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101. In ࢤ	 the following relationship holds: 

ෑ൫ࢇ
 + ࢈ࢇ ࢈+

൯ ≥ ൬
ࢉ࢘࢈࢘ࢇ࢘ૢ

ࢇ࢘ + ࢈࢘ + ࢉ࢘
൰


 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Adil Abdullayev – Baku – Azerbaidian 

Lemma. ࢇ ≥ ඥࢉ࢘࢈࢘. 

ࢇ =


ඥ(࢈ + −(ࢉ ࢇ ≥



ඥ(࢈ + (ࢉ − ࢇ = 

= 

ඥ(࢈ + ࢉ + ࢈)(ࢇ + ࢉ − (ࢇ = 


ඥ( − ࢇ) = ඥ) − (ࢇ = ඥࢉ࢘࢈࢘ . 

By lemma: ࢇ
 ≥  .ࢉ࢘࢈࢘

ࡿࡴࡸ ≥ෑ࢈ࢇ = ૠࢇ
࢈

ࢉ
 ≥
ࢇࢋࡸ

ૠࢇ࢘࢈࢘ࢉ࢘ ≥
?
ࡿࡴࡾ ⇔ 

⇔ ࢉ࢘ା࢈࢘ାࢇ࢘


≥ ඥࢉ࢘࢈࢘ࢇ࢘  . 

Solution 2 by Soumava Chakraborty – Kolkata – India  

ෑ൫ࢇ
 + ࢈ࢇ ࢈+

൯ ≥
ࡳି

ෑ(࢈ࢇ) = ૠࢇ
࢈

ࢉ
 

It suffices to prove: ࢇ
࢈

ࢉ
 ≥ ૠ࢙࢘

(ࡾା࢘). Now, ࢇ
 ≥ ࢙)࢙ −  .etc ,(ࢇ

ࢇ
࢈

ࢉ
 ≥ ࢙)࢙ − ࢙)(ࢇ − ࢙)(࢈ −   :It suffices to prove .(ࢉ

࢙࢘ ≥ ૠ࢙࢘

(ࡾା࢘) ⇔ ࢙ ≤ (ࡾା࢘)

ૠ࢘
 Gerretsen ⇒ ࢙ ≤ ࡾ + ࢘ࡾ + ࢘. It 

suffices to prove: ࡾ + ࢘ࡾ + ࢘ ≤ (ࡾା࢘)

ૠ࢘
⇔ ࢘ − ࡾ࢘ − 

−࢘ࡾ − ࢘ ≥  ⇔ ࢚) − )(࢚ + ૠ࢚+ ) ≥ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇥ
ࢋ࢛࢚࢘

൬࢚ =
ࡾ
࢘
൰ 

࢚ = ࡾ
࢘
≥  (Euler)  
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102. In ࢤ	: 

ૠࢉ࢈

ࢇ
+
ૠࢇࢉ

࢈
+
ૠ࢈ࢇ

ࢉ
≥
√
ࡾ

 

 Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumava Chakraborty – Kolkata – India  

ࡿࡴࡸ ≥
ࡳି

ට 
ࢉ࢈ࢇ


. Suffices to show: ૠ

ࢉ࢈ࢇ
≥ √

ࡾ
⇒ √

ࡿࡾ
≥ 

ࡾ
⇔ ࡿ ≤ √


 ࡾ

࢙ ≤ √ࡾ


 (Mitrinovic) and ࢘ ≤ ࡾ


; ࡿ	 ≤ √ࡾ


 

Solution 2 by Adil Abdullayev – Baku  - Azerbaidjian 

Lemma. ࡿ ≤ 

√
≤ ࡾ√


 . 

ࡿࡴࡸ ≥
ࡹࡳିࡹ

 ⋅ ඨ

ࢉ࢈ࢇ



=  ⋅ ඨ


ࡾࡿ


≥
? √
ࡾ ⇔ ࡿ ≤

ࡾ√
  

Solution 3 by Soumava Pal – Kolkata – India  

∑ ࢉ࢟ࢉ()ܖܑܛ ≤ √


and by AM-GM  

ܖܑܛ√ ܖܑܛ ܖܑܛ  ≤
∑ ࢉ࢟ࢉܖܑܛ

 ≤
√
 ⇒ ܖܑܛ ܖܑܛ ܖܑܛ ≤

√
ૡ  

∑ ૠ࢈ࢇ

ࢉ࢟ࢉࢉ ≥ ට 
ࢉ࢈ࢇ

  (by AM-GM); ට 
ࢉ࢈ࢇ

 = 
ࡾ
ට 
ܖܑܛ ܖܑܛ ܖܑܛ

 ≥ 
ࡾ
ට ૡ
√

 = √
ࡾ

 

Solution 4 by Seyran Ibrahimov – Maasilli – Azerbaidjian  

ࢇ ≥ ࢈ ≥ ࢈ ;ࢉ
ࢉૠ

ࢇ
+ ૠࢇࢉ

࢈
+ ૠ࢈ࢇ

ࢉ
≥ ට 

ࢉ࢈ࢇ
 ⇒ ;ᇱ࢞ ᇱ࢞	 ≥ ට 

ࢉ࢈ࢇ


  (to prove) 


√ࡿࡾ ≥ √

ࡾ
; 	 ૠ
ࡿࡾ

≥ √
ࡾ

. Equivalent inequality → ࡿ ≤ √ࡾ


  (to prove) 

ࡾ ࢇܖܑܛ ⋅ ࢈ܖܑܛ ⋅ ܖܑܛ ࢉ ≤ √ࡾ


ܖܑܛ ; ࢇ ⋅ ܖܑܛ ࢈ ⋅ ܖܑܛ ࢉ ≤ √

ૡ
   (proved) 
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103. Given a triangle .Prove that: 

ࢇ ܖܑܛ



+ ࢈ ܖܑܛ



+ ࢉ ܖܑܛ


≥
ࢇ + ࢈ + ࢉ


	. 

Proposed by Kunihiko Chikaya – Tokyo – Japan  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࢇ : ܖܑܛ 


+ ࢈ ܖܑܛ 


+ ࢉ ܖܑܛ 

≥ ࢉା࢈ାࢇ


 

Por la desigualdad de Jensen:  

ܛܗ܋ + ܛܗ܋ = ܛܗ܋ ቀା

ቁܛܗ܋ ቀି


ቁ ≤ ܖܑܛ 


 … (A) 

Análogamente: ܛܗ܋ + ܛܗ܋ ≤  ܖܑܛ 


 … (B),  

ܛܗ܋ + ܛܗ܋ ≤  ܖܑܛ 


 … (C) 

Por teorema de las proyecciones: ࢇ = ࢈ ܛܗ܋ + ࢉ  ܛܗ܋

࢈ = ࢇ ܛܗ܋ + ࢉ ܛܗ܋ , ࢉ = ܛܗ܋ࢇ + ࢈  ܛܗ܋

La desigualdad propuesta, es equivalente: 

⇒ ܖܑܛࢇ

 ࢈ ܖܑܛ


 + ࢉ ܖܑܛ


 ≥

+ܛܗ܋ࢇ) (ܛܗ܋ࢇ + +ܛܗ܋࢈) (ܛܗ܋࢈ + ࢉ) +ܛܗ܋ (ܛܗ܋ࢉ = ࢇ + +࢈  ࢉ

 

104. In ࢤ	 the following relationship holds: 

ඥࢇ +ඥ࢈ + ඥࢉ ≥ ටࢇ + ࢈ + ࢉ + ඥࢉ࢘࢈࢘ࢇ࢘  

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumitra Mandal-Chandar Nagore-India 

ࢇ = ඨ࢈
 + ࢉ


−
ࢇ


≥ ඨ(࢈ + (ࢉ − ࢇ


= ඥ࢙)࢙ − ࢈,(ࢇ ≥ ඥ࢙)࢙ −  (࢈

and ࢉ ≥ ඥ࢙)࢙ −  .(ࢉ
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ඥࢇ
ࢉ࢟ࢉ

≥ ඨࢇ + ඥࢉ࢘࢈࢘ࢇ࢘

ࢉ࢟ࢉ

⇔ ቌඥࢇ
ࢉ࢟ࢉ

ቍ



≥ࢇ + ඥࢉ࢘࢈࢘ࢇ࢘

ࢉ࢟ࢉ

 

⇔ඥ࢈ࢇ
ࢉ࢟ࢉ

≥ ඥࢉ࢘࢈࢘ࢇ࢘ 		… () 

Applying A.M ≥ G.M:  
∑ ඥࢉ࢟ࢉ࢈ࢇ


≥ ඥࢉ࢈ࢇ

 ≥ 

≥ ට࢙ඥ(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ


= ࡿ࢙√ = 

= ඥࢉ࢘࢈࢘ࢇ࢘ , hence statement (1) is proved. 

ඥࢇ
ࢉ࢟ࢉ

≥ ඨࢇ + ඥࢉ࢘࢈࢘ࢇ࢘

ࢉ࢟ࢉ

 

Solution 2 by Adil Abdullayev – Baku – Azerbaidjian  

Lemma 1. 

ࢇ ≥ ඥࢉ࢘࢈࢘; ࢈	 ≥ ඥࢉ࢘ࢇ࢘; ࢉ	 ≥ ඥ࢈࢘ࢇ࢘ 

Lemma 2. 

ࢉ࢈ࢇ ≥ ;ࢉ࢘࢈࢘ࢇ࢘ ࡿࡴࡸ	 ≥ ࡿࡴࡾ ⇔ (ࡿࡴࡸ) ≥ (ࡿࡴࡾ) ⇔ 

⇔ ඥ࢈ࢇ + ඥࢉ࢈ + ඥࢇࢉ ≥  ⋅ ඥࢉ࢘࢈࢘ࢇ࢘   … (A) 

ඥ࢈ࢇ + ඥࢉ࢈ + ඥࢇࢉ ≥
ࡹࡳିࡹ

 ⋅ ඥࢉ࢈ࢇ
 ≥

	ࢇࢋࡸ
 ⋅

ඥࢉ࢘࢈࢘ࢇ࢘ ⇔ (A) 

105. In ࢤ	 the following relationship holds: 


ܖܑܛ

+


ܖܑܛ
+


ܖܑܛ 

≤

ࡿ

ቆ
ࢇ)ࢇ√ + (ࢉ࢈

࢈√ + ࢉ√
+  ቇࢇ

Proposed by Daniel Sitaru – Romania  
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Solution by Soumava Chakraborty – Kolkata – India  

ࢤ
ܖܑܛ

=
ࢉ࢈ ܖܑܛ
ܖܑܛ

= ࢉ࢈,
ࢤ
ܖܑܛ

=
ࢇࢉ ܖܑܛ
ܖܑܛ

= ࢇࢉ; 

ࢤ
ܖܑܛ

=
࢈ࢇ ܖܑܛ 
ܖܑܛ 

= ࢈ࢇ 

given inequality ⇔ ࢇ√
ࢉ√ା࢈√

ࢇ) + (ࢉ࢈ + ൯ࢇࢉା࢈൫࢈√
ࢇ√ାࢉ√

+ ൯࢈ࢇାࢉ൫ࢉ√
࢈√ାࢇ√

+ ࢇ∑ ≥ ∑(1) ࢈ࢇ 

Now, √ࢇ
ࢉ√ା࢈√

≤ ࢈√
ࢇ√ାࢉ√

⇔ ࢉࢇ√ + ࢇ ≤ ࢈ +  ࢉ࢈√

⇔ ࢇ) − (࢈ + ࢇ√൫ࢉ√ − ൯࢈√ ≤  ⇔ ൫√ࢇ− +ࢇ√൯൫࢈√ ࢈√ + ൯ࢉ√ ≤  

⇔ ࢇ√ ≤ ࢈√ ⇔ ࢇ ≤  (i)    ࢈

Similarly, √࢈
ࢇ√ାࢉ√

≤ ࢉ√
࢈√ାࢇ√

⇔ ࢈ ≤  (ii)   ࢉ

Also, ࢇ + ࢉ࢈ ≤ ࢈ + ࢇࢉ ⇔ ࢇ − ࢈ − ࢇ)ࢉ − (࢈ ≤  

⇔ ࢇ) − ࢇ)(࢈ + ࢈ − (ࢉ ≤  ⇔ ࢇ − ࢈ ≤ 					(ࢇ + ࢈ > ܿ) 

⇔ ࢇ ≤  (iii)    ࢈

Similarly, ࢈ + ࢇࢉ ≤ ࢉ + ࢈ࢇ ⇔ ࢈ ≤  (iv)    ࢉ

WLOG, let’s assume ࢇ ≤ ࢈ ≤  ࢉ

≤ of (1) ࡿࡴࡸ
࢜ࢋ࢙࢟࢈ࢋࢎ 


ቀ∑ ࢇ√

ࢉ√ା࢈√
ቁ ࢇ∑) + (ࢉ࢈∑ +  , (using (i), (ii), (iii)ࢇ∑

(iv))  

≥
࢚࢚࢈࢙ࢋࡺ 


⋅


ቀࢇ +࢈ࢇቁ + ࢇ =



ࢇ +



࢈ࢇ 

it suffices to prove: 

ࢇ∑ + 


࢈ࢇ∑ ≥ ∑࢈ࢇ 

⇔ ∑ࢇ + ࢈ࢇ∑ ≥ ∑࢈ࢇ ⇔ ࢇ∑ ≥ ࢈ࢇ∑ → true 

(1) is true (Proved) 
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106. In ࢤ	 the following relationship holds: 


࢈ + ࢉ

ࢇࢎ ܛܗ܋ +


ࢉ + ࢇ
࢈ࢎ ܛܗ܋ +


ࢇ + ࢈

ࢉࢎ ܛܗ܋ < 
ࢉ࢈

࢈ + ࢉ
 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Myagmarsuren Yadamsuren – Mongolia  




࢈ + ࢉ
⋅ ࢇࢎ ⋅ ܛܗ܋ < 

ࢉ࢈
࢈ + ࢉ

 

ࢇ (1 ≤
ࢉା࢈

⇒ 

ࢇ
≥ 

ࢉା࢈
   (1) 

ࢇ (2 ≥
ࢉା࢈

ࡾ
⇒ ࢇ

ࢉା࢈
≥ 

ࡾ
	| ⋅ ࢉ࢈ 

ࢉ࢈ ⋅ ࢇ

࢈ + ᇣᇧᇧᇤᇧᇧᇥࢉ
⇓

(ࢇࢊࢋࡿ)	ࡷ

≥
ࢉ࢈ ⋅ ࢇ
ࡾ ⋅ ࢇ =

ࡿ
ࢇ =  ࢇࢎ

ࡷ ≥  ࢇࢎ




࢈ + ࢉ
⋅ ࢇࢎ ⋅ ܛܗ܋ ≤

()


ࢇࢎ
 ⋅ ࢇ

⋅ ܛܗ܋ ≤ 

≤
ࡷ

 ⋅ ࢇ
⋅ ܛܗ܋ = 

ࢉ࢈ ⋅ ࢇ
࢈) + (ࢉ ⋅ ࢇ

⋅  ܛܗ܋

= 
ࢉ࢈

࢈ + ࢉ
⋅ ܛܗ܋ < 

ࢉ࢈
࢈ + ࢉ

; ܛܗ܋	 ≤  

Solution 2 by Soumava Chakraborty – Kolkata – India  


࢈ + ࢉ

⋅ ࢇࢎ ܛܗ܋ <
ࢉ࢈

࢈ + ࢉ
 

⇔


ܖܑܛ)ࡾ + (ܖܑܛ ⋅
ࢉ࢈
ࡾ

⋅ ܛܗ܋ <
ࢉ࢈

ࡾ(ܖܑܛ + ܖܑܛ  (

⇔ ܛܗ܋ < ܖܑܛାܖܑܛ
ܖܑܛାܖܑܛ 

   (1) 

Now, ܖܑܛ ≤ ܖܑܛ ,and ܖܑܛ  ≤ ܖܑܛ  
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ܖܑܛ + ܖܑܛ  ≤ ܖܑܛ  + ܖܑܛ ⇒ ܖܑܛ ܖܑܛା

ܖܑܛାܖܑܛ 
≥  > ܛܗ܋ ⇒ (1) is true 

⇒ 
ࢉା࢈

⋅ ࢇࢎ ܛܗ܋ < ࢉ࢈
ࢉା࢈

. Similarly, 
ࢇାࢉ

⋅ ࢈ࢎ ܛܗ܋ < ࢇࢉ
ࢇାࢉ

 and 


࢈ାࢇ

ࢉࢎ ܛܗ܋ < ࢈ࢇ
࢈ାࢇ

. Adding, we get the desired inequality 

 

107. In ࢤ	 the following relationship holds: 

ܛܗ܋

 + ܛܗ܋


 + ܛܗ܋


 >


ࡾ

ࢇ) + ࢈ +  (ࢉ

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty – Kolkata – India  

Case 1: ࢤ	 is acute 

ࢇ ≤ )ࡾ + (ܛܗ܋ ⇒ ࢇ ≤ ܛܗ܋ࡾ

 

࢈ ≤ )ࡾ + (ܛܗ܋ ⇒ ࢈ ≤ ܛܗ܋ࡾ

  

ࢉ ≤ )ࡾ + (ܛܗ܋ ⇒ ࢉ ≤ ܛܗ܋ࡾ

 

ࢇ∑

ࡾ
≤ ܛܗ܋∑ 


. It suffices to prove: ∑ܛܗ܋ 


< ∑ ܛܗ܋ 


 

 < ܛܗ܋


	 , ܛܗ܋




, ܛܗ܋



< 1, 

ܛܗ܋

 < ܛܗ܋


 , ܛܗ܋


 < ܛܗ܋


 , ܛܗ܋


 < ܛܗ܋


 ⇒ܛܗ܋


 < ܛܗ܋


 

hence proved 

Case 2: ࢤ	 is non-acute 

WLOG, let us assume ∠ ≥ ૢ°. Now ∠∠, are acute angles. 

For acute angles ࢈,, ≤ )ࡾ + ࢉ and (ܛܗ܋ ≤ )ࡾ +  (ܛܗ܋
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⇒
࢈ + ࢉ

ࡾ ≤ ܛܗ܋

 + ܛܗ܋


 < ܛܗ܋


 + ܛܗ܋


 

ቀ < ܛܗ܋


, ܛܗ܋ 


< 1ቁ. It suffices to prove: ࢇ

ࡾ
≤ ܛܗ܋ 


, where  ≥ ૢ° 

⇔
ܛܗ܋ࡾ ܖܑܛ




ܖܑܛ
≥
√࢈ + ࢉ − ࢇ

  

⇔
ࡾ ܖܑܛ

 ܖܑܛ
≥
√࢈ + ࢉ − ࢇ


⇔

ࢇ

ܖܑܛ
≥ ඥ࢈ + ࢉ −  ࢇ

Now 

ܖܑܛ
> 1, ࢇ

ܖܑܛ
> ܽ. It suffices to prove: ࢇ ≥ √࢈ + ࢉ −  ࢇ

⇔ ࢇ ≥ ࢈ + ࢉ ⇔
࢈ + ࢉ − ࢇ

ࢉ࢈
≤  ⇔ ܛܗ܋ ≤ , 

which is true:  ≥ ૢ∘ (Proved) 

 

108. In ࢤ	 the following relationship holds: 

ࢉࢎ࢈ࢎ

ࢇࢎ
+
ࢇࢎࢉࢎ

࢈ࢎ
+
࢈ࢎࢇࢎ

ࢉࢎ
≥ ඨ

ࡾ
ࡿ



 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo : ∑ ࢈ࢎ
ࢉࢎ

ࢇࢎ
≥ ට ࡾ

ࡿ


	 

Desde que: ࢉࢎ࢈ࢎࢇࢎ = ࡿ
ࢇ
⋅ ࡿ
࢈
⋅ ࡿ
ࢉ

= ૡࡿ

ࡿࡾ
= ࡿ

ࡾ
. Por: ࡹ ≥  ࡳࡹ


ࢉࢎ࢈ࢎ

ࢇࢎ
≥ ඨ


ࢉࢎ࢈ࢎࢇࢎ


= ඨ

ࡾ
ࡿ
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Solution 2 by Adil Abdullayev – Baku – Azerbaidjian  

ࡿࡴࡸ ≥
ࡹࡳିࡹ

 ⋅ ඨ


ࢉࢎ࢈ࢎࢇࢎ


=  ࡿࡴࡾ

 

109. Let  be a triangle and ࢟,࢞,  :be positive real numbers. Prove that ࢠ

ቀ࢞ + ࢠ)࢟ − ቁ(࢞
ࢇ
ࢇࢎ

+ ቀ࢟ + ࢞)ࢠ − ቁ(࢟
࢈
࢈ࢎ

+ ቀࢠ + ࢟)࢞ − ቁ(ࢠ
ࢉ
ࢉࢎ

≥ ඥ࢞࢟ + ࢠ࢟ +  .	࢞ࢠ

Proposed by Nguyen Viet Hung – Hanoi – Vietnam 

Solution by Kevin Soto Palacios – Huarmey – Peru  

Sea  un triángulo con ࢟,࢞,  :ା. Probar queࡾ números ࢠ

ቀ࢞ + ࢠ)࢟ − ቁ(࢞
ࢇ
ࢇࢎ

+ ቀ࢟ + ࢞)ࢠ − ቁ(࢟
࢈
࢈ࢎ

+ ቀࢠ + ࢟)࢞ − ቁ(ࢠ
ࢉ
ࢉࢎ

≥ ඥ࢞࢟ + +ࢠ࢟  ࢞ࢠ

De la desigualdad Ponderada Weizenbock: 

Siendo ࢝,࢜,࢛ números ࡾା, tales que: ࢛࢜+ ࢝࢜ + ࢛࢝ ≥  

࢛ࢇ + ࢜࢈ + ࢝ࢉ ≥ √࢛࢜ + ࢝࢜ +   (A) … ࡿ࢛࢝

Siendo: ࢛ = ࢞ + ࢠ)࢟ − (࢞ > ݒ,0 = ࢟ + ࢞)ࢠ − (࢟ > 0, 

࢝ = ࢠ + ࢟)࢞ − (ࢠ > 0. Ahora bien: 

࢛࢜ (2 + +࢝࢜ ࢛࢝ = ቀ࢟ + ࢞)ࢠ − ቁ(࢟ ቀ࢞ + ࢠ)࢟ − ቁ(࢞ + 

+ ቀ࢞ + ࢠ)࢟ − ቁ(࢞ ቀࢠ + ࢟)࢞ − ቁ(ࢠ + ቀࢠ + ࢟)࢞ − ቁ(ࢠ ቀ࢟ + ࢞)ࢠ −  ቁ(࢟

 = ቀ࢟ + ࢞)ࢠ − ቁ(࢟ ቀ࢞ + ࢠ)࢟ − ቁ(࢞ = ࢞࢟ + ࢞)ࢠ࢞ − (࢟ + ࢠ)࢟ − (࢞ + ࢞)ࢠ࢟ − ࢠ)(࢟ −  (࢞

 = ࢞࢟ + ࢠ࢞ − ࢠ࢟࢞ + ࢠ࢟ − ࢞࢟ + ࢟࢞ࢠ − ࢠ࢟ − ࢠ࢟࢞ +  ࢠ࢞࢟

 = ቀ࢞ + ࢠ)࢟ − ቁ(࢞ ቀࢠ + ࢟)࢞ − ቁ(ࢠ = ࢠ࢞ + ࢠ)࢟ࢠ − (࢞ + ࢟)࢞ − (ࢠ + 

ࢠ)࢟࢞+ − ࢟)(࢞ −  (ࢠ

 = ࢠ࢞ + ࢟ࢠ − ࢟࢞ࢠ + ࢟࢞ − ࢠ࢞ + ࢠ࢞࢟ − ࢞࢟ − +࢟࢞ࢠ  ࢠ࢟࢞
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 = ቀࢠ + ࢟)࢞ − ቁ(ࢠ ቀ࢟ + ࢞)ࢠ − ቁ(࢟ = 

= ࢟ࢠ + ࢟)࢞࢟ − (ࢠ + ࢞)ࢠ − (࢟ + ࢟)ࢠ࢞ − ࢞)(ࢠ −  (࢟

 = ࢟ࢠ + ࢞࢟ − +ࢠ࢞࢟ ࢞ࢠ − ࢟ࢠ + ࢠ࢟࢞ − ࢠ࢞ − ࢠ࢞࢟ +  ࢟࢞ࢠ

Sumando: (A) + (B) + (C) nos resulta:  

→ ࢛࢜ + ࢝࢜ ࢛࢝+ = +࢟࢞ ࢠ࢟ +  ࢞ࢠ

Tenemos en … (A) : ⇒ ࢛ࢇ
ࡿ

+ ࢜࢈
ࡿ

+ ࢝ࢉ
ࡿ

≥ √࢛࢜ + ࢝࢜ + ࢛࢝ ⇒ 

⇒
࢛ࢇ
ࢇࢎࢇ

+
࢜࢈
࢈ࢎ࢈

+
࢝ࢉ
ࢉࢎࢉ

≥ √࢛࢜ + ࢝࢜ +  ࢛࢝

⇒ ቀ࢞ + ࢠ)࢟ − ቁ(࢞
ࢇ
ࢇࢎ

+ ቀ࢟ + ࢞)ࢠ − ቁ(࢟
࢈
࢈ࢎ

+ ቀࢠ + ࢟)࢞ − ቁ(ࢠ
ࢉ
ࢉࢎ

≥ 

≥ ඥ࢞࢟ + ࢠ࢟ +  ࢞ࢠ

 

110. In acute-angled ࢤ	 the following relationship holds: 

൬


࢙√ − ࢇ
൰


≤ ࢇ) + ࢈࢝ + (ࢉࢎ ⋅
ࡾ + ࢘
࢙࢘

 

Proposed by Daniel Sitaru – Romania 

Solution 1 by Soumava Chakraborty – Kolkata – India  

ࢇ ≥ ࢇ࢝ ≥  is any triangle ࢇࢎ

ࢇ + ࢈࢝ + ࢉࢎ ≥ ࢇࢎ + ࢈ࢎ + ࢉࢎ = ࢈ࢇ∑
ࡾ

= ࢘ା࢘ࡾା࢙

ࡾ
    (1) 

Now, ቀ∑ 
ࢇି࢙√

ቁ

≤ ቀ 

ࢇି࢙
+ 

࢈ି࢙
+ 

ࢉି࢙
ቁ =    (CBS) 

=
࢙)∑࢙ − ࢙)(ࢇ − (࢈

࢙)࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ =
∑(࢙ − ࢙)(ࢇ − (࢈

࢙࢘
= 
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=
{࢙ − ࢙ ⋅ (ࢇ + ࢈ + (ࢉ + {࢈ࢇ∑

ࡿ࢘
= 

= ൫࢙ି࢙ା࢙ା࢘ࡾା࢘൯
࢙࢘

= ࢘(ࡾା࢘)
ࡿ࢘

   (2) 

It suffices to show: ࢘(ࡾା࢘)
࢙࢘

≤ ࢘ା࢘ࡾା࢙

ࡾ
⋅ (ࡾା࢘)

࢙࢘
  from (1), (2)  

⇔ ࢙ + ࢘ࡾ + ࢘ ≥ ૡ࢘ࡾ ⇔ ࢙ ≥ ࢘ࡾ −  ࢘

Gerretsen ⇒ ࢙ ≥ ࢘ࡾ − ࢘. It suffices to prove:  

࢘ࡾ − ࢘ ≥ ࢘ࡾ − ࢘ ⇔ ࢘ࡾ ≥ ࢘ ⇔ ࢘ࡾ ≥ ࢘ ⇔ ࡾ ≥ ࢘ 

 (true → Euler) (proved) 

Solution 2 by Martin Lukarevski-Stip 

Let ࢇ࢘, ,࢈࢘  denote the exradii and the area of the triangle ࡲ and ࢉ࢘

respectively. We use the well-known inequality ࢇࢎ + ࢈ࢎ + ࢉࢎ ≥  and ,࢘ૢ

the equality ࢇ࢘ + ࢈࢘ + ࢉ࢘ = ࡾ +  Hence by the Cauchy-Schwarz .࢘

inequality (ࢇ + ࢈࢝ + (ࢉࢎ ⋅
ࡾା࢘
࢙࢘

≥ ࢇࢎ) + ࢈ࢎ + (ࢉࢎ ⋅
ࡾା࢘
࢙࢘

 

≥  ⋅ ࡾା࢘
ࡲ

=  ⋅ ࢉ࢘ା࢈࢘ାࢇ࢘
ࡲ

=  ⋅ ∑ 
ࢇି࢙

≥ ቀ∑ 
ࢇି࢙√

ቁ


, and we are done. 

 

111. In ࡷ,ࢤ − Lemoine’s point. Prove that: 

ࡷ
࢈ + ࢉ +

ࡷ
ࢉ + ࢇ +

ࡷ
ࢇ + ࢈ ≤

ࢇ + ࢈ + ࢉ

ࢇ + ࢈ + ࢉ  

Proposed by Adil Abdullayev – Baku – Azerbaidian  
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Solution 1 by Daniel Sitaru – Romania 

 
ࡷ −	Lemoine’s point; 


= ࢉ

࢈
; 


= ࢇ

ࢉ
; 


= ࢈

ࢇ
 

ࡷ =
ࢉ࢈

(ࢇ∑) ቀࢇ − ࢇቁ =
ࢉ࢈

ࢇ) + ࢈ + )ࢉ
(࢈ + ࢉ −  (ࢇ

ࡷ = ࢉࢇ

(ࢉା࢈ାࢇ)
(ࢇ + ࢉ − ࡷ ;(࢈ = ࢈ࢇ

(ࢉା࢈ାࢇ)
(ࢇ + ࢈ −  (ࢉ


ࡷ

࢈ + ࢉ = 
࢈√ࢉ࢈ + ࢉ − ࢇ

࢈) + ࢇ∑(ࢉ =


ࢇ∑
ࢇࢉ࢈

࢈ + ࢉ ≤
ࢇ∑
ࢇ∑  

 

112. In ࢤ	 the following equality holds: 
 

൫√ࢇ + ࢈√ − ࢉ√ ൯

≥ √ࢇ + √࢈ + √ࢉ −  

 
Proposed by Daniel Sitaru – Romania  

Solution by Daniel Sitaru-Romania: 
 

By AM-GM: ൫√܉ + ܊√ − ܋√ ൯


+ 


= ൫√܉ + ܊√ − ܋√ ൯


+ 


+ 

≥ 

≥ ට൫√܉ + ܊√ − ܋√ ൯

⋅ 

⋅ 



= 

√ૢ ൫√܉ + ܊√ − ܋√ ൯ = √ ൫√܉ + ܊√ − ܋√ ൯. 

൫√܉ + ܊√ − ܋√ ൯


+ 

≥ √܉ + √܊ − √܋     (1) 
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Analogous: ൫√܊ + ܋√ − ܉√ ൯


+ 

≥ √܊ + √܋ − √܉     (2) 

൫√܋ + ܉√ − ܊√ ൯


+ 

≥ √܋ + √܉ − √܊    (3) 

By adding (1); (2); (3): ∑൫√܉ + ܊√ − ܋√ ൯


+  ≥ √܉ + √܊ + √܋  

൫√܉ + ܊√ − ܋√ ൯

≥ ܉√ + √܊ + √܋ −  

Equality holds for: ܉ = ܊ = ܋ = 

. 

 
113. In any ࢤ	, prove that: 

࢈࢘ ⋅ ࢉ࢘ ⋅ ܖ܉ܜ


≤
ૢ√


 ࡾ

Proposed by George Apostolopoulous – Messalonghi – Greece  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Prove in any triangle ࢉ࢘࢈࢘∑ : ܖ܉ܜ


≤ ૢ√


 :. We know thatࡾ

ࢇ࢘ =  ܖ܉ܜ



, ࢈࢘ =  ܖ܉ܜ



, ࢉ࢘ =  ܖ܉ܜ



; ܖ܉ܜ	


ܖ܉ܜ



ܖ܉ܜ



≤


√

 

 ≤
√ࡾ
 ⇒ ܖ܉ܜ


 ܖ܉ܜ


 ܖ܉ܜ


 =  ܖ܉ܜ


 ܖ܉ܜ


 ܖ܉ܜ


 ≤ 

≤  ቀ 
√

ቁ = 
√
 ≤ 

√
⋅ ૠࡾ




= ૢ√


  (Done)ࡾ

 

114. In acute ࢤ	: 

ෑ(ܖ܉ܜ ܖ܉ܜ − ܜܗ܋ (ܜܗ܋ ≥

ૠ

 

Proposed by Daniel Sitaru – Romania  
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Solution by Rozeta Atanasova - Skopje 

ܖ܉ܜ)∏ ܖ܉ܜ − ܜܗ܋ (ܜܗ܋ = ∏ ܖ܉ܜ) ܖ܉ܜ)(ିܖ܉ܜ  ܖ܉ܜ (ା
ܖ܉ܜ ܖ܉ܜ

=  

= ෑ
ܖ܉ܜ) ܖ܉ܜ − )(ܖ܉ܜ ܖ܉ܜ + )(ܖ܉ܜ + (ܖ܉ܜ

ܖ܉ܜ) + (ܖ܉ܜ ܖ܉ܜ ܖ܉ܜ = 

= ∏ ܖ܉ܜ)  (ܖ܉ܜାܖ܉ܜ)(ାܖ܉ܜ
ܖ܉ܜ  ܖ܉ܜ  ܖ܉ܜ

= ∏
ቀ∗ܖ܉ܜ ܖ܉ܜ ାቁ(ܖ܉ܜ (ܖ܉ܜା

ܖ܉ܜ ܖ܉ܜ ܖ܉ܜ
≥  

≥
ࡹࡳିࡹ

∏
 ටቀܖ܉ܜ ܖ܉ܜ

ቁ

(ା)ܖܑܛ

ܖ܉ܜ  ܖ܉ܜ  ܛܗ܋ܖ܉ܜ  ܛܗ܋
= (ܖ܉ܜ ܖ܉ܜܖ܉ܜ (


 ܖܑܛܖܑܛ ܖܑܛ


ૢ
(ܖ܉ܜ ܖ܉ܜ ܛܗ܋)(ܖ܉ܜ (ܛܗ܋ܛܗ܋

=  

=  ܖܑܛ ܖܑܛ ܖܑܛ


ૢ
(ܖ܉ܜ ܖ܉ܜܖ܉ܜ (


(ܛܗ܋ (ܛܗ܋ܛܗ܋

= 


ૢ
√ܖܑܛ ܖܑܛ ܖܑܛ ܛܗ܋  ܛܗ܋ܛܗ܋

=  

=
 ∗ √


ૢ
√ܖܑܛ  ܖܑܛ ܖܑܛ 

≥
ࡹࡳିࡹ  ∗ √


ૢ
ටቀܖܑܛ + ܖܑܛ  + ܖܑܛ 

 ቁ

≥ 

≥
ࢋ࢙ࢋࡶ  ∗ √


ૢ
ටቀܖܑܛ +  + 

 ቁ


=
 ∗ √


ૢ
ටܖܑܛ ࣊

=
 ∗ √


ૢ
 ቆ√ ቇ




=

ૠ  

 

115. Prove that in any triangle  the following relationship holds: 

ࢇ

ܖܑܛ
+

࢈

ܖܑܛ
+

ࢉ

ܖܑܛ 
≥
ࢇ + ࢈ + ࢉ

࢘
 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solutin by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࢇ :

ܖܑܛ
࢘ + ࢈

ܖܑܛ
࢘ + ࢉ

ܖܑܛ
࢘ ≥ ࢉା࢈ାࢇ
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ࢇ

ܖܑܛ 

) − (ࢇ ܖ܉ܜ

 +

࢈

ܖܑܛ 

) − (࢈ ܖ܉ܜ

 +

ࢉ

ܖܑܛ 
+

ࢉ

ܖܑܛ 

) − (ࢉ ܖ܉ܜ

 ≥

ࢇ + ࢈ + ࢉ

  

De las siguientes desigualdades conocidas en un triángulo : 

ࢇ ≥
࢈ + ࢉ


ܛܗ܋



࢈, ≥
ࢇ + ࢉ


ܛܗ܋



ࢉ, ≥
ࢇ + ࢈


ܛܗ܋



 

La desigualdad es equivalente:  
ࢇ

ܖܑܛ

) − (ࢇ ܖ܉ܜ



+
࢈

ܖܑܛ

) − (࢈ ܖ܉ܜ



+
ࢉ

ܖܑܛ 

) − (ࢉ ܖ܉ܜ


≥ 

≥൬
࢈ + ࢉ
 ൰ ) −  (ࢇ

→൬
࢈ + ࢉ
 ൰ ) − (ࢇ = ൬

࢈ + ࢉ
 ൰ ൬

࢈ + ࢉ − ࢇ
 ൰ + ൬

ࢉ + ࢇ
 ൰ ൬

ࢉ + ࢇ − ࢈
 ൰ + 

+ ൬
ࢇ + ࢈


൰ ൬
ࢇ + ࢈ − ࢉ


൰ =

ࢇ + ࢈ + ࢉ


 

 

116. In ࢤ the following relationship holds: 

ૢ
ࢇ

࢈) + ࢉ − (ࢇ ≥ ૡࢇ࢘ࢇ࢙)࢙ + ࢈࢘࢈࢙ +  (ࢉ࢘ࢉ࢙

,ࢇ࢙   semiperimeter - ࢙ ,simedians – ࢉ࢙,࢈࢙

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty – Kolkata – India  

ࢇ࢙ = ࢉ࢈
ࢉା࢈

⋅ ࢇ ≤ ∴)	ࢇ ࢉ࢈ ≤ ࢈ + ࢈࢙ ,). Similarlyࢉ ≤ ࢉ࢙ and ࢈ ≤  ࢉ

ࡿࡴࡾ = ૡ࢙ ቀࢇ࢘ࢇ࢙ቁ ≤
ࡿ

ૡ࢙ටࢇ࢙ටࢇ࢘ ≤ ૡ࢙ටࢇ
 ටࢇ࢘ 

(1) ≤ ૡ࢙ඥ∑ࢇ࢘ඥ∑ࢇ࢘ = ૡ࢙(∑ࢇ࢘) 
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ቆ∴ࢇ
 =



ቀࢇቁ ≤

ࢠ࢈ࢋࡸ ૠࡾ


≤

࢚࢛ࢇ࢈ࢋࢎࢀ
ࢇ࢘ቇ 

ࡿࡴࡸ =
ૢ



ࢇ

࢙) − (ࢇ =
ૢ

ቊ

ࢇ

࢙) − (ࢇ +
࢈

࢙) − (࢈ +
ࢉ

࢙) −  ቋ(ࢉ

WLOG, we may assume ࢇ ≤ ࢈ ≤ ࢇ ,Now .ࢉ
ࢇି࢙

≤ ࢈
࢈ି࢙

⇔ ࢙ࢇ ≤ ࢙࢈ ⇔ ࢇ ≤  	࢈

Again, ࢈
࢈ି࢙

≤ ࢉ
ࢉି࢙

⇔ ࢙࢈ ≤ ࢙ࢉ ⇔ ࢈ ≤ ࢇ ;ࢉ ≤ ࢈ ≤ ࢉ ⇒ ࢇ

(ࢇି࢙) ≤
࢈

(࢈ି࢙) ≤
ࢉ

 (ࢉି࢙)

Now, ࡿࡴࡸ = ૢ

ቄࢇ ቀ ࢇ

ቁ(ࢇି࢙) + ࢈ ቀ ࢈

+ቁ(࢈ି࢙) ࢉ ቀ ࢉ

 ቁቅ(ࢉି࢙)

≥
ࢉࢋࢎ࢙࢟࢈ࢋࢎ ૢ


⋅


ቀࢇቁ ቆ

ࢇ

࢙) − ቇ(ࢇ =

ࢤ

ቀࢇቁ ቆࢇ
ࢤ

࢙) −  ቇ(ࢇ

=

ࢤ

ቀࢇቁ ൫ࢇࢇ࢘ + ࢈࢘࢈ +  ൯ࢉ࢘ࢉ

Now, ࢇ࢘ ≤ ࢈࢘ ⇔
ࢤ
ࢇି࢙

≤ ࢤ
࢈ି࢙

⇔ −࢙ ࢈ ≤ ࢙ − ࢇ ⇔ ࢇ ≤  ࢈

Similarly, ࢈࢘ ≤ ࢉ࢘ ⇔ ࢈ ≤ ∴ ࢉ ࢇ ≤ ࢈ ≤ ࢉ ⇒ ࢇ࢘ ≤ ࢈࢘ ≤  ࢉ࢘

ࡿࡴࡸ ≥

ࢤ

ቀࢇቁ ቀࢇࢇ࢘ቁ ≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ 

ࢤ ⋅

 ⋅

ቀࢇቁ ቀࢇቁ ቀࢇ࢘ቁ 

≥
ࡹࡳିࡹ 

ࢤ
(ࢉ࢈ࢇ) ቀࢇቁ ቀࢇ࢘ቁ =

ࢤࡾ
ࢤ ቀࢇቁ ቀࢇ࢘ቁ 

≥
ࢉ࢈ࢋࢠ࢚ࢋࢃ ࡾ൫√ࢤ൯(∑ࢇ࢘)

ࢤ = ൫√ࡾ൯ ቀࢇ࢘ቁ 

≥
ࢉ࢚࢜࢘ࡹ

	 (࢙)(∑ࢇ࢘) = ૡ࢙(∑ࢇ࢘) ≥  (proved) ( from (1)) ࡿࡴࡾ

 

117. Prove that in any  triangle the following relationship holds: 


࢘
ࢇ ܛܗ܋ ܛܗ܋ ≥  ቀܖܑܛቁቀܛܗ܋ቁ 

Proposed by Daniel Sitaru  - Romania  
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Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

En un triángulo . Probar que: 

࢘
ࢇ∑ ܛܗ܋ ܛܗ܋ ≥ (∑ܖ܍ܛ)(∑ܛܗ܋) →  (Inradio) ࢘

ࡾ

࢘
(ૡܖ܍ܛ ܛܗ܋ ܛܗ܋ + ૡ ܛܗ܋ܖ܍ܛ ܛܗ܋ + ૡ ܖ܍ܛ  ܛܗ܋ (ܛܗ܋ ≥ 

≥ (ܖ܍ܛ + ܖ܍ܛ + ܛܗ܋)(ܖ܍ܛ + ܛܗ܋ + ܛܗ܋  (

Tener presente en un triángulo : 

ܖ܍ܛ (1  + ܖ܍ܛ + ܖ܍ܛ  = − ܖ܍ܛ ܖ܍ܛ  ,ܖ܍ܛ

ܛܗ܋ (2 + ܛܗ܋ + ܛܗ܋  =  − ܛܗ܋ ܛܗ܋  ,ܛܗ܋

࢘ (3
ࡾ

=  ܖ܍ܛ 

ܖ܍ܛ 


ܖ܍ܛ 


 , 

)ܖ܍ܛ (4 + ( = )ܖ܍ܛ (5 ∧	ܖ܍ܛ + ) =  ܖ܍ܛ−

ࢀ = ૡܖ܍ܛ ܛܗ܋ ܛܗ܋ → ࢀ = (ܖ܍ܛ )( )ܛܗ܋)(ܖ܍ܛ + ( + −)ܛܗ܋  ((

ࢀ = ( − )(ܛܗ܋ )ܖ܍ܛ + ( )ܛܗ܋ + ( + −)ܛܗ܋  ((

ࢀ = ( − ܛܗ܋ ܖ܍ܛ)(( + ) + ܖ܍ܛ +  (ܖ܍ܛ
ࢀ = ܖ܍ܛ−)  + ܖ܍ܛ + (ܖ܍ܛ − ܖ܍ܛ ܛܗ܋  − ܖ܍ܛ  ܛܗ܋ + (,) ܖ܍ܛ ܛܗ܋  

ࢀ = ૡܖ܍ܛܛܗ܋ ܛܗ܋ → 

→ ࢀ = ܖ܍ܛ−) + ܖ܍ܛ + ܖ܍ܛ )− ܖ܍ܛ ܛܗ܋  − 

ܖ܍ܛ− ܛܗ܋  + (,) ܖ܍ܛ  ܛܗ܋

ࢀ = ૡܖ܍ܛ  ܛܗ܋ ܛܗ܋ → 

→ ࢀ = ܖ܍ܛ−) + ܖ܍ܛ + −(ܖ܍ܛ ܛܗ܋ܖ܍ܛ − 

ܛܗ܋ܖ܍ܛ−  + (, )  ܛܗ܋ܖ܍ܛ

ࢀ + ࢀ + ࢀ = (ܖ܍ܛ + ܖ܍ܛ + (ܖ܍ܛ −  ܖ܍ܛ ܖ܍ܛ  ܖ܍ܛ

ࢀ + ࢀ + ࢀ = ( ܖ܍ܛ )	(ܖ܍ܛܖ܍ܛ −  ܛܗ܋ ܛܗ܋ (ܛܗ܋ ≥ 

≥ (ܖ܍ܛ  + ܖ܍ܛ  + ܖ܍ܛ ܛܗ܋)( + ܛܗ܋  + ܛܗ܋ ൬( ܖ܍ܛ

 ܖ܍ܛ


 ܖ܍ܛ



൰
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ૡ ܖ܍ܛ ܖ܍ܛܖ܍ܛ  ≥  ቀ ܛܗ܋ 


ܛܗ܋ 


ܛܗ܋ 


ቁቀ ܖ܍ܛ 


ܖ܍ܛ 


ܖ܍ܛ 


ቁ ૡ	࢞ ቀܖ܍ܛ 


ܖ܍ܛ 


ܖ܍ܛ 


ቁ

→  

→

 ≥ ൬ܖ܍ܛ


 ܖ܍ܛ


 ܖ܍ܛ


൰



→

ૡ ≥ ܖ܍ܛ


 ܖ܍ܛ


 ܖ܍ܛ


 

Solution 2 by Daniel Sitaru – Romania  

Let be ࢤ = อ
ࢇ ࢈ ܛܗ܋ ࢉ ܛܗ܋
࢈ ࢉ ܛܗ܋ ࢇ ܛܗ܋
ࢉ ܛܗ܋ࢇ ࢈ ܛܗ܋

อ = 

= ૡࡾ อ
ܖܑܛ  ܖܑܛ ܛܗ܋ ܖܑܛ ܛܗ܋ 
ܖܑܛ ܖܑܛ ܛܗ܋ ܖܑܛ ܛܗ܋ 
ܖܑܛ  ܖܑܛ ܛܗ܋ ܖܑܛ ܛܗ܋

อ
ା

= ૡࡾ ቮ
ܖܑܛ  )ܖܑܛ + ( ܖܑܛ ܛܗ܋
ܖܑܛ  )ܖܑܛ + ( ܖܑܛ  ܛܗ܋
ܖܑܛ  +)ܖܑܛ ( ܖܑܛ ܛܗ܋

ቮ = 

= ૡࡾ ቮ
ܖܑܛ −࣊)ܖܑܛ ( ܖܑܛ  ܛܗ܋ 
ܖܑܛ  (−࣊)ܖܑܛ ܖܑܛ ܛܗ܋ 
ܖܑܛ −࣊)ܖܑܛ ( ܖܑܛ ܛܗ܋ 

ቮ = ૡࡾ อ
ܖܑܛ  ܖܑܛ  ܖܑܛ  ܛܗ܋
ܖܑܛ  ܖܑܛ  ܖܑܛ ܛܗ܋
ܖܑܛ  ܖܑܛ  ܖܑܛ  ܛܗ܋

อ =  

On the other hand:  = ࢤ = อ
ࢇ ࢈ ܛܗ܋ ࢉ ܛܗ܋
࢈ ࢉ ܛܗ܋ ࢇ ܛܗ܋
ࢉ ࢇ ܛܗ܋ ࢈ ܛܗ܋

อ = 

= ࢈ࢇ ܛܗ܋ + ࢉ࢈ࢇ ܛܗ܋ + ࢉ࢈ࢇ ܛܗ܋ − 

ࢉ− ܛܗ܋ ܛܗ܋ − ࢇ ܛܗ܋ ܛܗ܋ − ࢈ ܛܗ܋ ܛܗ܋ = 

= 	ࢉ࢈ࢇ ∑ ܛܗ܋ ࢇ∑− ܛܗ܋ ܛܗ܋ = ࡿࡾ∑ ܛܗ܋ − ࢇ∑ ܛܗ܋  .ܛܗ܋

It follows: ∑ࢇ ܛܗ܋ ܛܗ܋ = ࡿࡾ∑ ܛܗ܋ = 

= ࢘ࡾܛܗ܋ = ࢘ࡾ ⋅
ࢇ + ࢈ + ࢉ

 ܛܗ܋ 

ࢇ∑ ܛܗ܋ ܛܗ܋
∑ ܛܗ܋

= ࢇ)࢘ࡾ + ࢈ + (ࢉ = ࢘ࡾ ⋅ ࡾ ⋅ܖܑܛ = ૡࡾ࢘ܖܑܛ  

From Euler’s inequality: ࡾ ≥ ࢘ 

ࢇ∑ ܛܗ܋ ܛܗ܋
∑)(ܖܑܛ∑) (ܛܗ܋ = ૡࡾ࢘ ≥ ૡ ⋅ (࢘) ⋅ ࢘ = ࢘ 


࢘
ࢇ ܛܗ܋ ܛܗ܋ ≥  ቀܖܑܛቁቀܛܗ܋ቁ 
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Solution 3 by Soumava Chakraborty – Kolkata – India  

In ࢤ, 
࢘
ࢇ∑ ܛܗ܋ ܛܗ܋ ≥ (∑ܖܑܛ)(∑ܛܗ܋);࢘ → inradius 

ࢇ ܛܗ܋ ܛܗ܋ = (ૡࡾ ܖܑܛ ܛܗ܋  (ܛܗ܋

ૡ ܖܑܛ ܛܗ܋ ܛܗ܋ = ( ܖܑܛ ܖܑܛ)(  ܛܗ܋ (ܛܗ܋ = 

= ( − ܛܗ܋ )(ܛܗ܋)( ܖܑܛ (ܛܗ܋ = 

= ( − ܛܗ܋ )(ܛܗ܋){)ܖܑܛ + ( + )ܖܑܛ − {( = 

= ( − ܛܗ܋ ){ ܛܗ܋ ܖܑܛ  −  )ܛܗ܋ + 	( )ܖܑܛ {(− = 

= ( − ܖܑܛ}(ܛܗ܋  − ܖܑܛ) − ܖܑܛ )} = 

= ( − ܖܑܛ)(ܛܗ܋  + ܖܑܛ − ܖܑܛ ) = 
= ܖܑܛ  + ܖܑܛ  − ܖܑܛ  − ܛܗ܋  ܖܑܛ  − ܛܗ܋  ܖܑܛ  + ܛܗ܋  ܖܑܛ (1)  

Similarly, ૡܖܑܛܛܗ܋ ܛܗ܋ = ( − ܖܑܛ)(ܛܗ܋  + ܖܑܛ − ܖܑܛ ) 
= ܖܑܛ  + ܖܑܛ  − ܖܑܛ  − ܛܗ܋ ܖܑܛ  − ܛܗ܋ ܖܑܛ  + ܖܑܛ ܛܗ܋(2)   

and ૡ ܖܑܛ ܛܗ܋ ܛܗ܋ = ( − ܖܑܛ)(ܛܗ܋  + ܖܑܛ − ܖܑܛ ) 
= ܖܑܛ  + ܖܑܛ  − ܖܑܛ  − ܛܗ܋  ܖܑܛ  − ܛܗ܋ ܖܑܛ  + ܖܑܛ ܛܗ܋ (3)   

(1) + (2) + (3) ⇒ 
࢘
ࢇ∑ ܛܗ܋  ܛܗ܋

=
ࡾ

࢘
൭

ܖܑܛ)  + ܖܑܛ + −(ܖܑܛ ܖܑܛ ܛܗ܋) + ܛܗ܋ )−
ܖܑܛ−  ܛܗ܋)  + (ܛܗ܋ − ܖܑܛ  ܛܗ܋)  + (ܛܗ܋ +

+ ܛܗ܋  ܖܑܛ  + ܛܗ܋ ܖܑܛ  + ܛܗ܋  ܖܑܛ 
൱ 

ܖܑܛ−  ܛܗ܋)  + ܛܗ܋ ) = ܖܑܛ−  { )ܛܗ܋ + ( )ܛܗ܋ −  {(

= − ܖܑܛ ܛܗ܋ (−ܛܗ܋ )ܛܗ܋  ((−

=  ܛܗ܋  )ܖܑܛ + ( )ܛܗ܋ − ( =  ܛܗ܋  ܖܑܛ) + ܖܑܛ ) 

= ( + ܛܗ܋ ܖܑܛ)( + ܖܑܛ ) 

= ܖܑܛ)  + ܖܑܛ ) + ܛܗ܋ ܖܑܛ)  + ܖܑܛ  (4)   (

Similarly,  
− ܖܑܛ  ܛܗ܋)  + ܛܗ܋ ) = ܖܑܛ) + ܖܑܛ ) + ܛܗ܋  ܖܑܛ)  + ܖܑܛ (5)   ( 
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and  

− ܖܑܛ  ܛܗ܋)  + ܛܗ܋ ) = ܖܑܛ)  + ܖܑܛ ) + ܛܗ܋  ܖܑܛ)  + ܖܑܛ (6)   ( 


࢘
ࢇ ܛܗ܋ ܛܗ܋ = 

=
ࡾ

࢘ ቄܖܑܛ + ܛܗ܋) + ܛܗ܋ + ܛܗ܋ ) ቀܖܑܛቁቅ = 

=
ࡾ

࢘
ቀܖܑܛቁ {( + ܛܗ܋ ) + ( + ܛܗ܋ ) + ( + ܛܗ܋ )} = 

= ࡾ

࢘
ܖܑܛ∑) )()(∑ܛܗ܋) = ࡾ

࢘
 (A)  (ܛܗ܋∑)(ܖܑܛ∑)

ܖܑܛ = ܖܑܛ  + ܖܑܛ  + ܖܑܛ  = 

=  )ܖܑܛ + ( ⋅ )ܛܗ܋ − ( + ܖܑܛ  ܛܗ܋ = 

=  ܖܑܛ  )ܛܗ܋} − −( )ܛܗ܋ + {( = 

=  ܖܑܛ ⋅  ܖܑܛ  ܖܑܛ =  ܖܑܛ ܖܑܛ ܖܑܛ = 

=  ⋅ ૡ ܖܑܛ

 ܖܑܛ


 ܖܑܛ


 ܛܗ܋


 ܛܗ܋


 ܛܗ܋


 = 

= ቀૡ ܖܑܛ 

ܖܑܛ 


ܖܑܛ 


ቁ ቀ ܛܗ܋ 


ܛܗ܋


ܛܗ܋ 


ቁ   (7) 

Now, ܖܑܛ + ܖܑܛ + ܖܑܛ  =  ܖܑܛ ା

ܛܗ܋ ି


+  ܖܑܛ 


ܛܗ܋ 


= 

=  ܛܗ܋


൬ܛܗ܋

 − 


+ ܛܗ܋
 + 


൰ = ܛܗ܋


ܛܗ܋



ܛܗ܋




 

(7) ⇒ ܖܑܛ∑  = ૡ ܖܑܛ 

ܖܑܛ


ܖܑܛ 


(ܖܑܛ∑) = 

= ૡඨ
࢙) − ࢙)(࢈ − (ࢉ

ࢉ࢈
ඨ

࢙) − ࢙)(ࢉ − (ࢇ
ࢇࢉ

ඨ
࢙) − ࢙)(ࢇ − (࢈

࢈ࢇ
ቀܖܑܛቁ = 

=
ૡ࢙)࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ

ࢉ࢈ࢇ࢙
ቀܖܑܛቁ = ቆ

ૡࢤ

ࢉ࢈ࢇ࢙
ቇቀܖܑܛቁ 
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ࢤ = ࢉ࢈ࢇ
ࡾ

 and ࢤ = ࢤ ,࢙࢘ = ࢘(ࢉ࢈ࢇ)࢙
ࡾ

 

ܖܑܛ =
ૡ(ࢉ࢈ࢇ࢙)࢘	
(ࢉ࢈ࢇ࢙)ࡾ ቀܖܑܛቁ =

࢘
ࡾ
ቀܖܑܛቁ 

(A) ⇒ 
࢘

ࢇ∑) (ܛܗ܋ܛܗ܋ = ቀࡾ


࢘
ቁ ൬࢘

ࡾ
൰(ܖܑܛ∑)  (ܛܗ܋∑)

= ቆ
ࡾ

࢘
ቇ ቀܖܑܛቁ ቀܛܗ܋ቁ ≥ () ቀܖܑܛቁ ቀܛܗ܋ቁ 

ࡾ) ≥ ࢘) = (∑ܖܑܛ)(∑ܛܗ܋). (Hence proved) 

 

118. Let  be an acute triangle. Show that 


܋܍ܛ

ܛܗ܋√ + ܛܗ܋
≥  

where the sum ∑	 is over all cyclic permutations of (,,). 

Proposed by George Apostolopoulos – Messalonghi – Greece  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo acutángulo : 
܋܍ܛ 

ܛܗ܋√ + ܛܗ܋
+

܋܍ܛ
ܛܗ܋√ + ܛܗ܋

+
܋܍ܛ

ܛܗ܋√ + ܛܗ܋
≥  

Dado que es un triángulo acutángulo: ܛܗ܋ , ܛܗ܋ ܛܗ܋, > 0,  

܋܍ܛ ܋܍ܛ ܋܍ܛ ≥ ૡ. Por la desigualdad de Cauchy: 
܋܍ܛ

ܛܗ܋√ + ܛܗ܋
+

܋܍ܛ
ܛܗ܋√ + ܛܗ܋

+
܋܍ܛ

ܛܗ܋√ + ܛܗ܋
≥ 

≥
൫√܋܍ܛ + ܋܍ܛ√ + ൯܋܍ܛ√



ܛܗ܋√ + ܛܗ܋ + ܛܗ܋√ + ܛܗ܋ + ܛܗ܋√ + ܛܗ܋
≥  

Esto es suficiente probar que: 
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൫√܋܍ܛ + ܋܍ܛ√ + ܋܍ܛ√ ൯


≥ ૡ൫√ܛܗ܋ + ܛܗ܋ + ܛܗ܋√ + ܛܗ܋ + ܛܗ܋√ +  ൯ܛܗ܋

Desde que: √ܛܗ܋ + ܛܗ܋ + ܛܗ܋√ + ܛܗ܋ + ܛܗ܋√ + ܛܗ܋ ≤ 

≤ ඥ()(ܛܗ܋ + ܛܗ܋ + (ܛܗ܋ ≤  

ૡ ≤ ቆට√܋܍ܛ ܋܍ܛ ܋܍ܛ


ቇ


≤ ൫√܋܍ܛ + ܋܍ܛ√ + ൯܋܍ܛ√


 

(The proof is completed) 

 

119. In  the following relationship holds: 

ࢇܖܑܛࢇ + ܖܑܛ࢈ + ܖܑܛࢉ ≥  ⋅ ൬
࢙

൰
࢙
ࡾ

 

where ࢇ + ࢈ + ࢉ = ࢙ 

Proposed by Mehmet Sahin – Ankara – Turkey  

Solution 1 by Daniel Sitaru – Romania  

ܖܑܛࢇ  ≥ ටෑܖܑܛࢇ


= ቀෑࢇࢇቁ

ࡾ ≥ 

≥  ൬
ࢇ + ࢈ + ࢉ

 ൰

ࢉା࢈ାࢇ
ࡾ

= ൬
࢙
 ൰

࢙
ࡾ

 

Solution 2 by Mehmet Sahin – Ankara – Turkey  

First, let’s define the function 

(࢞)ࢌ = ࢞
࢞
ࡾ, (࢞)ᇱᇱࢌ > 0 = ݂ is convex. If used Jensen Inequality, then 

ࢌ ൬
ࢇ + ࢈ + ࢉ

 ൰ ≤



(ࢇ)ࢌ] + (࢈)ࢌ +  [(ࢉ)ࢌ

൬
ࢇ + ࢈ + ࢉ


൰

ࢉା࢈ାࢇ
⋅ࡾ

≤


൬ࢇ

ࢇ
ࡾ + ࢈

࢈
ࡾ + ࢉ

ࢉ
ࡾ൰ 
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⇒ ܖܑܛࢇ + ܖܑܛ࢈ + ܖܑܛࢉ ≥  ⋅ ቀ࢙

ቁ

࢙
ࡾ as desired. 

 

120. In  the following relationship holds: 




ࢇ࢘ − ࢘
ࢉ,࢈,ࢇ

≥
ૠ
ࡾ −


 ࢘

Proposed by Mehmet Sahin – Ankara – Turkey  

Solution 1 by Daniel Sitaru – Romania  




ࢇ࢘ − ࢘ =

ࡿ

࢙)࢙ − (ࢇ
ࢇ =

࢙
ࡿ

−࢙ ࢇ
࢙ =

࢙
ࡿ ⋅

࢙ + ࢘ − ૡ࢘ࡾ
࢘ࡾ ≥

ૠ࢘ − ࡾ
࢘ࡾ ↔ 

↔ ࢙ + ࢘ − ૡ࢘ࡾ ≥ ૡ࢘ − ૡ࢘ࡾ ↔ ࢙ ≥ ૠ࢘ ↔ ࢙ ≥ √࢘ 

Solution 2 by George Apostolopoulos – Messalonghi – Greece  

We have 
࢘ିࢇ࢘

+ 
࢘ି࢈࢘

+ 
࢘ିࢉ࢘

≥ (ାା)

࢘ିࢉ࢘ା࢈࢘ାࢇ࢘
= ૢ

(ࡾା࢘)ି࢘
= 

ିࡾ࢘
 

It suffices to prove that ૢ
ିࡾ࢘

≥ ૠ
ࡾ
− 

࢘
. We have 

⇔ ࢘ࡾૢ ≥ ૠ࢘(ࡾ − ࢘) − ࡾ(ࡾ− ࢘) ⇔ ૡࡾ − ࢘ࡾ + ࢘ ≥  

We have ૡࡾ − ࢘ࡾ + ࢘ = ૡ(ࡾ − ࢘) ቀࡾ − ࢘

ቁ ≥  

because ࡾ ≥ ࢘ (Euler), and ࡾ − ࢘


> ݎ2 − ࢘


> 0 

Equality holds when the triangle  is equilateral. 

 

121. In ࢤ	 the following relationship holds: 

ට
ࢇ

࢙ − ࢇ
+ඨ ࢈

࢙ − ࢈
+ ට

ࢉ
࢙ − ࢉ

≥ √ ൬
ࢇ࢝

࢈࢘ + ࢉ࢘
+

࢈࢝

ࢉ࢘ + ࢇ࢘
+

ࢉ࢝

ࢇ࢘ + ࢈࢘
൰ 

Proposed by Bogdan Fustei-Romania 
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Solution 1 by Soumava Chakraborty-Kolkata-India 

ට
ࢇ

࢙ − ࢇ =
࢙)ඥ࢙√ࢇ√ − ࢙)(࢈ − (ࢉ

ඥ࢙)࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ
= ඨ࢙ࢇ√

࢙ − ࢈
ઢ

ට
࢙ − ࢉ
ઢ =

()
࢙ࢇ√ ⋅


ඥࢉ࢘࢈࢘

 

Similarly, ට ࢈
࢈ି࢙

=
()

࢙࢈√ ⋅ 
ඥࢇ࢘ࢉ࢘

	&	ට ࢉ
ࢉି࢙

=
()

࢙ࢉ√ ⋅ 
ඥ࢈࢘ࢇ࢘

 

(1)+(2)+(3)⇒ ࡿࡴࡸ =
()

∑࢙√ ൬√ࢇ ⋅ 
ඥࢉ࢘࢈࢘

൰ 

WLOG, we may assume ࢇ ≥ ࢈ ≥ ࢇ√ Then .ࢉ ≥ ࢈√ ≥ &	ࢉ√ 
ඥࢉ࢘࢈࢘

≥ 
ඥࢇ࢘ࢉ࢘

≥ 
ඥࢇ࢘ࢇ࢘

 

∴ (4) ⇒ ࡿࡴࡸ ≥
()

࢜ࢋࢎ࢙࢟࢈ࢋࢎ
࢙√

൫∑√ࢇ൯ ൬∑ 

ඥࢉ࢘࢈࢘
൰ 

∵ ࢇ࢝ ≤ ඥ࢙)࢙ − ࢈࢘ & etc (ࢇ + ࢉ࢘ ≥
ࡳି

	ඥࢉ࢘࢈࢘  etc ∴ ࡿࡴࡾ ≤
()

√࢙∑൬√࢙ − ࢇ ⋅ 
ඥࢉ࢘࢈࢘

൰ 

∵ ࢇ ≥ ࢈ ≥  (by assumption)  ࢉ

∴ ࢙√ − ࢇ ≤ ࢙√ − ࢈ ≤ ࢙√ − of course,  &  ࢉ
ඥࢉ࢘࢈࢘

≥ 
ඥࢇ࢘ࢉ࢘

≥ 
ඥ࢈࢘ࢇ࢘

 

∴ (6) ⇒ ࡿࡴࡾ ≥
(ૠ)

࢜ࢋࢎ࢙࢟࢈ࢋࢎ
√࢙

൫∑√࢙ − ൯ࢇ ൬∑ 

ඥࢉ࢘࢈࢘
൰ 

(5), (7) ⇒ it suffices to prove: ∑√ࢇ ≥ ∑√࢙ − ࢇ ⇔ 

⇔ ࢇ√ + +࢈√ ࢉ√ ≥
(ૡ)

࢈√ + ࢉ − ࢇ + +ࢉ√ ࢇ − ࢈ + +ࢇ√ ࢈ −  ࢉ

Let ࢈ + ࢉ − ࢇ = ,࢞ ࢉ + ࢇ − ࢈ = ࢇ,࢟ + ࢈ − ࢉ = ࢇ Then .ࢠ + ࢈ + ࢉ = ࢞ + ࢟ +  ࢠ

∴ ࢇ =
࢟ + ࢠ
 ࢈, =

+ࢠ ࢞
 , ࢉ =

࢞ + ࢟
 → ,࢟,࢞ ࢠ > 0 

∴ (8) ⇔ ∑ට࢟ାࢠ

≥ ࢞√∑ ⇔ ∑ቀ࢟ାࢠ


ቁ + ∑ට(࢟ାࢠ)(ࢠା࢞)


≥ ࢞∑ + ∑ඥ࢟࢞ (upon squaring) 

⇔ඥ(࢟ + +ࢠ)(ࢠ (࢞ ≥ ඥ࢟࢞ ⇔(࢟ + +ࢠ)(ࢠ (࢞ + ටෑ(࢞ + (࢟ ቀඥ࢞ +  ቁ࢟

≥ ∑࢟࢞ + ૡඥࢠ࢟࢞൫∑√࢞൯  (upon squaring)  

⇔࢞ + ࢟࢞+ ටෑ(࢞ + (࢟ ቀඥ࢞ + ቁ࢟ ≥ ࢟࢞ + ૡඥࢠ࢟࢞ ቀ√࢞ቁ 

⇔࢞ + ටෑ(࢞+ (࢟ ቀඥ࢞ + ቁ࢟ ≥
(ૢ)

࢟࢞ + ૡඥࢠ࢟࢞ ቀ√࢞ቁ 
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Now, ∑࢞ ≥ ࢞)∏ ,Also .࢟࢞∑ + (࢟ ≥ ૡࢠ࢟࢞ ∴ in order to prove (9), it suffices to show: 

ඥ(࢞ + (࢟ ≥
()

√࢞ 

Now, ∑ඥ(࢞+ (࢟ ≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ

∑ට൫√࢞ + ඥ࢟൯


= ∑൫√࢞ + ඥ࢟൯ = ∑√࢞ ⇒ (10) is true 

(Hence proved) 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

We know ࢉ࢈ࢇ ≥ ૡ∏ ) − ࢉ࢟ࢉ(ࢇ 	then ∑ ට
ࢇ

ࢉ࢟ࢉࢇି ≥
ࡹࡳஹࡹ

ඨට∏ ቀ ࢇ
ࢇି

ቁࢉ࢟ࢉ


 

= ඥ√ૡ
 = √ again, √∑ ࢇ࢝

ࢉ࢟ࢉࢉ࢘ା࢈࢘ ≤
ࡹࡳஹࡹ

√∑ ࢇ࢝
ඥࢉ࢟ࢉࢉ࢘࢈࢘ ≤ 

≤ √
ඥ) − (ࢇ

ට ઢ
 − ࢈ ⋅

ઢ
 − ࢉ࢟ࢉࢉ

= √ ⋅
ඥ) − )(ࢇ − )(࢈ − (ࢉ

ઢ = √ 

 

122. In acute ࢤ the following relationship holds: 

 ቀܖܑܛ ቀ + ࣊

ቁ + ܖܑܛ ቀ + ࣊


ቁ+ ܖܑܛ ቀ + ࣊


ቁቁ > 3 + ܖܑܛ√  + ܖܑܛ√  + ܖܑܛ√   

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo acutángulo : 

 ቀܖܑܛ ቀ + ࣊

ቁ + ܖܑܛ ቀ + ࣊


ቁ+ ܖܑܛ ቀ + ࣊


ቁቁ > 3 + ܖܑܛ√  + ܖܑܛ√  + ܖܑܛ√   

⇒ ൭൬

√

൰ ܖܑܛ)  + (ܛܗ܋ + ൬

√

൰ ܖܑܛ)  + (ܛܗ܋ + ൬

√

൰ ܖܑܛ)  + ܛܗ܋ ൱( > 

> 3 + ܖܑܛ√  + ܖܑܛ√  + ܖܑܛ√  

⇒ √(ܖܑܛ + (ܛܗ܋ + √(ܖܑܛ + (ܛܗ܋ + √(ܖܑܛ  + (ܛܗ܋ > 

> 3 + ܖܑܛ√  + ܖܑܛ√  + ܖܑܛ√  … (A) 

Dado que es un triángulo acutángulo:  
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ܖܑܛ)  , ܖܑܛ , ܖܑܛ ,( ܛܗ܋) , ܛܗ܋ , (ܛܗ܋ > 0 

Además: √ + ܖܑܛ ࢞ = ܖܑܛ ࢞ + ܛܗ܋ ࢞ ⇔ ܖܑܛ) ࢞ , (࢞ܛܗ܋ > 0 

Por la tanto tenemos en … (A): 

⇒ ඥ( + ܖܑܛ ) + ඥ( + ܖܑܛ ) +ඥ( + ܖܑܛ ) > 

> 3 + ܖܑܛ√  + ܖܑܛ√  + ܖܑܛ√  

Es suficiente demonstrar lo siguiente: 

⇒ ඥ(+ (ܖܑܛ > 1 + ܖܑܛ√  → ( + ܖܑܛ ) > 1 + ܖܑܛ  +

√ܖܑܛ  → + ܖܑܛ  > ܖܑܛ√2  ⇒ ൫ − ܖܑܛ√ ൯


> 0, desde que:  

 < 2 < ߨ →  < ܖܑܛ  < 1 →  < ܖܑܛ√  < 1 ⇒ Por la tanto: 

ඥ( + ܖܑܛ ) + ඥ( + ܖܑܛ ) +ඥ(+ ܖܑܛ ) > 

> 3 + ܖܑܛ√  + ܖܑܛ√  + ܖܑܛ√  … (LQQD) 

Solution 2 by Soumava Chakraborty – Kolkata – India  

In acute ࢤ,∑ܖܑܛ ቀ + ࣊

ቁ > 3 + ܖܑܛ√∑  

Given inequality ⇔ ∑√ ܖܑܛ) + (ܛܗ܋ > ∑൫+ √ ܖܑܛ  ൯ܛܗ܋

Let’s prove that ∀࢞ ∈ ቀ, ࣊

ቁ ,√(ܖܑܛ ࢞ + ܛܗ܋ (࢞ ≥ + √ ܖܑܛ ࢞  ࢞ܛܗ܋

⇔ √(ܖܑܛ ࢞ + −(࢞ܛܗ܋ − ඥ(࢞ܖܑܛ + ܛܗ܋ (࢞ −  ≥  

⇔ √࢚ −  − ࢚√ −  ≥ , where ࢚ = ࢞ܖܑܛ +  ࢞ܛܗ܋

࢚ −  =  ࢞ܖܑܛ ࢞ܛܗ܋ > 0 ⇒ ࢚ > 1 ⇒ ࢚ > 1(∵ ࢚ > 0) 

Let (࢚)ࢌ = √࢚ −  − ࢚√ −  ∴ (࢚)ᇱࢌ = √ − ࢚
ඥ࢚ି

 and ࢌᇱᇱ(࢚) = 

(ି࢚)



> 0 

∴ (࢚)ᇱࢌ =  ⇒ occurs when (࢚)ࢌ attains a minima 

(࢚)ᇱࢌ =  ⇒
࢚

࢚ −  =  ⇒ ࢚ = √(∵ ࢚ > 1) 
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∵ ࢚∀ never attains a maxima (࢚)ࢌ > 1 ∴ (࢚)ࢌ ≥ ൫√൯ࢌ =  −  −  =  

⇒ (࢚)ࢌ ≥ , equality at ࢞ = ࣊


 

⇒ √(ܖܑܛ ࢞ + (࢞ܛܗ܋ ≥  + √ ࢞ܖܑܛ ࢞ܛܗ܋ ࢞	∀, ∈ ቀ, ࣊

ቁ, equality at ࢞ = ࣊


 

Case 1:  angle > ࣊


, angle ≥ ࣊


, angle < ࣊


 

WLOG we may assume  > ࣊


, ≥ ࣊


, < ࣊


 

Then √(ܖܑܛ + (ܛܗ܋ > 1 + ܖܑܛ√ ,√(ܖܑܛ + (ܛܗ܋ ≥  + ܖܑܛ√ , 

√(ܖܑܛ  + (ܛܗ܋ > 1 +   ,adding … ܖܑܛ√

√ ܖܑܛ) + (ܛܗ܋ > ൫+ ܖܑܛ√ ൯ 

Case 2:  angles > ࣊


, angle ≥ ࣊


 . WLOG, we may assume , > ࣊


, ≥ ࣊


 

Then, √(ܖܑܛ  + (ܛܗ܋ > 1 + ܖܑܛ√  ,√(ܖܑܛ + ܛܗ܋ ( > 1 + ܖܑܛ√ , 

√(ܖܑܛ  + (ܛܗ܋ ≥  +  adding … ܖܑܛ√

√ ܖܑܛ) + (ܛܗ܋ > ൫+ ܖܑܛ√ ൯ 

 

123. In ࢤ	 the following relationship holds: 

ࢇࢎࢇ࢘
ࢇ࢝ࢇ

+
࢈ࢎ࢈࢘
࢈࢝࢈

+
ࢉࢎࢉ࢘
ࢉ࢝ࢉ

≤


൬
࢈࢘ + ࢉ࢘
࢈ + ࢉ − ࢇ

+
ࢉ࢘ + ࢇ࢘
ࢉ + ࢇ − ࢈

+
ࢇ࢘ + ࢈࢘
ࢇ + ࢈ − ࢉ

൰ 

Proposed by Daniel Sitaru – Romania 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo , la siguiente desigualdad: 
ࢇࢎࢇ࢘
ࢇ࢝ࢇ

+
࢈ࢎ࢈࢘
࢈࢝࢈

+
ࢉࢎࢉ࢘
ࢉ࢝ࢉ

≤
ࢇ࢘ + ࢈࢘
ࢇ + ࢈ − ࢉ

+
࢈࢘ + ࢉ࢘
࢈ + ࢉ − ࢇ

+
ࢉ࢘ + ࢇ࢘
ࢇ + ࢉ − ࢈

 

En un triángulo , se cumple la siguiente desigualdad: 
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ࢇ࢝ ≥ ࢇࢎ →

ࢉ࢈
ࢉା࢈

ܛܗ܋ 


= ࢉ࢈

ࡾ షቀܛܗ܋ ቁ
≥ ࢉ࢈

ࢉ࢈ࢇ
ࡿ 	×	

= ࡿ
ࢇ

=  (LQQD) ... ࢇࢎ

Por lo tanto la desigualdad es equivalente: 
ࢇࢎࢇ࢘
ࢇ࢝ࢇ

+
࢈ࢎ࢈࢘
࢈࢝࢈

+
ࢉࢎࢉ࢘
ࢉ࢝ࢉ

≤
ࢇ࢘
ࢇ +

࢈࢘
࢈ +

ࢉ࢘
ࢉ ≤

ࢇ࢘ + ࢈࢘
+ࢇ ࢈ − ࢉ +

࢈࢘ + ࢉ࢘
+࢈ ࢉ − ࢇ +

ࢉ࢘ + ࢇ࢘
+ࢇ ࢉ −  ࢈

Desde que: ࢈,ࢇ,   :son lados de un triángulo ࢉ

ࢇ) + ࢈ − ,(ࢉ ࢈) + ࢉ − ,(ࢇ ࢇ) + ࢉ − (࢈ > 0. Por la desigualdad de Cauchy: 

ࢇ࢘ ൬


ࢇ + ࢈ − ࢉ +


ࢇ + ࢉ − ൰࢈ ≥
ࢇ࢘
ࢇ =

ࢇ࢘
ࢇ , 

࢈࢘ ൬


࢈ + ࢇ − ࢉ +


࢈ + ࢉ − ൰ࢇ ≥
࢈࢘
࢈ , ࢉ࢘ ൬


ࢉ + ࢇ − ࢈ +


ࢉ + ࢈ − ൰ࢇ ≥

ࢉ࢘
ࢉ  

⇒ Sumando se obtiene: ࢇ࢘ା࢈࢘
ࢉି࢈ାࢇ

+ ࢉ࢘ା࢈࢘
ࢇିࢉା࢈

+ ࢇ࢘ାࢉ࢘
࢈ିࢉାࢇ

≥ ࢇ࢘
ࢇ

+ ࢈࢘
࢈

+ ࢉ࢘
ࢉ
≥ 

≥ ࢇࢎࢇ࢘
ࢇ࢝ࢇ

+ ࢈ࢎ࢈࢘
࢈࢝࢈

+ ࢉࢎࢉ࢘
ࢉ࢝ࢉ

 (LQQD) ... ࢇࢎ

Solution 2 by Soumava Chakraborty – Kolkata-India  

࢈࢘ + ࢉ࢘
(࢈ + ࢉ − (ࢇ =

࢈࢘ + ࢉ࢘
(࢙ − (ࢇ =


ࢤ ൬

ࢤ
࢙ − ൰ࢇ

࢈࢘) − (ࢉ࢘ =

ࢇ࢘ࢤ

࢈࢘) +  (ࢉ࢘

Similarly, ࢉ࢘ାࢇ࢘
(ࢉା࢈ିࢇ) = 

ࢤ
ࢉ࢘)࢈࢘ + ,(ࢇ࢘ ࢈࢘ାࢇ࢘

(ࢇାࢉି࢈) = 
ࢤ
ࢇ࢘)ࢉ࢘ +  (࢈࢘

ࡿࡴࡾ =

ࢤ

ቀ࢈࢘ࢇ࢘ቁ =
࢙

࢙࢘
=

࢙
࢘

 

ࡿࡴࡸ ≤
ࢇ࢘
ࢇ +

࢈࢘
࢈ +

ࢉ࢘
ࢉ 	

(∵ ࢇࢎ ≤ ࢈ࢎ,ࢇ࢝ ≤ ࢉࢎ,࢈࢝ ≤  (ࢉ࢝

= ࢤ ൜


࢙)ࢇ − (ࢇ +


࢙)࢈ − (࢈ +


࢙)ࢉ −  ൠ(ࢉ

=
࢙)ࢉ࢈}࢙࢘ − ࢙)(࢈ − (ࢉ + ࢙)ࢇࢉ − ࢙)(ࢉ − (ࢇ + ࢙)࢈ࢇ − ࢙)(ࢇ − {(࢈

࢙)ࢉ࢈ࢇ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ  

=
(࢈ࢇ∑)࢙}࢙࢘ − ࢈)ࢉ࢈}࢙ + (ࢉ + ࢉ)ࢇࢉ + (ࢇ + ࢇ)࢈ࢇ + {(࢈ + {࢈ࢇ∑

࢙)࢙࢘ࡾ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ  
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=
(࢈ࢇ∑)࢙}࢙࢘ − ࢙)ࢉ࢈}࢙ − (ࢇ + ࢙)ࢇࢉ − (࢈ + ࢙)࢈ࢇ − {(ࢉ + (࢈ࢇ∑) − ࢉ࢈ࢇ(࢙)}

(࢙࢘)࢘ࡾ  

=
(࢈ࢇ∑)࢙ − ࢙(∑࢈ࢇ) + (ࢉ࢈ࢇ)࢙ + (࢈ࢇ∑) − (ࢉ࢈ࢇ)࢙

࢘ࡾ࢙  

=
࢙)࢙− + ࢘ࡾ + (࢘ + ࢙) + ࢘ࡾ + )࢘ − (࢙࢘ࡾ)࢙

࢘ࡾ࢙
 

=
࢙) + ࢘ࡾ + ࢘ࡾ)(࢘ + −(࢘ ࢙࢘ࡾ

࢘ࡾ࢙  

=
࢘ࡾ(࢙ + −(࢘ ࢙࢘ࡾ + ࢘ࡾ(࢘ + (࢘

࢘ࡾ࢙
=
࢙࢘ + ࡾ(࢘ + (࢘

࢘ࡾ࢙
 

= (࢘ାࡾ)ା࢙

࢙ࡾ
		 ∴ it suffices to prove: ࢙

ା(ࡾା࢘)

࢙ࡾ
≤ ࢙

࢘
 

࢙ + (ࡾ + (࢘

࢙ࡾ ≤
࢙
࢘ ⇔ ࢙ࡾ ≥ ࢙}࢘ + (ࡾ +  {(࢘

⇔ ࡾ(࢙ − (࢘ ≥ ࡾ)࢘ +       (1)(࢘

Gerretsen ⇒ ࢙ ≥ (ࡾ − ࢘(࢘ and ∵ ࡾ − ࢘ > 0 

∴ ࡾ(࢙ − (࢘ ≥ ࡾ)࢘ − ࢘)(ࡾ−  (2)   (࢘

(1) and (2) ⇒ it suffices to prove: (ࡾ − ࡾ)(ࡾ − (࢘ ≥ (ࡾ +  (࢘

⇔ ࡾ − ࢘ࡾ + ࢘ ≥ ࡾ + ૡ࢘ࡾ +  ࢘

⇔ ࡾ − ࢘ࡾ + ࢘ ≥  ⇔ ૡࡾ − ૠ࢘ࡾ + ࢘ ≥  

⇔ (ࡾ − ࢘)(ૡࡾ − (࢘ ≥  → true ∵ ࡾ ≥
࢘ࢋ࢛ࡱ

࢘   (Proved) 

 

124. Prove that in any triangle the following relationship holds: 

ࢇ

ࢇ࢙
+
࢈

࢈࢙
+
ࢉ

ࢉ࢙
≥

ࢇ) + ࢈ + (ࢉ

࢈ࢇ + ࢉ࢈ + ࢇࢉ
	. 

Proposed by Adil Abdullayev – Baku – Azerbaidjian 
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Solution by Daniel Sitaru – Romania  


ࢇ

ࢇ࢙
= 

࢈ + ࢉ

ࢉ࢈ ≥
(ࢇ + ࢈ + (ࢉ

(࢈ࢇ + ࢉ࢈ + (ࢇࢉ =
ࢇ) + ࢈ + (ࢉ

࢈ࢇ + ࢉ࢈ +  ࢇࢉ

 

125. Let  be a triangle with circumradius ࡾ and inradius ࢘, and let 

 be the lengths of the internal bisectors of the angle opposite of ࢉ࢝,࢈࢝,ࢇ࢝

the sides of lengths ࢈,ࢇ,   :respectively.Prove that ,ࢉ


ૡ
⋅ ቆ

ࢇ + ࢈ + ࢉ

ࢇ࢝
 + ࢈࢝

 + ࢉ࢝
ቇ ≥

࢘
ࡾ

. 

Proposed by George Apostolopoulos – Messalonghi – Greece  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo : 
ૡ
൬ ࢉା࢈ାࢇ

ࢇ࢝
ା࢈࢝

ାࢉ࢝
൰ ≥

࢘
ࡾ
→ 

ૡ
൬ ࢇ

ା࢈ାࢉ

ࢇ࢝
ା࢈࢝

ାࢉ࢝
൰

ࡾ
࢘
≥  

Desde que: ࢇ࢝ = √ࢉ࢈ඥ(ࢇି)
ࢉା࢈

≤ ඥ) −  ,(ࢇ

࢈࢝ ≤ ඥ) − ࢉ࢝,(࢈ ≤ ඥ) −  (ࢉ

ቆ
ࢇ + ࢈ + ࢉ

ࢇ࢝
 + ࢈࢝

 + ࢉ࢝
ቇ ≥

ࢇ + ࢈ + ࢉ

) − (ࢇ + ) − (࢈ + ) − (ࢉ =
ࢇ + ࢈ + ࢉ


 

⇒

ૡ
ቆ
ࢇ + ࢈ + ࢉ

ࢇ࢝
 + ࢈࢝

 + ࢉ࢝
ቇ
ࡾ
࢘
≥

ૡ
ቆ
ࢇ + ࢈ + ࢉ


ቇ =

(ࢇ + ࢈ + (ࢉ
ࢇ) + ࢈ + (ࢉ ≥  

 

126. In ࢤ	 the following relationship holds: 

൬

ࢇ

+

࢈

+

ࢉ
൰ − ൬

ࢇ
ࢉ࢈

+
࢈
ࢇࢉ

+
ࢉ
࢈ࢇ

൰ ≤


ඥ(࢈+ ࢉ − ࢉ)(ࢇ + ࢇ − ࢇ)(࢈ + ࢈ − (ࢉ  

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo , la siguiente desigualdad: 

 ൬

+ࢇ


࢈ +


൰ࢉ − ൬

ࢇ
+ࢉ࢈

࢈
ࢉࢇ +

ࢉ
൰࢈ࢇ

ቂඥ(࢈ + ࢉ − ࢇ)(ࢇ + ࢉ − ࢈)(࢈ + ࢇ − (ࢉ ቃ ≤  

⇒ ቂඥ(࢈+ ࢉ − +ࢇ)(ࢇ ࢉ − +࢈)(࢈ ࢇ − (ࢉ ቃ ≤ (ࢉିࢇା࢈)ା(࢈ିࢉାࢇ)ା(ࢇାࢉା࢈)


= 


 ... (A) 

⇒  ൬

ࢇ

+

࢈

+

ࢉ
൰ − ൬

ࢇ
ࢉ࢈

+
࢈
ࢉࢇ

+
ࢉ
࢈ࢇ

൰ =
(࢈ࢇ + ࢉ࢈ + (ࢉࢇ − ࢇ) + ࢈ + (ࢉ

ࢉ࢈ࢇ
= 

=
( + ࢘ + ࢘ࡾ)− ( − ࢘ − ࢘ࡾ)

࢘ࡾ
 

⇒ ቀ
ࢇ

+ 
࢈

+ 
ࢉ
ቁ − ቀ ࢇ

ࢉ࢈
+ ࢈

ࢉࢇ
+ ࢉ

࢈ࢇ
ቁ = ࢘(ࡾା࢘)

࢘ࡾ
= ࡾା࢘

ࡾ
 ... (B) 

Multiplicando (A) × (B): 

⇒ ቀ
ࢇ

+ 
࢈

+ 
ࢉ
ቁ − ቀ ࢇ

ࢉ࢈
+ ࢈

ࢉࢇ
+ ࢉ

࢈ࢇ
ቁ ቂඥ(࢈ + ࢉ − ࢇ)(ࢇ + ࢉ − ࢈)(࢈ + ࢇ − (ࢉ ቃ ≤  

≤ (ࡾା࢘)
ࡾ

≤
ቀࡾାࡾቁ

ࡾ
=  ... (LQQD) 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 


ඥ(ࢇ+ ࢈ − ࢈)(ࢉ + ࢉ − ࢉ)(ࢇ + ࢇ − (࢈ ≥ ൬


ࢇ

+

࢈

+

ࢉ
൰ − ൬

ࢇ
ࢉ࢈

+
࢈
ࢇࢉ

+
ࢉ
࢈ࢇ
൰ 


ඥ(ࢇ+ ࢈ − ࢈)(ࢉ + ࢉ − ࢉ)(ࢇ + ࢇ − (࢈ ≥

ૢ
ࢇ + ࢈ + ࢉ

 

so we need to prove, ૢ
ࢉା࢈ାࢇ

≥ ቀ
ࢇ

+ 
࢈

+ 
ࢉ
ቁ − ቀ ࢇ

ࢉ࢈
+ ࢈

ࢇࢉ
+ ࢉ

࢈ࢇ
ቁ 

⇔
ࢇ
ࢉ࢈

ࢉ࢟ࢉ

−

ࢇ

ࢉ࢟ࢉ

≥

ࢇ

ࢉ࢟ࢉ

−
ૢ

ࢇ + ࢈ + ࢉ
 

⇔
ࢇ + ࢈ + ࢉ − ࢈ࢇ − ࢉ࢈ − ࢇࢉ

ࢉ࢈ࢇ
≥

∑ ࢈)ࢇ − ࢉ࢟ࢉ(ࢉ

ࢇ)ࢉ࢈ࢇ + ࢈ +  (ࢉ
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⇔
∑ ࢞) + ࢉ࢟ࢉ(࢟ − ∑ ࢞) + ࢟)(࢟ + ࢉ࢟ࢉ(ࢠ

࢞) + ࢟)(࢟ + ࢠ)(ࢠ + (࢞ ≥
∑ ࢞) + ࢟)(࢟ − ࢉ࢟ࢉ(࢞

(࢞ + ࢟ + ࢞)(ࢠ + +࢟)(࢟ +ࢠ)(ࢠ  (࢞

Applying Ravi Transformation. Let ࢇ = ࢞ + ࢈,࢟ = ࢟ + ࢉ and ࢠ = ࢠ +  ࢞

⇔
࢞ + ࢟ + ࢠ − ࢟࢞ − ࢠ࢟ − ࢞ࢠ

࢞) + ࢟)(࢟ + ࢠ)(ࢠ + (࢞ ≥
∑ ࢞) + ࢟)(࢟ − ࢉ࢟ࢉ(࢞

(࢞ + ࢟ + ࢞)(ࢠ + ࢟)(࢟ + ࢠ)(ࢠ +  (࢞

⇔
∑ ࢞) − ࢉ࢟ࢉ(࢟

࢞) + ࢟)(࢟ + ࢠ)(ࢠ + (࢞ ≥
∑ ࢞) + ࢞)(࢟ − ࢉ࢟ࢉ(࢟

࢞) + ࢟ + ࢞)(ࢠ + ࢟)(࢟ + ࢠ)(ࢠ +  (࢞

⇔
∑ ࢉ࢟ࢉ(࢟ି࢞)ࢠ

(࢞ାࢠ)(ࢠା࢟)(࢟ା࢞) ≥ , which is true 

∴


ඥ(ࢇ+ ࢈ − ࢈)(ࢉ + ࢉ − ࢉ)(ࢇ + ࢇ − (࢈ ≥ ൬

ࢇ

+

࢈

+

ࢉ
൰ −

ࢇ
ࢉ࢈

ࢉ࢟ࢉ

 

 

127. In any triangle  the following relationship holds: 

ܖ܉ܜ



+ ܖ܉ܜ



+ ܖ܉ܜ


≤

ࡾ
 ⋅ ࢘

ඨࡾ
࢘
−  

Proposed by George Apostolopoulos – Messolonghi – Greece  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Prove that in any triangle ܖ܉ܜ : 


+ ܖ܉ܜ 


+ ܖ܉ܜ 

≤ ࡾ

࢘
ටࡾ

࢘
−  

We know that: ࡾ
࢘
−  ≥  > 0. Since:  

ࢇ࢘ =  ܖ܉ܜ 


, ࢈࢘ =  ܖ܉ܜ 


, ࢉ࢘ =  ܖ܉ܜ 


ࢇ࢘ , + ࢈࢘ + ࢉ࢘ = ࡾ +  ࢘

Inequality is equivalent:  

ࡾ + ࢘
 ≤

ࡾ
࢘

ඨࡾ − ࢘
࢘ → (ࡾ + (࢘ ≤  ൬

ࡾ
࢘൰



	×
ࡾ − ࢘

࢘ → 
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→ (ࡾ + (࢘)(࢘ ≤ ࡾ( −  ࡾ(࢘

By Gerretsen’s Inequality:  

ࡾ( − ࡾ(࢘ ≥ (࢘ࡾ − ࢘)(ࡾ (࢘ࡾ− ≥ (ࡾ +  (࢘)(࢘

We need to prove that: (࢘ࡾ − ࢘)(ࡾ − (࢘ࡾ ≥ (ࡾ +  (࢘)(࢘

⇒ ࡾ࢘ − ࡾ࢘ − ࡾ࢘ + ࡾ࢘ ≥ ࡾ࢘ + ࢘ࡾ + ࢘ ⇔ 

(Dividing ÷ ൫࢘ > 0)൯ 

⇒  ൬
ࡾ
࢘
൰


−  ൬
ࡾ
࢘
൰


− ૢ ൬
ࡾ
࢘
൰


− ൬
ࡾ
࢘
൰ −  ≥  ⇔  =

ࡾ
࢘
≥  

⇒  −  − ૢ − −  = −) )( + ૡ + ૠ+ ) ≥  

 

128. Let  be an acute triangle area ࢤ. Prove that: 

࢈) + (ࢉ

ܖ܉ܜ  + ܖ܉ܜ
+

ࢉ) + (ࢇ

ܖ܉ܜ  + ܖ܉ܜ
+

ࢇ) + (࢈

ܖ܉ܜ + ܖ܉ܜ
≤ ૡࢤ 

Proposed by Ngyuen Viet Hung – Hanoi – Vietnam  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Sea  un triángulo acutángulo con área ࢤ. Probar que: 

࢈) + (ࢉ

ܖ܉ܜ  + ܖ܉ܜ +
ࢉ) + (ࢇ

ܖ܉ܜ  + ܖ܉ܜ +
ࢇ) + (࢈

ܖ܉ܜ + ܖ܉ܜ ≤ ૡࢤ 

Dado que es triángulo acutángulo: ܖ܉ܜ , ܖ܉ܜ , ܖ܉ܜ > 0 

Por la desigualdad de Cauchy: (࢈ାࢉ)

ܖ܉ܜାܖ܉ܜ
≤ ࢈

ܖ܉ܜ 
+ ࢉ

ܖ܉ܜ 
 ... (A) 

(ࢇାࢉ)

ܖ܉ܜାܖ܉ܜ 
≤ ࢉ

ܖ܉ܜ
+ ࢇ

ܖ܉ܜ 
 ... (B); (ࢇା࢈)

ܖ܉ܜାܖ܉ܜ
≤ ࢇ

ܖ܉ܜ
+ ࢈

ܖ܉ܜ
 ... (C) 

Sumando: (A) + (B) + (C) 

→ (ࢉା࢈)

ܖ܉ܜ ܖ܉ܜା
+ (ࢇାࢉ)

ܖ܉ܜାܖ܉ܜ 
+ (࢈ାࢇ)

ܖ܉ܜ ܖ܉ܜା
≤ ࢇ

ܖ܉ܜ 
+ ࢈

ܖ܉ܜ
+ ࢉ

ܖ܉ܜ
   ...  (D) 
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⇒ ࢇ

ܖ܉ܜ
+ ࢈

ܖ܉ܜ 
+ ࢉ

ܖ܉ܜ 
= ࡾ  ܖܑܛ

  ܛܗ܋
ܖܑܛ

+ ࡾ  ܖܑܛ
 ܛܗ܋
ܖܑܛ 

+ ࡾ  ܖܑܛ
 ܛܗ܋ 
ܖܑܛ

  

⇒
ࢇ

ܖ܉ܜ
+

࢈

ܖ܉ܜ
+

ࢉ

ܖ܉ܜ
= ࡾ(ܖܑܛ + ܖܑܛ  + ܖܑܛ ) = 

= ૡ(ࡾ ܖܑܛ ܖܑܛ (ܖܑܛ = ૡࢤ. Por lo tanto, tenemos en (D)… 

⇒
+࢈) (ࢉ

ܖ܉ܜ + +ܖ܉ܜ
ࢉ) + (ࢇ

ܖ܉ܜ + ܖ܉ܜ +
ࢇ) + (࢈

ܖ܉ܜ + ܖ܉ܜ ≤
ࢇ

ܖ܉ܜ +
࢈

ܖ܉ܜ +
ࢉ

ܖ܉ܜ = ૡࢤ 

 

129. Given a triangle .Prove that:  

√ ൬ܖܑܛ



+ ܖܑܛ



+ ܖܑܛ


൰ ≥ ඨܖܑܛ




+ ඨܖܑܛ



+ ඨܖܑܛ



 

Proposed by Richdad Phuc – Hanoi – Vietnam  

Solution by Daniel Sitaru – Romania  

(࢞)ࢌ = ටܖܑܛ ࢞

− √ ܖܑܛ ࢞


; (࢞)ᇱᇱࢌ	 = 


ቀܖܑܛ ࢞


ቁ
ି + √


ܖܑܛ ࢞


> 0, ݂ convex 

 =
√

−
√


= ࢌ ቀ
࣊

ቁ = ࢌ ൬

 +  + 


൰ ≤


()ࢌ = 

=

ቌඨܖܑܛ


 − √ ܖܑܛ


ቍ 

 

130. In acute ࢤ	 the following relationship holds: 

( + (ܛܗ܋ + ܛܗ܋|ܗܔ ܛܗ܋ |ܛܗ܋ < 3 

Proposed by Daniel Sitaru – Romania  

Solution by Ravi Prakash - New Delhi – India  

Let  
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(࢞)ࢌ = ࢞ + ࢞ܛܗ܋ + |࢞ܛܗ܋|ܖܔ − , ≤ ࢞ <
࣊


 

(࢞)ᇱࢌ = ࢞ − ࢞ܖܑܛ − ܖ܉ܜ ࢞ , < ݔ <
࣊


,	 

(࢞)ᇱᇱࢌ =  − ࢞ܛܗ܋ − ܋܍ܛ ࢞ , < ݔ <
࣊
 

For  < ݔ < ࣊


; ࢞ܛܗ܋	 + ܋܍ܛ ࢞ > ܋܍ܛ√2 ࢞ ≥  

⇒  − ܛܗ܋ ࢞ − ܋܍ܛ ࢞ < 0    for     < ݔ < ࣊

⇒ (࢞)ᇱࢌ < 0     for     < ݔ < ࣊


 

⇒ ࣊,is strictly decreasing on ቂ (࢞)ࢌ

ቁ ⇒ (࢞)ࢌ < ݂()					 < ݔ < ࣊


 

⇒ ࢞ + ܛܗ܋ ࢞ + ܛܗ܋|ܖܔ |࢞ < 1 for  < ݔ < ࣊


 

Taking ࢞ =  .and adding we get desired inequality ,,

 

131. Let ࢈,ࢇ and ࢉ be the side lengths of a triangle  with inradius ࢘. 

Prove that: 

ඩ
ࢇ

ܖ܉ܜ
+

࢈

ܖ܉ܜ 
+

ࢉ

ܖ܉ܜ 


≥  ⋅  ࢘

Proposed by George Apostolopoulos – Messolonghi – Greece  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo , la siguiente desigualdad: 

ඩ
ࢇ

ܖ܉ܜ
+

࢈

ܖ܉ܜ 
+

ࢉ

ܖ܉ܜ 


≥ ࢘ →

ࢇ

ܖ܉ܜ 
+

࢈

ܖ܉ܜ 
+

ࢉ

ܖ܉ܜ 
≥ ૢ࢘ 

Recordar las siguientes desigualdades: ࡾ ≥ ,࢘				 ≥ √࢘ →  ≥ ૠ࢘ 

Tener en cuenta la siguientes identidades: 
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ࢉ࢈ࢇ = ࡿࡾ, ࢇ࢘ =  ܖ܉ܜ

 , ࢈࢘ =  ܖ܉ܜ


 , ࢉ࢘ =  ܖ܉ܜ


, 

ࢉ࢘࢈࢘ࢇ࢘ =
ࡿࡿ

) − )(ࢇ − )(࢈ − (ࢉ =  ࡿ

Desde que: (࢈࢘,ࢇ࢘, ,(ࢉ࢘ ,࢈,ࢇ) (ࢉ > 0. Por: MA ≥ MG: 

ࢇ

ܖ܉ܜ 
+

࢈

ܖ܉ܜ
+

ࢉ

ܖ܉ܜ 
≥ ඩ

(ࢉ࢈ࢇ)

ቀܖ܉ܜ ܖ܉ܜ

 ܖ܉ܜ


ቁ


 = 

= ඨ
(ࡿࡾ)

(ࢉ࢘࢈࢘ࢇ࢘)


= ඨ
(ࡿࡾ)

ࡿ


= ඥ(ࡾ)(࢘)  

⇒
ࢇ

ܖ܉ܜ 
+

࢈

ܖ܉ܜ
+

ࢉ

ܖ܉ܜ 
≥ ඥ(ૡ࢘)(ૠ࢘)࢘ = (	 × 	)࢘ = ૢ࢘ 

 

132. Let  be an arbitrary triangle, ࢇࡵ, ,࢈ࡵ  ,is inradius ࢘ ,are excenters ࢉࡵ

and ࡾ is circumradius of . Prove that: 

࢘√ ≤ (ࢉࡵ࢈ࡵࢇࡵ)ࡼ ≤ ࡾ√ 

where (ࢉࡵ࢈ࡵࢇࡵ)ࡼ is perimeter of . 

Proposed by Mehmet Șahin – Ankara – Turkey  

Solution by Adil Abdullayev – Baku – Azerbaidjian  

Lemma 1. 

ࡵࡵ = ܛܗ܋ࡾ



= ࡾඨ
) − (ࢉ

࢈ࢇ
 

Lemma 2.  
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ܛܗ܋

 ≤

√
  

ࡿࡴࡸ = (ࡵࡵࡵ)ࡼ = ࡾ	ܛܗ܋



ࢉ࢟ࢉ

≤ ࡾ√ ↔ܛܗ܋



ࢉ࢟ࢉ

≤
√
  

ࡿࡴࡸ = ࡾඨ
) − (ࢇ
ࢉ࢈

ࢉ࢟ࢉ

≥ ࢘√ ↔ඨ
) − (ࢇ
ࢉ࢈

ࢉ࢟ࢉ

≥
࢘√
ࡾ

 

−ࡹ ࡹࡳ →ඨ
) − (ࢇ
ࢉ࢈

ࢉ࢟ࢉ

≥ ඨ
) − )(ࢇ − )(࢈ − (ࢉ

ࢉ࢈ࢇ


≥
࢘√
ࡾ

↔ 

↔  ≥
 ⋅ ૠ࢘

ࡾ  

GERRETSEN →  ≥ ࢘ࡾ − ࢘ ≥ ૠ࢘ ≥ ⋅ૠ࢘

ࡾ
↔ 

↔ ࡾ ≥ ࢘ ↔ ࡾ ≥ ࢘ 

 

133. Let ࢉ,࢈,ࢇ be the lengths of the medians of a triangle, and let 

 be the lengths of the internal bisectors of the angle opposite of ࢉ࢝,࢈࢝,ࢇ࢝

the sides of lenghts ࢈,ࢇ,  :respectively. Prove that ,ࢉ

ቆࢇ


ࢇ + ࢈


࢈ + ࢉ


ࢉ ቇ


ࢇ࢝
 ࢈࢝+

 + ࢉ࢝
 ≥

ૢ
 

Proposed by George Apostolopoulos – Messolonghi – Greece  

Solution by Kevin Soto – Palacios – Huarmey – Peru  

Probar en un triángulo : 
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ቆࢇ

ࢇ ା
࢈


࢈ ା
ࢉ

ࢉ
ቇ


ࢇ࢝
ା࢈࢝

ାࢉ࢝
 ≥ ૢ


. Desde que: 

ࢇ࢝ =
ࢉ࢈
࢈ + ࢉ

ඨ
) − (ࢇ
ࢉ࢈

=
√ࢉ࢈
࢈ + ࢉ

ඥ) − (ࢇ ≤ ඥ) −  ,	(ࢇ

࢈࢝ ≤ ඥ) − ࢉ࢝ ,	(࢈ ≤ ඥ) −  :Ahora bien .(ࢉ

ࢇ


ࢇ
+
࢈



࢈
+
ࢉ



ࢉ
=
࢈ + ࢉ − ࢇ

ࢇ
+
ࢉ + ࢇ − ࢈

࢈
+
ࢇ + ࢈ − ࢉ

ࢉ
 

Por desigualdad de Cauchy: 

ࢇ


ࢇ
+
࢈



࢈
+
ࢉ



ࢉ
+
ࢇ + ࢈ + ࢉ


= 

=


ቆ
࢈

ࢇ
+
ࢇ

࢈
ቇ +



ቆ
ࢇ

ࢉ
+
ࢉ

ࢇ
ቇ +



ቆ
ࢉ

࢈
+
࢈

ࢉ
ቇ ≥

ࢇ + ࢈


+
࢈ + ࢉ


+
ࢉ + ࢇ


= 

= ࢇ + ࢈ + ࢉ ⇒
ࢇ



ࢇ
+
࢈



࢈
+
ࢉ



ࢉ
≥
(ࢇ + ࢈ + (ࢉ


=



 

Por la tanto: 
ቆࢇ

ࢇ ା
࢈


࢈ ା
ࢉ

ࢉ
ቇ


ࢇ࢝
ା࢈࢝

ାࢉ࢝
 ≥

ૢ




(ࢉି)ା(࢈ି)ା(ࢇି) = ૢ

 

 

134. In acute angled ࢤ	 the following relationship holds: 




ܖܑܛ  + ܖܑܛ  − ܖܑܛ 
≥



ඥ∏ܖܑܛ 
≥ √ 

Proposed by Daniel Sitaru – Romania 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

En un triángulo acutángulo , probar lo siguiente: 




ܖܑܛ + ܖܑܛ  − ܖܑܛ  ≥ √܋ܛ܋ ܋ܛ܋ ܋ܛ܋ ≥ √ 
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Dado que es un triángulo acutángulo: 

ܖܑܛ  , ܖܑܛ , ܖܑܛ , ܛܗ܋ , ܛܗ܋ ܛܗ܋, > 0 

ܛܗ܋ (1 ܛܗ܋ ܛܗ܋ ≤ 
ૡ
, 

ܖܑܛ ܖܑܛ ܖܑܛ  ≤
√
ૡ

	∧ ܖܑܛ ܖܑܛ  ܖܑܛ = 

= ૡܖܑܛ ܖܑܛ ܖܑܛ ܛܗ܋ ܛܗ܋ ܛܗ܋ ≤
√
ૡ

 

2) Ahora bien en un triángulo , por transformaciones 

trigonemétricas: 

ܖܑܛ + ܖܑܛ  − ܖܑܛ  = )ܖܑܛ + ( )ܛܗ܋ − −(  ܖܑܛ  ܛܗ܋

ܖܑܛ + ܖܑܛ  − ܖܑܛ  = ܖܑܛ  )ܛܗ܋) − −( (ܛܗ܋ = 

=  ܖܑܛ  )ܛܗ܋) − ( + )ܛܗ܋ +  ((

ܖܑܛ  + ܖܑܛ  − ܖܑܛ  = ܖܑܛ  ܛܗ܋ ܛܗ܋ > 0 

Por: MA ≥ MG 




ܖܑܛ  + ܖܑܛ  − ܖܑܛ  ≥ ඥ(܋ܛ܋ ܋ܛ܋ ܋ܛ܋ )(ૡ܋܍ܛ ܋܍ܛ ܋܍ܛ ( ≥ 

≥ √܋ܛ܋ ܋ܛ܋ ܋ܛ܋  ≥ √ 

Solution 2 by Soumava Chakraborty – Kolkata – India  

ܖܑܛ  + ܖܑܛ  − ܖܑܛ  = )ܖܑܛ + ( −)ܛܗ܋ −(  ܖܑܛ ܛܗ܋ = 

=  ܖܑܛ )ܛܗ܋ − ( + ܖܑܛ  )ܛܗ܋ +  (

= ܖܑܛ  )ܛܗ܋} + ( + )ܛܗ܋ − {( =  ܖܑܛ ܛܗ܋ ܛܗ܋ > 0 

(∵ ⇒ (is acute – angled ࢤ ܖܑܛ  + ܖܑܛ  > ܖܑܛ  

Similarly, ܖܑܛ + ܖܑܛ  > ܖܑܛ , and ܖܑܛ + ܖܑܛ  > ܖܑܛ  

∴ ܖܑܛ , ܖܑܛ  , ܖܑܛ  from  sides of a ࢤ.  

Let ࢞ = ܖܑܛ  ࢟, = ܖܑܛ  , ࢠ = ܖܑܛ  
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Using Padoa’s inequality, ࢠ࢟࢞ ≥ ࢞) + ࢟ − ࢟)(ࢠ + ࢠ − ࢠ)(࢞ + ࢞ −  (࢟

⇒ ඥ(࢞ + ࢟ − ࢟)(ࢠ + ࢠ − ࢠ)(࢞ + ࢞ − (࢟ ≤ ඥࢠ࢟࢞  

⇒ 
ඥ∏(࢞ାࢠି࢟) ≥ 

ඥࢠ࢟࢞     (1) 

Now, ∑ 
ܖܑܛ ାܖܑܛܖܑܛି

≥
ࡳି

ට 
(ࢠି࢟ା࢞)∏

 ≥ 
ඥ∏ܖܑܛ  (using (1)) (Proved 1st 

part). Again, ඥ∏ܖܑܛ  ≤
ࡳି ܖܑܛ∑


 

(∵ ∴ ,is acute ࢤ  < ,2 , < ߨ ⇒ ܖܑܛ  , ܖܑܛ  , ܖܑܛ  > 0) 

=
 ܖܑܛ ܖܑܛ ܖܑܛ 


≤


⋅
√
ૡ

ቆ∵ෑܖܑܛ ≤
√
ૡ

ቇ =
√


 

⇒ 
ඥ∏ܖܑܛ ≥ 

√
⇒ 

ඥ∏ܖܑܛ ≥ 
√
⋅  = √ (Proved 2nd part) (Done) 

Solution 3 by Soumitra Mandal - Chandar Nagore – India 

ܖܑܛ  + ܖܑܛ  − ܖܑܛ  =  ܖܑܛ )ܛܗ܋} − ( + )ܛܗ܋ + {( = 

=  ܖܑܛ  ܛܗ܋ܛܗ܋




ܖܑܛ + ܖܑܛ  − ܖܑܛ 
ࢉ࢟ࢉ

= 


 ܖܑܛ ܛܗ܋ ܛܗ܋
ࢉ࢟ࢉ

 

≥


ට∏ ( ܖܑܛ ࢉ࢟ࢉ(ܛܗ܋ ⋅ ૡ ܛܗ܋ ܛܗ܋ ܛܗ܋
≥



ට∏ ܖܑܛ ࢉ࢟ࢉ


 

[∴  ≥ ૡ ܛܗ܋ ܛܗ܋ (࢞)ࢌ Let .[ܛܗ܋ = ܖܔ ܖܑܛ ࢞ for all ࢞ ∈ ቀ, ࣊

ቁ 

(࢞)ᇱᇱࢌ = −܋ܛ܋ ࢞ < 0 for all ࢞ ∈ ቀ, ࣊

ቁ ∴ Applying Jensen’s Inequality 

∑ ܖܑܛܖܔ ࢉ࢟ࢉ


≤ ܖܔ ቄ


) +  + ቅ( = ܖܔ √


⇒ ܖܑܛ√  ⋅ ܖܑܛ ⋅ ܖܑܛ ≤ √


  

⇒ 

ට∏ ࢉ࢟ࢉܖܑܛ


≥ √ ∴ ∑ 
ܖܑܛ ାܖܑܛܖܑܛିࢉ࢟ࢉ ≥ 

ට∏ ࢉ࢟ࢉܖܑܛ


≥ √	(proved) 
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135. In ࢤ the following relationship holds: 

࢈√ࢇ + ࢉ√࢈ + ࢇ√ࢉ ≤ ࡾ√࢙ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Mihalcea Andrei Stefan-Romania 

By  −  − ࡿ ⇒ ࡿࡴࡸ ≤ (ࢇ∑)(ࢇ∑) ≤ ૡࡾ ⋅ ࢇ∑

⇔ ࢇ∑ ≤ ࡾૢ ⇔ ࡴࡻ ≥  true 

Solution 2 by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ = ቀඥ(࢈ࢇ)ቁ ൫√ࢇ൯ + ቀඥ(ࢉ࢈)ቁ ൫√࢈൯ + ቀඥ(ࢇࢉ)ቁ ൫√ࢉ൯ 

≤ ඥ(∑࢈ࢇ)ඥ(∑ࢇ) (by CBS) = ඥ(∑࢈ࢇ)ඥ(࢙) 

∴ it suffices to prove: ඥ(∑࢈ࢇ) ≤ ࡾ ⇔ ࢈ࢇ∑ ≤  ࡾૢ

⇔ ࢙ + ࢘ࡾ + ࢘ ≤ ࡾૢ ⇒ ࢙ ≤ ࡾૢ − ࢘ࡾ −  ࢘

Now, ࢙ ≤ ࡾ + ࢘ࡾ + ࢘ (Gerretsen)  

∴ it suffices to prove ࡾ + ࢘ࡾ + ࢘ ≤ ࡾૢ − ࢘ࡾ −  ࢘

⇔ ࡾ − ૡ࢘ࡾ − ࢘ ≥  ⇔ −ࡾ) ࢘)(ࡾ + ࢘) ≥ , which is true by 

Euler (Hence proved) 

Solution 3 by Rozeta Atanasova-Skopje 

By Cauchy – Schwarz inequality ࡿࡴࡸ ≤ ඥ(ࢇ + ࢈ + ࢇ))ඥࢉ + ࢈ + (ࢉ = 

= ࡾඥ(ܖܑܛ  + ܖܑܛ  + ܖܑܛ (࢙)ඥ( ≤ ࡾඨ൬
ૢ
൰	ඥ

(࢙) = ࡾඥ(࢙) =  ࡿࡴࡾ

because ܖܑܛ + ܖܑܛ + ܖܑܛ  ≤ ૢ
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136. In acute angled ࢤ	: 

ࢇ ܛܗ܋

ିܖ܉ܜ 
+
࢈ ܛܗ܋

ିܖ܉ܜ 
+
ࢉ ܛܗ܋ 

ିܖ܉ܜ ૡ
≥
࢙࢘

ࡾ࣊  

Proposed by Daniel Sitaru – Romania  

Solution 1 by Anas Adlany - El Jadida – Morroco  

We have ܖ܉ܜ܋ܚ܉ ቀ

ቁ+ ቀܖ܉ܜ܋ܚ܉


ቁ + ቀܖ܉ܜ܋ܚ܉

ૡ
ቁ = ࣊


. So by Chebyshev’s 

inequality ࡿࡴࡸ ≥ 
࣊

(()ܛܗ܋∑)(ࢇ∑) ≥ 

≥

࣊൭ቀࢇቁቆ

()ܛܗ܋
 ቇ൱



=
࢙

࣊ ቆ
()ܛܗ܋
 ቇ



=  ࡿࡴࡾ

Solution 2 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo acutángulo :  
ࢇ ܛܗ܋ 

షܖ܉ܜ
+ ࢈ ܛܗ܋ 

షܖ܉ܜ
+ ࢉ ܛܗ܋ 

షૡܖ܉ܜ
≥ ࢙࢘

ࡾ࣊
. Por la desigualidad de Holder: 

ቆࢇ
 ܛܗ܋ 

షܖ܉ܜ
+ ࢈ ܛܗ܋ 

షܖ܉ܜ
+ ࢉ ܛܗ܋ 

షૡܖ܉ܜ
ቇ ቀିܖ܉ܜ 


+ ିܖ܉ܜ 


+ ିܖ܉ܜ 

ૡ
ቁ ( +  + ) ≥  

≥ ࢇ) ܛܗ܋ + ࢈ ܛܗ܋ + ࢉ  (ܛܗ܋

A continuación, demostraremos lo siguiente:  

ܖ܉ܜ܋ܚ܉



+ ܖ܉ܜ܋ܚ܉



+ ܖ܉ܜ܋ܚ܉

ૡ

=
࣊


 

ܖ܉ܜ܋ܚ܉



+ ܖ܉ܜ܋ܚ܉



= ቌܖ܉ܜ܋ܚ܉

+ 


 − 

	×


ቍ = ܖ܉ܜ܋ܚ܉

ૠ
ૢ
	, 

ܖ܉ܜ܋ܚ܉
ૠ
ૢ

+ ܖ܉ܜ܋ܚ܉

ૡ

= ቌܖ܉ܜ܋ܚ܉
ૠ
ૢ + 

ૡ
 − ૠ

ૡ	×

ૡ
ቍ = ܖ܉ܜ܋ܚ܉  =

࣊
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Luego: 

ࢇ ܛܗ܋

ିܖ܉ܜ 
+
࢈ ܛܗ܋

ିܖ܉ܜ 
+
ࢉ ܛܗ܋ 

ିܖ܉ܜ ૡ
≥
൫ܖܑܛ)ࡾ + ܖܑܛ  + ܖܑܛ )൯

࣊ = 

=
(ܖܑܛࡾ  ܖܑܛܖܑܛ (

࣊ =
 ቀࡾ ࢙࢘

ࡾቁ


࣊ =
࢙࢘

ࡾ࣊  

Solution 3 by Myagmarsuren Yadamsuren-Ulaanbataar-Mongolia 


ࢇ ⋅ ܛܗ܋

ቆටିܖ܉ܜ ቇ
 ≥
࢙ᇲࢊࢇࡾ ࢇ) ⋅ ܛܗ܋ + ࢈ ⋅ ܛܗ܋ + ࢉ ⋅ ܛܗ܋ (

ቆටିܖ܉ܜ  + ටିܖ܉ܜ  + ටିܖ܉ܜ ૡቇ
 =

(∗)
 

ࢇ = ⋅ ܛܗ܋ + ࢈ ⋅ ܛܗ܋ + ࢉ ⋅ ܛܗ܋ = ࡾ ⋅ ܖܑܛ)  + ܖܑܛ + (ܖܑܛ = 

=  ⋅ ࡾ ⋅ ܖܑܛ) ⋅ ܖܑܛ ⋅ (ܖܑܛ =  ⋅ ࡾ ⋅
ࢉ࢈ࢇ
ૡࡾ

=
ࢤ
ࡾ
	. 

2. ቆටିܖ܉ܜ 


+ ටିܖ܉ܜ 


+ ටିܖ܉ܜ 
ૡ
ቇ


≤  ⋅ ቀିܖ܉ܜ 


+ ିܖ܉ܜ 


+ ିܖ܉ܜ 
ૡ
ቁ = 

= ቀିܖ܉ܜ 


+ ିܖ܉ܜ 


+ ିܖ܉ܜ 
ૡ

= ࣊

ቁ = ࣊


. 

(ܛܗ܋⋅ࢇ∑) (*)

ቆටܖ܉ܜషାටܖ܉ܜ
ష

ାටܖ܉ܜ
ష

ૡቇ
 ≥

ૡࢤ

ࡾ
⋅ 
࣊


= ⋅࢘⋅࢙

ࡾ⋅࣊
 

 

137. In ࢤ	 the following relationship holds: 

ࢇ + ࢈

ܖ܉ܜ  + ܖ܉ܜ 
+

࢈ + ࢉ

ܖ܉ܜ + ܖ܉ܜ 
+

ࢉ + ࢇ

ܖ܉ܜ  + ܖ܉ܜ 
≥ ૡࡿ 

Proposed by George Apostolopoulos – Messolonghi – Greece  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo : 
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ࢇ + ࢈

ܖ܉ܜ  + ܖ܉ܜ 
+

࢈ + ࢉ

ܖ܉ܜ + ܖ܉ܜ 
+

ࢉ + ࢇ

ܖ܉ܜ  + ܖ܉ܜ 
≥ ૡࡿ 

Por la desigualdad de Cauchy: 


ࢇ + ࢈

ܖ܉ܜ  + ܖ܉ܜ
≥

ࢇ) + )࢈

 ܖ܉ܜ  +  ܖ܉ܜ
≥

ࢇ) + ࢈ + )ࢉ

ܖ܉ܜ  + ܖ܉ܜ + ܖ܉ܜ 
≥ ૡࡿ 

Por lo cual solo basta probar lo siguiente: ൫ࢇା࢈ାࢉ൯


ܖ܉ܜାܖ܉ܜ

ାܖ܉ܜ




= 

= ൫ࢇା࢈ାࢉ൯

ࡿ

(࢈ି)(ࢇି)ା(ࢇି)(ࢉି)ା(ࢉି)ା(ࢉି)(࢈ି) ≥ ૡࡿ  

⇒ ൫ࢇ + ࢈ + ൯ࢉ

≥ (ࢇ+ ࢉ +࢈)(࢈− ࢇ − (ࢉ + (ࢇ+ ࢈ − +࢈)(ࢉ ࢉ − (ࢇ + (࢈+ ࢉ − +ࢇ)(ࢇ ࢉ −  (࢈

⇒ࢇ + ࢇ࢈ ≥ ൫ࢇ − ࢈) − ൯(ࢉ


= ࢇ − ࢈ − ࢉ + ࢈ࢉ − ࢇ(࢈ −  (ࢉ

⇒ࢇ + ࢇ࢈ ≥ −ࢇ − ࢇ࢈ + ࢇ)ࢉ࢈ࢇ + ࢈ +  (ࢉ

⇒ ࢇ + ૡࢇ࢈ ≥ ࢇ)ࢉ࢈ࢇ + ࢈ +  (ࢉ

Lo cual es cierto ya que, por: MA ≥ MG 

(ࢇ + ࢈ + (ࢉ ≥ (ࢇ࢈ + ࢉ࢈ + (ࢇࢉ ≥ ࢇ)ࢉ࢈ࢇ + ࢈ +  (ࢉ

ૡ(ࢇ࢈ + ࢉ࢈ + (ࢇࢉ ≥ ૡࢇ)ࢉ࢈ࢇ + ࢈ +  (ࢉ

Sumando obtenemos: ⇒ ∑ࢇ + ૡ∑ࢇ࢈ ≥ ࢇ)ࢉ࢈ࢇ + ࢈ +  (LQQD) ... (ࢉ

Solution 2 by Ravi Prakash-New Delhi-India 

ܖ܉ܜ ൬

൰ = ඨ

࢙) − ࢙)(࢈ − (ࢉ
࢙)࢙ − (ࢇ =

࢙) − ࢙)(࢈ − (ࢉ
ࢤ  

ܖ܉ܜ ൬


൰ + ܖ܉ܜ ൬



൰ =

࢙) − (ࢉ

ࢤ
࢙)] − (࢈ + ࢙) −  [(ࢇ

∴
ࢇ + ࢈

ܖ܉ܜ ቀቁ+ ܖ܉ܜ ቀቁ
=

ࢤ

࢙) − (ࢉ ቈ
ࢇ + ࢈

࢙) − (ࢇ + ࢙) −  (࢈
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But ࢇ = ࢙ − ࢈) + (ࢉ = ࢙) − (࢈ + ࢙) − (ࢉ ≥ ඥ(࢙ − ࢙)(࢈ −  (ࢉ

⇒ ࢇ ≥ (࢙ − ࢙)(࢈ − (ࢉ ∴ ࢇ + ࢈ ≥ (࢙ − ࢙)](ࢉ − (࢈ + ࢙) −  [(ࢇ

Thus,  ࢇା࢈

ܖ܉ܜቁାቀܖ܉ܜ
ቀቁ

≥ ࢤ ⇒ ∑ ࢈ାࢇ

ܖ܉ܜቁାቀܖ܉ܜ
ቀቁ

≥ ∑ࢤ = ૡࢤ 

Solution 3 by Soumava Pal-Kolkata-India 

࢙ = ࢉା࢈ାࢇ


. Take ࢞ = ࢙ − ,ࢇ ࢟ = ࢙ − ,࢈ ࢠ = ࢙ − ,࢞ so that ,ࢉ ,࢟ ࢠ > 0. 

ܖ܉ܜ

 = ඨ

࢙) − ࢙)(࢈ − (ࢉ
࢙)࢙ − (ࢇ  

ࡿࡴࡸ = 
ࢇ + ࢈

ܖ܉ܜ  + ࢉ࢟ࢉܖ܉ܜ

= 
ࢇ + ࢈

࢙) − ࢙)(࢈ − (ࢉ
࢙)࢙ − (ࢇ + ࢙) − ࢙)(ࢉ − (ࢇ

࢙)࢙ − ࢉ࢟ࢉ(࢈

 

= ࢙)࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ
ࢇ + ࢈

࢞)ࢠ + (࢟
ࢉ࢟ࢉ

= ࢤ
ࢠ) + (࢞ + ࢠ) + (࢟

࢞)ࢠ + (࢟
ࢉ࢟ࢉ

 

⇒ ࢠ + ࢟ ≥ √࢟
ࢠ) + (࢟ ≥ ࢠ࢟

 and ⇒ ࢠ + ࢞ ≥ √࢞
ࢠ) + (࢞ ≥ ࢠ࢞

 

⇒ ࢠ) + (࢟ + ࢠ) + (࢞ ≥ ࢠ(࢞ + (࢟ ⇒
ࢠ) + (࢟ + ࢠ) + (࢞

࢞)ࢠ + (࢟ ≥  

⇒
ࢠ) + (࢟ + ࢠ) + (࢞

࢞)ࢠ + (࢟
ࢉ࢟ࢉ

≥ 	 × 	 = ૡ 

⇒ ∑ࢤ (࢞ାࢠ)ା(࢟ାࢠ)

ࢉ࢟ࢉ(࢟ା࢞)ࢠ ≥ ૡࢤ ⇒ ࡿࡴࡸ ≥ ૡࢤ (Proved) 

Solution 4 by Soumava Chakraborty-Kolkata-India 

ܖ܉ܜ



+ ܖ܉ܜ



=
࢙) − ࢙)(࢈ − (ࢉ

࢙)࢙ − (ࢇ +
࢙) − ࢙)(ࢉ − (ࢇ

࢙)࢙ − (࢈  
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=
࢙) − (ࢉ

࢙
൬
࢙ − ࢈
࢙ − ࢇ

+
࢙ − ࢇ
࢙ − ࢈

൰ = ቀ
࢙ − ࢉ
࢙

ቁ
࢙)} − (࢈ + ࢙) − {(ࢇ

࢙) − ࢙)(ࢇ − (࢈  

=
࢙) − ࢙)(ࢉ − (࢈ + ࢙) − ࢙)(ࢉ − (ࢇ

࢙)࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ = 

=
ቀඥ(࢙ − ࢙)(࢈ − ቁ(ࢉ


+ ቀඥ(࢙ − ࢙)(ࢉ − ቁ(ࢇ



࢙
≤ 

≤
ࡹஸࡹࡳ ቀ࢙ − ࢈ + ࢙ − ࢉ

 ቁ


+ ቀ࢙ − ࢉ + ࢙ − ࢇ
 ቁ



࢙
=
ࢇ + ࢈

ࡿ
 

∴ ࢈ାࢇ

ܖ܉ܜାܖ܉ܜ



≥ ࡿ. Similarly, ࢈ାࢉ

ܖ܉ܜାܖ܉ܜ



≥ ࡿ and ࢉାࢇ

ܖ܉ܜାܖ܉ܜ



≥ ࡿ 

⇒ ≤ of (1) ࡿࡴࡸ ࡿ 	× 	 = ૡࡿ =  (Proved) ࡿࡴࡾ

Solution 5 by Soumitra Mandal - Chandar Nagore – India 

ܖ܉ܜ 


= (ࢉି)(࢈ି)
ࡿ

, ܖ܉ܜ 


= (ࢉି)(ࢇି)
ࡿ

 and ܖ܉ܜ 


= (࢈ି)(ࢇି)
ࡿ

 

where  = semi – perimeter and ࡿ = area of triangle  


ࢇ + ࢈

ܖ܉ܜ + ܖ܉ܜ ࢉ࢟ࢉ

= ࡿ
ࢇ + ࢈

)} − )(࢈ − {(ࢉ + )} − )(ࢇ − {(ࢉ
ࢉ࢟ࢉ

≥ 

≥ ∑ࡿ ࢈ାࢇ

ቀష࢈శషࢉ


ቁ

ାቀషࢇశషࢉ

ቁ
ࢉ࢟ࢉ = ૡࡿ (proved) 

 

138. In ࢤ the following relationship holds: 


ૡܖܑܛ  + ܖܑܛ + ૡܛܗ܋ + ܛܗ܋
ܖܑܛ  + ܖܑܛ + ܛܗ܋ + ܛܗ܋

≥
࢘
ࡾ

 

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Soumava Chakraborty-Kolkata-India 

ૡܖܑܛ  + ૡܛܗ܋ + ܖܑܛ + ܛܗ܋ = 

= ܖܑܛ)  + (ܛܗ܋ −  ܖܑܛ ܛܗ܋ +  −  ܖܑܛ  ܛܗ܋

= ( −  (ܛܗ܋ܖܑܛ − ܖܑܛ ܛܗ܋ −  ܛܗ܋ܖܑܛ +  

=  +  ܖܑܛ ܛܗ܋ −  ܖܑܛ  ܛܗ܋

= ൫࢚ − ࢚ + ൯				(࢚ = ܖܑܛ  (ܛܗ܋

Again, ܖܑܛ  + ܖܑܛ ܛܗ܋ +  ܛܗ܋

= ܖܑܛ) + ܖܑܛ)(ܛܗ܋  + ܛܗ܋ − ܖܑܛ (ܛܗ܋ + ܖܑܛ   ܛܗ܋

=  −  ܖܑܛ ܛܗ܋ − ܖܑܛ  ܛܗ܋ + ܖܑܛ  ܛܗ܋  = ࢚ − ࢚ +  

∴ ࡿࡴࡸ = ∑ ൫࢚
ି࢚ା൯

൫࢚
ି࢚ା൯


ୀ = ∑() =   

∴ it suffices to prove:  ≥ ࡾ
ࡾ
⇔ ࡾ ≥ ࢘ true (Euler) (Proved) 

Solution 2 by Saptak Bhattacharya-Kolkata-India 


ૡܖܑܛ  + ܖܑܛ  + ૡܛܗ܋  + ܛܗ܋
ܖܑܛ  + ܖܑܛ ܛܗ܋ + ܛܗ܋ 

= 

= 
( −  ܖܑܛ (ܛܗ܋ +  − ܖܑܛ  ܛܗ܋ − ܖܑܛ  ܛܗ܋

 −  ܖܑܛ ܛܗ܋ + ܖܑܛ ܛܗ܋
= 

= ∑ ൫ି ܖܑܛ ܛܗ܋ ܖܑܛା ܛܗ܋ ൯
(ିܖܑܛ ܛܗ܋ ܖܑܛା  ܛܗ܋ ( = ∑ =  ≥ ࢘

ࡾ
 since,ࡾ ≥ ࢘ (Euler) 

 

139. In ࢤ	ࢇ, ≠  :the following relationship holds ࢈

൫࢈+ ࢉ − √ࢉ࢈ࢇ ൯ ቀ + ൫√ࢇ − ൯࢈√

ቁ

൫√ࢇ − ൯࢈√

൫+ ࢇ + ࢈ + ࢉ − √ࢉ࢈ࢇ ൯

> 1 

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Mihalcea Andrei Ștefan – Romania  

First, let’s prove: ൫࢈ + ࢉ − √ࢉ࢈ࢇ ൯ ቀ+ ൫√ࢇ − ൯࢈√

ቁ ≥ 

≥ ൫+ ࢈ + ࢉ − √ࢉ࢈ࢇ ൯൫√ࢇ − ൯࢈√


 

⇔ ࢈ + ࢉ − √ࢉ࢈ࢇ ≥ ൫√ࢇ − ൯࢈√


   

࢈ + ࢉ − ࢈ + √࢈ࢇ ≥ ࢇ + √ࢉ࢈ࢇ ⇔ ࢈ + ࢉ + ࢉ + √࢈ࢇ ≥ ࢇ + √ࢉ࢈ࢇ  

but ࢈ + ࢉ > ܽ. We’ll prove: ࢉ + √࢈ࢇ ≥ √ࢉ࢈ࢇ   

ࢉ + ࢈ࢇ√ + ࢈ࢇ√ ≥ √ࢉ࢈ࢇ  (true by AM-GM) 

ࡿࡴࡸ ≥
൫+ ࢈ + ࢉ − √ࢉ࢈ࢇ ൯൫√ࢇ − ൯࢈√



൫+ ࢇ + ࢈ + ࢉ − √ࢉ࢈ࢇ ൯൫√ࢇ − ൯࢈√
 ⇔ 

⇔ + ࢈ + ࢉ > 1 + ܽ + ܾ + ܿ ⇔ ܾ + ܿ > ܽ true 

Solution 2 by Myagmarsuren Yadamsuren – Mongolia  

࢈ࢇ√ + ࢈ࢇ√ + ࢉ ≥ √ࢉ࢈ࢇ ⇔ √࢈ࢇ + ࢉ ≥ √ࢉ࢈ࢇ 	| ⋅ (−) 

−√ࢉ࢈ࢇ ≥ −√࢈ࢇ −  ࢉ

ࢇ) + ࢈ + (ࢉ − √ࢉ࢈ࢇ ≥ ࢇ + ࢈ + ࢉ − √࢈ࢇ −  ࢉ

ࢇ + ࢈ + ࢉ − √ࢉ࢈ࢇ ≥ ࢇ + ࢈ − √࢈ࢇ; ࢇ	 + ࢈ + ࢉ − √ࢉ࢈ࢇ ≥ ൫√ࢇ − ൯࢈√

 

ࢇ + ࢈ + ࢉ − √ࢉ࢈ࢇ + ൫ࢇ+ ࢈ + ࢉ − √ࢉ࢈ࢇ ൯ ⋅ ൫√ࢇ − ൯࢈√

≥ 

≥ ൫√ࢇ − ൯࢈√


+ ൫ࢇ+ ࢈ + ࢉ − √ࢉ࢈ࢇ ൯ ⋅ ൫√ࢇ − ൯࢈√


 

൫ࢇ+ ࢈ + ࢉ − √ࢉ࢈ࢇ ൯ ⋅ ቀ+ ൫√ࢇ − ൯࢈√

ቁ ≥ 

≥ ൫√ࢇ − ൯࢈√

⋅ ൫+ ࢇ + ࢈ + ࢉ − √ࢉ࢈ࢇ ൯ 

ࡿࡴࡸ = ൫ࢇ+ ࢈ + ࢉ − √ࢉ࢈ࢇ ൯ ⋅ ቀ+ ൫√ࢇ − ൯࢈√

ቁ <
ழାࢇ

 



 
www.ssmrmh.ro 

 

< ൫(࢈ + −(ࢉ √ࢉ࢈ࢇ ൯ ⋅ ቀ൫√ࢇ − ൯࢈√

ቁ =  ࡿࡴࡸ

:ࡿࡴࡸ ൫(࢈ + −(ࢉ √ࢉ࢈ࢇ ൯ ⋅ ቀ + ൫√ࢇ − ൯࢈√

ቁ > 

> ൫√ࢇ − ൯࢈√

⋅ ൫+ ࢇ + ࢈ + ࢉ − √ࢉ࢈ࢇ ൯:ࡿࡴࡾ ⇒ ࡿࡴࡸ

ࡿࡴࡾ
> 1 

Solution 3 by Soumava Chakraborty – Kolkata – India  

√ࢉ࢈ࢇ <
ିࡳ

ࢇ + ࢈ + ࢉ ⇒ −√ࢉ࢈ࢇ > −ܽ − ܾ − ܿ 

⇒ ࢈ + ࢉ − √ࢉ࢈ࢇ > ࢈2 + ࢉ − ࢇ − ࢈ − ࢉ = ࢈ + ࢉ − ࢇ > 0 

Also,  + ࢇ + ࢈ + ࢉ − √ࢉ࢈ࢇ >
ࡳି

 + √ࢉ࢈ࢇ − √ࢉ࢈ࢇ =  > 0 

∴ numerator > 0 and denominator > 0 ∴ given inequality ⇔ 

൫࢈ + ࢉ − √ࢉ࢈ࢇ ൯ ቀ + ൫√ࢇ − ൯࢈√

ቁ > ൫√ࢇ − ൯࢈√


൫ + ࢇ + ࢈ + ࢉ − √ࢉ࢈ࢇ ൯ 

⇔ ࢈ + ࢈൫√ࢇ− ൯࢈√


+ ࢉ + ࢉ൫√ࢇ − ൯࢈√

− √ࢉ࢈ࢇ − √ࢉ࢈ࢇ ൫√ࢇ − ൯࢈√


 

> ൫√ࢇ − ൯࢈√


+ ࢇ√൫ࢇ − ൯࢈√


+ ࢇ√൫࢈ − ൯࢈√


+ −ࢇ√൫ࢉ ൯࢈√

− √ࢉ࢈ࢇ ൫√ࢇ − ൯࢈√


 

⇔ ࢈) + ࢉ − ࢇ√൫(ࢇ − ൯࢈√


ᇣᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇥ
வ(∵࢈ାࢉவ	ௗ	ஷ࢈)

+ ࢈ + ࢉ > ܽ + ܾ − ࢈ࢇ√2 + √ࢉ࢈ࢇ  

∴ it suffices to prove: (࢈ + ࢉ − (ࢇ + ࢉ + √࢈ࢇ > ࢉ࢈ࢇ√3    (1) 

Now ࢉ + √࢈ࢇ = ࢉ + ࢈ࢇ√ + ࢈ࢇ√ ≥
ࡳି

√ࢉ࢈ࢇ  and of course, ࢈ + ࢉ − ࢇ > 0 

⇒ ࢈) + ࢉ − (ࢇ + ࢉ + √࢈ࢇ > 0 + ࢉ࢈ࢇ√3 = √ࢉ࢈ࢇ ⇒ (1) is true (proved) 

 

140. In acute-angled ࡴ,ࢤ − orthocentre, ࡳ − centroid: 

൬
ࡴ
ࡳ

൰


≥
ૡ࢘

ࢇ + ࢈ + ࢉ
 

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo: ࡴ− ortocentro, ࡳ − centro de gravedad. Probar en un triángulo 

acutángulo : ∑ቀࡴ
ࡳ
ቁ

≥ ૡ࢘

ࢉା࢈ାࢇ
. Recordar las siguientes 

identidades: ࡴ = ࡾ ܛܗ܋ ࡴ, = ܛܗ܋ࡾ ࡴ, = ܛܗ܋ࡾ 

ࡳ =

ࡳ,ࢇ =


ࡳ,࢈ =


ࢉ 

ࢇ
 + ࢈

 + ࢉ
 = (ࢇ + ࢈ + ܛܗ܋,(ࢉ + ܛܗ܋ + ܛܗ܋ =  +

࢘
ࡾ

 

Dado que es un triángulo acutángulo: ܛܗ܋ ܛܗ܋, , ܛܗ܋ > 0 

La desigualdad es equivalente: ࡾ∑ ૢ ܛܗ܋ 
ࢇ

 ≥ ૡ࢘

ࢉା࢈ାࢇ
 

Por la desigualdad de Cauchy: 

ࡾ ∑ ૢ ܛܗ܋ 
ࢇ

 ≥ ࡾ ( ܛܗ܋ ܛܗ܋ାܛܗ܋ା (

(ࢇା࢈ାࢉ) =  × (ࡾା࢘)

ࢉା࢈ାࢇ
≥ ૡ࢘

ࢉା࢈ାࢇ
 ... 

(LQQD) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

∑ (ࡴ)

(ࡳ) ≥
(ࡴ∑)

ࡳ∑
 (Bergstrom’s Inequality)  

=
(ࡴ∑)

∑ቀࢇቁ
 =

(ࡴ∑)


ࢇ∑ૢ


=

(ࡴ∑)


ૢ ⋅


 ࢇ∑


=
(∑ࡴ)

ࢇ∑
 

∴ given inequality will be proved if it can be proved 

(∑ࡴ)

ࢇ∑
≥
ૡ࢘

ࢇ∑
⇔ࡴ ≥ ࢘ 

⇔ (ܛܗ܋∑)ࡾ ≥ ࡾ	 ( ∵  (is acute – angled ࢤ

⇔ +ቀࡾ ࢘
ࡾ
ቁ ≥ ࢘ ⇔ ࡾ + ࢘ ≥ ࢘ ⇔ ࡾ ≥ ࢘, which is true (Euler)  
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141. In ࢤ	 the following relationship holds: 


ࢇ + ࢈ࢇ + ࢈

+


࢈ + ࢉ࢈ + ࢉ
+


ࢉ + ࢇࢉ + ࢇ

≤

ࡿ

ܖܑܛ) + ܖܑܛ + ܖܑܛ  (

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  




ࢇ + ࢈ + ࢈ࢇ
≤


࢈ࢇ

=
ࢇ + ࢈ + ࢉ
ࢉ࢈ࢇ

=

ࡿࡾ

=

ࡿ

ܖܑܛ) + ܖܑܛ + ܖܑܛ  (

Solution 2 by Mihalcea Andrei Stefan-Romania 

ࢇ + ࢈ࢇ + ࢈ ≥
ࡹࡳିࡹ

࢈ࢇ ⇒ ࡿࡴࡸ ≤




 ࢈ࢇ

We’ll prove: ∑ 
࢈ࢇ

= 
ࡿ
 ܖܑܛ∑

But ∑ܖܑܛ = ࢇ∑
ࡾ

⇔ ࢉା࢈ାࢇ
ࢉ࢈ࢇ

= ࢇ∑
ࡿࡾ

⇔ ࢉ࢈ࢇ = ࡿࡾ true 

Solution 3 by Pham Quy-Vietnam 

We have: ࡿ = ࢈ࢇ ܖܑܛ = ࢉ࢈ ܖܑܛ = ࢇࢉ  ܖܑܛ

⇒
ܖܑܛ
ࡿ =


ࢉ࢈ ;

ܖܑܛ
ࡿ =


ࢇࢉ ; 	

ܖܑܛ 
ࡿ =


࢈ࢇ ⇒ ࡿࡴࡾ = 


࢈ࢇ 

ࡿࡴࡸ = ∑ 
࢈ା࢈ࢇାࢇ

≤
ࡹࡳିࡹ

∑ 
࢈ࢇ

=  (.q.e.d) ࡿࡴࡾ

Solution 4 by Seyran Ibrahimov-Maasilli-Azerbaidjian 

ࢇ + ࢈ + ࢉ
ࡾࡿ

≥


ࢇ + ࢈ࢇ + ࢈
 




ࢇ + ࢈ࢇ + ࢈
≤


࢈ࢇ

=
ࢇ + ࢈ + ࢉ
ࢉ࢈ࢇ

=
ࢇ + ࢈ + ࢉ
ࡾࡿ
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Solution 5 by Soumitra Mandal - Chandar Nagore – India 




ࢇ + ࢈ࢇ + ࢈
ࢉ࢟ࢉ

≤




࢈ࢇ

ࢉ࢟ࢉ

=

ቌ

ܖܑܛ
ࡿ

ࢉ࢟ࢉ

ቍ 

since ࡿ = 

࢈ࢇ ܖܑܛ  = 


ࢉ࢈ ܖܑܛ  = 


ࢇࢉ	  ܖܑܛ

∴ 


ࢇ + ࢈ࢇ + ࢈
ࢉ࢟ࢉ

≤

ࡿ

ܖܑܛ) + ܖܑܛ +  (ܖܑܛ

 

142. In acute angled ࢤ	 the following relationship holds: 

ࢇ ܖܑܛܖܑܛܛܗ܋  ≥
ૡ࢙࢘

ࡾૢ
 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo acutángulo: ∑ࢇ ܛܗ܋ ܖܑܛ ܖܑܛ  ≥ ૡ࢙࢘

ࡾૢ
 

Por la desigualdad de Holder: 

ቀࢇ ܖܑܛܛܗ܋ ቁܖܑܛ ൬
ܛܗ܋

ܖܑܛܖܑܛ ൰
( +  + )( +  + ) ≥ 

≥ ࢇ) ܛܗ܋ + ࢈ ܛܗ܋ + ࢉ  (ܛܗ܋

Ahora bien, tener en cuenta lo siguiente: 


ܛܗ܋

ܖܑܛ ܖܑܛ 
=

ܛܗ܋
ܖܑܛ  ܖܑܛ

+
ܛܗ܋

ܖܑܛ ܖܑܛ
+

ܛܗ܋
ܖܑܛ ܖܑܛ

= 

= ( − ܜܗ܋ (ܜܗ܋ + ( − ܜܗ܋ (ܜܗ܋ + ( − ܜܗ܋  (ܜܗ܋


ܛܗ܋

ܖܑܛ  ܖܑܛ
=  −  = 	 ∧ ࢇ ܛܗ܋ + ࢈ ܛܗ܋ + ࢉ ܛܗ܋ = ࢙࢘ࡾ 

Por lo tanto, la desigualdad equivalente es: 
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ࢇ ܛܗ܋  ܖܑܛܖܑܛ  ≥
ܛܗ܋ࢇ)  + ܛܗ܋࢈  + ࢉ (ܛܗ܋

ૡ =
(࢙࢘ࡾ)

ૡ =
ૡ࢙࢘

ࡾૢ  

Solution 2 by Soumitra Mandal - Chandar Nagore – India 

ࢇ

ࢉ࢟ࢉ

ܖܑܛܛܗ܋ ܖܑܛ = ܖܑܛ) (ܖܑܛܖܑܛ
ࢇ ܛܗ܋
ܖܑܛ 

ࢉ࢟ࢉ

= 

=

ቌ

ܖܑܛ
ࢉ࢟ࢉ

ቍቌ
ࢇ ܛܗ܋
ܖܑܛ

ࢉ࢟ࢉ

ቍ 

[since, ܖܑܛ  + ܖܑܛ  + ܖܑܛ =  ܖܑܛ ܖܑܛ   [ܖܑܛ

=

 ቌܖܑܛ ܛܗ܋

ࢉ࢟ࢉ

ቍቌ
ࢇ ܛܗ܋
ܖܑܛ

ࢉ࢟ࢉ

ቍ 

=

ૡቌ

ܛܗ܋ܖܑܛ
ࢉ࢟ࢉ

ቍቌ
ࢇ ܛܗ܋
ܖܑܛ

ࢉ࢟ࢉ

ቍ ( + + )( + + ) 

≥ 
ૡ

ࢇ) ܖܑܛ + ࢈ ܖܑܛ + ࢉ ܖܑܛ    [Holder’s Inequality](

= 
ૡ
ቀࢉ࢈ࢇ
ࡾ

ቁ


= ࡿ

ૡࡾ
= ૡ࢙࢘

ࡾૢ
   [since ࢉ࢈ࢇ = ࡾࡿ and ࡿ =  [࢙࢘

∴ࢇ

ࢉ࢟ࢉ

ܛܗ܋ ܖܑܛ ܖܑܛ  ≥
ૡ࢙࢘

ࡾૢ
 

Solution 3 by Soumava Chakraborty – Kolkata – India  

ࡿࡴࡸ = ࢇ ܖܑܛܛܗ܋ ܖܑܛ = ࡾܖܑܛ ܖܑܛܖܑܛܛܗ܋  

(∵ ࢉ = ܖܑܛࡾ) = ࡾ ܖܑܛ ܖܑܛ ܖܑܛ  ቀܖܑܛ  ቁܛܗ܋

= ࡾ ܖܑܛ  ܖܑܛ ܖܑܛ  ቀૡܖܑܛ  ቁܛܗ܋
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= ࡾ(࣊ (ܖܑܛ ቆ( ܖܑܛ (ܛܗ܋

	ቇ = ࡾ(࣊ (ܖܑܛ ቀܖܑܛ ቁ 

ࡿࡴࡾ =
ૡ
ૢ
ቀ
࢙࢘
ࡾ
ቁ


=
ૡ
ૢ
൬
ࢤ
ࡾ
൰


=
ૡ
ૢ
൫(ܖܑܛ࣊)ࡾ൯


=
ૡ
ૢ

࣊)ࡾ ܖܑܛ  (

∴ given inequality ⇔ ∑ܖܑܛ  ≥ 
ૢ

࣊)      (1)(ܖܑܛ

∵ ∴ ,is acute-angled ࢤ  < ,,2 <  ߨ

⇒  < ܖܑܛ  , ܖܑܛ  , ܖܑܛ  < 1 ∴ if ܖܑܛ  ≥ ܖܑܛ  ≥ ܖܑܛ , then, 

ܖܑܛ  ≥ ܖܑܛ  ≥ ܖܑܛ . Now, ܖܑܛ  + ܖܑܛ  + ܖܑܛ  

≥ 


ܖܑܛ∑) ܖܑܛ∑)( )   (Chebyshev Inequality, because WLOG, we 

may assume ܖܑܛ  ≥ ܖܑܛ  ≥ ܖܑܛ  which ⇒ ܖܑܛ  ≥ ܖܑܛ  ≥ 

≥ ܖܑܛ ) ≥ 


ܖܑܛ∑) ) ቀ


 ቁ(ܖܑܛ∑)

ቆ∵  ቀ࢞ቁ ≥ ቀ࢞ቁ

ቇ 

= 
ૢ

(ܖܑܛ∑) = 
ૢ

(࣊ (ܖܑܛ = 
ૢ

࣊) ܖܑܛ ( ⇒ (1) is true  (proved) 

 

143. In acute-angled ࢤ	 the following relationship holds: 


ࢇ ܛܗ܋

࢈ ܛܗ܋ + ࢉ ܛܗ܋
≥(ࢉ࢈ −  (ࢇ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumitra Mandal - Chandar Nagore – India 


ࢇ ܛܗ܋

࢈ ܛܗ܋ + ࢉ ܛܗ܋
ࢉ࢟ࢉ

= 
࢈)ࢇ + ࢉ − (ࢇ

ࢇ)࢈ + ࢉ − (࢈ + ࢇ)ࢉ + ࢈ − (ࢉ
ࢉ࢟ࢉ

 

≥ 
࢈)ࢇ + ࢉ − (ࢇ

࢈)ࢇ + (ࢉ − ࢈) − )ࢉ
ࢉ࢟ࢉ

≥ 
࢈)ࢇ + ࢉ − (ࢇ

࢈ + ࢉ
ࢉ࢟ࢉ
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∴ we need to prove, ∑ ቀࢇ − ࢇ

ࢉା࢈
ቁࢉ࢟ࢉ ≥ ∑ (ࢉ࢈ − ࢉ࢟ࢉ(ࢇ  

⇔ ∑ ࢉ࢟ࢉࢇ + ∑ ࢇ) − ࢉ࢟ࢉ(࢈ − ∑ ࢇ

ࢉ࢟ࢉࢉା࢈ ≥  ... (1) 

now,  

ࢇ

ࢉ࢟ࢉ

− 
ࢇ

࢈ + ࢉ
ࢉ࢟ࢉ

≥࢈ࢇ
ࢉ࢟ࢉ

− 
ࢇ

࢈ + ࢉ
ࢉ࢟ࢉ

≥
࢈ࢉ − ࢇ

࢈ + ࢉ
ࢉ࢟ࢉ

 

= 
(࢈ࢉ − )ࢇ

(࢈ࢉ − ࢈)(ࢇ + (ࢉ
ࢉ࢟ࢉ

≥
൫∑ ࢈ࢉࢉ࢟ࢉ − ∑ ࢉ࢟ࢉࢇ ൯



∑ (࢈ࢉ − ࢉ࢟ࢉ(ࢇ ࢈) + (ࢉ > 0 

∴ statement (1) is true 

∴
ࢇ ܛܗ܋

࢈ ܛܗ܋ + ࢉ ܛܗ܋
ࢉ࢟ࢉ

≥(ࢉ࢈ − (ࢇ
ࢉ࢟ࢉ

 

Solution 2 by Soumava Chakraborty-Kolkata-India 

(ࢉ࢈ − (ࢇ = (ࢉ࢈+ ࢇ − ࢇ) = ቀࢇቁ

− ࢇ = ࢙ − ࢇ  

∴ given inequality ⇔ ∑ቄ ࢇ

(ܛܗ܋ࢉାܛܗ܋࢈) + ቅࢇ ≥ ࢙ 

⇔(ܛܗ܋ࢇ) ቊ
ࢇ

ࢇ) −)ܛܗ܋ ቋ(( ≥ ࢙(∵ ࢈ ܛܗ܋ + ࢉ ܛܗ܋ = ࢇ −)ܛܗ܋  ((

Now ∑ܛܗ܋ࢇ = ࢉ࢈ࢇ
(ࡾ) and ∑ ࢇ

ࢇ} {(ି)ܛܗ܋ ≥
࢙

 (Bergstrom)  {(ି)ܛܗ܋ࢇ∑}

∴ it suffices to prove ቀ ࢉ࢈ࢇ
(ࡾ)ቁ ቄ

࢙

ቅ((ି)ܛܗ܋ࢇ∑) ≥ ࢙ 

⇔ ࢉ࢈ࢇ ≥ )ܛܗ܋ࢇ∑)ࡾ −  (1)    ((

Now, ∑)ܛܗ܋ࢇ − ( = ∑ࡾ )ܛܗ܋)(ܖܑܛ) −  ((

= ܖܑܛ)ࡾ + ܖܑܛ ) = ࡾ ቀܖܑܛቁ = ૡࡾ ܖܑܛ ܖܑܛ ܖܑܛ  

∴  (1) ⇔ ࡿࡾ ≥ ࡾ(ࡾ ܖܑܛ ܖܑܛ ⇔ (ܖܑܛ ࡿࡾ ≥ ࡿࡾ  (true)  (Proved) 
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144. In ࢤ	ࢇ, ≠ ࢈ ≠ ࢉ ≠  :ࢇ


ࢇ + ࢈

ࢉ) − ࢉ)(࢈ − (࢈ ܖܑܛ 
>

ࡾ

 

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty-Kolkata-India 


ࢇ + ࢈

ࢉ) − ࢉ)(ࢇ − (࢈ ܖܑܛ 
>

ࡾ
⇔

ࢇ)ࡾ + (࢈
ࢉ)ࢉ − ࢉ)(ࢇ − (࢈ >


ࡾ

 

⇔
ࢇ + ࢈

ࢉ)ࢉ − ࢉ)(ࢇ − (࢈ >

ࡾ ⇔

࢙ − ࢉ
ࢉ)ࢉ − ࢉ)(ࢇ − (࢈ >


 ࡾ

⇔ (࢙)∑ 
(࢈ିࢉ)(ࢇିࢉ)ࢉ − ∑ 

(࢈ିࢉ)(ࢇିࢉ) > 
ࡾ

   (1) 




ࢉ) − ࢉ)(ࢇ − (࢈ =


ࢉ) − ࢉ)(ࢇ − (࢈ +


ࢇ) − ࢇ)(࢈ − (ࢉ +


࢈) − ࢈)(ࢉ −  (ࢇ

= (ࢇିࢉ)ି(ࢉି࢈)ି(࢈ିࢇ)ି
(ࢇିࢉ)(ࢉି࢈)(࢈ିࢇ) =     (2) 

∴ given inequality ⇔ ∑ 
(ࢉି࢈)(ࢉିࢇ)ࢉ > 

ࡾ࢙
   (from (1), (2)) 

⇔
࢈ࢇ

ࢇ)ࢉ࢈ࢇ − ࢈)(ࢉ − (ࢉ >


ࡾ࢙ ⇔
࢈ࢇ

ࢇ) − ࢈)(ࢉ − (ࢉ >
࢙࢘ࡾ
ࡾ࢙ =

࢘
ࡾ  

⇔
࢈ࢇ

ࢇ) − ࢈)(ࢉ − (ࢉ +
ࢉ࢈

࢈) − ࢉ)(ࢇ − (ࢇ +
ࢇࢉ

ࢉ) − ࢇ)(࢈ − (࢈ >
࢘
ࡾ

 

⇔
ࢇ)࢈ࢇ− − (࢈ − ࢈)ࢉ࢈ − (ࢉ − ࢉ)ࢇࢉ − (ࢇ

ࢇ) − ࢈)(࢈ − ࢉ)(ࢉ − (ࢇ >
࢘
ࡾ

 

⇔ −ቊ
࢈ࢇ − ࢈ࢇ + ࢉ࢈ − ࢉ࢈ + ࢇࢉ − ࢇࢉ

ࢇ) − ࢈)(࢈ − ࢉ)(ࢉ − (ࢇ ቋ >
࢘
ࡾ

 

⇔
࢈)ࢇ}− − (ࢉ + ࢈)ࢉ࢈ − −(ࢉ ࢈)ࢇ − ࢈)(ࢉ + {(ࢉ

ࢇ) − ࢈)(࢈ − ࢉ)(ࢉ − (ࢇ >
࢘
ࡾ

 

⇔
࢈)− − ࢇ)(ࢉ + ࢉ࢈ − ࢈ࢇ − (ࢇࢉ

ࢇ) − ࢈)(࢈ − ࢉ)(ࢉ − (ࢇ >
࢘
ࡾ
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⇔
࢈)− − ࢇ)ࢇ}(ࢉ − (࢈ − ࢇ)ࢉ − {(࢈

ࢇ) − ࢈)(࢈ − ࢉ)(ࢉ − (ࢇ >
࢘
ࡾ
⇔

ࢇ)࣊ − (࢈
ࢇ)࣊ − (࢈ >

࢘
ࡾ

 

⇔ ࡾ > ࢘2 → true (Euler)  (Proved) 

 

145. In ࢤ	 the following relationship holds: 

ࢇ < 2࢈ࢉ ܛܗ܋  + ࢇ(࢈ +  (ࢉ

Proposed by Daniel Sitaru – Romania  

Solution by Ravi Prakash-New Delhi-India 

࢈ࢉ ܛܗ܋ = ࢈ࢉ( ܛܗ܋ − ) = ࢈ࢉ ቆ
࢈ + ࢉ − ࢇ

ࢉ࢈
ቇ


− ࢈ࢉ 

= ࢈) + ࢉ − )ࢇ − ࢈ࢉ. Let ࡿ = ∑࢈ࢉ ܛܗ܋ ࢈)ࢇ∑+ +  (ࢉ

= ࢈) + ࢉ − )ࢇ + ࢉ) + ࢇ − )࢈ + ࢇ) + ࢈ − )ࢉ − ࢈ࢉ − ࢉࢇ − 

−ࢇ࢈ + ࢇ ࢈) + ࢉ + ࢉ࢈) > 

> (࢈ + ࢉ − )ࢇ + ࢇ(ࢉ࢈ (ܛܗ܋ = 

= ࢈)∑ + ࢉ − )ࢇ + ࢈)ࢇ∑ + ࢉ −   ,). Nowࢇ

࢈) + ࢉ − )ࢇ + ࢉ) + ࢇ − )࢈ + ࢇ) + ࢈ − )ࢉ + ࢇ) + ࢈ +  )ࢉ

= ࢉ + (࢈ − )ࢇ + (ࢇ + )࢈ + ࢉ = ࢉ + ࢈ + ࢇ. Thus,  

ࡿ > ࢇ)4 + ࢈ + −(ࢉ ࢇ) + ࢈ + )ࢉ + ࢇ࢈ −ࢇ = (ࢇ + ࢈ +  (ࢉ

 

146. In acute-angled ࢤ	 the following relationship holds: 

ෑ(ܛܗ܋ࢇ)(ܛܗ܋)ࢇ ≤
࢙(ܛܗ܋∑) ⋅ (࢙)∑ܛܗ܋

࢙ା∑ܛܗ܋
 

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Soumitra Mandal - Chandar Nagore – India 

Applying Weighted A.M ≥ G.M 

൬
ࢇ ܛܗ܋ + ࢈ ܛܗ܋ + ࢉ ܛܗ܋

ࢇ + ࢈ + ࢉ
൰
ࢉା࢈ାࢇ

≥ෑ(ܛܗ܋)ࢇ

ࢉ࢟ࢉ

 

൬
ࢇ ܛܗ܋ + ࢈ ܛܗ܋ + ࢉ ܛܗ܋
ܛܗ܋ + ܛܗ܋ + ܛܗ܋

൰
ܛܗ܋ାܛܗ܋ାܛܗ܋ 

≥ෑܛܗ܋ࢇ 

ࢉ࢟ࢉ

 

ࢇ) ܛܗ܋ + ࢈ ܛܗ܋ + ࢉ ∑ା࢙(ܛܗ܋ ܛܗ܋ ࢉ࢟ࢉ

(࢙)࢙൫∑ ࢉ࢟ࢉܛܗ܋ ൯
∑ ܛܗ܋ ࢉ࢟ࢉ

≥ෑܛܗ܋ࢇ

ࢉ࢟ࢉ

 ࢇ(ܛܗ܋)

Let ࢇ ≥ ࢈ ≥ ܛܗ܋ then ࢉ ≤ ܛܗ܋ ≤  and applying Chebyshev ܛܗ܋


ቌܛܗ܋

ࢉ࢟ࢉ

ቍ ࢇ) + ࢈ + (ࢉ ≥ ܛܗ܋ࢇ + ࢈ ܛܗ܋ + ࢉ  ܛܗ܋

∴
(࢙)∑ܛܗ܋ ⋅ (∑ ࢙(ܛܗ܋

࢙ା∑ܛܗ܋
≥ෑࢇ(ܛܗ܋)ܛܗ܋ࢇ

ࢉ࢟ࢉ

 

Solution 2 by Myagmarsuren Yadamsuren – Ulaanbataar – Mongolia  

ܛܗ܋ࢇ)  ⋅ ܛܗ܋࢈  ⋅ (ܛܗ܋ࢉ ⋅ ൫(ܛܗ܋)ࢇ ⋅ ࢈(ܛܗ܋) ⋅ ൯ࢉ(ܛܗ܋) ⋅ 

⋅ ࢇା࢈ାࢉ ⋅ ܛܗ܋ ܛܗ܋ାܛܗ܋ା ≤ 

≤ ܛܗ܋) + ܛܗ܋ + ࢉା࢈ାࢇ(ܛܗ܋ ⋅ ࢇ) + ࢈ + ܛܗ܋ାܛܗ܋ାܛܗ܋(ࢉ  

൬
ࢇ

ࢇ + ࢈ + ࢉ
൰
ܛܗ܋

⋅ ൬
࢈

ࢇ + ࢈ + ࢉ
൰
ܛܗ܋

⋅ ൬
ࢉ

ࢇ + ࢈ + ࢉ
൰
ܛܗ܋

⋅ 

⋅ ൬
 ܛܗ܋

ܛܗ܋ + ܛܗ܋ + ൰ܛܗ܋
ࢇ

⋅ ൬
 ܛܗ܋

ܛܗ܋ + ܛܗ܋ + ൰ܛܗ܋
࢈

⋅ ൬
 ܛܗ܋ 

ܛܗ܋  + ܛܗ܋ + ൰ܛܗ܋
ࢉ

≤  

(ASSURE) 

ෑ൬
ࢇ

ࢇ + ࢈ + ൰ࢉ
ܛܗ܋

⋅ ൬
 ܛܗ܋

ܛܗ܋ + ܛܗ܋ + ൰ܛܗ܋
ࢇ

≤
࢟ࢎࢉ࢛ࢇ
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≤ ቆ
(ࢇ ⋅ ܛܗ܋ + ࢈ ⋅ ܛܗ܋ + ࢉ (ܛܗ܋

ࢇ) + ࢈ + (ࢉ ⋅ ܛܗ܋) + ܛܗ܋ + ቇ(ܛܗ܋
ܛܗ܋ାܛܗ܋ାܛܗ܋ 

⋅ 

⋅ ቆ
 ⋅ ࢇ) ⋅ ܛܗ܋ + ࢈ ⋅ ܛܗ܋ + ࢉ ⋅ (ܛܗ܋
ࢇ) + ࢈ + ܛܗ܋)(ࢉ + ܛܗ܋ + ቇ(ܛܗ܋

ࢉା࢈ାࢇ

= 

= ቆ
 ⋅ ࢇ) ⋅ ܛܗ܋ + ࢈ ⋅ ܛܗ܋ + ࢉ ⋅ ܛܗ܋ (

ࢇ) + ࢈ + (ࢉ ⋅ ܛܗ܋) + ܛܗ܋ + ቇ(ܛܗ܋
ࢇ∑ାܛܗ܋∑

= 

ࢇ ⋅ ܛܗ܋ + ࢈ ⋅ ܛܗ܋ + ࢉ ⋅ ܛܗ܋  =
ࢤ
ࡾ

; ࢇ	 + ࢈ + ࢉ =  

ܛܗ܋ + ܛܗ܋ + ܛܗ܋ =  +
࢘
 ࡾ

= ቌ
 ⋅ ࡾࢤ

 ⋅ ቀ + ࢘
ቁࡾ
ቍ

∑ ܛܗ܋ ࢇ∑ା

= ൬
࢘

ࡾ + ࢘
൰
ࢇ∑ାܛܗ܋∑

≤
࢘ࢋ࢛ࡱ

 

≤ ൬
ࡾ + ࢘
ࡾ + ൰࢘

ࢇ∑ାܛܗ܋∑

= ∑ܛܗ܋ ࢇ∑ା =  

 

147. In ࢤ		the following relationship holds: 

࢈ࢇ
ࢇ)ࢉ + (࢈ +

ࢉ࢈
࢈)ࢇ + (ࢉ +

ࢇࢉ
ࢇ)࢈ + (ࢉ ≥

√
ࡾ

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo: ࢞,  :ା. Probar queࡾ números ࢠ,࢟

࢟࢞) + ࢠ࢟ + (࢞ࢠ ൬


࢞) + (࢟ +


࢟) + (ࢠ +


ࢠ) + ൰(࢞ ≥
ૢ


 

Previamente demostraremos la siguiente desigualdad: 

1) Siendo: ࢈,ࢇ, ,࢟,࢞,ࢉ  :ା, se cumple queࡾ			ࢠ
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(࢟ା࢞)(࢈ାࢇ) + 
(ࢠା࢟)(ࢉା࢈) + 

(ࢠା࢟)(ࢇାࢉ) ≥
ૢ

	ࢠ(࢈ାࢇ)ା࢟(ࢇାࢉ)ା࢞(ࢉା࢈)
  


൫࢞)ࢉ + (࢟ + ࢇ) + ࢠ(࢈ + ࢞ࢇ) + ൯(࢟࢈

ࢇ) + ࢞)(࢈ + (࢟ ≥ ૢ 

⇒ ∑ ࢉ
࢈ାࢇ

+ ∑ ࢠ
࢟ା࢞

≥ ૢ − ∑ (࢟࢈ା࢞ࢇ)
(࢟ା࢞)(࢈ାࢇ) =  − ∑ ࢟࢈ା࢞ࢇ

(࢟ା࢞)(࢈ାࢇ) +   

Ahora bien:  − ∑ ࢟࢈ା࢞ࢇ
(࢟ା࢞)(࢈ାࢇ) = ቀ − (࢞ࢇା࢟࢈)

(࢟ା࢞)(࢈ାࢇ)
ቁ+ ቀ − (࢟࢈ାࢠࢉ)

(ࢠା࢟)(ࢉା࢈)
ቁ + ቀ − (ࢠࢉା࢞ࢇ)

(࢞ାࢠ)(ࢇାࢉ)
ቁ 

⇒ − 
࢞ࢇ + ࢟࢈

ࢇ) + +࢞)(࢈ (࢟ =
ࢇ) − ࢞)(࢈ − (࢟
ࢇ) + ࢞)(࢈ + (࢟ +

࢈) − −࢟)(ࢉ (ࢠ
࢈) + +࢟)(ࢉ (ࢠ +

ࢉ) − ࢠ)(ࢇ − (࢞
ࢉ) + ࢠ)(ࢇ +  (࢞

Luego: ⇒ ૢ − ∑ ࢟࢈ା࢞ࢇ
(࢟ା࢞)(࢈ାࢇ) =  +∑ (࢟ି࢞)(࢈ିࢇ)

(࢟ା࢞)(࢈ାࢇ) ≤ 

≤  +



ࢇ) − (࢈

ࢇ) + (࢈ +



࢞) − (࢟

࢞) +  (࢟

Lo cual es suficiente probar: ∑ ࢉ
࢈ାࢇ

+ ∑ ࢠ
࢟ା࢞

≥  + 

∑ (࢈ିࢇ)

(࢈ାࢇ) + 

∑ (࢟ି࢞)

 (࢟ା࢞)

⇒
ࢉ

ࢇ + ࢈
+ 

ࢠ
࢞ + ࢟

≥  + 
ࢇ) − (࢈

ࢇ) + (࢈ + 
࢞) − (࢟

࢞) +  (࢟

⇒
ࢉ

ࢇ + ࢈
+ 

ࢠ
࢞ + ࢟

≥ ቆ
ࢇ) − (࢈

ࢇ) + (࢈ − ቇ + ቆ
࢞) − (࢟

࢞) + (࢟ − ቇ + ૡ 

⇒
ࢇ)ࢉ+ (࢈
ࢇ) + (࢈ + 

࢞)ࢠ + (࢟
࢞) + (࢟ ≥ −

࢈ࢇ
ࢇ) + (࢈ −

࢟࢞
࢞) + (࢟ + ૡ 

⇒ ࢈ࢇ) + ࢉ࢈ + (ࢇࢉ ൬


ࢇ) + +൰(࢈ ࢟࢞) + ࢠ࢟ + (࢞ࢠ ൬


࢞) + ൰(࢟ ≥
ૢ


 

Siendo: ࢞ = ,ࢇ ࢟ = ,࢈ ࢠ =  :Se obtiene lo siguiente .ࢉ

⇒ ࢟࢞) + ࢠ࢟ + (ࢠ࢞ ൬


࢞) + (࢟ +


࢟) + (ࢠ +


ࢠ) + ൰(࢞ ≥
ૢ


 

(LQQD). Probar en un triángulo ࢈ࢇ :
(࢈ାࢇ)ࢉ + ࢉ࢈

(ࢉା࢈)ࢇ + ࢇࢉ
(ࢇାࢉ)࢈ ≥

√
ࡾ
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⇒
࢈ࢇ

ࢇ)ࢉ + (࢈ +
ࢉ࢈

࢈)ࢇ + (ࢉ +
ࢇࢉ

ࢉ)࢈ + (ࢇ ≥
√ࡿ
ࢉ࢈ࢇ  

⇒
(࢈ࢇ)

ࢇ) + (࢈ +
(ࢉ࢈)

࢈) + (ࢉ +
(ࢇࢉ)

ࢉ) + (ࢇ ≥ √ࡿ 

De la siguiente desigualdad ∀	࢟,࢞, ࢠ ∈  :ାࡾ

࢟࢞) + ࢠ࢟ + (࢞ࢠ ቀ 
(࢟ା࢞) + 

(ࢠା࢟) + 
ቁ(࢞ାࢠ) ≥

ૢ


 ... (A) 

Sea: ࢞ = 
ࢇ

࢟, = 
࢈

, ࢠ = 
ࢉ
. La desigualdad equivalente en (A) es ... 

⇒ (࢈ࢇ)

(࢈ାࢇ) + (ࢉ࢈)

(ࢉା࢈) + (ࢇࢉ)

(ࢇାࢉ) ≥
ૢ


ࢉ࢈ࢇ
ࢉା࢈ାࢇ

≥ √ࡿ ... (LQQD) 

Lo cual es cierto ya que: 

ࢉ࢈ࢇૢ
ࢇ + ࢈ + ࢉ ≥ √ࡿ →

ૢ	 × 	ࡿࡾ
࢙ ≥ √ࡿ → ࡾૢ ≥ √࢙ →

√ࡾ
 ≥  ࢙

Solution 2 by Soumava Chakraborty-Kolkata-India 

Given inequality ⇔ 
ࢉ࢈ࢇ

∑ ࢈ࢇ

(࢈ାࢇ) ≥
√
ࡾ

 

⇔ 
ࢤࡾ

∑ ࢈ࢇ

(࢈ାࢇ) ≥
√
ࡾ
⇔ ∑ ࢈ࢇ

(࢈ାࢇ) ≥ √(1)    ࢤ 

Now, ∑ ࢈ࢇ

(࢈ାࢇ) ≥
(࢈ࢇ∑)

∑ࢇା∑࢈ࢇ
   (Bergstrom)   (2) 

Let’s first prove that: ∑࢈ࢇ ≥ √ࢤ 

⇔ ࢙ + ࡾ)࢘ + (࢘ ≥ √(3)   ࢤ 

Now, ࢙ + ࡾ)࢘ + (࢘ ≥ ൯࢘൫√࢙ + ࡾ)࢘ +  (࢘

≥ √࢙࢘ + = ൯ (Trucht)√࢙൫࢘ √࢙࢘ = √ࢤ 

⇒ (3) is true ⇒ ࢈ࢇ∑ ≥ √ࢤ   (A) 

Now, ∑ࢇ ≥ ࢇ)∑ − (࢈ + √ࢤ (Hadwiger – Finsler) 
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⇒ ࢈ࢇ ≥ࢇ + √ࢤ ⇒ࢇ ≤ ࢈ࢇ − √ࢤ 

⇒ ࢇ ≤ ࢈ࢇ − ૡ√ࢤ ⇒ ࢇ + ࢈ࢇ ≤ ࢈ࢇ − ૡ√ࢤ 

⇒


∑ࢇ + ∑࢈ࢇ ≥


∑࢈ࢇ − ૡ√ࢤ
	ቀ∵ ࢈ࢇ − ૡ√ࢤ ≥ √ࢤ − ૡ√ࢤ > 0ቁ 

⇒ (∑ (࢈ࢇ

∑ࢇା∑࢈ࢇ
≥ (࢈ࢇ∑)

∑ି࢈ࢇૡ√ࢤ
   (4) 

(1), (2), (4) ⇒ it suffices to prove that (∑࢈ࢇ)

∑ି࢈ࢇૡ√ࢤ
≥ √ࢤ 

⇔ ቀ࢈ࢇቁ

≥ √ ቀ࢈ࢇቁࢤ − ࢤ 

⇔ ቀ࢈ࢇቁ

− √ ቀ࢈ࢇቁࢤ + ࢤ ≥  

⇔ ൫∑࢈ࢇ − √ࢤ൯൫∑࢈ࢇ − √ࢤ൯ ≥ , which is true,  

∵ ࢈ࢇ∑ ≥ √ࢤ  (from (A)) (Proved) 

 

148. If ࢻ + ࢼ + ࢽ =  :then ࣊

1. ࢻܛܗ܋
ାࢻܖܑܛ

+ ࢼܛܗ܋
ାࢼܖܑܛ

+ ࢽܛܗ܋
ାࢽܖܑܛ

= ࢘ିࡾା
࢘ାࡾା

 

2.	 ࢻܛܗ܋
ାࢻܖܑܛ

+ ܛܗ܋ ࢼ
ାܖܑܛ ࢼ

+ ܛܗ܋ ࢽ
ାࢽܖܑܛ

≥  − √ 

Proposed by Adil Abdullayev – Baku – Azerbaidjian  

Solution by George Apostolopoulos – Messolonghi – Greece  

We have 

ࢻܛܗ܋ .1
ାܖܑܛ ࢻ

+ ࢼܛܗ܋
ାࢼܖܑܛ

+ ࢽܛܗ܋
ାܖܑܛ ࢽ

= ିࢻܖܑܛ
ܛܗ܋ ࢻ

+ ିࢼܖܑܛ
ܛܗ܋ ࢼ

+ ିࢽܖܑܛ
ܛܗ܋ ࢽ

= 


ࢻܛܗ܋ +


ࢼܛܗ܋ +


ܛܗ܋ ࢽ −

ࢻܖ܉ܜ) + ࢼܖ܉ܜ + ܖ܉ܜ (ࢽ = 
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ࢻܛܗ܋ ⋅ ࢼܛܗ܋ + ࢼܛܗ܋ ⋅ ࢽܛܗ܋ + ܛܗ܋ ࢽ ⋅ ࢻܛܗ܋

ࢻܛܗ܋ ⋅ ࢼܛܗ܋ ⋅ ܛܗ܋ ࢽ − ࢻܖ܉ܜ) + ࢼܖ܉ܜ + ܖ܉ܜ  (ࢽ

It is well-known that 

ࢻܛܗ܋ ⋅ +ࢼܛܗ܋ ࢼܛܗ܋ ⋅ ܛܗ܋ ࢽ + ܛܗ܋ ࢽ ⋅ ࢻܛܗ܋ =
࢘ +  − ࡾ

ࡾ
 

ࢻܛܗ܋ ⋅ ࢼܛܗ܋ ⋅ ܛܗ܋ ࢽ =
 − (ࡾ + (࢘

ࡾ
 

ࢻܖ܉ܜ + ࢼܖ܉ܜ + ܖ܉ܜ ࢽ =
࢘

 − (ࡾ +  (࢘

So ࢻܛܗ܋
ାࢻܖܑܛ

+ ܛܗ܋ ࢼ
ାࢼܖܑܛ

+ ܛܗ܋ ࢽ
ାࢽܖܑܛ

= 

࢘ +  − ࡾ
ࡾ

 − (ࡾ + (࢘
ࡾ

−
࢘

 − (ࡾ + (࢘ =
࢘ +  − ࡾ − ࢘

 − (ࡾ + (࢘ = 

) − (࢘ − (ࡾ)

 − (ࡾ + (࢘ =
) + ࡾ − )(࢘ − ࡾ − (࢘
) + ࡾ + )(࢘ − ࡾ − (࢘ =

 + ࡾ − ࢘
 + ࡾ +  ࢘

࢘ିࡾା .2
࢘ାࡾା

= ࢘ି࢘ାࡾା
࢘ାࡾା

=  − ࢘
࢘ାࡾା

≥  − ࡾ
࢘ାࡾା

≥ 

≥  −
ࡾ

ቆ√ +  + 
ቇࡾ

=  −


√
 + 



=
√ + 
√ + 

=  − √. 

 

149. In acute – angled ࢤ	: 

 ቀܜܗ܋ ቁܜܗ܋ ൬
ܜܗ܋ ܖ܉ܜ ܖ܉ܜ 
ܖ܉ܜ + ܖ܉ܜ

൰ ≥ ቀܜܗ܋ቁ


 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

En un triángulo acutángulo . Probar que: 
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 ቀܜܗ܋ ቁܜܗ܋ ൬
ܜܗ܋ ܖ܉ܜ ܖ܉ܜ 
ܖ܉ܜ + ܖ܉ܜ

൰ ≥ ቀܜܗ܋ቁ


 

Dado que es un triángulo acutángulo:  < ܥ,ܤ,ܣ < ࣊

⇔ 

⇔ ܖ܉ܜ) , ܖ܉ܜ , ܖ܉ܜ ,( ܜܗ܋)  ܜܗ܋, , ܜܗ܋ ( > 0 

La desigualdad es equivalente, y por la desigualdad de Cauchy: 

 ቀܜܗ܋ ቁ൬ܜܗ܋
ܜܗ܋

ܜܗ܋ + ܜܗ܋
൰ ≥ 

≥ ቀܜܗ܋ ቁቆܜܗ܋
ܜܗ܋ 

ܜܗ܋  ܜܗ܋ + ܜܗ܋  ቇܜܗ܋ ≥ ቀܜܗ܋ቁ


 

Solution 2 by Soumitra Mandal – Chandar Nagore – India  

ቌܜܗ܋ ܜܗ܋
ࢉ࢟ࢉ

ቍቌ
ܜܗ܋ ܖ܉ܜ ܖ܉ܜ
ܖ܉ܜ  + ܖ܉ܜ

ࢉ࢟ࢉ

ቍ = 

= 
ܖ܉ܜ) + ܖ܉ܜ + (ܖ܉ܜ

ܖ܉ܜ ܖ܉ܜ ܖ܉ܜ  ቌ
ܜܗ܋ ܖ܉ܜ ܖ܉ܜ 
ܖ܉ܜ + ܖ܉ܜ

ࢉ࢟ࢉ

ቍ = 

= ቐ(ܖ܉ܜ + (ܖ܉ܜ
ࢉ࢟ࢉ

ቑቌ
ܜܗ܋

ܖ܉ܜ + ܖ܉ܜ 
ࢉ࢟ࢉ

ቍ ≥ ቌܜܗ܋
ࢉ࢟ࢉ

ቍ



 

Solution 3 by Soumava Chakraborty-Kolkata-India 

ܜܗ܋) ܖ܉ܜ (ܖ܉ܜ
ܖ܉ܜ) + ܖ܉ܜ ( =

ܜܗ܋) ܖ܉ܜ ܖ܉ܜ ܖ܉ܜ)( (
ܖ܉ܜ)} + {(ܖ܉ܜ)(ܖ܉ܜ  

=
(∏ ܜܗ܋)(ܖ܉ܜ (

ܖ܉ܜ) + ܖ܉ܜ (  

∴
ܜܗ܋)∑  ܖ܉ܜ (ܖ܉ܜ

ܖ܉ܜ) + (ܖ܉ܜ = ቀෑܖ܉ܜቁቈ
ܜܗ܋) (

ܖ܉ܜ) + (ܖ܉ܜ = 
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= ܖ܉ܜ∏) ( ቂ (ܜܗ܋∑)

 ቃ  (Bergstrom=)((ܖ܉ܜାܖ܉ܜ)∑)

= ቀܖ܉ܜቁ ቈ
(ܜܗ܋∑)

(∑ ܖ܉ܜ ( =
(ܜܗ܋∑)

  

Again (∑ܜܗ܋ (ܜܗ܋ =  

∴ ࡿࡴࡸ ≥  ቈ
(ܜܗ܋∑)


 = ቀܜܗ܋ቁ


=  ࡿࡴࡾ

 

150. In ࢤ the following relationship holds: 


ࡾ


ࢉ

ࢇ + ࢈
< 

ࢉ

ࡾࢇ + ࢘࢈
<


ࡾ

൬+ 
࢈
ࢇ
൰ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Mihalcea Andrei Stefan-Romania 

ࡾ
⋅ ࢉ

࢈ାࢇ
< ࢉ

࢘࢈ାࡾࢇ
⇔ 

ࡾ࢈ାࡾࢇ
< 

࢘࢈ାࡾࢇ
⇔ ࢘ < ܴ (true) 

⇒ 
ࡾ
∑ ࢉ

࢈ାࢇ
< ∑ ࢉ

࢘࢈ାࡾࢇ
. We’ll prove: ࢉ

࢘࢈ାࡾࢇ
< 

ࡾ
+ ࢈

ࢇࡾ
 

But ࢉ ≤
࢈ାࢇ

൬ࢉ

 = ࢇା࢈ିࢇି࢈ାܛܗ܋࢈ࢇ ࢉ


≤ ቀࢇା࢈

ቁ

൰ 

⇔
ࢇ + ࢈

ࡾࢇ + ࢘࢈
<

࢘

+
࢈
ࢇࡾ

⇔
ࢇ + ࢈

ࡾࢇ + ࢘࢈
<
ࢇ + ࢈
ࢇࡾ

⇔ ࢇࡾ < ܴܽ +  ݎܾ

⇔  < ⇒ true ݎܾ ∑ ࢉ

࢘࢈ାࡾࢇ
< 

ࡾ
ቀ + ∑ ࢈

ࢇ
ቁ 

Solution 2 by Soumava Chakraborty-Kolkata-India 
ࢉ

࢘࢈ାࡾࢇ
> ࢉ

࢈ࡾାࢇࡾ
⇔ ࡾ > ݎ → true, ∵ ࡾ ≥ ࢘ 

Similarly, ࢇ

࢘ࢉାࡾ࢈
> ࢇ

ࢉࡾା࢈ࡾ
 and, ࢈

࢘ࢇାࡾࢉ
> ࢈

ࢇࡾାࢉࡾ
 

Adding, ∑ ࢉ

࢘࢈ାࡾࢇ
> 

ࡾ
∑ ࢉ

࢈ାࢇ
 (proved 1st inequality) 
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ࢉ =
√ࢇ + ࢈ − ࢉ


=
ඥ(ࢇ+ (࢈ + ࢇ) − (࢈ − ࢉ


= 

=
ඥ(ࢇ+ (࢈ + ࢇ) − ࢈ + ࢇ)(ࢉ − ࢈ − (ࢉ


< 

<
ࢇ + ࢈


	(∵ ࢉ + ࢇ > ܾ; ܽ − ܿ − ܿ < ܽ	ݏܽ	0 < ܾ + ܿ) 

∴ ࢉ

࢘࢈ାࡾࢇ
< ࢈ାࢇ

(ࡾࢇା࢘࢈). Let’s prove: ࢇା࢈
(ࡾࢇା࢘࢈) < 

ࡾ
ቀ+ ࢈

ࢇ
ቁ = ࢈ାࢇ

 (ࡾ)ࢇ

⇔ ࡾࢇ < ܴܽ + ∴ which is true ,ݎܾ ࢉ

࢘࢈ାࡾࢇ
< ࢈ାࢇ

(ࡾࢇା࢘࢈) <
()


ࡾ
ቀ + ࢈

ࢇ
ቁ, 

Similarly, ࢇ

࢘ࢉାࡾ࢈
< ࢉା࢈

(ࡾ࢈ା࢘ࢉ) <
()


ࡾ
ቀ+ ࢉ

࢈
ቁ, and ࢈

࢘ࢇାࡾࢉ
< ࢇାࢉ

(ࡾࢉା࢘ࢇ) <
()


ࡾ
ቀ+ ࢇ

ࢉ
ቁ 

(1) + (2) + (3) ⇒ ∑ ࢉ

࢘࢈ାࡾࢇ
< 

ࡾ
ቀ+ ∑ ࢈

ࢇ
ቁ 

 

151. In ࢤ	 the following relationship holds: 

 ܛܗ܋

 ܛܗ܋


 ܛܗ܋


 − ඥܖܑܛ  ܖܑܛ ܖܑܛ 

 ≥ ܠ܉ܕ
ஸழஸଷ

൬ඥܖܑܛ  − ටܖܑܛ൰


 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un ࢤ	: 

 ܛܗ܋

 ܛܗ܋


 ܛܗ܋


 − ඥܖܑܛ  ܖܑܛ ܖܑܛ  ≥ ܠ܉ܕ

ஸழஸଷ
൬ඥܖܑܛ  − ටܖܑܛ൰


 

Si:  = ,  = . Además en un ࢤ	: 

 ܛܗ܋


ܛܗ܋



ܛܗ܋




= ܖܑܛ  + ܖܑܛ +  ܖܑܛ

ܖܑܛ  + ܖܑܛ  + ܖܑܛ  − ඥܖܑܛ ܖܑܛ  ܖܑܛ 
 ≥≥ ܖܑܛ൫ඥܠ܉ܕ −ඥܖܑܛ ൯


 

⇒ ܖܑܛ + ܖܑܛ + ܖܑܛ  − ඥܖܑܛ ܖܑܛ ܖܑܛ 
 ≥ 



 
www.ssmrmh.ro 

 
≥ ܖܑܛ + ܖܑܛ − ඥܖܑܛ  ܖܑܛ

⇒ ܖܑܛ + ඥܖܑܛ ܖܑܛ ≥ ඥܖܑܛ ܖܑܛ ܖܑܛ
  

⇒ ܖܑܛ + ඥܖܑܛ ܖܑܛ  + ඥܖܑܛ ܖܑܛ ≥ ඥܖܑܛ ܖܑܛ ܖܑܛ
   

(LQQD). Análogamente para los demás términos ... 

Solution 2 by Ravi Prakash - New Delhi – India  

We may assume ܖܑܛ ≥ ܖܑܛ ≥  ܖܑܛ

∴ ܠ܉ܕ
ஸழஸଷ

൬ඥܖܑܛ −ටܖܑܛ൰


= ൫ඥܖܑܛ − ඥܖܑܛ൯


= 

= ܖܑܛ + ܖܑܛ − ඥܖܑܛ  :. Also, in a triangleܖܑܛ

 ܛܗ܋

 ܛܗ܋


 ܛܗ܋


 = ܖܑܛ  + ܖܑܛ +  ܖܑܛ

Now, consider : 

 ܛܗ܋

 ܛܗ܋


 ܛܗ܋


 − (ܖܑܛ ܖܑܛ ܖܑܛ (


 − ܠ܉ܕ

ஸழஸଷ
൬ඥܖܑܛ  − ටܖܑܛ ൰



= 

= ܖܑܛ + ඥܖܑܛ ܖܑܛ − (ܖܑܛ ܖܑܛ  ܖܑܛ (

 ≥ 

≥ ቂܖܑܛ ൫ඥܖܑܛ ൯ܖܑܛ

ቃ

 − (ܖܑܛ ܖܑܛ (ܖܑܛ


 =  

 

152. Prove that in any triangle ∆ the following relationship holds: 

ࢇ

ࢇ࢙
+
࢈

࢈࢙
+
ࢉ

ࢉ࢙
≥ ඨ(ࢇ + ࢈ + (ࢉ ൬


ࢇ

+

࢈

+

ࢉ
൰ 

Proposed by Adil Abdullayev-Baku-Azerbaidjian 
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Solution 1 by Daniel Sitaru – Romania  

ࢄ = ൬
࢈
ࢉ

+
ࢉ
࢈
൰ ≥  


ࢇ

ࢇ࢙
=


൬

࢈
ࢉ

+
ࢉ
࢈
൰ ≥ ඨࢇ


ࢇ
↔ ࢄ ≥ √ + ࢄ ↔ ࢄ ≥  

 

153. In ࢤ the following relationship holds: 

ඥࢇ + (࢙ − (ࢇ + ࢇ(࢙ − (ࢇ ܛܗ܋ <  ࢙6

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumava Chakraborty-Kolkata-India 

Lets first prove that: ඥࢇ + (࢙ − (ࢇ + ࢇ(࢙ − (ࢇ ܛܗ܋ <  ࢙2

⇔ ࢇ + ࢙ − ࢇ࢙+ ࢇ + ࢇ(࢙ − (ࢇ ܛܗ܋ <  ࢙4

⇔ ࢇ + ࢈)ࢇ + (ࢉ ܛܗ܋ < ࢇ࢙2 = ࢇ)ࢇ + ࢈ +  (ࢉ

⇔ ࢈)ࢇ + (ࢉ ܛܗ܋ < ࢈)ܽ + (ࢉ ⇔ ܛܗ܋ < 1, which is true. 

Similarly, ඥ࢈ + (࢙ − (࢈ + ࢈(࢙ − (࢈ ܛܗ܋ <  ࢙2

And, ඥࢉ + (࢙ − (ࢉ + ࢉ(࢙ − (ࢉ ܛܗ܋ <  ࢙2

∴ > of (1) ࡿࡴࡸ ࢙2 + ࢙ + ࢙ = ࢙ (Proved) 

Solution 2 by Soumitra Mandal - Chandar Nagore – India 

In ࢤ, ܛܗ܋ , ܛܗ܋ , ܛܗ܋ ≤  

∴ ඥࢇ + (࢙ − (ࢇ + ࢇ(࢙ − (ࢇ ܛܗ܋
ࢉ࢟ࢉ

 

≤ඥࢇ + (࢙ − (ࢇ + ࢇ(࢙ − (ࢇ
ࢉ࢟ࢉ

= ࢙ 
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154. In ࢤ	the following relationship holds: 

ࢇ√ + ࢈√ + ࢉ√
ࢇ + ࢈ + ࢉ

≤
ࡾ
࢘
	. 

Proposed by George Apostolopoulos – Messolonghi – Greece 

Solution by Adil Abdullayev – Baku – Azerbaidjian  

ࡿࡴࡸ ≤ ࡿࡴࡾ ↔ ࢇ ࢈+ + ࢉ ≥
ࡾ + ࢘
ࡾ
࢘

→ 

→  = ࢇ + ࢈ + ࢉ ≥
ૡ࢘ࡾ + ࢘

ࡾ  

TERESHIN →  ≥ ࢘ࡾି࢘ି
ࡾ

≥ ૡ࢘ࡾା࢘

ࡾ
↔ 

 ≥ ࢘ࡾ + ࢘ = ࢘ࡾ − ࢘ − ࡾ)࢘ − ࢘) 

GERRETSEN + EULER inequality. 

 

155. If ࢟,࢞ > 0 then in ࢤ	 the following relationship holds: 

࢙) − ࢙)(࢈ − ࢞(ࢉ + ࢙) − ࢙)(ࢉ − ࢟(ࢇ + ࢙) − ࢙)(ࢇ − ࢞)(࢈ + (࢟ >  ࡿ࢟࢞2

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ = ࢙)࢞ − ࢙)(࢈ − ࢉ + ࢙ − (ࢇ + ࢙)࢟ − ࢙)(ࢇ − ࢉ + ࢙ −  (࢈

= ࢙)࢈࢞ − (࢈ + ࢙)ࢇ࢟ − (ࢇ ≥
ࡳି

࢟࢞ඥ࢙)࢈ࢇ − ࢙)(ࢇ −  (࢈

∴ it suffices to prove:  

࢟࢞ඥ࢙)࢈ࢇ − ࢙)(ࢇ − (࢈ > ࢙)࢙ඥ࢟࢞2 − ࢙)(ࢇ − ࢙)(࢈ −  (ࢉ

⇔ ࢈ࢇ > ࢙)ݏ − (ࢉ =
ࢇ) + ࢈ + ࢇ)(ࢉ + ࢈ − (ࢉ


 

⇔ ࢈ࢇ > ࢇ) + (࢈ − ࢉ ⇔ ࢉ > ࢇ) − (࢈ ⇔ ࢉ − ࢇ) − (࢈ > 0 
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⇔ ࢉ) + ࢇ − ࢉ)(࢈ − ࢇ + (࢈ > 0, which is true, ∵ ࢉ + ࢇ > ܾ and ࢈ + ࢉ > ܽ  

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

;࢈;ࢇ;࢟;࢞ :	ࢤ ࢉ ∈ (, +∞) 

) − )(࢈ − ࢞(ࢉ + ) − )(ࢇ − ࢟(ࢉ + ) − )(ࢇ − ࢞)(࢈ + (࢟ >  ࡿ࢟࢞2

ࢤ ⇒ ࢈ + ࢉ > ܽ ⇒ ࢇ − ࢈) + (ࢉ < 0 

ࢇ) + ࢉ − ࢇ൫(࢈ − ࢈) + ൯(ࢉ < 0 ⇒ ࢇ)] − (࢈ + [ࢉ ⋅ ࢇ)] − (࢈ − [ࢉ < 0 

ࢇ) − (࢈ − ࢉ < 0 ⇒ ࢇ + ࢈ + ࢈ࢇ − ࢉ <  ࢈ࢇ4

ࢇ) + (࢈ − ࢉ < ࢈ࢇ4 ⇒ ࢇ) + ࢈ + (ࢉ ⋅ ࢇ) + ࢈ − (ࢉ <  ࢈ࢇ4

 ⋅ ) − (ࢉ < ܾܽ ⇒ ඥ) − (ࢉ < |࢈ࢇ√ ⋅ ඥ( − )(ࢇ −  (࢈

ඥ) − )(ࢇ − )(࢈ − (ࢉ < ඥ)࢈ࢇ − )(ࢇ − |(࢈ ⋅ ࢟࢞ 

ࡿ࢟࢞ < ࢟࢞2 ⋅ ඥ)࢈ࢇ − )(ࢇ −  (*)  (࢈

࢟࢞ ⋅ ඥ)࢈ࢇ − )(ࢇ − (࢈ ≤
࢟ࢎࢉ࢛ࢇ

ૡ( − ࢞(࢈ + ࢇ ⋅ ) − ࢟(ࢇ = 

= ) − )(࢈ − ࢇ +  − ࢞(ࢉ + ) − )(ࢇ − ࢈ +  − ࢟(ࢉ = 

= ) − )(࢈ − ࢞(ࢉ + ) − )(ࢇ − ࢟(ࢉ + ) − )(ࢇ − ࢞)(࢈ +  (**) (࢟

(*); (**) ⇒ ࡿ࢟࢞ < ) − )(࢈ − ࢞(ࢉ + ) − )(ࢇ − ࢟(ࢉ + ) − )(ࢇ − ࢞)(࢈ +  (࢟

 

156. Prove that in any triangle : 

ࢇ

ࢇ
+
࢈

࢈
+
ࢉ

ࢉ
≥
࢈√ + ࢉ√
√ࢇ

+
ࢉ√ + ࢇ√
√࢈

+
ࢇ√ + ࢈√
√ࢉ

. 

where ࢇ, ,࢈  .respectively ,, are internal angle bisectors from ࢉ

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࢇ :

ࢇ
+ ࢈

࢈
+ ࢉ

ࢉ
≥ ࢉ√ା࢈√

√ࢇ
+ ࢇ√ାࢉ√

√࢈
+ ࢈√ାࢇ√

√ࢉ
. 
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Teniendo en cuenta las siguientes identidades y desigualdades: 

ࢇ ≥
࢈ + ࢉ


ܛܗ܋



࢈, ≥
ࢉ + ࢇ


ܛܗ܋



ࢉ, ≥
ࢇ + ࢈


ܛܗ܋



 

ࢇ =
ࢉ࢈
࢈ + ࢉ

ܛܗ܋



, ࢈ =
ࢇࢉ
ࢉ + ࢇ

ܛܗ܋



, ࢉ =
࢈ࢇ
ࢇ + ࢈

ܛܗ܋



 

Reemplazando en la desigualdad inicial es equivalente: 

ࢇ

࢈
+
࢈

࢈
+
ࢉ

ࢉ
≥

࢈) + (ࢉ

ࢉ࢈
+

ࢉ) + (ࢇ

ࢇࢉ
+

ࢇ) + (࢈

࢈ࢇ
≥ 

≥
࢈) + ൯ࢉ࢈√൫(ࢉ

ࢉ࢈ +
ࢉ) + ൯ࢇࢉ√൫(ࢇ

ࢇࢉ +
ࢇ) + ൯࢈ࢇ√൫(࢈

࢈ࢇ  

⇒
ࢇ

ࢇ
+
࢈

࢈
+
ࢉ

ࢉ
≥

࢈) + (ࢉ

ࢉ࢈
+

ࢉ) + (ࢇ

ࢇࢉ
+

ࢇ) + (࢈

࢈ࢇ
≥ 

≥
࢈ + ࢉ
√ࢉ࢈

+
ࢉ + ࢇ
√ࢉ࢈

+
ࢇ + ࢈
√࢈ࢇ

 

⇒
ࢇ

ࢇ
+
࢈

࢈
+
ࢉ

ࢉ
≥

࢈) + (ࢉ

ࢉ࢈
+

ࢉ) + (ࢇ

ࢇࢉ
+

ࢇ) + (࢈

࢈ࢇ
≥ 

≥
࢈√
√ࢉ

+
ࢉ√
√࢈

+
ࢉ√
√ࢇ

+
ࢇ√
√ࢉ

+
ࢇ√
√࢈

+
࢈√
√ࢇ

 

⇒
ࢇ

ࢇ
+
࢈

࢈
+
ࢉ

ࢉ
≥

࢈) + (ࢉ

ࢉ࢈
+

ࢉ) + (ࢇ

ࢇࢉ
+

ࢇ) + (࢈

࢈ࢇ
≥ 

≥ ࢉ√ା࢈√
√ࢇ

+ ࢇ√ାࢉ√
√࢈

+ ࢈√ାࢇ√
√ࢉ

 … (LQQD) 

 

157. In ࢤ	 the following relationship holds: 

ࢇ + ࢈ + ࢉ ≥ ૡ࢙࢘
ࢇ

࢈ − ࢉ࢈ +  ࢉ

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Soumitra Mandal - Chandar Nagore – India 

ૡ࢙࢘
ࢇ

࢈ − ࢉ࢈ + ࢉ
ࢉ࢟ࢉ

≤ ૡ࢙࢘
ࢇ

ࢉ࢈
ࢉ࢟ࢉ

 

applying A.M ≥ G.M 

=
ૡ࢙࢘
ࢉ࢈ࢇ ቌ

ࢇ

ࢉ࢟ࢉ

ቍ =
ૡ࢙࢘
ࡾࡿ ቌࢇ

ࢉ࢟ࢉ

ቍ ≤ࢇ

ࢉ࢟ࢉ

 

since, ࡾ ≥ ࢘ and ࡿ =  ࢙࢘

ૡ࢙࢘
ࢇ

࢈ − ࢉ࢈ + ࢉ
ࢉ࢟ࢉ

≤ࢇ

ࢉ࢟ࢉ

 

Solution 2 by Seyran Ibrahimov-Baku-Azerbaidjian 

ࡿࡴࡾ ≤ ૡ࢙࢘ ቆ
ࢇ

ࢉ࢈
+
࢈

ࢉࢇ
+
ࢉ

࢈ࢇ
ቇ = ૡ࢙࢘ ቆ

ࢇ + ࢈ + ࢉ

ࢉ࢈ࢇ
ቇ = 

= ࡿࡾ ∙

ࢉ࢈ࢇ

∙ ࢇ) + ࢈ + (ࢉ = ࢇ + ࢈ +  ࢉ

 

158. In ࢤ  the following relationship holds: 

൬
ࢇࢇ

࢈
+ ൰࢈


+ ൬

࢈ࢇ

ࢇ
+ ൰࢈


≥ (࢙ − ࢘ − ࢘ࡾ) 

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ = ࢇ ቈ൬
ࢇ

࢈
൰


+ ൬
࢈

ࢇ
൰

 + ࢇ + ࢈ࢇ ൬

ࢇ

࢈
൰ + ൬

࢈

ࢇ
൰൨ ≥ 

≥ ࢇ + ࢈ࢇ =
(ࡹࡳିࡹ	࢟࢈)

(࢙ − ࢘ࡾ − (࢘ =  ࡿࡴࡾ
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159. In ࢤ	 the following relationship holds: 

ࢇ࢝

ࢉ࢈√
+

࢈࢝

ࢇࢉ√
+

ࢉ࢝

࢈ࢇ√
≤
√ૠ


ඨܜܗ܋



⋅ ܜܗ܋



⋅ ܜܗ܋




 

Proposed by George Apostolopoulos – Messolonghi – Greece 

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo :  

ࢇ࢝

ࢉ࢈√
+ ࢈࢝

ࢇࢉ√
+ ࢉ࢝

࢈ࢇ√
≤ √ૠ


ටܜܗ܋ 


⋅ ܜܗ܋


⋅ ܜܗ܋ 


= ⋯ (A) 

Teniendo cuenta las siguientes identidades y desigualdades en un 

triangulo  
࢈ࢇ

+ 
ࢉ࢈

+ 
ࢇࢉ

= 
࢘ࡾ

 ,
ࡾ

= ܛܗ܋ 

ܛܗ܋ 


ܛܗ܋ 


≤ √

ૡ
, 


࢘

= ܜܗ܋


ܜܗ܋



ܜܗ܋




; )ඥࢇ࢝	 − ࢈࢝,(ࢇ ≤ ඥ) − ࢉ࢝,(࢈ ≤ ඥ) −  (ࢉ

Por la desigualdad de Cauchy en … (A): 

ࢇ࢝

ࢉ࢈√
+

࢈࢝

ࢇࢉ√
+

ࢉ࢝

࢈ࢇ√
≤ ඨ൫ࢇ࢝

 ࢈࢝+
 + ࢉ࢝

൯ ൬

࢈ࢇ

+

ࢉ࢈

+

ࢇࢉ
൰ ≤ ටቀ


ࡾ

ቁ ቀ

࢘
ቁ ≤ 

≤ ඨ√


ܜܗ܋


ܜܗ܋



ܜܗ܋




=
√ૠ


ඨܜܗ܋



ܜܗ܋



ܜܗ܋




 

 

160. Let  be an arbitrary triangle and ࢹ is the first Brocard Point of . 

Let ࢉࡾ,࢈ࡾ,ࢇࡾ then circumradius of triangles ࢹ,ࢹ,ࢹ respectively. 

Prove that ࢇࡾ ⋅ ࢈ࡾ ⋅ ࢉࡾ =  ࡾ

where ࡾ is the circumradius of . 

Proposed by Mehmet Șahin – Ankara – Turkey 



 
www.ssmrmh.ro 

 
Solution by Daniel Sitaru – Romania  

ࢇࡾ =
ࢉ

 ࣊൫ܖܑܛ − ࣓ − ) −࣓)൯
=
ܖܑܛࡾ
 ܖܑܛ

 

ෑࢇࡾ = ෑ
ܖܑܛࡾ 
ܖܑܛ =  ࡾ

161. In ࢤ	 the following relationship holds: 

൬
࢙ − ࢇ
࢙ − ൰࢈



≥
ܛܗ܋ ܛܗ܋

 − 


ܛܗ܋ ܛܗ܋
 −


 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  


(࢙ − (ࢇ

(࢙ − (࢈ ≥
ܛܗ܋ ቀܛܗ܋

 − 
 ቁ

ܛܗ܋ ܛܗ܋ ቀ
 − 
 ቁ

 

La desigualdad es equivalente: ∑ቀ࢈ାࢉ
ࢇାࢉ

ቁ

≥ ∑ ࢉା࢈

࢈ାࢇ
 

⇒ ൬
࢈ + ࢉ
ࢉ + ൰ࢇ



+ ൬
ࢉ + ࢇ
ࢇ + ൰࢈


+ ൬

ࢇ + ࢈
࢈ + ൰ࢉ



≥
࢈ + ࢉ
ࢇ + ࢈ +

ࢇ + ࢈
ࢉ + ࢇ +

ࢉ + ࢇ
࢈ +  ࢉ

Siendo: ࢞, ࢠ,࢟ ∈ ℝ, se cumple la siguiente desigualdad: 

࢞ + ࢟ + ࢠ ≥ +࢟࢞ ࢠ࢟ + ࢞ :Desde que .࢞ࢠ = ࢈ାࢇ
ࢉା࢈

࢟, = ࢉା࢈
ࢇାࢉ

, ࢠ = ࢇାࢉ
࢈ାࢇ

, nos 

resulta: ⇒ ቀ࢈ାࢉ
ࢇାࢉ

ቁ


+ ቀࢉାࢇ
࢈ାࢇ

ቁ


+ ቀࢇା࢈
ࢉା࢈

ቁ

≥ ࢉା࢈

࢈ାࢇ
+ ࢈ାࢇ

ࢇାࢉ
+ ࢇାࢉ

ࢉା࢈
 … (LQQD) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ = ൬
࢈ + ࢉ
ࢉ + ൰ࢇ



+ ൬
ࢉ + ࢇ
ࢇ + ൰࢈


+ ൬

ࢇ + ࢈
࢈ + ൰ࢉ
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ࡿࡴࡾ = 
ܖܑܛ + 

 ܛܗ܋ − 


ܖܑܛ + 
 ܛܗ܋ − 


= 

ܖܑܛ + ܖܑܛ 
ܖܑܛ + ܖܑܛ

 

= ∑ ࢉା࢈
࢈ାࢇ

= ࢉା࢈
࢈ାࢇ

+ ࢈ାࢇ
ࢇାࢉ

+ ࢇାࢉ
ࢉା࢈

. Let ࢞ = ࢉା࢈
ࢇାࢉ

࢟, = ࢇାࢉ
࢈ାࢇ

, ࢠ = ࢈ାࢇ
ࢉା࢈

 

Given inequality ⇔ ࢞∑ ≥ ∑ 
࢞

= ࢟࢞∑
ࢠ࢟࢞

= ∵) ࢟࢞∑ ࢠ࢟࢞ = ) 

which is true (Proved) 

162. In ࢤ	 the following relationship holds: 

ቀܖܑܛቁ

≥ ටෑܖܑܛ 


+

ૠ∏ ܖܑܛ 
ܖܑܛ∑)  (ܖܑܛ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo (ܖܑܛ∑) : − ඥ∏ܖܑܛ ≥ ૠ∏ܖܑܛ 
ܖܑܛ∑)  (ܖܑܛ

En un triángulo , se cumple lo siguiente: ܖܑܛ , ܖܑܛ , ܖܑܛ  > 0 

La desigualdad es equivalente: 

ቈቀܖܑܛ ቁ

− ටෑܖܑܛ


 ቀܖܑܛ ቁܖܑܛ


≥ ૠෑܖܑܛ 

Lo cual es cierto ya que, por: MA ≥ MG 

ቀܖܑܛ ቁ

− ටෑܖܑܛ 


≥ ටෑܖܑܛ 


∧ ቀܖܑܛ  ܖܑܛ ቁ


≥ ૢටෑܖܑܛ 


 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

ܖܑܛ = ࢞
ܖܑܛ = ࢟
ܖܑܛ  = ࢠ

ൡ 
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࢞) + ࢟ + (ࢠ ≥  ⋅ ඥ࢞࢟ࢠ +
ૠ∏࢞

(࢟࢞∑) =  ⋅ ඥ࢞࢟ࢠ + ൮



࢞ + 

࢟ + 
ࢠ
൲



 

 ⋅ ඥ࢞࢟ࢠ + ൮



࢞ + 

࢟ + 
ࢠ

൲



≤
ࡹࡴஹࡹࡳ

 ⋅ ඥ࢞࢟ࢠ +  ⋅ ඥ࢞࢟ࢠ = 

=  ⋅  ⋅ ඥ(࢟࢞) ⋅ 	(ࢠ࢟) ⋅ (࢞ࢠ) + ඥ࢞࢟ࢠ ≤  ⋅ ࢟࢞) + ࢠ࢟ + (࢞ࢠ + 

࢞)+ + ࢟ + (ࢠ = ࢞) + ࢟ + (ࢠ = ܖܑܛ) + ܖܑܛ + ܖܑܛ  (

Solution 3 by Anas Adlany-El Jadida-Morroco 

First, set 

ࢄ = ()ܖܑܛ ; ഥࢄ	 = 


()ܖܑܛ ࢅ; = ෑ()ܖܑܛ 

So the inequality to prove is ࢄ ≥ √ࢅ + ૠࢅ
ࢄࢅ

⇔ ࢄ ≥ √ࢅ + ૠ
ࢄ

 

But, by Cauchy’s inequality we have ૠ
ࢄ
≤ ૠ

ૡ
ࢄ = ࢄ


 

And the fact that (AM-GM) ࢄ ≥ √ࢅ  

Combining all these inequality, we shall have obtained the desired 

inequality. 

Solution 4 by Nirapada Pal-India 

(ܖܑܛ∑) ≥ ቂ(ܖܑܛ ܖܑܛ (ܖܑܛ

ቃ


 by AM ≥ GM 

= ܖܑܛ)ૢ ܖܑܛ ܖܑܛ (

 = (ܖܑܛ ܖܑܛ ܖܑܛ (


 + (ܖܑܛ ܖܑܛ ܖܑܛ (


 = 

= ටෑܖܑܛ


+
ૠ∏ܖܑܛ 

(ܖܑܛ ܖܑܛܖܑܛ (

൨
 = 
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= ඥ∏ܖܑܛ  + ૠ∏ ܖܑܛ 
   by GM ≤ AM[ܖܑܛܖܑܛ∑]

Solution 5 by Soumava Chakraborty – Kolkata – India  

Given inequality ⇔ 

ܖܑܛ  + ܖܑܛ ܖܑܛ ≥ ටෑܖܑܛ 


+ ૠ
ܖܑܛ∏ 

ܖܑܛ∑)  (ܖܑܛ

Now, ∑ܖܑܛ ≥
ࡳି

ඥ∏ܖܑܛ  ∴ it suffices to prove: ࢞ ≥ ࢟ + ૠ࢟

࢞
 

(where ࢞ = ܖܑܛ∑ ࢟ and ܖܑܛ = ඥ∏ܖܑܛ  ) 

⇔ ࢞ − ࢞࢟ − ૠ࢟ ≥  ⇔ ࢚ − ࢚ − ૠ ≥  ቀ࢚ = ࢞
࢟
ቁ 

⇔ ࢚) − )(࢚ + ࢚ + ૢ) ≥  ⇔ ࢚ ≥  

ࢤ < 0 ⇒ ࢚ + ࢚ + ૢ > 0 

But ∑ܖܑܛ ܖܑܛ ≥ ඥ∏ܖܑܛ  ⇒ ࢞ ≥ ࢟ ⇒ ࢚ ≥  (Proved) 

 

163. In ࢤ	 the following relationship holds: 


ܖܑܛ +


ܖܑܛ +


ܖܑܛ  ≥

ඨ+
√ࢇ࢈ + ࢉ࢈ + ࢇࢉ

ࡿ  

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty – Kolkata – India  

In ࢤ	, 
ܖܑܛ

+ 
ܖܑܛ 

+ 
ܖܑܛ

≥ ට+ ඥ∑ࢇ࢈

ࢤ
 

Given inequality ⇔ ࡾቀ∑ 
ࢇ
ቁ ≥ ට + ඥ∑ࢇ࢈

ࢤ
 

⇔ ࡾቆ
࢈ࢇ∑
ࢉ࢈ࢇ

ቇ ≥ ඨ+
ඥ∑ࢇ࢈

ࢤ
⇔

(࢈ࢇ∑)ࡾ
ࢤࡾ

≥ ඨ+
 +ඥ∑ࢇ࢈

ࢤ
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⇔
(࢈ࢇ∑)

ࢤ
≥ +

ඥ∑ࢇ࢈

ࢤ
⇔

࢈ࢇ∑

ࢤ
+
ࢉ࢈ࢇ(࢙)

ࢤ
≥  +

ඥ∑ࢇ࢈

ࢤ
 

⇔
࢈ࢇ∑

ࢤ
+
(࢙࢘ࡾ)(࢙)

࢙࢘
≥  +

ඥ∑ࢇ࢈

ࢤ
 

⇔ ࢈ࢇ∑

ࢤ
− ඥ∑ࢇ࢈

ࢤ
+  + ࡾ

࢘
≥ ૡ    (i) 

Now, ࡾ
࢘
≥ ૡ    (1) (Euler) and  

࢈ࢇ∑

ࢤ
−
ඥ∑ࢇ࢈

ࢤ
+  = ൭

ඥ∑ࢇ࢈

ࢤ
൱


− ൭
ඥ∑ࢇ࢈

ࢤ
൱ ⋅  +  

= ൬ඥ∑ࢇ
࢈

ࢤ
− ൰


≥    (2) 

(1) + (2) ⇒ (i) is true (Proved) 

 

164. In ࢤ	,࣓− Brocard angle, ࢹ − first Brocard point: 

ࢇ + ࢈ + ࢉ ≤ ࡿ ࣓ܜܗ܋
ࢹ ⋅ ࢹ
࢈ࢇ

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

En un triángulo ,࣓− Brocard angle, ࢹ − first Brocard point: 
ࢉା࢈ାࢇ

ࡿ
≤ ∑࣓ܜܗ܋ ࢹࢹ

࢈ࢇ
. De la desigualdad Hayashi: 

ࡼࡼ
࢈ࢇ +

ࡼࡼ
ࢉ࢈ +

ࡼࡼ
ࢇࢉ ≥  

࣓ܜܗ܋ = ܜܗ܋ + ܜܗ܋ +  (Punto Brocard) ܜܗ܋

La desigualdad es equivalente: Siendo ࡼ = ࢹ − first Brocard point 

∑࣓ܜܗ܋ ࢹࢹ
࢈ࢇ

≥ ܜܗ܋) + ܜܗ܋ + ()(ܜܗ܋ = ࢉା࢈ାࢇ

ࡿ
 … (LQQD) 
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Solution 2 by Soumava Chakraborty – Kolkata – India  

In ࢤ	ࢇ∑, ≤ ࣓ܜܗ܋ࢤ∑ ࢹ⋅ࢹ
࢈ࢇ

, where ࣓ → Brocard angle and  

ࢹ → first Brocard point. For any point ࡼ in the plane of ࢤ, 

∑ ࡼ⋅ࡼ
࢈ࢇ

≥  (Hayashi’s inequality) 

∴ ∑ ࢹ⋅ࢹ
࢈ࢇ

≥     (1) 

Again, ࣓ܜܗ܋ = ࢉା࢈ାࢇ

ࢤ
⇒ ࢤ ࣓ܜܗ܋ =     (2)ࢇ∑

(1) × (2) ⇒ ࢤ ∑࣓ܜܗ܋ ࢹ⋅ࢹ
࢈ࢇ

≥    (Proved)ࢇ∑

 

165. In ࢤ	 the following relationship holds: 


ࢇ + ࢇ + 

ࢇ√
≥ ૢ ൬࢘√ +


൰ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Myagmarsuren Yadamsuren – Darkhan – Mongolia  

ࢇ) − ) ≥  (True)⇒ ࢇ + ࢇ +  ≥ ࢇ + ࢇ +  

ࢇ + ࢇ +  ≥
(ࢇ + )


=  ⋅ ൬

 + ࢇ


൰ ⋅ ( + (ࢇ ≥
࢟ࢎࢉ࢛ࢇ

√ࢇ ⋅ ( +  (ࢇ

ࢇ + ࢇ +  ≥ √ࢇ ⋅ ( + (ࢇ ⇒
ࢇ + ࢇ + 

ࢇ√
≥
 ⋅ ࢇ + 


 


ࢇ + ࢇ + 

ࢇ√
≥

ࢇ + 


=  ⋅ ൬
ࢇ + ࢈ + ࢉ


+


൰ ≥
ஹ√

ૢ ⋅ ൬√ +


൰ 

Solution 2 by Soumava Chakraborty-Kolkata-India 

࢙ ≥ √࢘ ⇒ ࢙ ≥ ૢ√࢘ ⇒ ࢙ +
ૢ
 ≥  ࡿࡴࡾ
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∴ it suffices to show: ∑ ାࢇାࢇ
ࢇ√

≥ ࢙ + ૢ


 (i) 

Let us show: ࢇ
ାࢇା
ࢇ√

≥ ࢇ


+ 

   (1) 

⇔ ࢇ + ࢇ +  ≥ ࢇ√ࢇ + √ࢇ 

⇔ ࢚ + ࢚ +  ≥ ࢚ + ࢚ (where ࢚ =  (ࢇ√

⇔ ࢚ − ࢚ + ࢚ − ࢚ +  ≥  

⇔ ࢚) − ) (࢚ + ࢚ + )ᇣᇧᇧᇧᇤᇧᇧᇧᇥ
வ

≥ , which is true. Similarly, ࢈
ା࢈ା
࢈√

≥ ࢈


+ 


   

and ࢉ
ାࢉା
ࢉ√

≥ ࢉ


+ 

   (3) 

(1) + (2) + (3) ⇒ ∑ ାࢇାࢇ


≥ ࢙ + ૢ

⇒ (i) is true. (Proved) 

 

166. In ࢤ	,࣓− Brocard angle: 
࢙

ܖܑܛ + ܖܑܛ + ܖܑܛ 
≥

࢘
ඥ)ܖܑܛ − ࣓) )ܖܑܛ − ࣓) )ܖܑܛ − ࣓)  

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty – Kolkata – India  

In ࢤ	, ࢙
ܖܑܛ∑

≥ ࢘
ඥ(࣓ି)ܖܑܛ (࣓ି)ܖܑܛ (࣓ି)ܖܑܛ  

Now, ඥ)ܖܑܛ − ࣓) )ܖܑܛ − ࣓) )ܖܑܛ − ࣓) = ࣓ܖܑܛ√ =  ࣓ܖܑܛ

∴ given inequality ⇔ ࢙
ࢉశ࢈శࢇ
ࡾ

≥ ࢘
࣓ܖܑܛ

 

⇔
ࡾ࢙
ࡿ
≥

࢘
࣓ܖܑܛ

⇔ ࣓܋ܛ܋ ≤
ࡾ
࢘
⇔

ࡾ

࢘
≥  ࣓܋ܛ܋

⇔
ࡾ

࢘ ≥܋ܛ܋ = ( + (ܜܗ܋ =  + ܜܗ܋  



 
www.ssmrmh.ro 

 

= + ቀܜܗ܋ ܜܗ܋ + ܜܗ܋ቁ = + ቀܜܗ܋ቁ


=  + ቆ
ࢇ∑

ࢤ
ቇ


 

⇔ ࢘ିࡾ

࢘
≥ ൫∑ࢇ൯



࢙࢘
⇔ ࡾ − ࢘ ≥ ൫∑ࢇ൯



࢙
    (1) 

We shall now prove that: ࡾ − ࢘ ≥ ࢇ∑

ૡ࢙
    (2) 

(2) ⇔ ࡾ − ࢘ ≥ ࢉ࢈ࢇାࢉ࢈ࢇିࢇ∑
ૡ࢙

 

=
(࢙)(∑ࢇ − (࢈ࢇ∑

ૡ࢙
+
(࢙࢘ࡾ)

ૡ࢙
 

=
࢙ − ࢘ࡾ − ࢘


+
࢘ࡾ


=
࢙ − ࢘ࡾ − ࢘


 

⇔ ࡾ − ࢘ ≥ ࢙ − ࢘ࡾ − ࢘ ⇔ ࢙ ≤ ࡾ + ࢘ࡾ −     (3)࢘

Gerretsen ⇒ ࢙ ≤ ࡾ + ࢘ࡾ + ࢘   (4) 

∴ to prove (2), it suffices to prove that: 

ࡾ + ࢘ࡾ + ࢘ ≤ ࡾ + ࢘ࡾ −    (from (3), (4))࢘

⇔ ࢘ࡾ ≥ ࢘ ⇔ ࡾ ≥ ࢘, → true ⇒ (2) is true. 

∴ to prove (1), it suffices to prove that: 

ࢇ∑

ૡ࢙ ≥
(ࢇ∑)

࢙ ⇔ (࢙) ቀࢇቁ ≥ ቀࢇቁ


 

⇔ ቀࢇቁቀࢇቁ ≥ ቀࢇቁ


 

⇔ +࢈ࢇ) ࢈ࢇ − ࢇ࢈) + ࢉ࢈) + ࢉ࢈ − ࢈ࢉ) + +ࢇࢉ) ࢇࢉ − ࢉࢇ) ≥  

⇔ ࢇ)࢈ࢇ − (࢈ + ࢈)ࢉ࢈ − (ࢉ + ࢉ)ࢇࢉ − (ࢇ ≥ , 

which is true, equality at ࢇ = ࢈ = ࢉ ⇒ (1) is true (Proved) 
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167. In ࢤ	 the following relationship holds: 

ࢇ࢈ ܛܗ܋ ܛܗ܋ > ࡿ16 ܛܗ܋ ܛܗ܋ܛܗ܋  

Proposed by Daniel Sitaru – Romania  

Solution 1 by Myagmarsuren Yadamsuren – Darkhan – Mongolia  

ܖܑܛ  + ܖܑܛ  + ܖܑܛ  ≤
√
 < 3√; ܖܑܛ)	  + ܖܑܛ  + ܖܑܛ ) < 27| ⋅  ࡿ16

ࡿ < ૠ
ܖܑܛ) ାܖܑܛାܖܑܛ)

⋅ ࡿ ≤
ࡺࡻࡰࡾ

ቀ 
ܖܑܛ 

+ 
ܖܑܛ 

+ 
ܖܑܛ 

ቁ ⋅ ࡿ  

ࡿ <
ࡿ

ܖܑܛ  +
ࡿ

ܖܑܛ  +
ࡿ

ܖܑܛ  = 
 ⋅ ቀࢉ࢈ ⋅ ܖܑܛ  ቁ



ܖܑܛ 
= 

= ∑ ⋅(ࢉ࢈)⋅ܖܑܛ 
⋅ܖܑܛ ܛܗ܋⋅ 

= ∑ (ࢉ࢈)

ܛܗ܋ 
; ∑ (ࢉ࢈)

ܛܗ܋ 
> |ࡿ16 ⋅ ܛܗ܋  ⋅ ܛܗ܋  ⋅ ܛܗ܋  

(ࢉ࢈) ⋅ ܛܗ܋  ⋅ ܛܗ܋  > 16 ⋅ ࡿ ⋅ ܛܗ܋  ⋅ ܛܗ܋  ⋅ ܛܗ܋  

Solution 2 by Seyran Ibrahimov – Maasilli – Azerbaidjian  

ࢇ࢈ ܛܗ܋ ܛܗ܋ > ࡿ16 ܛܗ܋ ܛܗ܋ܛܗ܋  

ࢇ࢈ ܛܗ܋ ܛܗ܋  ≥
ࡹࡳିࡹ

ࢉ࢈ࢇ ⋅ ܛܗ܋ ܛܗ܋ ܛܗ܋  ࢉ࢈ࢇ√ ⋅ ܛܗ܋  ܛܗ܋ ܛܗ܋  

ࡿࡾ ⋅ ܛܗ܋ ܛܗ܋ ܛܗ܋ √ࡿࡾ ⋅ ܛܗ܋  ⋅ ܛܗ܋  ⋅ ܛܗ܋ > ࡿ16 ܛܗ܋  ⋅ ܛܗ܋  ⋅ ܛܗ܋  

ࡾ√ࡿࡾ ⋅ ܛܗ܋ ⋅ ܛܗ܋ ⋅ ܛܗ܋ > ࡿ4 ⋅ ܛܗ܋  ܛܗ܋ܛܗ܋

ૠࡾ ⋅ ࡿ ⋅ ܛܗ܋ ܛܗ܋ ܛܗ܋ > ࡿ16 ⋅ ܛܗ܋ ⋅ ܛܗ܋ܛܗ܋  

√
 ⋅

ࡾ

ࡿ > ܛܗ܋ ܛܗ܋  ܛܗ܋

ܛܗ܋ ܛܗ܋ܛܗ܋ ≤ 
ૡ

< √

⋅ ࡾ



ࡿ
⇒ ࡿ ≤ √ࡾ


⇒ 

ૡ
< 1 (proved) 
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168. In ࢤ	 the following relationship holds: 

ܖܑܛ)ࡾ ܖܑܛ  + ܖܑܛ ܖܑܛ  + ܖܑܛ  ܖܑܛ ) < 10(ࡾ −  (࢘

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Pal – Kolkata – India  

ܖܑܛ ܖܑܛ  ≤ ; ܖܑܛ	 ܖܑܛ  ≤ ; ܖܑܛ	 ܖܑܛ ≤  

⇒ ܖܑܛ∑)ࡾ (ܖܑܛ ≤ ࡾ and ࡾ ≥ ࢘ ≥ 
ૠ
࢘ ⇒ ૠࡾ >  ࢘10

⇒ ࡾ − ࢘ > ࢘3 ≥ ܖܑܛቀࡾ ܖܑܛ ቁ ⇒ (ࡾ − (࢘ > ܴ ቀܖܑܛ ܖܑܛ ቁ 

 

169. In acute-angled ࢤ	 the following relationship holds: 


ܜܗ܋ ܜܗ܋

ܜܗ܋ +  ܜܗ܋ 
+ 

ܜܗ܋ ܜܗ܋
ܜܗ܋  + ܜܗ܋

≥  

Proposed by Daniel Sitaru – Romania  

Solution 1 by Dang Thanh Tung-Vietnam 

Set ܜܗ܋  = ,ࢇ ܜܗ܋ = ;࢈ ܜܗ܋ = ࢉ ⇒ ࢈ࢇ + ࢉ࢈ + ࢇࢉ =  with ࢈,ࢇ, ࢉ > 0 

We prove that: ∑ ࢈ࢇ

ࢇା࢈
+ ∑ ࢈ࢇ

࢈ାࢇ
≥  

⇔ ࢈ࢇ∑ − ∑ ࢈ࢇ
ࢇା࢈

+ ∑ ࢈ࢇ
࢈ାࢇ

≥  ⇔ ∑ ࢈ࢇ
࢈ାࢇ

≥ ∑ ࢈ࢇ
ࢇା࢈

   (1) 

We have: ࢇ
࢈

࢈ାࢇ
≥ ࢈ࢇ

ࢇା࢈
⇔ ࢇ + ࢈ ≥ ࢇ)ࢇ + ࢈) 

⇔ ࢇ) − (࢈ ≥    (true)⇒ (1) true 

Equality when ࢇ = ࢈ = ࢉ = 
√
⇔  =  =  = ° 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 
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ܜܗ܋  = ࢞
ܜܗ܋ = ࢟
ܜܗ܋ = ࢠ

ൡ; ࡵ = ∑ ࢟⋅࢞

࢞ା࢟
+  ⋅ ∑ ࢟࢞

࢟ା࢞
≥  

࢞ ⋅ ࢟

࢟ + ࢞
+

࢞࢟
࢞ + ࢟

= ࢟࢞ ⋅ ቆ
࢟

࢟ + ࢞
+

(࢞) ⋅ ࢞
࢞) + ࢟) ⋅ ࢞

ቇ = 

= ࢟࢞ ⋅ ቆ
࢟

࢟ + ࢞ +
(࢞)

࢞ + ࢟࢞ቇ ≥ ࢟࢞ ⋅ ቆ
࢟) + ࢞)

࢟) + ࢞)ቇ =  ࢟࢞

ࡵ ≥ ࢟࢞∑ = ܜܗ܋∑ ⋅ ܜܗ܋ = ; ∑ܜܗ܋ ⋅ ܜܗ܋ =  (ASSURE) 

ܜܗ܋ ⋅ ܜܗ܋) + ܜܗ܋ ( + ܜܗ܋ ⋅ ܜܗ܋ = ܜܗ܋ ⋅ (ା)ܖܑܛ
ܖܑܛ ܖܑܛ 

+ ܜܗ܋ ⋅ ܜܗ܋ =  

=
ܛܗ܋

ܖܑܛ ⋅ ܖܑܛ 
+
ܛܗ܋ ⋅ ܛܗ܋ 
ܖܑܛ ⋅ ܖܑܛ 

=
+ܛܗ܋ ܛܗ܋ ⋅ ܛܗ܋ 

ܖܑܛ ⋅ ܖܑܛ 
= 

=
ܛܗ܋ ⋅ ܛܗ܋  − )ܛܗ܋ − (

ܖܑܛ ⋅ ܖܑܛ  =
ܖܑܛ ⋅ ܖܑܛ
ܖܑܛ ⋅ ܖܑܛ =  

 

170. In acute-angled ࢤ	 the following relationship holds: 

ࢉ࢈ࢇ ቀܛܗ܋ࢇቁ ≥ ૡࡿෑ(ࢇ ܛܗ܋ + ࢈  (ܛܗ܋

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo :  

ࢉ࢈ࢇ ቀܛܗ܋ࢇቁ ≥ ૡࡿෑ(ࢇ ܛܗ܋ + ࢈  (ܛܗ܋

Tener en cuenta la siguiente identidad "ࡿ" en un triángulo : 

ࡿࡾ =  :la desigualdad es equivalente … ࢉ࢈ࢇ

⇒ ࡿࡾ(ܖܑܛ + ܖܑܛ  + (ܖܑܛ ≥ 

≥ ܖܑܛ)ࡾ  + ܖܑܛ ܖܑܛ)( + ܖܑܛ ܖܑܛ)(  +  (ܖܑܛ

Dado qie es un triángulo acutángulo:  
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,, ∈< 0,
࣊


>→ ܖܑܛ , ܖܑܛ , ܖܑܛ > 0. 

(ܖܑܛ + ܖܑܛ  + ܖܑܛ ) = ૡ ܖܑܛ ܖܑܛ ܖܑܛ ≤ 

≤ ૡ ܖܑܛ ܖܑܛ  ܖܑܛ )ܛܗ܋ − ( −)ܛܗ܋ ( )ܛܗ܋ −  (

Lo cual es cierto ya que: )ܛܗ܋ (− )ܛܗ܋ − ( )ܛܗ܋ − ( ≤  

Solution 2 by Soumava Chakraborty-Kolkata-India 

ࢇ ܛܗ܋ + ࢈ ܛܗ܋ = ܖܑܛࡾ ܛܗ܋ + ࡾ ܖܑܛ  ܛܗ܋

= ܖܑܛ)ࡾ  + (ܖܑܛ = )ܖܑܛࡾ + ( )ܛܗ܋ − ( = 

= ܖܑܛࡾ )ܛܗ܋ − ( = ࢉ )ܛܗ܋ −  (

Similarly,  ܛܗ܋࢈  + ࢉ ܛܗ܋ = ࢇ −)ܛܗ܋ ࢉ  and ( ܛܗ܋ + ࢇ ܛܗ܋ = ࢈ −)ܛܗ܋  (

∴ ࢇ)∏ ܛܗ܋ + ࢈ (ܛܗ܋ = (ࢉ࢈ࢇ) )ܛܗ܋ (− )ܛܗ܋ − ( )ܛܗ܋ −  (1)  (

∵  < ,ܤ,ܣ ܥ <
࣊


, ∴ 	−
࣊


< ܣ − ܤ,ܤ − ܥ ܥ, − ܣ <
࣊


 

∴  < )ܛܗ܋ − ( , )ܛܗ܋ − ( , )ܛܗ܋ − ( ≤  

⇒ ࢉ࢈ࢇ ≥ ࢉ࢈ࢇ )ܛܗ܋ − ( −)ܛܗ܋ ( )ܛܗ܋ −  (

⇒ ࢉ࢈ࢇ ≥ ࢇ)∏ ܛܗ܋ + ࢈  (from (1)) (2)   (ܛܗ܋

∴ it suffices to prove: ࢇ࢈ࢉ(∑ࢇ (ܛܗ܋ ≥ ૡࡿࢉ࢈ࢇ (from (2)) 

⇔ ࡾࡿ ቀࢉ࢈ࢇ
ࡾ

ቁ ≥ ૡࡿࢉ࢈ࢇ ⇔ ૡࡿࢉ࢈ࢇ ≥ ૡࡿࢉ࢈ࢇ  (true) 

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

ࡿࡴࡾ ≥ |ࡿࡴࡸ ⋅ ૡࡿ 

ࡾ ⋅ ࢇ∑) ⋅ (ܛܗ܋ ≥ ∏ ⋅ ࢇ) ܛܗ܋ + ࢈ ࢤ(ܛܗ܋   (*) 

ෑ(ࢇ ܛܗ܋ + ࢈ (ܛܗ܋
ࢤ

≤
࢟ࢎࢉ࢛ࢇ

ቆ
 ⋅ ࢇ) ܛܗ܋ + ࢈ ܛܗ܋ + ࢉ (ܛܗ܋

 ቇ


= 

= ૡ
ૠ
⋅ ࢇ∑) ⋅  (**)   (ܛܗ܋
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(*); (**) ⇒  ⋅ ࢇ∑) (ܛܗ܋ ≥ ૡ
ૠ

ࢇ∑) (ܛܗ܋ 	,			ૠࡾ



≥ ࢇ∑) ⋅  (ܛܗ܋

√ࡾ


≥ ࢇ∑ ⋅  (ASSURE)   ܛܗ܋

ࢇ ⋅ ܛܗ܋ = ࡾ ⋅ ⋅
ࢇ
ࡾ ⋅ ܛܗ܋ = ࡾ ⋅ܖܑܛ = 

= ࡾ ⋅ ܖܑܛ) + ܖܑܛ  + ܖܑܛ ) ≤
√


⋅  ࡾ

 

171. Let ࢈,ࢇ, ࢈ࢇ be positive real numbers such that ࢉ + ࢉ࢈ + ࢇࢉ = . Prove 

that 

ࢇ + ࢈

࢈ + ࢉ࢈ + ࢉ
+

࢈ + ࢉ

ࢉ + ࢇࢉ + ࢇ
+

ࢉ + ࢇ

ࢇ + ࢈ࢇ + ࢈
≥ 2 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Siendo: ࢈,ࢇ, ࢈ࢇ ା de tal manera queࡾ números ࢉ + ࢉ࢈ + ࢇࢉ = . Probar 

que:  ࢇା࢈

࢈ା࢈ࢇାࢇ
+ ࢉା࢈

ࢉାࢉ࢈ା࢈
+ ࢇାࢉ

ࢇାࢉࢇାࢉ
≥   … (A) 

Ahora bien se puede observar claramente que ∀:࢞, ࢟ ∈ ℝା: 

࢞ .1
ା࢟ି࢟࢞
࢟࢞ା࢟ା࢞

≥ 

⇔ (࢞ − (࢟ ≥ ; 2. ࢞ + ࢟ + ࢠ ≥ ඥ(࢟࢞ + ࢠ࢟ +  ,(࢞ࢠ

࢞) .3 + ࢟)(࢟ + ࢠ)(ࢠ + (࢞ ≥ ૡ
ૢ

࢞) + ࢟ + ࢟࢞)(ࢠ + ࢠ࢟ + ,࢟,࢞:∀	(࢞ࢠ ࢠ > 0 

Desde que: ࢈,ࢇ, ࢉ > 0. Aplicando en … (A) → (MA ≥ MG) 


ࢇ + ࢈

ࢇ + ࢈ࢇ + ࢈
≥ ඨෑቆ

ࢇ − ࢈ࢇ + ࢈

ࢇ + ࢈ࢇ + ࢈
ቇෑ(ࢇ + (࢈


≥ 

≥ ඨ

ૠ	×

ૡ
ૢ

ࢇ) + ࢈ + ࢈ࢇ)(ࢉ + ࢉ࢈ + (ࢇࢉ


≥ ඨ

ૠ	×

ૡ
ૢ	× 		 × 	



=  
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172. In ࢤ the following relationship holds: 

|(ܖܑܛ  + ܖܑܛ)(ܛܗ܋ࢇ  + ࢈ −(ܛܗ܋  − |࢈ࢇ < 3 + ࢇ + ࢈ +  ࢉ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Ravi Prakash - New Delhi – India  

|(ܖܑܛ  + ࢇ ܖܑܛ)(ܛܗ܋ + ࢈ −(ܛܗ܋  − |࢈ࢇ = 

= ห ܖܑܛ  + ࢈ࢇ ܛܗ܋  + (ࢇ + (࢈ ܛܗ܋ ܖܑܛ −  − ห࢈ࢇ = 

= ࢈ࢇ)| − ) ܛܗ܋  + ࢇ) + (࢈ ܖܑܛ | ≤ ඥ(࢈ࢇ − ) + ࢇ) + (࢈ = 

= ඥ(ࢇ + )(࢈ + ) ≤



ࢇ)] + ) + ࢈) + )] =



ࢇ) + (࢈ +  

Similarly for other two expressions. 

Adding three expressions, we get desired inequality. 

Solution 2 by Soumava Chakraborty-Kolkata-India 
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(ܖܑܛ  + ࢇ ܖܑܛ)(ܛܗ܋  + ࢈ (ܛܗ܋ −  −  (*)   ࢈ࢇ

=  ቄቀඥࢇ +  ቁࣂܛܗ܋ ܖܑܛ  + ቀඥࢇ +  ቁࣂܖܑܛ  ቅܛܗ܋

ቄቀඥ࢈ +  ቁࣂܛܗ܋ ܖܑܛ + ቀඥ࢈ +  ቁࣘܖܑܛ ቅܛܗ܋ − 

−ቀඥࢇ + ࣂܛܗ܋ቁ ቀඥ࢈ + ࣘܛܗ܋ቁᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ


− ቀඥࢇ +  + ܖܑܛ ቁᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥࣂ
ࢇ

ቀඥ࢈ + ࣘܖܑܛቁᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ
࢈

 

= ඥࢇ + ඥ࢈ +  ࣂ)ܖܑܛ + ( ࣘ)ܖܑܛ + ( − 

−ඥࢇ + ඥ࢈ + (ܛܗ܋ ࣂ ࣘܛܗ܋ + ࣂܖܑܛ  (ࣘܖܑܛ

= ඥࢇ + ඥ࢈ + {ࣂ)ܛܗ܋ − ࣘ)− ࣂ)ܛܗ܋ + ࣘ + )} − 

ࢇ√− + √࢈ +  ࣂ)ܛܗ܋ − ࣘ)   (*) 

= −ඥ(ࢇ + )(࢈ + ) ࣂ)ܛܗ܋ + ࣘ + ) 

∴ |(ܖܑܛ  + ࢇ ܖܑܛ)(ܛܗ܋ + ࢈ (ܛܗ܋ −  −  (**)    |࢈ࢇ

= ඥ(ࢇ + )(࢈ + )|ࣂ)ܛܗ܋ + ࣘ + )| ≤ ඥ(ࢇ + )(࢈ + ) 

≤⏞
ஸࡳ

൫ࢇା൯൫࢈ା൯


   (**) 

∴ ࡿࡴࡸ ≤
ࢇ)∑ +  + ࢈ + )


=
∑ࢇ + 


= ࢇ +  =  ࡿࡴࡾ
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173. If in ࢤ	ࢇ, ≠ ࢈ ≠ ࢉ ≠  :then ࢇ


 + ࢇ

ࢇ ܖܑܛ ࢇ) − ࢇ)(࢈ − (ࢉ >


ࢉ࢈ࢇ√ࡿ  

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ = ࡾ


ࢇ)ࢇ − ࢇ)(࢈ − (ࢉ + ࡾ


ࢇ) − ࢇ)(࢈ −  (ࢉ

Now, ∑ 
(ࢉିࢇ)(࢈ିࢇ) = (࢈ିࢇ)ି(ࢇିࢉ)ି(ࢉି࢈)ି

(ࢇିࢉ)(ࢉି࢈)(࢈ିࢇ) =  




ࢇ)ࢇ − ࢇ)(࢈ − (ࢉ =
࢈)ࢉ࢈}− − (ࢉ + ࢉ)ࢇࢉ − (ࢇ + ࢇ)࢈ࢇ − {(࢈

ࢇ)ࢉ࢈ࢇ − ࢈)(࢈ − ࢉ)(ࢉ − (ࢇ  

= 	 −
ࢉ)࢈ − (ࢇ + ࢉ)ࢇࢉ − (ࢇ − ࢉ)࢈ − (ࢇ

ࢇ)ࢉ࢈ࢇ − ࢈)(࢈ − ࢉ)(ࢉ − (ࢇ  

= ࢉ)− − (ࢇ
࢈)ࢉ࢈ − (ࢉ + ࢈)࢈ࢇ − −(ࢉ ࢈)ࢇ − (ࢉ

ࢇ)∏ࢉ࢈ࢇ − (࢈  

= ࢉ)− − ࢈)(ࢇ − (ࢉ
࢈)ࢉ − (ࢇ + ࢈)࢈ࢇ − (ࢇ

ࢇ)∏ࢉ࢈ࢇ − (࢈  

=
ࢇ) − ࢈)(࢈ − ࢉ)(ࢉ − (࢈ࢇ∑)(ࢇ
ࢇ)ࢉ࢈ࢇ − ࢈)(࢈ − ࢉ)(ࢉ − (ࢇ >

ࡳି √ࢇ࢈ࢉ

ࢉ࢈ࢇ  

∴ ࡿࡴࡸ >  ඥࢇ࢈ࢉ

ࢉ࢈ࢇ
⋅ ࡾ ∴ it suffices to prove that: ࡾ൬

ඥࢇ࢈ࢉ

ࢉ࢈ࢇ
൰ ≥ 

ࡿ ࢉ࢈ࢇ√  

⇔ (ࢉ࢈ࢇ)ࡾ
ࢉ࢈ࢇ

≥ 
ࡿ
⇔ ࡾ

ࡿࡾ
≥ 

ࡿ
⇔ 

ࡿ
≥ 

ࡿ
   (true) (Proved) 

 

174. Prove that if in ∆ࢇ; ≠ ࢈ ≠ ࢉ ≠  :then ࢇ

 + ࢇ
࢈) − ࢉ)(ࢇ − (ࢇ ܖܑܛ +

 + ࢈
ࢉ) − ࢇ)(࢈ − (࢈ ܖܑܛ +

 + ࢉ
ࢇ) − ࢈)(ࢉ − (ࢉ ܖܑܛ  >


 ࡾ

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Daniel Sitaru – Romania  


 + ࢇ

࢈) − ࢉ)(ࢇ − (ࢇ ܖܑܛ
= 

 + ࢇ

࢈) − ࢉ)(ࢇ − (ࢇ ⋅ ࢉ࢈ࡿ
= 

=

ࡿ


( + ࢉ࢈(ࢇ

࢈) − ࢉ)(ࢇ − (ࢇ = 

=

ࡿ

ቆ
( + ࢉ࢈(ࢇ

ࢇ) − ࢇ)(࢈ − (ࢉ +
( + ࢉࢇ(࢈

࢈) − ࢈)(ࢇ − (ࢉ +
( + ࢈ࢇ(ࢉ

ࢉ) − ࢉ)(ࢇ − ቇ(࢈ = 

=

ࡿ

⋅
( + ࢈)ࢉ࢈(ࢇ − (ࢉ − ( + ࢇ)ࢉࢇ(࢈ − (ࢉ + ( + ࢇ)࢈ࢇ(ࢉ − (࢈

ࢇ) − ࢇ)(࢈ − ࢈)(ࢉ − (ࢉ = 

=

ࡿ

⋅
࢈)ࢉ − ࢉ࢈ − ࢉࢇ + ࢉࢇ + ࢈ࢇ − (࢈ࢇ
ࢉ࢈ − ࢉ࢈ − ࢉࢇ + ࢉࢇ + ࢈ࢇ − ࢈ࢇ

=

ࡿ

=

ࡿ

=

࢘

=

࢘

>

ࡾ

 

Solution 2 by Myagmarsuren Yadamsuren – Mongolia  

∑   :	ࢤ ࢙ାࢇ
(ࢇିࢉ)(ࢇି࢈) ܖܑܛ

> 
ࡾ

  (*) 

࢈) − ࢉ)(ࢇ − (ࢇ < ࢉ࢈2
ࢉ) − ࢇ)(࢈ − (࢈ < ࢇࢉ2
ࢇ) − ࢈)(ࢉ − (ࢉ < ࢈ࢇ2

ቑ (Assure) 

࢈) − ࢉ)(ࢇ − (ࢇ = ࢉ࢈ − ࢈)ࢇ + (ࢉ + ࢇ <  ࢉ࢈2

ࢇ ⋅ ൫ࢇ − ࢈) + ൯(ࢉ < ܾܿ (True); ࢈ + ࢉ > ࢇ ;ܽ ⋅ ൫ࢇ − ࢈) + ൯(ࢉ < 0 

ࢉ࢈ > 0; (*) ⇒ 

ࡿࡴࡸ >
࢙ + ࢇ

ࢉ࢈ ⋅ ܖܑܛ
+

࢙ + ࢈
ࢇࢉ ⋅ ܖܑܛ

+
࢙ + ࢉ

࢈ࢇ ⋅ ܖܑܛ 
=
࢙ + ࢙
࢙

= 

= ૡ࢙
࢙

= ࢙
࢙

= 
࢘

> 
࢘
 (True) 

 

175. In ࢤ	 the following relationship holds: 
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ܖܑܛ 
+



ܖܑܛ
+



ܖܑܛ 
≥

(࢘)

ࢇ + ࢈ + ࢉ
 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo :   

ࢇ) + ࢈ + (ࢉ ൬܋ܛ܋

 + ܋ܛ܋


 + ܋ܛ܋


൰ ≥

(࢘) 

1. De la siguiente desigualdad en un triángulo : 

ࢇ + ࢈ + ࢉ

ࡿ = ܜܗ܋ + ܜܗ܋ + ܜܗ܋ ≥ √ → 

→ ࢇ + ࢈ + ࢉ ≥ ࡿ√ 	∧ ܜܗ܋

 ܜܗ܋


 ܜܗ܋


 =


࢘ ≥ √ →  ≥ √࢘ 

Por la desigualdad Cauchy: 

⇒ (ࢇ + ࢈ + (ࢉ ≥ ࢇ) + ࢈ + )ࢉ ≥ ૡࡿ → ࢇ + ࢈ + ࢉ ≥ ࡿ = 

= ࢘ ≥ 	 × 	ૠ࢘ = ࢘ … (A) 

2. Asimismo se cumple otra desigualdad en un triángulo : 

܋ܛ܋ 


+ ܋ܛ܋ 


+ ܋ܛ܋ 

≥

ቀ܋ܛ܋ା܋ܛ܋

ା܋ܛ܋



ቁ



≥ ૡ … (B) 

Multiplicando (	 ×   … (	

⇒ ࢇ) + ࢈ + (ࢉ ቀ܋ܛ܋ 


+ ܋ܛ܋ 


+ ܋ܛ܋ 

ቁ ≥ (	 × 	ૡ)࢘ = (࢘) …  

 

176. In ࢤ	 the following relationship holds: 

ෑ(ࢇ + ࢈)(ࢇ + ࢈) < 64ෑ(࢙ +  (ࢇ

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Soumava Chakraborty-Kolkata-India 

ඥ(ࢇ + ࢈)(ࢇ + ࢈) ≤
ିࡳ ૡ(ࢇ + (࢈


 

⇒ (ࢇ + ࢈)(ࢇ + ࢈) ≤ (ࢇ       (1)(࢈+

Now, ࢇ
 = ࢈ାࢉିࢇ


= ࢇି(ࢉି࢈)ା(ࢉା࢈)


= (ࢇିࢉି࢈)(ࢇାࢉି࢈)ା(ࢉା࢈)


 

<
࢈) + (ࢉ


		ቀ∵ ࢇ + ࢈ > ܿ,∴ ࢇ + ࢈ − ࢉ > 0
∵ ࢈ < ܿ + ܽ,∴ ࢈ − ࢉ − ࢇ < 0ቁ ⇒ ࢇ <

࢈ + ࢉ


 

Similarly, ࢈ < ࢇାࢉ


 and ࢉ < ࢈ାࢇ


 

∴ (ࢇ + ࢈)(ࢇ + ࢈) ≤ (ࢇ +     (from (1))(࢈

<
(ࢇ)

	 ൬
࢈ + ࢉ
 +

ࢉ + ࢇ
 ൰



= (ࢇ + ࢈ + ࢉ + (ࢉ = (࢙ +  (ࢉ

Similarly, (࢈ + ࢉ)(࢈ + ࢉ) < 4(࢙ +     (b)(ࢇ

and (ࢉ + ࢇ)(ࢉ + ࢇ) < 4(࢙ +      (c)(࢈

(a) × (b) × (c) ⇒ ∏(ࢇ + ࢈)(ࢇ + ࢈) 

< 4(࢙ + (ࢉ ⋅ (࢙ + (ࢇ ⋅ (࢙ + (࢈ = ෑ(࢙ +  (ࢇ

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

:	ࢤ .1
ࢇ + ࢈ > ܿ
࢈ + ࢉ > ܽ
ࢉ + ࢇ > ܾ

ൡ ⇒ ࢙ + ࢇ = ࢈) + (ࢇ + ࢇ) + (ࢉ > ܾ + ܿ 

Similarly: ࢙ + ࢈ > ܽ + ܿ
࢙ + ࢉ > ܾ + ܽ 

࢈ + ࢉ ≥ √ࢉ࢈; ࢇ	 + ࢉ ≥ √ࢉࢇ; ࢇ	 + ࢈ ≥ √࢈ࢇ 

 ⋅ෑ(࢙ + (ࢇ > 64 ⋅ෑ൫√࢈ࢇ൯


=  ⋅ ૡ ⋅ ࢉ࢈ࢇ = ࢇ࢈ࢉ 

2. ∏(ࢇ + ࢈) ⋅ (ࢇ + ࢈) = ∏(ࢇ
 + ࢇ ⋅ ࢈ + ࢉ

) = 
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≥
࢟ࢎࢉ࢛ࢇ

ෑቆࢇ
 +  ⋅ ቆ

ࢇ
 + ࢈



 ቇ + ࢈
ቇ = ෑ൫ࢇ

 + ࢈
൯ = 

=  ⋅ෑቆ
࢈ + ࢉ − ࢇ


+
ࢇ + ࢉ − ࢈


ቇ =  ⋅ෑ

ࢉ


= ࢇ࢈ࢉ 

ࡿࡴࡸ ≤ ࢇ࢈ࢉ <  ܵܪܴ

 

Solution 3 by Soumitra Mandal - Chandar Nagore – India 

(ࢇ + ࢈) + (ࢇ + ࢈) = ൫ࢇ
 + ࢈

൯ + ࢈ࢇ 

<



(ࢉ + ࢇ + (࢈ +



(ࢉ +  (࢈ࢇ

∵ ࢇ
 = ࢈ାࢉିࢇ


࢈,

 = ࢉାࢇ


− ࢈


 and ࢈ࢇ ≤

ࢉା࢈ࢇ


 

need to prove, ࢉ + 


ࢇ) + (࢈ + ૠ

࢈ࢇ < 4(࢙ +  (ࢉ

⇔ ࢉ + ࢈ࢇ


< ࢈ାࢇ


+ ࢇ)ࢉ +   which is true ,(࢈

since, ࢉ < ܽ + ܾ and ࢇ + ࢈ ≥ ࢈ࢇ 

∴ෑ(ࢇ + ࢈)(ࢇ + ࢈)
ࢉ࢟ࢉ

< 64ෑ(࢙ + (ࢉ

ࢉ࢟ࢉ

 

 

177. In ࢤ	: 

ට
ࢇ

࢈ + ࢉ − ࢇ


+ ඨ ࢈
ࢉ + ࢇ − ࢈



+ ට
ࢉ

+ࢇ ࢈ − ࢉ


≤
ࡾ
࢘ . 

Proposed by George Apostolopoulos – Messolonghi - Greece 

Solution by Kevin Soto – Palacios – Huarmey – Peru  

Probar en un triángulo : ට ࢇ
ࢇିࢉା࢈

 + ට ࢈
࢈ିࢇାࢉ


+ ට ࢉ

ࢉି࢈ାࢇ
 ≤ ࡾ

࢘
. 
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Por la desigualdad de Holder:  

ࢇ) + ࢈ + (ࢉ ൬


࢈ + ࢉ − ࢇ
+


ࢉ + ࢇ − ࢈

+


ࢇ + ࢈ − ࢉ
൰ ( +  + ) ≥ 

≥ ቆට ࢇ
ࢇିࢉା࢈

 + ට ࢈
࢈ିࢇାࢉ


+ ට ࢉ

ࢉି࢈ାࢇ
 ቇ



… (A) 

Ahora recordar las siguientes identidades y desigualdad en un 

triángulo , se cumple lo siguiente: 

࢙) .1 − ࢙)(ࢇ − (࢈ + ࢙) − ࢙)(࢈ − (ࢉ + ࢙) − ࢙)(ࢉ − (ࢇ = ࡾ)࢘ +  (࢘

ࡿ .2 = ࢙࢘ = ࢙)࢙ − ࢙)(ࢇ − ࢙)(࢈ − ࡾ .3 ;(ࢉ ≥ ࢘ 

Por la tanto, en (A) se tiene lo siguiente: ࢙ ቀ 
ࢇି࢙

+ 
࢈ି࢙

+ 
ࢉି࢙

ቁ = 

= ࢙ ቆ
࢙) − ࢙)(ࢇ − (࢈ + ࢙) − ࢙)(࢈ − (ࢉ + ࢙) − ࢙)(ࢉ − (ࢇ

࢙)࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ ቇ =
(ࡾ + (࢘

࢘
≤ 

≤ ࡾૢ
࢘
≤ ࡾૢ

࢘
≤ ࡾૢ

ૡ࢘
. Por la transitividad tenemos en … (A): 

ૠࡾ

ૡ࢘ ≥ ࢇ) + ࢈ + (ࢉ ൬


࢈ + ࢉ − ࢇ +


ࢉ + ࢇ − ࢈ +


ࢇ + ࢈ − ൰ࢉ
() ≥ 

≥ ቌට
ࢇ

࢈ + ࢉ − ࢇ


+ ඨ ࢈
ࢉ + ࢇ − ࢈


+ ට

ࢉ
ࢇ + ࢈ − ࢉ


ቍ



 

⇒ ට
ࢇ

+࢈ ࢉ − ࢇ


+ ඨ ࢈
ࢉ + ࢇ − ࢈



+ ට
ࢉ

ࢇ + ࢈ − ࢉ


≤
ࡾ
࢘  

178. 
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 = ;ࢉ = ;࢈ = ࡱ :Prove that .ࢇ = ࢉ࢈ࢇ

 (ࢉା࢈)ࢇ

 
Proposed by Adil Abdullayev – Baku – Azerbaidian  

Solution by Daniel Sitaru – Romania  

ࡱ ∩ = ,{ࡲ} ࢇ ⋅ ࡱࡲ = ࡲ ⋅ ࡲ =  (ࡲ)࣋
 

ࡱࡲ =
ࢉ࢈ࢇ

࢈)ࢇ + (ࢉ ,
࢈

ܖܑܛ ቀ + 
ቁ

=
ࢇ

ܖܑܛ 
 

ࡱࡲ
ࡱ

=
ܖܑܛ

ܖܑܛ ቀ + 
ቁ

→
ࢉ࢈ࢇ

࢈)ࢇ + (ࢉ =
ܖܑܛࡱ

ܖܑܛ ቀ + 
ቁ

 

ࡱ =
ࢉ࢈ࢇ ܖܑܛ

࢈)ࢇ + (ࢉ ܖܑܛ
=

ࢉ࢈ࢇ ⋅ ࢈ࢇࡿ
࢈)ࢇ + (ࢉ ܖܑܛ

=
ࢉ࢈ࢇ

࢈)ࢇ +  (ࢉ

 

179. In acute-angled ࢤ	,ࢤ	,ࢤ	: 

൫ඥࡿ + ඥࡿ + ඥࡿ൯


< ࢇ + ࢇ + ࢇ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey  - Peru  

Probar en un triángulo ࢤ	,ࢤ	,ࢤ	: 
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൫ඥࡿ + ඥࡿ + ඥࡿ൯


< ࢇ + ࢇ + ࢇ 

Por la desigualdad de Cauchy: 

൫ඥࡿ +ඥࡿ + ඥࡿ൯

≤ (ࡿ + ࡿ + )(ࡿ +  + ) = (ࡿ + ࡿ +  (ࡿ

1. Ahora bien en un triángulo ࢠ࢟࢞ se cumple la siguiente desigualdad: 

࢞ࢇ∑ ≥ √࢞ࡿ. Por la tanto: 

ࢇ∑ + ࢇ∑ + ࢇ∑ ≥ √(ࡿ + ࡿ + (ࡿ > ࡿ)6 + ࡿ +  ) … (LQQD)ࡿ

Solution 2 by Soumitra Mandal - Chandar Nagore – India 

In acute ࢤ	 where  = , , 

൫ඥࡿ + ඥࡿ + ඥࡿ൯


< ࢇ

ࢉ࢟ࢉ

+ ࢇ

ࢉ࢟ࢉ

+ ࢇ

ࢉ࢟ࢉ

 

We know, ൫ඥࡿ + ඥࡿ + ඥࡿ൯


< ൫∑ ࡿ
ୀ ൯ 

now, ࢇ࢈ࢉ
ૡ

≥ ) − )(ࢇ − )(࢈ − ) where ࢉ = ࢇ + ࢈ +  ࢉ

∴ 

ඥࢇ࢈ࢉ(ࢇ + ࢈ + (ࢉ ≥ . Similarly, ࡿ


ඥࢇ࢈ࢉ(ࢇ + ࢈ + (ࢉ ≥  ࡿ

and 

ඥࢇ࢈ࢉ(ࢇ + ࢈ + (ࢉ ≥   ,. Now we knowࡿ

࢟࢞ + ࢠ࢟ + ࢞ࢠ ≥ ඥ࢞)ࢠ࢟࢞ + +࢟  ,so (ࢠ

ࡿ



ୀ

≤


√
൭(࢈ࢇ + ࢉ࢈ + (ࢇࢉ



ୀ

൱ ≤


√
൭൫ࢇ + ࢈ + ൯ࢉ



ୀ

൱ 

∴ ൫ඥࡿ + ඥࡿ + ඥࡿ൯

≤ ൭ࡿ



ୀ

൱ ≤
√

൭൫ࢇ + ࢈ + ൯ࢉ



ୀ

൱ 

< ࢇ

ࢉ࢟ࢉ

+ ࢇ

ࢉ࢟ࢉ

+ ࢇ

ࢉ࢟ࢉ

 

Solution 3 by Soumava Chakraborty-Kolkata-India 
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In any 3 triangles, ,,, 

൫ඥࡿ + ඥࡿ + ඥࡿ൯


<
()
ࢇ + ࢇ + ࢇ 

൫ඥࡿ + ඥࡿ + ඥࡿ൯

≤ (ࡿ + ࡿ +  )    (1)ࡿ

ቆ∵ ቀ࢞ቁ

≤ ࢞ቇ 

we shall prove that in any ࢤ	 with area ࡿ, 

࢈ࢇ ≥ √ࡿ ⇔ ࢙ + ࡾ)࢘ + (࢘ ≥ √ࡿ 

But ࢙ + ࡾ)࢘ + (࢘ ≥ ൯࢘൫√࢙ +  ൯√࢙൫࢘

(∵ ࢙ ≥ √࢘ and ࡾ + ࢘ ≥  ( (Trucht)√࢙

⇒ ࢙ + ࡾ)࢘ + (࢘ ≥ √࢙࢘ = √ࡿ 

∴ (ࡿ + ࡿ + (ࡿ < ൫√ࡿ + √ࡿ + √ࡿ൯ 

≤ࢇ࢈ + ࢇ࢈ + ࢇ࢈ ≤()
ࢇ +ࢇ +ࢇ 

So, (1), (2) proves (i). So, the stronger inequality (*) would be  

൫ඥࡿ + ඥࡿ + ඥࡿ൯


< ࢇ ࢈ + ࢇ࢈ + ࢇ࢈ 

 

180. In ࢤ	,ࢤ	: 

ቀࢇ + ࢇቁ + ටቀࢇቁ ቀࢇቁ ≥ ࢙࢙ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Nirapada Pal – India  

൫∑ࢇ + ൯ࢇ∑ + ට൫∑ࢇ൯൫∑ࢇ൯ ≥ ૢ ቂ∑ࢇ



+ ࢇ∑


ቃ + ∑ࢇࢇ ≥  
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≥ ૢ ቆ
ࢇ∑


ቇ


+ ቆ
ࢇ∑


ቇ


൩ + ૡ
ࢇࢇ∑


≥ ൫࢙ + ൯࢙ + ૡ	
ࢇ∑


⋅
ࢇ∑


≥ 

≥ ૡ࢙࢙ + ૡ࢙࢙ = ࢙࢙ 

Solution 2 by Myagmarsuren Yadamsuren – Darkhan – Mongolia  

 ⋅ ቆࢇ + ࢇ +  ⋅ ටࢇ ⋅ ටࢇቇ = 

=  ⋅ ቆට∑ࢇ + ට∑ࢇቇ


=  ⋅ ቌ
ට൫ାା൯⋅∑ ࢇ



√
+

ට൫ାା൯⋅∑ ࢇ


√
ቍ



≥  

≥ ቀࢇ + ࢇቁ


=  ⋅ ࢙) + )࢙ ≥  ⋅ ൫ ⋅ ඥ࢙࢙൯


= ࢙ ⋅  ࢙

Solution 3 by Vijay Rana – Kapurthala – India  

ࡿࡴࡸ = ቀࢇ + ࢇቁ + ටࢇࢇ ≥ ටࢇ ⋅ࢇ 

≥ ඥ(∑ࢇࢇ) = ∑ࢇ    → by Cauchyࢇ

=  ⋅ (∑ࢇࢇ) ≥  ⋅ ࢇ∑ࢇ∑ → by Chebyshev’s inequality 

=  ⋅ ࢙ ⋅ ࢙ = ࢙࢙ =  ࡿࡴࡾ

Solution 4 by SK Rejuan-West Bengal-India 

 	߂	&	,,	ࢤ

 ቀࢇ + ࢇቁ ≥  ቊ
(ࢇ∑)


+

(ࢇ∑)


ቋ 

by mth power theorem 

⇒ ቀࢇ + ࢇቁ ≥ ቀࢇቁ


+ ቀࢇቁ

≥ ቀࢇቁ ቀࢇቁ 

by AM ≥ GM 

⇒ ቀࢇ +ࢇቁ ≥  ⋅ࢇ ⋅ࢇ =  ⋅ ࢙ ⋅ ࢙ = ࢙࢙ 
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⇒ ൫∑ࢇ + ൯ࢇ∑ ≥ ࢙࢙   (1) 

 

 

181. In ࢤ	: 

(a) ቀࡾ
࢘
ቁ

≥ ࢇ√

࢈√
+ ࢈√

ࢉ√
+ ࢉ√

ࢇ√
+  

(b) √ࢇ
࢈⋅ࢇ

+ ࢈√
ࢉ⋅࢈

+ ࢉ√
ࢇ⋅ࢉ

≤ 
࢘

 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo : A) ቀࡾ
࢘
ቁ

≥ ࢇ࢘

࢈࢘
+ ࢈࢘

ࢉ࢘
+ ࢉ࢘

ࢇ࢘
+  

Recordar las siguientes identidades en un triángulo : 
ࡾ
࢘

=
ࢉ࢈ࢇ

ૡ(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ , ࢇ࢘ =
ࡿ

࢙ − ࢇ
, ࢈࢘ =

ࡿ
࢙ − ࢈

; ࢉ࢘ =
ࡿ

࢙ − ࢉ
 

Dado que: ࢈,ࢇ,  → son lados de un triángulo ࢉ

→ ࢈) + ࢉ − (ࢇ ⋅ ࢇ) + ࢈ − (ࢉ ⋅ ࢉ) + ࢇ − (࢈ > 0. 

Realizamos lo siguientes cambios de variables: 
࢙ − ࢇ = ࢞ > 0, ݏ − ܾ = ݕ > 0, ݏ − ܿ = ݖ > 0 → ࢉ = ࢞ + ࢇ,࢟ = ࢟ + ࢈,ࢠ = +ࢠ  ࢞

La desigualdad es equivalente: ቀ(࢞ା࢟)(࢟ାࢠ)(ࢠା࢞)
ૡࢠ࢟࢞

ቁ

≥ ࢟

࢞
+ ࢠ

࢟
+ ࢞

ࢠ
+  

⇒ ૢ

ቀ࢞ା࢟

ࢠ
+ ࢠା࢟

࢞
+ ࢞ାࢠ

࢟
+ ቁ


= ૢ


ቆቀ࢟

࢞
+ ࢠ

࢟
+ ࢞

ࢠ
ቁ+ ቀ࢞

࢟
+ ࢟

ࢠ
+ ࢠ

࢞
+ ቁቇ



≥  

≥
ૢ
 ൬

࢟
࢞ +

ࢠ
࢟ +

࢞
ࢠ + ൰


≥
࢟
࢞ +

ࢠ
࢟ +

࢞
ࢠ +  

Desde que: ࢟,࢞, ࢠ > 0 → Sea:  = ࢟
࢞

+ ࢠ
࢟

+ ࢞
ࢠ
≥ ; ≥  → 
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→ (Válido por: MA ≥ MG) 

Por la tanto: ૢ( + ) ≥ ( + ) ⇔ −) )(ૢ + ) ≥  → 

→ lo cual es cierto ya que:  ≥  … (LQQD)  

Probar en un triángulo : B) ࢇ࢘
࢈ࢇ

+ ࢈࢘
ࢉ࢈

+ ࢉ࢘
ࢇࢉ

≤ 
࢘

 

1) Tener en cuenta las siguientes identidades y desigualdades en un 

triángulo  

࢘ࡿ = ࢙) − ࢙)(ࢇ − ࢙)(࢈ − ࢉ࢈ࢇ,(ࢉ = ࢘ࡾ࢙, ࢇ࢘ = ࡿ
ࢇି࢙

, ࢈࢘ = ࡿ
࢈ି࢙

, ࢉ࢘ = ࡿ
ࢉି࢙

,  

ࡾ ≥ ࢘. La desigualdad es equivalente: 
ࢇ࢘
࢈ࢇ

+ ࢈࢘
ࢉ࢈

+ ࢉ࢘
ࢇࢉ

= ࡿ
ࢉ࢈ࢇ

ቀ࢈
ࢉ(࢈ି࢙)(ࢉି࢙)ାࢉࢇ(ࢉି࢙)(ࢇି࢙)ାࢇ࢈(ࢇି࢙)(࢈ି࢙)

(ࢉି࢙)(࢈ି࢙)(ࢇି࢙) ቁ … (A) 

Desde que: 

࢙)ࢉ࢈ − ࢙)(࢈ − (ࢉ = (ࢉି࢈ାࢇ)(࢈ିࢉାࢇ)ࢉ࢈


= ൯(ࢉି࢈)ିࢇ൫ࢉ࢈


≤ ࢇࢉ࢈


 … (I) 

Por la tanto: 

࢙)ࢇࢉ − ࢙)(ࢉ − (ࢇ ≤ ࢈ࢇࢉ


   … (II) ∧ ࢇ࢈(࢙ − ࢙)(ࢇ − (࢈ ≤ ࢉ࢈ࢇ


 … (III)  

Luego sumando (I) + (II) + (III), tenemos en (A): 
ࡿ

ࢉ࢈ࢇ
ቀ࢈

ࢉ(࢈ି࢙)(ࢉି࢙)ାࢉࢇ(ࢉି࢙)(ࢇି࢙)ାࢇ࢈(ࢇି࢙)(࢈ି࢙)
(ࢉି࢙)(࢈ି࢙)(ࢇି࢙) ቁ ≤  

≤
ࡿ

ࢉ࢈ࢇ
൬

ࢇ + ࢈ + ࢉ
࢙) − ࢙)(ࢇ − ࢙)(࢈ − ൰(ࢉ =


ࡾ

൬
ࢇ + ࢈ + ࢉ
ࢉ࢈ࢇ

൰ 

⇒ ࢇ࢘
࢈ࢇ

+ ࢈࢘
ࢉ࢈

+ ࢉ࢘
ࢇࢉ

≤ 
࢘
	× ࢙

࢘ࡾ࢙
= 

ૡ࢘ࡾ
≤ 

࢘
   … (LQQD) 

 

182. In ࢤ	 the following relationship holds: 

ܖܑܛ ܖܑܛ
࢈ࢇ

+
ܖܑܛ ܖܑܛ
ࢉ࢈

+
ܖܑܛ  ܖܑܛ 
ࢇࢉ

≥

ࡾ
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Proposed by Daniel Sitaru – Romania 

Solution by Soumava Chakraborty-Kolkata-India 

Given inequality ⟺ ࢈ࢇ
࢈ࢇ

+ ࢉ࢈
ࢉ࢈

+ ࢇࢉ
ࢇࢉ

≥  

∵ ࢈ࢇ ≤
ࢉା࢈ࢇ


,∴ ࢈ࢇ

࢈ࢇ
≥ ࢈ࢇ

ࢉା࢈ࢇ
. Similarly, ࢉ࢈

ࢉ࢈
≥ ࢉ࢈

ࢇାࢉ࢈
 and  

ࢇࢉ
ࢇࢉ

≥ ࢇࢉ
࢈ାࢇࢉ

 ∴ it suffices to prove that: ࢈ࢇ
ࢉା࢈ࢇ

+ ࢉ࢈
ࢇାࢉ࢈

+ ࢇࢉ
࢈ାࢇࢉ

≥  

⟺ ࢇ)࢈ࢇ + ࢈)(ࢉ࢈ + (ࢇࢉ + ࢈)ࢉ࢈ + ࢉ)(ࢇࢉ + (࢈ࢇ + 

ࢉ)ࢇࢉ+ + ࢇ)(࢈ࢇ + (ࢉ࢈ − (ࢉ + ࢇ)(࢈ࢇ + ࢈)(ࢉ࢈ + (ࢇࢉ ≥  

⟺ ࢇࢉ࢈ + ࢈ࢇࢉ + ࢉ࢈ࢇ − ࢇ࢈ࢉ ≥  

⟺ ࢇ + ࢈ + ࢉ ≥ ࢉ࢈ࢇ → true by AM-GM 

 

183. In a triangle  with  = ,ࢇ = ,࢈ = ,ࢇ .ࢉ ,࢈  is length of ࢉ

bisector down from ,,. 

Prove that: 
࢈ࢇ

+ 
ࢉ࢈

+ 
ࢇࢉ

≥ 

ቀ 
࢈ࢇ

+ 
ࢉ࢈

+ 
ࢇࢉ
ቁ 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution 1 by Hoang Le Nhat Tung – Hanoi – Vietnam  

*  We have: 

ࢇ =
ࢉ࢈ ⋅ ܛܗ܋

࢈ + ࢉ =
ࢉ࢈
࢈ + ࢉ ⋅

ඨ + ܛܗ܋
 =

ࢉ࢈
࢈ + ࢉ ⋅

ඨ + ࢈ + ࢉ − ࢇ
ࢉ࢈
 = 

=
ࢉ࢈
࢈ + ࢉ ⋅

ඨ(࢈ + (ࢉ − ࢇ

ࢉ࢈  

⇔ ࢇ = ࢉ࢈
ࢉା࢈

⋅ ට(ࢇା࢈ାࢉ)(࢈ାࢇିࢉ)
ࢉ࢈

= ඥࢉ࢈(ࢇା࢈ାࢉ)(࢈ାࢇିࢉ)
ࢉା࢈

     (2) 
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+ Similar: ࢈ = ඥࢇࢉ(ࢇା࢈ାࢉ)(ࢉା࢈ିࢇ)
ࢇାࢉ

         (3) 

- Since (2), (3): ⇒ ࢈ࢇ = ඥࢉ࢈(ࢇା࢈ାࢉ)(࢈ାࢇିࢉ)
ࢉା࢈

⋅ ඥࢇࢉ(ࢇା࢈ାࢉ)(ࢉା࢈ିࢇ)
ࢇାࢉ

 

⇔ ࢈ࢇ = (࢈ିࢇାࢉ)(ࢇିࢉା࢈)࢈ࢇඥ⋅(ࢉା࢈ାࢇ)ࢉ
(ࢇାࢉ)(ࢉା࢈) ⇔ 

࢈ࢇ
= (ࢇାࢉ)(ࢉା࢈)

(࢈ିࢇାࢉ)(ࢇିࢉା࢈)࢈ࢇඥ(ࢉା࢈ାࢇ)ࢉ
     (4) 

+ Similar: 
ࢉ࢈

= (࢈ାࢇ)(ࢇାࢉ)

(ࢉି࢈ାࢇ)(࢈ିࢇାࢉ)ࢉ࢈ඥ(ࢉା࢈ାࢇ)ࢇ
               (5) 


ࢇࢉ

= (ࢉା࢈)(࢈ାࢇ)

(ࢇିࢉା࢈)(ࢉି࢈ାࢇ)ࢇࢉඥ(ࢉା࢈ାࢇ)࢈
                 (6) 

- Since (4), (5), (6): 

⇒

࢈ࢇ

+

ࢉ࢈

+

ࢇࢉ

=
࢈) + ࢉ)(ࢉ + (ࢇ

ࢇ)ࢉ + ࢈ + ࢈)࢈ࢇඥ(ࢉ + ࢉ − ࢉ)(ࢇ + ࢇ − (࢈
+ 

+ (࢈ାࢇ)(ࢇାࢉ)
(ࢉି࢈ାࢇ)(࢈ିࢇାࢉ)ࢉ࢈ඥ(ࢉା࢈ାࢇ)ࢇ

+ (ࢉା࢈)(࢈ାࢇ)
(ࢇିࢉା࢈)(ࢉି࢈ାࢇ)ࢇࢉඥ(ࢉା࢈ାࢇ)࢈

                (7) 

- Since (1), (7). We need to prove: 
(ࢇାࢉ)(ࢉା࢈)

(࢈ିࢇାࢉ)(ࢇିࢉା࢈)࢈ࢇඥ(ࢉା࢈ାࢇ)ࢉ
+ (࢈ାࢇ)(ࢇାࢉ)

(ࢉି࢈ାࢇ)(࢈ିࢇାࢉ)ࢉ࢈ඥ(ࢉା࢈ାࢇ)ࢇ
+  

+
ࢇ) + ࢈)(࢈ + (ࢉ

ࢇ)࢈ + ࢈ + +ࢇ)ࢇࢉඥ(ࢉ ࢈ − ࢈)(ࢉ + ࢉ − (ࢇ
≥

 ൬


࢈ࢇ +


ࢉ࢈ +


 ൰ࢇࢉ

⇔ (ࢇାࢉ)(ࢉା࢈)

(࢈ିࢇାࢉ)(ࢇିࢉା࢈)࢈ࢇඥ(ࢉା࢈ାࢇ)ࢉ
+ (࢈ାࢇ)(ࢇାࢉ)

(ࢉି࢈ାࢇ)(࢈ିࢇାࢉ)ࢉ࢈ඥ(ࢉା࢈ାࢇ)ࢇ
+  

+
ࢇ) + ࢈)(࢈ + (ࢉ

ࢇ)࢈ + ࢈ + +ࢇ)ࢇࢉඥ(ࢉ ࢈ − ࢈)(ࢉ + ࢉ − (ࢇ
≥
(ࢇ + ࢈ + (ࢉ

ࢉ࢈ࢇ
 

⇔ ࢈) + ࢉ)(ࢉ + (ࢇ ⋅ ට ࢈ࢇ
(࢈ିࢇାࢉ)(ࢇିࢉା࢈) + ࢉ) + ࢇ)(ࢇ + (࢈ ⋅ ට ࢉ࢈

(ࢉି࢈ାࢇ)(࢈ିࢇାࢉ) +  

ࢇ)+ + ࢈)(࢈ + (ࢉ ⋅ ට
ࢇࢉ

(ࢇିࢉା࢈)(ࢉି࢈ାࢇ) ≥
(ࢇା࢈ାࢉ)


               (8) 

- Since Inequality AM-GM for 3 positive real numbers we have: 
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࢈) + ࢉ)(ࢉ + (ࢇ ⋅ ට ࢈ࢇ
(࢈ିࢇାࢉ)(ࢇିࢉା࢈) + ࢉ) + ࢇ)(ࢇ + (࢈ ⋅ ට ࢉ࢈

(ࢉି࢈ାࢇ)(࢈ିࢇାࢉ) +  

ࢇ)+ + ࢈)(࢈ + (ࢉ ⋅ ට
ࢇࢉ

(ࢇିࢉା࢈)(ࢉି࢈ାࢇ) ≥  ⋅ ට ࢉ࢈ࢇ⋅(ࢇାࢉ)(ࢉା࢈)(࢈ାࢇ)
(ࢉି࢈ାࢇ)(࢈ିࢇାࢉ)(ࢇିࢉା࢈)


     (9) 

* We will prove: 

 ⋅ ට ࢉ࢈ࢇ⋅(ࢇାࢉ)(ࢉା࢈)(࢈ାࢇ)
(ࢉି࢈ାࢇ)(࢈ିࢇାࢉ)(ࢇିࢉା࢈)

 ≥ (ࢇା࢈ାࢉ)


               (10) 

⇔
ૠ(ࢇ + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ ⋅ ࢉ࢈ࢇ
࢈) + ࢉ − ࢉ)(ࢇ + ࢇ − ࢇ)(࢈ + ࢈ − (ࢉ ≥

(ࢇ + ࢈ + (ࢉ

ૠ
 

⇔ ૠ ⋅ ࢇ)ࢉ࢈ࢇ + +࢈)(࢈ ࢉ)(ࢉ + (ࢇ > +࢈)64 ࢉ − ࢉ)(ࢇ + ࢇ − ࢇ)(࢈ + ࢈ − ࢇ)(ࢉ + ࢈ +        (ࢉ

(11) 

- Since Inequality AM-GM for 2 positive real numbers we have 

ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ ≥ √࢈ࢇ ⋅ √ࢉ࢈ ⋅ √ࢇࢉ = ૡඥ(ࢉ࢈ࢇ) = ૡࢉ࢈ࢇ ⇔ 

⇔ ࢉ࢈ࢇ ≤ (ࢇାࢉ)(ࢉା࢈)(࢈ାࢇ)
ૡ

          (12) 

- Therefore, since (12): 

⇒ ࢇ) + ࢈ + ࢈ࢇ)(ࢉ + ࢉ࢈ + (ࢇࢉ = ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ + ࢉ࢈ࢇ ≤ 

≤ ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ + (ࢇାࢉ)(ࢉା࢈)(࢈ାࢇ)
ૡ

= (ࢇାࢉ)(ࢉା࢈)(࢈ାࢇ)ૢ
ૡ

  

⇔ ࢇ) + ࢈ + ࢈ࢇ)(ࢉ + ࢉ࢈ + (ࢇࢉ ≤
ࢇ)ૢ + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ

ૡ
 

⇔ ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ ≥
ૡ(ࢇ + ࢈ + ࢈ࢇ)(ࢉ + ࢉ࢈ + (ࢇࢉ

ૢ
 

⇔ ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ ≥ (ࢇା࢈ାࢉ)(࢈ࢇାࢉ࢈ାࢇࢉ)

ૡ
         (13) 

- Since Inequality AM-GM for 2 positive real numbers we have: 

(࢈ࢇ) + (ࢉ࢈) + (ࢇࢉ) = (ࢉ࢈)ା(࢈ࢇ)


+ (ࢇࢉ)ା(ࢉ࢈)


+ (࢈ࢇ)ା(ࢇࢉ)


≥  

≥ ࢉ࢈⋅࢈ࢇ


+ ࢇࢉ⋅ࢉ࢈


+ ࢈ࢇ⋅ࢇࢉ


= ࢉ࢈ࢇ + ࢉ࢈ࢇ + ࢉ࢈ࢇ = ࢇ)ࢉ࢈ࢇ + ࢈ +   (ࢉ
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⇔ (࢈ࢇ) + (ࢉ࢈) + (ࢇࢉ) + ࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ ≥ ࢇ)ࢉ࢈ࢇ + ࢈ +  (ࢉ

⇔ ࢈ࢇ) + ࢉ࢈ + (ࢇࢉ ≥ ࢇ)ࢉ࢈ࢇ + ࢈ +  (ࢉ

- Since (13).(14):⇒ ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ ≥ (ࢇା࢈ାࢉ)⋅ࢉ࢈ࢇ(ࢇା࢈ାࢉ)
ૡ

 

⇔ ૠ(ࢇ + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ ≥ ࢇ)ࢉ࢈ࢇ + ࢈ +            (15)(ࢉ

⇔ ૠࢇ)ࢉ࢈ࢇ + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ ≥ ૠ ⋅ ࢇ࢈ࢉ(ࢇ + ࢈ +          (16)(ࢉ

* Since (11), (16). We need to prove: 

ૠ ⋅ 	ࢇ࢈ࢉ(ࢇ+ ࢈ + (ࢉ ≥ (࢈ + ࢉ − +ࢉ)(ࢇ ࢇ − +ࢇ)(࢈ ࢈ − +ࢇ)(ࢉ ࢈ +  (ࢉ

⇔ ૠࢇ࢈ࢉ ≥ ࢈) + ࢉ − ࢉ)(ࢇ + ࢇ − ࢇ)(࢈ + ࢈ − ࢇ)(ࢉ + ࢈ +         (17)(ࢉ

- Put ൝
+࢈ ࢉ − ࢇ = ࢞
ࢉ + ࢇ − ࢈ = ࢟
ࢇ + ࢈ − ࢉ = ࢠ

,࢟,࢞) ; ࢠ > 0) ⇔ ൝
ࢇ = ࢟ + ࢠ
࢈ = ࢠ + ࢞
ࢉ = ࢞ + ࢟

 ; ⇒ +ࢇ ࢈ + ࢉ = (࢞ + ࢟ +  (ࢠ

(17) :⇔ ૠ(࢟+ ࢠ)(ࢠ + ࢞)(࢞ + (࢟ ≥ (࢞) ⋅ (࢟) ⋅ (ࢠ) ⋅ ൫(࢞ + ࢟ + ൯(ࢠ


 

⇔ ૠ(࢞ + ࢟)(࢟ + ࢠ)(ࢠ + (࢞ ≥ ࢞)ࢠ࢟࢞ + ࢟ +             (18)(ࢠ

,࢈,ࢇ)+ (ࢉ ⇒ ,࢞) ,࢟  ⇒: since (15) (ࢠ

⇒ ૠ(࢞ + ࢟)(࢟ + ࢠ)(ࢠ + (࢞ ≥ ࢞)ࢠ࢟࢞ + ࢟ +  (ࢠ

⇒ Inequality (18) True ⇒ (17) True. 

+ Since (16), (17):⇒ 
⇒ ૠࢇ)ࢉ࢈ࢇ+ +࢈)(࢈ ࢉ)(ࢉ + (ࢇ ≥ (࢈+ ࢉ − ࢉ)(ࢇ + ࢇ − ࢇ)(࢈ + ࢈ − ࢇ)(ࢉ + ࢈ +   (ࢉ

⇒ Inequality (11) True ⇒ (10) True. 

+ Since (9).(10): 

⇒ ࢈) + ࢉ)(ࢉ + (ࢇ ⋅ ට ࢈ࢇ
(࢈ିࢇାࢉ)(ࢇିࢉା࢈) + ࢉ) + ࢇ)(ࢇ + (࢈ ⋅ ට ࢉ࢈

(ࢉି࢈ାࢇ)(࢈ିࢇାࢉ) +  

ࢇ)+ + ࢈)(࢈ + (ࢉ ⋅ ඨ
ࢇࢉ

ࢇ) + ࢈ − ࢈)(ࢉ + ࢉ − (ࢇ ≥
(ࢇ + ࢈ + (ࢉ

  

⇒ Inequality (8) True. 
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+ Since (7), (8) :⇒ 
࢈ࢇ

+ 
ࢉ࢈

+ 
ࢇࢉ

≥ 

ቀ 
࢈ࢇ

+ 
ࢉ࢈

+ 
ࢇࢉ
ቁ 

⇒ Inequality (1) True and we get the desired result. 

+ Equality occurs if :ࢇ = ࢈ =  ࢉ

Solution 2 by Aditya Narayan Sharma-Kanchrapara-India 


࢈࢝ࢇ࢝
+ 

ࢉ࢝࢈࢝
+ 

ࢇ࢝ࢉ࢝
≥ 


∑ 

ࢉ࢟ࢉ࢈ࢇ . Note that,  ࢇ࢝ = ࢉ࢈
ࢉା࢈

ܛܗ܋ 


 

while, ܛܗ܋ 


= 

ට(࢈ାࢉାࢇ)(࢈ାࢇିࢉ)

ࢉ࢈
 ∴ ࢇ࢝ = ඥ(࢈ାࢇࢉିࢉ)(࢈ାࢇିࢉ)

ට࢈
ାටࢉ

ࢉ
࢈

 

∴

ࢇ࢝

=
ටࢉ࢈ + ට࢈ࢉ

ඥ(࢈ + ࢉ + ࢈)(ࢇ + ࢉ − (ࢇ
≥


ඥ(࢈ + ࢉ + ࢈)(ࢇ + ࢉ − (ࢇ

 

∴ 
࢈࢝ࢇ࢝

≥ 
(ࢉା࢈ାࢇ) ⋅


ඥ(࢈ାࢇିࢉ)(ࢉା࢈ିࢇ)

. Then,  




ࢉ࢟ࢉ࢈࢝ࢇ࢝

≥


ࢇ + ࢈ + ࢉ



ඥ(࢈ + ࢉ − ࢉ)(ࢇ + ࢇ − ࢉ࢟ࢉ(࢈

 

Since, ࢈ + ࢉ − ࢇ > 0, ܿ + ܽ − ܾ > 0 

∴ ࢈) + ࢉ − (ࢇ + ࢉ) + ࢇ − (࢈ ≥ ඥ(࢈+ ࢉ − ࢉ)(ࢇ + ࢇ −  (࢈

∴


ඥ(࢈ + ࢉ − ࢉ)(ࢇ + ࢇ − (࢈
≥

ࢉ
∴ 


ࢉ࢟ࢉ࢈࢝ࢇ࢝

≥


ࢇ + ࢈ + ࢉ
൬

ࢇ

+

࢈

+

ࢉ
൰ 

∴ 


ࢉ࢟ࢉ࢈࢝ࢇ࢝

≥


ࢇ + ࢈ + ࢉ ൬

ࢇ +


࢈ +


 ൰ࢉ

From Cauchy – Schwarz: (ࢇ + ࢈ + (ࢉ ቀ
ࢇ

+ 
࢈

+ 
ࢉ
ቁ ≥ ૢ 

⇒ ࢇ) + ࢈ + (ࢉ ൬

ࢇ +


࢈ +


൰ࢉ ≥ ࢇ)ૢ + ࢈ +  (ࢉ
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⇒ ࢇ)ૢ + ࢈ + (ࢉ ≤ ࢉ࢈ࢇ ൬

ࢇ +


࢈ +


 ൰ࢉ

⇒ ࢇ) + ࢈ + (ࢉ
ࢇ) + ࢈ + (ࢉ


≤  ൬


ࢇ

+

࢈

+

ࢉ
൰ 

∴ ൬

ࢇ

+

࢈

+

ࢉ
൰


ࢇ) + ࢈ + (ࢉ ≥



൬

࢈ࢇ

+

ࢉ࢈

+

ࢇࢉ
൰ 

∴ 


ࢉ࢟ࢉ࢈࢝ࢇ࢝

≥




࢈ࢇ

ࢉ࢟ࢉ

 

184. In ࢤ	: 

ቀࢇ
ା࢈ାࢉି࢈ࢇ(ࢇା࢈)ିࢉ࢈(࢈ାࢉ)ିࢇࢉ(ࢉାࢇ)

[] ቁ


+ ቀ[]
࢘

ቁ

≤ ࡾ  

where [] represents the area of ࢤ	. 

Proposed by George Apostolopoulos – Messolonghi – Greece 

Solution by Kevin Soto – Palacios – Huarmey – Peru  

Probar en un triángulo , donde ࡿ es el área: 

ቆ
ࢇ + ࢈ + ࢉ − ࢇ)࢈ࢇ + (࢈ − ࢈)ࢉ࢈ + −(ࢉ ࢉ)ࢇࢉ + (ࢇ

ࡿ ቇ


+ ൬
ࡿ
࢘ ൰



≤ ࡾ 

Parimos de la suma de Cosenos en un triángulo : 

ܛܗ܋ + ܛܗ܋ + ܛܗ܋  =
࢈ࢇ + ࢉࢇ − ࢇ

ࢉ࢈ࢇ +
ࢇ࢈ + ࢉ࢈ − ࢈

ࢉ࢈ࢇ +
ࢇࢉ + ࢈ࢉ − ࢉ

ࢉ࢈ࢇ  

ܛܗ܋ + ܛܗ܋ + ܛܗ܋ =
ିቀࢇା࢈ାࢉି࢈ࢇ(ࢇା࢈)ିࢉ࢈(࢈ାࢉ)ିࢇࢉ(ࢉାࢇ)ቁ

ࢉ࢈ࢇ
  

−ܛܗ܋)ࡾ + ܛܗ܋ + (ܛܗ܋ = −ቀࢇ
ା࢈ାࢉି࢈ࢇ(ࢇା࢈)ିࢉ࢈(࢈ାࢉ)ିࢇࢉ(ࢉାࢇ)

ࡿ
ቁ  

La desigualdad es equivalente: 

൫−ܛܗ܋)ࡾ + ܛܗ܋ + ܛܗ܋ ൯(


+  = ࡾ(ܛܗ܋ + ܛܗ܋ + ܛܗ܋ ( +  
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⇒ ࡾ(ܛܗ܋ + ܛܗ܋ + (ܛܗ܋ +  ≤ ࡾ × ૢ


+ ૠࡾ =

ࡾ…(LQQD) 

 

185. Prove that in any triangle : 

࢈) + (ࢉ ܛܗ܋ + ࢉ) + (ࢇ ܛܗ܋ + ࢇ) + (࢈ ܛܗ܋  ≥
ࢇ + ࢈ + ࢉ


 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo : 

࢈) + (ࢉ ܛܗ܋ + ࢉ) + (ࢇ ܛܗ܋ + ࢇ) + (࢈ ܛܗ܋  ≥ ࢉା࢈ାࢇ


. Teniendo en 

cuenta el teorema de las proyecciones: ࢇ = ࢈ ܛܗ܋ + ࢉ  ,(I) …  ܛܗ܋

࢈ = ࢇ ܛܗ܋ + ࢉ ࢉ ,(II) … ܛܗ܋ = ࢇ ܛܗ܋ + ࢈  (III) … ܛܗ܋

ࢇ + ࢈ + ࢉ = ࢈) + (ࢉ ܛܗ܋ + ࢉ) + (ࢇ ܛܗ܋ + ࢇ) + (࢈  ܛܗ܋

Por la desigualdad de Cauchy: 

࢈) + (ࢉ ܛܗ܋  + ࢉ) + (ࢇ ܛܗ܋ + ࢇ) + (࢈ ܛܗ܋  ≥ 

≥
࢈|) + |ܛܗ܋||ࢉ + ࢉ| + |ܛܗ܋||ࢇ + ࢇ| + (|ܛܗ܋||࢈

࢈) + (ࢉ + ࢉ) + (ࢇ + ࢇ) + (࢈  

De la desigualdad triangular: 

|࢞| + |࢟| + |ࢠ| ≥ ࢞| + ࢟ + |ࢠ → ࢞ = ࢈) + (ࢉ  ܛܗ܋

࢟ = ࢉ) + (ࢇ ܛܗ܋ , ࢠ = ࢇ) + (࢈  ܛܗ܋

Luego: |(࢈ + (ࢉ |ܛܗ܋ + ࢉ)| + (ࢇ |ܛܗ܋ + ࢇ)| + (࢈ |ܛܗ܋ ≥ 

≥ ࢈)| + (ࢉ ܛܗ܋ + ࢉ) + (ࢇ ܛܗ܋ + ࢇ) + (࢈  |ܛܗ܋
⇒ ࢈)| + (ࢉ |ܛܗ܋ + ࢉ)| + (ࢇ |ܛܗ܋ + ࢇ)| + (࢈ |ܛܗ܋ ≥ ࢇ| + +࢈ |ࢉ = ࢇ + +࢈  ࢉ
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Finalmente: → ࢈) + (ࢉ ܛܗ܋ + ࢉ) + (ࢇ ܛܗ܋ + ࢇ) + (࢈ ܛܗ܋  ≥ 

≥
࢈|) + |ܛܗ܋||ࢉ + ࢉ| + |ܛܗ܋||ࢇ + ࢇ| + (|ܛܗ܋||࢈

࢈) + (ࢉ + ࢉ) + (ࢇ + ࢇ) + (࢈ =
ࢇ + ࢈ + ࢉ

  

Solution 2 by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ = (࢙ − )(ࢇ − ܖܑܛ ( = {࢙ − ࢇ − ܖܑܛ (࢙) + ࢇ ܖܑܛ { = 

= ࢙ −ࢇ− ࢙
ࢇ

ࡾ + 
ࢇ

ࡾ 

= ࢙ −
࢙)࢙ − ࢘ࡾ − (࢘

ࡾ
+


ࡾ

ቄࢉ࢈ࢇ + (࢙) ቀࢇ −࢈ࢇቁቅ 

= ࢙ −
࢙)࢙ − ࢘ࡾ − (࢘

ࡾ +

ࡾ

{࢙࢘ࡾ + ࢙)࢙ − ࢘ࡾ − ࢘)} 

= ࢙ − ൯࢘ି࢘ࡾି࢙൫࢙
ࡾ

+ ൯࢘ି࢘ࡾି࢙൫࢙
ࡾ

 ∴ it suffices to prove that: 

 −
࢙ − ࢘ࡾ − ࢘

ࡾ
+
࢙ − ࢘ࡾ − ࢘

ࡾ
≥  ⇔ ࢙ ≤ ࡾ + ࢘ࡾ −  ࢘

Gerretsen ⇒ ࢙ ≤ ࡾ + ࢘ࡾ + ࢘ ∴ it suffices to prove that: 

ࡾ − ࢘ࡾ − ࢘ ≥  ⇔ ࡾ) − ࡾ)(࢘ + (࢘ ≥  → true, ∵ ࡾ ≥ ࡾ  (Euler)  

 

186. In ࢤ	: 


ܖܑܛ 

+


ܖܑܛ
+


ܖܑܛ 

≤
√

⋅ ൬
ࡾ
࢘
൰


 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ܋ܛ܋ : + ܋ܛ܋ + ܋ܛ܋ ≤ √

ቀࡾ
࢘
ቁ


 … (A) 

Para ello demostraremos previamente la siguiente desigualdad: 
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ࢇ +


࢈ +


ࢉ ≤

√
࢘ →

࢈ࢇ + ࢉ࢈ + ࢇࢉ
ࢉ࢈ࢇ =

࢈ࢇ + ࢉ࢈ + ࢇࢉ
࢘ࡾ ≤

√
࢘  

⇒ ࢈ࢇ) + ࢉ࢈ + (ࢇࢉ ≤ √()ࡾ, además se sabe que: 

 √ࡾ ≥ 	 ∧ ࡾ ≥ ࢘. Por la tanto se puede afirmar: 

√()ࡾ ≥ ()


= (ࢉା࢈ାࢇ)


≥ ࢈ࢇ + ࢉ࢈ +  (LQQD) … ࢇࢉ

La desigualdad es equivalente en … (A): 

ࡾቀ
ࢇ

+ 
࢈

+ 
ࢉ
ቁ ≤ ࡾ	 × √

࢘
= √ࡾ

࢘
= √ࡾ

࢘ࡾ
≤ √


ቀࡾ
࢘
ቁ


 … (LQQD) 

 

187. ROMANIAN INEQUALITY – 2 

In ࢤ	: 

(ࢉࢎ,࢈ࢎ,ࢇࢎ)ܠ܉ܕ ≥  (ࢉ࢝,࢈࢝,ࢇ࢝)ܖܑܕ

Proposed by L. Panaitopol – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

WLOG, we can assume ࢇ ≥ ࢈ ≥ ࢇࢎ ,Then .ࢉ ≤ ࢈ࢎ ≤ ࢇ࢝ and ࢉࢎ ≤ ࢈࢝ ≤  ࢉ࢝

So, we need to prove: ࢉࢎ ≥  ࢇ࢝

⟺ ܖܑܛ࢈ ≥
ࢉ࢈ ܛܗ܋
࢈ + ࢉ

⟺ ܖܑܛ࢈


ܛܗ܋



≥
ࢉ࢈ ܛܗ܋
࢈ + ࢉ

 

⟺ ܖܑܛ


≥

ࢉ
࢈ + ࢉ

=
ܖܑܛ 

ܖܑܛ  + ܖܑܛ 
=

ܖܑܛ

ܖܑܛ  + 
 ܛܗ܋ − 



 

⟺ ܖܑܛ


≥

ܖܑܛ

 ܛܗ܋ ܛܗ܋
 − 


⟺ ܛܗ܋
 − 


≥
ܖܑܛ
ܖܑܛ

=
ࢉ
ࢇ

 

(Here, − ࣊


< ି


< ࣊

⇒ ܛܗ܋ ି


> 0) 
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⟺ ܛܗ܋
 − 


≥
ࢉ

ࢇ
⟺ ܋܍ܛ

 − 


≤
ࢇ

ࢉ
⟺  + ܖ܉ܜ

 − 


≤
ࢇ

ࢉ
 

⟺  + (ࢉି࢈)

(ࢉା࢈) ܜܗ܋
 

≤ ࢇ

ࢉ
    (1) 

Now, ∵ ࢇ ≥ ࢈ ≥ ∴,ࢉ  ≥  ≥  

If  < ܤ,60° ≤ ܣ < 60° and  ≤  < 60° ⇒  +  +  < 180° → 

impossible 

∴  ≥ ° ⇒

 ≥ ° ⇒ ° ≤


 < 90° ⇒ ܖ܉ܜ


 ≥ °ܖ܉ܜ =


√

⇒ ܜܗ܋

 ≤  

∴ + (ࢉି࢈)

(ࢉା࢈) ܜܗ܋
 

≤  + (ࢉି࢈)

(ࢉା࢈) ⋅     (2) 

From (1) and (2), it suffices to prove: 

 +
(࢈ − (ࢉ

࢈) + (ࢉ ≤
ࢇ

ࢉ ⟺
࢈) + (ࢉ + (࢈ − (ࢉ ≤

ࢇ

ࢉ
࢈) +  (ࢉ

⟺ ࢇ

ࢉ
࢈) + (ࢉ ≥ (࢈ + ࢉ −  (3)     (ࢉ࢈

∵ ࢇ ≥ ࢈ ≥ ∴,ࢉ ࢈) + (ࢉ ≥ (ࢉ) = ࢉ ⇒
ࢇ

ࢉ
࢈) + (ࢉ ≥

()

ࢇ

ࢉ ⋅
(ࢉ) = ࢇ 

(3), (4) ⇒ it suffices to prove that:  

ࢇ ≥ ࢈ + ࢉ − ࢉ࢈ ⟺ ࢉ࢈ ≥ ࢈ + ࢉ −  ࢇ

⟺ 

≥ ࢇିࢉା࢈

ࢉ࢈
⟺ ܛܗ܋ ≤ 


     (5) 
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∵  ≥ ࣊


   (proved earlier) ∴ ܛܗ܋ ≤ 


, as is clear from the adiacent 

graph ⇒ (5) is true (Hence proved) 

 
 

 

188. In ࢤ		the following relationship holds: 


ࢇ + ࢈ࢇ + ࢈

ࢇ + ࢈
≥ ࡿ ൬


ܖܑܛ

+


ܖܑܛ
+


ܖܑܛ 

൰ 

Proposed by Daniel Sitaru – Romania 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo : ∑ ࢈ࢇା࢈ାࢇ

࢈ାࢇ
≥ ܋ܛ܋)ࡿ + ܋ܛ܋ +  (܋ܛ܋

Recordar lo siguiente en un triángulo ࡿ : = ࢉ࢈ࢇ
ࡾ

= ࢉ࢈ܖܑܛ


→ ࢉ࢈
ࡿ

=  ,܋ܛ܋

ࢇࢉ
ࡿ

= ܋ܛ܋ , ࢈ࢇ
ࡿ

=  :Ahorea probaremos lo siguiente .܋ܛ܋

ࢇ + ࢈ + ࢈ࢇ

ࢇ + ࢈
≥
(ࢇ + (࢈


→ 

→ (ࢇ + ࢈ + (࢈ࢇ ≥ (ࢇ + )࢈ → ࢇ) − )࢈ ≥  

Por la tanto la desigualdad es equivalente: 


ࢇ + ࢈ + ࢈ࢇ

ࢇ + ࢈ = 
ࢇ) + (࢈

 = ቆ
ࢇ + ࢈ + ࢉ

 ቇ ≥≥ ࡿ ൬
ࢉ࢈
ࡿ +

ࢇࢉ
ࡿ+

࢈ࢇ
ࡿ൰ 
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Lo cual nos resulta: ࢇ + ࢈ + ࢉ ≥ ࢈ࢇ + ࢉ࢈ +  (LQQD) … ࢇࢉ

Solution 2 by Kevin Soto Palacios – Huarmey – Peru  

 .son ángulos interiores de un triángulo acutángulo ,,

Probar que: ܋ܛ܋ ܋ܛ܋ା ܋ܛ܋ା 
ܜܗ܋ ܜܗ܋ାܜܗ܋ା 

≤  ⇒ ܋ܛ܋ + ܋ܛ܋ + ܋ܛ܋ ≤ 

≤ (ܜܗ܋ + ܜܗ܋ +  (1)    (ܜܗ܋

Multiplicamos (ܖܑܛ ܖܑܛ ܖܑܛ  :a la expresión … (1) (

ܖܑܛܖܑܛ  + ܖܑܛ ܖܑܛ  + ܖܑܛ ܖܑܛ ≤ 

≤ (ܛܗ܋ ܖܑܛܖܑܛ  + ܛܗ܋ ܖܑܛ ܖܑܛ + ܛܗ܋ ܖܑܛ  (2) … (ܖܑܛ

Sabemos que:  +  +  = ࣊ ⇒ )ܖܑܛ + ( = ܖܑܛ  elevando al) (3) … 

cuadrado tenemos): (ܖܑܛ ܛܗ܋ + ܛܗ܋ (ܖܑܛ = ܖܑܛ  ⇒ 
⇒ ܖܑܛ  ( − ܖܑܛ ( +  ܖܑܛ ܖܑܛ  ܛܗ܋ܛܗ܋) ( + ܖܑܛ  ( − ܖܑܛ ( = ܖܑܛ  

ܖܑܛ  = ܖܑܛ + ܖܑܛ +  ܖܑܛ ܖܑܛ ܛܗ܋) ܛܗ܋ − ܖܑܛ (ܖܑܛ ⇒ 

⇒ ܖܑܛ  ܖܑܛ ܖܑܛ  = ܖܑܛ + ܖܑܛ − ܖܑܛ  (4) … 

⇒ ܖܑܛ ܖܑܛ ܛܗ܋ = ܖܑܛ  + ܖܑܛ − ܖܑܛ  ∧ (5) … 

∧  ܖܑܛ  ܖܑܛ ܛܗ܋ = ܖܑܛ  + ܖܑܛ −  (6) … ܖܑܛ

Sumando (4) + (5) + (6): 

(ܛܗ܋ ܖܑܛ ܖܑܛ  + ܖܑܛܛܗ܋  ܖܑܛ  + ܛܗ܋ ܖܑܛ (ܖܑܛ = 

= ܖܑܛ  + ܖܑܛ + ܖܑܛ  :De (7) ∧ (2) .(7) … 

ܖܑܛ  + ܖܑܛ + ܖܑܛ  ≥ ܖܑܛ ܖܑܛ  + ܖܑܛ  ܖܑܛ + ܖܑܛ ܖܑܛ ⇒ 

⇒ ܖܑܛ) − (ܖܑܛ + ܖܑܛ) − (ܖܑܛ + ܖܑܛ)  − (ܖܑܛ ≥  

Solution 3 by Kevin Soto Palacios – Huarmey – Peru  

 .son los ángulos interiores de un triángulo acutángulo ,,

Probar que: ܋ܛ܋ ܋ܛ܋ା܋ܛ܋ା 
ܜܗ܋ ܜܗ܋ାܜܗ܋ା 

≤  ⇒ 

⇒ (ܜܗ܋ + ܜܗ܋ + (ܜܗ܋ ≥ ܋ܛ܋ + ܋ܛ܋ +  ܋ܛ܋
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En la desigualdad inicial es equivalente y tendriamos demostrar que: 

 ቀܛܗ܋
ܖܑܛ

+ ܛܗ܋ 
ܖܑܛ

+ ܛܗ܋ 
ܖܑܛ

ቁ − 
ܖܑܛ

− 
ܖܑܛ

− 
ܖܑܛ

≥  … (1) 

Sabemos que: ࢇ = ࡾ ܖܑܛ ࢈, = ܖܑܛࡾ	∧ ࢉ = ܖܑܛࡾ ⇒ 

⇒ ࡾ
ࢇ

= 
ܖܑܛ

, ࡾ
࢈

= 
ܖܑܛ

, ࡾ
࢈

= 
ܖܑܛ

ࢅ	 ࡾ
ࢉ

= 
ܖܑܛ

 … (2) 

De (2) ∧ (1): ࡾቀܛܗ܋
ࢇ

+ ܛܗ܋
࢈

+ ܛܗ܋ 
ࢉ
ቁ − ࡾቀ

ࢇ
+ 

࢈
+ 

ࢉ
ቁ ⇒ 

⇒
ࡾ( ࢉ࢈ܛܗ܋ + ࢉࢇܛܗ܋ +  ܛܗ܋ (࢈ࢇ

ࢉ࢈ࢇ
−
ࢉ࢈)ࡾ + ࢉࢇ + (࢈ࢇ

ࢉ࢈ࢇ
 

⇒ ࡾ
࢈) + ࢉ − ࢇ + ࢇ + ࢉ − ࢈ + ࢇ + ࢈ − ࢉ − ࢉ࢈ − ࢇࢉ − (࢈ࢇ

ࢉ࢈ࢇ ⇒ 

⇒
ࡾ
ࢉ࢈ࢇ

ࢇ) + ࢈ + ࢉ − ࢈ࢇ − ࢉ࢈ − (ࢉࢇ ≥  

Solution 4 by Soumitra Mandal - Chandar Nagore – India 


ࢇ + ࢈ࢇ + ࢈

ࢇ + ࢈
ࢉ࢟ࢉ

≥


(ࢇ + (࢈
ࢉ࢟ࢉ

{(ࢇ + )࢈ + ࢇ) −  {)࢈

≥


(ࢇ + (࢈
ࢉ࢟ࢉ

[∵ ࢇ) − )࢈ ≥ , ࢈) − )ࢉ ≥ 	ࢊࢇ	ࢉ) − )ࢇ ≥ ] 

=


࢈ࢇ
ࢉ࢟ࢉ

= ࡿ ൬


ܖܑܛ
+


ܖܑܛ 

+


ܖܑܛ 
൰ 

(Proved) ∵ ࡿ = ࢈ࢇ ܖܑܛ  = ࢉ࢈ ܖܑܛ = ࢇࢉ  ܖܑܛ

Solution 5 by Anas Adlany - El Jadida – Morocco  

We have ∑ ࢈ା࢈ࢇାࢇ

࢈ାࢇ
≥ ࡿ∑ 

()ܖܑܛ ⟺ ∑ ࢈ା࢈ࢇାࢇ

࢈ାࢇ
≥ ∑ ࡿ

()ܖܑܛ ⟺ 


ࢇ + ࢈ࢇ + ࢈

ࢇ + ࢈
≥


⋅࢈ࢇ ⟺ 

But, ࢇ + ࢈ࢇ + ࢈ = ࢇ) + )࢈ −  ࢈ࢇ
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≥ ࢇ) + )࢈ − ൫ࢇା࢈൯



= 


ࢇ) +  ,). Hence࢈

࢈ା࢈ࢇାࢇ

࢈ାࢇ
≥ 


ࢇ) + (࢈ ≥ 

ૡ
࢈ࢇ ≥ 


 .Hence proved .࢈ࢇ

Solution 6 by Myagmarsuren Yadamsuren – Darkhan – Mongolia  

1. ∑ ࢈ାࢇ࢈ାࢇ

ࢤ࢈ାࢇ = ∑

⋅൫ࢇ

ା࢈൯

ାࢇା࢈

࢈ାࢇ
= 

= ቆ
ࢇ + ࢈

 ቇ + 
ࢇ + ࢈

ࢇ + ࢈ ≥



ࢇ) + (࢈ +
ቀ(ࢇ + ࢈ + )ቁࢉ



 ⋅ ࢇ) + ࢈ + (ࢉ = 

= ࢇ) + ࢈ + (ࢉ +

 ⋅

ࢇ) + ࢈ + (ࢉ =



ࢇ) + ࢈ + (ࢉ ≥



+࢈ࢇ) ࢉ࢈ +  (ࢇࢉ

=  ൬
࢈ࢇ ⋅ ܖܑܛ 


⋅


ܖܑܛ 

+
ࢉ࢈ ⋅ ܖܑܛ


⋅


ܖܑܛ

+
ࢇࢉ ⋅ ܖܑܛ


⋅


ܖܑܛ

൰ = 

=  ⋅ ࡿ ⋅ ൬


ܖܑܛ +


ܖܑܛ +


ܖܑܛ  ൰

2. ∑ ࢈ା࢈ࢇାࢇ

࢈ାࢇ
= ∑ ൫ࢇା࢈൯


࢈ࢇି

࢈ାࢇ
= 

= (ࢇ + (࢈ −
࢈ࢇ

ࢇ + ࢈ ≥
ࢇ) + ࢈ + (ࢉ ⋅  −

(࢈ࢇ)

࢈ࢇ = 

= ࢇ) + ࢈ + (ࢉ ⋅  −



࢈ࢇ) + ࢉ࢈ + (ࢇࢉ ≥



࢈ࢇ) + ࢉ࢈ + (ࢇࢉ = 

= ࡿ ⋅ ൬


ܖܑܛ +


ܖܑܛ +


ܖܑܛ  ൰

 

189. If in ࢤ	,,, ∈ ቀ, ࣊

ቁ then: 

ඨܜܗ܋൬
࣊ − 


൰ ܜܗ܋ ൬

࣊ − 


൰ ≤ෑܜܗ܋ ൬
࣊− 


൰ 

Proposed by Daniel Sitaru – Romania  



 
www.ssmrmh.ro 

 
Solution 1 by Soumava Chakraborty-Kolkata-India 

ඨܜܗ܋൬
࣊ − 

 ൰ ܜܗ܋ ൬
࣊ − 

 ൰ ≤ෑܜܗ܋ ൬
࣊− 

 ൰ 

where ,, are the angles of a ࢤ	,,| ∈ ቀ, ࣊

ቁ 

Let ܜܗ܋ ቀି࣊


ቁ = ,࢞ ܜܗ܋ ቀି࣊


ቁ = ܜܗ܋ and ࢟ ቀି࣊


ቁ =  ࢟

∵  < ܣ <
࣊


; ∴  < 3 < ࣊2 ⇒ −࣊ < 3− < 0 

⇒  < ࣊2 −  < ࣊2 ⇒  <
࣊ − 


<
࣊


 

Similarly,  < ି࣊


, ି࣊


< ࣊

∴ ,࢟,࢞ ࢠ > 0 

ࡿࡴࡸ = ඥ࢟࢞+ ඥࢠ࢟ + ࢞ࢠ√ ≤
ࡿିି

	 ට࢞ට࢞ = ࢞ 

= ܜܗ܋ ൬
࣊ − 


൰ + ܜܗ܋ ൬

࣊ − 


൰ + ܜܗ܋ ൬
࣊ − 


൰ 

= ܖ܉ܜ ൬
࣊

−
࣊ − 


൰ + ܖ܉ܜ ൬

࣊

−
࣊ − 


൰ + ܖ܉ܜ ൬

࣊

−
࣊ − 


൰ 

= ܖ܉ܜ ቀ࣊


+ 

ቁ + ܖ܉ܜ ቀ࣊


+ 


ቁ + ܖ܉ܜ ቀ࣊


+ 


ቁ      (1) 

Now, ቀ࣊


+ 

ቁ + ቀ࣊


+ 


ቁ + ቀ࣊


+ 


ቁ =  ࣊

⇒ܖ܉ܜ ൬
࣊


+


൰ = ෑܖ܉ܜ൬

࣊


+


൰ =

()
ෑܜܗ܋൬

࣊− 


൰ 

(1), (2) ⇒ ࡿࡴࡸ ≤ ܜܗ܋∏ ቀି࣊


ቁ =  (Proved) ࡿࡴࡾ

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

If in any ࢤ		,, ∈ ቀ, ࣊

ቁ then 
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ඨܜܗ܋൬
࣊ − 


൰ ܜܗ܋ ൬

࣊ − 


൰
ࢉ࢟ࢉ

≤ෑ൬
࣊− 


൰

ࢉ࢟ࢉ

 

If ,, are the angles of a ࢤ	 then 
࣊


+ 


, ࣊


+ 


  and ࣊


+ 


 also forms the angles of a ࢤ	ᇱᇱᇱ where 

ᇱ = ࣊


+ 


ᇱ, = ࣊


+ 


 and ᇱ = ࣊


+ 


 . Then we have 

ܖ܉ܜᇱ

ࢉ࢟ࢉ

≤ෑܖ܉ܜᇱ

ࢉ࢟ࢉ

⇒ܜܗ܋ቀ
࣊
 − ᇱቁ

ࢉ࢟ࢉ

= ෑቀ
࣊
 ᇱቁ−

ࢉ࢟ࢉ

 

⇒ܜܗ܋൬
࣊

−
࣊

−


൰

ࢉ࢟ࢉ

= ෑܜܗ܋൬
࣊

−
࣊

−


൰

ࢉ࢟ࢉ

⇒ܜܗ܋ ൬
࣊ − 


൰

ࢉ࢟ࢉ

= 

= ෑܜܗ܋ ൬
࣊ − 


൰

ࢉ࢟ࢉ

 

∴ ඨܜܗ܋ ൬
࣊ − 


൰ܜܗ܋ ൬

࣊ − 


൰
ࢉ࢟ࢉ

≤ෑܜܗ܋൬
࣊ − 


൰

ࢉ࢟ࢉ

 

 

190. In ࢤ	: 
࢞

(ࢠା࢟)࢘ା࢞ࡾ
+ ࢟

(࢞ାࢠ)࢘ା࢟ࡾ + ࢠ
(࢟ା࢞)࢘ାࢠࡾ ≤


࢘ାࡾ

,࢟,࢞				, ࢠ > 0  

Proposed by Daniel Sitaru – Romania  

Solution 1 by Nirapada Pal-India 

Let (ࢇ)ࢌ = ࢇ
ାࢇ

. Where  = ࡾ − ࢘ and  = ࢞)࢘ + ࢟ +  (ࢠ

Now ࢌᇱᇱ(ࢇ) = − 
(ାࢇ) < 0. So ࢌ is concave. Hence we have, 


࢞

࢞ࡾ + (࢟ + (ࢠ =  ቈ
(࢞)ࢌ + (࢟)ࢌ + (ࢠ)ࢌ


 ≤ ࢌ൬

࢞ + ࢟ + ࢠ


൰ = 
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= 

࢘ାࡾ
< 

࢘ାࡾ
. Inspired by Abdallah El Farissi 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

In ࢤ	 and ࢟,࢞, ࢠ > 0 


࢞

࢞ࡾ + ࢟)࢘ + (ࢠ
ࢉ࢟ࢉ

≤


ࡾ + ࢘ 

Let (࢛)ࢌ = ࢛
ࢊ࢘ା࢛(࢘ିࡾ)

 where ࢊ = ࢞ + +࢟ ࢛ and ࢠ ∈ (,∞) 

(࢛)ᇱࢌ = ࢊ࢘
(࢛)ᇱᇱࢌ  and{ࢊ࢘ା࢛(࢘ିࡾ)} = − ࢊ࢘(ିࡾ࢘)

{ࢊ࢘ା࢛(࢘ିࡾ)} < 0 

hence ࢌ is concave. Applying Jensen’s Inequality 

ࢌ()
ࢉ࢟ࢉ

≤ ࢌ ൬
࢞ + ࢟ + ࢠ


൰ 

where ࢠ,࢟,࢞ > 0 


࢞

ࡾ)࢞ − ࢘) + ࢞)࢘ + ࢟ + (ࢠ
ࢉ࢟ࢉ

≤ 
࢞ + ࢟ + ࢠ


ࡾ) − ࢞(࢘ + ࢟ + ࢠ

 + ࢞)࢘ + ࢟ + (ࢠ
 

∴ 
࢞

࢞ࡾ + ࢟)࢘+ (ࢠ
ࢉ࢟ࢉ

≤


ࡾ + ࢘
 

Solution 3 by Marian Dincă – Romania  


࢞

࢞ࡾ + ࢟)࢘ + (ࢠ
ࢉࢉࢉ

≤


ࡾ + ࢘
 

because is homogene in variables ࢟,࢞, ࢞ :to consider ࢠ + +࢟ ࢠ =  

we obtain: 


࢞

࢞ࡾ + ࢟)࢘+ (ࢠ
ࢉࢉࢉ

= 
࢞

࢞ࡾ + ࢘( − (࢞
ࢉࢉࢉ

= 
࢞

ࡾ) − ࢞(࢘ + ࢘
ࢉࢉࢉ
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Let: (࢞)ࢌ = ࢞
(࢞)ࢍ and (࢞ି)࢘ା࢞ࡾ =

ቀቁࢌି(࢞)ࢌ

ି࢞
= 

=

࢞
࢞ࡾ + ࢘( − (࢞ −


ࡾ + ࢘

࢞ − 


=
ࡾ) + ࢞(࢘ − ࢞ࡾ − ࢘( − (࢞

࢞ࡾ] + ࢘( − ࡾ)[(࢞ + ࢘) ቀ࢞ − 
ቁ

= 

=
࢘(࢞ − )

࢞ࡾ] + ࢘( − ࡾ)[(࢞ + ࢘) ቀ࢞ − 
ቁ

=
࢘

ࡾ)] − ࢞(࢘ + ࡾ)[࢘ + ࢘) 

obviously the function ࢍ decreasing 

−(࢞)ࢌ ࢌ ൬


൰ + −(࢟)ࢌ ൬ࢌ



൰+ (ࢠ)ࢌ − ൬ࢌ



൰ = 

= (࢞)ࢍ ൬࢞ −


൰ + (࢟)ࢍ ൬࢟ −



൰ + (ࢠ)ࢍ ൬ࢠ −



൰ ≤ 

≤


൫(࢞)ࢍ + (࢟)ࢍ + ൯(ࢠ)ࢍ ൬࢞ −




+ ࢟ −



+ ࢠ −


൰ =  

use Cebyshev for sequences: {(ࢠ)ࢍ,(࢟)ࢍ,(࢞)ࢍ} and ቄ࢞ − 


, ࢟ − 


, ࢠ − 

ቅ 

࢞ ≥ ࢟ ≥ ࢠ ⇒ ࢞ − 

≥ ࢟ − 


≥ ࢠ − 


 and (࢞)ࢍ ≤ (࢟)ࢍ ≤  (ࢠ)ࢍ

result: (࢞)ࢌ + (࢟)ࢌ + (ࢠ)ࢌ ≤ ࢌ ቀ

ቁ = 

࢘ାࡾ
 

 

191. In ࢤ	 the following relationship holds: 

ࢇ√ + ࢈

ࢇ + ࢈
+
࢈√ + ࢉ

࢈ + ࢉ
+
ࢉ√ + ࢇ

ࢉ + ࢇ
≤
√ ⋅ ࡾ
ૡ ⋅ ࢘

 

Proposed by George Apostolopoulos – Messolonghi – Greece  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo : ට ࢈ାࢇ

(࢈ାࢇ) + ට ࢉା࢈

(ࢉା࢈) +ට ࢇାࢉ

(ࢇାࢉ) ≤
√ࡾ
ૡ࢘

 (ࢻ) … 
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Desde que: (ࢇ − (࢈ ≥  → ࢇ + ࢈ + ࢇ࢈ − ࢇ࢈ − ࢈ࢇ ≥  

⇒ (ࢇ + ࢈ + ࢈ࢇ − ࢇ࢈ − ࢈ࢇ+ ࢇ࢈) ≥ ࢇ + ࢈ → (ࢇ − +࢈ࢇ )࢈ ≥ ࢇ +   … (A)࢈

⇒ ࢇ) + (࢈ ≥ ࢈ࢇ … (B), luego, multiplicando … (A) × (B): 
⇒ (ࢇ + ࢇ)(࢈ − ࢈ࢇ + )࢈ ≥ ࢇ)࢈ࢇ + (࢈ → ࢇ) + )࢈ ≥ ࢇ)࢈ࢇ +  (࢈

Análogamente para los demás términos: 

࢈) + )ࢉ ≥ ࢈)ࢉ࢈ + (ࢉ ∧ ࢉ) + )ࢇ ≥ ࢉ)ࢇࢉ +  (ࢇ

Tener en cuenta lo siguiente: ࡾ ≥ ࢘, 


࢞

+

࢟

+

ࢠ
≤ ඨ


࢞

+

࢟

+

ࢠ

,

࢈ࢇ

+

ࢉ࢈

+

ࢇࢉ

=


࢘ࡾ
 

Por consiguiente, se tiene en … (ࢻ)  

ඨ
ࢇ + ࢈

ࢇ) + )࢈ + ඨ
࢈ + ࢉ

࢈) + )ࢉ + ඨ
ࢉ + ࢇ

ࢉ) + )ࢇ ≤


√࢈ࢇ
+


√ࢉ࢈

+


√ࢉࢇ
≤ 

≤ 
√
ට 
࢈ࢇ

+ 
ࢉ࢈

+ 
ࢇࢉ

= √

ට 
࢘ࡾ

≤ √	×	ࡾ
࢘	×	ࡾ

≤ √ࡾ
ૡ࢘

 … (LQQD) 

 

192. In ࢤ	 the following relationship holds: 

ࡾ) + (࢘ ⋅ ቀࢇቁ ⋅ ൬


ࢇࡾ) + ൰(࢈࢘ ≥ ૢ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo : (ࡾ + ൯ࢇ∑൫(࢘ ቀ∑ 
ቁ(࢈࢘ାࢇࡾ) ≥ ૠ 

Por la desigualdad de Holder: 

ቀ(ࡾ + ቁ(࢘ ቀࢇቁ ( +  + )( +  + )( +  + ) ≥ 



 
www.ssmrmh.ro 

 

≥ ൫(ࢇࡾ + (ࢇ࢘ + ࢈ࡾ) + (࢈࢘ + ࢉࡾ) +  ൯(ࢉ࢘

⇒ ࡾ)∑ + (࢘ ൫∑ࢇ൯(ૠ) ≥ ൫(ࢇࡾ + (࢈࢘ + ࢈ࡾ) (ࢉࡾ+ + ࢉࡾ) + ൯(ࢇ࢘


  … (A) 

Por otro lado, por MA ≥ MG: 

൫(ࢇࡾ + (࢈࢘ + ࢈ࡾ) + (ࢉࡾ + ࢉࡾ) + ൯(ࢇ࢘

ቀ∑ 

ቁ(࢈࢘ାࢇࡾ) ≥ ૠૢ … (B) 

Multiplicando: (A × B): (ࡾ + ൯ࢇ∑൫(࢘ ቀ∑ 
ቁ(࢈࢘ାࢇࡾ) ≥ ૢ … (LQQD) 

Solution 2 by Mihalcea Andrei Ștefan – Romania  




ࢇࡾ) + (࢈࢘ ≥
ࢊࢇࡾ 

ࡾ) + (ࢇ∑)(࢘ ; 	ࢇ ≥
࢘ࢋࢊࡴ (ࢇ∑)


 

⇒ ࡿࡴࡸ ≥ ࡾ) + (࢘ ⋅
(ࢇ∑)


⋅



ࡾ) + (ࢇ∑)(࢘ = ૢ 

Solution 3 by Soumava Chakraborty-Kolkata-India 

∑ 
(࢈࢘ାࢇࡾ) ≥

(ାା)

    (1) (Radon)(࢈࢘ାࢇࡾ)∑

Now, ∑(ࢇࡾ + (࢈࢘ < ࢇࡾ) + ࢈࢘ ࢈ࡾ+ + ࢉ࢘ + ࢉࡾ +  (ࢇ࢘

= ቀࡾࢇ + ቁࢇ࢘


= +ࡾ) (࢘ ቀࢇቁ


 

∴ 
(࢈࢘ାࢇࡾ)∑ > 

    (2)(ࢇ∑)(࢘ାࡾ)

∴ ∑ 
(࢈࢘ାࢇࡾ) > 

    (from (1), (2))(ࢇ∑)(࢘ାࡾ)

∴ ࡿࡴࡸ > ൫∑ ൯ࢇ
(ࢇ∑) ≥

 ⋅ 


(ࢇ∑)

(ࢇ∑)    (Chebyshev) 

= ૢ =  (Proved)   ࡿࡴࡾ

Solution 4 by Myagmarsuren Yadamsuren – Darkhan – Mongolia  

ࡾ) + ) ⋅ࢇ

ࢤ

⋅


ࢇ) ⋅ ࡾ + ࢈ ⋅ (࢘
ࢤ

≥ ૢ 
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ࢇ) ⋅ ࡾ + ࢈ ⋅ (࢘ =


ࢇ) ⋅ ࡾ + ࢈ ⋅ (࢘ +


࢘࢈) + (࢘ࢉ +


ࢉ) ⋅ ࡾ +  (࢘ࢇ

ࢇ ⋅ ࡾ + ࢘࢈ = ࢞
࢈ ⋅ ࡾ + ࢉ ⋅ ࢘ = ࢞
ࢉ ⋅ ࡾ + ࢇ ⋅ ࢘ = ࢞

ൡ (࢞)ࢌ	 =

࢞

⇒ (࢞)ᇱᇱࢌ ≥  




ࢇ) ⋅ ࡾ + ࢈ ⋅ (࢘ ≥


൬(ࢇ + ࢈ + (ࢉ ⋅ ࡾ + ࢇ) + ࢈ + (ࢉ ⋅ ࢘
 ൰

 = 

= శ

 (*) (࢘ାࡾ)⋅(ࢉା࢈ାࢇ)

ࢇ∑ ≥
࢜ࢋ࢙࢟࢈ࢋࢎ 

ష
⋅ ࢇ) + ࢈ +  (**)    (ࢉ

(*); (**) ⇒ ࡾ) + (࢘ ⋅ 
ష

⋅ (ࢇ∑) ⋅ శ

(࢘ାࡾ)(ࢇ∑) = ૢ 

193. In ࢤ	 the following relationship holds: 

ࢇࢎ ⋅ ܖ܉ܜ



ࢇ
+
࢈ࢎ ⋅ ܖ܉ܜ




࢈
+
ࢉࢎ ⋅ ܖ܉ܜ




ࢉ
≤


ૡ ⋅ ࢘

 

Proposed by George Apostolopoulos – Messolonghi – Greece  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࢇࢎ :
ࢇ
ܖ܉ܜ 


+ ࢈ࢎ

࢈
ܖ܉ܜ 


+ ࢉࢎ

ࢉ
ܖ܉ܜ 


≤ 

ૡ࢘
 

1. Tener en cuenta las siguientes identidades en un triángulo : 

ࢇࢎ =
ࡿ
ࢇ ࢈ࢎ, =

ࡿ
࢈ ࢉࢎ, =

ࡿ
ࢉ  

ܖ܉ܜ

 =

࢙) − ࢙)(࢈ − (ࢉ
ࡿ ; ܖ܉ܜ


 =

࢙) − ࢙)(ࢉ − (ࢇ
ࡿ , ܖ܉ܜ


 =

࢙) − ࢙)(ࢇ − (࢈
ࡿ  

2. Recordar la siguiente desigualdad en un triángulo : 

ࢇ

+ 
࢈

+ 
ࢉ
≤ 

࢘
 … (demonstrado anteriormente) 

El lado izquierdo es equivalente:  
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⇒ (࢈ି࢙)(ࢉି࢙)
ࢇ

+ (ࢉି࢙)(ࢇି࢙)
࢈

+ (ࢇି࢙)(࢈ି࢙)
ࢉ

 … (A) 

Desde que: ࢈,ࢇ,   son lados de un triángulo ࢉ

 → ࢙) − ,(ࢇ ࢙) − ,(࢈ ࢙) − (ࢉ > 0 

Por: MA ≥ MG → (ࢉି࢙)ା(࢈ି࢙)


≥ ඥ(࢙ − ࢙)(࢈ −  ,(ࢉ

ࢇ


≥ ࢙) − ࢙)(࢈ − ,(ࢉ


ࢇ

≥
(࢙ − ࢙)(࢈ − (ࢉ

ࢇ
 

Por consiguiente tenemos en … (A): 

⇒
(࢙ − ࢙)(࢈ − (ࢉ

ࢇ +
(࢙ − ࢙)(ࢉ − (ࢇ

࢈ +
(࢙ − ࢙)(ࢇ − (࢈

ࢉ ≤ 

≤ 
ࢇ

+ 
࢈

+ 
ࢉ

≤ 
ૡ࢘

 … (LQQD) 

194. In ࢤ	 the following relationship holds: 


ࢇ
ට

ࢇ
࢈ + ࢉ − ࢇ

+

࢈
ඨ ࢈
ࢉ + ࢇ − ࢈

+

ࢉ
ට

ࢉ
ࢇ + ࢈ − ࢉ

≥
√
ࡾ

 

Proposed by George Apostolopoulos – Messolonghi – Greece  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo : 
ࢇ
ට ࢇ
ࢇିࢉା࢈

+ 
࢈
ට ࢈
࢈ିࢇାࢉ

+ 
ࢉ
ට ࢉ
ࢉି࢈ାࢇ

≥ √
ࡾ

 

 La desigualdad es equivalente:   

ට 
(ࢇିࢉା࢈)ࢇ + ට 

(࢈ିࢇାࢉ)࢈ + ට 
(ࢉି࢈ାࢇ)ࢉ ≥

√
ࡾ

 … (A) 

Desde que: ࢈,ࢇ,  :son lados de un triángulo, se cumple ࢉ

࢈) + ࢉ − ,(ࢇ ࢉ) + ࢇ − ,(࢈ ࢇ) + ࢈ − (ࢉ > 0. Por: MA ≥ MG 

ࢇ + ࢈) + ࢉ − (ࢇ ≥ ඥ࢈)ࢇ + ࢉ − (ࢇ →
࢈ + ࢉ
 ≥ ඥ࢈)ࢇ + ࢉ − (ࢇ → 
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→ 

ࢉା࢈
≤ 

ඥࢇ(࢈ାࢇିࢉ)
. Análogamente para los demás términos: 


ࢉ + ࢇ ≤


ඥࢉ)࢈ + ࢇ − (࢈

,


ࢇ + ࢈ ≤


ඥࢇ)ࢉ+ ࢈ − (ࢉ
 

Luego tenemos en … (A):  

ට 
(ࢇିࢉା࢈)ࢇ + ට 

(࢈ିࢇାࢉ)࢈ + ට 
(ࢉି࢈ାࢇ)ࢉ ≥  ቀ 

ࢉା࢈
+ 

ࢇାࢉ
+ 

࢈ାࢇ
ቁ ≥  

≥ ૢ
ࢉା࢈ାࢇ

≥ ૢ
√ࡾ

= √
ࡾ

 … (LQQD) 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

In ࢤ	: 
ࢇ
⋅ ට ࢇ

ࢇିࢉା࢈
+ 

࢈
⋅ ට ࢈

࢈ିࢇାࢉ
+ 

ࢉ
⋅ ට ࢉ

ࢉି࢈ାࢇ
≥ √

ࡾ
   (*) 



ࢇ
⋅ ට

ࢇ
࢈ + ࢉ − ࢇ

ࢤ

≥
࢟ࢎࢉ࢛ࢇ

 ⋅ ඩ

ࢉ࢈ࢇ

⋅ ඨ
ࢉ࢈ࢇ

ࢇ) + ࢈ − ࢈)(ࢉ + ࢉ − ࢉ)(ࢇ + ࢇ − (࢈



≥ 

≥
࢜ࢇࡾ 

ࢉ࢈ࢇ√ ≥ √
ࡾ

   (ASSURE) 

⇒ √ ⋅ ࡾ ≥ ࢉ࢈ࢇ ⇒ √

⋅ ࡾ ≥  (True) ࡿ

࢙ =  ⋅ ࢘ ≤
࢘ࢋ࢛ࡱ

	 ⋅
ࡾ


=
ࡾ

⋅ ൬
ࢇ + ࢈ + ࢉ


൰ =

ࡾ

⋅ ࡾ ⋅ ܖܑܛ) + ܖܑܛ +  (ܖܑܛ

≤
ࡾ


⋅
√


=
√


⋅  ࡾ

 

195. In acute – angled ࢤ	: 

ܜܗ܋


ܜܗ܋



≥ 



 + ܖ܉ܜ ܖ܉ܜ



 

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo acutángulo : ∑ ܜܗ܋ 

ܜܗ܋


≥ ∑ 

ାܖ܉ܜ ܖ܉ܜ



 

1. Realizamos los siguientes combios de variables: 

࢞ = ܜܗ܋


ܜܗ܋




> ݕ,0 = ܜܗ܋


ܜܗ܋




> ݖ,0 = ܜܗ܋


ܜܗ܋




> 0 

2. En un triángulo , si:  + +  = ࣊


 , se cumple lo siguiente: 

ܖ܉ܜ

 ܖ܉ܜ


 =  →


࢞ +


࢟ +


ࢠ =  

Por desigualdad de Cauchy: → ࢞ + +࢟ ࢠ ≥ ૢ 

La desigualdad es equivalente: 

࢞ + ࢟ + ࢠ ≥
࢞
࢞ +  +

࢟
࢟ +  +

ࢠ
ࢠ +  → ൬࢞ +


࢞ + ൰+ ൬࢟ +


࢟ + ൰+ ൬ࢠ +


ࢠ + ൰ ≥  

Lo cual es cierto; ya que por: ࡹ ≥  ࡳࡹ

⇒ ቀ࢞ା


+ 
ା࢞

ቁ + ቀ࢟ା


+ 
ା࢟

ቁ+ ቀࢠା


+ 
ାࢠ

ቁ ≥  … (A) 

⇒ ࢞


+ ࢟


+ ࢠ

− 


≥ ૠ


− 


=  … (B) 

Summando: (A) + (B) → ቀ࢞ + 
ା࢞

ቁ + ቀ࢟ + 
ା࢟

ቁ + ቀࢠ + 
ାࢠ

ቁ ≥  …  

Solution 2 by Soumava Chakraborty – Kolkata – India  

Let (࢞)ࢌ = ܖܔ ቀܖ܉ܜ ࢞

ቁ ࢞∀, ∈ ቀ, ࣊


ቁ ; (࢞)ᇱᇱࢌ	 =

ቁ࢞ቀ܋܍ܛ


−

ቁ࢞ቀ܋܍ܛ

 ቁ࢞ቀܖ܉ܜ
 

=
܋܍ܛ ቀ࢞ቁ


ቐ −

܋܍ܛ ቀ࢞ቁ

 ܖ܉ܜ ቀ࢞ቁ
ቑ =

܋܍ܛ ቀ࢞ቁ

 ܖ܉ܜ ࢞
ቄ ܖ܉ܜ

࢞

− ቀ+ ܖ܉ܜ

࢞

ቁቅ 
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=
܋܍ܛ ቀ࢞ቁ

 ܖ܉ܜ ቀ࢞ቁ
ቄܖ܉ܜ ቀ

࢞

ቁ − ቅ < 0

⎝

⎜⎜
⎛

∵  <
࢞


<
࣊


,

∴  < ܖ܉ܜ ቀ
࢞

ቁ < 1

⇒ ܖ܉ܜ ቀ
࢞

ቁ −  < 0⎠

⎟⎟
⎞

 

∴ ࢞∀ ∈ ቀ, ࣊

ቁ (࢞)ࢌ, = ܖܔ ቀܖ܉ܜ ࢞


ቁ is concave. Applying Jensen’s inequality, 

ܖܔ൬ܖ܉ܜ


൰ ≤  ൬ܖܔ

 + + 


൰ ⇒ ܖܔ ൬ܖ܉ܜ


ܖ܉ܜ



ܖ܉ܜ



൰ ≤ ܖܔ ൬


√

൰


 

⇒ ܖ܉ܜ

 ܖ܉ܜ


 ܖ܉ܜ


 ≤


√

=
√
ૢ ⇒ ܜܗ܋


 ܜܗ܋


 ܜܗ܋


 ≥

() ૢ
√

= √ 

Let ࢛ = ܜܗ܋ 


࢜, = ܜܗ܋


࢝, = ܜܗ܋ 


. Then given inequality ⇔ 

⇔࢛࢜ ≥ 


 + 
࢛࢜

⇔ ࢛࢜ + ࢝࢜ + ࢛࢝ ≥ ቀ
࢛࢜

 + ࢛࢜
+

࢝࢜
 + ࢝࢜

+
࢛࢝

 + ࢛࢝
ቁ 

⇔ ࢛࢜) + ࢝࢜ + )(࢛࢝ + )(࢛࢜ + )(࢝࢜ + (࢛࢝ ≥ 

࢛࢜(+ )(࢝࢜ + (࢛࢝ + ࢝࢜( + )(࢛࢝ + (࢛࢜ + ࢛࢝(+ )(࢛࢜ +  (࢝࢜
⇔ ࢛࢜)࢛࢝࢜ + ࢝࢜ + (࢛࢝ + ࢛࢜)࢛࢝࢜ + +࢝࢜ ࢛࢝ + ࢛࢜ + ࢝࢜ (࢛࢝+ + ࢛࢜ + ࢝࢜ +  ࢛࢝

≥
()

࢛)࢛࢝࢜ + ࢜ + (࢝ + (࢛࢜ + ࢝࢜ + (࢛࢝ +  ࢛࢝࢜ૢ

(expanding and re-arranging) . Now, from (1), ࢛࢝࢜ ≥ √ (i) 

Again,  ܖ܉ܜ 

ܖ܉ܜ 


+ ܖ܉ܜ 


ܖ܉ܜ 


+ ܖ܉ܜ 


ܖ܉ܜ 


=  

⇒ 
࢛࢜

+ 
࢝࢜

+ 
࢛࢝

=  ⇒ ࢛ + ࢜ + ࢝ =   ,Now(ii)   ࢛࢝࢜


ૢ
+࢛࢜)࢛࢝࢜ ࢝࢜ + (࢛࢝ ≥⏟

(ࢇ)

() ૠ
ૢ

࢛࢜) + ࢝࢜ + (࢛࢝ = (࢛࢜ + ࢝࢜ +  (࢛࢝

Also, ࢛)࢛࢝࢜࢜ + ࢝࢜ + ࢛࢝ + ࢛࢜ + ࢝࢜ + (࢛࢝ = 

= ࢛)࢝ቀ࢛࢝࢜ + (࢜ + ࢜)࢛ (࢝+ + ࢝)࢜ +  )ቁ࢛
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≥⏟
(࢈)

ࡳି
+࢛࢜࢝)࢛࢝࢜ ࢛࢝࢜+ ࢛࢝࢜) = ࢛࢜࢝ =

()
࢛)࢛࢝࢜ + ࢜ +  (࢝

Also, ࢛࢜ + ࢝࢜ ࢛࢝+ ≥
(ࢉ)

࢛)࢛࢝࢜ + ࢜ (࢝+ =
()

 ࢛࢝࢜

(a), (b), (c) ⇒ it is sufficient to prove that 
ૡ
ૢ
࢛࢜)࢛࢝࢜ + ࢝࢜ + (࢛࢝ ≥ ૡ࢛࢜࢝   (from (2)) 

⇔ ࢛࢜ + ࢝࢜ + ࢛࢝ ≥ ૢ   (3) 

But ࢛࢜ + ࢝࢜ + ࢛࢝ ≥
ࡳି

√࢛࢜࢝ ≥
()
√ૠ = ૢ ⇒ (3) is true (Proved) 

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

ܖ܉ܜ 

࢞ > 0		 ܖ܉ܜ 


= ࢟ > ܖ܉ܜ   0 


= ࢠ > 0; ࢟࢞	 + ࢠ࢟ + ࢞ࢠ =  

ܜܗ܋ 


= 
࢞

; ܜܗ܋ 


= 
࢟

; ܜܗ܋ 


= 
ࢠ

; 	∑ 
࢟࢞
≥ ∑ 

ା࢟࢞
   (ASSURE) 




 + ࢟࢞
= 


࢟࢞ + ࢠ࢟ + ࢞ࢠ

=


⋅

ฏ
(ାାା)

࢟࢞ + ࢟࢞ + ࢠ࢟ + ࢞ࢠ
≤ 

≤


⋅൬


࢟࢞

+

ࢠ࢟

+

࢞ࢠ
൰ = 

=

 ⋅ ൬


࢟࢞ +


ࢠ࢟ +


൰࢞ࢠ + ൬


࢟࢞ +


ࢠ࢟ +


൰࢞ࢠ + ൬


࢟࢞ +


ࢠ࢟ +


൰൨࢞ࢠ = 

=


⋅ ൬


࢟࢞

+

ࢠ࢟

+

ࢠ࢞
൰ =


࢟࢞

+

ࢠ࢟

+

࢞ࢠ

 

Solution 4 by Ravi Prakash-New Delhi-India 


 +


 =

࣊
 −


 ⇒ ܖ܉ܜ ൬


 +


൰ = ܜܗ܋ ൬


൰ ⇒ܖ܉ܜ ൬


൰ ܖ܉ܜ ൬


൰ =  

Let ࢞ = ܖ܉ܜ ቀ

ቁ ܖ܉ܜ ቀ


ቁ , ࢟ = ܖ܉ܜ ቀ


ቁ ܖ܉ܜ ቀ


ቁ , ࢠ = ܖ܉ܜ ቀ


ቁ ܖ܉ܜ ቀ


ቁ 
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Consider ∑ܜܗ܋ ቀ

ቁ ܜܗ܋ ቀ


ቁ − ∑ 

ାܖ܉ܜቀቁ ቀܖ܉ܜ

ቁ

 

=

࢞ +


࢟ +


ࢠ −  ൬


࢞ + ࢟ + ࢠ +


࢞ + ࢟ + ࢠ +


࢞ + ࢟ + ࢠ൰ 

=
࢟ + ࢠ − ࢞
)࢞ + (࢞ +

ࢠ + ࢞ − ࢟
)࢟ + (࢟ +

࢞ + ࢟ − ࢠ
)ࢠ + (ࢠ  

= ࢟) − (ࢠ 


࢞ + ࢞
−


࢟ + ࢟

൨+ ࢠ) − (࢞ 


࢞ + ࢞
−


ࢠ + ࢠ

൨ + 

࢟)+ − (ࢠ ൬


ࢠ + ࢠ −


࢟ +  ൰࢟

=
࢟) − ((࢞ + ࢞ + (࢟
)࢟࢞ + )(࢞ + (࢟ +

ࢠ) − ((࢞ + ࢠ + (࢞
)ࢠ࢞ + )(࢞ + (ࢠ +

࢟) − ((ࢠ + ࢟ + (ࢠ
)ࢠ࢟ + )(࢟ + (ࢠ ≥  

Solution 5 by Saptak Bhattacharya-Kolkata-India 

By Cauchy Schwarz on 4 variables 

ඨܖ܉ܜ


ܖ܉ܜ




,ඨܖ܉ܜ


ܖ܉ܜ




,ඨܖ܉ܜ


ܖ܉ܜ




,ඨܖ܉ܜ


ܖ܉ܜ




 

and their reciprocals, 


ܖ܉ܜ ܖ܉ܜ



+ 


ܖ܉ܜ ܖ܉ܜ


≥



ܖ܉ܜ ܖ܉ܜ

 + ∑ ܖ܉ܜ ܖ܉ܜ




 

= 

ାܖ܉ܜ ܖ܉ܜ



    (i) 

ቂ∵ ∑ ܖ܉ܜ 

ܖ܉ܜ 


= ቃ. Similarly, 



ܖ܉ܜ ܖ܉ܜ



+∑ 

ܖ܉ܜ ܖ܉ܜ



≥ 

ାܖ܉ܜ ܖ܉ܜ



   (ii); 

ܖ܉ܜ ܖ܉ܜ



+ ∑ 

ܖ܉ܜ ܖ܉ܜ



≥ 

ାܖ܉ܜ ܖ܉ܜ



    (iii) 

Adding (i), (ii) and (iii); 

∑ 

ܖ܉ܜ ܖ܉ܜ



≥ 	∑ 

ାܖ܉ܜ ܖ܉ܜ



 ; ∑ 

ܖ܉ܜ ܖ܉ܜ



≥ ∑ 

ାܖ܉ܜ ܖ܉ܜ



 (Proved) 
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196. In ࢤ	,ࢤ	 the following relationship holds: 

ࢇ ඥܖܑܛ ܖܑܛ  ≤
ૢ√


 ࡾ

Proposed by Daniel Sitaru-Romania 

Solution 1 by Soumava Chakraborty-Kolkata-India 

Given inequality ⇔ ࢉ࢈ඥࢇ∑ ≤ ૢ√ࡾࡾ   (1) 

WLOG, we may assume ࢇ ≤ ࢈ ≤ ࢇ  andࢉ ≤ ࢈ ≤  ࢉ

∴ ඥ࢈ࢉ ≥ ࢇࢉ√ ≥ ඥࢇ࢈   and  ࢇ ≤ ࢈ ≤  ࢉ

Applying Chebyshev’s Inequality, 

ࢇඥ࢈ࢉ ≤


ቀࢇቁ ቀඥ࢈ࢉቁ ≤

ࡿିି 

ቀࢇቁ ටࢇටࢇ 

= 

൫∑ࢇ൯(∑ࢇ) ≤ 


൫ૢࡾ൯൫√ࡾ൯ = ૢ√ࡾࡾ ⇒ (1) is true  

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

In ࢤ		 = , show that ࢇ


ࢉ
+ ࢈

ࢇ
+ ࢉ

࢈
≥ ࢉ࢈ࢇ

ࡾࡾ
. We know,  

∑ ࢉ࢟ࢉࢇ ≤ ∑  andࡾૢ ࢉ࢟ࢉࢇ ≤  ࡾૢ

ࢇ

ࢉ
+ ࢈

ࢇ
+ ࢉ

࢈
= ࢇ

ࢉࢇ
+ ࢈

ࢇ࢈
+ ࢉ

࢈ࢉ
≥ (ࢉା࢈ାࢇ)

(ࢇࢉା࢈ࢇାࢉ࢈)   [Holder] 

≥
ࢠ࢘ࢇ࢝ࢎࢉࡿି࢟ࢎࢉ࢛ࢇ ࢇ) + ࢇ + )ࢇ

ට൫∑ ࢉ࢟ࢉࢇ ൯൫∑ ࢉ࢟ࢉࢇ ൯
≥

ૠࢇ࢈ࢉ
 ⋅ ࡾ ⋅ ࡾ

=
ࢉ࢈ࢇ
ࡾࡾ

 

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

ࢇ

ࢉ
+
࢈

ࢇ
+
ࢉ

࢈
≥
ࢉ࢈ࢇ
ࡾࡾ
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ࢇ

ࢤࢉ

= 
ࢇ

ࡾ ⋅ ࢤܖܑܛ

=


 ⋅ ࡾ
⋅

ࢇ

ܖܑܛ ࢤ

≥ 

≥


 ⋅ ࡾ
⋅

(ࢇ∑)

ܖܑܛ + ܖܑܛ  + ܖܑܛ 
≥


ࡾ

⋅


√


= 

=


ࡾ ⋅ √
=
 ⋅ 
ࡾ ⋅ √

≥
 ⋅ ࢘ ⋅ √
ࡾ ⋅ √

=
ࡿ
ࡾ

=
 ⋅ ࢇ ⋅ ࢈ ⋅ ࢉ ⋅ ࡾ

ࡾ
=
ࢉ࢈ࢇ
ࡾࡾ

 

 

197. In ࢤ	 the following relationship holds: 

ࢇ

ࢉ
+
࢈

ࢇ
+
ࢉ

࢈
≥

࢙) + ࢘ + ࢘ࡾ)

࢙(ࡾ − ࢘ − ࢘ࡾ) 

Proposed by Daniel Sitaru – Romania  

 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࢇ :

ࢉ
+ ࢈

ࢇ
+ ࢉ

࢈
≥ ൫࢙ା࢘ା࢘ࡾ൯



 (࢘ࡾି࢘ି࢙)ࡾ

1. Siendo: ࢈,ࢇ,  se cumple las siguiente  lados de un triángulo ࢉ

identidades: 

࢈ࢇ + ࢉ࢈ + ࢇࢉ = ࢙ + ࢘ + ࢇ,࢘ࡾ + ࢈ + ࢉ = (࢙ − ࢘ − ࢘ࡾ) 

Así que: (ࢇ + ࢈ + (ࢉ + ࢈ࢇ + ࢉ࢈ + ࢇࢉ = ࢙ − ࢘ − ࢘ࡾ 

2. Recordar las siguiente desigualdades de las mdeianas en un 

triángulo : 

࢈ࢇ ≤ ࢉ + ,࢈ࢇ ࢉ࢈ ≤ ࢇ + ࢇࢉ,ࢉ࢈ ≤ ࢈ +  ࢇࢉ
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ࢇ ≥
ࢉା࢈

ࡾ
࢈, ≥

ࢇାࢉ

ࡾ
ࢉ, ≥

࢈ାࢇ

ࡾ
ࢇ, + ࢈ + ࢉ ≥

ࢉା࢈ାࢇ

ࡾ
. La 

desigualdad es equivalente: ࢇ

ࢉ
+ ࢈

ࢇ
+ ࢉ

࢈
≥ 

ࡾ
	× (ࢇࢉାࢉ࢈ା࢈ࢇ)

(ࢇା࢈ାࢉ)ା࢈ࢇାࢉ࢈ାࢇࢉ
 

Aplicando la desiguladad de Cauchy:  

ࢇ

ࢉ
+
࢈

ࢇ
+
ࢉ

࢈
≥

(ࢇ + ࢈ + (ࢉ

ࢇࢉ + ࢇ࢈ + ࢇࢉ
≥ 

≥
൬ࢇ

శ࢈శࢉ

ࡾ
൰


(ࢇା࢈ାࢉ)ା࢈ࢇାࢉ࢈ାࢇࢉ
≥ 

ࡾ
	× (ࢇࢉାࢉ࢈ା࢈ࢇ)

(ࢇା࢈ାࢉ	)ା࢈ࢇାࢉ࢈ାࢇࢉ
. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ ≥  (by AM-GM) ∴ it suffices to prove:  ≥ (࢈ࢇ∑)

 (࢘ࡾି࢘ି࢙)ࡾ

⇔ ࡾ{࢙ + (࢙ − ࢘ࡾ − {(࢘ ≥ ቀ࢈ࢇቁ


 

⇔ ࡾ࢙ + (ࢇ∑)ࡾૢ ≥ (∑࢈ࢇ)    (1) 

Now, ࡾ࢙ ≥ ⇒   (Goldstone’s Inequality)࢈ࢇ∑ ࡾ࢙ ≥ ∑ࢇ࢈ (2) 

Again, ૢࡾ ≥ ⇒   (Leibniz)ࢇ∑ (ࢇ∑)ࡾૢ ≥ (ࢇ∑) ≥
()
	  	(࢈ࢇ∑)

(2) + (3) ⇒ ࡾ࢙ + (ࢇ∑)ࡾૢ ≥
()

∑ࢇ࢈ +  (࢈ࢇ∑)

(1), (4) ⇒ it is sufficient to prove that: ∑ࢇ࢈ + (࢈ࢇ∑) ≥ (∑࢈ࢇ) 

⇔ ࢇ࢈ ≥ ቀ࢈ࢇቁ


= ࢇ࢈ + ࢇ)ࢉ࢈ࢇ + ࢈ +  (ࢉ

⇔ ࢇ࢈ ≥ ࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ ⇔ࢇ࢈ ≥ ࢇ)ࢉ࢈ࢇ + ࢈ +  (ࢉ

which is true ∵ ࢞∑ ≥ ࢞ where ,࢟࢞∑ = ࢟,࢈ࢇ = ,ࢉ࢈ ࢠ =  (Proved) ࢇࢉ

 

198. Let  be a triangle and let ࡷ be its symmedian point. Prove that 
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(a) 
ࡷ

+ 
ࡷ

+ 
ࡷ

≥ ൫ࢇା࢈ାࢉ൯(ࢇା࢈ାࢉ)

ࢇ࢈ࢉ
 

(b) ࡷ⋅ࡷ
ࢇ

+ ࡷ⋅ࡷ
࢈

+ ࡷ⋅ࡷ
ࢉ

≤ ࢉ࢈ࢇ
ࢉା࢈ାࢇ

 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Siendo  un triángulo y ࡷ → Symmedian Point. Prove that: 

1) 
ࡷ

+ 
ࡷ

+ 
ࡷ

≥ ൫ࢇା࢈ାࢉ൯(ࢇା࢈ାࢉ)

ࢇ࢈ࢉ
 

Recordar la siguientes identidades en: ࡷ “Symmedian Point”: 

ࡷ =
࢈√ࢉ࢈ + ࢉ − ࢇ

ࢇ + ࢈ + ࢉ ࡷ, =
ࢉ√ࢇࢉ + ࢇ − ࢈

ࢇ + ࢈ + ࢉ , 

ࡷ = ࢉି࢈ାࢇඥ࢈ࢇ

ࢉା࢈ାࢇ
. Se puede observar claramente que: 

࢈ + ࢉ − ࢇ = ࢈) − (ࢉ + ࢈) + (ࢉ − ࢇ = ࢈) − (ࢉ + ࢈) + ࢉ + ࢈)(ࢇ + ࢉ − (ࢇ ≥  

Por lo tanto: (࢈ + ࢉ − ,(ࢇ (ࢉ + ࢇ − ,(࢈ (ࢇ + ࢈ − (ࢉ > 0 

La desigualdad es equivalente:  
ࢇ) + ࢈ + )ࢉ

࢈(ࢉ࢈ + ࢉ − (ࢇ +
ࢇ) + ࢈ + )ࢉ

ࢉ(ࢇࢉ + ࢇ − (࢈ +
ࢇ) + ࢈ + )ࢉ

ࢇ(࢈ࢇ + ࢈ − (ࢉ ≥ 

≥ ൫ࢇା࢈ାࢉ൯(ࢇା࢈ାࢉ)

ࢇ࢈ࢉ
. Por la desigualdad de Cauchy: 

⇒ (ࢇ + ࢈ + (ࢉ ቀ ࢇ

࢈ାࢉିࢇ
+ ࢈

ࢉାࢇି࢈
+ ࢉ

ࢇା࢈ିࢉ
ቁ ≥ (ࢇ + ࢈ + (ࢉ ൬ (ࢉା࢈ାࢇ)

൫ࢇା࢈ାࢉ൯
൰  

⇒ ൫ࢇ + ࢈ + ൯ࢉ ቆ
ࢇ

࢈ + ࢉ ࢇ−
+

࢈

ࢉ + ࢇ − ࢈
+

ࢉ

ࢇ + ࢈ − ࢉ
ቇ ≥ ࢇ) + ࢈ +  (ࢉ

ࡷ⋅ࡷ (2
ࢇ

+ ࡷ⋅ࡷ
࢈

+ ࡷ⋅ࡷ
ࢉ

≤ ࢉ࢈ࢇ
ࢉା࢈ାࢇ

 

La desigualdad es equivalente: 

∑ ࡷ⋅ࡷ
ࢇ

= ࢉ࢈ࢇ
(ࢉା࢈ାࢇ)

∑ඥ(ࢉ + ࢇ − ࢇ)(࢈ + ࢈ − (ࢉ ≤  
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≤
ࢉ࢈ࢇ

ࢇ + ࢈ + ࢉ
 

⇒ ∑ඥ(ࢉ + ࢇ − ࢇ)(࢈ + ࢈ − (ࢉ ≤ (ࢇ + ࢈ +  ) … (A)ࢉ

Realizamos los siguientes cambios de variables: 

࢞ = ࢈ + ࢉ − ࢇ > ࢟,0 = ࢉ + ࢇ − ࢈ > 0, 

ࢠ = ࢇ + ࢈ − ࢉ > 0 → ࢞ + ࢟ + ࢠ = (ࢇ + ࢈ +  .(ࢉ

Por último, reemplazando en … (A): 

⇒ ඥ࢟࢞ + ඥࢠ࢟ + ࢞ࢠ√ ≤ ࢞ + ࢟ + ࢠ ⇔ 

⇔ ൫√࢞ −ඥ࢟൯


+ ൫ඥ࢟ − ൯ࢠ√


+ ൫√ࢠ − ൯࢞√

≥  … (LQQD) 

 

199. In ࢤ	 the following relationship holds: 

ܖܑܛ 
࢈) ⋅ (ࢉ +

ܖܑܛ
ࢉ) ⋅ (ࢇ +

ܖܑܛ 
ࢇ) ⋅ (࢈ ≤

√
 ⋅ ࢘

 

Proposed by George Apostolopoulos – Messolonghi – Greece  

 

Solution 1 by Daniel Sitaru – Romania  

Lemma(Gheorghe Szollosy-Romania): 

In ࢤ	: ∑ 
ࢉ࢈

≤ √
ࡿ

 

Proof: 

ࢇ =
ඥ(࢈ + (ࢉ − ࢇ


≥
ඥ(ࢇ+ ࢈ + ࢈)(ࢉ + ࢉ − (ࢇ


= ඥ࢙)࢙ −  (ࢇ




ࢉ࢈
≤


ඥ࢙)࢙ − (ࢇ

⋅


ඥ࢙)࢙ − (ࢇ
=

࢙



ඥ(࢙ − ࢙)(ࢇ − (ࢇ

= 
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= 
࢙
⋅ ࢇି࢙√∑
ඥ(ࢇି࢙)(࢈ି࢙)(ࢉି࢙)

= 
࢙√ࡿ

࢙√∑ − ࢇ ≤
ࡿ 

࢙√ࡿ
ඥ(࢙ − ࢇ + ࢙ − ࢈ + ࢙ − (ࢉ =  

=

࢙√ࡿ

√࢙ =
√
ࡿ  

Solution: 

ࢇ ≤ ࢈ ≤ ࢉ →


(ࢉ࢈) ≤


(࢈ࢇ) ≤


 (ࢉࢇ)

∑ 
ࢉ࢈

≤ √
ࡿ

   (Lemma)  


ܖܑܛ

(ࢉ࢈) ≤
ࢂࡱࡴࡿࢅࡱࡴ 

ܖܑܛ


(ࢉ࢈) ≤
ࡿ 

 ⋅
√
 ⋅


ࡿ ⋅


 = 

=
√

 ⋅ ࢘ ⋅ ࢙
≤

ࡵࢂࡻࡺࡵࡾࢀࡵࡹ
	

√
࢘ ⋅ ૠ࢘

=
√
࢘

 

 

200. In ࢤ	 the following relationship holds: 

ାࢇ

࢈) + (ࢉ +
ା࢈

ࢉ) + (ࢇ +
ାࢉ

ࢇ) + (࢈ ≥
√ࡿ
ି , > 0 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

ࢇ ⋅
ࢇ

࢈) + (ࢉ = ࢇ ⋅ ቀ
ࢇ

࢈ + ቁࢉ


+ ࢈ ⋅ ൬
࢈

ࢇ + ൰ࢉ


+ ࢉ ⋅ ቀ
ࢉ

ࢇ + ቁ࢈


 

ࢇ ≥ ࢈ ≥ ࢇ;ࢉ ≥ ࢈ ≥  ;ࢉ

ࢇ + ࢈ ≥ ࢉ + ࢇ ≥ ࢈ + ࢉ


ࢉା࢈
≥ 

ࢇାࢉ
≥ 

࢈ାࢇ
ࢇ ≥ ࢈ ≥ ࢉ

ࢇ ≥ ࢈ ≥ ࢉ ⎭
⎬

⎫
⇒ 

ࢇ ⋅ ቀ
ࢇ

࢈ + ቁࢉ


≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ 

 ⋅
(ࢇ) ⋅ቀ

ࢇ
࢈ + ቁࢉ


≥

࢜ࢋࢎ࢙࢟࢈ࢋࢎ
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≥

 ⋅


ି ⋅ࢇ ⋅ ቀ

ࢇ
࢈ + ቁࢉ


=


 ⋅ࢇ ⋅ ቀ

ࢇ
࢈ + ቁࢉ


≥ 

≥ ቌ
ࢇ

࢈ + ࢉ
+

࢈
ࢉ + ࢇ

+
ࢉ

ࢇ + ࢈
≥


(࢚࢚࢈࢙ࢋࡺ)	

ࢇ + ࢈ + ࢉ ≥ √ ⋅ (࢙ᇱࢉ࢈ࢋࢠࢋࢃ)	ࡿ
ቍ ≥ 

≥



⋅ √ ⋅ ࡿ ⋅ ൬


൰


=
√ ⋅ ࡿ
ି

⇒ ࡿ) =  (ࢤ

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

In any ࢤ	, 
శࢇ

(ࢉା࢈) + శ࢈

(ࢇାࢉ) + శࢉ

(࢈ାࢇ) ≥
√ࢤ
ష  where ࢤ = area of ࢤ	 

Weitzenbock’s Inequality: ࢇ + ࢈ + ࢉ ≥ √ࢤ 

Result: let ࢇ ࢈, ∈ (,∞) where  = , ,, …  and , > 0 then 

ାࢇ

࢈
+
ାࢇ

࢈
+⋯+

ାࢇ

࢈
≥

ࢇ) + ࢇ + ⋯+ ା(ࢇ

࢈) + ࢈ + ⋯+ (࢈  

Now,  


ାࢇ

࢈) + (ࢉ
ࢉ࢟ࢉ

= 
(ା)ࢇ

࢈ࢇ) + (ࢉࢇ
ࢉ࢟ࢉ

≥
ࢇ) + ࢈ + ା(ࢉ

࢈ࢇ) + ࢉ࢈ +  (ࢇࢉ

[applying above result] 

=

 ⋅ ቆ

ࢇ + ࢈ + ࢉ

࢈ࢇ + ࢉ࢈ + ቇࢇࢉ


⋅ ࢇ) + ࢈ + (ࢉ ≥
√ࢤ
 =

√ࢤ
ି 

Solution 3 by Soumava Chakraborty – Kolkata – India  

WLOG, we may assume ࢇ ≥ ࢈ ≥  ࢉ

∴ ࢉࢇ + ࢇ ≥ ࢈ + ࢉ࢈ ⇒ ࢉ)ࢇ + (ࢇ ≥ ࢈)࢈ +  (ࢉ

⇒
ࢇ

࢈ + ࢉ
≥

࢈
ࢉ + ࢇ

⇒ ቀ
ࢇ

࢈ + ࢉ
ቁ

≥ ൬

࢈
ࢉ + ࢇ

൰
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⇒ ࢇ ⋅ ቀ ࢇ
ࢉା࢈

ቁ

≥ ࢈ ቀ ࢈

ࢇାࢉ
ቁ

⇒ శࢇ

(ࢉା࢈) ≥
శ࢈

 (1)     (ࢇାࢉ)

Again, ࢈ࢇ + ࢈ ≥ ࢉ + ࢉࢇ ⇒ ࢇ)࢈ + (࢈ ≥ ࢉ)ࢉ +  (ࢇ

⇒
࢈

ࢉ + ࢇ ≥
ࢉ

ࢇ + ࢈ ⇒ ൬
࢈

ࢉ + ൰ࢇ


≥ ቀ
ࢉ

ࢇ + ቁ࢈


 

⇒ ࢈ ⋅ ቀ ࢈
ࢇାࢉ

ቁ

≥ ࢉ ⋅ ቀ ࢉ

࢈ାࢇ
ቁ

⇒ శ࢈

(ࢇାࢉ) ≥
శࢉ

 (2)       (࢈ାࢇ)

Now, ࡿࡴࡸ = ࢇ ⋅ శࢇ

(ࢉା࢈) + ࢈ ⋅ శ࢈

(ࢇାࢉ) + ࢉ ⋅ శࢉ

 (࢈ାࢇ)

≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ 


(ࢇ∑) ቄ శࢇ

(ࢉା࢈) + శ࢈

(ࢇାࢉ) + శࢉ

 ቅ  (using (1), (2))(࢈ାࢇ)

≥
ࢊࢇࡾ 

ቀࢇቁ
ା(ࢇ∑)

(∑ (ࢇ =
(ࢇ∑)(ࢇ∑)(ࢇ∑)

 ⋅ (ࢇ∑) =
࢙

 ⋅  

= ࢙⋅࢙
⋅ష ≥

൫√࢘൯࢙
⋅ష = √࢙

ష =  (Proved) ࡿࡴࡾ
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It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 


