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201.In A ABC:

z:\/(b+c)2 —a2<2(a+b+c)
Proposed by Zdravco Starc-Bulgaria

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo ABC Y /(b + ¢)2 —a%2 < 2(a+ b + c)
Como a, b, c son lados de un triangulo
b+c—a>0a+c—b>0a+b—c>0Ademas—-a=>0,b>0,c>0
a+b+c>b+c—a,b+c+a>a+c—b,c+a+b>a+b—c

Partimos de

(\/a+b+c—\/b+c—a)2+(\/b+c+a—\/a+c—b)2+

+(\/c+a+b—\/a+b—c)2>0

2(b+c)+2(c+a)+2(a+b)>2/(a+b+c)b+c—a)+2/(a+b+c)(a+c—b)+

+2\/(a+b+c)(a+b—c)(:)Z\/(b+c)2—az<2(a+b+C)

Solution 2 by Soumava Chakraborty-Kolkata-India

LHS:\/(b+c+a)(b+c—a)+\/(c+a+b)(c+a—b)+

+J/(@a+b+c)a+b—c)

C-B-S

J3@a+b+c)Wa+b+c=+V3(a+b+c)<2(a+b+c)

<
equality not holding

Solution 3 by Ravi Prakash-New Delhi-India

(b+¢)? —a? = (b? + c?> — a?) + 2bc = 2bc cos A + 2bc

A
= 2bc(1 + cos A) :4bccoszi<4bc=>\/(b+c)2—a2 <2Vbc<b+c

.-.ZJ(b+c)2—a2<Z(b+c):2(a+b+c)
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Solution 4 by Seyran Ibrahimov-Maasilli-Azerbaidian

b+c>a
a+c>b>a+b+c=2S8
a+b>c

Z\/(b+c—a)(a+b+c)<2(a+b+c)

(b+c—a)+(a+b+c)

@) 5 >\/(b+c—a)(a+b+c)
(2) e 5 @+ c—b)(@+b+c) (AM-GM)
(3) (a+b_c);(a+b+c) >.J(@a+b—-c)la+b+c)

1)+()+B)=2(a+b+c)>YJ(b+c—a)(a+b+c)
because “>"no“>"a,b,c +# 0

Solution 5 by Geanina Tudose-Romania

Z\/(b+c_a)(b+0+a)<2(a+b+c)|.m

(:)Z\/b+c—a<2\/a+b+c

Vb+c—a=xob+c—a=x>? o
Denote\/a+c—b:y(:)a+c—b:y2 :a+b+c:x2+y2+zz
Vb+a—-c=zo b+a-c=2z>

wehavex+y+z<2/x2+y2+ 22>

& xt+y?+ 2% + 2xy + 2xz + 2yz < 4(x* + y? + Z?)
& 2xy + 2xz + 2yz < 3(x% + y* + z%) true

since 2xy + 2xz + 2yz < 2(x% + y? + z%) < 3(x? + y? + z%)
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Solution 6 by Marian Dincd — Romania

E:J@+¢P—a2=Vb+c+aWb+c—a+Vc—b+a+Va+b—c)S

ciclic

iclich +¢c—a
< b+c+a<3\/2”‘“‘3 )Z\/b+c+a-\/§-\/a+b+ =+3(a+b +c)

202.In A ABC:

cos% a? + b? + c?
i

. B . C 2123
Slnislni

Proposed by Daniel Sitaru — Romania

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

., cos; 24+b%+c?
Probar en un triangulo ABC ¥ —2— < = > :
sin sin; 2r2y3

Recordar las siguientes identidades y desigualdades en un triangulo
A B c A B C
ABC; cot-cot—cot- = cot—+ cot—+ cot-= f, S =sr,
2 2 2 2 2 2 r

a’ + b% + c¢? > 4+/3S. La desigualdad es equivalente

A . (B+C
— & = —_— = COtl— T+ cot—
. B . C . B . C 2 2)— 2123
SIHTSIHE SIHTSIHE
2 2, .2
En otras palabrasZTS:a:;\g & a? +b*+c? > 4/3s = 43S

(Inequality lonescu-Weitzenbock)

Solution 2 by Soumava Chakraborty-Kolkata-India

. A A
2 sinz cos> 2sin4
LHS‘Z A B c_z A

Zsinfsinisini 41_[sm7
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Z 2sinA Za Ya 2s
r r r r

R
Y a2 Ionescu—Weitzenbock 4\/3rs

2723 = 23
Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

O )
2 bc

B_J(p @) p-c J(p—a)-(;o—b)
; SIn

sin 2" ac 2" ab

RHS = %= LHS (Proved)

p-(p—a 2. 12
Z bc Z a-p _
p-—a) - p—c) (p— a)(p b) p(p—a)(p—b)(p —c)

ac
Zap Z a+b+c

2p 4+/3 3pr 4+/3S I0NESCU-WEITZENBOCK a? + b? + c?

<
r  2r2J3  2r2/3 2123

203. In acute 4 ABC with orthocenter H:
HA-HB+ HB-HC+ HC- HA < 3R?.
Proposed by George Apostolopoulos-Messolonghi-Greece

Solution 1 by Daniel Sitaru — Romania
ZHA -HB = 4RZZcosAcosB =

2 2 2 2
s“+r“—4R 27 R

= 4R*. =s?+1r?2—4R* < —R? +—— 4R* = 3R?
4R? s T4 4
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Solution 2 by Kevin Soto Palacios — Huarmey — Peru
En un tridngulo acutangulo ABC con Ortocentro H:
HAHB + HBHC + HCHA < 3R?. Dado que es un triangulo acutangulo:
HA =2RcosA>0,HB=2RcosB >0,HC =2RcosC >0

Teniendo en cuenta las siguientes identidades y desigualdades en un

triangulo ABC: cosA +cosB +cosC =1 +£ < ;

3
cos?A+ cos’?B+cos?2C=1—-—2cosAcosBcosC ZZ

La desigualdad es equivalente:

3
2cosAcosB+2cosBcosC+2cosCcosA SE

Lo cual esciertoyaque2cosAcosB+2cosBcosC+2cosCcosA =

3
= (cos A + cos B + cos €)% — (cos? A + cos? B + cos C?) < =—
2

PNV
S W

Solution 3 by Soumava Chakraborty-Kolkata-India

A

!

h
x=bcosC; 7‘1: tan(90° — B) = cotB

cosB
= h;, =bcosCcotB = 2RsinBcosC

=> h!, =2RcosBcosC
sin B a

~AH = h,; —h, =bsinC — 2RcosBcos(C
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= 2RsinBsinC —2RcosBcosC = —-2Rcos(B+ C) =2RcosA
~ AH = 2R cos A Similarly, BH = 2R cosB and CH = 2R cosC

. LHS = 4R? Z cos A cos B = 2R? (2 Z cos A cos B)

— 2R? {(Z cos A)2 — Z cos? A} — 2R? {(1 + %)2 _ 2(1 _ sin? A)}

e

R? 4R?
=2(R+71)? —6R%? + (s* —4Rr — r?) = s> — 4R? + r?

2(R-
~ given inequality & s2 —4R% + r2 < 3R? T (:_rzr)
2
r“(2R — 3r
& s2 < 7R? _T°(2R —37)
R—1r

© s’ (R—1) <7R® - 7R*r — 2Rr*+3r3 (1)
Gerretsen = s2(R —r) (% (4R? + 4Rr + 31r2)(R — r) = 4R® — Rr? — 313

(1), (2) = it suffices to prove:
4R3 — Rr? — 313 < 7R3 — 7R*r — 2Rr? + 313

R
S 3R3—7R*r—Rr’+6r’>0 (t-2)3t*—-t—-3)>0; (t:—)

S (t—2)3t(t—2)+5(t—2)+7}=0whichistrue t =

204.In A ABC:

1 <r2<1 1 1>
<—|—=+—+—
1 1 . 1 4 \w2  wi w?

A B
in2L  gin2= sin2—
sin®7  sin“3%  sin®5

Proposed by Daniel Sitaru — Romania
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Solution 1 by Soumava Chakraborty-Kolkata-India

2
Inany 4 ABc,ﬁ < %(iz+iz+%) v Wy <4/s(s — a) etc,
2 c

csc Wqa Wh

(1 rzz 1 ﬁ Y(s —b)(s — ¢)

~ 4s E:zrs' [1(s — a)
1
LHS = bc + ca + ab
(s—b)(s—c) (s—c)(s—a) (s—a)(s—b)
©) [I(s — a) _ Ils—-a)

" be(s—a) +ca(s—b)+ab(s—c) sYab—12Rrs

. . .12 X(s=b)(s—c) [1(s-a)
(1), (2) = it suffices to prove: yP o > ST ab—12Rrs

& ris? {Z (s —b)(s — c)} (s? — 8Rr +1r?) > 4s? (1_[(3 — a))2
& sr? {Z (s2 —s(b+c) + bc)} (s? — 8Rr + 1?) > 4rist

= {332 — s(4s) + Z ab} (s> — 8Rr + 1?%) > 41?%s?

< (4Rr + 1r?)(s* — 8Rr + 1r?) > 4r%s? (3)
+ §2 > 16Rr — 5r? (Gerretsen), (¥)
~s2—8Rr+1r2>8Rr—4r*>0
= (4Rr +r?)(s* — 8Rr + r?) > (4R + r*)(8Rr — 41%) (4)
(~ s2 — 8Rr +r? > 8Rr — 4r? > 0); (3), (4) = it suffices to prove:
(4R+1)2R—-71)> s> = s*<8R*-2Rr—r* (5
s? < 4R? + 4Rr + 3r? (Gerretsen) (*)
- it suffices to prove: 4R? + 4Rr + 3r? < 8R? — 2Rr — r? (from (5))
& 4R?> —6Rr — 412> 0= (R—2r)(2R+ 1) = 0 > true,
~ R = 2r (Euler)
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Solution 2 by Soumava Chakraborty-Kolkata-India

1 r2 (1 1 1
Inany A ABC’zTcZ‘E’ < T(_Z + =+ _)
Bergstrom Q2 9y2
RHS > > < “a) et
(1) 4y w2 4ZS(s—a)( we < +s(s—a)e c)
_ 9r? _ 9r? _9r?
"~ 4sY(s—a) 4s(3s—2s) 4s?

-~ it suffices to prove: s 1o (from (1))e ¥ csc? a4
) 432 - chczg 2 - 97‘2
bc ca ab 4s?

CE-DG-0 G-0G-a G-aG_b) 9?2

bc(s — a) + ca(s — b) + ab(s — ¢) - 452

[1(s — a) ~ 9r2
s’y ab — 12Rrs* 4s?
o =
r2s? 9712

& 9(s? — 8Rr +1?%) > 4s5* © 552 > 72Rr — 9r? (2)
But Gerretsen = 5s2 > 80Rr — 251>
- it suffices to prove: 80Rr — 25r% > 72Rr — 9r?* (from (2))
& 8Rr > 161% © R > 2r - true (Euler)

Solution 3 by Soumava Chakraborty-Kolkata-India

2
Inany 4 ABC,—— < r—(iz+iz+iz)

A —
chczi 4 \wg wp wg

r’/ 1 1 1
RHS > — +—+ (- wg < mg, etc)

4 \m2 m? m?
Berg;trom 912 912 3r? - 1 2 A > D a?
- = = E cSCe = > ——
= 2 2 = - 2
4y m? 4'%2612 Ya ZCSCZ% 2 3r
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bc ca ab Za
oS +
(s—=b)(s—c) (s—c)s—a) (s—a)(s—b)_
bc(s —a) + ca(s —b) +ab(s —c¢) Y a?
>
[1(s — a) — 3r2
2% ab — 12Rrs? 2
o 2a > s ZZaZ & 3(s? —8Rr +1?%) > 2(s* — 4Rr — 1?)
r<s 3r

& s% > 16Rr — 51% > true, by Gerretsen (Proved)

205. In A ABC the following relationship holds:
a(2s —a) . b(2s — b) . c(2s —c)
4(s — a) 4(s — b) 4(s — ¢)

Proposed by Daniel Sitaru — Romania

a+b+c<

Solution 1 by Mihalcea Andrei Stefan-Romania

WLOGa<b<=<c

2s—a a(2s — a)
ZS_CCeb};hevZa.Zs_aSZ S —a o
< 3 3 3
b s—c¢C

b

<c
—b

a<
:{Zs—a 2s
<
s—a s —

SO (Y (45X ) E T A (D) 5+ 9) =

:4Za=>LHSSRHS

IV

Solution 2 by Soumava Chakraborty-Kolkata-India

A=G3:3 abc(b + ¢)(c + a)(a + b) A-6 3 3|8a?b?c?
RHS > >
[I(s —a) 4 |TI(s —a)
63 azbzczs 33 16R2rzs3
ZR2
Cr2s2 r2sz
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> 2s(RHS) & 27 x 2R*s > 8s3

o 24—7R2 >s?os< 32ﬂ — true by Mitrinovic (Proved)

Solution 3 by Mehmet Sahin-Ankara-Turkey

x(25s—x)
4.(s—x)

We define f(x) = then f"'(x) > 0; f is convex. Using the Jensen

Inequality f (a+b+c) < %[f(a) + f(b) + f(c)]

3

+b+
a+b+cy a+b+c a+b+c—%
( 3 ) 3.4 a+b+c a+b+c
2 3
_a+b+c [ 2(a+b+c)
12 |\, (@a+b+o)
3

_a+b+c<1a-(Zs—a)+b(Zs—b)+c(Zs—c)
B —§[4(s—a) 4-(s—b) 4(s—c)

a2s—a) b-(2s—b) c-(2s—c)
satbres T T Gob) 2 G-0

Solution 4 by Soumitra Mandal-Chandar Nagore-India

In 4 ABC, zm%zaﬂﬁc

Applying RAVI TRANSFORMATION,a =x+y,b=y+zandc=z+x

~sp=x+y+zp—a=z,p—-b=xandp—-c=y
a(2p — a) (x+y)(x+y+22) (x + y)?
—:Z :Z—+x+y+z
4(p—a) 4z 47
cyc cyc cyc
BERG,{\TROM(x+y+y+Z+Z+X)Z

+x+y+z=2(x+y+z)=2(x+y)

cyc

4(x+y+2z)

=a+ b+ c (proved)
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206.In A ABC:
m2m? + m2m? + m*m? > 957
Proposed by Daniel Sitaru — Romania
Solution 1 by Francisco Javier Garcia Capitan
9
m2m2 + mim? + m?*m?2 = 95% + 32 Z (a® — b%)? > 952
cyclic

Solution 2 by Soumava Chakraborty-Kolkata-India

m, =>+s(s—a),my,=>.s(s—b)m,=>+s(s—c)
Z m2m? > Z s(s—a) -s(s—b) = szz:{(sZ —s(a+ b) + ab)}
?
= s2(3s% — 452 + s2 + 4Rr + r?) = s2(4Rr + r?) > 952
? ? ?
© 4Rr +1r? > 9r? © 4Rr > 8r? © R > 2r - true (Euler) (Proved)
Solution 3 by Adil Abdullayev-Baku-Azerbaidian

LEMMA1. m, + my + m, = 9r.

LEMMA 2. m, > \/Tpr..
2..,2 2.2 2..,2
m,m, + mpymg + mcm, = mambmc(ma + my + mc)

> 1, 1rpre - 9r = rp? - 9r = 952,

207.In A ABC,I - incentre. Prove that:

6r < Al + BI + CI < /3612 + 12(R — 2r)(R + 1)
Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution by Soumava Chakraborty-Kolkata-India

(1) @)
Inany A ABC,6r < Y Al < /3612 + 12(R —2r)(R + 1)
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A Jensen A+B+C
ZAI:chscE = 3rcsc(T)

¢ fx) = cscg Vv x € (0, ) is convex) = Y AI > 6r = (1) is true

C-B-S
Again, > Al < +3YAI?>=+3r /Z csczg

5 be ca ab
=V TG -0 T G-06-a GG -b

_ ﬁr\/bc(s —a) +ca(s —b) +ab(s —c) _ \/§T\/82(Z ab) — s(3abc)

[1(s — a) r2s2

=\/§\/Zab— 12Rr = V3/s2 — 8Rr + r2

?
= /352 — 24Rr +3r2 < \/36r2 + 12(R — 2r)(R + 1)
?
© s2 —8Rr + 1% < 12r? + 4(R?> — Rr — 21?)

?
& s% < 4R? + 4Rr + 3r?% > true, by Gerretsen= (2) is true (Proved)

208. In AABC the centroid belongs to the incircle. Prove that:
a? +b?% +c? + 6r(4R +r) = 3s?
Proposed by Daniel Sitaru — Romania

Solution 1 by Adil Abdullayev-Baku-Azerbaidian

s2+5r2—16Rr
9

GI? = 1% & s? = 4r* + 16Rr & s? = 4r(r + 4R)
LHS = 2(s* —r?> —4Rr) + 6r(r + 4R) =
= 2s% + 4r(r + 4R) = 3s% = RHS.

LEMMA. (LEYBINIS) GI? =
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Solution 2 by Soumava Chakraborty-Kolkata-India
€))
Z a? + 6r(4R +r) = 3s?;

(1) © 2(s? — 4Rr — r?) + 24Rr + 61% = 352
& s2=16Rr +1% (2)

3_ 2 2
By problem, GI =r = GI? =1r* > _Za*-2(Fa’b+3ab?) _ r2

185
> Z a’ -2 (Z a’b + Z ab?) + 9abc = —18r%s
= 3abc+2s() a? - ) ab) - 2{) (ab(2s - ©))} + 9abc = ~18rS
= 3abc+2s() a?) - 2s() ab)—2{2s() ab) - 3abc}+ 9abc = -18r%s
> 3abc +2s5 () a?) —25() ab) - 4s () ab)+6abc + 9abc = ~18r%s

= 72Rrs + 4s(s* — 4Rr — r?) — 6s(s%® + 4Rr + r?) = —18r%s

= 36Rr + 2(s2 — 4Rr — r?) — 3(s* + 4Rr + r?) = —9r2

= s2 = 16Rr + 4r? = (2) is true (Proved)

209. Let 2,, 24, 2. be the circumradii of ABGC, ACGA respectively AAGB,
G - the centroid of AABC. Prove that:
270,02,02, > 4Rs?

Proposed by Daniel Sitaru — Romania
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Solution by Soumava Chakraborty — Kolkata — India

A

B C

2y +x=2z+x>y=22Z2+y=2x+y=>Xx=Z>X=y=12Z

2
s area (ABCG) = area (ACGA) = area (4 AGB) = garea (4 ABO)

__area (A ABC) _

R Also AG =2 m, BG——mb,CG—— .
2 2
P 3mp-zm.-a l.ambmc _ampym,
@ 4S 3 § 38
3
Similarly, 2, = bm‘m“ and 2, = %
abc(m,mym 4RS(m,mym,)*>
% 270,0,0, = ( ;3 p1e)” = ARS( ;3 ™) > 4Rs* (RHS)
(H ([Tmg)?

p >s2=>[[m,>S5s= (a)

=s-rs=rs’ . Now,my, >+s(s—a) (1)m,=>.s(s—b) (2)
m,=>.s(s—c) (3

Proof.

V2b?% +2¢% — a2 ChebéShev\/(b +c)2—a? 2s5(2(s—a)
m, = = =
2

2 h 2
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= ./s(s —a).Similarly, my > \/s(s — b) andm, = /s(s — ¢)
21 x2x3= nma > \/s2(s —a)(s — b)(s — ¢)

= s\/s(s —a)(s —b)(s — c¢) = sS = rs? = ais true (Proved)

210.1f in AABC, O - circumcentre, N - Nagel’s point then:
ON <R a2+bz+c2 3
o bc ca ab

Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakrabory — Kolkata - India

45-(01)2 4S-(R(R- 2r))
abc 4RS

1__<Z__3 Z
= be =

Y a3 2r ) )
<:>—>4——<:>3abc+23 Za —Zabc)216Rrs—8r s
abc R

ON = Z——3

& 12Rrs + 25{2(s> —4Rr — r?») — (s> + 4Rr + r?)} > 16Rrs — 8r’s
& 2s(s? — 12Rr — 31%) > 4Rrs — 8r2s
& s2 — 12Rr — 3r% > 2Rr — 4r*?
& s? > 14Rr — r? Gerretsen = s? > 16Rr — 512
- it suffices to prove: 16Rr — 5% > 14Rr — r?
& 2Rr > 41r* © R > 2r - true (Euler) (Proved)
Solution 2 by Saptak Bhattacharya-Kolkata-India

44 01> 4AR(R 2r)

abc

ON =

(Euler) = R — 2r. To show,
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Now, we know, ), cos4 =1+ %;Thus, to show,

1—(ZZCOSA—2)Sza—2—3=>6sza—2+22cosA;
bc bc

b2 +c%—a?

Now, by cosine rule; 2 cos A = . S0, to show,

> (:—i + b2+22c_a2) >6=) (g + %) > 6;which is true by AM > GM
211. In acute-angled AABC:
B(1 + sin A)’™4 + C(1 + sin B)*™B + A(1 + sin C)¥"¢ < 21t
Proposed by Daniel Sitaru — Romania
Solution 1 by Shahlar Maharramov-Jebrail-Azerbaidian
Since A, B, C acute-angled 0 < sinA < 1, same sin B, sin C. Then

(1 + sin A)*"4 increasing function, as (1 + sin B)*" 8 and
(1 + sin 0)*"¢ = ZA (sin4 + 1)s5"4 < ZA 1+1)=

=2A+2B+2C=2(A+B+C) =2 -t=2m
Solution 2 by Soumava-Chakraborty-Kolkata-India
Bernoulli’s inequality states that:
A+x)'<1+rx,vo<r<tandx=>-1
Putting x = sinA4 and r = sin A4, we get,
(1 +sinA)’""4 < 1 +sin? 4 = B(1 + sin A)%"4 < B(1 + sin? 4) (1)
Similarly, €(1 + sin B)S"B < ¢(1 + sin? B) (2) and
A(1 +sinC)*"¢ < A(1 +sin?C) (3)
(1) + (2) + (3) = LHS < B(1 + sin? A) + C€(1 + sin? B) + A(1 + sin? C)

(- all of sin 4, sin B, sin € can’t be = 1 simultaneoulsy)
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=(A+B+C)+ Bsin? A+ Csin® B + Asin®C
<n+B1)+Cc(1)+A(1)=nm+m =271
(~sin? A < 1,etcandofall sinA4,sinB,sinC can'tbe=1

simultaneously) (Proved)

Solution 3 by Ravi Prakash-New Delhi-India

For0<x<11l<l+x<2=>0+x)<2*¥<?2
andforx=1,(1+x)*=2
As, at most one of sin A, sin B, sin C is 1 and rest are less than 1
B(1 + sin A)*™4 + C(1 + sin B)*B + A(1 + sin C)S1"¢
<2(B+C+A)=2m
Solution 4 by Soumitra Mandal-Chandar Nagore-India

Have, 0 < sin A ,sin B,sin C < 1since, 4 ABC is acute triangle

. CAUCHY-SCHWARZ .
Z B(1 + sin A)sin4 < (A+B+0) 2(1 + sin A)sin4

cyc cyc

<\/1_[(2+2+2):\/61t<211.'
[ 4n? > 6m © 41 (n’ — g) > 0, which is true]

Z B(1 + sin 4)*"4 < 2¢¢

cyc

Solution 5 by Eliezer Okeke-Nigeria
Z B (1 +sinA)S"4 < 2

Weknow (1 +x)*<1+x%for0<x<1= (1+sind)"4 <1 +sin’4
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We know sin% A < sin4 = (o,g) —1-+sin2A<1+sind

We know sin4 < 1 in (0,§)=>1+sinA<1+1:2

Y B(1+sinA4)%"4 <Y B(2) =2Y B = 2w (Proved)

212.In AABC: I — incentre

Al - BI - CI > 8rS (1 2r><1 2r><1 2r>
=°r hy hy, h,

Proposed by Daniel Sitaru — Romania

Solution 1 by Francisco Javier Garcia Capitan-Spain

bc(s—a) ca(s—b) ab(s—c)

From AI? = Al = CI? = —_— we get
AI? - BI? - CI? = 161*R%.

On the other hand, from § = sr = %aha = %bhb = %chc, we can write

(-2 (-5 (-5) = (-9 (-5 -9

_ i : 2
=G a)(sssb)(s 2 :_2 Therefore we have

2
r
167r*R? — 641252 - i 167*R? — 641° = 161*(R?> — 4r*)167*(R+2r)(R—21r) > 0

Solution 2 by Nirapada Pal-India

In any triangle, r = 4R singsingsing (D) andr = g. NOW,% x hy, xa=4

ﬁh_azg,.,z_::%:%etc.SO 8rAJ(1—hLa)(1_hr_,,)(1_th):

zsmj@_g) (1_2) (1-9) R )l Gl L G

s2
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3 3
BTA =8r><4r* x R asR >2r :r—:ﬁ using(l)
ar  singsin;sing
=T r r - Al - BI - CI
= i . = . .

A4 B _C
smz smz smz

Solution 3 by Soumava Chakraborty-Kolkata-India

Inany 4 ABC,AI - BI - CI 2 8rS\/(1 —h—a) (1 ——) (1 ——)

hy, h,
1 21'_1 Zr_1 21'a_1 a_ s—a
h, 24 2rs s s
a
S 2r _ s—b _r_s—c
Slmllarly,l—h—b— . and 1 n s
s—a)(s—b)(s—c) s rs?
RHS:8rzs\/( X 5 ) ) = 8r2s —
s’-s s
rs 8r3s? 5
= 8r?s - — = 57— = 8r
S S 2
LHS = ()<:> = > 8r3 (from (2), (3))
(3)1'[ n;
. A 1
=3I sinj < - - true (Proved)
213.In A ABC:
5
O L A 1 1 A
r ZSIHE ) B+ —C >z<asmi>
siny  singy

Proposed by Daniel Sitaru — Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

We shall first prove:
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5
5
. sAf 1 1 . A
r® sm55<—3+ —c> > (a sm;) (1)

sinE sinE
Al 1 1 A
@TSIHE ] E+ ] g >asm§
Sin 2 Sin 2
( VJea vab >
(=2 &\ + > as
Ji—c)(s—a) J(s—b)(s—c)

Veavs — b+ Mﬁ) - as
J(s—a)(s —b)(s —c)

& Jc(s — b) +b(s — ¢) > Vas
s c(s—b)+b(s—c)+ 2\/bc(s — b)(s — ¢) > as (squaring)

e \/s(s —a)(s—b)(s — c)(

& s(b+c—a)+bc(a+b—c)(c+a—b)>2bc

(:)(b+c+a)(b+c—a)+2\/bc(a+b—c)(c+a—b)>4bc

& (b+c)®—4bc—a?+2\bc(a+b—c)(c+a—b)>0

o (b-c)?-a?+2bc(a+b—-c)(c+a—b)=>0

@2\/bc(a+b—c)(c+a—b)>(a+b—c)(c+a—b)

o 2Vbc > /(a+b—c)(c+a—b)
e4bc>a’ - (b-c)> o (b+c))>a’? < b+c>a-true

~ (1) istrue

5

ssAf_ 1 1\ A

:Zr sin E B —C Z(&SIHE)
smf smf

(Proved)

5
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Solution 2 by Nirapada Pal-India

sin&
2

=y sinS‘E‘(BI +CI)® [in A BIC,BI + CI > AB = d]
Z A Z A
sin 2 a asmz

214. Prove that in any triangle:

sinE i £
> sm2

5

R T, T T 1

r rptr., r.+r, rotr, 2

Proposed by Adil Abdullayev-Baku-Azerbaidian, Marian Ursdrescu-Romania

Solution 1 by Daniel Sitaru — Romania

_ (s=b)(s-c) _
Zrb+r S -+ T Li(@2s-b-c)(s—a)

s—C

) AM=GM (s—a+s—

(s —b)(s - -
:Z Sa(I:‘—Sa)C = Z a(s — a) Z4a(s—a)
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1 2(2R—r) R 1

4s— r Tr 2

Solution 2 by Nirapada PaI-Jhargram-India

Inanytriangler, +r, +r,—r =4R

A A A
Wehaver,=—,r,=—,r,=—,r =-
ehaver, s—a''P T sop' T s—¢! s
So, ro+Ty+T,—T = + 1 + 1 1] _ s—a+s—b s—s+c
b o s—=b s—c sl (s—a)(s—b) s(s—c)

C[s(s—c)+ (s—a)(s—b)] B

C c
4 (s—a)(s—b)+s(s—c)] - s(s —a)(s = b)(s - ¢)

— [s? — sc +s* —sa — sb + ab]

C
:Z[Zsz—s(a+b+c)+ab] —[Zs —s-2s+ab]=—— =4R

arg+try+r.=4R+r .. (1)

(s—b)(s—0) rG*-\M (s —b+s— c)z ()2 1
Now, Zrb+rc _Z a(s—a) S Z a(s a) _Za(s a) 42_:626"'“

ZEZ(S— (s—a))raza(ra+rb+rc) _EZ(S_a)ra =
:ﬁ(4R+r) —%[Since (s—a)r,=Ars =A4]

= %(412 + 1) —% [Using (1)]=

Z T, 1 R
- +—-<—
r,t+r., 2 r

Solution 3 by Rahim Shahbazov-Baku-Azerbaidian

-
N | =

a=x+yb=y+zc=z+ xinequality becomes

(x+y)(y+Z)(x+Z)_ Xy o yz . _xz +10r
4xyz z(x+y) x(y+z) y(x+z) 2
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4x2y2
x+y

(X+Y)(Y+Z)(X+Z)ZZ%+2xyz oryxy(x+y) = =

_)2
:ny(x+y—::—§) >0 zZ%Z 0 true
Solution 4 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

R = x+y)(y+2)(z+x) . Jxyz-(x+y+z). R _ (x+y)(y+2)(z+x) - LHS

4/xyz(x+y+z) xty+z 2 4xyz

Zr,,?rJ%:Z(zfﬁ*%:Zﬁ*%:
_N20xy)% - (z+ x)(y + 2) + xyz(x + y)(y + 2)(z + x)
B 2xyz-(x+y) (y+2) - (z +x)

[}
RHS

LHS > RHS (ASSURE)

(x+y)(y+2z)(z+x) . ¥ 2(xy)2-(z+x) (y+2) +xyz(x+y) (y+2) (z+x)
4xyz - 2xyz(x+y) (y+2z)(z+x)

= (x+y)(y+2)?%(z+x)? = z 4(xy)*(z + x)(y + z) + 2xyz(x + y)(y + 2)(z + x)
(x+ )y +2)(z +x)((x + y)(y + 2)(z + x) — 2xyz) = z 4(xy)* (z +x)(y + 2)
x+ NG+ E+0)- () xy(x+y)) =
=Y xy Py +DE+n) =2 > 4@y + e+ )

auchy

215. Let R,, Ry, R, be the circumradius of A BOC,A COA,A AOB

respectively, where 0 is the circumcenter of an acute 4 ABC. Prove that

2r\2 R, R, R, R
13 (—) -12 < + + < (—)
R 2R,+R 2R,+R 2R.+R \2r

2

Proposed by George Apostolopoulos-Messolonghi-Greece
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Solution by Soumava Chakraborty-Kolkata-India

R, Ry, R. — circumradius of A BOC,A COA,A AOB

2 2
Then, 13 (E) —12<ta 4 B 4 Re o (ﬁ)
R & 2R,+R  2R,+R  2R.+R & 2r

A

C
R R’a R? «x 4 R cosA - R R? R
a= =—;—-=cosA=x=RcosA R, = =
4-%ax 2x' R 2RcosA 2cosA
. _ R
Similarly, R, = TooB andR, = TooC
R
€))
Z R, :Z 2cosA gz 1
2R, +R R . p 2+2cosA
Cos A
Bergstrom
1 ~ 9 _ O9R
Now, 2, Treosd o 3+1+=  4R+r
(2) R
? 2
Rq _ 1 1 9R I 2r\4
2 2R,+R 2 2z 1+cos A (by (1)) = 8R+2r (by (2))=13 (R) 12
? ?

105R+24R ~>~x 5212
8R+2r ~— R?

o 1058 + 242 — 416t — 10450 (t = §)

9

& (t—2)(105¢% + 234t + 52) 50 > true, ~ £ > 2 = () is true
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Again, ¥ -—*— = Zl+cosA( y (1))
? ?
——Zsec E<4r & Ysec’=<— (3)

2 é — 1 (i + Lfa + a_b) 1
Now, Z sec 2 s\s—a s-b s—c (I)

WLOG, we may assumea = b > c.

1
Thenbc<ca<aband;>—b>T

. ,4 Cheflg:s'hev
~Esecty < (Zab)(IZ;) (using ()
(4)
(s —b)(s—c)
[I(s — a)
s(3s* —4s*+ Y ab) (s*+4Rr +r*)(4Rr +1r?)
r2s?2 B 3r2s2
(s®+4Rr+r?)(4Rr+12)
3r2s2

1
:£(sz +4Rr +1?%) -

1
:§(32+4Rr+r2)-

(3), (4) = it suffices to prove:

TZ
& (s2+ 4Rr +r?)(4Rr + %) < 3R?*s? (4)

Gerretsen

Now, (s® + 4Rr + r2)(4Rr +12) <  (4R* + 8Rr + 4r*)(4Rr + 1?)

(E)
Gerretsen
. ~
Again 3R?s? > 3R%?(16Rr — 51?%)
(iii)
(i), (i), (4) = it suffices to prove:
3R? (16Rr — 51%) > (4R? + 8Rr + 41r%)(4Rr + 1?)

& 32R3 — 47R?>r — 32Rr?  —41r3 >0
e (t—2)(32t2 +17t+2) > 0 - true (t = g)  t = 2 (Euler)

= (b) istrue (Proved)
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216. In A ABC the following relationship holds:

a\*4 b \* c\*
163 (e i) =1 () + () + (o))
m, my, m,
Proposed by Daniel Sitaru — Romania

Solution by Nirapada Pal-Jhargram-India

Let G be the centroid. Then AG = %ma and BG = %mb

In 4 ABG, AG + BG > AB.Or, = (n, +m;) > c.Or, 2(m, + m,) > 3¢

Similarly, 2(my + m.) > 3a,2(m, +m,) > 3b ... (1)

Now, 16 Y (% + ﬂ)4 =Y (M)4 > ) (%)4 [using (1)]

me me

c\* a \* b\* c\*
=01) (o) =81 () + () () )
m, m, my m,
217. ADIL ABDULLAYEV’S GENERALIZED INEQUALITIES

InA ABC:

(xhg, + yhy + zh,)(xm, + ymy, + zm,)

<x+y+2zx7y2z€N*
xmyzh, + ymyh, + zm_h, y y

(xrg + yry + zr.)(xm, + ymy, + zm,)

>x+y+2zx17vy,z¢€N*
xrg h, + yryhy, + zr h, y y

Proposed by Daniel Sitaru — Romania
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Solution by Adil Abdullayev-Baku-Azerbaidian
ha 2 hb 2 hc
1)LetaSbSC_>ma2mb2mC}'
Chebyshev's —» (xh, + yhy, + zh.)(xm, + ym, + zm_)
< (xhym, + yhym, + zh.m_ )(x +y+z) >
LHS < RHS.
m, =m,=m,
2)Let<b <c - %SrbSn}
Chebyshev’'s —» (xr, + yr, + zr.)(xm, + ym, + zm,)
> (xromg, +yrymy +zrom ) (x +y + z) >

LHS = RHS.

218. In A ABC the following relationship holds:
A B C
24 .20 o220
sin” 7 sin® = sin” 5 <\/_§
sinAsin BsinC 24
Proposed by Daniel Sitaru — Romania

Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

p23\/§r=>p>\/§r=>£<\/?§(1)

rrp_S_ [(p-a)p-b){p-c _
p p* p? p?
\/(p—a)(p b) (p—-b)p—-c) @W—c)(p—a)
bc ca _

p-(p—a) pp—b) plp—c)
bc ca ab
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A . B . ,A . ,B . ,C
smf-smf-smi 8 - sin i-sm f-sm 7
B A B c i . si . Sj
cos - cos5 - oS5 sinA -sinB -sinC
r 8-sin2§-sin2§-sinzg 2)
P " sinA-sinB-sinC
4 SIMILARLY
= <sS
(0 2) sm3 2( B, C ) ©)
. . NE) 8~sinzg~sin2§~sinzg 8~sin3g~sin3§~sin3§ NE) ]'[sin3g
(1)’ (2)’ (3) = ? = sinA-sin B-sinC = sinA-sinB-sinC ' Z = [IsinA

Solution 2 by Soumava Chakraborty - Kolkata-India

24 . 2B . 2C
sin —sm - sin 3 V3

Inany A ABC,——3—3 < —
24

sin Asin B sinC
. .. f T . A . A
-0 < 3 < 2 < and sin x IS INCreasing on (O’E) ) o sm; < smE

. .. . B . B . C .
with similar argument, sin 3 < sin— and sin 3 < sin >

. 24 . 2B . 2C A

sin“Z sin“Z sin“- I Ztanf—]'[ tan

LHS< 7 B Sy B s (Htan ) Now, tan( +—+—) -2 2
8 sin; cos sin coszsmzcosz 2 2

(1) 2023

and tan 90° is undefined, = ), tangtang =1 (2

B
1- Ztan 5 tan;

2 2

By AM - GM, Y tanZtanZ > 3 (]’[tané) =>1> 27(]’[tané) (using (1))
2 2 2 2

f_ﬁ<ﬁ

:>—>]'[tan :>Htan <— 3): (), (3):>LHS<" 9 T 72 24

219. Prove that in any triangle
(ro + 1+ 3r)(m, + my + 3m,)
rym, +rym, + 3r,m,
Proposed by Adil Abdullayev — Baku — Azerbaidian

>5
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Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia

a=>b=>c
m. > my, =>m, Chebyshev
ra 2 rb 2 rc
Chebyshev
>

(ra+rb+rc+rc+rc)'(ma+mb+mc+mc+mc) =
>5-(rg-mg+ry-my+3-r.-m.)
5'(ra'ma+rb'mb+3rc'mc)_5

(ra+rb+3rc)'(ma+mb+mc)>
T My +1,-my+3r,-m,

Te Myg+ry, -my+3r. -m,

220. Prove that in any triangle ABC,
a’AI? cot A+ b?>BI? cot B + c*CI? cot C > 8SRr

where I is the incenter.
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution by Kevin Soto Palacios — Huarmey — Peru
Probar en un triangulo ABC
a’1A? cot A + b?IB? cot B + c?IC? cot C > 8SRr donde I es Incentro..

Teniendo en cuentas las siguientes notaciones en un 4 ABC

1A = ’M IB = ’—Ca(p_b), IC = /ab(l’—c)
p P P

2bccosA 2bccosA 2abcosB 2cacosC
cotA = = ,cotB:T,cotC:T

2bcsinA  4S
A B C abc

rr
A+cosB+cosC=1+—,—-=4sin=sin-sin-,s =—
cos cos cos R'R sin 2 sin 2 Sln2 S 4R

a b c R(sin2A + sin 2B + sin 2C)

—Cco0SA+—cosB+ —cosC = =

p p p 4R cosécosgcos£
2 2 2
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in Asin B sin C . A . B . C 2 . .
= = 8sin=sin-sin- = = La desigualdad es equivalente
COs; COS> COS 2 2 2 R

bc(p —a) 2bccosA . ca(p— b) 2abcosB .

2 2
b
. p 4S p 4S
—c) 2cacosC
+cZ. »—c) : > 8SRr
P 4S5

abc a b [
2 -——-abc cosA(l——)+cosB(1——)+cosC(1——) =
45 p p p

a r 2r
= 8RZS(Z cosA — —Z cosA) = 8R25(1 +—— —)
P R R

R—r
a’IA? cot A + b%IB? cot B + c2IC? cot C = 8R?S (T) >8SRr < R >2r

221. Let ABC be a triangle and A'B’C’ is the Morley triangle of ABC. Prove
that

R
?mSZ\/g-sinZW—l

where R and R,,, are the circumradii of triangles ABC and A'B’'C’
respectively.
Proposed by Mehmet Sahin-Ankara-Turkey

Solution by Daniel Sitaru — Romania

A A ey_am
RM:8R\/§]_[sm3:8\/§]_[sm3 =
R 3R 3 -

. A\?
8y3 [Xsing) g3 A+ B+
3—3 < (sm ) =

3 - 3 3-3
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83 T\ 3 T T 2V3 T T T
ZT(sma) —2\/§sin—+2\/§sin§=T(4sin3§—35in§)+2\/§sin§=
23
Z—Tsm3+2\/_sm§—2\/_sm20° 1

222. Prove that in any triangle:
r3+rs+1r3>p?(4R - 571)
Proposed by Adil Abdullayev-Baku-Azerbaidian
Solution by Daniel Sitaru — Romania

Y>r3=(4R+1r)?—12Rs? > s*(4R — 57) (to prove) &

o (4R +1)% > s2(16R — 57)
GERRETSEN
s2(16R—5r) < (4R? +4Rr +31r2)(16R — 57)

(4R%? + 4Rr + 3r%2)(16R — 517) < (4R +71)3
64R> — 20R*r + 64R?*r — 20Rr? + 48Rr? — 1513 <
< 64R3 + 48R*r + 12Rr* + 13
4R*r —16Rr* +161r3 >0 - 4r(R—2r)> >0
223.1n A ABC the following relationship holds:

Z@+Z Z(Sa_ ) >r(4R+r)+Zh2

Proposed by Daniel Sitaru — Romania
Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia
In A ABC the following relationship holds

Z@+Z Hs—c )>r (4R+r)+Zh2

4 4
X=p—a

y=p- b] =1) h2 = %similarly hj; h?
z=p-—-c
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2
2)T(4R + 1)+ p* — p*> = ab + bc + ca - (‘”TC) =

_2-(ab + bc +ca) — (a* + b* + c?) _

4
2 ((x+y) G+ +(y+2) z+x)+(z+x)  (x+y)) .
B 4
= —Z(x+y)2 =xy+yz+zx
3)Y bz-(s—b);cz-(s—c) — (x+2)2-y+(x+y)?z
y+z
1),2)3)=
(x+2)?% y+(x+y)? -z 4xyz- (x +y + z)
Z +z = Z yz+ Z (y + z)?2
2 y 2 2 y
(ASSURE)

Z(y+z)-((x+z)2-y+(x+y)2-z)—4xyz-(x+y+z)Zzyz
A

. (y + 2)?

(y+z)-((x2 y+2xyz+z%y)+(x*z+2xyz+y? z)) —4xyz(x+y+z)
(y+2)?

2)Xa = Xayz

) +2)- (o + 22+ (y+2)yz + 4xyz) - dxyz(x +y +2)

- (y + z)?

B 4xyz - (y+z— (x+y+2z))
_Z:(x2+y2)+zd: EDL =

2 + 2 _ Aq42 Cauchy
:ZYZ+Z<x2_ 4x yzz>zzyz+z(xy Xz) 24x yz .
- . (y +2) - - (y+2)

4x’yz — 4x*’yz
> >
_Z)’z+z (y+z)2 _EA:)’Z

A
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224.1n acute A ABC:

Z tanAtan B + 45 < 2 tan® Atan? Btan? C

Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

2 (1_[tanA)2 =2 (Z t.smA)2 > 6ZtanAtanB

2
( (x+y+2z)> 3(xy+yz+zx))§2tanAtanB +45

& YtanAtanB >9 (1)
A-G
Now, Y tanAtan B > 33tan2 Atan2 B tan? C

=33/(CtanA)? > 3.|(3v3)" = 9 = (1) istrue

Jensen

(+vYtandA > 3tan(w)

,as f(x) = tanx is convex Vx € (0,%)) (Proved)

Solution 2 by Soumitra Mandal-Chandar Nagore-India

We know, tan4 +tan B +tanC = tanAtanB tan C

Now, 2(tan A tan B tan €)% = 2(},,. tan A)Z > 6(X.).tanAtanB)

Now, S(chc tan Atan B) = S(Hcyc tan A) (chc ! )

s (z tanA> (z ta;) 2 15

cyc cyc

6<ZtanAtanB> > 45 +ZtanAtanB

cyc cyc

2
2 (HtanA) > 45 + ZtanA tanB

cyc cyc

(Proved)
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225.In A ABC, I - the incentre, O - the circumcentre, G - the centroid
Prove that:
3(01 + IG + GO)? + 52Rr < s® + 512 + 18R?
Proposed by Daniel Sitaru — Romania
Solution by Adil Abdullayev-Baku-Azerbaidian
3(0I + IG + GO)? + 52Rr < s? + 5r% + 18R?
3(01 +IG + GO)? + 52Rr < 3(1%2 + 12 + 12)(0I? + IG?* + GO?) + 52Rr =

s +5r%2 — 16Rr 2(s?> —r% — 4Rr)
=9 R?>—2Rr + + R* —

+52Rr =
9 9 > r

= 18R%? + 26Rr + 7r%2 — s2 < s2 + 512 + 18R? & s% > 13Rr + r?

Gerretsen = s% > 16Rr — 5r* > 13Rr + r? & R > 2r (Euler)

226. Prove that in any triangle:

2 2 2

r r r
Gt +—— = 2R4R +7)
coszi coszg coszz

Proposed by Adil Abdullayev-Baku-Azerbaidian
Solution 1 by Mehmet Sahin-Ankara-Turkey

2 3 r (rog+1p+71)?
cos2Z 2£+coszz_ 2%, o02B cos2Y
2 cos?3 2 cos?z+cos?5+cos?
- (r + 4R)?
~s(s—a) s(s—b) s(s—oc)
+ +
bc ca ab
(r + 4R)?

>

~—as(s—a)+bs(s—b) +cs(s—c) abe
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- (r + 4R)?
— 2rs(r + 4R)
> 2R(r + 4R)

(a2+b2+02:2-(32—r2—4Rr)) ‘4R -1 - s

Solution 2 by Daniel Sitaru — Romania

= - r

Z 1'3 BERG%TROM (Zra)z B (4-R+1')2 B
coszg Y coszg 2+5p

__2R(4R +1)?
4R+
Solution 3 by Soumava Chakraborty-Kolkata-India

=2R(4R +71)

WLOG, we may assumea = b > c

1 1 1
Thenr2 > r? > r2 and > >
a="b="c coszg - coszlzj - coszg

- applying Chebyshev, LHS > %(Z r2) (Z sec’ %)
Chebyshev ensen
ST (e E (D) (see (D)

4{(4R + r)%? — 25%}
3
- it suffices to prove that: 2(4R + r)?> — 4s* > 3R(4R + 1)

& 452 < 20R? + 13Rr + 212

= %{(4R +71)2 - 25%}(4-3) =

But, Gerretsen = 4s? < 16R? + 16Rr + 1212
- it suffices to prove that: 20R? + 13Rr + 2r% > 16R? + 16Rr + 1212
& 4R? —3Rr—10r2 >0 < (R — 2r)(4R + 51) > 0 true
~ R = 2r (Euler)
(Proved)
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227.ForAABC;A>B>C>0
Prove: 3sinA + 4sin B + 5sin C < 63
Proposed by Eliezer Okeke-Nigeria

Solution by Daniel Sitaru — Romania

w
EZAZBZC>O,3<4<5

Chebyshev 1
3sinAd+4sinB+5sinC < §(3+4+5)ZsinA:

1 3v3
~.12-—"<6
=3 2 V3

228.In A ABC:

252
a® + b? + ¢ > V3 max(am,, bm,, cm,) + =

Proposed by Daniel Sitaru — Romania

Solution 1 by Adil Abdullayev-Baku-Azerbaidian

(aﬁ)'(Zma)Sw:aZ*’bZ"—CZ
VB am, < CHEHE L B g, 2 g EE 20
a2+l;2+c2+2;2;a +b%+c? > (a+b+c)? < 3(a* + b+ c?)
252 )

(1)=>\/§-ama+T§a2+b2+c2

22
\/§-bmb+%Sa2+b2+cz > = LHS > RHS

2s” 2 12, 2
\/§-cmc+TSa +b°+c
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Solution 2 by Kevin Soto Palacios — Huarmey — Peru
Probar en un triangulo ABC

252
a? + b? + c? > V3 max(am, + bm,, + cm,) + =

. . . 252
Es suficiente demostrar lo siguiente a? + b? + ¢? > \3am, + %

2s? (a + b + c)?
aZ+b:+c: ——=a?+p*+c?-——— "~ >
3 6
2+b%+c? 2+b2+c? —_—
>a?+b2+c2-12 - £ =2 - Por Gltimo demostraremos

a? + b? + ¢
2

2(a? + b% + ¢?) = (2b% + 2c? — a?) + 3a? = 4m? + 3a? > 4\/3am,

> +v3am, — a? + b? + ¢? > 2+/3am,

& a’ + b% + c? > 2\/3am,
Analogamente para los siguientes términos

2 2, .2 25 2 2, .2 25
a“+b“+c 2\/§bma+TAa +b* +c 2\/§cmc+T

2 2
Por lo tanto - a2 + b2 + ¢2 > V3 max(am, + bm, + cm,) + %

229.In A ABC:

a’ tan x b?tany c*tanz 3
it —>2V35,xyz¢€(0,)
siny+sinz sinz+sinx sinx+siny 2

Proposed by D.M. Bdtinetu — Giurgiu; Neculai Stanciu — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

En un triangulo ABC, probar que

a? tan x b%tany c’tanz

E =

> 24/3S, x,y,z €< O,g >

siny+sinz sinz+sinx  sinx+siny
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se cumple lo siguiente
tanx = sinxsecx >sinx,tany >siny, tanz > sinz

Lo cuals tiene lo siguiente

2 i 2 s 2

a“ sinx b-siny c

E>— — + — — + — — > 2V3S
siny+sinz sinz+sinx sinz+sinx

Desigualdad de Weizenbock (Refinamiento de Pohoata)

Siendom,n,p = 0ya,b, clos lados de un triangulo ABC se cumple lo

siguiente a?m + b*n + c?p < 4S,/mn + np + pm (A), sea

sinx siny sinz
m=— = : P = = :
siny +sinz sinz + sinx sinx + siny

. gn 1 3
Locual se verificaque->mn+np+pm=1-2mnp > 1 -2=3

2

2 -
Aplicando en (A) a’sinx | bismy , ¢ 5 4S\E: 2+/35 (LQQD)

siny+sinz  sinz+sinx  sinz+sinx

Solution 2 by Soumava Chakraborty-Kolkata-India
VXx7Vy,2zE€ (Og) ,tanx > x,tany > y,tanz > z, and

(1)ax b2y 2z
sinx < x,siny <y,sinz<z. LHS > S )
y+z z+x x+y

- 4§ y N yz zx
B (y +2)(z+x) u+wu+w (x+y)(y+2)

( a’m+ b*n+ c*p > 4s\/mn+ np+pm vVmnp= O)

- . . xy yz zx .
=~ it suffices to prove: 2\/2 po + P + Sp—— >+/3 (using (1))

x z
y + Y. 3 (2)
Yxy+zZ2 Y xy+x? ny+y

z%x?

2.2
LHS of (2) = —2X 4 Y2 -
xy Y xy+zixy yzY xy+x?yz  zx) xy+y%zx
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Berg;trom (Z xy)Z
@  Exy)? +xyz(Ex)

X xy)?
Cxy)?+xyz(X x) =

& (Z xy)2 > 3xyz (Z x) & Z x2y? > xyz (Z x)

- true ~ Y u? > Y uv, whereu = xy,v = yz,w = zx (Proved)

- it suffices to prove: = from (3)

230. Prove that in any triangle:

COSg COSE COSZ
2 2 2
+ + (a+b+c¢c)>9

la lb lc

cos = cosE cosy
2 2 2r
+ + (a+b+c¢c)>10—-——

l, L, l. R

Proposed by Adil Abdullayev-Baku-Azerbaidian

ol )

Solution by Daniel Sitaru — Romania
\ 2./ bcs(s — / B
b+c

Za(255)-
NS EINDRIREE

2 NESBBIT 3 ) CE.S"fRO

Z * g 2._:3,()'+Z)(z+x)(x+y
y+z 2 8xyz

1

>4 a=y+zb=x+zc=x+y

Z 2x G+2)(z+x)(x+y)
y+z 8xyz
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Zx+y+x+z+(y+2)(z+x)(x+)’)>

7
y+z 8xyz
b+c 2r b+ c 2r
3+Z +—210—>3+Z >10 — —
a R a R

LX) =R a3+ Xz

231.In A ABC:

N

a’? - 1k+p%- 1+ 1 27R2
a* + bt + ¢4 ~ 16

Proposed by George Apostolopoulos — Messolonghi — Greece

Solution by Kevin Soto Palacios — Huarmey — Peru

a? k+b% i+ 1k 27
a*+b*+ct — 16

Probar en un triangulo ABC R?

Recordar lo siguiente en un triangulo ABC

2bc A 2bc |[p(p—a) 2Vbc
= — = = — < —
la b+c %2 b+c1’ bc b+c\/p(p a) <\p(p - a)

Analogamente I, < \/p(p — b),l. < Jp(p —c),2p =a+ b +c < 3V/3R

Reemplazando en el nUmerador tenemos

2 2
z a’li < pzz a’?(b+c—a) = %Z(azbz + a?c? + a* + 2a’bc — 2a®b — 2a3c)

Ya?lk S%(Za4+22a2b2 +2abc(a+b+c)—22ab(a2+b2)) S%(a4+b4+c4) (A)
Se utilizé lo siguiente en (A)

2abc(a+ b +c¢) < 2)(ab)(ac) <2 a’b* A2 ab(a® + b?) > 4 a’b?

a’ld+b2 1+t
a*+b*+ct

27R?
16

Por la tanto

2
<P <
4
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232.In AABC ,AD, BE,CF are Gergonne’s cevians. Prove that:

1 s(b?2 +c¢?) — (b3 + 3
AD2+BE2+CF2+ZEaZZE ( )~ ( )
a

Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-Kolkata-India

By Stewart’s theorem, ¢*(s — c¢) + b’(s —b) = a (ADZ +(s—b)(s— c))

S apz =S cz)a_ B+ ) (- b)s—0)

s(b +c2) (b3+c

)@
s(c?+a ) (c3+ad

)

3+p3) )

= AD?> + (s—b)(s—c) =
Similarly, BE?> + (s — ¢)(s —a) =

CF?+(s—a)(s—b) =

s(a2+b2)—(a

(1) +(2) + (3) > AD?* + BE* + CF* + 35> —s(2Ya) + Y ab =

s(b? +c*) — (b3 +¢3 1
:z ( )a( ):>ADZ+BEZ+CFZ+ZZaZ

_ ZS(bZ + CZ)a_ (b3 + ¢3) . (%z o+ 5% — Zab>
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-~ it suffices to prove that:

1
ZZaZ+sZ—Zab20@Za2+452242ab
2
@Za2+(2a) 24Zab@2a2+2a2+22ab242ab

©2Ya*>2Yab o Y a* > Y ab - true (Proved)

233. From the book: “Math Phenomenon”
In4 ABC:
If bcos B + ccosC = 2 asin B sin C then:
b® 8(a-—c)?
& a
Proposed by Daniel Sitaru — Romania
Solution by Soumava Chakraborty-Kolkata-India
bcosB + ccosC = 2RsinBcosB + 2R sinCcosC
= R(sin 2B + 2sin2C) = 2R sin(B + C) cos(B — C) = 2R sin Acos(B — C)
=acos(B - ()
~acos(B—C)=a(cos(B—C)—cos(B+ 1))
=5cos(B+C)=0=>B+C=A4A=90°
b% = a% — ¢ - b® = (a? — c?)3

. b 8(a—-c)® (a+c)Y(a—c)® 8(a-c)?
Tt a B ct B a

R R A CR U

_ (a—cc)3 ((aT-H:)S _g (§)> _ (a—cc)3 ((g + 1)3 -8 (2)) (A)
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a a a 3 a a
NowAMzGM=>Z+1>2\£=> (Z+1) >8(Z)\E (1)

oz 0852 22 Lo (8) =22 0() F20() @

c 8c

(1) and (2)=>(§+ 1)3>8(;)=> (§+ 1)3—;>o

=~ from (A),Z—i—s(“—'c)gzﬂ((5+ 1)3—%) >0 (va>c,~(a—c)3>0)

6 M3
% S(aac) (Proved)
234. In A ABC:
i, mR
sinZé sinZE sinzg_ 2. T
2 2 2

Proposed by George Apostolopoulos — Messolonghi — Greece

Solution by Kevin Soto Palacios — Huarmey — Peru

., r2 r? rZ 27R3
Probar en un triangulo ABC —%; + —L2; + —<. <
sinZE sinZE sinzi 2r

Tener en cuenta las siguientes notaciones y desigualdades enun 4 ABC

A B C
Ty = ptani,rb = ptani,rC:ptanE,ra+rb+rc :4R+rs7

A B C A. B B. ¢ c. A
SiZ+-+-=2tan-tan- +tan-tan- + tan-tan- = 1,2p < 3V3R
2 2 2 2 2 N 2 2 0y

sec 2 sec 2 sec >~ an 2 an 2 an >~
A B C\? (4R + 1)?
:(tan—+tan—+tan—) +1=—++
2 2 2 p2

La desigualdad es equivalente
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A B C 81R?> 27R?
2 2_ +sect—+ 2—): 4R +71)% +p? < + =
p(sec2 sec”— + sec” o ( r)“+p- < 1 1
27R3
= 27R?* <
2r
235.In 4 ABC:

a+b—c+2h,+ 2h, — 2h,
[ J=1
c+2h,

Proposed by Daniel Sitaru — Romania

Solution by Kevin Soto Palacios — Huarmey — Peru

a+b—c+2hy+2hy—2h,
c+2h,

Probar en un tridngulo ABCH( )S 1

Realizamos los siguientes cambios de variables
x=a+2h,,y=b+2h,,z=c+ 2h. Ladesigualdad pedida es
equivalentexyz> (x+y—z)(y +z—x)(z+x—y)
xyz > (y* — (x—2)*)(z+x—y)
xyz > (y* —x? — 22 + 2xz)(z + x — y)
xyz > y?z+y*x —y3 —x?z — x3 + x%y — 23 — 2%x + z%y + 2xz% + 2x%z — 2xyz
ox3+y3+z23+3xyz > xy(x +y) + yz(y + z) + zx(z + x)
Sxx-y)ax-2)+yy-2)@y-x)+z(z-x)(z-y)=0
sala—-b)la—c)+b(b—-—c)(b—a)+c(c—a)(c—b) =0
(Valido por desigualdad Schur)

236.In A ABC:
(1 1 1)( ab bc ca ) 9
—+ -+ — + + >
a b c¢c/\rb+4Rc rc+4Ra ra+ 4Rb T, +1r,+r,

Proposed by Daniel Sitaru — Romania
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Solution 1 by Soumitra Mandal-Chandar Nagore-India

YicycTa = 4R + 1 NOW

1 1 1 ab bc ca 1
(b s )~ (3 S
a b c¢/\rb+4Rc rc+4R, ra+4Rb c(rb + 4Rc)

cyc cyc

>

AM=GM 3
= z ab 3
yabc(rb + 4Rc)(rc + 4Ra)(ra + 4Rb)

cyc

3
= ab
(2 ) J/(rab + 4Rac)(rch + 4Rab)(rac + 4Rcb)

REVERSE AM2GM
& z . 9 9 9
- a Qab) + (Z4Rab) 4R+71r 1 +T,+T,

cyc

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

zlz ab - 9 _zl_ab+bc+ca
alurb+c4R " Yr,’ a abc

ab a’b Bergstrom (Z a\/E)Z
- = e >
Zrb+c-4R Zabr+ac-4R - (ab+bc+ca)- (4R +71) —
AM=GM 9abc

>
~ (ab+ bc+ca)(4R+71)

zl z a’b >ab+bc+ca 9abc B
a abr +ac-4R — abc (ab + bc + ca)(4R +71)
9 9

4R+r T+ TrptT,

237.In A ABC the following relationship holds:

. A . B . C
sin sin sin 3r

c0s(555) cos(S) cos(E)

Proposed by Marian Ursdrescu — Romania
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Solution by Soumava Chakraborty-KoIkata-lndia

Zsm cos sin 4 a
LHS = z = =
ZsinB;Cco B C sin B + sin C b+c
Ya(c+a)(a+b) = Ya*+(Xab)(2s)

~ 2abc + Yab(2s—c) 2s(s?+ 4Rr +1r?) — 4Rrs -
_ 3abc+2s(Xa* —Y ab) + 2s(¥ab) 2s-2(s?—4Rr —r?) + 12Rrs

2s(s2 + 2Rr +12) B 2s(s2 + 2Rr + 12)
_ 4s(s* —Rr—r*) @ 2(s*—Rr—r?)
" 2s(s2+2Rr+712) s2+2Rr+1r?

A
RHS 3r stanzy 3r ,A _ 3r (z bc )
=— )y — = sec?—=— =
s 4RsmAcosA 4R 2 4Rs s—a
2 2
z be(s —b)(s — )} = Z{ab(s _s(a+b) + ab)}
4Rs rZ

- 4};33 {sz (z ab) sz ab (25— c) + (z ab) - 2abc(2s)}
= amrsi| 5 (o) + (Y ab) - et} =

{(s®? + 4Rr + r?)(4Rr + %) — 4Rrs?*} =

4Rrs? 4Rrs3 " + (4R + )%}
2
@ 4222 {s? + (4R + 1r)?}. (1), (2) = it suffices to prove:

2
8Rs?*(s? — Rr —r?) > 3r(s®> + 2Rr +1?) (sz + (sZ + (4R + r)) )

3)
& (8R — 3r)s* > rs?(56R? + 38Rr + 61%) + 3r2(2R+ r)(4R + 1)?
3) ?
LHS of (3) > s%(8R — 3r)(16Rr — 51r%) = RHS of (3)

”
& s%(24R? — 42Rr + 31?) (% r(2R +1)(4R +1)?

Gerretsen

”
Now, LHSof (4) >  (16Rr —5r%)(24R? — 42Rr + 31%) > r(2R+ r)(4R + r)?
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? R
o 4413 —103t2+31t—-2>0 (t:;)

e (t—2){(t—-2)(44t+73) + 147} é 0 true - t > 2 (Euler) (proved)

238.In 4 ABC, I - incentre:

(Dane) (o) (X% )=

Proposed by Daniel Sitaru — Romania

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Siendo I - Incentro, probar en un triangulo ABC

(D) (256 (X5 )=

Teniendo en cuentas las siguientes notaciones en un 4 ABC

,bc(p — a) ,ca(p b) ,ab(p —c)

IA2=0b C—T—bc—éerIBZ:ca 4Rr IC = ab — ARr

, 1A? bc—-4R 1 4R
Ademas: o = 3 () =3 —4Rr (3 1) =3 - 50 =1

Por la desigualdad de Cauchy (Z IAC) (Z al4? ) 1) = (Z %) =1 (LQQD)

Solution 2 by Nirapada Pal-Jhargram-India

2 CBS 2 3
(2) (2) (22m) £ (255) (25) = (22%)

abc . A (s—b)(s—c)r
(z (s=b)(s— c)) stneesing = bc
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_ (abc

?z s(s — a))3 : [sinceA =s(s—a)(s —b)(s— C)]

= (“_bc [3s2—sY a]) (abc Z)Z [since2s=a+b+c] = (%)3 sincer = %

2

. < rZ >< —Zrz >< —TZ >> 1
o z : A z : A z : y:
i24 0242 0242
abc sin > abc sin > abc sin >

or (322) (5742) (512) 2 1 or (£22) (522) (+22) =1

abc bc bc abc bc bc

Solution 3 by Nirapada Pal-Jhargram-India

2 CBS 2 3
(2om) (22 (225) 2 (25%) (255) = (22%a)

Zsmécosé 3 3
2R}, , [since @ = 2R sin O and sin 20 = 2 sin 6 cos 0]= (4RZ cot )
2

3 _
(4R ]'[cot%) ,[since Y, cotg = ]'[cotg] = (4R ]'[S(SA“) ) [since cot (S 9 etc]

= (4RZ)" = (abc2), [since 4R = 7 = (%)’ since r = 2

r2

. < rZ >< 727‘2 >< 77'2 >> 1
o z : A z : A z : y:
i24 0242 0242
abc sin > abc sin > abc sin >

or, (2552) (2%55) (250) = 1.0r. (22) (250) (2455) =1

bc bc

Solution 4 by Soumava Chakraborty-Kolkata-India

Z Ar* r? Z bc
abc 4RrsZ. (s —b)(s — ¢)

r? {Z bc(s — a)} _r* s(Xab)—-3abc

~ 4Rrs [Is—a) | 4Rrs . [1(s — a)
r2  s2Y ab —12Rrs?V s2 — 8Rr + r2

- 4RTSs rs? 4Rrs
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A12 Z _ 2. X(s—a)
bc(s — b)(s —c) [1(s — a)
_ris _ris? (i)
T I(s-a)  r2sz ( )
aAI2

Zbc (s—b)(s—c) Z(s—b)(s—c)
Za(s—a) 5 s(2s) — Y a? _Zs —Y a?
Ns-ao '~ 22 s
_ 2s% — (252 —8Rr—2r2)(_i)8Rr+2r2
B s B s

?
s2—8Rr+12 2r(4R+r) ™

=1
4Rrs s
?
& (s% — 8Rr + 1r2) (4R + 1) S 2Rs?
?
& (4R + 1)s% — (8Rr — r2)(4R + 1) S 2Rs?
?

o Q2R+1)s’ —r(BR—-1)AR+71)30 0]
By Gerretsen, LHS of (i) = 2R +r)r(16R—5r) —r(8R—1r)(4R + 1)
=r(32R% + 6Rr — 5% — 32R? — 4Rr + 1?)
=r(2Rr — 41r%) = 2r*(R — 2r) = 0, R > 2r (Euler) = (i) is true

(1). (2),(3) > LHS =

Solution 5 by Soumitra Mandal-Chandar Nagore-India

InA4 ABC, I — Incentre

1A? 1A al A?
Doave |\ 2 e )1 2256 |21
abc bc bc

cyc cyc cyc

. . A — bc B — ac
Mathematical Tools: csc /—(p_b)(p_c) ,CSC /—(p_a)(p_c)
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¢ _ —ab = é = E = E =
cscE = /(p_b)(p_a) JA = l'cscZ B l'csc2 AC l'cscZ and 4 = pr
1A? 1A? alA? 1
. — 2 2 2142
v (Z abc) (Z bc) (Z bc ) (abc)3 (Z I ) (Z ald ) (Z a’lA )
cyc cyc cyc cyc cyc cyc

HOLDER'S INEQUALITY

3 3
- 1 2\ 1 2 abc
= (abc)3 (; alA ) " (abc)3 (r ;(p —b)(p — C))

1 —a+p—-b+p—c r’p? g
(rzabcp p p ):( P > =1

~ (abo)? - @-Dr-0) pe-m-bp-0
A= rp ) 142 142 alA?
[and 2= - e -Bp- c)]' Hence, . (£75) (257) (2) 2 1 (proved)

239. Prove that in any triangle ABC
48V3R?*r < I, 0p - 15l - 1.1, < 24/3R3
where I 4, I, I - are the excenters correspond to A, B, C respectively.
Proposed by Adil Abdullayev-Baku-Azerbaidian
Solution by Kevin Soto Palacios — Huarmey — Peru
Probar en un triangulo ABC 48+3R?*r < I,1p - Igl - I, < 24+/3R3
donde I 4, Ig, I son los excenntros correspondientesa 4, B, C
respectivamente. Teniendo en cuenta las siguientes identidades

IAIB:4Rcos§, IBIC:4Rcos§, ICIA:4Rcos§. Por lo tanto

;, A B C ; 3V3 5
Inlg - Iplc-Icly = 64R® cos— cos— cos— < 64R° - —— = 24+/3R

3 A B C
Iglg - Iglc-Icl4 = 64R cosicosicosi =
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= 64R3 -% = 16R% - p > 16R? - 3v/3r = 48V3R>%r

240. From the book “Math Phenomenon”
InA ABC:

16 - 1 N 1
(a+3)(b+5)(c+7) 4RS 105

R - circumradius, S - area

Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-Kolkata-India

105+abc
(a+3)(b+5)(c+7) — 105abc

abc 1 1
— =Sy —=— .
4R S 4RS abc To prove

o (105 + abc)(a+3)(b+5)(c+7)>16 x 105 abc
< 105abc + 105 x 5ca+ 105 x 3bc +105 x 15¢+ 105 %< 7ab
+105 x 35a+ 105 x 21 b+ 1052 + a?b?c? + Sabc - ca + 3bc - abc
+15c-abc + 7ab - abc + 35a - abc + 21b - abc + 105abc
> 16 x 105 abc
& 105(7ab + 3bc + 5ca) + 105(35a + 21b + 15¢) + 105% + a®b?c?
+abc(7ab + 3bc + 5ca) + abc(35a + 21b + 15¢) > 14 x 105abc

2 o ) (105 - 7ab + 105 - 35a + 3b%*c%a + 15c%ab)
Z” ¢ b o CZ‘;’b ., +(105 - 3bc + 105 - 21b + 5c%a’b + 35a%bc)
¢ €Al APC™ L(105- 5ca+ 105 - 15¢ + 7a’b?c + 21b*ca)
ca ¢ a“b“c b“ca ) 212 2
+(105% + a’*b*c*) > 14 x 105 abc - (4)

Applying AM > GM,
1)
105 - 7ab + 105 - 35a + 3b%c%a + 15c%ab > y/105%a*b*c* x 4 = 4(105)abc
(2)
105 - 3bc + 105 - 21b + 5¢2a?b + 35a?bc > 4 - \/105%a*b*c* = 4(105)abc

3)
105 - 5¢ca + 105 - 15¢ + 7a%b%c + 21b%ca > 4 - \/105%*a*b*c* = 4(105)abc
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4)
1052 + a?b%c? > 2-105 - abc
1)+ (2)+(3)+(4)= (A) is proved.

241. In acute angled 4 ABC, I - incentre:
AI? + BI* + CI* < 2R(w, + my, + s, — 67)
Proposed by Daniel Sitaru — Romania

Solution 1 by Kevin Soto Palacios — Huarmey — Peru
Probar en un triangulo acutangulo ABC, donde I — Incentro

IA?> + IB> +IC?* < 2R(w, + my, + S, — 61)
Teniendo en cuenta las siguientes identidades y desigualdades en un
A ABC; IA? = bc — 4Rr,IB? = ca — 4Rr,IC* = ab — 4Rr
w, = h,,m, > h,,S. = h.. Ladesigualdad es equivalente
© 2R(w, +my +S,.) —12Rr = 2R(h, + hy, + h,) — 12Rr =
= ab + bc + ca — 12Rr = IA? + IB? + IC?

Solution 2 by Soumava Chakraborty-Kolkata-India

- 2ab >ab >a2+b2
Se2he @ g pr M2 g S M= g

which is true by Tereshin . s, > h,

€))
~ RHS > 2R(h,+ hy,+ h,—6r) (~w,=>h,and my, > h,)

= 2R 2ab 6r | = b —12R
= ZR—r—Za— T

A B c
Now, LHS = r? (csc2 5+ csc? >+ csc? E)

5 bc N ca N ab
-r [(s—b)(s—c) G-—0(G-a) (s—a)(s—b)]
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r bc(s —a) + ca(s — b) + ab(s — ¢)
- [ G-a)-b)(s—c) ]

s?(X ab) — 3abcS | _r*S*(¥ ab —12Rr) (2)
i .[s(s—a)(s—b)(s—c)] B B Zab—lZRr

12§52
(1),(2) > RHS = LHS (Proved)

242. Prove that in any triangle:

3(rayTs + TofTe + TeyfTa) < (4R +7)°
Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution 1 by Seyran Ibrahimov-Maasilli-Azerbaidian

2 2

Ta+r,+1.=4R+1, 1, =x* 1, =y 1. =2
3(x%y + y*z + z%x)? < (x? + y% + z%)3
(x% +y2 + z%)(x + y + z) > 3(x%y + y?z + z°x)
(x® + y* + 22)2(x + y + 2)* = 9(x%y + y*z + z%x)?
(2 +y?2+22)2(x+y+2)2 <3(x%+y2+2)3
(x +y+2)? <3(x*+y*+27%)
Solution 2 by Daniel Sitaru — Romania

CBS
3(% ra\/r_b)2 2 3Yr,Yr,rp = 3(4R+1)s? < (4R + )3 (to prove) &

2
3s2<(4R+1)* & BZrarb < (Z ra) © Z(ra _rb)z >0

Solution 3 by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo ABC

3(rayTo + TofTe + TefTa) < AR+ 1) = (ry + 15 +70)°

Siendom,n,p R se cumple la siguiente desigualdad
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(m+n+p)? =3(mn+np+pm) (A
m=x*+y(z-x)n=y*+z(x—y),p=2*+x(y - 2)

Lo cual se verifica que
m+n+p=x>+y>+z2Z2 Amn+np+pm=x3y+y3z+ 23«
(demostrado anteriormente). Lo equivalente en (A) es
(x% + y? + z%)? > 3(x3y + y3z + z3x) — (Vasile Cirtoaje) (B)
x2+y*+z2>xy+yz+zx (C)

Luego, multiplicamos (B) - (C) y aplicamos desigualdad de Cauchy

(x* +y2 +22)3 = 3(x3y + y3z + 23x) (xy + yz + zx) > 3(x%y + y?z + z%x)?

2 _ 2 _

Sustituyemos - x? = r,, y* = r}, 2% = r., obtenemos la desigualdad

pedida.

243. In acute —angled 4 ABC:

A B C
2 (coti + cotE+ coti> +tanA-tanB -tanC > 93

Proposed by Daniel Sitaru — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

En un triangulo acutangulo ABC:
2(cot§+cot§+cotg) +tanA-tanB-tanC>9V3.SiiA+B+C=m

tan(4 + B) = tan( 0 tanA4 +tan B tan C
- = — e = —
an e 1—-tanAtan B an

> tanA+tanB+tanC =tandAtanBtanC

Desde que es un triangulo acutangulo: tan 4 ,tan B ,tan C > 0.

Por-MA>MGtanA4 +tanB + tanC > 33\/tanA tanBtanC -

— (tanAtan Btan C)3 > 27tanAtan Btan C
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= tanAtanBtanC > 33 (A)

. A B C_m A B m C
S+ -+-=-->cot|-+=)=cot(-—2) -
2 2 2 2 2 2 2 2

A B C A B C
- cot; + cot; + cot; = cot;cot; cotE. Por: MA > MG

tA+ tB+ tc>33 tA tB tC
COE COE co E_ co ECO ECO E—>

( t t t )3>27 t t t
_) — — — — — —_—
co 2co 2co 5) = co 2co 2co 2

2 cot cot> cot> = 63 (B) > Sumando: (A) + (B) -

A B C
-2 (coti + cot2+ coti) +tanAtanBtanC > 9V3

Solution 2 by Adil Abdullayev-Baku-Azerbaidian

Lemma 1.
a
cot—+cot£+cotZ:£+£+£:£.
2 2 Tq Tp Te T
Lemma 2.
tana+tanﬂ+tany:tanatanﬂtanyzg.
Lemma 3.
p=>3V3-r.
2 3p _ 9V3-r
tHs > 2 PP = 93,
r r r T

Solution 3 by Ravi Prakash-New Delhi-India

For0<x< g let f(x) = 2 cot (g) +tanx; f'(x) = —%csc2 (g) +sec?x
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1 X X

= (%) [sin (E) — cos x] [sin (E) + cos x]

cos? x sin?

. X
(sm 2 + cos X)

. X X
= cos? x Sin? (%) (2 sin? > + sinz — 1)

_ (sin% + cos x) (sin (g) + 1) (2 sin (%) — 1)

/X
cos? x sin? (f)

f’(x)<Ofor0<x<§=Oforx=§>0for§<x<§

~ f(x) is minimum for x = g

:f(x)Zf(g)for0<x<§=>f(x)23\/§for0<x<§

Thus, £(4) + f(B) + f(C) 2 9v3 = Y. 2 cot(3) + Stan 4 > 9v3

Butinatriangle ) tan A = tanAtan B tan C

A B C
o2 (coti + cotE + coti) +tanAtanBtanC > aV3

EqualityatA=B =C =§

Solution 4 by Soumava Chakraborty-Kolkata-India

A ,A
A coss 2cos” > 1+ cosA 1  cosA
cot— = i = Y 2 Y = - = — + —
2 sin2 2sinZcosZ2 sinA sin4A sinA
2 2 2
— .1 + b%+c2—a? . Z_R — .1 + i(bz + CZ _ az) (1)
sin A 2bc sinA abc

a

B(Z) 1 R

i B~ 1 R (2 2 12

Slmllarly,cot2 sinB+abc(c + a“ — b*), and,
C(3) 1

COZ sinC abc(a c*)
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- Yoty =T ——+--(3a?) (by (1) + (2) + (3))

Bergstrom 9 R
> — + ( E az)
Y.sin4A 4RS

9.2R 1 Ionescu—-Weitzenbock 18R 1
4+ — 2 > —+—-4V3S
Sa 4§ (Z a?) = v3

28 4S5
Mitrinovic 18R
> @ — 4
3V3R

~2Ycot3 > 6v3 (4)

V3=2V3+v3=3V3

Now [[tanA4 = Y tan 4; Let f(x) =tanx Vx € (Og)

Then f'(x) = 2sec®? xtanx > 0 = f(x) is convex

Jensen A+ B+ C T
.'.ZtanA > 3tan(—):3tan—:3\/§
3) 3 3

(4) + (5) = LHS > 6+/3 + 3+/3 = 9v/3 = RHS (Proved)
Solution 5 by Rozeta Atanasova-Skopje

tanAtanBtanC = tanA+tanB+tanC (1)
tan x and cotg are convex over (0, g) (2)
From (1) and (2) =
A B C
LHS =2 (cot; +cot- + cotE) + tan A + tan B + tan C > (Jensen)

4,B.C

+=+
2-3cotT+3tan

= 6cot%+ 3tan§ = 9tan§ = 9,/3 = RHS.
244.In A ABC:

3\ 2
a. b, .c, _ s—a _ s=b __ A)S—cC 4s
a®-b°-c¢ - (s—a) (s —b) (s—c) > 27

Proposed by Daniel Sitaru — Romania
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Solution 1 by Kevin Soto Palacios — Huarmey — Peru
Probar en un triangulo ABC
a®-bb - c¢ - (s—a)s* - (s—b)t.(s—c)°> (—)
Siendo a, b, c nmeros R* se cumple la siguiente desigualdad
a+b+c
a®b?c¢ > (%b”) . Supongamos sin pérdida de generalidad

a<b<csloga<logb <logc.Por ladesigualdad de Chebysev

(a+b+ (:) (loga+logb +logc> - aloga+ blogh + clogc
3 3 - 3

a+b+c
(T) (log abc) < log(a®bPcc)
a+b+c a+b+c
log(abc) = < log(a®h?c®) & a®bPc > (“35) (LOQD)
2s s 3\S
bec(s — a)s~%(s — b)SP(s — ¢)s~¢ > () () = (2=
Luego - a®b’c‘(s — a)S (s — b)* (s —c)s ¢ = (3) (3) = (27)
Solution 2 by Soumitra Mandal-Chandar Nagore-India
a+b+c
By GM > HM: a®b®c¢ > (‘;*Z*S) and
atpte
p—a+p-b+p—c
- |P-atp—b+p-—c w-a) < (PY
ﬂ@—“)” “\p=a_ p-b p-a =ﬂ<p—“>” 2(5)
cyc p —-a p _ b p —C cyc
“bPct(p— a)P*(p — b)PP(p— )P > (Z—p)zp (9)p = (ﬁ)p Proved
S0, a*b’c‘(p — a)? *(p pc_33—27(oe)
245. In acute —angled 4 ABC:
acosA bcosB +ccosC
3+ Z =
bcosB +ccosC—acosA acosA

Proposed by Daniel Sitaru — Romania
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Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo acutangulo ABC

acosA bcosB + cosC
3+ >
bcosB+ccosC —acosA acosA
acosA bcosB +ccosC —acosA
>
bcosB +ccosC —acosA acosA
sin 24 sin 2B+sin 2C—sin 24
=)= : — >y . (A)
sin 2B +sin 2C—sin 24 sin 24

Luego por transformacions trigonomeétricas
sin2B + sin2C — sin2A4 = 2sin(B + C) cos(B —C) —2sinAcos A
sin2B + sin 2C — sin24 = 2sin Acos(B — C) + 2sinAcos(B + C)
sin2B + sin2C — sin24 = 2 sin A (cos(B — C) + cos(B + C)) =

= 4sin A cos B cos C. La desigualdad es equivalente en (A)

cosA 2cosBcosC Z cos A - 4 cosBcosC
2 cos B cos C cosA cosBcosC — cos A
A stnd tan B+tan C
- COoS an an -
Ahora bien TR cosBeosC — o La desigualdad se puede

cosA

tan B+tan C tan4
——— =4

reescribir como }; tan B+tan C

tan A
tan B + tanC+ tanC +tan4 +tanA + tan B
tan4 tan B tanC
4tanA 4tan B 4tanC

+ +
“tanB+tanC tanC+tan4d tanA+tanB

Como es un 4 acutangulo tan A4, tan B ,tan C > 0. Aplicando la
tanA tanA > 4tan A
tanC ~ tanB+tan(C’

tan B tan B 4tan B tanC tanC 4tan C
+ > Soweri 2
tanC tan A tanC+tanA tan4 tan B tanA+tan B

desigualdad de Cauchy

Sumando dichas desigualdades se obtiene lo siguiente
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tanB+tanC tanC+tanA4d tanAd+tanB
+ +
tan4 tan B tanC

> 4tanA + 4tan B + 4tanC (LQQD)
tan B+tan C tanC+tan 4 tan A+tan B
Solution 2 by Soumava Chakraborty-Kolkata-India
Given inequality &
acosA bcos B+ccosC—acos A
% =) (1)

b cos B+ccosC—acosA — acosA
Now, bcosB + ccosC —acosA
=2RsinBcosB + 2RsinCcosC — 2RsinAcosA
= R(sin2B + sin2C —sin2A4) = R{2sinAcos(B — C) — 2 sin A cos A}
= 2R sin{cos(B — C) + cos(B + ()}
=2RsinA(2cosBcosC) = 4RsinAcosBcosC
>0 (~ AABC is acute —angled)

Similarly, ccosC+acosA — bcosB =4RsinBcosCcosA > a
AndacosA+bcosB —ccosC =4RsinCcosAcosB >0
~x=acosA,y=bcosB,z = ccosC fromsides of a triangle. Let the
semi-perimeter, inradius and circumradius of this triangle be sy, 7, R,

y z

- X
respectively. (1) becomes + +
y+z—-x  z+x-y x+ty-z

+z—x zZ+Xx-— xXt+y—z
y + Y. y

x y z

@1( X 4y 4.z )22(30—x+30—y+30—}’) (2)

2\sog—x So—-y So—Z X y z

LHS of (2) = 260N (0=2) _ Zixlsfosobntyzllse _ (s§Ex)-s0 By +a)+3xyz)s,

2[1(sg—x) ZT%S% ZT%S%

{253 — 250(Z xy) + 12R¢71gs0}50
B 2r3s?
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_ 2s5(s5 — X xy + 6Rgr) _ s2 —s2—4Ryry — 13+ 6R,T

2.2 2
21,8 L

— ZRoro—r% (g) 2Ry-1¢ RHS of (2) — 2{yz(so—x)+zx(sg—y)+xy(so—2)}
T% To ' Xyz

_ 2{so(T xy) —3xyz} 2s¢(si+4Roro + 15— 12R¢Ry)
B 4'R0r0$0 B 4'R0r0$0

(4) s2-8Ryro+12 . . s3—8Roro+13
=0 090 (3), (4) = itsuffices to prove: 2Ry — 1y = 2—22>2
ZR()TO ZRO

(= S(Z) — 8R0r0 + r(z, < 4'R(2) — 2R0'r0 (= S(Z) < 4'R(2) + 6R0r0 — r(z, (5)
Gerretsen = s3 < 4R% + 4R,r, + 313 (6). (5), (6) = it suffices to prove:

4Roro + 313 < 6RyTy — 13 © 2Ryro = 413 & Ry = 21, — true (Euler)

246.In A ABC:
3 3 3
a b [
+ + > 4/38,
bsin2x +ccos?x csin2x+acos?x asin?x+ bcos?x
x € (0,m)

Proposed by D.M. Bétinetu — Giurgiu; Neculai Stanciu — Romania

Solution 1 by Nirapada Pal-Jhargram-India
2

3
bsin2 x + ccos? x stin2x+ccoszx

3,2 33 31\’
Bergstrom (Z af) AGM 3 (aZbZCZ) 9abc
> = =

~ Y bsin?x+ccos?x a+b+c a+b+c

43S

Solution 2 by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo ABC
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3 3 3
a b [

+ + > 443

bsin2x +ccos?x csin2x+acos?x asin?x+ bcos?x '

X €E<O,m>
Tener en cuenta lo siguiente
sin?x + cos?2x =1,a%+ b%* +c% > ab + bc + ca,a? + b + c* > 453
(Ineq. Weizenbock). Por la desigualdad de Cauchy
4 b4 4

a c

) 2.t ) 2.t ) 2, =
ab sin“ x + cacos“x bcsin“x + abcos“x casin“x+ bccos-x
2 - 2 2
(sin? x + cos? x)(ab + bc + ca)

4 b4 CA—

a

= ) 2.t ) 2.t ) 2, =
ab sin“ x + cacos“x bcsin“x+ abcos“x casin“x+ bccos-x

> a? + b% + c? > 45V/3 (LQQD)
Solution 3 by Soumava Chakraborty-Kolkata-India

+ bsin?x > 0and ccos?x > 0,

2

~bsin?x+ccos’?x=0=sinx=0andcosx=0

2 2

But, - sin“ x + cos“x = 1, .. sin x and cos x cannot be simultaneously

= 0= bsin’x+ccos?x# 0= bsin’?x+ccos?x>0

2 2

Similarly, ¢ sin? x + acos? x > 0 and, asin? x + bcos?x > 0

1

(b sin? x+c cos? x)(c sin? x+a cos? x)(a sin? x+b cos? x)

Now, GM < AM =

A—G 5
LHS > 3abc\/
€))

V(b sin? x + ¢ cos? x)(c sin? x + a cos? x)(a sin? x + b cos? x)

- b(sin? x + cos? x) + c¢(sin? x + cos? x) + a(sin? x + cos? x)
- 3
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__2s 3V3R - L\ ) 3-(4RS) _
=35 ( =5 (Mitrinovic) = V3R; (1), (2) = LHS > R = 4+/3S
Solution 4 by Uche Eliezer Okeke-Anambra-Nigerie
InA ABC, x € (0, 7). Show: . > 4+/3§

b sm2 x+ccos? x

[Ta = 4Rrs = 4RS
Lemma: }

Ya<3vV3R (M)
A-G

3abc A-G 9abc 9 4RS
= > 3
LHS = 3M(bsinZx+ccos?x) _ (sin?x+cos?x)Ya 3\/—R = 43S (RHS)

Solution 5 by Marin Chirciu-Romania

3 3 3 3
We use Hdélder’s inequality 4B (@+B+0) , Where
X Y VA 3(X+Y+2Z)
A B, C XY ,Z>0.PuttingA=a,B=b,C=c X = bsin?x+ ccos?x,

Y = csin? x + a cos? x, Z = a sin? x + b cos? x, we obtain

a (a+ b+ c)3 _ 8p?

p
> = = >435,
bsin?x+ ccos?x — 3)(bsin?x+ ccos?x) 6p 3

wherefrom the last inequality is equivalent with p > 3+/3r (Mitrinovic’s

Inequality). The equality holds if and only if the triangle is equilateral.

247. Let ABC be a triangle with perimeter 3. Prove that:
1 1 1 1 1 1

+—>—+—+—

_+_
h¢ h® h¢™ h, h, h

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Kevin Soto Palacios — Huarmey — Peru

Sea ABC un triangulo con perimetro 3. Probar que:

1 1 1 1 1 1
—_—t—t—> —+ —+ —,
h hd h¢™ h, h, h,



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1 3/1 1 1 atb+c[1 1 1
> _|___|__> ——— . — = —_— = —
Aplicando MA MG W hc_3 ne R he 3 ,/hg hb " g

3a+b+c 1 1 1 - 3(a+b+c) 3(a+b+c) 3(a+b+c)
h% hb hg_i+i+i ah, + bhy, + ch, 6S
1 1 1
ha hb hc
@ byc_ 1,11
= o5 E_ha+h,,+h Por transitividad
1

(o

1
=5 —+ —

1 1 1 1
P tE et h—(LQQD)

248. Prove that in triangle ABC:
ha hb

+—+—>./6(1 + cos A cos B cos ()
a b ¢

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo ABC 2+ ’;” + % > J6(1 + cosAcosBcos(C)

Teniendo en cuenta las siguientes identidades y desigualdades
sin? A + sin? B + sin? € = 2(1 + cos A cos B cos C)

bc ca ab
ha =g Mo =25 he=3x

2R’
x+y+z2\/3(xy+yz+zx),dondex:b—c>O,y:%>0,zza—cb>0

bc
(:)—+ +—
a b

> \/3(a2 + b? + c?). La desigualdad es equivalente

1 (bc , ca
E(__F?_'— ) \/6(1 + cos A cos B cos ). Luego:

1 (bc 1 > 5 5N _ 5 > >
ZR(a"'b"' C)> J3(a? + b2 + ¢2) = /3(sin2 A + sinZ B + sin2 C) =
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=.,/6(1+ cosAcosBcosC) (LQQD)

Solution 2 by Soumava Chakraborty-Kolkata-India

Numerator

(X a? — 2a?)(Y a% — 2b?)(¥ a% — 2¢?)
8a2b2c?

Numerator = (3 a?)? — X a?)?(C a?) + 43 a? O a®?b?) — 8a?b?*c?
= (Z az) {42 a’b? — 4(s* — 4Rr — rz)z} — 128R?r?%s?

cosAcosBcos(C =

= 42 a? {(Z ab)2 — 2abc(2s) — (s> — 4Rr — rz)z} — 128R?*r?s?
= 42 a?[{(s*> + 4Rr + r?)? — (s> — 4Rr — r?)?} — 16s%Rr] — 128R?*r?%s?
= 42 a® {2s%(8Rr + 21r%) — 16s%Rr} — 128R%*r?s?
= 42 a?{2s*(8Rr + 2r* — 8Rr)} — 128R>r?*s?

= 32s%r2(s?> — 4Rr — r* — 4R?)

2..2(c2__ 22 2
-~ cosA cos B cos C = 3257 (s 45'; : 4R?) *)
128R*r*s
s? —4Rr — r* — 4R? 1+1—[ 4 s’ —4Rr —r?
= = cosA =
4.R? 4R2

\/6 (1+ ncosA) = %\/3 (s —4Rr —12) = —“3221;“2
m 1 (bc ca

ab .
— =—(—+=+—) - :
R LHS g\t C) suffices to prove:

bc . ca | ab b*c? | c%a® | a’b? .
—+—+—>,3Ya2 o —+-—+—+2Ya%?>3Ya® rin
—+—+—>,3% 2t t = t2la® 23 )a” (squaring)

& a*b* + b*c* + c*a* = a®b*c*(a® + b + ¢?)

~ RHS =

—true ~ Y x% > Y xy, where x = a?b?,y = b?c? z = c?a? (Proved)
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249. In A ABC the following relationship holds:
3
(m, sin A)? + (m,, sin B)* + (m,sin €)? < Z(hfl + hi + h?)

Proposed by Daniel Sitaru — Romania
Solution by Rajsekhar Azaad-India

a 5 2(b? + ¢?) — a? bc
— . ..m ha =2,
2R’ a 4 ' a

a? [Z(bZ + c2) — a?]
§ 2 — § § 2p2 _ §
LHS = ) (m,sinA)? = ARz 1 16RZ [4 b

smmeﬁm—Z&w]ﬁZMzEF%%

3% a?b?] = §[2 4] = §[hE + b} + k] (proved)

sin4 =

16R2

250. In acute AABC the following relationship holds:

1 1 1
+ + >12
cos2A(cosB+cosC)? cos?B(cosC+ cosA)? cos?C(cosA+cosB)?—

Proposed by Marian Ursdrescu-Romania
Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand

In AABC, Ietx=cosA,y=cosB,z=cosCWehavex+y+zS§:(x+y+z)2 S%

3 3
:>xy+yz+szE:>(xy+yz)+(yz+zx)+(zx+xy)S—

2
= 1 + 1 + ! =>6=>
x(y+z) ylz+x) z(x+y)
( 1, 1 . 1 )2
1 1 1 x(y+z) ylz+x) z(x+y)
= + + =
x2(y+2)? y*Hz+x) z2(x+Yy)? 3
b?2 _ 3b

> S35 12. Thereforeitis to be true

1 1 1
+ + > 12
cos2A(cosB +cosC)?2 cos2B(cosC +cosA)?2 cos2C(cosA+cosB)2—
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Solution 2 by Soumava Chakraborty-Kolkata-India

~ AABC is acute — angled; .- cosA,cos B,cosC >0
= cosAcosB +cosCcosA,cosBcosC+cosAcosB,cosCcosA+cosBcosC >0
13 13

~ LHS = + +
(cosAcosB + cosCcosA)?2 (cosBcosC + cos Acos B)?

13 Radon
+
(cos C cos A + cos B cos C)?

27
(cos AcosB + cosCcos A + cos BcosC + cos Acos B + cos C cos A + cos B cos C)?

27 ? ) 3 ) 3
_4(ZcosAcosB)z212@ZZCOSACOSBSE©(ZCOSA) —Zcos A<

(1+ <>Z(1+cosZA) 3 (R+r)2 <1> 3_1- 41_[cosA ;%

(R+71)2
R2

+2][cos A < @]’[cosA <%—>(a)

b2+ _ 2 2+ 2_b2 2+b2_ 2
Now, cos A cos B cos € = Zte-a)lc+a-b")(a )N @
2bc-2ca-2ab

Numerator = (3 a? — 2a?)(¥ a? — 2b%)(F a? — 2¢?) =

=Y a) —2(Y @) (Yat)+a(Y @)Y a2) - sarprcr
__ (Z a2)3 +4 (Z a?) {(Z ab)Z - 2abc(2s)} — 128R%r2s?
= (Z a?) {4 (Z ab)Z - (Z aZ)Z - 16sabc} — 128R%r?s?

=4 (Z az) {(s®> + 4Rr + r?)? — (s> — 4Rr — 1*)? — 16Rrs?*} — 128R?*1r*s?

=4 (Z a?){2s*(8Rr + 2r?) — 16Rrs?} — 128R%r%s?
= 32r%s%(s? — 4Rr — r"2) — 128R?*1r*s? = 32r%s%(s> —4R?> — 4Rr — %) - (2)

(1), (2)=>[IcosA = % (3)

? ?
B)=>@ e s2—4R* —4Rr —r* < 3R> —4Rr — 21> & s2 < 7R?* — 1?2 - (b)
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Gerretsen

? ? 1
LHSof (b) <  4R*+4Rr+3r2<7R*—r2 o (R—2r)3R+2r) >0 5" true

= (b) is true (Proved)

Solution 3 by Soumitra Mandal-Chandar Nagore-India

1
cosZ A(cos B+cos C)2

We know, ¥, cos A < ;then Yeye

AM=GM 3 1
=3

i/(ﬂcyc cos A)Z [lcyc(cos A + cos B)? i/(ﬂcyc cos A) [lcyc(cos A + cos B)

REVERSE AM
GM

2
4 4
1 _3( 1 243 (2 _
= 3((ch,_-cosA)(chc(cosA+cosB))) - 4 <chcCOSA) = 1 (3) 12 (Proved)
3 3

251. In A ABC the following relationship holds:

m3 +mj +md - 1272

momym,  R?
Proposed by Mehmet Sahin-Ankara-Turkey

Solution 1 by Daniel Sitaru-Romania

m,+m,+m, > i(aZ + b% + ¢?) (1) - I. Cucurezeanu — Romania - 1989

m +m} +m? z m? BERGSTROM CEmy)? @
= = T =
m,mpym, mpym, Z mpym,

1 Ca®)? _ 1 Za?)? _ (Xa?)? 1

> : > : = = : E a? >
4R? Y mym, 4R? Y m2 3R2) a? 3RZ

IONESCU - W;‘ITZENBOCK 1 4/3s = a3rs MITRINOVIC 4 /3,373, 1242

3RZ 3R2 = 3R2  RZ

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

412 1212
1 ZF(Euler) 3> RZ

2 3 3 3
12r <3 3-mymym, MgiMa m;, +mj +m;

Rz — momym, - m,mym,
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252. Prove that in any triangle ABC
6V3RT < Sar,1,1, < 3V3R?
where I 4, I, I - are the excenters correspond to A, B, C respectively.

Proposed by Adil Abdullayev-Baku-Azerbaidian
Solution 1 by Daniel Sitaru — Romania

. — (11'+A+B)+ (11'+C+B)_1l' B
1= = 3727 2) " T \27272) 7272

S[A E{E,E;] = %ElEZ -E{E3sinE = %4R cos§-4R cosg-sin (g—g) =

_ 2 é— 2.i—
= 8R cos— =8R = 2Rs

2 4R
6V3Rr < S[A E{E,E3] < 3V3R? & 6V3Rr < 2Rs < 3V3R? &
3V3R

& 3V3 < s <= (MITRINOVIC)
Solution 2 by George Apostolopoulos — Messolonghi — Greece

Itis well —known that I 4,15 = 4R cosg,IBIC = 4R cosg,

Icla=4R cosg. Sollg - Iglc-Icly = 64R® (Cosgcosgcosg) -
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s(s—a) |[s(s—b) [s(s—c)
64R3\/ bc \/ ca \/ ab

.\/s(s —a)(s—b)(s—c) _

= 64R3 -
s abc
64R® . 5. 2TeaABC _ ir = 16R?
S abc *"4R- (rs) S
Also, we know that 3+/3r < V3 p. So

2
48V3R% < I,lg - Igl; - Icl,4 < 24/3R3
Equality holds when the triangle ABC is equilateral.

253.In A ABC:
am? + bm% + cm? > 9rsR
Proposed by Abdilkadir Altintas - Afyonkarashisar-Turkey

Solution by Soumava Chakraborty-Kolkata-India

(1)
am? + bm? + cm? > 9rsR

(1) © a(2b? + 2¢? — a®?) + b(2¢? + 2a® — b?) + c(2a® + 2b* — ¢?) > 36rsR

s 2 Z(azb + ab?) — Z a® > 36rsR

o2 Z{ab(Zs —c)}— {Babc + 2s (Z a? — Z ab)} > 361sR

& 2{2s(s®? + 4Rr +r?) — 12Rrs} — {12Rrs + 2s(s> — 12Rr — 3r? )} > 36rsR
& 4s(s? + 1% — 2Rr) — 2s(s®* — 6Rr — 3r%) > 367sR
& 2(s2 + 12— 2Rr) — (s> — 6Rr — 3r?) > 18Rr
& s+ 2Rr + 512 > 18Rr © s? > 16Rr — 512

— true by Gerretsen (Proved)
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254.In A ABC

hZ . tang+ h% - tan§+ h? - tang < %gRZ

Proposed by George Apostolopoulos-Messolonghi-Greece
Solution by Kevin Soto Palacios-Huarmey-Peru
Probar enun triangulo ABC
h? . tan§+ h% tan2 + h? - tan 5 < 9\/—RZ (A)
Teniendo en cuenta la siguientes desigualdades en un triangulo ABC
2r < R,2p < 3V3R,

A (a+B-0)(a—(b+0)) az—(b—c)z_a_2

tan
2" 4S 4S 4S
C 2
Analogamente para los siguientes términos tan 2 < tan; < :—S

Utilizando las desigualdades previas en (A)
C 4S%> a* 48> b* 45 ¢

hztané+h2tan5+h2tan—: —_—t— — ——— . — =
2 2 2 a2 4S b2 4S %2 4§

2

2
= 3pr<3.3BR B8R nop)

2 2 4
255. Prove that in any triangle:

b2 + c2 A
m(A4) > 90° > m, > > cosi

Proposed by Adil Abdullayev-Azerbaidian, Marin Chirciu-Romania

Solution 1 by Daniel Sitaru — Romania

cosA<0-b*+c2—a’<0--b*-c2+a?*?>0
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1 1 s(s — a)(b? + ¢?)
2 =2 (2 e2)mg2 >
mg =5 (b7 + ) —gat = 2bc <
o bc(2(b? + c?) — a?) = 2s(s — a)(b? + ¢?) &

oMb-0)2*(-b*-c*+a®>) =0

Solution 2 by Soumava Chakraborty-Kolkata-India

(1) 2+C2 A

In any triangle 4 ABC with m(4) > 90°, we have: m, > o Cos >

(1) © m? > bre " (2 cos g) & 2b% +2¢% — a? = (b* + ¢*)(1 + cos A)

& b%? +c?2+2bccosA > b? +c?+ (b? +c?)cosA
& (2bc—b%? —c?)cosA>0 © (b—c)>cosA<0-true~cosAd<0
(Proved). Equality when 4 ABC is either an isosceles right —angled
triangle with m(4) = 90°, or an isosceles triangle with m(4) > 90°, or
aright-angled with m(4) =90°and b # ¢
Solution 3 by Kevin Soto Palacios — Huarmey — Peru

b2+c2 A
COS —
2 2

Probar en un tridngulo ABC, donde 24 = 90°; m, >

Dado que 24 = 90°, implicacosA<0 < —cosA =0

En la desigualdad propuesta, elevando al cuadrado

b% + ¢? + 2bccos A - b?% + ¢? (1 + cosA)
4 - 2 2
& b% + c?+ 2bccosA > b%? + c%(1 + cos A)
& 2bccosA > (b + c¢?) cosA < —cosA(b—c)? >0,

(lo cual es cierto)
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256.In A ABC:
3r LA ,B ,C _3R[/3R\?
—<tan -+ tan° -+ tan’ - < — (—) —8
P 2 2 2 2p|\2r

Proposed by Marin Chirciu — Romania

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo ABC
3r ;A ;B ;C 3R
— < tan E+tan E+tan —<—

3R\?
<—|(5) -8
P 2 2p|\2r

Recordar las siguientes identidades

_ 3R (BR)Z 12R

“2p\2r)  p

(x+y+2P°-3(x+y)y+2)(z+x)=x3+y>+ 23

4R+r A B C
= anE anE ani

; A B Cc
Slendox:tan—:r—“>O,y:tan—:r—”>O,Z:tan_:ﬁ>o
z2 p 2 p 2 p

Ademas - (ra + rb)(rb + rc)(rc + ra) = 4szy
R > 2r (Ineq. Euler) Ap > 3+/3r (Inequality Mitrinovic). En LHS es
- 34 3B 3¢ AtanZtan s
equivalente tan ; ttan’— +tan® - > 3 tan > tan—tan
o x3 +y3 + 23 > 3xyz (Valido por MA > MG). En RHS es equivalente

4R+1\* 3
Ky gt = (F) e ra k) F T <
<(9R)( 9R )2 12R_3R(3R)2 12R
“\2p/\2-3v3r/  p 2p\2r/ p

Solution 2 by Soumava Chakraborty-Kolkata-India

D 2)

2
3 A B C ~ 3R[/3R

Inany 4 ABC,~ < tan32 + tan3> + tan3 = < —[(—) — 8]
s 2 2 2 2s 2r
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stan—=s =
s(s—a) s—a

A j(s “B)(s—c) sG-a)(-b)(s-0)
2

4 A_Ta qimi B _r cC r
- :raﬁtanzz_a- Slmllarly, tan;:—b,tanzz_f
s s

s—a S
34 _ 1 | 1 r?s*? 3r
Ztan E—EZra = 33 3r,rpr, —S—B- 37:?
@@
= (1) is true. Again, Y, tan3 %1 = S%Z r3 = 313 [(C7r,)3 —-3][10r, +1p)]

Mg+ 7s) = @a+ 1) (Ep + T +70) = 2raryre+ ) Tarp(ra+ 1)
2r%s?
=— Z rorp (Z Ty — rc) =2rs? + (Z ra) (Z rarb) — 3rs?
(i)
= 4(4R +1)s? —rs? = s2(4R +1r — r) < 4Rs>

(i), (i) = Y tan®Z = —{(4R + )° — 12Rs?} (iii)

+(2) & ${(4R + 1)’ — 12Rs%} < i—“{(z—")z - 8} (from (iii))

R3s?

& (4R +1)% —12Rs? < — 12Rs?

)
& 27R3s* > (4R +1)3 - 8r? (a)
Gerretsen = 27R3s? > 27R3(16R — 51)r (b)
it suffices to prove: (a), (b) = 27R3(16R — 5r) > 8(4R + 1)3r

& 432t% — 6473 — 3842 — 96t — 8 > 0 (where§ =t)

o (t—2)(43283 +217t2 +50t+4) > 0 > true, ~ t =

S =

> 2 (Euler)

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

AB C m _ 2
E,E,E<E’y—tan x
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>0

" (3 tan? x>' 6tanx + 3tan? x - sin2x
y = =

cos? x cos? x

0<x<§fuo:mﬁxcmwmm

34 3T 1 3r . .
- > . —_— = >
). tan 5 = 3 tan s B = Mitrinovic
2) RHS: tang—— X, tang—— Y, tang—— z

xy+yz+zx=1

x3+y3+23 = l(x2+y2+zz)—(xy+yz+zx)‘~(x+y+z)+3xyz=
1

:[x2+y2+zz—1].(x+y+z)+3xyz:

(x+y+z)2—2-(xy+yz+zx)—1‘(x+y+z)+3xyz:
1

=[(x+ +Z)3—3]'(x+ +Z)+3x 7 =
y y Yy
=(x+y+z3-3-(x+y+2z)+3xyz

By +2=(x+y+2)3 -3 (x+y+z)+3xyz (¥

A, B C j(p—a)<p—b)+

x+y+z:tani+tan5+tan—: p(p—C)

2
@-b)p-c) |[P-c)p—-a) _

+j p(p—a) +j p(p—b)

(p-a)p-b)+(@-b)p-c)+P-c)p—-a)) =

4Rr+r2_4R+r

S 14

1
Vp-(p-a)-(p—b)-(p—c)

1
ZE-(3p2—4p2+ab+bc+ca):

4R+ r
p

x+y+z=
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A B c‘f@—@@—w@—of_

Xyz =tan—-tan—-tan— = =
Y 2 2 2 (pi(p-a)p-b)(p-oc)

== == xXyz=
p* p Y

if@—@@—w@—o s_ v r
B 2

3
4R+T1 4R+Tr 3r

(*)=>x3+y3+z3:( ) _3.( )+—:
P P P

_ (4R +r)3 12R 3r 3r _ (4R +r)3 12R

p P p P p p
4R+r\3 12R _ 3R [/3R\?2
( . ) Ry ) —8] ASSURE
4R +1\} 12R _3R 3R\> 12R 4R+r3<3R 3R\’
( p )_ p _Zp'(Zr) p ( p ) _Zp'(Zr)
(4R+7r)® 27R* ., 8r’-(4R+r)?
< o
p? 8p - r? 27R3
8r2- (4R +1)3
2 > 27r¢>
P =TT o7Rs

Mitrinovic
272 R3 > (2- (4R +71))°,(9R)* > (2- (4R +71))*;
9R >2-(4R+1); R > 2rEuler

257. Let I be the incenter of triangle ABC. Prove that
3(IA> + IB>*+IC*) 2 a* + b*> + > + k

_r*(R - 2r)
~ R-r
Proposed by Adil Abdullayev-Baku-Azerbaidian
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Solution by Soumava Chakraborty-Kolkata-India

(a) r2(R - 2r r

3 ) A7 > Za2+¥,m:
R—r . A
smi

_3r:Ybc(s—a)
+LHS = (3r%) ) o= b)(s " G-

3rZ s2Y ab — 12Rrs?) (1)
(% )— 3(s? — 8Rr +1?)

ris?
(@) © 3(s> —8Rr +1r?) > 2(s* — 4Rr — Z)+%
& (s2 —16Rr +51r%)(R—1) = r%(R — 2r) (b) (from (1))
Rouche = s? > 2R? + 10Rr — r? — 2(R — 2r)VR? — 2Rr
~ (s2—16Rr +5r*)(R—71)

> {ZRZ — 6Rr + 412 — 2(R — Zr)M} (R—71)
= (R-7)(R-2r){2(R — 1) - 2J/R? - 2Rr} 2 2R —21)
o (R —r){z(R —r)— ZM} 2 r2(~ R — 2r > 0)
& 2R? +r2—4Rr(2 2/R%2 —2Rr (R - 1)

(?)

< (2R + 1?2 — 4Rr)? —4(R? - 2Rr)(R—1)% >

(O]
& r* > 0 - true = (b) is true (Proved)

258.In A ABC:

‘R

93 r? z rory  9V3
< <
2 R a+b 8

cyc

Proposed by George Apostolopoulos-Messolonghi-Greece
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Solution by Kevin Soto Palacios — Huarmey — Peru

. s 9V3 12 Talp 9V3
Probar en un triangulo ABC —-- — < Zm <5 R

Tener en cuenta las siguientes identidades y desigualdades en un 4 ABC

S S S
T = Tp = ,rC:—,ZsS3x/§R
s—a s—b s—cC

rory = h% ryr. = h2,r.or, = h% h, + h, + h,. > 9r

a b c 3 . .
hic + a + b = 2 (Desigualdad de Nesbitt) & a,b,c >0

Ahora bien en la desigualdad propuesta (LHS)

Zrarb2 h? N h2 N h% Z(ha+hb+hc)2281r229\/§'r_2
a+b a+b b+c c+a 4p 6vV3R 2 R

rarp _ S(s=¢) + s(s—a) + s(s=b) _
a+b a+b b+c c+a

Finalmente en RHS, es equivalente };

_ (a+b—c+b+c—a+a+c—b)
~\2(@+b)  2b+c)  2(c+a)

rorp 1 c 1 a 1 b 3s 3s 3s 9V3
o
a+b 2 2(a+b) 2 2(b+c) 2 2(c+a)

<
—2 4 4 8
259.In 4 ABC, O — circumcentre, I - incentre,

N —ninepoint center, I ,, I}, I . - excenters

4s(R — 2r1)
3
Proposed by Daniel Sitaru — Romania

ON? + 0I? + OI% + OI% + 0I?% >

Solution by Soumava Chakraborty-Kolkata-India

2 _ 1,2 W 9R?-3a?
ON —40H =

and 01> = R?> — 2Rr (2)

3)
Z 012 = Z(R2 +2Rr,) = 3R> + 2R(4R +r) = 11R? + 2Rr
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9R%2-Y a2 57R%2-Y aq?

4

+ 12R? =

(1) + (2) + (3) = LHS =

57 R2 —Z(S2 —4—Rr—r2) = 4s(R-2r)
4 3

-~ it suffices to prove:

& 171R? — 6s% + 24Rr + 6r% > 16s(R — 21)
& 171R? + 24Rr + 61* > 65 + 16s(R — 2r) (4)

Gerretsen

Now, 6s% + 16s(R — 21) (% 24R? + 24Rr + 18r% + 16s(R — 2r)

(4), (5) = it suffices to prove:
24R% + 24Rr + 18r? + 16s(R — 2r) < 171R? + 24Rr + 617
& 147R? — 12r? > 16s(R — 2r)
& (147R? — 12r?) > 2565%(R — 2r)? (6)

Gerretsen

2565%(R — 2r)? (% 256(4R? + 4Rr + 3r%)(R — 2r)?
(6), (7) = it suffices to prove:
256(4R? + 4Rr + 31r%)(R — 2r)? < (147R? — 12r?)?
& 20585t* +3072t3 — 4296t — 1024t — 2928 > 0 (where t = §)
& (t—2)(20585t3 + 44242t* + 84188t + 167352) + 331776 > 0 —

true~t = g > 2 (Euler) (Proved)

260. Prove that in any acute triangle ABC,
m,r, + myr, + m.r, < s
Proposed by Hung Nguyen Viet-Hanoi-Vietnam
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo acutangulo ABC
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myr, + myr, + myr, < s*
Dado que es un triangulo acutangulo, tener en cuenta las siguientes
desigualdades
m, < R(1+cosA),m, < R(1+cosB),m, < R(1+ cosC)

La desigualdad es equivalente

S S
mgr, + myry, + m.r. < R(1+ cos A) -E+R(1 + cosB) -m+R(1 + cos C)-s

—C

(b+c+a)b+c—a) S (a+b+c)la+c—b) S
=R . +R- . +
2bc s—a 2ca s—b
(a+b+c)la+b—-¢c) S
R- .
2ab s—c

S S R
=R-—(a+b+c)+R-—(a+b+c)+R-—(a+b+c)=
bc ca ab

2
:R-S(a+b+c)(al—b+ﬁ+i):R-S-(a+al;;;c) :R-S-%zs2 (LQQD)

Solution 2 by Nirapada Pal-Jhargram-India

2A A

Z m,r, < Z (ZR cos E) (s tan E)
_ . A A o a_ ,
_SZR(ZSIHECOSE)_SZRSIHA_SZE_S

Solution 3 by Soumava Chakraborty-Kolkata-India

LHS < R(1+ cosA)r,+ R(1+ cosB)r,+ R(1+ cosC)r,
24 . B 2
=R-2cos Era+R-2cos Erb+R-2cos Erc

s(s—a) A s(s—b) A s(s—-¢c) A
. + 2R . 2r .
bc s—a ca s—b ab s—c¢C

— 2RA 1+1+1 _ZRAs(Zs)_ )
B S(bc ca ab)_ 4RA =S

= 2R

(Proved)
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261.In A ABC:

ZItanAI < |1_[tanA| + ZItanA — tan B|

Proposed by Daniel Sitaru — Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

(1)
thanAI 2 |1_[tanA| + thanA — tan B|

In atriangle, either (1) all £ s are acute, or (2) 2 angles are acute and 1
angle is obtuse. (N.B.: in this problem, an angle cannot be = 90°)

Case 1: All angles are acute. Then, (1)
S tanA+tanB+tanC < tanAtanBtan C + thanA — tan B|

(+ tangent of an acute angle is always > 0)
& YltanA —tanB| >0 (2) (~ Y tanA =[] tan A)

But Y |tanA — tan B| = [tanA4 — tan B| + |[tan B — tan C| +
+|tanC —tanA| > |[tanA —tan B + tan B — tan C + tan C — tan A|
= 10| =0 = (2) istrue = (1) is true
Case 2 1 angle is obtuse WLOG, we may assume m(z24) > 90°
~tanB,tanC >0andtan4A <0
~(l)e tanB +tanC —tanA < —tanAtanBtanC
+|tan A — tan B| + |tan B — tan C| + |tan C — tan A|
S tanB+tanC —tand < —(tanA +tan B + tan C)
+tanB —tanA + |tanB —tanC| +tanC — tan 4
(tanA<O0O<tanB andtanC >0 > tan A)

& |[tanB —tanC| > 2tanA+tanB +tanC (3)

Case 2a tan B > tan C and of course m(z4) > 90°
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~(B)etanB—-tanC >2tanA+tanB+tanC < tanC+tan4A <0

sinC sinA sin(C + A)
+ <0 —<
cosC cosA cosCcosA

i B '
1% < 0-true sinB,cosC >0andcos4 <0
cosCcosA

= (3) istrue = (1) is true
Case 2b tan B < tan € and of course m(z4) > 90°
(3)e=tanC —tanB >2tanA +tanB + tanC

sin4d sinB
S tanAdA+tanB <0<

+ <
cosA cosB

sin(A+B) sin C .
——— <0 ———<0->true+wsinC,cosB>0andcos4A<0
cosAcosB cosAcosB

= (3) istrue = (1) is true
Thus, in case of acute-angled as well as obtuse-angled triangles, (1) is
true. (Proved)

Solution 2 by Richdad Phuc-Hanoi-Vietham
A =max{A,B,C}case A < g = tanA,tanB,tanC >0
we know tan A +tanB +tan C = tan Atan B tan C
RHS — LHS =}y |tanA —tanB| > 0 = QED
equality holds if A = B = Ccase A > g > tanA <0

we have RHS — LHS = |tanAtanBtanC| + [tanB — tan C| —tan A4 > 0
262. ABC be a triangle and R, Ry, R, are radii of Lucas Circles of ABC.

84

Prove that: R, + R, + R, > —————
@b T (3R

where 4 and R are area and circumradius of ABC respectively.

Proposed by Mehmet $ahin — Ankara — Turkey
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Solution by Daniel Sitaru — Romania

ZR _RZ bc _ZR abc _
a bc+2aR abc +2a?R

BERGSTROM

Z 4RS + ZaZR S+ aZ
HADWIGER 9 LEIBNIZ
>2RS - ———— S 2RS ——— S
= 3§ +Yaz =
T
> 2RS 2 = 88
— * - Z
<§+ 1)91!2Z (1+V3)'R

263. Prove that in any triangle
2 2 2 2 2 2 6
3(rir, +rir. +1rir,)(rorg +rpri+rai) > p

Proposed by Adil Abdullayev-Baku-Azerbaidian
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Solution 1 by Kevin Soto Palacios — Huarmey — Peru
x=ra>0,y=rb>0,z=rc>0 - xy+yz+ zx = p?by Holder’s
inequality —
(1+1+ 1)y +y*z + 2Z2x)(y** + 2% +x%) 2 (xy + yz + zx)* = p°

Solution 2 by Daniel Sitaru — Romania

HOLDER 3

3 Z rﬁrbz rgr: S (Z rarb) = (s?)3 =s°

264. In AABC: O - circumcenter, I —incentre, I, I, I .- excenters

(0% — 01%)(0I} — 01%)(0I% — OI?%) > 16abcrR?

Proposed by Daniel Sitaru — Romania
Solution 1 by Adil Abdullayev-Baku-Azerbaidian
Lemma 1 (Euler)
OI2 = R?> + 2Rr,, 01> = R* — 2Rr
LHS > RHS & (r, +71)(rp, + ). + r) > 8pr?
(ro+1)(rp +1)(re + 1) > 8raryr.r? = 8/ (pr?)? = 8pr?
Solution 2 by Marin Chirciu-Romania
We use the known identities in triangle 012 = R + 2Rr, and

OI?> = R? — 2Rr we obtain
1_[(013 —0I%) = 1_[(R2 + 2Rr, — R®> — 2Rr) = 8R3 1_[(1' +7r,) =

= 8R3 - 2r(p? + r* + 2Rr) = 16R3r(p? + r* + 2Rr)

We use Gerretsen’s inequality p* > 16Rr — 5r? we obtain:

M, = 1_[(013 — 0I%) = 16R3r(p?> + r> + 2Rr) >
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> 16R3r(16Rr — 512 + r? + 2Rr) = 16R3*r(18Rr — 41?%) >
> 16R3r(18Rr — 2Rr) = 256R*r?.
The equality holds if and only if the triangle is equilateral.
As 256R*r? > 16abcrR? < 256R*r? > 16 - 4pRr - TR?> & 4R > p,
obviously from Mitrinovic p < %ﬁ - R, it follows the conclusion.

The inequality from the enunciation is strict.

265. Prove that in any triangle ABC,

1 1 1 6R
>

+ + >
sinA sinB sinC r
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo ABC: _1 + _1 + _1 > oR
sin A sin B sin C r
Recordar lo siguiente: r = 4R sin2 sin=>sin < = 4(p_a)(p_b)(p_c),
2 2 2 abc
28 28 28
— =s8in4d,— =sinB,— =sin(C
bc ac ab
a+b+c
S=Jp@-a)p-b)p—c).p= —

ab + bc + ac = \/3abc(a + b + c) . Reemplazando en la desigualdad:

bc ac ab 6 A B C . A . B . C/(bc ac ab N
—+—+—=2> —csc;csc;csc;% sm;sm—sm— —+—=+—=)=—

25 28 25 T A4 2 2 \2§ E A 2

:j<p—a)(p—b)<p—c)<z be >>@
abe 2ypo-a)p-bD)p-c)) 2
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bc ac ab V2
= + + =
Jabcp /abcp /abcp +abcy/(a+b + c)
> \/—w/3abc(a+b+c \/— (LQQD)

(bc + ac + ab) >

Jabc(a+b+c)
Solution 2 by Adil Abdullayev — Baku — Azerbaidjian
1 1 1 2R 2R 2R

- + — + =t — 4+ — =
sindA sinB sinC a b [

ab+ bc+ca ab+ bc+ ca 6R
=2R - = > |— e

abc 2rp r

6R
(ab + bc + ca)? > (2rp)? —=

abc 28
=(a+b+c) - 6Rr=(a+b+c7) 6- . =
(a c) r=(a c) 1S 2T brec

= 3abc(a+ b + c)?> & (ab + bc + ca)? > 3abc(a+ b+ c)... (A)

Letab = x;bc =y,;ca=2z,(A) o (x +y+2)? > 3(xy + yz + zx)
Solution 3 by Martin Lukarevski — Skopje

Z 1 —2Rzl>2R 321— oR
sind a ab | r

Solution 4 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

1 1 1 6R
> /7;ab+bc+ca>\/3abc(a+b+c)| 28

sinA sinB sinC

ab bc ca 3abc(a+ b + )
— t—t+—>
28 25 2§ 452
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1 N 1 N 1 - 6abc-p |[6-R-p |6R-p |6R
sinA sinB sinC~ 4 (abc)? abc s |2
" 16RZ2 4R

Solution 5 by George Apostolopoulos — Messolonghi — Greece

. 1 1 1 2R 2R 2R 1 1 1
We have (Law of Sines) — + — + :_+_+_:2R(Z+Z+_)

A sinB sinC a b c c
: 1 1.1 1 _1/1 1, 1\%_ 1
It is well-known thatm > Sttt > §(Z+Z+Z) > e
Sol+1+12 = Now
a b c 2Rr
1 1 1 1 1 1 3 4R? -3 6R
- + — + — = R(—+—+—)22R = = |[—
sinA sinB sinC a b 2Rr 2Rr r
Equality holds when the triangle ABC is equilateral.
Solution 6 by Marin Chirciu-Romania
- - f f 1 _ p2+r2+4Rr f - -
We use the known identity in triangle }; pry R — We write the inequality

>— o
r

p2+r2+4Rr> 6R p?+12+4Rr\> 6R
2pr r

2pr

& p?(p? + 2r?2 — 16Rr) + r2(4R + 1r)? > 0. We distinguish the following cases:
1) If p?2 + 2r%2 — 16Rr = 0, the inequality is obvious.
2) If p? + 2r? — 16Rr < 0, we rewrite the inequality:

p2(16Rr — 2r% — p?) < r%2(4R + r)?, which follows from Gerretsen’s inequality

16Rr — 51% < p? < 4R? + 4Rr + 3r2. It remains to prove that:
(4R%? + 4Rr + 31r2)(16Rr — 212 —16Rr + 51*) < r’(4R+1r)* &
© R>—Rr —2r?>0 o (R-2r)(R+ 1) = 0, obviously from Euler’s inequality

R > 2r. The equality holds if and only if the triangle is equilateral.
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266.In A ABC:

V3 <t A tan +t C<R R a4 >0
zu12 anzz an:Z r n- r n 14 yn
Proposed by Marin Chirciu — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo ABC

<t A+t B+t C<R R 9 +3 >0
an2 Eﬂlz EH]Z r n- r n ‘4 n
Recordar las siguientes identidades y desigualdades

4R+r
4

= tan§+ tang + tang,R > 2r (Euler), p = 3+/3r (Mitrinovic)

x+y+z2>,3(xy+yz+ zx), donde x :tan§> 0,y= tan§> 0,
z= tang > 0. Ademés — xy + yz + zx = 1. Por la tanto

A B C i
tan_ +tan_ +tan_ > V3. Por ultimo

A B C _ 4R+r _9R 9R \/—R 3
tan-+ tan—+ tan- = <—< <X n(R—-2r) +-=
2 2 2 P 2p . Zr r 4

R |3 3R
2_ _:\/—_

_ : R _ 3
Lo cual es cierto ya que aplicando R > 2r; r\/n(R 2r) + P il

Solution 2 Soumava Chakraborty-Kolkata-India

@ e -
InanyAABC\/_<tan2+tan2+tan < \/n;—2n+z;n20

A s\/(s—b)(s—c) \/s(s—a)(s—b)(s—c) A

stan— = =r,

2 m s—a s—a

. A_Ta gini B_m c_rc
..tan2 = S.Slmllarly, t.sm2 =3 and tan2 ==
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A Yr, 4R+r
.'.Ztan—: _
2 S S

4R+r

~()e

Now, Gerretsen = 3s% < 3(4R? + 4Rr + 3r?%) (i)

>3 o 3s2< (4R +1)?* (i)

(i), (ii) = it suffices to prove: 12R? + 12Rr + 9% < 16R? + 8Rr + r?
& 4R?> —4Rr —8r> >0 < R*  —Rr —2r2 >0
S (R+71)(R—2r) =0 ->true~ R > 2r (Euler) > (1) istrue

(2) R \/ R 2 4—R+r o R ’4—n(R—2r)+3r > 4R+r (III)
s r 4r s
“n>0.5 /—4"(R‘2r)+3r > 2 \[5 (iv)
r 4r r\ 4

(iii), (iv) = in order to prove (2), it suffices to prove:

RZ 3 4R+
_._2( r)?
r2 4 s2

-PIW

& 3s%R? > 4r*(4R +1)% (V)

(*) Gerretsen = 3s%R? (;) 3R?*r(16R — 51)
(v), (vi) = in order to prove (2), it suffices to prove:
3R*(16R — 51) = 4r(4R +1)?
© 483 — 792 — 32t — 4 > 0 (where t =7)
& (t—2)(48t> + 17t + 2) > 0 > true ~ t > 2 (Euler) = (2) is true
Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

1) LHS: S tan? = “‘p” >3

2
(4R +1)? = (V3p)~; 16R? + 8Rr + r? > 3p?
16R? + 8Rr + r? > 3(R? + 4Rr + 31?%) > 3p?; 4R? > 4Rr + 8r*
R%? > Rr + 2r%; R?> > 2Rr = Rr + 2r%; Rr = 2r? (Euler)
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2)RHS: R = 2r (Euler);un-R>8n-r (n >0)

| N R
un-R+(3-8n) - r>23re1> 4n-R+(3-8n)-r ®)

2 > 0712 2 2777 o = BLr 1
p =T ARr+(3—-8n)r un-R+(3—-8n)-r

) 81r2 - 4r 81r? R 3_9r R
4p° = = n-;—2n+—>— - =

“un-R+ (3 -8n)r n-§—2n+% 4 4p r

R R 9 +3>9R_8R+r>8R+2r_4R+r_Zt A
rnrn4_4p_4p_4p_p_ anz

267.In A ABC, I - incentre, I ,, I, 1. —excenters

t 1 1 1 1 1 _1
1% 112 1% 112 1 0% 1%~ 4r?

Proposed by Daniel Sitaru — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

> 1,01 1 1 1 1 1
ProbarenuntrianguloABC —+ S+ S+ 55+t 37+t 53 < —
T 0 COR I 3 PR ¢J I ) A v

Siendo I - Incentro, tener en cuenta las siguientes notaciones y algunas

desigualdades previas II, = 4R sing,llb = 4R sing 11, = 4R sin g

1 1 1 _ B A _ A _ B
?+ﬁ+c—zgm, 1,1, —4RcosE,1b1C —4RcosE,1C1a = 4R cos—

La desigualdad propuesta es equivalente

A B C A B C 1
(csc2 >+ csc? >+ csc? —) + (sec2 5+ sec? >+ sec? E) <=

16R? 2 16R?2 42
o 1 ( A ZA)+ 1 ( B, ZB)+ 1 ( €, Zc)< 1
CSC” — T+ seC” — CSC™ — sec” — CSC” — sec” — by
16R? 2 2/ " 16R? 2 2/ 16R? 2 2) = ar?
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1 A A\? 1 B B\? 1 c a1
(tan—+cot—) + (tan—+cot—) + (tan—+cot—) <—

“ 16R? 2 2)  16R? 2 2)  16R? 2 2) ~ 4ar?
1 1 1
e 2(4csc A+4csc?B + 4csc?C) —a—+ﬁ+c—zsm (LQQD)
Solution 2 by Soumava Chakraborty-Kolkata-India
11, = A—ZR'A A—4-R'A 4 A—4-R'
a—asecz— Sin secz— SIHZCOSZSGCZ— Sln2
>L=—"1__ (1).Similarly, = = 2): — = (3)
I}~ 16R? sin?) ' ary: 1z = Tere mZB’ 112  16RZsi 26
I,I,. = A—ZR'A A—4-R'A 4 A—4-R
bc—acscz— sin CSCZ— SIHZCOSZCSCZ— COS2
1 1 1 _ _ 1
1,2 16R2co 2; (4) Slmllalry’ Ic 12 " 16R? coszg’ ( )’ L1} "~ 16R? coszg (6)
(D)+@2)+()+(H)+(5)+(6)=
Hs = 1 1 1 1 1
_16RZZ ., A zﬂ_16RZZ ., A LA
Sin 2 COos 2 sin 2 COos 2
— 1 — 1 _ Ya?b® _ 4R’
= Z(msinﬁcosﬂ)z Z(ZRsmA)Z Z i = 2z (Goldstone’s
2 2
. Loy ARPS: 1
inequality) = TR a2 (Proved)

268.In A ABC:

ZaZZZ(b—C)2+4S /w

Proposed by Martin Lukarevski-Stip

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

2(2R-1)
R

Probar en un triangulo ABC Y. a? > Y.(b — c)? + 4§
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Tener en cuenta las siguientes identidades ab = 25 csc 4,

bc = 2scscA, ca = 2S csc B, a? + b? + ¢ = 45(cot A + cotB + cot ()
A B

. c T A B c
S|—>E+E+E:E<—>xy+yz+zx:1<—>x:tanz,y:tang,z:tanz

La desigualdad es equivalente

2r
2(ab + bc + ca) — (a? + b% + ¢?) > 4§ 4—?

2r
4S((cscA — cotA) + (cscB — cotB) + (cscC — cot C)) >4S |4 — ®

¢ A+t B+t C> 4 2r
@ [— [— f— —_——
an2 an2 anz_ R

otz s ean2B ot anz €+ 2 — a4 a2 4 tan2 €+ 8 sin Aein B in ©
an 2 an 2 an 2 R = tan 2 an 2 an 2 SIHZSIHZSIHZ

=2
1) Si: m,n,p € Ren un triangulo xyz, se cumple la siguiente
desigualdad: m? + n? + p? > 2np cosx + 2pmcosy + 2mn cos z

Siendo: m = tang >0,y= tan% >0,z= tang > 0, resulta:

X z z z X X
tanZE+ tan2§+tan22 = 2tan¥tan2cosx + 2tanEtanEcosy+ 2tanEtan§cosz

X z z z X X
tanZE+ tan2§+tan22 = 2tan§tan2cosx + 2tanEtanEcosy+ 2tan2tan§cosz

Probaremos que
z

2t ytz +2t th +2t xty =2 8_x_y_
an tan; cos x an;tan; cosy an tanz cosz = sin; sin 5 sin o

o2 (tanztanz— 1) cosx+2 (tanitanf— 1) cosy+ 2 (tanftanz— 1) cosz +

2 2 2 2 2 2
+2(cosx + cosy + cos z)
2 cos( L2 2 cos(2X 2 cos(22 x z
y( Zz) cosx —%cosy - x—(zy)cosz +2 (1 + 4sm—smzsm—)
cos;, cos; cos; cos; cos;; cos;, 2 2 2
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sin 2x + sin 2y + sin 2z X z
@—( X }}I, Z )+2(1+4sin—sinzsin—)=
2 cosicosicosi 2 2 2

= —16sinZsinZsinZ+ 2 (1 + 4sinfsinzsin3). Por la tanto
2 2 2 2 2 2

x y z Xy  z

—+tan’Z + tan? = > 2 — 8sin=sin= sin—

2 2 2 2 2 2

X z - X . - z
& tan? S+ tan? % + tan? >+ 8sing sm%sm > =2 (LQQD)

tan?

Solution 2 by Soumava Chakraborty-Kolkata-India

1)
~ 2(2R —r
Zaz 22(b—c)2+4s /g
R
(1) e 2Yab-Ya?>4rs /Z(ZI;_T)

2(2R— 71
& 2(s2 +4Rr +1?) — 2(s> —4Rr — r?) > 4rs /%
2(2R — 1
S 4r(4R+1) = 4rs /%

< R(AR +1)? > 252(2R — 1) = s?(4R - 2r) (2)

Using Rouche’s inequality,
s2(4R — 2r) < (4R — 2r)(2R* + 10Rr — %) +

?
+2(4R — 2r)(R — 2r)VR? —2Rr < R(4R + 1)*\/R? — 2Rt
?
& 8R® — 28R%*r + 25Rr* —2r3 > 4(R-2r)(2R—71)
?
& (R-2r)(8R%2 — 12Rr +12) > 4(R — 2r)(2R — )\ R? — 2Rr

?
& 8R?> —12Rr +r? > 4(2R —r)VR2 — 2Rr (~ R—2r = 0) (3)
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Now, 8R? — 12Rr + 12 = r%(8t* — 12t +1) (wheret=")
=r2{8(t* —4)—12(t—2)+32—-24+1}
= r2{(t — 2)(8t + 16 — 12) + 9} = r2{(t — 2)(8t + 4) + 9}
>0,vt= § > 2 (Euler)
~(3) © (8R?* — 12Rr +1r?*)* —16(2R —r)*>(R>* — 2R1r) > 0

& 16R%2 + 8Rr® + 14 > 0 — true
= (3) istrue = (2) is true = (1) is true (Proved)
Solution 3 by Marin Chirciu-Romania
We use the known identities in triangle:
Ya? =2(p?-r*—4Rr)and X (b — c¢)? = 2(p? — 3r* — 12Rr).
We write the inequality: 2(p? — %> — 4Rr) >

’2 2R —71r ’2 2R — 71
22(p2_3r2_12Rr)+4pr. %@4R+r2p' %

2 ~ R(4R+1)?

S P <0 Blundon-Gerretsen’s inequality, true from Gergonne’s
' o2 — ap2 [1 _ 2P°QR-1) : L
identity: HI'" = 4R [1 xarnz) = 0. where I'is Gergonne’s point: the

intersection of the lines: AA;, BB4,CC, where Ay, B{,C, are the tangent
point of the incentre with the sides BC,CA,AB of A ABC).

The equality holds if and only if the triangle is equilateral.

269.In A ABC:
(b+c—a)ym?+(c+a—-bym:+(a+b—c)m?=>18rs(R-r)

Proposed by Abdilkadir Altintas - Afyonkarashisar-Turkey
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Solution 1 by Kevin Soto Palacios-Huarmey-Peru
KLAMKIN INERTIAL MOMENT
Siendo a, b, c los lados de un triangulo ABCy PA, PB, PC son las
distancias de un punto P en plano ABC
Se cumple para todos los niumeros reales x, y, z lo siguiente
(x + y + z)(xPA? + yPB? + zP(C?) > yza?® + zxb? + xyc?
Siendox=b+c—a,y=c+a—-—b,z=a+b—-c

Lo cual es equivalente
2s ((b +c—a)PA> +(c+a—-b)PB®>+(a+b — c)PCZ) >
(@® - (b - ©)))a? + (b? - (c - @)) b? + (¢ — (a — b)?)c?

2s ((b +c—a)PA>+(c+a—-b)PB®>+(a+b — c)PCZ) >

> a* + b* + ¢* — 2a®?b? — 2b%c? — 2¢?a? + 2abc(a+ b + ¢)
2s ((b +c—a)PA> +(c+a—-b)PB>+ (a+b — c)PCZ) > —16S% + 2(4sRr)(2s)

2s ((b +c—a)PA> +(c+a—-b)PB>+ (a+b — c)PCZ) > —16s%r? + 16s*Rr

(b+c—a)PA?> +(c+a—b)PB?>+(a+b —c)PC* > 8sRr —8sr> =8sr(R—r)

Un caso particular es cuando P = G (Centroid) —» GA = Ema, GB = Em,,, GC = EmC
3 3 3

9
= aGA? + bGB? + ¢GC? > 8sr(R — r) © am? + bm? + cm? > z 8sr(R—1r) =

= 18sr(R —r) (LQQD)
Solution 2 by Soumava Chakraborty-Kolkata-India

1)
(b+c—a)ym:+(c+a—bym?+(a+b—-c)m?= 18rs(R—7)

(1) o(—am2+(s—bmi+(s—c)m?>9rs(R—r)

o (s —a)(2b? +2c¢? —a?) + (s — b)(2¢? + 2a% — b?) +
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+(s —c)(2a® + 2b* — ¢?) > 36rs(R—71)

S s (32 az) + Z a3 — ZZ(aZb + ab?) > 36rs(R — 1)

& 6s(s? — 4Rr — %) + 3abc + 2s (Z a’ — Z ab) —
-2 Z{ab(Zs —c)}=36rs(R—r)

& 6s(s® — 4Rr —r?) + 12Rrs + 2s(s?> — 12Rr — 31%) —
-2 (ZSZ ab — 3abc) > 36rs(R—1r)

& 6s(s® — 4Rr — %) + 12Rrs + 2s(s?> — 12Rr — 3r%) —
—4s(s? + 4Rr + 1r%) + 24Rrs > 36Rrs — 3612%S
& 3(s>?—4Rr —r?) + s> —12Rr — 3r?> — 2(s> +4Rr+r?>) + 1812 > 0
& 25?2 > 32Rr — 10r? & s? > 16Rr — 5r% - true, by Gerretsen
Solution 3 by Soumitra Mandal-Chandar Nagore-India
ab + bc+ ca =p? +1r%*+4Rr,abc =4Rrpanda=b+c=2p

D b+c-aymi=2) (p- aym}

cyc cyc

= %Z(p —a){2(a? + b% + c2) — 3a%} = %Z(p — a){4(p? — 1% — 4Rr) — 3a?}

cyc cyc

=2 12— 4RD) Y (p-a) —> ) aX(p— )

cyc cyc
3 3
=2p(p? —r? —4Rr) — Ep(aZ + b+ c?) + E(a3 + b3+ ¢c3)
=2p(p* —r* — 4Rr) —;p-Z(pz — 1% —4Rr) +;(a+ b+ c)3 —;(a+b+c)(ab+bc+ ca)+zabc

= 12p3 — 9p(p? + r?> + 4Rr) + 18Rrp — p(p* — r? — 4Rr)
= 12p3 — p(10p? + 8r? + 32Rr) + 18Rrp = 2p(p* — 4r%> — 7Rr)
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we need to prove, 2p(p? — 4r?> — 7Rr) > 18rp(R — 1)
& p? — 4r? — 7Rr > 9Rr — 9r%? & p? > 16Rr — 5r%, which is true

Z(b +c—a)m? > 18rp(R—r)

cyc

270.In A ABC:

(Ba-b-c)3b—c—a)3c—a-b)<(b+c—a)c+a—hb)(a+b—c)

Proposed by Neculai Stanciu — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru
Probar en un triangulo ABC (3a—b —c)(3b—c—a)(3c—a—b) <
<(b+c—a)c+a—-b)(a+b—c).Comoa,b,csonladosdeun
triangulo se cumple lo siguientex = b+ ¢ — a > 0,
y=a+c—b>0z=a+b—-c>0;x+y—z=3c—a-b,
y+z—-x=3a—-b—-cz+x—y=3b—-c—a
La desigualdad es equivalente (x +y —z)(z+x — y)(y +z — x) < xyz
Lo cual es equivalente
ox3+y3+23+3xyz>xy(x+y) +yz(y +z) + zx(z + x) >
— (Valido por desigualdad de Schur)
Solution 2 by Soumitra Mandal-Chandar Nagore-India
letx=a+b—-—c,y=b+c—aandz=c+ a— bnow,

xyzzl_[(x+y—z)

cyc
o Zx3 + 3xyz 22xy(x+y) @Zx(x—y)(x—z) >0,
cyc cyc cyc

which is true by Schurs Inequality so,
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xyzz:j(x+y—z)::j(3a—b—c)

cyc cyc
:r(a+b—c)2r(3a—b—c)
cyc cyc

Solution 3 by Soumava Chakraborty-Kolkata-India

RHS — LHS = SZ(aZb + ab?) —42 a3 — 36abc =0

<:>ZZab(Zs—c)—[3abc+23(2a2—2ab)]—9ab02O

& 4s(s? + 4Rr + %) — 36Rrs — 25(s? — 12Rr — 3r%) — 36Rrs = 0
& 252 +8Rr +2r2 —36Rr — s>+ 12Rr + 312 > 0
& s% > 16Rr — 51% - true by Gerretsen (Proved)
Solution 4 by Sanong Hauerai-Nakonpathom-Thailand
(3a—(b+c))(3b— (c+a))(3c— (a+b)) <(a+b-c)(b+c—a)(c+a-D>b)
(B3a+3b+3c—4(b+c))(3a+3b+3c—4(c+a))(3a+3b+3c—4(a+b))

< (3a+3b+3c—(2a+2b+4c))(3a+3b+3c— (4a+3b+2c))(3a+ 3b+3c— (2a +4b + 2c))

If(@+b+)-2b+0)((@+b+0)-tc+d)(@+b+o)-2a+h)
S<(a+b+c)—§(a+b+20))<(a+b+c)—§(2a+b+c))(a+b+c—2(a+2b+c))
From Expanding, Consider because 8ab < 4a? + 4b?

Hence ((a+b+0) =5 +0))((@a+b+)-5(c+a) <

2
< ((a +b+c)— %(a +b+ Zc)) .Because 8bc < 4b% + 4c?

Hence((a+b+c)—§(c+a))((a+b+c)—g(a+b)) <

2
< ((a +b+c)— %(Za +b+ c)) and because 8ac < 4a? + 4c?
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Hence((a+b+c)—§(a+b))((a+b+c)—g(b+c))s

9 2
g((a+b+c)—§(a+2b+c)>

Therefore (3a— (b +¢))(3b— (c +a))(3c—(a+ b)) <
<(a+b—-c)b+c—a)(c+a—-Db)

271.In AABC, O - circumcenter, I ;, I, I . — excenters

Iple Il Laly _ 27R3
ol, o0I, O0lI, abc

Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-Kolkata-India

C-B-§

LHS < ILIZ |$— (1)
1,1, = acsc% = 2R sinAcscg = 4R singcosgcscg = 4R cosg, etc.

A
~ I,J2 = 16R? cos? =

/Zlblz = 4R ’ cosZ— —4R\/ (1 + cosA)

- 4R\/ (3 + 1+R) = AR /‘“‘:r Now, 01, = /R(R + 2r,), etc

1 1 1
+ +
2:01Z R+2r, R+2r, R+2r,
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1 |((R+2rp)(R+2r.) + (R+2r)(R+2r,) + (R + 21ry)(R + 21p)
VR (R +21,)(R + 21p)(R + 21,)

® 1 |x
=% \E (say)

x= Z(R +2r) (R +2r,) = Z{RZ + 2R(ry + 1) + 4y}

=3R%2+4R(AR+ 1) +4s% (= Xr,=4R+rand X r,r, = s%)

(i)
= 19R2 + 4Ry + 452

y=(R+2r,)(R+2r,)(R+2r.) = R®+ 2R?>(4R + 1) + 4Rs? + 8r 17,
@
= 9R3 + 2R%r + 4Rs® + 8rs? ( r 1_[ ra, = AZ)

1

(i), (i), (i) = |25

3 1 19R? + 4Rr + 452
~ VR 9R3 + 2R%r + 4Rs? + 8rs?

(1),(2),(3)> LHS

4) AR+1r 1 19R? + 4Rr + 45?
< 4R
2R /R 9R3 + 2R?*r + 4Rs? + 8rs?

1 4R + 1 19R% + 4Rr + 45?2
2 9R3 + 2R%r + 4Rs? + 8rs?
4R+r) 19R2 +4Rr+4s? 729R6
2 9R3+2R%2r+4Rs%?+8rs?2 — 16R2%r2s?

(4) = it suffices to prove: 16 (

& 729RY9R3 + 2R%*r + (4R + 8r)s?} > 1287r2(4R + r)s?>(19R? + 4Rr + 4s?) (5)

Gerretsen
LHSof (5) >  729R*{9R3 + 2R?r + (16Rr — 5r%)(4R + 8r)}
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erretsen

RHS of (5) ‘ > 1287r%(4R +1r)(4R? + 4Rr + 31%) +
(16R? + 16Rr + 12r? + 19R? + 4Rr) - it suffices to prove:
729R*{9R3 + 2R*r + (16Rr — 5r?)(4R + 8r)}
> 1287r%(4R + r)(4R? + 4Rr + 3r%)(35R? + 20Rr + 121?)
& 6561t7 + 48114t% + 7052t°> — 159720t* — 147456t —

R
—84120t%* — 32256t — 4608 > 0 (t = 7)

o (t- Z)(6561t6 +612361° + 129524t* + 99328t3 + 51200t + 17280t + 2304) =>0-

true~t = g > 2 (Euler) (Proved)

272.1n A ABC, 0 —circumcentre, I, I}, I . —excenters
OI, OI,-OI +1,,-1,1,-1.I,>32rR(s+71)
Proposed by Daniel Sitaru — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Teniendo en cuenta las siguients notaciones y desigualdades
0I,=+/R(R +2r,),0I,=/R(R+ 2r,),0I,=/R(R + 21}),
C A B
I,1, = 4R cosE,IbIC = 4R cosE,ICIa = 4R cosE

ro rpre = s?r = 27r3, R > 2r. Luego aplicando la desigualdad de Holder

0I,-0I,-0I.= RVR\ (R +2r,)(R + 2r,)(R + 2r,) =

3
> R\/E\/(R +23[raryr.)” = RVR(R + 61)3 = Ry 2r - (87)3 = 32Rr?

© 01, -0I,- 0I, > 32Rr? (A). Ademas

= 1,0, - 1,1, - 1.1, = 64R3 cosgcosgcosg = 64R? -ﬁ = 16R?*s > 32Rrs (B)
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Sumando (A)+(B)—- 0I,- 01, -0I.+ 1,1, -1,1.-1.1,=>32rR(s+ 1)

Solution 2 by Soumava Chakraborty-Kolkata-India

0I,-0I, - 0I. =+ (R? + 2Rr,)(R? + 2Rr})(R? + 2Rr,)

D JRR + 2r)(R + 2rp)(R + 2r2). Now, (R + 2rg) (R + 2r4)(R + 21,)

= R3 + 2R? (Z ra) + 4R (Z rarb) + 81,17,

= R3 + 2R%(4R +r) + 4Rs? + 8rs?

)
= 9R3 + 2R%*r + s*(4R + 8r) = 9(2r)3 + 2r(4r?) + 27r%*(8r + 8r)

(+R=2rands >3V3r) = (72 +8 + 27 x 16)r3 = 512r°
~ R3TI(R + 2r,) = R? - R(512r3) (using (2))

Euler

(% R? - 2r(512r3) = 1024R?*r*

~ R3TI(R + 2r,) = 32Rr? (using (3))
= 0I,-0I,- 01, > 32Rr? (a) (from (1))

C A B
I 0y -1l 1.1, = (c csci) (a csc—) (b csc—)

2 2
ab bc ca
= abc
(s—a)(s—b) [(s—b)(s—c) [(s—c)(s—a)
16 R2r2s2. Euler
= rzzzs ® = 16R%s (%) 32Rrs (a)+(b) = LHS = 32Rr(r + s)
273.In A ABC:

z a - 18r?
(b+c)(b+c—a)  abc

Proposed by Panagiote Ligouras-Florence-Italia
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Solution 1 by Kevin Soto Palacios — Huarmey — Peru

., a 18r%> _ 18r% _ 9r
Probar en un tridngulo ABC ), bro(bie—a) 2——= R 2Rp (A)

Ademas siendo a, b, c los lados de un triangulo se cumple la siguiente
desigualdad abc = (a +c—b)(b+c— a)(c+a —b),R = 2r
Lo equivalente en (A) se puede expresar como

a - 1
IgrLi(b+c)(b+c—a) 2p

Aplicando la desigualdad de Euler y MA > MG

2 3 1 1 . .
_Z (b+c)(b+c D=9 3\/ @D bracra) = arpre 0o suficiente probar lo

siguiente (a+ b +¢)3 > %(a +b)(b +c)(c+a) o
e ((@a+b)+(b+c)+(c+ a))3 > 2;7(a+ b)(b + ¢)(c + a) (MA = MG)

Solution 2 by Soumitra Mandal-Chandar Nagore-India

We know, abc = [[¢yc(a+ b —c)

. a - 33 1 abc
“;(b+c)(b+c—a) N Hcyc(a+b) .Hcyc(a+b_c)

_ 1 9 _1 9 R
B ]_[Cyc(a+b)_2(a+b+c)_2'2p_2Rp r

__18r% _ 18r?
- 4Rrp

(Proved)

Solution 3 by Soumava Chakraborty-Kolkata-India

(1) 1812

Z(b+c)(b+c—a)
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3612

bc

(1) < Z (b+c;(s—a) 2 (2)

Now—>—=>ac+a > b% + bc
b+c ct+a

S (a+b)(a—b)+c(a—-b)=0s (a—b)(a+b+c)=0

@

< az>b. Slmllarly,—a>q<:> b > c (ii)

WLOG, we may assume a = b > c. Then, from (i), (ii), 2>

c+a +b’
and also, 1a > ﬁ > S% LHS of (2) > —Z— Z— (Chebyshev)
Nesbitt 1 3 1 (3) 1 9 _ 9
> E'E'ZE 2 S Soca (Bergstrom)= 7

~ 4Rrs
Solution 4 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

(b+c)—(b+c—a) _
Z(b+c)(b+c—a) (b+¢c)- (b+c—a)

_Z( 1 ) Z 1 4R+r  5p®>+4Rr+r?
B b+c—a b+c 2§ 2p(p? + 2Rr +1?)
4R + 1 5p% + 4Rr + r? 9r
2S  2p(p? +2Rr + r2) ‘R

=4

(4R +r 9r) 5p? + 4Rr + r?
2 R 2p(p? + 2Rr + r2)

(4R? —4Rr — 91%) - p> >R - r*(4R+ 1) — (2R + r)(4R? + Rr — 91?)
(4R? —4Rr — 91%) - (16Rr — 5r*) > R - 1*(4R + 1) — (2R + r)(4R? + RT — 971?)

§:t; (4t —4t—9)(16t—5)>t-(4t+1) — (2t +1)(4t> + t — 9)

72t3 — 82t2 — 142t +36 > 0
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2
(t—2)-(36t>“+31t—9) > O}TRUE
t=>2

274.\In A ABC:

Jhghph, < s\Vr < /momym,
Proposed by Rovsen Pirguliyev-Sumgait-Azerbaidian

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo ABC \/h,hyh, < s\Vr < /m ,mym,

Utilizando las siguientes desigualdades e identidades enun 4 ABC

bc h _ca h _ab
2R P " 2R'° 2R

m, = +s(s—a),my, >./s(s—b),m,>.s(s—c),R > 2r.Porlatanto

__ abc _ 4Rsr _ 2sr 2sr _ r
Jhohph, = SRVIE — 2RVR - TR S Tm = SV (Valido por Euler)

S=sr=+s(s—a)(s—b)(s—c) h, =

Jmomym, > \/\/s(s —a)(s—b)(s—c) -s2=+s-§= \/E = s\r

Solution 2 by George Apostolopoulos-Messolonghi-Greece

__2rs 2rs 2rs 8r3s3

We have h,hyh, = — ==

8r3s3 272 2 Euler 2722

_ _
wes | RSz s%.50 hahph, < sVT

2(b%+c?)-a? _ (b+c)?-a? b+c+a)(b+c-
Also,wehavemﬁz( ;—‘)a 2( cl at _( ca)4( c—a)

b+c+a b+c-a
=-—— ——=s(s —a) = ryr.. Namely m} > r,r,

Similarly m? > r.r,, and m? > r,rp. So

m2-m:-m? > (rorpr.)? © mgmym, > rorpr, = s*r

So /moamym, > s\r.Namely \/h hph, < s\r < /momym,
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275.In A ABC, 0 - circumcentre, I, I, I . - excenters:
216a%b?*c*R?
<s
Ol, I,1.-0I,-1.1,-0I. 1,1,

3

Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-Kolkata-India
216a2b?c?R? 2
Ol, Iy, 0I, I, OI, 1,0, "

B bc ca ab
IaIb.IbIC.ICIa—abc (S—b)(s_c). (S_C)(S—a). (S—a)(S—b)

a’b%c?s @ a’b?c?
r2s2 r2g
using (2), (1)  ([[01,)a*b*c? - s3 > 216a*b*c*R3*r*S

o s (1_[ 01,) = 216R*2 & s* (1_[ 0I2) > 216 x 216R°r*

& s*R3(R+2r,)(R + 2rp)(R + 2r,) > 216%R%r*
o s*(R+2ry) R+ 2r,)(R + 2r,) = 216*R3r* (3)

Gerretsen

LHSof (3) > (16R —571)*r*(R + 2r,)(R + 2r,)(R + 2r,)
= 12(16R — 51)%{R3 + 2R%*(4R + 1) + 4Rs? + 8rs?}

( Z r, = 4R+ r,z Tl = S, 1 rpre = rsz)

Gerretsen
&) r2(16R — 51r)*{9R3 + 2R*r + 4(16Rr — 5r%?)(R + 2r)}
(3), (4) = it suffices to prove:

(16R — 57r)%2{9R3 + 2R*r + 4(16Rr — 51r%)(R + 21)} > 216%R3r?
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& 230415 + 15456t* — 29343t3 — 25870t + 9100t — 1000 > 0,
(where, t = g)
o (t—2){(t- 2)(2304t3 +24672t> + 60129t + 115958 + 232416} >0

- true, v t = § > 2 (Euler) (Proved)

s2+7r% 3[2r
+ |—>8
2Rr R

Proposed by Rovsen Pirguliyev-Sumgait-Azerbaidian

+r2 32
“+Z>8
R R

Aplicando la desigualdad de Euler - (R > 2r)

s% + 12 32r s% + r? 3R2-2r s:t+r2 2r
= +—2>8
2Rr 2Rr R3 2Rr R

Lo cual es equivalente s? + 5% > 16Rr (Inequality Gerretsen)

276.In A ABC:

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Solution 2 by Soumava Chakraborty-Kolkata-India

LHS Gerretsen 16Rr — 4% 3|21 g 2r 3|2r
> 4 |[—=8-—+ |=—
1) 2Rr R R R

=~ it suffices to prove: 3\/; > (from (1))

2r 2r 3
s —=> (—) & R? > (2r)? © R > 2r - true by Euler (Proved)
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Solution 3 by Seyran Ibrahimov-Maasilli-Azerbaidian

% =t3<1 t<1;s*>16Rr —5r% = Gerretsen

16Rr — 4r% 3|27 2r  3|2r
— 4+ |—>88—-——+ |—>8t—-t3>0
2Rr R R R

t(1—t*)>0=becauset <1

Solution 4 by Soumitra Mandal-Chandar Nagore-India

InA ABC,p? > 16Rr — 5r% + “R20)  po+rt 3\/z >g- 24 (R
R-r 2Rr R

2 R-2 32 1 1 [t-1 1
Weneedtoprove,8——r+i( r)+ sgo-1+l(E)+E>0
R 2R\R-r R t o\ ) i

R 1(t-1 1.1 1(1-3t 1 1 _ 1(3t-1
= o (—)—-+—> @—(—)+—> o —>-(=
where ¢ 2r t(4t—2) t %_0 t \4t-2 %_0 35t Tt

e8t2(2t—1)>(Bt—1)3 @ 64t5 —96t* + 2113 — 192 -9t +1> 0
e (t—1)(64t* — 323 — 112 +8t—-1) >0
e (t—1)%(64t3 + 32t + 21t +29) + (t — 1)28 > 0,

'S
T
N

; ; 2 2 3[2
whichistrue~ ¢t >1 ~ 22 + /—r >8
2Rr R

277.In A ABC:

R N 3s? _
2r (4R+1r)% "~

Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar en un triAngulo ABC % + % >2

Tener en cuenta las siguientes desigualdades en un triangulo ABC
s? > 16Rr — 512 (Gerretsen’s Inequality), R = 2r (Euler’s Inequality)
La desigualdad es equivalente & (4R + r)?R + 3s% - 2r > 4r(4R + 1)?

Utilizando la desigualdad de Gerretsen
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< (4R +1)’R+ 35%-2r > (4R +1r)’R + 3(16Rr — 512) - 2r
Por ltimo probaremos (4R + r)?R + 3(16Rr — 572) - 2r > 4r(4R + r)?
& 16R3 + 8R?r + 97r*R — 3073 > 64R%*r + 32Rr? + 4r3
& 16R3 — 56R?r + 65Rr? — 34r3 = (R — 2r)(16R? — 24Rr + 171r%) > 0
Lo cual es validoyaque » 16R? — 24Rr + 17r? = (4R — 3r)?> + 8r? > 0
Solution 2 by Soumava Chakraborty-Kolkata-India

3s2 . R Gerr;tsen 48Rr — 1512 . R ; 2
(4R+1)%2 2r — (4R +1)? 2r

? ?
© 16R3 — 56R?*r + 65Rr?> —34r3 > 0 = (t — 2)(16t%2 — 24t +17) > 0
>true t == >2and 162 — 24t +17 > 0as 4 = —512 < 0 (Proved)
278.1n A ABC, O - circumcentre, R,, Ry, R, - circumradii of

ABOC,ACOA,AA0B

9 L_R _4
RZ+R?+RZ R,R,R. ™ R?

Proposed by Daniel Sitaru — Romania
Solution 1 by Soumava Chakraborty-Kolkata-India
A

B C

+ angle at centre = twice angle at circumference, ~. ZzBOC = 2£A
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~ ZBOP = £A.LetOP = t; cosA :Q:E: t=RcosA

BO R
1 aRcosA R-R-a aR?
Now, Area (A BOC) = -at = .Also, Area (A BOC) = =
2 2 4R, 4R,
aRcos A aR? R ..
= =>co0sA=—>=R, = .Similarly, R, = n
2 4R, 2R, @ 2cosA S arty, Rp 2cosB and
R 9 R 4
Rc_ZcosC“(l)ﬁﬁ( 1 1 1 )+ R3 SF
4 \cos2 AT(:os2 B—r(:os2 c 8cosAcosBcosC

S — ? ——+2cosAcosBcosC <1 (2)

1
cos2 A—rcos2 B—rcos2 C

Now, cos 2A + cos2B + cos2C = -1 —4cosAcosBcosC
=2 ZcosZA‘B =—1—4cosAcosBcosC

= Y cos?A=1—-2cosAcosBcosC (3)

Using (3), (2) @%L,l <x+y+z

X'y z
(where x = cos? A,y = cos? B,z = cos? ()
— which is true as HM < AM (here, x,y,z > 0) (Proved)

Solution 2 by Geanina Tudose-Romania




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

: .. R 1 9 3
We break the inequality into: RRE =R and REARIT =

(1) LetS;=Sppr=F R, =% 5 =5, =K g, =&
1 = 9BOC = 4p- a= o5, A0c = 4p. b= s,

G cR? R cR? R R 64S5,5,53

= = = : = =
37 7A0B T 4p. T ¢ 7 4S8, R,R,R,  abcR® abc - RS
645.S,53
3 S1+S,+S3 S abc (abc)3
From GM < AM 3/5,5,83 < % == or = 515283 = a3
2
Hence —&— < @9 \ye show 2 s — & abc < 3V3R? &
RaRpR, 27R8 27R8
& sinAsinBsinC < e which is a true inequality
. . . 3V3
(follows from sin A + sin B + sin C < ~ and GM < IM)
(2) Isequivalentto R% + R% + R? > 3R?
In 4 BOC,m(BOC) = 2m(4) > —2— = 2R, > "4 _9op =
sinBOC 2sinAcos A
_ R? 1 1 1 9
=R, = 2cosA’ ThUS (coszA * cos2B  cos? C) = 3R
1 1 1

> 12 (! A ABC not right —angled suppose acute)

cos’A cos’2B cos?C —

Let£:(0,5) > R f(x) =

251nx

COS

f(@+f(b)+f(c)
3

2-(cos? x+3 sin?
f'(x) = (cos x+3sin’x) g, f"' convex fct = f(a+:+c) <

cost x

1 ( 1 N 1 N 1 ) 1
= = o
3 \cos?A cos?B cos?C §2 (A + B+ C)
3
1 1 1

cos?A cos’?B cos’C

> 12 “true”

Adding up the inequalities, we get the conclusion.
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279.In A ABC:
m, m, m, 1 1 1 1
2+ 2+ >3+ (a+b+c)<—+—+—)
w, W, 2 a b c

Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution 1 by Kevin Soto Palacios — Huarmey — Peru
Probar en un triangulo ABC la siguiente desigualdad

m, m, m, 1 1 1 1
L+ 2+ "> (a+b+c)(—+—+—)+3
l, L, l. 2 a b c

Utilizando las siguientes desigualdades e identidades concidas en un
a+b

., b+c A c+a
triangulo ABC m, > —-cos-,my > Tcos 5 M = ——Cos >

2bc A 2ca B 2ab C
l, = b Ccosi,lb = P acosE,lC = mcosi

La desigualdad es equivalente
mg my

mg o mp , M (b+c)% . (c+a)? (a+b)
la+lb+lc2 4bc * 4ca 4ab <\](a+b+c)( +b+ )+3>

:i\](a+b+c)(%+%+%)+%.Ahorabien

(b + ¢)? ((:+a)2 (a+b)* 3 l(b c ¢ a a b)
+ — 4+ —(—-F+—=F+—+—+—+—
4bc 4ca 4ab 2 4 b a ¢ b a
Es suficiente demostrar lo siguiente
1(b+c+c+a+a+b+3)_1( b+ )(1+1+1)>
4\c b a c¢c b a —4a ¢ a b c/

21\/(a+b+0)(%+%+%)+§<:>i(x—3)(x+1)20, lo cual es valido

4

ya que



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

x:\/(a+b+c)(%+%+%)23—>(MA2MG)

Solution 2 by Soumava Chakraborty-Kolkata-India

2bc A Zbc s(s— a) 2\/_
m,>.s(s—a) (Dw ——cos >w w/
a = ( )() a  p+ 2 @ pte bc

1 b+ a b+
=T e T QW@ 2 @)
) ct+a mc (5) a+b

Similarly,ﬂ > i ” > T
Wp c

AT
(3) + (4) + (5) = LHS > 1 \[;+\F+ f f
(6) = it suffices to prove: f \f \E f \/? \f
= b c a a b c € b—x: C_y' a—Z..xyZ_

1,1 1,1, 1
(7)(:)x+y+z+ + = + >3+ 3+x2+y?+ 22+ +—+—
xz  y2  z2

oY x+ Y ay- 3>J3+Zx2+zxz
@(Zx+2xy—3) 23+Zx2+2x2 2
(-.-Zx+zxyA£G3+3:6=>Zx+zxy—3z3>o)
=)+ (Em) vor2(Y (L) -6y -6 )
>3+ 52+ ) xty?
oY +2Y ayry atyrezy x+9+2() x) (D x)

:Iﬁ
In
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>3+Yx*+Yx*y?+6Yx+6Yxy (vxyz=1)

@6+2(Zx)(2xy)242x+42xy

u=x=>3

vzzxy>3)<:>u(v—2)22v—3

& 3 +uv = 2u+ 2v (where

2v-3
v-2

2 _ (2v-3)2

(- Qv—-3)and (v —-2) > 0) © u? >

Su> Z (8)

Now, (X x)? > 3Y xy = u? > 3v (9); (8), (9) = it suffices to prove:

(2v — 3)?
W22

eW-3)3v-7w+3)>0= w-3){Bv+2)w-3)+9}>0

A-G
—>truevvz2xyz\/%+\[%+\[; > (3) (Proved)

280.In A ABC,I - incentre, I,, I, I . —excenters:

o3vw-2)2%>2v-3)2o313—-161v2+24v-9>0

8s2S
or
Proposed by Daniel Sitaru — Romania

a-Al-Al,+b-BI-Bl,+c-CI-CI, <

Solution 1 by Soumava Pal-Kolkata-India
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Al _

In4ABD,— = 48 (angle bisector theorem)
1D BD

BC AB BD . AB BD
—_— (Y — = — = = —
Al;qffl(,"BC ( = e by bisector theorem TV, BC)

A
c b+c b+c 2bc cos;;
T =—>Al = AD =—— (%)

bic a a+b+c
Also AX = AB+ BX = AB +BD (1); AY = AC+CY =AC+CD (2)
1)+ ((2)=25SandAX =AY = AX =AY =5

Al, = -3 From (*) we get Al = 25 = :TC=> aAl - Al , = abc
COSE a

COs>
2

2 3
~ the inequality stands Y, a Al - Al, = 3abc < 8; 184, (a+ b+

r 9rs

c3>27abc a+b+c>33abcwhich is true by AM - GM

Solution 2 by Soumava Chakraborty-Kolkata-India

InA Al Iy, £1,AI, = 90° .. cosg = ;”“

aIb
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B c
= Al, = cosE -Ccsco = cosE -2RsinC - csci
4R B C c Cq AR B c
= 4R cos = sin cos 2Rcscz = ) cosc2 cos
~a-Al-Al,=2RsinA-—; - 4R cos-cos; (from (1))
sin
— 16R%rsi A 1 B c
= rsinz cos— - — é-cosi-cosi

sinz
A B c
= 16R?*r €0S - COS - COS - = 4R?r(sin A + sin B + sin C) = 4R?*r (%) @ 4Rrs

_— 3 (4
Similarly, b - BI - BI,, = 4Rrsandc-CI - CI, = 4Rrs

? 8s2s _ 8SZrs _ 8S8
~(2)+(3)+(4)=>LHS = ?12Rrs S T T 5
& 2s2 > 27Rr
But 2s? > 32Rr — 10r? — (Gerretsen)
- suffices to prove: 32Rr — 10r? > 27Rr < R > 2r — true (¥)
(Proved)
Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

e (4 AIH,); Al = %(A AIH,);In A ABC,I — incentre

siné si
2 2

Al, =
8s2s

I,1,1.—excenters;a-Al-Al,+b-BI-Bl,+C-CI-CI. < o
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S
arra_\_%"p-a _
Z Sinz% Z((p—bggp—c))

-_ . . . p =
= abe-r:$ Zp(p—al)(p—b)(p—C)

<3
= (abc) - 1-S - i—’z’ = % = 12RS = LHS; LHS < RHS (ASSURE)
2,
12RS <225 2p? > 27pr;2- (16Rr — 512) > 27Rr

or ——
Gerretsen

32Rr — 1071% > 27Rr; 5Rr > 10r%; R > 2r

Solution 4 by Geanina Tudose — Romania

i AIa:_r“AandraZPLaﬁAIa:—( 5;"’
8p?s sin - p—a)siny

Za-AI-AIAS?.Weuse Al = P°

COSé

2

B pa 1 S _\2aS5 _
ThusYa-Al- Al =Y a cos? sind p-a  “sina
. i 2
= y 22RsinAS _ 5 4 RS = 12RS. We show 12SR < 25 & 2p% > 27Rr

sin A o P

a+b+c\’ S 3 abc 3
(:)2-(—) >27R-— o 2p° =2 27R——— < 8p° = 27abc
2 P 4R

& (a+ b +c)? > 33abc (true AM > GM)

281.In A ABC:
1
a? + b?% + ¢? +§Z(b —¢)? < 9R?

Proposed by Nicolae and Cristina Nica — Romania
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Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo ABC a? + b% + ¢? + %Z(b —c)? < 9R?
Tener en cuenta las siguientes desigualdades e identidades en un 4 ABC

s? < 4R? + 4Rr + 3r? (Inequality Gerretsen), R > 2r
a?+b%+c2=2(s?—1r%2—4Rr),ab+ bc+ca =s*+1r?+ 4Rr
La desigualdad es equivalente
& 10(a? + b? + ¢?) — 2(ab + bc + ca) < 72R?

& 5(a? + b% +c?) — (ab+ bc + ca) = 10(s?> — r> — 4Rr) — (s> + r> + 4Rr) < 36R?

& 5(a? + b%+c%)— (ab + bc + ca) = 9s?> —11r?2 — 44Rr <

< 9(4R? + 4Rr + 31r%) — 11r% — 44Rr
& 5(a? + b? +c?) — (ab + bc + ca) < 36R?> — 8Rr + 161> <
< 36R? + 8r(2r — R) < 36R? (LQQD)
Solution 2 by Soumava Chakraborty-Kolkata-India
Toprove:8Y a? +Y(a—b)? <72R*> © 10X a? —2Y ab < 72R?
& 20(s% — 4Rr — r%) — 2(s% + 4Rr + r%) < 72R?
& 9s% < 36R? + 44Rr + 11r?. But 9s% < 36R? + 36Rr + 2712 (Gerretsen)
- it suffices to prove: 36R? + 36Rr + 27r%* < 36R? + 44Rr + 11r?
& 8Rr > 1612 & R = 2r - true by Euler (Proved)
Solution 3 by Soumitra Mandal-Chandar Nagore-India
Lemma: In 4 ABC,4R? + 4Rr + 3r% > p?

Wherep=a+b+c-p?+1r2+4Rr = ab + bc+ caand abc = 4Rrp

1
9R? 2§Z:(a—b)2+aZ + b% +c?
cyc
(a+b+c)2—3(ab+bc+ca)+

2 2 2
a“+ b +c
4

& 9R?Z >
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1
& 9R? > Z(pZ —3r%2 —12Rr) + 2(p* — > — 4RT)

9p? 11r? 44Rr 11r?
—— —11Rr & 4R%* + +

> 12
4 4 9 9 =P

& 9RZ >

44Rr

we need to prove, 4R? + 5 > 0, which is true

+%r224R2+4Rr+3r2; @@

“R=>2r;9R? > %chc(a — b)% + a? + b% + ¢? (Proved)

282.1n AABC:
(r + 4R)3 + 55%r > 16s”R
Proposed by Rovsen Pirguliyev-Sumgait-Azerbaidian
Solution 1 by Kevin Soto Palacios — Huarmey — Peru
Probar en triangulo ABC (4R + r)3 + 5s%r > 16s*R
Partimos de la desigualdad de Schur
13+ 13+ 134 3raryre 2 1y (rg + 1) + Typro(ry + 1) + T (rery)
er3+ri+1rd+3r,,(rg+1p) + 311 (ry + 1) + 311 (rory) + 61,1, >
> 41T (g + 1) + AT (1 + 1) + 411o(r 1) — 3T,y
S g +rp+71)3 240+ 1y +1)(rqry + 11 +11y) — ITTpT
& (4R +1)® > 4(4R + 1)s? — 95*r © (4R +1r)3 + 55%r > 16s%R
Solution 2 by Soumava Chakraborty-Kolkata-India
Given inequality © (4R + r)3 > s>(16R — 57)
Now, s2(16R — 57) < (4R%* + 4Rr + 3r?)(16R — 57)
~ it suffices to prove: (4R +r)3 > (4R?* + 4Rr + 3r?>)(16R — 571)

o (R - 2r)? > 0 - true (Proved)
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283.In A ABC:
(b + c)m? + (c + a)m% + (a + b)m? > 9rs(3R — 2r)
Proposed by Abdilkadir Altintas-Afyonkarashisar-Turkey
Solution 1 by Rovsen Pirguliyev-Sumgait-Azerbaidian

We have (Bertgstrom’s Inequality)

Z(b + C)mg — Z (b + C)ng G+ C)ma)2 B (b + C)ma)z _

> =
b+c (b + c) 2Ya
_ 9s%(s®* —3r* —4Rr) _ 9s(s®* —3r* — 4Rr)
B 4s B 4

s(s®—3r2—4Rr)

We prove that 2 >9rs(3R - 2r) &

©s2—3r—4Rr 2 4r(3R-2r) >
= s? —3r2 —4Rr — 12Rr + 8r* > 0 = s* > 16Rr — 5r*
Solution 2 by Soumava Chakraborty-Kolkata-India

1)
(b + c)m? + (c + a)ym? + (a + b)m? = 9rs(3R — 2r)

(D)o 2s— a)(2b? + 2¢? — a?) + (2s — b)(2¢? + 2a® — b?) + (25 — ¢)(2a% + 2b* — %) =
> 361rs(3R — 2r)

o 2s - (3 Z az) + Z a® -2 {Z(azb + abz)} > 36rs(3R — 2r)
© 12s5(s? — 4Rr — r?) + [Babc +2s (Z a? — Z ab)]

-2 Z{ab(Zs —c¢)}=36rs(3R — 2r)

& 12s(s? — 4Rr — %) + 12Rrs + 2s(s? — 12Rr — 3r?)
—4s(s® + 4Rr +1r%) + 24Rrs > 36rs(3R — 2r)
& 652 — 24Rr — 6r? + 18Rr + s> — 12Rr — 3r? —
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—2s% — 8Rr — 2r% > 54Rr — 3612

& 552 > 80Rr — 251% © s? > 16Rr — 512 - true, by Gerretsen

284.In A ABC,I — incentre, I, I, I, — excenters:

3
S[IaIbIc] . S[IIaIb] S[IIbIC] . S[IICIa] > RZ . <M>
V3

Proposed by Daniel Sitaru — Romania
Solution 1 by Adil Abdullayev-Baku-Azerbaidian

. A . B__C
Lemmal.S; ;. = 2Rp, Sy 1, = 8R? sin> sin—cos>

3V3R2 ., A . B ., C A B C
Lemma?z2. § < .sin=sin—sin—- = —,c0oS—-c0S—C0S— = L
2 2 2 4R 2 2 2 4R’
2 26.53 483 3V3R?
LHS = 2Rp - 2°R¢ - — . L > R2. oR2-S2>2_ o6 §8<
p 16R%2 4R — 3V3 =33 4

Solution 2 by Soumava Chakraborty-Kolkata-India
I, = 4R sin%1 etcand I, I, = 4R cos %1 etc - external angle bisector and

internal angle bisector are mutually perpendicular, .. CI L 1,1,

1 C
S ST I ==-CI- 1,1, = -4Rcos§

sin—
2

C
2Rrcoss 1, -1I,-1,1 : ; i
2 =@ ’; ©b where R, is the circumradius of 4 I1,1,,

C
in= 4
sin;

2Rr cos£ 4R sm— ‘4R sm— ‘4R cos—
= 2= *)
. C 4R
sin;

:R1:8(Hsin§)-R-(lrz)—% 2R = R, = 2R (1)

w1, 14,1y, 1, form an orthocentric system,



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

S Al Il ALl AllLl, Alll,all will have circumradius = 2R (from

(1))
. LHS = IaIb-IbIC-ICIa.IIa-IIb-IaIb.IIb-IIC-IbIC.IIC-IIa-ICIa
" 8R 8R 8R 8R
C A B\? 3 . A . B . C\*
_ (4R cosi -4R cosf -4R cosi) (64R smismism 7)
642R*
o 42 = R8(sin A sin B sin C)? x 642
- ([Jsng [ Jeos) = o ’

_ 64—-R8(abc)2 R2(abc)?x 64 ( )
" 64RS 64

R?(abc)? . (2) = it suffices to prove:

R%(abc)? > R? (‘jﬁ’;) & 3v3R? > 4Rrs < 3V3R? > 4rs (3)

+ 3v3R = 2sand R > 2r, . 3v/3R? > 4rs = (3) is true (Proved)

285.In A ABC:

—+—+—2=>3
r, T, T, ab + bc + ca

Tq Tp T, 'é‘\/a2+b2+c2
Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

3 a?+b2+c?
Probar enun triangulo ABC 2+ 22 + Ie > 37 (20 72
Tp e Tq ab+bc+ca

Tener en cuenta las siguientes desigualdades
a’ + b? + c> < 9R? (Leibniz), ab + bc + ca > 18Rr
R 9R? a?>+b%+c?
S —= = =
2r 18Rr — ab + bc+ ca
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LEMMA - Siendo x, y,z nimeros R* se cumple la siguiente desigualdad

conocida

g +2h > \/(x +y+2z) G + % + %) (demostrado anteriormente)

. . 1,1,1_1
Slendoxzra,yzrb,ZZrc@x+y+z:4R+r(Ste|ner)/\;+;+;:;

ol +—“>\/(4R+r) ) \/1+47R.LuegoaplicandoMA2MGy

Tp
Euler 2+ +— 1+4—R 1+—(8)> 9(5)6-(5)2>
r, T 2r 2r/)
>318, 1>3 3a+b+c ( D)
ab+bc+ca QQ

Solution 2 by Soumava Chakraborty-Kolkata-India

(1) 3 2 2402

T r T a“+b<+c . A A A
s >3 |— Usmgra:—,rb:—,rC:—,
T, T Tgq ab+bc+ca s—a s—b s—c

(2) 2

b 3
(e Sbyseysas 3 La®
s—a s-b s—c > ab

Lets—a=x,s—b=y,s—c=2z,s=x+y+z

and,a=y+zb=z+x,c=x+y,x,y,z>0

~Ya?=2Yx*+2¥xy (3)

Zab :Z(y+z)(z+x) :Z(ny+zz) @ sz +32xy
L@ eleiel « 3![AZED) (using (3), (4))

2 2,2 (6) 2
N L N S @x)
X y z Xy yz @ zx

(Bergstrom)

_Xx*+2)xy

P From (6), in order to prove (5), it suffices to prove:
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u=>yx?
v=)xy

e u+2v)] - (u+3v)-54v3(u+v) =0

(u+2v)3

v3

u+2v > 33 2(u+v)
v u+3v

2(u+v)
u+3v

(Where > 27

)e
o ut +9uldv + 30ulv? — 10uv - 30v* >0
& t* +9¢3 + 30t — 10t — 30 > 0 (wheret = %)
e (t— 1Dt +10t? + 40t +30) > 0 - true

u_ Nax?

S—>1asx,y,z>0(Proved)

.,-t:;_ny_

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

r, rgrc Chebyshev
= =
Tp TalpTc
1 _ 2
. Fra+rp+1) Xrere=p

_(4R+1)-p* 4AR+r
TolpT - 3r-p2  3r

r.pz

4R+7r 4R+r 3 [2p2—8Rr-2r2
LHS > ; >3 el e
3r 3r p2+4Rr+12

2p? — 8Rr — 2r?
p? + 4Rr + 1r?

(4R+r)32729-r3-<

(64R3 + 48R*r + 12Rr* — 145713) - p* +
+(64R3 + 48R%*r + 12Rr% + 1r3)(4Rr + r%) + 5832R - r* + 1458r° > 0

p? > 16Rr — 5r7; g: t

(643 + 48t% + 12t — 1457)(16 — 1) + (641> + 48t* + 12t + 1)(¢t + 1) + 5832t + 1458 >
320t* + 17683 + 12t* — 4381t + 2186 > 0

(t —2)-(320t3 + 816t* + 1644t —1093) > 0

=20 >0
t=2
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286. In any scalene acute —angled 4 ABC:
tan A tan B tan C 1

+ +
sinB+5sinC sinC+5sin4d sinA+5sinB 2

Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-Kolkata-India

+“0<ABC< g tanA4 > A etcand sin4 < A etc

LHS > Z a__ A
" B+5C /L.AB+5CA
Bergstrom (5 4y2 YA2+2Y AB . ) YA2+2YAB _ 1
> SABiSSCA . 6vaB it suffices to show: ~evaB > 7

©2YA>+4YAB > 6Y AB < Y A? > Y AB - true (Proved)

287.In A ABC:

ra+rb+ rb+rc+ rc+ra< 2(4R+r)<3 R
T T, r, r o r

Proposed by Rovsen Pirguliyev-Sumgait-Azerbaidian

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar en un trlangquABC\/ atTh \/rb”c \/Tc+ra< /2(4R+r)<3f
_1 _R

Tener en cuenta lo siguienter, +r, +rc = 4R+ r,— Lyl 12t -
Tq Tp T¢ r' Z

Por la desigualdad de Cauchy

ra+rb + Tb+TC + TC+Ta <
re Ta Tp -

\/((r +7rp) + (ry +1,.) + (1, +r))( l)

Tq Tp
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Ta¥*Th, |Tb¥Tc, [TeTa_ 2(4R+r)-1: —2(4R+r)<
T, T, r, r r -
’ R
2(4R + =
T

Solution 2 by Soumava Chakraborty-Kolkata-India

LHs < \/Z(r“ +1p)- /Z ri

r.r s?
- 2GR+ |2 2GR f—z
Tt s

( Z r,rp = s%,and nra = rsz)

_ [2(4R+T1) _ 8R+21‘Elier 8R+R_3 R
N r N r - r N r

288. Let ABC be a triangle and r,, ry, 1. are exradii and h,, hy, h are
altitudes of ABC. Prove that

| =

Proposed by Mehmet Sahin-Ankara-Turkey
Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

e Ta

+ =+

2 r r 2
Tr Beg;tom(r +rl+r)
ha jlb le

h,+ hy, + h,
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_(4R+1)? (4R+1)*-2R_(4R+T1)* 2R

Yab Yab  p?+4Rr+1r2 "
‘abc

2S -

Gerretsen (4R + r)Z - 2r R /4R +1\?
> = — | — =
~  4R?*+8Rr+4r? 2 (R+r)

_R 3_TZ 2 — O
_2-(4—R+r) >7r-(4—1)%2=9r R > 2r, Euler

Solution 2 by Daniel Sitaru — Romania

Gerretsen 1

= %(@m +1)2-252) > ((4R +71)2 — 2(4R? + 4Rr + 3r2)) =

Euler 1

1
= — 2 2 > — >
3R (8R= — 51°) oy .27r% > 9r

Solution 3 by Adil Abdullayev-Baku-Azerbaidian
Lemmal. . h, + h, +h. <4R +.
Lemma2.r,+r,+r.,=4R+r.

(ra+rp+1)°  (4R+7)°
h,+h,+h, — 4R+r

(EULER)

LHS > =4R+r>29r o R = 2r

289.1n A ABC:
a®(AA")? + b*(BB')? + c3(CC')? > 4s3rR
Proposed by Abdilkadir Altintas-Afyonkarashisar-Turkey
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Solution 1 by Kevin Soto Palacios — Huarmey — Peru
Siendo AA’, BB’, CC' Nagel’s Cevians. Probar en un tridngulo ABC
a3(44)% + b3(BB")? + c3(CC)? > 4s3Rr
Teniendo en cuenta las siguientes notaciones y desigualdad

a3(44")?% = —gaz(aZ —2b% —2¢% — ab — ac + 4bc),
p? + 5r% > 16Rr (Gerretsen’ Inequality)

b3(BB)? = —gbz(b2 —2c¢%? —2a? — bc — ba + 4ca),

c3(ccH? = —203(02 —2a% — 2b?> — ca — cb + 4ab)

EL LHS es equivalente

d a*—2 ) a?(b%2+c®) - ) a®(b+c)+ ) 4a’bc)=
7 )
= —g(z a* — 42 a’b? — Z ab(a? + b?) + Z 4a2bc)

= —g((E at-2% azbz)) —2Y a’b? — (F a®)(T ab) + 5abc(a+ b + c))

= —g(—16pzr2 —2(p? + 1% + 4Rr)? + 32p*Rr — 2(p?> — %> — 4Rr)(p? + r*> + 4Rr) + 40p?RY)
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NS

(—16p2r? — 2p* — 2(r? + 4Rr)" — 4p*(r* + 4Rr) — 2 (p* — (12 + 4Rr)") + 72p?Rr)
= —g(—4p2 —20p?r? + 56p®Rr) — 2p®(p? + 51> — 14Rr) > 2p® - 2Rr — 4p®Rr

Solution 2 by Soumava Chakraborty-Kolkata-India

Let AA" = x, BB’ = y,CC' = z. By Stewart’s theorem,
b*(s —c)+c*(s—b) = a(x2 + (s —b)(s — c)) *)
>ax? =b*(s—c)+c*(s—b)—a(s—b)(s —¢)
= a®x? = a’b?*(s — ¢) + a®*c*(s — b) — a*{s*> — s(2s — a) + bc}
= s(a?b? + a?c?) — abc(ab + ca) — a®(—s? + as + bc)

@ s(a?b? + a%c?) — abc(ab + ca) + s%a® — a*s — a®bc
Similarly, b3y3 @ s(b%*c? + b%*a?) — abc(bc + ab) + s2b® — b*s — b3ca
and, c3z? @ s(c?a? + c¢?b?) — abc(ca + bc) + s%c® — c*s — c3ab
(1)+(2)+@) = LHS @ 2s5(X a?b?) — 2abc(F ab) +
+52 (Z a3) —s (Z a4) — abc (Z az)

Now, ¥ a* = (£ a*)? - 2(X a’b?) (*) > 23X a’b® — L a?)?* = - Y a*
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= os(Yat)=2s Y a2 -5 (Y at)
= —s (Z a4) +2s (Z azbz) =4s (Z azbz) —s (Z az)

= 4s {(Z ab)2 — Zabc(Zs)} — 4s(s?> — 4Rr — 1?)?

2

= 4s{(s* + 4Rr + r%)? — (s®> — 4Rr — %)%} — 165%(4Rrs)
= 4s(25%)(8Rr + 2r?) — 64s3Rr
= 16s3(4Rr + 1r?) — 64s3Rr = 16s3(4Rr + r?> — 4Rr)
= 16s3r? - 2sY a?b? — s(¥ a*) = 16s53r% (5)
Again, —2abc (3 ab) — abc (3 a?)

= —abc (Z a? +2 Z ab) = —abc(a + b + ¢)?

(6)
= —abc(4s?) = —4Rrs - 4s®> =— 16s°Rr
Also, s2(3 a®) = s?{3abc + 2s(3 a®? — Y. ab)}
= s2{12Rrs + 2s(s> — 12Rr — 3r?)}

= 2s3(6Rr + s — 12Rr — 31r?) @ 2s53(s?2 — 6Rr — 312)
(4) together with (5)+(6)+(7) gives
LHS = 53 (1612 — 16Rr + 2(s* — 6Rr — 312))
= 253(8r% — 8Rr + s2 — 6Rr — 31?)
= 2s3(s? — 14R + 51?) é 4s3Rr © s? — 14Rr + 5r? é 2Rr

?
& s2 > 16Rr — 51% — true, by Gerretsen
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290.1finA ABC:c < b < a then:
h 2
<_b+£+£) <E+E+E) < <2+2+£)
m, m, m Sc  Sp a c¢c b
Proposed by Daniel Sitaru — Romania
Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia
h
a>b> C@_b+ﬁ+£<£+ﬁ+ﬁ
m, m, m, m, m, m
h, h, h, h. h, h,

—+—+—<—+—+—
S Sp Sa S Sp

1
s < Y o Z——4 (o ) (2.75)
m, C-Sq
< 4.52.2 . =
mg=s,2h, C'ha C'ha

— 42 (Z 1 )2_452 a\? a_|_c_|_b2
B c-h, _452(0) _(c b a)

291.In A ABC:

a’?+b* b%2+c*? c?+da? 2r
+ + >7
ab bc ca R

Proposed by Rovsen Pirguliyev — Sumgait — Azerbaidian

Solution 1 by Adil Abdullayev-Baku-Azerbaidian

a2+b2+b2+cz+cz+a2_ab(a+b)+bc(b+c)+ca(c+a)_
ab bc ca abc B

p?+ 1%+ 4Rr — 6Rr * 2r
oRT 7——p + 12 —2Rr>14Rr—4r S

p? > 16Rr — 51> = Gerretsen
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Solution 2 by Kevin Soto Palacios — Huarmey — Peru

Probar en un tridngulo ABC:(a + b + ¢) G + % + %) + %r > 10

Sea;a=x+yb=y+zc=x+z

Ademas: Zr—r =8 sin%singsing = 8@-a)p-b)p=c) _ (b+c-a)a+c-b)(b+a=c)

abc abc

(x +y)(y +2)(z+x) =xy(x +y) + yz(y + z) + xz(x + z) + 2xyz,
(x+y+2P=x>+y’+ 22 +3(x+y)(y + 2)(x + 2)

La desigualdad es equivalente:

10

bc+ac+ab)_|_(b+c—a)(a+c—b)(b+a—c)>
abc -

> (a+b+c)(bc+rac+ab)+(b+c—a)(a+c—b)(b+a—c)=>10abc

@+b+c) ( abc
52 +y+2) (7 +2)(x+2) + (x +y)(x +2) + (x + y)(y + 2)) + 8xyz >
> 10(x +y)(x + z)(y + 2)
=2(x+y+z)((x+y+2)?+xy+yz+xz)+ 8xyz >
= 10(x + y)(y + z)(z + x)
=>2(x+y+z)>3+2(x+y+z)(xy+yz)+8xyz>
> 10(x +y)(y + 2)(x + 2)
=2x3+2y3+222 +6(x +y)(y + 2)(z + x) + 2xy(x + y) +
+2yz(y + z) + 2xz(x + z) + 6xyz + 8xyz = 10(x + y)(y + z)(z + x)
= 2x3 +2y3 + 223 + 2xy(x + y) + 2yz(y + z) + 2xz(x + z) + 14xyz >
> 4(x +y)(y + z)(x + 2)
= 2x3 +2y3 + 223 + 2xy(x + y) + 2yz(y + z) + 2xz(x + z) + 14xyz >
> 4xy(x +y) +4yz(y + z) + 4xz(x + z) + 8xyz >
— (Simplificando se tiene ...)
3

=>x3+y3+ 23 —xy(x +y) —yz(y + 2) — zx(z + x) + 3xyz > 0
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— Allo que es equivalente:
x(x=y)x-2)+y(y-x)(y-2)+z(z-x)(z-y) 20—
— (Valido por desigualdad Schur)
Solution 3 by Soumava Chakraborty-Kolkata-India
Y a? —02+Za2 —a2_|_2az—b2

ab bc ca

,(1 1 1 ¢ a* b®
:Z“ (_+_+_)_ el
ab bc ca ab bc ca

_Zaz(a+b+c)_3abc+23(2a2—Zab)

LHS =

abc abc

_ 2(s*—4Rr —r*)(2s) 12Rrs + 2s(s* — 12Rr — 3r?%)

B 4Rrs a 4Rrs
_2(s*—4Rr—7r*) 6Rr+s*—12Rr —3r? s*—2Rr +r?
B 2Rr B 2Rr B 2Rr

s2—16Rr+r? 2r s2—16Rr+r? 2r
LHS—7:T.'. LHS_7+?:T+?
_ s*—16Rr +r*+4r> _s*> —16Rr + 5r*
B 2Rr B 2Rr
s2—(16Rr-51?)

= LHS — RHS = > 0, s> > 16Rr — 5r% (Gerretsen)

2Rr
Solution 4 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

sin C

(a? + b?) - 1
Z ab-sin(:2 zﬁ'z(az"'bz'FCZ—cz)-sinC:

2

1
Zﬁ-<(a2+b2+c2)-(sinA+sinB+sinC)—ZaZ-sinA)

1 Ya Ya?\
‘E'(Z“Z'ﬁ_ 2R>_
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T asR’ Z Z Z T asR z(azb+abz)_
=m-(za”'2“‘3“’”) ﬁ 2p (zab—61’r):

= 1 ( 2R Z) Gerre>5tsen (16R 5r2 — 2R 2) =
R — + N — — +
2 P r+—r = 2Rr r r r+r

1 2r

- — 492 S

2 (14Rr 4r?) =7

Solution 5 by Soumitra MandaI-Chandar Nagore-India

ab+hﬂwa=pLHJ+MHﬂ+b+c=2p

za +bZ ab Zc(a b2y = (a+b+c)(ab+bc+ca)_3

ab abc
cyc cyc

2 2 2
p°+r“+4Rr p 2r
- _3=F ;T _ ———+~—-— >7—=
Ry 3 Py 1. We need to prove, R 1>7 P

2
& p? > 16Rr — 572, which is true. . chcaT

7-= (Proved)

292.In A ABC:

St t—5=2
ab + bc + ca

2
r: ri r? a? + b2 + c2
+—2+—> [1+8-

r:2 12 12

Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

LEMMA: Siendo x, y, z nimeros R* se cumple la siguiente desigualdad

x2 y* Zz? 1 1 1
S+ 5+ +62(x+y+z)|-+-+-
y z¢ X x y z
L y y
e+ L+ +3> +24 2424247 ReallzandoIOSS|gU|entes
y2  z2 X2 y z x x y

- - X az 2
camblosdevarlables—:—>O,X——>O— —>O<:>a,b,c>0
y bc z ca ab
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La desigualdad es equivalente
at b* ct a? b?>2 ¢2 bc ca ab
+ + > +—+—+—
b%2c?2 c2a? a?b? bc ca ab a? b%2 c?

& a® + b® + c® + 3a?b?*c? > a*bc + b*ac + c*ab + b3c3 + c3ad + ah3
Por la desigualdad de Schur y MA > MG

ab + b% + c® + 3a?b%c? = a*(b? + c?) + b*(c? + a?) + c*(a? + b?) >

> 2a*bc + 2b*ac + 2c*ab (1)
a® + b® + c® + 3a%b%c? = b c*(b* + ¢?) + c*a*(c® + a®) + a’b*(a® + b?) >
>2b3c3 +2c%ad +2a3p3® (2)

1) + (2) = a® + b® + ¢® + 3a%b?c? = a*bc + b*ac + c*ab + b3c3 + c3a3 + a®b3

(LQQD). Ahorabienx =r,y =1,z =1,
2 .2 .2

Tqa T 1 1 1
@—‘2‘+—IZ’+—;+62(ra+rb+rc)(—+—+—)
r:2 r Ty T, T
ry c a a b c
r2 ri g2 4R + T 4R 12 r: r? 4R
S F+t ot 5+62 =l+—6e 5+ 5+ 52>2—-5
r: r¢ ri r r o r: r: rir

. . 4R 24 p24c2\ 2
Es necesario demostrar lo siguiente — — 5 > \/1 +8- (u)

ab+bc+ca
Es muy conocido lo siguiente

a?+b%+c2\° R\ a? + b2 + c?\*
g(—) S |1+8- <
ab + bc + ca 2r ab + bc + ca
R\%2 _3R _4R ..
< 9-(;) <_<7_5 (Valido por Euler)

=50 =

Solution 2 by Soumava Chakraborty-Kolkata-India

2 .2 .2 2\ 2
Ta Th Teg ||, g. (29
r: r¢ 1l Y ab
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. A
Usingr, = —Th =

(2)
(s-b)? (s—c)*  (s—a)? & Y a2\ 2
(1) Goa? T Gon2E T Goo? = \/ 1+8 (ﬁ)

Lets—a=x,s—b=y,s—c=2z
Then,s=x+y+z=>a=y+zb=z+x,c=x+Yy

~Ya?=2Yx*+2Yxy,andYab =Y x*+3Y xy

r@eLeLals 14200

y z X 2
2+l ;) (Chebyshev)

2

1 yz 72 x2 2 Berg;trom 1 (Z x)z
( > - 5[ ny]

3Cxy)2 X x2+3Y xy)?

?
(u+2v)*t S 1+

:(2x2+22xy)2;J1+3z<2x2+2xy)2

32(u+v)?

ar3n)? ,whereu=Yx* v=Yxy

93
& (u+ 3v)*{(u + 2v)* — 9v*} — 288v*(u + v)? é 0
& ub + 14uv + 81u*v? + 248uv3 + 127u*v* — 246uv® — 225v° é ]
© 6+ 14£5 + B1¢* + 248¢3 + 12762 — 246t — 225 = 0 (e=2)

?
& (t—1)(t° + 15t* + 9613 + 344t% + 471t + 225) > 0

P T
- true - t—v—zxyz 1 (Proved)
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293.In acute 4 ABC:

z,/wasara <s /sx/§
Proposed by Daniel Sitaru — Romania

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo acutangulo ABC Y. \/w,s,14 < sVsV3

1) Tener en cuenta las siguiente desigualdades conocidas en un

AABCs, <m, S, <my,,s.<m,
w, <.s(s—a),w, <s(s—b),w, <,s(s—c). Ademas
2
Wy +wp +w,.)?% < (\/s(s— a) ++/s(s — b) ++/s(s — c)) <

<(s+s+s)(s—a+s—b+s—c)<3s?

@wa+wb+wcSS\/§

2) Enun triangulo se cumple la siguiente desigualdad

m,r, +myr, +m.nr, < s*
Dado que es un triangulo acutangulo, tener en cuenta las siguientes
desigualdades

m, < R(1+cosA),m, < R(1+cosB),m. < R(1+ cosC)

La desigualdad es equivalente
mgr, +myr, +m.r, < R(1+cosA)-£+R(1+cosB)-ﬁ+R(1+cosC) S%C

(b+c+a)b+c—a) S (a+c+b)la+c—b) S
=R . +R- .

2bc s—a 2ca s—b
(a+b+c)la+b—-¢c) S
+R- .
2ab s—c¢c

S S S
=R-—(a+b+c)+R-—(a+b+c)+R-—(a+b+c)=
bc ca ab
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b 2
—R-Sa+bro(Eeiel)=R.5. @09 —p g 12— 2 (1 QD)

Luego Y /WySarq < X Jwomgr, < sV sv3. Por ladesigualdad de

Cauchy (5 Wasara) < (EWamara) < Ewa)(Emary) < (sV3)(s2)
Por transitividad — Y. \/w 5,7, < svVsvV3 (LQQD)

Solution 2 by Soumava Chakraborty-Kolkata-India
N +\/wb\/sbrb+\/_\/ﬁc = \/Z \/Zs r,
Ywa < Swa2+wb+wz
<V3\/s(s —a) +s(s = b) + s(s — ©) (= w, < /s(s — a) etc)
=332 —5(25) = sV3 = \[Twa < VsV3 (2)

Sgsm, m,<R(1+cos A)

Again, Y s,r, < Ym,r, < YR(1+cosA)r,

—ZRZ(cos —)r = 2R Z{S(S—a) Aa}

1 1 1\ 2Rrs? )
= 2Rrs? (—+—+—)— (2s) =s
bc ca ab s

2Sara<s (3)
(1), (2), (3) = LHS < vs/3s = s svV3 = RHS (Proved)

294.1n A ABC,AA’ = w,, BB' = w,, CC' =w,,A' € (BC),B’ € (CA),C’ € (AB)
a’ + b? + c? .- 4S[A'B'C']
ab + bc + ca — S[ABC]

Proposed by Adil Abdullayev-Baku-Azerbaidian
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Solution 1 by Kevin Soto Palacios — Huarmey — Peru

En un triangulo ABC,AA’ = w,, BB’ =w,, CC' = w,,

a?+b?%+c? > 4S[A'B'c']
ab+bc+ca — S[ABC]

A' € (BC),B' € (CA),C’ € (AB).Probar que
Sea—» BA'=yr,A'C=r,BC' =q,C'A=qz,AB' =p,B'C = px
Ahora bien S[C'BA'] = 2(BC')(BA) sinB =™sinB ... (1)

SIABC] = (AB)(BC)sin B = > q(1 + z)p(1+ x)sin B ... (2)

s[c’'BA"] _ z

Dividiendo (1) y (2) SABC — an s 3)

Analogamente se cumplira lo siguiente

S[A’cB'] _ x (4) s[B'Ac'] _ y (5)
S[ABC] ~ (x+1)(y+1) S[ABC] ~ (y+1)(z+1)

Ademéas y = %,z = g,x = 2 & xyz = 1. Por la tanto
S[c'BA'] S[A'CB'] S[B'AC’'] S[A'BC’]
= + + +
S[ABC] = S[ABC] = S[ABC] = S[ABC]
z . x . y . S[A'BC']
1+z2)(1+x) x+1D(@y+1) (+1)(z+1) S[ABC]
A+x)A+y)A+2z)-zQ1+x)—x(1+2)—-y(1+x) S[ABC]

1 +x)(1+y)(1+2) ~ S[ABC]
s[a’'BC’] _ 1+xyz _ 2 _ 2abc
S[ABC]  (1+x)A+y)(1+2z) (1+5)(1+9)(1+ 2) ~(a+b)b+c)(c+a)
a b c
2 2 2
Por Gltimo demostraremos 22+ 4 Babc > 2

ab+bc+ca (a+b)(b+c)(c+a) —
Supongamos sin pérdida de generalidad »a>b >c >0

LEMMA — Siendom > n > 0y p = 0 se cumple la siguiente desigualdad

m m m+ m-n
m.mip m_mip_ p )20,dondem:a2+b2+cz,
n n+p n  n+p n(n+p)
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n=ab + bc + ca,p = c?

aZ+b2+c? 8abc aZ+b%+c? 8abc > 9
ab+bc+ca (a+b)(b+c)(c+a) — ab+bc+ca+c?  (a+b)(b+c)(c+a) —

a? + b?% + c2 N 8abc -
Cl+b)c+a) @+bb+o)c+a) -

& (a? + b? +2c%)(a+b) +8abc = 2(a+ b)(b+c)(c+a)

& a3 +a’b + b*a+ b® + 2c%*a + 2¢*b + 8abc >
> 2a’b + 2b%*a + 2c?a + 2b%*c + 2¢*b + 4abc
& a3+ b2 — a’b — b*a — 2a®*c + 4abc — 2b%*c > 0
& (a+ b)(a? — ab + b?) —ab(a+ b) —2c(a? — 2ab + b?*) >0
& (a+b)a-b)2-2c(a+b)2=((a—c)+(b—-c))(@a-b)>=0
(LQQD)

Solution 2 by Rovsen Pirguliyev-Sumgait-Azerbaidian

a?+b%+c* as[A'B'C'l ,, )
ab+bctca — siapg (- Itis known that
ZSABC -abc

Iplel = 2 4 2 4 2 = 2 _ .2
SABC (a+b)(b+c)(a+c)'a b c 2(p r 4'RT)

abc = 4Rrp, (a + b)(b + c)(a + c¢) = 2p(p? + 2Rr + 1?)

2S-abc

2,.p24c2 4.—25abc
ab + bc + ca = pz + rz + 4_Rr’ we have: a " +omrc >2 — (a+b)(b+c)(a+c) =
ab+bc+ca S
2(p® —r? — 4Rr) - 32Rrp

2 — >
p?+1r2+4Rr 2p(p? + 2Rr +1r?)

2(p?> —r? — 4Rr) - 2p% — 12Rr + 21?2
p?+1r2+4Rr ~— p?+2Rr+7r?

p? —r?> —4Rr p? — 6Rr +1?
= > =
p? +1r2+4Rr — p? + 2Rr + 1?
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= p? + 2Rr +12 < 9R* = ZR? < 10R? — (R+ 1) = true!

295.In A ABC:

m, m, my3 a2 +b%+c2\
(Fo+T2+Te) 227
h, h, h, ab + bc + ca

Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution by Kevin Soto Palacios — Huarmey — Peru

2

-, 3 2+b2+ 2
Probar en un triangulo ABC (ﬁ+ﬂ+ﬁ) > 27(;)
h, hy, h, ab+bc+ca

Utilizando las siguientes desigualdades y notaciones enun 4 ABC

b? + 2 >cZ+aZ >a2+b2h_bch_cah_ab
4R ™ =" 4g Me="3gp MeTopr™ T p " T 2R

3

m, =

my +
2bc 2ca 2ab

3 2,2 2, 2 2,12
m m, b%+c c“+a a“+b
Por la tanto (—“ +—+ —“) > ( + )
ha b hc

Aplicando la desigualdad de Cauchy

b2+cz+cz+a2+a2+b2 >(\/b2+cz+\/cz+a2+\/a2+b2)2_
2bc 2ca 2ab 2(ab + bc + ca) B

_2(a?+b*+c?) + 2% /(% + a?)(c? + b?) -
B 2(ab + bc + ca) -

2(a?+b%+c?)+2Y(c?+ab) _ 4(a?+b%*+c?)+2(ab+bc+ca)
2(ab+bc+ca) - 2(ab+bc+ca) -

2 2 2
= Ha4e) 4 1. Luego por transitividad y aplicando MA > MG

ab+bc+ca

m, m, mn3 [(b*+c* c*+a* a®+Db?
242 > + + >

h, hy h_c 2bc 2ca 2ab
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(% + b%+¢c2) (a2 + b2 + c?) 3 a® + b? + c2 3
> + +1)] =27
ab + bc + ca ab + bc + ca ab + bc + ca

296.In A ABC:

r r r 2r
_a+_b+_c+_24
rp re Tq

Proposed by Adil Abdullayev-Baku-Azerbaidian
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

A B 4
. s tan;
Probar enun tridngulo ABC: — + —+—4%>4——
tan—
2

tan? % tan? g tan? g A B C
= + + =>4 — 8sin—sin—sin—
tan—tang t Et g tan ;5 tan 5 2 2 2

> > an> tans ans tans

Por la desigualdad de Cauchy:

2

A B c

tanzé tanzg t.':m2£ (tan—+tan—+tan—)
: 2 _ 2 2 S 2 2 2

tanZtanZ  tanZtant  tanftan? T tan? tanZ+tanZ tanb+tan tan’

2 2 2 2 2 2 2 2 2 2 2

tan? % tan? g tan? %
= + +

>
B C C A~
tan7+ tani tani + tani tan7+ tanf

- 2A+t ZB+t 2C_|_2>4 8 si A B C
Z tan” o +tan” o + tan” 5 = sinz sin- sin;

Es necesario demostrar lo siguiente
,A ,B ,C A B C
< tan E+ tan E+ tan E+ 2>4-— 851n—sm—sm§

ot 2A+t ZB+t ZC+8 . A B C>2
an” > + tan® - + tan” 5 sin > sin>-sin> =

(lo cual ya se demostro anteriormente)
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Solution 2 by Soumava Chakraborty-Kolkata-India

(1)
Yo, To, Te 2,
r, 1. T, R
) ( ) ) Bergstrom( )2 ) 2
Tq  Tp  Tc O 2Q2R-T Tq _ v Ta_ > Yr)? _ (4R+r
D) e T} * T, * Tq = R Now, 2. r, 2z ToTp % Srory  S2
(3)
2 _
It suffices to prove: (2),(3) = MRJ;r) > 2(2’; r)
& (4R +1)%-R = 2(2R —1)s? (4). Now, Rouche = 2(2R — r)s?
(5)

2 2(2R — r)(2R? + 10Rr — r%) + 22(2R — r)(R — 2r)\VR? — 2Rr
(4), (5) = it suffices to prove:

R(4AR +1)? —2(2R —1)(2R?* + 10Rr — 1%) >
> 4(2R —1)(R — 2r)VR%? — 2Rr

& (R—-2r)(8R%2 — 12Rr +12) > 4(R — 2r)(2R — r)R? — 2Rr
- it suffices to prove: 8R?> — 12Rr + r> > 4(2R —r) x VR? — 2Rr
< (8R%? — 12Rr +1r?)?2 —16(2R — 1r)*(R62 — 2RT) > 0

& 16R?*r?2 + 8Rr3 +1r* > 0 - true
297.In A ABC:

A B C
2 2 2
cos”5 Cos”5

cos® 5 3s2
+ +

+ >4
4 A (r+4R)?
22 2 & 24
cos?3  cos’z  cos?3

Proposed by Adil Abdullayev-Baku-Azerbaidian
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Solution by Rovsen Pirguliyev-Sumgait-Azerbaidian

24 2
2 coszﬁ + (rj:R)z >4 (*). Itis known that if x,y, z > 0, then
COoSs“~—~
2
Z (922 7;2 D ifx,y,ze€ {coszg,coszg, cos? g}
9((4R+r)
then (1) = Z 2 > e ) 2
* (i) 9((4R+1)%-s?) 352 9 342
2 _ 332 1 332 2 )
2 2@k =Y 22 2aren © (4R +1)* = 35 True
298.1n A ABC:
A N B . C - 93
M, COSZ + My, COS— + M COS 5 > ——T

Proposed by Kevin Soto Palacios — Huarmey — Peru

Solution 1 by Soumava Chakraborty-Kolkata-India

A-G 3 A B C
LHS = 3 mambmccosicosicosi

mg>/s(s—a)etc s(s—a) ' s(s—b) s(s—c)

bc ca ab

B 33 s3(s—a)(s—b)(s—c) _ 33 s%.r2g2
B abc B 4Rrs

3
= 33/H / - (1) = it suffices to prove: 3s / > 203,
4R 4R 2

3 \/s(s—a)-s(s—b)-s(s—c)-

21Iv3
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@33-ﬁ228—7-3\/§r3<:>233227-3\/§r2R (2)

Now, s > 3v/3r = 253 > 25% - 34/3r (3)
(2), (3) = it suffices to prove:

252 -3/3r > 27 -3V3Rr? © 252 > 27Rr (4)

(5)
Gerretsen = 2s? > 32Rr — 10r?; (4), (5) = it suffices to prove:

32Rr — 10r? > 27Rr © 5r > 10r? © R > 2r - true (Euler) (Proved)

Solution 2 by proposer

9V3r
2

Probar en triangulo ABC P = m,, cosg + my cos g +m, cosg >
Utilizando las siguientes desigualdades e identidades conocidas en un triangulo
ABCm, > %cos%,mb > C;—acosg,mc > %bcosg,p > 3v3r
a=bcosC+ccosB,b=ccosA+acosC,c=acosB+bcosB

La desigualdad propuesta es equivalente

P> (?) (1 +cosA)+ (c-:—Ta) (1+cosB) + (aT-I-b> (1+ cos0)

oP> a+:+c + b cos CIccosB + ccosA-;acosC + acosBIbcosA —

= T o P22 (a+bro) =22 wzir (LQQD)

299.In A ABC:
b?c?

< 4R%s
s—a

Proposed by Colin Springer-Canada

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

., b%c? .
Probar en un triangulo ABC —— < 4R%s. Tener en cuenta lo siguiente
s—a
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‘:_’I’: = \/s(s — a)(s — b)(s — c). La desigualdad es equivalente
a’b*c* a’s(s— a) a’s(s - a)
erz = 4 ©S-a6-bl-os——

2
Es suficiente probar lo siguiente (s — b)(s — ¢) < %. Aplicando MA > MG

Z_az

(s = b)(s — ©) < (S22=2)" = 2 (1LQQD)

2
Solution 2 by Soumava Chakraborty-Kolkata-India

p2c2 (1) 5 . p2c2
— = 4R%s; (1) os(s—a) > = 2

We know that, s(s — a) > w2 (3); (2), (3) = it suffices to prove: w, > :—;
2bc A bc

A
=S —>— 4R —>b+
b+ccosz_2R cosz_ C

B-C
2

A A
< 4R cosi > 2R(sinB +sinC) = 4R - cosEcos

= cosg(l—cosBT_C) >0 (4).Now,0<B<mand-m<-(C<0

m B-C «
S5 e < —
2 2 2

'

Y = CcOST

w3
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_ B-C B-C
From the graph, itis clear that 0 < cos—<1=1-cos— =0
A B-C A A _m i
= cosz(l—cosT) >0 ( cos > Oas0 < ;< E)=> (4) is true

Solution 3 by Rovsen Pirguliyev-Sumgait-Azerbaidian

2.2
I;_Ca < 4R%*s (*).Proveia=y+zb=x+zc=x+ys=x+y+z
_ (y+2)(z+x) (x+y) .
R = oty , then we have:
. (x+2)?(x+y)?  G+2)%(z+x)? (x+y)*
( ) = x+y+z—y-z = 16xyz(x+y+z) (x ty+ Z)

>@y+2)2>4yz=>(y-2)%2>0
Solution 4 by Seyran Ibrahimov-Maasilli-Azerbaidian
~ 4R%*S(s — a) = b*c?*; 4R*’s(s — a)(s — b)(s — ¢) = b%*c?*(s — b)(s — ¢)

4R?%s% > bZCZ(S _ b)(S _ C); a?b?c? > 4b? 2 (a+;—b) (a+:—c)

a’?>(a+c—b)(a+b-c)
a’? > a*+ab —ac+ ac + bc — c? — ab — b?* + bc
b2+c2>2bc=>(b—-¢)*=>0

Solution 5 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

(b ) ) (L) < P(p—a); sinB - sinC < coszg (ASSURE)

E 2R bc
A T (B+C) 2_ . B+C 2_
costy=\os\27\272))) ~ (Sm(z 2)) -
B C B C\2 AM=GM
= in—- — 4+ — . qin— >
(sm 5 €0S5 + cos - - sin 2) >

BCA =«
=>0<(—;—;—<—)
222 2
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>4 -si 5 B sint ¢ i B -sinC
Z4-sino - coso - sinz - coso = sinB - sin

Solution 6 by Geanina Tudose — Romania

b2¢2 2 b+c—-a
—<A4R“p;p—a=
p_a —_ p’ p 2

= R(sinB + sin C — sin A)

. B+C B—C . A A A B-C . A
= 2R (smTcosT -2 sm; cosE) = 2R cos; (cosT — sm—)

2
Af . (m B-C . A A . m—-B+C-A nm—-B+C+A
= 2R cos—- (sm (— — —) — sin —) = 4R cos—sin cos
2 2 2 2 2 4 4
AR A _ C _ B
= coS—sin—sin—
2 2 2

ZC

. 2B B, . 2oC
2 sin® B-4R? sin?> C _ 4R34 szf coszf-zl- smzz cos”s

4R
Hence LHS = a.°¢.8 — 4. C . B
4R COSE Slnz Sln; COSE Slnz Sln;

On the other hand p = 4R cosgcosgcosg

. : . B__B . C_ _C A
The inequality becomes 4 sin > cos—sin - cos> < cos? 5

A cos(B—-C)—cos(B+0C) -

2 _o
2 2

< sinBsin € < cos

< °°SZ““ & cos(B — €) < 1, which is true

300. Prove that in any triangle ABC:

bc-m, ca-m, ab-m
+ +
ha hb hc

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

<> a?+b?+c?

Solution by Kevin Soto Palacios — Huarmey — Peru

. . b-
cma_l_camb_'_a mC2a2+b2+C2

. b
Probar en un triangulo ABC
ha hb hc

Recordar las siguientes desigualdades e identidades enun 4 ABC
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m, = ,my = ,m, =
“= " 4R b=""4R = 4R
__bc __ca __ab - .
h, = R h, = E'hc = o Luego, utilizando en la desigualdad propuesta

bc-m, ca-m, ab-m, bc(b®+c*) ca(c*+a*) ab(a*+ b?)
+ + > + +
h, hy h. 2bc 2ca 2ab

be- . bmg _ b+ +a | al+b?
cma+camb+a mCZ ¢ _|_C a +a :a2+b2+cz (LQQD)
hq hy h. 2 2 2
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Its nice to be important but more important its to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru



