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PROBLEM 120
RMM TRIANGLE MARATHON
101-200

MARIN CHIRCIU

1. In AABC
1 1 1 7 2
> _Z
Te—T Tp—T Te—T R 7
Proposed by Mehmet Sahin - Ankara - Turkey
Remark.
Inequality 1 can be developed:
2. In AABC
1 1 1 a B
+ > — — —,where o — 28 =3 and 8 > —2.
Tq — T Ty, — T Te —T R

Proposed by Marin Chirciu - Romania

Proof.
S .
and r = — we obtain

Using the forumulas r, =
p—a
11 p—a 1 p*+r*—8Rr p*4r?>—8Rr
Zra—r_;z a r 4Rr N 4Rr?
The inequality can be written
M o B & p? + 12 — 8Rr > 4r(ar — BR), which follows from

4Rr2 TR
Gerretsen’s inequality p*> > 16Rr — 5r2. It remains to prove that:

16Rr — 512 412 — 8Rr > 4r(ar — BR) & (B+2)R > (a+ 1)r & R > 2r,
because a« — 23 = 3 and f > —2.
The equality holds if and only if the triangle is equilateral.
For a =7 and [ =2 we obtain inequality 1, namely Problem 120 from RMM
Triangle Marathon 101-200, proposed by Mehmet Sahin - Ankara - Turkey.

O

Remark.
Inequality 1 can be strengthened:

3. In AABC
1 " 1 + 1 > 9
Tq — T T, — T rc—r_4R—2r'

Proposed by George Apostolopoulos - Messolonghi - Greece
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Proof.

_ p? +12 —8Rr
ro 4Rr?

1
Using the proven inequality at 2:2 , inequality can be written:
Tq —

p?> + 12 —8Rr S 9
4Rr? T 4R - 27’
It remains to prove that: L6Rr —5r° + 1% — 8Rr > 9 & 2B - r > 9 =4
4Rr? “ 4R -—2r Rr —4R-2r
& 8r?—17Rr+2r> > 0 & (R—2r)(8R—r) > 0, obviously from Buler’s inequality: R > 2r.

The equality holds if and only if the triangle is equilateral.

which follows from Gerretsen’s inequality p* > 16 Rr—5r2.

O
Remark.
Inequality 3. s stronger then inequality 1.:
4. In AABC
1 1 1 9 7 2
+ > > — — -
T — T T, — T re—rT 4R —2r T R r
Proof.
The first inequality is 3., and the second inequality is equivalent with:
9 r—2R 9 9
> -2 14r° > -2 — >
"o > <8R 3Rr+14r* >0< (R—2r)(8R—"Tr) > 0,
obviously from Fuler’s inequality: R > 2r.
The equality holds if and only if the triangle is equilateral.
|
Remark.
Inequality 3. can be developed:
5. In AABC
1 1 1 1 2
+ + > , where 2x —y = — and x > 0.
Te—T To—T Te—T xR—yr 3

Proposed by Marin Chirciu - Romania

Proof.

1 *+r* -8R
Using the proven identity at 2.: Z _ T 7" the inequality can be written:

Ta—T 4ARr?
p? +1r2 —8Rr 1
4Rr? — R —

, which follows from Gerretsen’s inequality p*> > 16Rr—5r? and
,

2
the observation that xR — yr > 0, for 2z —y = 3 and x > 0.

I et that 16Rr—5r2+r2—8Rr> 1L _2R—r_ 1
remains to prove that:
P 4Rr? ~xzR—yr Rr — xR-—yr

& (2R—r)(xR—yr) > Rr < 2eR*—(24+2y+1)Rr+yr® > 0 < (R—2r)(4zR—yr) > 0,

2
obviously from Euler’s inequality: R > 2r and 2x —y = 3 x> 0.

The equality holds if and only if the triangle is equilateral.
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For x = % and y = % we obtain inequality 3. proposed by

George Apostolopoulos - Messolonghi - Greece

O
Remark.
Inequality 5. is stronger than inequality 2.:
6. In AABC
1 1 1 1 a B
+ + > > = -2,
Tq — T ry, — T Te—T R — yr R r
2
where2w—y=g,wZOanda—2B:3,ﬁZO.
Proof.
First inequality is 5., and the second inequality is equivalent with:
1
Py R— > %—; & Rr > (xR—yr)(ar—BR) < BrR*+(1—azx—pBy)Rr+ayr? > 0 <

2
< (R—2r)(2BxR—ayr) > 0, obviously from Euler’s inequality: R > 2r and 2x—y = 3
x>0, and o — 28 = 3,8 > 0, which lead to (2x — y)(a — 28) = 2, wherefrom
—ay — 40z = 2(1 — ax — By), thus motivating the last inequality.
The equality holds if and only if the triangle is equilateral.

4 2
For x = §,y =3 a =7 and f =2 its obtained the double inequality 4.

Remark.

n
We can propose inequalities with sums having the form Z

, where n =1,2,3,4,5.

Tq —
7. In AABC R
3v3<y — % <3v3.
Tq —T 2r
Proof.
1
Using the formulas r, = and r = — we obtain Z @ _Z (p—a) ==
p—a D Tg—T T

33

The double inequality follows from Mitrinovié’s inequalities: 3vV/3-1 < p < T.R'
The equality holds if and only if the triangle is equilateral.
O
8. In AABC

a2
< 9R.
Tq — T

18rgz
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Proof.

Using the formulas r, = and r = — we obtain

a? 1
S - -0

The double inequality follows from FEuler’s inequality R > 2r.

= |

p—a

1
—2r(4dR+r
r

~

=2(4R + ).

The equality holds if and only if the triangle is equilateral.

We'’ve obtained a refinement of Euler’s inequality.

9. In AABC

a
12pr§2r .
o —

< 6pR.

Proof.
S

S
Using the formulas r, = —— and r = — we obtain
p—a

Z o’ :%ZaQ(p—a):%~4pr(R+r):4p(R+r).

Tq —T

The double inequality follows from Euler’s inequality R > 2r.
The equality holds if and only if the triangle is equilateral.

We’ve obtained a refinement of Fuler’s inequality.

10. In AABC

6 <> - < @sR)".

Tq —T

Proof.

S S
Using the formulas v, = and r = — we obtain
p—a

Z a! = %Z a®(p—a) = %27" [p2(2R+3r)—7“(4R+r)2} = 2% (2R+3r)—2r(4R+r)>.

Tq—T
The first inequality follows from the above identity, Gerretsen’s inequality:
p? > 16Rr — 5r% and Euler’s inequality: R > 2r.
We obtain 2p*(2R + 3r) — 2r(4R +1)? > 2(16Rr — 5r%)(2R + 3r) — 2r(4R +1r)* =
= 4r(8R? + 15Rr — 8r%) > 4r - 54r? = 216r% = (61)3.
For the second inequality we use the above identity, Gerretsen’s inequality:
p? < 4AR? 4+ ARr + 3r% and Euler’s inequality: R > 2r.
We obtain 2p*(2R+3r) —2r(4R+7)* < 2(4R*+4Rr+3r*)(2R+3r) —2r(4R+7)* =
= 16R? + 8R?*r + 20Rr? + 1613 < 16R® + 4R® + 5R® + 2R3 = 27R® = (3R)%.
The equality holds if and only if the triangle is equilateral.

We'’ve obtained a refinement of Euler’s inequality.
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11. In AABC

a5

18p- (2r)* < > < 18p- R®.

Proposed by Marin Chirciu - Romania

Taq —T

Proof.
S

S
Using the formulas r, = —— and r = — we obtain
p—a r

a’ 1 4 1 2 2 2
Z :;'Za(pfa):;ﬁlpr[p (R+2r)—r(12R* + 11Rr + 2r )}:

Tq—T
= 4p [p2(R +2r) — r(12R2 + 11Rr + 2r2)]|.
The first inequality follows from the above identity, Gerretsen’s inequality:
p? > 16Rr — 5r% and FEuler’s inequality: R > 2r.
We obtain
4p p2(R+27’)fr(12R2+11R7’+27’2)} > 4pr{(IGRr75r2)(R+27’)77’(12R2+11R7‘+2r2)]
= 16pr(R*4+-4Rr —3r%) > 16pr- (4r* +8r% —3r?) = 16pr-9r? = 144pr® = 18p-(2r)3.
= 47(8R? + 15Rr — 8r2) > 4r - 54r? = 21613 = (67)3.
For the second inequality we use the above identity, Gerretsen’s inequality:
p? < 4AR? + 4Rr + 312 and Euler’s inequality: R > 2r.
We obtain
4p p2(R+2r)fr(12R2+11R7’+27’2)} < 4p {(4R2+4R7’+37’2)(R+2T)—r(12R2+11RT+2r2)} -
R3
= 16p(R? + %) < 16p- (R3 + 3) —18p. R®
The equality holds if and only if the triangle is equilateral.

We'’ve obtained a refinement of Euler’s inequality.

O

Remark.

n b
We can propose inequalities with sums having the form E w, where n = 1,2, 3, 4.
Tq—T

12. In AABC b+
a c
6 2< — < (3R 2‘
(6r)* <) ——— - <BR)
Proof.
Using the formulas r, = —— and r = — we obtain
p—a P
alb+c) 1 1, 2(p? — 12 — ARr)
2 Ta =T :?Z(M’C)(p_a):;'?(p —1r* —4Rr) = - .

The first inequality follows from the above identity, Gerretsen’s inequality:
p? > 16Rr — 5r% and Euler’s inequality: R > 2r.
We obtain

2 .2
ry alb+c) _ 20" —r—4Rr) _ 2(p?—r?—4Rr) > 2(16 Rr —5r2 —r> —4Rr) =
Tq—T r
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=12r(2R —r) > 12R - 3r = (6r)%

For the second inequality we use the above identity, Gerretsen’s inequality:
p? < AR? + 4Rr + 312 and Euler’s inequality: R > 2r.
We obtain
b 2(p? —r? — 4R
TZ a(b+¢) =7 (P —r r) = 2(p2—7°2—4Rr) > 2(4R2—|—4Rr+3r2—r2—4RT) =
To—T r
= 8R? + 4r? <9R? = (3R)%.
The equality holds if and only if the triangle is equilateral.

We’ve obtained a refinement of Euler’s inequality.

O
13. In AABC
b
36v/3 - Rr <Za( *9) < 18v3. B2
Tq — T
Proof.
S
Using the formulas v, = and r = — we obtain
p—a p
2(b 1 1
ZM = fZa(b—i—c)(p—a) = — - 12pRr = 12pR.
Tq—T r r
The double inequality follows from Mitrinovié’s inequalities: 3v/3-1 < p < —— R
The equality holds if and only if the triangle is equilateral.
We’ve obtained a refinement of Euler’s inequality.
O
14. In AABC
a®(b+c
6t <35 “ T gpya,
Tq — T
Proof.
Using the formulas rq = and r = § we obtain
b—a p
*(b+c¢) 1 2 2 2 2] _
Z py— Za b+c)(p—a)= -[2p (2Rr +1%) 4+ 2r (4R+r)}—
p?(2Rr +12) + 2r2(4R + 1)?
" .
The first inequality follows from the above identity, Gerretsen’s inequality:
p? > 16Rr — 5r% and Euler’s inequality: R > 2r.
We obtain
32 3b+c) p2(2Rr+r2) +2r2(4R +1)? >3 2(16 Rr — 5r2)(2Rr +1r2) + 2r2(4R +1)?
Tq — 7T r - r

= 34r (24R2+7Rr—2r2) > 12r%(24-4r2+7r-2r—2r%) = 121210872 = 1296r* = (67)*.

For the second inequality we use the above identity, Gerretsen’s inequality:
p? < 4AR? + 4Rr + 3r2 and Euler’s inequality: R > 2r.
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We obtain

2(4R% + 4Rr + 3r%)(2Rr + %) 4+ 2r2(4R + r)?

32 3(b+c) _ p2(2Rr+r2)+27"2(4R+7")2 <3

Tq —T T T
= 3-r(16 R*+56 R*r+36 Rr2+8r%) < 3r(16R3+28R*+9R3*+R?) < ?541%3 = 81R* = (3R)*

The equality holds if and only if the triangle is equilateral.
We’ve obtained a refinement of Euler’s inequality.

15. In AABC

p(127)3 < 62 a’(b —|—rc) < p(6R)3.

Pmposed by Marin Chirciu - Romania

Proof.

S
Using the formulas r, = and r = — we obtain

p—a
1
Z Tq—T Za (b+c)(p—a) '{4p3(Rr+r2)+4p(*4R2T2+3Rr3+T4)] -

= 4p*(R+7) + 4p(—4AR*r + 3Rr? +r%).
The first inequality follows from the above identity, Gerretsen’s inequality:
p? > 16Rr — 5r% and Euler’s inequality: R > 2r.
We obtain

4(b
6 Z +9) =6 [4p3(R+r)+4p(—4R2r+3Rr2+r3)} = 24p [pz(R+r)—4R2r+3Rr2+r3

> 24p[(16Rr — 5r2)(R + 1) — 4R%r + 3Rr? + 7’3] — 48pr(12R® + 14Rr — 4r%) >
> 48pr (2472 + 14r? — 2r%) = 48pr - 3612 = 1728pr® = p(12r)3.
For the second inequality we use the above identity, Gerretsen’s inequality:
p? < 4R? + 4Rr + 3r? and Euler’s inequality: R > 2r.
We obtain
6 Z Ho+o) =6 [4p3(R+r)+4p(—4R2r+3Rr2+r3)} = 24p [p2(R+r)—4R2T+3Rr2+r3

Tq —T

< 24p[(4R2+4Rr+3r2)(R+7’)—4R2r+3RT2+r3] — 12p-(SR*+8R%r+20Rr2+81%) <

< 12p(8R® + 4R* + 5R® + R®) = 12p - 18R? = 216pR> = p(6R)>.
The equality holds if and only if the triangle is equilateral.
We’ve obtained a refinement of Fuler’s inequality.
O
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