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101. If a, b, c € (0, ), a®? + b% + ¢? = 10 then:

Proposed by Daniel Sitaru-Romania

Solution by Dat Vo-Quynh Luu — VietNam:

25(1+1+1)3 27(1+5 1)
a b c c b a

3
:25[(1+1+1) —2—7]+—[25 (5ac + ab — bc)]

a b c abc| ab
pTY dereo Sy
+azl;7[ (a? + b%? + c?) — (5ac + ab — bc)]
p2E-Y deneoZ Y
+22—Z[3(a—0—b)2+2(a—c+b)2]>0

102. Let x, y, z be positive real numbers such that xyz = x + 27y + 125z.
Prove that:
x+y+z=>27
Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Marian Dincd — Romania

xyz=x+27y+ 125z

1 27 125
S —+—+—=1
yz Xz Xy
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1 27 125 13 33 53
:(—+—+ )2 + + >
yz xz Xy (y+z)2 (x+Z)2 (x+y)2

2 2 2
(1+3+5)3
T y+z x+z, x+y\?
P+ +55Y)
AM — GM and Radon inequality result:
(1+3+5)3 93
1> 7 = >
(y+z+x+z+x+y) (x+y+2z)
2 2 2

(x+y+z)?f>9Box+y+z>27

103. If x,y,z € R then:
(x+y)2+(@y+2)?%+(z+x)?+14>23x+4y +52)
and shows when equality holds.
Proposed by Dorin Mdrghidanu-Romania
Solution 1 by Imad Zak-Saida-Lebanon:

(x+2)2—-4(x+2)+4=(x+2z-2)>
(y+2)2—6(y+2)+9=(y+z-3)>
(x+y)2—2(x+y)+1=(x+y—1)*

By adding we get:
Z(x+y)2 +14—4(x+2) —6(y +2) —2(x +y) = 0
Z(x+y)2 +14 > 6x+ 10z + 8y = 2(3x + 4y + 5z)

Equality holds when:
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x+z=2 X
{y+z:3=>=>{y
z

0
1
x+y=1 2

Solution 2 by Daniel Sitaru-Romania
f(x,y,z) = Z(x +y)? — 6x — 8y — 10z + 14

fre=2(x+y)+2(z+x)—6=0
fy=2(x+y)+2(y+2)—8=0 ;= A4(0,1,2) - critical point
f,=2(x+2z)+2(y+2z)—10=0
4 2 2
Hf(0,1,2):(2 4 2)

2 2 4
A(0,1,2) - minimal point

Z(x+y)2 —6x—8y—10z+14 = f(x,y,z) > f(0,1,2) = 0

104.Ifa,b,c,d € R,a < b < c < d then:
e*—e‘+el —el> 2(\/e“+b—\/ec+d)

Proposed by Daniel Sitaru — Romania

Solution by Soumitra Mandal - Chandar Nagore — India

ea_ec+eb_ed > 2(\/ea+b_\/ec+d)

<=>ea_|_eb_2 ea+b26C+ed—2 ectd
2
o (Ver —Ver) = (Ve —/ed) e eh —Vei > VeF /e
o Vel — e > et —Veb (1)
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Let f:R —» R be defined as f(x) =Ve* VxeR

Fa =20 i =Y

f(x) is a convex function: Ved —+/e® > e€ — Veb

Hence statement (1) is true.

ea_ec+eb_ed > 2(\/ea+b_\/ec+d)

>0 vVxeR

(proved)

105. Ifa, b, c,n € R then:

|(a —b)(b—c)(c—a)| < ZI(a— b)(c+b+n)(c+a+n)l

Proposed by Daniel Sitaru — Romania
Solution by Ravi Prakash - New Delhi — India
Let
x=b+c+n
y=c+ta+ng
z=a+b+nq

Now, a — b = x — y and analogous:

RHS = ) (a—b)(c+b+n)(c+a+ml= ) |(x-y)xyl 2

> |(x—y)xy+ (y— 2)yz+ (z— x)xz| = [x2(y —2) + y*(z— x) + 22 (x — y)| =

1 1 1
=[x ¥ z||=lx-y)¥y-2)(z—-x)|=|(a-b)b-c)(c-a)l
xZ yZ ZZ
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106.Ifa,b,c € R*;a # b # ¢ # a then:
R Tl Gl
+ + <
Vlal +3/1bl  YIbl+3/lel  Vlel+ Ylal

Proposed by Daniel Sitaru — Romania

Solution by Soumava Pal — Kolkata-India

n n

@MFﬁ+aﬂ%% :Oﬂ%+w&):

n 2(n-1) z
= |x|2+(1) |x| n |y|n+...+|y|2 > |x|2+|y|2 = x2 _|_y2
1 n 2(n—i) 2i o
o (l) |x| "= |y|= > 0 - because all terms are positive here

n 1 2 2
> x2 + yz = (x2 + yz)n <|x|n+ |y|n

2 2
(1l + 1yi)
Putting (x,y,n) = (a,b,6),(b, c,10), (c, a, 14) we get
1 1 1 1 1 1 1 1 1
(a? + b%)s < |a|3 + |b|3, (b% + ¢®)10 < |b|5s + |c[5, (c? + a?)1s < |c|7 + |a]7
O UL CLr I
< <1l,———<
1 1 1 1
jals + o5 VIBI+Ylel  Vlel+ Vlal

Adding them we get required inequality. So it is true.

=

107. Prove that for any real numbers x, y, z:
(x®2 +2y?2+222+3xy+5yz+3zx)? > 8(x + y)(y+ 2)(z+ x)(x + y + 2)
Proposed by Nguyen Viet Hung —Hanoi- Vietnam
Solution by Kevin Soto Palacios — Huarmey — Peru
Probar para todos los numeros reales x,y, z:
(x2 +2y?2 +222+3xy+5yz+3zx)> > 8(x + y)(y+ z)(z+ x)(x + y + 2)

x2 + 2y% + 272 + 3xy + 5yz + 3zx = (x? + 2yx + xz) + (yx + 2y% + yz) +
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+(2zx + 4yz + 22%)
> x?+2y2+222+3xy+5yz+3zx=x(x+2y+z)+y(x +2y+2z) +
+2z(x + 2y + z)
=>x2+2y*?+222+3xy+5yz+3zx = (x + 2y + z)(x + y + 22)

Realizamos los siguientes cambios de variables:

x+y=a,
y+z=D>b,
Z+x=rc,

2(x+y+z)=a+b+c
> ((@+b)(b+c))” = 4abc(a + b +c)
= (b(b+a)+c(b+ a))2 > 4a’bc + 4a’bc + 4abc?
= b%(b* + a® + 2ab) + c*(b* + a* + 2ab) + 2bc(b? + a* + 2ab) >
> 4a’bc + 4b*ac + 4abc?
= a?(b? + c¢% — 2bc) + b*(b% + ¢ + 2bc) + 2ab(b? — c?) > 0
= (a(b—c)+b(b+ c))2 > 0 < Laigualdad se alcanza cuando:

(x,y,2) > (0,0,0)

108.If a, b, c,d > 0 then:

+ bd + lad — b 2+ b2%)(c* +d?
ac la c| . (a )(c ) S 243
J(@ +b2)(c2 +a2) (ac+bd)|ad - bc|

Proposed by Daniel Sitaru — Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

abcd>0=
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. 2 2\( -2 2
ac + bd + |ad bc|+ (a® + b=)(c* + d*) S 243

J@z +b2)(cz + az) (ac+ bd)lad — bc| &

LetVac + bd = x,\/lad — bc| = y,/(a% + b2)(c2 + d2?) = z

2

x> +y?  z
LHS = +——
z x2y
Now, x* + y* = (ac + bd)? + (ad — bc)?

— (aZ + bZ)(CZ + dZ) — ZZ

x? :zsinO}
y? =zcos6

_ z(cos 6 + sin0) N 72

~ LHS =

z z2sin@ cos @
sinZ @ + cos? 0
sin0 cos 0

= cos 0 +sinf +tan O + cotf = f(0)

= cos 0 + sin 0 +

1

cos20 sinZ@

f'(0) = cosO —sin @ +sec? 0 — csc*0 = cos O —sin O +

B 0 sing (cosB+sin0)(cosB—sin0)_( 0 — si 0)<1
= cos sin cos20sin? 0 = (cos sin

cos 0 + sin 0)
cos2 0 sinZ 0

f'(0) = (cos @ — sin 8)(cos? O sin®> O — cos O —sinB) = 0
If cos? @ sin® @ = cos 0 + sin 0, then
cos*@sin*0 =1+ 2cosOsinb
=t*—2t—1=0(wheret = cosf@sin8)=t* =2t+1

Now,-.-0<9<§,.-.t>o=>2t+1>1

1 4+ 4
~ RHS > 1. Now, LHS = (E sin2 9) <<

So,RHS >1and LHS < %: t* —2t —1 = 0 has noreal root
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= c0s20sin’0 —cosO —sinfB = 0
T
~ f'(0) =0=cosO =sinf = 0 :Z
f"'(0) = —sin@® — cos @ + 2sec?@tan O + 2 csc? O cot O
1 1

— T cn - _ 1

>0>atf = g,f(e) attains a minimal and - (@) never attains a

+4+4=8-2

maxima,

.-.f(e)zf(z):i+i+1+1:2+x/i

4 2 2
~ LHSof (1) = f(6) = 2 ++2
(Proved)

Solution 2 by Mithun Chakraborty — Kolkata — India
Lemma 1: Define f:(0,0] - Ras f(x) = 2\/§+§

Then, f(x) has a unique minimum at x = 1.

f(x) = \/%— %; f'(x) = —%x_% +2x3

f'(x) = 0 has unique root in (0,] atx =1; f""(1) = % >0
Letac +bd = p;|lad —bc| =q >0
Since a,b,c,d > 0,we havep >0
Now, (a® + b?)(c* + d?) = (a’c?® + b*d?) + (a’d® + b*c?) =
= (ac + bd)? — 2abcd + |ad — bc|* + 2abcd = p? + q*

+ 2_|_ 2
© LHS = PpTq +p q

pP+qr P4

2 2
fqz +P p+qq by AM-GM inequality since p,q > 0

> 2
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L =f(@)

1 P
= + - = =
2 y y where y p21q?

Pq
p*+q?

Now, (p — q)* > 0 = p” + q* = 2pq = S%

Since f(x) is strictly decreasing on (0, 1),

LHSZf(y)zf(%)zz\E+

(ged)

=2++/2 = RHS

N| = =

109.1f0 <x <y < z < t then:

(4Y/xyzt — 33/xyz)(33/xyz — 2,/xy) < zt

Proposed by Daniel Sitaru — Romania

Solution by Ravi Prakash-New Delhi-India
Now, let = = x;,> = y;,= = z; where 0 < xy,y3,z; < 1
1 1 1 1
Now, 4(xyzt)s —3(xyz)s =t [4(x1ylzl)4 — 3(x1ylzl)3] <t
[as 0 < x1y12z1 < 1]
1 1
Similarly, 3(xyz)3s —2(xy)z < z

Thus, [4(xyzt)% — 3(xyz)%] - [3 (xyz)% — 2(xy)%] <zt

110. If x,y,z € [0, ) then:

\/xz—xy\/§+y2+\/y2—yzx/f+zz > \/x% — xz + z2

Proposed by Daniel Sitaru — Romania
Solution 1 by Ravi Prakash - New Delhi — India
Consider two 4° ABC and ACD
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such that
AB = x,AC=y,AD =z

(A
2BAC = E,LCAD =

ThenBC:\/xZ—xyﬁ+y2, CD:\/yZ—\/fyz+z2

Also, LBAD = 75°, BD = Vx2 — 2 cos75° xz + z2

AS cos 75° < cos60° — 2cos75°> —2cos60° = -1

= x2—2c0s75°xz + z* > x% — xz + 72

Now, BC + CD > BD > Vx2% — xz + 72

= xZ—\/§xy+yz+\/yz—\/fyz+z2>\/x2—xz+z2

Solution 2 by Nguyen Minh Triet - Quang Ngai — Vietham
Ifx,y,z € [0; ) then:

\/xz—xy\/§+y2+\/y2—yzx/f+zz > \/x% — xz + 22

By Minkowski inequlity, we have

uns= (v 2] + @ [(z o) (2>
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2J(i—ﬁx)2+(f+i)2:\/x2+z2+%x22\/x2+zz—xz

V2o 2 2 V2
(g.ed)
1-V/3
(since{ N -1
xz=>0

Solution 3 by Soumitra Mandal — Kolkata — India

\/xz—xy\/§+y2+\/y2—yzxff+zz =
- Fe) @) o

> v3 Zz+x+zz— 2+2\/§_1 >
= (7.’6—5) (E ﬁ) = |X z° — \/Z XZ =

> Vx2 —xz+ z2 sincevV2+1>+/3

\/xz—xyﬁ+y2 +\/y2 —yzVZ + 22 > \[x% — xz + 22
(proved)
111. If x,y,z € (0,),xyz = 1 then:
x(x— 3@+ z))2 +(Bx—-(y+ z))z(y +z) > 27
Proposed by Daniel Sitaru — Romania
Solution 1 by Ear Bunpheng - Phnom Penh — Cambodia
S=x(x-3(@+ z))2 +(Bx-(y+ z))z(y +z) > 27
Since x,y,z € (0, +x)

By Cauchy: x +y +z > 33/xyz
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x+y+z>3+ (xyz—1)
=>S>x(x-33- x))2 +(B3x-38- x))z(y + 2)
> x(4x — 9)% + (4x — 3)*’(3 — x)
expand all the factor.
> 81x — 72x% +16x3 + 27 — 72x + 4x% — 9x + 24x% — 16x3 > 27
(True)

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia
x(x* —6x - (y+2) +9(y +2)%) +
+(y+2) (9% —6x - (y+2)+ (y +2)?) =
=x+3x% - (y+2)+3x(y +2)> + (y+2)° =
=(x+y+2z)3>> (3%3 =27

112.Ifa,b,c e R,a+b > 0,a < ¢ < b then:

a+b
2 sinh (T) < sinh(c) + sinh(a + b — ¢) < sinh(a) + sinh(b)

Proposed by Abdallah El Farissi — Bechar — Algerie
Solution 1 by Soumava Chakraborty — Kolkata — India

abceRa+b>0a<c<bh

a+ by @ (2)
) < sinh(c) + sinh(a + b — ¢) < sinh(a) + sinh(b)

+b a+b
)cosh(c— 2 )

~» (1) © 2sinh (%b) {cosh (c — aTer) - 1} >0
(a1)

= Zsinh(

a
sinh(c) + sinh(a+b —c¢c) =2 sinh(

el_e—l
Now, sinh(4) = = T4
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+b . +b a+b_q
If:a—,thensmh(a ):e - =0
2 2 aro o
2e 2 (b)

(~e*? >1,as,a+b =>0)

A -2 4A-G | ph.p—4
Again, cosh() =< +ze > 2 e;e =1
a+b a+b
:cosh(c— )21=>cosh(c— 2 )—120

(c)
(b) x (c) = (au) is true = (1) is true
Again, sinh(a) + sinh(b) = 2 sinh (%b) cosh (a%b)
=~ (2) © 2sinh (%b) {cosh (aT_b) — cosh (c — %b)}

& 22 sinh (aTer) sinh (%) sinh (?) >0 (a2)

. c—b e -1 b
smh( ): ——<0(ve“?<1as c<b)
2 € o
2e 2 (d)
a—c e ‘-1
sinh( > ) = e =0 (e “<1,asa<c)
2e 2 (e
(b) x (d) x (e) > azistrue = (2) is true
(Proved)

Solution 2 by Abdallah El Farissi — Bechar — Algerie

Let a, b, c be real numbers such thata+ b > 0 and a < ¢ < b. Prove that
a+b
2sh (T) < sh(c) +sh(a+b — c) < sh(a) + sh(b)

Solution:
Let f(x) = sh(x) + sh(a+ b — c),x € [a, b] we have
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a+b

f'(x) =sh(x)+sh(a+b- x)—sh( )ch( —T)thenflsa

concex function, for all ¢ € [a, b] there is A € [0, 1] such that
c=Aa+ (1 — A)b, now

2sh a+b — oh a+b—c+c
S ( 2 )_S ( 2 )

< sh(c)+sh(a+b—-c)=f(c)=f(a1+ ({1 —-2)b)
< Af(a) + (1 — 2)f(b) = sh(a) + sh(b)

113.Ifa, b, c,d = 0 then:

d +
\]a2+b2—ab\/i+Jb2+C2—bC\/§+\/C2+d2 M / 2+d2

Proposed by Daniel Sitaru — Romania

Solution 1 by Ravi Prakash-New Delhi-India

2

i
= |ae 4 —b|

T
a2+b2—abﬁ:a2+b2—2abcos(z): |a—beT

2
Also, b% + ¢* — bc\/3 = |b—ces

cd V3 1 1 1
c2+d*——(V6+V2)=c*+d* - ch<— — —-—>:
2( ) 2 V2 22

.2
_ 2 2 _ T TN _ 5, o L _| _  In
=c“+d 2(:dcos(4 6)—0 +d chcos(lz)— c — de12

in

i in
=+ |c — del2

—ce6

.'.LHS:| ae 4—b|

5im

i _5im k.
ae 2 —c| + |c—delZ|

e6

lTl'
> |lae 4 —b+b—ce6

E
+ |c—delz =
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Sim - m mi
> lae 12 — de12 :|a—dez =+ a? + d?

| 5im i

Solution 2 by Soumitra Mandal-Chandar Nagore-India
Aresult Vaz + b2 + \/x%2 + y2 > \/(a+ x)2 + (b + y)? where

abxy=0

c2

2 2
now a? + b? — v2ab = (%—b) +Zandb? +c? —V3bc= (b-3) +5

@ T 57— Zab + 7T e =

J&-b) w2 [(b-Ee) 42
(&0 + () = e e

2 2
( V3 -1 ) +< ﬁ+1>
= a- —C a.
242 22
- V6+2 V3+1\2 V3-1
2 2 _ — — . -
Agaln,\/c +d : cd—\/(c d 2ﬁ) +(d 2ﬁ)

Vv3-1 V6 ++/2
-'.ja2+cz— 7z ac + c2+d2——2 cd

2

- 2+/2 22

2 2
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Solution 3 by Soumava Chakraborty-Kolkata-India

Let us consider a quadrilateral with angle between ‘a’ and ‘b’ = 45°,
angle between ‘b’ and ‘c’ = 30°, angle between ‘c’ and ‘d’ = 15° and

angle between ‘a’ and ‘d’ = 270°

Then x = Va2 + b2 — 2ab cos 45° = Vc2 + d? — 2cd cos 15°

V6 +2Z
(cos 15° = T)

y:\/bz+CZ—2bCCOSBO°:\/a2+dZ

SXFYFXSy

+
:>\/a2+b2—ab\/7+\/b2+c2—bcx/§+\/c2+d2—w>\/az+d2

114. If x > y > z > 0 then:

1 y z X y z X
— + + >+ —+
2\ |x—y y—2z X—2z X y 2x-—1z

Proposed by Daniel Sitaru — Romania

Solution 1 by Soumitra Mandal-Chandar Nagore-India
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y y 2 2y
-y 1'( - )2 -y~
xX—y x—y/ 14+2=Y «x

y ¥

1
"5

Equalityaty =x—y = 2y —x.

Similarly, [—>

2z
y- y

N

VA

y—z

N.I —
v

<IN

Equalityat2z =y

. 1 X 1 X
- — > — =
Again, Z\Ix—z - 1+¥ 2x—z

Equalityatx=x—-z=2z=0

(A contradiction)

Hence, Equality will not occur.

1 y z X y z X
— + + >+ —+
2\ |[x—y y—Xx X—z X y 2x-—1z

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

(ZT )+ )

— =
ZZ x—y)y 2\/(x )y 2\/(y—z)z \/(x—z)x
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y z X y z X

= + + ==+ -+

xX—y+y y—z+z x—z+x x y 2x—1z
TRUE

115. Let a, b, ¢ € (0, ) then 9(a? + b% + c?)2 > 8(a+ b + c)(a® + b3 + ¢3)

Proposed by Richdad Phuc — Hanoi — Vietnam

Solution by Soumitra Mandal - Chandar Nagore — India

2
Leta+b+c= 1,ab+bc+caleqandabc:r

1+2¢%)(1 - ¢*
Zab(a2+b2):( q;( q)—r,
cyc
—1 + 8q% + 2¢*
Za"z Z Ty ar
cyc
and
1— 2)\2
ZazbZ:%—Zr

cyc

(1+2q)(1-q)?

VQ@BC inequality relation, r < 7

2

~9 Zaz > 8 Za Za3 =>Za4+18 z:azbZ >

cyc cyc cyc cyc cyc

> sz ab(a? + b?)

cyc
-1+8q%+2q* 1-2q%+q* 1+q%-2q*
@—‘; 1 +4r+18(—1 1 —21')28(—‘19 1 —r)

—1+8qg%2+2g*+18 —36g% + 18g* — 8 — 8g% + 16q*
=3 1 1 Z 1 il 1 > 24r




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

36q* —36q%>+9
(=
9
© 1-12q%* +36q* —16q> > 0. Let f(q) = 36q* — 169> — 12¢* + 1
forall1>¢q >0
f'(q) = 144q3 — 489> — 24q = f"'(q) = 24(18¢*> —4q—-1) <0

forall1>¢q =0

8
224@4q4—4q2+126(1—3q2+2q3)

~ fisconcave. Hence, f(q) = f(1) =9 > 0. ~ 1 - 12¢q* + 36q* — 16q° > 0
2

29[ >a?) z8( Y all )

cyc cyc cyc
(proved)
116.1f 3 < a < b then
1 (a+b+1)V3 (2a 3-V5)(2b—3+V5)

——arctan

V3 1-a—b-—2ab 2\/_ (2a 3++5)(2b-3 - \/_)

b
x dx

(x2+x+1)(x2-3x+1)
a

Proposed by Mihaly Bencze — Romania

Solution by Soumitra Mandal-Chandar Nagore-India

b b b
xdx _lf dx lf dx
2+x+1)E2-3x+1) 4) x2+x+1 4) x2-3x+1
a a a
x=b x=b
1[ 2x—3—\/§] 17 2x+1
=—|ln—— ——[tan ]
4| 2x-3++V5]_, 4 V3 .
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(2b 3-V5)(2a-3++v5) 1 L (a+b+1)V3
4\/_ "(2b-3+5)(2a—3-5) T2a ‘T-a-b-2ab

we need to show,

1 , (@a+b+1)V3 (2a 3-+5)(2b—3++/5)
—tan

V3 1-a—b—2ab 2\/_ (2a 3++5)(2b -3 —+5)

- (26-3-+5)(2a-3++5) 1 - (a+b+1)3
4\/_ (2b—-3++5)(2a-3 - \/_) 23 1-a—b-2ab
, (a+b+10V3 - (2b-3 ++5)(2a-3 —5)
l—a b—2ab — 4\/_ (2b-3 —+5)(2a—-3 ++/5)

3 t
1 an—

N|é‘| -

b

b
3] lf =0 3 + 1 >0
o — — o
4 x2+x+1 4) x2-3x+1° x2+x+1 x2—-3x+1"
a

a

o (x—2)(2x—1) = 0,whichistrue[- x € [a,b]land b > a > 3]

hence proved

117.1) If a, b, c, k are nonnegative real numbers such thata + b + ¢ > 0,

then
ab bc ca a+b+c
-+ -+ S .
b+ 2kc+ k?2a c+2ka+k’b a+2kb+ k%c~ (1+ k)2

2) If x,y,z are nonnegative real numbers and a, b, c are positive real

numbers such that 4ab > c¢2, then
x x x+y+
y N yz N z - y Z.
ax+by+cz ay+bz+cx az+bx+cy a+b+c

Proposed by Le Khansy Sy-Long An-Vietnam
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Solution by Le Khansy Sy-Long An-Vietnam

1) Using the Cauchy - Schwarz inequality, we have

ab(1 + k)? Z ( ab abk )

< +
b + 2kc + k?a b+kc c+ka

cyc cyc
ab ack a(b + kc)
:Z( + ):Z — | =a+b+c
b+kc b+kc b+ kc
cyc cyc

r ab + bc + ca a+b+c
b+2kc+k%a c+2ka+k?b  a+2kb+k%:c — (1+k)?’

The equality holds for a = b = ¢, and for a = 0 and ¢ = kb (or any cyc
permuation)
2) Case 1 4ab + c?> We have a previous case.

Case 2 4ab > c?: Using the identity
xy _ 4bxy
ax +by+cz (4ab— c2)x + c(cx + 2bz) + 2b(cz + 2by)

Using the Cauchy — Schwarz inequality gives
xy - 4bxy (4ab — c*)? . (c? +2bc)? . (2bc + 4b?)?
ax+ by+cz~ (4ab — ¢ + c? + 2bc + 2bc + 4b?)? |(4ab — c?)x c(cx +2bz) 2b(cz + 2by)
_ 1 cxy N 2bxy )]
4b(a + b + )2 cx+2bz cz+2by/]

[y(4ab — %) + (c + 2b)? (

hence

xy { 1 [ N 2 < cxy 2bxy )]}
- - < E — ly(4ab—-c®)+(c+2b +
Zax+by+cz_ 4b(a + b + ¢)? y(4ab —c*) + (c ) cx +2bz cz+ 2by
cyc cyc

- Z{ ! [y(4ab — %) + (c + 2b?) ( o )]}

4b(a + b + ¢)? cx+2bz cx+2bz

_Z y _xty+tz
N a+b+c a+b+c

cyc

cyc
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118. Let a, b, ¢ be positive real numbers such thata+ b + ¢ > §+ % + %

Prove that:
3(a®b + b3c + ca) > (a+ b + ¢)2.
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Kevin Soto Palacios — Huarmey — Peru

. , 1 1 1
Siendo: a, b, c nimeros R* de tal maneraque:a+ b + ¢ > —to+-

Probar que: 3(a3b + b3c + c3a) = (a + b + c)?
Siendo: a, b, c > 0. Probar la desigualdad de Holder:
3 3 3 1 1 1 3
(a’b + b°c+c a)(E+E+E)(1+1+1) >(a+b+c)
Luego:
3 3 3 (a+b+c)3 (a+b+c)3
= 3(a’b + b3c+c?a) > 55 = o hre

b'c'a

=(a+b+c)?..(LQQD)

119. Prove thatif a,b,c € [1, 2]

3 4 5
(3a+4b+50)(—+—+—>$162
a b c

Proposed by Daniel Sitaru — Romania

Solution by Soumitra Mandal-Chandar Nagore-India

3 4 5
(3a+4b+50)(—+—+—)$162
a b c

12a 15a 12b 20b 15¢ 20c
- oteatesns (G20 (2020 (2,20 v
a

c a c

12a 15a 12b 20b 15¢ 20c
o (50 1) (20200 (20 ) s
b c a c a b

WLOG let a = min{a, b, ¢}
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Letf(a):127“+157“+ﬁ+ﬂ+ﬁ+%—112f0rallae [1,2]

a a C
f'(a) = (12b + 15¢) (%+ Clz —%) > 0 -~ f(a) is increasing

24 30 15¢ 20b 20c
f(2)2f(a)=>7+7+6b+ Sttt —112 > f(a)

Letg(b) =2+ +6b+—+22+2X_112forall b € [1,2]

__ 2(24+20¢)
T

~ max{p(1), ¢(2)} = ¢(b). So, ¢(1) = ¢(b)

=>570+%—82 > @(b). Leth(c):570+%—82forallce [1,2]

(p’(b)=6+7————=><p”(b) > QOforall b €[1,2]

h'(c) = 52—5—5—0 = 25?(1102 —10) > 0forall ¢ € [1,2]

CZ
~ hisanincreasing f function .. h(2) = h(c) = 0 > -2 > h(c)

35¢ 70
=~ @(2) = o(b) = - vt 88 > ¢(b)

Let F(c) = 375C+7—0— 88forallce[1,2]. -~ F'(c) = 23—:2(02 —4) < 0 for all

c

c €[1,2]
~ F(c) is decreasing. So, F(1) > F(¢c) > 0 > —% > F(c)

=~ 0> max{p(1),¢(2)} = ¢(b).

+ (3a+4b+5¢) (>+5+2) < 162 (proved)

120. If a, b, ¢ > 0 then:

a b ¢ c+a a+b b+c
—_t—+—> + +
c a c¢c+b a+c b+a

Proposed by George Apostolopoulos — Messolonghi — Greece
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Solution 1 by Soumava Chakraborty-Kolkata-India
Given inequality &

ab? + bc* +ca®> (a+b)*(b+c)+ b+ c)(c+a)+ (c+a)’(a+Db)
>
abc - (a+b)(b+c)(c+a)

& (ab? + bc? + ca®)(a+ b)(b+ ¢)(c + a) >

abc[(a+ b){(a+ b)(b+c)}+ (b+ c){(b+c)(c+a)}+ (c+ a)(c+a)(a+ b)}]

& (z abz) (Zabc + z ab? + z azb) >
> abc{(a+b) (z ab+b2) + (b+c)(2ab+cz) +(c+a) (Zab +a2)}

2

o 2abe() ab?)+ (Y ap?) +() ab?) () a*b)=
> abc{2(a+b+c)(ab+be+ca) + ) ab®+ ) o}
= abc{2() @b+ ) ab?)+6abc+ ) ab?+ ) o’}
= 2abe() ab?)+2abc () a*b)+6a*b*c? +abe () ab?)+abe(a®+ b3+ %)
© a?b* + b2ct+ c2a* + 2abe () a*b) + ) a%h® +3a2h?c? +abe() a*) 2

> 2abc (z a? b) + 6a’b*c? + abc (z abz) +abc (z a3)

& a’b* + b%c* + c?a* + Y a®b?® > 3a%b?*c? + abc(ab? + bc? + ca?) (i)

Now,

A-G
a3b3 +a3b3 + b33 > 3b3a’c)
B3c® + b3c® + c3a? > 3¢3bla } = Adding, 32 a’b?® > 3abc(ab?® + bc? + ca?) =

A-G
cda®+cda®+a®b?® > 3a3c?b

= Y a3b?® > abc(ab? + bc? + ca?) (1)
A-G
Also, a’b* + b%c* + c?a* = 3a’b%c? (2)

(1) + (2) = (i) is true (Proved)
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Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

cra_c(1+g) 1+¢

c+b c-(1+2) 1+2
c c
a b c Xyz =
E:x;Z:y;E:Z=>x+y+Z>3
b 1c¢c 1a 1
a x'b y'c z
b 1 «xyz c a
E:;:T:yz;zzzx;zzxy
x+y+221+xy+1+yz 1+ zx

1+y 1+2z 1+x
x+y+2)QA+y)1+2)(1+x) =
LHS

>1+xy)A+2)A+x)+(1+yz)(1+x)A1+y)+ (1 +zx)(1+y)(1 +2)
RHS

DLIHS =2 -(x+y+z)+(x+y+2)?>+(x+y+2z)(xy+ yz+ zx)

A+xy)1+2)1+2)=2+z+2x+xz+yx+x%y
2)RHS = (1 +yz)(1+x)(1+y)=2+x+2y+xy+yz+y’z
1+zx)1+y)1+2z)=2+y+2z+zx +zy+ z%x

xyz=1
RHS =6 +3(x +y+z) + 2(xy + yz + zx) + x*y + y*z + z%x
LHS =2(x+y+2z)+x*+y?> + 2> + 2(xy + yz + zx) + 3xyz +
+(x%y + y*z + z%x) + (xy? + yz* + zx?) >
>6+3(x+y+2z)+2(xy+yz+zx) + (x%y + y*z + z%x)
x> +y?+ 22+ (xy? +yz? +zx?) > 6 — 3xyz+ (x + y + z)

x> +y2+ 22+ (xy?+yz?+zx*) >3+ (x + y + 2)
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a) xy? + yz* + zx* c Zh 3- 3\/ (xyz)3 =3xyz=3
auchy

Cauchy

b)x2+yz+zZ > 1-(x+y+z)-(x+y+z) =

c heb;shev 3

1
25-33,/xyz-(x+y+z):x+y+z

X2 +y P+ 22+ (xy? +y2P+zx?) > x+y+z+3

121. Prove that if a, b, ¢ > 0 then:

6
(Vab + Vbc ++ca) < 27(a?+ ab + b%)(b? + bc + c?)(c? + ca + a?)
Proposed by Daniel Sitaru — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Siendo: a, b, c = 0. Probar que:

(Vab + vVbc + \/5)6 < 27(a? + ab + b?)(b? + bc + c?)(c? + ca + a?)
Tener en cuenta lo siguiente:
1) : a®? + ab + b? zz(a+b)2 e (a-b)?2>0
2) Siza,b,c>0-2(a+b)(b+c)(c+a)=(a+b+c)ab+bc+ca)
3)Si:a,b,ce R— (a+ b+ c)*>3(ab+ bc + ca)

Por lo tanto:

(a? + ab + b?)(b? + bc + c¢*)(c? + ac + ¢?) >

3
> 27 (Z) (a+b)%2(b+c)*(c+a)*=>9(a+b+c)*(ab+ bc + ca)?

Ahorabien: 9(a + b + ¢)*(ab + bc + ca)? > 27(ab + bc + ca)?

Es suficiente demostrar lo siguiente:

6
27(ab + bc + ca)® > (Vab +Vbc + Vca)
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«/E+«/E+«/E)3 >

Por la desigualdad de Cauchy: 27(ab + bc + ca)3 > 27 ( 3

> (vab + Vbe +vea)° ... (LQQD)
Solution 2 by Soumitra Mandal-Chandar Nagore-India
Leta, b,c = 0 then

271_[(a2 + ab + b?) > (\/E+\/E+\/E)6

cyc

(a-b)* b)

We know, a? + ab + b? = 2 (a + b)? + > 2(a + b)>
Similarly, b? + bc + c? (b+ ¢)? and ¢? + ca + a? (c+a)2
3,3
o 27 1_[(612 + ab + b?) > 27 - (Z) n(a + b)?
cyc cyc

>27- (%)3 %(a+b +c)2(ab+bc+ca)z[ 91_[(a+b) > 8<z a> <Zab>]
cyc cyc

cyc

> 27(ab + bc + ca)? [since, (a + b + ¢)? > 3(ab + bc + ca)]

ab + bc + ca <\/ab+\/E+\/a>Z]
= 3

>(\/_+\/_+\/a)[

(proved)
Solution 3 by Soumava Chakraborty-Kolkata-India

27(a? + ab + b?)(b* + bc + ¢?)(c? + ca + a?) > (Vab +Vbc + \/5)6
Case 1: Exactly 1 of a, b, c = 0. If a = 0, given inequality
& 27b%c?(b? + be + ¢?) > b3c3
& 27b% + 26bc + 27¢? > 0, which is true.
Proceeding similarly, it can be shown that the inequality holds true for
b=0orc=0
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Case 2: Exactly 2 of a, b, c = 0. Inequality becomes 0 > 0, which is true.
Case 3: All of a, b, c = 0. Inequality becomes 0 > 0, which is true.
(Solution by Soumava C)

Case 4: a, b, c > 0. Using Wu's inequality —1, LHS > 27(ab + bc + ca)?3
it suffices to prove: 27(ab + bc + ca)® > (Vab +bc + Jea)'
& 3(ab + bc + ca) > (\/E+\/E+\/E)Z
& 3Y x%2 = (X x)%, where x = Vab,y = Vbc, z = \/ca, which is true

(Hence proved)

122. Ifa,b,c > 0,a + b + ¢ = 3 then:

a4— b4— C4— aZ + bZ +C2
+ + >
b*\/2c(a3+1) c*/2a(b3+1) a*/2b(c3+1) 2

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution 1 by Hoang Le Nhat Tung — Hanoi — Vietnam

4 4 4 2,122
a + b + c > a“+b“+c (1)
b*/2c(a3+1) c*J/2a(b3+1) a*y2b(c3+1) ~ 2

* Since inequality Buniakovski we have:

2 2

a? b2 2 c2
R R SR (), () (@
b*J2c(a3+1) c*V2a3+1) a*V2b(c3+1)  J2c(a3+1) 2a(b3+1) 2b(c3+1)
a?2 b2 2 z
(rz*rz*a—z)

(2)

- Other, since AM-GM for 3 positive real numbers:

2 2 2 a'2+a'2+b2 b2+b2+cz CZ+C2+a2
a? B ¢ prtpte atetd a2tdty
— = + +

— +—+
b2 ¢ a? 3 3 3 -

~ J2c(a3+1)+v2a(b3+1)+/2b(c3+1)
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3 (a2 a2 b2 3(p2 b2 2 3222
3 zz2z 3 222 _2'_2'_2 3| ¢4
b2 b2 2 b 4
b22 aZbZ

- 3

a? b2 c? aZ+b2+c?
— 4+ —+

—_ >

b2 2 a2 T 3z2pze
3 3

Vabc <1 & Va?b%c?2 <1

Because:3 =a+b+c >3- Vabc >

2 2 2 a®+b2%+c? 2, p2 2
a b c +b“+c a?+b?+c? b
>S5+ + —223 = =a? + b* + ¢* <:>—+ +—>a +b% +¢% (3)
b c [a2b2c2 1 b?
+ Since (2), (3):
. a* b* c* (a2+b2+c2)

b4JZc(a3+1) C4J2a(b3+1) at /Zb(c3+1) \/Zc(a3+1)+\/Za(b3+1)+\/2b(c3+1)
- Since AM-GM for 2 positive real numbers
J2c(ad + 1) +/2a(b3 + 1) +/2b(c3 + 1)

=./(ca+c)(2a? —2a +2) ++/(ab + a)(2b? — 2b + 2) + \/(bc + b)(2¢% — 2¢ + 2) <

< (ca+c)+(2a2—2a+2) 4 (ab+a)+(2b2—2b+2) 4 (bc+b)+(2c2—2c+2)
- 2 2 2

= 2c(a® + 1) +/2a(b? + 1) + /2b(c® + 1) < a? + b? + % + “b”’z”“’ atbtc , 3 (5)

- Since (4), (5):

at b* ct (az+b2+c2)2
= + + 2 ab+bc+ca a+b+c (6)
b4JZc(a3+1) C4J2a(b3+1) at /Zb(c3+1) a?+b*+c?+ 2~ 2 13
2
. i (a2+b2+c2) a?+b%+c?
We will prove that: abtherea_atbic > 5 (7)

a?+b%+c%+ >
ab+bc+ca a+b+c

o2 +b%2+c?)>a?+b*+c?+ > ——— —*+3

a+b+c ab+bc+ca 3 ab+bc+ca
cad+bh+ci+——>——+3ead+b+c?+3>——+3 (Do

at+b+c=3)
@a2+b2+c22@+%@2(a2+b2+c2)2ab+bc+ca+3 (8)

- Other, such that: a + b + ¢ = 3. We have:

2(a? + b2+ c2)+3= az;bz * bzgcz + szaz +@+ D)+ B+ 1)+ (2+1) 2
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2%+27bc+zzﬂ+2\/az+2\/b2+2\/c_2=ab+bc+ca+2(a+b+c)=ab+bc+ca+6

= 2(a? + b% + ¢?) > ab + bc + ca + 3 = Inequality (8) True = (7) True.
at b* c* a?+b?+c?

- Sj 6), (7): + -
O O

= Inequality (1) true and we get the result:

abc>0a+b+c=3

a? b2 c2
b2 — 2 — aZ
JZc(a3+1) JZa(b3+1) JZb(c3+1)
+Theoccursif:< 42 pz (2 Sa=b=c=1.
====;a=b=c=1

2 2 a?
cat+c=2a*-2a+2
ab+a=2b*>—-2b+2

\ bc+b=2c?-2c+2

Solution 2 by Pham Quy-Vietnam

Givena,b,c > 0,a + b+ ¢ = 3. Prove that
4

Z a - Y a?
bt/2c(a3+1) 2
V3(a2+b2%+c2)

3
abc

(1)

Lemmal:Va,b,c>O:Z%2

Proof:
WLOG, suppose that abc = 1, (1) becomes

Z%EJB(aZ + b2 + c2)
& (Z%)Z > 3(a? + b? + ¢?)

a? a
@Z—+22—23(d2+b2+02)
b? c

& a*c? + b*a? + c*b? + 2a%b + 2b%c + 2c%a > 3(a? + b% + ¢?)
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a*c? + a’b + a®b > 33Vab - ab?c? = 3a?
By AM-GM inequality b*a? + b%c + b%c > 3b?

c*b? + c%2a + c%a > 3c¢?
= Proved

By Cauchy - Schwarz’s inequality, we have

4

2\2 a? 3(a4+b4+c4)
(Z ZZ) sz ! a?b?c?

a
Z bt/2c(a3 + 1) Z Vv2c(a3+1) Y\/2c(a3 + 1)

Forma+ b + ¢ = 3 > 33abc (AM-GM) = abc < 1

L @I 25 Qe
Y'\/2c(a3 + 1) ZZ\/Zc(a3 +1)

a2
27 (Za?)
~“Ya3+2Y a+3

(AM-GM)
On the other hand, we have

’3(a4+b4+c4) 2AM—GM ind abc<1
42—_— 3% .3 > J@+b+c)(a*t+b*+c*)+1

VaZpzez -
>a®+b3+c3+2Ya+3 (Cauchy-Schwarzanda + b+ ¢ = 3)
a* Ya*+2Ya+3)Xa?) _Ya
ﬁzmm 20 a3 +2Ya+3) 3
(g.ed)

Solution 3 by Khung Long Xanh-Da Nang-Vietnam

a,b,c>0a+ b+ c =3 Prove that
4

Z a a? + b? + ¢
=
b%*\/2c(a3 + 1) 2
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(a2+b2+c 2

2
Lemma: a3b + b3c + c3a < ) (Which is Vasc’s famous

inequality)
By AM-GM inequality we have:
(a? + b? + c2)?

a?b? + b2c? + c2a? < .

at at

b*/ Zc(a3+1) b2 \/_\/an3b3+2cb3 b2-Vb+/2a2b2%+2b3¢

Using Cauchy - Schwarz inequality we have

) - (ZVb - V2a2b? + 2b3c) = ( +b—2+ 2) *)

a4
b2+/b-v/2a2b2+2b3¢
We have that;

1.¥Vb-vV2a2b? + 2b3c < \/2(a + b + c)(X a?b? + ¥ b3c) < \/@

= 2(a? + b% + c?)

2
5 a_2 + b_2 + ﬁ > (a?+b%+c?)
b c a a’b+b2c+cta

By Cauchy Schwarz:

2
a?b + b%*c + c*a < \/(ab + bc + ca)(a3b + b3c + c3a) < ‘/3 -@z

a? b? (a2+b2+c2)

Thus we have: —+—+ > " " > g2+ b2+ c?
a a?b+b?%c+ca

So from (*). We have:

at
2(a? + b% + c?) - Zb‘* T

4

a a? + b? + 2
o Z >
b*\/2c(a3 + 1) 2
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123.1fa,b,c > 0,a* + b* + ¢* = 1 then:

a’ + b’ . b7 + ¢’ . ¢’ +a’ S 3(a2b? + bPe? + c2a?) — 2
ab(a+b) bec(b+c) calc+a) @ crea

Proposed by Marin Chirciu — Romania

Solution 1 by Shahlar Maharramov - Jebrail — Azerbaidian

a’+b” _ (a+b)(a®—a’b+ a*b? — a®b? + a’b* — ab® + b®)

ab(a+b) ab(a + b)
B a® + a*b% + a?b* + b® a°b + a3b3 + ab?
N ab ab
a*+a3b2+bp4

Then we have so prove
2+Z 5 22(a4+a2b2+b4)+23a2b2
a

cycl cycl

Sincea*+b*+c*t=1

a® + a*b? + a?b* + b® Va2p'?
ZZ 22+Z4a—:2+24a2b2

ab b
cycl cycl cycl
But RHS
z:(a4 + a’b? + b*) + Z 3a?b?

cycl
at+bt+ct=1
= 2+Za2b2+23a2b2 :2+Z4a2b2
cycl cycl
It means LHS

=2 +Z4a2b2,RHS — 2+ Z4a2b2
cycl cycl
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Solution 2 by Soumitra Mandal-Chandar Nagore-India

Leta, b,c > 0and },.a* = 1 then

Z a’ + b’ - Z 22 )
ab(a+ b) — a

cyc cyc

We know, a® + b3 > ab(a + b), b® + ¢3 > bc(b + ¢) and

a’ + b’ Z a’ +b” Z (a* + b*)(a® + b%) — (ab)3(a+ b)

3 E
A +a®>calc+a). - _—> =
ab(a+ b) a3 + b3 a3 + b3
cycl cycl cyc

= Yeyelat + b¥) — Ny (ab)? - 28D — 5 57 ca* — Y, (ab)? = 43, a* -

a3+p3

chc(ab)z -22= 3 chc(ab)z -2 (proved)

Z a4 > Z(ab)z

cyc cyc

1

equalityatx =y =1z =1z

Solution 3 by Soumava Chakraborty-Kolkata-India

a’+b7

abc>0Ya*t=1=) ablash) =

>3Ya’b?-1- (1)

7.7 (2
(1)@2% > 3x — 2,where x = ¥ a?b?

Now, (a’” + b7)(a + b) > (a* + b“)Z - (3) [+ a’b+ b’a > 2a*b* by AM-GM]

. (a7+b7)(a+b) (Z(a +b ))
> ab(a+b)? — Zab( b)2 (usmg (3) = Y ab(a+b)?

(Bergstrom)

ab <
4

4 . (a+b)*\ _ 16 16
2 Z(a+b)4 ( ’ ) ~ Y(a+b)* = 8Y.(a*+b?)

4

7+b7)(a+b)

(v a* +b* > 2 (a+ b)* by Chebyshev) = 1(~ X a* =1) >} (“ab(a+b)z >1-(4)

(5)
x:ZaZbZSZa4:1=>12x=>323x:123x—2
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(4), (5) = (2) is true (Hence proved)

Solution 4 by Myagmarsuren Yadamsuren-Darkhan-Mongolia
7 7
Db rn =S
ab(a+b) —
3) a?b? —2(a*+b*+cH) <3 ) aPh? -2 -Zazbz = v

a7+b7 21.2
3 (ab(a+b) — a?b?) = 0 (ASSURE)

(a+b)-(a6_a3b+...+b6) ~
Z( (a+Db)-ab —a2b2> =

B Z (as(a — b) +a®b*(a — b) — a’b®*(a — b) — b*(a — b)> B
- — -

_Z(a—b)-(a3+a3b2—a2b3—b3)_

ab
_Z(a—b)z-(a4+a3b+2a2b2+ab3+b4) 0
B ab -
TRUE
Solution 5 by Kunihiko Chikaya-Tokyo-Japan
a’+b” _a’+b’ 2
ab(a+b)~ 2  ab(a+b)
- <a - b>7 2 1 {(a+b) }3 1 (4ab)?
- 2 ab(a + b) ~ 26 ab = 26  ab
Jensen
. a7+b7 b7+C7 C +a 21.2 2.2 2 2
" ab(a+b) * bc(b+c) * ca(c+a) 2 a’b” +b7c" + c"a = Goal!

a’b? + b%c? + c*a? > 3(a’b? + b%*c? + c*a?) - 2

& a’b* + b*c* + c*a* <a*+b*+ct o %{(a2 —b%)2+ (b2 —c?)?2+ (c?—a?)?}=0
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Solution 6 by Imad Zak-Saida-Lebanon

Chebyshev's = a” + b7 > %(a4 + b*)(a® + b3) > %(a4 + b*)(a + b)ab

1 2 2
LHSZZE(a4+b4)ZZa4ESZaZbZ—Z@Za“ZBZaZbZ—ZZa“@

2
3Ya*>3Ya?b’ o Yat>Ya?b*
True from Y x? > Y xy

Q.E.D

) 1 1 1
Equality at (a, b, c) = (ﬁﬁﬁ)

Solution 7 by Horia Nicolcea-Romania

5 a + b @ +b)at b o 5 at + b

— >
abarpy > D Zab(a + b) 2
cyc cyc cyc

(a4+b4)(a3 +b3)
2

=1 > (3)3a%b? + 3b%c* + 3c%a® - 2

Where: (1) isa’ + b7 > & (a* - b*)(a® - b3) = 0;

(2)isa® + b3 > ab(a+ b) © ab(a+ b) © (a+ b)(a— b)? > 0;

(3)isa* + b* + c* > a?b?® + b*c* + c?a* & Y (a®> — b*)* > 0;
124. Let a, b, c be positive real numbers. Prove that
+

+ +— + +
b+c c+a a+b 3lla+b)? (b+c)2 (c+a)?

Proposed by Hung Nguyen Viet-Hanoi-Vietnam

a b [ 2 ab bc ca ] )

Solution by Kevin Soto Palacios — Huarmey — Peru

Siendo: a, b, c nimeros R*. Probar que:

b c + Z[ ab bc ca
b+c cta a+b 3

a
s e ]2

Desde que: a, b,c > 0. Por: MA > MG

>23;/8(abc)3_ 4abc
M(a+b)® = Tl(a+b)  [l(a+bh)

2 ab + bc ca ]>2 < 3\/Hab]_[(a+b)

3 l(a+b)? = (b+c)? * (c+a)2]l = 3
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Por consiguiente, tenemos en ... (A)

a 2
Z—+§Z

b+c

b b 4ab
a a+ +c+ abc > 9

(a+b)?2 — b+c  c+a  a+b (a+b)(b+c)(c+a) —

Es suficiente demostrar;

a N b N c N 4abc -
b+c c+a a+b (a+b)(b+c)(c+a) ™

sala+b)a+c)+bb+a)b+c)+c(c+a)(c+b)+4abc >

>2(a+ b)(b+c)(c+a)

e ad+b2+c2+abla+b)+ be(b+c)+ calc+ a) + 7abc >
> 2ab(a + b) +2bc(b + c¢) + 2ca(c + a) + 4abc
e al+b3+c3+3abc—ab(a+b)—bc(b+c)—calc+a)=>0
s ala—b)a—-c)+b(b—a)(b——c)+c(c—a)(c—b)=0..(Valido
por desigualdad de Schur)

Por transtividad:

a + b + c +E ab bc ca
b+c c+a a+b 3l(a+bh)2 (b+c)? (c+a)?

|2 2..QqD)

125.In A ABC the following relationship holds:

o oo [l [

Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

Lus 5f 4 \/«/E+\/E \/«/E+«/E \/«/E+«/E_ 3’| |(arVB)(Vb+Ve)(Verva) _
) Ve Va Vb B

vabc
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xyz

3
= 3\/\/(x+y)(y+z)(z+x) where x = a etc

A-G
Now, (x + y)(y+z)(z+x) > 2./xy-2./yz-2/zx

o (x+y) (y+2)(z+x) >8 (2)
xyz

- LHS > 3%/V8 (from (1) and (2)) = 3¥2vZ2 = 3| (v2)’ = 3v2

orv2 < R > 2r — true (Euler) (Proved)

- it suffices to prove: 3v2 >

Solution 2 by Seyran Ibrahimov-Maasilli-Azerbaidian

6r\/EEuler a
RHS=—= < 3VZ, —=x%_=)* —=z

1 1 1425 1,1 1
[x+y+ |z+—+ [—+— >3 (x+y)(z+—)(—+—)2
x y z x/\y z

126.1f A € M,(R) then:
det(45 +I,)" < 3((det A)1° + Tr2(45) + 1)
Proposed by Daniel Sitaru — Romania

Solution by Marian Ursdrescu — Romania
Let pA(x) = x? — tr Ax + det A with own values 14, 4,

{x1+/12:trAE]R
1112 =detdeR
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Ifp(x) = x°>+1=detp(4) =det(A5 +1,) = (2] +1)(23+1) =

inequality becomes:
2
((AF+1)@3+1)) <3(MWa)0+(A5+25)"+1) &

o ((5+1)(25+ 1))2 <3((254)" + (35 +25)" +1) @
Let x3 = x4, x5 = x, inequality (1) becomes:
((xq +1)(x, + 1))2 < 3((x1x2)% + (X +x3)* + 1) ©
(X122 + 21 + x5 + 1)% < 3((x122)% + (21 + x2)2 + 1) (2)
Letx; + x5, = S, x1x2 = p,S,p € R. Inequality (2) becomes:

(p + S+ 1)? < 3(p? + §% + 1) true because is Cauchy inequality.

127. Let be: a, b, c > 0. Prove that the following relationship holds:
abc (a? — ab + b?)(b? — bc + b*)(c? — ca+ a?)

<
77 J(a? + 5ab + b2)(b? + 5bc + c2)(c2 + 5ca + a?)

Proposed by Daniel Sitaru — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru
Siendo: a, b, ¢ > 0. Probar la siguiente desigualdad:
abc (a? — ab + b?)(b? — bc + b*)(c? — ca+ a?)

<
77 \/(az + 5ab + b2)(b2 + 5bc + ¢2)(c? + 5ca + a?)

Se puede observar claramente que:

3 1 1
az—ab+b2:Z(a—b)2+Z(a+b)2 ZZ(a+b)2

3 7 7
a’? + 5ab + b? = —Z(a—b)2+Z(a+b)2 SZ(a+b)2

Desde que: a,b,¢c > 0 - (a+ b)(b + ¢)(c + a) = 8abc



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Por lo tanto la desigualdad es equivalente:

(a?-ab+b?)(b*-bc+b?)(c*-ca+a?) > ( ) (a+b)2(b+c)2(c+a)2
J(a?+5ab+b2)(b2+5bc+c2)(c2+5ca+a?) < )(a+b)(b+c)(c+a)

1 abc
= 56\/_(at+b)(b+6)(6+at)>7—\/7

Solution 2 by Soumava Chakraborty-Kolkata-India

® (a+ b)*
4

5 (>) (c+a)2
4

3 1
a? —ab+b2:—(a b)? + — (a+b)2

(2) 2
Similarly, b?> — bc + ¢* > (bzc) andc® —ca+a

(a+b)%2(b+c)?%(c+a)?
64

(1) x (2) x (3) = [1(a® —ab + b*) >

_ ((a+b)(b+c)(c+a)){(a+b)(b+c)c+ a)}
B 64

AMZGM (SZbC) (@+b)(b+c)(c +a) = (a+ b)(b +;)(c + a)abc

H\/az + 5ab + b?

Ma+blabe  abe

=~ it suffices to prove: S

ol {\/7(;+b)

}2 [[VaZ + 5ab + b% (a)

Now, ﬁ(;+b)

> Va2 + 5ab + b? & 7(a% + b% + 2ab) = 4(a? + 5ab + b?)

e 3(a—b)2 >0 ->true= > va? + S5ab + b?

V7(a+b) @
2

> Vb2 + 5bc + c2 and > Vc2 + 5ca + a?

(5)
Similarly, \/—(I:C)

V7(c+a) (6)
2

V7(a+b)

(4) x (5) x (6) = [1{*75
= (a) is true
(Proved)

} > [1(a? + 5ab + b?)
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Solution 3 by Soumitra Mandal-Chandar Nagore-India
We need to prove,
a’ — ab + b? abc

>
vaZz +5ab + b2 77
cyc

o 73 1_[(0,2 — ab + b?*)? > (ab)? 1_[(0,2 + 5ab + b?)

cyc cyc
Now, 7(a* — ab + b*)? — ab(a® + 5ab + b?)
= 7(a? + b?»)? — 15ab(a? + b?) + 2(ab)?
= (a — b)?*(7a? + 7b% — ab) = 0, s0 7(a® — ab + b?)? > ab(a? + 5ab + b?)
Similarly, 7(b? — bc + ¢?)? > bc(b? + 5bc + ¢?) and
7(c? — ca + a*)? > ca(c* + 5ca + a?)

.73 1_[(a2 — ab + b?»)? > (abc)? 1_[(612 + 5ab + b?)

cyc cyc
. (a? — ab + b?)(b? — bc + c?)(c? — ca + a?) - abc
J (a2 + 5ab + b2)(b? + 5bc + c2)(c? + 5ca + a%) 77
(Proved)
Solution 4 by Ravi Prakash-New Delhi-India

For a, b,> 0. Consider
7(a* — ab + b*)? — ab(a® + 5ab + b?)
= 7(a® — ab + b?)? — ab(a?® — ab + b?) — 6a?b?
= 7(a® — ab + b?) — 7ab(a? — ab + b?) + 6ab(a? — ab + b?) — 6a*b?
= 7(a? — ab + b?)(a? — ab + b* — ab) + 6ab(a? — ab + b* — ab)
= (a — b)*[7a? — 7ab + 7b* + 6ab]
= (a — b)*[(a® — ab + b?) + 6(a? + b%)] > 0
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a’ — ab + b? >Vab
“VaZ+5ab+ b2 V7
b%—bc+c? vbc c2—ca+a?

and

— > L -eere
Vb2+5bc+c? V7 v cZ+5ca+a?

Multiplying above inequalities we get desired inequality.

Similarly > %

Solution 5 by Kunihiko Chikaya-Tokyo-Japan

a’-ab+b?> __  (a+b)?>+3(a-b)?

Jaz+5ab+bz  2/7(a+b)2-3(a—b)?
a+b

27

when a = b each numerator, denominator of (*) is minimal,

f(a,b) = ™

=

maximal respectively.
(a+b)(b+c)(c+a) abc

8- 77 VT
“ (a+ b)(b +c)(c+a)=>8abc,a,b,c € R

f(a,b)f(b,c)f(c,a) =

128. Prove that the following inequality holds for all positive real numbers

a,b,c

9abc
a+b+c

ay b2 + 7bc + ¢ + by/c2 + 7ca + a® + ¢y a? + 7ab + b? > 2(ab + bc + ca) +

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Kevin Soto Palacios — Huarmey — Peru
Probar la siguiente desigualdad para todos los numerous R* a, b, c:

(A

9abc

ayb? +7bc+ ¢+ by c2 + Tca+ a? + c\/a? + 7ab + b2 > 2(ab+bc+ca)+a+b+c .

1) Desde que: a, b, c > 0, se cumple lo siguiente:

1 1 1
—t—+— > .
a+b b+c c+a ~— 2(a+b+c)

.. (Desigualdad de Cauchy)
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Para ello demostraremos previamente:

4b2¢2
(b+c)?

\/b2+7bc+cz2b+c+%=>b2+7bc+czz(b+c)2+ + 4bc

2 2 4b2C2 (b—C)Z .
Vb* +7bc+c? 2 b+c = be =g © be— > 0,yaque: bc > 0

Luego, desigualdad es equivalente en ... (A):

Yavb2+7bc+c2 =Y a(b+c)+Y Zbaf: > 2(ab + bc + ca) + aiabb:c
(LQQD)
129.If a, b, c € (1, ) then:
In(ab) In a?

- T < -
In(abe) — In(ae)
Proposed by Daniel Sitaru — Romania
Solution by Mihalcea Andrei Stefan — Romania

Ina=x>0;Inb=y>0;Ilnc=2z>0

. x+y x , x+y x y
In lity & < 2, — We'll prove: —+ =
equality Zx+y+1 - Zx+1 eliprove x+y+1 — x+1  y+1
Bergstrom 2
But — + -2 = r49) >
x+1  y+1 x2+y?+x+y — xt+y+1
oxt+xy+x+xy+y’+y>x*+y>’+x+yoxy>0true

130.If a,b,c > 0,a® + b® + ¢® = 9 then:

a+b N b+c N c+a -
a>\b + b>+a b>+/c + c>Vb c’vVa+ a>+\c B
(VB +b3Va)  (be+eB)  (eVa+aie)

Proposed by Daniel Sitaru — Romania

2

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Sia,b,c>0,a®+ b® + c® = 9. Probar que:
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2(a+b) + 2(b+c) + 2(c+a)

=1 (A
(a3VB+b3Va)"  (b3Ve+c3VB):  (c3Va+tadve) (A)

Previamente probaremos que:
ab + bb Vb + b3ya 2 a5+ pb a3 + b3\ 2 Vb + b3ya 2
> & > >|l—] &
c (e ) () (e )
& (a3 + b%)(Va+Vb) = 2(a®Vb + b*Va)
Lo que es equivalente:
(a + b)(a? + b? — ab)(Va + Vb) = 2vab(a*Va + b*Vb)
Es suficiente probar que:
(a? + b? — ab)(Va + Vb) = (a’>Va + b*/b) & a*\b + b*Ja = ab(va+Vb)
S % + % > +/a + /b, aplicando desigualdad de Cauchy
_ (a+ By
\/_ f Va+b

Como: a, b, ¢ > 0, aplicamos nuevamente la desigualdad de Cauchy en

(A):

Z 2(a+ b) >z< Va ++b >2>
(a3Vb + be/E)2 ~ &\a*Vb +b3a)
a"’+b6 - a"’+:6+c6

— Va-+b

=2 =1..(LQQD)
Solution 2 by Soumava Chakraborty-Kolkata-India

a,bc>0a®+p°+c®=9

S o { a+b N b+c N c+a ] -
(a3Vb+b3Va)" (b3e+cVb) (cWa+adve)')

(a®Vb + b3\/5)2 < 2(a®b + b%a) ( (x+y)?2<2(x*+ yz))
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a+b - a+b - 2
ﬁ — —
(a3Vb + b3\/E)Z 2ab(a® + b5%) @ (a + b)(a5 + b5)

2ab a+b
(- 22 < &P by HM < HM)
a+b 1
@ S . —
2 et = 2 G Y (D)
Bergstrom A 1+1+ 1)2 36
> =
@ Y(a+b)(a®>+b*) 3¥{a®+ b®+ ab(a*+b*)}

36

:22a6+2ab(a4+b4)

Now, S{ab(a® + 5%} < % (“22) (a* + b*)

— %{Z(a6 +b%) + (Z a*b? + Z a2b4)}
@ Z a® +%(Z a*b? + Z a2b4)
Now,

( A-G A—G
| a6 + a6 + b6 = 3a4b2, b6 + b6 + a6 > 3a2b4—\

A-G A-G

b® + b® + c® > 3b*c? %+ c®+b° > 3b*c*
A-G A-G

L6+ c®+ab > 3cta? aS+ab+cb > 302a4)

Adding, 6 Y a® > 3Y a*b? + 33 a?b*

Ya*b? +Y a’b* @ 2 a
= > = Zaév
2 2
(3), (4) = X{ab(a* + b*)} < 2 ¥ a® (5)

36 9 9
(2),(5)=>LH524Za6:ﬁ:3: 1= RHS

(Proved)
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Solution 3 by Soumitra Mandal-Chandar Nagore-India
Leta,b,c > 0,

Za6:9

cyc

then

a+b
2
2oy

cyc

Cauchy—-Schwarz

5 Z a+b S 5 a+b
2 = 6 6
£ (a3Vb + b3Va) (a + b)(a® + b®)
_5 Z 9 1 Z 1
a® + b° = chc(a6 + b°) "3 x| Tx+y+z
cyc cyc
= 1 (proved) equalityata = b =c¢ =

Solution 4 by Dhanh Tang Thung-Vietnam
Apply Cauchy — Schwarz inequality, we have:
2
(a®>Vb + b3Va) < (a® + b®)(b + a)
I S T Y 18 B
a® + b  bo + ¢ c6+a6) ~ 2(a® +b® +cb)

:ZLHSZZ(

Equality whena =b = ¢ = ¥/3.

Solution 5 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

a+b
2- 5 =
cycl (ag\/z + bg\/a)
a+b Cauchy
=2 Z > 2a3b3Vab = 2/a’b? < a’ + b’
a®b + 2a3b3Vab + ab®
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. Z a+b _ 5 Z a+b _
- abh+a-b®+a’ + b7 ab(a+b) +bé(a+b)

1 Cauchy 6 Cauchy
= Z 6 + pb =3 6 6\( 16 6Y( -6 6 =
a V(@b + b8)(b® + c®)(c® + a®)
- 6 _18_1
_2.(a6+b6+c6)_18_
3

131.Ifa,b,c > 0,a + b + ¢ = 1 then:

5(Vab +Vhe +Vca) < » Y(a+4b)(2a+3b)Ba+2b)(da+b) <5

Proposed by Daniel Sitaru — Romania
Solution 1 by Anas Adlany-El Zemmara-Morocco

We have by AM-GM inequality

(a+4b)+(2a+3b)+(3a+2b)+(4a+b) —

Y.V (a+4b)(2a+3b)(Ba+ 2b)(4a+b) < Y, "

5,

Also, by AM-GM inequality we have

> ‘{/(a +4b)(2a+ 3b)(3a+ 2b)(4a+b) =5 Viab*a?b%a*b = 5% Vab
and we are done.

Solution 2 by Kevin Soto Palacios — Huarmey — Peru

Si:a,b,c > 0. Probar que:

5(Vab +Vbe +ca) < ) Y/(a+4b)B3a +2b)(3b + 2a)(4a+b) < 5

Siendo: a, b, c > 0. Por: MA>MG
(a+4b)(4a+ b)(3a+ 2b)(2a + 3b) = (4a? + 4b?* + 17ab)(6a? + 6b* + 13ab) >
> (25ab)(25ab) = 5*(ab)?
Por la tanto:
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Z */(a+4b)(3a + 2b)(3b + 2a)(4a + b) > 42 Vab

Luego, una vez mas aplicando: MA > MG

Z i/(a F 4b)(3a F 2b)(3b F 2a)(4a F b) < Z (a+4b)+(3a+2b)+(3b+2a)+(4a+b) —

4

= 2(a +b+c)=5
2
Solution 3 by Soumava Chakraborty-Kolkata-India
(a+4b)(2a+3b)(3a+ 2b)(4a + b)
= {(a + 4b)(4a + b){(2a + 3b)(3a + 2b)}
= (4a* + 4b* + 17ab)(6a* + 6b* + 13ab)
= (4a? + 4b?> — 8ab + 25ab)(6a? + 6b* — 12ab + 25ab)
= {4(a — b)? + 25ab}{6(a — b)? + 25ab}

> 625a%b? = /(a + 4b)(2a + 3b)(3a + 2b)(4a + b) = 5Vab

» ) \(a+4b)(2a+3b)Ba +2b)(da+b) 2 5() Vab)

Again, Y. i/(a+ 4b)(2a + 3b)(3a + 2b)(4a + b) <

G;A210a+10b_25(a+b)_5 ZZ Cvg=s
= I 2 2 a=a=
(Proved)

Solution 4 by Soumitra Mandal-Chandar Nagore-India

Leta,b,c >0,a+ b+ c =1then

52 Vab < Z ‘/(a+ ab)(2a + 3b)(3a + 2b)(4a + b) < 5

cyc cyc

10(a+b) 5(a+b)
4 2

similarly, {/(b + 4c)(2b + 3¢)3b + 2c)(db + ¢) <> (b + ¢) and

\/(a+ 4b)(2a + 3b)(3a + 2b)(4a + b) <
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5(c+a)
2

V(c+4a)(2c +3a)(3c+2a)(4c +a) < , SO

Z */(a+4b)(2a +3b)(3a + 2b)(da + b) <5(a+b+c) =5
cyc

Weighted AM.2G.M

2a+3b ™~ 5 .. 3a+2b 5 a+4b 5
- > Va2b3. Similarly, = a3b?, . > Vab* and

4a+b
5

similarly, \/(b + 4c)(2b + 3¢)(3b + 2¢)(4b + ¢) = 4V/bc and

> Ya*b. So, {/(a + 4b)(2a + 3b)(3a + 2b)(4a + b) > 5vVab

V(c + 4a)(2c + 3a)(3c + 2a)(4c + a) = 5vca

5(vab +Vbc +vca) < y/(a+ 4b)(2a + 3b)(3a + 2b)(4a+ b) < 5
(proved)
Solution 5 by Dang Thanh Tung-Vietnam

AM-GM:
a+4b > 53 ab*
2a + 3b > 53/ a?b3
3a +2b > 51/ a3b?

4a+b > 53/ atb

= (a +4b)(2a + 3b)(3a + 2b)(4a + b) = 5*a?b?

> > J(@+4b)(2a+3b)B3a+2b)@a+b) 25 ) Vab

AM-GM:

10(a+b) 5

\/(a+ 4b)(2a + 3b)(3a + 2b)(4a + b) < 1 —5(a+h)

> Z */(a+4b)(Za + 3b)(3a + 2b)(da+ b) < 5(a+b+c) =5
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= 5(Vab + Vbc ++/ca) < z V(a+4b)(2a+3b)(3a+2b)(4a+b) <5

Equalitywhena =b =c = %

Solution 6 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

) Z] J(@a + (/B)) - (@vB)" + (vay’)-

. J {2 + (v3B)") - (V2B)" + (v3a)") =

> [+Vab +ab - [2vab+3Vab = 5 [5vab- svab =
225-\/%:5-(ab+bc+ca)

2)2\/\/(4a+b)(a+ 4b) '\/\/(3a+ 2b)(2a + 3b) <
5(a+b) |5(a+b) 5(a+b) _
SZ] 2 j ;=) 5 =S

132.Ifa, b, c € (0; +x) and k € R, prove that.

a b ¢ (k—-1)?% (k*+2k+13)(a?+ b* + c?)
—+—4+—+ >
b ¢ a 2 2(a+ b+ c)?

Proposed by Le Khanh Sy-Long An-Vietnam
Solution by Le Khanh Sy-Long An-Vietnam
The inequality becomes as follows.

@(a+b+c)zzg+(k—1)22ab22(k+3)2a2

cyc cyc cyc
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@z ]+(k—1)zz:ab22(k+3)§:aZ

cyc cyc cyc

a3 a’b 2ab*
Xt

cyc

@z< a’b 2ab2> z[

cyc cyc

b3 Zb 2ab? 4a’c
@z +z b —4kac + k*cb | = 2(k + 2) Zaz—Zab

cyc cyc cyc cyc

+(k2—2k+4)zab22(k+2)za2

cyc cyc

Y a-> ab

cyc cyc

4a¥c (4k — kz)ab] > 2(k+2)

Using the AM-GM inequality, we have.
Z lb(a — b)? N c(2a — kb)?

] > 2 Z[(a — b)(2a — kb)]

[ b
cyc cyc
=2(k+2) Zaz —Zab
cyc cyc
We are done.

133. Let a, b, c be positive real numbers such that a + b + ¢ = 3. Prove that
avia+4b+c+bVab+4c+a+cVac+4a+b =9
Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Kevin Soto Palacios — Huarmey — Peru
Siendo a, b, c nUmeros R* de tal maneraque a + b + ¢ = 3. Probar la
siguiente desigualdad
avda+4b+c+bVab+4c+a+cVac+4a+b =9

Como a, b, c > 0, por la desigualdad de Holder
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a b c
)=

2
(aV4a+4b +c+bVab+4c +a+ cVac+ 4a+b) <4a+4b+c+4b+4c+a+4c+4a+b

>(a+b+c)® (M)
Es suficiente probar que:

a b [ 1
= + + <
4a+4b+c 4b+4c+a 4c+4a+b a+b+c
4a(a+b+c)+4b(b+c+a)+4c(c+a+b)
4a+ 4b + ¢ 4b+4c+ a 4c+4a+b

3ca 3ab 3bc
(s i) (e st =
4a +4b + ¢ 4b+4c+a 4c+4a+Db

3ca 3ab 3bc
+ + <le&e
4da+4b+c 4b+4c+a 4c+4a+b
9ca 9ab 9bc

= + + <3
4a+4b+c 4b+4c+a 4c+4a-+b

Partiendo de la desigualdad de Cauchy:

9ca (2+1)%ca 2ca ca
= < =+ (A)
4a+4b+c  2(a+b)+2b+c ~ 2a+b  2b+c

Analogamente para los siguientes términos:

9ab (2+1)%2ab 2ab ab
= < =+ (B)
4b+4c+a 2(2b+c)+2c+a — 2b+c  2c+a
9b 2+1)2b 2b b
c < ( )ebc < c + c (C)
4c+4a+b 2(2c+a)+2a+b 2c+a 2a+b

Sumando (A) + (B) + (C) se obtiene lo pedido

9ca 9ab 9bc c(2a+b) = a(2b+c) = b(2c+a)
=+ =+ < =+ =+
4a+4b+c 4b+4c+a 4ct+4a+b 2a+b 2b+c 2a+b
9ca 9ab 9bc

<a+b+c=3 (LQQD)

=+ =+ <
4a+4b+c 4b+4c+a  4ct+4a+b

Luego, por transitividad tenemos en (M)

(a+b+c)3

2
(aV4a+4b+c+bVab+4c+a+cVdc+4a+b) > N >
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>(a+b+0)*=81

>avda+4b+c+bVadb+4c+a+cVdc+4a+b>9

134. Prove that for all positive real numbers a, b, ¢ the inequality holds:

a b [ b+c c+a a+b
+ + > + +
b+c c+a a+b 2a+b+c 2b+c+a 2c+a-+b

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Kevin Soto Palacios — Huarmey — Peru

Probar para todos los numerous R* la siguiente desigualdad:
a b c b+c c+a a+b
+ + > + +
b+c c+a a+b 2a+b+c 2b+c+a 2c+a-+b

b
(bf-(,'_|_1)_|_(c+a_|_1)_|_(a-(l:-b_|_1)2

b+c c+a a+b
> (garpret ) ( 1)+(—+1)
2a+b+c b+c+a 2c+a+b>b

(a+b+c)

1
+ )>
b + c+a a+b
2 2 2
+ +
2a+b+c 2b+c+a Zc+a+b)

1 1 1
+ + >
b+c c+a a+b»b

2 2
— 2a+b+c 2b+c+a 2c+a+b

>(a+b+c)(

(lo cual demostraremos)
Como a, b, c > 0, pro la desigualdad de Cauchy:

1 1 4 (A),

—_ >
a+b c+a 2a+b+c

(B),
©.

1 1 4
—_— >
b+c b+a 2b+c+a
1 1 4
=+ >

ct+a c+b — 2c+a+b
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Sumando (A) + (B) + (C) se obtiene
1 1 1 2 2 2
E * E * a+b = 2a+b+c * 2b+c+a * 2c+a+b (LQQD)

135. Prove the inequality holds for all positive real numbers a, b, ¢

b% + ¢ 2 .
+ >
Za2+1 Zab+1_

cyc cyc

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Kevin Soto Palacios — Huarmey — Peru
Probar la desigualdad para todos los numerous R* a, b, c
b% + ¢ 2
Yo Y=
a-+1 ab +1
b2 +c? c?+a? a?+b? 2 2ab 2ab
az+1 bZ+1 cz+1 2z ab+1 2z ab+1 — 2z ab+1

b? a? c? b? a? c?
S + + + + + >
<a2+1 b2+1> <b2+1 c2+1> <c2+1 a2+1>

2ab 2bc 2ca
> + +
ab+1 bc+1 ca+1

Es suficiente domostrar lo siguiente:
b? a? 2ab
+ =
a’?+1 b?2+1 ab+1

o ((b4 +a*) + (a® + bZ)) [ab + 1] = 2ab(a? + 1)(b% + 1)

& ((a+ b)*(a—b)? + (a — b)* + 2ab(ab + 1)) [ab + 1] > 2ab(a® + 1)(b* + 1)
© (a—b)%(a+ b)%*(ab+ 1) + (a — b)*(ab + 1) + 2ab[(ab + 1)? — (a? +1)(b2 +1)] = 0
< (a—b)*(a+ b)?*(ab+ 1) + (a—b)*(ab + 1) —2ab(a—b)? >0
& (a—b)?*[(a+ b)?(ab+ 1) + (ab + 1) — 2ab] =
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= (a—b)?(a3b + b3a+2a’b* +a?>+b*>+ab+1) >0

Por lo tanto:

b? a? c? b? a? c?
>
<a2+1+b2+1>+<b2+1+cz+1>+<cz+1+a2+1>_

2ab 2bc + 2ca (LQQD)

=
ab+1 bc+1 ca+1

136. If a, b, c > O then:

a® a® 2(a? + b? + ¢?)
2. Gavany* L. :
(2a + 3b)3 (2a + 3¢)3 125

Proposed by Daniel Sitaru — Romania

Solution 1 by Soumitra Mandal-Chandar Nagore-India

a’® a’® 2
- 0+ > 2 + bZ + 2
Z (2a + 3b)3 Z 2a+30)7 > 125 @ c*)

cyc cyc
Z a’ . Z ab ~ Z a® . Z a®
(2a + 3b)3 (2a+3¢)3 (2a? + 3ab)3 (2a? + 3ac)3
cyc cyc cyc cyc
RADON’SIﬂIy\EQUALITY (a? + b? + c?)*
=
(2a? + 2b% + 2c¢%2 + 3ab + 3bc + 3ca)3

(a? + b? + c2)*
+ (2a2 + 2b% + 2c¢2 + 3ab + 3bc + 3ca)3
2(a® + b* + c?)*
“125(@ + B2+ 2P 12
(Proved)

Solution 2 by Kevin Soto Palacios — Huarmey — Peru

5(a2 + b2 + ¢?)

Si:a,b,c > 0, probar que
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a® a® 2(a® + b% + ¢?)
D Gyt L. >
(2a + 3b)3 (2a + 3¢)3 125

La desigualdad es equivalente:

a® b> b® c’
+ + + +
((Za +3b)3 (2b+ 3a)3> ((Zb +3¢)3 (2c+ 3b)3>

( 5 + a® ) 2(a?+b%*+c
(2¢+3a)3 (2a+3c)3 125

D

Como a, b, c > 0, por la desigualdad de Holder:

a5 b5
((Za +3b)° ' (2b+ 3a)3> (a(2a + 3b) + b(2b + 3a)) -

- (a(2a + 3b) + b(2b + 3a))(a(2a + 3b) + b(2a + 3b)) = (a? + b?)*
Ahora bien

a(2a + 3b) + b(2b + 3a) = 2(a? + b?) + 6ab < 5(a? + b?)
Por lo tanto:

a5 b5 (aZ + b2)4-
((Za +3b)° | (2b + 3a)3>

> =
(a(2a+ 3b) + b(2b + 3a))

(aZ + b2)4- aZ +b2
> =
125(a? + b?)3 125

Finalmente aplicando para (A) se obtiene

a® b> b® c
+ + + +
((Za +3b)3 (2b+ 3a)3> ((Zb +3c)3 (2c+ 3b)3>

c’ a’ a?+b%> b%2+c? %+ a?
+ > + +

+
(2c+3a)3 (2a+3c)3 125 125 125

_ 2(a* +b*+c?)
B 125
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Solution 3 by Soumava Chakraborty-KoIkata—India

bc>0 Z Z 2 Z a?
=
a.0.¢ (2a + 3b)3 (Za 303 @@
5
a
( [(2a+3b)3 * (2b+3a)3] [(2b+3c)3 * (2(:+3b)3] [(2c+3a)3 * (2a+3c)3]
(I) o> aZ+b? + b2+c2 + cz+a?
— 125 125 125

a’® b° 5 a 3 5 b 3
S
(2a+3b)°  (2b+3a)} © (Za ¥ 3b) 2b + 3a
a > b

2a+3b 2b+3a

WLOG, we mayassumea > b > c

3 3Chebyshev 3 3
Gom) V(@) 2 2@ |Gw) ()
a (2a+3b b 2b+3a - (a b ) 2a+3b 2b+3a

Chebyshev 1 a b 3
2 Z(a? + b2 ( )
@+ b\ 2335 T 25+ 3a

@
a_ b B 3a + 3b% + 4ab
2a+3b 2b+3a (2a+3b)(2b+ 3a)

2(a? +ab + b?) + (a+ b)? 6:4 2(a®> +ab + b?) + (a+b)*> 4

- z = (a -+ b)? '25°
{J@a+3b)(2b + 3a)}
3
2-7(a+b)?+(a+b)* 4 3 1
4 _
= @+ by E( “Z“‘”*”Z—Z(“”’)Z*Z(“"’)Z)
225 2a+3b  2b+3a) - 125

3 2. p2

1 2 2 ( ) a“+b
= - -+ >
S(a b ) 2a+3b 2b+3a 125 (b)

b5 (C) a2+b2
(a) (b) (2a +3b)3 +(2b+3a)3 — 125
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5 (d) b2+c2

b
+ =
(2b+3¢)3  (2¢+3b)> 125

Similarly, and,

CS a5 (e) C.Z + aZ

(2c + 3a)3 + (2a + 3¢)3 = 125
(c) + (d) + (e) = (i) is true (Proved)

137.1fa,b,c > 0,a # b # ¢ # a then:
1 N 1 N 1 N 1 N 1 N 1 - 81
(a—=b)2 (b-¢)* (c—a)’: ab bc ca 4(a?+ b%+ c?)

Proposed by Daniel Sitaru — Romania

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Sia,b,c>0,a # b # c, probar
1 N 1 N 1 N 1 N 1 N 1 - 81
(a—=b)2 (b-¢c)* (c—a)’: ab bc ca 4(a%+ b%+ c?)

Como:a—b#0b—c+0c—a#0Aab,c>0

Solo basta demostrar lo siguiente:

1 +1> 9 a? + b? +a2+b2>9

— @ —

a’?+b%2—-2ab ab 2(a%+ b2) a2+ b%Z-—2ab ab 2
a’?+b%> 9 ab a? + b? 2ab 7

S 1+

> — o + >
ab 2 a?+ b%-2ab ab a’+ b%2—-2ab 2
& 2(a? + b?)? — 4ab(a? + b?) + 4a?b? > 7ab(a?® + b?) — 14a?b?
o 2(a? + b?)? —11ab(a? + b?) + 18a?b? =2 ((aZ + b?) — 3ab) +ab(a?+b?*) >0

Luego por desigualdad de Cauchy:

Z 1 "‘Z 1 - Z 9 - 81
(a — b)? ab 2(a? + b?%) — 4(a? + b?% + ¢?)
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Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

16 9
a?+b%+c2  a?+b%+c? (TRUE)
4-9 - 81
a?+b%2+c2 4-(a?+ b?+c?)
+9  _, 27 ~
a?+b2+c2  3(a?+b%+c?)
27 27

=4

. < 4. <
3-(a2+b%2+c2)~  2-(a2+b%2+c2)+ab+bc+ca”

1 1 1
<4 + + =
<4 (a2+ab+b2 b% + bc + c? cz+ca+a2)
4 4 4
= + +
at+ab+b? b2+bc+c?: c2+ca+ a?

(7)) (o)
a’? — ab + b? b% — bc + c2 c2—ca+a?/

- 1 +12 N 12 +12 N 12 +12 B
“\(a—b)? ab (b—-1¢)%2 bc (c—a)? cal
1t .1t .1 1.1 1
" (a-b)? (b-¢)? (c—a)® ab bc ca

Solution 3 by Soumava Chakraborty-Kolkata-India

<

13 13 13 13 13 13
LHS = + + + + +
la=bl* “1b—cl* “le—al* ()" (vbe)' (Vea)’
Radon (1 +1+1+1+1+1)3 216

= =
®  (Sla-bl+3vab)  (Sla-bl+3Vab)

(Zla - b|)2 <3 (Zla ~ bl?) ( (Z x)2 < 32 x2>

= > la—b| (Z)\/E\/zzczz—zzab:ﬁm,
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whereu =Y a?,v=Yab
Again, (T \/E)Z <3 ab) = 3v = YVab < 3Vv (b)
(a) + (b) = Xla — b| + XVab < V3(vV2u - 2v +v)

=>(Z|a—b|+2x/%)2<3(2u—v+2 Zuv—ZvZ)

N 216 - 72 (2)
(Zla-bl+X \/E)Z 2u—v+2v/ 2uv-2v2
72

(1), (2) = LHS >

2u—v+2+/ 2uv-2v2?
72 81

2u—v+2/2uv-2v%2  4u

& 32u > 18u — 9v + 184/ 2uv — 2v?
& (14u + 9v)? > 324Q2uv — 2v?)  196u? + 729v% — 396uv >0
& 196u? + 729v% — 2(14u)(27v) + 360uv >0

=~ it suffices to prove:

© (14u — 27v)?% + 360uv > 0 - true
('.'u:ZaZ >O,v:Zab>Oasa,b,c>O)
(Proved)

Solution 4 by Soumitra Mandal-Chandar Nagore-India

Leta,b,c >0anda # b # ¢ #+ a then

1 N 1 N 1 +1+1+1> 81
(a—=b)2 (b-¢c)* (c—a)? ab bc ca  4(a? + b% + c?)

> e Db

cyc cyc

BERGSTORM INEQUALITY

_ 1 + 4 & (1+2)2
B Z ((a —b)2  4ab (a — b))%+ 4ab
cyc cyc
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[equality doesn’'thold ~ a # b #+ ¢ # a]

- Zﬁ>22ﬁ[" 2(a? + b%) > (a + b)? and a # b]
cyc cyc
- 81
4(a2+b%+c2)

(proved)

. lz 1 - 3
'3Lia?+b?" Yy (a? + b?)
cyc

anda+b +c+#a

138.Ifa,b,ce Ra+b +c+#a
o = min(la + b|, |b + c|, |c + a]) ,2 = max(|a], |b|, |c|) then:

1 /ala| — b|b| b|b| —cl|c] c|c]— ala|
_ + + <20
a—>b b—c c—a

3
Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

1 (alal — b|b| b|b| —cle] clc] - a|a|>

§ a—b>b b—c c—a
E

WLOG, we may assume w = |a + b| and 2 = |a]

1)

—-b|b
alal=blbl 9 10 4+ b|.va,b € R

We shall first prove:

Casel:a>0,b>0

e

aZ_bZ

— >a+bea+b>a+ b - true
Case2:a>0,b<0

2 2

“= > la+b| & a® +b? = (a— b)la+bl(~ a> b)

& (a? + b?»)? > (a — b)*(a + b)? = (a? — b?)?

e
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S a* + b* + 2a%b? > a* + b* — 2a%b? & a?b? > 0 - true

Case(3)a<0b20

(1) & 2> |a+b|

o a2+b2 > (b—a)|a+b|('.' b > a)
o a* + b* + 2a?%b? = (b? — a?)? = a* + b* — 2a%b? © a?b? = 0 - true
Case4:a<0,b<O

i G ) S0 fa—-b>—a—
Qe ——=—a b(-a+b<0)e —-a—b=>—-a—b - true

a|a| b|b| |

Combining the 4 cases, Va, b € R, + b| (1)

()

similarly, 22=99 > |p + ¢| S |a + b| (~ @ = |a + bl),
(3)
Cc|C| —ala
% >|c+al > la+bl|(x w=|a+b|)

LD+@2)+(B)>E=>3la+b|=3w

E . . .
23>0 left inequality is true

0]
a|a| b|b| r*'\

We shall now prove: <|a| + |b|,Va,b € R
Casel:a=0,b=0
(e a+b<a+b-true
Case2:a=>0,b<0
(i)@%Sa—b@a2+bzS(a—b)z('.'a>b)
Sab<0-trueva=0b<0

Case3:a<0,b=0
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sa?+b2<(b-a)?(-b>0) < ab<0-true
~a<0,b=0
Case4:.a<0,b<O
(i) —a—b<—a—-b-true
a|a| bIbI

Combining above 4 cases, < |al| +|b] (i),Va, b €eR

cIcI alal

< |b| + |c]| (ii) and,

Similarly, < |c| + |a] (iii)

b|b| cIcI
(D+00+(M%3E<2GM*4M+4d)
E 2
=2 <2 (lal + bl + le) < - 3lal = 2la] = 20
(- |bl <lal,Ic| <al,lal = 2

ie. § < 20 = rightinequality is true (Done)
Solution 2 by Ravi Prakash-New Delhi-India
Thus,forx <0<y

x|x| = ylyl

+
|x +y| < Xty

< |x| + lyl

Forx,y>0,x+y

x|x| —ylyl  x* —y? x|x| — ylyl
= =x+ + _ T = +
x—y Xy =x+y=>|x+y|= < |x| + [yl
Forx,y<Ox+y
xlxl —ylyl  —x*+y*
= _—x—y
xX—y X—y
x|x| - ylyl
“lx+yl = T—|x|+|Y|

Thus,forx,y e Rx +y
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x|yl — ylyl
|X+Y|STS x| + |yl
Forx<0<y
xlx| —ylyl _ —x*—y* _y*+?
xX—=y xX—=y y—x

Asxy <0,(y—x)?2 = y? + x% - 2xy > x* + y?

2 2 2 2
x“+y x° +
<y-x=|yl+|x| =

=

< |x| +
e 21 + Iy

Ifx+y >0,

@—ny+ﬁ=yI<ﬂ<y”+ﬂ=ﬂy+ﬂ:y+xgy__

Ifx +y <0,then

—(x+ )y —x)=x%—y* <x?+y?
2 4 o2 x2 + 72
= —(x+y) < i’

=S x+yl <

- X
Now, for a, b, c € R, a, b, c distinct
B3w<|la+b|+|b+c|+|c+al <

ala| — b|b| b|b| —clc| clc| — alal|
+ + <
a—>b b—c c—a
< (lal + [b]) + (Ib] + |c]) + (Ic| + |a]) < 62

139.1fa,b,c > 0,a + b + ¢ = 1 then:
a3 + b3 + C3 + 6abc > aa2+2bc . bb2+2ac . Cc2+2ab

Proposed by Daniel Sitaru — Romania
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Solution 1 by Mihalcea Andrei Stefan-Romania
AM-GM, because Y.(a? + 2bc) = T a)? =1
1_[ a® +2be < Z a(a? + 2abc) = Z a3 + 6abc
cyc
Solution 2 by Soumitra Mandal-Chandar Nagore-India

Leta,b,c > 0anda+ b+ c =1 then

2 2 2
Z a3 + 6abc > a“ +2bc | bb +2ca |, cC +2ab

cyc

Applying Weighted AM = G.M;
1

2
2 Yeyc(a*+2bc)
+
ZC}’C a(a ZbC) > aa2+2bc
Yeyc(a? + 2bc) I I
cyc
1
(a+b+c)?
a® + b3 + ¢ + 6abc )
a® +2bc
(a+ b +c)? 11
cyc
2
Z a® + 6abc > | | a® *t2be
cyc ‘cyc

(proved) equalityata=b =c = %
Solution 3 by Fotini Kaldi-Greece
a+b+c=1=>(a+b+c)’=1
a3 + b3+ c3 + 6abc =
Applying Weighted AM = G.M;

(a? + 2bc)a + (b% + 2ac)b + (¢ + 2ba)c > a® +2bc 4 pb*+2ac  cc*+2ab
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140. If a, b, ¢ € R then:
z:(a2 + b% — ¢?)? + 82 a?b? > 27abcVabc
Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

z:(a2 + b% — ¢?)? > %(az + b2 + c2)2 ( Z 2o %(Z x)2>

11 I |
> 1 (a+b+c)! =—(a+b+c)
{B(a b c)} 27(a b+ ¢)

-3
1 A-G 1 3 3
=—(a+b+c)d(a+b+c) = —-27abc-3Vabc = 3abcVabc
27 1 27
82 a’b? > 8abc(a+ b +¢) ( sz > ny)

A-G
= 8Y a’b?* > 24abcVabc (2)

(1) + (2) = Y(a? + b% — ¢2)2 + 8Y a?b? > 27abc¥abc
(Proved)
Solution 2 by Shahlar Maharramov-Jebrail-Azerbaidian
8Y a?b? = 8 - 33a*b*c* = 24abciabc (*)

(a? + b? — c?)? = a* + b* + ¢* + 2a?b? — 2a%c? — 2b?%c?
(b? + c? — a?)? = b* + c* + a* + 2b%c? — 2b%a? — 2¢%a?
(c? + a? — b?)? = ¢* + a* + b* + 2¢%a® — 2a?b? — 2b?%c?

adding these
N Z(az + b2 — 2) = 2(a* + bY) + 2(a* + c*) + 2(b* + cb) +

A—G
+a3 + b3 + 3 — 4a?b? — 4a%c? — 4b%*c? >

2-2a’b% +2-2b%c?+2-2a%c?+a*+ bt + ¢t -
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—4a*b? — 4a*c? — 4b*c* = a* + b* + ¢* Ag; 3abciabc (**)
Adding (*) and (**) =
= LHS > 24abcVabc + 3abcYabc = 27abcYabc
Solution 3 by Ravi Prakash-New Delhi-India
(a + b% + c?)? + Z(az +b%—c?)2 =
= (a? +b%+c?)?+ (a2 + b% —c?)?2 + (a? — b? + c?)? + (—a% + b? + ¢2)? =

= 2(a? + b?)%2 + 2¢* + 2(a? — b?)? + 2¢* = 4(a* + b* + ¢%)

Z(az + b2 — c2)? + 82 a2b?
:4(a4+b4+c4)+82 a?b? — (a? + b% + c?)?

272 4
>3 [3|abc|3] = 27|abc|3

1
= z:(a2 + b% — ¢?)? + 82 a’b? > 27(abc)(abc)3

141. If x,y = 0 then:
(€ +y*)2 (% — xy + y?) 2 x2y% [xy (2 + y?)*
Proposed by Daniel Sitaru — Romania

Solution 1 by Seyran Ibrahimov-Maasilli-Azerbaidian
Chebyshev: x3 + y3 > %(x + y)(x? + y?)
x2 — xy +y* > xy (AM-GM)

2xy X AM—GM
(3 +y3)3(x2—xy+y2) = %(x +y)3(x2+y%)3 > RHS
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(x+y)3> (2\/x_y)3 > 8xy,/xy
Solution 2 by Kevin Soto Palacios — Huarmey — Peru
Si: x,y = 0. Probar que
(x3 _|_y3)3(x2 _ xy_|_ yZ) > nyZ\/x_y(xZ + y2)3
1) Si: x,y € R se cumple la siguiente desigualdad
x2 —xy+y*> ;(x2 +y2) > %(x+y)2,x2 +y2 > 2xy
2) Si x,y = 0 se cumple la siguiente desigualdad
x+y=>2/xy
La desigualdad es equilvalente
(x + y)B(xZ — xy + yZ)B(xZ _ xy_|_ yZ) > nyZ\/x_y(xZ + y2)3
Luego
(x+y)3 (2 —xy+y?) = %(x +y)*(x+y) = 8x2y% [xy A (2% — xy +y2)3 > %(x2 +yz)3
Multiplicando las 2 desigualdades, se obtiene
(x +y)* (% — xy + y2)3(x? — xy + y?) 2 K2y [xy(x* + y*)* (LQQD)
Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia
(x3 + y3)3(x2 _ xy+y2) > nyZ\/x_y(xZ _|_y2)3| . (x _|_y)
(3 +y®)* = x2y% [xy - (x* + ¥2)3 - (x + y) (ASSURE)
4

2 2 2 2
(o' 2 (o (o) = () (55) T s

2xy

2xy

X+
> (x9)? 52 (e D)+ ) 2 a2 [y + Y x+ y)

2 /xy
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Solution 4 by Ravi Prakash-New Delhi-India

5
(3 +y3)3 (2% — xy + y?) = (xy)2(x? + y?)® (1)
If x = 0 or y = 0, we have nothing to prove so we may assume that
x>0,y >0.

Putx = rcos@,y = rsin @, and now (1) reduces to

5
" (cos® 0 + sin® 0)3(cos? 0 — cos 0 sin 0 + sin? 0) > r'" (cos 0 sin 0)2

5
or (cos® 0 + sin3 0)3(cos? @ — cos 0 sin O + sin? 8) > (cos 0 sin 0)2

or (cos 0 + sin 8)3(1 — cos 0 sin 8)* > (cos 0 sin 0);
Solution 5 by Soumava Chakraborty-Kolkata-India
Ify=0,x>0LHS =x"and RHS = 0= LHS > RHS
Ifx =0,y >0,LHS =y" and RHS = 0 = LHS > RHS
Let’s now consider x,y >0
We have, (x + y)(x3 + y3) > (x? + y?)?
o 3y + xy3? > 2x%y? © x? + y? > 2xy - true by A-G
s+ +y3) = (P +yH)E (D)

Again, x? — xy +y? = 2 (x + y)? +3 (x - y)?

(x+y)?
2) = :

LHS = (x + y)(x? — xy + y2) (a3 + y3)2 (2?2 — xy + y?)
= ((x+ G + ) (8 +y3)(x? - xy +y?)?
> (x% + y2)2(x® + y3) (2% — xy + y*)? (a) (using (1))
(a) = it suffices to prove:

(2% + y3) (2% — xy + y1)? = x2y2 [xy(x? + y?) (b)
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Now, x? — xy + y? > &t (from (2)
= (b) = it suffices to prove:
x +y)?
(x® +y3)(x? — xy + y?) % > x*y% [xy(x* + y?)

& (3 +y3)(x+y) (x* — xy + y?) (x +y) = 4x*y? [xy(x® + y?)
2(x%+y?)? zxy 22, [xy

=~ it suffices to prove:
(xZ +y2)2(xy)(2\/x_y) > 4_x2y2\/x_y(x2 _|_y2)
& x? + y? > 2xy - true by A-G (Proved)
Solution 6 by Shahlar Maharramov-Jebrail-Azerbaidian
Take substitution y = m2x then

(x3 + mOx3)3(x2 — m2x2 + m*x?) > x2x*m* - xm(x®> + m

4 2)3
= x"(1+m®3(1 -—m?+m*) > x"(1 + m*)3mb

Since m* — m? + 1 > m? then
(1 +m® (1 — m? + m*) > (1 + m®)m? then we have to prove

1 +m®)m? >m*(1 +m?*)3 =

(1 +m)? > (m +m®)>? - we have to prove
=>1+m®>m+md?=>
>ml-mbf+1-m*>0=>4m°(m-1)-(m-1) > 0?
(m—-1)(m®>-1) =07 (*)
as if m > 1 then correct (*)

b)if 0<m < 1thenm—1<0 m®—1 <0 then (*) correct
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142.If a, b, c € (0, ) then:

a®b® + b8c® + c®a® > a®bh>c®\/27(a* + bt + c*)
Proposed by Daniel Sitaru — Romania

Solution 1 by Soumitra Mandal-Chandar Nagore-India

4
Z a®b® > (abc)* Z at | = (abc)sch
abc
cyc cyc
Now,
3
4
a
Z a*| >27(abc)* = Zeye @ >
abc

cyc

So,
4
Z a®b® > (abc)® |27 Z a*
cyc cyc
(Proved)

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

at=x;b*=y,c*=1z

x2y? + y?z? + 22x% > xyz - 327 xyz- (x + y + 2)
(x2y? + y22% + 22x*)* > (xyz)* - 27 - xyz- (x + y + 2)
(x2y? + y22% + 22x%) - (x%y? + y222 + sz2)3 > (xyz)*-27xyz- (x +y + z) (*) (ASSURE)
a) x%y% + y?z? + 22x% = (xy)(yz) + (yz)(zx) + (zx)(xy) =

=xyz(x +y+ z)
AM—-GM

3
b) (x%y? + y%z% + z2x?)3 > (3 - f/(xyz)“) = 27(xyz)*
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a)b)
a); b) = (x?y? + y*z? + 22x?)(x%y* + y?2° + 2°x*?)% >

> (xyz)* - 27xyz- (x + y +2z) (%)

143.1fa, b,c > 0,a® + b? + ¢? = 26(a + b + ¢) then:
1 1 1 1
+ + =
va+b2 Vb+c2 Jc+a?: Ja+b+c

Proposed by Daniel Sitaru — Romania

Solution 1 by Marjan Milanovic-Nis-Serbia

1
By Jensen, since x(_i) IS convex,

(-2)
Z(a+b2)(_%)23<a+b+c+;2+b2+c2> 2 _

1
. <z7(a+3 b+ c)>( ) _ @sprold

Solution 2 by Soumava Chakraborty-Kolkata-India

Bergstrom 9

Va+b?+y/b+c?+y c+a?

LHS

(1)

(Va + b2 +\/b+cz+\/c+az)2 <30 a+Ya®)( Cx)?<3)x?)
8
“Cao (: 0= 262
1

1
= > 2
Ja+b2+/b+c2+yc+aZ 9\/Za \/a+b2+\/b+c2+\/c+a2 ~JXa ©)

1
(1), (2)= LHS > =

(Proved)
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Solution 3 by Seyran Ibrahimov-Maasilli-Azerbaidian

1 1 1 1
+ + >
Vva+b? Vb+c? Vec+a? Ja+b+c

a + b? = x?

a+b+c+a*+b*+c?=x*+y*+ 2%
bc* =y 27(a+b+c)=x*+y*+7°
ct+a? = 72 a c)=x"+y“ +z
1 1 1 33 9 x+y+z)?
—+—+—2= v3 > $x2+y2+222u
Xy z \/x2_|_y2_|_zz x+y+z 3

(x+y+z)(xy +yz+xz) =>9xyz (AM-GM)
Solution 4 by Shivam Sharma-New Delhi-India

Applying AM > H.M, we get,

1 1 1 9

+ + >
Vva+b%2 Vb+c2 Vc+a? (Va+b:+Vb+cZ+c+a?)

Applying Cauchy - Schwarz inequality and then put
a’ + b%* + c> = 26(a+ b + c), we get,
1 1 1 9
+ + >
Vva+b? Vb+c?2 VJe+a? J(1+1+1)(a+b+c+a?+b?+c2)
_ 9 _ 9 _ 1
\[3(27(a+b+c)) V9 x9(a+b+c) Va+b+c

1 1 1 1
Hence, + + > (Proved)
Ja+b?  b+c2 Jc+a? — Vatb+c

Solution 5 by Abdul Aziz-Semarang-Indonesia

abc>0 a’?+b*+c*=26(a+b+c)
1 1 1 9
+ + > AM-HM
Va+b?  Jb+c?2  Je+a? T Ja+bZ+yVb+c2+/c+a? ( )
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9
> (cs)
J(A2+12+12)(a+ b2+ b + ¢ + ¢ + a?)

9 9 1

_J3(a2+b2+c2+a+b+c)_\/

3(27(a+ b +¢)) va+b+c

Inequality holdswhena =b =c=2b
Solution 6 by Uche Eliezer Okeke-Nigeria
GivenY a? =2bYa;a,b,c>0
1 1 1 1

Show + =
Va+b? b+c* c+a? ~ Vatb+c

Z (ﬁ)z (ﬁ) Z(“ b)) B (@1 1)

Z 1 - 27 1
= _—> =
Va+bz ~ [Z(a+b?)  [v(a+b2)
27
. Y(a+b?)
It suffices to show aZJ; <Jva+b+c=,3a

Y(a+b%?) _ [Ya+Yb? _ |Yat+26Ya _
\/27 —\[ - —\/ — = /> a (Proved)

144.1f a, b, c € (0, ) then:

3vV2
Z(azb + abVab + ab?) < %_z Jab + b®

Proposed by Daniel Sitaru — Romania

Solution 1 by Seyran lbrahimov-Maasilli-Azerbaidian

3v2 1
a’b + abVab + ab? < — (ab + b®)2
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32 1
ab(a+vab +b) < T(a6 + )z
A-G
a® + b° = (a? + b?)(a* — a?b? + b*) >

A-G A4-6 a’b?*(a + b)?
> a’b?*(a? + b?) > 2 (Z )

Bf-ab(j; D) > ab(a +Vab + b)

A-G
3(a+b)=2(a+Vab+b);a+b > 2vab (Proved)
Solution 2 by Ravi Prakash-New Delhi-India

Letx,y >0.Putx =7rcos@,y =rsinf,0 <6 < g Now, consider
2
a(x® + y®) — 2(x%y + xy,/xy + xy?)" = r®E where
2
E = a(cos®0 + sin® 0) — 2 sin? O cos? O (cos O + Vcos O sin O + sin 9)
= a[(cos? 0 + sin? 0)3 — 3 cos? 0 sin? 0 (cos? @ + sin? Q)] —

—2 sin? @ cos? 0 {cos? 0 + sin? @ + 3 cos 0 sin @ + 2(cos O + sin 8)V/cos O sin 6}

= 9[1 — 3 cos? @sin? ] — 2 sin? @ cos? O [1 + 3 cos O sin O + 2(cos 0 sin B)Vcos O sin 6]

29 6 4 5 p
—9_ Tsin2 20 — gsin3 20 — "o (sin 20)ZVZ sin (9 + Z)

9 3 5 T
—— _ - 2 _ _ - 3 _ - = = _
=2 (1 —sin“20) + 4(1 sin® 20) + (1 (sin20)2 sin (9 + 4)) >0

= 3,/x6 +y% > V2(x%y + xy./xy + xy*) Vx,y >0.
Equality whenx = y. Putx = a,y = b + 0 get
a’b + abVab + ab? < %\/af’ + b® . Similarly, for other expressions.

3
= Z(azb + abVab + ab?) < E\/EZ Jab + b
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Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

Z(a2b+ab\/_+ab2) Zab(a+\/_+b)

aZ + b2 a+b .
= . + + =
—Z 2 (“ 2 )
a’ + b? 3(a+b Chebyshev
=) @D N @ a2
2 4
3
SZZZ(aB_FbB)ZZE /(a3+b3)2:
3 3
:Z—'\/a6+b6+2a3b3 < Z—-\/Z(a6+b6 =
2 Cauchy 2

Solution 4 by Soumava Chakraborty-Kolkata-India

Cauchy

We shall first prove that:
a’b + ab\ab + ab? < %\/af' + b®, which of course proves given

inequality & ab(a+ b +Vab) < %\/ac’ + b®
2 6. 16
& a’b?(a+ b+ Vab) S@ (1)
NOW,\/abS%bz\/ab+a+bS%(a+b)

2
= a’b*(a+ b ++ab) < a’b? '3(“+ b)? (2)

(1), (2) = it suffices to prove:

a’b%(a+b)? ab+bo 2p2(a+b)?
b < T o gf 4+ b6 > LD (3

(a3+b3)* _ {ab(a+b)?

Now, a® + b® = (a3)% + (b3)? > 2 >
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( a® + b3 > ab(a+ b))

a’b2%(a+b)?

= a®+ b° > = (3) is true (Proved)

Solution 5 by Soumava Chakraborty-Kolkata-India

(a)
We shall first prove: a®?b + abvVab + ab* < %Vaf’ + b®, which of course

proves the given inequality

G=A a® + b? Chebyshev
a’b + ab? = ab(a+ b) < (a+b) < a®+b3

C-B-S

(1) < +2Va®+ b

GsA 2.2 Chebyshev 3 ,3C-B-S

. +b +b +b 1

Again abVab < - aT < 2 < \/_E,/a6 + po
(o)
(2)

(1) + (2) = a?b + ab® + abvab < %\/ac’ + b6

= (@) is true (Proved)

145. If x > 0 then:

(15" > avn(1+3) (1+3) (1+2)

Proposed by Daniel Sitaru — Romania

Solution by Serban George Florin — Romania

p:(1+x)(1+;)2(1+§)3(1+;)4<(1+§)20
IWS(1+x)+2(1+%)-;3(14-%)-'-4(14-%) (Mg < M)
1%S¥:1+2§:PS(1+2§)10
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(1 + zx)lo < (1 + x)zo (1 + Zx)lo 1+ 2x + x* N
JEN— —_— ﬁ JEN— JEN— —_—
5 5 5 5 25

2x

:pg(1+2;)1°<(1+g)2‘;p<(1+g)2°

146. Prove that if x,y,z, t € (0, ) then:

t t t t
y t/\xx t'\y z/\x z yz xt/\yt xz

Proposed by Daniel Sitaru — Romania

Solution by Manish Tayal — India

h="2

X
y t

oo (oD ar D))z e (oD )

(a+b) a—+ b\ rab+ 1\ rab +1 12 4 a+b b+1
a+0) (=) (F5-) Cap) 212+ (54 ) (a0 + )
(a+ b)?(ab + 1)? a? + b?\ (a’b?® + 1
> 12 +
(ab)? ab ab
(a+ b)?*(ab + 1)? > 12(ab)? + (a? + b®)(a?b? + 1)

(a? + b? + 2ab)(a?b? + 1 + 2ab) > 12(ab)? + (a? + b?)(a?b* + 1)
(a? + b*)(a?b? + 1) + (a? + b*)2ab + (ab + 1)%2ab >
> 12(ab)? + (a® + b?)(a?b? + 1)
(a? + b?*)2ab + (ab + 1)? - 2ab > 12(ab)?
(a? + b?) + (ab + 1)? > 6ab
(a—b)2+(ab-1)2>0

Letbea =

IV
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147. Prove that if 0 < a < b then:

2ab a?+b%2\[a+b 2 (a + b)?
+ + <—
a+b 2 2ab a? + b2 ab

Proposed by Daniel Sitaru — Romania

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar quesi: 0 < a < b:

2ab a?+b%2\[a+b 2 (a + b)?
+ + <— 7
a+b 2 2ab a? + b? ab
a+b a? + b2 2ab 2 a b
:1+1+( ) +( ) <2+4—+—
2ab 2 a+b a? + b2 b a

= —— (L2 (a2 + p?) + 22) < (%:(az+bz)+ (a+b)) <

[2(a2+b2) \20D a+b) ™ 3 (a2+12) h

= (a—tb) <a +,,b (a? +b?) + (a+ b))

2a
a?+b? a b a b o .
ey Tl v 2 v 22 (Valido por: MA > MG)

Solution 2 by Soumava Chakraborty — Kolkata — India

2ab 2 HM=AM ;. a?+b?

—_— < — < < >

a+bh — 1,1 — 2 — (QM - AM)
a b
2ab aZ+b? a2+b?
a+b * =2 2 (1)

AM < omL <2 () < 5 (55)

a+b 2 a’+b? (1 2
= + < (—) + 2
2ab \/a2+b2 - \/ 2 \ab a’+b? )
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2ab ’a2+b2 a+b , 2
(1) x (2) = <a+b + 2 ><2ab + a2+b2> S
at+b? ( |at+b? (1 2_\_ @b, ., _ (ath)?
<2 (\/ (@) \/am,z) =20+ 2= 2 (proved)

Solution 3 by Daniel Sitaru — Romania

We prove that:

( 2ab a+b

I +bS 2

4“ @{ 4ab < (a+b)*
|a+b< a? + b? (a + b)? < 2(a? + b?)
| 2 —1’ 2

{ 0 < a? — 2ab + b? {Os(a—b)z
a? + 2ab + b% < 2a? + 2b? 0 < (a — b)?

2ab 24 p2
Itfollows: 0 < a < == < /a <b
a+b 2

From Schweitzer inequality for n = 2, if x4, x, € [a, b] then:

1 (a + b)?
+ —_—t— | < —
(X1 + x2) (x1 xz) ~  ab

__ 2ab | _ |a%+b? ]
Letbe x; = —5 X2 = / > It follows:
2ab a?+b%2\[a+b 2 (a + b)?
+ + <-— -
a+b 2 2ab a’ + b2 ab

(Schweitzer’s inequality:

(&) (20) = i

k=1 k=1

X1, X2, .. Xp E[MM];0<m<x, <M:k€1n;neN



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

148.I1f A, B € M, (C) then:
rank A+rankB+rank(I,—A—B)>n
Proposed by Daniel Sitaru — Romania
Solution 1 by Dimitris Kastriotis-Greece
Rank (A) + Rank (B) + Rank (I, — A— B) > Rank (A+ B + (I, — A — B))
= Rank ((A—A)+ (B—B) +1,) = Rank (0 + 0 + I,,)
= Rank(l,)) =n
Solution 2 by Ravi Prakash-New Delhi-India
Let rank (A) = r,rank (B) =1,
If r4 + r, = n, we are done. Suppose rq + r, < n.
We know rank (A + B) < rank(A) + rank (B).
Now, rank (A) + rank (B) + rank (I, — A — B) >
>rank (A+ B)+rank (I, — A — B)
>rank{(4+B)+1,— (A+B)}=rank (I,) = n.
Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand
Use, rank (A + B) < rank (4) + rank (B)
for some order matrix 4 and B.
Hence, rank (A) + rank (B) + rank (I — A - B) >
srank(A+B)+rank(I-A—-B)=>rank(A+B+1—-A—-B)=n

149.If a, b, c,d > O then:

\[& 4|b 6\[? 8|d
—+ -+ =+ |=>1
b [ d a

Proposed by Daniel Sitaru — Romania
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Solution by Daniel Sitaru — Romania

\[a +|b G\F s|d

—+ =+ =+ |—=

b c d a

_, 1\/a+4 14b 16\F+8 10(d M

T 24b 4 |c 6\d 8. la ~

4 8

20" 1 [@\* [14]b 16\F6 1sld)

2\ b 4 |c 6\d 8 lal

2020 1 20 > >1 o 510 > 27
= = = —
22.44.65.88 2/240.36 {27

v

150. Prove thatif 0 < a < b then:

2ab a+b\/a+b 1 2 a b
(2o ) (i g ) =502
a+b 2 2ab ab a-+b b a

Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakraborty — Kolkata — India

2+ab 4ab a+b 2JVab (a+b)> a+b
+ + + + +

a+b (a+b)? 2ab a-+Dhb 4ab 2\/ab

4/ab a-+b 4ab (a + b)?
+ + + +
a+b +apb (a+b)?2 4ab

LHS =3 +

a+b (a + b)?
<3+2+ +1+—
vab 4ab

(2vVab < a + b,4ab < (a + b)?)
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a+b (a+b)?

+ +
vab 4ab

i 6+ O (@)’ a b
It suffices to show: 6 + N + wap = 5+2 (b + a)
a+b  (a+b)? 2(a2+b2)
1+ vab + 4ab S ab (1)

Now, vab > 2 (GM = HM)

1 a+b a+b (a+b)?
< = <
vab 2ab vab 2ab
+b + b)? + b)? + b)?
(a )+1+(a )<(a )+1+(a )

=

v ab 4ab =~ 2ab 4ab
_ 3(a+b)? _ 3(a+b)*+4ab
=1+ 4ab 4ab (2)

(1), (2) = itis sufficient to prove:
3(a+ b)? + 4ab - 2(a? + b?)
4ab - ab
& 3a? + 3b% + 10ab < 8a® + 8b?

& 5a%+ 5b%* — 10ab > 0 < 5(a — b)? > 0 — true (proved)

Solution 2 by Kevin Soto Palacios — Huarmey — Peru

Prove that if: 0 < a < b then:

G Vel + ) Gt vt am) <5+ 2(+0) - @

Tener en cuenta lo siguiente:

2 2vab 4ab
1) (Vb —Va) 20—>a+b22\/ab—>mS1—>mS

Desarrollandoen ... (A)

2ab\ a+b\ a-+b (a+b)?* 2ab 1 1
+ Vab + + : + Vab +
=z (a + b) ( 2ab ) 2ab @ 4ab a+b ab +ab a
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a+b 1 4ab 2vVab a+b 2
+ . + + + <
2 Vab (a+b)2 a+b ( 2 )(a+b)

(a+b)* (a+ b)? a+b
<[1+ + +(1+1+
4ab 4ab a

\/E)+(1+1+1)s

(a+b)* (a+ b)? a b
|6+ + S5+2(—+—)
2ab 4ab b a

= Esto es suficiente probar que:

6_l_(a+b)2_|_(a+b)2 <542 a+b
=z 2ab 4ab - (3 E)_)

3(a+b)? 5 3/a b a b
SPPLL A I e T
4ab 2 4\b a b a
5 5 b b
zzgz(g+z)—>%+;22—>(b—a)z20...(LQQD)

Solution 3 by Soumava Chakraborty — Kolkata — India
2ab _ \ab (HM < GM)
a+b
1
Vab

a+b\/a+b 1 1
LHS < (Vab+Vab+ )( + + )
2 2ab  ab +ab

= (2475 +3) (2 * )

a+b

Also, 22 > \ab (AM > GM) = == <
2 a+b

+
2ab vab
a+b (a+b)> a+b (a+b)* 2(a+Db)
= + 4 + —+ =4 + +
vab 4ab vab 4ab vab

It suffices to show:
(a+b)®> 2(a+Db) 2(a? + b?)
+ + <5+— —
4ab ab ab
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(a+b)2+2(a+b) - 1_|_2(a2+b2) _ 2a*+2b*+ab
4ab vJab ab B ab

2ab 1 a+b 2(a+b) (a+b)?
vV > = < = <
Now, vab > a+b vab — 2ab vab — ab

(a+b)? 2(a+b) (a+b)? (a+b)* 5(a+ b)?
= + < + —

4ab Vab ~— 4ab ab __ 4ab
2 2 2
it suffices to prove; 2220 o 2a +2b"+ab

4ab ab
& 5a2% + 5b% + 10ab < 8a? + 8b? + 4ab

& 3a? + 3b%* — 6ab > 0 © 3(a — b)? > 0 - true (proved)
Solution 4 by Abdallah El Farisi — Bechar — Algerie

<2ab +\/_+a+b)< 2 . 1 +a+b) 1 <2ab +\/_+a+b) <
a+ a+b gp 2ab ab\a+b

< (Vab+a+b)’ = (ab+2Vab(a+b) + (a+b)?) <

1 b
<—(ab+2(a+b)2)— (5a+z(a2+b2))_5+z( )
ab b a
Solution 5 by Soumava Chakraborty — Kolkata — India
Letx::%l;,y:\/ab,z:aTH’;HMSGM <AM=x <y<zAlso y*=zx

LHS = O x) (Z i) _ Ex0)Gy+yz+zx)

xyz

_E0Gay+yz+y?)  (Ex)?_ (x+y+2z)?

xXyz zx y?
2a? +2b%* +5ab 2(a+ b)? +ab 822
RHS = = =14+ —
ab ab y?

(x +y+z)? 872

e (x+y+z)?—y? <872
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e (x+2y+z)(x+2z) <8z%

XY=z x<z
x+2y+z < z+2z+z=4zandx+z < 2z

= (x+2y+z)(x+2z) <8z%

(Proved)

151.fabc>0a+b+c=3x= /@then:

a3 + b3 + ¢3 +3abc > 6 + 8x% — 10x3 + log(1 + x% — 2x3)
Proposed by Andrei Bdrd — Romania
Solution 1 by Soumitra Mandal-Kolkata-India
Leta+ b+ c=p,abc+ bc+ca=qandabc=r1
Theng=3(1-x®*)and0<x<1
Z a3 +3r > 6+ 8x% — 10x3 + log(1 + x? — 2x3)
cyc
& p3 —3pq+6r =6+ 8x% —10x3 +log(1 + x% — 2x3)
& 27x% + 61 > 6 + 8x% — 10x3 + log(1 + x% — 2x3)
& 61 =6 —19x% — 10x3 + log(1 + x% — 2x3)
again from SCHUR'S INEQUALITY p3 + 9r > 4pgq
- 61 > 6 — 24x? by putting values of p and q
we need to prove 6 — 24x% > 6 — 19x% — 10x3 + log(1 + x% — 2x3)
© 5(2x3 —x?) —log(1 +x*-2x3)>0..(1)
Let f(x) = 5(2x3 — x?) —log(1 + x> —2x3) forallo<x <1

(6x?—-2x)(6+5x2-10x3)
1+x2-2x3

Now, f'(x) =
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Again f'(x) < 0 for all % >x=0andf'(x)=0foralll1 >x >

N =

LX = % is the global minimum and f(x) > f(%) =0
~ relation (1) is established hence
Z a3 + 3abc > 6 + 8x% — 10x3 + log(1 + x% — 2x3)
cyc
(proved)
Solution 2 by Andrei Bdrd — Romania
a+b+c=3=3(ab+bc+ca)<(a+b+c)>)=9=>ab+bc+ca<3=>
= ab+bc+ca=3(1-t*),wherete[0,1]=>x=1t
Soa’+b*+c?>=3+6t2=3(1+2t*) >3
From Vo Quoc Ba Can’s Theorem, it results that
A+8)?1-20)<abc<(1-t)*1+2p) &
©1-3t> —2t3 < abc <1-3t*+283
ad+b3+c2=(a+b+c)-3(a+b+c)(ab + bc + ca) + 3abc
= a3+ b3 + ¢3 = 27t? + 3abc. Letabc = r = a® + b3 + ¢3 = 3r + 27¢?
a3 + b3 + 3+ 3abc > 6 + 8x% —10x3 + In(1 + x% — 2x3) (1)
(1) © 6r+27t> > 6 + 8t — 10t3 + In(1 + t% — 2t3)
Case |

t2>= 1 +6)*1-2t)<0,buta b,c>0=7120= 6r+27t% > 278

27t >3t2 + 24t > 6 +3t2 > 6+ 8t>* — 103 +In(1 + t? - 2¢3)
& 1083 > 5t% + In(1 + t% — 2¢3)

It remains to show that 10¢3 > 5t? + In(1 + t2 — 2¢3)

1
t25=>1+t2—2t3S1=>ln(1"'t2—2t3)30=>



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
=>582+In(1+2-283) <5t <1083 =t > % true.
Equality & t:%,abc: 0=>a=0,b= c:%
Case ll
telos|=>r=1-362-26
6r +27t2 > 6+9t> —12t3 > 6 +8t> — 103 +In(1 +t* — 283) &
o t?2 — 263 > In(1 + t? — 2t3). Denote y = t? — 2t3 > 0. Inequality
becomes:
y = In(1 + y), what is true for any y > 0, being a consequence of
inequality:
e’ >y + 1for any y real number, withequality @ y=0=>y >

In(1 +y),withequality<:>y:0<:>t=0,ort=%andr= 1-—3t% -

23 @a=b=c=1ora=0,b=c= %and its permutations.

152. Letx,y,z > 0.
Prove that

X+y+z
3

p = 3IGx = Yy)(y - V2) (V2 - V)|
4

>3xyz+k

Proposed by Adil Abdullayev — Baku — Azerbaidjian

Solution by Rahim Shabazov-Baku-Azerbaidjian
X+y+z

3 >3/xyz+k
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w2 3G - YY)y - V2) (V2 - Va))|
4

x=a3y=b3z=c%abc>0

9
al+b3+c3> 3abc+Z|(a—b)(b—c)(c—a)| =

(a+b+c)(a2+b2+cz—ab—bc—ac)zz-l(a—b)(b—c)(c—a)l=>

=>(a+b+c)[(a—b)2+(b—c)2+(c—a)2]Zg-l(a—b)(b—c)(c—a)l
=2 -(a+b+c)[(@a—b)?+(b-c)+(c—a)?]>9-|(a—b)b - c)(c—a)l
2-(a+b+c)=0=a—-b+b—-—c+c—a
[(a—b)+(b—c)+(c—a)]-[(a—b)>+(b—c)+(c—a)’]=
=>9-|(a—b)(b—c)(c—a)l
a—-b=xb—-c=y,c—a=z

(x+y+2z)(x2+y*+2%) =9 |xyz|

153. Prove thatif a,b € (0, 1) then:

a+b 2

- - - 1 - =
( 2ab >a+2ab+b - (m)m - <a + b>a+b+2
a+b

Proposed by Daniel Sitaru — Romania

Solution 1 by Daniel Sitaru — Romania

Letbe f:(0,1) - R; f(x) = ‘:
v (Mmx)(x+1)-Inx-(x+1) x+1-xInx
f (x) = (x + 1)2 - (x + 1)2

Letbe g:(0,1) > R;g(x) =x+1—xlnx
gx)=1—-1—-Inx=—-Inx>0;(vV) x€ (0,1)
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g increasing on (0, 1)

inf g(x) = !Ci_l)l(} gx) = !Ci_r)l(}(x +1—xlnx) =
x>0 x>0

nx
=1-lim—=1+1limx=1>0
-0 1 x—0

x>0 ; x>0

f(x) = (ff;))z > 0 = fincreasing on (0,1)

2 a+b
0<aSﬁSvabSTSb<l

a b
from means inequality. It follows:

a+b

f 1%1 < f(Vab) < f ()

a b
2ab a+b
lna+b < Invab <ln( 2 )

2ab “Jab+1_a+b
a+b 1 7 +1

a+b

2ab \2ab+a+b
In ( )
a+b

1

1 + b\ath_,
< In(Vab)1+Vab < In (a )aTH
a+b

2ab \a+2ab+b
(a + b)

2
1 —_—
< (\/E)m < (a + b)a+b+2
The equality holds ifa = b = c.
Solution 2 by Soumitra Mandal — Kolkata — India

LetA="2 B=+abandH =

2’ 11
a+b

1
Let f(x) = x+1 = In f(x) = == for all x € (0,1)
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1 —
f(x) = xm% > Osince x € (0,1)

so, f is continuous on [0,1] and f'(x) > 0 for all x € (0, 1)
so, f increasing hence 4, B,H € [0, 1]
andA =B > H = f(4) = f(B) = f(H)

a+b

2 1 —
(%b)a+b+2 > (Vab)™@ > (Z“b)“““”*” (proved)

a+b

154. Let a, b, ¢ be real number such that a, b, ¢ > %and a+b+c=6.

Prove that: ab + bc + ca > 3vabc + ab + bc + ca— 4
Proposed at Hai Phong-Contest-Vietnam
Solution by Ngo Minh Ngoc Bao-Ho Chi Minh-Vietnam

We have lemma: Considering Polynomial

f(x,y,2) :Zx4+AZx2y2+Bxysz+CZx3y+Dny3

(with A, B, C, D are the constant).

1+A+B+C+D=0

ab+ bc+ca >3Vabc+ab+bc+ca—-—4 <

& (ab + bc + ca)? = 9abc + 9(ab + bc + ca) — 36
2 3 1 2 QCa)t
@(Zab) —EabCZa—Z(Za) + 36 >0

@(Zab)z 3 b Z lz ZZ b+2a4+2a3b+2ab3+
2 29 L. T2 LY LT 36 9 9

abcY a Y a?b?
+ + >
3 6
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Za4+2a2b2 abcy a Za3b+2ab3+acha+Za3b+

Lot — —
36 2 2 4 9
Yab® abcYa Y a*b?
+ + + >0
9 3 6
Za4+22a2b2_5acha_52a3b_52ab3 0 (*)
36 3 12 36 36
Use IemmaW|thA—§ B:—— C = D_—:—6
1+A+B+C+D=1+>-2-2_2=2>9
_ 12 36 36 36
we have: 2 =

31+A4)=5>C2+CD+D?>=3- ( )(true)

= LHS(x) = RHS(x) . Equality occur whena=b =c = 2.

155. Let a, b € (0, ©) and +b = 2 . Prove that:
(a+1)%b+1)P+2ab>6
Proposed by Richdad Phuc-Hanoi -Vietnam
Solution by Soumitra Mandal-Chandar Nagore-India

(a+1D)*b+1DP+2ab>6=>((a+1)(b+1)+2(1+a)(1+b) > 12

Let f(x) = —ln(1 + x) for all x € (0,2) then f"'(x) = > 0 for all

3(1+ x)2 —
x € (0, ). Applying Jensen’s Inequality,

HE2 11+ ) + 22 in(1 + b)) = 2 1n (42 4 1)

a+2 b+2

~(1+a)3 (1+b)z =4;applyingAM=G.M,

(1+ @)1 +b)’ +2(1+a)(1+b) >3(1+a)5(1+b)3 > 12

hence, (1 + a)®(1 + b)? + 2ab > 6 (proved)
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156. Leta, b,c > 0 and ab + bc + ca + abc = 4 then
a3+ b3+ c3+abc >4
Proposed by Richdad Phuc-Hanoi-Vietnam
Solution by Soumitra Mandal-Chandar Nagore-India

Letp=a+b+c,q=ab+bc+caandabc =r
p’_ P
now,q+r:4=>?+524=>p23

ca3+b3+cd+abc=4op-3pqg+ar=>4
3+12
p > q

op3-3pg+4(4—q) =>4 p3+12>2q@Bp+4) & 3pa >

again, from Schur’s Inequality, p3 + 9r > 4pq = p3 + 9(4 — q) = 4pq

p3+36
4p+9

> q. Hence, we need to show that

p3+122p3+36@4p4+9p3+48p+10823p4+4p3+108p+144-
3p+4 4p+9
op*+5p3-60p-36=>0c
opi(p-3)+8p2(p-3)+24p(p-3)+12(p—-3) =0
& (p—3)(p3 + 8p? + 24p + 12) > 0, whichis true ~ p > 3

~ a3+ b3+ c3 +abc > 4 (proved)

157.1f0 < aq <1< a, <2<:-<2015< a2016 < 2016 then:

2016 2

1
a, +— | > 20162016 +
z < “ ak) < 2°1i/a1a2 Ca a2016>

k=1

Proposed by Daniel Sitaru — Romania
Solution by Ravi Prakash - New Delhi - India

For k = 3,
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a k% —
2016 2016 201
> (ar)=> Z 1
a, +— | = a + —_—
k a k a
2016 1

2016

aa; ... ak)

> ;(Zk—1)+2010(

1

9 1 2016
=2016“+ 2016 (—)
aa; .. ag

1
158.1.If a, b > O then: b? - e%*a > 2¢€?

1
2.1fa>00<b<1then:b? -e'*a>2pb-eb
Proposed by Abdallah El Farissi-Bechar-Algerie

Solution by Soumitra Mandal - Chandar Nagore — India
1
Leta, b > Othen b? - e*"a > 2¢
NowbInb+a+-—In2—b=blnb+(a+--2)+2-In2-b

2blnb+(a+%—2)+2+1—e‘“2—bsince,e“‘z2 1+1In2

1 b—-1 1
2b(lnb—1)+(a+——2)+12b(——1)+(a+——2)+1
a b a

“In(x+1) > g +1 2>0
S ANX _x+1—a a =

a+

Hence,blnb+a+%2ln2+b = bP - e%"a > 2e? (proved)

1
Leta > 0,0 <b < 1then b? - elta > (2e)?
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1 1
Now,blnb+a+;—bln2—b:blnb+2+(a+;—2)—bln2—b
>bInb+2+(a+-—2)+b(1-e"?) - bsince, e"? > 1+In2

b-1 1 . X
2b(T)+2(1—b)+(a+;—2)smce,ln(1+x)2mforallx20

1 1

:1—b+(a+——2)20'.'0<bslanda+—22
a a

1
Hence, bInb+a+>>bIn2 +b = b - e« > (2e)® (proved)
159. If a, b > 0 then:

2 + p? 2 +b
- + Za +Vab
2 1.1 2

a b
Proposed by George Apostolopoulos-Messolonghi-Greece

Solution 1 by Soumava Chakraborty-Kolkata-India

a? + b2 2 Ma+b
ab>0>= + > ++VvVab
2 1+1 2
a

b
a?+b? —— _ atb 2ab a2+b2—ab (a+b)%2-4ab
Mo |7 —Vabz—F-7 e = o(ath)
a a ;b +\/E a
a—b)? a—b)? 1 1
( ) ( ) >0 < (a—b)? 0

@ —_— —_—
[a2 2 2(a+b) [a? 2 a+b
2< a ;b +Vab> #+Vab

L ~ 2 >0(:-(a—b)?>0)=a+b> fa2;b2+\/ab

24p2 a+b
aT-F vab
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s g a? + b? ab(a? + b?)
< a“ + b+ 2ab > 2 +ab + 2 f

_ . v 2\/ab(a22+ D) sy o 4\/ab(a22+ b2)
& (a+ b)* > 8ab(a? + b?) & a* + b* + 6a®b? > 4a®b + 4ab?
& (a? + b?)? + (2ab)? — 2(a? + b*)(2ab) = 0
& (a? + b? —2ab)? > 0 & (a — b)* = 0 - true (Proved)
Solution 2 by Serban George-Florin-Romania

a’ + b?

a? + b? a+b 2ab >——a-b (a + b)? — 4ab
A Sy X 2 + b2 =2 (a+h)
J > ++va-b
a — b)?
% - (a_b)Z
2 2 —2-(a+b)
a “ZLb ++va-b
1 - 1 1 - 1
2 2 ~“a+b [,2 2 “a+b
@b Vab @b Vap
2 2 2 2 2 2
/“;’b +\/a-bSa+b,“;’b +2 /“;b .ab + ab < a® + 2ab + b2
a? + b2 a + b)? a’® + b?
@ S%, 5 -ab < (a + b)*,

8ab - (a%? + b?) < (a + b)*, 8ab - (a? + b?) < [(a? + b?) + 2ab]?,
8ab - (a? + b?) < (a® + b?»)? + 4ab - (a® + b?) + (2ab)?,
0 < (a® + b?)?> — 4ab - (a* + b*) + (2ab)?,
[(a? + b%) — 2ab]? = 0 (A).
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Solution 3 by Abdallah El Farissi-Bechar-Algerie

a, b > 0 By Cauchy — Schwarz we have /az-;bz ++vVab<a+bhb

a%+p? 2,2
- Nz _tVab / 24 p2 A b geb 2
|tfollowthatzTg 1 then aT—*/_abZ 2 _ath 2
a

a+b 2 1+1

Solution 4 by Rovsen Pirguliev-Sumgait-Azerbaidjian

1+k2 2k 1+k 1+ k2
Denote Z = k, we have: / > +Vk o - +Vk<1+ke
X

1+ k2 1+ k2
©— +2 k- 5 +k<1+2k+k*o

1 + k2
o J2k(1+k2) <1+2k+k?2—k-— =N

2
2k* +2k+2 —1— k2 k+ 1)
& 2k(1 + Kk2) < > &/ 2k(1 + k2) S%@

2y o e+ 1)* 4 2 4
<:>2k(1+k)ST<:>(k+1) >8k(1+k“ ) (k—1)*=0

160. If 1 < x < y then:

1 1
xx—1 > yy—l

Proposed by Daniel Sitaru — Romania
Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco

%(t—l)—lnt
t— 1)2 <0&

1 1 1
Vt>1:ln(?)+1S;@;(t—l)—lntﬁO@

4(5)

dt

<0
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Int

Int 1
1<x<y:fd(t1)dt>fyd(t1)dt x>1nTy(:>xxTI1>yy—_1

x—1 y-1

Solution 2 by Lazaros Zachariadis-Thessaloniki-Greece

1 1 pxr lnx Iny Inu Inu\’
xx—1<yy—1<:> — O(:)[ ] >0<:>f(—)du>0
x—1 y-1 y u—1
y
1———lnu x<y yl—%—lnu
> ——du <
‘E’f o-1z 0% o w0
X
true, because g(u) =1 —-—1Inu; g'(w) = ——%: 1y_—zu,g’(l) =0
u |0 1 +0o0
g ++++++++0—————— — —
thusg(u) < 0;“="u=1
Solution 3 by Ravi Prakash-New Delhi-India
1 Inx _ x-1-xlnx

— Inx '(x) = -
Letf(x) = x> 1 f(0) = 5~ e = 202

letg(x)=x—1—-xlnx,x>1,g'(x)=1—-1—-Ilnx<0Vx>1
~ g(x) decreaseson[1,) = g(x) <g(1) Vx>1=
>x—1—xlnx<x vx>1-f'(x)<O0O, Vx>0>=

= f(x) decreases on (1, «). Thus, if

1 1
x<yfx)>fy)=>x-1>p-tvy>x>1
Solution 4 by Sanong Huayrerai-Nakon Pathom-Thailand
Fori<x<y,weget0<x—-1l<y-landl<x<y-

- 107D < x&-D < 5D gnd since y* <y
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1 1
XD 7 30D

50 <10D < 41 < y(x_l) -

Therefore, it is to be true.

161. ROMANIAN INEQUALITY -1
In acute —angled 4 ABC, w — the Brocard angle:

R {1 (a+b)(b+c)(c+a) E<2+2 c')}

—>
el T 16RS '3

b ¢ a
Proof by Soumava Chakraborty-Kolkata-India

Using Goldstone’s inequality,

9 2 212 1 1 rs A
4R"s” = Z a“b” = < = <
2Rs /Y a2p2  2Rs /Y q2p2
24 R 1
zmzﬁzsmw>—=>;zsinw (1)
R (a+b)(b+c)(c+a)

Now, == 16RS @)

R 2abc+ Y ab(2s—c)
S —2

r 16Rrs

& 16R%*s > 8Rrs + 2s (Z ab) — 12Rrs

< 8R?> > s*+ 4Rr +1r* — 2Rr = s* + 2Rr + r?
& s2 < 8R? — 2Rr — r?
Gerretsen = s? < 4R? + 4Rr + 37?2
~ to prove (2), it suffices to prove that:
4R? + 4Rt + 3r* < 8R*> — 2Rr — r*
& 4R? —6Rr —4r* >0 & 2R> - 3Rr — 21> > 0
< (R—2r)(2R+ 1) = 0 > true, * R = 2r (Euler)
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= (2) istrue.

b 2(4ab?+4bc*+4ca?)
Now, - ( + -+ )
b c a 3-4abc

- b(a + b)? + c(b + ¢)? + a(c + a)?

- 3:2abc ( 4ab e%c (a + b)z)
_ (Z a’b+y. ab2)+Zab2+Z a3

(Z a3 +3abc) +X ab%+Y a3
<
3-2abc - 3-2abc (SChur)

<(Za3+3abc)+2a3+2a3
- 3-2abc

:BZa >32ab2=>2ab2 Z

_3Ya’+3abc _Ya®+abc

3 3 2 1.3 3 A42¢ 3 426
a3+ b3+ b3 >3ab b +c3+¢3 > 3bc c3+a3+a® > 3ca?

3:-2ab B 2abc
c Y a3+abc
( ¢ Z) 2abc (3)

Now Z tabe (4)

R Ya®—-3abc+4abc R ZS(Z a? —Y ab) + 16Rrs
r 2abc r 8Rrs

<:>4R2EZaZ—Zab+8Rr<=4RZ232—12Rr—3r2+8Rr

& s% < 4R? + 4Rr + 3r% > true by Gerretsen = (4) is true

@ and (@) =222(5+2+5)(5)

(1), (2)and (5) =
R 1 (a+b)(b+c)(c+a) 2/a b c
72max{sinw 16RS '3(z+c+a)}

(Proved)
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162. Prove that, for positive a, b:

a b2 va? + b? b 92
— +——+2 + >
W2 a b a? + b? 2

Proposed by Daniel Sitaru-Romania

Solution 1 by Soumava Chakraborty-Kolkata-India
In a right triangle with sides a, b, Va? + b?. Let 0 be the acute angle
opposite a: a = Va? + b%sin 0 ;a: b = Va? + b% cos 0. Then

1 d
LHS = —tan 6 + /2 cot + 2 cos O + 2 sech < f(0).

V2
. 1 1 2sin6
lving f'(0) = —V2 —2sin0 + =0.
S0 9 f ( ) V2 cos2 0 \/_sinze cos2 0
. sin -2 cos? 0 cos? 0-1
w t ively ————————2sin@ =0
€ get successively V2 cos? 0sinZ 0 cos 8 !
3sin® 6 — 2 sin*0 2 -3sin*0 sin® 0

+2 =0, =2 ,
V2 cos?2 @sin2 0 cos @ V2 cos?2@sin2 0 cos @
2 —3sin20 = 2V2sin° 0,4 + 9sin*0 — 12 sin20 = 8sinl? 9.
With t = sin%60 > 0,8t> —9t* + 12t — 4 = 0,

V2

(2t — 1)(4t* + 263 + (t — 2)?) = O,t:%,sine =2,6=" Now,

coto

—— — 2cos0 + 2sec’ @ + 2 tan” O secH.
sin“ 6

f'(0) =+2sec’0tanf + 2+/2

f" (g) =112 > 0, implying that 8 = g is a minimum and that f never

attends a maximum on (Og) Hence,

1 92

f(a)zf(g):4\/i+\/—i -
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Solution 2 by Seyran lbrahimov-Maasilli-Azerbaidian

Note that a sin x + b cos x < Va? + b2 so that

asinx b cos x
JaZ+b%  \a?+b?

a=+va%+ bZsinx,b=+Va?+ b2cosx,x€ (Og) The given inequality

< 1, with equality only when

i . 1 2 w2
is equivalent to f(x) = Stanx+ V2 cotx + —+2cosx > —".
1 + V2 Zsuzlx

where f(x) = 0; f'(x) = —2sinx =0,

vV2cos?x sin?x cos?x

or, (2v2sin3 x — 1)(cos? x + 1). (2v2sin®x — 1) = 0 implies

=5r()=%

Solution 3 by Su Tanaya-Kolkata-India
Using the AM-GM inequality,

a ,_ b , b bV2  VaZ+ b2  Va%+ b
3.0v2 Va?+b* Va2+b% 5 “a b b
3 3

1
(Fwrm) (ﬁ‘“z”’z)f

=-3l————| +6|——————
V2(a? + b?) 8ab

1

ab 3 L (V2(@® + bZ) L (V2(a* + bZ)
V2(a2 + b?) ~ 8ab ~ 8ab

3

RO E

=3-3

1 2
> -t (2| -
1

1 1 413 2,32
23 - (V2)? ] (because% > ab)

W=

1
3
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W =

=9. [(ﬁﬁ*%“‘] —9.(vz) =22

Solution 4 by Kunihiko Chikaya-Tokyo-Japan

l(b a) 5 \/a2+b2+ b L1 1 b 2b
VZ\a' b b Vainr) Vi a Voo
1 b

2b : .
—-2+2- 2\/_+—-;—ﬁByTheAM—GM inequality
2

1 ’b 1 9
_5ﬁ+\/_f E—l —\/—22\/—2

.. b va*+b? _
Equality: = = = A2
a b b 1/a2+b2

Solution 5 by Imad Zak-Saida-Lebanon

LHS =

ﬂ

\f-l(abeR*)<=a-b>O

AM-GM
Homogeneous,soleta? +b* =4 > 2ab=>ab<2 (1)

: : N 7 9y2
The inequality becomes: W‘ o+ +b > -
a bvV2 b2 (1 1 1 1) (b b)
+ + +(—F+—F+—F+— )+ [=+—=
b2 2a 2a b b b b 2 2

= b5 a216«/E 8\/—( b) use (1)

LHS =

9| 1 9

>9 mzz 2 =

Solution 6 by Redwane El Mellas-Morocco

* ‘/_— 2 1
Letf(x>0)—\r 2(x+1+m)

.r(x)—i_ﬁ+ 2x 2x B
S BT el eV eT

9.272=22 QED
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_xt-2 2x° G2 =2)E VA + 1+ 2V
2x2 (x2+1)Vaz+1 V2x2(x2 + 1)Vad + 1

(xZ _ Z)Z(xZ + 1)3 _ 8x10
\/E((xZ —2)(x2+1)VxZ+1— Zﬁx3) x2(x2+1)Vx2 +1
(x* — 4x? + 4)(x® + 3x* +3x% + 1) — 8x1°
\/f((xZ —2)(x2+1)VxZ+1— Zx/fx5) x2(x2+1)Vx2 +1
—7x10 — x5 —5x6 + x*+8xZ + 4
\/f((xZ —2)(x2+1)VxZ+1— Zx/fx5) x2(x2 +1)Vx2 +1
(@ -x)(7x +7x+8x7 +8x°+13x> + 13x* + 12x3 + 12x% + 4x + 4)
V2 ((x2 —2)(x2 + 1)Va2 +1— Zx/fx5) x2(x2+ 1)VaZ +1
Now let g(x) = (x? — 2)(x? + 1)VaZ + 1 — 2+/2x3
If 0 <x < 1clearlywehave g(x) <0
Ifx>1: x%2 —2 <2x2& Va2 +1 <+2x = g(x) = 2x%(x? + 1)V/2x —
—2v/2x° = 2v/2(x® — x°) < 0.S0 g(x > 0) < 0.
Thenweget f'(x>1)>0,f'(x<1)<0and f'(1) =0.

Finally f(x > 0) > f(1) = 92_@

As a special case f (%) > %Ewith equality if and only if a = b.

163. If x € R then:

(\/xz—x+1—\/x2+x+1)2+(\/x2—x+1—\/4x2+3)2+(\/x2+x+1—\/4x2+3)2<6x2+2

Proposed by Daniel Sitaru — Romania
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Solution 1 by Soumava Chakraborty-Kolkata-India

(6]
(\/xz—x+1—\/x2+x+1)2+(\/xz—x+1—\/4x2+3)2+(\/x2+x+1—\/4x2+3)2é6x2+2

(1) © 12x* + 10 — (6x> + 2)

<22 +x+1)(x2+x+1) ++/(x2 —x+1)(4x2 + 3) +

+(x2 + x + 1)(4x2 + 3) (squaring (1))

oBxX+4)<{(x*-x+1DE2+x+1D)+ (x> —x+1)Ax>+3)+(x*+x+1)(4x>+ 3)} +

2 {(x2 —x+ 1)@ +x+1)(4x2 +3)+ (4x> +3)J(x2 —x+1)(x% +x+ 1) +

+(2+x+1) /@2 +3)(xZ —x+ 1) } (squaring
again)

& (9x* +24x% +16) — (9x* +15x2 +7) <

(x> —x+1)/(x2 +x+1)(4x2 +3) +
<24+@x?2+3)J(xZ—x+ 12 +x+1)+; (2)
+(x% +x+ 1)/ (4x2 +3)(x2 —x + 1)

2

3
N +1:( +_) +2>2 4x?+3>
X X X 2 121 X 3>3

2
1 3_3
andxz—x+1:(x——) +=>=
2 4 4

-~ RHS of (2) > 2 (x* —x+1) (?) (V3) + (4x? +ﬁ) (?) (?) +) _
+(x? +x+1)(V3) (?3)

= 3(2x% +2) +> (4% +3) = 12x* + = > 0x? + 9 = LHS of (2)

= (2) is true (Proved)

Solution 2 by Daniel Sitaru — Romania

a=+4x?+3;b=yx2—x+1;c=+/x*+x+1

a+b>c,a+c>b,b+c>a
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In 4 ABC with sides a, b, c:
b*+c?—a*  -2x*-1

2bc 2Vxt+aZ+1

COsSA =

3
sinA _\/4(x4+x2 1)

1 1 73 73
S=—=bcsind=—yx*+x2+1- -
2 2 2Vxt+x2+1 4

By Hadwiger — Finsler’s inequality:

Z(a—b)2+45\/§<a2+b2+cz

By Hadwiger — Finsler’s inequality:

Z(a—b)2+45\/§<a2+b2+cz

V3
Z(a—b)2+4\/§-7<x2—x+1+x2+x+1+4x2+3

z:(a—b)2 <6x%+2

(\/xz—x+1—\/x2+x+1)2+(\/x2—x+1—\/4x2+3)2+

2
+(Va?+x+1-/4x2 +3) <6x?+2

164. 1f x1,%2, ... X, ¥1. Y2, -, Yn > 0,n € N* then:

o $-20) < (-2

Proposed by Abdallah El Farissi — Bechar — Algerie
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Solution 1 by Ravi Prakash-New Delhi-India

Inx—Iny

1 1
Suppose x > y, then =<< ;for somet,y<t<ux

x=y
[Lagsange’s Mean value Th.] = yln( ) <x—-y>= (y) < exp(x —y)

1 1 1 1
nx-ny _1 1

If y > x, then ——— — Pl

[x <t; <]
:xln(f)<x—y=>(§)x<eXP(X—)’)
y y
Aso<§<1andy>x
x\Y x\*
5) <) <emwix-»
Y
Forx:y,(;) = exp(x —y)
Thus, exp(x —y) > G)y vx,y >0
Takex=x;,y=y; (i=1,2,..,n)

A\ Vi
to obtain exp(x; — y;) = (;Cj‘) i=12...n

n

> ljexp(xi -y = ﬁ (:T:) = exp (Z(x — i > > (:}i)yl

i=

Solution 2 by Soumitra Mandal-Chandar Nagore-India

oY) =[G

We knowm <In(1+x) < xforall x € [0, )

Case 1l:Letx; > y;foralli=1,2,3,...n



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

~ 2 e[1,00)and replacing x by x — 1 in the statement

Yi

x>1In(1+x). Thenwehavex — 1 > Inx where x € [1, )

putting x = :fwhere i=1,23,..,ninthe statement we have

X_1>mn=
Yi Yi
n n
Xi Yi X Yi
:"xi_yl'zln(—) =>z:(xi_yi)zz:ln(—)
Yi — — Yi
i=1 i=1
n n X n x i
o i Yi yl
i=1 i=1 i=
(Proved)

Case 2: Lety; = x;foralli=1,2,3,...n
then we need to prove,

[z (Y 0-0)
' ' i=1

i=1
we know that In(1 + x) > ifor all x € [0, ). Now replacing

xbyx —1wehave, lnx > 1 —%for all x € [1, o). Now putting x = 2

i

Yi
in the statement we have, ln > 1- ” < >1n (x ) > Yi— Xi

:an:ln(%) Z(yl x):l_[( ) >exp(Z(yi—xi)>

(proved)
Case 3: for m < n letus assume x; = y; wherei =1,2,3,..., mand
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wherej=m+ 1 m+ 2 m+ 3, .., n. Then applying the same process as
done in Case 1 and Case 2.

Solution 3 by Marin Dincd — Romania
n A\ Yi
The inequality is equivalent to: In(eXi=1(*i=%)) > In %, (:7‘)

or, YXit (x; —y) =2 X1 y:(Inx; — Iny;)
the function f(x) = Inx, is concave, result:

f)—f) < (x—y)f' () or
Inx—Iny < (x—y)%,or: y(nx—Iny)<x-y (1)

for x = x;; y = y; result:

n n
yilnx;—Iny;) <x; —y; = Z)’i (Inx; —Iny;) < Z(xi ).
i=1 i=1

165. Let f, g, h be continuously differentiable functions on (0, 1) so that:
i) vx €[0,1],0 < g(x) < f(x) < h(x)
i) g and h both have fixed points on [0, 1].
iy f(0)=0
iv) vxe(0,1),x<f(x)<1

Prove that there are n distinct numbers a; € (0,1) withi = 1,2, ..., n such that

n

> (F@) - Jri@) >o.

i=1

Proposed by by Anas Adlany-El Jadida-Morocco
Solution by proposer
First, we will prove three claims as a start.

ClaimO0.1Foranya; >0(i=1,..,n)and a;a, ... a, = 1, we have
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i(ai—ﬁ-) >0

Proof. we have by AM-GM inequality:

Z a>n (1)
i=1
hence, by Cauchy Schwartz’s inequality and (1), we then have

2 n 2

n n n
(Zai> Zn-Zai: (1"'1"'"""1"'1)'2“1'2(2“1')
i=1 i=1 i=1 i=1
and this ends the proof.
Claim 0.2. f has a fixed point (# 0).
Proof.

Let ¢p(x) = f(x) — x and define the fixed points of g and h as follows
h(a) = a and g(b) = b. Thus, since ¢ is continuous on [0, 1] and
¢(a) - ¢(b) = (f(@) - A)(f(b) - b) = (f(a) - h(a))(f(b) — g(b)) <O
hence f also has a fixed point (+ 0).

Claim 0.3. There are n distinct numbers aq; € (0,1) withi=1,2,...,n
such that

[[r@ =1(vizj a=a)
i=1

Proof. Let ¥(x) = f,(x) — x with f,,(x) = f(f(f(... f(x). .))) [n - times]
Now since g is continuously defferentiable function and ¥ (0) = Y (y) (v
is the fixed point of f). Therefore, there is B € (0, 1) such that
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v =oo| @ =1
i=1

with a; = f;(B) and because of iv) the a;'s must be distincts.
Now, let’s go back to our problem and put a; = f'(a;) in Claim 0.1 we get

the desired result immediately, and we are done.

166. In any scalene acute — angled 4 ABC:

JZ(sin A)?cosd + JZ(COSA)ZSinA > \g_§

Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty — Kolkata — India

In any scalene acute — angled 4 ABC,

\/Z(sinA)ZCOSA + \/Z(cosA)ZSi“A >3

{(sin A)cosA}Z + {(sin B)cosB}Z + {(sin C)cos C}Z

1
> §(SinAcosA + sin BcosB + sin C°°s C)Z

(-.-sz >%(Zx)2,ifx¢y¢z>

\/Z(sinA)Z cosA - %(sin AcosA + SinBcosB + sin CcosC) (1)

Again, {(cos A)*"4}2 + {(cos B)*"B}? + {(cos C)5" €}?

1 . . . 2
>3 (cos ASin4 + cos BS1"B + cos €511 C)

\/Z(COS A)Z sind - \%(COS AsinA + cosBsinB + cos Csin C) (2)

( AABC is acute —angled, .. cos A,cos B, cos C > 0)
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®
(1) +(2)=> LHS >
1 . . .
> \/—g{(cos A5 4 + sin A°°54) + (cos BS"B + sin B®S B) + (cos €5 ¢ + sin C*°s¢)}

Now, (Insin 4A)(cos4 —2) >0
(v Insind <QOassinAd<landcosA—2<0ascosdA<1<2)
= cos(InsinA4) > 2Insin A4
= In(sin A°°%4) > In(sin? 4) = sin A°**4 > sin? 4 (3)
Also, (Incos A)(sin4—-2) >0
(*IncosA<0as cosA<landsind—2<0assind<1<?2)
= sinA(IncosA4) >2IncosA
= In(cos A5"4) > In(cos? A) = cos A5"4 > cos? A (4)
(3) + (4) = cos A5 4 + sin A°°s4 2 cos?A+sin?A =1
Similarly, cos BS"B + sin B8 > 1 (6)
and, cos C5" ¢ +sin Cs¢ > 1 (7)
(5) + (6) + (7) = LHS > %(1 +1+1) (from (i) = % = /3 (Proved)
167.1fa,b,c > 0,m > 0 then:

a N b N c - 3m+1
(b + C)m+1 (C + a)m+1 (a + b)m+1 - 2m+1(a + b + C)m

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu — Romania

Solution 1 by Mihalcea Andrei Stefan — Romania

a am+2 Radon (Z a)m+2 3m+1
- = > =
Z (b + C)m+1 Z (ab + ac)m+1 = 2m+1(z ab)m+1 = 2m+1(z a)m
e Y a)™3 >3 1Y ab)™! o (D a)? =3 ab. true.
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Solution 2 by Soumava Chakraborty — Kolkata — India

1 b 1 c 1

LHS = . + . + .
b+c (b+c)™ c+a (c+a)™ a+b (a+b)m

WLOG, we may assume a = b > ¢. Then — > —— > —— and
b+c ct+a a+b

LS S
b+c)™ (c+a)™ ™ (a+b)™

. LHS > (z a )z

b+

brom (Chebyshev)

Nesbitt 1 3{ 1m+1 1m+1 1m+1 }

Z 3 2lb+rom cram  (a+b)m

Radon 1 3m+1 3m+1

Z S aram  ziiarpiom (Froved)

Solution 3 by Abdallah El Farissi — Bechar — Algerie

Letf(x)—m,x<a+b+c.Wehave

" (m+1)(2(a+b+c)+mx)
f ( )_ (a+b+c—x)m+3

a b
(b + C)m+1 + (a + C)m+1 + (a + b)m+1

> 0 then f is convex function and

=f(a) + f(b) + f(c) =

a+b+c 3m+1
> =
- Bf( 3 ) 2mtl(qg + p+ ¢c)™

Solution 4 by Myagmarsuren Yadamsuren-Darkhan-Mongolia
Ifa,b,c > 0;m = 0 then:

a N b N c - 3m+1
(b + C)m+1 (C + a)m+1 (a + b)m+1 = 2m+1 . (a + b+ C)m

a>b>c
1 1 }Chebyshev

>
(b+c)m*1 = (c+a)mtl = (q+p)mt1

I =
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1>1 +b+ _ Calshy
23 a+b+0)- (Y ) 2
1 3 Cauchy
25'(a+b+0)' m+l =
(Va+b) @+ (c+a))
1 3m+1
> + b+ . =
o ° (a+b+b+c+c+a)erl 2mtt-(a+b+c)m
3

168. Prove thatifa € (0,»),n € N,k = 1,2, ..., n, then the following

inequalities hold:

n(n-1)

2]t (ef—1)=e 2

and

2_14n-
N n k kK n-1. 11n“-14n-1
i) [[L(e*+ak-2)=2"1.a 2

Proposed by Anas Adlany - El Jadida — Morroco
Solution 1 by Said Ibnja — Marrakesh — Morocco

i. Define f on (0, «) so that:

(vn € N*): f(x) = j—i _ertliq

Now, since f is derivable on (0, «) we then find that
1
f'(x)=e* (G — e) <0

al
V2
Now, let’s go back to our problemand setx = k — 1 forany k =

thatisvx >0, f(x) < f(0) <0 =>Vx>0,z=<e*1 - 1.

2,3,..,n+ 1 and then we get after multiplying these inequalities the

desired result, and we are done.
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Solution 2 by proposer
we will prove ii) and then we conclude the second.
We begin by recalling some well-known results.
1.vx>0,e*>x+1.
2.(VkeN*),ak+k—-1>ka*?
3.(vneN),21+2+3+--+n)=nn+1)
4.vx > 0,sin(x) < x

n . k (11n-1)(n+1)
5. k=1 Sin (;) >

24n

ek+ak—-2>ak+k—-1>kak1

.Now, using 1. and 2. to get that

thus,

n
11n%2-14n-1

| |(e" +ak —2) >nlafi=1k-n > 2n-1. g7 22
k=1

where the last step follows from 3., 4., 5. and the fact that n! > 271,
hence proved
ii). It suffices to take a = e in the previous inequality and the desired

result follows immediately .

169. If a, b, c = O then:

(Varvh)' , (Jarbe) | (Vanb/erd)"
9 16

: <4(a+b+c+d)

Proposed by Daniel Sitaru — Romania
Solution 1 by SK Rejuan-West Bengal-India

a,bc>0
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_(Ya+Vh)' (Va+Vb+ve) (Va+vh+ve+Vd) _

LH 4 9 10
a+b a+b+c a+b+c+d
< + +
(=) =) =)
By Cauchy inequality,
+
(ﬁ+ﬁ)2<2<a+b)z(f4ﬂ —<a+b)

Similarly we get the others
1 1 1 1 1 1 1 1 1
=>P<“(2+3+4) b(2+3+4) (§+Z)+d1_
13 13 7

1
= —a+—b+—c+~—
2t bt

<4a+4b+4c+4d:4(a+b+c+d)=>P<4Za

i o («/E+w/5)2 +(\/E+«/E+\/E)2 +(\/E+\/E+\/E+\/E)2
' 9 16

) <4(a+b+c+d)

(proved)
Solution 2 by Nirapada Pal-India

We know, ‘111‘ >( nn ‘)mform>1

(Ja+Vh)' (Va+vh+ve)' (Va+vb+ve+Vd)

4 9 16
2 2 2
_(Ya+vb\ | (Va+Vb+ve\  (Va+Vb+ve+vd)
B 2 3 4
a+b a+b+c a+b+c+d
< + +
2 3 4

S S \E S WO A U A S
_(___)“(_3 ) (34) 1
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<4a+4b+4c+4d=4(a+b+c+d)

170.If x,y,z,t e R, x + y+z+ t = 0 then:

1 1 1 1
+ + +
V2xr Y2y 27 W>

Proposed by Daniel Sitaru — Romania

2x+2y+22+2t+823<

Solution 1 by Shahlar Maharramov-Jebrail-Azerbaidian
Take2* =a,2Y =b,22=c¢,2*=d >
x =log,a,y=1log,b,z=1og,c,t =log,d
= log,a +log, b +1log,c+1log,d =0>
= log, abcd = 0 = abcd = 1

Then we have to prove if abecd = 1 then

1 1 1 1

a+b+c+d+823(—+—+—+—)

Ya ¥b Ve Vd

LHS a+b+c+d+8>4Yabcd+8=12
1

1 1 1 1\ 4-H 16
< f—

= 4
4 \] (abcd)%

= RHS < 12,but LHS > 12

RHS:3(

Solution 2 by Marian Dincd — Romania

Apply Popoviciu inequality for n = 4 and the function convex f(x) = 2%,

we obtain: f(x) + f(y) + f(z) + f(t) + 4(4 - Z)f(
chcl 3 f (x+:+z)

>

x+y+z+t)
4
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Solution 3 by Uche Eliezer Okeke-Nigeria
XY2X+8>35273
=3 {(3)275 -2} < 8

fx) = (3)273 - 2% f"(x) <0 Vx>0

N Z {(3)2‘§ - zx} e (4)(3)2‘%%) 4.2 =12-4=38

171.1f0 < x,y,z < gthen:
2sinx 4 gsiny 4 gsinz 4 gtanx 4 ptany 4 otanz - 6W
Proposed by Daniel Sitaru — Romania
Solution 1 by Rovsen Pirguliyev-Sumgait-Azerbaidian

It is known that sinx + tanx > 2x,0 < x < g *)

zsinx + Ztanx > 2. 1/zsinx+t.':mx
Then, we have gsiny | otany >2. \/2siny+tany » P
zsinz + Ztanz > 2. 1/zsinz+t::mz

LHS > 2 (\/zsinx+tanx + \/25iny+tany + \/zsinz+tanz) > Z(Zx + 2V + Zz)

Hence LHS > 2(2* + 2Y + 2%) > 2 - 33/2x+y+z

Solution 2 by Lazaros Zachariadis-Thessaloniki-Greece

f(x) = sin x + tan x, convex for x € (Og) tangen line xy =0

y=f'(0)-x+f(0); y=2x; f'(x) =cosx +

fO)=1+1=2

cos? x

fO=0=>f(x)=y vVxe (Og) = sinx + tanx > 2x (1)
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LHS = Zsinx+zsiny+zsinz+ztanx+2tany+2tanz

AM-GM 6 - - -
> 6 - \/zsm x+sin y+sin z+tan x+tan y+tan z

1)

> 6- 6/22x+2y+Zz =6- 6/22(x+y+z) =6 2xty+z

"

="x=y=z

Solution 3 by Dimitris Kastriotis-Athens-Greece

Z (2 sinx ztan x) > 6 6\/2 sin x+sin y+sin y+tan x+tan y+tan z (1)

Let f(t) = cost + ! tE[O,g)

cos2t'

min f(®) =f(0)=2=cost+

te 0,7

;22 VL€ [o,g) N

X

X
1
=>f(cost+ 2)dx22]dx=>
cos“t
0 0

= sinx+tanx > 2x Vx € [Og) (2)

{E;;} = Z(zsinx + ztanx) > 66/22x+2y+22 — 63w/2x+y+z

172. In ABCD convexe quadrilateral: AB = a,BC = b,CD = c,DA = d.

Prove that:

Z\/a2+b2+c2>2\/3-AC-BD
Proposed by Daniel Sitaru — Romania
Solution 1 by SK Rejuan-West Bengal-India

(a® + b* + ¢?) > %(a + b + c)? [by mth power theorem]
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1
>vVat+b?+c2>—(a+b+c)
y V3

=>Z\/a2+b2+cz>\%Z(a+b+c):%(a+b+c+d)

=>YvVa?+b2+c2>+3(@a+b+c) 1)

For,AABC,a+ b > AC; ABCD,b+c > BD; ACDA,c+d > AC
ADAB,d + a > BD. Adding the we get, 2(a + b + ¢+ d) > 2(AC + BD)
=+3(a+b+c+d)>+3(AC+ BD) (2)

Also by AM > GM we get, AC + BD > 2+/AC - BD
= V3(AC +BD) >2V3-AC-BD (3)

From (1), (2) & (3) we get,

ZJa2+b2+c2>\/§(a+b+c+d)>\/§(AC+BD)>2\/3-AC-BD

:ZJa2+b2+c2>zv3-Ac-BD

Solution 2 by Myagmarsuren Yadamsuren — Mongolia

In ABCD - CONVEXE quadrilater:
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AB =a;BC=b;CD =c;DA = d. Prove that

Z\/a2+b2+c2>2-\/3-AC-BD

Jaz+ b2+ c2+b2+c2+d?++c2+d?+a?++d?+a?+b?>

2\/3.(a2+b2+C2+d2)

= Va? + b% + ¢2 - Vb2 + ¢% + d? > 0 (apparently inequality)

(@ +b%+c?)+2-Ja?+ b2+ c2 b2+ c?+d?+ (b*+c?+d?) >

> (a? +2b% +2c?2+d?) =

2
=>(Ja2+b2+c2+Jb2+c2+d2) > (a? + 2b* + 2¢% + d?)

{\/a2+b2+cz+\/b2+cz+d2>\/a2+2b2+202+d2
Ve2 +d? +a? ++a? + b? + c2 > \/2a? + b? + ¢ + 2d?

similarly

Ja? +2b% + 2¢% + d? ++/2a? + b? + ¢2 + 2d? > \/3(a? + b? + c% + d?)

ZJa2+b2+c2>J3(a2+b2+c2+d2)

Toassure: /3 - (a2 + b2 + c2 + d2) > 2 -y/3-AC - BD (*)
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AB = a,BC=b,CD =c,DA=d,AC=q,BD =p
cos(t,):
p? =a?+d?—2ad cosa
p? = b* + ¢* — 2bc - cosy

q*> = a* + b?> — 2ab - cos f
q*> =c* +d? —2cd - cos§

2. (p2+q?) =2-(a®+b%+c? +d?) —
—2-(ad -cosa+ab -cosp + bc-cosy + cd - cosé)

p?+q*=a?*+b*+c*+d?>—(ad -cosa+ab-cosf+ bc-cosy+ ca-coséd)
CBC

a?+b2+c2+d?=p?+q%+(ad-cosa+ab-cosf+bc-cosy+cd-coss) >

2, 2,1
>p-+q +Z(ab+bc+cd+da)-(cosa+cosﬂ+cosy+cosé‘)

p=z=azy=6
Let's: a+y =180° ; = cosa + cosB + cosy + cosd >
B+ 38 =180°

a+ a—
>2-(cosa+cosy)=4-cos Zy-cos Zy:
Y

a_
2

There: a? + b? + ¢? + d? = p? + q® + x?

=0

=4-¢c0s90°- cos

Cauchy
(V=3 (@+b?+cZ+d?) >3- (p*+q?) = 2-3pq
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173. In ABCD cyclic quadrilater, AB = a,BC = b,CD = c,DA = d,

s — semiperimeter:

smasns s (1-3)(1-3) (-3

Proposed by Daniel Sitaru — Romania

Solution 1 Adil Abdullayev — Baku — Azerbaidjian

Lemmal. S = \/(s —a)(s—b)(s—c)(s—d)

Lemma 2.
. 25
sinA4 = 2d + be
. 25
sinB = b+ cd
Lemma 2 452

LHS

(ad+bc)(ab+cd) ™ (A)

(s—a)(s—b)(s—c)(s—d) Lemma 1 §?

RHS = abcd abcd "’ (B)
< (4)-(B) 452 < s >
LHS < RHS & adrbo@bred S © (ad + bc)(ad + cd) > 4abcd
.. (C)
AM—GM
ad +bc > 2vabcd
AM—GM = (©)

ab+cd = 2vabcd
Solution 2 by Ravi Prakash - New Delhi — India

sinA4 = - sinB = el .Also ad + bc = 2+ adbc
ad+bc ab+cd
o 4s* 2 (s—a)s—-b)(s—-c)(s—d) _
smmAsmE = 4abcd abcd abcd B

=(1-9)(1-5) (1-9)(1-3)
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174. In ABCD cyclic quadrilater, AB = a,BC = b,CD = c,DA = d,
S —area[ABCD]
4S5
abcd
Proposed by Daniel Sitaru — Romania

sinA +sinB +sinC +sinD <

Solution by Adil Abdullayev — Baku — Azerbaidjian

sin4d = sinC . . 28
+ <
sinB = sinD = sinA +sinB < — (A)
sind = adz-fbc 1 1 1
. _ 25 = (A) < ad+bc + ab+cd S Vabed '’ (B)
sinB =
ab+cd
AM-GM
ad+bc > 2Vabcd
AM—-GM
ab+cd > 2Vabcd
1 1 1 1 1

+ < + = .
ad +bc ab+cd  2\Vabcd 2Vabcd +abcd

175. Let A;A,A3A, be a tetrahedron and let M be its interior point. Denote
respectively by §; and d; the are and distance from M to face opposite to

vertex A;. Prove that

1<i<j<4
where V is the volume of the tetrahedron.
Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Marian Dincd — Romania

LetV, = volume [MAiAjAk]
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where:p #i+#j+ k+pand(i,jk,p)=1{1234}

result;

4 2
2 Zk=1 Vk 27

1<i<j<4 1<i<j<4

Mac — Laurin inequality

176. Ifa, b € (0, o) then:

2+ab 4ab (a + b)2 a+b a b
+ + <2 ( + )
a+b (a+ b)? 4ab 2\/

a
Proposed by Daniel Sitaru — Romania
Solution by Kevin Soto Palacios — Peru
Si:a,b €< 0,00 >, Probar:

2+ab 4ab (a+b)Z a+b z(a b)

+ + +
a+b (a+b)? 4ab zw/ a
Por. MA > MG
2vVab
a+b =1 (A)
4ab
(a+b)2 — =1 (B)
Definase: x = \/%+\/§ (C)> MA>MG:x>2 x*-2 :%+§ (D)

La desigualdad es equivalente:

1+14 a+ ab
4b 4a22

2+%(x2—2)+i(x+1) <2(x*-2)
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=2 4+(x*-2)+2(x+1)<8(x*-2)>7x2-2x-24>0~
- (x —2)(7x+ 12) = 0 (Ladesigualdad se mantiene)

177. Prove thatif: z4,z,, ..., 2, € C*,n € N then:

IZ?zl(Renzi + Im z;)| <3
Zi=1|Zi|

Proposed by Daniel Sitaru — Romania

Solution by Myagmarsuren Yadamsuren-Mongolia

Cauchy—-Schwarz
|(ay + -+ ay) + (by + -+ by)| <

< VAZF15)((ay + -~ + a2 + (b + - + b)?)| =

= V2 J(ay + =+ @)+ by + -+ b, 2| = N2((ay + -+ ) + (by + - b,)i)| =

=V2-(ay + byi) + -+ (ay + byi)| <

n
<V2-(lay +iby| + -+ |a, + ib,|) =V2 (lei|>
i—1

178. If FO = 0,F1 = 1,Fn+2 = Fn+1 + Fn then:

4
2(Fp+ Fpyq + Fpip) > 9(FyFpy1F )3
Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu-Romania
Solution by Marian Ursarescu-Romania

s Qi : 4 4 4 (Fn+Fny1+Fni2)?
From Holder's inequality = Fp + Fy g + Fpyp 2 =

2
= 2(Fﬁ+Fﬁ+1+Fﬁ+2) >E(Fn+Fn+1+Fn+Z)4 (1)

Fn+Fn+1+Fn+2>33;/Fn'Fn+1'Fn+2 (2)
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From (1)+(2)= 2(F4 + Fiyq + Fip) > 2 (3YFp Frrg Frrz) =

= Z(F;l'l + F4 a7t Fn+2) = 18(Fn ) Fn+1Fn+Z)§ = 9(FnFn+1Fn+2)§
179. If x4, x5, ..., X;,, ¥1, Y2, .., ¥n € (0,0),n € N* then:

(So)(S o)< (S2) (522

i=1 i=1 i=1

Proposed by Daniel Sitaru-Romania
Solution by Ravi Prakash —New Delhi-India:
Fora,b,c,d > 0:

a d bc a*+b* cd cZ + d? ab
=2 = i _ ) >0
b c ad ab ct + d? cd a? + b?
aZdZ + bZCZ (aZ + bZ)ZCZdZ + (CZ + dZ)ZaZbZ
- >0
abcd abcd(a? + b2)(c?% + d?)

& (a2d? + b2c?)(a? + b2)(c? + d?) — [(a? + b2)?c?d? + a?b2(c* + d2)?] 2 0
& (a?d? + b*c?)[a*c* + b*c?® + a*d? + b*d?]
—(a* + b* + 2a’b?)c?d? — (c* + d* + 2¢%d?)a?b? > 0
& a*c?d? + a’b*c* + a’b*c*d? + bict +
+a*d* + a’b*c*d* + a®b*d* + b*c?d* -
—[a*c?*d? + b*c?d? + 2a?b%c?%d? + a?b%c* + a?b?d* + 2a?b?%*c%d?*] = 0

& (b*c? —a?d*»)? =0
which is true. Consider

2285 () -

i=1 i=1 i= i=1
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n

:Zﬁ.&+2ﬁ.&+2ﬁ.&
Vi Xi Vi Xj Vi Xj

i=1 i<j S ]
n
2 2 2 a2 2 a2
_in+)’i. XiYi _in+Yi. X;¥j _in"')’i XY _
2 2 2 o 2 2, 2
X;Vi x%+ y?2 X;V; x%+y? XiV; x%+vy?
i=1 lyl i yl i<j lyl ] y] i>j lyl ] y]
2 a2 2 a2
—n—n+ XYp X Yi Xityi Xy XY X
—n-n v X xve 2+ vE xve x4+ v2
yl ] y] i lyl j yj ]YJ i yi

i<j
1

>0
xix;yiyj(xf + le)(sz + yjz)

2
= ) (x2y? - 22y2)

i<j

180.Ifa; > 0,i € 1,n,a, + a, + -+ a,, = 1 then:

1 1 1
a a4 T Ta,
n
1 + 1 +...+ 1 2n+1
1+a; 1+a, 1+a,

Proposed by Regragui El Khammal-Morocco

Solution by Daniel Sitaru-Romania:

Z?=1ai+akAM;HM n+1 -
_— > ——— k€el1ln
n+1 n 1 1
i=1g. Y oo
a; ag
n 11
n+1 1+a
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1
(n+1)3p o nooy
akz(n+1)z
n+1 1+ay
k=1
= 1 =1
Z—Z(n+1) 1+a
=1« =1 k
1 1 1
a o' ""a,
1 + 1 +...+ 1 2n+1
1+a; 1+a, 1+a,

181. If a,r € (0, ) then:

n k
kZ1 (2521 (a ¥ (il— Dr )>

Solution by Soumava Pal — Kolkata — India

<(Ra+m-1r)nneN*

Proposed by Daniel Sitaru — Romania

et
=\g+ (i —1r
(by AM — HM)
k
5 (2a+(k—1)r) (k- Dr
= = a-+ = k
k 2
Pk < Sk =
k=1 k=1

:Z<a+(k_1)r>:na+#r<2na+n(n—1)r:
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=nQRa+n-1r)

<QRa+n-1r)n

P

Proved

182.I1f a;, b; € (0,0),i € 1,n,n € N* then:
2n)" 1

[1L4(a; + by) = 2 (z a%) " (z bl‘) ‘

i=1 i=1

Proposed by Daniel Sitaru — Romania

Solution by Saptak Bhattacharya-Kolkata-India

() +(3) PG

We have 5 = — )} which is by AM > HM

1 n
n
>4 (Z (ai+bi)) . Thus, enough to show that

n

Z(aiibi) > h
-] 2 1'[( . W ich clearly holds by AM > GM

183.Letn € N*, ay,..,a, € (0721) such that

:5: ag <n.

1<k<n
Prove that
1)\ . n n
z — |sin| ——— |+—>n
1572 M X1k 1 T
<k< 1<ksn .
n nak

Proposed by Mihalcea Andrei Stefan-Romania
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Solution by Redwane EI Mellass-Morroco

sin(x)

Letf(0<x<§): andg(tZO)=sin(t)—t+§

X

) = cos(x) (x 2— tan(x)) < 0(tan(x) > %)
x

+ g'(®) = cos(t) — 1+ S and g"(8) = ¢ — sin(t) > 0(sin(t) < )
Sog'(t) = g'(0) =0= g(¢t) = g(0) =0.
we get f(0 <x < 1) >sin(1) and g(1) > 0 = sin(1) > g
Sof(0<x§1)>%,

n 1 2

Z > n > 0 n <1
— n=>0<
= on = <
- =1g,
/sin n \
n n l
1 n n k=1q, 1
= Z — | sin 1 +—=n 7 + >
— ay n w
k=1 k=1q, n 1

- (5+1)> (5+1)_
n 6 T n 6 6 = n.
184. If a;, € (0,0) wherek =1,2,3,..,nand a; + a, + ---+ a,, = 1 then:

Yz (Y ig)

Proposed by Marin Chirciu — Romania
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Solution by Soumitra Mandal - Chandar Nagore — India

(n+1)( 1 + 1 +...+;)

2ay+az+-+a, aqt2a+--+a, a;taz+---+2a,

Si(i+l+...+l)+L(i+£+...+i)+...+L(i+i+...+i)
ai

n+1 \aq az an n+1 az an n+1 \aq az an
n n
1 (Z n+ 1) Z 1
T n+1 a B a,
k= k k=1 k
(Proved)

185.1f a, b, c € (0, o) then:
1 1 1 a c¢c b
4 pt+ <—+ + )>2<—+—+—)
(a c’) a* b+ ¢t c b a
Proposed by Daniel Sitaru — Romania

Solution 1 by Ravi Prakash — New Delhi — India

IS T T S a* bt a* ¢t b* c¢*
@+t + e (gt ) =3+ (it ) et a) (et

4 4
If = < 1 -+ b— >2> 2 . Similarly for any expression < 1 on RHS

a a* b* a* at a? a
- > —+—+1>—+ —+1>2—>2—-.
Ifo=21 2+ +1>—+1land ;+12272>2-

Similarly for other expression > 1 on RHS.

1 1 1 b
Inanycaseweget(a“+b4+c4)(—+—+ )>2( +-+ )
a* bt 4 c a

Solution 2 by Rozeta Atanasova — Skopje

WLOGleta>b>c >

(a* + b* + ¢*) ( + l + ) > (Rearrangement inequality)
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1
2p2  g2c2

> (a?b? + a*c? + b>*c?) ( + 2) > (CSBinequality)

> (g +o+ Z)Z = (% +o+ g) (C +o+ ) > (Rearrangement inequality)

a ¢ byra c¢c b a ¢ b
>(cr5+a) @) =35+ a)
c b a/\a c¢c b c b a

186. If a, b, ¢ € (0, ) then:

1+a 1 1 48abc
Z 1 1+b 1 |2
1 1 1+c a ¢

Proposed by Daniel Sitaru — Romania
Solution by Kevin Soto Palacios -Huarmey- Peru

Si:a,b,c €< 0,00 >, Probar que:

1+a 1 48abc
25 14-b 1 2:1+ P
1+ ¢ a c

1+b 1 1+5b 48abc
ﬁz(lﬂl)[ 1+c Z [1 1+c 21[1 1 ]21+a+b+c

> YA +a)[(1+b)(1+c)—1]-Y1[1(1+¢) — 1] + T 1[1 — (1 + b)] > —2abe

1+a+b+c

:Z(1+a)(b+c+bc)—2c—2b:Zbc+zab+zac+zabc:

= 3ab + 3ac + 3bc + 3abc
48abc
1+a+b+c

= 3(ab + ac + bc + abc) >

Desde que: a, b, ¢ > 0, dividimos la expersiéon < (abc):

1 1 1
=>3(—+—+—+1)(1+a+b+c)248
c b a

Por:
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1+a+b+c 4 1 1 1
MA > MH - =% 21+1+1+1—>3(z+;+;+1)(1+a+b+c)248

Laigualdad se alcanzacuando:a=b=c=1

187.1fa, b, c,d, e, f € (0, ) then:

a Vad Vae
Vad b+d  Vde+.bf|>0

vae +<de+.,bf c+e+f
Proposed by Daniel Sitaru — Romania
Solution by Kevin Soto Palacios -Huarmey- Peru

Si:a,b,c,d,e, f €< 0,00 >, Probar que:

a Vad JVae
vad b+d de + /bf| >0

Vae +de+.bf c+e+f

= Desarrollando lo pedido se puedes expresar como:

b+d de+\/—] \/_[\/_ \/%+\/_] \/_[ b+d
de+./bf c+e+f c+re+f Vae +de+./bf

<(b+d)(c+e+f) (de+\/_)) (\/_(C+e+f) Vae( de+\/—))
+Vae ((Vad)(Vde + /bf) — Vae(b + d))

T1:a<(b+d)(c+e+f)—(\/%+\/b_f)z>

T, = a(bc + be + bf + dc + de + df — de — bf — 2,/bdfe)
= T1 = abc + abe + adc + adf — 2a./bdfe
T, = —m(m(c+e+f)—\/ﬁ( de+\/b_f))
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T, = —Vad(Vadc + Vade + Vadf — eVad — \/aebf)
= T, = —adc — adf + a,/bdfe
T3 = Vae ((Vad)(Vde + /bf) — Vae(b + d)
T; = Vae(dae + /abdf — b\ae — dVae)
= T3 = a,/bdfe — abe - Sumando:

T1+T2+T3 :abc>0(:>a,b,c,d,e,f e< 0,00 >,

X a b c

188.154() = | * P €[ a4 b ce (0 ) then:
a b x c
a b c x

A'(a+b+c)< 1 +1z 1
A(a+b+c) ~ 63abc 24Za+/ab
Proposed by Daniel Sitaru — Romania

Solution by Ravi Prakash - New Delhi — India

X a b c 1 a b c
A(x):a x b C:(x+a+b+c)1 x b cl —
a b x c b x c
a b c x 1 b ¢ x
1 a b [
0 x—a 0 0

:(x+a+b+c)0 b—a x—0>b 0

0 b—a ¢c—-b x-c
Ax)=(x+a+b+c)(x—a)(x—b)(x—c)
InA(x)=In(x+a+b+c)+In(x—a)+In(x —b) +In(x — ¢)
A'(x) 1 1 1 1

= + + +
A(x) x+a+b+c x—a x-b x-c
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A(a+b+c) 1 1 1 1
+ + <
A(a+ b +¢) 2(a+b+c) b+c c+a a+b»b

"2

6(abc)3
a b 0 - 0 O
0 a b -0 0
189 =00 a 00 : " Donq = det(4
A = | €My (R, ENT, L2949 et(42n+1)
0 0 0 - a b
b 0 0 - 0 a

) )
Prove that: =22+7 > 2043

2n+5  22n41

Proposed by Daniel Sitaru — Romania
Solution by Myagmarsuren Yadamsuren — Mongolia

d(Et(AZn+1) = a2n+1 + b2n+1 = ﬂZn+1

O+ () 22 (rue) = (& + (B 1211 (2+220)
@) =

b a b
2 i 2 2 . —_\.
(x* +y?) + ) xy+(a) xy 2 (2 +y%) + o xy+(a) xy

pe G0 () e (2) oz ()
G5

1 1 1 1
(a3 - x+ b3 - y)(— X+og y)z(ax+by) (— X+ y)

3.x+pb3 1-x+1- 2n+4

a’-x 'y> a b y [x:azn 4]

a-x+b-y — 1 1 = p+
y g.x+ﬁ.y y

a2n+7 + b2n+7 a2n+3 + b2n+3

>
a2n+5 + b2n+5 = a2n+1 + b2n+1

Dopi7 - Don43
Donis  Dopi
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190. If ABEC cyclic quadrilater, H, — orthocenter of ABEC, H, — orthocenter
of A ABC then: H{H, = BE.
Proposed by Adil Abdullayev-Baku-Azerbaidian
Solution by Daniel Sitaru-Romania

Let O - be the circumcentre:

oH, """"E"™" 04 + OF + 0C,0H, = 04 + OB + 0C

H.H, = |H H,| = |0OH, — OH,| = |04 + OE + OC — 04 — 0B — OC| =

= |0E — OB| = |BE| =

191.If a, b, c € (0, ) then:

1+a 1 1 48abc
22 1 1+b 1 “"14+a+b+
1 1 1+c a ¢

Proposed by Daniel Sitaru — Romania

Si:a,b,c €< 0,00 >, Probar que:

Solution 1 by Kevin Soto Palacios-Huarmey-Peru
1+a 1 1
1 1+b 1

Z 1 1 1+c

48
$Z(1+a)[1+b 1+c z [1 1+c zl[i 1:b]zl+a+b+c

:Z(1+a)[(1+b)(1+c)—1]—21[1(1+c)—1]+z1[1—(1+b)]2

48abc
=
(1+a+b+c)

- 48abc
“"1+a+b+c

:Z(1+a)(b+c+bc)—2c—2b:Zbc+zab+zac+zabc:

= 3ab + 3ac + 3bc + 3abc
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48
3(ab + + bc + abc) >
= 3(ab + ac c ac)_1+a+b+c

Desde que: a, b, ¢ > 0, dividimos la expresiéon < (abc):

1 1 1
=>3(—+—+—+1)(1+a+b+c)248
c b a

Por: MA > MH — 1fatbte 5 4 —>3(1+1+1+1)(1+a+b+c)248
4 o+l c b a

(LQQD). Laigualdad se alcanza cuando:a=b =c = 1.

Solution 2 by Saptak Bhattacharya-Kolkata-India

25 1+a 1 1

1 1+b 1
< ab + be + ca+ abe >

- 48abc
“"14+a+b+c

1 1 1+c
16abc
1+a+b+c

<:>(1+a+b+c)(1+%+%+%) > 16; whichis true by AM > HM

192. Ifa,b,c € (0,©),a+b +c + a

1 a a a? b? c?
Ai=1 b b3|.42=|b>+c® c*+a* a®+ b?
1 ¢ 3 bc ca ab
then:
4, — 4,

B~ a)a— b o) > 12V(@be)y

Proposed by Daniel Sitaru — Romania
Solution by Ravi Prakash - New Delhi - India

a? b? c?
A; = [b%2+c¢%2 c%2+a? a?+ b?
bc ca ab
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R2—>R2+R1

a? b* | gZ24+pz+c2|a® b3 3

=@@+bh*+c?)|1 1 1= _ a b cl|=

bc ca ab abc abc abc

ai b3 3
=(@+b*+c?)|a b c|=-(a®+Db*+cH)A,

1 1 1

1 a a3 0 a—-b a®->b3

4 =1 b b3[=|0 b—c B} -c3|=
1 ¢ 3 1 c c3

(o _\|1 a?+b*+ab|_, _ _ |1 a? + b%*+ab
= (a—b)(b c)|1 ey | = @B =0 LT LTS

=(a—-b)(b—-c)(c—a)(c+a+Db)
“(a-b)(b-c)(c—-a)

=(a+b+c)+(a+b+c)a®+b?+c?) >

1 1 1 1 5
> 3(abc)3 + 3(abc)3(a? + b? + ¢?) = 3(abc)3(4)(a’b?*c?)% = 12(abc)é

193. In A ABC the following relationship holds:

s+a?> ab ac
2 ab s+b* bc
2
ac___be SEC > 8V3s+3VaRs

Proposed by Daniel Sitaru — Romania
Solution 1 by Kevin Soto Palacios-Huarmey-Peru
In triangulo ABC. Probar que:
s+a*> ab ac
i

ab s+b%? bc ‘ > 8v/3Ss? + 3Y/4RSs?

ac bc s+ c?
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2s = perimetro, S = Areade regién triangular

2
2(s+a2)s+b ] 24 a ]+2ac[ab s+b]2
s + ¢ ac s+c ac bc

> 8V3Ss? + 3Vabcs?
2(s + a®)[(s + b?)(s + c%) — b%*c?] — 2ab[(s + c®)(ab) — c*ab] +
+2ac[b?ac — (s + b?)(ac)] = 8V3Ss? + 3Vabcs?
= 2(s + a?) [s (s + (b% + cz))] — 2ab[sab] + 2ac[-sac] >
> 813552 + 3Vabcs?
Divididiendo (= s?) a la desigualdad:
252 + 2sa? + 2s(b? + ¢?) + 2a?b? + 2a%c? — 2a*b? — 2a*c?

S

> 835 + 3Vabc
= 25 + 2(a? + b2 + ¢2) > 3Vabc + 8V3S
2s =a+ b+ c > 33abc & Valido por: (MA > MG)

=

Por lo cual falta demostrar que: a? + b? + ¢? > 4+/3§

= 4R%*(sen? A + sen? B + sen? C) > 4V3(2R? sen Asen Bsen C) —

sen(B+C) sen(A+C) sen(4+ B)
- + + > 2V3
senBsenC senAsenC senAsenB

= 2(cotA + cot B + cotC) = 2V3 — cotA + cotB + cotC > /3 -
—(Valido en un triangulo ABC)
Solution 2 by Soumava Chakraborty- Kolkata — India

To show:
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Siz((s + a?){(s + b?) (s + c%) — b*>c?} + ab{abc? — ab(s + ¢?)}

+ {ach? — ac(s + b?)}) > 8V3S + 3V4RS
LHS = 2 ((s + a?)(s? + sb? + sc?) + a?b?*(—s) + a%c?(— s))

= 82—2(33 + s2(a® + b% + cz)) = 2s + 2(a? + b% + ¢?)
= (a+b+c)+2(a%?+ b+ c?)
Now, a + b + ¢ > 3Vabc (AM > GM) = 3Y4RS (1)
Now, 2(a? + b* + ¢*) > 83§
& (a? + b?> + c?)? > 4852 = 48s(s— a)(s — b)(s — ¢)

a+b+c\/b+c—a\/c+a—-—b\/a+b—-c
ey za8(——) () () ()
s (a*+ b~ +c“)= > 48 > > > >

e (@+b*+c®»)?>3{(a+b)?-c®)(c?*-(a—-b)?
& (a? + b? +c?)? > 3(c*(a + b)? — (a®? — b?)? — ¢c* + c%(a — b)?)
& a* + b* + ¢* + 2a?b? + 2b%*c? + 2c%a? = 3(2c¢*(a® + b?) + 2a%b? — a* — b* — ¢*)
& 4a* + 4b* + 4c* — 4a%b? — 4b%c® — 4c?a? > 0
& 2a* + 2b* + 2¢* — 2a%b? — 2b%c? — 2¢%a? > 0

& (a2 —b2)2 + (b2 — 22+ (2 —a?) = 0

which is true
2(a®? +b* +c%) >8V3S (2)
(1D)+@2)>a+b+c+2(a®+b%+c? >8V35+3V4aRS
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194.

ABCD harmonic quadrangle, (AB - CD = AD - BC), P — intersection of

diagonals. Prove that: AP is symmedian line of ABD
Reference: "Some Properties of the Harmonic Quadrilateral”,lon Patrascu, Florentin Smarandache

Design by Abdilkadir Altintas-Afyonkarashisar-Turkey

Solution by Marian Ursarescu-Romania
A

D
B

C
PB _ PA _ AB
PC PD (D
PD _PA _ BC

(@H)
PC PB AD )
AB _ BC

ButAB-CD = AD-BC=-=— (3)

A PAB ~ APDC =

APAD ~ APBC =

PB _ AB?

From (1)+(2)+(3)= ;= 1z

= P is symmedian line of AABD.
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195.If a4, a,, ...,a, € [0,1),n € N* then:

n n n
1+a - <1 + Yaqa;, ... an>
1-"a4a,..a,

Proposed by Regragui El Khammal-Morocco

Solution by Daniel Sitaru -Romania:

1 1 1
1—a1Zl—az2---21—an;1_a1S1_a2S---S1_a
n
1+a 1+ 1+
1S aZS---S a,
1-a; 1—a, 1—a,

n
1+a 1+a
k>( 1

a2 (foa) = /@)@
k=1

1-— aq
f:10.1) > R f() = 15, f (0) =
a; < Yaqa; ... ay; f(a)) = f(Y/aya; .. ay,)

By (1):

> (1 Zi) = (f(an)" = (F(/ara; ~ )"

1+x

1-x'

< 0, f decreasing

n
1+ak

1—a
k=1 k

196.1fx,y,z € (0721) then:

Z(tanx+25inx) >3(x+y+2z)

cyc

Proposed by Daniel Sitaru — Romania
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Solution by Kevin Soto Palacios — Huarmey-Peru
Si:x,y,z €< O,g >. Probar que: Y(tan x + 2senx) > 3(x + y + z)
(tanx+2senx—3x) + (tany+2seny—3y) + (tanz+ 2senz — 3z) >0
Consideremos:

f(x) = tanx + 2 senx — 3x . Realizamos la primera derivada:
f'(x) = sec? x + 2 cos x — 3. Realizamos la segunda derivada.

2senx (1 — cos3x)
f''(x) = —2senx + T = 2senx————5——
cos3 x

T
>0Vx eE< O’§>

Desde que: f(0) = f'(0) =0y f""(x) > 0, se concluye que: f(x) >0
tanx +2senx—3x>0 (A)
tany+2seny—3y >0 (B)
tanz+2senz—-3z>0 (O

Sumando: (4) + (B) + (C)
(tanx+2senx—3x) + (tany+2seny—3y) + (tanz+ 2senz — 3z) >0

(LQQD)

197. Prove that:

1 1 1 1 5
_,t | > —

LTI\ 6 n 18
6sm5 3cos5

Proposed by Daniel Sitaru — Romania
Solution by Kevin Soto Palacios — Huarmey-Peru

Probar que si es (V) 0 (F), lo siguiente:

1 1 1 1 5 . s .
(— + ) (— + ) > — — Triangulos aproximados:
3 6 sen 36 6 3 cos 36 18
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/jxm /j\/gl

Vie+2vs
Desarrollando lo pedido:

1 1 1 1 5
—+ + + > — 5
18 36sen36 9cos36 18sen36cos36 18

1 1 1 4

- + + > —
36sen36 9cos36 18sen36cos36 18
Multiplicando a la epresion 36 sen 36 cos 36:

cos36+4sen36+2 >8sen36cos36 - cos36 +4sen36+2 > 4sen72

2+ cos36 > 4(sen72 —sen36) > 2+ cos36 > 4(2 cos 54sen 18)

+\/§4+1>4<\/§—1 \/§4+9>(\/§_1)(2 10;2\/§>

Multiplicando a la expresion: (V5 + 1):
V5+9
4

>2c0554—>

10 — 2+/5
_1)#_’

—>14+10\/§>8/10—2\/§—>7+5\/§>4/10—2x/§<:>10—2x/§>0

Elevando al cuadrado:

2
(7+5V5)" >16(10 — 2v5) - 49 + 705 + 125 > 160 — 32v5
- 174+ 70V5 > 160 — 32V5 - 14+ 102V5 > 0

(Dicha expresion es positiva) — (V)
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198. Prove that:

! +2\/E23\/§ (0<x<12—r)

sinx cosx

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution 1 by Kevin Soto Palacios — Huarmey — Peru
Demostrar que para x en el intervalo < O,g >

cscx +2vV2secx > 3V3 (1)

Sea:sinx=a Acosx=b-oa%2+b% =1

Por: MA > MG
) 2 bZ 3 2b4 1 3b4 )
+—t—> — s —=-> |—
a 2_3 a 4—>3_ 4a -

— Elevando al cubo e invirtiendo tenemos:

¥ 11 S«F 11
—7: — Extraemos raiz cuadrada: —= < - (2)

x/— x/—

El equivalente de (1) es: = + =+ 2> 3+/3. Por MA > MG:

1, g + b > 3° li (3) — De (2) A (3) por transitividad tenemos:

a

1 \/_ V2 312
—t —+— —— =

—+ -t 23 3v3
Solution 2 by Kunihiko Chikaya-Tokyo-Japan

1 22 T
— + > 33 (0 <x< —)
sinx cosx 2

By AM-GM sin x, cosx € (0,1)

3
2 (—Ecosx+\/g)

sin x
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= 6v3 — 3(VZcosx+1-sinx) > 6v3 — 3| (v2)* + 12 = 3y3

By Cauchy — Schwarz. Equality: cos x = \E sinx =

Gl

Solution 3 by Soumava Chakraborty-Kolkata-India

Prove that — + 2v2 > 3/3Vxe€ (0 )
sin x 2

Cos x

Let f(x) = cosecx + 2+/2 cosecx — 33

f'(x) = — cosecx cotx + 2v/2 secxtan x
f"(x) = cosec?® x + cot? x cosecx + 2v/2(sec® x + secxtan?x) > 0,V x € (Og)
when f'(x) = 0, f(x) attains a minima and f(x) never attains a maxima
in ( ) point at which f(x) attains a minima is the point at which f(x)

attains its minimum value

1 sinx 1 COS X

ff(x)=0=2V2-

cosSXx cosx Sinx sinx
= 2v/2sin3 x = cos3x = V2 sinx = cosx

2

1 2 ) 1
= tanx = —=>= cos“x =- and sin“x =

V2 3 3
1 2\/_ _ 1
fmin - 1\/— +— 3\/_ atx = tan~ (\/_E)
\/5
1 2«/"

= > 3+/3, equality at x = tan~1 («/ii)

sin x cos X

P @2 a2); m
199. P+ > (p2+ g% (0<0<?)

cos O sin

P, q are positive constants

Proposed by Kunihiko Chikaya-Tokyo-Japan
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Solution by Kunihiko Chikaya-Tokyo-Japan

LA 3(2\/p2+q2 p? + q* )
- 5 cos 0

+ =
cosf sin@ P P

., (P — (cos O 3(2 p’+q®>  p*+q* . )
Equality (q) (sin0)+q p 2z sin

3|b
& tan6 :%z j;: 2(p* + @*)Vp* + q* — (p* + q*)(p cos 6 + q sin )

3
> (p* + q*)2
3

3.q=b3 (@b >0 “ b 3+ b3) =|PQ

=a3,qg = b3 b > = + — > 3+b3)] = (P .
p=a.q (a ) cosf sin@ (a ) |Q|mm

y

\

P

(a,b)
o Q x

s

200. Prove thatif A,B,C,D >0, A+ B+ C+ D = "

2, = ZtanA +ZtanAtanB —ZtanAtanBtanC

_ sin?(4 + B) sin?*(C + D)
" cos2Acos?Bcos2Ccos2D
then:

2

16(2; —1) < 2,

Proposed by Daniel Sitaru-Romania
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Solution by Kevin Soto Palacios —Huarmey-Peru:

T

Si:AB,C,D>0A+B+C+D=7

A = ZtanA+ZtanAtanB —ZtanAtanBtanC

_ sen?(A +B)sen?(C+ D)
2™ (cos A cosB)%(cos C cos D)2

Probar que: 16(A; — 1) <A,

= (tan A + tan B)?(tan C + tan D)?

tan((A+B) + (C+D)) = tan;
tan(A+ B) +tan(C+ D) "

1 —tan(A + B)tan(C+ D)
= tan(A + B) + tan(C+ D) = 1 — tan(A + B) tan(C + D)

tanA+tanB + tanC+tanD __ ( tan A+tan B ) ( tanC+tan D )
1-tanAtanB 1-tanCtanD 1-tanAtanB 1-tanCtanD

Multiplicamos: (1 —tanAtanB)(1 —tanCtanD) # 0

(tanA +tanB)(1 —tanCtanD) + (tanC + tanD)(1 —tanAtanB) =
=(1—-tanAtanB)(1 — tanCtanD) — (tan A + tan B)(tan C + tan D)

- A = ZtanA+ZtanAtanB —ZtanAtanBtanC

=tanAtanBtanCtanD + 1

=16(A; —1) <A, > 16tanAtanBtanCtanD < (tan A + tanB)?(tanC + tan D)? -
— (Valido por:MA > MG)
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Its nice to be important but more important its to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru



