wZ+wi+w? T4

Proposed by George Apostolopoulos — Messolonghi — Greece

Solution by Kevin Soto — Palacios — Huarmey — Peru

Probar en un triangulo ABC:
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2
(m_5+ﬂ+m_3>
a b c

2

> %. Desde que:

wZ+wi+w?
_ 2bc |p(p-a) 2Vbc
wa—b“/ he —b+cx/p(p—a)sx/p(p—a),

w, < p@—-Db),w, <. p({ — c). Ahora bien:
4m2 4m2 4m? 2b* +2c*—a* 2c*+2a*—-b* 2a®+2b% - c?
+ + = + +
4a 4b 4c 4a 4b 4c
Por desigualdad de Cauchy:

4m?2 4m?2 4m? a+b+c
+ + + =

4a 4b 4c 4
1/b* a? 1/a? c¢%\ 1/c*? b? a+b b+c c+a
= —+— )+ —F+— )+ —+—] > + + =
2\ a b 2\ c a 2\ b [ 2 2 2
am2 4m? 4m? 3(a+b+ 3
—a+b+co e M e (a C):_p
4a 4b 4c 4 2
2
Ry 5,7 0
Por la tanto: > 4 ==

wi+wi+w?Z T p(p-a)+p(p-b)+p(p—c) T4

134. In acute angled 4 ABC the following relationship holds:

1 3
z _ : : > > 2v3
sin2B +sin2C —sin24 = 3/ sin 24

Proposed by Daniel Sitaru — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

En un triangulo acutangulo ABC, probar lo siguiente:

Z 1 > 33\/csc 2Acsc2Bcsc2C > 23
sin 24 + sin2B — sin2C — -
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Dado que es un triangulo acutangulo:

sinA,sinB,sinC,cosA,cosB,cosC >0

1) cosAcosBcosC < %,

3v3
sinAsinBsinC < T ASin2A4sin2Bsin2C =

3V3

=8sinAsinBsinCcosAcosBcosC < T

2) Ahora bien en un triangulo ABC, por transformaciones
trigonemétricas:
sin24 + sin2B — sin2C = 2sin(4 + B) cos(4A — B) — 2sinC cos C
sin24 + sin2B — sin2C = 2sin C (cos(4A — B) — cosC) =
= 2sinC (cos(4 — B) + cos(4 + B))
sin2A + sin2B —sin2C = 4sinCcosAcosB >0

Por: MA > MG

z 1 > Si/(csc 2Acsc2Bcsc2C)(8secAsecBsec() >
sin 24 + sin 2B — sin 2C — -

= 3§/csc 2Acsc2Bcsc2C > 2V3

Solution 2 by Soumava Chakraborty — Kolkata — India
sin 2B + sin 2C — sin24 = 2sin(B + C) cos(B— C) —2sinAcos A =
=2sinAcos(B — C) + 2sinAcos(B + C)
= 2sinA{cos(B+ C) + cos(B—C)} =4sinAcosBcosC >0
(+ AABC is acute — angled) = sin 2B + sin 2C > sin 24
Similarly, sin2C + sin2A4 > sin 2B, and sin2A4 + sin 2B > sin 2C
~ sin2A,sin 2B ,sin 2C from 3 sides of a A.

Letx = sin2A4,y = sin2B,z = sin2C
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Using Padoa’s inequality, xyz > (x +y—z)(y+z—x)(z+x — y)

>Va+y-2)(y+z-x)(z+x-y) < xyz
1 1

= 3MGx+y—2) = 3[xyz @)

1 476 5[ 1
Now, Y ——oeeo—— > 3 /H(x+y 52 Ji(usmg (1)) (Proved 1st

A-G
part). Again, }/[Tsin24 < 2024
(v AABCis acute, ~ 0 < 24,2B,2C < 1t = sin 24,sin 2B, sin 2C > 0)

4sinAsinBsinC 4 33 3v3 \/§
- 3 =3 g 1_[5"‘“ g )~

2

1 2 3 2
- > = - — d
= 3sinza = v3 _ 3llsinza = -3 = 2v3 (Proved 2" part) (Done)

Solution 3 by Soumitra Mandal - Chandar Nagore — India

sin 2B + sin2C — sin24 = 2 sinA{cos(B — C) + cos(B + C)} =

=4sinAcosBcosC

1 1
Z sin2B + sin 2C — sin24 4sinAcosBcosC

cyc cyc

3 3
>

2 —_
S\/Hcyc(z sinA cosA) - 8cos AcosB cosC W

[~1>8cosAcosBcosC(]. Let f(x) =Insin2xforall x € (O,g)

f'(x) = —4csc’x<Oforallx € (OE) =~ Applying Jensen’s Inequality

YcycInsin 24 V3 V3

< ln{E(A+B+c)}: In>> = Ysin24 - sin2B - sin2C <

f]_[cyc sin 24

1 3

>
sin 2B+sin 2C—-sin24 — S’HcycSiHZA

=

> 2v3 = Yeye > 2+/3 (proved)



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
135. In AABC the following relationship holds:
avb + b\c + cva < 3RV2s

Proposed by Daniel Sitaru — Romania

Solution 1 by Mihalcea Andrei Stefan-Romania
By C-B-5=LHS < (Za)(Ta?) <18R? 2% Y a? < 9R? & OH? 2 0 true

Solution 2 by Soumava Chakraborty-Kolkata-India

Lis = (@) (va) + (V) (VB) + (@) ()

< /(T ab)\/(X a) (by CBS) = /(T ab),/(2s)
- it suffices to prove: /(X ab) < 3R < Y ab < 9R?

& s2+4Rr + 12 < 9R? = §2 < 9R%? — 4Ry — 12

Now, s? < 4R? + 4Rr + 3r? (Gerretsen)
- it suffices to prove 4R? + 4Rr + 3r% < 9R? — 4Rr — r?
& 5R? —8Rr —4r? > 0 = (R—2r)(5R + 2r) > 0, which is true by
Euler (Hence proved)

Solution 3 by Rozeta Atanasova-Skopje

By Cauchy - Schwarz inequality LHS < /(a2 + b% + c2)\/(a+ b +c) =

= 2R+/(sinZ A + sin2 B + sinZ2 C),/(2s) < 2R \/@ J/(2s) = 3R\/(2s) = RHS

) ] ] 9
because sin? 4 + sin? B + sin® C < "



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

136. In acute angled A ABC:

acos34A b3cos®B c3cos3C 32r3s3
+ + =
1 3mR3

1 1
-1 -1 -1=
tan™" 5 tan™ ¢ tan™ o

Proposed by Daniel Sitaru — Romania

Solution 1 by Anas Adlany - El Jadida — Morroco

We have arctan G) + arctan (%) + arctan (%) = %. So by Chebyshev’s

inequality LHS > % C a®)(C cos(4)3) >

e ((CA(225) 2 (25 - s

Solution 2 by Kevin Soto Palacios — Huarmey — Peru

Probar en un tridngulo acutangulo ABC:

a3 cos3 A b3 cos3 B 3 cos3 € 321353
3mR3

. Por la desigualidad de Holder:

1 1 1
-12 -12 -1=
tan 2 tan 5 tan 3

a3 cos3 A b3 cos3 B 3 cos3 €
=+ =+ g

> (tam‘1 ! ttan11+ tan‘ll) 1+1+1)>
2 5 8

tan‘% tan‘lé tan
> (acosA+ bcosB + ccosC)3

A continuacion, demostraremos lo siguiente:

SO SN SN SO
arcan2 arcan5 arcans—4
1 1
1 1 §+§ 7
arctan— + arctan— = arctan = arctan—,
2 5 l_lxl 9
2 5
7 1
7 1 g"‘g T
arctan— + arctan— = arctan| ——=—— | = arctan1 = —
9 8 7.1 4
8 8
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Luego:
a3 cos3 A N b3 cos®B N c3cos3C - 4(R(sin2A + sin 2B + sin ZC))3 B
41 .1 41 = 31T o
11 11 11
tan~! 3 tan"'z  tan'g

rs \3
_ 4(4RsinAsinBsinC)® 3 (4R ZRZ) _ 32r3s3

3n 3 " 3mR3
Solution 3 by Myagmarsuren Yadamsuren-Ulaanbataar-Mongolia

Z a3 . COS3 A Rad>on’s (a .cosA+Db - -cosB +c-cos C)3 (i)
2 = 5 =

1 1 1 1

/ 15 -12 -1 -12

( tan 2) (\/tan > + \/tan £ + \/tan 8)

=a-cosA+b-cosB+c-cosC=R-(sin24 + sin2B + sin2C) =

abc _ 24

'8R3™ R

2
2. <Jtan‘1l + Jtan‘11 + Jtan‘1 1) <3. (tan‘11 +tan- 11+ tan‘ll) =
2 5 8 2 5 8

=4-R-(sin4-sinB -sinC) =4

11 11 _11 b4 3T
= (tan 124+ tan 1=+ tan 1—:—):—.
2 5 8 4 4

(*) Ca-cosA)3 . 842 1 _ 321353

Jtan‘1§+\jtan‘1§+\jtan‘1§ 4

137.In A ABC the following relationship holds:

+ +
A B B C C A~
22 2= 2= 2 2 2= 2
tan 2 + tan 2 tan 2 + tan 2 tan 2 + tan 2

Proposed by George Apostolopoulos — Messolonghi — Greece
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar en un tridngulo ABC:
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tan? A + tan? B tan? B + tan? ¢ tan? ¢ + tan? = B
2 2 2 2 2 2
Por la desigualdad de Cauchy:
a* + pb* > (a? + b?)? > (a? + b% + c?)? > 1852
z 24 z z 24 2B~ 2 A 2B 2C™
tan + tan 2 tan + 2 tan tan< 5 + tan + tan
2 2 2 2
A 24p2+c2)”
Por lo cual solo basta probar lo siguiente: (Z = ) =
tan25+tan25+tan25
2+b2+ 2 SZ
(a <) > 4852

(p —-b)2(p—c)?+(p—c)*+(p—c)?(p—a)?+(p—a)*(p-b)? =

=>(a2+b2+c2) >3(a+c-b)*(b+a-c)?+3(a+b—-c)*(b+c—a)’>+3(b+c—a)*(a+c—b)?

=>Za4+22a2b2 23Z(a2—(b—c)2)2 =3Za4—32b4—3Zc4+62b2c2—62a2(b—c)2

= Za4+ Zz:azb2 > —BE:a4 —62 a’b? + 12abc(a+ b + ¢)
= 42 a* + 82 a’b? > 12abc(a + b + ¢)
Lo cual es cierto ya que, por: MA > MG
4(a* + b* + ¢*) > 4(a®b? + b%c? + c%a?) = 4abc(a+ b + ¢)
8(a%b? + b?*c? + c%*a?) > 8abc(a + b +¢)
Sumando obtenemos: = 4 Y a* + 8 Y a?b? > 12abc(a+ b + c) ... (LQQD)
Solution 2 by Ravi Prakash-New Delhi-India

A j(s—b)(s—c) (s — b)(s — ¢)
tan(): -

2 s(s—a) A
tan? (§) +tan? (5) =22 16 - 02+ (5 - @7
at + p* _ AZ [ I
tan? (g) + tan? (g) (s —c)?|(s —a)? + (s — b)?
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Buta=2s—(b+c)=(s—b)+(s—c)=2/(s—b)(s—c)
= a* > 16(s — b)%(s — c)? ~ a* + b* > 16(s — ¢)?[(s — b)? + (s — a)?]

at+p*

tan2(5)+tan?(3) ~

a*+b*
tan? (A)+ta 2(2)

Solution 3 by Soumava Pal-Kolkata-India

Thus, >164% =) > Y 164% = 4842

s:a+:+c. Takex=s—a,y=s—b,z=s—c,sothatx,y,z> 0.

A j(s —b)(s —c)

tan— =
s(s—a)

2
4-_|_b4- 4-_|_b4-
LHS = Z Z(s—b)(s—c) G-0G-a

B
tan2 + tan2
cye Y s(s—a) s(s—b)

b* (z+x)*+ (z+y)*
e =AY

=s(s—a)(s—b)(s— C)Z

z+y =22y and o  ZTx=2V2x

(z+ y)* > 162%y? (z + x)* > 1622%x>

(z+y)* + 2+ 0)*
(2 + D)

> 16

S>(@Z+y)t+(@E+x)*>1622(x2+y%) >

>16 x 3 =48

2(2+y)4+(z+x)4
=
262+ %)
cyc
(z+y)*+(z+x)*
z2(x2 +y2)

= A% Yy > 484% = LHS > 48A% (Proved)

Solution 4 by Soumava Chakraborty-Kolkata-India

, A 2B (s—b)(s—c) (s—¢c)(s—a)
tan® E+tan 2 s(s—a) s(s—b)
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_(s—c)(s—b+s—a):(s—c){(s—b)2+(s—a)2}

s s—a s-—0»b s (s—a)(s—b)
(5= (s—b)*+(s—c)(s—a)* _
B s(s—a)(s—b)(s—c) B

_(e=0G=0) +(Ve=aG-a) _
= o <
GMEAM(s—b-ZI-s—C)‘t_F(s—c-lz-s—a)4 -

= 2 ~ 71652

44 ct+at

4 4
> 1652. Similarly, —"— > 1652 and > 1652

e A B =— C =— C A —
24 22 22 2> 25 24
tan 2+tan 2 tan 2+tan 2 tan 2+tan 2

a*+b

= LHS of (1) > 165% x 3 = 48S5% = RHS (Proved)
Solution 5 by Soumitra Mandal - Chandar Nagore — India

A_ (p—b)(p—c),tang — P-D@-9) tan & = P=D@-b)

2 S 2 S 2 S

tan

where p = semi — perimeter and S = area of triangle ABC

a* + p* _ g a* + p* -
Z A B ;{(p—b)(p—C)}2 +{p-a)(p-0)¥ "~

B
2 2
cyc tan® > + tan® 5

at+pt

(p—b+p—c)4 + (p—a+p—c)
2 2

> S%Ycye . = 485% (proved)

138. In AABC the following relationship holds:

sin® A + sin*A + cos® A4 + cos*4 12r
-6 s 4 4 6 =
sin® A + sin* A + cos*A4 + cos® A4 R

Proposed by Daniel Sitaru — Romania
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Solution 1 by Soumava Chakraborty-Kolkata-India
sin® 4 + cos® A + sin* A + cos* A =
= (sin* A + cos* A)?> — 2sin* Acos* 4+ 1 — 2sin? Acos? A
= (1 —-2sin?Acos?A)? —2sin*Acos*A4 —2sin?Acos?A4 +1

=2+ 2sin*Acos* A — 6sin? Acos? A
=2(t? —3t;+1) (t; = sin’ Acos? 4)
Again, sin® 4 + sin* A cos* A + cos® 4

= (sin? A + cos? A)(sin* A + cos* A — sin? A cos? A) + sin* A cos* 4

=1-—2sin? Acos?A —sin? Acos? A +sin*Adcos*A=t>-3t; + 1

_ 2(e2-3t;+1)
~ LHS = Z?:lm

=2(2)=6

=~ it suffices to prove: 6 > QTR & R = 2r true (Euler) (Proved)

Solution 2 by Saptak Bhattacharya-Kolkata-India

Z sin® 4 + sin* 4 + cos® A + cos* A
sin® A + sin*Acos*A4 + cos® A

Z (1 —2sin?Acos?4)?+1—2sin®Acos?A— 2sin*Acos*4
1 — 3sin? Acos? A+ sin*Acos*A

2(1-3 sin% A cos? A+sin* Acos* 4)

(1-3sinZ Acos2 A+sin* Acos* 4)

=2

>2=6> %since,R > 2r (Euler)

139.1n A ABC,a # b the following relationship holds:
(2b+ 2c—3%abe) (1+ (Va-b) )
(Va - \/3)2(1 +a+ b+ c—33abc)

Proposed by Daniel Sitaru — Romania

>1
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Solution 1 by Mihalcea Andrei Stefan — Romania
First, let's prove: (2b + 2¢ — 3Vabc) (1 + (Va - \/5)2) >
> (1+2b + 2¢ — 3¥abc)(Va - Vb)’
& 2b+2c - 3¥abc > (Va—vb)’
2b+2c—b+2Vab > a+3Vabc © b+ c +c+2Vab > a+ 3Vabc
but b + ¢ > a. We'll prove: ¢ + 2vab > 33abc
¢ ++/ab +vab > 3Yabc (true by AM-GM)
(1+2b +2c — 3%abc)(Va - vb)"
(1+a+b+c—3Yabe)(Va—b)

1+2b+2c>1+a+b+c< b+c>atrue

LHS >

Solution 2 by Myagmarsuren Yadamsuren — Mongolia
Vab +Vab + ¢ > 3Vabc & 2Vab + ¢ = 3Vabc |- (1)
—33abc = —2Vab — ¢
(a+b+c)—3Vabc=a+b+c—2Vab—c

a+b+c—3Yabc>a+b—2Vab; a+b+c—3¥abc> (va-b)
a+b+c—3Yabc+ (a+b+c—3Yabe) (Va-vb) >
> (Va—b)’ + (a+b+c—3¥abc) - (Va—vb)*
(a+b+c—3m)-(1+(\/ﬁ—\/ﬁ)z)2
> (Va—vb)’-(1+a+b+c— 3¥abe)
LHS:(a+b+c—3m)-(1+(ﬁ—ﬁ)z) <

a<b+c
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2
< (2(b+c) - 3Vabc) - (1(Va—b)") = LHS
2

LHS: (2(b + c) — 3Vabc) - (1 + (Va - Vb)) >

2

>(\/E—\/3) -(1+a+b+c—33\/abc):RHS=>;ng>1
Solution 3 by Soumava Chakraborty — Kolkata — India

G-A

3Vabc < a+b+c=>-3Vabc>-a—-b—c
=2b+2c—3Vabc>2b+2c—a—-b—-c=b+c—a>0

Also,1+a+b+c—3Yabe > 1+ 3Yabe - 3Yabc=1>0
~ numerator > 0 and denominator > 0 .. given inequality &
(2b+2c—3§/m)(1+(\/a—\/3)2) > (Va—vb) (1 +a+b+c—3Yabc)
& 2b+2b(Va—Vb)" +2c + 2¢(va—Vb)" — 3¥abc — 3¥abe(va - Vb)’
> (Va-vb) +a(Va-vb) +b(Va-b) +c(Va—Vb) —3Vabc(va-Vb)’
<:>(b+c—a)(\/E—\/B)2+2b+Zc>a+b—2@+3m

>0(b+c>a and a+b)

~ it suffices to prove: (b + ¢ — a) + ¢ + 2vab > 33abc (1)

A-G
Now ¢ + 2vab = ¢ +Vab +Vab > 33abcandofcourse,b+c—a>0
= (b + c— a) + ¢+ 2vVab > 0+ 3Vabc = 3Vabc = (1) is true (proved)

140. In acute-angled 4ABC, H — orthocentre, G — centroid:

AH 2> 10872
Z(AG) ~ a?+ b?+ c?

Proposed by Daniel Sitaru — Romania
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Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Siendo: H — ortocentro, G — centro de gravedad. Probar en un triangulo

108r2
a?+b2+c?

2
acutangulo ABC: ), (j—';) > . Recordar las siguientes

identidades: AH = 2RcosA,BH = 2RcosB,CH = 2R cos(C
2 2 2

GA = Ema, GB = Emb, GC = Emc

r
4m2 + 4m?% + 4m? = 3(a® + b? + c%),cos A+ cos B+ cos C = 1+E

Dado que es un triangulo acutangulo: cosA,cos B,cosC > 0

9cos2 A 108712
4am2 T a?+b%+c?

La desigualdad es equivalente: 4R? Y,

Por la desigualdad de Cauchy:

2«9 cosZ A 2 (3 cos A+3 cos B+3 cos c)? _ 3(R+71)?2 108r2
4R Z 4m? = 4R 3(a2+b2+c?) - aZ+b%2+c2 T a?+b%+c? "
(LQQD)
Solution 2 by Soumava Chakraborty-Kolkata-India

Z(AH)Z (X AH)?
(46)2 — Y AG?

_ (XAH)* (X AH)* (T AH)* _3(XAH)?
B 2 4 4 3 B 2
2(3m,) 5imi ggler 2°
=~ given inequality will be proved if it can be proved

300 AH)Z 10812
Tz Z P Z AH > 6r

< 2R(X cosA) = 6R (- AABC is acute — angled)

(Bergstrom'’s Inequality)

o R(1+£) >3r o R+1r>3r © R > 2r,which is true (Euler)
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141. In A ABC the following relationship holds:

1 1 1 1
+ + <—(sinA4 +sinB +sinC
at+ab+b? b2+bc+c?: c2+ca+ a? 6S( )

Proposed by Daniel Sitaru — Romania

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Z 1 <Z 1 a+b+c_ 2p
a?+b%+ab ™ 3ab 3abc  12RS

—1('A+'B+'C)
—6SSln sSin sSin

Solution 2 by Mihalcea Andrei Stefan-Romania

5 , AM-GM 1 1
a“+ab+b > 3ab=>LHSS—Z—
3 ab

We'll prove: Zﬁ = %Z sinA

la  atbtc _ 2@ . obe = 4RS true

But ) sind = T T urs

Solution 3 by Pham Quy-Vietnam

We have: 2S = absinC = bcsinA = casinB

sinA 1 _sinB 1 . sin C 1 1
765 3bc’ 65 3ca’ 65  3ab :RHSZZE
s =32 ""<" 5 L= pis (qed)

a?+ab+b? - 3ab

Solution 4 by Seyran Ibrahimov-Maasilli-Azerbaidjian

a+b+c Z 1
—_— >
12SR a’? + ab + b?

Z 1 <Z 1 _a+b+c_a+b+c
a’?+ab + b2~ 3ab  3abc = 12SR
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Solution 5 by Soumitra Mandal - Chandar Nagore — India

1 1 1 1 sinC
<>y —==
z:az+ab+b2 BZab 3 Z 28

cyc cyc cyc

) 1 . 1 . 1 .
since § = EabsmC = EbcsmA = 2 casin B

1 1
Zaz FRp— < a(smA + sin B + sin C)
cyc

142. In acute angled 4 ABC the following relationship holds:
8rist
9R*
Proposed by Daniel Sitaru — Romania

Z a* cos3 Asin Bsin C >

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

8rist
9R*

Probar en un triangulo acutangulo: ¥, a* cos3 A sin B sin C >

Por la desigualdad de Holder:
A
(Za4cos3AsinBsinC) (ZL) 1+1+1D@A+1+1)>

sinBsinC

> (acosA+ bcosB + ccosC)*

Ahora bien, tener en cuenta lo siguiente:

Z cosA _ cosA N cosB N cosC
sinBsinC sinBsinC sinCsinA sinAsinB
=(1-cotBcotC)+ (1 —cotCcotA)+ (1 —cotAcotB)

cosA
Zf: 3—1=2 ANacosA+bcosB+ccosC = 2Rrs
sinBsinC
Por lo tanto, la desigualdad equivalente es:
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(acosA+bcosB+ccosC)* (2Rrs)*  8ris*
18 18  9Rt

Solution 2 by Soumitra Mandal - Chandar Nagore — India

z a* cos® AsinBsin C >

4_ 3 = = = = = a4 CO83 A
Z a* cos”> Asin B sin C = (sin A4 sin B sin C)Z_— =
sin A
cyc cyc
1 Z - Z a* cos3 A
=— sin EEra—
4 sinA

cyc cyc

[since, sin 24 + sin 2B + sin 2C = 4 sin A sin B sin C]

1 o A a* cos3 A
=5| Y sinacosa )| ) =5
cyc cyc
1 _ a*cos3 A
= — ZsmAcosA Z— 1+1+1D(1+1+1)
18 sin A
cyc cyc

= 11_3(“ sin A + bsin B + c¢sin €)* [Holder’s Inequality]

4 4 4.4
_1 (abc) =225 _ %% Isince abc = 4SR and S = rs]

T 18\2r2) T 18R* ~ oR*

8strt

9R*

Z a* cos® AsinBsinC >

cyc

Solution 3 by Soumava Chakraborty — Kolkata — India
LHS = Z a* cos3 Asin BsinC = 16R* Z sin* 4 cos® Asin B sin C
(- ¢ = 2R sin A) = 16R* sin A sin B sin C (Z sin3 A cos? A)

= 2R*sin Asin B sin C (Z 8 sin 4 cos? A)
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3
= 2R*(;r sin A) (Z(z sin A cos A) ) = 2R*(m sin A) (Z sin3 2A)

RHS = g(%)4 = g(%)4 = g(ZR(n sin A))4 = £98R4(1t sin A)*
-~ given inequality & Y sin3 24 > 6;—4(11' sin4)3 (1)
« AABC is acute-angled, ~. 0 < 24,2B,2C<m
= 0 <sin2A,sin2B,sin2C <1 ..ifsin2A4 > sin2B > sin 2C, then,
sin? 24 > sin% 2B > sin? 2C. Now, sin3 24 + sin3 2B + sin3 2C
> % (X sin 24) (Y sin? 24) (Chebyshev Inequality, because WLOG, we

may assume sin 24 > sin 2B > sin 2C€ which = sin? 24 > sin? 2B >

> sin? 2€) 2 ; (2 sin 24) (5 (T sin 24)?)

(3 (2= ()

= %(Z sin24)3 = %(411 sinA)3 = 6;—4 (mrsin A)3 = (1) is true (proved)

143. In acute-angled 4 ABC the following relationship holds:

z a3 cosA z(Zb )
bcosB +ccosC c-a

Proposed by Daniel Sitaru — Romania

Solution 1 by Soumitra Mandal - Chandar Nagore — India

a3 cos A a*(b? + c% — a?)
bcosB + ccosC z:bz(a2+c2 b?%) + c2(a? + b% — c2)
cyc cyc
>ZZ a*(b? + ¢? — a?) ZZ a?(b? + ¢ — a?)
= a?(b? +c2) — (b2 — c2)2 = b2 + 2

cyc cyc
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2 4-
- we need to prove, 2., (a ( — g ) Yeye(Zbe — a?)
4
© Loy + Loyel@ = b)* =2 8oye s 2 0. (1)
now,

2, at - o at - 2b%c%? — a*
Za B Zb2+cz_za B Zb2+cz_ b? + c2

cyc cyc cyc cyc cyc

2
(szcz - a4)2 > (chc 2b?*c* - chc a4)

= >
(2b2c? — a*)(b? + c?) ~ Y¢yc(2b%c? — a*) (b? + c?) 0
cyc

-~ statement (1) is true

a’ cosA (2b )
ZbcosB+ccosC Z c-a

cyc cyc

Solution 2 by Soumava Chakraborty-Kolkata-India

Z(Zbc— a?) = Z(Zbc+ a’?—-2a?) = (z a)z - Zz:aZ =452 — Zz:aZ

a3
(b cos B+ccos ()

- given inequality 2 Z{ az} > 4s?

2

= Z(a cosA) {z @ cos‘(lB — C))} > 2s2(~bcosB + ccosC = acos(B — (C))

a? > 4s?
{acos(B-0C)} — {3 acos(B-C)}

Now ¥ a cos A = (ZZ;) and Y, (Bergstrom)

abc 452 2
- it suffices to prove ((ZRZ)) {(Z aCOS(B_C))} > 28

& abc > R*(Z acos(B —C)) (1)
Now, Y acos(B — €) = Y. 2R (sin A)(cos(B — C))

- Z R(sin 2B + sin 2C) = 2R (Z sin 23) = 8R sin A sin B sin C

~ (1) © 4RS > 4R(2R? sin Asin B sin C) < 4RS > 4RS (true) (Proved)
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144.InA ABC,a # b # ¢ # a.

a+b 2
Z(c—b)(c—b)sinC>E

Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-Kolkata-India

a+b 2 2R(a + b) 2
Z(c—a)(c—b)sinC>E@c(c—a)(c—b)>E

a+b 1 2s—c¢ 1
c)Zc(c—a)(c—b)>ﬁ@20(c—a)(c—b)>ﬁ
1

o (25)Y 1 1

2 (c—a)(c—b) ~ R 1)

c(c—a)(c-b) B
1 B 1 1 1
Z(c—a)(c—b) “le—a)c-b) " @=ba-0 Gb-ob-a
— —(a-b)-(b—c)—(c—a) —0 (2)

(a-b)(b—c)(c—-a)

. . . 1 1
» given inequality & Y ———7—> - (from (1), (2))

ab 1 ab 4Rrs 2r
< Z abc(a—c)(b —c) = 2sRZ Z (a—c)(b-rc) = 2sRZ _ R
ab bc ca 2r
Cla-ob-0o b-ac-a (-bla-b R
—ab(a — b) —bc(b —c) —ca(c —a) 2r
(@a-b)(b - )(c—a) "R
a’b — ab? + b*c — bc? + c*a — ca®) 2r
‘:’_{ (@a—b)b-c)c—a) }>F
—{a?(b —c)+bc(b—c)—alb—c)(b+c)} - 2r
(a—b)(b—c)(c—a) R
—(b — ¢)(a® + bc — ab — ca) >2
(a—b)(b—c)(c—a) R
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—(b-c)ala—b)—cla—b)} 2r mw(a—b) 2r
@a-bb-0kc-a R nla-b) R

& R > 2r - true (Euler) (Proved)

145. In A ABC the following relationship holds:

Zz:a4 < ZZ b202c052A+Za2(b+0)2

Proposed by Daniel Sitaru — Romania

Solution by Ravi Prakash-New Delhi-India

2

b? + ¢% — a?
> — 2b%c?

2bc

2b%c? cos2A = 2b*c?(2cos?4—-1) = 4bzcz<
= (b? + c? — a?)? — 2b%c?. Let S = 2Y b%*c? cos 24 + Y a*(b + ¢)?
= (b2 + % — a?)? + (c® + a® — b2)? + (a2 + b? — ¢2)? — 2b%c? — 2¢%a? —

—2a’b? + Z a? (b? + ¢? + 2bc) >

> z:(b2 +c? —a?)?+ Z a’(2bc cosA) =
= Y(b? + c% — a?)? + Y a?(b? + c* — a?). Now,
=2c*+ 2(b% — a?)? + 2(a?® + b?)? + 2¢* = 4c* + 4b* + 4a* Thus,

S>4(a4+b4+c4)—(a2+b2+c2)2+22a2b2—2a4=2(a4+b4+c4)

146. In acute-angled 4 ABC the following relationship holds:

(3 cos A)25 - (2s)LcosA
n(aCOSA)(COS A)a = 32s+2 cosA

Proposed by Daniel Sitaru — Romania
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Solution 1 by Soumitra Mandal - Chandar Nagore — India

Applying Weighted AM > G.M

a+b+c

acosA+bcosB +ccosC
( ) > n(cosA)“
a+b+c

cyc

cosA+cos B+cos C

acosA+bcosB+ccosC
( ) > acosA
coSA +cosB +cosC I I

cyc

>

Y.cycCOS A
(ZS)ZS(chc cos A) g cyc

(acosA + b cos B + ¢ cos C)25+Zeyccos 4 .
1_[ a4 (cos A)“

Leta = b = cthen cos A < cos B < cos C and applying Chebyshev

1
3 ZcosA (a+b+c)=acosA+bcosB+ccosC
cyc
25)20s4 . (Y cos A)2S
(25) 32$+Z(§)SA ) > 1_[ a4 (cos A)*®

cyc
Solution 2 by Myagmarsuren Yadamsuren — Ulaanbataar — Mongolia
(acosA . bcosB . C.cosC) . ((COSA)a . (COS B)b . (COS C)c) .

. 3a+b+c . 3cosA+cosB+cosC <

< (COSA + cos B + cos C)a+b+c . (a +b+ C.)cosA+cosB+cosC

( 3a )cosA ( 3b )cosB ( 3c )cosC
a+b+c a+b+c a+b+c
b c

( 3cosA )“ ( 3cosB ) ( 3cosC ) <1
cosA + cosB + cosC cosA + cosB + cosC cosA+cosB +cosC/ —

(ASSURE)

a

1—[( 3a )“’SA( 3cosA ) -
a+b+c cosA + cosB + cosC/ cauchy
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( 3(a-cosA+b-cosB+ccosC)

cosA+cos B+cos C
(a+b+c)-(cosA+ cosB +cos C))

3:-(a-cosA+b-cosB+c-cosC) a+b+c_
(a+ b+ c)(cosA+ cosB + cosC) B

_ 3'(a'COSA+b-cosB+c.cosc) ZCOSA+Za_
“\(@a+b+c)-(cosA+ cosB + cosC) =

A
a-cosA+b-cosB+c-cosC:?; a+b+c=2p

r
cosA+cosB+cosC:1+E

Y cosA+Y
24 o8 “ 3r YcosA+Y a

(&' = () <
zp,(1+£) R+r Euler
YcosA+Y.a
< (R +T) — 12c05A+Za =1
" \R+r

147. In A ABC the following relationship holds:

ab . bc . ca - V3
cla+b)2 alb+c)? bla+c)? 4R

Proposed by Daniel Sitaru — Romania

Solution 1 by Kevin Soto Palacios — Huarmey — Peru
Siendo: x,y,z nimeros R*. Probar que:
(xy + yz + zx) ( 1 + 1 + 1 ) > 2
SO Ay A R B PR L

Previamente demostraremos la siguiente desigualdad:

1) Siendo: a, b, c,x,y,z R*,se cumple que:
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2 + 2 2 > 9
(a+b)(x+y) (b+c)(y+z) (c+a)(y+z) — (b+c)x+(c+a)y+(a+b)z

Z(C(x +y)+ (a+ b)z+ (ax + by))
Z (a+b)(x +y)
(ax+by) _ 3_72 Z ax+by

>9

b T e — = =139 7y
Z a+b Z Z (a+b)(x+y) (a+b)(x+y)
ax+by  _ _ 2(ax+by) _ 2(by+cz) _ 2(cz+ax)
Ahora blen 3-2 Z (a+b)(x+y) ( (a+b)(x+y)) + ( (b+c)(y+z)) + ( (c+a)(z+x))

:3_22 ax+by  (a—b)(x- }’) b-c)y- Z) (c—a)(z—x)

@+bD)a+y) @+b)a+y) b+roy+2 (c+a)z+x)
ax+by —6+Y (a—b)(x—y) <

(a+b)(x+y) (a+b)(x+y) —

(a-b)* 1 (x-y)°

Luego:=>9—-2)

< — 4y =
63 arb2 T2 r )2
- 2 22 1o @h? | 1qG-y)?
Lo cual es suficiente probar: ) — 7t D ty > 6+ > D (@b +2 D o2
4 _ 2 _ 2
=>Z c . 4z S 12+ (a—b) . (x—1y)
a+b x+y (a + b)? (x + y)?
4z (a — b)? (x — y)?
>y ——= -3+ )Y —==-3]|+18
=>z:a+b x+y_< (a + b)? > ( (x +y)?
4c(a + +
c(a+b) . 4z(x +y) S 4ab B 4xy 18
(a + b)? (x +y)? (a + b)? (x + y)2

v

b+ be-+ ca) (Y cgge) + G+ 3229 (Y ) =3
= — - —
a c+ca @+ by Xy +yz+zx G+ )2 >
Siendo: x = a,y = b,z = c. Se obtiene lo siguiente:

1 N 1 N 1 )>9
G+y)? +2? (+x?) "1

=>(xy+yz+xz)(

. . . ab bc ca V3
(LQQD). Probar en un triangulo ABC: @ abror T berar 2 R
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ab N bc L_ca V3S
= cla+b)? alb+c)?: b(c+a)? " abc

(ab)? (bc)? (ca)? -
T@+b)? b+ (cral-

De la siguiente desigualdad vV x,y,z € R*:

1 1 1 9
(xy +yz + zx) ((x+y)2 * (y+2)? * (z+x)2) = 4 (A)

Sea: x = i,y = %,z = % La desigualdad equivalente en (A) es ...

(ab)? (bc)? (ca)? 9 abc
(a+b)?2  (b+c)®2 (c+a)? — 4a+b+c

> /35 ... (LQQD)

Lo cual es cierto ya que:

3V3R

9abc 9 X 4RS
24\/§S—>T24\/§S—>9R22\/§s—> S =S

a+b+c

Solution 2 by Soumava Chakraborty-Kolkata-India

. : 1 v a®h® _ V3
o — 2=
Given inequality & —=-3 ——= >

a’b? V3 a2p?

1
S Rl @ 2R S Ly 2 v3a (1)
212 2
Now, ¥ =2 (2. ab) (Bergstrom) (2)

(a+b)? — 2Ya%*+2Y ab
Let’s first prove that: Y. ab > 4+/34
& s?2+r(4R+71) > 4V34 (3)
Now, s* + r(4R +r) > s(3V3r) +r(4R + 1)
> 3v3rs +r(sV3) (Trucht) = 4V3rs = 4/34
= (3)istrue= Y ab > 4/34 (A)
Now, Y a? > ¥ (a — b)? + 4+/34 (Hadwiger - Finsler)
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:22ab22a2+4\/§A=>Za2SZZab—Ah/EA
:ZZa <4Zab 8\/_A=>22a +zzab<6zab 8v34

6Zab 8V34 > 24v34 - 8Y34 > 0)

zza2+22ab 6Zab—8\/_A

(X ab)? (X ab)?
2Y a2+2Y ab = 6Y ab—8+/34 4

i : (X ab)*
(1), (2), (4) = it suffices to prove that 6T ab_8v3d >+/34

o (Z ab)z > 6v3 (Z ab) A — 2447
o (Z ab)z — 63 (Z ab) A+ 2442 > 0

& (X ab —4v34)(X ab — 2v34) = 0, which is true,
Y ab > 4+/34 (from (A)) (Proved)

148. If a + B + y = m then:

cosa cos 8 4 Cosy _ p+2R-r
"1+sina  1+4sinf  1+siny  p+2R+r
cosa cos cos
+ B, Y _ 33

"1+sina  1+sinf 1+smy

Proposed by Adil Abdullayev — Baku — Azerbaidjian

Solution by George Apostolopoulos — Messolonghi — Greece

We have
. cosa + cosf + cosy _ 1-sina + 1-sinf + 1-siny —
1+sina 1+4+sinf  14siny cosa cosf cosy
1 1 1
+ + — (tana + tanB +tany) =

cosa Ccosff cosy
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cosa-cosff+cosP-cosy+cosy-cosa

— (tan a + tan f + tan
cosa-cosf-cosy ( B v)

It is well-known that

r? + p? — 4R?
cosa-cosff+cosfB-cosy+cosy-cosa= ARZ
p%? — (2R +r)?
COSa - COSf3-COSYy =
B 14 AR?
t +t +t 2pr
an «a + tan any =
B tany = R+ 1)?
cosa + cosf + cosy _
1+sina 1+sinf  1+siny
r? + p? — 4R?
4RZ 2pr _r®+p*—4R* - 2pr _
—(2R+1)? p2—-(2R+71)%2 2_(2R+1)2
p p
4R?

(p-7)?—(2R)? _(p+2R—1)(p—2R—7) _p+2R—7
—(R2R+1)2 (P+2R+1r)(p—2R-1) p+2R+Tr

P+2R-r _ p+2R+r-2r 2r R

: = =1- >1- >
p+2R+r p+2R+r P+2R+r p+2R+r
R 1 3v3+3
=1- = =6—3V3.
3V 3v3,5 3v3+5
+2+3 R 2 "2

149. In acute —angled 4 ABC:

cotAtanBtanC 2
2 (z cot A cot B) (Z ) = (z cotA)
tan B +tanC

Proposed by Daniel Sitaru — Romania

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

En un triangulo acutangulo ABC. Probar que:
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cotAtanBtan C 2
2 (Z cot A cot B) (Z ) = (Z cotA)
tanB +tanC

Dado que es un triangulo acutangulo: 0 < A,B,C < g S

< (tanA,tan B,tan C), (cotA,cotB,cotC) >0

La desigualdad es equivalente, y por la desigualdad de Cauchy:

cotA
2 (Z cotA cotB) (Z ) =
cotB + cot(C
>2(Y cotacorn) (Y —— 0 > (Y cota)’
- cotAco cotAcotB +cotAcotC/ — co

Solution 2 by Soumitra Mandal — Chandar Nagore — India

cotAtanBtanC
2 ZcotA cotB Z =
tanC + tan B

cyc cyc

_ . (tanA+tanB +tan () Z cotAtanBtanC
B tanAtanBtanC tanB +tanC

cyc

cot?A
= Z(tanB+tanC) Z > ZcotA
tanB +tan C

cyc cyc cyc

Solution 3 by Soumava Chakraborty-Kolkata-India

(cotAtanBtanB) (cotAtanBtan() (tan? A)
(tanB+tanC€)  {(tan B + tan C)(tan? A)}

(I1tan 4)(cot? A)

" (tanB + tan ()

Y(cot Atan B tan C) (cot? A)
= (ntanA)Z[ ] =

(tanB + tan C) (tan B + tan C)
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= ([] tan A) [ 5 (t(azn c;’if:i C))] (Bergstrom=)
B (X cotA)?] (X cotA)?
- (Z tan ) [(2 3 tan A)] -T2

Again 2(} cotAcotB) =2
tA)? 2
~ LHS > 2 lwl = (Z cotd) =RHS

150. In AABC the following relationship holds:

1 m, m, 1 b
Y= Y a2
R a+b aR + br 2R a

Proposed by Daniel Sitaru — Romania

Solution 1 by Mihalcea Andrei Stefan-Romania

1 m, m, 1 1
R a+b aR+br aR+bR aR+br

1 mC mC )
= — < . .
R2a+b ZaR+br we'll prove

S r <R (true)

me 1 b

aR+br 2R 2Ra

a+b 2a%2+2b%—a?-b%+2abcosc a+b 2
ButhST(mEZ 2 S(Z)

a+b 1 b a+b a+b

_ +— <
aR+br 1r Ra aR + br Ra

b
<:>0<brtrue=>2a::br<$(3+zz)

< Ra < Ra + br

Solution 2 by Soumava Chakraborty-Kolkata-India

me m

> “— o R>r —>true, R > 2r
aR+br Ra+Rb

mg, my my

. mg
Similarly, > and,
bR+cr  Rp+R. cR+ar  Rc+Ra

Adding, ¥ —2¢— > 2y ™ (hroved 1st inequality)

aR+br R~ a+b
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V2aZ+2b%—c% /(a+ b)%+(a—b)%—

m, = > = > =
_\/(a+b)2+(a—b+c)(a—b—c)<
B 2
a+b
< (vc+a>bja—c—c<0asa<b+c)

me a+b a+b 1 b a+b
< < 1+-)=

" aR+br  2(aR+br)’ Let's prove. 2(aR+br) a)  a(2R)

& aR < aR + br, which is true .. 2 < %0 i(1 +2),
aR+br  2(aR+br) (1) 2R a

Similarl < b~ i(1+5) and —— < % < i(1+3)
Y bR+cr 2(bR+cr) (2) 2R b/’ cR+ar  2(cR+ar) (3) 2R c

D+@+@) =T r-<-(3+27)

aR+br

151.In A A, A, A3 the following relationship holds:

Aq A, Aj
4c057c057c057—3\/smAlsmAzsmA3> max 1/smA /smA

1<i<j<3

Proposed by Daniel Sitaru — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probarenun 4 A;A,A5:

A A A
4c0571c0572c0573 - Bi/sin A;sin A4, sin A3 > max 1/smA ’smA

1<l<]<3

Si:i=1,j=2.Ademasenun 4 4;4,A5:

Ay, A A : :
4 cos—cos—cos— = sin A; +sin A, + sin A3
2 2 2
2
sin A; + sin A, + sin A; — 3}/sin A; sin 4, sin A; >> max(,/sin4; — \/sin 4,)

= sin A; + sin A, + sin 4; — 33/sin 4, sin 4, sin 4; >
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> sinA; + sin 4, — 2./sin 4, sin 4,

= sinA; + 2,/sin A; sin 4, > 33/sin 4; sin 4; sin 43

= sin A3 + \/sin 4, sin 4, + \/sin4; sin 4, > 33/sin 4, sin 4, sin 43
(LQQD). Analogamente para los demas términos ...
Solution 2 by Ravi Prakash - New Delhi — India

We may assume sin A1 > sin A4, = sin4;

1m<a|x3 J/sinA4; — /smA = ({/sin4; — \/smA3)
<i ]<

= sin A, + sin A3 — 2,/sin A; sin 4. Also, in a triangle:
A, A, A3 : .
4 cos;cosfcos? =sinA4; +sinA, + sin A;

Now, consider :

A A Az 2
4c0571c0572cos? — 3(sin 4; sin 4, sin A3)3 — max ,/sin A — ’sin A,-)

1<l<]<3

1
= sin A, + 2,/sin A sin A; — 3(sin 4; sin 4; sin 43)3 >
1
273 1
> 3 [sin 4, (/sinA; sin4;) |* — 3(sin A, sin 4, sin 43)3 = 0

152. Prove that in any triangle AABC the following relationship holds:

m, m, 1 1 1
—+—+—> (a+b+c)<—+3+—>
a

Sa Sp S c

Proposed by Adil Abdullayev-Baku-Azerbaidjian
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Solution 1 by Daniel Sitaru — Romania

x=2(Tr5)=
B c b/~
1 b 1
YEg )z [SeXanxz 2T oxzs
S, 2 c b a

153. In AABC the following relationship holds:

z\/az + (2s—a)?+2a(2s —a)cosA < 6s

Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

Lets first prove that: /a2 + (2s — a)? + 2a(2s — a) cos A < 2s
& a? +4s%2 —4sa+ a?> +2a(2s — a) cos A < 4s?
sa?+alb+c)cosA<2sa=ala+b+c)

S alb+c)cosA<a(b+c) e cosd <1, whichis true.

Similarly, /b2 + (2s — b)2 + 2b(2s — b) cos B < 2s

And,/cz+ (25 — ¢)2 +2¢(2s — ¢) cosC < 2s
~ LHS of (1) < 2s + 2s + 2s = 6s (Proved)
Solution 2 by Soumitra Mandal - Chandar Nagore — India

InAABC,cosA,cosB,cosC<1

Z \/aZ +(2s—a)?2+2a(2s —a)cos A

cyc

SZ\/aZ+(Zs—a)Z+2a(Zs—a):6s

cyc
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154. In AABC the following relationship holds:
Va+Vvb+Ve R

m,+my+m,  2r

Proposed by George Apostolopoulos — Messolonghi — Greece

Solution by Adil Abdullayev — Baku — Azerbaidjian

4R +1r
R
2r
8Rr + 21?2
R

—r2—4Rr 8Rr+21r2
> 2 «

p? > 12Rr + 3r? = 16Rr — 5% — 4r(R — 2r)
GERRETSEN + EULER inequality.

LHS < RHS om,+my+m, > -

»A=m,+my+m,=>

2
TERESHIN - 4 > 2

155. If x,y > 0 then in 4 ABC the following relationship holds:
(s—b)(s —c)x* + (s — c)(s —a)y? + (s — a)(s — b) (x?* + y?) > 2xyS
Proposed by Daniel Sitaru — Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

LHS = x*(s—b)(s—c+s—a) +y*(s—a)(s—c+s—b)

= x2b(s — b) + y*a(s — a) Ag; 2xy\/ ab(s — a)(s — b)
=~ it suffices to prove:
2xy+/ab(s — a)(s — b) > 2xy\/s(s — a)(s — b)(s — ¢)
(a+b+c)(a+b—rc)
4

e4ab>@+b)?-c2ec*>(@-b)?=c -(a-bh)?>0

o ab>s(s—c¢) =
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© (c+a—-b)(c—a+b)>0,whichistrue,~c+a>bandb+c>a
Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia
AABC: x;y;a;b;c € (0,+x)
(@-b)p-c)x*+(@-a)p-)y*+{®-a)p-b)x*+y*)>2xys
AABC>b+c>a=>a—-(b+c)<O0
(a+c—b)(a—(b+c))<0=>[(a—b)+c] - [(a—b)—cl<O
(a—b)? —c?2 <0=a?+b?+2ab— c* < 4ab
(a+b)?—c?<4ab=>(a+b+c)-(a+b—c)<4ab
p-(p—c)<ab=pp—-c)<vab| - J(p—a)p-b)
Vp(@ —a)® - b)(p - ¢) < ab(p — a)(p — b)| - 2xy
2xyS < 2xy-Jab(p —a)(p — b) (*)

2xy-Jab(p—a)(p-b) < 8(p-b)x’+a (p-a)y’=
auchy

=(@-b)p-a+p-c)x*+(P-a)lp-b+p-c)y*=
=(@-b)p-c)x*+@—-a)p-c)y*+ (p—a)p— b)(x*+y?) (**)
M) =>2xyS<@-b)@p-c)x*+(p—a)(p - c)y*+ (p — a)(p — b)(x? + y?)

156. Prove that in any triangle ABC:
m, m, mc>\/3+\/5+\/5+\/5+\/5+\/3

+ +
la lb lc 2\/6 2\/3 2\/E

where 1, 1, 1. are internal angle bisectors from A, B, C respectively.

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Kevin Soto Palacios — Huarmey — Peru

. .mg  my,  m. _ Vb+Vvec  Verva | Jat+Vb
Probar en un triangulo ABC: St Lt L2 Y Y e
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Teniendo en cuenta las siguientes identidades y desigualdades:

m >b+ccosém >C+acosE m >a+bcosE
a= 2 2= "2 2'¢€= 2 2

2bc A 2ca B 2ab C
a:b+ccosi,lb:C+acosi,lczmcosi

Reemplazando en la desigualdad inicial es equivalente:

mg my me (b+c)* (c+a)’® (a+b)’

L, L, l. ~ 4bc 4ca 4ab
- (b + ¢)(2vbc) N (c +a)(2Vca) N (a + b)(2Vab)
- 4bc 4ca 4ab
JMa My me (bro) (cta) (a+h)
l, L, l, 4bc 4ca 4ab
b+c c+a a+b
> + +
2vbc  2vVbc 2Vab
m, m, m._(b+c)* (c+a)® (a+b)?
=5 —t—+—> + + >
l, L, l, 4bc 4ca 4ab

Vvb Ve Ve Na Ja b
> + + + + +
“2vc 2vb 2Va 2Vc 2Vb 2Va

m, m, m._(b+c)* (c+a)® (a+b)?
5 —+—+—> + + >
l, L, l, 4bc 4ca 4ab

Vb+Je | Ve+va | Va+Vb
= 2Va * 2vVb * 2Vc - (LQQD)

157.In A ABC the following relationship holds:

a’
6 6 6 2
a® + b®° +c° = 8r sz
b% — bc + c?

Proposed by Daniel Sitaru — Romania
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Solution 1 by Soumitra Mandal - Chandar Nagore — India

5 5
8ris Z a < 8ris Z i
b2 —bc+c2 ™ bc

cyc cyc

applying AM > G.M

8ris 8r?s
_ 6| — 6| < Z 6
abc Z a 4SR Z a = a

cyc cyc cyc

since, R >2randS =rs
5

a
2 6
8r SZbZ—bc+CZSZa

cyc cyc

Solution 2 by Seyran Ibrahimov-Baku-Azerbaidjian

RHS < 8r%s b—+—+— = 8rs

abc

1
= 4RS-—— (a® + b® + c®) = a® + b® + °®
abc

158. In AABC the following relationship holds:

2 2
z <%+ b) + z (“m” + b) > 4(3s% — 1% — 4Rr)
mb ma

Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-Kolkata-India

LHS = Z a? [(Z—:)Z + (Z_Z)Zl +2 Z a? + Z 2ab [(Z—:) + (Z—Z)] >

(by AM—-GM)
> 42 a? +4Z ab = 4(3s%—4Rr —r2) = RHS
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159. In A ABC the following relationship holds:

w, N wp N W, - V27 tA tB tC
< cot— - cot— - cot—
Vvbc +ca +ab 2

2 2 2
Proposed by George Apostolopoulos — Messolonghi — Greece

Solution by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo ABC:

\/_ \'/‘%+ \/‘% < %/72_7\/c0t§ : cotg- cotg = (A)
Teniendo cuenta las siguientes identidades y desigualdades en un
triangulo ABCa + blc + i = %, ﬁ = cos':cosgcosz S\F
g— cotl;1 cotgcot w [ p(p — a),w, < Vp —b),w. < p{-rc)

Por la desigualdad de Cauchy en ... (A):

Wq Wp

We 242y 2 (L 1 l) FAY
mWaWESJ(W wwh+w) (5 5o ea) < GR) ()

j3f A B C‘{/Z7\/A B C
< —cot—cot—cot—=—— |cot—cot—cot—

4 2 2 2 2 2 2 2

160. Let ABC be an arbitrary triangle and £ is the first Brocard Point of ABC.
Let R,, Ry, R then circumradius of triangles 2BC, 2CA, 2AB respectively.
ProvethatR, - R, - R, = R®
where R is the circumradius of ABC.

Proposed by Mehmet $ahin — Ankara — Turkey
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Solution by Daniel Sitaru — Romania
R = c
“ 2sin(fmn—-w-(B-w)) 2sinB

_ RsinC _ 3
1_[ R. = 1_[ sinB R
161. In A ABC the following relationship holds:
YT =Y T
COSZCOST
Proposed by Daniel Sitaru — Romania

_ 2RsinC

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

(2s — a)? . Z cosgcos (B ; C)
(2s—b) ~ cosgcos (A ; B)

. . b+c\2
La desigualdad es equivalente: ), (m) >, I

b+c\? /c+a\’ sa+b\>) b+c a+b c+a
= =+ =+ > + +
(c+a) (a+b) (b+c) a+b c+a b+c

Siendo: x,y,z € R, se cumple la siguiente desigualdad:

2 2 2 . . _atb __b+c _ _ cta
+ + > + + . X =— = — = —
x“+y“+z° > xy+ yz+ zx. Desde que: x Y= -2 =—-,N0S
resulta: = (b+c)2 + (c+a)Z + (a+b)Z > b+c + a+b + cta (LQQD)
) c+a a+b b+c/ T a+b c+a bi+c’

Solution 2 by Soumava Chakraborty-Kolkata-India
2

b+ c\? c+a a+ b\?
s = () +(55) *(5re)
c+a a+b b+c
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B+C
RHS — Zzsm ZsmB+sinC
+ -
2 sin A B oS A B sin A + sin B
— C— btc , ath | cta _ btc _cta _ atb
_Z - +b+c+a+b +c’ Letx c+a'y_a+b'z_b+c

ny

Given inequality & Y x? > Z =Yxy (- xyz=1)

which is true (Proved)
162. In A ABC the following relationship holds:

2 3 27[]sin? A
in4) > 6 in2 A +
(z sin ) \/ sin (3 sin A sin B)?

Proposed by Daniel Sitaru — Romania

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

27 [Isin?% A

., . - 2 2 =~ 9= -
Probar en un triangulo ABC: (3 sin 4)* — 6/[] sin2 4 > = (T sin A sin B)?

En un triangulo ABC, se cumple lo siguiente: sinA,sinB,sinC > 0

La desigualdad es equivalente:

[(Z sinA)2 - 6W (D sinasin B)2 > 27] [sin’a

Lo cual es cierto ya que, por: MA > MG

2 2
ZsinA) - 63/nsin2A > 33/1_[sin2A/\ (z sinAsinB) > 93/1_[sin4A

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

sind =x
sinB = y]
sinC =z
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27 [] x? s 3
(x+y+2)? 26 x2y2z% + =6-x?y?z2 +3
(X xy)? 1,11
Xy z
2
3
6-Vaty?z22+3| 57| < 6 Yaly2z?+3.xlyts? =
xtyTz

=3-2-3(xy)- (y2) - (zx) +3/x2y222 <2 - (xy + yz + zx) +
+(x2 + y% + 22) = (x + y + 2)? = (sin A + sin B + sin C)?

Solution 3 by Anas Adlany-El Jadida-Morroco

First, set
X—Z i (A)')_(—Z 1 -y—ﬂ in(4)
= sin X = sin(a)’ = sin
So the inequality to prove is X2 > 63Y + YZ:; o X2 >6Y + i—z
2
But, by Cauchy’s inequality we have i—z < z—ZXZ = X?

And the fact that (AM-GM) X > 3VY
Combining all these inequality, we shall have obtained the desired
inequality.
Solution 4 by Nirapada Pal-India

1.2
O sin4)? > [3(sinA sin B sin C)§] by AM > GM

2 2 2
= 9(sin A sin B sin €)3 = 6(sin 4 sin B sin €)3 + 3(sin A sin B sin C)3 =

27 [[sin* A
:63/nsin2A+ I =

1
[3(sin2 A sin? B sin? C)§]
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27 [IsinZ A

_ 3 ) _&/71sm-A
=6 HSln A+[ZsinAsinB]2

by GM < AM

Solution 5 by Soumava Chakraborty — Kolkata — India

Given inequality &

.2 . . 3 . HSinzA
Zsm A+ZZsmAsmBZ6 | |sm2A+27 . -
(3 sin A sin B)?

3

=2 A-G 3 =2 - - . 27y
Now, ) sin“A > 33/[[sin%A - it suffices to prove: 2x > 3y + v

(where x = ¥ sin A sin B and y = 3/[] sin? A)
o 2x3-3x%y-27y3 20263 —3t2 - 27> O(t:§)

e ({t-3)2t?+3t+9)>0=t>3
A<0=22t2+3t+9>0

But Y. sinAsinB > 33/[[sin?4 = x > 3y = t > 3 (Proved)

163. In A ABC the following relationship holds:

+ +
sinA sinB sinC ™~ S

1 1 1 \[ 2vVa?b? + b2c? + c2a?
> 4+
Proposed by Daniel Sitaru — Romania
Solution by Soumava Chakraborty — Kolkata — India
1 + 1 + 1 > (4 + Z\IZAaZbZ

sin A sin B sinC —

InA4 ABC,

Given inequality 2R

o 2R (Z b> \/44_2 Y a?b? 2R(Zab)>\/4+2+ Y a%b?
abc A
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2 2h2 22 2h2
(X ab) 24_|_2\/2Aab @Zab +2abc(Zs)>4+2\/Zab

=4

4A2 42 42 - A
Y a’b? 2(4Rrs)(2s) 24/ Y. a?b?
=3 + >4+ —
442 4ris2 A
2n2 2KH2
il 2ah 4 R (i)
44 2 r

Now, 4TR >8 (1) (Euler)and

2
Y a’b? 2./) a?b? VX a?b? VY, a?b? )
- +a=(Y22T0 ) (Y227 ) 242
442 A 2A 2A
2
:(sz‘j”z—z) >0 (2)

(1) + (2) = (i) is true (Proved)

164.In A ABC,w — Brocard angle, 2 — first Brocard point:
) ) ) 02A- 0B
a“+ b“+c S4ScothT

Proposed by Daniel Sitaru — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

En un triangulo ABC, w — Brocard angle, 2 — first Brocard point:

2 2 2
z +:S+C <cotwy %. De la desigualdad Hayashi:
PAPB PBPC PCPA
ab bc ca

cotw = cotA + cotB + cot C (Punto Brocard)

La desigualdad es equivalente: Siendo P = 2 — first Brocard point

(LQQD)

NAQB 21+b%+c?
> (cotA + cotB + cotC)(1) == +4S+C

cotw )’ —
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Solution 2 by Soumava Chakraborty — Kolkata — India

NA-OB
ab

INAABC,Y a*? < 4Acotw ,where w — Brocard angle and

2 - first Brocard point. For any point P in the plane of AABC,

D PifB > 1 (Hayashi’s inequality)
0A-0B
SRR (1)
2 2 2
Again, cotw = 221 S 44 cotw = Y a? (2)

2498 - s a? (Proved)

(D) x(2)=4Acotw ) —

165. In A ABC the following relationship holds:

—az +\/aa+ ! = 9<r\/§+%>
Proposed by Daniel Sitaru — Romania
Solution 1 by Myagmarsuren Yadamsuren — Darkhan — Mongolia
(a—1)?2 >0 (True)= 4a%* +4a+4 >3a*>+6a+3

3(a+1)% _ (1 +a Cauchy

20> +2a+2 > —— —3-7).(1+a) > 3va-(1+a)

a?+a+1 3-a+3

2a2+2a+2>3Va-(1+a)=> >

( ) N >

a2+a+1>z:3a+3_3 (a+b+c 3) . (2\/54_1)
N 2 2 2/ p3v32 2

Solution 2 by Soumava Chakraborty-Kolkata-India

9
323\/§r=>3329\/§r=>33+22RHS
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. . o at+a+1 9 ,.
~ it suffices to show: ), =2 35+ ()
a’+a+1 3a 3
. > —_ —
Let us show: 23 +2 (1)

© 2a?+2a+2 > 3a/a+3Va
& 2t% + 2t + 2 > 383 + 3t (where t =+a)

S2t2 —3t3+2t2-3t+2>0

2
& (t—1)?(2t* + t + 2) > 0, which is true. Similarly, % > 32—b +%
>0
2
and *fz“ >Z+2 (3)
2
(1) + (2 + (3) = 255" 2 35+ 2 = (i) is true. (Proved)

166.In 4 ABC,w — Brocard angle:

S r
>

sinAd+sinB +sinC "~ %/sin(4 — w) sin(B — w) sin(C — w)

Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty — Kolkata — India

r

INA ABC,—— > +— _ .
Y sin A Vsin(4-w) sin(B-w) sin(C-w)

Now, i/sin(A — w) sin(B — w) sin(C — w) = Vsin3 w = sinw

r

sin w

- - . S
~ given inequality © —= =
2R

SR_r R R? )
S — > — S CSCw < —© — 2CcsCw
S sin w r r

RZ
@—>chcZA:Z(1+cot2A) :3+ZcotZA

r: =
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=1+ (ZZcotA cotB +Zcot2A) =1+ (Z cotA)2 =1+ (i_f)

2\2
SR -12> —(lesz) (1)

3
We shall now prove that: R? —r? > 28—‘: (2)

2

R?-r? > 6> az)z

{—
2 T 161r2s2

2 Y a3-3abc+3abc

2 _
(2 R*—r o

_(2s)Xa*-Yab) N 3(4Rrs)
8s 8s
_ s*—12Rr — 3r? N 3Rr _s*— 6Rr —3r?
4 2 4
& 4R? — 41r? > s — 6Rr — 3r?> © s2 < 4R?> + 6Rr — r*> (3)

Gerretsen = s? < 4R? + 4Rr + 3r% (4)
=~ to prove (2), it suffices to prove that:
4R? + 4Rr + 3r%? < 4R? + 6Rr — r? (from (3), (4))
© 2Rr > 41r* © R > 2r, - true = (2) is true.

~ to prove (1), it suffices to prove that:

28‘.:3 > (21::2)2 & (25) (Z a3) > (Z az)z

“(RAE )= (X

& (a®b + ab® — 2a?b?) + (b3c + bc® — 2b%c?) + (c2a+ ca® — 2c¢%a?) > 0

& ab(a — b)? + be(b — ¢)? + ca(c — a)? > 0,

which is true, equality ata = b = ¢ = (1) is true (Proved)
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167.In A ABC the following relationship holds:
Z a’b? cos? A cos? B > 165? cos? A cos? B cos? C

Proposed by Daniel Sitaru — Romania
Solution 1 by Myagmarsuren Yadamsuren — Darkhan — Mongolia

3v3
sin 24 + sin 2B + sin 2C < 5 < 3vV3; (sin 24 + sin 2B + sin 2C)? < 27| - 1652

2 27 _ 2 1 1 1 _ 2
165" < (sin 24+sin 2B +sin 2C)? 165 RADON (sin2 2A sin22B  sin? zc) 165
bc - sin A\*
1652 1652 1652 16 (T)
16S% < — +— +— = =
sin2 24 sin2 2B  sin2 2C sin? 24

4-(bc)%-sin? A bc)? bc)?
=y 20 sind _ 9 b 5 B - 1682]. cos? A - cos? B - cos? €
4-sin“ A-cos“ A cos“ A cos“ A

Z:(bc)Z -cos?’B -cos?C>16-5%-cos?A-cos’B-cos’C
Solution 2 by Seyran Ibrahimov — Maasilli — Azerbaidjian

Z a’b? cos? A cos? B > 1652 cos? A cos? B cos?C

AM—GM
z a’b?cos’Acos’B > 3abc-cosAcosB cos C Vabc - cos A cos B cos C

12RS - cos Acos B cos C /4RS - cos A - cos B - cos C > 165% cos? A - cos® B - cos® C

3R§/4RS-cosA -cOSB -cosC > 4S5 -cosAcosBcosC

27R*.S-cosAcosBcosC > 1683 -cos3A-cos3Bcos3C

3V3 R?

T.?> cosAcosBcosC

1 _3V3 R? 3V3R?
cosAcosBcosCS§<T-?=>S§ ”

= % < 1 (proved)
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168. In A ABC the following relationship holds:
R(sinAsin5A4 + sinBsin 5B + sin Csin 5C) < 10(2R —r)
Proposed by Daniel Sitaru — Romania
Solution by Soumava Pal — Kolkata — India

sin4sin54A < 1; sinBsin5B <1; sinCsin5C<1

= R(YsinAsin54) < 3Rand R > 2r > %r = 17R > 107

= 20R—10r >3r >R (z sin 4 sin 5A) > 10(2R —1) > R (z sin 4 sin 5A)

169. In acute-angled 4 ABC the following relationship holds:

z cotAcot®B N z cot? AcotB -
cot?B +2cot2 A cotA+ 2cotB

Proposed by Daniel Sitaru — Romania
Solution 1 by Dang Thanh Tung-Vietnam

SetcotA=a,cotB=b;cotC=c=ab+bc+ca=1witha,b,c>0

ab3 a’b
We prove that: Zm +2) —5 =1
oYab—2%-2b 4259 5 400y @l 5oy @b gy
2a2+b? a+2b a+2b 2a2+b2
We have: a’h > a’b & 2a% + b? > a(a + 2b)
a+2b ~— 2a%+b?

& (a—b)?> >0 (true)= (1) true
Equalitywhenazbzc:\/%@AszC=60°
Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia
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cotA=x o3 2
cotB:y];IZZ Yz _+2.322>1

24242 2y =

cotC =1z Yo i
x-y3 2x%y y? (2x)-2x '\ _
y2+2x2+x+2y_ Y y2+2x2+(x+2y)-2x B

(Y, @t N (r2nn
il y2+2x2 2x2+4xy) y (y +2x)2) y

I=>Yxy=)cotA-cotB=1;)cotA:cotB =1 (ASSURE)

i C
cotA - (cotB + cotC) + cotB - cotC = cot4 - S_m(BJ_r ) 4 cotB - cotC =
sin B sin C
_ cosA +cosB-cosC_cosA+cosB-cosC_
"~ sinB-sinC sinB-sinC sinB -sin C N

__cosB-cosC—cos(B—C) sinB-sinC _

sinB -sinC sinB - sinC

170. In acute-angled 4 ABC the following relationship holds:
a’b?c? (z a cos A) > 852 n(a cosA + bcosB)

Proposed by Daniel Sitaru — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo ABC:
a’b?c? (Z a cos A) > 852 n(a cosA + bcosB)

Tener en cuenta la siguiente identidad "S" en un triangulo ABC:
4RS = abc ... ladesigualdad es equivalente:
= 252R3(sin 24 + sin 2B + sin 2C) >
> R3(sin 24 + sin 2B)(sin 2B + sin 2C)(sin 2C + sin 24)

Dado gie es un triangulo acutangulo:
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(4
A B,C e< O,E >— sinA,sinB,sinC > 0.

2(sin2A4 + sin2B +sin2C) = 8sinAsinBsinC <
< 8sin Asin B sin C cos(4 — B) cos(B — C) cos(C — A)
Lo cual es cierto ya que: cos(4A — B) cos(B —C)cos(C—A) <1
Solution 2 by Soumava Chakraborty-Kolkata-India
acosA+bcosB =2RsinAcosB + 2RsinBcosB
= R(sin2A4 + sin2B) = 2R sin(4 + B) cos(4 — B) =
= 2RsinCcos(4 — B) = ccos(4A — B)

Similarly, bcos B+ ccosC = acos(B — C) and ccosC +acosA = b cos(C — A)
~ [[(acosA+ bcosB) = (abc) cos(A — B) cos(B — C) cos(C — A) (1)

c0<ABC<m— :-s<A-BB-CC-A<=
¢ 1 21" 2 ' ' 2

~0<cos(4A—B),cos(B—C),cos(C—A4)<1
= abc = abc cos(4 — B) cos(B — C) cos(C — A)
= abc = [[(acosA + bcosB) (2) (from (1))

- it suffices to prove: a?b*c?(Y a cos A) > 85%abc (from (2))

abc

& 16R?S? (227) > 85%abc < 8S%abc > 8S2abc (true)
Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia
RHS > LHS)| - 852

2 R? -(Za-cosA) > HA' (acosA+bCOSB) (*)

(2 -(acosA + bcosB + ccos C))3 B

3

n(a cosA+bcosB) <
2 Cauchy

= 28—7 X a-cosd)® (*¥)



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

®: (**) = 2k?- T acosA) > —(Z acosA)3 > C a- cosA)?

ﬂ > Y a-cosA (ASSURE)

Za cosA=R- ZZ -coOSA=R- ZstA—

3V3
=R -(sin24 + sin 2B + sin 2C) < — R

171. Let a, b, c be positive real numbers such that ab + bc + ca = 3. Prove
that

a3+ b3 b3+ ¢3 cz+ad

= = > 2
b2+bc+c?2 c2+ca+a? a?+ ab+ b?

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Kevin Soto Palacios — Huarmey — Peru

Siendo: a, b, c nimeros R* de tal manera que ab + bc + ca = 3. Probar

>2 .. (A)

Ahora bien se puede observar claramente que V: x,y € R*:

a3 +b3 b3+c3 c3+ad
a’+ab+b%?  b%+bc+c?  c2+ac+a?

que:

X4y?-xy

@Z(x N2=0,2.x+y+z=./3(xy+yz+zx),

x2+y2+xy
B.(x+y)(y+z)(z+x) 26(x+y+z)(xy+yz+zx) V:x,y,z>0
Desde que: a,b,c > 0. Aplicando en ... (A) —» (MA = MG)

a’ + b3 . a? — ab + b2 B>
Za2+ab+b2_ 1_[ a? + ab + b? 1_[(“ )2

>33—1 —(a+b+c)(ab + bc + a)>33—1 — 3 3=2
x X — X x 3 =
> c c+c >
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172. In AABC the following relationship holds:
ZIZ(sinC +acosC)(sinC+ bcosC)—1—ab| <3+ a? + b? + ¢?

Proposed by Daniel Sitaru — Romania
Solution 1 by Ravi Prakash - New Delhi — India
|2(sinC + acosC)(sinC + bcosC) — 1 — ab| =

= |2 sin? € + 2ab cos? C + 2(a+ b) cosCsinC — 1 — ab| =

= |(ab — 1) cos 2C + (a + b) sin 2€C| < /(ab — 1)%2 + (a + b)? =

= @+ DB + 1) <5 [(@ + 1)+ (b2 + D] = (@ + b?) + 1

Similarly for other two expressions.
Adding three expressions, we get desired inequality.

Solution 2 by Soumava Chakraborty-Kolkata-India
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vb2+1

] ¢
1

2(sinC + acosC)(sinC +bcosC) — 1 —ab (*)
=2 {(m cos 9) sin C + (m sin 9) cos c}
{(v/b2 +1cos0)sinc + (Vb2 + 1sin¢) cosC} -
— (Va2 +1cos8) (Vb2 + 1cos ) — (Va* + 1 +sin6) (Vb2 + 1sing)

1 a b

= 2\/a? + 1/ b2 + 1 sin(@ + C) sin(¢p + C) —

—y a2 + 1./ b? + 1(cos 0 cos ¢ + sin 0 sin ¢)

= Va2 + 1/b? + 1{cos(6 — ) — cos(6 + ¢ + 2C)} —
—Va? + 1Vb% + 1 cos(6 — ¢) (¥)

= —/(a% + 1)(b? + 1) cos(8 + ¢ + 2C)
s~ |2(sinC+acosC)(sinC+ bcosC)—1—ab| (**)

= /(a2 + 1)(b% + 1)|cos(8 + ¢ + 2C)| < +/(a? + 1)(b? + 1)

G=<A

g (a2+1)2(b2+1) (%)

_X@+1+b2+1) 2%a’+6 _
- 2 2

.~ LHS Z a’+ 3 = RHS
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173.1fin4A ABC,a # b # ¢ # a then:

z 1+ a? 3
>
asinA(a—b)(a—-c) 2siabc
Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-Kolkata-India

1 1
LHS = ZRZaZ(a— b)(a - ¢) * ZRZ (a—b)(a—-c)

1 __ —=(b-c)-(c—a)-(a-b) _
Now. 2. @~ @ho-oca _ °
Z 1 _ —{b*c*(b — c) + c*a*(c — a) + a*b*(a — b)}
a’(a—b)(a—c) a’b%c2(a - b)(b — ¢)(c — a)

b3(c? — a?) + c?a*(c — a) — b*(c® — a®

B a’b2c2(a— b)(b — ¢)(c — a)
b%c(b — ¢) + ab?(b — ¢) — a?(b? — ¢?)
a’b%c%[[(a — b)
c(b? —a?)+ ab(b — a)
a’b%c%[[(a — b)

_(a-b)(b—c)(c—a)(Xab) a-¢ 3Va2b2c2
“a?b%c2(a - b)(b —¢)(c — a) = a?b?c2

=—(c—a)

=—(c-a)(b—-c)

3 3
3V a2b?c? . . ] 3V a2b?c? 3
~ LHS > ————- 2R - it suffices to prove that: ZR( 2p2. ) 2
2R(abc) 1 2R 1

1 1
/s = > — = >
a?b%¢z — 2§ i 4RS T 2§ i 28 — 2§ (true) (Proved)

174. Prove thatif in AABC;a + b + ¢ # a then:

2p+a . 2p+b . 2p +c >2
(b-—a)(c—a)sinA (c—b)(a—b)sinB (a—c)(b—c)sinC R

Proposed by Daniel Sitaru — Romania
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Solution 1 by Daniel Sitaru — Romania

Z 2p+a _ 2p+a _
(b—a)(c—a)sinA (b - a)(c — a) %
1 (2p + a)bc
“2sLi(b-a)(c—a)

_ 1( (2p + a)bc . (2p + b)ac . (2p + c)ab >_
=5 =

(a—b)(a—-c) (b—a)(b—c) (c—a)(c—b)
_l.(2p+a)bc(b—c)—(2p+b)ac(a—c)+(2p+c)ab(a—b)_
2S (a—b)(a—c)(b-roc)

1 2p(b*c—bc?> —a’c+ac*+a’bh—ab?) 2p p p 1 2
~ 25 " bZc—bc? — a?c + ac? + ab — ab? :§:§:E:;>E

Solution 2 by Myagmarsuren Yadamsuren — Mongolia

2s+a E *
(b—a)(c—a)sinA = R ( )

(b —a)(c—a) < 2bc
(c = b)(a— b) < 2ca; (Assure)
(a—c)(b—c)<2ab

(b—a)(c—a) =bc—a(b+c)+ a® <2bc
a-(a—(b+c))<bc(True);b+c>a;a-(a—(b+c))<0

AABC: ¥

bc>0;(*)=>
2s+a 2s+Db 2s +c¢ 6s + 2s
LHS > + + = =
2bc-sinA 2ca-sinB 2ab -sinC 4s

8s 2s 2 2
=== ==>=
4s s r r(True)

175.In A ABC the following relationship holds:
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1 N 1 N 1 (12r)*
C~ a*+b*+c*

A B
intZ gint>  sin%—
sin7  sin"5  sin®5

Proposed by George Apostolopoulos-Messolonghi-Greece

Solution by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo ABC:
A B C
(a* + b* + %) (csc"i + csc4E + csc?t E) > (12r)*
1. De la siguiente desigualdad en un triangulo ABC:
a? + b% + c?

1S = cotA + cotB + cotC >3 -

A B C
— a? + b% + c* > 45V3 A cot cot= cot- = g >3V3 > p=>3V3r

Por la desigualdad Cauchy:
= 3(a* +b*+c*) > (a®> + b?> + c?)? > 488 > a* + b* + ¢* > 16S5% =
= 16p*r?* > 16 x 27r* =432r* .. (A)
2. Asimismo se cumple otra desigualdad en un triangulo ABC:

2
a B c
csc?+esc?o+esc?

4—£>( . 2) 248(8)

5 =

csct 2 + esct B + esc
2 2
Multiplicando (4 x B) ...

= (a* + b* + ¢*) (csc4§+ csc4§ + csct g) > (432 x 48)r* = (12r)* ...

176. In A ABC the following relationship holds:

H(Sma + 3m,)(3m, + 5m,) < 64 1_[(2s + a)?

Proposed by Daniel Sitaru — Romania
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Solution 1 by Soumava Chakraborty-Kolkata-India

¢c-A8(m,+m
\/(sma + 3mb)(3ma + smb) < y

= (5m, + 3m,)(3m, + 5m,) < 16(m, + my)*> (1)

2 _ 2b%+2c¢%-a? _ (b+c)®>+(b—c)?-a? _ (b+c)®*+(b—c+a)(b—c-a)

Now, mZ
4 4 4
(b + c)? ~a+b>c,~a+b—-—c>0 b+ c
= 4 ('-'b<c+a,.'.b—c—a<0)=>ma< 2

Similarly, m;, < ”Taand m, < —
. (5mg + 3my)(3m, + 5m,,) < 16(m, + m,)? (from (1))

b+c c+a\?
< 16( + ) =4(a+ b+ c+c)* =4(2s + c)?
(a) 2 2

Similarly, (5my, + 3m.)(3m, + 5m,) < 4(2s + a)? (b)
and (5m, + 3m,)(3m, + 5m,) < 4(2s+ b)? (c)
(@) x (b) x (c) = [I(5m, + 3m;)(3m, + 5m;)

<4(2s+c)?-4(2s+a)?-4(2s+b)? = 64 1_[(23 + a)?

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

a+b>c
1.AABC:b+c>a;>2s+a=(b+a)+(a+c)>b+c
c+a>»b

. 2s+b>a+c
Similarly: 2s4+c>b+a

b+c>2Vbc, a+c = 2vVac, a+b = 2Vab
2
64 - 1_[(23 +a)? > 64- 1_[(2\/ab) = 64 - 8% - a’b*c? = 163a’b*c?

2.[1(5m, + 3m;) - 3m, + 5my) = [[(15m2 + 34m, - m, + 15m?) =
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2 2

mg + mjy
Cal?chy.. ‘-<15m3+34.< az >+15m12,>:‘. ‘.323(m3+m12’):
— 3 — 3 — 3,42RK2,2
=323 ( R >_32 | |z =16%a%b%e

LHS < 163a%b%*c? < RHS

Solution 3 by Soumitra Mandal - Chandar Nagore — India

(5m, + 3m,) + 3m, + 5m,) = 15(m?% + m}) + 34m,m,

15 34
< T(4c2 + a% + b?) + T(ZCZ + ab)

a?+c? b? 2c%+ab

2b2%+2c¢%—a?
= 2 —Iandmambs

2 _
ma_ 4 ’mb_

need to prove, 32¢? + 14—5(aZ + b?%) + 12—7ab < 4(2s + ¢)?

ab a’+b?
& 16¢2 + 5 <

+ 16c(a + b), which is true

since, ¢ < a + b and a? + b? > 2ab

H(Sma +3m,)(3m, + 5m,) < 64 1_[(23 + ¢)?
cyc cyc
177.In A ABC:.

3 a 3 b 3 c 3R
/—+ + / < —
b+c—a c+a—»>b a+b—-c  2r

Proposed by George Apostolopoulos — Messolonghi - Greece

Solution by Kevin Soto — Palacios — Huarmey — Peru

ProbarenuntriéngquABC:g\/ 2 +3\/ b +3\/ ¢ 3R

b+c—a ct+a-b a+b—c 2r
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Por la desigualdad de Holder:

1 1 1
+ +
b+c—a c+a—b a+b-c

3
3 a 3 b 3 c
= (\/b+c—a * \/c+a—b * \/a+b—c> (A)

Ahora recordar las siguientes identidades y desigualdad en un

(a+b+c)(

)(1+1+1)2

triangulo ABC, se cumple lo siguiente:
1.(s—a)(s—=b)+(s—b)(s—c)+(s—c)(s—a)=r(4R+71)

2.52=sr2=s(s—a)(s—b)(s—¢);3.R>2r

Por la tanto, en (A) se tiene lo siguiente: s (% + 1+ i) =

s—b s—c
(s—a)(s—=-b)+(—-Db)(s—c)+(s—c)(s—a) _(4R+r)<
B ( s(s—a)(s—b)(s—c) >_ -

r

9R _ 9R? < OR .
=, =Sz = 3_ Por la transitividad tenemos en ... (A):
27R3 1 1 1
>(a+ b+ ( + + ) 3) >
(a ) b+c—a c+a-b>b a+b—c()

<Jb+c— ,’c+a b Ua+b—c>
3 a 3 b 3 c 3R
= / + + / <
b+c—a c+a—>b a+b—-c  2r

178.
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AB = ¢:AC = b: BC = a. Prove that: BE = —22¢
l,(b+c)

Proposed by Adil Abdullayev — Baku — Azerbaidian
Solution by Daniel Sitaru — Romania

AENBC={F},1,-FE = BF - FC = p(F)

a*bc b 1,

:l(b+c)2' . A\ " sinC
a sm(C+2)

FE sin% a’bc BE sin%

- =
2
BE sin (C + g) la(b +c) sin (C + %)
28
a’b%csin C a’b*c - ab abc
BE = = =

I2(b + c)? sin% I2(b + c)? sin% la(b + c)

FE

179. In acute-angled 4 A;B1C4,4 A;,B,C,,A4 A3B3Cj5:

2
2(/S1+ /S, +./S3) <za%+za%+2a§
Proposed by Daniel Sitaru — Romania
Solution 1 by Kevin Soto Palacios — Huarmey - Peru

Probar en un tridngulo 4 A;B1C1,4 A1B,C,, A4 A3B;C;:
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2
2(\/S1+ /S +/S3) <Za§+2a§+2a§
Por la desigualdad de Cauchy:
2
2(\/S1+/S2+/S3) <2(S1+52+53) (A1 +1+1)=6(Sy + Sz +53)
1. Ahora bien en un triangulo xyz se cumple la siguiente desigualdad:
Y a2 > 4+/3S,. Por la tanto:
Yaj+Ya;+Ya3=4V3(S, +S; +83)>6(S; +S; +53) ... (LQQD)
Solution 2 by Soumitra Mandal - Chandar Nagore — India
In acute 4 Ay B C; wherek =1,2,3
2
2(\/S1+ Sz +/S3) <Za§+2a§+2a§
cyc cyc cyc
2
We know, (\/S1 + /82 +/S3) < (Zi-1Sk)

now, % > (p1 —ay)(p1 — b)) (p1 — c1) Where2p; = a; + by + ¢4

%\/alblcl(al + b1 + Cl) = Sl' Slmllarly, %\/a2b2C2(a2 + bz + Cz) = SZ

and %\/agbgc:;(ag + b3 + c3) = S3. Now we know,

xy +yz+zx > /3xyz(x + y + z) s0,

3 3 3
1 1
S, <—— Z(ab + b,c; + c a;) s—z:a2+b2+c2
kZl k 4\/5(’(:1 kVk k“k k k> 4\/5(’(:1( k k k)

2SS+ ) < 6(2 sk> < ?(Z( + b+ ))

k=1
cyc cyc cyc

Solution 3 by Soumava Chakraborty-Kolkata-India
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Inany 3 triangles, A{B,C,,A;B,C,,A3B3C3,
2(,/S1+JS2 + /S3)° QZ“%““Z“%*Z“%
2(/S1+ /57 +/53) < 6(S1+5,+535) (1)
( (Z x)2 < 32 x2>
we shall prove that in any 4 ABC with area S,
Zab > 4435 & 2+ r(4R + 1) > 4V3S

But s+ r(4R +1) > s(3V3r) + r(sV3)
(+ s > 3+/3r and 4R + r > sv/3 (Trucht))
= s2+7r(4R+71) = 4/3rs = 4/3S
© 6(S;+ 5, +S3) < (4V3S, + 43S, + 44/3S;)

SZa1b1+Za2b2+Za3b3 (%)Za%'FZQ%'FZG%

So, (1), (2) proves (i). So, the stronger inequality (*) would be

2(JS1+ 52+ /53) <) ayby+ ) azhy+ Y ashy

180 InA A131C1, A AszcZ:

3(Y at+ Y a3)+6 (> ad) () a3) = 165,

Proposed by Daniel Sitaru — Romania

Solution 1 by Nirapada Pal — India

3(za§+zag)+e\/(za§)(zag) > 9[22 67 a,q, >
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2 2
s[5 (5 | e e B

= 83132 + 83132 = 163132

Solution 2 by Myagmarsuren Yadamsuren — Darkhan — Mongolia
3.<Za§+zag+z.\/za§.\/zag>=
Sas fa) oa(d | Z
(12+12+12)-y a? (12+13+12)-3 a%
=3-< Yai+ Za%) =3-< = + = >2

2
= (Za1+2a2) :4"(S1+S2)2 24"(2'113132)2: 1631'32

Solution 3 by Vijay Rana — Kapurthala — India

LHS=3(Za§+Za%)+6\/Za§Za%212\/2(1%-2(1%

> 12/ (Y a,a,)? =123 a, a, - by Cauchy

=4-(3Yaqa;) =4-Ya,Y a, - byChebyshev’s inequality
=4-2s5, 25, =16s15, = RHS
Solution 4 by SK Rejuan-West Bengal-India
AAB,C&AA,B,C,

3 (Z a% + Z a%) >3 {(Z 31)2 + 6 6212)2}

by mth power theorem

=3Yai+ Yy a@)z(Ya) +Oa) 24 a)d )

by AM > GM

:3(2a§+2a%)24-Za1-2a2:4-231-232:163132
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= 3(Xaf +Ya?) =16s;s, (1)

181.In A ABC:

S

3R\2 _va Vb , V¢
@) 25+ FrE"S
b

c a

1
3.¢c c3a” 1613

Proposed by George Apostolopoulos-Messolonghi-Greece

Solution by Kevin Soto Palacios — Huarmey — Peru

2
Probar en un tridngulo ABC: A) (‘;—I:) >4kt 6

Tp Tc Tq
Recordar las siguientes identidades en un triangulo ABC:
R abc S S S

az8(s—a)(s—b)(s—c)'ra:s—a'rb_s—b;rc_s—c
Dado que: a, b, ¢ son lados de un triangulo -
-((b+c—a)-(a+b-c)-(c+a->b)>0.

Realizamos lo siguientes cambios de variables:

s—a=x>0,s—-b=y>0,s—c=z>0-c=x+ya=y+zb=z+x

22+£+f+6
X y z

3(x+y)(y+2z)(z+x) ) 2

La desigualdad es equivalente: ( 8xyz

2
2
9 + + + 9
:,_(u+u+ﬂ+2) = — (X+E+£)+(£+X+E+2) >
64\ z X y 64 x y z y z X

9 iy z x Z y z x
2—(—+—+—+5) >—+—+—+6
64\x y z X y z

y  z X

Desdeque:x,y,z>O—>Sea:m:;+;+;23;m23—>
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— (Valido por: MA > MG)
Por latanto: 9(m + 5)? > 64(m+6) © (m—3)(9m+53) >0 -

— locual esciertoyaque:m = 3 ... (LQQD)

. . Ta Tp T¢ 1
'B) =+ -2+
Probar enun triangulo ABC: B) =% + - + == < —

1) Tener en cuenta las siguientes identidades y desigualdades en un

triangulo ABC

Sr=(s—a)(s—b)(s —c),abc = 4sRr,r, = i,rb = i,rc =
s—a s—b s—c
R > 2r. La desigualdad es equivalente:
Ta , Th re _ S (b2c3(s—b)(s—c)+cza3(s—c)(s—a)+a2b3(s—a)(s—b)) (A)
a3b  b3¢ c3a  a3b3c3 (s—a)(s-b)(s—c)

Desde que:

bZCB(S _ b)(S _ C) — bzc3(a+c—4b)(a+b—c) — b2c3(a2;(b—c)2) < bzt,:a2 (|)

Por la tanto:

a?p3c?

(I Aa?b3(s —a)(s —b) < — - (1)

2 3b2
Cad(s-co)(s—a) <=2

Luego sumando (1) + (11) + (I11), tenemos en (A):

<

S (b2c3(s—b)(s—c)+cza3(s—c)(s—a)+a2b3(s—a)(s—b))
a3b3c3 (s—a)(s—b)(s—c)

- S ( a+b+c ):i(a+b+0)
~ 4abc\(s —a)(s — b)(s — ¢) 4R

Tq Tp T¢ 1 2s 1

1
= g7 S o5~ (LQQD)

a3b b3  c3a = ar 4sRr  8Rr2 —

abc

182.In A ABC the following relationship holds:

sinAsinB sinBsinC sinCsinA 1
+ + > —

mg,my mym, m.om,  R?
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Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-Kolkata-India

. . . ab bc ca
Given inequality & + + > 4
my,m, mym, m.m,
2c2+ab ab 4ab .. bc 4bc
wmomy < . Similarl > n
a'™b ="y mgmy  2c2+ab S arty, mpym, _ 2a2+bc and
ca ab bc ca

i i : + + =
it suffices to prove that: ——+ ——+ —-—2>

m.m, = 2b%+ca
< ab(2a? + bc)(2b? + ca) + bc(2b? + ca)(2¢? + ab) +
+ca(2c? + ab)(2a? + bc) — (2¢? + ab)(2a? + bc)(2b%? + ca) = 0
& 2a*bc + 2ab*c + 2abc* — 6a*b*c? > 0

< ad + b3 + ¢3 > 3abc - true by AM-GM

183. In a triangle ABC with BC = a,CA = b,AB = c. l,, 1, 1. is length of

bisector down from A, B, C.

NSNS S SN Y A
Prove that: Ll * Ipl, * I, = 3 (ab * bc * ca)
Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
Solution 1 by Hoang Le Nhat Tung — Hanoi — Vietnam

* We have;

A b% + c2 — a2
l _2bc-cosf_ 2bc  |1+cosA _ 2bc J1+ 2bc —
a — b+ c _b+c 2 _b+C 2 B

_ 2bc (b +c)? — a?
“b+c 4bc

_ Z_bc . (a+b+c)(b+c—a) _ /bc(a+b+c)(b+c—a)

< la " b+c 4bc b+c (2)
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Jca(a+b+c)(c+a—b)

ct+a

+ Similar: 1, =

(3)

Jbc(a+b+c)(b+c—a) \/ca(a+b+c)(c+a b)
b+c cta

-Since (2), (3): = 1, =

c(a+b+c)-\/ab(b+c—a)(c+a—b) 1 _ (b+c)(c+a)
(b+c)(c+a) L1, - c(a+b+c)\/ab(b+c—a)(c+a—b)

()

{—4 lalb =

(4)

(c+a)(a+b)
lbl a(a+b+c)\/bc(c+a—b)(a+b—c)

i (a+b)(b+c)
L1, o b(a+b+c)\/cala+b—c)(b+c—a)

- Since (4), (5), (6):
1 1 1 (b+c)(c+a)
+ + = +
Lly Lle lly cla+b+ c)\/ab(b +c—a)(c+a—->b)

(c+a)(a+b) + (a+b)(b+c) (7)
a(a+b+c)\/bc(c+a-b)(a+tb—c) b(a+b+c)y/cala+b—c)(b+c—a)

- Since (1), (7). We need to prove:

(b+c)(c+a) + (c+a)(a+b)
c(a+b+c)\/ab(b+c—a)(c+a—b)  ala+b+c),/bc(c+a—b)(a+b—c)

(a+b)(b + c) 4,1 1 1
+ 2—(—+—+—)
b(a+b+c)\/ca(a+b—c)(b+c—a) 3\ab bc ca

(b+c)(c+a) + (c+a)(a+b)
c(a+b+c)/ab(b+c—a)(c+a-b)  ala+b+c),/bc(c+a—b)(a+b—c)

(a+ b)(b + c) 4(a+b+c)
b(a+b+C)\/ca(a+ b—c)(b+c— a) 3abc

(6)

=3 (b+C)(C+a) \/(b+c a)(cta-b) (C+a)(a+b) \/(c+a b)(a+b— C)+

4(a+b+c)?
+a+b)b+c) \/( ot 23 ®)

- Since Inequality AM-GM for 3 positive real numbers we have:
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(b+0)e+ ) [Grmt s+ @)@t b): [+

+(a + b)(b + C) \/ . 3\[(¢I+b)2(b+c)2(c+a)2.abc

(a+b- c)(b+c a) (b+c—a)(c+a-b)(a+b—-c) (9)

* We will prove:

3. 3\/(a+b)2(b+c)2(c+a)2-abc > 4(a+b+c)? (10)

(b+c-a)(c+a-b)(a+b-c) — 3

27(a+ b)%(b + ¢)*(c + a)? - abc - 64(a+ b +c)°

(b+c—a)(c+a—-b)(a+b—-c) 27
< 272 .abc(a+b)2(b+c)*(c+a)?>64(b+c—a)(c+a—b)(a+b—c)(a+b+c)®
(11)

- Since Inequality AM-GM for 2 positive real numbers we have

(a+ b)(b+c)(c+a)=2Vab - 2Vbc - 2+/ca = 8/ (abc)? = 8abc <

o abc < (a+b)(b+c)(c+a)

(12)

- Therefore, since (12):

= (a+b+c)(ab+ bc+ca) = (a+ b)(b+ c)(c+ a)+ abc <
(a+b)(b+c)(c+a) — 9(a+b)(b+c)(c+a)
8 8
9(a+ b)(b+c)(c+ a)
8
8(a+ b+ c)(ab + bc + ca)
9

64(a+b+c)2(ab+bc+ca)?
81

<(a+b)(b+c)(c+a)+

& (a+b+c)lab+ bc +ca) <

e (a+b)(b+c)(c+a)>

& (a+ b)?(b + c)*(c+a)? > (13)

- Since Inequality AM-GM for 2 positive real numbers we have:

(ab)? + (bc)? + (ca)? = (ab)zi(bC)2 + (bC)242-(ca)2 + (ca)242-(ab)2 >
2ab-bc 2bc-ca @ 2ca-ab
> =+ =+

- 2 2 2

= ab*c + abc? + a’bc = abc(a + b + ¢)
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& (ab)? + (bc)? + (ca)? + 2abc(a+ b + ¢) = 3abc(a+ b + ¢)
< (ab + bc + ca)? > 3abc(a+ b + c)

64(a+b+c)?2-3abcla+b+c)
81

- Since (13).(14):= (a + b)%(b + ¢)*(c + a)? >

& 27(a+ b)2(b + ¢)?(c + a)? > 64abc(a + b + ¢)3 (15)
& 27%abc(a + b)?(b + c)*(c + a)? > 27 - 64a*b*c*(a+ b +c)>  (16)
* Since (11), (16). We need to prove:
27 - 64 a’b*c?(a+b+c)*>64(b+c—a)(c+ta—b)a+b—-c)(a+b+c)®
© 27a*b*c*>(b+c—a)(c+a—-b)(a+b—-c)la+b+c)® (17)

b+c—a=2x a=y+z
-Putic+a—-b=2y,(x,y,z>0)oib=z+x;2a+b+c=2(x+y+2)
at+b—-—c=2z c=x+y

(17) 1 27(y + 2)%(z + 0)*(x + y)* = (2%) - (2) - (22) - (2(x +y + 2))°
© 27(x+y) (y + 2)%(z + x)? = 64xyz(x + y + z)3 (18)
+(a,b,c) = (x,y,2z) since (15) : =
= 27(x + )2 (y + 2)%(z + x)? = 64xyz(x + y + z)3
= Inequality (18) True = (17) True.

+ Since (16), (17):=
= 27%2abc(a+ b)’(b+c)®’(c+a)> >64(b+c—a)(c+ta—b)(a+b—-c)(a+b+c)®
= Inequality (11) True = (10) True.

+ Since (9).(10):

=>(b+c)(c+a)- \/(lm ey T era)a+b) \/(Ha a0 &

ca 4(a+ b+ ¢)?
>
(a+b—-c)(b+c—a) 3

+(a+ b)(b +c) j

= Inequality (8) True.
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1 4/1 1 1
+ —+ > - + —+ —
Since (7) (8) = Ly lblc cla 3 (ab bc ca)

= Inequality (1) True and we get the desired result.
+ Equality occursif:a=b =c
Solution 2 by Aditya Narayan Sharma-Kanchrapara-India

1 1 2bc A
+ + chc . Note that, w, = —cos=
WaWp  WpW.  WW, b+c 2

(b+c+a)(b+c—a) | __ /(b+c—ca)(b+c-a)

\[B c
1 _ E“\[% 2

“Wa_\/(b+c+a)(b+c—a)2\/(b+c+a)(b+c—a)

) A 1
while, cos= = —\/
2 2

1 4 1
" wawp — (atb+c) J(b+c—a)(c+a—b)

Then,

D ). :
WqoWp a+b+c \/(b+c—a)(c+a b)

cyc cyc

Sinceeb+c—a>0,c+a—-b>0

(b+c—a)+(c+a—b)22\/(b+c—a)(c+a—b)
1 4 (1 1 1)

>
\/(b+c—a)(c+a b) I WaWp a+b+c\a b ¢

- 4 (1 1 1)
w,w, a+b+cl\a b ¢

cyc

1

From Cauchy - Schwarz: (a + b + ¢) G + -+ %) >9

1 1 1
=>(a+b+C)3(—+—+—) >9(a+b +c)?
a b c
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1 1 1
= 9(a+b +c)? S3abc(—+—+—)
a b c

<3|(=+—+-=—

a+b+c 1 1 1
=>(a+b+c)¥_ ( )
2 a b c

1 1 1 1 1/1 1 1
==+ > [ —+ —+ —
(a b c) (a+b+c) 3(ab bc ca)

1 4 1
* D 23 Db
wwy,  3Zaab

cyc cyc

184.In A ABC:

(a2+b3+c3—ab(a+b)—bc(b+c)—ca(c+a))2 +_(2[ABCﬂ

2
) < 36R2
4-[ABC]

r

where [ABC] represents the area of 4 ABC.
Proposed by George Apostolopoulos — Messolonghi — Greece
Solution by Kevin Soto — Palacios — Huarmey — Peru

Probar en un triangulo ABC, donde S es el area:

< 36R?

(az +b3+c3—ab(a+b) —bec(b+c)—calc+ a))2 N (ZS)2
4S5

Parimos de la suma de Cosenos en un triangulo ABC:

ab? +ac* —a® ba*+ bc2—-b® ca*+ch?-c3

A+ B+ C= + +
cos cos cos 2abc 2abc 2abc
—(a3+b3+c3—ab(a+b)—bc(b+c)—ca(c+a))
cosA+cosB+cosC =
2abc
3+b3+c3-ab(a+b)-bc(b+c)—calc+
_2R(cos A + cos B + cos C) = — (a c3—ab(a 4)5 c(b+c)—ca(c a))

La desigualdad es equivalente:

(—2R(cos A + cos B + cos C))Z + 4p? = 4R?*(cos A + cos B + cos C)? + 4p?
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= 4R?*(cosA + cos B + cos C)? + 4p? < 4R? x;+ 27R? =

36R>...(LQQD)

185. Prove that in any triangle ABC:

a+b+c
2
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

(b+c¢)cos?A+ (c+a)cos?B + (a+b)cos®C >

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo ABC:

a+b+c

(b+c¢)cos?A+ (c+a)cos?B + (a+b)cos®C > . Teniendo en

cuenta el teorema de las proyecciones: a = bcosC + ccosB ... (1),
b=acosC+ccosA..(ll),c=acosB+bcosA..(lll)
a+b+c=(b+c)cosA+(c+a)cosB+ (a+b)cosC

Por la desigualdad de Cauchy:
(b+c¢)cos?A+ (c+a)cos?B + (a+b) cos?C >

(Ib + c||cos A] + |c + a||cos B| + |a + b||cos C|)?
. (b+c)+(c+a)+ (a+Db)

De la desigualdad triangular:

x| + [yl + 1zl 2 Ix+y+z| >x=(b+c)cosA
y=(c+a)cosB, z=(a+b)cosC
Luego: |(b + c¢) cos A| + |(c + a) cos B| + |(a + b) cos C| >
>|(b+c)cosA+ (c+a)cosB+ (a+ b)cosC|

= |(b+c)cosA|+|(c+a)cosB|+|(a+b)cosC|>|la+b+c|l=a+b+c
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Finalmente: - (b + ¢) cos?A + (¢ + a) cos? B + (a + b) cos? C >

- (|b + c||cos A| + |c + al||cos B| + |a + b||cos C|)? _a+b+c
= (b+c)+(c+a)+ (a+b) B 2

Solution 2 by Soumava Chakraborty-Kolkata-India

LHS = Z(Zs —a)(1—sin%A) = Z{Zs —a—sin? A (2s) + asin? A} =
a2 a3
= —_ —_ —_ _—
6s Za ZSZ4R2 Z4R2
s(s?—4Rr—-1%) 1 )
+ 1Rz {Babc + (2s) (Z a“ — Z ab)}

s(s® — 4Rr — r? 1
= 4s — ( 7 ) + IRz {12Rrs + 2s(s?> — 12Rr — 31r?)}

2—4Rr—r? 2_6Rr—3r2) . .
=4s — (s Rir ), sls 222 o). it suffices to prove that:

s’ —4Rr —r* s*>— 6Rr — 3r? ) ) )
3 - 5 + 5 >0 s“<6R“+2Rr—r
R 2R
Gerretsen = s? < 4R? + 4Rr + 3r? .. it suffices to prove that:

R>—Rr-2r*>0< (R-2r)(R+71) >0 —>true,~ R > 2R (Euler)

186.In A4 ABC:
2

r

+ + < —
sin4A sinB sinC 2
Proposed by George Apostolopoulos-Messolonghi-Greece

1 1 1 \/§<R>

Solution by Kevin Soto Palacios — Huarmey — Peru

. V3 (R\?2
Probar en un tridngulo ABC: csc A + cscB + cscC < 5 (;) .. (A)

Para ello demostraremos previamente la siguiente desigualdad:
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1 1 1 V3 ab+bc+ca ab+bc+ca 3
T+ i< =

= < —

a b ¢ 2r abc 4pRr - 2r
= (ab + bc + ca) <V3(2p)R, ademas se sabe que:
3vV3R = 2p AR = 2r. Por la tanto se puede afirmar:

2 2
V3(2p)R > 2L =129 5 gp+ he + ca ... (LQQD)

La desigualdad es equivalente en ... (A):
1 1 1

V3 _ V3R _V3R? _ 3 (R\?2
ZR(;+;+;)S2R XZ_T_ Br S?(;) (LQQD)

187. ROMANIAN INEQUALITY -2
InA ABC:
max(h,, hy, h,) = min(w,, wy, w,)

Proposed by L. Panaitopol — Romania
Solution by Soumava Chakraborty-Kolkata-India

WLOG, we canassumea = b > c. Then,h, < hy, < h,andw, < wp, < w,

So, we need to prove: h, > w,

2bccos% A A 2bccos%
& bsinA > ——F © 2bsin—-cos—-=> ———*=
b+ 2 b+c
_A> c sinC sinC
& sin— > = — — = —
2 b+c sinB+sinC ZsinB+CcosB C
2 2
_A> sinC B—C>sinC c
& sin— > & cos > — =—
ZCOS%COS—BZ 2 sind a

T B-C T B-C
——,l—< - —>
(Here, > . 5 = €os— 0)



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

,B—C c? ,B—C a? B—-C a?
& cos >—2<=>sec <—2<=>1+tan S—Z
a [ [
(b—c)? ZA
<=>1+(b+c)2 ot = (1)

Now,~a>b>c,~A>B>C

IfA<60°,B<A<60°andC<A4A<60°>A+B+(C<180° -

impossible
L A>60°52530°530° <2 <90°> tan’ > tan30° = = = cot? 2 < 3
A2 2 = =35 anz_an —3 Cco 7 =
(b-c)? 24 (b-c)?
S 1+ - <1+ —=
1+ grcot’ <1+ 3 (2)

From (1) and (2), it suffices to prove:
3(b—c)*? a> ) 2 _ a? )
+WS S+ +3(b—0c) < 2(b+C)

& “—z(b +¢)2>4(b*+c*—bc) ()

C
2 2 2 a’ 2 a’ 2 2
vazb2c - (b+c)* =2 Q2c) =4c*=>5(b+c) = —-(4c”) = 4a
c @) c

(3), (4) = it suffices to prove that:

a? > b% + c¢% — bc = bc > b? + ¢% — a?
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. 1 . .
A g (proved earlier) ~. cos A < 5 asis clear from the adiacent

graph = (5) is true (Hence proved)
J

@

i

[ R
| :
-2

8
!
Wiy
|

Y = COST:

188. In A ABC the following relationship holds:

za4+a2b2+b4>35< 1 N 1 N 1)
a? + b? - sin4d sinB sinC

Proposed by Daniel Sitaru — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

., a*+b*+a?b?
Probar en un triangulo ABC: ZW > 3S(cscA + cscB + csc(C)

- 5 bc _ sinAbc b
Recordar lo siguiente en un triangulo ABC: § = =5 =222, °

= — — =cScA,
4R 2 28

ca

5 — ¢ScB ,‘21—;’ = csc C. Ahorea probaremos lo siguiente:
a* +b* + a’b?* 3(a?® + b?)
= e d
a? + b? 4

- 4(a* + b* + a?b?) > 3(a® + b?)? > (a? - b*)?2 = 0

Por la tanto la desigualdad es equivalente:

a* + b* + a’b? (a? + b?) a? + b? + ¢? bc ca ab
z :32—:3 T/ 2235(—+_+_)
a? + b2 4 3 2S5 28 2§
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Lo cual nos resulta: a? + b? + ¢ > ab + bc + ca ... (LQQD)
Solution 2 by Kevin Soto Palacios — Huarmey — Peru

A, B, C son angulos interiores de un triangulo acutangulo.

csc A+csc B+csc C

Probar que: <2=cscA+cscB+cscC<
cot A+cot B+cot C

< 2(cotA + cotB + cotC) (1)
Multiplicamos (sin A sin B sin C) a la expresion ... (1):
sinBsinC +sinAsinC +sinAsinB <
< 2(cos Asin Bsin C + cos B sin A sin C + cos C sin Bsin 4) ... (2)
Sabemos que:A+ B+ C =m = sin(4A+ B) =sinC ... (3) (elevando al
cuadrado tenemos): (sin 4 cos B + cos A sin B)? = sin® € =
= sin? A (1 — sin? B) + 2 sin A sin B (cos A cos B) + sin? B (1 — sin? A) = sin? C
sin? C = sin? A + sin® B + 2 sin A sin B (cos Acos B — sinAsin B) =
= 2 sin A sin B sin € = sin? A + sin? B — sin? C ... (4)
= 2sinCsin B cos A = sin? C + sin? B —sin? A4 ... (5) A
A 2 sin C sin A cos B = sin? C + sin? A — sin? B ... (6)
Sumando (4) + (5) + (6):
2(cosAsinBsin C + cos Bsin Asin C + cos Csin BsinA) =
= sin? A + sin? B + sin? C ... (7). De (7) A (2):
sin? A + sin? B + sin? € > sin B sin C + sin Asin C + sinAsin B =
= (sin4 — sin B)? + (sin B — sin €)% + (sin A — sin €)? > 0
Solution 3 by Kevin Soto Palacios — Huarmey — Peru

A, B, C son los angulos interiores de un triangulo acutangulo.

csc A+csc B+csc C

: <2>=
PrObarque cot A+cotB+cotC — 2

= 2(cotA + cotB + cotC) > cscA+ cscB + cscC
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En la desigualdad inicial es equivalente y tendriamos demostrar que:

cosA cos B cosC 1 1 1
( + + ) - - - >0..(0

sin A sin B sin C sin A sin B sinC —

Sabemos que: a = 2RsinA,b = 2RsinB Ac = 2RsinC =
_2R__1 2R_ 1 2R_ 1 2R _ 1

— = — = = .. (2
a sind’ b sind’ b sin B c sin C ( )

. cosA  cosB  cosC 1.1 1
De (2) A (1): 4R (=2 + 22+ 228) _ 2R (2 +2+2) =
2R(2cosAbc+2cosBac+ 2cosCab) 2R(bc+ ac + ab)
= —
abc abc
(b%2+c* —a?+a?+c*—-b*+a?+b%—c*—bc—ca—ab)
= 2R =
abc
2R
= —(a?+b?+c*—ab—bc—ac)=0
abc

Solution 4 by Soumitra Mandal - Chandar Nagore — India

a* + a’b? + p* 1
SN a4+ B2 4 (g2 — h2)2
Z a? + b? _24(0,2 +b2){3(a b%)" + (a” — b%)’}

cyc cyc

> %Z(az + b2) [ (a® = b?)? = 0,(b? — ¢*)? > 0 and (¢ — a?)? > 0]

cyc

—321;—35(1 LI 1)
2 an = sinA sinB sinC

cyc
(Proved) + 2§ = absin C = bcsinA4 = casinB
Solution 5 by Anas Adlany - El Jadida — Morocco

a*+a2b2+p* 1 a*+a2b2+b* S

a?+b? = 35 Z sin(4) A Z a?+b? =3 Z sin(4)

a4+a2b2+b4>3 b
Z a? + b? _E.Za =

But, a* + a?b? + b* = (a? + b?)? — a?b?

We have ),
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(a2+b2)"

2 4 p2\2 _
> (a* + b?) T

15
= E(aZ + b%)%. Hence,

a*+a2b2+p*

15 2 2 15 3
2 (a? + >ab>=
Fip2 = 16 (a® + b*) = - ab > - ab. Hence proved.

Solution 6 by Myagmarsuren Yadamsuren — Darkhan — Mongolia

a*+b2a%+p*
a?+b2

2
a? + b2 a* + b* , 2(a2+b2+cz))
Z( 2 > Za2+b2_22(a b%) 2-(a?2+ b%+c2)

1 3
=(a2+b2+c2)+2 (a®> + b% + %) == (a + b%+c?) > = (ab+bc+ca)

—y 7 (a2+b2) +at+p*
a?+b?

1.24

_B(ab-sinC 1 +bc-sinA 1 +ca-smB 1 )
B 2 sin C 2 sin A 2 sin B

—35(1 L1y 1)
N sin4d sinB sinC

at+a?b?+b* _ o (a?+b%) —a?b? _
2y A g
(ab)?
2 > (a? + b?% + ¢2 Z =
Z(a +b%) - Za2+b2_(a b™+c%)-2 - 2ab
3
= (a? + b%> + ¢?) - 2——(ab+bc+ca) > — (ab+bc+ca) =

_ 3¢ 1 N 1 N 1
B .(sinA sin B sinC)

189. IflnAABCABCE( )then

) oo o (P27 < oo ()

Proposed by Daniel Sitaru — Romania
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Solution 1 by Soumava Chakraborty-Kolkata-India

o)) < [ Jem (752
)

where 4, B, C are the angles ofa 4 ABC|A,B,C € (0,?
211'—36)

Let cot (2”;3'4) = x, cot (2”;33) =y and cot(

21
-.-0<A<?;.-.0<3A<21t=>—21t<—3A<0

2mr—34 =«
:0<2n—3A<2nz0<T<§

.. 2n—-3B 2m-3C
Similarly, 0 < —

LHS:\/x_y+\/ﬁ+\/HC_2_S @\/Y:Zx

<Z. x,y,z>0

2w — 34 2w — 3B 2w — 3C

= cot (T) +cot (T) +cot (T)
T 2m— 34 m 2m— 3B T 2w — 3C
=tan (5~ =) +tan (5 - =) +tan (3 - ——

an () s (5+2) van(Z D) @

Now, (5+2) +(G+2) + (5+32)

— —_ — ] = — — ] = _
an 6 2 an 6 2 co 6

(1), (2) = LHS < [J cot (2”;3“) = RHS (Proved)

[
S

Solution 2 by Soumitra Mandal-Chandar Nagore-India

Ifinany4 ABC A,B,C € (02?”) then
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> oo (o (520 < ] (2

cyc cyc

If A, B, C are the angles ofa 4 ABC then

%+§,§+§ and%+galso forms the angles of a 4 A’B'C’ where
A="+2p =", Bandc’ =Z+£ Thenwe have
6 2 6 2 6 2
T T
ZtanA Sl_[tanA chot(E—A)—n(E—A)
CyC CyC CyC CyC
-5 2)-[eolG-5-4)- Bon5
=) cot[=—=—-2= =| lcot([=—==-= = =
276 2 276 2 o 6
cyc cyc cyc
o5
=1 |co c
cyc
2t — 34 2w — 3B 2w — 3A
Z cot( )cot( )Sl_[cot( )
6 6
cyc cyc
190.In 4 ABC:

x y z

<
Rx+2r(y+z) Ry+2r(z+x) Rz+2r(x+y) — R+4r'

x,y,z>0

Proposed by Daniel Sitaru — Romania
Solution 1 by Nirapada Pal-India

Let f(a) :?:‘I.Wherep =R-2randq =2r(x+y+z)

Now f''(a) = — (a;fq)4 < 0. So f is concave. Hence we have,
+ + +y+
Z x _3[fD )+ f(2) s3f(x y Z):
Rx + 2(y + z) 3 3
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3
= ﬁ Inspired by Abdallah El Farissi

Solution 2 by Soumitra Mandal-Chandar Nagore-India

InAABCand x,y,z>0

X 3
<
Rx+2r(y+z) R+ 4r

Let f(u) =

mwhefed=x+y+zandue(o,oo)

2rd
{(R-2r)u+2rd}?

4rd(R-2r)

{(R-21)u+2rd}3 <0

f'(u) =

hence f is concave. Applying Jensen’s Inequality

> 1@ =3 (27

cyc

and f""(u) = —

where x,y,z > 0
x+y+z

e
— = x+y+
s x(R-2r)+2r(x+y+2z) (R — Zr)%

b 3
<
Rx+2r(y+2z)  R+A4r
cyc

+2r(x+y+2)

Solution 3 by Marian Dincd — Romania

Z b 3
Rx+2r(y+z) R+ 4r

ciclic

because is homogene in variables x,y,ztoconsider: x +y+z =1

we obtain:

Z x B x B Z x
Rx+2r(y+z) 4LiRx+2r(1—-x) (R—-2r)x+2r

ciclic ciclic ciclic
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_ _ x -3
Let: f(X) = mand g(X) = x—% =
X 1
_Rx+2r(1—x) R+4r_  (R+4r)x—Rx—-2r(1-x) _
= 7 — =
xX—3 [Rx + 2r(1 — x)](R + 4r) (x—g)
2r(3x—1) 6r

) [Rx + 2r(1 — x)](R + 47) (x — %) (R —2r)x + 2r](R + 4r)

obviously the function g decreasing
-1 (3)+ - (5)+ r@-1(3) =
=g() (x —%) +9(y) (y —%) + g(2) (z —%) <

1 1 1 1
Sg(g(x)+g(y)+g(z))(x—§+y—§+z—§)=0

use Cebyshev for sequences: {g(x), g(y), g(z)} and {x — %,y — %,z — %}

x2yzz=x-32y-32z-3and g < g(») < g(2)

result: f(x) + f(y) + f(2) < 3f G) =

- R+4r

191. In A ABC the following relationship holds:

\/a4+b4+\/b4+c4+\/c4+a4<\/€-R
ad+b3 b3+c® c2+a® " 8.1

Proposed by George Apostolopoulos — Messolonghi — Greece

Solution by Kevin Soto Palacios — Huarmey — Peru

., ] a*+bt b*+ct ct+at V6R
Probar en un triangulo ABC: \/(a3+b3)2 + \/(b3+c3)2 + \/(C3+a3)2 <5z (@)
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Desde que: (a — b)* > 0 —» a* + b* + 6a*b? — 4a®bh — 4b3a > 0
= 2(a* + b* + a?b? — 2a°b — 2b3a + 2a?b?) > a* + b* > 2(a® — ab + b2)? > a* + b* ... (A)
= (a + b)? > 4ab ... (B), luego, multiplicando ... (A) x (B):
= 2(a + b)?(a? — ab + b%?)? > 4ab(a* + b*) — (a® + b3)? > 2ab(a* + b*)
Analogamente para los demas términos:

(b3 + c3)? = 2bc(b* + cH) A (3 + a®)? = 2ca(c* + a?)

Tener en cuenta lo siguiente: R > 2r,

< |=+—=+—,—+—+—

1 1 1 3 3 3 1 1 1 1
~|x2 y? z2'ab bc ca 2Rr

Por consiguiente, se tieneen ... (a)

a* + b* b* + c* ct + at 1 1 1
+ + < + + <
(a3 + b3)? (b3 + ¢3)? (c2+a3)2 " \2ab 2Vbc +2ac

3,3,3_V6[1 _Vexk_Ver

1
<—= < <
v24lab bc ca 2 \J2Rr — R x4r 8r2

.. (LQQD)

192. In A ABC the following relationship holds:

@0 (Ya) (X o) =0

Proposed by Daniel Sitaru — Romania

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

1
(Ra+rb)>

Probar en un triangulo ABC: 3(R + 1)5(X a®) (Z ) > 27

Por la desigualdad de Holder:
(Z(R+r)5)(za5)(1+1+1)(1+1+1)(1+1+1) >
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> ((Ra+ra)+ (Rb+1b) + (Rc + TC))S

= Y(R+1)° (X a®)(27) = ((Ra + rb) + (Rb + Rc) + (Rc + ra))5 .. (A)

Por otro lado, por MA > MG:

1
(Ra+1b)>

—)29..(LQQD)

(Ra+rb)5

((Ra+1rb) + (Rb + Rc) + (Rc + ra))5 (Z ) > 729 ... (B)

Multiplicando: (A x B): (R +1)*(X a®) (Z

Solution 2 by Mihalcea Andrei Stefan — Romania

16 Radon 36 . Holder (Z a)5
Z Ra+1b)° > R+1)PGCa)s’ Z @ = =g

X a)® 36 3
3% (R+1r)5Qa)

Solution 3 by Soumava Chakraborty-Kolkata-India

= LHS > (R+71)°- 9

1 (1+1+1)8
2 (Ra+rb)> - Y (Ra+rb)5 (1) (Radon)

Now, Y.(Ra + rb)®> < (Ra +rb + Rb + rc + Rc + ra)®

= (RZa+rz a)5 = (R+r)5(Za)5

1
" Y(Ra+rb)5 = (R+1)5(3 a)’ (2)

1 36
@ary -~ Gipaas (rom(1).(2)
36(xas) _ 3°75(Za)
Ca)s — (Ga)d
=9 =RHS (Proved)

2y

~ LHS >

(Chebyshev)

Solution 4 by Myagmarsuren Yadamsuren — Darkhan — Mongolia

1
(R +2) -Z:a .Z‘:(a-R+b.r)"29
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1 1 1 1
= + +
(a-R+b-r)» (a-R+b-vr) (br+cr)® (c-R+ar)"

a-R+br =x, 1

b-R+c- r—lef(x)——=>f”(x)>0
cC-R+a-r=x;3

1 3

(a-R+b-r)"2((a+b+c)-R+(a+b+c)-r)n
3

3n+1

*)

= @rbrom Rir)"

Chebysev
Ya* >

3n+1

1
*\: (4% n . — =
(): ()= R+1)" 5 ORI

193. In A ABC the following relationship holds:

h, - tang h,, -tang h,- tan% 1
+ + <
a3 b3 c3 8 - r?

Proposed by George Apostolopoulos — Messolonghi — Greece

Solution by Kevin Soto Palacios — Huarmey — Peru

. h A h B h c_ 1
Probar en un triangulo ABC: —; tan - + —’;tang +otang < —

1. Tener en cuenta las siguientes identidades en un triangulo ABC:

28 28 28
h, :7,’11; ZT’hC = -
anA=E=bs—o B _(-cs-a C_(s—a)ls—b)
2 S 2 S 2 S
2. Recordar la siguiente desigualdad en un triangulo ABC:

1 1 1

1
S+t < — R .. (demonstrado anteriormente)

El lado izquierdo es equivalente:
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2(s—b)(s—c) + 2(s—c)(s—a) + 2(s—a)(s— b) (A)

p? bt o
Desde que: a, b, c son lados de un triangulo
-(s—a),(s—b),(s—¢c)>0
Por: MA > MG - S50 > /(s —b)(s - ),

2 - J—
> (s — b)(s — C)'ziz _ 2 I;)4(s ¢)

Por consiguiente tenemos en ... (A):
2(s—b)(s—c) 2(s —c)(s—a) 2(s—a)(s—b)
b* ct

1 1 1 1
Ssztoat S5z (LQQD)

a4’

194. In A ABC the following relationship holds:

1 [*a 1 \/§
a\b+c—a c+a-— b [ a+b—c R

Proposed by George Apostolopoulos — Messolonghi

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo ABC
b+c—- a ct+a-— b a+b—c

La desigualdad es equivalente:

1 1 1 V3
\/a(b+c—a) + \/b(c+a—b) + \/c(a+b—c) = R (A)

Desde que: a, b, c son lados de un triangulo, se cumple:

(b+c—a),(c+a—-b),(a+b—c)>0.Por: MA> MG

b+c

a+(b+c—a)=2/alb+c—a)-

— Greece

3

zlﬂ

> Ja(b+c—a) -
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L2 1 Analogamente para los demas términos:
b+c — Ja(b+c—-a) 9 P '
2 1 2 1

< : <
c+a /b(c+a-b) a+tb  /c(a+b-c)

Luego tenemos en ... (A):

1 1 1 1 1 1
+ + > 2 (— +—+ —) >
a(b+c—a) b(c+a-b) c(a+b—-c) b+c c+a a+b
9
= 2 =0
a+b+c 3V3R R

>

(LQQD)

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

InAABC— , +— , +—
b+c—-a ct+a-b a+bc

1 a Ca"Chy3 31 abc
_—_— > . . >
Z:a b+c—a — abc |[(a+b—-c)(b+c—a)(c+a—-b)

==Iﬁ

Ravi

\/_

= 3v3-R3® > abc > = - R?> > S (True)

Euler R R (a+b+c R
s=p'r < p- 23" (T):E-R-(sinA+sinB+sinC)

R? 3V3 3V3
2 2 4
195. In acute —angled 4 ABC:

Z cot cot— > 42
2

Proposed by Daniel Sitaru — Romania

1+ tan tan
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Solution 1 by Kevin Soto Palacios — Huarmey — Peru

1

. . A_ B
Probar en un tridngulo acutangulo ABC: ) cot-cot—->4) ———
2 2 1+tan; tan;

1. Realizamos los siguientes combios de variables:

= cot t>0—tBt>O—tCt>O

X = CO 2(IO2 ,y—(IOZ(IO2 yZ = CO 2CO2

2. Enun triangulo ABC,si:A+B + C = g se cumple lo siguiente:

A B 1 1 1
Ztan—tan—: 1-o-—+—+—=1
2 2 X y z
Por desigualdad de Cauchy: > x+y+2z>9

La desigualdad es equivalente:

+y+z> 4x + 1y + 4z ( + 4 )+< + 4 )+< + 4 )>12
% — —
xTy Z_x+1 y+1 z+1 x x+1 Y y+1 z z+1/

Lo cual es cierto; ya que por: MA > MG

z(ﬂ+i)+(y+1+i)+(ﬂ+_)>6 (A)
4 x+1 4 y+1 4 z+1

=6..(B)
summando: (A) + (B) > (x+—) + (y + =) +(z+ ) 2 12 ..

Solution 2 by Soumava Chakraborty — Kolkata — India

sect(2)

2
4 tan? (g)

sec? (Z) sec? (Z) sec? (E) X X
BE L1 2 tan? (2%) B 4tan22% {2 tan® 2 (1 + tan® E)}

Let f(x) = In (tan ) VX € ( ) f'(x) = Secz(x) —
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X T
O<—<—,

2 (X 2 4
sec (— x |

—)tan2£—1<0'-'-0<tan2—<l
) o ) 1)) w0 o<1

2
4 2 (2~
an (2 \=> tan? (;) —-1< O/

“ VX E ( ) f(x) =In (tan ) is concave. Applying Jensen’s inequality,

Z' (1n3) £ 31n(=5=) = (sanFean 7 ean) < 1n ()
n anz = n an— anz anz n\/§

t At Bt C 1 _V3 tA tB t(,‘(;)g 33
= — < —=—> —cot—cot— > — =
anz anz an 3\/§ 9 CcO ZCO ZCO 2 _\/§

A B c . . .
Letu = cot_,v = cot_,w = cot-. Then given inequality

)

3

( uv vw wu )

+ +
1+uv 1+vw 1+wu

o wv+vw+wuw)(1+uv)A +vw)(1 +wu) >

4uv(1 +vw)(1 + wu) + 4vw(1 + wu)(1 + uv) + 4wu(1 + uv)(1 + vw)
o 2w (uv + vw + wu) + uwww(u?v + v *w + wiu + uv? + vw? + wu?) + u?v? + v2w? + wu?

(2)
> 6uvw(u + v + w) + 3(uv + vw + wu) + 9u?v?w?

(expanding and re-arranging) . Now, from (1), uvw > 3+/3 (i)

) A B B C C A
Again, tan;tan— + tan—tan-+tan-tan-=1

2 2 2 2 2
1.1 1
>—+—+—=1=>u+v+w=uvw (ii)Now,
uv vw wu
1 ® 27

auzv w?(uv + vw + wu) > ?(uv + vw + wu) = 3(uv + vw + wu)
(a)

2 2 2 2 2 =

Also, uvw(u?v + v?*w + w?u + uv? + vw? + wu

= Uvw (w(u2 + vz) + u(vz + WZ) + 17(W2 + uz))
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A-G
> uvw(wuv + 2uvw + 2vwu) = 6u’v
]

(b)

(ii)
2w2 = 6uvw(u + v+ w)

© (if) 2,,2..,2

2y? Zyw? 2u? > uwwvw(u+v+w) = U w

Also, u“v* + v°w* + w u
(a), (b), (c) = itis sufficient to prove that

g‘uzvzw2 (uv + vw + wu) > 8u?v?w? (from (2))

Suv+vw+wu =9 (3)

A-G @
Butuv +vw+wu > 3VuZ2v?w? > 3327 = 9 = (3) is true (Proved)

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

A B C
tan;x>0 tanE:y>O tanE:z>O; xy+yz+zx=1

1 B_1 L C_1 1 _
cot; = Licot; = icoty = ; xy2421+xy (ASSURE)

N
N

(1+1+1+1)%

Z 4 _Z 4 _lz 16 <
1+xy 2xy+yz+zx 4 xy+xy+yz+zx

1 (2 1 1)
<-—. —+—+—| =
4 Xy Yyz zx

1 2 1 1 1 2 1 1 1 2
= ||l—+t—+—|+|—F+t—+—)+[—+—+—]| =
4 [(xy yz zx) (xy yz zx) (xy yz zx)]

1 (4 4 4) 1 1 1
= |—Ft—+— )| =—+—+—
4 \xy yz xz Xy yz zx

Solution 4 by Ravi Prakash-New Delhi-India

A B m C_ (A B _ (M ean (B) = 1
2*z=1 3 (3 g)=elg) = L g)en )=

Letx = tan () tan 5) ¥ = tan (5) tan (5) 2 = tan (5) tan (5)
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1

1+tan( )tan(g)

1 1 1 1 1 1
4( + + )
2x+y+z x+2y+z x+y+2z

Consider ). cot (g) cot (g) —4)

_y+z—2x+z+x—2y+x+y—Zz
 x(1+x)  y@+y)  z(1+2)
=0 -] ] D ]

x+x2 y+y? x+x2 z+ 272

+@—ﬂ( ! 12)

z+z2 y+y

-2 +x+y) @-xPA+z+x) (y-2PA+y+2)
T oA+ +y) | xz@+xd+z) | yzd+y)A+2)

Solution 5 by Saptak Bhattacharya-Kolkata-India

By Cauchy Schwarz on 4 variables

tAtBtAtBtBtCtCtA
an2 anz, anzanz, an2 anz, anzan2

and their reciprocals,

1 1 16
a B+§: A__B-, 4. B

A B
tans tan+ tans tan + tans tan+ + ), tans tan+
2 2 2 2 2 2 ) 2 2
16 .
=———3 ()
1+tan5tan5
A B ..
[ Ztan;tan; = 1]. Similarly,
1 1 16 .. 1 1 16
o A v o £y rom JLC) o e Ny o R rvons o S0
anz anz anz anz anz anz anz anz anz anz anz anz

Adding (i), (ii) and (iii);

1 1 1

4y —F——F5=16 ) s a5 =4 B(Proved)

A
tan= tanE 1+tan§ tanE tan- tanE 1+tan tan
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196.In A A;BC4,4 A,B,C, the following relationship holds:

9v3
Z ai \/sinB,sinC, < TR%
Proposed by Daniel Sitaru-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

Given inequality © Y a%./b,c, < 9vV3R3R, (1)

WLOG, we may assume a; < by < cjanda, < b, <c,

1/b2C2 = Cc,0a, > \/azbz and a% < b% < C%

Applying Chebyshev’s Inequality,

>t bz =5 (L) (L heer) 25 (L ) [P Y

=2(Za?)(X ay) <;(9R%)(3V3R,) = 9V3RER, = (1) is true

Solution 2 by Soumitra Mandal-Chandar Nagore-India

2 2 2
In A A;B;C;i = 1,2 show that? + 2y 8 mbio e ko,

2 a b R{R,
2 2 2 2
chc aj < 9R1 and chc a, < 9R2

2 2 2 3 3 3 3
b c a b c (ay+b{+cq)
1 } 1 1 } 1 } 1 > 1 1 1 [I |O|del’]

() a bz ajcy b1a2 C1b2 - 3(a1(:2+b1a2+(:1b2)

Cauchy—Schwarz (al +a, + a3)3 - 27a,bqc4 _ a,b;cq
- 3 _33R13R2_ RlRZ
[(Sere ) (Zeye ad)

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

2 2 2
af  bi, i, asbicy

c; a; b,  RiR,
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Zai a3 1 a2 -
¢, Zi2R,-sinC, 2-R, ZisinC, —
= €2 - 2 2 2 S 2

1 < a,)? _ 1 4p?
~—2-R, sinA,+sinB, +sinC, 2R, 33
2

4.9 by - ¢4
_ 4pi _4P1'P1>4P1'7‘1'3\/§_451_ 4-R, _ aibicq
R,-3V3 R,-3V3 R, 3V3 R, R, RR,
197.In A ABC the following relationship holds:
m,  my  me (s> + 1% + 4R7)?

>
m, m, m, R*5s%2—-3r2—12Rr)

Proposed by Daniel Sitaru — Romania

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

my

. sz+r2+4-Rr)2
C:May My ey
Probar en un triangulo AB m. m,  mp = RE(55—3r2—12Rr)

1. Siendo: a, b, c lados de un triangulo ABC se cumple las siguiente
identidades:
ab + bc +ca=s%*+1r%+4Rr,a? + b* + c2 = 2(s® —r? — 4Rr)
Asi que: 2(a? + b* + ¢?) + ab + bc + ca = 55 — 3r?> — 12Rr
2. Recordar las siguiente desigualdades de las mdeianas en un
triangulo ABC:

4m,my, < 2¢? + ab, 4mym, < 2a? + bc,4m.m, < 2b* + ca
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b%+c? m cZ+a? m a?+b? m. + e +m. > aZ+b2+c? La
a= 4g '""b= g e = yp a b c=" 2r
my + m, 1 (ab+bc+ca)?

. . mg
— 4+ >— X
desigualdad es equivalente e T 2 X 2@ rbr D rabrberca

Aplicando la desiguladad de Cauchy:

2
m, mp + mc > 4'(ma +my + mc)

m, m, m, 4mm,+4mym,+4m-m,

a?+b2+c2 z
2R 1 (ab+bc+ca)?

1
— 2(a?+b%+c2)+ab+bc+ca — R 2(a?+b%+c2)+ab+bc+ca’

Solution 2 by Soumava Chakraborty-Kolkata-India

(X ab)?
R2(5s2-3r2—12Rvr)

2

LHS > 3 (by AM-GM) .. it suffices to prove: 3 >

& 3R%*{2s% + 3(s? —4Rr —r?)} > (Z ab)

& 12R?*s? +9R?*(X a?) > 2(C ab)? (1)
Now, 4R?s% > Y a?b? (Goldstone’s Inequality) = 12R%*s? > 3Y a?b? (2)
(3)
Again, 9R? > Y a? (Leibniz) = 9R%2(3 a?) = (X a?)? > (3 ab)?

(2) + (3) = 12R%*s? + 9R*(¥ a?) (é) 3Y a’b? + (3 ab)?

(1), (4) = itis sufficient to prove that: 3. a?b? + (3 ab)? > 2(3 ab)?

2
@BZaZbZ > (Zab) :Za2b2+2abc(a+b+c)
@ZZaZbZ 22abc(a+b+c)<:>2a2b2 > abc(a+ b + ¢)

which is true + ¥ x? > ¥ xy, where x = ab,y = bc,z = ca (Proved)

198. Let ABC be atriangle and let K be its symmedian point. Prove that
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@) 1 1 1 > (a?+b%+c?)(a+b+c)?
KA?2 KB?2 KC* — 3a2b?c?
KB-KC KC-KA KA-KB 3ab
(b) + + <
a b c a%+b2+c2

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Kevin Soto Palacios — Huarmey — Peru

Siendo ABC un trianguloy K - Symmedian Point. Prove that:

1 1 1 >(a2+b2+c2)(a+b+c)2
KA? KB?2 KC2 ™~ 3a2b2¢?

1)

Recordar la siguientes identidades en: K “Symmedian Point”:

_ bcV2b? + 2¢% — a? _cav2c? +2a? — b?
 a?+bt+cz a? + b? + c?
ab+/2a%+2b%—c2
aZ+b%+4c?
2b2+2c2—-a*=b-c)2+b+c)*—-al=Mb-c)*+b+c+a)b+c—a)=0
Por lo tanto: (2b? + 2¢? — a?), (2¢% + 2a? — b?),(2a®? + 2b* — c?) >0
La desigualdad es equivalente:

+ + >
b2¢2(2b% + 2¢2 — a?) c2a%(2c? + 2a?% — b%) a?b?%(2a% + 2b% —c2) —

KC =

. Se puede observar claramente que:

> (a2+b2+c2)(a+b+c)2
- 3a2b?c?

= 3(a? + b% + cz)( A R ) > 3(a? + b2 + C2)< (a+b+c)? )

2b%+2c2—a? 2c2+2a%-b2 2a2+2b2—c2 El(a2 +b2 +c2)

. Por la desigualdad de Cauchy:

a? . b? . c?
2b%2+2c¢%2 —a? 2c%2+2a%-b% 2a%+2b2%2—c?

=>3(a2+b2+c2)< )2(a+b+c)2

KB-KC , KCKA . KAKB 3ab
2) + + < 2F

a b ¢ a’+b%4c?

La desigualdad es equivalente:

KB-KC _
a (a2+

5 2V @c? + 202 —b?)(2a% + 262 — ¢?) <
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3abc
=S — 2 2
a“ + b=+ c

= ¥/(2¢% + 2a% — b2)(2a2 + 2b% — ¢2) < 3(a® + b + c%) .. (A)
Realizamos los siguientes cambios de variables:

x =2b%+2c?—a?>>0,y=2c?+2a*-b*>0,

z=2a*+2b*-c*>0->x+y+z=23(a*+b*+c?).
Por ultimo, reemplazando en ... (A):

:\/x_y+\/ﬁ+\/agx+y+z(:)
o (VE-3) +(/y-+2) +(¥Z-Vx) 2 0..(LQQD)

199. In A ABC the following relationship holds:

sin A N sin B N sin C - V3
(mb : Tnc)2 (mc : Tna)2 (ma : Tnb)2 ~ 54 1"4

Proposed by George Apostolopoulos — Messolonghi — Greece

Solution 1 by Daniel Sitaru — Romania

Lemma(Gheorghe Szollosy-Romania):

InA4 ABC: ),

1 V3
mym, S

Proof:

_\/2(b2+cz)—a2>\/(a+b+c)(b+c—a)_

m, > > > =s(s—a)

1 1 1 1 1
Zmbmcsz\/s(s—a).\/s(s—a)_;Z\/(s—a)(s—a)_
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_1 YVs—a CBS
s JG-a)-b)—0) sk/‘zV _a<—\/3(S—a+s—b+s—c)_
_ 1 e V3
Tsvs TS
Solution:
<h< 1 < 1 < 1
as<b=s<c—o < <
(mym.)? — (mymy)? ~ (mym,)?
1 V3
2 —— (Lemma)
sinA CHEBESHEV 1 AZ CBS 133 3 1 )
(myme)* e (mbm 2 =372 523
. V3 MITRI<NOVIC V3 B V3

200. In 4 ABC the following relationship holds:

am+2 bm+2 Cm+2 \/§S

-+ -+ >
Grom  cram  (arbym=zmz ™m0

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

m m b m m
Zaz.(bic‘)m:az.(bic) +b2.(a+c) +CZ.(af-b)

a+b20+a2b+q

2 2 2 — 22—
a=>b=c;a® = b* = c% b+c ~ c+a T a+b =
a=>b=>c
a? > b% > c? )

a m Chebyshev 1 a m Chebyshev
2, > _. A
Za (b+c) - 3 Z(a) Z(b+c) =
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1 1 m 1 m
Zg'm'zaz'(zbic) :ﬁ'zaz'(Zbic) =

a + b + ¢ > (N bitt)
= esbi
= b+c c+a a+b =

a2+b2+cz24\/_-S(Welzenbocks)
1 3\™ \/_s

>_— . 4y3.5.(=

—3m V3 (2) 2m

Solution 2 by Soumitra Mandal-Chandar Nagore-India

Inany 4 ABC,

am+2 pm+2 cm+2 \/§A _
brom T cram T iy = am2 where A4 = areaof A ABC

Weitzenbock’s Inequality: a? + b? + ¢? > 4+/34

Result: let a;, b; € (0,©) wherei =1,2,3,...,nand m > 0 then

a11n+1 a£n+1 a;ln+1 (al +a2 + _”_|_an)m+1
R Rl bt b+ tb )"
1 2 n 1 2 n
Now,

m+2 2(m+1) (aZ + bZ + C.2)m+1
Z (b+c)m Z (ab + ac)™ = 2™m(ab + bc + ca)™
cyc
[applying above result]

1 <a2+b2+c2 4\/§A_\/§A

om - 2m-2

m
= . . 2_|_b2_|_ 2 >
2m ab+bc+ca> (a %) =

Solution 3 by Soumava Chakraborty — Kolkata — India
WLOG, we may assumea = b > c

cac+a’>b*+bc=>alc+a)=b(b+c)

a b a  \m /, b \"
~rr e ) e ()
b+c c+a b+c c+a
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a m b m am+1 bm+1
=a (E) = b (E) = brom = (c+a)™ 1)
Again, ab + b%? > ¢? + ac = b(a + b) > c¢(c + a)
b - c b \™ - c \™m
=>(:+a_a+b=>(c+a) - (a+b)

b b m c m bm+1 Cm+1 2

>b (X)) >c- (—) = >

(c+a) - a+b (c+a)™ — (a+b)™ ( )
m+1 bm+1 Cm+1

b TP G T ¢ Gy

Now, LHS = a -

Chebyshev qm+1 pm+1

= _(Z ){(b+c)m (c+a)m (a+b)m} (usmg (1) (2))

Radon 1 Ca™! CEaEaEa™ 45
= (Z )(zza)m B 3-2m(za)m - 2m.3

_ss (3\/—r)s _
= 3gm7z 2 3mz — yu-z — RHS (Proved)
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru



