Romanian Mathematical Magazine,
Web: http://www.ssmrmh.ro
The Author(s). This article is published with open access

THE BEAUTY OF AN EXTREME PROBLEM

NGUYEN NGOC GIANG, NGUYEN VIET DUONG, NGUYEN VAN THA

ABSTRACT. The article refers to the method of the exploitation and develop-
ment of an extreme problem.

The exploitation and development of a problem is the important thought
in researching mathematics. There are many methods of creating problem such
as finding many solutions, generalized problems, similar problems, etc. We will
discover these things through the following one.

Problem 1
Let x,y be the positive real numbers such that % +1y% = 1. Find the minimum
value of expression

1 n 1 5

1l—ax 11—y
This problem is given by us on the Forum Solving the inequality and it is
attractive to many people. The following are some solutions.
Solution 1 (Nguyen Ngoc Giang - Nguyen Viet Duong - Nguyen Van Tha)
We have the Lagrange function as follows

1 1
L= —— A1 — 2% =y
i pvies (I—2"—y)
The extreme points are the solutions of the system of equations

L 1
of _of _ A_ap2 = o Pe=0 ()
dr  dy 1
BT Yo v =0 T a0 =y-yPe)

z? 4y =1 2 +yt =1 (3)

The equation (2) follows that
2(1 -2z —2%) =y(1 -2y — y°)
sr—-22 -3 =y—27— 43
& (z—y) -2z —y)(z+y) + (= -y + 2y +v°)
S@—y)2-2@+y) +zy) =0

z—y=20
(z+y)? = (=* +3%)
2

2-2(x+vy)+ =0
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z—y=20
(z+y)? —4rx+y)+3=0="+y*=1)

T=y
S le+y=1
r+y=3

Since 0 < x,y < 1 and 22 +y? = 1, we follow that z(1 — z)? = y(1 — y)? has

. V2
only a solution z =y = -
2 V2
From that we have an extreme point (z,y) = (%, g) . It follows

1 1 1 1 2v/2

+— = + = =4+2V2

<l—x 1_y>mm 1_Q 1_@ V2-1
2 2

The equality occurs if and only if x =y =

|

Solution 2(Nguyen Viet Hung)
From the given condition we have

Vv=1-2>=1-2)1+2)

1 1 1
which implies that = —|—2x . Similarly —— = + y‘ Now we use the
1—x Y 1—y x?
Cauchy-Schwarz inequality to get
1 " T 1 n 1 n T " Y
l—z 1—-y a2 2 2 22
S 4 1 1
“ 22+ oy
>4+
r+y
4
>4+
2(z2 4+ y?)
=4+2v2
2
The equality occurs if and only if x =y = g . So

1 1
( +> =4+ 2V2.

1l—ax 11—y

Solution 3 (Le Nguyen Thanh Nhon)
We prove the following inequality

ix > (4+3\/§)x2—§;Vx€ (0,1)
‘We have
1
1 L VI GUHIVIE 1+ V)2 — VB
1_x—(4+3\/§):v +5 = 20— 1) ~
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1(4 +3v2)(z — 1 +2) (22 — V2)?

Since 0 < z < 1 we have >0

21 —x)
Thus, ﬁ > (4+3v2)2? — ?;\m €(0,1) (4)

B NG
5

1
Similarly, Ty > (4+3vV2)y? — ;Vy € (0,1)  (5)

Since (4) and (5), it follows

2

ﬁ:4+2\/§

1 1
> (4+3V2) =z +4?) -2
17x+17y_(+\f)(:c +9°)

1
The equality occurs if and only if z =y = —
q Yy Yy Y NG
Solution 4 (Ghimisi Dumitrel)
Since 22 +y? = 1,z,y, > 0 it follows that there is a number a € (0, g) such that

T =cosq,y = sina.

It follows
1 1 1 1
1—x+1—y_ 1—Cosa+l—sina_f(a)'
We have
, - sin «v B cos o
Jile) = 1—2cosa+cos’a 1—2sina+sin®a
() (sina — cos @) — 2(sin® @ — cos? @) + sin® o — cos® a
o) =
(1 —2cosa + cos? a)(1 — 2sin a + sin? a)
() (sina — cosa)(l —2sina — 2cosa + 1 + sina cos a)
o) =

(1 —2cosa + cos? a)(1 — 2sin o + sin? )

21
. We have

Denote by sin a4 cos a = p, it follows sin avcos v = b

sin o = cos «
p?—4p+3=0
T
o= —
) 4
< |sina+cosa =1

sina +cosa =3

flla)=0«

Since 0 < sina, cosa < 1, € (0, g), it follows

f’(a)zO@a:%

From that, we have the variation chat as follows
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m v
o |, i 2
f(a) - 0 *
+00
() Too
2(2 + v2)
T 2 4(2+2)
f(5) = = =2(24+V2
7 17Q (2-v2)(2+V?2) ( )
2
min f(a) = 4 + 2v/2 if and only if o = %
1 1 2
It follows that | ——— + —— :4—&—2\/§<:>:L‘:y:£
l—x 1-vy/), .. 2
2
The equality occurs if and only if x =y = g
Solution 5 (Marian Dinca)
1 1 14z 1+y
+ =
l—2z 1—-y 1-—22 1-—92
1+ 14y
= Y2 22
22 4oy
= 2242 2242
142t 4R
(zy)?
According to Jensen inequality, we obtain
3
3 3 2
— — 2 2 2
v’ +y’ = (2%) 2 + (v%) 2 22(x ;ry )2 = g

We also have

From these, we have

1+a8+y 1t 5 2
(xy)zy >—2 =4 1+ Y2 Ciiays
4



THE BEAUTY OF AN EXTREME PROBLEM 5
The equality occurs if and only if xt =y = —

The problem is the same as the following one.
Problem 2

Let x,y be the positive real numbers such that 22 + y?> = 1. Find the minimum
value of expression

1 1
+ ?
1—22yx  1-9y2/y
Solution (Nguyen Viet Hung)
Using Cauchy-Schwarz inequality, we have

1 1 2 2
n o EVE L YVY
1—a22yx  1-9y2/y -2y 1-9y2/y

1,4 y4
=2
T2 w—x4+y\/§—y4
2 2\2
>oq @ty
oo +yyy — (et +y?)
2 2)2
>4 e +y )
(@2 +92)(z +y) - 5 (22 +12)2
2 2\2
Sy (2° +y°)

1
V@ +12)v2E ) - 507 +97)?
2 4v/2
:2+ ) = 4\/> .
2V2-1  2v2-1

V2
5

The equality occurs if and only if x =y =
Thus,

1 1 4V
<1 - y2\/§>mm S 2v2-1

We now give a similar problem as follows

Problem 3

Let x,y be the positive real numbers such that 22 + y? = 1. Find the minimum
value of expression

1 1
o T

Solution 1 (Nguyen Ngoc Giang - Nguyen Viet Duong - Nguyen Van Tha)

We have the Lagrange function as follows

1 1
L=— +— 4+ AN1—2%—¢?
1—x3+1—y3+ (1=a"=y7)
The extreme point is the solution of the system of equations

of _of _,
or dy
x2+y2:1
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3z
(1=
& 3y°
(1 —y?)?
22+ =1
3z
= ol _ ) 2
1—223+a5 1-2y3+yS @)
2 +y?=1 (3)

The equation (2) follows that

-2 =0

—2\y =0

x — 2z 4+ 2y® =y — 223y + ya®

& (z—y) —2y(y® — o) +ay(y® —2°) =0

& (= y) 1+ 2zy(e +y) —ay(e + 2%y +2°y" + 2y’ +y )) 0

& (¢ —y) [L+2zy(x +y) —ay((@® +¢*)? — 2y +ay(a® +¢%)] =0

& (x—vy) [ + 222y + 2zy% — xy(1 — 22y? —l—xy)] =0

S (x—vy) [ + 222y + 229% — 2y + 23y° — :c2y2] =0

& (z—y) [20%y +22y° + (1 - 2y) + 2%y (x —y)| =0

S (x—vy) [2x y + 2zy* + (1 — xy)(1 —zy)(1+ay)] =0

& (x—vy) [23: y+2zy* + (1 — zy)? (1—|—a:y)] =0

Since 0 < z,y < 1 and 22 +%? = 1 we follow that 1_2;;_'_3;6 = 1—2;3—1—3/6 has
only a solution x =y = g

2 V2
From that we have an extreme point(z,y) = (%, g) It follows

- )

2 2
C4V2 4V2(2v2+1)
C2v2-1 7
_16+4V2

=—

Solution 2 (Imad Zak)
Let P(x) = (48 + 54/2)x° + (32 — 13v/2)2® — (48 4+ 54v/2)% + 13v/2 + 17
We have

P(x) = (:v —~ ?) : [(48 +54v/2)2® + (108 + 48v/2)2” + (104 + 68v/2)x + 26v/2 + 34

= P(z) > 0,Vx € (0,1) and 2® +y* =1
We have
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1

6 1 _ P
T g OV2 8 - 5(32 - 13V)

O]

= ! > E(
1—23 = 49
From this, we follow

1
V2 + 8)x% + 1532 13v2).

Lo, 1 6
1—2a3 1—y3 ~ 49
6(9v2 + 8) +2(32 — 13v/2)

V

(9vV2 + 8) (2 + ¢°) + 439(32 —13V2)

49
1124282
B 49
_16+4V2
N 7
The equality occurs if and only if z =y = -
Solution 3 (Imad Zak)
We have
Jat oyt z? 492 1_z+y 334—|—y4>1 (3)
> - \/> > = =2
2 2 2 Tty > V2 (4)
We have
1 1 x3 Y3
——t—— =14+ —— 1 -
17x3+17y3 <+1x5>+<+1y5>
3 Y3
=2 —_— .
* 1—a3 + 1—93
Applying Cauchy-Bouniakowski-Schwarz, we obtain
ol Y (22 + y2)?
r—at  y—yt T (zty) - (2t +yh)
1
> L (by (3) and (4)
\/ﬁ _
2
It follows
zt v 2 2(2v/2 +1)
+ > = :
r—at y—yt T 2v/2-1 7
Thus

)

1 n 1 >2+2
1—a3 1—y3 "~

(2v2+1)  16+4V2
7 T T

V2

The equality occurs if and only if x =y = —

We generalize problem 1 to the following one
Problem 4
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Let x,y,z be the positive real numbers such that x2 + y? + 2> = 1. Find the
minimum value of expression

Solution (Tran Hoang)
Since 22 +y? +z22=landz,y,2#1=>1—-2>0
We need to prove:

1 Z§+9+6\/§$2
11—z — 4 4

It is equivalent to

(9+6v/3) <x—\g§> <x+2\/§3_3)
>0

4(1 —x)

It holds true. It means that
L3 9+ 6\/§x2

(1)

l—z 4 4
Similarly,
1 3 9+6V3 ,
—_— > — 2
it v @
1 3 9+6v3
> Z if (3)
1—274 4
Adding these inequality (1), (2) and (3), termwise, we obtain
1 1 1 9+6v3 9+3V3
+ + >S540 V3 _9+3V3
l—-z 1—-y 1—z" 4 4 2
3
The equality occurs if and only if x =y = z = %

This problem is the same as the following one

Problem 5

Let x,y,z be the positive real numbers such that x2 + y?> + 22 = 1. Find the
minimum value of expression

1 + 1 n 1 o
l—ayz 1-ySy 1-2zyz

Solution (Imad Zak)

Let © = a?,y = b%, 2 = ¢® then we have a* + b* +¢* =1
Let A=av/3,B=0V3,C=cvV3=A*+B*+C*=3
We need to find the minimum value of expression

m_ ., _m __m
m—A3 m—-—B3 m-—-C3
m 3m 4m? —Tm

Let =— = 4
et fx) m—x:’”g(x) 4(m—1)2x +4(m—1)2

(m = V/27)

, Where
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P(x) =325 + 62 + 92 + 3(4 —m)2® + 24 —m)z +4—m >0
We have

m m m
>

3m 4 44 12m?—21m

> T e e

74(m_1)2(A +B%+c*) + i(m = 1)

12m? — 12m 3m

4m—12  m-—1

1 1 1 3v/27
Thus, ( + + ) _ _3vaT
l—ayve l-yyy 1-2vz), . V271-1

The equality occurs if and only if x =y = ﬁ

We have some creative methods of a problem. Do you have any comments on
this article. Please share with us.

The last are some exercises.

Problem 6

Let x1, %o, ..., 1, be the positive real numbers such that 3 + z3 + ... + 22 = 1.
Find the minimum value of expression

L 1
l—z7 l1—29 =~ 1—az,
Problem 7
Let x1,22, %3, ..., Ty be the positive real numbers such that x3 +x3 + ...+ 22 = 1.
Find the minimum value of expression
1 1 1

2

1 — 2171 + 1 — x9+/T2 et 1 — 2o /Tn

Problem 8
Let x1, 2,23, ..., T, be the positive real numbers such that x2 +x3 + ...+ 22 = 1.
Find the minimum value of expression

1 1 1
+ +.+—7
l—z /ey 1 -2 1—z, Yz,

Problem 9
Let o1, 2,23, ..., T, be the positive real numbers such that x2 +x3 + ...+ 22 = 1.
Find the minimum value of expression

1 1 1
+ ..+ ?

_en _ en _ en
1—27  1-2x3 1—2an

Problem 10
Let x1, 2,73, ..., T, be the positive real numbers such that x2 +x3 + ... +x
Find the minimum value of expression

S
Il
—_

1 1 1
+ +oit —=
1—ab o/ 1 — a2k v/a, 1—ak /z,
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