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201. In ࢤ	࡯࡮࡭: 

෍ඥ(࢈ + ૛(ࢉ − ૛ࢇ < ࢇ)2 + ࢈ +  (ࢉ

Proposed by Zdravco Starc-Bulgaria 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭ ∑ඥ(࢈ + ૛(ࢉ − ૛ࢇ < ࢇ)2 + ࢈ +  (ࢉ

Como ࢈,ࢇ,   son lados de un triángulo ࢉ

࢈ + ࢉ − ࢇ > 0,ܽ + ܿ − ܾ > 0,ܽ + ܾ − ܿ > 0. Además → ࢇ > 0, ܾ > 0, ܿ > 0 

⇔ ࢇ + ࢈ + ࢉ > ܾ + ܿ − ܽ, ܾ + ܿ + ܽ > ܽ + ܿ − ܾ, ܿ + ܽ + ܾ > ܽ + ܾ − ܿ 

Partimos de 

൫√ࢇ + ࢈ + ࢉ − ࢈√ + ࢉ − ൯ࢇ
૛

+ ൫√࢈ + ࢉ + ࢇ − ࢇ√ + ࢉ − ൯࢈
૛

+ 

+൫√ࢉ + ࢇ + ࢈ − ࢇ√ + ࢈ − ൯ࢉ
૛

> 0 

૛(࢈+ (ࢉ + ૛(ࢉ + (ࢇ + ૛(ࢇ + (࢈ > 2ඥ(ࢇ + ࢈ + +࢈)(ࢉ ࢉ − (ࢇ + ૛ඥ(ࢇ + ࢈ + ࢇ)(ࢉ + ࢉ − (࢈ + 

+૛ඥ(ࢇ + ࢈ + ࢇ)(ࢉ + ࢈ − (ࢉ ⇔෍ට൫࢈+ ૛ࢇ−൯૛ࢉ < 2൫࢈+ࢇ+  ൯ࢉ

Solution 2 by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ = ඥ(࢈ + ࢉ + ࢈)(ࢇ + ࢉ − (ࢇ + ඥ(ࢉ + ࢇ + ࢉ)(࢈ + ࢇ − (࢈ + 

+ඥ(ࢇ + ࢈ + ࢇ)(ࢉ + ࢈ −  (ࢉ

<
ࢍ࢔࢏ࢊ࢒࢕ࢎ	࢚࢕࢔	࢚࢟࢏࢒ࢇ࢛ࢗࢋ

ࡿି࡮ି࡯
	ඥ૜(ࢇ+ ࢈ + +ࢇ√(ࢉ ࢈ + ࢉ = √૜(ࢇ+ +࢈ (ࢉ < +ࢇ)2 ࢈ +  (ࢉ

Solution 3 by Ravi Prakash-New Delhi-India 

࢈) + ૛(ࢉ − ૛ࢇ = ૛࢈) + ૛ࢉ − (૛ࢇ + ૛ࢉ࢈ = ૛ࢉ࢈ ࡭ܛܗ܋ + ૛ࢉ࢈ 

= ૛ࢉ࢈(૚ + (࡭ܛܗ܋ = ૝ࢉ࢈ ૛ܛܗ܋
࡭
૛ < ࢉ࢈4 ⇒ ඥ(࢈ + ૛(ࢉ − ૛ࢇ < ࢉ࢈√2 ≤ ࢈ +  ࢉ

∴෍ඥ(࢈ + ૛(ࢉ − ૛ࢇ < ෍(࢈ + (ࢉ = ૛(ࢇ + ࢈ +  (ࢉ
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Solution 4 by Seyran Ibrahimov-Maasilli-Azerbaidian 

࢈ + ࢉ > ܽ
ࢇ + ࢉ > ܾ
ࢇ + ࢈ > ܿ

⇒ ࢇ + ࢈ + ࢉ = ૛ࡿ 

෍ඥ(࢈ + ࢉ − ࢇ)(ࢇ + ࢈ + (ࢉ < ࢇ)2 + ࢈ +  (ࢉ

(ࢉା࢈ାࢇ)ା(ࢇିࢉା࢈) (1)
૛

> ඥ(࢈ + ࢉ − ࢇ)(ࢇ + ࢈ +   (ࢉ

(ࢉା࢈ାࢇ)ା(࢈ିࢉାࢇ) (2)
૛

> ඥ(ࢇ+ ࢉ − ࢇ)(࢈ + ࢈ +   (AM – GM)  (ࢉ

(ࢉା࢈ାࢇ)ା(ࢉି࢈ାࢇ) (3)
૛

> ඥ(ࢇ + ࢈ − ࢇ)(ࢉ + ࢈ +  (ࢉ

--------------------------------------------------------------------------------- 

(1)+(2)+(3)= ૛(ࢇ + ࢈ + (ࢉ > ∑ඥ(࢈+ ࢉ − ࢇ)(ࢇ + ࢈ +  (ࢉ

because “ ≥” no “>” ࢈,ࢇ, ࢉ ≠ ૙ 

Solution 5 by Geanina Tudose-Romania 

෍ඥ(࢈ + ࢉ − ࢈)(ࢇ + ࢉ + (ࢇ < ࢇ)2 + ࢈ + |(ࢉ ⋅ ࢈√ + ࢉ +  ࢇ

⇔෍√࢈ + ࢉ − ࢇ < ࢇ√2 + ࢈ +  ࢉ

Denote 
࢈√ + ࢉ − ࢇ = ࢞ ⇔ ࢈ + ࢉ − ࢇ = ࢞૛

ࢇ√ + ࢉ − ࢈ = ࢟ ⇔ ࢇ + ࢉ − ࢈ = ࢟૛

࢈√ + ࢇ − ࢉ = ࢠ ⇔ ࢈ + ࢇ − ࢉ = ૛ࢠ
ቑ ⇒

⨁
ࢇ + ࢈ + ࢉ = ࢞૛ + ࢟૛ +  ૛ࢠ

we have ࢞ + ࢟ + ࢠ < 2ඥ࢞૛ + ࢟૛ + ૛|૛ࢠ ⇔ 

⇔ ࢞૛ + ࢟૛ + ૛ࢠ + ૛࢞࢟ + ૛࢞ࢠ + ૛࢟ࢠ < 4(࢞૛ + ࢟૛ +  (૛ࢠ

⇔ ૛࢞࢟ + ૛࢞ࢠ + ૛࢟ࢠ < 3(࢞૛ + ࢟૛ +  ૛)  trueࢠ

since ૛࢞࢟ + ૛࢞ࢠ+ ૛࢟ࢠ ≤ ૛(࢞૛ + ࢟૛ + (૛ࢠ < 3(࢞૛ + ࢟૛ +  (૛ࢠ
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Solution 6 by Marian Dincă – Romania  

෍ ඥ(࢈ + ૛(ࢉ − ૛ࢇ
ࢉ࢏࢒ࢉ࢏ࢉ

= ࢈√ + +ࢉ ࢈√൫ࢇ + ࢉ − +ࢇ ࢉ√ − ࢈ + +ࢇ +ࢇ√ ࢈ − ൯ࢉ ≤ 

≤ ࢈√ + ࢉ + ቌ૜ඨࢇ
∑ ࢈ + ࢉ − ࢉ࢏࢒ࢉ࢏ࢉࢇ

૜
ቍ = ࢈√ + ࢉ + ࢇ ⋅ √૜ ⋅ +ࢇ√ ࢈ + ࢉ = √૜(ࢇ+ ࢈ +  (ࢉ

202. In ࢤ	࡯࡮࡭: 

෍
૛࡭ܛܗ܋

૛࡮ܖܑܛ ܖܑܛ
࡯
૛
≤
૛ࢇ + ૛࢈ + ૛ࢉ

૛࢘૛√૜
 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭ ∑
૛࡭ܛܗ܋

૛࡮ܖܑܛ ܖܑܛ
࡯
૛

≤ ૛ࢉ૛ା࢈૛ାࢇ

૛࢘૛√૜
 

Recordar las siguientes identidades y desigualdades en un triángulo 

ܜܗ܋ ;࡯࡮࡭ ࡭
૛
ܜܗ܋ ࡮

૛
ܜܗ܋ ࡯

૛
= ܜܗ܋ ࡭

૛
+ ࡮ܜܗ܋

૛
+ ܜܗ܋ ࡯

૛
= ࢙

࢘
ࡿ , = ࢙࢘,  

૛ࢇ + ૛࢈ + ૛ࢉ ≥ ૝√૜ࡿ. La desigualdad es equivalente 

෍
૛࡭ܛܗ܋

૛࡮ܖܑܛ ܖܑܛ
࡯
૛

= ෍
ܖܑܛ ቀ࡮ + ࡯

૛ ቁ

૛࡮ܖܑܛ ܖܑܛ
࡯
૛

= ෍൬ܜܗ܋
࡮
૛

+ ܜܗ܋
࡯
૛
൰ ≤

૛ࢇ + ૛࢈ + ૛ࢉ

૛࢘૛√૜
 

En otras palabras ૛࢙
࢘

= ૛ࢉ૛ା࢈૛ାࢇ

૛࢘૛√૜
⇔ ૛ࢇ + ૛࢈ + ૛ࢉ ≥ ૝√૜࢙ = ૝√૜ࡿ 

(Inequality Ionescu-Weitzenbock) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ = ෍
૛࡭ܖܑܛ૛ ܛܗ܋

࡭
૛

૛ ૛࡭ܖܑܛ ܖܑܛ
࡮
૛ ܖܑܛ

࡯
૛

= ෍
૛࡭ܖܑܛ

૝∏ ૛࡭ܖܑܛ
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= ෍
૛࡭ܖܑܛ

࢘
ࡾ

= ෍
ࢇ
࢘

=
ࢇ∑
࢘

=
૛࢙
࢘

 

ࡿࡴࡾ = ૛ࢇ∑

૛࢘૛√૜
≥

࢑ࢉ࢕࢈࢔ࢋࢠ࢚࢏ࢋࢃି࢛ࢉ࢙ࢋ࢔࢕ࡵ ૝√૜࢙࢘
૛࢘૛√૜

= ૛࢙
࢘

=  (Proved) ࡿࡴࡸ

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

ܛܗ܋
࡭
૛

= ඨ࢖ ⋅
࢖) − (ࢇ
ࢉ࢈

 

ܖܑܛ
࡮
૛ = ඨ

࢖) − (ࢇ ⋅ ࢖) − (ࢉ
ࢉࢇ ; ܖܑܛ

࡯
૛ = ඨ

࢖) − (ࢇ ⋅ ࢖) − (࢈
࢈ࢇ  

෍ඩ
࢖ ⋅ ࢖) − (ࢇ

ࢉ࢈
࢖) − (ࢇ ⋅ ࢖) − (ࢉ

ࢉࢇ ⋅ ࢖) − ࢖)(ࢇ − (࢈
࢈ࢇ

= ෍ඨ
૛ࢇ ⋅ ૛࢖

࢖)࢖ − ࢖)(ࢇ − ࢖)(࢈ − (ࢉ = 

= ෍
࢖ࢇ
࢙

= ෍
࢖ࢇ
࢖࢘

=
ࢇ + ࢈ + ࢉ

૛
= 

=
૛࢖
࢘ =

૝√૜࢘࢖
૛࢘૛√૜

=
૝√૜ࡿ
૛࢘૛√૜

≤
ࡷ࡯ࡻ࡮ࡺࡱࢆࢀࡵࡱࢃିࢁ࡯ࡿࡱࡺࡻࡵ ૛ࢇ + ૛࢈ + ૛ࢉ

૛࢘૛√૜
 

 

203. In acute ࢤ	࡯࡮࡭ with orthocenter ࡴ: 

࡭ࡴ ⋅ ࡮ࡴ + ࡮ࡴ ⋅ ࡯ࡴ + ࡯ࡴ ⋅ ࡭ࡴ ≤ ૜ࡾ૛ . 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution 1 by Daniel Sitaru – Romania  

෍࡭ࡴ ⋅ ࡮ࡴ = ૝ࡾ૛෍࡮ܛܗ܋࡭ܛܗ܋ = 

= ૝ࡾ૛ ⋅
࢙૛ + ࢘૛ − ૝ࡾ૛

૝ࡾ૛
= ࢙૛ + ࢘૛ − ૝ࡾ૛ ≤

૛ૠ
૝
૛ࡾ +

૛ࡾ

૝
− ૝ࡾ૛ = ૜ࡾ૛ 
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Solution 2 by Kevin Soto Palacios – Huarmey – Peru  

En un triángulo acutángulo ࡯࡮࡭ con Ortocentro ࡴ: 

࡮ࡴ࡭ࡴ ࡯ࡴ࡮ࡴ+ + ࡭ࡴ࡯ࡴ ≤ ૜ࡾ૛. Dado que es un triángulo acutángulo: 

࡭ࡴ = ૛࡭ܛܗ܋ࡾ > ܤܪ,0 = ࡮ܛܗ܋ࡾ2 > ܥܪ,0 = ࡾ2 ࡯ܛܗ܋ > 0 

Teniendo en cuenta las siguientes identidades y desigualdades en un 

triángulo ࡭ܛܗ܋ :࡯࡮࡭ + ࡮ܛܗ܋ + ࡯ܛܗ܋ = ૚ + ࢘
ࡾ
≤ ૜

૛
,	 

࡭૛ܛܗ܋ + ࡮૛ܛܗ܋ + ૛ܛܗ܋ ࡯ = ૚ − ૛ ࡭ܛܗ܋ ࡮ܛܗ܋ ࡯ܛܗ܋ ≥
૜
૝

 

La desigualdad es equivalente:  

૛ ࡭ܛܗ܋ ࡮ܛܗ܋ + ૛ ࡯ܛܗ܋࡮ܛܗ܋ + ૛ ࡯ܛܗ܋ ࡭ܛܗ܋ ≤
૜
૛

 

Lo cual es cierto ya que ૛ ࡭ܛܗ܋ ࡮ܛܗ܋ + ૛ ࡮ܛܗ܋ ࡯ܛܗ܋ + ૛ ࡯ܛܗ܋ ࡭ܛܗ܋ = 

= ࡭ܛܗ܋) + ࡮ܛܗ܋ + ૛(࡯ܛܗ܋ − ૛ܛܗ܋) ࡭ + ࡮૛ܛܗ܋ + (૛࡯ܛܗ܋ ≤
ૢ
૝
−
૜
૝

=
૜
૛

 

Solution 3 by Soumava Chakraborty-Kolkata-India 

 

࢞ = ࢈ ࡯ܛܗ܋ ; 	
ᇱࢇࢎ

࢞ = °૙ૢ)ܖ܉ܜ − (࡮ =  ࡮ܜܗ܋

⇒ ᇱࢇࢎ = ࢈ ࡯ܛܗ܋ ࡮ܜܗ܋ = ૛࡮ܖܑܛࡾ ࡯ܛܗ܋
࡮ܛܗ܋
࡮ܖܑܛ ⇒ ᇱࢇࢎ = ૛࡮ܛܗ܋ࡾ  ࡯ܛܗ܋

∴ ࡴ࡭ = ࢇࢎ − ᇱࢇࢎ = ࢈ ܖܑܛ ࡯ − ૛࡮ܛܗ܋ࡾ  ࡯ܛܗ܋
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= ૛࡮ܖܑܛࡾ ࡯ܖܑܛ − ૛ࡾ ࡮ܛܗ܋ ࡯ܛܗ܋ = −૛࡮)ܛܗ܋ࡾ + (࡯ = ૛࡭ܛܗ܋ࡾ 

∴ ࡴ࡭ = ૛࡭ܛܗ܋ࡾ  Similarly, ࡴ࡮ = ૛࡮ܛܗ܋ࡾ and ࡴ࡯ = ૛࡯ܛܗ܋ࡾ 

∴ ࡿࡴࡸ = ૝ࡾ૛෍࡭ܛܗ܋ ࡮ܛܗ܋ = ૛ࡾ૛ ቀ૛෍࡭ܛܗ܋  ቁ࡮ܛܗ܋

= ૛ࡾ૛ ቊቀ෍࡭ܛܗ܋ቁ
૛
−෍ܛܗ܋૛࡭ቋ = ૛ࡾ૛ ቊቀ૚+

࢘
ࡾ
ቁ
૛
−෍(૚ −  ቋ(࡭૛ܖܑܛ

= ૛ࡾ૛ ቊ
ࡾ) + ࢘)૛

૛ࡾ
− ૜ +

૛ࢇ∑

૝ࡾ૛
ቋ 

= ૛(ࡾ+ ࢘)૛ − ૟ࡾ૛ + (࢙૛ − ૝࢘ࡾ − ࢘૛) = ࢙૛ − ૝ࡾ૛ + ࢘૛ 

∴ given inequality ⇔ ࢙૛ − ૝ࡾ૛ + ࢘૛ ≤ ૜ࡾ૛ − ࢘૛(ିࡾ૛࢘)
࢘ିࡾ

 

⇔ ࢙૛ ≤ ૠࡾ૛ −
࢘૛(૛ࡾ − ૜࢘)

ࡾ − ࢘
 

⇔ ࢙૛(ࡾ − ࢘) ≤ ૠࡾ૜ − ૠࡾ૛࢘ − ૛࢘ࡾ૛ + ૜࢘૜  (1) 

Gerretsen ⇒ ࢙૛(ࡾ − ࢘) ≤
(૛)

(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)(ࡾ − ࢘) = ૝ࡾ૜ − ૛࢘ࡾ − ૜࢘૜ 

(1), (2) ⇒ it suffices to prove:  

૝ࡾ૜ − ૛࢘ࡾ − ૜࢘૜ ≤ ૠࡾ૜ − ૠࡾ૛࢘ − ૛࢘ࡾ૛ + ૜࢘૜ 

⇔ ૜ࡾ૜ − ૠࡾ૛࢘ − ૛࢘ࡾ + ૟࢘૜ ≥ ૙ ⇔ (࢚ − ૛)(૜࢚૛ − ࢚ − ૜) ≥ ૙; 	൬࢚ =
ࡾ
࢘
൰ 

⇔ (࢚ − ૛){૜࢚(࢚ − ૛) + ૞(࢚ − ૛) + ૠ} ≥ ૙ which is true ∵ ࢚ = ࡾ
࢘
≥ ૛  

 

204. In ࢤ	࡯࡮࡭: 

૚
૚

૛ܖܑܛ ૛࡭
+ ૚

૛࡮૛ܖܑܛ
+ ૚

૛ܖܑܛ ૛࡯

≤
࢘૛

૝ ቆ
૚
ࢇ࢝
૛ +

૚
࢈࢝
૛ +

૚
ࢉ࢝
૛ቇ 

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Soumava Chakraborty-Kolkata-India 

In any ࢤ	࡯࡮࡭, ૚
૛࡭૛܋ܛ܋∑

≤ ࢘૛

૝
൬ ૚
ࢇ࢝
૛ + ૚

࢈࢝
૛ + ૚

ࢉ࢝
૛൰ ∵ ࢇ࢝ ≤ ඥ࢙(࢙ −  ,etc (ࢇ

ࡿࡴࡾ ≥
(૚) ࢘૛

૝࢙
෍

૚
࢙ − ࢇ

=
࢘૛

૝࢙
⋅
∑(࢙ − ࢙)(࢈ − (ࢉ

∏(࢙ − (ࢇ  

ࡿࡴࡸ =
૚

ࢉ࢈
(࢙ − ࢙)(࢈ − (ࢉ + ࢇࢉ

(࢙ − ࢙)(ࢉ − (ࢇ + ࢈ࢇ
(࢙ − ࢙)(ࢇ − (࢈

 

=
(૛) ∏(࢙ − (ࢇ

࢙)ࢉ࢈ − (ࢇ + ࢙)ࢇࢉ − (࢈ + ࢙)࢈ࢇ − (ࢉ =
∏(࢙ − (ࢇ

࢈ࢇ∑࢙ − ૚૛࢙࢘ࡾ
 

(1), (2) ⇒ it suffices to prove: ࢘
૛

૝࢙
⋅ (ࢉି࢙)(࢈ି࢙)∑

(ࢇି࢙)∏ ≥ (ࢇି࢙)∏
࢙࢘ࡾ૚૛ି࢈ࢇ∑࢙

 

⇔ ࢘૛࢙૛ ቄ෍(࢙ − ࢙)(࢈ − ቅ(ࢉ (࢙૛ − ૡ࢘ࡾ + ࢘૛) ≥ ૝࢙૛ ቀෑ(࢙ − ቁ(ࢇ
૛

 

⟺ ࢙૛࢘૛ ቄ෍(࢙૛ − ࢈)࢙ + (ࢉ + ቅ(ࢉ࢈ (࢙૛ − ૡ࢘ࡾ + ࢘૛) ≥ ૝࢘૝࢙૝ 

⟺ ቄ૜࢙૛ − ࢙(૝࢙) + ෍࢈ࢇቅ (࢙૛ − ૡ࢘ࡾ + ࢘૛) ≥ ૝࢘૛࢙૛ 

⟺ (૝࢘ࡾ + ࢘૛)(࢙૛ − ૡ࢘ࡾ + ࢘૛) ≥ ૝࢘૛࢙૛   (3) 

∵ ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛  (Gerretsen), (*) 

∴ ࢙૛ − ૡ࢘ࡾ + ࢘૛ ≥ ૡ࢘ࡾ − ૝࢘૛ > 0 

⇒ (૝࢘ࡾ + ࢘૛)(࢙૛ − ૡ࢘ࡾ + ࢘૛) ≥ (૝ࡾ + ࢘૛)(ૡ࢘ࡾ − ૝࢘૛)   (4) 

(∵ ࢙૛ − ૡ࢘ࡾ + ࢘૛ ≥ ૡ࢘ࡾ − ૝࢘૛ > 0);	(3), (4) ⇒ it suffices to prove: 

(૝ࡾ + ࢘)(૛ࡾ − ࢘) ≥ ࢙૛ ⟺ ࢙૛ ≤ ૡࡾ૛ − ૛࢘ࡾ − ࢘૛   (5) 

࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛ (Gerretsen) (*) 

∴ it suffices to prove: ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛ ≤ ૡࡾ૛ − ૛࢘ࡾ − ࢘૛ (from (5)) 

⟺ ૝ࡾ૛ − ૟࢘ࡾ − ૝࢘૛ ≥ ૙ ⟺ ࡾ) − ૛࢘)(૛ࡾ + ࢘) ≥ ૙ → true,  

∵ ࡾ ≥ ૛࢘ (Euler) 
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Solution 2 by Soumava Chakraborty-Kolkata-India 

In any ࢤ	࡯࡮࡭, ૚
૛࡭૛܋ܛ܋∑

≤ ࢘૛

૝
൬ ૚
ࢇ࢝
૛ + ૚

࢈࢝
૛ + ૚

ࢉ࢝
૛൰ 

ࡿࡴࡾ ≥
(૚)

࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ૢ࢘૛

૝∑࢝ࢇ
૛ ≥

ૢ࢘૛

૝∑࢙(࢙ − (ࢇ ቀ∵ ࢇ࢝ ≤ ඥ࢙(࢙ − ,(ࢇ  ቁࢉ࢚ࢋ

=
ૢ࢘૛

૝࢙∑(࢙ − (ࢇ =
ૢ࢘૛

૝࢙(૜࢙ − ૛࢙) =
ૢ࢘૛

૝࢙૛ 

∴ it suffices to prove: ૢ࢘
૛

૝࢙૛
≥ ૚

૛࡭૛܋ܛ܋∑
 (from (1))⇔ ૛܋ܛ܋∑ ࡭

૛
≥ ૝࢙૛

ૢ࢘૛
 

⇔
ࢉ࢈

(࢙ − ࢙)(࢈ − (ࢉ +
ࢇࢉ

(࢙ − ࢙)(ࢉ − (ࢇ +
࢈ࢇ

(࢙ − ࢙)(ࢇ − (࢈ ≥
૝࢙૛

ૢ࢘૛
 

⇔
࢙)ࢉ࢈ − (ࢇ + ࢙)ࢇࢉ − (࢈ + ࢙)࢈ࢇ − (ࢉ

∏(࢙ − (ࢇ ≥
૝࢙૛

ૢ࢘૛
 

⇔
࢙૛∑࢈ࢇ − ૚૛࢙࢘ࡾ૛

࢘૛࢙૛
≥
૝࢙૛

ૢ࢘૛
 

⇔ ૢ(࢙૛ − ૡ࢘ࡾ + ࢘૛) ≥ ૝࢙૛ ⇔ ૞࢙૛ ≥ ૠ૛࢘ࡾ − ૢ࢘૛   (2) 

But Gerretsen ⇒ ૞࢙૛ ≥ ૡ૙࢘ࡾ − ૛૞࢘૛ 

∴ it suffices to prove: ૡ૙࢘ࡾ − ૛૞࢘૛ ≥ ૠ૛࢘ࡾ − ૢ࢘૛  (from (2)) 

⇔ ૡ࢘ࡾ ≥ ૚૟࢘૛ ⇔ ࡾ ≥ ૛࢘ → true (Euler) 

Solution 3 by Soumava Chakraborty-Kolkata-India 

In any ࢤ	࡯࡮࡭, ૚
૛࡭૛܋ܛ܋∑

≤ ࢘૛

૝
൬ ૚
ࢇ࢝
૛ + ૚

࢈࢝
૛ + ૚

ࢉ࢝
૛൰ 

ࡿࡴࡾ ≥
࢘૛

૝
ቆ
૚
ࢇ࢓

૛ +
૚
࢈࢓

૛ +
૚
ࢉ࢓

૛ቇ (∵ ࢇ࢝ ≤ ,ࢇ࢓  (ࢉ࢚ࢋ

≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮

	
ૢ࢘૛

૝∑ࢇ࢓
૛ =

ૢ࢘૛

૝ ⋅ ૜૝ ࢇ∑
૛

=
૜࢘૛

૛ࢇ∑
≥

૚

૛࡭૛܋ܛ܋∑
⇔෍܋ܛ܋૛

࡭
૛
≥
૛ࢇ∑

૜࢘૛
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⇔
ࢉ࢈

(࢙ − ࢙)(࢈ − (ࢉ +
ࢇࢉ

(࢙ − ࢙)(ࢉ − (ࢇ +
࢈ࢇ

(࢙ − ࢙)(ࢇ − (࢈ ≥
૛ࢇ∑

૜࢘૛
 

⇔
࢙)ࢉ࢈ − (ࢇ + ࢙)ࢇࢉ − (࢈ + ࢙)࢈ࢇ − (ࢉ

∏(࢙ − (ࢇ ≥
૛ࢇ∑

૜࢘૛  

⇔
࢙૛∑࢈ࢇ − ૚૛࢙࢘ࡾ૛

࢘૛࢙૛ ≥
૛ࢇ∑

૜࢘૛ ⇔ ૜(࢙૛ − ૡ࢘ࡾ + ࢘૛) ≥ ૛(࢙૛ − ૝࢘ࡾ − ࢘૛) 

⇔ ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛ → true, by Gerretsen  (Proved) 

 

205. In ࢤ	࡯࡮࡭	the following relationship holds: 

ࢇ + ࢈ + ࢉ ≤
૛࢙)ࢇ − (ࢇ
૝(࢙ − (ࢇ +

૛࢙)࢈ − (࢈
૝(࢙ − (࢈ +

૛࢙)ࢉ − (ࢉ
૝(࢙ − (ࢉ  

Proposed by Daniel Sitaru – Romania  

Solution 1 by Mihalcea Andrei Stefan-Romania 

WLOG ࢇ ≤ ࢈ ≤  ࢉ

⇒ ൝
ࢇ ≤ ࢈ ≤ ࢉ

૛࢙ − ࢇ
࢙ − ࢇ

≤
૛࢙ − ࢈
࢙ − ࢈

≤
૛࢙ − ࢉ
࢙ − ࢉ

⇒
࢜ࢋࢎ࢙࢟࢈ࢋ࡯ ࢇ∑

૜
⋅
∑૛࢙ − ࢇ
࢙ − ࢇ
૜

≤
૛࢙)ࢇ∑ − (ࢇ

࢙ − ࢇ
૜

⇔ 

෍
૛࢙)ࢇ − (ࢇ
࢙ − ࢇ ≥

૚
૜ቆ

ቀ෍ࢇቁ ⋅ ൬૜ + ࢙෍
૚

࢙ − ൰ቇࢇ ≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ૚

૜ቆ
ቀ෍ࢇቁ ⋅ (૜ + ૢ)ቇ = 

= ૝෍ࢇ ⇔ ࡿࡴࡸ ≤  ࡿࡴࡾ

Solution 2 by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡾ ≥
ࡳି࡭ ૜

૝
ඨ
࢈)ࢉ࢈ࢇ + ࢉ)(ࢉ + ࢇ)(ࢇ + (࢈

∏(࢙ − (ࢇ
૜

≥
ࡳି࡭ ૜

૝
ඨ
ૡࢇ૛࢈૛ࢉ૛

∏(࢙ − (ࢇ
૜

 

=
૟
૝
ඨࢇ

૛࢈૛ࢉ૛࢙
࢘૛࢙૛

૜

=
૜
૛
ඨ૚૟ࡾ

૛࢘૛࢙૜

࢘૛࢙૛
૜

= ૜ඥ૛ࡾ૛࢙૜  
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≥ ૛࢙(ࡿࡴࡾ) ⇔ ૛ૠ	 × 	૛ࡾ૛࢙ ≥ ૡ࢙૜ 

⇔ ૛ૠ
૝
૛ࡾ ≥ ࢙૛ ⇔ ࢙ ≤ ૜√૜ࡾ

૛
→ true by Mitrinovic (Proved) 

Solution 3 by Mehmet  Șahin-Ankara-Turkey  

We define ࢌ(࢞) = ࢞(૛࢙ି࢞)
૝⋅(࢙ି࢞)  then ࢌᇱᇱ(࢞) > 0;  is convex. Using the Jensen ࢌ	

Inequality ࢌ ቀࢇା࢈ାࢉ
૜

ቁ ≤ ૚
૜

(ࢇ)ࢌ] + (࢈)ࢌ +  [(ࢉ)ࢌ

ࢌ ൬
ࢇ + ࢈ + ࢉ

૜
൰ =

ࢇ + ࢈ + ࢉ
૜ ⋅ ૝

⋅ ቌ
ࢇ + ࢈ + ࢉ − ࢇ + ࢈ + ࢉ

૜
ࢇ + ࢈ + ࢉ

૛ − ࢇ + ࢈ + ࢉ
૜

ቍ 

=
ࢇ + ࢈ + ࢉ

૚૛
⋅ ቌ

૛(ࢇ + ࢈ + (ࢉ

૜ ⋅ ࢇ) + ࢈ + (ࢉ
૟

ቍ 

=
ࢇ + ࢈ + ࢉ

૜
≤
૚
૜
ቈ
ࢇ ⋅ (૛࢙ − (ࢇ
૝(࢙ − (ࢇ +

૛࢙)࢈ − (࢈
૝ ⋅ (࢙ − (࢈ +

૛࢙)ࢉ − (ࢉ
૝(࢙ − (ࢉ ቉ 

⇒ ࢇ + ࢈ + ࢉ ≤
૛࢙)ࢇ − (ࢇ
૝ ⋅ (࢙ − (ࢇ +

࢈ ⋅ (૛࢙ − (࢈
૝ ⋅ (࢙ − (࢈ +

ࢉ ⋅ (૛࢙ − (ࢉ
૝ ⋅ (࢙ − (ࢉ  

Solution 4 by Soumitra Mandal-Chandar Nagore-India 

In ࢤ	࡯࡮࡭, ∑ (ࢇି࢖૛)ࢇ
૝(ࢇି࢖)ࢉ࢟ࢉ ≥ ࢇ + ࢈ +  ࢉ

Applying RAVI TRANSFORMATION, ࢇ = ࢞ + ࢈,࢟ = ࢟ + ࢉ and ࢠ = ࢠ + ࢞ 

∴ ࢖ = ࢞ + ࢟ + ࢖,ࢠ − ࢇ = ࢖,ࢠ − ࢈ = ࢞ and ࢖ − ࢉ = ࢟ 

∴ ෍
࢖૛)ࢇ − (ࢇ
૝(࢖ − (ࢇ

ࢉ࢟ࢉ

= ෍
(࢞ + ࢟)(࢞ + ࢟ + ૛ࢠ)

૝ࢠ
ࢉ࢟ࢉ

= ෍
(࢞ + ࢟)૛

૝ࢠ
ࢉ࢟ࢉ

+ ࢞ + ࢟ +  ࢠ

≥⏞
ࡹࡻࡾࢀࡿࡳࡾࡱ࡮ (࢞ + ࢟ + ࢟ + ࢠ + ࢠ + ࢞)૛

૝(࢞ + ࢟ + (ࢠ + ࢞ + ࢟ + ࢠ = ૛(࢞ + ࢟ + (ࢠ = ෍(࢞ + ࢟)
ࢉ࢟ࢉ

 

= ࢇ + ࢈ +  (proved) ࢉ
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206. In ࢤ	࡯࡮࡭: 

ࢇ࢓
૛࢈࢓

૛ + ࢈࢓
૛ࢉ࢓

૛ + ࢉ࢓
૛ࢇ࢓

૛ ≥  ૛ࡿૢ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Francisco Javier Garcia Capitan 

ࢇ࢓
૛࢈࢓

૛ + ࢈࢓
૛ࢉ࢓

૛ ࢉ࢓+
૛ࢇ࢓

૛ = ૛ࡿૢ +
ૢ
૜૛ ෍ ૛ࢇ) − ૛)૛࢈

ࢉ࢏࢒ࢉ࢟ࢉ

≥  ૛ࡿૢ

Solution 2 by Soumava Chakraborty-Kolkata-India 

ࢇ࢓ ≥ ඥ࢙(࢙ − ࢈࢓,(ࢇ ≥ ඥ࢙(࢙ − ࢉ࢓,(࢈ ≥ ඥ࢙(࢙ −  (ࢉ

∴ ෍ࢇ࢓
૛࢈࢓

૛ ≥෍࢙(࢙ − (ࢇ ⋅ ࢙(࢙ − (࢈ = ࢙૛෍{(࢙૛ − +ࢇ)࢙ (࢈ +  {(࢈ࢇ

= ࢙૛(૜࢙૛ − ૝࢙૛ + ࢙૛ + ૝࢘ࡾ + ࢘૛) = ࢙૛(૝࢘ࡾ + ࢘૛) ≥
?
 ૛ࡿૢ

⇔ ૝࢘ࡾ + ࢘૛ ≥
?
ૢ࢘૛ ⇔ ૝࢘ࡾ ≥

?
ૡ࢘૛ ⇔ ࡾ ≥

?
૛࢘ → true (Euler) (Proved) 

Solution 3 by Adil Abdullayev-Baku-Azerbaidian 

LEMMA 1. ࢇ࢓ + ࢈࢓ + ࢉ࢓ ≥ ૢ࢘. 

LEMMA 2. ࢇ࢓ ≥ ඥ࢘ࢉ࢘࢈. 

ࢇ࢓
૛࢈࢓

૛ + ࢈࢓
૛ࢉ࢓

૛ + ࢉ࢓
૛ࢇ࢓

૛ ≥ ࢇ࢓)ࢉ࢓࢈࢓ࢇ࢓ + ࢈࢓ +  (ࢉ࢓

≥ ࢉ࢘࢈࢘ࢇ࢘ ⋅ ૢ࢘ = ૛࢖࢘ ⋅ ૢ࢘ =  .૛ࡿૢ

 

207. In ࢤ	࡯࡮࡭,  :incentre. Prove that – ࡵ

૟࢘ ≤ ࡵ࡭ + +ࡵ࡮ ࡵ࡯ ≤ ඥ૜૟࢘૛ + ૚૛(ࡾ − ૛࢘)(ࡾ + ࢘) 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution by Soumava Chakraborty-Kolkata-India 

In any ࢤ	࡯࡮࡭,૟࢘ ≤
(૚)

ࡵ࡭∑ ≤
(૛)

ඥ૜૟࢘૛ + ૚૛(ࡾ − ૛࢘)(ࡾ + ࢘) 
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෍ࡵ࡭ = ࢘෍܋ܛ܋
࡭
૛

≥
࢔ࢋ࢙࢔ࢋࡶ

	૜࢘ ܋ܛ܋ ൬
࡭ + ࡮ + ࡯

૟
൰ 

(∵ (࢞)ࢌ = ܋ܛ܋ ࢞
૛
	∀	࢞ ∈ (૙,࣊) is convex) ⇒ ࡵ࡭∑ ≥ ૟࢘ ⇒ (1) is true 

Again, ∑ࡵ࡭ ≤
ࡿି࡮ି࡯

√૜ඥ∑ࡵ࡭૛ = √૜࢘ට∑܋ܛ܋૛  ૛࡭

= √૜࢘ඨ
ࢉ࢈

(࢙ − ࢙)(࢈ − (ࢉ +
ࢇࢉ

(࢙ − ࢙)(ࢉ − (ࢇ +
࢈ࢇ

(࢙ − ࢙)(࢈ −  (࢈

= √૜࢘ඨ
࢙)ࢉ࢈ − (ࢇ + ࢙)ࢇࢉ − (࢈ + ࢙)࢈ࢇ − (ࢉ

∏(࢙ − (ࢇ = √૜࢘ඨ
࢙૛(∑࢈ࢇ) − ࢙(૜ࢉ࢈ࢇ)

࢘૛࢙૛  

= √૜ට෍࢈ࢇ − ૚૛࢘ࡾ = √૜ඥ࢙૛ − ૡ࢘ࡾ + ࢘૛ 

= ඥ૜࢙૛ − ૛૝࢘ࡾ + ૜࢘૛ ≤
?
ඥ૜૟࢘૛ + ૚૛(ࡾ − ૛࢘)(ࡾ+ ࢘) 

⇔ ࢙૛ − ૡ࢘ࡾ + ࢘૛ ≤
?
૚૛࢘૛ + ૝(ࡾ૛ − ࢘ࡾ − ૛࢘૛) 

⇔ ࢙૛ ≤
?
૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛ → true, by Gerretsen⇒ (2) is true (Proved) 

 

208. In ࡯࡮࡭ࢤ the centroid belongs to the incircle. Prove that: 

૛ࢇ + ૛࢈ + ૛ࢉ + ૟࢘(૝ࡾ + ࢘) = ૜࢙૛ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Adil Abdullayev-Baku-Azerbaidian 

LEMMA. (LEYBINIS) ࡵࡳ૛ = ࢙૛ା૞࢘૛ି૚૟࢘ࡾ
ૢ

.  

૛ࡵࡳ = ࢘૛ ↔ ࢙૛ = ૝࢘૛ + ૚૟࢘ࡾ ↔ ࢙૛ = ૝࢘(࢘ + ૝ࡾ) 

ࡿࡴࡸ = ૛(࢙૛ − ࢘૛ − ૝࢘ࡾ) + ૟࢘(࢘+ ૝ࡾ) = 

= ૛࢙૛ + ૝࢘(࢘+ ૝ࡾ) = ૜࢙૛ =  .ࡿࡴࡾ
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Solution 2 by Soumava Chakraborty-Kolkata-India 

෍ࢇ૛ + ૟࢘(૝ࡾ + ࢘) =
(૚)

૜࢙૛; 

(૚) ⇔ ૛(࢙૛ − ૝࢘ࡾ − ࢘૛) + ૛૝࢘ࡾ + ૟࢘૛ = ૜࢙૛ 

⇔ ࢙૛ = ૚૟࢘ࡾ + ࢘૛  (2) 

By problem, ࡵࡳ = ࢘ ⇒ ૛ࡵࡳ = ࢘૛ ⇒ ૛൯࢈ࢇ∑ା࢈૛ࢇ∑૜ି૛൫ࢇ∑−
૚ૡ࢙

= ࢘૛ 

⇒෍ࢇ૜ − ૛ቀ෍ࢇ૛࢈ +෍࢈ࢇ૛ቁ + ࢉ࢈ࢇૢ = −૚ૡ࢘૛࢙ 

⇒ ૜ࢉ࢈ࢇ + ૛࢙ ቀ෍ࢇ૛ −෍࢈ࢇቁ − ૛ ቄ෍൫࢈ࢇ(૛࢙ − ൯ቅ(ࢉ + ࢉ࢈ࢇૢ = −૚ૡ࢘૛ࡿ 

⇒ ૜ࢉ࢈ࢇ + ૛࢙ ቀ෍ࢇ૛ቁ − ૛࢙ ቀ෍࢈ࢇቁ − ૛ ቄ૛࢙ ቀ෍࢈ࢇቁ − ૜ࢉ࢈ࢇቅ+ ࢉ࢈ࢇૢ = −૚ૡ࢘૛࢙ 

⇒ ૜ࢉ࢈ࢇ + ૛࢙ ቀ෍ࢇ૛ቁ − ૛࢙ ቀ෍࢈ࢇቁ − ૝࢙ ቀ෍࢈ࢇቁ + ૟ࢉ࢈ࢇ + ࢉ࢈ࢇૢ = −૚ૡ࢘૛࢙ 

⇒ ૠ૛࢙࢘ࡾ + ૝࢙(࢙૛ − ૝࢘ࡾ − ࢘૛) − ૟࢙(࢙૛ + ૝࢘ࡾ + ࢘૛) = −૚ૡ࢘૛࢙ 

⇒ ૜૟࢘ࡾ + ૛(࢙૛ − ૝࢘ࡾ− ࢘૛) − ૜(࢙૛ + ૝࢘ࡾ + ࢘૛) = −ૢ࢘૛ 

⇒ ࢙૛ = ૚૟࢘ࡾ + ૝࢘૛ ⇒ (2) is true (Proved) 

 

209. Let ࢉࢹ,࢈ࢹ,ࢇࢹ be the circumradii of ࡭ࡳ࡯ࢤ,࡯ࡳ࡮ࢤ respectively ࡮ࡳ࡭ࢤ, 

 :Prove that .࡯࡮࡭ࢤ the centroid of - ࡳ

૛ૠࢉࢹ࢈ࢹࢇࢹ ≥ ૝࢙ࡾ૛ 

Proposed by Daniel Sitaru – Romania 
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Solution by Soumava Chakraborty – Kolkata – India  

 

૛࢟ + ࢞ = ૛ࢠ + ࢞ ⇒ ࢟ = ࢠ૛;ࢠ + ࢟ = ૛࢞ + ࢟ ⇒ ࢞ = ࢠ ⇒ ࢞ = ࢟ =  ࢠ

∴ (ࡳ࡯࡮ࢤ)	ࢇࢋ࢘ࢇ = (࡭ࡳ࡯ࢤ)	ࢇࢋ࢘ࢇ = (࡮ࡳ࡭	ࢤ)	ࢇࢋ࢘ࢇ =
૛
૟
 (࡯࡮࡭	ࢤ)	ࢇࢋ࢘ࢇ

= (࡯࡮࡭	ࢤ)	ࢇࢋ࢘ࢇ
૜

= ࡿ
૜
. Also, ࡳ࡭ = ૛

૜
ࡳ࡮,ࢇ࢓ = ૛

૜
ࡳ࡯,࢈࢓ = ૛

૜
 ࢉ࢓

ࢇࢹ =
૛
૜࢈࢓ ⋅

૛
૜ࢉ࢓ ⋅ ࢇ
૝ࡿ
૜

=
૚
૜
⋅
ࢉ࢓࢈࢓ࢇ

ࡿ
=
ࢉ࢓࢈࢓ࢇ

૜ࡿ
 

Similarly, ࢈ࢹ = ࢇ࢓ࢉ࢓࢈

૜ࡿ
  and ࢉࢹ = ࢈࢓ࢇ࢓ࢉ

૜ࡿ
 

∴ ૛ૠࢉࢹ࢈ࢹࢇࢹ =
૛(ࢉ࢓࢈࢓ࢇ࢓)ࢉ࢈ࢇ

૜ࡿ
=
૝(ࢉ࢓࢈࢓ࢇ࢓)ࡿࡾ૛

૜ࡿ
≥ ૝࢙ࡾ૛		(ࡿࡴࡾ) 

⇔ ૛(ࢇ࢓∏)

૛ࡿ
≥ ࢙૛ ⇒ ࢇ࢓∏ ≥ ࢙ࡿ =    (a) 

= ࢙ ⋅ ࢙࢘ = ࢙࢘૛. Now, ࢇ࢓ ≥ ඥ࢙(࢙ − ࢈࢓ (1)     (ࢇ ≥ ඥ࢙(࢙ −  (2)     (࢈

ࢉ࢓ ≥ ඥ࢙(࢙ −  (3)     (ࢉ

Proof. 

ࢇ࢓ =
√૛࢈૛ + ૛ࢉ૛ − ૛ࢇ

૛
≥⏞

࢈)ඥ࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ + ૛(ࢉ − ૛ࢇ

૛
=
√૛࢙ඥ૛(࢙ − (ࢇ

૛
= 
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= ඥ࢙(࢙ − ࢈࢓ ,Similarly .(ࢇ ≥ ඥ࢙(࢙ − ࢉ࢓ and  (࢈ = ඥ࢙(࢙ −  (ࢉ

∴ ૚	 × 	૛	× 	૜ ⇒ෑࢇ࢓ ≥ ඥ࢙૛(࢙ − ࢙)(ࢇ − ࢙)(࢈ −  (ࢉ

= ࢙ඥ࢙(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ = ࡿ࢙ = ࢙࢘૛ ⇒  is true (Proved) ࢇ

 

210. If in ࡻ,࡯࡮࡭ࢤ - circumcentre, ࡺ - Nagel’s point then: 

ࡺࡻ ≤ ቆࡾ
૛ࢇ

ࢉ࢈
+
૛࢈

ࢇࢉ
+
૛ࢉ

࢈ࢇ
− ૜ቇ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumava Chakrabory – Kolkata  - India  

ࡺࡻ = ૝(ࡵࡻ)⋅ࡿ૛

ࢉ࢈ࢇ
= ૝ࡿ⋅൫ࡾ(ିࡾ૛࢘)൯

૝ࡿࡾ
= ࡾ − ૛࢘. Given inequality ⇔ ૛࢘ିࡾ

ࡾ
≤ ∑ ૛ࢇ

ࢉ࢈
− ૜ 

⇔ ૚−
૛࢘
ࡾ
≤෍

૛ࢇ

ࢉ࢈
− ૜ ⇔෍

૛ࢇ

ࢉ࢈
≥ ૝ −

૛࢘
ࡾ

 

⇔
૜ࢇ∑

ࢉ࢈ࢇ ≥ ૝ −
૛࢘
ࡾ ⇔ ૜ࢉ࢈ࢇ + ૛࢙ ቀ෍ࢇ૛ −෍ࢉ࢈ࢇቁ ≥ ૚૟࢙࢘ࡾ − ૡ࢘૛࢙ 

⇔ ૚૛࢙࢘ࡾ + ૛࢙{૛(࢙૛ − ૝࢘ࡾ− ࢘૛) − (࢙૛ + ૝࢘ࡾ+ ࢘૛)} ≥ ૚૟࢙࢘ࡾ − ૡ࢘૛࢙ 

⇔ ૛࢙(࢙૛ − ૚૛࢘ࡾ − ૜࢘૛) ≥ ૝࢙࢘ࡾ − ૡ࢘૛࢙ 

⇔ ࢙૛ − ૚૛࢘ࡾ − ૜࢘૛ ≥ ૛࢘ࡾ − ૝࢘૛ 

⇔ ࢙૛ ≥ ૚૝࢘ࡾ − ࢘૛   Gerretsen ⇒ ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛ 

∴ it suffices to prove: ૚૟࢘ࡾ − ૞࢘૛ ≥ ૚૝࢘ࡾ − ࢘૛ 

⇔ ૛࢘ࡾ ≥ ૝࢘૛ ⇔ ࡾ ≥ ૛࢘ → true (Euler) (Proved) 

Solution 2 by Saptak Bhattacharya-Kolkata-India 

ࡺࡻ = ૝ࢤ	ࡵࡻ૛

ࢉ࢈ࢇ
= ૝ࡾࢤ(ିࡾ૛࢘)

ࢉ࢈ࢇ
  (Euler) = ࡾ − ૛࢘. To show, 

−ࡾ ૛࢘
ࡾ

≤෍
૛ࢇ

ࢉ࢈
− ૜ ⇒ ૚ −

૛࢘
ࡾ
≤෍

૛ࢇ

ࢉ࢈
− ૜ 
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Now, we know, ∑࡭ܛܗ܋ = ૚+ ࢘

ࡾ
;Thus, to show, 

૚ − ቀ૛෍࡭ܛܗ܋ − ૛ቁ ≤෍
૛ࢇ

ࢉ࢈
− ૜ ⇒ ૟ ≤෍

૛ࢇ

ࢉ࢈
+෍૛࡭ܛܗ܋ ; 

Now, by cosine rule; ૛ ࡭ܛܗ܋ = ૛ࢇ૛ିࢉ૛ା࢈

ࢉ࢈
. So, to show, 

∑ቀࢇ
૛

ࢉ࢈
+ ૛ࢇ૛ିࢉ૛ା࢈

ࢉ࢈
ቁ ≥ ૟ ⇒ ∑ቀ࢈

ࢉ
+ ࢉ

࢈
ቁ ≥ ૟;which is true by AM ≥ GM 

 

211. In acute-angled ࡯࡮࡭ࢤ: 

+૚)࡮ ܖܑܛ(࡭ܖܑܛ ࡭ + ૚)࡯ + ࡮ܖܑܛ(࡮ܖܑܛ + ૚)࡭ + ܖܑܛ ࡯ܖܑܛ(࡯ < 2࣊ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Shahlar Maharramov-Jebrail-Azerbaidian 

Since ࡯,࡮,࡭ acute-angled ૙ < ࡭ܖܑܛ < 1, same ࡮ܖܑܛ , ܖܑܛ   Then .࡯

(૚ + increasing function, as (૚ ࡭ܖܑܛ(࡭ܖܑܛ +   and ࡮ܖܑܛ(࡮ܖܑܛ

(૚ + ܖܑܛ ࡯ܖܑܛ(࡯ ⇒෍࡭ ࡭ܖܑܛ) + ૚)ܖܑܛ ࡭ ≤෍࡭ (૚ + ૚)૚ = 

= ૛࡭ + ૛࡮ + ૛࡯ = ૛(࡭ + ࡮ + (࡯ = ૛ ⋅ ࣊ = ૛࣊ 

Solution 2 by Soumava-Chakraborty-Kolkata-India 

Bernoulli’s inequality states that:  

(૚ + ࢞)࢘ ≤ ૚ + ࢘࢞,∀	૙ ≤ ࢘ ≤ ૚ and ࢞ ≥ −૚ 

Putting ࢞ = ࢘ and ࡭ܖܑܛ =  ,we get ,࡭ܖܑܛ

(૚ + ࡭ܖܑܛ(࡭ܖܑܛ ≤ ૚ + ૛ܖܑܛ ࡭ ⇒ +૚)࡮ ࡭ܖܑܛ(࡭ܖܑܛ ≤ +૚)࡮ ૛ܖܑܛ  (1)   (࡭

Similarly, ࡯(૚+ ࡮ܖܑܛ(࡮ܖܑܛ ≤ +૚)࡯   and (2)   (࡮૛ܖܑܛ

૚)࡭ + ܖܑܛ ࡯ܖܑܛ(࡯ ≤ ૚)࡭ + ૛ܖܑܛ  (3)    (࡯

(1) + (2) + (3) ⇒ ࡿࡴࡸ < ૚)ܤ + ૛ܖܑܛ (࡭ + ૚)࡯ + (࡮૛ܖܑܛ + ૚)࡭ + ૛ܖܑܛ  (࡯

(∵ all of ࡭ܖܑܛ , ࡮ܖܑܛ , ܖܑܛ = can’t be ࡯ ૚ simultaneoulsy) 
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= ࡭) ࡮+ + (࡯ + ૛ܖܑܛ࡮ ࡭ + ࡮૛ܖܑܛ࡯ + ૛ܖܑܛ ࡭  ࡯

< ߨ + (૚)ܤ + (૚)࡯ + (૚)࡭ = ࣊ + ࣊ = ૛࣊ 

(∵ ૛ܖܑܛ ࡭ ≤ ૚ , etc and of all ࡭ܖܑܛ , ࡮ܖܑܛ , = can’t be ࡯ܖܑܛ ૚ 

simultaneously) (Proved) 

Solution 3 by Ravi Prakash-New Delhi-India 

For ૙ < ݔ < 1, 1 < 1 + ݔ < 2 ⇒ (૚ + ࢞)࢞ < ૛࢞ < 2 

and for ࢞ = ૚, (૚ + ࢞)࢞ = ૛ 

As, at most one of ࡭ܖܑܛ , ࡮ܖܑܛ , ܖܑܛ  is ૚ and rest are less than 1 ࡯

૚)࡮ + ࡭ܖܑܛ(࡭ܖܑܛ + ૚)࡯ + ࡮ܖܑܛ(࡮ܖܑܛ + ૚)࡭ +  ࡯ܖܑܛ(࡯ܖܑܛ

< ࡮)2 + ࡯ + (࡭ = ૛࣊ 

Solution 4 by Soumitra Mandal-Chandar Nagore-India 

Have, ૙ < ࡭ܖܑܛ , ࡮ܖܑܛ , ࡯ܖܑܛ < 1 since, ࢤ	࡯࡮࡭ is acute triangle 

෍࡮(૚+ ࡭ܖܑܛ(࡭ܖܑܛ

ࢉ࢟ࢉ

≤
ࢆࡾ࡭ࢃࡴ࡯ࡿିࢅࡴ࡯ࢁ࡭࡯

ඩ(࡭ + ࡮ + ቌ෍(૚(࡯ + ܖܑܛ(࡭ܖܑܛ ࡭
ࢉ࢟ࢉ

ቍ 

< ටෑ(૛ + ૛ + ૛) = √૟࣊ < 2࣊ 

[∵ ૝࣊૛ > 6࣊ ⇔ ૝࣊ቀ࣊ − ૜
૛
ቁ > 0, which is true] 

∴ ෍࡮(૚+ ܖܑܛ(࡭ܖܑܛ ࡭

ࢉ࢟ࢉ

< 2࣊ 

Solution 5 by Eliezer Okeke-Nigeria 

෍࡮ (૚ + ܖܑܛ(࡭ܖܑܛ ࡭ < 2࣊ 

We know (૚ + ࢞)࢞ < 1 + ࢞૛, for ૙ < ݔ < 1 ⇒ (૚ + ܖܑܛ ࡭ܖܑܛ(࡭ < 1 + ૛ܖܑܛ  ࡭
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We know ܖܑܛ૛ ࡭ < ࡭ܖܑܛ = ቀ૙, ࣊
૛
ቁ ⇒ ૚ + ૛ܖܑܛ ࡭ < 1 +  ࡭ܖܑܛ

We know ࡭ܖܑܛ < 1  in ቀ૙, ࣊
૛
ቁ ⇒ ૚ + ࡭ܖܑܛ < 1 + 1 = 2 

+૚)࡮∑ ࡭ܖܑܛ(࡭ܖܑܛ < ࡮∑ (૛) = ૛∑࡮ = ૛࣊ (Proved) 

 

212. In ࡯࡮࡭ࢤ: ࡵ − incentre 

ࡵ࡭ ⋅ ࡵ࡮ ⋅ ࡵ࡯ ≥ ૡ࢘ࡿඨ൬૚ −
૛࢘
ࢇࢎ
൰ ൬૚ −

૛࢘
࢈ࢎ
൰ ൬૚ −

૛࢘
ࢉࢎ
൰ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Francisco Javier Garcia Capitan-Spain 

From ࡵ࡭૛ = (ࢇି࢙)ࢉ࢈
࢙

૛ࡵ࡭, = (࢈ି࢙)ࢇࢉ
࢙

૛ࡵ࡯, = (ࢉି࢙)࢈ࢇ
࢙

 we get 

૛ࡵ࡭ ⋅ ૛ࡵ࡮ ⋅ ૛ࡵ࡯ = ૚૟࢘૝ࡾ૛. 

On the other hand, from ࡿ = ࢙࢘ = ૚
૛
ࢇࢎࢇ = ૚

૛
࢈ࢎ࢈ = ૚

૛
 we can write ,ࢉࢎࢉ

൬૚ −
૛࢘
ࢇࢎ
൰ ൬૚ −

૛࢘
࢈ࢎ
൰ ൬૚ −

૛࢘
࢈ࢎ
൰ = ቀ૚ −

ࢇ
࢙ቁ ൬૚ −

࢈
࢙൰ ቀ૚ −

ࢉ
࢙ቁ 

= (ࢉି࢙)(࢈ି࢙)(ࢇି࢙)
࢙૜

= ࢘૛

࢙૛
. Therefore we have 

૚૟࢘૝ࡾ૛ − ૟૝࢘૛ࡿ૛ ⋅
࢘૛

࢙૛ = ૚૟࢘૝ࡾ૛ − ૟૝࢘૟ = ૚૟࢘૝(ࡾ૛ − ૝࢘૛)૚૟࢘૝(ࡾ + ૛࢘)(ࡾ − ૛࢘) ≥ ૙ 

Solution 2 by Nirapada Pal-India 

In any triangle, ࢘ = ૝ࡾ ܖܑܛ ࡭
૛
ܖܑܛ ࡮

૛
ܖܑܛ ࡯

૛
   (1) and ࢘ = ࢤ

࢙
. Now, ૚

૛
	× ࢇࢎ	 	× ࢇ	 =  ࢤ

⇒ ૛
ࢇࢎ

= ࢇ
ࢤ
∴ ૛࢘
ࢇࢎ

= ࢘ࢇ
ࢤ

= ࢇ
࢙
  etc. So   8࢘∆ටቀ૚ − ࢘

ࢇࢎ
ቁ ቀ૚ − ࢘

࢈ࢎ
ቁ ቀ૚ − ࢘

ࢉࢎ
ቁ = 

= ૡ࢘∆ඨቀ૚ −
ࢇ
࢙
ቁ ൬૚ −

࢈
࢙൰
ቀ૚ −

ࢉ
࢙
ቁ = ૡ࢘ࢤ

ඥ࢙(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ
࢙૛  
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= ૡ࢘ࢤ૛

࢙૛
= ૡ࢘૛ ≤ ૝࢘૛ 	× ࡾ as  ࡾ	 ≥ ૛࢘ = ࢘૜

࢘
૝ࡾ

= ࢘૜

૛࡭ܖܑܛ ܖܑܛ
࡮
૛ ܖܑܛ

࡯
૛
   using (1) 

=
࢘

ܖܑܛ ૛࡭
⋅

࢘

ܖܑܛ ૛࡮
⋅

࢘

ܖܑܛ ૛࡯
= ࡵ࡭ ⋅ ࡵ࡮ ⋅  ࡵ࡯

Solution 3 by Soumava Chakraborty-Kolkata-India 

In any ࢤ	ࡵ࡭,࡯࡮࡭ ⋅ ࡵ࡮ ⋅ ࡵ࡯ ≥
(૚)

	ૡ࢘ࡿටቀ૚ − ૛࢘
ࢇࢎ
ቁ ቀ૚ − ૛࢘

࢈ࢎ
ቁ ቀ૚ − ૛࢘

ࢉࢎ
ቁ 

૚ −
૛࢘
ࢇࢎ

= ૚ −
૛࢘
૛ࢤ
ࢇ

= ૚ −
૛࢘ࢇ
૛࢙࢘ = ૚ −

ࢇ
࢙ =

࢙ − ࢇ
࢙  

Similarly, ૚ − ૛࢘
࢈ࢎ

= ࢈ି࢙
࢙

 and ૚ − ૛࢘
ࢉࢎ

= ࢉି࢙
࢙

 

∴ ࡿࡴࡾ = ૡ࢘૛࢙ඨ
(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ ⋅ ࢙

࢙૜ ⋅ ࢙
= ૡ࢘૛࢙ඨ

࢘૛࢙૛

࢙૝
 

= ૡ࢘૛࢙ ⋅
࢙࢘
࢙૛ =

ૡ࢘૜࢙૛

࢙૛ =
(૛)

	ૡ࢘૜ 

ࡿࡴࡸ =
(૜)

࢘૜

૛࡭ܖܑܛ∏
∴ (1) ⇔ ࢘૜

૛࡭ܖܑܛ∏
≥ ૡ࢘૜ (from (2), (3)) 

⇔ ܖܑܛ∏ ࡭
૛
≤ ૚

ૡ
→ true  (Proved) 

 

213. In ࢤ	࡯࡮࡭: 

࢘૞෍ܖܑܛ૞
࡭
૛ ቌ

૚

૛࡮ܖܑܛ
+

૚

ܖܑܛ ૛࡯
ቍ

૞

> ෍൬ܖܑܛ܉
࡭
૛൰

૞

 

Proposed by Daniel Sitaru – Romania 

Solution 1 by Soumava Chakraborty-Kolkata-India 

We shall first prove: 
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࢘૞ ૞ܖܑܛ ࡭
૛
ቆ ૚

૛࡮ܖܑܛ
+ ૚

૛࡯ܖܑܛ
ቇ
૞

> ቀܖܑܛࢇ ࡭
૛
ቁ
૞

    (1) 

⇔ ܖܑܛ࢘
࡭
૛ቌ

૚

૛࡮ܖܑܛ
+

૚

૛࡯ܖܑܛ
ቍ > ܽ ܖܑܛ

࡭
૛ 

⇔ ࢙࢘	ቆ
ࢇࢉ√

ඥ(࢙ − ࢙)(ࢉ − (ࢇ
+

࢈ࢇ√
ඥ(࢙ − ࢙)(࢈ − (ࢉ

ቇ >  ݏܽ

⇔ ඥ࢙(࢙ − ࢙)(ࢇ − ࢙)(࢈ − ቆ(ࢉ
࢙√ࢇࢉ√ − ࢈ + ࢙√࢈ࢇ√ − ࢉ
ඥ(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ

ቇ >  ݏܽ

⇔ ඥࢉ(࢙ − (࢈ + ඥ࢈(࢙ − (ࢉ >  ࢙ࢇ√

⇔ ࢙)ࢉ − (࢈ + ࢙)࢈ − (ࢉ + ૛ඥࢉ࢈(࢙ − ࢙)(࢈ − (ࢉ >  (squaring)  ݏܽ

⇔ +࢈)࢙ ࢉ − (ࢇ + ඥࢇ)ࢉ࢈+ ࢈ − ࢉ)(ࢉ + ࢇ − (࢈ >  ࢉ࢈2

⇔ ࢈) + ࢉ + ࢈)(ࢇ + ࢉ − (ࢇ + ૛ඥࢇ)ࢉ࢈ + ࢈ − ࢉ)(ࢉ + ࢇ − (࢈ >  ࢉ࢈4

⇔ ࢈) + ૛(ࢉ − ૝ࢉ࢈ − ૛ࢇ + ૛ඥࢇ)ࢉ࢈ + ࢈ − ࢉ)(ࢉ + ࢇ − (࢈ > 0 

⇔ ࢈) − ૛(ࢉ − ૛ࢇ + ૛ඥࢇ)ࢉ࢈+ ࢈ − ࢉ)(ࢉ + ࢇ − (࢈ > 0 

⇔ ૛ඥࢇ)ࢉ࢈+ ࢈ − ࢉ)(ࢉ + ࢇ − (࢈ > ࢇ) + ࢈ − ࢉ)(ࢉ + ࢇ −  (࢈

⇔ ૛√ࢉ࢈ > ඥ(ࢇ + ࢈ − ࢉ)(ࢉ + ࢇ −  (࢈

⇔ ૝ࢉ࢈ > ૛ࢇ − ࢈) − ૛(ࢉ ⇔ ࢈) + ૛(ࢉ > ૛ࢇ ⇔ ࢈ + ࢉ > ܽ → true 

∴ (1) is true 

⇒෍࢘૞ ૞ܖܑܛ
࡭
૛ ቌ

૚

ܖܑܛ ૛࡮
+

૚

૛࡯ܖܑܛ
ቍ

૞

> ෍൬ܖܑܛ܉
࡭
૛
൰
૞

 

(Proved) 
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Solution 2 by Nirapada Pal-India 

 

࢘૞෍ܖܑܛ૞
࡭
૛ቌ

૚

૛࡮ܖܑܛ
+

૚

ܖܑܛ ૛࡯
ቍ

૞

= ෍ܖܑܛ૞
࡭
૛ ቌ

࢘

૛࡮ܖܑܛ
+

࢘

૛࡯ܖܑܛ
ቍ

૞

 

= ૞ܖܑܛ∑ ࡭
૛

ࡵ࡮) + +ࡵ࡮,࡯ࡵ࡮	ࢤ ૞  [in(ࡵ࡯ ࡵ࡯ > ܤܣ = ܽ] 

> ෍ܖܑܛ૞
࡭
૛
૞ࢇ = ෍൬ܖܑܛ܉

࡭
૛
൰
૞

 

 

214. Prove that in any triangle: 

ࡾ
࢘
≥

ࢇ࢘
࢈࢘ + ࢉ࢘

+
࢈࢘

ࢉ࢘ + ࢇ࢘
+

ࢉ࢘
ࢇ࢘ + ࢈࢘

+
૚
૛

 

Proposed by Adil Abdullayev-Baku-Azerbaidian, Marian Ursărescu-Romania  

Solution 1 by Daniel Sitaru – Romania  

෍
ࢇ࢘

࢈࢘ + ࢉ࢘
= ෍

ࡿ
࢙− ࢇ

ࡿ
࢙ − ࢈ + ࡿ

࢙ − ࢉ
= ෍

(࢙ − ࢙)(࢈ − (ࢉ
(૛࢙ − ࢈ − ࢙)(ࢉ − (ࢇ = 

= ෍
(࢙ − ࢙)(࢈ − (ࢉ
࢙)ࢇ − (ࢇ ≤⏞

ࡹࡳିࡹ࡭

	෍
ቀ࢙ − ࢇ + ࢙ − ࢇ

૛ ቁ
૛

࢙)ࢇ − (ࢇ = ෍
૛ࢇ

૝ࢇ(࢙ − (ࢇ = 
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=
૚
૝
෍

ࢇ
࢙ − ࢇ

=
૚
૝
⋅
૛(૛ࡾ − ࢘)

࢘
=
ࡾ
࢘
−
૚
૛

 

Solution 2 by Nirapada Pal-Jhargram-India 

In any triangle ࢘ࢇ + ࢈࢘ + ࢉ࢘ − ࢘ = ૝ࡾ 

We have ࢘ࢇ = ࢤ
ࢇି࢙

, ࢈࢘ = ࢤ
࢈ି࢙

ࢉ࢘, = ࢤ
ࢉି࢙

, ࢘ = ࢤ
࢙
 

So, ࢘ࢇ + ࢈࢘ + ࢉ࢘ − ࢘ = ࢤ ቂ ૚
ࢇି࢙

+ ૚
࢈ି࢙

+ ૚
ࢉି࢙

− ૚
࢙
ቃ = ࢤ ቂ (࢈ି࢙)(ࢇି࢙)࢈ା࢙ିࢇି࢙ + ࢙ି࢙ାࢉ

 ቃ(ࢉି࢙)࢙

= ࢤ ൤
ࢉ

(࢙ − ࢙)(ࢇ − (࢈ +
ࢉ

࢙(࢙ − ൨(ࢉ = ࢉࢤ ቈ
࢙(࢙ − (ࢉ + (࢙ − ࢙)(ࢇ − (࢈
࢙(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ ቉ = 

=
ࢉࢤ
૛ࢤ

[࢙૛ − ࢉ࢙ + ࢙૛ − ࢇ࢙ − ࢈࢙ +  [࢈ࢇ

=
ࢉ
ࢤ

[૛࢙૛ − ࢇ)࢙ + ࢈ + (ࢉ + [࢈ࢇ =
ࢉ
ࢤ

[૛࢙૛ − ࢙ ⋅ ૛࢙ + [࢈ࢇ =
ࢉ࢈ࢇ
ࢤ = ૝ࡾ 

∴ ࢇ࢘ + ࢈࢘ + ࢉ࢘ = ૝ࡾ + ࢘	… (1) 

Now, ∑ ࢇ࢘
ࢉା࢘࢈࢘

= ∑ (ࢉି࢙)(࢈ି࢙)
(ࢇି࢙)ࢇ ≤⏞

ࡹࡳ࡭
∑
ቀ࢙ష࢈శ࢙షࢉ૛ ቁ

૛

(ࢇି࢙)ࢇ = ∑
ቀࢇ૛ቁ

૛

(ࢇି࢙)ࢇ = ૚
૝
∑ ࢇ
ࢇି࢙

= ૚
૝ࢤ
 ࢇ࢘ࢇ∑

=
૚
૝ࢤ

෍൫࢙− (࢙ − ൯(ࢇ ࢇ࢘ =
૛
૝ࢤ

ࢇ࢘) + ࢈࢘ + (ࢉ࢘ −
૚
૝ࢤ

෍(࢙ − (ࢇ ࢇ࢘ = 

= ࢙
૝ࢤ

(૝ࡾ + ࢘)− ૜
૝
 [Since (࢙ − ࢇ࢘(ࢇ = ,ࢤ ࢙࢘ =  [ࢤ

= ૚
૝࢘

(૝ࡾ + ࢘)− ૜
૝
  [Using (1)]= ࡾ

࢘
− ૚

૛
 

∴෍
ࢇ࢘

࢈࢘ + ࢉ࢘
+
૚
૛
≤
ࡾ
࢘

 

Solution 3 by Rahim Shahbazov-Baku-Azerbaidian 

ࢇ = ࢞ + ࢈,࢟ = ࢟ + ࢉ,ࢠ = ࢠ + ࢞ inequality becomes 
(࢞ା࢟)(࢟ାࢠ)(࢞ାࢠ)

૝࢞࢟ࢠ
≥ ࢞࢟

(ା࢟࢞)ࢠ + ࢠ࢟
࢞(࢟ାࢠ) + ࢠ࢞

࢟(࢞ାࢠ) + ૚
૛

  or 
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(࢞ + ࢟)(࢟ + ࢞)(ࢠ + (ࢠ ≥ ∑ ૝࢞૛࢟૛

࢞ା࢟
+ ૛࢞࢟ࢠ   or ∑࢞࢟(࢞ + ࢟) ≥ ∑ ૝࢞૛࢟૛

࢞ା࢟
⇒ 

⇒ ∑࢞࢟ቀ࢞ + ࢟ − ૝࢞࢟
࢞ା࢟

ቁ ≥ ૙ ⇒ ∑ ࢞࢟(࢞ି࢟)૛

࢞ା࢟
≥ ૙   true 

Solution 4 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

ࡾ = (࢞ା࢟)(࢟ାࢠ)(ࢠା࢞)
૝ඥ࢞࢟ࢠ(࢞ା࢟ାࢠ) ;࢘ = ඥ࢞࢟ࢠ⋅(࢞ା࢟ାࢠ)

࢞ା࢟ାࢠ
ࡾ ;
૛

= (࢞ା࢟)(࢟ାࢠ)(ࢠା࢞)
૝࢞࢟ࢠ

:  ࡿࡴࡸ

෍
ࢇ࢘

࢈࢘ + ࢉ࢘
+
૚
૛

= ෍
ࢠ࢟

ࢠ) + ࢟) ⋅ ࢞
+
૚
૛

= ෍
࢞࢟

(࢞ + ࢟) ⋅ ࢠ
+
૚
૛

= 

=
∑૛(࢞࢟)૛ ⋅ ࢠ) + ࢞)(࢟ + (ࢠ + ࢞)ࢠ࢟࢞ + ࢟)(࢟ + ࢠ)(ࢠ + ࢞)

૛࢞࢟ࢠ ⋅ (࢞ + ࢟) ⋅ (࢟ + (ࢠ ⋅ ࢠ) + ࢞)  

⇓ 

 ࡿࡴࡾ

ࡿࡴࡸ ≥  (ASSURE) ࡿࡴࡾ
(࢞ା࢟)(࢟ାࢠ)(ࢠା࢞)

૝࢞࢟ࢠ
≥ ∑૛(࢞࢟)૛⋅(ࢠା࢞)(࢟ାࢠ)ା࢞࢟ࢠ(࢞ା࢟)(࢟ାࢠ)(ࢠା࢞)

૛࢞࢟ࢠ(࢞ା࢟)(࢟ାࢠ)(ࢠା࢞) ⇒  

⇒ (࢞+ ࢟)૛(࢟+ +ࢠ)૛(ࢠ ࢞)૛ ≥෍૝(࢞࢟)૛(ࢠ+ ࢞)(࢟ + (ࢠ + ૛࢞࢟ࢠ(࢞ + ࢟)(࢟+ +ࢠ)(ࢠ ࢞) 

(࢞ + ࢟)(࢟ + ࢠ)(ࢠ + ࢞)൫(࢞ + ࢟)(࢟ + +ࢠ)(ࢠ ࢞) − ૛࢞࢟ࢠ൯ ≥෍૝(࢞࢟)૛ ࢠ) + ࢞)(࢟+  (ࢠ

(࢞ + ࢟)(࢟ + +ࢠ)(ࢠ ࢞) ⋅ ቀ෍࢞࢟(࢞+ ࢟)ቁ = 

= ෍࢞࢟ (࢞ + ࢟)૛(࢟ + +ࢠ)(ࢠ ࢞) ≥
࢟ࢎࢉ࢛ࢇ࡯

	෍૝ (࢞࢟)૛(࢟ + +ࢠ)(ࢠ ࢞) 

 

215. Let ࢉࡾ,࢈ࡾ,ࢇࡾ be the circumradius of ࢤ	ࢤ,࡯ࡻ࡮	ࢤ,࡭ࡻ࡯	࡮ࡻ࡭ 

respectively, where ࡻ is the circumcenter of an acute ࢤ	࡯࡮࡭. Prove that 

૚૜൬
૛࢘
ࡾ ൰

૛

− ૚૛ ≤
ࢇࡾ

૛ࢇࡾ + ࡾ +
࢈ࡾ

૛࢈ࡾ + ࡾ +
ࢉࡾ

૛ࢉࡾ + ࡾ ≤ ൬
ࡾ
૛࢘൰

૛

 

Proposed by George Apostolopoulos-Messolonghi-Greece 
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Solution by Soumava Chakraborty-Kolkata-India 

ࢉࡾ,࢈ࡾ,ࢇࡾ → circumradius of ࢤ	ࢤ,࡯ࡻ࡮	ࢤ,࡭ࡻ࡯	࡮ࡻ࡭ 

Then,  ૚૜ ቀ૛࢘
ࡾ
ቁ
૛
− ૚૛ ≤⏟

(ࢇ)

ࢇࡾ
૛ࢇࡾାࡾ

+ ࢈ࡾ
૛࢈ࡾାࡾ

+ ࢉࡾ
૛ࢉࡾାࡾ

≤⏟
(࢈)
	ቀ ࡾ
૛࢘
ቁ
૛

 

 

ࢇࡾ =
ࢇ૛ࡾ

૝ ⋅ ૚૛ ࢞ࢇ
=
૛ࡾ

૛࢞
; 	
࢞
ࡾ

= ࡭ܛܗ܋ ⇒ ࢞ = ࡾ ࡭ܛܗ܋ ∴ ࢇࡾ =
૛ࡾ

૛࡭ܛܗ܋ࡾ
=

ࡾ
૛ ࡭ܛܗ܋

 

Similarly, ࢈ࡾ = ࡾ
૛࡮ܛܗ܋

  and ࢉࡾ = ࡾ
૛࡯ܛܗ܋

 

∴෍
ࢇࡾ

૛ࢇࡾ + ࡾ = ෍
ࡾ

૛࡭ܛܗ܋
ࡾ

࡭ܛܗ܋ + ࡾ
=⏞
(૚)

෍
૚

૛ + ૛࡭ܛܗ܋ 

Now, ∑ ૚
૚ାܛܗ܋ ࡭

≥⏟
(૛)

ฏ
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮

ૢ
૜ା૚ା࢘ࡾ

= ࡾૢ
૝ࡾା࢘

 

∴ ∑ ࢇࡾ
૛ࢇࡾାࡾ

= ૚
૛
∑ ૚
૚ାܛܗ܋ ࡭

   (by (1)) ≥ ࡾૢ
ૡࡾା૛࢘

 (by (2))≥⏞
?

૚૜ ቀ૛࢘
ࡾ
ቁ
૛
− ૚૛ 

⇔ ૚૙૞ࡾା૛૝ࡾ
ૡࡾା૛࢘

≥⏞
?
૞૛࢘૛

૛ࡾ
⇔ ૚૙૞࢚૜ + ૛૝࢚૛ − ૝૚૟࢚ − ૚૙૝≥⏞

?

૙ ቀ࢚ = ࡾ
࢘
ቁ 

⇔ (࢚ − ૛)(૚૙૞࢚૛ + ૛૜૝࢚ + ૞૛)≥⏞
?

૙ → true, ∵ ࢚ ≥ ૛ ⇒ (a) is true 
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Again, ∑ ࢇࡾ

૛ࢇࡾାࡾ
= ૚

૛
∑ ૚
૚ାܛܗ܋ ࡭

 (by (1)) 

= ૚
૝
૛܋܍ܛ∑ ࡭

૛
≤⏞
?
૛ࡾ

૝࢘૛
⇔ ૛܋܍ܛ∑ ࡭

૛
≤⏞
?
૛ࡾ

࢘૛
   (3) 

Now, ∑܋܍ܛ૛ ࡭
૛

= ૚
࢙
ቀ ࢉ࢈
ࢇି࢙

+ ࢇࢉ
࢈ି࢙

+ ࢈ࢇ
ࢉି࢙
ቁ   (i) 

WLOG, we may assume ࢇ ≥ ࢈ ≥   .ࢉ

Then ࢉ࢈ ≤ ࢇࢉ ≤ and ૚ ࢈ࢇ
ࢇି࢙

≥ ૚
࢈ି࢙

≥ ૚
ࢉି࢙

 

∴ ∑ ૛܋܍ܛ ࡭
૛

≤⏟
(૝)

ฏ
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯

૚
૜࢙

(࢈ࢇ∑) ቀ∑ ૚
ࢇି࢙

ቁ  (using (i)) 

=
૚
૜࢙

(࢙૛ + ૝࢘ࡾ + ࢘૛) ⋅
∑(࢙ − ࢙)(࢈ − (ࢉ

∏(࢙ − (ࢇ  

=
૚
૜࢙

(࢙૛ + ૝࢘ࡾ + ࢘૛) ⋅
࢙(૜࢙૛ − ૝࢙૛ + (࢈ࢇ∑

࢘૛࢙૛
=

(࢙૛ + ૝࢘ࡾ + ࢘૛)(૝࢘ࡾ + ࢘૛)
૜࢘૛࢙૛

 

(3), (4) ⇒ it suffices to prove: ൫࢙
૛ା૝࢘ࡾା࢘૛൯൫૝࢘ࡾା࢘૛൯

૜࢘૛࢙૛
≤ ૛ࡾ

࢘૛
 

⇔ (࢙૛ + ૝࢘ࡾ + ࢘૛)(૝࢘ࡾ + ࢘૛) ≤ ૜ࡾ૛࢙૛   (4) 

Now, (࢙૛ + ૝࢘ࡾ+ ࢘૛)(૝࢘ࡾ + ࢘૛) ≤⏟
(࢏࢏)

ฏ
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

(૝ࡾ૛ + ૡ࢘ࡾ + ૝࢘૛)(૝࢘ࡾ + ࢘૛) 

Again ૜ࡾ૛࢙૛ ≥⏟
(࢏࢏࢏)

ฏ
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

	૜ࡾ૛(૚૟࢘ࡾ − ૞࢘૛) 

(ii), (ii), (4) ⇒ it suffices to prove: 

૜ࡾ૛(૚૟࢘ࡾ − ૞࢘૛) ≥ (૝ࡾ૛ + ૡ࢘ࡾ + ૝࢘૛)(૝࢘ࡾ + ࢘૛) 

⇔ ૜૛ࡾ૜ − ૝ૠࡾ૛࢘ − ૜૛࢘ࡾ૛ − ૝࢘૜ ≥ ૙ 

⇔ (࢚ − ૛)(૜૛࢚૛ + ૚ૠ࢚ + ૛) ≥ ૙ → true ቀ࢚ = ࡾ
࢘
ቁ ∵ ࢚ ≥ ૛ (Euler) 

⇒ (b) is true  (Proved) 
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216. In ࢤ	࡯࡮࡭ the following relationship holds: 

૚૟෍൬
ࢇ࢓

ࢉ࢓
+
࢈࢓

ࢉ࢓
൰
૝

> 81 ቆ൬
ࢇ
ࢇ࢓

൰
૝

+ ൬
࢈
࢈࢓

൰
૝

+ ൬
ࢉ
ࢉ࢓

൰
૝
ቇ 

Proposed by Daniel Sitaru – Romania  

Solution by Nirapada Pal-Jhargram-India 

 

Let ࡳ be the centroid. Then ࡳ࡭ = ૛
૜
ࡳ࡮ and ࢇ࢓ = ૛

૜
 ࢈࢓

In ࢤ	ࡳ࡭,ࡳ࡮࡭ + ࡳ࡮ > Or, ૛ .ܤܣ
૜

ࢇ࢓) + (࢈࢓ > ܿ. Or, ૛(ࢇ࢓ + (࢈࢓ >  ࢉ3

Similarly, ૛(࢈࢓ + (ࢉ࢓ > ,ࢇ3 ૛(ࢉ࢓ (ࢇ࢓+ >  (1) … ࢈3

Now, ૚૟∑ ቀࢇ࢓

ࢉ࢓
+ ࢈࢓

ࢉ࢓
ቁ
૝

= ∑ቀ૛(ࢇ࢓ା࢈࢓)
ࢉ࢓

ቁ
૝

> ∑ቀ૜ࢉ
ࢉ࢓
ቁ
૝

   [using (1)] 

= ૡ૚෍൬
ࢉ
ࢉ࢓

൰
૝

= ૡ૚ቆ൬
ࢇ
ࢇ࢓

൰
૝

+ ൬
࢈
࢈࢓

൰
૝

+ ൬
ࢉ
ࢉ࢓

൰
૝
ቇ 

217. ADIL ABDULLAYEV’S GENERALIZED INEQUALITIES 

In ࢤ	࡯࡮࡭: 

ࢇࢎ࢞) + ࢈ࢎ࢟ + ࢇ࢓࢞)(ࢉࢎࢠ + ࢈࢓࢟ + (ࢉ࢓ࢠ
ࢇࢎࢇ࢓࢞ + ࢈ࢎ࢈࢓࢟ + ࢉࢎࢉ࢓ࢠ

≤ ࢞ + ࢟ + ;ࢠ ࢞,࢟, ࢠ ∈ ℕ∗ 

ࢇ࢘࢞) + ࢈࢘࢟ + ࢇ࢓࢞)(ࢉ࢘ࢠ + ࢈࢓࢟ + (ࢉ࢓ࢠ
ࢇࢎࢇ࢘࢞ + ࢈ࢎ࢈࢘࢟ + ࢉࢎࢉ࢘ࢠ

≥ ࢞ + ࢟ + ;ࢠ ࢞,࢟, ࢠ ∈ ℕ∗ 

Proposed by Daniel Sitaru – Romania  
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Solution by Adil Abdullayev-Baku-Azerbaidian 

1) Let ࢇ ≤ ࢈ ≤ ࢉ → ࢇࢎ ≥ ࢈ࢎ ≥ ࢉࢎ
ࢇ࢓ ≥ ࢈࢓ ≥ ࢉ࢓

ൠ. 

Chebyshev’s → ࢇࢎ࢞) + ࢈ࢎ࢟ + ࢇ࢓࢞)(ࢉࢎࢠ + ࢈࢓࢟ +  (ࢉ࢓ࢠ

≤ ࢇ࢓ࢇࢎ࢞) + ࢈࢓࢈ࢎ࢟ + ࢞)(ࢉ࢓ࢉࢎࢠ + ࢟ + (ࢠ → 

ࡿࡴࡸ ≤  .ࡿࡴࡾ

2) Let ≤ ࢈ ≤ ࢉ → ࢇ࢓ ≥ ࢈࢓ ≥ ࢉ࢓
ࢇ࢘ ≤ ࢈࢘ ≤ ࢉ࢘

ൠ . 

Chebyshev’s → ࢇ࢘࢞) + ࢈࢘࢟ + ࢇ࢓࢞)(ࢉ࢘ࢠ + ࢈࢓࢟ +  (ࢉ࢓ࢠ

≥ ࢇ࢓ࢇ࢘࢞) + ࢈࢓࢈࢘࢟ + ࢞)(ࢉ࢓ࢉ࢘ࢠ + ࢟ + (ࢠ → 

ࡿࡴࡸ ≥  .ࡿࡴࡾ

 

218. In ࢤ	࡯࡮࡭ the following relationship holds: 

૛ܖܑܛ ૜࡭ ܖܑܛ
૛࡮
૜ ܖܑܛ

૛ ࡯
૜

࡭ܖܑܛ ܖܑܛ ࡮ ࡯ܖܑܛ
<
√૜
૛૝

 

Proposed by Daniel Sitaru – Romania 

Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

࢖ ≥ ૜√૜࢘ ⇒ ࢖ > √૜࢘ ⇒ ࢘
࢖

< √૜
૜

  (1) 

࢘
࢖

=
࢘ ⋅ ࢖
૛࢖

=
ࡿ
૛࢖

= ඨ
࢖) − ࢖)(ࢇ − ࢖)(࢈ − (ࢉ

૛࢖
= 

=
ට(࢖ − ࢖)(ࢇ − (࢈

࢈ࢇ ⋅ ࢖) − ࢖)(࢈ − (ࢉ
ࢉ࢈ ⋅ ࢖) − ࢖)(ࢉ − (ࢇ

ࢇࢉ

ට࢖ ⋅ ࢖) − (ࢇ
ࢉ࢈ ⋅ ࢖)࢖ − (࢈

ࢇࢉ ⋅ ࢖)࢖ − (ࢉ
࢈ࢇ

= 
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=
૛࡭ܖܑܛ ⋅ ܖܑܛ

࡮
૛ ⋅ ܖܑܛ

࡯
૛

૛࡭ܛܗ܋ ⋅ ܛܗ܋
࡮
૛ ⋅ ܛܗ܋

࡯
૛

==
ૡ ⋅ ૛ܖܑܛ ૛࡭ ⋅ ܖܑܛ

૛࡮
૛ ⋅ ܖܑܛ

૛ ࡯
૛

࡭ܖܑܛ ⋅ ࡮ܖܑܛ ⋅ ܖܑܛ ࡯  

࢘
࢖

=
ૡ⋅ܖܑܛ૛࡭૛⋅ܖܑܛ

૛࡮
૛⋅ܖܑܛ

૛࡯
૛

ܖܑܛ ࡯ܖܑܛ⋅࡮ܖܑܛ⋅࡭
   (2) 

ቀ૙, ࣊
૛
ቁ ⇒ ܖܑܛ ࡭

૜
< ܖܑܛ ࡭

૛
ቀ࡯;࡮ࢅࡸࡾ࡭ࡸࡵࡹࡵࡿ ቁ   (3) 

(1); (2); (3) ⇒ √૜
૜

>
ૡ⋅ܖܑܛ૛࡭૛⋅ܖܑܛ

૛࡮
૛⋅ܖܑܛ

૛࡯
૛

ܖܑܛ⋅࡭ܖܑܛ ࡯ܖܑܛ⋅࡮
>

ૡ⋅ܖܑܛ૜࡭૜⋅ܖܑܛ
૜࡮
૛⋅ܖܑܛ

૜࡯
૜

࡯ܖܑܛ⋅࡮ܖܑܛ⋅࡭ܖܑܛ
, √૜
૛૝

>
∏ ૜࡭૜ܖܑܛ
∏ ࡭ܖܑܛ

 

Solution 2 by Soumava Chakraborty - Kolkata-India 

In any ࢤ	࡯࡮࡭,
૜࡭૛ܖܑܛ ܖܑܛ

૛࡮
૜ ܖܑܛ

૛࡯
૜

࡭ܖܑܛ ࡮ܖܑܛ ࡯ܖܑܛ
< √૜

૛૝
 

∵ ૙ < ࡭
૜

< ࡭
૛

< ࣊
૛

, and ∴ ܖܑܛ ࢞ is increasing on ቀ૙, ࣊
૛
ቁ , ∴ ܖܑܛ ࡭

૜
< ܖܑܛ ࡭

૛
 

with similar argument, ܖܑܛ ࡮
૜

< ܖܑܛ ࡮
૛

 and ܖܑܛ ࡯
૜

< ܖܑܛ ࡯
૛
 

∴ ࡿࡴࡸ <⏟
(૚)

૛࡭૛ܖܑܛ ܖܑܛ
૛࡮
૛ ܖܑܛ

૛࡯
૛

ૡ ૛࡭ܖܑܛ ܛܗ܋
࡭
૛ ܖܑܛ

࡮
૛ ܛܗ܋

࡮
૛ ܖܑܛ

࡯
૛ ܛܗ܋

࡯
૛

= ૚
ૡ
ቀ∏ ܖ܉ܜ ࡭

૛
ቁ. Now, ܖ܉ܜቀ࡭

૛
+ ࡮

૛
+ ࡯

૛
ቁ =

∑ ૛࡭ܖ܉ܜ∏૛ି࡭ܖ܉ܜ
૚ି∑ ૛࡭ܖ܉ܜ ܖ܉ܜ

࡮
૛

 

and ܖ܉ܜ ૢ૙∘ is undefined, ∵ ∑ ܖ܉ܜ ࡭
૛
࡮ܖ܉ܜ

૛
= ૚    (2) 

By AM – GM, ∑ ܖ܉ܜ ࡭
૛
ܖ܉ܜ ࡮

૛
≥ ૜ටቀ∏ ܖ܉ܜ ࡭

૛
ቁ
૛૜
⇒ ૚ ≥ ૛ૠቀ∏ ܖ܉ܜ ࡭

૛
ቁ
૛

   (using (1)) 

⇒ ૚
૜√૜

≥ ܖ܉ܜ∏ ࡭
૛
⇒ ∏ ܖ܉ܜ ࡭

૛
≤ √૜

ૢ
   (3); (1), (3) ⇒ ࡿࡴࡸ < ૚

ૡ
⋅ √૜
ૢ

= √૜
ૠ૛

< √૜
૛૝

 

 

219. Prove that in any triangle 

ࢇ࢘) + ࢈࢘ + ૜࢘ࢇ࢓)(ࢉ + ࢈࢓ + ૜ࢉ࢓)
ࢇ࢓ࢇ࢘ + ࢈࢓࢈࢘ + ૜࢘ࢉ࢓ࢉ

≥ ૞ 

Proposed by Adil Abdullayev – Baku – Azerbaidian 
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Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

ࢇ ≥ ࢈ ≥ ࢉ
ࢉ࢓ ≥ ࢈࢓ ≥ ࢇ࢓
ࢇ࢘ ≥ ࢈࢘ ≥ ࢉ࢘

    Chebyshev 

ࢇ࢘) + ࢈࢘ + ࢉ࢘ + ࢉ࢘ + (ࢉ࢘ ⋅ ࢇ࢓) ࢈࢓+ ࢉ࢓+ + ࢉ࢓ + (ࢉ࢓ ≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯

 

≥ ૞ ⋅ ࢇ࢘) ⋅ ࢇ࢓ + ࢈࢘ ⋅ ࢈࢓ + ૜ ⋅ ࢉ࢘ ⋅  (ࢉ࢓
ࢇ࢘) + ࢈࢘ + ૜࢘ࢉ) ⋅ ࢇ࢓) + ࢈࢓ + (ࢉ࢓

ࢇ࢘ ⋅ ࢇ࢓ + ࢈࢘ ⋅ ࢈࢓ + ૜࢘ࢉ ⋅ ࢉ࢓
≥
૞ ⋅ ࢇ࢘) ⋅ ࢇ࢓ + ࢈࢘ ⋅ ࢈࢓ + ૜࢘ࢉ ⋅ (ࢉ࢓
ࢇ࢘ ⋅ ࢇ࢓ + ࢈࢘ ⋅ ࢈࢓ + ૜࢘ࢉ ⋅ ࢉ࢓

= ૞ 

 

220. Prove that in any triangle ࡯࡮࡭, 

૛ࡵ࡭૛ࢇ ܜܗ܋ +࡭ ૛ࡵ࡮૛࢈ ࡮ܜܗ܋ + ૛ࡵ࡯૛ࢉ ࡯ܜܗ܋ ≥ ૡ࢘ࡾࡿ 

where ࡵ is the incenter. 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triàngulo ࡯࡮࡭ 

૛࡭ࡵ૛ࢇ ࡭ܜܗ܋ + ૛࡮ࡵ૛࢈ ࡮ܜܗ܋ + ૛࡯ࡵ૛ࢉ ࡯ܜܗ܋ ≥ ૡ࢘ࡾࡿ donde ࡵ es Incentro.. 

Teniendo en cuentas las siguientes notaciones en un ࢤ	࡯࡮࡭ 

࡭ࡵ = ඨ
࢖)ࢉ࢈ − (ࢇ

࢖
, ࡮ࡵ = ඨ

࢖)ࢇࢉ − (࢈
࢖

࡯ࡵ				, = ඨ
࢖)࢈ࢇ − (ࢉ

࢖
 

࡭ܜܗ܋ =
૛ࢉ࢈ ࡭ܛܗ܋
૛ࢉ࢈ ࡭ܖܑܛ

=
૛ࢉ࢈ ࡭ܛܗ܋

૝ࡿ
, ࡮ܜܗ܋ =

૛࢈ࢇ ࡮ܛܗ܋
૝ࡿ

, ࡯ܜܗ܋ =
૛࡯ܛܗ܋ࢇࢉ

૝ࡿ
 

࡭ܛܗ܋ + ࡮ܛܗ܋ + ࡯ܛܗ܋ = ૚ +
࢘
ࡾ

,
࢘
ࡾ

= ૝ܖܑܛ
࡭
૛
ܖܑܛ

࡮
૛
ܖܑܛ

࡯
૛

, ࢙ =
ࢉ࢈ࢇ
૝ࡾ

 

ࢇ
࢖
࡭ܛܗ܋ +

࢈
࢖
࡮ܛܗ܋ +

ࢉ
࢖
࡯ܛܗ܋ =

࡭૛ܖܑܛ)ࡾ + ܖܑܛ ૛࡮ + ܖܑܛ ૛࡯)

૝ࡾ ૛࡭ܛܗ܋ ܛܗ܋
࡮
૛ ܛܗ܋

࡯
૛

= 
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= ܖܑܛ࡭ܖܑܛ ࡮ ࡯ܖܑܛ

૛࡭ܛܗ܋ ܛܗ܋
࡮
૛ ܛܗ܋

࡯
૛

= ૡ ܖܑܛ ࡭
૛
ܖܑܛ ࡮

૛
ܖܑܛ ࡯

૛
= ૛࢘

ࡾ
. La desigualdad es equivalente  

૛ࢇ ⋅
࢖)ࢉ࢈ − (ࢇ

࢖ ⋅
૛ࢉ࢈ ࡭ܛܗ܋

૝ࡿ + ૛࢈ ⋅
࢖)ࢇࢉ − (࢈

࢖ ⋅
૛࢈ࢇ ࡮ܛܗ܋

૝ࡿ + 

૛ࢉ+ ⋅
࢖) − (ࢉ

࢖ ⋅
૛ࢇࢉ ࡯ܛܗ܋

૝ࡿ ≥ ૡ࢘ࡾࡿ 

૛ ⋅
ࢉ࢈ࢇ
૝ࡿ ⋅ ࢉ࢈ࢇ ൭࡭ܛܗ܋ ൬૚ −

ࢇ
൰࢖ + ࡮ܛܗ܋ ൬૚ −

࢈
൰࢖ + ࡯ܛܗ܋ ൬૚ −

ࢉ
൰൱࢖ = 

= ૡࡾ૛ࡿ ൬෍࡭ܛܗ܋ −
ࢇ
࢖
෍࡭ܛܗ܋൰ = ૡࡾ૛ࡿ൬૚ +

࢘
ࡾ
−
૛࢘
ࡾ
൰ 

૛࡭ࡵ૛ࢇ ܜܗ܋ ࡭ + ૛࡮ࡵ૛࢈ ࡮ܜܗ܋ + ૛࡯ࡵ૛ࢉ ܜܗ܋ ࡯ = ૡࡾ૛ࡿ൬
ࡾ − ࢘
ࡾ ൰ ≥ ૡ࢘ࡾࡿ ⇔ ࡾ ≥ ૛࢘ 

 

221. Let ࡯࡮࡭ be a triangle and ࡭ᇱ࡮ᇱ࡯ᇱ is the Morley triangle of ࡯࡮࡭. Prove 

that 

࢓ࡾ
ࡾ

≤ ૛√૜ ⋅ ܖܑܛ ૛૙° − ૚ 

where R and ࢓ࡾ are the circumradii of triangles ࡯࡮࡭ and ࡭ᇱ࡮ᇱ࡯ᇱ 

respectively. 

Proposed by Mehmet Sahin-Ankara-Turkey 

Solution by Daniel Sitaru – Romania  

ࡹࡾ
ࡾ

=
ૡࡾ√૜∏ܖܑܛ ૜࡭

૜ࡾ
=
ૡ√૜∏ܖܑܛ ૜࡭

૜
≤⏞

ࡹ࡭ିࡹࡳ

 

≤
ૡ√૜
૜

ቌ
ܖܑܛ∑ ૜࡭

૜
ቍ

૜

≤⏞
ૡ√૜ࡺࡱࡿࡺࡱࡶ

૜ ൬ܖܑܛ
࡭ + ࡮ + ࡯
૜ ⋅ ૜ ൰

૜

= 
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=
ૡ√૜
૜

ቀܖܑܛ
࣊
ૢ
ቁ
૜
− ૛√૜ܖܑܛ

࣊
ૢ + ૛√૜ ܖܑܛ

࣊
ૢ =

૛√૜
૜

ቀ૝ ૜ܖܑܛ
࣊
ૢ − ૜ܖܑܛ

࣊
ૢ
ቁ + ૛√૜ܖܑܛ

࣊
ૢ = 

= −
૛√૜
૜ ܖܑܛ

࣊
૜ + ૛√૜ܖܑܛ

࣊
ૢ = ૛√૜ ܖܑܛ ૛૙° − ૚ 

 

222. Prove that in any triangle: 

૜ࢇ࢘ + ૜࢈࢘ + ૜ࢉ࢘ ≥ ࡾ૛(૝࢖ − ૞࢘) 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution by Daniel Sitaru – Romania 

૜ࢇ࢘∑ = (૝ࡾ + ࢘)૜ − ૚૛࢙ࡾ૛ ≥ ࢙૛(૝ࡾ− ૞࢘) (to prove) ↔ 

↔ (૝ࡾ + ࢘)૜ ≥ ࢙૛(૚૟ࡾ− ૞࢘) 

࢙૛(૚૟ࡾ− ૞࢘) ≤⏞
ࡺࡱࡿࢀࡱࡾࡾࡱࡳ

	(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)(૚૟ࡾ − ૞࢘) 

(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛)(૚૟ࡾ − ૞࢘) ≤ (૝ࡾ + ࢘)૜ 

૟૝ࡾ૜ − ૛૙ࡾ૛࢘+ ૟૝ࡾ૛࢘ − ૛૙࢘ࡾ૛ + ૝ૡ࢘ࡾ૛ − ૚૞࢘૜ ≤ 

≤ ૟૝ࡾ૜ + ૝ૡࡾ૛࢘+ ૚૛࢘ࡾ૛ + ࢘૜ 

૝ࡾ૛࢘ − ૚૟࢘ࡾ૛ + ૚૟࢘૜ ≥ ૙ ↔ ૝࢘(ࡾ − ૛࢘)૛ ≥ ૙ 

223. In ࢤ	࡯࡮࡭ the following relationship holds: 

෍
࢙)૛࢈ − (࢈

ࢇ
+ ෍

࢙)૛ࢉ − (ࢉ
ࢇ

≥ ࢘(૝ࡾ + ࢘) + ෍ࢇࢎ૛ 

Proposed by Daniel Sitaru – Romania  

Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

In ࢤ	࡯࡮࡭ the following relationship holds 

෍
࢙)૛࢈ − (࢈

ࢇ
ࢤ

+ ෍
࢙)૛ࢉ − (ࢉ

ࢇ
ࢤ

≥ ࢘ ⋅ (૝ࡾ + ࢘) +෍ࢇࢎ૛

ࢤ

 

࢞ = ࢖ − ࢇ
࢟ = ࢖ − ࢈
ࢠ = ࢖ − ࢉ

ൡ ૛ࢇࢎ (1⇒ = ૝࢞࢟ࢠ⋅(࢞ା࢟ାࢠ)
(࢟ାࢠ)૛  similarly ࢈ࢎ૛;ࢉࢎ૛ 
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2) ࢘(૝ࡾ + ࢘) + ૛࢖ − ૛࢖ = ࢈ࢇ + ࢉ࢈ + ࢇࢉ − ૛(ࢉା࢈ାࢇ)

૝
= 

=
૛ ⋅ ࢈ࢇ) + ࢉ࢈ + (ࢇࢉ − ૛ࢇ) + ૛࢈ + (૛ࢉ

૝
= 

=
૛ ⋅ ൫(࢞ + ࢟) ⋅ (࢟ + (ࢠ + (࢟ + (ࢠ ⋅ ࢠ) + ࢞) + ࢠ) + ࢞) ⋅ (࢞ + ࢟)൯

૝ ⇒ 

⇒ −෍(࢞ + ࢟)૛ = ࢞࢟+ ࢠ࢟ +  ࢞ࢠ

3) ∑ (ࢉି࢙)⋅૛ࢉି(࢈ି࢙)⋅૛࢈
ࢇ

= ∑ (࢞ାࢠ)૛⋅࢟ା(࢞ା࢟)૛⋅ࢠ
࢟ାࢠ

 

1), 2) 3) ⇒ 

෍
(࢞ + ૛(ࢠ ⋅ ࢟ + (࢞ + ࢟)૛ ⋅ ࢠ

࢟ + ࢠ
ࢤ

≥෍࢟ࢠ
ࢤ

+෍
૝࢞࢟ࢠ ⋅ (࢞ + ࢟ + (ࢠ

(࢟ + ૛(ࢠ
ࢤ

 

(ASSURE) 

෍
(࢟ + (ࢠ ⋅ ((࢞ + ૛(ࢠ ⋅ ࢟ + (࢞ + ࢟)૛ ⋅ (ࢠ − ૝࢞࢟ࢠ ⋅ (࢞ + ࢟+ (ࢠ

(࢟ + ૛(ࢠ
ࢤ

≥෍࢟ࢠ
ࢤ

 

2) ∑
(࢟ାࢠ)⋅ቀ൫࢞૛࢟ା૛࢞࢟ࢠାࢠ૛࢟൯ା൫࢞૛ࢠା૛࢞࢟ࢠା࢟૛ࢠ൯ቁି૝࢞࢟ࢠ(࢞ା࢟ାࢠ)

(࢟ାࢠ)૛ࢤ ≥ ∑ ࢤࢠ࢟  

෍
(࢟ + (ࢠ ⋅ ቀ(࢟ + ૛࢞(ࢠ + (࢟ + ࢠ࢟(ࢠ + ૝࢞࢟ࢠቁ − ૝࢞࢟ࢠ(࢞ + ࢟ + (ࢠ

(࢟ + ૛(ࢠ
ࢤ

= 

= ෍(࢞૛ + ࢟૛)
ࢤ

+෍
૝࢞࢟ࢠ ⋅ ൫࢟+ ࢠ − (࢞ + ࢟ + ൯(ࢠ

(࢟ + ૛(ࢠ
ࢤ

= 

= ෍࢟ࢠ
ࢤ

+ ෍ቆ࢞૛ −
૝࢞૛࢟ࢠ

(࢟ + ૛ቇ(ࢠ
ࢤ

= ෍࢟ࢠ
ࢤ

+ ෍
(࢞࢟ + ૛(ࢠ࢞ − ૝࢞૛࢟ࢠ

(࢟ + ૛(ࢠ
ࢤ

≥
࢟ࢎࢉ࢛ࢇ࡯

 

≥෍࢟ࢠ
ࢤ

+ ෍
૝࢞૛࢟ࢠ − ૝࢞૛࢟ࢠ

(࢟ + ૛(ࢠ
ࢤ

≥෍࢟ࢠ
ࢤ
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224. In acute ࢤ	࡯࡮࡭: 

෍࡭ܖ܉ܜ ࡮ܖ܉ܜ + ૝૞ ≤ ૛ ૛ܖ܉ܜ ࡭ ૛ܖ܉ܜ ૛ܖ܉ܜ࡮  ࡯

Proposed by Daniel Sitaru – Romania 

Solution 1 by Soumava Chakraborty-Kolkata-India 

૛ቀෑ࡭ܖ܉ܜቁ
૛

= ૛ ቀ෍࡭ܖ܉ܜቁ
૛
≥ ૟෍࡭ܖ܉ܜ  ࡮ܖ܉ܜ

ቀ∵ (࢞ + ࢟ + ૛(ࢠ ≥ ૜(࢞࢟ + ࢠ࢟ + ⏞≤ቁ(࢞ࢠ
?

෍࡭ܖ܉ܜ ࡮ܖ܉ܜ + ૝૞ 

⇔ ࡭ܖ܉ܜ∑ ࡮ܖ܉ܜ ≥ ૢ   (1) 

Now, ∑ ࡭ܖ܉ܜ ࡮ܖ܉ܜ ≥⏞
ࡳି࡭

૜√ܖ܉ܜ૛ ࡭ ࡮૛ܖ܉ܜ ૛ܖ܉ܜ ૜࡯  

= ૜ඥ(∑ ૛૜(࡭ܖ܉ܜ ≥ ૜ට൫૜√૜൯
૛૜

= ૢ ⇒ (1) is true 

( ∵ ∑ ࡭ܖ܉ܜ ≥
࢔ࢋ࢙࢔ࢋࡶ

૜ ࡯ା࡮ା࡭ቀܖ܉ܜ
૜

ቁ, as ࢌ(࢞) = ࢞∀ is convex ࢞ܖ܉ܜ ∈ ቀ૙, ࣊
૛
ቁ) (Proved) 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

We know, ࡭ܖ܉ܜ + ࡮ܖ܉ܜ + ࡯ܖ܉ܜ = ࡭ܖ܉ܜ ࡮ܖ܉ܜ  ࡯ܖ܉ܜ

Now, ૛(࡭ܖ܉ܜ ૛(࡯ܖ܉ܜ࡮ܖ܉ܜ = ૛൫∑ ࢉ࢟ࢉ࡭ܖ܉ܜ ൯
૛
≥ ૟൫∑ ࡭ܖ܉ܜ ࢉ࢟ࢉ࡮ܖ܉ܜ ൯ 

Now, ૞൫∑ ࢉ࢟ࢉ࡮ܖ܉ܜ࡭ܖ܉ܜ ൯ = ૞൫∏ ࢉ࢟ࢉ࡭ܖ܉ܜ ൯ ቀ∑ ૚
ࢉ࢟ࢉ࡭ܖ܉ܜ ቁ 

= ૞ቌ෍࡭ܖ܉ܜ
ࢉ࢟ࢉ

ቍቌ෍
૚

࡭ܖ܉ܜ
ࢉ࢟ࢉ

ቍ ≥ ૝૞ 

૟ቌ෍࡭ܖ܉ܜ ࡮ܖ܉ܜ
ࢉ࢟ࢉ

ቍ ≥ ૝૞ + ෍࡭ܖ܉ܜ ࡮ܖ܉ܜ
ࢉ࢟ࢉ

 

૛ቌෑ࡭ܖ܉ܜ
ࢉ࢟ࢉ

ቍ

૛

≥ ૝૞ + ෍࡭ܖ܉ܜ ࡮ܖ܉ܜ
ࢉ࢟ࢉ

 

(Proved) 
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225. In ࢤ	࡯࡮࡭,  the centroid - ࡳ ,the circumcentre - ࡻ ,the incentre - ࡵ

Prove that: 

૜(ࡵࡻ + ࡳࡵ + ૛(ࡻࡳ + ૞૛࢘ࡾ ≤ ࢙૛ + ૞࢘૛ + ૚ૡࡾ૛ 

Proposed by Daniel Sitaru – Romania 

Solution by Adil Abdullayev-Baku-Azerbaidian 

૜(ࡵࡻ + ࡳࡵ + ૛(ࡻࡳ + ૞૛࢘ࡾ ≤ ࢙૛ + ૞࢘૛ + ૚ૡࡾ૛ 

૜(ࡵࡻ + ࡳࡵ + ૛(ࡻࡳ + ૞૛࢘ࡾ ≤ ૜(૚૛ + ૚૛ + ૚૛)(ࡵࡻ૛ + ૛ࡳࡵ + (૛ࡻࡳ + ૞૛࢘ࡾ = 

= ૢቆࡾ૛ − ૛࢘ࡾ +
࢙૛ + ૞࢘૛ − ૚૟࢘ࡾ

ૢ
+ ૛ࡾ −

૛(࢙૛ − ࢘૛ − ૝࢘ࡾ)
ૢ

ቇ + ૞૛࢘ࡾ = 

= ૚ૡࡾ૛ + ૛૟࢘ࡾ + ૠ࢘૛ − ࢙૛ ≤ ࢙૛ + ૞࢘૛ + ૚ૡࡾ૛ ⇔ ࢙૛ ≥ ૚૜࢘ࡾ + ࢘૛ 

Gerretsen ⇒ ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛ ≥ ૚૜࢘ࡾ + ࢘૛ ⇔ ࡾ ≥ ૛࢘ (Euler) 

 

226. Prove that in any triangle: 

૛ࢇ࢘

૛ࢻ૛ܛܗ܋
+

૛࢈࢘

૛ࢼ૛ܛܗ܋

+
૛ࢉ࢘

૛ܛܗ܋ ૛ࢽ
≥ ૛ࡾ(૝ࡾ + ࢘) 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution 1 by Mehmet Sahin-Ankara-Turkey 

૛ࢇ࢘

૛ࢻ૛ܛܗ܋
+

૛࢈࢘

૛ࢼ૛ܛܗ܋

+
૛ࢉ࢘

૛ܛܗ܋ ૛ࢽ
≥

ࢇ࢘) + ࢈࢘ + ૛(ࢉ࢘

૛ࢻ૛ܛܗ܋ + ૛ܛܗ܋ ૛ࢼ + ૛ܛܗ܋ ૛ࢽ

 

≥
(࢘ + ૝ࡾ)૛

࢙(࢙ − (ࢇ
ࢉ࢈ + ࢙(࢙ − (࢈

ࢇࢉ + ࢙(࢙ − (ࢉ
࢈ࢇ

 

≥
(࢘ + ૝ࡾ)૛

࢙)࢙ࢇ − (ࢇ + ࢙)࢙࢈ − (࢈ + ࢙)࢙ࢉ − (ࢉ ⋅  ࢉ࢈ࢇ
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ቀࢇ૛ + ૛࢈ + ૛ࢉ = ૛ ⋅ (࢙૛ − ࢘૛ − ૝࢘ࡾ)ቁ ≥
(࢘ + ૝ࡾ)૛

૛࢙࢘(࢘+ ૝ࡾ) ⋅ ૝ࡾ ⋅ ࢘ ⋅ ࢙ 

≥ ૛ࡾ(࢘ + ૝ࡾ) 

Solution 2 by Daniel Sitaru – Romania  

෍
૛ࢇ࢘

૛࡭૛ܛܗ܋
≥⏞

ࡹࡻࡾࢀࡿࡳࡾࡱ࡮ ૛(ࢇ࢘∑)

૛࡭૛ܛܗ܋∑
=

(૝ࡾ + ࢘)૛

૛ + ࢘
૛ࡾ

= 

=
૛ࡾ(૝ࡾ + ࢘)૛

૝ࡾ + ࢘ = ૛ࡾ(૝ࡾ + ࢘) 

Solution 3 by Soumava Chakraborty-Kolkata-India 

WLOG, we may assume ࢇ ≥ ࢈ ≥  ࢉ

Then ࢘ࢇ૛ ≥ ૛࢈࢘ ≥ ૛ and ૚ࢉ࢘
૛ࢻ૛ܛܗ܋

≥ ૚

૛ࢼ૛ܛܗ܋
≥ ૚

૛ࢽ૛ܛܗ܋
 

∴ applying Chebyshev, ࡿࡴࡸ ≥ ૚
૜

(∑ (૛ࢇ࢘ ቀ∑ ૛܋܍ܛ ࢻ
૛
ቁ 

≥⏞
૚࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯

ૢ
ቀ෍࢘ࢇ૛ቁ ቀ෍܋܍ܛ

ࢻ
૛
ቁ
૛

≥⏞
૚࢔ࢋ࢙࢔ࢋࡶ

ૢ
ቀ෍࢘ࢇ૛ቁ ቀ૜ ܋܍ܛ ቀ෍

ࢻ
૟
ቁቁ

૛
 

=
૚
ૢ

{(૝ࡾ + ࢘)૛ − ૛࢙૛}(૝ ⋅ ૜) =
૝{(૝ࡾ+ ࢘)૛ − ૛࢙૛}

૜  

∴ it suffices to prove that: ૛(૝ࡾ + ࢘)૛ − ૝࢙૛ ≥ ૜ࡾ(૝ࡾ + ࢘) 

⇔ ૝࢙૛ ≤ ૛૙ࡾ૛ + ૚૜࢘ࡾ + ૛࢘૛ 

But, Gerretsen ⇒ ૝࢙૛ ≤ ૚૟ࡾ૛ + ૚૟࢘ࡾ + ૚૛࢘૛ 

∴ it suffices to prove that: ૛૙ࡾ૛ + ૚૜࢘ࡾ + ૛࢘૛ ≥ ૚૟ࡾ૛ + ૚૟࢘ࡾ + ૚૛࢘૛ 

⇔ ૝ࡾ૛ − ૜࢘ࡾ − ૚૙࢘૛ ≥ ૙ ⇔ ࡾ) − ૛࢘)(૝ࡾ+ ૞࢘) ≥ ૙ true  

∵ ࡾ ≥ ૛࢘ (Euler)  

(Proved) 
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227. For ࢤ	࡭;࡯࡮࡭ ≥ ࡮ ≥ ࡯ > 0 

Prove: ૜ ࡭ܖܑܛ + ૝࡮ܖܑܛ + ૞ܖܑܛ ࡯ ≤ ૟√૜ 

Proposed by Eliezer Okeke-Nigeria 

Solution by Daniel Sitaru – Romania  
࣊
૛
≥ ࡭ ≥ ࡮ ≥ ࡯ > 0,3 < 4 < 5 

૜ ࡭ܖܑܛ + ૝ ࡮ܖܑܛ + ૞ ܖܑܛ ࡯ ≤
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૚

૜
(૜ + ૝ + ૞)෍࡭ܖܑܛ = 

≤
૚
૜ ⋅ ૚૛ ⋅

૜√૜
૛ ≤ ૟√૜ 

 

228. In ࢤ	࡯࡮࡭: 

૛ࢇ + ૛࢈ + ૛ࢉ ≥ √૜࢈࢓࢈,ࢇ࢓ࢇ)ܠ܉ܕ, (ࢉ࢓ࢉ +
૛࢙૛

૜
 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Adil Abdullayev-Baku-Azerbaidian 

൫ࢇ√૜൯ ⋅ (૛ࢇ࢓) ≤
૜ࢇ૛ + ૝ࢇ࢓

૛

૛
= ૛ࢇ + ૛࢈ +  ૛ࢉ

√૜ ⋅ ࢇ࢓ࢇ ≤
૛ࢉ૛ା࢈૛ାࢇ

૛
⇒ √૜ ⋅ ࢇ࢓ࢇ + ૛ࡿ૛

૜
≤ ૛ࢉ૛ା࢈૛ାࢇ

૛
+ ૛࢙૛

૜
    … (1) 

૛ࢇ + ૛࢈ + ૛ࢉ

૛ +
૛࢙૛

૜ ≤
?
૛ࢇ + ૛࢈ + ૛ࢉ ⇒ ࢇ) + ࢈ + ૛(ࢉ ≤ ૜(ࢇ૛ + ૛࢈ +  (૛ࢉ

(૚) ⇒ √૜ ⋅ ࢇ࢓ࢇ +
૛࢙૛

૜
≤ ૛ࢇ + ૛࢈ + ૛ࢉ

√૜ ⋅ ࢈࢓࢈ +
૛࢙૛

૜
≤ ૛ࢇ + ૛࢈ + ૛ࢉ

√૜ ⋅ ࢉ࢓ࢉ +
૛࢙૛

૜ ≤ ૛ࢇ + ૛࢈ + ૛ࢉ ⎭
⎪⎪
⎬

⎪⎪
⎫

⇒ ࡿࡴࡸ ≥  ࡿࡴࡾ
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Solution 2 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭  

૛ࢇ + ૛࢈ + ૛ࢉ ≥ √૜ࢇ࢓ࢇ)ܠ܉ܕ + ࢈࢓࢈ + (ࢉ࢓ࢉ +
૛࢙૛

૜
 

Es suficiente demostrar lo siguiente ࢇ૛ + ૛࢈ + ૛ࢉ ≥ √૜ࢇ࢓ࢇ + ૛࢙૛

૜
 

૛ࢇ + ૛࢈ + ૛ࢉ −
૛࢙૛

૜
= ૛ࢇ + ૛࢈ + ૛ࢉ −

ࢇ) + ࢈ + ૛(ࢉ

૟
≥ 

≥ ૛ࢇ + ૛࢈ + ૛ࢉ − ૛ࢉ૛ା࢈૛ାࢇ

૛
= ૛ࢉ૛ା࢈૛ାࢇ

૛
. Por último demostraremos  

૛ࢇ + ૛࢈ + ૛ࢉ

૛ ≥ √૜ࢇ࢓ࢇ → ૛ࢇ + ૛࢈ + ૛ࢉ ≥ ૛√૜ࢇ࢓ࢇ 

૛(ࢇ૛ + ૛࢈ + (૛ࢉ = (૛࢈૛ + ૛ࢉ૛ − (૛ࢇ + ૜ࢇ૛ = ૝ࢇ࢓
૛ + ૜ࢇ૛ ≥ ૝√૜ࢇ࢓ࢇ 

⇔ ૛ࢇ + ૛࢈ + ૛ࢉ ≥ ૛√૜ࢇ࢓ࢇ 

Análogamente para los siguientes términos 

૛ࢇ + ૛࢈ + ૛ࢉ ≥ √૜ࢇ࢓࢈ +
૛࢙૛

૜ ∧ ૛ࢇ + ૛࢈ + ૛ࢉ ≥ √૜ࢉ࢓ࢉ +
૛࢙૛

૜  

Por lo tanto → ૛ࢇ + ૛࢈ + ૛ࢉ ≥ √૜ࢇ࢓ࢇ)ܠ܉ܕ + ࢇ࢓࢈ + (ࢉ࢓ࢉ + ૛࢙૛

૜
 

 

229. In ࢤ	࡯࡮࡭: 

૛ࢇ ܖ܉ܜ ࢞
ܖܑܛ ࢟ + ܖܑܛ ࢠ

+
૛࢈ ܖ܉ܜ ࢟

ࢠܖܑܛ + ܖܑܛ ࢞
+

૛ࢉ ܖ܉ܜ ࢠ
ܖܑܛ ࢞ + ܖܑܛ ࢟

> 2√૜ࡿ,࢞,࢟, ࢠ ∈ ቀ૙,
࣊
૛
ቁ 

Proposed by D.M. Bătinețu – Giurgiu; Neculai Stanciu – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

En un triángulo ࡯࡮࡭, probar que 

ࡱ = ૛ࢇ ܖ܉ܜ ࢞
ܖܑܛ ࢟ାܖܑܛ ࢠ

+ ૛࢈ ࢟ܖ܉ܜ
ܖܑܛ ܖܑܛାࢠ ࢞

+ ૛ࢉ ܖ܉ܜ ࢠ
ܖܑܛ ࢞ାܖܑܛ ࢟

> 2√૜ࡿ,				࢞,࢟, ࢠ ∈< 0, ࣊
૛

>  
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se cumple lo siguiente 

ܖ܉ܜ ࢞ = ܖܑܛ ࢞ ࢞܋܍ܛ > ܖܑܛ ࢞ , ܖ܉ܜ ࢟ > ܖܑܛ ࢟ , ܖ܉ܜ ࢠ > ܖܑܛ  ࢠ

Lo cuals tiene lo siguiente 

ࡱ >
૛ࢇ ࢞ܖܑܛ

ܖܑܛ ࢟ + ܖܑܛ ࢠ
+

૛࢈ ܖܑܛ ࢟
ܖܑܛ ࢠ + ࢞ܖܑܛ

+
૛ࢉ

ܖܑܛ ࢠ + ࢞ܖܑܛ
> 2√૜ࡿ 

Desigualdad de Weizenbock (Refinamiento de Pohoata) 

Siendo ࢖,࢔,࢓ ≥ ૙ y ࢈,ࢇ,  se cumple lo ࡯࡮࡭ los lados de un triángulo ࢉ

siguiente ࢇ૛࢓ + ࢔૛࢈ + ࢖૛ࢉ ≤ ૝ࡿඥ࢔࢓ + ࢖࢔ +   sea ,(A) ࢓࢖

࢓ =
࢞ܖܑܛ

ܖܑܛ ࢟ + ܖܑܛ ࢠ
࢔, =

ܖܑܛ ࢟
ܖܑܛ ࢠ + ܖܑܛ ࢞

࢖, =
ܖܑܛ ࢠ

ܖܑܛ ࢞ + ܖܑܛ ࢟
 

Lo cual se verifica que → ࢔࢓ + +࢖࢔ ࢓࢖ = ૚ − ૛࢖࢔࢓ ≥ ૚ − ૚
૝

= ૜
૝

 

Aplicando en (A) ࢇ૛ ܖܑܛ ࢞
ܖܑܛ ࢟ାܖܑܛ ࢠ

+ ૛࢈ ܖܑܛ ࢟
ܖܑܛ ܖܑܛାࢠ ࢞

+ ૛ࢉ

ܖܑܛ ܖܑܛାࢠ ࢞
≥ ૝ࡿට૜

૝
= ૛√૜ࡿ (LQQD) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

∀	࢞,࢟, ࢠ ∈ ቀ૙, ࣊
૛
ቁ , ܖ܉ܜ ࢞ > ,ݔ ܖ܉ܜ ࢟ > ,ݕ ܖ܉ܜ ࢠ >   and ,ݖ

ܖܑܛ ࢞ < ,ݔ ࢟ܖܑܛ < ,ݕ ܖܑܛ ࢠ < ∴ ݖ ࡿࡴࡸ >
(૚) ૛࢞ࢇ

࢟ାࢠ
+ ૛࢟࢈

ା࢞ࢠ
+ ࢠ૛ࢉ

࢞ା࢟
 

≥ ૝ࡿඨ
࢞࢟

(࢟ + ࢠ)(ࢠ + ࢞) +
ࢠ࢟

ࢠ) + ࢞)(࢞ + ࢟) +
࢞ࢠ

(࢞ + ࢟)(࢟ +  (ࢠ

൫∵ ࢓૛ࢇ + ࢔૛࢈ + ࢖૛ࢉ ≥ ૝࢙ඥ࢔࢓+ ࢖࢔ + ࢖,࢔,࢓	∀				࢓࢖ ≥ ૙൯ 

∴ it suffices to prove: ૛ට
࢞࢟

∑࢞࢟ାࢠ૛
+ ࢠ࢟

∑࢞࢟ା࢞૛
+ ࢞ࢠ

∑࢞࢟ା࢟૛
≥ √૜  (using (1)) 

⇔ ࢞࢟
∑࢞࢟ାࢠ૛

+ ࢠ࢟
∑࢞࢟ା࢞૛

+ ࢞ࢠ
∑࢞࢟ା࢟૛

≥ ૜
૝
  (2) 

LHS of (2) = ࢞૛࢟૛

࢞࢟∑࢞࢟ାࢠ૛࢞࢟
+ ࢟૛ࢠ૛

ࢠ࢟ ∑࢞࢟ା࢞૛࢟ࢠ
+ ૛࢞૛ࢠ

࢞ࢠା࢟૛࢟࢞∑࢞ࢠ
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≥
(૜)

࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ (∑࢞࢟)૛

(∑࢞࢟)૛ +  (࢞∑)ࢠ࢟࢞

∴ it suffices to prove: (∑࢞࢟)૛

(∑࢞࢟)૛ା࢞࢟ࢠ(∑࢞) ≥
૜
૝

 from (3) 

⇔ ቀ෍࢞࢟ቁ
૛
≥ ૜࢞࢟ࢠ ቀ෍࢞ቁ ⇔෍࢞૛࢟૛ ≥ ࢠ࢟࢞ ቀ෍࢞ቁ 

→ true ∵ ∑࢛૛ ≥ ∑࢛࢜, where ࢛ = ࢞࢟,࢜ = ࢝,ࢠ࢟ =  (Proved) ࢞ࢠ

 

230. Prove that in any triangle: 

ቌ
૛ࢻܛܗ܋
ࢇ࢒

+
૛ࢼܛܗ܋
࢈࢒

+
૛ࢽܛܗ܋
ࢉ࢒

ቍ ࢇ) + ࢈ + (ࢉ ≥ ૢ 

ቌ
૛ࢻܛܗ܋
ࢇ࢒

+
૛ࢼܛܗ܋
࢈࢒

+
ܛܗ܋ ૛ࢽ
ࢉ࢒

ቍ ࢇ) + ࢈ + (ࢉ ≥ ૚૙ −
૛࢘
ࡾ

 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution by Daniel Sitaru – Romania  

ቀ෍ࢇቁቌ෍
૛࡭ܛܗ܋
ࢇ࢝

ቍ = ቀ෍ࢇቁ

⎝

⎛෍
ට࢙(࢙ − (ࢇ

ࢉ࢈
૛ඥ࢙ࢉ࢈(࢙ − (ࢇ

࢈ + ࢉ ⎠

⎞ = 

=
૚
૛
ቀ෍ࢇቁ෍

࢈ + ࢉ
ࢉ࢈

=
૚
૛
⋅ ૛ ቀ෍ࢇቁ ⋅ ൬෍

૚
ࢇ
൰ ≥⏞
ࡹࡳିࡹ࡭

ૢ 

෍
૛࢞
࢟+ ࢠ

≥⏞
ࢀࡵ࡮࡮ࡿࡱࡺ

	૛ ⋅
૜
૛

= ૜,
(࢟ + ࢠ)(ࢠ + ࢞)(࢞ + ࢟)

ૡ࢞࢟ࢠ
≥⏞

ࡻࡾ࡭ࡿࡱ࡯

૚ 

෍
૛࢞
࢟ + ࢠ

+
(࢟ + ࢠ)(ࢠ + ࢞)(࢞ + ࢟)

ૡ࢞࢟ࢠ
≥ ૝,ࢇ = ࢟ + ࢈,ࢠ = ࢞ + ,ࢠ ࢉ = ࢞ + ࢟ 
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෍
࢞ + ࢟+ ࢞ + ࢠ

࢟+ ࢠ
+

(࢟ + ࢠ)(ࢠ + ࢞)(࢞ + ࢟)
ૡ࢞࢟ࢠ

≥ ૠ 

૜ + ෍
࢈ + ࢉ
ࢇ +

૛࢘
ࡾ ≥ ૚૙ → ૜ + ෍

࢈ + ࢉ
ࢇ ≥ ૚૙ −

૛࢘
ࡾ  

ቀ෍ࢇቁቌ෍
૛࡭ܛܗ܋
ࢇ࢝

ቍ = ቀ෍ࢇቁ ൬෍
૚
൰ࢇ = ૜ + ෍

࢈ + ࢉ
ࢇ ≥ ૚૙ −

૛࢘
ࡾ  

 

231. In ࢤ	࡯࡮࡭: 

૛ࢇ ⋅ ૝ࢇ࢒ + ૛࢈ ⋅ ૝࢈࢒ + ૛ࢉ ⋅ ૝ࢉ࢒

૝ࢇ + ૝࢈ + ૝ࢉ
≤
૛ૠ
૚૟

 ૛ࡾ

Proposed by George Apostolopoulos – Messolonghi – Greece  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࢇ ࡯࡮࡭
૛⋅ࢇ࢒૝ା࢈૛⋅࢈࢒

૝ାࢉ૛⋅ࢉ࢒૝

૝ࢉ૝ା࢈૝ାࢇ
≤ ૛ૠ

૚૟
 ૛ࡾ

Recordar lo siguiente en un triángulo ࡯࡮࡭ 

ࢇ࢒ =
૛ࢉ࢈
࢈ + ࢉ

ܛܗ܋
࡭
૛

=
૛ࢉ࢈
࢈ + ࢉ

ඨ࢖
࢖) − (ࢇ
ࢉ࢈

=
૛√ࢉ࢈
࢈ + ࢉ

ඥ࢖)࢖ − (ࢇ ≤ ඥ࢖)࢖ −  (ࢇ

Análogamente ࢈࢒ ≤ ඥ࢖)࢖ − ,(࢈ ࢉ࢒ ≤ ඥ࢖)࢖ − ࢖૛,(ࢉ = ࢇ + ࢈ + ࢉ ≤ ૜√૜ࡾ 

Reemplazando en el númerador tenemos 

෍ࢇ૛ࢇ࢒૝ ≤
૛࢖

૝ ෍ࢇ૛ ࢈) + ࢉ − ૛(ࢇ =
૛࢖

૝ ෍(ࢇ૛࢈૛ + ૛ࢉ૛ࢇ + ૝ࢇ + ૛ࢇ૛ࢉ࢈ − ૛ࢇ૜࢈− ૛ࢇ૜ࢉ) 

૝ࢇ࢒૛ࢇ∑ ≤
૛࢖

૝
ቀ∑ࢇ૝ + ૛∑ࢇ૛࢈૛ + ૛ࢇ)ࢉ࢈ࢇ+ ࢈ + (ࢉ − ૛∑࢈ࢇ൫ࢇ૛ + ૛൯ቁ࢈ ≤ ૛࢖

૝
൫ࢇ૝ + ૝࢈ +  ૝൯  (A)ࢉ

Se utilizó lo siguiente en (A) 

૛ࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ ≤ ૛∑(࢈ࢇ)(ࢉࢇ) ≤ ૛∑ ૛࢈૛ࢇ ∧ ૛∑ ૛ࢇ)࢈ࢇ + (૛࢈ ≥ ૝∑ࢇ૛࢈૛  

Por la tanto ࢇ
૛ࢇ࢒૝ା࢈૛࢈࢒

૝ାࢉ૛ࢉ࢒૝

૝ࢉ૝ା࢈૝ାࢇ
≤ ૛࢖

૝
≤ ૛ૠࡾ૛

૚૟
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232. In ∆࡯࡮࡭		ࡲ࡯,ࡱ࡮,ࡰ࡭, are Gergonne’s cevians. Prove that: 

૛ࡰ࡭ + ૛ࡱ࡮ + ૛ࡲ࡯ +
૚
૝෍ࢇ૛ ≥෍

૛࢈)࢙ + (૛ࢉ − ૜࢈) + (૜ࢉ
ࢇ  

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

 

By Stewart’s theorem, ࢉ૛(࢙ − (ࢉ + ࢙)૛࢈ − (࢈ = ૛ࡰ࡭ቀࢇ + (࢙ − ࢙)(࢈ −  ቁ(ࢉ

⇒ ૛ࡰ࡭ =
૛࢈)࢙ + −(૛ࢉ ૜࢈) + (૜ࢉ

ࢇ − (࢙ − ࢙)(࢈ −  (ࢉ

⇒ ૛ࡰ࡭ + (࢙ − ࢙)(࢈ − (ࢉ = ࢙൫࢈૛ାࢉ૛൯ି൫࢈૜ାࢉ૜൯
ࢇ

  (1) 

Similarly, ࡱ࡮૛ + (࢙ − ࢙)(ࢉ − (ࢇ = ࢙൫ࢉ૛ାࢇ૛൯ି൫ࢉ૜ାࢇ૜൯
࢈

   (2) 

૛ࡲ࡯ + (࢙ − ࢙)(ࢇ − (࢈ = ࢙൫ࢇ૛ା࢈૛൯ି൫ࢇ૜ା࢈૜൯
ࢉ

   (3) 

(1) + (2) + (3) ⇒ ૛ࡰ࡭ + ૛ࡱ࡮ + ૛ࡲ࡯ + ૜࢙૛ − ࢙(૛∑ࢇ) + ࢈ࢇ∑ = 

= ෍
૛࢈)࢙ + −(૛ࢉ ૜࢈) + (૜ࢉ

ࢇ ⇒ ૛ࡰ࡭ + ૛ࡱ࡮ + ૛ࡲ࡯ +
૚
૝෍ࢇ૛  

= ෍
૛࢈)࢙ + −(૛ࢉ ૜࢈) + (૜ࢉ

ࢇ + ൬
૚
૝෍ࢇ૛ + ࢙૛ −෍࢈ࢇ൰ 
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∴ it suffices to prove that: 

૚
૝෍ࢇ૛ + ࢙૛ −෍࢈ࢇ ≥ ૙ ⇔෍ࢇ૛ + ૝࢙૛ ≥ ૝෍࢈ࢇ 

⇔෍ࢇ૛ + ቀ෍ࢇቁ
૛
≥ ૝෍࢈ࢇ ⇔෍ࢇ૛ + ෍ࢇ૛ + ૛෍࢈ࢇ ≥ ૝෍࢈ࢇ 

⇔ ૛∑ࢇ૛ ≥ ૛∑࢈ࢇ ⇔ ૛ࢇ∑ ≥ ࢈ࢇ∑ → true (Proved) 

 

233. From the book: “Math Phenomenon” 

In ࢤ	࡯࡮࡭: 

If ࢈ ࡮ܛܗ܋ + ࢉ ࡯ܛܗ܋ = ૛	ࢇ ࡮ܖܑܛ ܖܑܛ  :then ࡯

૟࢈

૝ࢉ
>
ૡ(ࢇ − ૜(ࢉ

ࢇ
 

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

࢈ ࡮ܛܗ܋ + ࢉ ࡯ܛܗ܋ = ૛࡮ܖܑܛࡾ ࡮ܛܗ܋ + ૛ࡾ ࡯ܖܑܛ  ࡯ܛܗ܋

= ܖܑܛ)ࡾ ૛࡮ + ૛ܖܑܛ ૛࡯) = ૛࡮)ܖܑܛࡾ + (࡯ −࡮)ܛܗ܋ (࡯ = ૛ࡾ ܖܑܛ −࡮)ܛܗ܋࡭   (࡯

= ࢇ ࡮)ܛܗ܋ −  (࡯

∴ ࢇ −࡮)ܛܗ܋ (࡯ = ࡮)ܛܗ܋)ࢇ − (࡯ − ࡮)ܛܗ܋ +  ((࡯

⇒ ࡮)ܛܗ܋ + (࡯ = ૙ ⇒ ࡮ + ࡯ = ࡭ = ૢ૙° 

૛࢈ = ૛ࢇ − ૛ࢉ 	 ∴ ૟࢈ = ૛ࢇ) −  ૛)૜ࢉ

∴
૟࢈

૝ࢉ −
ૡ(ࢇ − ૜(ࢉ

ࢇ =
ࢇ) + ࢇ)૜(ࢉ − ૜(ࢉ

૝ࢉ −
ૡ(ࢇ − ૜(ࢉ

ࢇ  

= ࢇ) − ૜(ࢉ ⋅
ࢇ) + ૜(ࢉ

૝ࢉ
−
ૡ
ࢇ

= ࢇ) − ૜൭(ࢉ
ࢇ) + ૜(ࢉ

૜ࢉ
൬
૚
ࢉ
൰ − ൬

૚
ࢉ
൰ ൬
ૡࢉ
ࢇ
൰൱ 

= ૜(ࢉିࢇ)

ࢉ
ቆቀࢇାࢉ

ࢉ
ቁ
૜
− ૡቀࢉ

ࢇ
ቁቇ = ૜(ࢉିࢇ)

ࢉ
ቆቀࢇ

ࢉ
+ ૚ቁ

૜
− ૡቀࢉ

ࢇ
ቁቇ    (A) 
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Now AM ≥ GM ⇒ ࢇ
ࢉ

+ ૚ > 2ටࢇ
ࢉ
⇒ ቀࢇ

ࢉ
+ ૚ቁ

૜
> 8 ቀࢇ

ࢉ
ቁටࢇ

ࢉ
    (1) 

Now, ࢇ > ܿ ∴ ૞ࢇ > ૞ࢉ ⇒ ૜ࢇ

૜ࢉ
> ૛ࢉ

૛ࢇ
⇒ ቀࢇ

ࢉ
ቁටࢇ

ࢉ
> ࢉ

ࢇ
⇒ ૡቀࢇ

ࢉ
ቁටࢇ

ࢉ
> 8 ቀࢉ

ࢇ
ቁ    (2) 

(1) and (2) ⇒ ቀࢇ
ࢉ

+ ૚ቁ
૜

> 8 ቀࢉ
ࢇ
ቁ ⇒ ቀࢇ

ࢉ
+ ૚ቁ

૜
− ૡࢉ

ࢇ
> 0 

∴ from (A), ࢈
૟

૝ࢇ
− ૡ(ࢉିࢇ)૜

ࢇ
= ૜(ࢉିࢇ)

ࢉ
൬ቀࢇ

ࢉ
+ ૚ቁ

૜
− ૡࢉ

ࢇ
൰ > 0			(∵ ࢇ > ܿ,∴ ࢇ) − ૜(ࢉ > 0) 

⇒ ૟࢈

૝ࢇ
> ૡ(ࢉିࢇ)૜

ࢇ
 (Proved) 

 

234.  In ࢤ	࡯࡮࡭: 

૛ࢇ࢘

૛ܖܑܛ ૛࡭
+

૛࢈࢘

૛࡮૛ܖܑܛ
+

૛ࢉ࢘

૛ܖܑܛ ૛࡯
≤
૛ૠ
૛
⋅
૜ࡾ

࢘
 

Proposed by George Apostolopoulos – Messolonghi – Greece  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࢇ࢘ ࡯࡮࡭૛

૛࡭૛ܖܑܛ
+ ࢈࢘

૛

૛࡮૛ܖܑܛ
+ ૛ࢉ࢘

૛࡯૛ܖܑܛ
≤ ૛ૠࡾ૜

૛࢘
 

Tener en cuenta las siguientes notaciones y desigualdades en un ࢤ	࡯࡮࡭ 

ࢇ࢘ = ࢖ ܖ܉ܜ
࡭
૛

, ࢈࢘ = ࢖ ܖ܉ܜ
࡮
૛

, ࢉ࢘ = ࢖ ܖ܉ܜ
࡯
૛

, ࢇ࢘ + ࢈࢘ + ࢉ࢘ = ૝ࡾ + ࢘ ≤
ࡾૢ
૛

 

Si ࡭
૛

+ ࡮
૛

+ ࡯
૛

= ࣊
૛
→ ܖ܉ܜ ࡭

૛
ܖ܉ܜ ࡮

૛
+ ܖ܉ܜ ࡮

૛
ܖ܉ܜ ࡯

૛
+ ܖ܉ܜ ࡯

૛
ܖ܉ܜ ࡭

૛
= ૚, ૛࢖ ≤ ૜√૜ࡾ 

૛܋܍ܛ
࡭
૛

+ ૛܋܍ܛ
࡮
૛

+ ૛܋܍ܛ
࡯
૛

= ૜ + ૛ܖ܉ܜ
࡭
૛

+ ૛ܖ܉ܜ
࡮
૛

+ ૛ܖ܉ܜ
࡯
૛

= 

= ൬ܖ܉ܜ
࡭
૛

+ ܖ܉ܜ
࡮
૛

+ ܖ܉ܜ
࡯
૛
൰
૛

+ ૚ =
(૝ࡾ + ࢘)૛

૛࢖
+ ૚ 

La desigualdad es equivalente 
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૛࢖ ൬܋܍ܛ૛
࡭
૛

+ ૛܋܍ܛ
࡮
૛

+ ૛܋܍ܛ
࡯
૛
൰ = (૝ࡾ + ࢘)૛ + ૛࢖ ≤

ૡ૚ࡾ૛

૝
+
૛ૠࡾ૛

૝
= 

= ૛ૠࡾ૛ ≤
૛ૠࡾ૜

૛࢘
 

235. In ࢤ	࡯࡮࡭: 

ෑ൬
ࢇ + ࢈ − ࢉ + ૛ࢇࢎ + ૛࢈ࢎ − ૛ࢉࢎ

ࢉ + ૛ࢉࢎ
൰ ≤ ૚ 

Proposed by Daniel Sitaru – Romania  

Solution  by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭ ∏ቀࢇାࢉି࢈ା૛ࢇࢎା૛ି࢈ࢎ૛ࢉࢎ
ࢉࢎା૛ࢉ

ቁ ≤ ૚ 

Realizamos los siguientes cambios de variables 

࢞ = ࢇ + ૛ࢇࢎ,࢟ = ࢈ + ૛࢈ࢎ, ࢠ = ࢉ + ૛ࢉࢎ. La desigualdad pedida es 

equivalente ࢞࢟ࢠ ≥ (࢞ + ࢟ − ࢟)(ࢠ + ࢠ − ࢠ)(࢞ + ࢞ − ࢟) 

ࢠ࢟࢞ ≥ (࢟૛ − (࢞ − ࢠ)(૛(ࢠ + ࢞ − ࢟) 

ࢠ࢟࢞ ≥ (࢟૛ − ࢞૛ − ૛ࢠ + ૛࢞ࢠ)(ࢠ + ࢞ − ࢟) 
ࢠ࢟࢞ ≥ ࢟૛ࢠ+ ࢟૛࢞ − ࢟૜ − ࢞૛ࢠ − ࢞૜ + ࢞૛࢟ − ૜ࢠ − ૛࢞ࢠ + ૛࢟ࢠ + ૛࢞ࢠ૛ + ૛࢞૛ࢠ − ૛࢞࢟ࢠ 

⇔ ࢞૜ + ࢟૜ + ૜ࢠ + ૜࢞࢟ࢠ ≥ ࢞࢟(࢞ + ࢟) + ࢟)ࢠ࢟ + (ࢠ + ࢠ)࢞ࢠ + ࢞) 

⇔ ࢞(࢞ − ࢟)(࢞ − (ࢠ + ࢟(࢟ − ࢟)(ࢠ − ࢞) + ࢠ)ࢠ − ࢠ)(࢞ − ࢟) ≥ ૙ 

⇔ ࢇ)ࢇ − ࢇ)(࢈ − (ࢉ + ࢈)࢈ − ࢈)(ࢉ − (ࢇ + ࢉ)ࢉ − ࢉ)(ࢇ − (࢈ ≥ ૙ 

(Válido por desigualdad Schur) 

 

236. In ࢤ	࡯࡮࡭: 

൬
૚
ࢇ

+
૚
࢈

+
૚
ࢉ
൰ ൬

࢈ࢇ
࢈࢘ + ૝ࢉࡾ

+
ࢉ࢈

ࢉ࢘ + ૝ࢇࡾ
+

ࢇࢉ
+ࢇ࢘ ૝࢈ࡾ

൰ ≥
ૢ

ࢇ࢘ + ࢈࢘ + ࢉ࢘
 

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Soumitra Mandal-Chandar Nagore-India 

∑ ࢉ࢟ࢉࢇ࢘ = ૝ࡾ + ࢘ now 

൬
૚
+ࢇ

૚
࢈ +

૚
൰ࢉ ൬

࢈ࢇ
࢈࢘ + ૝ࢉࡾ +

ࢉ࢈
ࢉ࢘ + ૝ࢇࡾ

+
ࢇࢉ

+ࢇ࢘ ૝࢈ࡾ൰ = ቌ෍࢈ࢇ
ࢉ࢟ࢉ

ቍቌ෍
૚

+࢈࢘)ࢉ ૝ࢉࡾ)
ࢉ࢟ࢉ

ቍ 

≥⏞
ࡹࡳஹࡹ࡭

	ቌ෍࢈ࢇ
ࢉ࢟ࢉ

ቍ
૜

ඥ࢈࢘)ࢉ࢈ࢇ+ ૝ࢉ࢘)(ࢉࡾ+ ૝ࢇ࢘)(ࢇࡾ+ ૝࢈ࡾ)૜  

= ቌ෍࢈ࢇ
ࢉ࢟ࢉ

ቍ
૜

ඥ(࢘࢈ࢇ+ ૝࢈ࢉ࢘)(ࢉࢇࡾ + ૝ࢉࢇ࢘)(࢈ࢇࡾ+ ૝࢈ࢉࡾ)૜  

≥⏞
ࡹࡳஹࡹ࡭	ࡱࡿࡾࡱࢂࡱࡾ

	ቌ෍࢈ࢇ
ࢉ࢟ࢉ

ቍ
ૢ

(࢈ࢇ∑) + (∑૝࢈ࢇࡾ) =
ૢ

૝ࡾ + ࢘ =
ૢ

ࢇ࢘ + ࢈࢘ + ࢉ࢘
 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

෍
૚
෍ࢇ

࢈ࢇ
+࢈࢘ ࡾ૝ࢉ ≥

ૢ
ࢇ࢘∑

; 	෍
૚
ࢇ =

࢈ࢇ + ࢉ࢈ + ࢇࢉ
ࢉ࢈ࢇ  

෍
࢈ࢇ

+࢈࢘ ࢉ ⋅ ૝ࡾ = ෍
࢈૛ࢇ

+࢘࢈ࢇ ࢉࢇ ⋅ ૝ࡾ ≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ൫∑࢈√ࢇ൯

૛

+࢈ࢇ) ࢉ࢈ + (ࢇࢉ ⋅ (૝ࡾ + ࢘) ≥ 

≥
ࡹࡳஹࡹ࡭ ࢉ࢈ࢇૢ

࢈ࢇ) + +ࢉ࢈ +ࡾ૝)(ࢇࢉ ࢘) 

෍
૚
ࢇ ⋅෍

࢈૛ࢇ
+࢘࢈ࢇ ࢉࢇ ⋅ ૝ࡾ ≥

࢈ࢇ + ࢉ࢈ + ࢇࢉ
ࢉ࢈ࢇ ⋅

ࢉ࢈ࢇૢ
+࢈ࢇ) ࢉ࢈ + +ࡾ૝)(ࢇࢉ ࢘) = 

=
ૢ

૝ࡾ + ࢘ =
ૢ

ࢇ࢘ + ࢈࢘ + ࢉ࢘
 

237. In ࢤ	࡯࡮࡭ the following relationship holds: 

૛࡭࢔࢏࢙
࢙࢕ࢉ ቀ࡮ − ࡯

૛ ቁ
+

૛࡮࢔࢏࢙
࢙࢕ࢉ ቀ࡯ − ࡭

૛ ቁ
+

࢔࢏࢙ ૛࡯
࢙࢕ࢉ ቀ࡭ − ࡮

૛ ቁ
≥
૜࢘
࢙ ቀ

ࢇ࢘
ࢇ +

࢈࢘
࢈ +

ࢉ࢘
ࢉ ቁ 

Proposed by Marian Ursărescu – Romania  
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Solution by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ = ෍
૛ܖܑܛ ૛࡭ ܛܗ܋

࡭
૛

૛ ܖܑܛ ࡮ + ࡯
૛ ܛܗ܋ ࡮ − ࡯

૛
= ෍

࡭ܖܑܛ
ܖܑܛ ࡮ + ࡯ܖܑܛ = ෍

ࢇ
࢈ + ࢉ = 

=
ࢉ)ࢇ∑ + +ࢇ)(ࢇ (࢈

૛ࢉ࢈ࢇ + ࢈ࢇ∑ (૛࢙ − (ࢉ =
૜ࢇ∑ + (૛࢙)(࢈ࢇ∑)

૛࢙(࢙૛ + ૝࢘ࡾ + ࢘૛) − ૝࢙࢘ࡾ = 

=
૜ࢉ࢈ࢇ + ૛࢙(∑ࢇ૛ (࢈ࢇ∑− + ૛࢙(∑࢈ࢇ)

૛࢙(࢙૛ + ૛࢘ࡾ + ࢘૛) =
૛࢙ ⋅ ૛(࢙૛ − ૝࢘ࡾ − ࢘૛) + ૚૛࢙࢘ࡾ

૛࢙(࢙૛ + ૛࢘ࡾ+ ࢘૛)  

=
૝࢙(࢙૛ ࢘ࡾ− − ࢘૛)
૛࢙(࢙૛ + ૛࢘ࡾ + ࢘૛) =

(૚) ૛(࢙૛ ࢘ࡾ− − ࢘૛)
࢙૛ + ૛࢘ࡾ+ ࢘૛  

ࡿࡴࡾ =
૜࢘
࢙ ෍

࢙ ૛࡭ܖ܉ܜ
૝ࡾ ܖܑܛ ૛࡭ ܛܗ܋

࡭
૛

=
૜࢘
૝ࡾ෍܋܍ܛ૛

࡭
૛ =

૜࢘
૝࢙ࡾ൬෍

ࢉ࢈
࢙ − ൰ࢇ = 

=
૜࢘

૝࢙ࡾ ⋅ ࢘૛࢙
ቄ෍ࢉ࢈(࢙ − ࢙)(࢈ − ቅ(ࢉ =

૜
૝࢙࢘ࡾ૜෍

૛࢙)࢈ࢇ} − +ࢇ)࢙ (࢈ +  {(࢈ࢇ

=
૜

૝࢙࢘ࡾ૜ ቊ࢙
૛ ቀ෍࢈ࢇቁ − ࢙෍࢈ࢇ (૛࢙ − (ࢉ + ቀ෍࢈ࢇቁ

૛
− ૛ࢉ࢈ࢇ(૛࢙)ቋ 

=
૜

૝࢙࢘ࡾ૜ ቊ−࢙
૛ ቀ෍࢈ࢇቁ + ቀ෍࢈ࢇቁ

૛
− ૝࢙࢘ࡾ૛ቋ = 

=
૜

૝࢙࢘ࡾ૛
{(࢙૛ + ૝࢘ࡾ + ࢘૛)(૝࢘ࡾ+ ࢘૛) − ૝࢙࢘ࡾ૛} =

૜
૝࢙࢘ࡾ૜

{࢙૛࢘૛ + ࢘૛(૝ࡾ+ ࢘)૛} 

=
(૛) ૜࢘

૝࢙ࡾ૛
{࢙૛ + (૝ࡾ + ࢘)૛}. (1), (2) ⇒ it suffices to prove: 

ૡ࢙ࡾ૛(࢙૛ ࢘ࡾ− − ࢘૛) ≥ ૜࢘(࢙૛ + ૛࢘ࡾ + ࢘૛) ൬࢙૛ + ቀ࢙૛ + (૝ࡾ + ࢘)ቁ
૛
൰ 

⇔ (ૡࡾ − ૜࢘)࢙૝ ≥
(૜)

࢙࢘૛(૞૟ࡾ૛ + ૜ૡ࢘ࡾ + ૟࢘૛) + ૜࢘૛(૛ࡾ+ ࢘)(૝ࡾ+ ࢘)૛ 

LHS of (3) ≥
(૜)

࢙૛(ૡࡾ− ૜࢘)(૚૟࢘ࡾ− ૞࢘૛) ≥
?

 RHS of (3) 

⇔ ࢙૛(૛૝ࡾ૛ − ૝૛࢘ࡾ+ ૜࢘૛) ≥
(૝)

?
࢘(૛ࡾ+ ࢘)(૝ࡾ + ࢘)૛ 

Now, LHS of (4) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

(૚૟࢘ࡾ − ૞࢘૛)(૛૝ࡾ૛ − ૝૛࢘ࡾ+ ૜࢘૛) ≥
?
࢘(૛ࡾ+ ࢘)(૝ࡾ+ ࢘)૛ 
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⇔ ૝૝࢚૜ − ૚૙૜࢚૛ + ૜૚࢚ − ૛ ≥
?
૙		 ൬࢚ =

ࡾ
࢘൰ 

⇔ (࢚ − ૛){(࢚ − ૛)(૝૝࢚ + ૠ૜) + ૚૝ૠ} ≥
?
૙  true ∵ ࢚ ≥ ૛ (Euler) (proved) 

 

238. In ࢤ	࡯࡮࡭,  :incentre - ࡵ

ቆ෍
૛࡭ࡵ

ቇቆ෍ࢉ࢈ࢇ
૛࡭ࡵ

ࢉ࢈ ቇቆ෍
૛࡭ࡵࢇ

ࢉ࢈ ቇ ≥ ૚ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo ࡵ - Incentro, probar en un triángulo ࡯࡮࡭ 

ቆ෍
૛࡭ࡵ

ቇቆ෍ࢉ࢈ࢇ
૛࡭ࡵ

ࢉ࢈ ቇቆ෍
૛࡭ࡵࢇ

ࢉ࢈ ቇ ≥ ૚ 

Teniendo en cuentas las siguientes notaciones en un ࢤ	࡯࡮࡭ 

࡭ࡵ = ඨ
࢖)ࢉ࢈ − (ࢇ

࢖
, ࡮ࡵ = ඨ

࢖)ࢇࢉ − (࢈
࢖

, ࡯ࡵ = ඨ
࢖)࢈ࢇ − (ࢉ

࢖
 

૛࡭ࡵ = ࢉ࢈ −
ࢉ࢈ࢇ
࢖

= ࢉ࢈ − ૝࢘ࡾ, ૛࡮ࡵ = ࢇࢉ − ૝࢘ࡾ, ࡯ࡵ = ࢈ࢇ − ૝࢘ࡾ 

Además: ∑ ૛࡭ࡵ

ࢉ࢈
= ∑ቀିࢉ࢈૝࢘ࡾ

ࢉ࢈
ቁ = ૜ − ૝࢘ࡾ ቀ∑ ૚

ࢉ࢈
ቁ = ૜ − ૝࢘ࡾ

૛࢘ࡾ
= ૚ 

Por la desigualdad de Cauchy ቀ∑ ૛࡭ࡵ

ࢉ࢈ࢇ
ቁ ቀ∑ ૛࡭ࡵࢇ

ࢉ࢈
ቁ (૚) ≥ ቀ∑ ૛࡭ࡵ

ࢉ࢈
ቁ
૛

= ૚  (LQQD) 

Solution 2 by Nirapada Pal-Jhargram-India 

ቆ∑ ૚

૛࡭૛ܖܑܛ
ቇቆ∑ ૛ࢇ

૛࡭૛ܖܑܛ
ቇቆ∑ ࢇ

૛࡭૛ܖܑܛ
ቇ ≥⏞
ࡿ࡮࡯

ቆ∑ ࢇ

૛࡭૛ܖܑܛ
ቇ
૛

ቆ∑ ࢇ

૛࡭૛ܖܑܛ
ቇ = ቆ∑ ࢇ

૛࡭૛ܖܑܛ
ቇ
૜

  

= ൬෍
ࢉ࢈ࢇ

(࢙ − ࢙)(࢈ − ൰(ࢉ
૜

, ቎࢙ࢋࢉ࢔࢏ ܖܑܛ
࡭
૛ = ඨ

(࢙ − ࢙)(࢈ − (ࢉ
ࢉ࢈

቏ 
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= ൬
ࢉ࢈ࢇ
૛ࢤ ෍࢙(࢙ − ൰(ࢇ

૜

, ቂ࢙ࢋࢉ࢔࢏	ࢤ = ඥ࢙(࢙ − ࢙)(ࢇ − −࢙)(࢈  ቃ(ࢉ

= ቀࢉ࢈ࢇ
૛ࢤ

[૜࢙૛ − ቁ[ࢇ∑࢙
૜

= ቀࢉ࢈ࢇ
૛ࢤ
࢙૛ቁ

૛
, ૛࢙	ࢋࢉ࢔࢏࢙] = ࢇ + +࢈ [ࢉ = ቀࢉ࢈ࢇ

࢘૛
ቁ
૜

 since ࢘ = ࢤ
࢙

 

∴ ቌ෍
࢘૛

ࢉ࢈ࢇ ૛ܖܑܛ ૛࡭
ቍቌ෍

૛࢘૛ࢇ

ࢉ࢈ࢇ ૛ܖܑܛ ૛࡭
ቍቌ෍

૛࢘ࢇ

ࢉ࢈ࢇ ૛ܖܑܛ ૛࡭
ቍ ≥ ૚ 

Or, ቀ∑ ૛࡭ࡵ

ࢉ࢈ࢇ
ቁ ቀ∑ ૛࡭ࡵࢇ

ࢉ࢈
ቁ ቀ∑ ૛࡭ࡵ

ࢉ࢈
ቁ ≥ ૚. Or, ቀ∑ ૛࡭ࡵ

ࢉ࢈ࢇ
ቁ ቀ∑ ૛࡭ࡵ

ࢉ࢈
ቁ ቀ∑ ૛࡭ࡵࢇ

ࢉ࢈
ቁ ≥ ૚ 

Solution 3 by Nirapada Pal-Jhargram-India 

ቆ∑ ૚

૛࡭૛ܖܑܛ
ቇቆ∑ ૛ࢇ

૛࡭૛ܖܑܛ
ቇቆ∑ ࢇ

૛࡭૛ܖܑܛ
ቇ ≥⏞
ࡿ࡮࡯

ቆ∑ ࢇ

૛࡭૛ܖܑܛ
ቇ
૛

ቆ∑ ࢇ

૛࡭૛ܖܑܛ
ቇ = ቆ∑ ࢇ

૛࡭૛ܖܑܛ
ቇ
૜

  

= ቆ૛ࡾ∑
૛ ૛࡭ܖܑܛ ܛܗ܋

࡭
૛

૛࡭૛ܖܑܛ
ቇ
૜

, [since ࢇ = ૛ࡾ ܖܑܛ ܖܑܛ and ࣂ ૛ࣂ = ૛ ܖܑܛ ࣂ ܛܗ܋ =[ࣂ ቀ૝ܜܗ܋∑ࡾ ࡭
૛
ቁ
૜
 

= ቀ૝ܜܗ܋∏ࡾ ࡭
૛
ቁ
૜

, [since ∑ܜܗ܋ ࡭
૛

= ܜܗ܋∏ ࡭
૛

 ] = ቀ૝ࡾ∏ ૜(ࢇି࢙)࢙

ࢤ
ቁ, [since ܜܗ܋ ࡭

૛
= (ࢇି࢙)࢙

ࢤ
	 etc.] 

= ቀ૝ࡾ ࢙૛

ࢤ
ቁ
૜

= ቀࢉ࢈ࢇ ࢙૛

૛ࢤ
ቁ, [ since ૝ࡾ = ࢉ࢈ࢇ

ࢤ
] = ቀࢉ࢈ࢇ

࢘૛
ቁ
૜

 since ࢘ = ࢤ
࢙
 

∴ ቌ෍
࢘૛

ࢉ࢈ࢇ ૛ܖܑܛ ૛࡭
ቍቌ෍

૛࢘૛ࢇ

ࢉ࢈ࢇ ૛ܖܑܛ ૛࡭
ቍቌ෍

૛࢘ࢇ

ࢉ࢈ࢇ ૛ܖܑܛ ૛࡭
ቍ ≥ ૚ 

Or, ቀ∑ ૛࡭ࡵ

ࢉ࢈ࢇ
ቁ ቀ∑ ૛࡭ࡵࢇ

ࢉ࢈
ቁ ቀ∑ ૛࡭ࡵ

ࢉ࢈
ቁ ≥ ૚. Or, ቀ∑ ૛࡭ࡵ

ࢉ࢈ࢇ
ቁ ቀ∑ ૛࡭ࡵ

ࢉ࢈
ቁ ቀ∑ ૛࡭ࡵࢇ

ࢉ࢈
ቁ ≥ ૚ 

Solution 4 by Soumava Chakraborty-Kolkata-India 

෍
૛ࡵ࡭

ࢉ࢈ࢇ
=

࢘૛

૝࢙࢘ࡾ
෍

ࢉ࢈
(࢙ − ࢙)(࢈ −  (ࢉ

=
࢘૛

૝࢙࢘ࡾ ቊ
࢙)ࢉ࢈∑ − (ࢇ
∏(࢙ − (ࢇ ቋ =

࢘૛

૝࢙࢘ࡾ ⋅
(࢈ࢇ∑)࢙ − ૜ࢉ࢈ࢇ

∏(࢙ − (ࢇ  

=
࢘૛

૝࢙࢘ࡾ ⋅
࢙૛∑࢈ࢇ − ૚૛࢙࢘ࡾ૛

࢘૛࢙૛ =⏞
(૚) ࢙૛ − ૡ࢘ࡾ + ࢘૛

૝࢙࢘ࡾ  
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෍
૛ࡵ࡭

ࢉ࢈
= ࢘૛෍

ࢉ࢈
࢙)ࢉ࢈ − ࢙)(࢈ − (ࢉ = ࢘૛ ⋅

∑(࢙ − (ࢇ
∏(࢙ −  (ࢇ

= ࢘૛࢙
(ࢇି࢙)∏ = ࢘૛࢙૛

࢘૛࢙૛
=⏞
(૛)

 (1) 

෍
૛ࡵ࡭ࢇ

ࢉ࢈
= ࢘૛෍

ࢇ
ࢉ࢈

⋅
ࢉ࢈

(࢙ − ࢙)(࢈ − (ࢉ = ࢘૛෍
ࢇ

(࢙ − ࢙)(࢈ −  (ࢉ

= ࢘૛ ⋅
∑ ࢙)ࢇ − (ࢇ
∏(࢙ − (ࢇ = ࢙࢘૛ ⋅

࢙(૛࢙)− ૛ࢇ∑

࢘૛࢙૛ =
૛࢙૛ ૛ࢇ∑−

࢙  

=
૛࢙૛ − (૛࢙૛ − ૡ࢘ࡾ − ૛࢘૛)

࢙
=⏞
(૜) ૡ࢘ࡾ + ૛࢘૛

࢙
 

(1), (2), (3) ⇒ LHS ≥ ࢙૛ିૡ࢘ࡾା࢘૛

૝࢙࢘ࡾ
⋅ ૛࢘(૝ࡾା࢘)

࢙
≥⏞
?

	૚ 

⇔ (࢙૛ − ૡ࢘ࡾ + ࢘૛)(૝ࡾ + ࢘)≥⏞
?

૛࢙ࡾ૛ 

⇔ (૝ࡾ + ࢘)࢙૛ − (ૡ࢘ࡾ − ࢘૛)(૝ࡾ+ ࢘)≥⏞
?

૛࢙ࡾ૛ 

⇔ (૛ࡾ + ࢘)࢙૛ − ࢘(ૡࡾ − ࢘)(૝ࡾ + ࢘)≥⏞
?

૙   (i) 

By Gerretsen, LHS of (i) ≥ (૛ࡾ + ࢘)࢘(૚૟ࡾ− ૞࢘) − ࢘(ૡࡾ − ࢘)(૝ࡾ + ࢘) 

= ࢘(૜૛ࡾ૛ + ૟࢘ࡾ− ૞࢘૛ − ૜૛ࡾ૛ − ૝࢘ࡾ + ࢘૛) 

= ࢘(૛࢘ࡾ− ૝࢘૛) = ૛࢘૛(ࡾ − ૛࢘) ≥ ૙,∵ ࡾ ≥ ૛࢘ (Euler) ⇒ (i) is true  

Solution 5 by Soumitra Mandal-Chandar Nagore-India 

In ࢤ	࡯࡮࡭, ࡵ − Incentre 

ቌ෍
૛࡭ࡵ

ࢉ࢈ࢇ
ࢉ࢟ࢉ

ቍቌ෍
૛࡭ࡵ

ࢉ࢈
ࢉ࢟ࢉ

ቍቌ෍
૛࡭ࡵࢇ

ࢉ࢈
ࢉ࢟ࢉ

ቍ ≥ ૚ 

Mathematical Tools: ܋ܛ܋ ࡭
૛

= ට ࢉ࢈
(ࢉି࢖)(࢈ି࢖) , ࡮܋ܛ܋

૛
= ට

ࢉࢇ
 (ࢉି࢖)(ࢇି࢖)
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܋ܛ܋ ࡯
૛

= ට ࢈ࢇ
,	(ࢇି࢖)(࢈ି࢖) ࡭ࡵ = ܋ܛ܋ܚ ࡭

૛
, ࡮ࡵ = ࡮܋ܛ܋ܚ

૛
, ࡯ࡵ = ܋ܛ܋ܚ ࡯

૛
	 and ࢤ =  ࢘࢖

∴ ቌ෍
૛࡭ࡵ

ࢉ࢈ࢇ
ࢉ࢟ࢉ

ቍቌ෍
૛࡭ࡵ

ࢉ࢈
ࢉ࢟ࢉ

ቍቌ෍
૛࡭ࡵࢇ

ࢉ࢈
ࢉ࢟ࢉ

ቍ =
૚

૛࡭ࡵ૜ቌ෍(ࢉ࢈ࢇ)
ࢉ࢟ࢉ

ቍቌ෍࡭ࡵࢇ૛
ࢉ࢟ࢉ

ቍቌ෍ࢇ૛࡭ࡵ૛
ࢉ࢟ࢉ

ቍ 

≥⏞
ࢅࢀࡵࡸ࡭ࢁࡽࡱࡺࡵ	ࡿᇲࡾࡱࡰࡸࡻࡴ ૚

૛࡭ࡵࢇ૜ቌ෍(ࢉ࢈ࢇ)
ࢉ࢟ࢉ

ቍ

૜

= ૚
૜(ࢉ࢈ࢇ)

ቌ࢘૛෍ ࢉ࢈ࢇ
−࢖)(࢈−࢖) (ࢉ

ࢉ࢟ࢉ
ቍ

૜

 

=
૚

૜(ࢉ࢈ࢇ) ൬࢘
૛ࢉ࢈ࢇ

࢖ − +ࢇ ࢖ − +࢈ ࢖ − ࢉ
࢖) − ࢖))(ࢇ − −࢖)(࢈ ൰(ࢉ = ቆ

࢘૛࢖૛

࢖)࢖ − −࢖)(ࢇ −࢖)(࢈ ቇ(ࢉ
૛

= ૚ 

ቈ
∵ ࢤ = ࢖࢘

ࢤ	ࢊ࢔ࢇ = ඥ࢖)࢖ − ࢖)(ࢇ − −࢖)(࢈ ∴ ,቉. Hence(ࢉ ቀ∑ ૛࡭ࡵ

ࢉ࢈ࢇ
ቁ ቀ∑ ૛࡭ࡵ

ࢉ࢈
ቁ ቀ∑ ૛࡭ࡵࢇ

ࢉ࢈
ቁ ≥ ૚   (proved) 

 

239. Prove that in any triangle ࡯࡮࡭ 

૝ૡ√૜ࡾ૛࢘ ≤ ࡮ࡵ࡭ࡵ ⋅ ࡯ࡵ࡮ࡵ ⋅ ࡭ࡵ࡯ࡵ ≤ ૛૝√૜ࡾ૜ 

where ࡭ࡵ, ,࡮ࡵ  .respectively ࡯,࡮,࡭ are the excenters correspond to ࡯ࡵ

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭ ૝ૡ√૜ࡾ૛࢘ ≤ ࡮ࡵ࡭ࡵ ⋅ ࡯ࡵ࡮ࡵ ⋅ ࡭ࡵ࡯ࡵ ≤ ૛૝√૜ࡾ૜ 

donde ࡭ࡵ, ,࡮ࡵ  ࡯,࡮,࡭ son los excenntros correspondientes a ࡯ࡵ

respectivamente. Teniendo en cuenta las siguientes identidades 

࡮ࡵ࡭ࡵ = ૝ࡾ ܛܗ܋ ࡯
૛

࡯ࡵ࡮ࡵ			, = ૝ࡾ ܛܗ܋ ࡭
૛

࡭ࡵ࡯ࡵ			, = ૝࡮ܛܗ܋ࡾ
૛

. Por lo tanto  

࡮ࡵ࡭ࡵ ⋅ ࡯ࡵ࡮ࡵ ⋅ ࡭ࡵ࡯ࡵ = ૟૝ࡾ૜ ܛܗ܋
࡭
૛ ܛܗ܋

࡮
૛ ܛܗ܋

࡯
૛ ≤ ૟૝ࡾ૜ ⋅

૜√૜
ૡ = ૛૝√૜ࡾ૜ 

࡮ࡵ࡭ࡵ ⋅ ࡯ࡵ࡮ࡵ ⋅ ࡭ࡵ࡯ࡵ = ૟૝ࡾ૜ ܛܗ܋
࡭
૛ ܛܗ܋

࡮
૛ ܛܗ܋

࡯
૛ = 
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= ૟૝ࡾ૜ ⋅
࢖
૝ࡾ

= ૚૟ࡾ૛ ⋅ ࢖ ≥ ૚૟ࡾ૛ ⋅ ૜√૜࢘ = ૝ૡ√૜ࡾ૛࢘ 

240. From the book “Math Phenomenon” 

In ࢤ	࡯࡮࡭: 

૚૟
ࢇ) + ૜)(࢈ + ૞)(ࢉ + ૠ) ≤

૚
૝ࡿࡾ

+
૚
૚૙૞

 

 area - ࡿ ,circumradius -  ࡾ

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty-Kolkata-India 
ࢉ࢈ࢇ
૝ࡾ

= ࡿ ⇒ ૚
૝ࡿࡾ

= ૚
ࢉ࢈ࢇ

. To prove: ૚૟
(ାૠࢉ)(ା૞࢈)(ା૜ࢇ) ≤

૚૙૞ାࢉ࢈ࢇ
૚૙૞ࢉ࢈ࢇ

 

⇔ (૚૙૞ + ࢇ)(ࢉ࢈ࢇ + ૜)(࢈ + ૞)(ࢉ + ૠ) ≥ ૚૟	 × 	૚૙૞	ࢉ࢈ࢇ 

⇔ ૚૙૞ࢉ࢈ࢇ + ૚૙૞	 × 	૞ࢇࢉ+ ૚૙૞	 × 	૜ࢉ࢈ + ૚૙૞	 × 	૚૞ࢉ + ૚૙૞	 × 	ૠ࢈ࢇ 

+૚૙૞	 × 	૜૞ࢇ + ૚૙૞	 × 	૛૚	࢈+ ૚૙૞૛ + ૛ࢉ૛࢈૛ࢇ + ૞ࢉ࢈ࢇ ⋅ ࢇࢉ + ૜ࢉ࢈ ⋅  ࢉ࢈ࢇ

+૚૞ࢉ ⋅ ࢉ࢈ࢇ + ૠ࢈ࢇ ⋅ ࢉ࢈ࢇ + ૜૞ࢇ ⋅ ࢉ࢈ࢇ + ૛૚࢈ ⋅ ࢉ࢈ࢇ + ૚૙૞ࢉ࢈ࢇ 

≥ ૚૟	 × 	૚૙૞	ࢉ࢈ࢇ 

⇔ ૚૙૞(ૠ࢈ࢇ + ૜ࢉ࢈ + ૞ࢇࢉ) + ૚૙૞(૜૞ࢇ + ૛૚࢈ + ૚૞ࢉ) + ૚૙૞૛ +  ૛ࢉ૛࢈૛ࢇ

࢈ࢇૠ)ࢉ࢈ࢇ+ + ૜ࢉ࢈ + ૞ࢇࢉ) + ࢇ૜૞)ࢉ࢈ࢇ + ૛૚࢈ + ૚૞ࢉ) ≥ ૚૝	 × 	૚૙૞ࢉ࢈ࢇ 

࢈ࢇ ࢇ ࢇ૛ࢉ૛࢈ ࢈ࢇ૛ࢉ
ࢉ࢈ ࢈ ࢈૛ࢇ૛ࢉ ࢉ࢈૛ࢇ
ࢇࢉ ࢉ ࢉ૛࢈૛ࢇ ࢇࢉ૛࢈

⇔

(૚૙૞ ⋅ ૠ࢈ࢇ + ૚૙૞ ⋅ ૜૞ࢇ + ૜࢈૛ࢉ૛ࢇ + ૚૞ࢉ૛࢈ࢇ)
+(૚૙૞ ⋅ ૜ࢉ࢈ + ૚૙૞ ⋅ ૛૚࢈ + ૞ࢉ૛ࢇ૛࢈ + ૜૞ࢇ૛ࢉ࢈)
+(૚૙૞ ⋅ ૞ࢇࢉ + ૚૙૞ ⋅ ૚૞ࢉ + ૠࢇ૛࢈૛ࢉ + ૛૚࢈૛ࢇࢉ)

+(૚૙૞૛ + (	૛ࢉ૛࢈૛ࢇ ≥ ૚૝	 × 	૚૙૞	ࢉ࢈ࢇ → (࡭)

 

Applying AM ≥ GM, 

૚૙૞ ⋅ ૠ࢈ࢇ + ૚૙૞ ⋅ ૜૞ࢇ+ ૜࢈૛ࢉ૛ࢇ + ૚૞ࢉ૛࢈ࢇ ≥
(૚)

ඥ૚૙૞૝ࢇ૝࢈૝ࢉ૝૝ 	× 	૝ = ૝(૚૙૞)ࢉ࢈ࢇ 

૚૙૞ ⋅ ૜ࢉ࢈ + ૚૙૞ ⋅ ૛૚࢈+ ૞ࢉ૛ࢇ૛࢈ + ૜૞ࢇ૛ࢉ࢈ ≥
(૛)

૝ ⋅ ඥ૚૙૞૝ࢇ૝࢈૝ࢉ૝૝ = ૝(૚૙૞)ࢉ࢈ࢇ 

૚૙૞ ⋅ ૞ࢇࢉ + ૚૙૞ ⋅ ૚૞ࢉ + ૠࢇ૛࢈૛ࢉ + ૛૚࢈૛ࢇࢉ ≥
(૜)

૝ ⋅ ඥ૚૙૞૝ࢇ૝࢈૝ࢉ૝૝ = ૝(૚૙૞)ࢉ࢈ࢇ 
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૚૙૞૛ + ૛ࢉ૛࢈૛ࢇ ≥
(૝)

૛ ⋅ ૚૙૞ ⋅  ࢉ࢈ࢇ

(1) + (2) + (3) + (4) ⇒ (A) is proved.  

 

241. In acute angled ࢤ	࡯࡮࡭,  :incentre - ࡵ

૛ࡵ࡭ + ૛ࡵ࡮ + ૛ࡵ࡯ ≤ ૛ࢇ࢝)ࡾ + ࢈࢓ + ࢉ࢙ − ૟࢘) 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo acutángulo ࡯࡮࡭, donde ࡵ → Incentro 

૛࡭ࡵ + ૛࡮ࡵ + ૛࡯ࡵ ≤ ૛ࢇ࢝)ࡾ + ࢈࢓ + ࢉࡿ − ૟࢘)  

Teniendo en cuenta las siguientes identidades y desigualdades en un 

૛࡭ࡵ ;࡯࡮࡭	ࢤ = ࢉ࢈ − ૝࢘ࡾ, ૛࡮ࡵ = ࢇࢉ − ૝࢘ࡾ, ૛࡯ࡵ = ࢈ࢇ − ૝࢘ࡾ 

ࢇ࢝ ≥ ࢇࢎ ࢇ࢓, ≥ ࢉࡿ,࢈ࢎ ≥  La desigualdad es equivalente .ࢉࢎ

⇔ ૛ࢇ࢝)ࡾ + ࢈࢓ + (ࢉࡿ − ૚૛࢘ࡾ ≥ ૛ࢇࢎ)ࡾ + ࢈ࢎ + −(ࢉࢎ ૚૛࢘ࡾ = 

= ࢈ࢇ + ࢉ࢈ + ࢇࢉ − ૚૛࢘ࡾ = ૛࡭ࡵ + ૛࡮ࡵ +  ૛࡯ࡵ

Solution 2 by Soumava Chakraborty-Kolkata-India 

ࢉ࢙ ≥ ࢉࢎ ⇔
૛࢈ࢇ

૛ࢇ + ૛࢈
⋅ ࢉ࢓ ≥

࢈ࢇ
૛ࡾ

⇔ ࢉ࢓ ≥
૛ࢇ + ૛࢈

૝ࡾ
 

which is true by Tereshin ∴ ࢉ࢙ ≥  ࢉࢎ

∴ ࡿࡴࡾ ≥
(૚)

	૛ࢇࢎ)ࡾ + ࢈ࢎ + ࢉࢎ − ૟࢘)				(∵ ࢇ࢝ ≥ ࢈࢓	ࢊ࢔ࢇ	ࢇࢎ ≥  (࢈ࢎ

= ૛ࡾቆ
࢈ࢇ∑
૛ࡾ − ૟࢘ቇ = ෍࢈ࢇ − ૚૛࢘ࡾ 

Now, ࡿࡴࡸ = ࢘૛ ቀ܋ܛ܋૛ ࡭
૛

+ ૛܋ܛ܋ ࡮
૛

+ ૛܋ܛ܋ ࡯
૛
ቁ 

= ࢘૛ ൤
ࢉ࢈

(࢙ − ࢙)(࢈ − (ࢉ +
ࢇࢉ

(࢙ − ࢙)(ࢉ − (ࢇ +
࢈ࢇ

(࢙ − ࢙)(ࢇ −  ൨(࢈
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= ࢘૛ ቈ
࢙)ࢉ࢈ − (ࢇ + ࢙)ࢇࢉ − (࢈ + ࢙)࢈ࢇ − (ࢉ

(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ ቉ 

= ࢘૛ ⋅ ቈ
࢙૛(∑࢈ࢇ) − ૜ࡿࢉ࢈ࢇ

࢙(࢙ − ࢙)(ࢇ − ࢙)(࢈ − ቉(ࢉ =
࢘૛ࡿ૛(∑࢈ࢇ − ૚૛࢘ࡾ)

࢘૛ࡿ૛
=
(૛)
	෍࢈ࢇ − ૚૛࢘ࡾ 

(1), (2) ⇒ ࡿࡴࡾ ≥  (Proved)  ࡿࡴࡸ

 

242. Prove that in any triangle: 

૜൫࢘ࢇඥ࢘࢈ + ࢉඥ࢘࢈࢘ + ൯ࢇඥ࢘ࢉ࢘
૛
≤ (૝ࡾ + ࢘)૜ 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution 1 by Seyran Ibrahimov-Maasilli-Azerbaidian 

ࢇ࢘ + ࢈࢘ + ࢉ࢘ = ૝ࡾ + ࢘; ࢇ࢘	 = ࢞૛, ࢈࢘ = ࢟૛, ࢉ࢘ =  ૛ࢠ

૜(࢞૛࢟ + ࢟૛ࢠ + ૛࢞)૛ࢠ ≤ (࢞૛ + ࢟૛ +  ૛)૜ࢠ

(࢞૛ + ࢟૛ + ࢞)(૛ࢠ + ࢟+ (ࢠ ≥ ૜(࢞૛࢟+ ࢟૛ࢠ +  (૛࢞ࢠ

(࢞૛ + ࢟૛ + ࢞)૛)૛ࢠ + ࢟ + ૛(ࢠ ≥ ૢ(࢞૛࢟ + ࢟૛ࢠ +  ૛࢞)૛ࢠ

(࢞૛ + ࢟૛ + ࢞)૛)૛ࢠ + ࢟ + ૛(ࢠ ≤ ૜(࢞૛ + ࢟૛ +  ૜(ࢠ

(࢞ + ࢟ + ૛(ࢠ ≤ ૜(࢞૛ + ࢟૛ +  (૛ࢠ

Solution 2 by Daniel Sitaru – Romania  

૜൫∑࢘ࢇඥ࢘࢈൯
૛
≤⏞
ࡿ࡮࡯

૜∑࢘࢈࢘ࢇ࢘∑ࢇ = ૜(૝ࡾ+ ࢘)࢙૛ ≤ (૝ࡾ + ࢘)૜ (to prove) ↔ 

૜࢙૛ ≤ (૝ࡾ + ࢘)૛ ↔ ૜෍࢘࢈࢘ࢇ ≤ ቀ෍࢘ࢇቁ
૛
↔෍(࢘ࢇ − ૛(࢈࢘ ≥ ૙ 

Solution 3 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭ 

૜൫࢘ࢇඥ࢘࢈ + ࢉඥ࢘࢈࢘ + ൯ࢇඥ࢘ࢉ࢘
૛
≤ (૝ࡾ + ࢘)૜ = ࢇ࢘) + ࢈࢘ +  ૜(ࢉ࢘

Siendo ࢖,࢔,࢓			ℝ se cumple la siguiente desigualdad 
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࢓) + ࢔ + ૛(࢖ ≥ ૜(࢔࢓ + ࢖࢔ +  (A)   (࢓࢖

࢓ = ࢞૛ + ࢠ)࢟ − ࢔,(࢞ = ࢟૛ + ࢞)ࢠ − ࢖,(࢟ = ૛ࢠ + ࢞(࢟ −  (ࢠ

Lo cual se verifica que 

࢓ + ࢔ + ࢖ = ࢞૛ + ࢟૛ + ૛ࢠ ࢔࢓∧ + ࢖࢔ + ࢓࢖ = ࢞૜࢟ + ࢟૜ࢠ +  ૜࢞ࢠ

(demostrado anteriormente). Lo equivalente en (A) es 

(࢞૛ + ࢟૛ + ૛)૛ࢠ ≥ ૜(࢞૜࢟ + ࢟૜ࢠ + (૜࢞ࢠ → (Vasile Cîrtoaje) (B) 

࢞૛ + ࢟૛ + ૛ࢠ ≥ ࢞࢟ + ࢠ࢟ +  (C)   ࢞ࢠ

Luego, multiplicamos (B) ⋅ (C) y aplicamos desigualdad de Cauchy 
(࢞૛ + ࢟૛ + ૛)૜ࢠ ≥ ૜(࢞૜࢟ + ࢟૜ࢠ + ࢟࢞)(૜࢞ࢠ + ࢠ࢟ + (࢞ࢠ ≥ ૜(࢞૛࢟ + ࢟૛ࢠ +  ૛࢞)૛ࢠ

Sustituyemos → ࢞૛ = ,ࢇ࢘ ࢟૛ = ,࢈࢘ ૛ࢠ =  obtenemos la desigualdad ,ࢉ࢘

pedida. 

 

243. In acute – angled ࢤ	࡯࡮࡭: 

૛൬ܜܗ܋
࡭
૛ + ܜܗ܋

࡮
૛ + ܜܗ܋

࡯
૛൰ + ࡭ܖ܉ܜ ⋅ ࡮ܖ܉ܜ ⋅ ࡯ܖ܉ܜ ≥ ૢ√૜ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

En un triángulo acutángulo ࡯࡮࡭: 

૛ ቀܜܗ܋ ࡭
૛

+ ܜܗ܋ ࡮
૛

+ ܜܗ܋ ࡯
૛
ቁ + ࡭ܖ܉ܜ ⋅ ࡮ܖ܉ܜ ⋅ ܖ܉ܜ ࡯ ≥ ૢ√૜. Si: ࡭ + ࡮ + ࡯ = ࣊ 

→ ࡭)ܖ܉ܜ (࡮+ = ࣊)ܖ܉ܜ − (࡯ →
࡭ܖ܉ܜ + ࡮ܖ܉ܜ
૚ − ܖ܉ܜ ࡭ ࡮ܖ܉ܜ

=  ࡯ܖ܉ܜ−

⇒ ࡭ܖ܉ܜ + ࡮ܖ܉ܜ + ܖ܉ܜ ࡯ = ࡭ܖ܉ܜ ࡮ܖ܉ܜ  ࡯ܖ܉ܜ

Desde que es un triángulo acutángulo: ࡭ܖ܉ܜ , ࡮ܖ܉ܜ , ࡯ܖ܉ܜ > 0.  

Por: MA ≥ MG ࡭ܖ܉ܜ + ܖ܉ܜ ࡮ + ࡯ܖ܉ܜ ≥ ૜√࡭ܖ܉ܜ ࡮ܖ܉ܜ ૜࡯ܖ܉ܜ → 

→ ܖ܉ܜ) ࡭ ࡮ܖ܉ܜ ܖ܉ܜ ૜(࡯ ≥ ૛ૠ ࡭ܖ܉ܜ ࡮ܖ܉ܜ  ࡯ܖ܉ܜ
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⇒ ࡭ܖ܉ܜ ࡮ܖ܉ܜ ࡯ܖ܉ܜ ≥ ૜√૜    (A) 

Si: ࡭
૛

+ ࡮
૛

+ ࡯
૛

= ࣊
૛
→ ܜܗ܋ ቀ࡭

૛
+ ࡮

૛
ቁ = ܜܗ܋ ቀ࣊

૛
− ࡯

૛
ቁ → 

→ ܜܗ܋ ࡭
૛

+ ࡮ܜܗ܋
૛

+ ܜܗ܋ ࡯
૛

= ܜܗ܋ ࡭
૛
࡮ܜܗ܋

૛
ܜܗ܋ ࡯

૛
. Por: ࡭ࡹ ≥  ࡳࡹ

ܜܗ܋
࡭
૛ + ܜܗ܋

࡮
૛ + ܜܗ܋

࡯
૛ ≥ ૜ඨܜܗ܋

࡭
૛ ܜܗ܋

࡮
૛ ܜܗ܋

࡯
૛

૜

→ 

→ ൬ܜܗ܋
࡭
૛
ܜܗ܋

࡮
૛
ܜܗ܋

࡯
૛
൰
૜

≥ ૛ૠ ܜܗ܋
࡭
૛
ܜܗ܋

࡮
૛
ܜܗ܋

࡯
૛

 

૛ ܜܗ܋ ࡭
૛
࡮ܜܗ܋

૛
ܜܗ܋ ࡯

૛
≥ ૟√૜   (B) → Sumando: (A) + (B) → 

→ ૛൬ܜܗ܋
࡭
૛ + ܜܗ܋

࡮
૛ + ܜܗ܋

࡯
૛൰ + ࡭ܖ܉ܜ ࡮ܖ܉ܜ ࡯ܖ܉ܜ ≥ ૢ√૜ 

Solution 2 by Adil Abdullayev-Baku-Azerbaidian 

Lemma 1. 

ܜܗ܋
ࢻ
૛

+ ܜܗ܋
ࢼ
૛

+ ܜܗ܋
ࢽ
૛

=
࢖
ࢇ࢘

+
࢖
࢈࢘

+
࢖
ࢉ࢘

=
࢖
࢘

. 

Lemma 2. 

ࢻܖ܉ܜ + ࢼܖ܉ܜ + ܖ܉ܜ ࢽ = ܖ܉ܜ ࢻ ܖ܉ܜ ࢼ ࢽܖ܉ܜ ≥
࢖
࢘

. 

Lemma 3. 

࢖ ≥ ૜√૜ ⋅ ࢘. 

ࡿࡴࡸ ≥
૛࢖
࢘

+
࢖
࢘

=
૜࢖
࢘
≥
ૢ√૜ ⋅ ࢘

࢘
= ૢ√૜. 

Solution 3 by Ravi Prakash-New Delhi-India 

For ૙ < ݔ < ࣊
૛

, let ࢌ(࢞) = ૛ ܜܗ܋ ቀ࢞
૛
ቁ + ܖ܉ܜ (࢞)ᇱࢌ ;࢞ = − ૛

૛
૛܋ܛ܋ ቀ࢞

૛
ቁ + ૛܋܍ܛ ࢞ 
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=
૚

૛ܛܗ܋ ࢞ ૛ܖܑܛ ቀ࢞૛ቁ
ቂܖܑܛ ቀ

࢞
૛ቁ − ቃ࢞ܛܗ܋ ቂܖܑܛ ቀ

࢞
૛ቁ +  ቃ࢞ܛܗ܋

=
ቀܖܑܛ ࢞૛ + ܛܗ܋ ࢞ቁ

૛ܛܗ܋ ࢞ ૛ܖܑܛ ቀ࢞૛ቁ
ቀ૛ ૛ܖܑܛ

࢞
૛

+ ܖܑܛ
࢞
૛
− ૚ቁ 

=
ቀ࢞ܖܑܛ૛ + ቁ࢞ܛܗ܋ ቀܖܑܛ ቀ࢞૛ቁ + ૚ቁ ቀ૛ ܖܑܛ ቀ࢞૛ቁ − ૚ቁ

૛ܛܗ܋ ࢞ ૛ܖܑܛ ቀ࢞૛ቁ
 

(࢞)ᇱࢌ < 0 for ૙ < ݔ < ࣊
૜

= ૙ for ࢞ = ࣊
૜

> 0 for ࣊
૜

< ݔ < ࣊
૛

 

∴ ࢞ is minimum for (࢞)ࢌ = ࣊
૜

 

⇒ (࢞)ࢌ ≥ ࢌ ቀ࣊
૜
ቁ for ૙ < ݔ < ࣊

૛
⇒ (࢞)ࢌ ≥ ૜√૜ for ૙ < ݔ < ࣊

૛
 

Thus, (࡭)ࢌ + (࡮)ࢌ + (࡯)ࢌ ≥ ૢ√૜ ⇒ ∑૛ ܜܗ܋ ቀ࡭
૛
ቁ+ ∑ ࡭ܖ܉ܜ ≥ ૢ√૜ 

But in a triangle ∑ ܖ܉ܜ ࡭ = ࡭ܖ܉ܜ ࡮ܖ܉ܜ  ࡯ܖ܉ܜ

∴ ૛ ൬ܜܗ܋
࡭
૛

+ ܜܗ܋
࡮
૛

+ ܜܗ܋
࡯
૛
൰ + ܖ܉ܜ ࡭ ࡮ܖ܉ܜ ܖ܉ܜ ࡯ ≥  ૜√ࢇ

Equality at ࡭ = ࡮ = ࡯ = ࣊
૜

 

Solution 4 by Soumava Chakraborty-Kolkata-India 

ܜܗ܋
࡭
૛

=
૛࡭ܛܗ܋
૛࡭ܖܑܛ

=
૛ ૛࡭૛ܛܗ܋

૛ ૛࡭ܖܑܛ ܛܗ܋
࡭
૛

=
૚ + ࡭ܛܗ܋
࡭ܖܑܛ

=
૚

࡭ܖܑܛ
+
࡭ܛܗ܋
࡭ܖܑܛ

 

= ૚
࡭ܖܑܛ

+ ૛ࢇ૛ିࢉ૛ା࢈

૛ࢉ࢈
⋅ ૛ࡾ
ࢇ

= ૚
ܖܑܛ ࡭

+ ࡾ
ࢉ࢈ࢇ

૛࢈) + ૛ࢉ −  ૛)    (1)ࢇ

Similarly, ࡮ܜܗ܋
૛

=⏞
(૛)

૚
࡮ܖܑܛ

+ ࡾ
ࢉ࢈ࢇ

૛ࢉ) + ૛ࢇ −   ,૛), and࢈

ܜܗ܋
࡯
૛ =⏞

(૜) ૚
ܖܑܛ ࡯ +

ࡾ
ࢉ࢈ࢇ

૛ࢇ) + ૛࢈ −  (૛ࢉ
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∴ ∑ ܜܗ܋ ࡭

૛
= ∑ ૚

ܖܑܛ ࡭
+ ࡾ

ࢉ࢈ࢇ
 (by (1) + (2) + (3)) (૛ࢇ∑)

≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ૢ

∑ ࡭ܖܑܛ
+

ࡾ
૝ࡿࡾ

ቀ෍ࢇ૛ቁ 

=
ૢ ⋅ ૛ࡾ
ࢇ∑ +

૚
૝ࡿ ቀ෍ࢇ૛ቁ ≥

࢑ࢉ࢕࢈࢔ࢋࢠ࢚࢏ࢋࢃି࢛ࢉ࢙ࢋ࢔࢕ࡵ ૚ૡࡾ
૛ࡿ +

૚
૝ࡿ ⋅ ૝√૜ࡿ 

≥
ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ ૚ૡࡾ

૜√૜ࡾ
+ √૜ = ૛√૜ + √૜ = ૜√૜ 

∴ ૛∑ ܜܗ܋ ࡭
૛
≥ ૟√૜   (4) 

Now ∏ ܖ܉ܜ ࡭ = ∑ ܖ܉ܜ (࢞)ࢌ Let ;࡭ = ܖ܉ܜ ࢞			∀࢞ ∈ ቀ૙,࣊
૛
ቁ 

Then ࢌᇱᇱ(࢞) = ૛ ૛܋܍ܛ ࢞ ܖ܉ܜ ࢞ > 0 ⇒ ݂(࢞) is convex 

∴ ෍࡭ܖ܉ܜ ≥⏟
(૞)

࢔ࢋ࢙࢔ࢋࡶ
૜ ܖ܉ܜ ൬

࡭ + ࡮ + ࡯
૜

൰ = ૜ ܖ܉ܜ
࣊
૜

= ૜√૜ 

(4) + (5) ⇒ LHS ≥ ૟√૜ + ૜√૜ = ૢ√૜ = RHS (Proved) 

Solution 5 by Rozeta Atanasova-Skopje 

࡭ܖ܉ܜ ࡮ܖ܉ܜ ࡯ܖ܉ܜ = ࡭ܖ܉ܜ + ܖ܉ܜ ࡮ +  (1)    ࡯ܖ܉ܜ

ܖ܉ܜ ࢞ and ܜܗ܋ ࢞
૛
 are convex over ቀ૙, ࣊

૛
ቁ             (2) 

From (1) and (2) ⇒ 

ࡿࡴࡸ = ૛ ቀܜܗ܋ ࡭
૛

+ ܜܗ܋ ࡮
૛

+ ܜܗ܋ ࡯
૛
ቁ + ࡭ܖ܉ܜ + ࡮ܖ܉ܜ + ࡯ܖ܉ܜ ≥ (Jensen) 

૛ ⋅ ૜ ܜܗ܋
࡭
૛ା

࡮
૛ା

࡯
૛

૜
+ ૜ ܖ܉ܜ ࡯ା࡮ା࡭

૜
= ૟ ܜܗ܋ ࣊

૟
+ ૜ ܖ܉ܜ ࣊

૜
= ૢ ܖ܉ܜ ࣊

૜
= ૢ√૜ =  .ࡿࡴࡾ

244. In ࢤ	࡯࡮࡭: 

ࢇࢇ ⋅ ࢈࢈ ⋅ ࢉࢉ ⋅ (࢙ − ࢇି࢙(ࢇ ⋅ (࢙ − ࢈ି࢙(࢈ ⋅ (࢙ − ࢉି࢙(ࢉ ≥ ቆ
૝࢙૜

૛ૠ ቇ
૛

 

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭  

ࢇࢇ ⋅ ࢈࢈ ⋅ ࢉࢉ ⋅ (࢙ − ࢇି࢙(ࢇ ⋅ (࢙ − ࢈ି࢙(࢈ ⋅ (࢙ − ࢉି࢙(ࢉ ≥ ቆ
૝࢙૜

૛ૠ
ቇ
૛

 

Siendo ࢈,ࢇ,  ା se cumple la siguiente desigualdadࡾ números ࢉ

ࢉࢉ࢈࢈ࢇࢇ ≥ ቀࢇା࢈ାࢉ
૜

ቁ
ࢉା࢈ାࢇ

. Supongamos sin  pérdida de generalidad 

ࢇ ≤ ࢈ ≤ ࢉ ⇔ ࢇ܏ܗܔ ≤ ܏ܗܔ ࢈ ≤ ܏ܗܔ  Por la desigualdad de Chebysev .ࢉ

൬
ࢇ + ࢈ + ࢉ

૜ ൰ ൬
ࢇ܏ܗܔ + ࢈܏ܗܔ + ܏ܗܔ ࢉ

૜ ൰ ≤
ࢇ ࢇ܏ܗܔ + ࢈ ࢈܏ܗܔ + ࢉ ܏ܗܔ ࢉ

૜  

൬
ࢇ + ࢈ + ࢉ

૜
൰ ܏ܗܔ) (ࢉ࢈ࢇ ≤  ൯ࢉࢉ࢈࢈ࢇࢇ൫܏ܗܔ

(ࢉ࢈ࢇ)܏ܗܔ
ࢉశ࢈శࢇ

૜ ≤ ൯ࢉࢉ࢈࢈ࢇࢇ൫܏ܗܔ ⇔ ࢉࢉ࢈࢈ࢇࢇ ≥ ቀࢇା࢈ାࢉ
૜

ቁ
ࢉା࢈ାࢇ

   (LQQD) 

Luego → ࢙)ࢉࢉ࢈࢈ࢇࢇ − ࢙)ࢇି࢙(ࢇ − ࢙)࢈ି࢙(࢈ − ࢉି࢙(ࢉ ≥ ቀ૛࢙
૜
ቁ
૛࢙
ቀ࢙
૜
ቁ
࢙

= ቀ૝࢙
૜

૛ૠ
ቁ
࢙
 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

By GM ≥ HM: ࢉࢉ࢈࢈ࢇࢇ ≥ ቆࢇା࢈ାࢇࢉ
ାࢇ

࢈
ା࢈

ࢉ
ࢉ

ቇ
ࢉା࢈ାࢇ

   and 

ෑ(࢖ − ࢇି࢖(ࢇ
ࢉ࢟ࢉ

≥ ൮
࢖ − +ࢇ ࢖ − +࢈ ࢖ − ࢉ
࢖ − ࢇ
࢖ − +ࢇ ࢖ − ࢈

࢖ − +࢈ ࢖ − ࢇ
࢖ − ࢉ

൲

ࢉି࢖ା࢈ି࢖ାࢇି࢖

⇒ෑ(࢖ − (ࢇି࢖)(ࢇ

ࢉ࢟ࢉ

≥ ቀ
࢖
૜
ቁ
࢖

 

so, ࢖)ࢉࢉ࢈࢈ࢇࢇ − ࢖)ࢇି࢖(ࢇ − ࢖)࢈ି࢖(࢈ − ࢉି࢖(ࢉ ≥ ቀ૛࢖
૜
ቁ
૛࢖
ቀ࢖
૜
ቁ
࢖

= ቀ૝࢖
૜

૛ૠ
ቁ
࢖

 (Proved) 

245. In acute – angled ࢤ	࡯࡮࡭: 

૜ + ෍
࡭ܛܗ܋ࢇ

࢈ ࡮ܛܗ܋ + ࢉ ࡯ܛܗ܋ − ࢇ ࡭ܛܗ܋
≥෍

࡮ܛܗ܋࢈ + ࢉ ࡯ܛܗ܋
ࢇ ࡭ܛܗ܋

 

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo acutángulo ࡯࡮࡭ 

૜ + ෍
࡭ܛܗ܋ࢇ

࢈ ࡮ܛܗ܋ + ࢉ ࡯ܛܗ܋ − ࢇ ࡭ܛܗ܋ ≥෍
࡮ܛܗ܋࢈ + ࡯ܛܗ܋

ࢇ ࡭ܛܗ܋  

⇔෍
࡭ܛܗ܋ࢇ

࢈ ࡮ܛܗ܋ + ࢉ ࡯ܛܗ܋ − ࢇ ࡭ܛܗ܋ ≥෍
࡮ܛܗ܋࢈ + ࢉ ࡯ܛܗ܋ − ࢇ ࡭ܛܗ܋

ࢇ ࡭ܛܗ܋  

⇒ ∑ ܖܑܛ ૛࡭
ܖܑܛ ૛࡮ାܖܑܛ૛ܖܑܛି࡯૛࡭

≥ ∑ ܖܑܛ ૛࡮ାܖܑܛ૛ܖܑܛି࡯૛࡭
ܖܑܛ ૛࡭

   (A) 

Luego por transformacions trigonométricas 

࡮૛ܖܑܛ + ܖܑܛ ૛࡯ − ܖܑܛ ૛࡭ = ૛࡮)ܖܑܛ + (࡯ ࡮)ܛܗ܋ − (࡯ − ૛ ࡭ܖܑܛ  ࡭ܛܗ܋

࡮૛ܖܑܛ + ܖܑܛ ૛࡯ − ܖܑܛ ૛࡭ = ૛ܖܑܛ ࡭ ࡮)ܛܗ܋ − (࡯ + ૛ ࡭ܖܑܛ ࡮)ܛܗ܋ +  (࡯

ܖܑܛ ૛࡮ + ࡯૛ܖܑܛ − ܖܑܛ ૛࡭ = ૛ ࡭ܖܑܛ ࡮)ܛܗ܋) − (࡯ + ࡮)ܛܗ܋ + ((࡯ = 

= ૝ܖܑܛ ࡭ ࡮ܛܗ܋  La desigualdad es equivalente en (A) .࡯ܛܗ܋

෍
࡭ܛܗ܋

૛ ࡮ܛܗ܋ ࡯ܛܗ܋ ≥෍
૛࡯ܛܗ܋࡮ܛܗ܋

࡭ܛܗ܋ ⇔෍
࡭ܛܗ܋

࡯ܛܗ܋࡮ܛܗ܋ ≥ ෍
૝࡮ܛܗ܋ ࡯ܛܗ܋

࡭ܛܗ܋  

Ahora bien ࡭ܛܗ܋
ܛܗ܋࡮ܛܗ܋ ࡯

=
࡭ܖܑܛ

ܛܗ܋ ࡮ ࡯ܛܗ܋
࡭ܖܑܛ
࡭ܛܗ܋

= ܖ܉ܜ ܖ܉ܜା࡮ ࡯
ܖ܉ܜ ࡭

. La desigualdad se puede 

reescribir como ∑ ܖ܉ܜ ࡯ܖ܉ܜା࡮
ܖ܉ܜ ࡭

≥ ૝∑ ࡭ܖ܉ܜ
ܖ܉ܜା࡮ܖ܉ܜ ࡯

 

࡮ܖ܉ܜ + ࡯ܖ܉ܜ
࡭ܖ܉ܜ

+
࡯ܖ܉ܜ + ܖ܉ܜ ࡭

࡮ܖ܉ܜ
+
࡭ܖ܉ܜ + ܖ܉ܜ ࡮

࡯ܖ܉ܜ
≥ 

≥
૝ ࡭ܖ܉ܜ

࡮ܖ܉ܜ + ܖ܉ܜ ࡯
+

૝ ࡮ܖ܉ܜ
࡯ܖ܉ܜ + ࡭ܖ܉ܜ

+
૝ ࡯ܖ܉ܜ

ܖ܉ܜ ࡭ + ࡮ܖ܉ܜ
 

Como es un ࢤ acutángulo ࡭ܖ܉ܜ , ܖ܉ܜ ࡮ , ࡯ܖ܉ܜ > 0. Aplicando la 

desigualdad de Cauchy ܖ܉ܜ ࡭
࡮ܖ܉ܜ

+ ࡭ܖ܉ܜ
࡯ܖ܉ܜ

≥ ૝ ܖ܉ܜ ࡭
࡯ܖ܉ܜା࡮ܖ܉ܜ

, 

࡮ܖ܉ܜ
࡯ܖ܉ܜ

+ ܖ܉ܜ ࡮
ܖ܉ܜ ࡭

≥ ૝ ܖ܉ܜ ࡮
࡭ܖ܉ܜା࡯ܖ܉ܜ

ܖ܉ܜ , ࡯
ܖ܉ܜ ࡭

+ ࡯ܖ܉ܜ
࡮ܖ܉ܜ

≥ ૝ܖ܉ܜ ࡯
࡮ܖ܉ܜା࡭ܖ܉ܜ

 

Sumando dichas desigualdades se obtiene lo siguiente 
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࡮ܖ܉ܜ + ࡯ܖ܉ܜ

࡭ܖ܉ܜ +
࡯ܖ܉ܜ + ܖ܉ܜ ࡭

࡮ܖ܉ܜ +
࡭ܖ܉ܜ + ܖ܉ܜ ࡮

࡯ܖ܉ܜ ≥ 

≥ ૝ ࡭ܖ܉ܜ
࡯ܖ܉ܜା࡮ܖ܉ܜ

+ ૝ܖ܉ܜ ࡮
࡭ܖ܉ܜା࡯ܖ܉ܜ

+ ૝ ࡯ܖ܉ܜ
ܖ܉ܜ ࡮ܖ܉ܜା࡭

   (LQQD) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

Given inequality ⇔ 

∑ ࢇ ࡭ܛܗ܋
ࢉା࡮ܛܗ܋࢈ ܛܗ܋ࢇି࡯ܛܗ܋ ࡭

≥ ∑ ࢈ ܛܗ܋ࢉା࡮ܛܗ܋ ܛܗ܋ࢇି࡯ ࡭
ࢇ ܛܗ܋ ࡭

    (1) 

Now, ࢈ ࡮ܛܗ܋ + ࢉ ࡯ܛܗ܋ − ࢇ  ࡭ܛܗ܋

= ૛ࡾ ࡮ܖܑܛ ࡮ܛܗ܋ + ૛࡯ܖܑܛࡾ ࡯ܛܗ܋ − ૛ࡾ ࡭ܖܑܛ  ࡭ܛܗ܋

= ܖܑܛ)ࡾ ૛࡮ + ࡯૛ܖܑܛ − ܖܑܛ ૛࡭) = ૛}ࡾ ࡭ܖܑܛ −࡮)ܛܗ܋ (࡯ − ૛ ࡭ܖܑܛ  {࡭ܛܗ܋

= ૛࡮)ܛܗ܋}ܖܑܛࡾ − (࡯ + ࡮)ܛܗ܋ +  {(࡯

= ૛	ࡾ ࡭ܖܑܛ (૛ ࡮ܛܗ܋ (࡯ܛܗ܋ = ૝࡭ܖܑܛࡾ ࡮ܛܗ܋  ࡯ܛܗ܋

> 0	 (∵  (is acute – angled ࡯࡮࡭	ࢤ

Similarly, ࢉ ࡯ܛܗ܋ + ࡭ܛܗ܋ࢇ − ࡮ܛܗ܋࢈ = ૝࡮ܖܑܛࡾ ࡯ܛܗ܋ ࡭ܛܗ܋ > ܽ 

And ࢇ ࡭ܛܗ܋ + ࢈ ࡮ܛܗ܋ − ࢉ ࡯ܛܗ܋ = ૝࡯ܖܑܛࡾ ࡭ܛܗ܋ ࡮ܛܗ܋ > 0 

∴ ࢞ = ࢇ ࡭ܛܗ܋ , ࢟ = ࢈ ࡮ܛܗ܋ , ࢠ = ࢉ  from sides of a triangle. Let the ࡯ܛܗ܋

semi-perimeter, inradius and circumradius of this triangle be ࢙૙, ࢘૙,ࡾ૙ 

respectively. (1) becomes ࢞
࢟ା࢞ିࢠ

+ ࢟
ା࢞ି࢟ࢠ

+ ࢠ
࢞ା࢟ିࢠ

 

≥
࢟ + ࢠ − ࢞

࢞
+
ࢠ + ࢞ − ࢟

࢟
+
࢞ + ࢟ − ࢠ

ࢠ
 

⇔ ૚
૛
ቀ ࢞
࢙૙ି࢞

+ ࢟
࢙૙ି࢟

+ ࢠ
࢙૙ିࢠ

ቁ ≥ ૛ ቀ࢙૙ି࢞
࢞

+ ࢙૙ି࢟
࢟

+ ࢙૙ି࢟
ࢠ
ቁ   (2) 

LHS of (2) = ∑࢞(࢙૙ି࢟)(࢙૙ିࢠ)
૛∏(࢙૙ି࢞) =

∑ൣ࢞൛࢙૙
૛ି࢙૙(࢟ାࢠ)ା࢟ࢠൟ൧࢙૙

૛࢘૙
૛࢙૙

૛ = 	 ൛࢙૙
૛(∑࢞)ି࢙૙ ∑(࢞࢟ା࢞ࢠ)ା૜࢞࢟ࢠൟ࢙૙

૛࢘૙
૛࢙૙

૛  

=
൛૛࢙૙૜ − ૛࢙૙(∑࢞࢟) + ૚૛ࡾ૙࢘૙࢙૙ൟ࢙૙

૛࢘૙૛࢙૙૛
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=
૛࢙૙૛൫࢙૙૛ −∑࢞࢟ + ૟ࡾ૙࢘૙൯

૛࢘૙૛࢙૙૛
=
࢙૙૛ − ࢙૙૛ − ૝ࡾ૙࢘૙ − ࢘૙૛ + ૟ࡾ૙࢘૙

࢘૙૛
 

= ૛ࡾ૙࢘૙ି࢘૙૛

࢘૙૛
=
(૜) ૛ࡾ૙ି࢘૙

࢘૙
. RHS of (2) = ૛{࢟ࢠ(࢙૙ି࢞)ା࢞ࢠ(࢙૙ି࢟)ା࢞࢟(࢙૙ିࢠ)}

ࢠ࢟࢞
 

=
૛{࢙૙(∑࢞࢟) − ૜࢞࢟ࢠ}

૝ࡾ૙࢘૙࢙૙
=
૛࢙૙൫࢙૙૛ + ૝ࡾ૙࢘૙ + ࢘૙૛ − ૚૛ࡾ૙ࡾ૙൯

૝ࡾ૙࢘૙࢙૙
 

=
(૝) ࢙૙૛ିૡࡾ૙࢘૙ା࢘૙૛

૛ࡾ૙࢘૙
. (3), (4) ⇒ it suffices to prove: ૛ࡾ૙ − ࢘૙ ≥

࢙૙૛ିૡࡾ૙࢘૙ା࢘૙૛

૛ࡾ૙
 

⇔ ࢙૙૛ − ૡࡾ૙࢘૙ + ࢘૙૛ ≤ ૝ࡾ૙૛ − ૛ࡾ૙࢘૙ ⇔ ࢙૙૛ ≤ ૝ࡾ૙૛ + ૟ࡾ૙࢘૙ − ࢘૙૛   (5) 

Gerretsen ⇒ ࢙૙૛ ≤ ૝ࡾ૙૛ + ૝ࡾ૙࢘૙ + ૜࢘૙૛   (6). (5), (6) ⇒ it suffices to prove: 

૝ࡾ૙࢘૙ + ૜࢘૙૛ ≤ ૟ࡾ૙࢘૙ − ࢘૙૛ ⇔ ૛ࡾ૙࢘૙ ≥ ૝࢘૙૛ ⇔ ૙ࡾ ≥ ૛࢘૙ → true (Euler) 

 

246. In ࢤ	࡯࡮࡭: 

૜ࢇ

࢈ ૛ܖܑܛ ࢞ + ࢉ ૛ܛܗ܋ ࢞
+

૜࢈

ࢉ ૛ܖܑܛ ࢞ + ࢇ ૛ܛܗ܋ ࢞
+

૜ࢉ

ࢇ ૛ܖܑܛ ࢞ + ࢈ ૛ܛܗ܋ ࢞
≥ ૝√૜ࡿ,	 

࢞ ∈ (૙,࣊) 

Proposed by D.M. Bătinețu – Giurgiu; Neculai Stanciu – Romania  

Solution 1 by Nirapada Pal-Jhargram-India 

෍
૜ࢇ

࢈ ૛ܖܑܛ ࢞ + ࢉ ૛ܛܗ܋ ࢞
= ෍

൬ࢇ
૜
૛൰

૛

࢈ ૛ܖܑܛ ࢞ + ࢉ ૛ܛܗ܋ ࢞
 

≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ൬∑ࢇ

૜
૛൰

૛

࢈∑ ૛ܖܑܛ ࢞ + ࢉ ૛ܛܗ܋ ࢞ ≥
ࡹࡳ࡭

ቆ૜ ൬ࢇ
૜
૛࢈

૜
૛ࢉ

૜
૛൰ቇ

૛

ࢇ + ࢈ + ࢉ =
ࢉ࢈ࢇૢ

ࢇ + ࢈ + ࢉ ≥ ૝√૜ࡿ 

Solution 2 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭ 
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૜ࢇ

࢈ ૛ܖܑܛ ࢞ + ࢉ ૛ܛܗ܋ ࢞
+

૜࢈

ࢉ ૛ܖܑܛ ࢞ + ࢇ ૛ܛܗ܋ ࢞
+

૜ࢉ

ࢇ ૛ܖܑܛ ࢞ + ࢈ ૛ܛܗ܋ ࢞
≥ ૝√૜ࡿ,	 

࢞ ∈< ߨ,0 > 

Tener en cuenta lo siguiente 

૛ܖܑܛ ࢞ + ૛ܛܗ܋ ࢞ = ૚,ࢇ૛ + ૛࢈ + ૛ࢉ ≥ ࢈ࢇ + ࢉ࢈ + ૛ࢇ,ࢇࢉ + ૛࢈ + ૛ࢉ ≥ ૝ࡿ√૜ 

(Ineq. Weizenbock). Por la desigualdad de Cauchy 

૝ࢇ

࢈ࢇ ૛ܖܑܛ ࢞ + ࢇࢉ ૛ܛܗ܋ ࢞
+

૝࢈

ࢉ࢈ ૛ܖܑܛ ࢞ + ࢈ࢇ ૛ܛܗ܋ ࢞
+

૝ࢉ

૛ܖܑܛࢇࢉ ࢞ + ࢉ࢈ ૛ܛܗ܋ ࢞
≥ 

≥
૛ࢇ) + ૛࢈ + ૛)૛ࢉ

૛ܖܑܛ) ࢞ + ૛ܛܗ܋ ࢈ࢇ)(࢞ + ࢉ࢈ +  (ࢇࢉ

⇒
૝ࢇ

࢈ࢇ ૛ܖܑܛ ࢞ + ࢇࢉ ૛ܛܗ܋ ࢞
+

૝࢈

ࢉ࢈ ૛ܖܑܛ ࢞ + ࢈ࢇ ૛ܛܗ܋ ࢞
+

૝ࢉ

ࢇࢉ ૛ܖܑܛ ࢞ + ࢉ࢈ ૛ܛܗ܋ ࢞
≥ 

≥ ૛ࢇ + ૛࢈ + ૛ࢉ ≥ ૝ࡿ√૜   (LQQD) 

Solution 3 by Soumava Chakraborty-Kolkata-India 

∵ ࢈ ૛ܖܑܛ ࢞ ≥ ૙ and ࢉ ૛ܛܗ܋ ࢞ ≥ ૙, 

∴ ࢈ ૛ܖܑܛ ࢞ + ࢉ ૛ܛܗ܋ ࢞ = ૙ ⇒ ܖܑܛ ࢞ = ૙ and ࢞ܛܗ܋ = ૙ 

But, ∵ ૛ܖܑܛ ࢞ + ૛ܛܗ܋ ࢞ = ૚,∴ ܖܑܛ ࢞ and ࢞ܛܗ܋ cannot be simultaneously  

= ૙ ⇒ ૛ܖܑܛ࢈ ࢞ + ࢉ ૛ܛܗ܋ ࢞ ≠ ૙ ⇒ ૛ܖܑܛ࢈ ࢞ + ࢉ ૛ܛܗ܋ ࢞ > 0 

Similarly, ࢉ ૛ܖܑܛ ࢞ + ࢇ ૛ܛܗ܋ ࢞ > 0 and, ࢇ ૛ܖܑܛ ࢞ + ࢈ ૛ܛܗ܋ ࢞ > 0 

LHS ≥
(૚)

ࡳି࡭
૜ࢉ࢈ࢇ	ට ૚

࢈) ૛ܖܑܛ ࢞ାܛܗ܋ࢉ૛ ࢉ)(࢞ ૛ܖܑܛ ࢞ାܛܗ܋ࢇ૛ ࢇ)(࢞ ૛ܖܑܛ ࢞ାܛܗ܋࢈૛ ࢞)
૜  

Now, GM ≤ AM ⇒ 

ඥ(࢈ ૛ܖܑܛ ࢞ + ࢉ ૛ܛܗ܋ ࢉ)(࢞ ૛ܖܑܛ ࢞ + ࢇ ૛ܛܗ܋ ࢇ)(࢞ ૛ܖܑܛ ࢞ + ࢈ ૛ܛܗ܋ ࢞)૜  

≤
૛ܖܑܛ)࢈ ࢞ + ૛ܛܗ܋ ࢞) + ૛ܖܑܛ)ࢉ ࢞ + ૛ܛܗ܋ ࢞) + ૛ܖܑܛ)ࢇ ࢞ + ૛ܛܗ܋ ࢞)

૜
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= ૛࢙
૜
≤
(૛)

૜√૜ࡾ
૜

   (Mitrinovic) = √૜(2) ,(1) ;ࡾ ⇒ ࡿࡴࡸ ≥ ૜⋅(૝ࡿࡾ)
√૜ࡾ

= ૝√૜ࡿ 

Solution 4 by Uche Eliezer Okeke-Anambra-Nigerie 

In ࢤ	࡯࡮࡭,࢞ ∈ (૙,࣊). Show: ∑ ૜ࢇ

࢈ ૛ܖܑܛ ࢞ାܛܗ܋ࢉ૛ ࢞
≥ ૝√૜ࡿ 

Lemma: 
ࢇ∏ = ૝࢙࢘ࡾ = ૝ࡿࡾ
ࢇ∑ ≤ ૜√૜ࡾ		(ࡹ) ൠ 

	ࡿࡴࡸ ≥
ࡳି࡭ ૜ࢉ࢈ࢇ

ඥ∏(ܖܑܛ࢈૛ ࢞ାܛܗ܋ࢉ૛ ࢞)૜ ≥
ࡳି࡭ ࢉ࢈ࢇૢ

૛ܖܑܛ) ࢞ାܛܗ܋૛ ࢇ∑(࢞
≥
ࡹ ૢ⋅૝ࡿࡾ

૜√૜ࡾ
= ૝√૜ࡿ (RHS) 

Solution 5 by Marin Chirciu-Romania 

We use Hölder’s inequality ࡭
૜

ࢄ
+ ૜࡮

ࢅ
+ ૜࡯

ࢆ
≥ ૜(࡯ା࡮ା࡭)

૜(ࢄାࢅାࢆ), where 

ࢆ,ࢅ,ࢄ,࡯,࡮,࡭ > 0. Putting ࡭ = ࡮,ࢇ = ࡯,࢈ = ࢄ,ࢉ = ࢈ ૛ܖܑܛ ࢞ + ࢉ ૛ܛܗ܋ ࢞, 

ࢅ	 = ࢉ ૛ܖܑܛ ࢞ + ࢇ ૛ܛܗ܋ ࢆ ,࢞ = ࢇ ૛ܖܑܛ ࢞ + ࢈ ૛ܛܗ܋ ࢞, we obtain 

෍
૜ࢇ

࢈ ૛ܖܑܛ ࢞ + ࢉ ૛ܛܗ܋ ࢞
≥

ࢇ) + ࢈ + ૜(ࢉ

૜∑(࢈ ૛ܖܑܛ ࢞ + ࢉ ૛ܛܗ܋ ࢞) =
ૡ࢖૜

૟࢖
=
૝࢖૛

૜
≥ ૝√૜ࡿ, 

wherefrom the last inequality is equivalent with ࢖ ≥ ૜√૜࢘ (Mitrinovic’s 

Inequality). The equality holds if and only if the triangle is equilateral. 

 

247. Let ࡯࡮࡭ be a triangle with perimeter 3. Prove that: 

૚
ࢇࢇࢎ

+
૚
࢈࢈ࢎ

+
૚
ࢉࢉࢎ

≥
૚
ࢇࢎ

+
૚
࢈ࢎ

+
૚
ࢉࢎ

. 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Sea ࡯࡮࡭ un triángulo con perimetro ૜.	Probar que:  
૚
ࢇࢇࢎ

+
૚
࢈࢈ࢎ

+
૚
ࢉࢉࢎ

≥
૚
ࢇࢎ

+
૚
࢈ࢎ

+
૚
ࢉࢎ

. 
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Aplicando MA ≥ MG ૚
ࢇࢇࢎ

+ ૚
࢈ࢎ
࢈ + ૚

ࢉࢉࢎ
≥ ૜ට

૚
ࢇࢇࢎ
⋅ ૚
࢈ࢎ
࢈ ⋅

૚
ࢉࢉࢎ

૜ = ૜ ට
૚
ࢇࢇࢎ
⋅ ૚
࢈ࢎ
࢈ ⋅

૚
ࢉࢉࢎ

ࢉశ࢈శࢇ  

Luego aplicando desigualdad ponderada MG ≥ MH 

૜ ඨ
૚
ࢇࢇࢎ

⋅
૚
࢈࢈ࢎ

⋅
૚
ࢉࢉࢎ

ࢉశ࢈శࢇ
≥

૜(ࢇ + ࢈ + (ࢉ
ࢇ
૚
ࢇࢎ

+ ࢈
૚
࢈ࢎ

+ ࢉ
૚
ࢉࢎ

=
૜(ࢇ + ࢈ + (ࢉ

ࢇࢎࢇ + ࢈ࢎ࢈ + ࢉࢎࢉ
=
૜(ࢇ + ࢈ + (ࢉ

૟ࡿ = 

= ࢇ
૛ࡿ

+ ࢈
૛ࡿ

+ ࢉ
૛ࡿ

= ૚
ࢇࢎ

+ ૚
࢈ࢎ

+ ૚
ࢉࢎ

. Por transitividad 

⇒ ૚
ࢇࢇࢎ

+ ૚
࢈ࢎ
࢈ + ૚

ࢉࢉࢎ
≥ ૚

ࢇࢎ
+ ૚

࢈ࢎ
+ ૚

ࢉࢎ
		(LQQD) 

 

248. Prove that in triangle ࡯࡮࡭: 

ࢇࢎ
ࢇ

+
࢈ࢎ
࢈

+
ࢉࢎ
ࢉ
≥ ඥ૟(૚ + ࡭ܛܗ܋ ࡮ܛܗ܋  (࡯ܛܗ܋

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࢇࢎ ࡯࡮࡭
ࢇ

+ ࢈ࢎ
࢈

+ ࢉࢎ
ࢉ
≥ ඥ૟(૚+ ࡭ܛܗ܋  (࡯ܛܗ܋࡮ܛܗ܋

Teniendo en cuenta las siguientes identidades y desigualdades 

૛ܖܑܛ ࡭ + ࡮૛ܖܑܛ + ૛ܖܑܛ ࡯ = ૛(૚ + ࡭ܛܗ܋ ࡮ܛܗ܋  (࡯ܛܗ܋

ࢇࢎ =
ࢉ࢈
૛ࡾ ࢈ࢎ, =

ࢇࢉ
૛ࡾ ࢉࢎ, =

࢈ࢇ
૛ࡾ 

࢞ + ࢟ + ࢠ ≥ ඥ૜(࢞࢟+ ࢠ࢟ + ࢞ donde ,(࢞ࢠ = ࢉ࢈
ࢇ

> ݕ,0 = ࢇࢉ
࢈

> ݖ,0 = ࢈ࢇ
ࢉ

> 0 

⇔ ࢉ࢈
ࢇ

+ ࢇࢉ
࢈

+ ࢈ࢇ
ࢉ
≥ ඥ૜(ࢇ૛ + ૛࢈ +  ૛). La desigualdad es equivalenteࢉ

૚
૛ࡾ
ቀࢉ࢈
ࢇ

+ ࢇࢉ
࢈

+ ࢈ࢇ
ࢉ
ቁ ≥ ඥ૟(૚ + ࡭ܛܗ܋ ࡮ܛܗ܋  :Luego .(࡯ܛܗ܋

૚
૛ࡾ
ቀࢉ࢈
ࢇ

+ ࢇࢉ
࢈

+ ࢈ࢇ
ࢉ
ቁ ≥ ૚

૛ࡾ
ඥ૜(ࢇ૛ + ૛࢈ + (૛ࢉ = ඥ૜(ܖܑܛ૛࡭ + ࡮૛ܖܑܛ + ૛ܖܑܛ (࡯ =  
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= ඥ૟(૚+ ࡭ܛܗ܋ ࡮ܛܗ܋  (LQQD)   (࡯ܛܗ܋

Solution 2 by Soumava Chakraborty-Kolkata-India 

࡭ܛܗ܋ ࡮ܛܗ܋ ࡯ܛܗ܋ =
૛ࢇ∑) − ૛ࢇ૛)(∑ࢇ૛ − ૛࢈૛)(∑ࢇ૛ − ૛ࢉ૛)ᇩᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇪᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇫ

࢘࢕࢚ࢇ࢘ࢋ࢓࢛ࡺ

ૡࢇ૛࢈૛ࢉ૛  

Numerator = ૜(૛ࢇ∑) − (૛ࢇ∑)૛(૛ࢇ∑) + ૝∑ࢇ૛ (૛࢈૛ࢇ∑) − ૡࢇ૛࢈૛ࢉ૛ 

= ቀ෍ࢇ૛ቁ ቄ૝෍ࢇ૛࢈૛ − ૝(࢙૛ − ૝࢘ࡾ − ࢘૛)૛ቅ − ૚૛ૡࡾ૛࢘૛࢙૛ 

= ૝෍ࢇ૛ ቊቀ෍࢈ࢇቁ
૛
− ૛ࢉ࢈ࢇ(૛࢙)− (࢙૛ − ૝࢘ࡾ − ࢘૛)૛ቋ − ૚૛ૡࡾ૛࢘૛࢙૛ 

= ૝෍ࢇ૛ [{(࢙૛ + ૝࢘ࡾ+ ࢘૛)૛ − (࢙૛ − ૝࢘ࡾ − ࢘૛)૛}− ૚૟࢙૛࢘ࡾ]− ૚૛ૡࡾ૛࢘૛࢙૛ 

= ૝෍ࢇ૛ {૛࢙૛(ૡ࢘ࡾ + ૛࢘૛) − ૚૟࢙૛࢘ࡾ} − ૚૛ૡࡾ૛࢘૛࢙૛ 

= ૝෍ࢇ૛ {૛࢙૛(ૡ࢘ࡾ + ૛࢘૛ − ૡ࢘ࡾ)} − ૚૛ૡࡾ૛࢘૛࢙૛ 

= ૜૛࢙૛࢘૛(࢙૛ − ૝࢘ࡾ − ࢘૛ − ૝ࡾ૛) 

∴ ࡭ܛܗ܋ ࡮ܛܗ܋ ࡯ܛܗ܋ = ૜૛࢙૛࢘૛൫࢙૛ି૝࢘ି࢘ࡾ૛ି૝ࡾ૛൯
૚૛ૡࡾ૛࢘૛࢙૛

  (*) 

=
࢙૛ − ૝࢘ࡾ − ࢘૛ − ૝ࡾ૛

૝ࡾ૛
⇒ ૚+ ෑ࡭ܛܗ܋ =

࢙૛ − ૝࢘ࡾ − ࢘૛

૝ࡾ૛
 

∴ ට૟ ቀ૚ + ෑ࡭ܛܗ܋ቁ =
૚
૛ࡾ

ඥ૜ ⋅ (࢙૛ − ૝࢘ࡾ − ࢘૛) =
ඥ૜∑ࢇ૛

૛ࡾ
 

∴ ࡿࡴࡾ = ඥ૜∑ࢇ૛

૛ࡾ
LHS = ૚

૛ࡾ
ቀࢉ࢈
ࢇ

+ ࢇࢉ
࢈

+ ࢈ࢇ
ࢉ
ቁ ∴ suffices to prove: 

ࢉ࢈ 
ࢇ

+ ࢇࢉ
࢈

+ ࢈ࢇ
ࢉ
≥ ඥ૜∑ࢇ૛ ⇔ ૛ࢉ૛࢈

૛ࢇ
+ ૛ࢇ૛ࢉ

૛࢈
+ ૛࢈૛ࢇ

૛ࢉ
+ ૛∑ࢇ૛ ≥ ૜∑ࢇ૛ (squaring) 

⇔ ૝࢈૝ࢇ + ૝ࢉ૝࢈ + ૝ࢇ૝ࢉ ≥ ૛ࢇ)૛ࢉ૛࢈૛ࢇ + ૛࢈ +  (૛ࢉ

→ true ∵ ∑࢞૛ ≥ ∑࢞࢟, where ࢞ = ࢟,૛࢈૛ࢇ = ,૛ࢉ૛࢈ ࢠ =  ૛ (Proved)ࢇ૛ࢉ
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249. In ࢤ	࡯࡮࡭ the following relationship holds: 

ࢇ࢓) ૛(࡭࢔࢏࢙ + ࢈࢓) ૛(࡮࢔࢏࢙ + ࢉ࢓) ࢔࢏࢙ ૛(࡯ ≤
૜
૝
൫ࢇࢎ૛ + ૛࢈ࢎ +  ૛൯ࢉࢎ

Proposed by Daniel Sitaru – Romania  

Solution by Rajsekhar Azaad-India 

ܖܑܛ ࡭ =
ࢇ
૛ࡾ , ࢇ࢓…

૛ =
૛(࢈૛ + (૛ࢉ − ૛ࢇ

૝ , ࢇࢎ… =
ࢉ࢈
૛ࡾ , … 

ࡿࡴࡸ = ෍(ࢇ࢓ ܖܑܛ ૛(࡭ = ෍
૛ࢇ

૝ࡾ૛ ⋅
[૛(࢈૛ + (૛ࢉ − [૛ࢇ

૝ =
૚

૚૟ࡾ૛ ቂ૝෍ࢇ૛࢈૛ −෍ࢇ૝ቃ 

≤
૚

૚૟ࡾ૛ ቂ૝෍ࢇ૛࢈૛ −෍ࢇ૛࢈૛ቃ			 ቄ∵෍ࢇ૝ ≥෍ࢇ૛࢈૛ቅ 

= ૚
૚૟ࡾ૛

[૜∑ࢇ૛࢈૛] = ૜
૝
ቂ∑ ૛࢈૛ࢇ

૝ࡾ૛
ቃ = ૜

૝
૛ࢇࢎൣ + ૛࢈ࢎ +  ૛൧ (proved)ࢉࢎ

 

250. In acute ࡯࡮࡭ࢤ the following relationship holds: 

૚
࡭૛࢙࢕ࢉ ࡮࢙࢕ࢉ) + ૛(࡯࢙࢕ࢉ +

૚
࡮૛࢙࢕ࢉ ࡯࢙࢕ࢉ) + ૛(࡭࢙࢕ࢉ +

૚
૛࢙࢕ࢉ ࡯ ࡭࢙࢕ࢉ) + ૛(࡮࢙࢕ࢉ ≥ ૚૛ 

Proposed by Marian Ursărescu-Romania 

Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand 

In ઢ࡯࡮࡭, let ࢞ = ܛܗ܋ ࡭ ,࢟ = ࡮ܛܗ܋ , ࢠ = ࢞ we have ࡯ܛܗ܋ + ࢟ + ࢠ ≤ ૜
૛
⇒ (࢞ + ࢟ + ૛(ࢠ ≤ ૢ

૝
 

⇒ ࢞࢟ + ࢠ࢟ + ࢞ࢠ ≤
૜
૛ ⇒

(࢞࢟ + (ࢠ࢟ + +ࢠ࢟) (࢞ࢠ + ࢞ࢠ) + ࢞࢟) ≤
૜
૛ 

⇒
૚

࢞(࢟ + (ࢠ +
૚

+ࢠ)࢟ ࢞) +
૚

࢞)ࢠ + ࢟) ≥ ૟ ⇒ 

⇒
૚

࢞૛(࢟+ ૛(ࢠ +
૚

࢟૛(ࢠ + ࢞) +
૚

࢞)૛ࢠ + ࢟)૛ ≥
൬ ૚
࢞(࢟ + (ࢠ + ૚

+ࢠ)࢟ ࢞) + ૚
࢞)ࢠ + ࢟)൰

૛

૜  

≥ ૛࢈

૜
= ૜࢈

૜
= ૚૛. Therefore it is to be true 

૚
૛ܛܗ܋ ࡭ ࡮ܛܗ܋) + ܛܗ܋ ૛(࡯ +

૚
૛ܛܗ܋ ࡮ ࡯ܛܗ܋) + ܛܗ܋ ૛(࡭ +

૚
૛ܛܗ܋ ࡯ ࡭ܛܗ܋) + ܛܗ܋ ૛(࡮ ≥ ૚૛ 
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Solution 2 by Soumava Chakraborty-Kolkata-India 

∵ ઢ࡯࡮࡭ is acute – angled; ∴ ࡭ܛܗ܋ , ࡮ܛܗ܋ , ܛܗ܋ ࡯ > 0 

⇒ ܛܗ܋ ࡭ ܛܗ܋ ࡮ + ܛܗ܋ ܛܗ܋࡯ ࡭ , ࡮ܛܗ܋ ܛܗ܋ ࡯ + ࡭ܛܗ܋ ࡮ܛܗ܋ , ܛܗ܋ ࡯ ܛܗ܋ ࡭ + ܛܗ܋ ࡮ ܛܗ܋ ࡯ > 0 

∴ ࡿࡴࡸ =
૚૜

࡭ܛܗ܋) ࡮ܛܗ܋ + ࡯ܛܗ܋ ૛(࡭ܛܗ܋ +
૚૜

࡮ܛܗ܋) ࡯ܛܗ܋ + ࡭ܛܗ܋ ૛(࡮ܛܗ܋ + 

+
૚૜

ܛܗ܋) ࡯ ܛܗ܋ ࡭ + ܛܗ܋ ܛܗ܋࡮ ૛(࡯ ≥
࢔࢕ࢊࢇࡾ

 

૛ૠ
࡭ܛܗ܋) ࡮ܛܗ܋ + ࡯ܛܗ܋ ࡭ܛܗ܋ + ܛܗ܋ ࡯ܛܗ܋࡮ + ܛܗ܋ ܛܗ܋࡭ ࡮ + ܛܗ܋ ࡯ ܛܗ܋ ࡭ + ܛܗ܋ ܛܗ܋࡮  ૛(࡯

=
૛ૠ

૝(∑ܛܗ܋ ࡭ ܛܗ܋ ૛(࡮ ≥
?
૚૛ ⇔ ૛෍ܛܗ܋ ࡮ܛܗ܋࡭ ≤

? ૜
૛ ⇔

ቀ෍ܛܗ܋ ቁ࡭
૛
−෍ܛܗ܋૛ ࡭ ≤

? ૜
૛ 

⇔ ቀ૚ +
࢘
ࡾ
ቁ
૛
− ൬

૚
૛൰෍

(૚+ ܛܗ܋ ૛࡭) ≤
? ૜
૛ ⇔

+ࡾ) ࢘)૛

૛ࡾ − ൬
૚
૛൰

ቀ૜ − ૚ − ૝ෑܛܗ܋ ቁ࡭ ≤
? ૜
૛ 

⇔ ૛(ା࢘ࡾ)

૛ࡾ
+ ૛∏ܛܗ܋ ࡭ ≤

? ૞
૛
⇔ ܛܗ܋∏ ࡭ ≤

? ૜ࡾ૛ି૝ି࢘ࡾ૛࢘૛

૝ࡾ૛
→ (a) 

Now, ࡭ܛܗ܋ ࡮ܛܗ܋ ࡯ܛܗ܋ = ൫࢈૛ାࢉ૛ିࢇ૛൯൫ࢉ૛ାࢇ૛ି࢈૛൯൫ࢇ૛ା࢈૛ିࢉ૛൯
૛ࢉ࢈⋅૛ࢇࢉ⋅૛࢈ࢇ

→  (1) 

Numerator = ૛ࢇ∑) − ૛ࢇ૛)(∑ࢇ૛ − ૛࢈૛)(∑ࢇ૛ − ૛ࢉ૛) = 

= ቀ෍ࢇ૛ቁ
૜
− ૛ቀ෍ࢇ૛ቁ

૛
ቀ෍ࢇ૛ቁ + ૝ ቀ෍ࢇ૛ቁ ቀ෍ࢇ૛࢈૛ቁ − ૡࢇ૛࢈૛ࢉ૛ 

= − ቀ෍ࢇ૛ቁ
૜

+ ૝ ቀ෍ࢇ૛ቁ ቊቀ෍࢈ࢇቁ
૛
− ૛ࢉ࢈ࢇ(૛࢙)ቋ − ૚૛ૡࡾ૛࢘૛࢙૛ 

= ቀ෍ࢇ૛ቁ ቊ૝ ቀ෍࢈ࢇቁ
૛
− ቀ෍ࢇ૛ቁ

૛
− ૚૟࢙ࢉ࢈ࢇቋ − ૚૛ૡࡾ૛࢘૛࢙૛ 

= ૝ ቀ෍ࢇ૛ቁ {(࢙૛ + ૝࢘ࡾ + ࢘૛)૛ − (࢙૛ − ૝࢘ࡾ − ࢘૛)૛ − ૚૟࢙࢘ࡾ૛}− ૚૛ૡࡾ૛࢘૛࢙૛ 

= ૝ቀ෍ࢇ૛ቁ {૛࢙૛(ૡ࢘ࡾ+ ૛࢘૛) − ૚૟࢙࢘ࡾ૛}− ૚૛ૡࡾ૛࢘૛࢙૛ 

= ૜૛࢘૛࢙૛(࢙૛ − ૝࢘ࡾ − ࢘^૛) − ૚૛ૡࡾ૛࢘૛࢙૛ = ૜૛࢘૛࢙૛(࢙૛ − ૝ࡾ૛ − ૝࢘ࡾ − ࢘૛) →  (2) 

(1), (2) ⇒ ࡭ܛܗ܋∏ = ࢙૛ି૝ࡾ૛ି૝࢘ି࢘ࡾ^૛
૝ࡾ૛

→  (3) 

(3) ⇒ (a) ⇔ ࢙૛ − ૝ࡾ૛ − ૝࢘ࡾ − ࢘૛ ≤
?
૜ࡾ૛ − ૝࢘ࡾ − ૛࢘૛ ⇔ ࢙૛ ≤

?
ૠࡾ૛ − ࢘૛ → (b) 
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LHS of (b) ≤
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛ ≤
?
ૠࡾ૛ − ࢘૛ ⇔ ࡾ) − ૛࢘)(૜ࡾ+ ૛࢘) ≥

?
૙ →

࢘ࢋ࢒࢛ࡱ
 true 

⇒ (b) is true (Proved) 

Solution 3 by Soumitra Mandal-Chandar Nagore-India 

We know, ∑ ܛܗ܋ ࢉ࢟ࢉ࡭ ≤ ૜
૛

 then ∑ ૚
૛ܛܗ܋ ܛܗ܋)࡭ ܛܗ܋ା࡮ ࢉ࢟ࢉ૛(࡯  

≥
ࡹࡳஹࡹ࡭ ૜

ට൫∏ ࢉ࢟ࢉ࡭ܛܗ܋ ൯૛∏ ࡭ܛܗ܋) + ࢉ࢟ࢉ૛(࡮ܛܗ܋
૜

= ૜

⎝

⎛ ૚

ට൫∏ ࢉ࢟ࢉ࡭ܛܗ܋ ൯∏ ࡭ܛܗ܋) + ࢉ࢟ࢉ(࡮ܛܗ܋
૜

⎠

⎞

૛

 

≥
ࡹ.࡭	ࡱࡿࡾࡱࢂࡱࡾ

ࡹࡳ
૜൭ ૚

൬
∑ ܛܗ܋ ࢉ࢟ࢉ࡭

૜ ൰൬
∑ ܛܗ܋) ࢉ࢟ࢉ(࡮ܛܗ܋శ࡭

૜ ൰
൱
૛

= ૛૝૜
૝
൬ ૚
∑ ࢉ࢟ࢉ࡭ܛܗ܋

൰
૝
≥ ૛૝૜

૝
ቀ૛
૜
ቁ
૝

= ૚૛  (Proved) 

 

251. In ࢤ	࡯࡮࡭ the following relationship holds: 

ࢇ࢓
૜ ࢈࢓+

૜ + ࢉ࢓
૜

ࢉ࢓࢈࢓ࢇ࢓
≥
૚૛࢘૛

૛ࡾ
 

Proposed by Mehmet Sahin-Ankara-Turkey 

Solution 1 by Daniel Sitaru-Romania 

ࢇ࢓ + ࢈࢓ + ࢉ࢓ ≥
૚
૛ࡾ

૛ࢇ) + ૛࢈ +  ૛)  (1) – I. Cucurezeanu – Romania – 1989ࢉ

ࢇ࢓
૜ + ࢈࢓

૜ + ࢉ࢓
૜

ࢉ࢓࢈࢓ࢇ࢓
= ෍

ࢇ࢓
૛

ࢉ࢓࢈࢓
≥

ࡹࡻࡾࢀࡿࡳࡾࡱ࡮ ૛(ࢇ࢓∑)

ࢉ࢓࢈࢓∑
	 ≥

(૚)
 

≥
૚
૝ࡾ૛ ⋅

૛(૛ࢇ∑)

ࢉ࢓࢈࢓∑
≥

૚
૝ࡾ૛ ⋅

૛(૛ࢇ∑)

ࢇ࢓∑
૛ =

૛(૛ࢇ∑)

૜ࡾ૛∑ࢇ૛ =
૚
૜ࡾ૛ ⋅ ෍ࢇ૛ ≥ 

≥
ࡷ࡯ࡻ࡮ࡺࡱࢆࢀࡵࡱࢃିࢁ࡯ࡿࡱࡺࡻࡵ ૚

૜ࡾ૛
⋅ ૝√૜ࡿ = ૝√૜࢙࢘

૜ࡾ૛
 ≥
࡯ࡵࢂࡻࡺࡵࡾࢀࡵࡹ ૝√૜࢘⋅૜√૜࢘

૜ࡾ૛
= ૚૛࢘૛

૛ࡾ
 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

૚ ≥
૝࢘૛

૛ࡾ (࢘ࢋ࢒࢛ࡱ) ⇔ ૜ ≥
૚૛࢘૛

૛ࡾ ;	 

૚૛࢘૛

૛ࡾ ≤ ૜ =
૜ ⋅ ࢉ࢓࢈࢓ࢇ࢓

ࢉ࢓࢈࢓ࢇ࢓
≤

ࢇࡹஸࢍࡹ ࢇ࢓
૜ + ࢈࢓

૜ + ࢉ࢓
૜

ࢉ࢓࢈࢓ࢇ࢓
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252. Prove that in any triangle ࡯࡮࡭ 

૟√૜࢘ࡾ ≤ ࡯ࡵ࡮ࡵ࡭ࡵࢤࡿ ≤ ૜√૜ࡾ૛ 

where ࡭ࡵ, ,࡮ࡵ  .respectively ࡯,࡮,࡭ are the excenters correspond to ࡯ࡵ

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution 1 by Daniel Sitaru – Romania  

 

૚ࡱ = ࣊ − ൬
࣊
૛

+
࡭
૛

+
࡮
૛
൰ + ࣊ − ൬

࣊
૛

+
࡯
૛

+
࡮
૛
൰ =

࣊
૛
−
࡮
૛

 

[૜ࡱ૛ࡱ૚ࡱ	ࢤ]ࡿ = ૚
૛
૛ࡱ૚ࡱ ⋅ ૜ࡱ૚ࡱ ࡱܖܑܛ = ૚

૛
૝ܛܗ܋ࡾ ࡭

૛
⋅ ૝ࡾ ܛܗ܋ ࡯

૛
⋅ ܖܑܛ ቀ࣊

૛
− ࡮

૛
ቁ =  

= ૡࡾ૛ෑܛܗ܋
࡭
૛ = ૡࡾ૛ ⋅

࢙
૝ࡾ = ૛࢙ࡾ 

૟√૜࢘ࡾ ≤ [૜ࡱ૛ࡱ૚ࡱ	ࢤ]ࡿ ≤ ૜√૜ࡾ૛ ↔ ૟√૜࢘ࡾ ≤ ૛࢙ࡾ ≤ ૜√૜ࡾ૛ ↔ 

↔ ૜√૜ ≤ ࢙ ≤ ૜√૜ࡾ
૛

   (MITRINOVIC) 

Solution 2 by George Apostolopoulos – Messolonghi – Greece  

It is well – known that ࡮ࡵ࡭ࡵ = ૝ܛܗ܋ࡾ ࡯
૛

, ࡯ࡵ࡮ࡵ = ૝ࡾ ࡭ܛܗ܋
૛

, 

࡭ࡵ࡯ࡵ = ૝ࡾ ࡮ܛܗ܋
૛

. So ࡮ࡵ࡭ࡵ ⋅ ࡯ࡵ࡮ࡵ ⋅ ࡭ࡵ࡯ࡵ = ૟૝ࡾ૜ ቀ࡭ܛܗ܋
૛
࡮ܛܗ܋

૛
ܛܗ܋ ࡯

૛
ቁ = 
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૟૝ࡾ૜ඨ
࢙(࢙ − (ࢇ

ࢉ࢈ ⋅ ඨ
࢙(࢙ − (࢈

ࢇࢉ ⋅ ඨ
࢙(࢙ − (ࢉ
࢈ࢇ = 

= ૟૝ࡾ૜ ⋅ ࢙ ⋅
ඥ࢙(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ

ࢉ࢈ࢇ = 

૟૝ࡾ૜ ⋅ ࢙ ⋅
࡯࡮࡭	ࢇࢋ࢘࡭

ࢉ࢈ࢇ = ૟૝ࡾ૜ ⋅ ࢙ ⋅
࢘ ⋅ ࢙

૝ࡾ ⋅ (࢙࢘) = ૚૟ࡾ૛࢙ 

Also, we know that ૜√૜࢘ ≤ ૜√૜
૛
  So .ࡾ

૝ૡ√૜ࡾ૛ ≤ ࡮ࡵ࡭ࡵ ⋅ ࡯ࡵ࡮ࡵ ⋅ ࡭ࡵ࡯ࡵ ≤ ૛૝√૜ࡾ૜ 

Equality holds when the triangle ࡯࡮࡭ is equilateral. 

 

253. In ࢤ	࡯࡮࡭: 

ࢇ࢓ࢇ
૛ + ࢈࢓࢈

૛ + ࢉ࢓ࢉ
૛ ≥  ࡾ࢙࢘ૢ

Proposed by Abdilkadir Altintas - Afyonkarashisar-Turkey 

Solution by Soumava Chakraborty-Kolkata-India 

ࢇ࢓ࢇ
૛ + ࢈࢓࢈

૛ + ࢉ࢓ࢉ
૛ ≥

(૚)
 ࡾ࢙࢘ૢ

(1) ⇔ ૛࢈૛)ࢇ + ૛ࢉ૛ − (૛ࢇ + ૛ࢉ૛)࢈ + ૛ࢇ૛ − (૛࢈ + ૛ࢇ૛)ࢉ + ૛࢈૛ − (૛ࢉ ≥ ૜૟࢙࢘ࡾ 

⇔ ૛෍(ࢇ૛࢈ + (૛࢈ࢇ −෍ࢇ૜ ≥ ૜૟࢙࢘ࡾ 

⇔ ૛෍{࢈ࢇ(૛࢙ − {(ࢉ − ቄ૜ࢉ࢈ࢇ + ૛࢙ ቀ෍ࢇ૛ −෍࢈ࢇቁቅ ≥ ૜૟࢙࢘ࡾ 

⇔ ૛{૛࢙(࢙૛ + ૝࢘ࡾ + ࢘૛)− ૚૛࢙࢘ࡾ} − {૚૛࢙࢘ࡾ + ૛࢙(࢙૛ − ૚૛࢘ࡾ − ૜࢘૛	)} ≥ ૜૟࢙࢘ࡾ 

⇔ ૝࢙(࢙૛ + ࢘૛ − ૛࢘ࡾ) − ૛࢙(࢙૛ − ૟࢘ࡾ − ૜࢘૛) ≥ ૜૟࢙࢘ࡾ 

⇔ ૛(࢙૛ + ࢘૛ − ૛࢘ࡾ)− (࢙૛ − ૟࢘ࡾ − ૜࢘૛) ≥ ૚ૡ࢘ࡾ 

⇔ ࢙૛ + ૛࢘ࡾ+ ૞࢘૛ ≥ ૚ૡ࢘ࡾ ⇔ ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛ 

→ true by Gerretsen (Proved) 
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254. In ࢤ	࡯࡮࡭ 

૛ࢇࢎ ⋅ ܖ܉ܜ
࡭
૛

+ ૛࢈ࢎ ⋅ ܖ܉ܜ
࡮
૛

+ ૛ࢉࢎ ⋅ ܖ܉ܜ
࡯
૛
≤
ૢ√૜
૝

 ૛ࡾ

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution by Kevin Soto Palacios-Huarmey-Peru 

Probar en un triàngulo ࡯࡮࡭  

૛ࢇࢎ ⋅ ܖ܉ܜ
࡭
૛

+ ૛࢈ࢎ ⋅ ܖ܉ܜ
࡮
૛

+ ૛ࢉࢎ ⋅ ܖ܉ܜ
࡯
૛
≤ ૢ√૜

૝
 ૛   (A)ࡾ

Teniendo en cuenta la siguientes desigualdades en un triángulo ࡯࡮࡭ 

૛࢘ ≤ ࢖૛,ࡾ ≤ ૜√૜ࡾ,	 

ܖ܉ܜ
࡭
૛ =

൫ࢇ+ ࢈) − ࢇ൯൫(ࢉ − ࢈) + ൯(ࢉ
૝ࡿ ≤

૛ࢇ − ࢈) − ૛(ࢉ

૝ࡿ =
૛ࢇ

૝ࡿ 

Análogamente para los siguientes términos ܖ܉ܜ ࡮
૛
≤ ૛࢈

૝ࡿ
, ܖ܉ܜ ࡯

૛
≤ ૛ࢉ

૝ࡿ
 

Utilizando las desigualdades previas en (A) 

૛ࢇࢎ ܖ܉ܜ
࡭
૛

+ ૛࢈ࢎ ܖ܉ܜ
࡮
૛

+ ૛ࢉࢎ ܖ܉ܜ
࡯
૛

=
૝ࡿ૛

૛ࢇ
⋅
૛ࢇ

૝ࡿ
+
૝ࡿ૛

૛࢈
⋅
૛࢈

૝ࡿ
+
૝ࡿ૛

૛ࢉ
⋅
૛ࢉ

૝ࡿ
= ૜ࡿ = 

= ૜࢘࢖ ≤ ૜ ⋅ ૜√૜ࡾ
૛

⋅ ࡾ
૛

= ૢ√૜ࡾ૛

૝
  (LQQD) 

 

255. Prove that in any triangle: 

(࡭)࢓ ≥ ૢ૙° → ࢇ࢓ ≥ ඨ࢈
૛ + ૛ࢉ

૛
ܛܗ܋

࡭
૛

 

Proposed by Adil Abdullayev-Azerbaidian, Marin Chirciu-Romania 

Solution 1 by Daniel Sitaru – Romania  

࡭ܛܗ܋ ≤ ૙ → ૛࢈ + ૛ࢉ − ૛ࢇ ≤ ૙ → ૛࢈− − ૛ࢉ + ૛ࢇ ≥ ૙ 
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ࢇ࢓
૛ =

૚
૛

૛࢈) + (૛ࢉ −
૚
૝
૛ࢇ ≥

࢙(࢙ − ૛࢈)(ࢇ + (૛ࢉ
૛ࢉ࢈

↔ 

↔ ૛࢈)૛)ࢉ࢈ + (૛ࢉ − (૛ࢇ ≥ ૛࢙(࢙ − ૛࢈)(ࢇ + (૛ࢉ ↔ 

↔ ࢈) − ૛࢈−)૛(ࢉ − ૛ࢉ + (૛ࢇ ≥ ૙ 

Solution 2 by Soumava Chakraborty-Kolkata-India 

In any triangle ࢤ	࡯࡮࡭ with (࡭)࢓ ≥ ૢ૙°, we have: ࢇ࢓ ≥
(૚)

ට࢈૛ାࢉ૛

૛
ܛܗ܋ ࡭

૛
 

ࢇ࢓⇔ (1)
૛ ≥ ૛ࢉ૛ା࢈

૝
ቀ૛ ૛ܛܗ܋ ࡭

૛
ቁ ⇔ ૛࢈૛ + ૛ࢉ૛ − ૛ࢇ ≥ ૛࢈) + ૛)(૚ࢉ +  (࡭ܛܗ܋

⇔ ૛࢈ + ૛ࢉ + ૛ࢉ࢈ ࡭ܛܗ܋ ≥ ૛࢈ + ૛ࢉ + ૛࢈) + (૛ࢉ  ࡭ܛܗ܋

⇔ (૛ࢉ࢈ − ૛࢈ − (૛ࢉ ࡭ܛܗ܋ ≥ ૙	 ⇔ ࢈) − ૛(ࢉ ࡭ܛܗ܋ ≤ ૙ → true ∵ ࡭ܛܗ܋ ≤ ૙   

(Proved). Equality when ࢤ	࡯࡮࡭ is either an isosceles right – angled 

triangle with (࡭)࢓ = ૢ૙°, or an isosceles triangle with (࡭)࢓ > 90°, or 

a right – angled with (࡭)࢓ = ૢ૙° and ࢈ ≠  ࢉ

Solution 3 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭, donde ∠࡭ ≥ ૢ૙°; ࢇ࢓	 ≥ ට࢈૛ାࢉ૛

૛
ܛܗ܋ ࡭

૛
 

Dado que ∠࡭ ≥ ૢ૙°, implica ࡭ܛܗ܋ ≤ ૙ ⇔ ࡭ܛܗ܋− ≥ ૙ 

En la desigualdad propuesta, elevando al cuadrado 

૛࢈ + ૛ࢉ + ૛ࢉ࢈ ࡭ܛܗ܋
૝

≥
૛࢈ + ૛ࢉ

૛
⋅ ൬
૚ + ࡭ܛܗ܋

૛
൰ 

⇔ ૛࢈ + ૛ࢉ + ૛ࢉ࢈ ࡭ܛܗ܋ ≥ ૛࢈ + ૛(૚ࢉ +  (࡭ܛܗ܋

⇔ ૛ࢉ࢈ ࡭ܛܗ܋ ≥ ૛࢈) + (૛ࢉ ࡭ܛܗ܋ ⇔ ࡭ܛܗ܋− ࢈) − ૛(ࢉ ≥ ૙,  

 (lo cual es cierto) 
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256. In ࢤ	࡯࡮࡭: 

૜࢘
࢖
≤ ૜ܖ܉ܜ

࡭
૛

+ ૜ܖ܉ܜ
࡮
૛

+ ૜ܖ܉ܜ
࡯
૛
≤
૜ࡾ
૛࢖

ቈ൬
૜ࡾ
૛࢘
൰
૛

− ૡ቉ 

Proposed by Marin Chirciu – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭  

૜࢘
࢖
≤ ૜ܖ܉ܜ

࡭
૛

+ ૜ܖ܉ܜ
࡮
૛

+ ૜ܖ܉ܜ
࡯
૛
≤
૜ࡾ
૛࢖

ቈ൬
૜ࡾ
૛࢘
൰
૛

− ૡ቉ =
૜ࡾ
૛࢖

൬
૜ࡾ
૛࢘
൰
૛

−
૚૛ࡾ
࢖

 

Recordar las siguientes identidades  

(࢞ + ࢟ + ૜(ࢠ − ૜(࢞ + ࢟)(࢟ + ࢠ)(ࢠ + ࢞) = ࢞૜ + ࢟૜ +   ,૜ࢠ
૝ࡾ + ࢘
࢖ = ܖ܉ܜ

࡭
૛ + ܖ܉ܜ

࡮
૛ + ܖ܉ܜ

࡯
૛ 

Siendo ࢞ = ܖ܉ܜ ࡭
૛

= ࢇ࢘
࢖

> 0, ݕ = ܖ܉ܜ ࡮
૛

= ࢈࢘
࢖

> 0, ݖ = ܖ܉ܜ ࡯
૛

= ࢉ࢘
࢖

> 0 

Además → (࢘ࢇ + ࢈࢘)(࢈࢘ + ࢉ࢘)(ࢉ࢘ + (ࢇ࢘ = ૝࢖ࡾ૛,	 

ࡾ ≥ ૛࢘	 (Ineq. Euler) ∧ ࢖ ≥ ૜√૜࢘  (Inequality Mitrinovic). En ࡿࡴࡸ es 

equivalente ܖ܉ܜ૜ ࡭
૛

+ ૜ܖ܉ܜ ࡮
૛

+ ૜ܖ܉ܜ ࡯
૛
≥ ૜ ܖ܉ܜ ࡭

૛
ܖ܉ܜ ࡮

૛
ܖ܉ܜ ࡯

૛
 

⇔ ࢞૜ + ࢟૜ + ૜ࢠ ≥ ૜࢞࢟ࢠ (Válido por MA ≥ MG). En RHS es equivalente 

࢞૜ + ࢟૜ + ૜ࢠ = ൬
૝ࡾ + ࢘
࢖

൰
૜

−
૜
૜࢖

⋅ ࢇ࢘) + ࢈࢘)(࢈࢘ + ࢉ࢘)(ࢉ࢘ + (ࢇ࢘ ≤ 

≤ ൬
ࡾૢ
૛࢖൰ ൬

ࡾૢ
૛ ⋅ ૜√૜࢘

൰
૛

−
૚૛ࡾ
࢖ =

૜ࡾ
૛࢖ ൬

૜ࡾ
૛࢘൰

૛

−
૚૛ࡾ
࢖  

Solution 2 by Soumava Chakraborty-Kolkata-India 

In any ࢤ	࡯࡮࡭, ૜࢘
࢙
≤⏞
(૚)

૜ܖ܉ܜ ࡭
૛

+ ૜ܖ܉ܜ ࡮
૛

+ ૜ܖ܉ܜ ࡯
૛
≤⏞
(૛)

૜ࡾ
૛࢙
൤ቀ૜ࡾ

૛࢘
ቁ
૛
− ૡ൨ 
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࢙ ܖ܉ܜ
࡭
૛

= ࢙ඨ
(࢙ − ࢙)(࢈ − (ࢉ

࢙(࢙ − (ࢇ =
ඥ࢙(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ

࢙ − ࢇ
 

= ࢤ
ࢇି࢙

= ࢇ࢘ ⇒ ܖ܉ܜ ࡭
૛

= ࢇ࢘
࢙

. Similarly, ܖ܉ܜ ࡮
૛

= ࢈࢘
࢙

, ܖ܉ܜ ࡯
૛

= ࢉ࢘
࢙

 

∴෍ܖ܉ܜ૜
࡭
૛

=
૚
࢙૜
෍࢘ࢇ૜ ≥⏞

ࡳି࡭ ૚
࢙૜
⋅ ૜࢘ࢉ࢘࢈࢘ࢇ =

૚
࢙૜
⋅ ૜

࢘૛࢙૛

࢘
=
૜࢘
࢙

 

⇒ (1) is true. Again, ∑ ૜ܖ܉ܜ ࡭
૛

= ૚
࢙૜
૜ࢇ࢘∑ =⏞

(࢏)
૚
࢙૜

૜(ࢇ࢘∑)] − ૜∏(࢘ࢇ +  [(࢈࢘

ࢇ࢘)∏ + (࢈࢘ = ࢇ࢘) + ࢈࢘)(࢈࢘ + ࢉ࢘)(ࢉ࢘ + (ࢇ࢘ = ૛࢘ࢉ࢘࢈࢘ࢇ + ෍࢘ࢇ࢘)࢈࢘ࢇ +  (࢈࢘

=
૛࢘૛࢙૛

࢘ + ෍࢘࢈࢘ࢇ ቀ෍࢘ࢇ − ቁࢉ࢘ = ૛࢙࢘૛ + ቀ෍࢘ࢇቁ ቀ෍࢘࢈࢘ࢇቁ − ૜࢙࢘૛ 

= ૝(૝ࡾ + ࢘)࢙૛ − ࢙࢘૛ = ࢙૛(૝ࡾ + ࢘ − ࢘) ≤⏞
(࢏࢏)

૝࢙ࡾ૛ 

(i), (ii) ⇒ ૜ܖ܉ܜ∑ ࡭
૛

= ૚
࢙૜

{(૝ࡾ + ࢘)૜ − ૚૛࢙ࡾ૛}  (iii) 

∴ (2) ⇔ ૚
࢙૜

{(૝ࡾ + ࢘)૜ − ૚૛࢙ࡾ૛} ≤ ૜ࡾ
૛࢙
൜ቀ૜ࡾ

૛࢘
ቁ
૛
− ૡൠ  (from (iii))  

⇔ (૝ࡾ + ࢘)૜ − ૚૛࢙ࡾ૛ ≤
૛ૠࡾ૜࢙૛

ૡ࢘૛
− ૚૛࢙ࡾ૛ 

⇔ ૛ૠࡾ૜࢙૛ ≥ (૝ࡾ + ࢘)૜ ⋅ ૡ࢘૛  (a) 

Gerretsen ⇒ ૛ૠࡾ૜࢙૛ ≥ ૛ૠࡾ૜(૚૟ࡾ − ૞࢘)࢘   (b) 

it suffices to prove: (a), (b) ⇒ ૛ૠࡾ૜(૚૟ࡾ− ૞࢘) ≥ ૡ(૝ࡾ + ࢘)૜࢘ 

⇔ ૝૜૛࢚૝ − ૟૝ૠ࢚૜ − ૜ૡ૝࢚૛ − ૢ૟࢚ − ૡ ≥ ૙  (where ࡾ
࢘

= ࢚) 

⇔ (࢚ − ૛)(૝૜૛࢚૜ + ૛૚ૠ࢚૛ + ૞૙࢚ + ૝) ≥ ૙ → true, ∵ ࢚ = ࡾ
࢘
≥ ૛ (Euler)  

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 
࡭
૛

; ࡮
૛

; ࡯
૛

< ࣊
૛
; ࢟ = ૛ܖ܉ܜ ࢞ 
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࢟ᇱᇱ = ቆ
૜ ૛ܖ܉ܜ ࢞
૛ܛܗ܋ ࢞

ቇ
ᇱ

=
૟ ܖ܉ܜ ࢞ + ૜ ૛ܖ܉ܜ ࢞ ⋅ ૛࢞ܖܑܛ

૝ܛܗ܋ ࢞
> 0 

૙ < ݔ < ࣊
૛
(࢞)ࢌ		 = ૜ܖ܉ܜ ࢞   CONCAVE 

∑ ૜ܖ܉ܜ ࡭
૛
≥ ૜ ⋅ ૜ܖ܉ܜ ࣊

૟
= ૚

√૜
≥ ૜࢘

࢖
⇒ Mitrinovic 

2) RHS: ܖ܉ܜ ࡭
૛

= ࢞, ܖ܉ܜ ࡮
૛

= ࢟, ܖ܉ܜ ࡯
૛

=  ࢠ

࢞࢟+ ࢠ࢟ + ࢞ࢠ = ૚ 

࢞૜ + ࢟૜ + ૜ࢠ = ൥(࢞૛ + ࢟૛ + −(૛ࢠ (࢞࢟+ ࢠ࢟ + ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ(࢞ࢠ
૚

൩ ⋅ (࢞ + ࢟ + (ࢠ + ૜࢞࢟ࢠ = 

= [࢞૛ + ࢟૛ + ૛ࢠ − ૚] ⋅ (࢞ + ࢟+ (ࢠ + ૜࢞࢟ࢠ = 

= ൥(࢞ + ࢟ + ૛(ࢠ − ૛ ⋅ (࢞࢟ + +ࢠ࢟ ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ(࢞ࢠ
૚

− ૚൩ (࢞ + ࢟ + (ࢠ + ૜࢞࢟ࢠ = 

= [(࢞ + ࢟ + ૜(ࢠ − ૜] ⋅ (࢞ + ࢟ + (ࢠ + ૜࢞࢟ࢠ = 

= (࢞ + ࢟ + ૜(ࢠ − ૜ ⋅ (࢞ + ࢟ + (ࢠ + ૜࢞࢟ࢠ 

࢞૜ + ࢟૜ + ૜ࢠ = (࢞ + ࢟ + ૜(ࢠ − ૜ ⋅ (࢞ + ࢟ + (ࢠ + ૜࢞࢟ࢠ  (*) 

࢞ + ࢟ + ࢠ = ܖ܉ܜ
࡭
૛

+ ܖ܉ܜ
࡮
૛

+ ܖ܉ܜ
࡯
૛

= ඨ
࢖) − ࢖)(ࢇ − (࢈
࢖ ⋅ ࢖) − (ࢉ + 

+ඨ
࢖) − ࢖)(࢈ − (ࢉ

࢖)࢖ − (ࢇ +ඨ
࢖) − ࢖)(ࢉ − (ࢇ

࢖)࢖ − (࢈ = 

૚
ඥ(ࢉି࢖)⋅(࢈ି࢖)⋅(ࢇି࢖)⋅࢖

⋅ ൫(࢖ − ࢖)(ࢇ − (࢈ + ࢖) − ࢖)(࢈ − (ࢉ + ࢖) − ࢖)(ࢉ − ൯(ࢇ =  

=
૚
ࡿ
⋅ (૜࢖૛ − ૝࢖૛ + ࢈ࢇ + ࢉ࢈ + (ࢇࢉ =

૝࢘ࡾ + ࢘૛

ࡿ
=
૝ࡾ+ ࢘
࢖

 

࢞ + ࢟ + ࢠ =
૝ࡾ+ ࢘
࢖

 



 
www.ssmrmh.ro 

 

ࢠ࢟࢞ = ܖ܉ܜ
࡭
૛
⋅ ܖ܉ܜ

࡮
૛
⋅ ܖ܉ܜ

࡯
૛

= ඨ൫(࢖ − ࢖)(ࢇ − ࢖)(࢈ − ൯(ࢉ
૛

࢖)૜࢖ − ࢖)(ࢇ − ࢖)(࢈ − (ࢉ = 

= ඨ
࢖)࢖ − ࢖)(ࢇ − ࢖)(࢈ − (ࢉ

૝࢖ =
ࡿ
૛࢖ =

࢘
࢖ ; ࢠ࢟࢞	 =

࢘
 ࢖

(*) ⇒ ࢞૜ + ࢟૜ + ૜ࢠ = ቀ૝ࡾା࢘
࢖
ቁ
૜
− ૜ ⋅ ቀ૝ࡾା࢘

࢖
ቁ + ૜࢘

࢖
= 

= ൬
૝ࡾ + ࢘
࢖

൰
૜

−
૚૛ࡾ
࢖

−
૜࢘
࢖

+
૜࢘
࢖

= ൬
૝ࡾ + ࢘
࢖

൰
૜

−
૚૛ࡾ
࢖

 

ቀ૝ࡾା࢘
࢖
ቁ
૜
− ૚૛ࡾ

࢖
≤ ૜ࡾ

૛࢖
⋅ ൤ቀ૜ࡾ

૛࢘
ቁ
૛
− ૡ൨   ASSURE 

൬
૝ࡾ + ࢘
࢖ ൰

૜

−
૚૛ࡾ
࢖ ≤

૜ࡾ
૛࢖ ⋅ ൬

૜ࡾ
૛࢘൰

૛

−
૚૛ࡾ
࢖ ; 	൬

૝ࡾ + ࢘
࢖ ൰

૜

≤
૜ࡾ
૛࢖ ⋅ ൬

૜ࡾ
૛࢘൰

૛

 

(૝ࡾ + ࢘)૜

૛࢖
≤

૛ૠࡾ૜

ૡ࢖ ⋅ ࢘૛
	; ૛࢖	 ≥

ૡ࢘૛ ⋅ (૝ࡾ + ࢘)૜	
૛ૠࡾ૜

 

૛࢖ ≥⏟
ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ

૛ૠ࢘૛ ≥
ૡ࢘૛ ⋅ (૝ࡾ + ࢘)૜

૛ૠࡾ૜
 

૛ૠ૛ ⋅ ૜ࡾ ≥ ൫૛ ⋅ (૝ࡾ + ࢘)൯૜, ૜(ࡾૢ) ≥ ൫૛ ⋅ (૝ࡾ + ࢘)൯૜; 

ࡾૢ ≥ ૛ ⋅ (૝ࡾ + ࢘); ࡾ	 ≥ ૛࢘	Euler 

 

257. Let ࡵ be the incenter of triangle ࡯࡮࡭. Prove that 

૜(࡭ࡵ૛ + ૛࡮ࡵ + (૛࡯ࡵ ≥ ૛ࢇ + ૛࢈ + ૛ࢉ + ࢑ 

࢑ =
࢘૛(ࡾ − ૛࢘)
ࡾ − ࢘

 

Proposed by Adil Abdullayev-Baku-Azerbaidian 
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Solution by Soumava Chakraborty-Kolkata-India 

૜෍ࡵ࡭૛ ≥
(ࢇ)

෍ࢇ૛ +
࢘૛(ࡾ − ૛࢘)
ࡾ − ࢘ 	 ࡵ࡭, =

࢘

ܖܑܛ ૛࡭
 

∴ ࡿࡴࡸ = (૜࢘૛)෍
ࢉ࢈

(࢙ − ࢙)(࢈ − (ࢉ =
૜࢘૛ ࢙)ࢉ࢈∑ − (ࢇ

∏(࢙ − (ࢇ  

=
૜࢘૛(࢙૛∑࢈ࢇ− ૚૛࢙࢘ࡾ૛)

࢘૛࢙૛ =
(૚)

	૜(࢙૛ − ૡ࢘ࡾ + ࢘૛) 

(a) ⇔ ૜(࢙૛ − ૡ࢘ࡾ + ࢘૛) ≥ ૛(࢙૛ − ૝࢘ࡾ − ࢘૛) + ࢘૛(ିࡾ૛࢘)
࢘ିࡾ

 

⇔ (࢙૛ − ૚૟࢘ࡾ + ૞࢘૛)(ࡾ − ࢘) ≥ ࢘૛(ࡾ − ૛࢘)  (b)  (from (1)) 

Rouche ⇒ ࢙૛ ≥ ૛ࡾ૛ + ૚૙࢘ࡾ − ࢘૛ − ૛(ࡾ − ૛࢘)√ࡾ૛ − ૛࢘ࡾ 

∴ (࢙૛ − ૚૟࢘ࡾ+ ૞࢘૛)(ࡾ− ࢘) 

≥ ቄ૛ࡾ૛ − ૟࢘ࡾ + ૝࢘૛ − ૛(ࡾ − ૛࢘)ඥࡾ૛ − ૛࢘ࡾቅ ࡾ) − ࢘) 

= ࡾ) − −ࡾ)(࢘ ૛࢘) ቄ૛(ࡾ − ࢘) − ૛ඥࡾ૛ − ૛࢘ࡾቅ ≥
(?)
࢘૛(ࡾ − ૛࢘) 

⇔ ࡾ) − ࢘) ቄ૛(ࡾ − ࢘) − ૛ඥࡾ૛ − ૛࢘ࡾቅ ≥
(?)
࢘૛(∵ ࡾ − ૛࢘ ≥ ૙) 

⇔ ૛ࡾ૛ + ࢘૛ − ૝࢘ࡾ ≥
(?)
૛ඥࡾ૛ − ૛࢘ࡾ	ࡾ) − ࢘) 

⇔ (૛ࡾ૛ + ࢘૛ − ૝࢘ࡾ)૛ − ૝(ࡾ૛ − ૛ࡾ)(࢘ࡾ − ࢘)૛ ≥
(?)

 

⇔ ࢘૝ ≥
(?)
૙ → true ⇒ (b) is true (Proved) 

 

258. In ࢤ	࡯࡮࡭: 

ૢ√૜
૛

⋅
࢘૛

ࡾ
≤෍

࢈࢘ࢇ࢘
ࢇ + ࢈

ࢉ࢟ࢉ

≤
ૢ√૜
ૡ

⋅  ࡾ

Proposed by George Apostolopoulos-Messolonghi-Greece 
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Solution by Kevin Soto Palacios – Huarmey – Peru 

Probar en un triángulo ࡯࡮࡭ ૢ√૜
૛
⋅ ࢘

૛

ࡾ
≤ ∑ ࢈࢘ࢇ࢘

࢈ାࢇ
≤ ૢ√૜

ૡ
 ࡾ

Tener en cuenta las siguientes identidades y desigualdades en un ࢤ	࡯࡮࡭ 

ࢇ࢘ =
ࡿ

࢙ − ࢇ
, ࢈࢘ =

ࡿ
࢙ − ࢈

, ࢉ࢘ =
ࡿ

࢙ − ࢉ
, ૛࢙ ≤ ૜√૜ࡾ 

࢈࢘ࢇ࢘ ≥ ,૛ࢉࢎ ࢉ࢘࢈࢘ ≥ ,૛ࢇࢎ ࢇ࢘ࢉ࢘ ≥ ࢇࢎ,૛࢈ࢎ + ࢈ࢎ + ࢉࢎ ≥ ૢ࢘ 
ࢇ
ࢉା࢈

+ ࢈
ࢇାࢉ

+ ࢉ
࢈ାࢇ

≥ ૜
૛
  (Desigualdad de Nesbitt) ⇔ ,࢈,ࢇ ࢉ > 0 

Ahora bien en la desigualdad propuesta (LHS) 

෍
࢈࢘ࢇ࢘
ࢇ + ࢈

≥
૛ࢉࢎ

ࢇ + ࢈
+

૛ࢇࢎ

࢈ + ࢉ
+

૛࢈ࢎ

ࢉ + ࢇ
≥

ࢇࢎ) + ࢈ࢎ + ૛(ࢉࢎ

૝࢖
≥
ૡ૚࢘૛

૟√૜ࡾ
≥
ૢ√૜
૛

⋅
࢘૛

ࡾ
 

Finalmente en RHS, es equivalente ∑ ࢈࢘ࢇ࢘
࢈ାࢇ

= (ࢉି࢙)࢙
࢈ାࢇ

+ (ࢇି࢙)࢙
ࢉା࢈

+ (࢈ି࢙)࢙
ࢇାࢉ

= 

= ࢙ ൬
ࢇ + ࢈ − ࢉ
૛(ࢇ + (࢈ +

࢈ + ࢉ − ࢇ
૛(࢈ + (ࢉ +

ࢇ + ࢉ − ࢈
૛(ࢉ + (ࢇ ൰ 

෍
࢈࢘ࢇ࢘
+ࢇ ࢈ = ࢙ ൬

૚
૛ −

ࢉ
૛(ࢇ+ (࢈ +

૚
૛ −

ࢇ
૛(࢈ + (ࢉ +

૚
૛ −

࢈
૛(ࢉ + ൰(ࢇ ≤

૜࢙
૛ −

૜࢙
૝ =

૜࢙
૝ ≤

ૢ√૜
ૡ  ࡾ

 

259. In ࢤ	ࡻ,࡯࡮࡭ – circumcentre, ࡵ - incentre, 

,ࢇࡵ ,ninepoint center – ࡺ ,࢈ࡵ  excenters - ࢉࡵ

૛ࡺࡻ + ૛ࡵࡻ + ૛ࢇࡵࡻ + ૛࢈ࡵࡻ + ૛ࢉࡵࡻ >
૝࢙(ࡾ− ૛࢘)

૜
 

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

૛ࡺࡻ = ૚
૝
૛ࡴࡻ =

(૚) ૛ࢇ∑૛ିࡾૢ

૝
 and ࡵࡻ૛ = ૛ࡾ − ૛(2)  ࢘ࡾ 

෍ࢇࡵࡻ૛ = ෍(ࡾ૛ + ૛ࢇ࢘ࡾ) = ૜ࡾ૛ + ૛ࡾ(૝ࡾ + ࢘) =
(૜)

૚૚ࡾ૛ + ૛࢘ࡾ 
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(1) + (2) + (3) ⇒ ࡿࡴࡸ = ૛ࢇ∑૛ିࡾૢ

૝
+ ૚૛ࡾ૛ = ૞ૠࡾ૛ି∑ࢇ૛

૝
 

∴ it suffices to prove: ૞ૠࡾ
૛ି૛൫࢙૛ି૝࢘ି࢘ࡾ૛൯

૝
> ૝࢙(ିࡾ૛࢘)

૜
 

⇔ ૚ૠ૚ࡾ૛ − ૟࢙૛ + ૛૝࢘ࡾ + ૟࢘૛ > ࡾ)16࢙ − ૛࢘) 

⇔ ૚ૠ૚ࡾ૛ + ૛૝࢘ࡾ + ૟࢘૛ > 6࢙૛ + ૚૟࢙(ࡾ − ૛࢘)   (4) 

Now, ૟࢙૛ + ૚૟࢙(ࡾ − ૛࢘) ≤
(૞)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
	૛૝ࡾ૛ + ૛૝࢘ࡾ + ૚ૡ࢘૛ + ૚૟࢙(ࡾ − ૛࢘) 

(4), (5) ⇒ it suffices to prove:  

૛૝ࡾ૛ + ૛૝࢘ࡾ + ૚ૡ࢘૛ + ૚૟࢙(ࡾ − ૛࢘) < ૛ࡾ171 + ૛૝࢘ࡾ + ૟࢘૛ 

⇔ ૚૝ૠࡾ૛ − ૚૛࢘૛ > ࡾ)16࢙ − ૛࢘) 

⇔ (૚૝ૠࡾ૛ − ૚૛࢘૛) > 256࢙૛(ࡾ − ૛࢘)૛   (6) 

૛૞૟࢙૛(ࡾ − ૛࢘)૛ ≤
(ૠ)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
૛૞૟(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)(ࡾ − ૛࢘)૛ 

(6), (7) ⇒ it suffices to prove:  

૛૞૟(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)(ࡾ − ૛࢘)૛ < (૚૝ૠࡾ૛ − ૚૛࢘૛)૛ 

⇔ ૛૙૞ૡ૞࢚૝ + ૜૙ૠ૛࢚૜ − ૝૛ૢ૟࢚૛ − ૚૙૛૝࢚ − ૛ૢ૛ૡ > 0 (where ࢚ = ࡾ
࢘
) 

⇔ (࢚ − ૛)(૛૙૞ૡ૞࢚૜ + ૝૝૛૝૛࢚૛ + ૡ૝૚ૡૡ࢚ + ૚૟ૠ૜૞૛) + ૜૜૚ૠૠ૟ > 0 → 

true ∵ ࢚ = ࡾ
࢘
≥ ૛ (Euler) (Proved) 

 

260. Prove that in any acute triangle ࡯࡮࡭, 

ࢇ࢘ࢇ࢓ + ࢈࢘࢈࢓ + ࢉ࢘ࢉ࢓ ≤ ࢙૛. 

Proposed by Hung Nguyen Viet-Hanoi-Vietnam 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triàngulo acutángulo ࡯࡮࡭ 
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ࢇ࢘ࢇ࢓ + ࢈࢘࢈࢓ + ࢉ࢘ࢉ࢓ ≤ ࢙૛ 

Dado que es un triángulo acutángulo, tener en cuenta las siguientes 

desigualdades  

ࢇ࢓ ≤ ૚)ࡾ + ࢈࢓,(࡭ܛܗ܋ ≤ ૚)ࡾ + ࢉ࢓,(࡮ܛܗ܋ ≤ ૚)ࡾ +  (࡯ܛܗ܋

La desigualdad es equivalente 

ࢇ࢘ࢇ࢓ + ࢈࢘࢈࢓ ࢉ࢘ࢉ࢓+ ≤ ૚)ࡾ + (࡭ܛܗ܋ ⋅
ࡿ

࢙ − ࢇ
+ ૚)ࡾ + (࡮ܛܗ܋ ⋅

ࡿ
࢙ − ࢈

+ ૚)ࡾ + ܛܗ܋ (࡯ ⋅
ࡿ

࢙ − ࢉ
 

 

= ࡾ
࢈) + ࢉ + ࢈)(ࢇ + ࢉ − (ࢇ

૛ࢉ࢈ ⋅
ࡿ

࢙ − ࢇ + ࡾ ⋅
ࢇ) + ࢈ + +ࢇ)(ࢉ ࢉ − (࢈

૛ࢇࢉ ⋅
ࡿ

࢙ − ࢈ + 

ࡾ+ ⋅
+ࢇ) ࢈ + +ࢇ)(ࢉ ࢈ − (ࢉ

૛࢈ࢇ ⋅
ࡿ

࢙ −  ࢉ

= ࡾ ⋅
ࡿ
ࢉ࢈

ࢇ) + ࢈ + (ࢉ + ࡾ ⋅
ࡿ
ࢇࢉ

ࢇ) + ࢈ + (ࢉ + ࡾ ⋅
ࡾ
࢈ࢇ

ࢇ) + ࢈ + (ࢉ = 

= ࡾ ⋅ ࢇ)ࡿ + ࢈ + (ࢉ ቀ ૚
࢈ࢇ

+ ૚
ࢉ࢈

+ ૚
ࢇࢉ
ቁ = ࡾ ⋅ ࡿ ⋅ ൫ࢉ+࢈+ࢇ൯૛

ࢉ࢈ࢇ = ࡾ ⋅ ࡿ ⋅ ૝࢙૛૝ࡿࡾ = ࢙૛   (LQQD) 

Solution 2 by Nirapada Pal-Jhargram-India 

෍ࢇ࢘ࢇ࢓ ≤෍൬૛ܛܗ܋ࡾ૛
࡭
૛൰൬࢙ ܖ܉ܜ

࡭
૛൰ 

= ࢙෍ࡾ൬૛ ܖܑܛ
࡭
૛ ܛܗ܋

࡭
૛൰ = ࢙෍࡭ܖܑܛࡾ = ࢙෍

ࢇ
૛ = ࢙૛ 

Solution 3 by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ ≤ ૚)ࡾ + ࢇ࢘(࡭ܛܗ܋ + ૚)ࡾ + ࢈࢘(࡮ܛܗ܋ + ૚)ࡾ +  ࢉ࢘(࡯ܛܗ܋

= ࡾ ⋅ ૛ ૛ܛܗ܋
࡭
૛
ࢇ࢘ + ࡾ ⋅ ૛ ૛ܛܗ܋

࡮
૛
࢈࢘ + ࡾ ⋅ ૛ ૛ܛܗ܋

࡯
૛
 ࢉ࢘

= ૛ࡾ
࢙(࢙ − (ࢇ

ࢉ࢈ ⋅
ࢤ

࢙ − ࢇ + ૛ࡾ
࢙(࢙ − (࢈

ࢇࢉ ⋅
ࢤ

࢙ − ࢈ + ૛࢘
࢙(࢙ − (ࢉ
࢈ࢇ ⋅

ࢤ
࢙ −  ࢉ

= ૛࢙ࢤࡾ ൬
૚
ࢉ࢈ +

૚
ࢇࢉ +

૚
൰࢈ࢇ =

૛࢙ࢤࡾ(૛࢙)
૝ࢤࡾ = ࢙૛ 

(Proved) 
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261. In ࢤ	࡯࡮࡭: 

෍|࡭ܖ܉ܜ| ≤ ቚෑ࡭ܖ܉ܜቚ + ෍|࡭ܖ܉ܜ −  |࡮ܖ܉ܜ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumava Chakraborty-Kolkata-India 

෍|࡭ܖ܉ܜ| ≤⏞
(૚)

ቚෑ࡭ܖ܉ܜቚ + ෍|࡭ܖ܉ܜ −  |࡮ܖ܉ܜ

In a triangle, either (1) all ∠	࢙ are acute, or (2) ૛ angles are acute and ૚ 

angle is obtuse. (N.B.: in this problem, an angle cannot be = ૢ૙°) 

Case 1: All angles are acute. Then, (1)  

⇔ ࡭ܖ܉ܜ + ࡮ܖ܉ܜ + ࡯ܖ܉ܜ ≤ ܖ܉ܜ ࡭ ࡮ܖ܉ܜ ܖ܉ܜ ࡯ + ෍|ܖ܉ܜ ࡭ −  |࡮ܖ܉ܜ

(∵ tangent of an acute angle is always > 0) 

⇔ ࡭ܖ܉ܜ|∑ − |࡮ܖ܉ܜ ≥ ૙  (2) (∵ ∑ ࡭ܖ܉ܜ = ∏  (࡭ܖ܉ܜ

But ∑|࡭ܖ܉ܜ − |࡮ܖ܉ܜ = ࡭ܖ܉ܜ| − |࡮ܖ܉ܜ + ࡮ܖ܉ܜ| − |࡯ܖ܉ܜ + 

ܖ܉ܜ|+ ࡯ − |࡭ܖ܉ܜ ≥ ࡭ܖ܉ܜ| − ࡮ܖ܉ܜ + ࡮ܖ܉ܜ − ࡯ܖ܉ܜ + ࡯ܖ܉ܜ − ܖ܉ܜ  |࡭

= |૙| = ૙ ⇒ (2) is true ⇒ (1) is true 

Case 2 ૚ angle is obtuse WLOG, we may assume (࡭∠)࢓ > 90° 

∴ ࡮ܖ܉ܜ , ܖ܉ܜ ࡯ > 0 and ࡭ܖ܉ܜ < 0 

∴ (1) ⇔ ࡮ܖ܉ܜ + ࡯ܖ܉ܜ − ࡭ܖ܉ܜ ≤ − ࡭ܖ܉ܜ ࡮ܖ܉ܜ  ࡯ܖ܉ܜ

࡭ܖ܉ܜ|+ − |࡮ܖ܉ܜ + ࡮ܖ܉ܜ| − |࡯ܖ܉ܜ + ܖ܉ܜ| ࡯ −  |࡭ܖ܉ܜ

⇔ ࡮ܖ܉ܜ + ࡯ܖ܉ܜ − ࡭ܖ܉ܜ ≤ ࡭ܖ܉ܜ)− + ࡮ܖ܉ܜ +  (࡯ܖ܉ܜ

+ ࡮ܖ܉ܜ − ࡭ܖ܉ܜ + ܖ܉ܜ| ࡮ − |࡯ܖ܉ܜ + ࡯ܖ܉ܜ −  ࡭ܖ܉ܜ

(∵ ࡭ܖ܉ܜ < 0 < ࡮ܖ܉ܜ ࢊ࢔ࢇ	 ࡯ܖ܉ܜ > 0 > ܖ܉ܜ   (࡭

⇔ ࡮ܖ܉ܜ| − |࡯ܖ܉ܜ ≥ ૛ ࡭ܖ܉ܜ + ࡮ܖ܉ܜ +  (3)    ࡯ܖ܉ܜ

Case 2a ܖ܉ܜ ࡮ ≥ ܖ܉ܜ (࡭∠)࢓ and of course ࡯ > 90° 
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∴ (3) ⇔ ࡮ܖ܉ܜ − ࡯ܖ܉ܜ ≥ ૛ ܖ܉ܜ ࡭ + ࡮ܖ܉ܜ + ࡯ܖ܉ܜ ⇔ ܖ܉ܜ ࡯ + ࡭ܖ܉ܜ ≤ ૙ 

⇔
࡯ܖܑܛ
࡯ܛܗ܋

+
ܖܑܛ ࡭
࡭ܛܗ܋

≤ ૙ ⇔
࡯)ܖܑܛ + (࡭
࡯ܛܗ܋ ࡭ܛܗ܋

≤ ૙ 

⇔ ࡮ܖܑܛ
ܛܗ܋ ࡯ ࡭ܛܗ܋

≤ ૙ → true ∵ ࡮ܖܑܛ , ࡯ܛܗ܋ > 0 and ࡭ܛܗ܋ < 0 

⇒ (3) is true ⇒ (1) is true 

Case 2b ܖ܉ܜ ࡮ < ܖ܉ܜ (࡭∠)࢓ and of course ࡯ > 90° 

(3) ⇔ ܖ܉ܜ ࡯ − ࡮ܖ܉ܜ ≥ ૛ ࡭ܖ܉ܜ + ࡮ܖ܉ܜ +  ࡯ܖ܉ܜ

⇔ ࡭ܖ܉ܜ + ࡮ܖ܉ܜ ≤ ૙ ⇔
࡭ܖܑܛ
࡭ܛܗ܋

+
࡮ܖܑܛ
࡮ܛܗ܋

≤ ૙ 

⇔ (࡮ା࡭)ܖܑܛ
࡮ܛܗ܋࡭ܛܗ܋

≤ ૙ ⇔ ࡯ܖܑܛ
ܛܗ܋ ࡮ܛܗ܋࡭

≤ ૙ → true ∵ ࡯ܖܑܛ , ࡮ܛܗ܋ > 0 and ࡭ܛܗ܋ < 0 

⇒ (3) is true ⇒ (1) is true 

Thus, in case of acute-angled as well as obtuse-angled triangles, (1) is 

true.  (Proved) 

Solution 2 by Richdad Phuc-Hanoi-Vietnam 

࡭ = ࡭ case {࡯,࡮,࡭}ܠ܉ܕ < ࣊
૛
⇒ ࡭ܖ܉ܜ , ࡮ܖ܉ܜ , ࡯ܖ܉ܜ > 0  

we know ܖ܉ܜ ࡭ + ࡮ܖ܉ܜ + ࡯ܖ܉ܜ = ࡭ܖ܉ܜ ࡮ܖ܉ܜ ܖ܉ܜ  ࡯

ࡿࡴࡾ − ࡿࡴࡸ = ∑ ܖ܉ܜ| ࡭ − ࢉ࢟ࢉ|࡮ܖ܉ܜ ≥ ૙ ⇒ Q.E.D 

equality holds if ࡭ = ࡮ = ࡭ case ࡯ > ࣊
૛
⇒ ࡭ܖ܉ܜ < 0 

we have ࡿࡴࡾ − ࡿࡴࡸ = ࡭ܖ܉ܜ| ࡮ܖ܉ܜ |࡯ܖ܉ܜ + ࡮ܖ܉ܜ| − ܖ܉ܜ |࡯ − ࡭ܖ܉ܜ > 0 

 .࡯࡮࡭ are radii of Lucas Circles of ࢉࡾ,࢈ࡾ,ࢇࡾ be a triangle and ࡯࡮࡭ .262

Prove that:  ࢇࡾ + ࢈ࡾ + ࢉࡾ ≥
ૡ⋅ࢤ

൫૚ା√૜൯
૛
ࡾ⋅

 

where ࢤ and ࡾ are area and circumradius of ࡯࡮࡭ respectively. 

Proposed by Mehmet Șahin – Ankara – Turkey  
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Solution by Daniel Sitaru – Romania  

 

෍ࢇࡾ = ෍ࡾ
ࢉ࢈

+ࢉ࢈ ૛ࡾࢇ = ෍ࡾ ⋅
ࢉ࢈ࢇ

ࢉ࢈ࢇ + ૛ࢇ૛ࡾ = 

= ෍ࡾ
૝ࡿࡾ

૝ࡿࡾ+ ૛ࢇ૛ࡾ = ૛ࡾ෍
ࡿ

ࡿ + ૛ࢇ ≥⏞
ࡹࡻࡾࢀࡿࡳࡾࡱ࡮

 

≥ ૛ࡿࡾ ⋅
ૢ

૜ࡿ + ૛ࢇ∑ ≥⏞
ࡾࡱࡳࡵࢃࡰ࡭ࡴ

	૛ࡿࡾ ⋅
ૢ

ቆ√૜૝ + ૚ቇ∑ࢇ૛
≥⏞

ࢆࡵࡺ࡮ࡵࡱࡸ

 

≥ ૛ࡿࡾ ⋅
ૢ

ቆ√૜૝ + ૚ቇૢࡾ૛
=

ૡࡿ

൫૚ + √૜൯
૛
ࡾ

 

 

263. Prove that in any triangle 

૜൫࢘ࢇ૛࢘࢈ + ࢉ૛࢘࢈࢘ + ૛࢈࢘ࢇ൯൫࢘ࢇ૛࢘ࢉ࢘ + ૛ࢉ࢘࢈࢘ + ૛൯ࢇ࢘ࢉ࢘ ≥  ૟࢖

Proposed by Adil Abdullayev-Baku-Azerbaidian 
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Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

࢞ = ࢇ࢘ > ݕ,0 = ܾݎ > 0, ݖ = ܿݎ > 0 → ݕݔ + ݖݕ + ݔݖ =  ૛by Holder’s࢖

inequality → 

(૚ + ૚ + ૚)(࢞૛࢟ + ࢟૛ࢠ + ૛࢞)(࢟૛࢞ࢠ + ૛࢟ࢠ + ࢞૛ࢠ) ≥ (࢞࢟ + ࢠ࢟ + ૜(࢞ࢠ =  ૟࢖

Solution 2 by Daniel Sitaru – Romania  

૜෍࢘ࢇ૛࢘࢈෍࢘࢈࢘ࢇ૛ ≥⏞
ࡾࡱࡰࡸࡻࡴ

ቀ෍࢘࢈࢘ࢇቁ
૜

= (࢙૛)૜ = ࢙૟ 

 

264. In ࡻ:࡯࡮࡭ࢤ - circumcenter, ࡵ – incentre, ࢇࡵ, ,࢈ࡵ  excenters -ࢉࡵ

૛ࢇࡵࡻ) − ૛࢈ࡵࡻ૛)൫ࡵࡻ − ૛ࢉࡵࡻ)૛൯ࡵࡻ − (૛ࡵࡻ >  ૛ࡾ࢘ࢉ࢈ࢇ16

Proposed by Daniel Sitaru – Romania  

Solution 1 by Adil Abdullayev-Baku-Azerbaidian 

Lemma 1 (Euler)  

૛ࢇࡵࡻ = ૛ࡾ + ૛ࡵࡻ,ࢇ࢘ࡾ૛ = ૛ࡾ − ૛࢘ࡾ 

ࡿࡴࡸ ≥ ࡿࡴࡾ ↔ ࢇ࢘) + ࢈࢘)(࢘ + ࢉ࢘)(࢘ + ࢘) >  ૛࢘࢖8

ࢇ࢘) + ࢈࢘)(࢘ + ࢉ࢘)(࢘ + ࢘) > 8ඥ࢘࢘ࢉ࢘࢈࢘ࢇ૜ = ૡඥ(࢘࢖૛)૛ = ૡ࢘࢖૛ 

Solution 2 by Marin Chirciu-Romania 

We use the known identities in triangle ࢇࡵࡻ૛ = ૛ࡾ + ૛ࢇ࢘ࡾ and 

૛ࡵࡻ  = ૛ࡾ − ૛࢘ࡾ we obtain 

ෑ(ࢇࡵࡻ૛ (૛ࡵࡻ− = ෑ(ࡾ૛ + ૛ࢇ࢘ࡾ ૛ࡾ− − ૛࢘ࡾ) = ૡࡾ૜ෑ(࢘ + (ࢇ࢘ = 

= ૡࡾ૜ ⋅ ૛࢘(࢖૛ + ࢘૛ + ૛࢘ࡾ) = ૚૟ࡾ૜࢘(࢖૛ + ࢘૛ + ૛࢘ࡾ) 

We use Gerretsen’s inequality ࢖૛ ≥ ૚૟࢘ࡾ − ૞࢘૛ we obtain: 

࢙ࡹ = ෑ(ࢇࡵࡻ૛ − (૛ࡵࡻ = ૚૟ࡾ૜࢘(࢖૛ + ࢘૛ + ૛࢘ࡾ) ≥ 



 
www.ssmrmh.ro 

 
≥ ૚૟ࡾ૜࢘(૚૟࢘ࡾ − ૞࢘૛ + ࢘૛ + ૛࢘ࡾ) = ૚૟ࡾ૜࢘(૚ૡ࢘ࡾ − ૝࢘૛) ≥ 

≥ ૚૟ࡾ૜࢘(૚ૡ࢘ࡾ − ૛࢘ࡾ) = ૛૞૟ࡾ૝࢘૛. 

The equality holds if and only if the triangle is equilateral. 

As ૛૞૟ࡾ૝࢘૛ > ૛ࡾ࢘ࢉ࢈ࢇ16 ⇔ ૛૞૟ࡾ૝࢘૛ > 16 ⋅ ࢘ࡾ࢖4 ⋅ ૛ࡾ࢘ ⇔ ૝ࡾ >  ,݌

obviously from Mitrinovic ࢖ ≤ ૜√૜
૛
⋅  .it follows the conclusion ,ࡾ

The inequality from the enunciation is strict. 

 

265. Prove that in any triangle ࡯࡮࡭, 

૚
࡭ܖܑܛ

+
૚

࡮ܖܑܛ
+

૚
ܖܑܛ ࡯

≥ ඨ૟ࡾ
࢘

. 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭: ૚
ܖܑܛ ࡭

+ ૚
࡮ܖܑܛ

+ ૚
ܖܑܛ ࡯

≥ ට૟ࡾ
࢘

 

Recordar lo siguiente: ࢘ = ૝ܖܑܛࡾ ࡭
૛
࡮ܖܑܛ

૛
ܖܑܛ ࡯

૛
= ૝(ࢇି࢖)(࢈ି࢖)(ࢉି࢖)

ࢉ࢈ࢇ
, 

૛ࡿ
ࢉ࢈

= ࡭ܖܑܛ ,
૛ࡿ
ࢉࢇ

= ࡮ܖܑܛ ,
૛ࡿ
࢈ࢇ

=  ࡯ܖܑܛ

ࡿ = ඥ࢖)࢖ − ࢖)(ࢇ − ࢖)(࢈ − ࢖,(ࢉ =
ࢇ + ࢈ + ࢉ

૛
,	 

࢈ࢇ + ࢉ࢈ + ࢉࢇ ≥ ඥ૜ࢇ)ࢉ࢈ࢇ + ࢈ +  :Reemplazando en la desigualdad . (ࢉ

ࢉ࢈
૛ࡿ

+ ࢉࢇ
૛ࡿ

+ ࢈ࢇ
૛ࡿ
≥ ට૟

૝
܋ܛ܋ ࡭

૛
܋ܛ܋ ࡮

૛
܋ܛ܋ ࡯

૛
→ ටܖܑܛ ࡭

૛
ܖܑܛ ࡮

૛
ܖܑܛ ࡯

૛
ቀࢉ࢈
૛ࡿ

+ ࢉࢇ
૛ࡿ

+ ࢈ࢇ
૛ࡿ
ቁ ≥ √૟

૛
  

⇒ ඨ(࢖ − ࢖)(ࢇ − ࢖)(࢈ − (ࢉ
ࢉ࢈ࢇ ቆ෍

ࢉ࢈

૛ඥ࢖)࢖ − ࢖)(ࢇ − ࢖)(࢈ − (ࢉ
ቇ ≥

√૟
૛  
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⇒
ࢉ࢈

ඥ࢖ࢉ࢈ࢇ
+

ࢉࢇ

ඥ࢖ࢉ࢈ࢇ
+

࢈ࢇ

ඥ࢖ࢉ࢈ࢇ
=

√૛

ࢇ)ඥࢉ࢈ࢇ√ + ࢈ + (ࢉ
ࢉ࢈) + ࢉࢇ + (࢈ࢇ ≥ 

≥ √૛ඥ૜ࢉ࢈ࢇ(ࢇା࢈ାࢉ)
ඥࢉ࢈ࢇ(ࢇା࢈ାࢉ)

= √૟  (LQQD) 

Solution 2 by Adil Abdullayev – Baku – Azerbaidjian 

૚
࡭ܖܑܛ +

૚
࡮ܖܑܛ +

૚
ܖܑܛ ࡯ =

૛ࡾ
ࢇ +

૛ࡾ
࢈ +

૛ࡾ
ࢉ = 

= ૛ࡾ ⋅
࢈ࢇ + ࢉ࢈ + ࢇࢉ

ࢉ࢈ࢇ
=
࢈ࢇ + ࢉ࢈ + ࢇࢉ

૛࢘࢖
≥ ඨ૟ࡾ

࢘
↔ 

࢈ࢇ) + ࢉ࢈ + ૛(ࢇࢉ ≥ (૛࢘࢖)૛ ⋅
૟ࡾ
࢘

= 

= ࢇ) + ࢈ + ૛(ࢉ ⋅ ૟࢘ࡾ = ࢇ) + ࢈ + ૛(ࢉ ⋅ ૟ ⋅
ࢉ࢈ࢇ
૝ࡿ

⋅
૛ࡿ

ࢇ + ࢈ + ࢉ
= 

= ૜ࢇ)ࢉ࢈ࢇ + ࢈ + ૛(ࢉ ↔ ࢈ࢇ) + ࢉ࢈ + ૛(ࢇࢉ ≥ ૜ࢇ)ࢉ࢈ࢇ + ࢈ +  (A) …(ࢉ

Let ࢈ࢇ = ࢉ࢈;࢞ = ࢟; ࢇࢉ = ↔ (A) ;ࢠ (࢞ + ࢟ + ૛(ࢠ ≥ ૜(࢞࢟ + ࢠ࢟ +  (࢞ࢠ

Solution 3 by Martin Lukarevski – Skopje 

෍
૚

࡭ܖܑܛ
= ૛ࡾ෍

૚
ࢇ
≥ ૛ࡾඨ૜෍

૚
࢈ࢇ

= ඨ૟ࡾ
࢘

 

Solution 4 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

૚
࡭ܖܑܛ

+
૚

࡮ܖܑܛ
+

૚
࡯ܖܑܛ

≥ ඨ૟ࡾ
૛

; ࢈ࢇ	 + ࢉ࢈ + ࢇࢉ ≥ ඥ૜ࢇ)ࢉ࢈ࢇ + ࢈ + :|(ࢉ ૛ࡿ 

࢈ࢇ
૛ࡿ +

ࢉ࢈
૛ࡿ +

ࢇࢉ
૛ࡿ ≥

ඨ૜ࢉ࢈ࢇ
ࢇ) + ࢈ + (ࢉ
૝ࡿ૛  
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૚
࡭ܖܑܛ

+
૚

࡮ܖܑܛ
+

૚
࡯ܖܑܛ

≥ ඩ
૟ࢉ࢈ࢇ ⋅ ࢖

૝ ⋅ ૛(ࢉ࢈ࢇ)
૚૟ࡾ૛

= ඨ
૟ ⋅ ࡾ ⋅ ࢖
ࢉ࢈ࢇ
૝ࡾ

= ඨ૟ࡾ ⋅ ࢖
ࡿ

= ඨ૟ࡾ
૛

 

 Solution 5 by George Apostolopoulos – Messolonghi – Greece  

We have (Law of Sines) ૚
ܖܑܛ ࡭

+ ૚
࡮ܖܑܛ

+ ૚
ܖܑܛ ࡯

= ૛ࡾ
ࢇ

+ ૛ࡾ
࢈

+ ૛ࡾ
ࢉ

= ૛ࡾቀ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
ቁ 

It is well-known that ૚
૝࢘૛

≥ ૚
૛ࢇ

+ ૚
૛࢈

+ ૚
૛ࢉ
≥ ૚

૜
ቀ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
ቁ
૛
≥ ૚

૛࢘ࡾ
 

So ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
≥ ට ૜

૛࢘ࡾ
. Now  

૚
࡭ܖܑܛ +

૚
࡮ܖܑܛ +

૚
࡯ܖܑܛ = ૛ࡾ൬

૚
ࢇ +

૚
࢈ +

૚
൰ࢉ ≥ ૛ࡾඨ

૜
૛࢘ࡾ = ඨ૝ࡾ

૛ ⋅ ૜
૛࢘ࡾ = ඨ૟ࡾ

࢘  

Equality holds when the triangle ࡯࡮࡭ is equilateral. 

Solution 6 by Marin Chirciu-Romania 

We use the known identity in triangle ∑ ૚
࡭ܖܑܛ

= ࢘ࡾ૛ା࢘૛ା૝࢖
૛࢘࢖

. We write the inequality 

૛࢖ + ࢘૛ + ૝࢘ࡾ
૛࢘࢖ ≥ ඨ૟ࡾ

࢘ ⇔ ቆ
૛࢖ + ࢘૛ + ૝࢘ࡾ

૛࢘࢖ ቇ
૛

≥
૟ࡾ
࢘ ⇔ 

⇔ ૛࢖)૛࢖ + ૛࢘૛ − ૚૟࢘ࡾ) + ࢘૛(૝ࡾ + ࢘)૛ ≥ ૙. We distinguish the following cases: 

1) If ࢖૛ + ૛࢘૛ − ૚૟࢘ࡾ ≥ ૙, the inequality is obvious. 

2) If ࢖૛ + ૛࢘૛ − ૚૟࢘ࡾ < 0, we rewrite the inequality: 

࢘ࡾ૛(૚૟࢖ − ૛࢘૛ − (૛࢖ ≤ ࢘૛(૝ࡾ + ࢘)૛, which follows from Gerretsen’s inequality 

૚૟࢘ࡾ − ૞࢘૛ ≤ ૛࢖ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛. It remains to prove that: 

(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)(૚૟࢘ࡾ − ૛࢘૛ − ૚૟࢘ࡾ+ ૞࢘૛) ≤ ࢘૛(૝ࡾ + ࢘)૛ ⇔ 

⇔ ૛ࡾ ࢘ࡾ− − ૛࢘૛ ≥ ૙ ⇔ ࡾ) − ૛࢘)(ࡾ + ࢘) ≥ ૙, obviously from Euler’s inequality  

ࡾ ≥ ૛࢘. The equality holds if and only if the triangle is equilateral. 
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266. In ࢤ	࡯࡮࡭: 

√૜ ≤ ܖ܉ܜ
࡭
૛

+ ܖ܉ܜ
࡮
૛

+ ܖ܉ܜ
࡯
૛
≤
ࡾ
࢘
ඨ࢔ ⋅

ࡾ
࢘
− ૛࢔ +

૜
૝

࢔, ≥ ૙ 

Proposed by Marin Chirciu – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭  

√૜ ≤ ܖ܉ܜ
࡭
૛

+ ܖ܉ܜ
࡮
૛

+ ܖ܉ܜ
࡯
૛
≤
ࡾ
࢘
ඨ࢔ ⋅

ࡾ
࢘
− ૛࢔ +

૜
૝

࢔, ≥ ૙ 

Recordar las siguientes identidades y desigualdades 
૝ࡾା࢘
࢖

= ܖ܉ܜ ࡭
૛

+ ܖ܉ܜ ࡮
૛

+ ܖ܉ܜ ࡯
૛

ࡾ, ≥ ૛࢘	 (Euler), ࢖ ≥ ૜√૜࢘  (Mitrinovic) 

࢞ + ࢟ + ࢠ ≥ ඥ૜(࢞࢟+ ࢠ࢟ + ࢞ donde ,(࢞ࢠ = ܖ܉ܜ ࡭
૛

> 0, ݕ = ܖ܉ܜ ࡮
૛

> 0,	 

ࢠ = ܖ܉ܜ ࡯
૛

> 0. Además → ࢞࢟+ ࢠ࢟ + ࢞ࢠ = ૚. Por la tanto 

ܖ܉ܜ ࡭
૛

+ ܖ܉ܜ ࡮
૛

+ ܖ܉ܜ ࡯
૛
≥ √૜. Por ultimo 

ܖ܉ܜ ࡭
૛

+ ܖ܉ܜ ࡮
૛

+ ܖ܉ܜ ࡯
૛

= ૝ࡾା࢘
࢖

≤ ࡾૢ
૛࢖
≤ ࡾૢ

૛⋅૜√૜࢘
= √૜ࡾ

૛࢘
≤ ࡾ

࢘
ටࡾ)࢔ − ૛࢘) + ૜

૝
  

Lo cual es cierto ya que aplicando ࡾ ≥ ૛࢘; ࡾ
࢘
ටࡾ)࢔− ૛࢘) + ૜

૝
≥ ࡾ

࢘
ට૜
૝

= √૜ࡾ
૛࢘

 

Solution 2 Soumava Chakraborty-Kolkata-India 

In any ࢤ	࡯࡮࡭,√૜ ≤
(૚)

ܖ܉ܜ ࡭
૛

+ ܖ܉ܜ ࡮
૛

+ ܖ܉ܜ ࡯
૛
≤
(૛) ࡾ

࢘
ට࢔ ࡾ

࢘
− ૛࢔ + ૜

૝
࢔ ; ≥ ૙ 

࢙ ܖ܉ܜ
࡭
૛

=
࢙ඥ(࢙ − ࢙)(࢈ − (ࢉ

ඥ࢙(࢙ − (ࢇ
=
ඥ࢙(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ

࢙ − ࢇ
=

ࢤ
࢙ − ࢇ

=  ࢇ࢘

∴ ܖ܉ܜ ࡭
૛

= ࢇ࢘
࢙

. Similarly, ܖ܉ܜ ࡮
૛

= ࢈࢘
ࡿ

 and ܖ܉ܜ ࡯
૛

= ࢉ࢘
࢙
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∴ ෍ܖ܉ܜ
࡭
૛

=
ࢇ࢘∑
࢙

=
૝ࡾ + ࢘

࢙
 

∴ (1) ⇔ ૝ࡾା࢘
࢙

≥ √૜ ⇔ ૜࢙૛ ≤ (૝ࡾ + ࢘)૛   (i) 

Now, Gerretsen ⇒ ૜࢙૛ ≤ ૜(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)   (ii) 

(i), (ii) ⇒ it suffices to prove: ૚૛ࡾ૛ + ૚૛࢘ࡾ + ૢ࢘૛ ≤ ૚૟ࡾ૛ + ૡ࢘ࡾ+ ࢘૛ 

⇔ ૝ࡾ૛ − ૝࢘ࡾ − ૡ࢘૛ ≥ ૙ ⇔ ૛ࡾ ࢘ࡾ− − ૛࢘૛ ≥ ૙ 

⇔ ࡾ) + ࡾ)(࢘ − ૛࢘) ≥ ૙ → true ∵ ࡾ ≥ ૛࢘ (Euler) ⇒ (1) is true 

(2) ⇔ ࡾ
࢘
ට࢔ ቀࡾ

࢘
− ૛ቁ + ૜

૝
≥ ૝ࡾା࢘

࢙
⇔ ࡾ

࢘
ට૝࢔(ିࡾ૛࢘)ା૜࢘

૝࢘
≥ ૝ࡾା࢘

࢙
  (iii) 

∵ ࢔ ≥ ૙, ∴ ࡾ
࢘
ට૝࢔(ିࡾ૛࢘)ା૜࢘

૝࢘
≥ ࡾ

࢘
ට૜
૝
   (iv) 

(iii), (iv) ⇒ in order to prove (2), it suffices to prove: 
૛ࡾ

࢘૛
⋅ ૜
૝
≥ (૝ࡾା࢘)૛

࢙૛
⇔ ૜࢙૛ࡾ૛ ≥ ૝࢘૛(૝ࡾ + ࢘)૛ (v) 

(*) Gerretsen ⇒ ૜࢙૛ࡾ૛ ≥
(࢏࢜)

	૜ࡾ૛࢘(૚૟ࡾ − ૞࢘) 

(v), (vi) ⇒ in order to prove (2), it suffices to prove:  

૜ࡾ૛(૚૟ࡾ − ૞࢘) ≥ ૝࢘(૝ࡾ+ ࢘)૛ 

⇔ ૝ૡ࢚૜ − ૠૢ࢚૛ − ૜૛࢚ − ૝ ≥ ૙ (where ࢚ = ࡾ
࢘

)  

⇔ (࢚ − ૛)(૝ૡ࢚૛ + ૚ૠ࢚ + ૛) ≥ ૙ → true ∵ ࢚ ≥ ૛ (Euler) ⇒ (2) is true  

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

1) LHS: ∑ ܖ܉ܜ ࡭
૛

= ૝ࡾା࢘
࢖

≥ √૜ 

(૝ࡾ + ࢘)૛ ≥ ൫√૜࢖൯
૛

; 	૚૟ࡾ૛ + ૡ࢘ࡾ + ࢘૛ ≥ ૜࢖૛ 

૚૟ࡾ૛ + ૡ࢘ࡾ + ࢘૛ ≥ ૜(ࡾ૛ + ૝࢘ࡾ + ૜࢘૛) ≥ ૜࢖૛; 	૝ࡾ૛ ≥ ૝࢘ࡾ + ૡ࢘૛ 

૛ࡾ ≥ ࢘ࡾ + ૛࢘૛; ૛ࡾ	 ≥ ૛࢘ࡾ ≥ ࢘ࡾ + ૛࢘૛; ࢘ࡾ	 ≥ ૛࢘૛ (Euler) 
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2) RHS: ࡾ ≥ ૛࢘ (Euler); ࢛࢔ ⋅ ࡾ ≥ ૡ࢔ ⋅ ࢔)   ࢘ ≥ ૙)  

࢔࢛ ⋅ ࡾ + (૜ − ૡ࢔) ⋅ ࢘ ≥ ૜࢘ ⇔ ૚ ≥ ૜࢘
૝ࡾ⋅࢔ା(૜ିૡ࢔)⋅࢘

  (*) 

૛࢖ > 27࢘૛ ≥
(∗)
૛ૠ࢘૛ ⋅

૜࢘
૝࢘ࡾ+ (૜ − ૡ࢔)࢘

=
ૡ૚࢘૛ ⋅ ࢘

࢔࢛ ⋅ ࡾ + (૜ − ૡ࢔) ⋅ ࢘
 

૝࢖૛ ≥
ૡ૚࢘૛ ⋅ ૝࢘

࢔࢛ ⋅ ࡾ + (૜ − ૡ࢔)࢘
=

ૡ૚࢘૛

࢔ ⋅ ࢘ࡾ − ૛࢔ + ૜
૝
⇔ ඨ࢔ ⋅

ࡾ
࢘
− ૛࢔ +

૜
૝
≥
ૢ࢘
૝࢖

| ⋅
ࡾ
࢘

 

ࡾ
࢘
⋅ ඨ࢔ ⋅

ࡾ
࢘
− ૛࢔ +

૜
૝
≥
ࡾૢ
૝࢖

=
ૡࡾ+ ࢘
૝࢖

≥
ૡࡾ + ૛࢘
૝࢖

=
૝ࡾ + ࢘
࢖

= ෍ܖ܉ܜ
࡭
૛

 

 

267. In ࢤ	࡯࡮࡭, ,ࢇࡵ ,incentre - ࡵ ,࢈ࡵ  excenters – ࢉࡵ

૚
૛ࢇࡵࡵ

+
૚
૛࢈ࡵࡵ

+
૚
૛ࢉࡵࡵ

+
૚
૛ࢉࡵ࢈ࡵ

+
૚
૛ࢇࡵࢉࡵ

+
૚

૛࢈ࡵࢇࡵ
≤

૚
૝࢘૛

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭ ૚
૛ࢇࡵࡵ

+ ૚
࢈ࡵࡵ
૛ + ૚

૛ࢉࡵࡵ
+ ૚

࢈ࡵ
૛ࢉࡵ૛

+ ૚
૛ࢇࡵ૛ࢉࡵ

+ ૚
࢈ࡵ૛ࢇࡵ

૛ ≤
૚
૝࢘૛

 

Siendo ࡵ - Incentro, tener en cuenta las siguientes notaciones y algunas 

desigualdades previas ࢇࡵࡵ = ૝ܖܑܛࡾ ࡭
૛

, ࢈ࡵࡵ = ૝ܖܑܛࡾ ࡮
૛

, ࡯ࡵࡵ = ૝ܖܑܛࡾ ࡯
૛

, 

૚
૛ࢇ

+
૚
૛࢈

+
૚
૛ࢉ

≤
૚
૝࢘૛

; ࢈ࡵࢇࡵ	 = ૝ܛܗ܋ࡾ
࡭
૛

, ࢉࡵ࢈ࡵ = ૝ࡾ ܛܗ܋
࡭
૛

, ࢇࡵࢉࡵ = ૝ܛܗ܋ࡾ
࡮
૛

 

La desigualdad propuesta es equivalente 
૚

૚૟ࡾ૛
ቀ܋ܛ܋૛ ࡭

૛
+ ૛܋ܛ܋ ࡮

૛
+ ૛܋ܛ܋ ࡯

૛
ቁ + ૚

૚૟ࡾ૛
ቀ܋܍ܛ૛ ࡭

૛
+ ૛܋܍ܛ ࡮

૛
+ ૛܋܍ܛ ࡯

૛
ቁ ≤ ૚

૝࢘૛
  

⇔
૚

૚૟ࡾ૛ ൬܋ܛ܋
૛ ࡭
૛

+ ૛܋܍ܛ
࡭
૛
൰ +

૚
૚૟ࡾ૛ ൬܋ܛ܋

૛ ࡮
૛

+ ૛܋܍ܛ
࡮
૛
൰ +

૚
૚૟ࡾ૛ ൬܋ܛ܋

૛ ࡯
૛

+ ૛܋܍ܛ
࡯
૛
൰ ≤

૚
૝࢘૛
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⇔
૚

૚૟ࡾ૛ ൬ܖ܉ܜ
࡭
૛ + ܜܗ܋

࡭
૛൰

૛

+
૚

૚૟ࡾ૛ ൬ܖ܉ܜ
࡮
૛ + ܜܗ܋

࡮
૛൰

૛

+
૚

૚૟ࡾ૛ ൬ܖ܉ܜ
࡯
૛ + ܜܗ܋

࡯
૛൰

૛

≤
૚
૝࢘૛ 

⇔ ૚
૚૟ࡾ૛

(૝ ࡭૛܋ܛ܋ + ૝ ࡮૛܋ܛ܋ + ૝܋ܛ܋૛ (࡯ = ૚
૛ࢇ

+ ૚
૛࢈

+ ૚
૛ࢉ
≤ ૚

૝࢘૛
   (LQQD) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

ࢇࡵࡵ = ࢇ ܋܍ܛ
࡭
૛ = ૛࡭ܖܑܛࡾ ܋܍ܛ

࡭
૛ = ૝ࡾ ܖܑܛ

࡭
૛ ܛܗ܋

࡭
૛ ܋܍ܛ

࡭
૛ = ૝ܖܑܛࡾ

࡭
૛ 

⇒ ૚
૛ࢇࡵࡵ

= ૚

૚૟ࡾ૛ ૛࡭૛ܖܑܛ
   (1) . Similarly, ૚

࢈ࡵࡵ
૛ = ૚

૚૟ࡾ૛ ૛࡮૛ܖܑܛ
, (2); ૚

૛ࢉࡵࡵ
= ૚

૚૟ࡾ૛ ૛࡯૛ܖܑܛ
   (3) 

ࢉࡵ࢈ࡵ = ࢇ ܋ܛ܋
࡭
૛

= ૛࡭ܖܑܛࡾ ܋ܛ܋
࡭
૛

= ૝ܖܑܛࡾ
࡭
૛
ܛܗ܋

࡭
૛
܋ܛ܋

࡭
૛

= ૝ܛܗ܋ࡾ
࡭
૛

 

⇒ ૚
૛ࢉࡵ࢈ࡵ

= ૚

૚૟ࡾ૛ ૛࡭૛ܛܗ܋
   (4). Similalry,  ૚

૛ࢇࡵ࡯ࡵ
= ૚

૚૟ࡾ૛ ૛࡮૛ܛܗ܋
 , (5); ૚

࢈ࡵࢇࡵ
૛ = ૚

૚૟ࡾ૛ ૛࡯૛ܛܗ܋
    (6) 

(1)+(2)+(3)+(4)+(5)+(6)⇒ 

ࡿࡴࡸ =
૚

૚૟ࡾ૛
෍

૚

૛ܖܑܛ ૛࡭
+

૚

૛ܛܗ܋ ૛࡭
=

૚
૚૟ࡾ૛

෍
૚

૛ܖܑܛ ૛࡭ ܛܗ܋
૛࡭
૛

 

= ∑ ૚

ቀ૝ࡾ ૛࡭ܖܑܛ ܛܗ܋
࡭
૛ቁ

૛ = ∑ ૚
(૛ࡾ ૛(࡭ܖܑܛ = ∑ ૚

૛ࢇ
= ૛࢈૛ࢇ∑

૛ࢉ૛࢈૛ࢇ
≤ ૝ࡾ૛ࡿ૛

૛ࢉ૛࢈૛ࢇ
   (Goldstone’s 

inequality) = ૝ࡾ૛ࡿ૛

૚૟ࡾ૛࢘૛࢙૛
= ૚

૝࢘૛
   (Proved) 

 

268. In ࢤ	࡯࡮࡭: 

෍ࢇ૛ ≥෍(࢈ − ૛(ࢉ + ૝ࡿඨ
૛(૛ࡾ − ࢘)

ࡾ
 

Proposed by Martin Lukarevski-Stip 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࢇ∑ ࡯࡮࡭૛ ≥ ࢈)∑ − ૛(ࢉ + ૝ࡿට૛(૛࢘ିࡾ)
ࡾ
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Tener en cuenta las siguientes identidades ࢈ࢇ = ૛ࡿ  ,࡭܋ܛ܋

ࢉ࢈ = ૛࢙ ࢇࢉ ,࡭܋ܛ܋ = ૛ࡿ ૛ࢇ ,࡮܋ܛ܋ + ૛࢈ + ૛ࢉ = ૝࡭ܜܗ܋)ࡿ + ࡮ܜܗ܋ + ܜܗ܋  (࡯

Si → ࡭
૛

+ ࡮
૛

+ ࡯
૛

= ࣊
૛
↔ ࢞࢟ + ࢠ࢟ + ࢞ࢠ = ૚ ↔ ࢞ = ܖ܉ܜ ࡭

૛
,࢟ = ܖ܉ܜ ࡮

૛
, ࢠ = ܖ܉ܜ ࡯

૛
 

La desigualdad es equivalente  

૛(࢈ࢇ + ࢉ࢈ + (ࢇࢉ − ૛ࢇ) + ૛࢈ + (૛ࢉ ≥ ૝ࡿඨ૝ −
૛࢘
ࡾ

 

૝ࡿ൫(࡭܋ܛ܋ − (࡭ܜܗ܋ + ࡮܋ܛ܋) − (࡮ܜܗ܋ + ࡯܋ܛ܋) − ܜܗ܋ ൯(࡯ ≥ ૝ࡿඨ૝ −
૛࢘
ࡾ  

⇔ ܖ܉ܜ
࡭
૛

+ ܖ܉ܜ
࡮
૛

+ ܖ܉ܜ
࡯
૛
≥ ඨ૝ −

૛࢘
ࡾ

 

⇔ ૛ܖ܉ܜ
࡭
૛ + ૛ܖ܉ܜ

࡮
૛ + ૛ܖ܉ܜ

࡯
૛ +

૛࢘
ࡾ = ૛ܖ܉ܜ

࡭
૛ + ૛ܖ܉ܜ

࡮
૛ + ૛ܖ܉ܜ

࡯
૛ + ૡ ܖܑܛ

࡭
૛ ܖܑܛ

࡮
૛ ܖܑܛ

࡯
૛

≥ ૛ 

1) Si: ࢖,࢔,࢓ ∈ ℝ en un triángulo ࢞࢟ࢠ, se cumple la siguiente 

desigualdad: ࢓૛ + ૛࢔ + ૛࢖ ≥ ૛ܛܗ܋࢖࢔ ࢞ + ૛࢟ܛܗ܋࢓࢖ + ૛࢔࢓  ࢠܛܗ܋

Siendo: ࢓ = ܖ܉ܜ ࢞
૛

> 0, ݕ = ܖ܉ܜ ࢟
૛

> ݖ,0 = ܖ܉ܜ ࢠ
૛

> 0, resulta: 

૛ܖ܉ܜ ࢞
૛

+ ૛ܖ܉ܜ ࢟
૛

+ ૛ܖ܉ܜ ࢠ
૛
≥ ૛ܖ܉ܜ ࢟

૛
ܖ܉ܜ ࢠ

૛
ܛܗ܋ ࢞ + ૛ ܖ܉ܜ ࢠ

૛
ܖ܉ܜ ࢞

૛
ܛܗ܋ ࢟ + ૛ ܖ܉ܜ ࢞

૛
ܖ܉ܜ ࢟

૛
ܛܗ܋   ࢠ

૛ܖ܉ܜ ࢞
૛

+ ૛ܖ܉ܜ ࢟
૛

+ ૛ܖ܉ܜ ࢠ
૛
≥ ૛ܖ܉ܜ ࢟

૛
ܖ܉ܜ ࢠ

૛
ܛܗ܋ ࢞ + ૛ ܖ܉ܜ ࢠ

૛
ܖ܉ܜ ࢞

૛
ܛܗ܋ ࢟ + ૛ ܖ܉ܜ ࢞

૛
ܖ܉ܜ ࢟

૛
ܛܗ܋   ࢠ

Probaremos que 

૛ ܖ܉ܜ
࢟
૛ ܖ܉ܜ

ࢠ
૛ܛܗ܋ ࢞ + ૛ ܖ܉ܜ

ࢠ
૛ ܖ܉ܜ

࢞
૛ ܛܗ܋ ࢟ + ૛ ܖ܉ܜ

࢞
૛ ܖ܉ܜ

࢟
૛ ܛܗ܋ ࢠ = ૛ − ૡ ܖܑܛ

࢞
૛ ܖܑܛ

࢟
૛ ܖܑܛ

ࢠ
૛ 

⇔ ૛ቀܖ܉ܜ
࢟
૛ ܖ܉ܜ

ࢠ
૛ − ૚ቁܛܗ܋ ࢞ + ૛ ቀܖ܉ܜ

ࢠ
૛ ܖ܉ܜ

࢞
૛ − ૚ቁ ࢟ܛܗ܋ + ૛ ቀܖ܉ܜ

࢞
૛ ܖ܉ܜ

࢟
૛ − ૚ቁܛܗ܋ ࢠ + 

+૛(ܛܗ܋ ࢞ + ܛܗ܋ ࢟ + ܛܗ܋  (ࢠ

⇔
૛ ૛ࢠቀ࢟శܛܗ܋ ቁ

ܛܗ܋૛࢟ܛܗ܋
ࢠ
૛
ܛܗ܋ ࢞ −

૛ శ࢞૛ࢠቀܛܗ܋ ቁ

ܛܗ܋૛ࢠܛܗ܋
࢞
૛
ܛܗ܋ ࢟ −

૛ ቀ࢞శ࢟૛ܛܗ܋ ቁ

૛࢞ܛܗ܋ ܛܗ܋
࢟
૛
ܛܗ܋ ࢠ + ૛ ቀ૚ + ૝ ܖܑܛ ࢞

૛
ܖܑܛ ࢟

૛
ܖܑܛ ࢠ

૛
ቁ  
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⇔ −
ܖܑܛ) ૛࢞ + ܖܑܛ ૛࢟ + ܖܑܛ ૛ࢠ)

૛ ܛܗ܋ ࢞૛ ܛܗ܋
࢟
૛ܛܗ܋

ࢠ
૛

+ ૛ ቀ૚ + ૝ܖܑܛ
࢞
૛ܖܑܛ

࢟
૛ܖܑܛ

ࢠ
૛
ቁ = 

= −૚૟ܖܑܛ ࢞
૛
ܖܑܛ ࢟

૛
ܖܑܛ ࢠ

૛
+ ૛ቀ૚ + ૝ܖܑܛ ࢞

૛
ܖܑܛ ࢟

૛
ܖܑܛ ࢠ

૛
ቁ. Por la tanto  

૛ܖ܉ܜ
࢞
૛ + ૛ܖ܉ܜ

࢟
૛ + ૛ܖ܉ܜ

ࢠ
૛ ≥ ૛ − ૡ ܖܑܛ

࢞
૛ ܖܑܛ

࢟
૛ ܖܑܛ

ࢠ
૛ 

⇔ ૛ܖ܉ܜ ࢞
૛

+ ૛ܖ܉ܜ ࢟
૛

+ ૛ܖ܉ܜ ࢠ
૛

+ ૡ ܖܑܛ ࢞
૛
ܖܑܛ ࢟

૛
ܖܑܛ ࢠ

૛
≥ ૛  (LQQD) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

෍ࢇ૛ ≥⏞
(૚)

෍(࢈ − ૛(ࢉ + ૝࢙ඨ
૛(૛ࡾ − ࢘)

ࡾ  

(1) ⇔ ૛∑࢈ࢇ − ૛ࢇ∑ ≥ ૝࢙࢘ට૛(૛࢘ିࡾ)
ࡾ

 

⇔ ૛(࢙૛ + ૝࢘ࡾ+ ࢘૛) − ૛(࢙૛ − ૝࢘ࡾ− ࢘૛) ≥ ૝࢙࢘ඨ
૛(૛ࡾ − ࢘)

ࡾ  

⇔ ૝࢘(૝ࡾ + ࢘) ≥ ૝࢙࢘ඨ
૛(૛ࡾ − ࢘)

ࡾ
 

⇔ ࡾ૝)ࡾ + ࢘)૛ ≥ ૛࢙૛(૛ࡾ − ࢘) = ࢙૛(૝ࡾ − ૛࢘)   (2) 

Using Rouche’s inequality,  

࢙૛(૝ࡾ − ૛࢘) ≤ (૝ࡾ − ૛࢘)(૛ࡾ૛ + ૚૙࢘ࡾ − ࢘૛) + 

+૛(૝ࡾ − ૛࢘)(ࡾ − ૛࢘)ඥࡾ૛ − ૛࢘ࡾ ≤
?
ࡾ૝)ࡾ + ࢘)૛ඥࡾ૛ − ૛࢘ࡾ 

⇔ ૡࡾ૜ − ૛ૡࡾ૛࢘ + ૛૞࢘ࡾ૛ − ૛࢘૜ ≥
?
	૝(ࡾ − ૛࢘)(૛ࡾ − ࢘) 

⇔ ࡾ) − ૛࢘)(ૡࡾ૛ − ૚૛࢘ࡾ + ࢘૛) ≥
?
૝(ࡾ − ૛࢘)(૛ࡾ − ࢘)ඥࡾ૛ − ૛࢘ࡾ 

⇔ ૡࡾ૛ − ૚૛࢘ࡾ + ࢘૛ ≥
?
૝(૛ࡾ − ૛ࡾ√(࢘ − ૛࢘ࡾ	(∵ ࡾ − ૛࢘ ≥ ૙)   (3) 
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Now, ૡࡾ૛ − ૚૛࢘ࡾ + ࢘૛ = ࢘૛(ૡ࢚૛ − ૚૛࢚ + ૚)   (where ࢚ = ࡾ

࢘
) 

= ࢘૛{ૡ(࢚૛ − ૝)− ૚૛(࢚ − ૛) + ૜૛ − ૛૝ + ૚} 

= ࢘૛{(࢚ − ૛)(ૡ࢚ + ૚૟ − ૚૛) + ૢ} = ࢘૛{(࢚ − ૛)(ૡ࢚ + ૝) + ૢ} 

> 0,∵ ݐ = ࡾ
࢘
≥ ૛  (Euler) 

∴ (3) ⇔ (ૡࡾ૛ − ૚૛࢘ࡾ + ࢘૛)૛ − ૚૟(૛ࡾ − ࢘)૛(ࡾ૛ − ૛࢘ࡾ) ≥ ૙ 

⇔ ૚૟ࡾ૛࢘૛ + ૡ࢘ࡾ૜ + ࢘૝ ≥
?
૙ → true 

⇒ (3) is true ⇒ (2) is true ⇒ (1) is true (Proved) 

Solution 3 by Marin Chirciu-Romania 

We use the known identities in triangle: 

૛ࢇ∑ = ૛(࢖૛ − ࢘૛ − ૝࢘ࡾ) and ∑(࢈ − ૛(ࢉ = ૛(࢖૛ − ૜࢘૛ − ૚૛࢘ࡾ). 

We write the inequality: ૛(࢖૛ − ࢘૛ − ૝࢘ࡾ) ≥ 

≥ ૛(࢖૛ − ૜࢘૛ − ૚૛࢘ࡾ) + ૝࢘࢖ ⋅ ඨ
૛(૛ࡾ− ࢘)

ࡾ
⇔ ૝ࡾ + ࢘ ≥ ࢖ ⋅ ඨ

૛(૛ࡾ − ࢘)
ࡾ

 

⇔ ૛࢖ ≤ ૛(ା࢘ࡾ૝)ࡾ

૛(૛࢘ିࡾ)  Blundon-Gerretsen’s inequality, true from Gergonne’s 

identity: ࢣࡴ૛ = ૝ࡾ૛ ቂ૚ − ૛࢖૛(૛࢘ିࡾ)
૛(ା࢘ࡾ૝)ࡾ ቃ ≥ ૙, where ࢣ is Gergonne’s point: the 

intersection of the lines: ࡭࡭૚,࡮࡮૚,࡯࡯૚ where ࡭૚,࡮૚,࡯૚ are the tangent 

point of the incentre with the sides ࡮࡭,࡭࡯,࡯࡮ of ࢤ	࡯࡮࡭). 

The equality holds if and only if the triangle is equilateral. 

 

269. In ࢤ	࡯࡮࡭: 

࢈) + ࢉ − ࢇ࢓(ࢇ
૛ + ࢉ) + ࢇ − ࢈࢓(࢈

૛ + ࢇ) + ࢈ − ࢉ࢓(ࢉ
૛ ≥ ૚ૡ࢙࢘(ࡾ− ࢘) 

Proposed by Abdilkadir Altintas - Afyonkarashisar-Turkey 
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Solution 1 by Kevin Soto Palacios-Huarmey-Peru 

KLAMKIN INERTIAL MOMENT 

Siendo ࢈,ࢇ,  son las ࡯ࡼ,࡮ࡼ,࡭ࡼ y ࡯࡮࡭ los lados de un triángulo ࢉ

distancias de un punto ࡼ en plano ࡯࡮࡭ 

Se cumple para todos los números reales ࢞,࢟,  lo siguiente ࢠ

(࢞ + ࢟ + ૛࡭ࡼ࢞)(ࢠ + ૛࡮ࡼ࢟ + (૛࡯ࡼࢠ ≥ ૛ࢇࢠ࢟ + ૛࢈࢞ࢠ +  ૛ࢉ࢟࢞

Siendo ࢞ = ࢈ + ࢉ − ,ࢇ ࢟ = ࢉ + ࢇ − ,࢈ ࢠ = ࢇ + ࢈ −  ࢉ

Lo cual es equivalente 

૛࢙ ቀ(࢈ + ࢉ − ૛࡭ࡼ(ࢇ + ࢉ) + ࢇ − ૛࡮ࡼ(࢈ + ࢇ) + ࢈ − ૛ቁ࡯ࡼ(ࢉ ≥ 

૛ࢇ) − ࢈) − ૛ࢇ(૛(ࢉ + ቀ࢈૛ − ࢉ) − ቁ(ࢇ ૛࢈ + ૛ࢉ) − ࢇ) −  ૛ࢉ(૛(࢈

૛࢙ ቀ(࢈ + ࢉ − ૛࡭ࡼ(ࢇ + ࢉ) + ࢇ − ૛࡮ࡼ(࢈ + ࢇ) + ࢈ − ૛ቁ࡯ࡼ(ࢉ ≥ 

≥ ૝ࢇ + ૝࢈ + ૝ࢉ − ૛ࢇ૛࢈૛ − ૛࢈૛ࢉ૛ − ૛ࢉ૛ࢇ૛ + ૛ࢇ)ࢉ࢈ࢇ + ࢈ +  (ࢉ

૛࢙ ቀ(࢈ + ࢉ − ૛࡭ࡼ(ࢇ + +ࢉ) ࢇ − ૛࡮ࡼ(࢈ + +ࢇ) ࢈ − ૛ቁ࡯ࡼ(ࢉ ≥ −૚૟ࡿ૛ + ૛(૝࢙࢘ࡾ)(૛࢙) 

૛࢙ ቀ(࢈ + ࢉ − ૛࡭ࡼ(ࢇ + +ࢉ) ࢇ − ૛࡮ࡼ(࢈ + ࢇ) + ࢈ − ૛ቁ࡯ࡼ(ࢉ ≥ −૚૟࢙૛࢘૛ + ૚૟࢙૛࢘ࡾ 

࢈) + ࢉ − ૛࡭ࡼ(ࢇ + ࢉ) + ࢇ − ૛࡮ࡼ(࢈ + ࢇ) + ࢈ − ૛࡯ࡼ(ࢉ ≥ ૡ࢙࢘ࡾ − ૡ࢙࢘૛ = ૡ࢙࢘(ࡾ− ࢘) 

Un caso particular es cuando ࡼ = ࡭ࡳ → (Centroid) ࡳ = ૛
૜
࡮ࡳ,ࢇ࢓ = ૛

૜
࡯ࡳ,࢈࢓ = ૛

૜
 ࢉ࢓

⇒ ૛࡭ࡳࢇ + ૛࡮ࡳ࢈ + ૛࡯ࡳࢉ ≥ ૡ࢙࢘(ࡾ− ࢘) ⇔ ࢇ࢓ࢇ
૛ + ࢈࢓࢈

૛ + ࢉ࢓ࢉ
૛ ≥

ૢ
૝ ⋅ ૡ࢙࢘

ࡾ) − ࢘) = 

= ૚ૡ࢙࢘(ࡾ− ࢘) (LQQD) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

࢈) + ࢉ − ࢇ࢓(ࢇ
૛ + ࢉ) + ࢇ − ࢈࢓(࢈

૛ + ࢇ) + ࢈ − ࢉ࢓(ࢉ
૛ ≥⏞

(૚)

૚ૡ࢙࢘(ࡾ − ࢘) 

(1) ⇔ (࢙ − ࢇ࢓(ࢇ
૛ + (࢙ − ࢈࢓(࢈

૛ + (࢙ − ࢉ࢓(ࢉ
૛ ≥ −ࡾ)࢙࢘ૢ ࢘)  

⇔ (࢙ − ૛࢈૛)(ࢇ + ૛ࢉ૛ − (૛ࢇ + (࢙ − ૛ࢉ૛)(࢈ + ૛ࢇ૛ − (૛࢈ + 
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+(࢙ − ૛ࢇ૛)(ࢉ + ૛࢈૛ − (૛ࢉ ≥ ૜૟࢙࢘(ࡾ − ࢘) 

⇔ ࢙ቀ૜෍ࢇ૛ቁ + ෍ࢇ૜ − ૛෍(ࢇ૛࢈ + (૛࢈ࢇ ≥ ૜૟࢙࢘(ࡾ − ࢘) 

⇔ ૟࢙(࢙૛ − ૝࢘ࡾ − ࢘૛) + ૜ࢉ࢈ࢇ + ૛࢙ ቀ෍ࢇ૛ −෍࢈ࢇቁ − 

−૛෍{࢈ࢇ(૛࢙ − {(ࢉ ≥ ૜૟࢙࢘(ࡾ − ࢘) 

⇔ ૟࢙(࢙૛ − ૝࢘ࡾ − ࢘૛) + ૚૛࢙࢘ࡾ + ૛࢙(࢙૛ − ૚૛࢘ࡾ − ૜࢘૛) − 

−૛ቀ૛࢙෍࢈ࢇ − ૜ࢉ࢈ࢇቁ ≥ ૜૟࢙࢘(ࡾ − ࢘) 

⇔ ૟࢙(࢙૛ − ૝࢘ࡾ − ࢘૛) + ૚૛࢙࢘ࡾ + ૛࢙(࢙૛ − ૚૛࢘ࡾ − ૜࢘૛) − 

−૝࢙(࢙૛ + ૝࢘ࡾ + ࢘૛) + ૛૝࢙࢘ࡾ ≥ ૜૟࢙࢘ࡾ − ૜૟࢘૛ࡿ 

⇔ ૜(࢙૛ − ૝࢘ࡾ − ࢘૛) + ࢙૛ − ૚૛࢘ࡾ − ૜࢘૛ − ૛(࢙૛ + ૝࢘ࡾ + ࢘૛) + ૚ૡ࢘૛ ≥ ૙ 

⇔ ૛࢙૛ ≥ ૜૛࢘ࡾ − ૚૙࢘૛ ⇔ ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛ → true, by Gerretsen  

Solution 3 by Soumitra Mandal-Chandar Nagore-India 

࢈ࢇ + ࢉ࢈ + ࢇࢉ = ૛࢖ + ࢘૛ + ૝ࢉ࢈ࢇ,࢘ࡾ = ૝࢖࢘ࡾ and ࢇ = ࢈ + ࢉ = ૛࢖ 

෍(࢈ + ࢉ − ࢇ࢓(ࢇ
૛

ࢉ࢟ࢉ

= ૛෍(࢖ − ࢇ࢓(ࢇ
૛

ࢉ࢟ࢉ

 

=
૚
૛෍

࢖) − ૛ࢇ)૛}(ࢇ + ૛࢈ + (૛ࢉ − ૜ࢇ૛}
ࢉ࢟ࢉ

=
૚
૛෍

࢖) − ૛࢖)૝}(ࢇ − ࢘૛ − ૝࢘ࡾ) − ૜ࢇ૛}
ࢉ࢟ࢉ

 

= ૛(࢖૛ − ࢘૛ − ૝࢘ࡾ)෍(࢖ − (ࢇ
ࢉ࢟ࢉ

−
૜
૛෍ࢇ૛(࢖ − (ࢇ
ࢉ࢟ࢉ

 

= ૛࢖)࢖૛ − ࢘૛ − ૝࢘ࡾ) −
૜
૛࢖

૛ࢇ) + ૛࢈ + (૛ࢉ +
૜
૛

૜ࢇ) + ૜࢈ +  (૜ࢉ

= ૛࢖)࢖૛ − ࢘૛ −૝࢘ࡾ) −
૜
૛
࢖ ⋅ ૛(࢖૛ − ࢘૛ − ૝࢘ࡾ) +

૜
૛

ࢇ) + +࢈ ૜(ࢉ −
ૢ
૛

ࢇ) + ࢈ + +࢈ࢇ)(ࢉ +ࢉ࢈ (ࢇࢉ +
ૢ
ࢇ
 ࢉ࢈ࢇ

= ૚૛࢖૜ − ૛࢖)࢖ૢ + ࢘૛ + ૝࢘ࡾ) + ૚ૡ࢖࢘ࡾ − ૛࢖)࢖ − ࢘૛ − ૝࢘ࡾ) 

= ૚૛࢖૜ − ૛࢖૚૙)࢖ + ૡ࢘૛ + ૜૛࢘ࡾ) + ૚ૡ࢖࢘ࡾ = ૛࢖)࢖૛ − ૝࢘૛ − ૠ࢘ࡾ) 
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we need to prove, ૛࢖)࢖૛ − ૝࢘૛ − ૠ࢘ࡾ) ≥ ૚ૡ࢘ࡾ)࢖ − ࢘) 

⇔ ૛࢖ − ૝࢘૛ − ૠ࢘ࡾ ≥ −࢘ࡾૢ ૢ࢘૛ ⇔ ૛࢖ ≥ ૚૟࢘ࡾ − ૞࢘૛, which is true 

∴෍(࢈ + ࢉ − (ࢇ
ࢉ࢟ࢉ

ࢇ࢓
૛ ≥ ૚ૡ࢘ࡾ)࢖ − ࢘) 

 

270. In ࢤ	࡯࡮࡭: 

(૜ࢇ − ࢈ − ࢈૜)(ࢉ − ࢉ − ࢉ૜)(ࢇ − ࢇ − (࢈ ≤ +࢈) ࢉ − ࢉ)(ࢇ + ࢇ − +ࢇ)(࢈ −࢈  (ࢉ

Proposed by Neculai Stanciu – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭ (૜ࢇ − ࢈ − ࢈૜)(ࢉ − ࢉ − ࢉ૜)(ࢇ − ࢇ − (࢈ ≤ 

≤ ࢈) + ࢉ − ࢉ)(ࢇ + ࢇ − ࢇ)(࢈ + ࢈ − ,࢈,ࢇ Como .(ࢉ  son lados de un ࢉ

triángulo se cumple lo siguiente ࢞ = ࢈ + ࢉ − ࢇ > 0, 

ݕ	 = ܽ + ܿ − ܾ > 0, ݖ = ܽ + ܾ − ܿ > 0; 	࢞ + ࢟ − ࢠ = ૜ࢉ − ࢇ −  	,࢈

࢟ + ࢠ − ࢞ = ૜ࢇ − ࢈ − ,ࢉ ࢠ + ࢞ − ࢟ = ૜࢈ − ࢉ −  ࢇ

La desigualdad es equivalente (࢞ + ࢟ − ࢠ)(ࢠ + ࢞ − ࢟)(࢟ + ࢠ − ࢞) ≤  ࢠ࢟࢞

Lo cual es equivalente 

⇔ ࢞૜ + ࢟૜ + ૜ࢠ + ૜࢞࢟ࢠ ≥ ࢞࢟(࢞ + ࢟) + ࢟)ࢠ࢟ + (ࢠ + ࢠ)࢞ࢠ + ࢞) → 

→ (Válido por desigualdad de Schur) 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

Let ࢞ = ࢇ + ࢈ − ,ࢉ ࢟ = ࢈ + ࢉ − ࢠ and ࢇ = ࢉ + ࢇ −  ,now ࢈

ࢠ࢟࢞ ≥ෑ(࢞ + ࢟ − (ࢠ
ࢉ࢟ࢉ

 

⇔෍࢞૜

ࢉ࢟ࢉ

+ ૜࢞࢟ࢠ ≥෍࢞࢟(࢞ + ࢟)
ࢉ࢟ࢉ

⇔෍࢞(࢞ − ࢟)(࢞ − (ࢠ ≥ ૙
ࢉ࢟ࢉ

, 

which is true by Schurs Inequality so, 
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ࢠ࢟࢞ ≥ෑ(࢞ + ࢟ − (ࢠ
ࢉ࢟ࢉ

= ෑ(૜ࢇ − ࢈ − (ࢉ
ࢉ࢟ࢉ

 

⇒ෑ(ࢇ + ࢈ − (ࢉ
ࢉ࢟ࢉ

≥ෑ(૜ࢇ − ࢈ − (ࢉ
ࢉ࢟ࢉ

 

Solution 3 by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡾ − ࡿࡴࡸ = ૡ෍(ࢇ૛࢈ + (૛࢈ࢇ − ૝෍ࢇ૜ − ૜૟ࢉ࢈ࢇ ≥ ૙ 

⇔ ૛෍࢈ࢇ (૛࢙ − −(ࢉ ቂ૜ࢉ࢈ࢇ + ૛࢙ ቀ෍ࢇ૛ −෍࢈ࢇቁቃ − ࢉ࢈ࢇૢ ≥ ૙ 

⇔ ૝࢙(࢙૛ + ૝࢘ࡾ + ࢘૛) − ૜૟࢙࢘ࡾ − ૛࢙(࢙૛ − ૚૛࢘ࡾ − ૜࢘૛) − ૜૟࢙࢘ࡾ ≥ ૙ 

⇔ ૛࢙૛ + ૡ࢘ࡾ + ૛࢘૛ − ૜૟࢘ࡾ − ࢙૛ + ૚૛࢘ࡾ + ૜࢘૛ ≥ ૙ 

⇔ ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛ →  true by Gerretsen (Proved) 

Solution 4 by Sanong Hauerai-Nakonpathom-Thailand 

൫૜ࢇ − ࢈) + ࢈൯൫૜(ࢉ − ࢉ) + ࢉ൯൫૜(ࢇ − +ࢇ) ൯(࢈ ≤ +ࢇ) ࢈ − ࢈)(ࢉ + ࢉ − ࢉ)(ࢇ + ࢇ −  (࢈

൫૜ࢇ + ૜࢈ + ૜ࢉ − ૝(࢈ + ࢇ൯൫૜(ࢉ + ૜࢈ + ૜ࢉ − ૝(ࢉ + ࢇ൯൫૜(ࢇ + ૜࢈ + ૜ࢉ − ૝(ࢇ+  ൯(࢈

≤ ൫૜ࢇ + ૜࢈ + ૜ࢉ − (૛ࢇ + ૛࢈ + ૝ࢉ)൯൫૜ࢇ + ૜࢈ + ૜ࢉ − (૝ࢇ + ૜࢈+ ૛ࢉ)൯൫૜ࢇ+ ૜࢈+ ૜ࢉ − (૛ࢇ + ૝࢈ + ૛ࢉ)൯ 

If ൬(ࢇ + +࢈ (ࢉ − ૝
૜

+࢈) +ࢇ)൰൬(ࢉ ࢈ + −(ࢉ ૝
૜

ࢉ) + ൰(ࢇ ൬(ࢇ+ +࢈ −(ࢉ ૝
૜

+ࢇ)  ൰(࢈

≤ ቆ(ࢇ + ࢈ + −(ࢉ
૛
૜

ࢇ) + ࢈ + ૛ࢉ)ቇቆ(ࢇ+ +࢈ (ࢉ −
૛
૜

(૛ࢇ + ࢈ + ቇ(ࢉ ൫ࢇ + ࢈ + ࢉ − ૛(ࢇ + ૛࢈+  ൯(ࢉ

From Expanding, Consider because ૡ࢈ࢇ ≤ ૝ࢇ૛ + ૝࢈૛ 

Hence ൬(ࢇ + ࢈ + −(ࢉ ૝
૜

࢈) + ൰(ࢉ ൬(ࢇ + ࢈ + −(ࢉ ૝
૜

ࢉ) + ൰(ࢇ ≤ 

≤ ൬(ࢇ + ࢈ + −(ࢉ ૛
૜

ࢇ) + ࢈ + ૛ࢉ)൰
૛

. Because ૡࢉ࢈ ≤ ૝࢈૛ + ૝ࢉ૛ 

Hence ൬(ࢇ + ࢈ + −(ࢉ ૝
૜

ࢉ) + ൰(ࢇ ൬(ࢇ + ࢈ + (ࢉ − ૛
૜

ࢇ) + ൰(࢈ ≤ 

≤ ൬(ࢇ + ࢈ + −(ࢉ ૛
૜

(૛ࢇ + ࢈ + ൰(ࢉ
૛

 and because ૡࢉࢇ ≤ ૝ࢇ૛ + ૝ࢉ૛ 
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Hence ൬(ࢇ + ࢈ + −(ࢉ ૝
૜

ࢇ) + ൰(࢈ ൬(ࢇ + ࢈ + (ࢉ − ૝
૜

࢈) + ൰(ࢉ ≤ 

≤ ቆ(ࢇ + ࢈ + (ࢉ −
૛
૜

ࢇ) + ૛࢈ + ቇ(ࢉ
૛

 

Therefore ൫૜ࢇ − ࢈) + ࢈൯൫૜(ࢉ − ࢉ) + ࢉ൯൫૜(ࢇ − ࢇ) + ൯(࢈ ≤ 

≤ ࢇ) + ࢈ − ࢈)(ࢉ + ࢉ − ࢉ)(ࢇ + ࢇ −  (࢈

 

271. In ࡻ,࡯࡮࡭ࢤ – circumcenter, ࢇࡵ, ,࢈ࡵ  excenters – ࢉࡵ

ࢉࡵ࢈ࡵ
ࢇࡵࡻ

+
ࢇࡵࢉࡵ
࢈ࡵࡻ

+
࢈ࡵࢇࡵ
ࢉࡵࡻ

≤
૛ૠࡾ૜

ࢉ࢈ࢇ
 

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ ≤
ࡿି࡮ି࡯

ඥ∑ࢉࡵ࢈ࡵ૛ට∑
૚
૛ࢇࡵࢇ

   (1) 

ࢉࡵ࢈ࡵ = ࢇ ࡭܋ܛ܋
૛

= ૛ܖܑܛࡾ ࡭ ܋ܛ܋ ࡭
૛

= ૝ܖܑܛࡾ ࡭
૛
ܛܗ܋ ࡭

૛
܋ܛ܋ ࡭

૛
= ૝ܛܗ܋ࡾ ࡭

૛
, etc. 

∴ ૛ࢉࡵ࢈ࡵ = ૚૟ࡾ૛ ૛ܛܗ܋
࡭
૛

 

∴ ට෍ࢉࡵ࢈ࡵ૛ = ૝ࡾඨ෍ܛܗ܋૛
࡭
૛

= ૝ࡾඨ
૚
૛
෍(૚ +  (࡭ܛܗ܋

= ૝ࡾට૚
૛
ቀ૜ + ૚ + ࢘

ࡾ
ቁ =

(૛)
૝ࡾට૝ࡾା࢘

૛࢘
. Now, ࢇࡵࡻ = ඥࡾ)ࡾ + ૛࢘ࢇ), etc 

∴ ඨ෍
૚
૛ࢇࡵࡻ

=
૚
ࡾ√

ඨ
૚

ࡾ + ૛࢘ࢇ
+

૚
ࡾ + ૛࢘࢈

+
૚

ࡾ + ૛࢘ࢉ
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=
૚
ࡾ√

ඨ
ࡾ) + ૛࢘ࡾ)(࢈ + ૛࢘ࢉ) + ࡾ) + ૛࢘ࡾ)(ࢉ + ૛࢘ࢇ) + ࡾ) + ૛࢘ࡾ)(ࢇ + ૛࢘࢈)

ࡾ) + ૛࢘ࡾ)(ࢇ + ૛࢘ࡾ)(࢈ + ૛࢘ࢉ)  

=⏞
(࢏)

૚
√૛ට

࢞
࢟
  (say) 

࢞ = ෍(ࡾ+ ૛࢘ࡾ)(࢈ + ૛࢘ࢉ) = ෍{ࡾ૛ + ૛࢈࢘)ࡾ + (ࢉ࢘ + ૝࢘ࢉ࢘࢈} 

= ૜ࡾ૛ + ૝ࡾ(૝ࡾ+ ࢘) + ૝࢙૛ (∵ ࢇ࢘∑ = ૝ࡾ+ ࢘ and ∑࢘࢈࢘ࢇ = ࢙૛) 

=
(࢏࢏)

૚ૢࡾ૛ + ૝࢘ࡾ + ૝࢙૛ 

࢟ = ࡾ) + ૛࢘ࡾ)(ࢇ + ૛࢘ࡾ)(࢈ + ૛࢘ࢉ) = ૜ࡾ + ૛ࡾ૛(૝ࡾ + ࢘) + ૝࢙ࡾ૛ + ૡ࢘ࢉ࢘࢈࢘ࢇ 

=
(࢏࢏࢏)

૜ࡾૢ + ૛ࡾ૛࢘ + ૝࢙ࡾ૛ + ૡ࢙࢘૛ 	ቀ∵ ࢘ෑ࢘ࢇࢇ =  ૛ቁࢤ

(i), (ii), (iii) ⇒ ට∑ ૚
૛ࢇࡵࡻ

 

=
(૜) ૚

ࡾ√
ඨ ૚ૢࡾ૛ + ૝࢘ࡾ + ૝࢙૛

૜ࡾૢ + ૛ࡾ૛࢘ + ૝࢙ࡾ૛ + ૡ࢙࢘૛
 

(1), (2), (3) ⇒  ࡿࡴࡸ

≤
(૝)

૝ࡾඨ
૝ࡾ + ࢘
૛ࡾ

૚
ࡾ√

ඨ ૚ૢࡾ૛ + ૝࢘ࡾ + ૝࢙૛

૜ࡾૢ + ૛ࡾ૛࢘ + ૝࢙ࡾ૛ + ૡ࢙࢘૛ 

= ૝ඨ
૝ࡾ + ࢘
૛

ඨ ૚ૢࡾ૛ + ૝࢘ࡾ + ૝࢙૛

૜ࡾૢ + ૛ࡾ૛࢘ + ૝࢙ࡾ૛ + ૡ࢙࢘૛
 

(4) ⇒ it suffices to prove: ૚૟ ቀ૝ࡾା࢘
૛
ቁ ⋅ ૚ૢࡾ૛ା૝࢘ࡾା૝࢙૛

૛ାૡ࢙࢘૛࢙ࡾ૛࢘ା૝ࡾ૜ା૛ࡾૢ
≤ ૠ૛ૢࡾ૟

૚૟ࡾ૛࢘૛࢙૛
 

⇔ ૠ૛ૢࡾ૝{ૢࡾ૜ + ૛ࡾ૛࢘+ (૝ࡾ + ૡ࢘)࢙૛} ≥ ૚૛ૡ࢘૛(૝ࡾ + ࢘)࢙૛(૚ૢࡾ૛ + ૝࢘ࡾ+ ૝࢙૛)  (5) 

LHS of (5) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

ૠ૛ૢࡾ૝{ૢࡾ૜ + ૛ࡾ૛࢘ + (૚૟࢘ࡾ − ૞࢘૛)(૝ࡾ + ૡ࢘)} 
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RHS of (5) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

	૚૛ૡ࢘૛(૝ࡾ + ࢘)(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛) + 

(૚૟ࡾ૛ + ૚૟࢘ࡾ + ૚૛࢘૛ + ૚ૢࡾ૛ + ૝࢘ࡾ) ∴ it suffices to prove: 

ૠ૛ૢࡾ૝{ૢࡾ૜ + ૛ࡾ૛࢘ + (૚૟࢘ࡾ − ૞࢘૛)(૝ࡾ + ૡ࢘)} 

≥ ૚૛ૡ࢘૛(૝ࡾ + ࢘)(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)(૜૞ࡾ૛ + ૛૙࢘ࡾ + ૚૛࢘૛) 

⇔ ૟૞૟૚࢚ૠ + ૝ૡ૚૚૝࢚૟ + ૠ૙૞૛࢚૞ − ૚૞ૢૠ૛૙࢚૝ − ૚૝ૠ૝૞૟࢚૜ − 

−ૡ૝૚૛૙࢚૛ − ૜૛૛૞૟࢚ − ૝૟૙ૡ ≥ ૙ ൬࢚ =
ࡾ
࢘
൰ 

⇔ (࢚ − ૛)൫૟૞૟૚࢚૟ + ૟૚૛૜૟࢚૞ + ૚૛ૢ૞૛૝࢚૝ + ૢૢ૜૛ૡ࢚૜ + ૞૚૛૙૙࢚૛ + ૚ૠ૛ૡ૙࢚ + ૛૜૙૝൯ ≥ ૙ → 

true ∵ ࢚ = ࡾ
࢘
≥ ૛ (Euler) (Proved) 

 

272. In ࢤ	ࡻ,࡯࡮࡭ – circumcentre, ࢇࡵ, ,࢈ࡵ  excenters – ࢉࡵ

ࢇࡵࡻ ⋅ ࢈ࡵࡻ ⋅ ࢉࡵࡻ + ࢈ࡵࢇࡵ ⋅ ࢉࡵ࢈ࡵ ⋅ ࢇࡵࢉࡵ ≥ ૜૛࢘ࡾ(࢙ + ࢘) 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Teniendo en cuenta las siguients notaciones y desigualdades 

ࢇࡵࡻ = ඥࡾ)ࡾ + ૛࢘࢈ࡵࡻ,(ࢇ = ඥࡾ)ࡾ + ૛࢘ࢉࡵࡻ,(࢈ = ඥࡾ)ࡾ + ૛࢘࢈), 

࢈ࡵࢇࡵ = ૝ܛܗ܋ࡾ
࡯
૛

, ࢉࡵ࢈ࡵ = ૝ܛܗ܋ࡾ
࡭
૛

, ࢇࡵࢉࡵ = ૝ܛܗ܋ࡾ
࡮
૛

 

ࢉ࢘࢈࢘ࢇ࢘ = ࢙૛࢘ ≥ ૛ૠ࢘૜,ࡾ ≥ ૛࢘. Luego aplicando la desigualdad de Holder 

ࢇࡵࡻ ⋅ ࢈ࡵࡻ ⋅ ࢉࡵࡻ = ࡾ)ඥࡾ√ࡾ + ૛࢘ࡾ)(ࢇ + ૛࢘ࡾ)(࢈ + ૛࢘ࢉ) ≥ 

≥ ࡾට൫ࡾ√ࡾ + ૛ඥ࢘ࢉ࢘࢈࢘ࢇ૜ ൯
૜
≥ ࡾ)ࡾඥࡾ + ૟࢘)૜ ≥ ඥ૛࢘ࡾ ⋅ (ૡ࢘)૜ = ૜૛࢘ࡾ૛ 

⇔ ࢇࡵࡻ ⋅ ࢈ࡵࡻ ⋅ ࢉࡵࡻ ≥ ૜૛࢘ࡾ૛  (A). Además 

 → ࢈ࡵࢇࡵ ⋅ ࢉࡵ࢈ࡵ ⋅ ࢇࡵࢉࡵ = ૟૝ࡾ૜ ܛܗ܋ ࡭
૛
ܛܗ܋ ࡮

૛
ܛܗ܋ ࡯

૛
= ૟૝ࡾ૜ ⋅ ࢙

૝ࡾ
= ૚૟ࡾ૛࢙ ≥ ૜૛࢙࢘ࡾ  (B) 
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Sumando (A)+(B)→ ࢇࡵࡻ ⋅ ࢈ࡵࡻ ⋅ ࢉࡵࡻ + ࢈ࡵࢇࡵ ⋅ ࢉࡵ࢈ࡵ ⋅ ࢇࡵࢉࡵ ≥ ૜૛࢘ࡾ(࢙ + ࢘)   

Solution 2 by Soumava Chakraborty-Kolkata-India 

ࢇࡵࡻ ⋅ ࢈ࡵࡻ ⋅ ࢉࡵࡻ = ඥ(ࡾ૛ + ૛ࡾ)(ࢇ࢘ࡾ૛ + ૛ࡾ)(࢈࢘ࡾ૛ + ૛ࢉ࢘ࡾ) 

=
(૚)

ඥࡾ૜(ࡾ + ૛࢘ࡾ)(ࢇ + ૛࢘ࡾ)(࢈ + ૛࢘ࢉ). Now, (ࡾ + ૛࢘ࡾ)(ࢇ + ૛࢘ࡾ)(࢈ + ૛࢘ࢉ) 

= ૜ࡾ + ૛ࡾ૛ ቀ෍࢘ࢇቁ+ ૝ࡾቀ෍࢘࢈࢘ࢇቁ+ ૡ࢘ࢉ࢘࢈࢘ࢇ 

= ૜ࡾ + ૛ࡾ૛(૝ࡾ + ࢘) + ૝࢙ࡾ૛ + ૡ࢙࢘૛ 

= ૜ࡾૢ + ૛ࡾ૛࢘ + ࢙૛(૝ࡾ + ૡ࢘) ≥
(૛)

ૢ(૛࢘)૜ + ૛࢘(૝࢘૛) + ૛ૠ࢘૛(ૡ࢘ + ૡ࢘) 

൫∵ ࡾ ≥ ૛࢘	ࢊ࢔ࢇ	࢙ ≥ ૜√૜࢘൯ = (ૠ૛ + ૡ + ૛ૠ	 × 	૚૟)࢘૜ = ૞૚૛࢘૜ 

∴ ࡾ)∏૜ࡾ + ૛࢘ࢇ) ≥ ૛ࡾ ⋅  (using (2))  (૞૚૛࢘૜)ࡾ

≥
(૜)

࢘ࢋ࢒࢛ࡱ
૛ࡾ	 ⋅ ૛࢘(૞૚૛࢘૜) = ૚૙૛૝ࡾ૛࢘૝ 

∴ ඥࡾ૜∏(ࡾ + ૛࢘ࢇ) ≥ ૜૛࢘ࡾ૛	  (using (3)) 

⇒ ࢇࡵࡻ ⋅ ࢈ࡵࡻ ⋅ ࢉࡵࡻ ≥ ૜૛࢘ࡾ૛  (a) (from (1)) 

࢈ࡵࢇࡵ ⋅ ࢉࡵ࢈ࡵ ⋅ ࢇࡵࢉࡵ = ൬ࢉ ܋ܛ܋
࡯
૛
൰ ൬ࢇ ܋ܛ܋

࡭
૛
൰൬࢈ ܋ܛ܋

࡮
૛
൰ 

= ඨࢉ࢈ࢇ
࢈ࢇ

(࢙ − ࢙)(ࢇ − (࢈
ඨ

ࢉ࢈
(࢙ − ࢙)(࢈ − ඨ(ࢉ

ࢇࢉ
(࢙ − ࢙)(ࢉ −  (ࢇ

= ૚૟ࡾ૛࢘૛࢙૛⋅࢙
࢘૛࢙૛

= ૚૟ࡾ૛࢙ ≥
(࢈)

࢘ࢋ࢒࢛ࡱ
૜૛࢙࢘ࡾ (a)+(b) ⇒ ࡿࡴࡸ ≥ ૜૛࢘ࡾ(࢘ + ࢙)   

273. In ࢤ	࡯࡮࡭: 

෍
ࢇ

࢈) + ࢈)(ࢉ + ࢉ − (ࢇ ≥
૚ૡ࢘૛

ࢉ࢈ࢇ
 

Proposed by Panagiote Ligouras-Florence-Italia 
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Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭ ∑ ࢇ
(ࢇିࢉା࢈)(ࢉା࢈) ≥

૚ૡ࢘૛

ࢉ࢈ࢇ
= ૚ૡ࢘૛

૝ࡾ࢘࢖
= ૢ࢘

૛࢖ࡾ
   (A) 

Además siendo ࢈,ࢇ,  los lados de un triángulo se cumple la siguiente ࢉ

desigualdad ࢉ࢈ࢇ ≥ ࢇ) + ࢉ − ࢈)(࢈ + ࢉ − ࢉ)(ࢇ + ࢇ − ࡾ,(࢈ ≥ ૛࢘ 

Lo equivalente en (A) se puede expresar como 
ࡾ
ૢ࢘

෍
ࢇ

࢈) + ࢈)(ࢉ + ࢉ − (ࢇ ≥
૚
૛࢖

 

Aplicando la desigualdad de Euler y MA ≥ MG 

ࡾ
ૢ࢘
∑ ࢇ

(ࢇିࢉା࢈)(ࢉା࢈) ≥
૛
ૢ
⋅ ૜ට ૚

(ࢇାࢉ)(ࢉା࢈)(࢈ାࢇ)
૜ ≥ ૚

ࢉା࢈ାࢇ
. Es suficiente probar lo 

siguiente  (ࢇ + ࢈ + ૜(ࢉ ≥ ૛ૠ
ૡ

ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ ⇔ 

⇔ ൫(ࢇ+ (࢈ + ࢈) + (ࢉ + ࢉ) + ൯(ࢇ
૜
≥ ૛ૠ

ૡ
ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ +  (MA ≥ MG)  (ࢇ

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

We know,  ࢉ࢈ࢇ ≥ ∏ ࢇ) + ࢈ − ࢉ࢟ࢉ(ࢉ  

∴ ෍
ࢇ

࢈) + ࢈)(ࢉ + ࢉ − (ࢇ
ࢉ࢟ࢉ

≥ ૜ඨ
૚

∏ ࢇ) + ࢉ࢟ࢉ(࢈
⋅

ࢉ࢈ࢇ
∏ ࢇ) + ࢈ − ࢉ࢟ࢉ(ࢉ

૜
 

= ૜ඨ
૚

∏ ࢇ) + ࢉ࢟ࢉ(࢈

૜
≥

ૢ
૛(ࢇ + ࢈ + (ࢉ =

૚
૛ ⋅

ૢ
૛࢖ ≥

ૢ࢘
૛࢖ࡾ			

[∵ ࡾ ≥ ૛࢘] 

= ૚ૡ࢘૛

૝࢖࢘ࡾ
= ૚ૡ࢘૛

ࢉ࢈ࢇ
   (Proved) 

Solution 3 by Soumava Chakraborty-Kolkata-India 

෍
ࢇ

࢈) + ࢈)(ࢉ + ࢉ − (ࢇ ≥
(૚) ૚ૡ࢘૛

ࢉ࢈ࢇ
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(1) ⇔ ∑ ࢇ
(ࢇି࢙)(ࢉା࢈) ≥

૜૟࢘૛

ࢉ࢈ࢇ
   (2) 

Now, ࢇ
ࢉା࢈

≥ ࢈
ࢇାࢉ

⇔ ࢉࢇ + ૛ࢇ ≥ ૛࢈ +  ࢉ࢈

⇔ ࢇ) + ࢇ)(࢈ − (࢈ + ࢇ)ࢉ − (࢈ ≥ ૙ ⇔ ࢇ) − ࢇ)(࢈ + ࢈ + (ࢉ ≥ ૙ 

⇔
(࢏)

ࢇ ≥ ࢈ ,Similarly .࢈
ࢇାࢉ

≥ ࢉ
࢈ାࢇ

⇔ ࢈ ≥  (ii) ࢉ

WLOG, we may assume ࢇ ≥ ࢈ ≥ ࢇ ,Then, from (i), (ii) .ࢉ
ࢉା࢈

≥ ࢈
ࢇାࢉ

≥ ࢉ
࢈ାࢇ

, 

and also, ૚
ࢇି࢙

≥ ૚
࢈ି࢙

≥ ૚
ࢉି࢙

 ∴ LHS of (2) ≥ ૚
૜
∑ ࢇ
ࢉା࢈

⋅ ∑ ૚
ࢇି࢙

   (Chebyshev) 

≥
࢚࢚࢏࢈࢙ࢋࡺ ૚

૜
⋅ ૜
૛
⋅ ∑ ૚

ࢇି࢙
≥
(૜) ૚

૛
⋅ ૢ
=(Bergstrom)  (ࢇି࢙)∑ ૢ

૛࢙
 

(3), (2) ⇒ it suffices to prove: ૢ
૛࢙
≥ ૜૟࢘૛

૝࢙࢘ࡾ
⇔ ࡾ ≥ ૛࢘ → true (Euler)  

Solution 4 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

෍
ࢇ

࢈) + ࢈)(ࢉ + ࢉ − (ࢇ = ෍
࢈) + −(ࢉ ࢈) + ࢉ − (ࢇ
࢈) + (ࢉ ⋅ ࢈) + ࢉ − (ࢇ = 

= ෍൬
૚

࢈ + ࢉ − ൰ࢇ −෍
૚

࢈ + ࢉ =
૝ࡾ + ࢘
૛ࡿ −

૞࢖૛ + ૝࢘ࡾ + ࢘૛

૛࢖)࢖૛ + ૛࢘ࡾ + ࢘૛) 

૝ࡾ + ࢘
૛ࡿ

−
૞࢖૛ + ૝࢘ࡾ + ࢘૛

૛࢖)࢖૛ + ૛࢘ࡾ + ࢘૛) ≥
ૢ࢘

૛࢖ ⋅ ࡾ
⇔ 

൬
૝ࡾ + ࢘
૛

−
ૢ࢘
ࡾ
൰ ≥

૞࢖૛ + ૝࢘ࡾ + ࢘૛

૛࢖)࢖૛ + ૛࢘ࡾ + ࢘૛) ⇔ 

(૝ࡾ૛ − ૝࢘ࡾ − ૢ࢘૛) ⋅ ૛࢖ ≥ ࡾ ⋅ ࢘૛(૝ࡾ + ࢘)− ࢘(૛ࡾ + ࢘)(૝ࡾ૛ + ࢘ࡾ − ૢ࢘૛) 

(૝ࡾ૛ − ૝࢘ࡾ − ૢ࢘૛) ⋅ (૚૟࢘ࡾ− ૞࢘૛) ≥ ࡾ ⋅ ࢘૛(૝ࡾ + ࢘) − ࢘(૛ࡾ + ࢘)(૝ࡾ૛ + ࢘ࡾ − ૢ࢘૛) 
ࡾ
૛

= ࢚; (૝࢚૛ − ૝࢚ − ૢ)(૚૟࢚ − ૞) ≥ ࢚ ⋅ (૝࢚ + ૚) − (૛࢚ + ૚)(૝࢚૛ + ࢚ − ૢ) 

ૠ૛࢚૜ − ૡ૛࢚૛ − ૚૝૛࢚ + ૜૟ ≥ ૙ 



 
www.ssmrmh.ro 

 
(࢚ − ૛) ⋅ (૜૟࢚૛ + ૜૚࢚ − ૢ) ≥ ૙

࢚ ≥ ૛
ൠ TRUE 

274. In ࢤ	࡯࡮࡭: 

ඥࢉࢎ࢈ࢎࢇࢎ ≤ ࢙√࢘ ≤ ඥࢉ࢓࢈࢓ࢇ࢓ 

Proposed by Rovsen Pirguliyev-Sumgait-Azerbaidian 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭ ඥࢉࢎ࢈ࢎࢇࢎ ≤ ࢙√࢘ ≤ ඥࢉ࢓࢈࢓ࢇ࢓ 

Utilizando las siguientes desigualdades e identidades en un ࢤ	࡯࡮࡭ 

ࡿ = ࢙࢘ = ඥ࢙(࢙ − ࢙)(ࢇ − ࢙)(࢈ − ࢇࢎ,(ࢉ =
ࢉ࢈
૛ࡾ ࢈ࢎ, =

ࢇࢉ
૛ࡾ ࢉࢎ, =

࢈ࢇ
૛ࡾ 

ࢇ࢓ ≥ ඥ࢙(࢙ − ࢈࢓,(ࢇ ≥ ඥ࢙(࢙ − ࢉ࢓,(࢈ ≥ ඥ࢙(࢙ − ࡾ,(ࢉ ≥ ૛࢘. Por la tanto  

ඥࢉࢎ࢈ࢎࢇࢎ = ࢉ࢈ࢇ
૛ࡾ√૛ࡾ

= ૝࢙࢘ࡾ
૛ࡾ√૛ࡾ

= ૛࢙࢘
√૛ࡾ

≤ ૛࢙࢘
√૝࢘

= ࢙√࢘ (Válido por Euler) 

ඥࢉ࢓࢈࢓ࢇ࢓ ≥ ටඥ࢙(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ ⋅ ࢙૛ = √࢙ ⋅ ࡿ = ඥ࢙૛࢘ = ࢙√࢘ 

Solution 2 by George Apostolopoulos-Messolonghi-Greece 

We have ࢉࢎ࢈ࢎࢇࢎ = ૛࢙࢘
ࢇ
⋅ ૛࢙࢘
࢈
⋅ ૛࢙࢘
ࢉ

= ૡ࢘૜࢙૜

ࢉ࢈ࢇ
= 

ૡ࢘૜࢙૜

૝ࡾ(࢙࢘) = ૛࢘૛࢙૛

ࡾ
≤

࢘ࢋ࢒࢛ࡱ ૛࢘૛࢙૛

૛࢘
= ࢘ ⋅ ࢙૛. So ඥࢉࢎ࢈ࢎࢇࢎ ≤ ࢙√࢘ 

Also, we have ࢇ࢓
૛ = ૛൫࢈૛ାࢉ૛൯ିࢇ૛

૝
≥ ૛ࢇ૛ି(ࢉା࢈)

૝
= (ࢇିࢉା࢈)(ࢇାࢉା࢈)

૝
 

= ࢇାࢉା࢈
૛

⋅ ࢇିࢉା࢈
૛

= ࢙(࢙ − (ࢇ = ࢇ࢓ Namely .ࢉ࢘࢈࢘
૛ ≥  ࢉ࢘࢈࢘

Similarly ࢈࢓
૛ ≥ ࢉ࢓ and ,ࢇ࢘ࢉ࢘

૛ ≥  So .࢈࢘ࢇ࢘

ࢇ࢓
૛ ⋅ ࢈࢓

૛ ⋅ ࢉ࢓
૛ ≥ ૛(ࢉ࢘࢈࢘ࢇ࢘) ࢉ࢓࢈࢓ࢇ࢓⇔ ≥ ࢉ࢘࢈࢘ࢇ࢘ = ࢙૛࢘ 

So ඥࢉ࢓࢈࢓ࢇ࢓ ≥ ࢙√࢘. Namely ඥࢉࢎ࢈ࢎࢇࢎ ≤ ࢙√࢘ ≤ ඥࢉ࢓࢈࢓ࢇ࢓ 
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275. In ࢤ	ࡻ,࡯࡮࡭ – circumcentre, ࢇࡵ, ,࢈ࡵ  :excenters - ࢉࡵ

૛૚૟ࢇ૛࢈૛ࢉ૛ࡾ૜

ࢇࡵࡻ ⋅ ࢉࡵ࢈ࡵ ⋅ ࢈ࡵࡻ ⋅ ࢇࡵࢉࡵ ⋅ ࢉࡵࡻ ⋅ ࢈ࡵࢇࡵ
≤ ࢙૜ 

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty-Kolkata-India  

૛૚૟ࢇ૛࢈૛ࢉ૛ࡾ૜

ࢇࡵࡻ ⋅ ࢉࡵ࢈ࡵ ⋅ ࢈ࡵࡻ ⋅ ࢇࡵࢉࡵ ⋅ ࢉࡵࡻ ⋅ ࢈ࡵࢇࡵ
≤⏞
(૚)

࢙૜ 

࢈ࡵࢇࡵ ⋅ ࢉࡵ࢈ࡵ ⋅ ࢇࡵࢉࡵ = ඨࢉ࢈ࢇ
ࢉ࢈

(࢙ − ࢙)(࢈ − (ࢉ ⋅ ඨ
ࢇࢉ

(࢙ − ࢙)(ࢉ − (ࢇ ⋅
ඨ

࢈ࢇ
(࢙ − ࢙)(ࢇ −  (࢈

=
૛࢙ࢉ૛࢈૛ࢇ
࢘૛࢙૛ =

(૛) ૛ࢉ૛࢈૛ࢇ

࢘૛࢙  

using (2), (1) ⇔ ૛ࢉ૛࢈૛ࢇ(ࢇࡵࡻ∏) ⋅ ࢙૜ ≥ ૛૚૟ࢇ૛࢈૛ࢉ૛ࡾ૜࢘૛ࡿ 

⇔ ࢙૛ ቀෑࢇࡵࡻቁ ≥ ૛૚૟ࡾ૜࢘૛ ⇔ ࢙૝ ቀෑࢇࡵࡻ૛ቁ ≥ ૛૚૟	× 	૛૚૟ࡾ૟࢘૝ 

⇔ ࢙૝ࡾ૜(ࡾ + ૛࢘ࡾ)(ࢇ + ૛࢘ࡾ)(࢈ + ૛࢘ࢉ) ≥ ૛૚૟૛ࡾ૟࢘૝ 

⇔ ࢙૝(ࡾ + ૛࢘ࡾ)(ࢇ + ૛࢘ࡾ)(࢈ + ૛࢘ࢉ) ≥ ૛૚૟૛ࡾ૜࢘૝   (3) 

LHS of (3) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

(૚૟ࡾ − ૞࢘)૛࢘૛(ࡾ + ૛࢘ࡾ)(ࢇ+ ૛࢘ࡾ)(࢈ + ૛࢘ࢉ) 

= ࢘૛(૚૟ࡾ − ૞࢘)૛{ࡾ૜ + ૛ࡾ૛(૝ࡾ + ࢘) + ૝࢙ࡾ૛ + ૡ࢙࢘૛} 

ቀ∵෍࢘ࢇ = ૝ࡾ + ࢘,෍࢘࢈࢘ࢇ = ࢙૛, ࢉ࢘࢈࢘ࢇ࢘ = ࢙࢘૛ቁ 

≥
(૝)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ
	 ࢘૛(૚૟ࡾ − ૞࢘)૛{ૢࡾ૜ + ૛ࡾ૛࢘ + ૝(૚૟࢘ࡾ − ૞࢘૛)(ࡾ + ૛࢘)} 

(3), (4) ⇒ it suffices to prove: 

(૚૟ࡾ − ૞࢘)૛{ૢࡾ૜ + ૛ࡾ૛࢘ + ૝(૚૟࢘ࡾ − ૞࢘૛)(ࡾ + ૛࢘)} ≥ ૛૚૟૛ࡾ૜࢘૛ 
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⇔ ૛૜૙૝࢚૞ + ૚૞૝૞૟࢚૝ − ૛ૢ૜૝૜࢚૜ − ૛૞ૡૠ૙࢚૛ + ૢ૚૙૙࢚ − ૚૙૙૙ ≥ ૙, 

(where, ࢚ = ࡾ
࢘

) 

⇔ (࢚ − ૛){(࢚ − ૛)(૛૜૙૝࢚૜ + ૛૝૟ૠ૛࢚૛ + ૟૙૚૛ૢ࢚+ ૚૚૞ૢ૞ૡ + ૛૜૛૝૚૟} ≥ ૙ 

→ true, ∵ ࢚ = ࡾ
࢘
≥ ૛ (Euler) (Proved) 

 

276. In ࢤ	࡯࡮࡭: 

࢙૛ + ࢘૛

૛࢘ࡾ
+ ඨ૛࢘

ࡾ
૜

≥ ૡ 

Proposed by Rovsen Pirguliyev-Sumgait-Azerbaidian 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru 

Probar en un triángulo ࡯࡮࡭, la siguiente desigualdad ࢙
૛ା࢘૛

૛࢘ࡾ
+ ට૛࢘

ࡾ

૜
≥ ૡ 

Aplicando la desigualdad de Euler → ࡾ) ≥ ૛࢘) 

࢙૛ + ࢘૛

૛࢘ࡾ + ඨ૛࢘
ࡾ

૜

=
࢙૛ + ࢘૛

૛࢘ࡾ + ඨࡾ
૛ ⋅ ૛࢘
૜ࡾ

૜

≥
࢙૛ + ࢘૛

૛࢘ࡾ +
૛࢘
ࡾ ≥ ૡ 

Lo cual es equivalente ࢙૛ + ૞࢘૛ ≥ ૚૟࢘ࡾ  (Inequality Gerretsen) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ ≥
(૚)

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ ૚૟࢘ࡾ − ૝࢘૛

૛࢘ࡾ + ඨ૛࢘
ࡾ

૜

= ૡ −
૛࢘
ࡾ + ඨ૛࢘

ࡾ
૜

 

∴ it suffices to prove: ට૛࢘
ࡾ

૜
≥ ૛࢘

ࡾ
  (from (1)) 

⇔ ૛࢘
ࡾ
≥ ቀ૛࢘

ࡾ
ቁ
૜
⇔ ૛ࡾ ≥ (૛࢘)૛ ⇔ ࡾ ≥ ૛࢘ → true by Euler (Proved) 
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Solution 3 by Seyran Ibrahimov-Maasilli-Azerbaidian 

૛࢘
ࡾ

= ࢚૜ ≤ ૚   ࢚ ≤ ૚; 	࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛ ⇒ Gerretsen 

૚૟࢘ࡾ − ૝࢘૛

૛࢘ࡾ
+ ඨ૛࢘

ࡾ
૜

≥ ૡ; 	ૡ −
૛࢘
ࡾ

+ ඨ૛࢘
ࡾ

૜
≥ ૡ; 	࢚ − ࢚૜ ≥ ૙ 

࢚(૚ − ࢚૛) ≥ ૙ ⇒ because ࢚ ≤ ૚ 

Solution 4 by Soumitra Mandal-Chandar Nagore-India 

In ࢤ	࢖,࡯࡮࡭૛ ≥ ૚૟࢘ࡾ − ૞࢘૛ + ࢘૛(ିࡾ૛࢘)
࢘ିࡾ

∴ ૛ା࢘૛࢖

૛࢘ࡾ
+ ට૛࢘

ࡾ

૜ ≥ ૡ− ૛࢘
ࡾ

+ ࢘
૛ࡾ
ቀିࡾ૛࢘
࢘ିࡾ

ቁ 

We need to prove, ૡ − ૛࢘
ࡾ

+ ࢘
૛ࡾ
ቀିࡾ૛࢘
࢘ିࡾ

ቁ + ට૛࢘
ࡾ

૜ ≥ ૡ⇔ − ૚
࢚

+ ૚
૝࢚
ቆ࢚ି૚
࢚ି૚૛
ቇ+ ૚

√࢚૜ ≥ ૙ 

where ࢚ = ࡾ
૛࢘

 ⇔ ૚
࢚
ቀ ࢚ି૚
૝࢚ି૛

ቁ − ૚
࢚

+ ૚

√࢚૜ ≥ ૙ ⇔ ૚
࢚
ቀ૚ି૜࢚
૝࢚ି૛

ቁ + ૚

√࢚૜ ≥ ૙⇔ ૚

√࢚૜ ≥ ૚
࢚
ቀ૜࢚ି૚
૝࢚ି૛

ቁ 

⇔ ૡ࢚૛(૛࢚ − ૚)૜ ≥ (૜࢚ − ૚)૜ ⇔ ૟૝࢚૞ − ૢ૟࢚૝ + ૛૚࢚૜ − ૚ૢ࢚૛ − ૢ࢚ + ૚ ≥ ૙ 

⇔ (࢚ − ૚)(૟૝࢚૝ − ૜૛࢚૜ − ૚૚࢚૛ + ૡ࢚ − ૚) ≥ ૙ 

⇔ (࢚ − ૚)૛(૟૝࢚૜ + ૜૛࢚૛ + ૛૚࢚ + ૛ૢ) + (࢚ − ૚)૛ૡ ≥ ૙,  

which is true ∵ ࢚ ≥ ૚ ∴ ૛ା࢘૛࢖

૛࢘ࡾ
+ ට૛࢘

ࡾ

૜ ≥ ૡ 

277. In ࢤ	࡯࡮࡭: 

ࡾ
૛࢘

+
૜࢙૛

(૝ࡾ + ࢘)૛ ≥ ૛ 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡾ ࡯࡮࡭
૛࢘

+ ૜࢙૛

(૝ࡾା࢘)૛
≥ ૛ 

Tener en cuenta las siguientes desigualdades en un triángulo ࡯࡮࡭ 

࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛  (Gerretsen’s Inequality), ࡾ ≥ ૛࢘ (Euler’s Inequality) 

La desigualdad es equivalente ⇔ (૝ࡾ+ ࢘)૛ࡾ + ૜࢙૛ ⋅ ૛࢘ ≥ ૝࢘(૝ࡾ+ ࢘)૛ 

Utilizando la desigualdad de Gerretsen 
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⇔ (૝ࡾ + ࢘)૛ࡾ + ૜࢙૛ ⋅ ૛࢘ ≥ (૝ࡾ + ࢘)૛ࡾ+ ૜(૚૟࢘ࡾ − ૞࢘૛) ⋅ ૛࢘ 

Por último probaremos (૝ࡾ+ ࢘)૛ࡾ + ૜(૚૟࢘ࡾ− ૞࢘૛) ⋅ ૛࢘ ≥ ૝࢘(૝ࡾ + ࢘)૛ 

⇔ ૚૟ࡾ૜ + ૡࡾ૛࢘+ ૢૠ࢘૛ࡾ − ૜૙࢘૜ ≥ ૟૝ࡾ૛࢘+ ૜૛࢘ࡾ૛ + ૝࢘૜ 

⇔ ૚૟ࡾ૜ − ૞૟ࡾ૛࢘ + ૟૞࢘ࡾ૛ − ૜૝࢘૜ = −ࡾ) ૛࢘)(૚૟ࡾ૛ − ૛૝࢘ࡾ+ ૚ૠ࢘૛) ≥ ૙ 

Lo cual es vàlido ya que → ૚૟ࡾ૛ − ૛૝࢘ࡾ + ૚ૠ࢘૛ = (૝ࡾ − ૜࢘)૛ + ૡ࢘૛ > 0 

Solution 2 by Soumava Chakraborty-Kolkata-India 

૜࢙૛

(૝ࡾ + ࢘)૛ +
ࡾ
૛࢘ ≥

࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ ૝ૡ࢘ࡾ − ૚૞࢘૛

(૝ࡾ + ࢘)૛ +
ࡾ
૛࢘ ≥

?
૛ 

⇔ ૚૟ࡾ૜ − ૞૟ࡾ૛࢘+ ૟૞࢘ࡾ૛ − ૜૝࢘૜ ≥
?
૙ ⇔ (࢚ − ૛)(૚૟࢚૛ − ૛૝࢚ + ૚ૠ) ≥

?
૙ 

→ true ∵ ࢚ = ࡾ
࢘
≥ ૛ and ૚૟࢚૛ − ૛૝࢚ + ૚ૠ > 0 as ࢤ = −૞૚૛ < 0 (Proved) 

278. In ࢤ	ࡻ,࡯࡮࡭ – circumcentre, ࢇࡾ  circumradii of - ࢉࡾ,࢈ࡾ,

 ࡮ࡻ࡭	ࢤ,࡭ࡻ࡯	ࢤ,࡯ࡻ࡮	ࢤ

ૢ
૛ࢇࡾ + ૛࢈ࡾ + ૛ࢉࡾ

+
ࡾ

ࢉࡾ࢈ࡾࢇࡾ
≤

૝
૛ࡾ

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumava Chakraborty-Kolkata-India 

 
∵ angle at centre = twice angle at circumference, ∴ ࡯ࡻ࡮∠ = ૛∠࡭ 
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∴ ࡼࡻ࡮∠ = ࡼࡻ Let .࡭∠ = ࡭ܛܗ܋ ;࢚ = ࡻࡼ

ࡻ࡮
= ࢚

ࡾ
⇒ ࢚ = ࡾ  ࡭ܛܗ܋

Now, ࢇࢋ࢘࡭	ࢤ)	(࡯ࡻ࡮ = ૚
૛
࢚ࢇ = ࡭ܛܗ܋ࡾࢇ

૛
 . Also, ࢇࢋ࢘࡭	ࢤ)	(࡯ࡻ࡮ = ࢇ⋅ࡾ⋅ࡾ

૝ࢇࡾ
= ૛ࡾࢇ

૝ࢇࡾ
 

∴ ܛܗ܋ࡾࢇ ࡭
૛

= ૛ࡾࢇ

૝ࢇࡾ
⇒ ࡭ܛܗ܋ = ࡾ

૛ࢇࡾ
⇒ ࢇࡾ = ࡾ

૛ܛܗ܋ ࡭
. Similarly, ࢈ࡾ = ࡾ

૛࡮ܛܗ܋
  and 

ࢉࡾ = ࡾ
૛࡯ܛܗ܋

 ∴ (1) ⇔ ૢ
૛ࡾ

૝ ቀ
૚

૛ܛܗ܋ ࡭
ା ૚
૛ܛܗ܋ ࡮

ା ૚
૛ܛܗ܋ ࡯

ቁ
+ ࡾ

૜ࡾ

ૡ ࡭ܛܗ܋ ࡮ܛܗ܋ ܛܗ܋ ࡯

≤ ૝
૛ࡾ

 

⇔ ૢ
૚

૛ܛܗ܋ ࡭
ା ૚
૛ܛܗ܋ ࡮

ା ૚
૛ܛܗ܋ ࡯

+ ૛࡭ܛܗ܋ ࡮ܛܗ܋ ࡯ܛܗ܋ ≤ ૚   (2) 

Now, ܛܗ܋ ૛࡭ + ࡮૛ܛܗ܋ + ܛܗ܋ ૛࡯ = −૚− ૝ ࡭ܛܗ܋ ࡮ܛܗ܋  ࡯ܛܗ܋

⇒ ૛	෍ܛܗ܋૛ି࡭૜ = −૚ − ૝ ࡭ܛܗ܋ ࡮ܛܗ܋  ࡯ܛܗ܋

⇒ ૛ܛܗ܋∑ ࡭ = ૚ − ૛࡭ܛܗ܋ ࡮ܛܗ܋  (3)   ࡯ܛܗ܋

Using (3), (2) ⇔ ૢ
૚
࢞ା

૚
࢟ା

૚
ࢠ

≤ ࢞ + ࢟ +   .ࢠ

(where ࢞ = ࡭૛ܛܗ܋ , ࢟ = ࡮૛ܛܗ܋ , ࢠ = ૛ܛܗ܋  (࡯

→ which is true as HM ≤ AM (here, ࢞,࢟, ࢠ > 0) (Proved) 

Solution 2 by Geanina Tudose-Romania 
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We break the inequality into: ࡾ

ࢉࡾ࢈ࡾࢇࡾ
≤ ૚

૛ࡾ
 and ૢ

࢈ࡾ૛ାࢇࡾ
૛ାࢉࡾ૛

≤ ૜
૛ࡾ

 

(1) Let ࡿ૚ = ࡯ࡻ࡮ࡿ = ૛ࡾࢇ

૝ࢇࡾ
⇒ ࢇࡾ = ૛ࡾࢇ

૝ࡿ૚
; ૛ࡿ	 = ࡯ࡻ࡭ࡿ = ૛ࡾ࢈

૝࢈ࡾ
⇒ ࢈ࡾ = ૛ࡾ࢈

૝ࡿ૛
 

૜ࡿ = ࡮ࡻ࡭ࡿ =
૛ࡾࢉ

૝ࢉࡾ
⇒ ࢉࡾ =

૛ࡾࢉ

૝ࡿ૜
; 	

ࡾ
ࢉࡾ࢈ࡾࢇࡾ

=
ࡾ

૟ࡾࢉ࢈ࢇ
૟૝ࡿ૚ࡿ૛ࡿ૜

=
૟૝ࡿ૚ࡿ૛ࡿ૜
ࢉ࢈ࢇ ⋅ ૞ࡾ

 

From GM ≤ AM ඥࡿ૚ࡿ૛ࡿ૜૜ ≤ ૜ࡿ૛ାࡿ૚ାࡿ
૜

= ࡿ
૜

= ࢉ࢈ࢇ
૚૛ࡾ

⇒ ૜ࡿ૛ࡿ૚ࡿ = ૜(ࢉ࢈ࢇ)

૚૛૜ࡾ૜
 

Hence ࡾ
ࢉࡾ࢈ࡾࢇࡾ

≤ ૛(ࢉ࢈ࢇ)

૛ૠࡾૡ
; We show (ࢉ࢈ࢇ)૛

૛ૠࡾૡ
≤ ૚

૛ࡾ
⇔ ࢉ࢈ࢇ ≤ ૜√૜ࡾ૜ ⇔ 

⇔ ࡭ܖܑܛ ࡮ܖܑܛ ܖܑܛ ࡯ ≤ ૜√૜
ૡ

 which is a true inequality 

(follows from ࡭ܖܑܛ + ࡮ܖܑܛ + ܖܑܛ ࡯ ≤ ૜√૜
૛

 and GM ≤ IM) 

(2) Is equivalent to ࢇࡾ૛ + ૛࢈ࡾ + ૛ࢉࡾ ≥ ૜ࡾ૛ 

In ࢤ	(࡯ࡻ࡮)࢓,࡯ࡻ࡮ = ૛(࡭)࢓ ⇒ ࢇ
࡯ࡻ࡮ܖܑܛ

= ૛ࢇࡾ ⇒
૛࡭ܖܑܛࡾ

૛ ࡭ܖܑܛ ܛܗ܋ ࡭
= ૛ࢇࡾ ⇒ 

⇒ ࢇࡾ = ࡾ
૛࡭ܛܗ܋

. Thus: ࡾ
૛

૝
⋅ ቀ ૚

૛ܛܗ܋ ࡭
+ ૚

૛ܛܗ܋ ࡮
+ ૚

૛ܛܗ܋ ࡯
ቁ ≥ ૜ࡾ૛ 

⇔ ૚
૛ܛܗ܋ ࡭

+ ૚
૛ܛܗ܋ ࡮

+ ૚
૛ܛܗ܋ ࡯

≥ ૚૛ (! ࢤ	࡯࡮࡭ not right – angled suppose acute) 

Let ࢌ: ቀ૙, ࣊
૛
ቁ → ℝ		ࢌ(࢞) = ૚

૛ܛܗ܋ ࢞
(࢞)ᇱࢌ, = ૛ ܖܑܛ ࢞

૜ܛܗ܋ ࢞
,	 

(࢞)ᇱᇱࢌ = ૛⋅൫ܛܗ܋૛ ࢞ା૜ܖܑܛ૛ ࢞൯	
૝ܛܗ܋ ࢞

> 0 ⇒ ⇒ ᇱᇱ convex fctࢌ ࢉା࢈ାࢇቀࢌ
૜

ቁ ≤ (ࢉ)ࢌା(࢈)ࢌା(ࢇ)ࢌ
૜

 

⇒
૚
૜
⋅ ൬

૚
࡭૛ܛܗ܋

+
૚

࡮૛ܛܗ܋
+

૚
૛ܛܗ܋ ࡯

൰ ≥
૚

૛ܛܗ܋ ቀ࡭ + ࡮ + ࡯
૜ ቁ

⇔ 

⇔ ૚
૛ܛܗ܋ ࡭

+ ૚
૛ܛܗ܋ ࡮

+ ૚
૛ܛܗ܋ ࡯

≥ ૚૛ “true” 

Adding up the inequalities, we get the conclusion. 
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279. In ࢤ	࡯࡮࡭: 

ࢇ࢓

ࢇ࢝
+
࢈࢓

࢈࢝
+
ࢉ࢓

ࢉ࢝
≥
૚
૛ቌ૜ + ඨ(ࢇ + ࢈ + (ࢉ ൬

૚
ࢇ +

૚
࢈ +

૚
 ൰ቍࢉ

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭ la siguiente desigualdad 

ࢇ࢓

ࢇ࢒
+
࢈࢓

࢈࢒
+
ࢉ࢓

ࢉ࢒
≥
૚
૛ቌ

ඨ(ࢇ + ࢈ + (ࢉ ൬
૚
ࢇ +

૚
࢈ +

૚
൰ࢉ + ૜ቍ 

Utilizando las siguientes desigualdades e identidades concidas en un 

triángulo ࢇ࢓ ࡯࡮࡭ ≥
ࢉା࢈
૛
ܛܗ܋ ࡭

૛
࢈࢓, ≥

ࢇାࢉ
૛
ܛܗ܋ ࡮

૛
ࢉ࢓, ≥

࢈ାࢇ
૛
ܛܗ܋ ࡯

૛
 

ࢇ࢒ =
૛ࢉ࢈
࢈ + ࢉ

ܛܗ܋
࡭
૛

, ࢈࢒ =
૛ࢇࢉ
ࢉ + ࢇ

ܛܗ܋
࡮
૛

, ࢉ࢒ =
૛࢈ࢇ
ࢇ + ࢈

ܛܗ܋
࡯
૛

 

La desigualdad es equivalente 

ࢇ࢓
ࢇ࢒

+ ࢈࢓
࢈࢒

+ ࢉ࢓
ࢉ࢒
≥ ૛(ࢉା࢈)

૝ࢉ࢈
+ ૛(ࢇାࢉ)

૝ࢇࢉ
+ ૛(࢈ାࢇ)

૝࢈ࢇ
≥ ૚

૛
ቆට(ࢇ + ࢈ + (ࢉ ቀ૚

ࢇ
+ ૚

࢈
+ ૚

ࢉ
ቁ + ૜ቇ =   

= ૚
૛
ට(ࢇ+ +࢈ (ࢉ ቀ૚ࢇ + ૚

+࢈ ૚
ቁࢉ + ૜

૛. Ahora bien 

࢈) + ૛(ࢉ

૝ࢉ࢈
+

ࢉ) + ૛(ࢇ

૝ࢇࢉ
+

ࢇ) + ૛(࢈

૝࢈ࢇ
=
૜
૛

+
૚
૝
൬
࢈
ࢉ

+
ࢉ
࢈

+
ࢉ
ࢇ

+
ࢇ
ࢉ

+
ࢇ
࢈

+
࢈
ࢇ
൰ 

Es suficiente demostrar lo siguiente 

૚
૝
൬
࢈
ࢉ

+
ࢉ
࢈

+
ࢉ
ࢇ

+
ࢇ
ࢉ

+
ࢇ
࢈

+
࢈
ࢇ

+ ૜൰ =
૚
૝

ࢇ) + ࢈ + (ࢉ ൬
૚
ࢇ

+
૚
࢈

+
૚
ࢉ
൰ ≥ 

≥ ૚
૛
ට(ࢇ + ࢈ + (ࢉ ቀ૚

ࢇ
+ ૚

࢈
+ ૚

ࢉ
ቁ + ૜

૝
⇔ ૚

૝
(࢞ − ૜)(࢞ + ૚) ≥ ૙, lo cual es válido 

ya que  
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࢞ = ට(ࢇ + ࢈ + (ࢉ ቀ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
ቁ ≥ ૜ → (MA ≥ MG) 

Solution 2 by Soumava Chakraborty-Kolkata-India  

ࢇ࢓ ≥ ඥ࢙(࢙ − ࢇ࢝ (1)  (ࢇ = ૛ࢉ࢈
ࢉା࢈

ܛܗ܋ ࡭
૛
⇒ ࢇ࢝ = ૛ࢉ࢈

ࢉା࢈
ට࢙(࢙ିࢇ)

ࢉ࢈
= ૛√ࢉ࢈

ࢉା࢈
ඥ࢙(࢙ −  (ࢇ

⇒ ૚
ࢇ࢝

= ࢉା࢈
૛√ࢉ࢈

⋅ ૚
ඥ࢙(࢙ିࢇ)

   (2); (1), (2) ⇒ ࢇ࢓

ࢇ࢝
≥ ࢉା࢈

૛√ࢉ࢈
   (3)  

Similarly, ࢈࢓

࢈࢝
≥
(૝) ࢇାࢉ

૛√ࢇࢉ
 and, ࢉ࢓

ࢉ࢝
≥
(૞)
	 ࢈ାࢇ
૛√ࢇ

 ࢈

(3) + (4) + (5) ⇒ ࡿࡴࡸ ≥
(૟) ૚

૛
ቆටࢇ

࢈
+ ට࢈

ࢉ
+ ටࢉ

ࢇ
+ ට࢈

ࢇ
+ ටࢉ

࢈
+ ටࢇ

ࢉ
ቇ 

(6) ⇒ it suffices to prove: ටࢇ
࢈

+ ට࢈
ࢉ

+ටࢉ
ࢇ

+ ට࢈
ࢇ

+ ටࢉ
࢈

+ටࢇ
ࢉ
 

≥
(ૠ)

૜ +ට૜ + ࢇ
࢈

+ ࢈
ࢉ

+ ࢉ
ࢇ

+ ࢈
ࢇ

+ ࢉ
࢈

+ ࢇ
ࢉ
. Let ටࢇ

࢈
= ࢞,ට࢈

ࢉ
= ࢟,ටࢉ

ࢇ
= ∴  ࢠ ࢠ࢟࢞ = ૚ 

(7) ⇔ ࢞ + ࢟ + ࢠ + ૚
࢞

+ ૚
࢟

+ ૚
ࢠ
≥ ૜ + ට૜ + ࢞૛ + ࢟૛ + ૛ࢠ + ૚

࢞૛
+ ૚

࢟૛
+ ૚

૛ࢠ
 

⇔෍࢞ + ෍࢞࢟− ૜ ≥ ට૜ + ෍࢞૛ + ෍࢞૛࢟૛ 

⇔ ቀ෍࢞ + ෍࢞࢟ − ૜ቁ
૛
≥ ૜ + ෍࢞૛ + ෍࢞૛࢟૛ 

൬∵ ෍࢞ + ෍࢞࢟ ≥
ࡳି࡭

૜ + ૜ = ૟ ⇒෍࢞ + ෍࢞࢟− ૜ ≥ ૜ > 0൰ 

⇔ ቀ෍࢞ቁ
૛

+ ቀ෍࢞࢟ቁ
૛

+ ૢ + ૛ ቀ෍࢞ቁቀ෍࢞࢟ቁ − ૟෍࢞ − ૟෍࢞࢟ 

≥ ૜ + ෍࢞૛ + ෍࢞૛࢟૛ 

⇔෍࢞૛ + ૛෍࢞࢟ + ෍࢞૛࢟૛ + ૛෍࢞ + ૢ + ૛ ቀ෍࢞ቁ ቀ෍࢞࢟ቁ 



 
www.ssmrmh.ro 

 
≥ ૜ + ∑࢞૛ + ∑࢞૛࢟૛ + ૟∑࢞ + ૟∑࢞࢟   (∵ ࢠ࢟࢞ = ૚) 

⇔ ૟ + ૛ቀ෍࢞ቁ ቀ෍࢞࢟ቁ ≥ ૝෍࢞ + ૝෍࢞࢟ 

⇔ ૜+ ࢛࢜ ≥ ૛࢛ + ૛࢜  (where ࢛ = ∑࢞ ≥ ૜
࢜ = ∑࢞࢟ ≥ ૜)⇔ ࢛(࢜ − ૛) ≥ ૛࢜ − ૜ 

⇔ ࢛ ≥ ૛࢜ି૜
࢜ି૛

  (∵ (૛࢜ − ૜) and (࢜ − ૛) > 0) ⇔ ࢛૛ ≥ (૛࢜ି૜)૛

(࢜ି૛)૜   (8) 

Now, (∑࢞)૛ ≥ ૜∑࢞࢟ ⇒ ࢛૛ ≥ ૜࢜  (9); (8), (9) ⇒ it suffices to prove: 

૜࢜ ≥
(૛࢜ − ૜)૛

(࢜ − ૛)૛ ⇔ ૜࢜(࢜ − ૛)૛ ≥ (૛࢜ − ૜)૛ ⇔ ૜࢜૜ − ૚૟࢜૛ + ૛૝࢜ − ૢ ≥ ૙ 

⇔ (࢜ − ૜)(૜࢜૛ − ૠ࢜ + ૜) ≥ ૙ ⇔ (࢜ − ૜){(૜࢜ + ૛)(࢜ − ૜) + ૢ} ≥ ૙ 

→ true ∵ ࢜ = ∑࢞࢟ = ටࢇ
ࢉ

+ ටࢉ
࢈

+ ට࢈
ࢇ
≥
ࡳି࡭

  (3) (Proved) 

280. In ࢤ	࡯࡮࡭, ,ࢇࡵ ,incentre - ࡵ ,࢈ࡵ  :excenters – ࢉࡵ

ࢇ ⋅ ࡵ࡭ ⋅ ࢇࡵ࡭ + ࢈ ⋅ ࡵ࡮ ⋅ ࢈ࡵ࡮ + ࢉ ⋅ ࡵ࡯ ⋅ ࢉࡵ࡯ ≤
ૡ࢙૛ࡿ
ૢ࢘

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumava Pal-Kolkata-India 
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In ࢤ	ࡵ࡭ ,ࡰ࡮࡭

ࡰࡵ
= ࡮࡭

ࡰ࡮
 (angle bisector theorem) 

= ࡯࡮
࡮࡭

࡯࡮⋅࡯࡭శ࡮࡭
 (∵ ࡮࡭

࡯࡭
= ࡰ࡮

࡯ࡰ
 by bisector theorem ⇒ ࡮࡭

࡯࡭ା࡮࡭
= ࡰ࡮

࡯࡮
) 

= ࢉ
ࢇࢉ
ࢉశ࢈

= ࢉା࢈
ࢇ
⇒ ࡵ࡭ = ࢉା࢈

ࢉା࢈ାࢇ
ࡰ࡭	 =

૛ࢉ࢈ ૛࡭ܛܗ܋
૛ࡿ

   (*) 

Also ࢄ࡭ = ࡮࡭ + ࢄ࡮ = ࡮࡭ ࢅ࡭ ;(1)  ࡰ࡮+ = ࡯࡭ + ࢅ࡯ = ࡯࡭ +  (2)    ࡰ࡯

(1) + (2) = 2S and ࢄ࡭ = 	ࢅ࡭ ⇒ ࢄ࡭ = ࢅ࡭ = ࢙ 

ࢇࡵ࡭ = ࡿ

૛࡭ܛܗ܋
 . From (*) we get ࡵ࡭ = ࢉ࢈

ࡿ

૛࡭ܛܗ܋

= ࢉ࢈
ࢇࡵ࡭

⇒ ࡵ࡭ࢇ ⋅ ࢇࡵ࡭ =  ࢉ࢈ࢇ

∴ the inequality stands ∑ࡵ࡭ࢇ ⋅ ࢇࡵ࡭ = ૜ࢉ࢈ࢇ ≤ ૡࡿ૛ࢤ
ૢ࢘

= ૡࡿ૜ࢤ
ૢ࢙࢘

⇔ ࢇ) + ࢈ +

 which is true by AM - GM ࢉ࢈ࢇ૜૜≤ࢉ+࢈+ࢇ⇔ ࢉ࢈ࢇ૜≥૛ૠࢉ

Solution 2 by Soumava Chakraborty-Kolkata-India 

 
 

In ࢤ	࢈ࡵ࡭ࢇࡵ∠,࢈ࡵࢇࡵ࡭ = ૢ૙∘ ∴ ࡮ܛܗ܋
૛

= ࢇࡵ࡭
࢈ࡵࢇࡵ
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⇒ ࢇࡵ࡭ = ܛܗ܋
࡮
૛ ⋅ ࡯ ܋ܛ܋

࡯
૛ = ܛܗ܋

࡮
૛ ⋅ ૛ࡾ ࡯ܖܑܛ ⋅ ܋ܛ܋

࡯
૛ 

= ૝ܛܗ܋ࡾ
࡮
૛ ܖܑܛ

࡯
૛ ܛܗ܋

࡯
૛ ܋ܛ܋

࡯
૛ =

(૚)
૝ܛܗ܋ࡾ

࡮
૛ ܛܗ܋

࡯
૛ 

∴ ࢇ ⋅ ࡵ࡭ ⋅ ࢇࡵ࡭ = ૛࡭ܖܑܛࡾ ⋅ ࡾ

૛࡭ܖܑܛ
⋅ ૝ࡾ ࡮ܛܗ܋

૛
ܛܗ܋ ࡯

૛
  (from (1)) 

= ૚૟ࡾ૛࢘ ܖܑܛ
࡭
૛
ܛܗ܋

࡭
૛
⋅

૚

૛࡭ܖܑܛ
⋅ ܛܗ܋

࡮
૛
⋅ ܛܗ܋

࡯
૛

 

= ૚૟ࡾ૛࢘ ܛܗ܋
࡭
૛ ܛܗ܋

࡮
૛ ܛܗ܋

࡯
૛ = ૝ࡾ૛࢘(ܖܑܛ ࡭ + ܖܑܛ ࡮ + (࡯ܖܑܛ = ૝ࡾ૛࢘ ቀ

࢙
ࡾ
ቁ =

(૛)
૝࢙࢘ࡾ 

Similarly, ࢈ ⋅ ࡵ࡮ ⋅ ࢈ࡵ࡮ =
(૜)

૝࢙࢘ࡾ and ࢉ ⋅ ࡵ࡯ ⋅ ࢉࡵ࡯ =
(૝)

૝࢙࢘ࡾ 

∴ (2) + (3) + (4) ⇒ ࡿࡴࡸ = ૚૛࢙࢘ࡾ ≤
? ૡ࢙૛ࡿ

ૢ࢘
= ૡࡿ૛⋅࢙࢘

ૢ࢘
= ૡࡿ૜

ૢ
 

⇔ ૛࢙૛ ≥
?
૛ૠ࢘ࡾ 

But ૛࢙૛ ≥ ૜૛࢘ࡾ − ૚૙࢘૛ → (Gerretsen) 
∴ suffices to prove: ૜૛࢘ࡾ − ૚૙࢘૛ ≥ ૛ૠ࢘ࡾ ⇔ ࡾ ≥ ૛࢘ → true (*) 

(Proved) 
Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

 

ࢇࡵ࡭ = ࢇ࢘
૛࡭ܖܑܛ

ࡵ࡭ ;(૛ࡴࢇࡵ࡭	ࢤ)	 = ࢘

૛࡭ܖܑܛ
,࡯࡮࡭	ࢤ In ;(૚ࡴࡵ࡭	ࢤ) ࡵ − incentre 

ࢇ ;excenters – ࢉࡵ࢈ࡵࢇࡵ ⋅ ࡵ࡭ ⋅ ࢇࡵ࡭ + ࢈ ⋅ ࡵ࡮ ⋅ ࢈ࡵ࡮ + ࡯ ⋅ ࡵ࡯ ⋅ ࢉࡵ࡯ ≤
ૡ࢙૛ࡿ
ૢ࢘
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෍
ࢇ ⋅ ࢘ ⋅ ࢇ࢘

૛࡭૛ܖܑܛ
= ෍

ࢇ ⋅ ࢘ ⋅ ࡿ
࢖ − ࢇ

൬(࢖ − ࢖)(࢈ − (ࢉ
ࢉ࢈ ൰

= 

= ࢉ࢈ࢇ ⋅ ࢘ ⋅ ࡿ ⋅෍
࢖

࢖)࢖ − ࢖)(ࢇ − ࢖)(࢈ − (ࢉ = 

= (ࢉ࢈ࢇ) ⋅ ࢘ ⋅ ࡿ ⋅ ૜࢖
૛ࡿ

= ૚૛ࡿ⋅ࡾ૜

ࡿ
= ૚૛ࡿࡾ = ࡿࡴࡸ ;ࡿࡴࡸ ≤  (ASSURE) ࡿࡴࡾ

૚૛ࡿࡾ ≤ ૢ࢙૛⋅ࡿ
ૢ࢘

⇒ ૛࢖૛ต
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

≥ ૛ૠ࢘࢖; ૛ ⋅ (૚૟࢘ࡾ − ૞࢘૛) ≥ ૛ૠ࢘ࡾ 

૜૛࢘ࡾ − ૚૙࢘૛ ≥ ૛ૠ࢘ࡾ; ૞࢘ࡾ ≥ ૚૙࢘૛; ࡾ ≥ ૛࢘ 

Solution 4 by Geanina Tudose – Romania  

ࢇ∑ ⋅ ࡵ࡭ ⋅ ࡭ࡵ࡭ ≤
ૡ࢖૛ࡿ
ૢ࢘

. We use  ൞
ࢇࡵ࡭ = ࢇ࢘

૛࡭ܖܑܛ
ࢇ࢘	ࢊ࢔ࢇ	 = ࡿ

ࢇି࢖
⇒ ࢇࡵ࡭ = ࡿ

(ࢇି࢖) ૛࡭ܖܑܛ

ࡵ࡭ = ࢇି࢖

૛࡭ܛܗ܋

 

Thus ∑ࢇ ⋅ ࡵ࡭ ⋅ ࡭ࡵ࡭ = ࢇ∑ ⋅ ࢇି࢖
૛࡭ܛܗ܋

⋅ ૚

૛࡭ܖܑܛ
⋅ ࡿ
ࢇି࢖

= ∑ ૛ࡿࢇ
࡭ܖܑܛ

= 

= ∑ ૛⋅૛ࡾ ܖܑܛ ࡿ࡭
ܖܑܛ ࡭

= ∑૝ࡿࡾ = ૚૛ࡿࡾ. We show ૚૛ࡾࡿ ≤ ૡ࢖૛ࡿ
ૢ࢘

⇔ ૛࢖૛ ≥ ૛ૠ࢘ࡾ 

⇔ ૛ ⋅ ൬
ࢇ + ࢈ + ࢉ

૛
൰
૛

≥ ૛ૠࡾ ⋅
ࡿ
࢖
⇔ ૛࢖૜ ≥ ૛ૠࡾ

ࢉ࢈ࢇ
૝ࡾ

⇔ ૡ࢖૜ = ૛ૠࢉ࢈ࢇ 

⇔ ࢇ) + ࢈ + ૜(ࢉ ≥ ૜૜ࢉ࢈ࢇ (true AM ≥  (ࡹࡳ

 

281. In ࢤ	࡯࡮࡭: 

૛ࢇ + ૛࢈ + ૛ࢉ +
૚
ૡ
෍(࢈ − ૛(ࢉ ≤  ૛ࡾૢ

Proposed by Nicolae and Cristina Nica – Romania  
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Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࢇ ࡯࡮࡭૛ + ૛࢈ + ૛ࢉ + ૚
ૡ
࢈)∑ − ૛(ࢉ ≤ ૛ࡾૢ  

Tener en cuenta las siguientes desigualdades e identidades en un ࢤ	࡯࡮࡭ 

࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛ (Inequality Gerretsen), ࡾ ≥ ૛࢘ 

૛ࢇ + ૛࢈ + ૛ࢉ = ૛(࢙૛ − ࢘૛ − ૝࢈ࢇ,(࢘ࡾ + ࢉ࢈ + ࢇࢉ = ࢙૛ + ࢘૛ + ૝࢘ࡾ 

La desigualdad es equivalente 

⇔ ૚૙(ࢇ૛ + ૛࢈ + (૛ࢉ − ૛(࢈ࢇ + ࢉ࢈ + (ࢇࢉ ≤ ૠ૛ࡾ૛ 

⇔ ૞(ࢇ૛ + ૛࢈ + (૛ࢉ − +࢈ࢇ) ࢉ࢈ + (ࢇࢉ = ૚૙(࢙૛ − ࢘૛ − ૝࢘ࡾ) − (࢙૛ + ࢘૛ + ૝࢘ࡾ) ≤ ૜૟ࡾ૛  

⇔ ૞(ࢇ૛ + ૛࢈ + −(૛ࢉ ࢈ࢇ) + ࢉ࢈ + (ࢇࢉ = ૢ࢙૛ − ૚૚࢘૛ − ૝૝࢘ࡾ ≤ 

≤ ૢ(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛) − ૚૚࢘૛ − ૝૝࢘ࡾ 

⇔ ૞(ࢇ૛ + ૛࢈ + (૛ࢉ − ࢈ࢇ) + ࢉ࢈ + (ࢇࢉ ≤ ૜૟ࡾ૛ − ૡ࢘ࡾ + ૚૟࢘૛ ≤ 

≤ ૜૟ࡾ૛ + ૡ࢘(૛࢘ − (ࡾ ≤ ૜૟ࡾ૛ (LQQD) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

To prove: ૡ∑ࢇ૛ + ࢇ)∑ − ૛(࢈ ≤ ૠ૛ࡾ૛ ⇔ ૚૙∑ࢇ૛ − ૛∑࢈ࢇ ≤ ૠ૛ࡾ૛ 

⇔ ૛૙(࢙૛ − ૝࢘ࡾ − ࢘૛) − ૛(࢙૛ + ૝࢘ࡾ + ࢘૛) ≤ ૠ૛ࡾ૛ 
⇔ ૢ࢙૛ ≤ ૜૟ࡾ૛ + ૝૝࢘ࡾ+ ૚૚࢘૛. But ૢ࢙૛ ≤ ૜૟ࡾ૛ + ૜૟࢘ࡾ+ ૛ૠ࢘૛ (Gerretsen) 

∴ it suffices to prove: ૜૟ࡾ૛ + ૜૟࢘ࡾ+ ૛ૠ࢘૛ ≤ ૜૟ࡾ૛ + ૝૝࢘ࡾ + ૚૚࢘૛ 

⇔ ૡ࢘ࡾ ≥ ૚૟࢘૛ ⇔ ࡾ ≥ ૛࢘ → true by Euler (Proved) 

Solution 3 by Soumitra Mandal-Chandar Nagore-India 

Lemma: In ࢤ	࡯࡮࡭,૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛ ≥ ૛࢖  

Where ࢖ = ࢇ + +࢈ ࢉ ⋅ ૛࢖ + ࢘૛ + ૝࢘ࡾ = +࢈ࢇ +ࢉ࢈ ࢉ࢈ࢇ and ࢇࢉ = ૝࢖࢘ࡾ 

૛ࡾૢ ≥
૚
ૡ෍

ࢇ) − ૛(࢈
ࢉ࢟ࢉ

+ ૛ࢇ + ૛࢈ +  ૛ࢉ

⇔ ૛ࡾૢ ≥
+ࢇ) ࢈ + ૛(ࢉ − ૜(࢈ࢇ + ࢉ࢈ + (ࢇࢉ

૝ + ૛ࢇ + ૛࢈ +  ૛ࢉ
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⇔ ૛ࡾૢ ≥
૚
૝

૛࢖) − ૜࢘૛ − ૚૛࢘ࡾ) + ૛(࢖૛ − ࢘૛ − ૝࢘ࡾ) 

⇔ ૛ࡾૢ ≥
૛࢖ૢ

૝ −
૚૚࢘૛

૝ − ૚૚࢘ࡾ ⇔ ૝ࡾ૛ +
૝૝࢘ࡾ
ૢ +

૚૚࢘૛

ૢ ≥  ૛࢖

we need to prove, ૝ࡾ૛ + ૝૝࢘ࡾ
ૢ

+ ૚૚࢘૛

ૢ
≥ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛; 	⇔ ૡ࢘(ିࡾ૛࢘)

ૢ
≥ ૙, which is true 

∵ ࡾ ≥ ૛࢘; ૢࡾ૛ ≥ ૚
ૡ
∑ ࢇ) − ૛(࢈ + ૛ࢇ + ૛࢈ + ࢉ࢟ࢉ૛ࢉ  (Proved) 

 

282. In ࡯࡮࡭ࢤ: 

(࢘ + ૝ࡾ)૜ + ૞࢙૛࢘ ≥ ૚૟࢙૛ࡾ 

Proposed by Rovsen Pirguliyev-Sumgait-Azerbaidian 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en triángulo ࡯࡮࡭ (૝ࡾ + ࢘)૜ + ૞࢙૛࢘ ≥ ૚૟࢙૛ࡾ 

Partimos de la desigualdad de Schur 

૜ࢇ࢘ + ૜࢈࢘ + ૜ࢉ࢘ + ૜࢘ࢉ࢘࢈࢘ࢇ ≥ ࢇ࢘)࢈࢘ࢇ࢘ + (࢈࢘ + ࢈࢘)ࢉ࢘࢈࢘ + (ࢉ࢘ +  (ࢇ࢘ࢉ࢘)ࢇ࢘ࢉ࢘

⇔ ૜ࢇ࢘ + ૜࢈࢘ + ૜ࢉ࢘ + ૜࢘ࢇ࢘)࢈࢘ࢇ + (࢈࢘ + ૜࢘࢈࢘)ࢉ࢘࢈ + (ࢉ࢘ + ૜࢘(ࢇ࢘ࢉ࢘)ࢇ࢘ࢉ + ૟࢘ࢉ࢘࢈࢘ࢇ ≥ 

≥ ૝࢘ࢇ࢘)࢈࢘ࢇ + (࢈࢘ + ૝࢘࢈࢘)ࢉ࢘࢈ + (ࢉ࢘ + ૝࢘(ࢇ࢘ࢉ࢘)ࢇ࢘ࢉ − ૜࢘ࢉ࢘࢈࢘ࢇ 

⇔ ࢇ࢘) + ࢈࢘ + ૜(ࢉ࢘ ≥ ૝(࢘ࢇ + ࢈࢘ + ࢈࢘ࢇ࢘)(ࢉ࢘ + ࢉ࢘࢈࢘ + (ࢇ࢘ࢉ࢘ −  ࢉ࢘࢈࢘ࢇ࢘ૢ

⇔ (૝ࡾ + ࢘)૜ ≥ ૝(૝ࡾ + ࢘)࢙૛ − ૢ࢙૛࢘ ⇔ (૝ࡾ + ࢘)૜ + ૞࢙૛࢘ ≥ ૚૟࢙૛ࡾ  

Solution 2 by Soumava Chakraborty-Kolkata-India 

Given inequality ⇔ (૝ࡾ + ࢘)૜ ≥ ࢙૛(૚૟ࡾ − ૞࢘) 

Now, ࢙૛(૚૟ࡾ − ૞࢘) ≤ (૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)(૚૟ࡾ − ૞࢘) 

∴ it suffices to prove: (૝ࡾ + ࢘)૜ ≥ (૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)(૚૟ࡾ − ૞࢘) 

⇔ ࡾ)࢘ − ૛࢘)૛ ≥ ૙ → true (Proved) 
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283. In ࢤ	࡯࡮࡭: 

࢈) + ࢇ࢓(ࢉ
૛ + ࢉ) + ࢈࢓(ࢇ

૛ + ࢇ) + ࢉ࢓(࢈
૛ ≥ ૢ࢙࢘(૜ࡾ − ૛࢘) 

Proposed by Abdilkadir Altintas-Afyonkarashisar-Turkey 

Solution 1 by Rovsen Pirguliyev-Sumgait-Azerbaidian 

We have (Bertgstrom’s Inequality) 

෍(࢈ + ࢇ࢓(ࢉ
૛ = ෍

࢈) + ࢇ࢓૛(ࢉ
૛

࢈ + ࢉ
≥

࢈)∑) + ૛(ࢇ࢓(ࢉ

࢈)∑ + (ࢉ =
࢈)∑) + ૛(ࢇ࢓(ࢉ

૛∑ࢇ
= 

=
ૢ࢙૛(࢙૛ − ૜࢘૛ − ૝࢘ࡾ)

૝࢙ =
ૢ࢙(࢙૛ − ૜࢘૛ − ૝࢘ࡾ)

૝  

We prove that ૢ࢙൫࢙
૛ି૜࢘૛ି૝࢘ࡾ൯

૝
≥ ૢ࢙࢘(૜ࡾ − ૛࢘) ⇔ 

⇔ ࢙૛ − ૜࢘૛ − ૝࢘ࡾ ≥ ૝࢘(૜ࡾ− ૛࢘) ⇒ 

⇒ ࢙૛ − ૜࢘૛ − ૝࢘ࡾ − ૚૛࢘ࡾ + ૡ࢘૛ ≥ ૙ ⇒ ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛ 

Solution 2 by Soumava Chakraborty-Kolkata-India 

࢈) + ࢇ࢓(ࢉ
૛ + ࢉ) + ࢈࢓(ࢇ

૛ + ࢇ) + ࢉ࢓(࢈
૛ ≥⏞

(૚)

ૢ࢙࢘(૜ࡾ− ૛࢘) 

(1)⇔ (૛࢙− ૛࢈൫૛(ࢇ + ૛ࢉ૛ − +૛൯ࢇ (૛࢙ − ૛ࢉ൫૛(࢈ + ૛ࢇ૛ − +૛൯࢈ (૛࢙− ૛ࢇ൫૛(ࢉ + ૛࢈૛ − ૛൯ࢉ ≥ 

≥ ૜૟࢙࢘(૜ࡾ − ૛࢘) 

⇔ ૛࢙ ⋅ ቀ૜෍ࢇ૛ቁ+ ෍ࢇ૜ − ૛ ቄ෍(ࢇ૛࢈ + ૛)ቅ࢈ࢇ ≥ ૜૟࢙࢘(૜ࡾ − ૛࢘) 

⇔ ૚૛࢙(࢙૛ − ૝࢘ࡾ − ࢘૛) + ቂ૜ࢉ࢈ࢇ + ૛࢙ ቀ෍ࢇ૛ −෍࢈ࢇቁቃ 

−૛෍{࢈ࢇ(૛࢙ − {(ࢉ ≥ ૜૟࢙࢘(૜ࡾ− ૛࢘) 

⇔ ૚૛࢙(࢙૛ − ૝࢘ࡾ − ࢘૛) + ૚૛࢙࢘ࡾ + ૛࢙(࢙૛ − ૚૛࢘ࡾ − ૜࢘૛) 

−૝࢙(࢙૛ + ૝࢘ࡾ + ࢘૛) + ૛૝࢙࢘ࡾ ≥ ૜૟࢙࢘(૜ࡾ − ૛࢘) 

⇔ ૟࢙૛ − ૛૝࢘ࡾ − ૟࢘૛ + ૚ૡ࢘ࡾ + ࢙૛ − ૚૛࢘ࡾ − ૜࢘૛ − 
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−૛࢙૛ − ૡ࢘ࡾ− ૛࢘૛ ≥ ૞૝࢘ࡾ − ૜૟࢘૛ 

⇔ ૞࢙૛ ≥ ૡ૙࢘ࡾ − ૛૞࢘૛ ⇔ ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛ → true, by Gerretsen  

 

284. In ࢤ	࡯࡮࡭, ࡵ − incentre, ࢇࡵ, ,࢈ࡵ ࢉࡵ − excenters: 

[ࢉࡵ࢈ࡵࢇࡵ]ࡿ ⋅ [࢈ࡵࢇࡵࡵ]ࡿ ⋅ [ࢉࡵ࢈ࡵࡵ]ࡿ ⋅ [ࢇࡵࢉࡵࡵ]ࡿ ≥ ૛ࡾ ⋅ ቆ
૝[࡯࡮࡭]ࡿ

√૜
ቇ
૜

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Adil Abdullayev-Baku-Azerbaidian 

Lemma 1. ࢉࡵ࢈ࡵࢇࡵࡿ = ૛࢈ࡵࢇࡵࡵࡿ,࢖ࡾ = ૡࡾ૛ ܖܑܛ ࡭
૛
ܖܑܛ ࡮

૛
ܛܗ܋ ࡯

૛
 

Lemma 2. ࡿ ≤ ૜√૜ࡾ૛

૝
ܖܑܛ . ࡭

૛
࡮ܖܑܛ

૛
ܖܑܛ ࡯

૛
= ࢘

૝ࡾ
, ܛܗ܋ ࡭

૛
ܛܗ܋ ࡮

૛
ܛܗ܋ ࡯

૛
= ࢖

૝ࡾ
. 

ࡿࡴࡸ = ૛࢖ࡾ ⋅ ૛ૢࡾ૟ ⋅ ࢘૛

૚૟ࡾ૛
⋅ ࢖
૝ࡾ
≥ ૛ࡾ ⋅ ૛

૟⋅ࡿ૜

૜√૜
↔ ૛ࡾ ⋅ ૛ࡿ ≥ ૝ࡿ૜

૜√૜
↔ ࡿ ≤ ૜√૜ࡾ૛

૝
  

Solution 2 by Soumava Chakraborty-Kolkata-India 

ࢇࡵࡵ = ૝ܖܑܛࡾ ࡭
૛

 etc and ࢈ࡵࢇࡵ = ૝ܛܗ܋ࡾ ࡭
૛

 etc ∵ external angle bisector and 

internal angle bisector are mutually perpendicular, ∴ ࡵ࡯ ⊥  ࢈ࡵࢇࡵ

∴ [࢈ࡵࢇࡵࡵ]ࡿ =
૚
૛
⋅ ࡵ࡯ ⋅ ࢈ࡵࢇࡵ =

૚
૛
⋅

࢘

ܖܑܛ ૛࡯

⋅ ૝ࡾ ܛܗ܋
࡯
૛

 

=
૛࢘ࡾ ૛࡯ܛܗ܋
૛࡯ܖܑܛ

= ࢈ࡵࢇࡵ⋅࢈ࡵࡵ⋅ࢇࡵࡵ
૝ࡾ

,where ࡾ, is the circumradius of ࢤ	࢈ࡵࢇࡵࡵ 

⇒
૛࢘ࡾ ૛࡯ܛܗ܋
૛࡯ܖܑܛ

=
૝ࡾ ࡾ૛⋅૝࡭ܖܑܛ ܖܑܛ

࡮
૛⋅૝ࡾ ܛܗ܋

࡯
૛

૝ࡾ
   (*) 

⇒ ૚ࡾ = ૡ ቀ∏ ܖܑܛ ࡭
૛
ቁ ⋅ ࡾ ⋅ ቀࡾ

࢘
ቁ =

ૡቀ∏࡭ܖܑܛ૛ቁࡾ

૝ቀ∏࡭ܖܑܛ૛ቁ
= ૛ࡾ ⇒ ૚ࡾ = ૛ࡾ	(1) 

∵ ,ࡵ ,ࢇࡵ ,࢈ࡵ  ,form an orthocentric system ࢉࡵ
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∴ = all will have circumradius ࢇࡵࢉࡵࡵ	ࢤ,ࢉࡵ࢈ࡵࡵ	ࢤ,࢈ࡵࢇࡵࡵ	ࢤ,ࢉࡵ࢈ࡵࢇࡵ	ࢤ ૛ࡾ (from 

(1)) 

∴ ࡿࡴࡸ =
࢈ࡵࢇࡵ ⋅ ࢉࡵ࢈ࡵ ⋅ ࢇࡵࢉࡵ

ૡࡾ
⋅
ࢇࡵࡵ ⋅ ࢈ࡵࡵ ⋅ ࢈ࡵࢇࡵ

ૡࡾ
⋅
࢈ࡵࡵ ⋅ ࢉࡵࡵ ⋅ ࢉࡵ࢈ࡵ

ૡࡾ
⋅
ࢉࡵࡵ ⋅ ࢇࡵࡵ ⋅ ࢇࡵࢉࡵ

ૡࡾ
 

=
ቀ૝ࡾ ૛࡯ܛܗ܋ ⋅ ૝ࡾ ܛܗ܋

࡭
૛ ⋅ ૝ࡾ ܛܗ܋

࡮
૛ቁ

૛
ቀ૟૝ࡾ૜ ૛࡭ܖܑܛ ܖܑܛ

࡮
૛ ܖܑܛ

࡯
૛ቁ

૛

૟૝૛ࡾ૝
 

= ૡࡾ ൬ෑܖܑܛ
࡭
૛ෑܛܗ܋

࡭
૛൰

૛

× 	૟૝૛ =
࡭ܖܑܛ)ૡࡾ ࡮ܖܑܛ ܖܑܛ ૛(࡯ × 	૟૝૛

૟૝  

= ૟૝⋅ࡾૡ(ࢉ࢈ࢇ)૛

૟૝ࡾ૟
= ૟૝	૛×(ࢉ࢈ࢇ)૛ࡾ

૟૝
=
(૛)

 :૛ ∴ (2) ⇒ it suffices to prove(ࢉ࢈ࢇ)૛ࡾ

૛(ࢉ࢈ࢇ)૛ࡾ ≥ ૛ࡾ ቀࢉ࢈ࢇ
√૜ࡾ

ቁ
૜
⇔ ૜√૜ࡾ૜ ≥ ૝࢙࢘ࡾ ⇔ ૜√૜ࡾ૛ ≥ ૝࢙࢘ (3) 

∵ ૜√૜ࡾ ≥ ૛࢙ and ࡾ ≥ ૛࢘,∴ ૜√૜ࡾ૛ ≥ ૝࢙࢘ ⇒ (3) is true (Proved)  

 

285. In ࢤ	࡯࡮࡭: 

ࢇ࢘
࢈࢘

+
࢈࢘
ࢉ࢘

+
ࢉ࢘
ࢇ࢘

≥ ૜ඨ
૛ࢇ + ૛࢈ + ૛ࢉ

࢈ࢇ + ࢉ࢈ + ࢇࢉ

૜

 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࢇ࢘ ࡯࡮࡭
࢈࢘

+ ࢈࢘
ࢉ࢘

+ ࢉ࢘
ࢇ࢘
≥ ૜ටࢇ૛ା࢈૛ାࢉ૛

ࢇࢉାࢉ࢈ା࢈ࢇ

૜
 

Tener en cuenta las siguientes desigualdades 

૛ࢇ + ૛࢈ + ૛ࢉ ≤ ࢈ࢇ ,૛  (Leibniz)ࡾૢ + ࢉ࢈ + ࢇࢉ ≥ ૚ૡ࢘ࡾ 

⇔
ࡾ
૛࢘ =

૛ࡾૢ

૚ૡ࢘ࡾ ≥
૛ࢇ + ૛࢈ + ૛ࢉ

࢈ࢇ + ࢉ࢈ + ࢇࢉ ≥ ૚ 
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LEMMA → Siendo ࢞,  ା se cumple la siguiente desigualdadࡾ números ࢠ,࢟

conocida 

࢞
࢟

+ ࢟
ࢠ

+ ࢠ
࢞
≥ ට(࢞ + ࢟ + (ࢠ ቀ૚

࢞
+ ૚

࢟
+ ૚

ࢠ
ቁ  (demostrado anteriormente) 

Siendo ࢞ = ࢟,ࢇ࢘ = ࢈࢘ , ࢠ = ࢉ࢘ ⇔ ࢞ + ࢟ + ࢠ = ૝ࡾ + ࢘	 (Steiner) ∧ ૚
࢞

+ ૚
࢟

+ ૚
ࢠ

= ૚
࢘
  

⇔ ࢇ࢘
࢈࢘

+ ࢈࢘
ࢉ࢘

+ ࢉ࢘
ࢇ࢘
≥ ට(૝ࡾ + ࢘) ቀ૚

࢘
ቁ = ට૚ + ૝ࡾ

࢘
. Luego aplicando MA ≥ MG y 

Euler ࢘ࢇ
࢈࢘

+ ࢈࢘
ࢉ࢘

+ ࢉ࢘
ࢇ࢘
≥ ට૚+ ૝ࡾ

࢘
= ට૚+ ࡾ

૛࢘
(ૡ) ≥ ඨૢටቀ ࡾ

૛࢘
ቁ
૟
⋅ ቀ ࡾ

૛࢘
ቁ
૛ૢ
≥ 

≥ ૜ ටቀ ࡾ
૛࢘
ቁ
૟
⋅ ૚

૚ૡ
≥ ૜ට ࡾ

૛࢘
૜

≥ ૜ටࢇ૛ା࢈૛ାࢉ૛

ࢇࢉାࢉ࢈ା࢈ࢇ

૜
   (LQQD) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

ࢇ࢘
࢈࢘

+ ࢈࢘
ࢉ࢘

+ ࢉ࢘
ࢇ࢘
≥
(૚)

૜ටࢇ૛ା࢈૛ାࢉ૛

ࢇࢉାࢉ࢈ା࢈ࢇ

૜
. Using ࢘ࢇ = ࢤ

ࢇି࢙
, ࢈࢘ = ࢤ

࢈ି࢙
ࢉ࢘, = ࢤ

ࢉି࢙
, 

(1)⇔ ࢈ି࢙
ࢇି࢙

+ ࢉି࢙
࢈ି࢙

+ ࢇି࢙
ࢉି࢙

≥
(૛)

૜ට∑ࢇ૛

࢈ࢇ∑

૜
 

Let ࢙ − ࢇ = ࢞, ࢙ − ࢈ = ࢟, ࢙ − ࢉ = ;ࢠ ࢙ = ࢞ + ࢟ +  ࢠ

and, ࢇ = ࢟ + ࢈,ࢠ = ࢠ + ࢞, ࢉ = ࢞ + ࢟;࢞,࢟, ࢠ > 0 

∴ ૛ࢇ∑ = ૛∑࢞૛ + ૛∑࢞࢟   (3) 

෍࢈ࢇ = ෍(࢟ + ࢠ)(ࢠ + ࢞) = ෍ቀ෍࢞࢟+ ૛ቁࢠ =
(૝)

෍࢞૛ + ૜෍࢞࢟ 

∴ (2) ⇔ ࢟
࢞

+ ࢠ
࢟

+ ࢞
ࢠ
≥
(૞)

૜ට૛(∑࢞૛ା∑࢞࢟)
∑࢞૛ା૜∑࢞࢟

૜
  (using (3), (4)) 

࢟
࢞

+ ࢠ
࢟

+ ࢞
ࢠ

= ࢟૛

࢞࢟
+ ૛ࢠ

ࢠ࢟
+ ࢞૛

࢞ࢠ
≥
(૟) (∑࢞)૛

∑࢞࢟
  (Bergstrom) 

= ∑࢞૛ା૛∑࢞࢟
∑࢞࢟

. From (6), in order to prove (5), it suffices to prove: 
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࢛ା૛࢜
࢜

≥ ૜ට૛(࢛ା࢜)
࢛ା૜࢜

૜
  (Where ࢛ = ∑࢞૛

࢜ = ∑࢞࢟)⇔ (࢛ା૛࢜)૜

࢜૜
≥ ૛ૠ ⋅ ૛(࢛ା࢜)

࢛ା૜࢜
 

⇔ (࢛ + ૛࢜)૜ − (࢛ + ૜࢜)− ૞૝࢜૜(࢛ + ࢜) ≥ ૙ 

⇔ ࢛૝ + ૢ࢛૜࢜ + ૜૙࢛૛࢜૛ − ૚૙࢛࢜૜ − ૜૙࢜૝ ≥ ૙ 

⇔ ࢚૝ + ૢ࢚૜ + ૜૙࢚૛ − ૚૙࢚ − ૜૙ ≥ ૙ (where ࢚ = ࢛
࢜

)  

⇔ (࢚ − ૚)(࢚૜ + ૚૙࢚૛ + ૝૙࢚ + ૜૙) ≥ ૙ → true 

∵ ࢚ = ࢛
࢜

= ∑࢞૛

∑࢞࢟
≥ ૚ as ࢞,࢟, ࢠ > 0 (Proved) 

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

෍
ࢇ࢘
࢈࢘

=
ࢉ૛࢘ࢇ࢘∑
ࢉ࢘࢈࢘ࢇ࢘

≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯

 

≥
૚
૜ ࢇ࢘) + ࢈࢘ + (ࢉ࢘ ⋅ ∑ ࢉ࢘ࢇ࢘ = ૛࢖

ᇣᇧᇤᇧᇥࢉ࢘࢈࢘ࢇ࢘
૛࢖⋅࢘

=
(૝ࡾ + ࢘) ⋅ ૛࢖

૜࢘ ⋅ ૛࢖
=
૝ࡾ + ࢘
૜࢘

 

ࡿࡴࡸ ≥ ૝ࡾା࢘
૜࢘

; ૝ࡾା࢘
૜࢘

≥ ૜ට૛࢖૛ିૡି࢘ࡾ૛࢘૛

ା࢘૛࢘ࡾ૛ା૝࢖
૜

 

(૝ࡾ+ ࢘)૜ ≥ ૠ૛ૢ ⋅ ࢘૜ ⋅ ቆ
૛࢖૛ − ૡ࢘ࡾ − ૛࢘૛

૛࢖ + ૝࢘ࡾ + ࢘૛
ቇ 

(૟૝ࡾ૜ + ૝ૡࡾ૛࢘ + ૚૛࢘ࡾ૛ − ૚૝૞ૠ࢘૜) ⋅ ૛࢖ + 

+(૟૝ࡾ૜ + ૝ૡࡾ૛࢘ + ૚૛࢘ࡾ૛ + ࢘૜)(૝࢘ࡾ + ࢘૛) + ૞ૡ૜૛ࡾ ⋅ ࢘૝ + ૚૝૞ૡ࢘૞ ≥ ૙ 

૛࢖ ≥ ૚૟࢘ࡾ − ૞࢘૛; 	
࢖
࢘

= ࢚ 

൫૟૝࢚૜ + ૝ૡ࢚૛ + ૚૛࢚ − ૚૝૞ૠ൯(૚૟ − ૚) + ൫૟૝࢚૜ + ૝ૡ࢚૛ + ૚૛࢚+ ૚൯(࢚ + ૚) + ૞ૡ૜૛࢚+ ૚૝૞ૡ ≥ 

૜૛૙࢚૝ + ૚ૠ૟࢚૜ + ૚૛࢚૛ − ૝૜ૡ૚࢚+ ૛૚ૡ૟ ≥ ૙ 

(࢚ − ૛)ᇣᇤᇥ
ஹ૙

⋅ (૜૛૙࢚૜ + ૡ૚૟࢚૛ + ૚૟૝૝࢚ − ૚૙ૢ૜)ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
வ଴
࢚ಱ૛

≥ ૙ 
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286. In any scalene acute – angled ࢤ	࡯࡮࡭: 

࡭ܖ܉ܜ
࡮ܖܑܛ + ૞ ࡯ܖܑܛ

+
࡮ܖ܉ܜ

࡯ܖܑܛ + ૞ ࡭ܖܑܛ
+

ܖ܉ܜ ࡯
࡭ܖܑܛ + ૞ ࡮ܖܑܛ

>
૚
૛

 

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

∵ ૙ < ܥ,ܤ,ܣ < ࣊
૛

, ∴ ࡭ܖ܉ܜ > ࡭ܖܑܛ etc and ܣ <   etc ܣ

∴ ࡿࡴࡸ > ෍
࡭

࡮ + ૞࡯
= ෍

૛࡭

࡮࡭ + ૞࡭࡯
 

≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ૛(࡭∑)

࡭࡯∑ା૞࡮࡭∑
= ࡮࡭∑૛ା૛࡭∑

૟∑࡮࡭
 ∴ it suffices to show: ∑࡭

૛ା૛∑࡮࡭
૟∑࡮࡭

≥ ૚
૛

 

⇔ ૛∑࡭૛ + ૝∑࡮࡭ ≥ ૟∑࡮࡭ ⇔ ૛࡭∑ ≥ ࡮࡭∑ → true (Proved) 

 

287. In ࢤ	࡯࡮࡭: 

ඨ
ࢇ࢘ + ࢈࢘
ࢉ࢘

+ ඨ
࢈࢘ + ࢉ࢘
ࢇ࢘

+ ඨ
ࢉ࢘ + ࢇ࢘
࢈࢘

≤ ඨ૛
(૝ࡾ + ࢘)

࢘
≤ ૜ඨ

ࡾ
࢘

 

Proposed by Rovsen Pirguliyev-Sumgait-Azerbaidian 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭ ට
࢈ା࢘ࢇ࢘
ࢉ࢘

+ට
ࢉା࢘࢈࢘
ࢇ࢘

+ට
ࢇା࢘ࢉ࢘
࢈࢘

≤ ට૛(૝ࡾା࢘)
࢘

≤ ૜ටࡾ
࢘

 

Tener en cuenta lo siguiente ࢘ࢇ + ࢈࢘ + ࡯࢘ = ૝ࡾ + ࢘, ૚
ࢇ࢘

+ ૚
࢈࢘

+ ૚
ࢉ࢘

= ૚
࢘

, ࢘ ≤ ࡾ
૛

 

Por la desigualdad de Cauchy 

ට
࢈ା࢘ࢇ࢘
ࢉ࢘

+ ට
ࢉା࢘࢈࢘
ࢇ࢘

+ ට
ࢇା࢘ࢉ࢘
࢈࢘

≤

ට൫(࢘ࢇ + (࢈࢘ + ࢈࢘) + (ࢉ࢘ + ࢉ࢘) + ൯(ࢇ࢘ ቀ ૚
ࢉ࢘

+ ૚
ࢇ࢘

+ ૚
࢈࢘
ቁ  
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ඨ
ࢇ࢘ + ࢈࢘
ࢉ࢘

+ඨ
࢈࢘ + ࢉ࢘
ࢇ࢘

+ ඨ
ࢉ࢘ + ࢇ࢘
࢈࢘

≤ ඨ૛(૝ࡾ + ࢘) ⋅
૚
࢘ = ඨ૛(૝ࡾ+ ࢘)

࢘ ≤ 

≤ ඨ૛ቀ૝ࡾ+ ࡾ
૛ቁ

࢘
= ૜ඨ

ࡾ
࢘

 

Solution 2 by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ ≤
ࡿି࡮ି࡯

ට෍(࢘ࢇ + (࢈࢘ ⋅ ඨ෍
૚
ࢇ࢘

 

= ඥ૛(૝ࡾ + ࢘)ඨ
࢈࢘ࢇ࢘∑
ࢉ࢘࢈࢘ࢇ࢘

= ඥ૛(૝ࡾ + ࢘)ඨ
࢙૛

࢙࢘૛ 

ቀ∵෍࢘࢈࢘ࢇ = ࢙૛,ࢊ࢔ࢇ	ෑ࢘ࢇ = ࢙࢘૛ቁ 

= ඨ૛
(૝ࡾ + ࢘)

࢘ = ඨૡࡾ + ૛࢘
࢘ ≤

࢘ࢋ࢒࢛ࡱ
ඨૡࡾ + ࡾ

࢘ = ૜ඨ
ࡾ
࢘  

 

288. Let ࡯࡮࡭ be a triangle and ࢘ࢉ࢘,࢈࢘,ࢇ are exradii and ࢉࢎ,࢈ࢎ,ࢇࢎ are 

altitudes of ࡯࡮࡭. Prove that 

૛ࢇ࢘

ࢇࢎ
+
૛࢈࢘

࢈ࢎ
+
૛ࢉ࢘

ࢉࢎ
≥ ૢ࢘ 

Proposed by Mehmet Șahin-Ankara-Turkey 

Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

૛ࢇ࢘

ࢇࢎ
+
૛ࢇ࢘

࢈ࢎ
+
૛ࢉ࢘

ࢉࢎ
≥

࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ࢇ࢘) + ࢈࢘ + ૛(ࢉ࢘

ࢇࢎ + ࢈ࢎ + ࢉࢎ
= 
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=
(૝ࡾ + ࢘)૛

૛ࡿ ⋅ ࢉ࢈ࢇ࢈ࢇ∑

=
(૝ࡾ + ࢘)૛ ⋅ ૛ࡾ

࢈ࢇ∑
=

(૝ࡾ + ࢘)૛ ⋅ ૛ࡾ
૛࢖ + ૝࢘ࡾ + ࢘૛

≥ 

≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ (૝ࡾ + ࢘)૛ ⋅ ૛࢘

૝ࡾ૛ + ૡ࢘ࡾ + ૝࢘૛
=
ࡾ
૛
⋅ ൬
૝ࡾ + ࢘
ࡾ + ࢘

൰
૛

= 

= ࡾ
૛
⋅ ቀ૝ − ૜࢘

ା࢘ࡾ
ቁ
૛
≥ ࢘ ⋅ (૝ − ૚)૛ = ࡾ ;࢘ૢ ≥ ૛࢘ , Euler 

Solution 2 by Daniel Sitaru – Romania  

ࢇ ≤ ࢈ ≤ ࢉ →
૚
ࢇࢎ

≤
૚
࢈ࢎ

≤
૚
ࢉࢎ

, ૛ࢇ࢘ ≤ ૛࢈࢘ ≤  ૛ࢉ࢘

෍
૛ࢇ࢘

ࢇࢎ
≥

࢜ࢋࢎ࢙࢟࢈ࢋ࡯ ૚
૜
෍࢘ࢇ૛෍

૚
ࢇࢎ

=
૚
૜
⋅
࢙
ࡿ
⋅෍࢘ࢇ૛ = 

=
૚
૜ࡾ

((૝ࡾ+ ࢘)૛ − ૛࢙૛) ≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ ૚

૜࢘ ቀ
(૝ࡾ + ࢘)૛ − ૛(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛)ቁ = 

=
૚
૜ࡾ

(ૡࡾ૛ − ૞࢘૛) ≥
࢘ࢋ࢒࢛ࡱ ૚

૜࢘ ⋅ ૛ૠ࢘
૛ ≥ ૢ࢘ 

Solution 3 by Adil Abdullayev-Baku-Azerbaidian 

Lemma 1. ࢇࢎ + ࢈ࢎ + ࢉࢎ ≤ ૝ࡾ + ࢘. 

Lemma 2. ࢘ࢇ + ࢈࢘ + ࢉ࢘ = ૝ࡾ + ࢘. 

ࡿࡴࡸ ≥
ࢇ࢘) + ࢈࢘ + ૛(ࢉ࢘

ࢇࢎ + ࢈ࢎ + ࢉࢎ
≥

(૝ࡾ + ࢘)૛

૝ࡾ + ࢘
= ૝ࡾ + ࢘ ≥ ૢ࢘ ↔ ࡾ ≥ ૛࢘ 

(EULER) 

 

289. In ࢤ	࡯࡮࡭: 

૛(ᇱ࡭࡭)૜ࢇ + ૛(ᇱ࡮࡮)૜࢈ + ૛(ᇱ࡯࡯)૜ࢉ ≥ ૝࢙૜࢘ࡾ 

Proposed by Abdilkadir Altintas-Afyonkarashisar-Turkey 
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Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo ࡭࡭ᇱ,࡮࡮ᇱ,࡯࡯ᇱ Nagel’s Cevians. Probar en un triángulo ࡯࡮࡭ 

૛(ᇱ࡭࡭)૜ࢇ + ૛(ᇱ࡮࡮)૜࢈ + ૛(ᇱ࡯࡯)૜ࢉ ≥ ૝࢙૜࢘ࡾ 

Teniendo en cuenta las siguientes notaciones y desigualdad 

૛(ᇱ࡭࡭)૜ࢇ = −
࢖
૛ ࢇ

૛(ࢇ૛ − ૛࢈૛ − ૛ࢉ૛ − ࢈ࢇ − ࢉࢇ + ૝ࢉ࢈), 

૛࢖ + ૞࢘૛ ≥ ૚૟࢘ࡾ (Gerretsen’ Inequality) 

૛(࡮࡮)૜࢈ = −
࢖
૛
૛࢈)૛࢈ − ૛ࢉ૛ − ૛ࢇ૛ − ࢉ࢈ − ࢇ࢈ + ૝ࢇࢉ), 

૛(ᇱ࡯࡯)૜ࢉ = −
࢖
૛ ࢉ

૜(ࢉ૛ − ૛ࢇ૛ − ૛࢈૛ − ࢇࢉ − +࢈ࢉ ૝࢈ࢇ) 

EL LHS es equivalente 
࢖
૛
ቀ෍ࢇ૝ − ૛෍ࢇ૛(࢈૛ + (૛ࢉ −෍ࢇ૜(࢈ + (ࢉ + ෍૝ࢇ૛ࢉ࢈ቁ = 

= −
࢖
૛
ቀ෍ࢇ૝ − ૝෍ࢇ૛࢈૛ −෍ࢇ)࢈ࢇ૛ + (૛࢈ + ෍૝ࢇ૛ࢉ࢈ቁ 

= − ࢖
૛
ቀ(∑ࢇ૝ − ૛∑ࢇ૛࢈૛)ቁ − ૛∑ࢇ૛࢈૛ − ∑)(૛ࢇ∑) (࢈ࢇ	 + ૞ࢇ)ࢉ࢈ࢇ + ࢈ +   ((ࢉ

= − ࢖
૛

(−૚૟࢖૛࢘૛ −૛(࢖૛ + ࢘૛ + ૝࢘ࡾ)૛ + ૜૛࢖૛࢘ࡾ− ૛(࢖૛ − ࢘૛ − ૝࢖)(࢘ࡾ૛ + ࢘૛ + ૝࢘ࡾ) + ૝૙࢖૛࢘ࡾ)	  
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= −

࢖
૛
ቀ−૚૟࢖૛࢘૛ − ૛࢖૝ − ૛൫࢘૛ + ૝࢘ࡾ൯

૛
− ૝࢖૛൫࢘૛ + ૝࢘ࡾ൯ − ૛ ቀ࢖૝ − ൫࢘૛ + ૝࢘ࡾ൯

૛
ቁ + ૠ૛࢖૛࢘ࡾቁ 

= −
࢖
૛
൫−૝࢖૛ − ૛૙࢖૛࢘૛ + ૞૟࢖૛࢘ࡾ൯ − ૛࢖૜൫࢖૛ + ૞࢘૛ − ૚૝࢘ࡾ൯ ≥ ૛࢖૜ ⋅ ૛࢘ࡾ − ૝࢖૜࢘ࡾ 

Solution 2 by Soumava Chakraborty-Kolkata-India 

 

Let ࡭࡭ᇱ = ᇱ࡮࡮,࢞ = ᇱ࡯࡯,࢟ =   ,By Stewart’s theorem .ࢠ

࢙)૛࢈ − (ࢉ + ࢙)૛ࢉ − (࢈ = ࢇ ቀ࢞૛ + (࢙ − ࢙)(࢈ −  (*)  ቁ(ࢉ

⇒ ૛࢞ࢇ = ࢙)૛࢈ − (ࢉ + ࢙)૛ࢉ − (࢈ − ࢙)ࢇ − ࢙)(࢈ −  (ࢉ

⇒ ૜࢞૛ࢇ = ࢙)૛࢈૛ࢇ − (ࢉ + ࢙)૛ࢉ૛ࢇ − −(࢈ ૜{࢙૛ࢇ − ࢙(૛࢙ − (ࢇ +  {ࢉ࢈

= ૛࢈૛ࢇ)࢙ + (૛ࢉ૛ࢇ − ࢈ࢇ)ࢉ࢈ࢇ + (ࢇࢉ − ૜(−࢙૛ࢇ + ࢙ࢇ +  (ࢉ࢈

=
(૚)

૛࢈૛ࢇ)࢙ + (૛ࢉ૛ࢇ − ࢈ࢇ)ࢉ࢈ࢇ + (ࢇࢉ + ࢙૛ࢇ૜ − ૝࢙ࢇ −  ࢉ࢈૜ࢇ

Similarly, ࢈૜࢟૜ =
(૛)

૛ࢉ૛࢈)࢙ + (૛ࢇ૛࢈ − ࢉ࢈)ࢉ࢈ࢇ + (࢈ࢇ + ࢙૛࢈૜ − ૝࢙࢈ −  ࢇࢉ૜࢈

and, ࢉ૜ࢠ૛ =
(૜)

૛ࢇ૛ࢉ)࢙ + (૛࢈૛ࢉ − ࢇࢉ)ࢉ࢈ࢇ + (ࢉ࢈ + ࢙૛ࢉ૜ − ૝࢙ࢉ −  ࢈ࢇ૜ࢉ

(1)+(2)+(3) ⇒ ࡿࡴࡸ =
(૝)

૛࢙(∑ࢇ૛࢈૛) − ૛(࢈ࢇ∑)ࢉ࢈ࢇ + 

+࢙૛ ቀ෍ࢇ૜ቁ − ࢙ ቀ෍ࢇ૝ቁ − ࢉ࢈ࢇ ቀ෍ࢇ૛ቁ 

Now, ∑ࢇ૝ = ૛(૛ࢇ∑) − ૛(∑ࢇ૛࢈૛) (*) ⇒ ૛∑ࢇ૛࢈૛ − ૛(૛ࢇ∑) =  ૝ࢇ∑−
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⇒ −࢙ቀ෍ࢇ૝ቁ = ૛࢙෍ࢇ૛࢈૛ − ࢙ ቀ෍ࢇ૛ቁ
૛

 

⇒ −࢙ ቀ෍ࢇ૝ቁ + ૛࢙ ቀ෍ࢇ૛࢈૛ቁ = ૝࢙ ቀ෍ࢇ૛࢈૛ቁ − ࢙ ቀ෍ࢇ૛ቁ
૛

 

= ૝࢙ ቊቀ෍࢈ࢇቁ
૛
− ૛ࢉ࢈ࢇ(૛࢙)ቋ − ૝࢙(࢙૛ − ૝࢘ࡾ − ࢘૛)૛ 

= ૝࢙{(࢙૛ + ૝࢘ࡾ + ࢘૛)૛ − (࢙૛ − ૝࢘ࡾ − ࢘૛)૛} − ૚૟࢙૛(૝࢙࢘ࡾ) 

= ૝࢙(૛࢙૛)(ૡ࢘ࡾ + ૛࢘૛) − ૟૝࢙૜࢘ࡾ 

= ૚૟࢙૜(૝࢘ࡾ + ࢘૛) − ૟૝࢙૜࢘ࡾ = ૚૟࢙૜(૝࢘ࡾ + ࢘૛ − ૝࢘ࡾ) 

= ૚૟࢙૜࢘૛  ∴ ૛࢙∑ࢇ૛࢈૛ − (૝ࢇ∑)࢙ = ૚૟࢙૜࢘૛ (5) 

Again, −૛(࢈ࢇ∑)ࢉ࢈ࢇ −  (૛ࢇ∑)ࢉ࢈ࢇ

= ࢉ࢈ࢇ− ቀ෍ࢇ૛ + ૛෍࢈ࢇቁ = ࢇ)ࢉ࢈ࢇ− + ࢈ +  ૛(ࢉ

= (૝࢙૛)ࢉ࢈ࢇ− = −૝࢙࢘ࡾ ⋅ ૝࢙૛ =
(૟)
− ૚૟࢙૜࢘ࡾ 

Also, ࢙૛(∑ࢇ૜) = ࢙૛{૜ࢉ࢈ࢇ + ૛࢙(∑ࢇ૛  {(࢈ࢇ∑−

= ࢙૛{૚૛࢙࢘ࡾ + ૛࢙(࢙૛ − ૚૛࢘ࡾ − ૜࢘૛)} 

= ૛࢙૜(૟࢘ࡾ + ࢙૛ − ૚૛࢘ࡾ − ૜࢘૛) =
(ૠ)

૛࢙૜(࢙૛ − ૟࢘ࡾ − ૜࢘૛) 

(4) together with (5)+(6)+(7) gives 

ࡿࡴࡸ = ࢙૜ ቀ૚૟࢘૛ − ૚૟࢘ࡾ + ૛(࢙૛ − ૟࢘ࡾ− ૜࢘૛)ቁ 

= ૛࢙૜(ૡ࢘૛ − ૡ࢘ࡾ + ࢙૛ − ૟࢘ࡾ− ૜࢘૛) 

= ૛࢙૜(࢙૛ − ૚૝ࡾ + ૞࢘૛) ≥
?
૝࢙૜࢘ࡾ ⇔ ࢙૛ − ૚૝࢘ࡾ + ૞࢘૛ ≥

?
૛࢘ࡾ 

⇔ ࢙૛ ≥
?
૚૟࢘ࡾ − ૞࢘૛ → true, by Gerretsen 
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290. If in ࢤ	ࢉ:࡯࡮࡭ ≤ ࢈ ≤  :then ࢇ

൬
࢈ࢎ
ࢇ࢓

+
ࢇࢎ
ࢉ࢓

+
ࢉࢎ
࢈࢓

൰ ൬
࢈ࢎ
ࢇ࢙

+
ࢇࢎ
ࢉ࢙

+
ࢉࢎ
࢈࢙
൰ ≤ ൬

࢈
ࢇ

+
ࢇ
ࢉ

+
ࢉ
࢈
൰
૛

 

Proposed by Daniel Sitaru – Romania  

Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

ࢇ ≥ ࢈ ≥ ࢉ ⇔
࢈ࢎ
ࢇ࢓

+
ࢇࢎ
ࢉ࢓

+
ࢉࢎ
࢈࢓

≤
ࢉࢎ
ࢇ࢓

+
࢈ࢎ
ࢉ࢓

+
ࢇࢎ
࢈࢓

 

࢈ࢎ
ࢇ࢙

+
ࢇࢎ
ࢉ࢙

+
ࢉࢎ
࢈࢙

≤
ࢉࢎ
ࢇ࢙

+
࢈ࢎ
ࢉ࢙

+
ࢇࢎ
࢈࢙

 

ࡿࡴࡸ ≤෍
ࢉࢎ
ࢇ࢓

⋅෍
ࢉࢎ
ࢇ࢙

= ૝ ⋅ ૛ࡿ ൬෍
૚

ࢉ ⋅ ࢇ࢓
൰ ⋅ ൬෍

૚
ࢉ ⋅ ࢇ࢙

൰ ≤ 

≤
ࢇࢎஹࢇஹ࢙ࢇ࢓

૝ ⋅ ૛ࡿ ⋅෍
૚

ࢉ ⋅ ࢇࢎ
⋅෍

૚
ࢉ ⋅ ࢇࢎ

= 

= ૝ࡿ૛ ⋅ ൬෍
૚

ࢉ ⋅ ࢇࢎ
൰
૛

=
૝ࡿ૛

૝ࡿ૛ ቀ
ࢇ
ቁࢉ

૛
= ൬

ࢇ
ࢉ +

ࢉ
࢈ +

࢈
൰ࢇ

૛

 

 

291. In ࢤ	࡯࡮࡭: 

૛ࢇ + ૛࢈

࢈ࢇ
+
૛࢈ + ૛ࢉ

ࢉ࢈
+
૛ࢉ + ૛ࢇ

ࢇࢉ
≥ ૠ −

૛࢘
ࡾ

 

Proposed by Rovsen Pirguliyev – Sumgait – Azerbaidian 

Solution 1 by Adil Abdullayev-Baku-Azerbaidian 

૛ࢇ + ૛࢈

࢈ࢇ
+
૛࢈ + ૛ࢉ

ࢉ࢈
+
૛ࢉ + ૛ࢇ

ࢇࢉ
=
ࢇ)࢈ࢇ + (࢈ + ࢈)ࢉ࢈ + (ࢉ + ࢉ)ࢇࢉ + (ࢇ

ࢉ࢈ࢇ
= 

=
૛࢖ + ࢘૛ + ૝࢘ࡾ − ૟࢘ࡾ

૛࢘ࡾ
≥
?
ૠ −

૛࢘
ࡾ
૛࢖ + ࢘૛ − ૛࢘ࡾ ≥

?
૚૝࢘ࡾ − ૝࢘૛ ⇔ 

૛࢖ ≥ ૚૟࢘ࡾ − ૞࢘૛ ⇒ Gerretsen 
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Solution 2 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭: ࢇ) + ࢈ + (ࢉ ቀ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
ቁ+ ૛࢘

ࡾ
≥ ૚૙ 

Sea: ࢇ = ࢞ + ࢈,࢟ = ࢟ + ,ࢠ ࢉ = ࢞ +  ࢠ

Ademas: ૛࢘
࢘

= ૡ ܖܑܛ ࡭
૛
ܖܑܛ ࡮

૛
ܖܑܛ ࡯

૛
= ૡ(ࢇି࢖)(࢈ି࢖)(ࢉି࢖)

ࢉ࢈ࢇ
= (ࢉିࢇା࢈)(࢈ିࢉାࢇ)(ࢇିࢉା࢈)

ࢉ࢈ࢇ
 

(࢞ + ࢟)(࢟ + ࢠ)(ࢠ + ࢞) = ࢞࢟(࢞ + ࢟) + ࢟)ࢠ࢟ + (ࢠ + ࢞)ࢠ࢞ + (ࢠ + ૛࢞࢟ࢠ, 

(࢞ + ࢟ + ૜(ࢠ = ࢞૜ + ࢟૜ + ૜ࢠ + ૜(࢞ + ࢟)(࢟ + ࢞)(ࢠ +  (ࢠ

La desigualdad es equivalente: 

ࢇ) + ࢈ + (ࢉ ൬
ࢉ࢈ + ࢉࢇ + ࢈ࢇ

ࢉ࢈ࢇ
൰ +

࢈) + ࢉ − ࢇ)(ࢇ + ࢉ − ࢈)(࢈ + ࢇ − (ࢉ
ࢉ࢈ࢇ

≥ ૚૙ 

⇒ +ࢇ) ࢈ + +ࢉ࢈)(ࢉ ࢉࢇ + (࢈ࢇ + ࢈) + ࢉ − ࢇ)(ࢇ + ࢉ − +࢈)(࢈ ࢇ − (ࢉ ≥ ૚૙ࢉ࢈ࢇ 

⇒ ૛(࢞ + ࢟ + ࢟)൫(ࢠ + +࢞)(ࢠ (ࢠ + (࢞ + ࢟)(࢞ + (ࢠ + (࢞ + ࢟)(࢟+ ൯(ࢠ + ૡ࢞࢟ࢠ ≥ 

≥ ૚૙(࢞ + ࢟)(࢞+ ࢟)(ࢠ +  (ࢠ

⇒ ૛(࢞ + ࢟ + ࢞))(ࢠ + ࢟ + ૛(ࢠ + ࢞࢟+ ࢠ࢟ + (ࢠ࢞ + ૡ࢞࢟ࢠ ≥ 

≥ ૚૙(࢞ + ࢟)(࢟ + ࢠ)(ࢠ + ࢞) 

⇒ ૛(࢞ + ࢟ + ૜(ࢠ + ૛(࢞ + ࢟ + +࢟࢞)(ࢠ (ࢠ࢟ + ૡ࢞࢟ࢠ ≥ 

≥ ૚૙(࢞ + ࢟)(࢟ + ࢞)(ࢠ +  (ࢠ

⇒ ૛࢞૜ + ૛࢟૜ + ૛ࢠ૜ + ૟(࢞ + ࢟)(࢟ + ࢠ)(ࢠ + ࢞) + ૛࢞࢟(࢞ + ࢟) + 

+૛࢟ࢠ(࢟+ (ࢠ + ૛࢞ࢠ(࢞ + (ࢠ + ૟࢞࢟ࢠ + ૡ࢞࢟ࢠ ≥ ૚૙(࢞ + ࢟)(࢟ + ࢠ)(ࢠ + ࢞) 

⇒ ૛࢞૜ + ૛࢟૜ + ૛ࢠ૜ + ૛࢞࢟(࢞ + ࢟) + ૛࢟ࢠ(࢟ + (ࢠ + ૛࢞ࢠ(࢞ + (ࢠ + ૚૝࢞࢟ࢠ ≥ 

≥ ૝(࢞ + ࢟)(࢟ + ࢞)(ࢠ +  (ࢠ

⇒ ૛࢞૜ + ૛࢟૜ + ૛ࢠ૜ + ૛࢞࢟(࢞ + ࢟) + ૛࢟ࢠ(࢟ + (ࢠ + ૛࢞ࢠ(࢞ + (ࢠ + ૚૝࢞࢟ࢠ ≥ 

≥ ૝࢞࢟(࢞ + ࢟) + ૝࢟ࢠ(࢟ + (ࢠ + ૝࢞ࢠ(࢞ + (ࢠ + ૡ࢞࢟ࢠ → 

→ (Simplificando se tiene …) 

⇒ ࢞૜ + ࢟૜ + ૜ࢠ − ࢞࢟(࢞ + ࢟) − ࢟)ࢠ࢟ + (ࢠ − ࢠ)࢞ࢠ + ࢞) + ૜࢞࢟ࢠ ≥ ૙ 
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→ A lo que es equivalente: 

࢞(࢞ − ࢟)(࢞ − (ࢠ + ࢟(࢟ − ࢞)(࢟ − (ࢠ + ࢠ)ࢠ − ࢠ)(࢞ − ࢟) ≥ ૙ → 

→ (Válido por desigualdad Schur) 

Solution 3 by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ =
૛ࢇ∑ − ૛ࢉ

࢈ࢇ
+
૛ࢇ∑ − ૛ࢇ

ࢉ࢈
+
૛ࢇ∑ − ૛࢈

ࢇࢉ
 

= ෍ࢇ૛ ൬
૚
࢈ࢇ

+
૚
ࢉ࢈

+
૚
ࢇࢉ
൰ − ቆ

૛ࢉ

࢈ࢇ
+
૛ࢇ

ࢉ࢈
+
૛࢈

ࢇࢉ
ቇ 

=
૛ࢇ∑ ࢇ) + ࢈ + (ࢉ

ࢉ࢈ࢇ −
૜ࢉ࢈ࢇ + ૛࢙(∑ࢇ૛ − (࢈ࢇ∑

ࢉ࢈ࢇ  

=
૛(࢙૛ − ૝࢘ࡾ − ࢘૛)(૛࢙)

૝࢙࢘ࡾ
−
૚૛࢙࢘ࡾ + ૛࢙(࢙૛ − ૚૛࢘ࡾ − ૜࢘૛)

૝࢙࢘ࡾ
 

=
૛(࢙૛ − ૝࢘ࡾ − ࢘૛)

૛࢘ࡾ −
૟࢘ࡾ + ࢙૛ − ૚૛࢘ࡾ − ૜࢘૛

૛࢘ࡾ =
࢙૛ − ૛࢘ࡾ + ࢘૛

૛࢘ࡾ  

∴ ࡿࡴࡸ − ૠ = ࢙૛ି૚૟࢘ࡾା࢘૛

૛࢘ࡾ
 ∴ ࡿࡴࡸ − ૠ + ૛࢘

ࡾ
= ࢙૛ି૚૟࢘ࡾା࢘૛

૛࢘ࡾ
+ ૛࢘

ࡾ
 

=
࢙૛ − ૚૟࢘ࡾ + ࢘૛ + ૝࢘૛

૛࢘ࡾ
=
࢙૛ − ૚૟࢘ࡾ + ૞࢘૛

૛࢘ࡾ
 

⇒ ࡿࡴࡸ ࡿࡴࡾ− = ࢙૛ି൫૚૟ି࢘ࡾ૞࢘૛൯
૛࢘ࡾ

≥ ૙, ∵ ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛  (Gerretsen) 

Solution 4 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

෍
૛ࢇ) + (૛࢈ ⋅ ܖܑܛ ૛࡯

࢈ࢇ ⋅ ܖܑܛ ࡯
૛

=
૚
૛ࡿ ⋅෍

૛ࢇ) + ૛࢈ + ૛ࢉ − (૛ࢉ ⋅ ܖܑܛ ࡯ = 

=
૚
૛ࡿ ⋅ ቆ

૛ࢇ) + ૛࢈ + (૛ࢉ ⋅ ܖܑܛ) ࡭ + ܖܑܛ ࡮ + ܖܑܛ (࡯ −෍ࢇ૛ ⋅ ܖܑܛ  ቇ࡭

=
૚
૛ࡿ ⋅ ቆ෍ࢇ૛ ⋅

ࢇ∑
૛ࡾ −

૜ࢇ∑

૛ࡾ ቇ = 
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=
૚
૝ࡾࡿ ⋅

ቀ෍ࢇ૛ ⋅෍ࢇ −෍ࢇ૜ቁ =
૚
૝ࡾࡿ ⋅෍

࢈૛ࢇ) + (૛࢈ࢇ = 

=
૚

૝ࡾࡿ ⋅
ቀ෍࢈ࢇ ⋅෍ࢇ − ૜ࢉ࢈ࢇቁ =

૚
૝ࡾࡿ ⋅ ૛࢖ ⋅

ቀ෍࢈ࢇ − ૟࢘࢖ቁ = 

=
૚
૛࢘ࡾ ⋅

૛࢖) − ૛࢘ࡾ + ࢘૛) ≥
࢔ࢋ࢙࢚࢙ࢋ࢘࢘ࢋࡳ ૚

૛࢘ࡾ
(૚૟࢘ࡾ − ૞࢘૛ − ૛࢘ࡾ+ ࢘૛) = 

=
૚
૛࢘ࡾ ⋅

(૚૝࢘ࡾ − ૝࢘૛) = ૠ −
૛࢘
ࡾ  

Solution 5 by Soumitra Mandal-Chandar Nagore-India 

+࢈ࢇ +ࢉ࢈ ࢇࢉ = ૛࢖ + ࢘૛ + ૝ࢇ,࢘ࡾ + ࢈ + ࢉ = ૛࢖ 

෍
૛ࢇ + ૛࢈

࢈ࢇ
ࢉ࢟ࢉ

=
૚
૛ࢇ)ࢉ෍ࢉ࢈ࢇ + (૛࢈

ࢉ࢟ࢉ

=
ࢇ) + ࢈ + +࢈ࢇ)(ࢉ ࢉ࢈ + (ࢇࢉ

ࢉ࢈ࢇ − ૜ 

= ࢘ࡾ૛ା࢘૛ା૝࢖
૛࢘ࡾ

− ૜ = ૛࢖

૛࢘ࡾ
+ ࢘

૛ࡾ
− ૚. We need to prove, ࢖

૛

૛࢘ࡾ
+ ࢘

૛ࡾ
− ૚ ≥ ૠ − ૛࢘

ࡾ
 

⇔ ૛࢖ ≥ ૚૟࢘ࡾ − ૞࢘૛, which is true. ∴ ∑ ૛࢈૛ାࢇ

ࢉ࢟ࢉ࢈ࢇ ≥ ૠ − ૛࢘
ࡾ

 (Proved) 

 

292. In ࢤ	࡯࡮࡭: 

૛ࢇ࢘

૛࢈࢘
+
૛࢈࢘

૛ࢉ࢘
+
૛ࢉ࢘

૛ࢇ࢘
≥ ඨ૚+ ૡ ⋅ ቆ

૛ࢇ + ૛࢈ + ૛ࢉ

࢈ࢇ + ࢉ࢈ + ࢇࢉ
ቇ
૛

 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

LEMMA: Siendo ࢞, ࢟,  ା se cumple la siguiente desigualdadࡾ números ࢠ

࢞૛

࢟૛
+
࢟૛

૛ࢠ
+
૛ࢠ

࢞૛
+ ૟ ≥ (࢞ + ࢟ + (ࢠ ൬

૚
࢞

+
૚
࢟

+
૚
ࢠ
൰ 

⇔ ࢞૛

࢟૛
+ ࢟૛

૛ࢠ
+ ૛ࢠ

࢞૛
+ ૜ ≥ ࢞

࢟
+ ࢟

ࢠ
+ ࢠ

࢞
+ ࢟

࢞
+ ࢠ

࢟
+ ࢞

ࢠ
. Realizando los siguientes 

cambios de variables ࢞
࢟

= ૛ࢇ

ࢉ࢈
> 0, ࢟

ࢠ
= ૛࢈

ࢇࢉ
> 0, ࢠ

࢞
= ૛ࢉ

࢈ࢇ
> 0 ⇔ ܽ, ܾ, ܿ > 0 
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La desigualdad es equivalente  

૝ࢇ

૛ࢉ૛࢈ +
૝࢈

૛ࢇ૛ࢉ +
૝ࢉ

૛࢈૛ࢇ + ૜ ≥
૛ࢇ

ࢉ࢈ +
૛࢈

ࢇࢉ +
૛ࢉ

࢈ࢇ +
ࢉ࢈
૛ࢇ +

ࢇࢉ
૛࢈ +

࢈ࢇ
૛ࢉ  

⇔ ૟ࢇ + ૟࢈ + ૟ࢉ + ૜ࢇ૛࢈૛ࢉ૛ ≥ ࢉ࢈૝ࢇ + ࢉࢇ૝࢈ + ࢈ࢇ૝ࢉ + ૜ࢉ૜࢈ + ૜ࢇ૜ࢉ +  ૜࢈૜ࢇ

Por la desigualdad de Schur y MA ≥ MG 

૟ࢇ + ૟࢈ + ૟ࢉ + ૜ࢇ૛࢈૛ࢉ૛ ≥ ૛࢈)૝ࢇ + (૛ࢉ + ૛ࢉ)૝࢈ + (૛ࢇ + ૛ࢇ)૝ࢉ + (૛࢈ ≥ 

≥ ૛ࢇ૝ࢉ࢈ + ૛࢈૝ࢉࢇ + ૛ࢉ૝(1)   ࢈ࢇ 

૟ࢇ + ૟࢈ + ૟ࢉ + ૜ࢇ૛࢈૛ࢉ૛ ≥ ૛࢈)૛ࢉ૛࢈ + (૛ࢉ + ૛ࢉ)૛ࢇ૛ࢉ + (૛ࢇ + ૛ࢇ)૛࢈૛ࢇ + (૛࢈ ≥ 

≥ ૛࢈૜ࢉ૜ + ૛ࢉ૜ࢇ૜ + ૛ࢇ૜࢈૜   (2) 

(1) + (2) ⇒ ૟ࢇ + ૟࢈ + ૟ࢉ + ૜ࢇ૛࢈૛ࢉ૛ ≥ ࢉ࢈૝ࢇ + ࢉࢇ૝࢈ + ࢈ࢇ૝ࢉ + ૜ࢉ૜࢈ + ૜ࢇ૜ࢉ +   ૜࢈૜ࢇ

(LQQD). Ahora bien ࢞ = ࢟,ࢇ࢘ = ,࢈࢘ ࢠ =  ࢉ࢘

⇔
૛ࢇ࢘

૛࢈࢘
+
૛࢈࢘

૛ࢉ࢘
+
૛ࢉ࢘

૛ࢇ࢘
+ ૟ ≥ ࢇ࢘) + ࢈࢘ + (ࢉ࢘ ൬

૚
ࢇ࢘

+
૚
࢈࢘

+
૚
ࢉ࢘
൰ 

⇔
૛ࢇ࢘

૛࢈࢘
+
૛࢈࢘

૛ࢉ࢘
+
૛ࢉ࢘

૛ࢇ࢘
+ ૟ ≥

૝ࡾ + ࢘
࢘ = ૚ +

૝ࡾ
࢘ ⇔

૛ࢇ࢘

૛࢈࢘
+
૛࢈࢘

૛ࢉ࢘
+
૛ࢉ࢘

૛ࢇ࢘
≥
૝ࡾ
࢘ − ૞ 

Es necesario demostrar lo siguiente ૝ࡾ
࢘
− ૞ ≥ ට૚ + ૡ ⋅ ቀࢇ

૛ା࢈૛ାࢉ૛

ࢇࢉାࢉ࢈ା࢈ࢇ
ቁ
૛

 

Es muy conocido lo siguiente  

ቆ
૛ࢇ + ૛࢈ + ૛ࢉ

࢈ࢇ + ࢉ࢈ + ࢇࢉ
ቇ
૛

≤ ൬
ࡾ
૛࢘
൰
૛

⇔ ඨ૚ + ૡ ⋅ ቆ
૛ࢇ + ૛࢈ + ૛ࢉ

࢈ࢇ + ࢉ࢈ + ࢇࢉ
ቇ
૛

≤ 

≤ ටૢ ⋅ ቀ ࡾ
૛࢘
ቁ
૛
≤ ૜ࡾ

૛࢘
≤ ૝ࡾ

࢘
− ૞   (Válido por Euler) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

૛ࢇ࢘

૛࢈࢘
+
૛࢈࢘

૛ࢉ࢘
+
૛ࢉ࢘

૛ࢇ࢘
≥⏞
(૚)

ඨ૚ + ૡ ⋅ ቆ
૛ࢇ∑

࢈ࢇ∑
ቇ
૛
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Using ࢘ࢇ = ࢤ

ࢇି࢙
, ࢈࢘ = ࢤ

࢈ି࢙
, ࢉ࢘ = ࢤ

ࢉି࢙
, 

(1) ⇔ ૛(࢈ି࢙)

૛(ࢇି࢙) + ૛(ࢉି࢙)

૛(࢈ି࢙) + ૛(ࢇି࢙)

૛(ࢉି࢙) ≥⏞
(૛)

ට૚+ ૡ ቀ∑ࢇ
૛

࢈ࢇ∑
ቁ
૛

 

Let ࢙ − ࢇ = ࢞, ࢙ − ࢈ = ࢟, ࢙ − ࢉ =  ࢠ

Then, ࢙ = ࢞ + ࢟+ ࢠ ⇒ ࢇ = ࢟ + ࢈,ࢠ = ࢠ + ࢞, ࢉ = ࢞ + ࢟ 

∴ ૛ࢇ∑ = ૛∑࢞૛ + ૛∑࢞࢟, and ∑࢈ࢇ = ∑࢞૛ + ૜∑࢞࢟ 

∴ (2) ⇔ ࢟૛

࢞૛
+ ૛ࢠ

࢟૛
+ ࢞૛

૛ࢠ
≥ ට૚ + ૜૛(∑࢞૛ା∑࢞࢟)૛

(∑࢞૛ା૜∑࢞࢟)૛  

Now, ࢟
૛

࢞૛
+ ૛ࢠ

࢟૛
+ ࢞૛

૛ࢠ
≥ ૚

૜
ቀ࢟
࢞

+ ࢠ
࢟

+ ࢞
ࢠ
ቁ
૛

  (Chebyshev) 

=
૚
૜
ቆ
࢟૛

࢞࢟
+
૛ࢠ

ࢠ࢟
+
࢞૛

࢞ࢠ
ቇ
૛

≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ૚

૜
ቈ
(∑࢞)૛

∑࢞࢟
቉
૛

 

=
(∑࢞૛ + ૛∑࢞࢟)૛

૜(∑࢞࢟)૛ ≥
?
ඨ૚+

૜૛(∑࢞૛ + ∑࢞࢟)૛

(∑࢞૛ + ૜∑࢞࢟)૛  

⇔ (࢛ା૛࢜)૝

ૢ࢜૜
≥
?
૚ + ૜૛(࢛ା࢜)૛

(࢛ା૜࢜)૛  , where ࢛ = ∑࢞૛ ,࢜ = ∑࢞࢟ 

⇔ (࢛ + ૜࢜)૛{(࢛ + ૛࢜)૝ − ૢ࢜૝} − ૛ૡૡ࢜૝(࢛ + ࢜)૛ ≥
?
૙ 

⇔ ࢛૟ + ૚૝࢛૞࢜ + ૡ૚࢛૝࢜૛ + ૛૝ૡ࢛૜࢜૜ + ૚૛ૠ࢛૛࢜૝ − ૛૝૟࢛࢜૞ − ૛૛૞࢜૟ ≥
?
૙ 

⇔ ࢚૟ + ૚૝࢚૞ + ૡ૚࢚૝ + ૛૝ૡ࢚૜ + ૚૛ૠ࢚૛ − ૛૝૟࢚ − ૛૛૞ ≥
?
૙ ቀ࢚ = ࢛

࢜
ቁ 

⇔ (࢚ − ૚)൫࢚૞ + ૚૞࢚૝ + ૢ૟࢚૜ + ૜૝૝࢚૛ + ૝ૠ૚࢚ + ૛૛૞൯ ≥
?
૙ 

→ true ∵ ࢚ = ࢛
࢜

= ∑࢞૛

∑࢞࢟
≥ ૚ (Proved) 

 

 



 
www.ssmrmh.ro 

 
293. In  acute ࢤ	࡯࡮࡭: 

෍ඥ࢝ࢇ࢘ࢇ࢙ࢇ ≤ ࢙ට࢙√૜ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo acutángulo ࡯࡮࡭ ∑ඥ࢝ࢇ࢘ࢇ࢙ࢇ ≤ ࢙ඥ࢙√૜ 

1) Tener en cuenta las siguiente desigualdades conocidas en un 

ࢇ࢙ ࡯࡮࡭	ࢤ ≤ ,ࢇ࢓ ࢈࢙ ≤ ,࢈࢓ ࢉ࢙ ≤  ࢉ࢓

ࢇ࢝ ≤ ඥ࢙(࢙ − ࢇ࢝,(ࢇ ≤ ඥ࢙(࢙ − ࢉ࢝,(࢈ ≤ ඥ࢙(࢙ −  Además .(ࢉ

ࢇ࢝) + ࢈࢝ ૛(ࢉ࢝+ ≤ ቀඥ࢙(࢙ − (ࢇ +ඥ࢙(࢙ − (࢈ + ඥ࢙(࢙ − ቁ(ࢉ
૛
≤ 

≤ (࢙ + ࢙ + ࢙)(࢙ − ࢇ + ࢙ − ࢈ + ࢙ − (ࢉ ≤ ૜࢙૛ 

⇔ ࢇ࢝ + ࢈࢝ + ࢉ࢝ ≤ ࢙√૜ 

2) En un triángulo se cumple la siguiente desigualdad 

ࢇ࢘ࢇ࢓ + ࢈࢘࢈࢓ + ࢉ࢘ࢉ࢓ ≤ ࢙૛ 

Dado que es un triángulo acutángulo, tener en cuenta las siguientes 

desigualdades 

ࢇ࢓ ≤ ૚)ࡾ + ࢈࢓,(࡭ܛܗ܋ ≤ ૚)ࡾ + ࢉ࢓,(࡮ܛܗ܋ ≤ ૚)ࡾ +  (࡯ܛܗ܋

La desigualdad es equivalente 

ࢇ࢘ࢇ࢓ + ࢈࢘࢈࢓ + ࢉ࢘ࢉ࢓ ≤ ૚)ࡾ + ܛܗ܋ (࡭ ⋅ ࡿ
ࢇି࢙

+ ૚)ࡾ + (࡮ܛܗ܋ ⋅ ࡿ
࢈ି࢙

+ ૚)ࡾ + ܛܗ܋ (࡯ ⋅ ࡿ
ࢉି࢙

  

= ࡾ
࢈) + ࢉ + ࢈)(ࢇ + ࢉ − (ࢇ

૛ࢉ࢈ ⋅
ࡿ

࢙ − ࢇ + ࡾ ⋅
ࢇ) + ࢉ + +ࢇ)(࢈ ࢉ − (࢈

૛ࢇࢉ ⋅
ࡿ

࢙ − ࢈ + 

ࡾ+ ⋅
+ࢇ) ࢈ + +ࢇ)(ࢉ ࢈ − (ࢉ

૛࢈ࢇ ⋅
ࡿ

࢙ −  ࢉ

= ࡾ ⋅
ࡿ
ࢉ࢈

ࢇ) + ࢈ + (ࢉ + ࡾ ⋅
ࡿ
ࢇࢉ

ࢇ) + ࢈ + (ࢉ + ࡾ ⋅
ࡿ
࢈ࢇ

ࢇ) + ࢈ + (ࢉ = 



 
www.ssmrmh.ro 

 

= ࡾ ⋅ ࢇ)ࡿ + +࢈ (ࢉ ቀ ૚
࢈ࢇ

+ ૚
ࢉ࢈

+ ૚
ࢇࢉ
ቁ ࡾ= ⋅ ࡿ ⋅ ൫ࢉ+࢈+ࢇ൯૛

ࢉ࢈ࢇ ࡾ= ⋅ ࡿ ⋅ ૝࢙૛૝ࡿࡾ = ࢙૛ (LQQD) 

Luego ∑ඥ࢝ࢇ࢘ࢇ࢙ࢇ ≤ ∑ඥ࢝ࢇ࢘ࢇ࢓ࢇ ≤ ࢙ඥ࢙√૜. Por la desigualdad de 

Cauchy ൫∑ඥ࢝ࢇ࢘ࢇ࢙ࢇ൯
૛
≤ ൫∑ඥ࢝ࢇ࢘ࢇ࢓ࢇ൯

૛
≤ (ࢇ࢘ࢇ࢓∑)(ࢇ࢝∑) ≤ ൫࢙√૜൯(࢙૛) 

Por transitividad → ∑ඥ࢝ࢇ࢘ࢇ࢙ࢇ ≤ ࢙ඥ࢙√૜   (LQQD) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

ඥ࢝ࢇඥ࢙ࢇ࢘ࢇ + ඥ࢝࢈ඥ࢙࢈࢘࢈ + ඥ࢝ࢉඥ࢙ࢉ࢘ࢉ ≤
(૚)

ࡿି࡮ି࡯
ට෍࢝ࢇට෍࢙ࢇ࢘ࢇ 

෍࢝ࢇ ≤
ࡿି࡮ି࡯

√૜ට࢝ࢇ
૛ ࢈࢝+

૛ + ࢉ࢝
૛ 

≤ √૜ඥ࢙(࢙ − (ࢇ + ࢙(࢙ − (࢈ + ࢙(࢙ − ∵ቀ	(ࢉ ࢇ࢝ ≤ ඥ࢙(࢙ −  ቁࢉ࢚ࢋ,(ࢇ

= √૜ඥ૜࢙૛ − ࢙(૛࢙) = ࢙√૜ ⇒ ඥ∑࢝ࢇ ≤ ඥ࢙√૜   (2) 

Again, ∑࢙ࢇ࢘ࢇ ≤
ࢇ࢓ஸࢇ࢙

ࢇ࢘ࢇ࢓∑ ≤
(࡭ܛܗ܋૚ା)ࡾஸࢇ࢓

	 ૚)ࡾ∑ + (࡭ܛܗ܋  ࢇ࢘

= ૛ࡾ෍൬ܛܗ܋૛
࡭
૛
൰ ࢇ࢘ = ૛ࡾ෍ቊ

࢙(࢙ − (ࢇ
ࢉ࢈

⋅
ࢤ

࢙ − ࢇ
ቋ 

= ૛࢙࢘ࡾ૛ ൬
૚
ࢉ࢈

+
૚
ࢇࢉ

+
૚
࢈ࢇ
൰ =

૛࢙࢘ࡾ૛

૝࢙࢘ࡾ
(૛࢙) = ࢙૛ 

⇒ ඥ∑࢙ࢇ࢘ࢇ ≤ ࢙  (3) 

(1), (2), (3) ⇒ ࡿࡴࡸ ≤ ඥ࢙√૜࢙ = ࢙ඥ࢙√૜ =  (Proved) ࡿࡴࡾ

 

294. In ࢤ	࡭࡭,࡯࡮࡭ᇱ = ᇱ࡮࡮,ࢇ࢝ = ᇱ࡯࡯,࢈࢝ = ᇱ࡭,ࢉ࢝ ∈ ᇱ࡮,(࡯࡮) ∈ ᇱ࡯,(࡭࡯) ∈   (࡮࡭)

૛ࢇ + ૛࢈ + ૛ࢉ

࢈ࢇ + ࢉ࢈ + ࢇࢉ
≥ ૛ −

૝ࡿ[࡭ᇱ࡮ᇱ࡯ᇱ]
[࡯࡮࡭]ࡿ  

Proposed by Adil Abdullayev-Baku-Azerbaidian 
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Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

En un triángulo ࡭࡭,࡯࡮࡭ᇱ = ᇱ࡮࡮,ࢇ࢝ = ᇱ࡯࡯,࢈࢝ =  	,ࢉ࢝

ᇱ࡭ ∈ ᇱ࡮,(࡯࡮) ∈ ᇱ࡯,(࡭࡯) ∈ ࢇ Probar que .(࡮࡭)
૛ା࢈૛ାࢉ૛

ࢇࢉାࢉ࢈ା࢈ࢇ
≥ ૝− ૝ࡿ[࡭ᇲ࡮ᇲ࡯ᇲ]

[࡯࡮࡭]ࡿ  

Sea → ᇱ࡭࡮ = ࡯ᇱ࡭,࢘࢟ = ᇱ࡯࡮,࢘ = ࡭ᇱ࡯,ࢗ = ᇱ࡮࡭,ࢠࢗ = ࡯ᇱ࡮,࢖ =  ࢞࢖

Ahora bien ࡿ[࡯ᇱ࡭࡮ᇱ] = ૚
૛

(ᇱ࡭࡮)(ᇱ࡯࡮) ࡮ܖܑܛ = ࢠࢗ࢖
૛
 (1) … ࡮ܖܑܛ

[࡯࡮࡭]ࡿ = ૚
૛

(࡯࡮)(࡮࡭) ܖܑܛ ࡮ = ૚
૛
૚)ࢗ + ૚)࢖(ࢠ + ࢞)  (2) … ࡮ܖܑܛ

Dividiendo (1) y (2) ࡿ[࡯ᇲ࡭࡮ᇲ]
[࡯࡮࡭]ࡿ = ࢠ

(૚ାࢠ)(૚ା࢞) … (3)  

Análogamente se cumplira lo siguiente 
[ᇲ࡮࡯ᇲ࡭]ࡿ
[࡯࡮࡭]ࡿ = ࢞

(࢞ା૚)(࢟ା૚) … (4) ∧ [ᇲ࡯࡭ᇲ࡮]ࡿ
[࡯࡮࡭]ࡿ = ࢟

(࢟ା૚)(ࢠା૚)  … (5) 

Además ࢟ = ࢇ
࢈

, ࢠ = ࢈
ࢉ

,࢞ = ࢉ
ࢇ
⇔ ࢠ࢟࢞ = ૚. Por la tanto 

૚ =
[ᇱ࡭࡮ᇱ࡯]ࡿ
[࡯࡮࡭]ࡿ +

[ᇱ࡮࡯ᇱ࡭]ࡿ
[࡯࡮࡭]ࡿ +

[ᇱ࡯࡭ᇱ࡮]ࡿ
[࡯࡮࡭]ࡿ +

[ᇱ࡯࡮ᇱ࡭]ࡿ
[࡯࡮࡭]ࡿ  

૚ =
ࢠ

(૚ + ૚)(ࢠ + ࢞) +
࢞

(࢞ + ૚)(࢟ + ૚) +
࢟

(࢟ + ૚)(ࢠ + ૚) +
[ᇱ࡯࡮ᇱ࡭]ࡿ
[࡯࡮࡭]ࡿ  

(૚ + ࢞)(૚ + ࢟)(૚ + (ࢠ − ૚)ࢠ + ࢞)− ࢞(૚ + (ࢠ − ࢟(૚ + ࢞)
(૚ + ࢞)(૚ + ࢟)(૚ + (ࢠ =

[ᇱ࡯࡮ᇱ࡭]ࡿ
[࡯࡮࡭]ࡿ  

[ᇱ࡯࡮ᇱ࡭]ࡿ
[࡯࡮࡭]ࡿ =

૚ + ࢠ࢟࢞
(૚ + ࢞)(૚ + ࢟)(૚+ (ࢠ =

૛

ቀ૚ + ࢉ
ቁቀ૚ࢇ + ࢇ

ቁቀ૚࢈ + ࢈
ቁࢉ

=
૛ࢉ࢈ࢇ

ࢇ) + +࢈)(࢈ ࢉ)(ࢉ +  (ࢇ

Por último demostraremos ࢇ
૛ା࢈૛ାࢉ૛

ࢇࢉାࢉ࢈ା࢈ࢇ
+ ૡࢉ࢈ࢇ

(ࢇାࢉ)(ࢉା࢈)(࢈ାࢇ) ≥ ૛ 

Supongamos sin pérdida de generalidad → ࢇ ≥ ࢈ ≥ ࢉ > 0 

LEMMA → Siendo ࢓ ≥ ࢔ > 0 y ࢖ ≥ ૙ se cumple la siguiente desigualdad 
࢓
࢔
≥ ࢖ା࢓

࢖ା࢔
⇔ ࢓

࢔
− ࢖ା࢓

࢖ା࢔
= (࢔ି࢓)࢖

(࢖ା࢔)࢔ ≥ ૙ , donde ࢓ = ૛ࢇ + ૛࢈ +  ,૛ࢉ
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࢔ = ࢈ࢇ + ࢉ࢈ + ࢖,ࢇࢉ =  ૛ࢉ

૛ࢉ૛ା࢈૛ାࢇ

ࢇࢉାࢉ࢈ା࢈ࢇ
+ ૡࢉ࢈ࢇ

(ࢇାࢉ)(ࢉା࢈)(࢈ାࢇ) ≥
૛ࢉ૛ା࢈૛ାࢇ

૛ࢉାࢇࢉାࢉ࢈ା࢈ࢇ
+ ૡࢉ࢈ࢇ

(ࢇାࢉ)(ࢉା࢈)(࢈ାࢇ) ≥ ૛  

⇔
૛ࢇ + ૛࢈ + ૛ࢉ

ࢉ) + ࢉ)(࢈ + (ࢇ +
ૡࢉ࢈ࢇ

ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ ≥ ૛ 

⇔ ૛ࢇ) + ૛࢈ + ૛ࢉ૛)(ࢇ + (࢈ + ૡࢉ࢈ࢇ ≥ ૛(ࢇ + ࢈)(࢈ + ࢉ)(ࢉ +  (ࢇ

⇔ ૜ࢇ + ࢈૛ࢇ + ࢇ૛࢈ + ૜࢈ + ૛ࢉ૛ࢇ + ૛ࢉ૛࢈ + ૡࢉ࢈ࢇ ≥ 

≥ ૛ࢇ૛࢈ + ૛࢈૛ࢇ + ૛ࢉ૛ࢇ + ૛࢈૛ࢉ + ૛ࢉ૛࢈ + ૝ࢉ࢈ࢇ 

⇔ ૜ࢇ + ૜࢈ − ࢈૛ࢇ − ࢇ૛࢈ − ૛ࢇ૛ࢉ + ૝ࢉ࢈ࢇ − ૛࢈૛ࢉ ≥ ૙ 

⇔ ࢇ) + ૛ࢇ)(࢈ − ࢈ࢇ + −(૛࢈ ࢇ)࢈ࢇ + (࢈ − ૛ࢇ)ࢉ૛ − ૛࢈ࢇ + (૛࢈ ≥ ૙ 

⇔ ࢇ) + ࢇ)(࢈ − ૛(࢈ − ૛ࢇ)ࢉ+ ૛(࢈ = ൫(ࢇ − (ࢉ + ࢈) − ࢇ)൯(ࢉ − ૛(࢈ ≥ ૙ 

(LQQD) 

Solution 2 by Rovsen Pirguliyev-Sumgait-Azerbaidian 

૛ࢉ૛ା࢈૛ାࢇ

ࢇࢉାࢉ࢈ା࢈ࢇ
≥ ૛ − ૝ࡿ[࡭ᇲ࡮ᇲ࡯ᇲ]

[࡯࡮࡭]ࡿ    (*). It is known that 

ᇲ࡯ᇲ࡮ᇲ࡭ࡿ =
૛࡯࡮࡭ࡿ ⋅ ࢉ࢈ࢇ

ࢇ) + ࢈)(࢈ + ࢇ)(ࢉ + (ࢉ ૛ࢇ, + ૛࢈ + ૛ࢉ = ૛(࢖૛ − ࢘૛ − ૝࢘ࡾ) 

ࢉ࢈ࢇ = ૝࢖࢘ࡾ, ࢇ) + ࢈)(࢈ + ࢇ)(ࢉ + (ࢉ = ૛࢖)࢖૛ + ૛࢘ࡾ+ ࢘૛) 

࢈ࢇ + ࢉ࢈ + ࢇࢉ = ૛࢖ + ࢘૛ + ૝࢘ࡾ, we have: ࢇ
૛ା࢈૛ାࢉ૛

ࢇࢉାࢉ࢈ା࢈ࢇ
≥ ૛ −

૝⋅ ૛ࢉ࢈ࢇ⋅ࡿ
(ࢉశࢇ)(ࢉశ࢈)(࢈శࢇ)

ࡿ
⇒ 

⇒
૛(࢖૛ − ࢘૛ − ૝࢘ࡾ)
૛࢖ + ࢘૛ + ૝࢘ࡾ

≥ ૛ −
૜૛࢖࢘ࡾ

૛࢖)࢖૛ + ૛࢘ࡾ + ࢘૛) ⇒ 

⇒
૛(࢖૛ − ࢘૛ − ૝࢘ࡾ)
૛࢖ + ࢘૛ + ૝࢘ࡾ ≥

૛࢖૛ − ૚૛࢘ࡾ + ૛࢘૛

૛࢖ + ૛࢘ࡾ + ࢘૛ ⇒ 

⇒
૛࢖ − ࢘૛ − ૝࢘ࡾ
૛࢖ + ࢘૛ + ૝࢘ࡾ

≥
૛࢖ − ૟࢘ࡾ + ࢘૛

૛࢖ + ૛࢘ࡾ + ࢘૛
⇒ 
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⇒ ૛࢖ + ૛࢘ࡾ + ࢘૛ ≤ ૛ࡾૢ ⇒ ૛ૠ

૝
૛ࡾ ≤ ૚૙ࡾ૛ − ࡾ) + ࢘) ⇒ true! 

 

295. In ࢤ	࡯࡮࡭: 

൬
ࢇ࢓

ࢇࢎ
+
࢈࢓

࢈ࢎ
+
ࢉ࢓

ࢉࢎ
൰
૜
≥ ૛ૠቆ

૛ࢇ + ૛࢈ + ૛ࢉ

࢈ࢇ + ࢉ࢈ + ࢇࢉ
ቇ
૛

 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭ ቀࢇ࢓

ࢇࢎ
+ ࢈࢓

࢈ࢎ
+ ࢉ࢓

ࢉࢎ
ቁ
૜
≥ ૛ૠ ቀࢇ

૛ା࢈૛ାࢉ૛

ࢇࢉାࢉ࢈ା࢈ࢇ
ቁ
૛

 

Utilizando las siguientes desigualdades y notaciones en un ࢤ	࡯࡮࡭ 

ࢇ࢓ ≥
૛࢈ + ૛ࢉ

૝ࡾ
࢈࢓, ≥

૛ࢉ + ૛ࢇ

૝ࡾ
ࢉ࢓, ≥

૛ࢇ + ૛࢈

૝ࡾ
ࢇࢎ, =

ࢉ࢈
૛ࡾ

࢈ࢎ, =
ࢇࢉ
૛ࡾ

ࢉࢎ, =
࢈ࢇ
૛ࡾ

 

Por la tanto ቀࢇ࢓

ࢇࢎ
+ ࢈࢓

࢈ࢎ
+ ࢉ࢓

ࢉࢎ
ቁ
૜
≥ ቀ࢈

૛ାࢉ૛

૛ࢉ࢈
+ ૛ࢇ૛ାࢉ

૛ࢇࢉ
+ ૛࢈૛ାࢇ

૛࢈ࢇ
ቁ
૜

 

Aplicando la desigualdad de Cauchy 

૛࢈ + ૛ࢉ

૛ࢉ࢈
+
૛ࢉ + ૛ࢇ

૛ࢇࢉ
+
૛ࢇ + ૛࢈

૛࢈ࢇ
≥
൫√࢈૛ + ૛ࢉ + ૛ࢉ√ + ૛ࢇ + ૛ࢇ√ + ૛൯࢈

૛

૛(࢈ࢇ + ࢉ࢈ + (ࢇࢉ = 

=
૛(ࢇ૛ + ૛࢈ + (૛ࢉ + ૛∑ඥ(ࢉ૛ + ૛ࢉ)(૛ࢇ + (૛࢈

૛(࢈ࢇ + ࢉ࢈ + (ࢇࢉ ≥ 

≥ ૛൫ࢇ૛ା࢈૛ାࢉ૛൯ା૛∑൫ࢉ૛ା࢈ࢇ൯
૛(࢈ࢇାࢉ࢈ାࢇࢉ) = ૝൫ࢇ૛ା࢈૛ାࢉ૛൯ା૛(࢈ࢇାࢉ࢈ାࢇࢉ)

૛(࢈ࢇାࢉ࢈ାࢇࢉ) =  

= 	 ૛൫ࢇ
૛ା࢈૛ାࢉ૛൯

ࢇࢉାࢉ࢈ା࢈ࢇ
+ ૚. Luego por transitividad y aplicando MA ≥ MG 

൬
ࢇ࢓

ࢇࢎ
+
࢈࢓

࢈ࢎ
+
ࢉ࢓

ࢉࢎ
൰
૜
≥ ቆ

૛࢈ + ૛ࢉ

૛ࢉ࢈
+
૛ࢉ + ૛ࢇ

૛ࢇࢉ
+
૛ࢇ + ૛࢈

૛࢈ࢇ
ቇ ≥ 
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≥ ቆ
૛ࢇ) + ૛࢈ + (૛ࢉ
࢈ࢇ + ࢉ࢈ + ࢇࢉ

+
૛ࢇ) + ૛࢈ + (૛ࢉ
࢈ࢇ + ࢉ࢈ + ࢇࢉ

+ ૚ቇ
૜

≥ ૛ૠቆ
૛ࢇ + ૛࢈ + ૛ࢉ

࢈ࢇ + ࢉ࢈ + ࢇࢉ
ቇ
૜

 

 

296. In ࢤ	࡯࡮࡭: 

ࢇ࢘
࢈࢘

+
࢈࢘
ࢉ࢘

+
ࢉ࢘
ࢇ࢘

+
૛࢘
ࡾ
≥ ૝ 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭: 
૛࡭ܖ܉ܜ
૛࡮ܖ܉ܜ

+
૛࡮ܖ܉ܜ
૛࡯ܖ܉ܜ

+
૛࡯ܖ܉ܜ
૛࡭ܖ܉ܜ

≥ ૝ − ૛࢘
ࡾ

 

⇒
૛ܖ܉ܜ ૛࡭

૛࡭ܖ܉ܜ ܖ܉ܜ
࡮
૛

+
૛࡮૛ܖ܉ܜ

૛࡮ܖ܉ܜ ܖ܉ܜ
࡯
૛

+
૛ܖ܉ܜ ૛࡯

૛࡯ܖ܉ܜ ܖ܉ܜ
࡭
૛

≥ ૝ − ૡܖܑܛ
࡭
૛
ܖܑܛ

࡮
૛
ܖܑܛ

࡯
૛

 

Por la desigualdad de Cauchy:  

⇒
૛࡭૛ܖ܉ܜ

૛࡭ܖ܉ܜ ܖ܉ܜ
࡮
૛

+
૛࡮૛ܖ܉ܜ

૛࡮ܖ܉ܜ ܖ܉ܜ
࡯
૛

+
૛࡯૛ܖ܉ܜ

૛࡯ܖ܉ܜ ܖ܉ܜ
࡭
૛

≥
ቀ࡭ܖ܉ܜ૛ାܖ܉ܜ

࡮
૛ାܖ܉ܜ

࡯
૛
ቁ
૛

૛࡭ܖ܉ܜ ܖ܉ܜ
࡮
૛ାܖ܉ܜ

࡮
૛ ܖ܉ܜ

࡯
૛ାܖ܉ܜ

࡯
૛ ܖ܉ܜ

࡭
૛

  

⇒
૛ܖ܉ܜ ૛࡭

૛࡭ܖ܉ܜ + ܖ܉ܜ ૛࡮
+

૛࡮૛ܖ܉ܜ
૛࡮ܖ܉ܜ + ૛࡯ܖ܉ܜ

+
૛ܖ܉ܜ ૛࡯

૛࡯ܖ܉ܜ + ૛࡭ܖ܉ܜ
≥ 

≥ ૛ܖ܉ܜ
࡭
૛ + ૛ܖ܉ܜ

࡮
૛ + ૛ܖ܉ܜ

࡯
૛ + ૛ ≥ ૝ − ૡ ܖܑܛ

࡭
૛ ܖܑܛ

࡮
૛ ܖܑܛ

࡯
૛ 

Es necesario demostrar lo siguiente 

⇔ ૛ܖ܉ܜ
࡭
૛

+ ૛ܖ܉ܜ
࡮
૛

+ ૛ܖ܉ܜ
࡯
૛

+ ૛ ≥ ૝ − ૡܖܑܛ
࡭
૛
ܖܑܛ

࡮
૛
ܖܑܛ

࡯
૛

 

⇔ ૛ܖ܉ܜ
࡭
૛ + ૛ܖ܉ܜ

࡮
૛ + ૛ܖ܉ܜ

࡯
૛ + ૡ ܖܑܛ

࡭
૛ ܖܑܛ

࡮
૛ ܖܑܛ

࡯
૛ ≥ ૛ 

(lo cual ya se demostro anteriormente) 
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Solution 2 by Soumava Chakraborty-Kolkata-India 

ࢇ࢘
࢈࢘

+
࢈࢘
ࢉ࢘

+
ࢉ࢘
ࢇ࢘

+
૛࢘
ࡾ
≥⏞
(૚)

૝ 

(1) ⇔ ࢇ࢘
࢈࢘

+ ࢈࢘
ࢉ࢘

+ ࢉ࢘
ࢇ࢘
≥⏞
(૛)

૛(૛࢘ିࡾ)
ࡾ

. Now, ∑ ࢇ࢘
࢈࢘

= ∑ ૛ࢇ࢘

࢈࢘ࢇ࢘
≥⏞⏟
(૜)

࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮
૛(ࢇ࢘∑)

࢈࢘ࢇ࢘∑
= (૝ࡾା࢘)૛

࢙૛
 

It suffices to prove: (2),(3) ⇒ (૝ࡾା࢘)૛

࢙૛
≥ ૛(૛࢘ିࡾ)

ࡾ
 

⇔ (૝ࡾ+ ࢘)૛ ⋅ ࡾ ≥ ૛(૛ࡾ − ࢘)࢙૛  (4). Now, Rouche ⇒ ૛(૛ࡾ − ࢘)࢙૛ 

≤⏞
(૞)

૛(૛ࡾ − ࢘)(૛ࡾ૛ + ૚૙࢘ࡾ − ࢘૛) + ૛૛(૛ࡾ − ࡾ)(࢘ − ૛࢘)ඥࡾ૛ − ૛࢘ࡾ 

(4), (5) ⇒ it suffices to prove:  

ࡾ૝)ࡾ + ࢘)૛ − ૛(૛ࡾ − ࢘)(૛ࡾ૛ + ૚૙࢘ࡾ − ࢘૛) ≥ 

≥ ૝(૛ࡾ − ࡾ)(࢘ − ૛࢘)ඥࡾ૛ − ૛࢘ࡾ 

⇔ ࡾ) − ૛࢘)(ૡࡾ૛ − ૚૛࢘ࡾ + ࢘૛) ≥ ૝(ࡾ − ૛࢘)(૛ࡾ − ࢘)ඥࡾ૛ − ૛࢘ࡾ 

∴ it suffices to prove: ૡࡾ૛ − ૚૛࢘ࡾ + ࢘૛ > 4(૛ࡾ − ࢘) 	× ૛ࡾ√	 − ૛࢘ࡾ 

⇔ (ૡࡾ૛ − ૚૛࢘ࡾ + ࢘૛)૛ − ૚૟(૛ࡾ − ࢘)૛(ࡾ૟૛ − ૛࢘ࡾ) > 0 

⇔ ૚૟ࡾ૛࢘૛ + ૡ࢘ࡾ૜ + ࢘૝ > 0 → true 

 

 297. In ࢤ	࡯࡮࡭: 

૛ܛܗ܋ ૛࡭
૛ܛܗ܋ ૛࡮

+
૛ܛܗ܋ ૛࡮
૛ܛܗ܋ ૛࡯

+
૛ܛܗ܋ ૛࡯
૛ܛܗ܋ ૛࡭

+
૜࢙૛

(࢘ + ૝ࡾ)૛ ≥ ૝ 

Proposed by Adil Abdullayev-Baku-Azerbaidian 
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Solution by Rovsen Pirguliyev-Sumgait-Azerbaidian 

∑
૛࡭૛ܛܗ܋
૛࡮૛ܛܗ܋

+ ૜࢙૛

(࢘ା૝ࡾ)૛ ≥ ૝   (*). It is known that if ࢞,࢟, ࢠ > 0, then 

∑ ࢞
࢟
≥ ૢ∑࢞૛

(∑࢞)૛   (1) if ࢞,࢟, ࢠ ∈ ቄܛܗ܋૛ ࡭
૛

, ૛ܛܗ܋ ࡮
૛

, ૛ܛܗ܋ ࡯
૛
ቅ, 

then (1) ⇒ ∑
૛࡭૛ܛܗ܋
૛࡮૛ܛܗ܋

≥ ૢ൫(૝ࡾା࢘)૛ି࢙૛൯
૛(૝ࡾା࢘)૛    (2) 

(*) ⇒⏞
(૛)

ૢ൫(૝ࡾା࢘)૛ି࢙૛൯
૛(૝ࡾା࢘)૛ + ૜࢙૛

(૝ࡾା࢘)૛ = ૢ
૛
− ૜࢙૛

૛(૝ࡾା࢘)૛. Now we prove that  

ૢ
૛
− ૜࢙૛

૛(૝ࡾା࢘)૛ ≥ ૝ ⇔ ૚
૛
≥ ૜࢙૛

૛(૝ࡾା࢘)૛ ⇔ (૝ࡾ + ࢘)૛ ≥ ૜࢙૛. True 

 

298. In ࢤ	࡯࡮࡭: 

ࢇ࢓ ܛܗ܋
࡭
૛

࢈࢓+ ܛܗ܋
࡮
૛

ࢉ࢓+ ܛܗ܋
࡯
૛
≥
ૢ√૜
૛

࢘ 

Proposed by Kevin Soto Palacios – Huarmey – Peru  

Solution 1 by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ ≥
ࡳି࡭

૜ඨࢉ࢓࢈࢓ࢇ࢓ ܛܗ܋
࡭
૛ ܛܗ܋

࡮
૛ ܛܗ܋

࡯
૛

૜

 

≥⏞
ࢉ࢚ࢋ(ࢇି࢙)ஹඥ࢙ࢇ࢓

ᇣᇧᇧᇧᇤᇧᇧᇧᇥ
(૚)

૜ඩඨ࢙(࢙ − (ࢇ ⋅ ࢙(࢙ − (࢈ ⋅ ࢙(࢙ − (ࢉ ⋅
࢙(࢙ − (ࢇ

ࢉ࢈ ⋅
࢙(࢙ − (࢈

ࢇࢉ ⋅
࢙(࢙ − (ࢉ
࢈ࢇ

૜

 

= ૜ඨ
࢙૜(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ

ࢉ࢈ࢇ

૜

= ૜ඨ
࢙૛ ⋅ ࢘૛࢙૛

૝࢙࢘ࡾ

૜

 

= ૜ට࢙૜࢘
૝ࡾ

૜
= ૜࢙ට ࢘

૝ࡾ
૜ ; (1) ⇒ it suffices to prove: ૜࢙ට ࢘

૝ࡾ
૜ ≥ ૢ√૜

૛
࢘ 
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⇔ ࢙૜ ⋅ ࢘

૝ࡾ
≥ ૛ૠ

ૡ
⋅ ૜√૜࢘૜ ⇔ ૛࢙૜ ≥ ૛ૠ ⋅ ૜√૜࢘૛(2)  ࡾ 

Now, ࢙ ≥ ૜√૜࢘ ⇒ ૛࢙૜ ≥ ૛࢙૛ ⋅ ૜√૜࢘  (3) 

(2), (3) ⇒ it suffices to prove:   

૛࢙૛ ⋅ ૜√૜࢘ ≥ ૛ૠ ⋅ ૜√૜࢘ࡾ૛ ⇔ ૛࢙૛ ≥ ૛ૠ(4)  ࢘ࡾ 

Gerretsen ⇒ ૛࢙૛ ≥
(૞)

૜૛࢘ࡾ − ૚૙࢘૛; (4), (5) ⇒ it suffices to prove: 

૜૛࢘ࡾ − ૚૙࢘૛ ≥ ૛ૠ࢘ࡾ ⇔ ૞࢘ ≥ ૚૙࢘૛ ⇔ ࡾ ≥ ૛࢘ → true (Euler) (Proved) 

Solution 2 by proposer 

Probar en triángulo ࡼ ࡯࡮࡭ = ࢇ࢓ ܛܗ܋
࡭
૛

+ ࢈࢓ ܛܗ܋
࡮
૛

+ ࢉ࢓ ܛܗ܋
࡯
૛
≥ ૢ√૜࢘

૛
 

Utilizando las siguientes desigualdades e identidades conocidas en un triángulo 

ࢇ࢓ ࡯࡮࡭ ≥
ࢉା࢈
૛
ܛܗ܋ ࡭

૛
࢈࢓, ≥

ࢇାࢉ
૛
ܛܗ܋ ࡮

૛
ࢉ࢓, ≥

࢈ାࢇ
૛
ܛܗ܋ ࡯

૛
࢖, ≥ ૜√૜࢘ 

ࢇ = ࡯ܛܗ܋࢈ + ࢉ ࡮ܛܗ܋ ࢈, = ࢉ ܛܗ܋ ࡭ + ࢇ ࡯ܛܗ܋ ࢉ, = ࢇ ࡮ܛܗ܋ +  ࡮ܛܗ܋࢈

La desigualdad propuesta es equivalente 

ࡼ ≥ ൬
࢈ + ࢉ
૝ ൰ (૚ + ܛܗ܋ (࡭ + ൬

ࢉ + ࢇ
૝ ൰ (૚ + ܛܗ܋ (࡮ + ൬

ࢇ + ࢈
૝ ൰ (૚ +  (࡯ܛܗ܋

⇔ ࡼ ≥ ࢉା࢈ାࢇ
૛

+ ܛܗ܋࢈ ܛܗ܋ࢉା࡯ ࡮
૝

+ ࢉ ܛܗ܋ ܛܗ܋ࢇା࡭ ࡯
૝

+ ࢇ ࢈ା࡮ܛܗ܋ ܛܗ܋ ࡭
૝

=  

= ࢉା࢈ାࢇ
૛

+ ࢉା࢈ାࢇ
૝

⇔ ࡼ ≥ ૜
૝

ࢇ) + ࢈ + (ࢉ = ૜࢖
૛
≥ ૢ√૜࢘

૛
   (LQQD) 

 

299. In ࢤ	࡯࡮࡭: 

૛ࢉ૛࢈

࢙ − ࢇ ≤ ૝ࡾ૛࢙ 

Proposed by Colin Springer-Canada 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࢈ ࡯࡮࡭
૛ࢉ૛

ࢇି࢙
≤ ૝ࡾ૛࢙. Tener en cuenta lo siguiente 
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ࢉ࢈ࢇ
૝ࡾ

= ඥ࢙(࢙ − ࢙)(ࢇ − ࢙)(࢈ −  La desigualdad es equivalente .(ࢉ

૛ࢉ૛࢈૛ࢇ

૚૟ࡾ૛ ≤
࢙)૛࢙ࢇ − (ࢇ

૝ ⇔ ࢙(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ ≤
࢙)૛࢙ࢇ − (ࢇ

૝  

Es suficiente probar lo siguiente (࢙ − ࢙)(࢈ − (ࢉ ≤ ૛ࢇ

૝
. Aplicando MA ≥ MG 

(࢙ − ࢙)(࢈ − (ࢉ ≤ ቀ(࢙ି࢈)ା(࢙ିࢉ)
૛

ቁ
૛

= ૛ࢇ

૝
 (LQQD) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

૛ࢉ૛࢈

ࢇି࢙
≤
(૚)

૝ࡾ૛࢙; (1) ⇔ ࢙(࢙ − (ࢇ ≥ ૛ࢉ૛࢈

૝ࡾ૛
   (2) 

We know that, ࢙(࢙ − (ࢇ ≥ ࢇ࢝
૛   (3); (2), (3) ⇒ it suffices to prove: ࢝ࢇ ≥

ࢉ࢈
૛ࡾ

 

⇔
૛ࢉ࢈
࢈ + ࢉ

ܛܗ܋
࡭
૛
≥
ࢉ࢈
૛ࡾ

⇔ ૝ܛܗ܋ࡾ
࡭
૛
≥ ࢈ +  ࢉ

⇔ ૝ܛܗ܋ࡾ
࡭
૛
≥ ૛࡮ܖܑܛ)ࡾ + (࡯ܖܑܛ = ૝ࡾ ⋅ ܛܗ܋

࡭
૛
ܛܗ܋

࡮ − ࡯
૛

 

⇔ ܛܗ܋ ࡭
૛
ቀ૚ − ܛܗ܋ ࡯ି࡮

૛
ቁ ≥ ૙   (4). Now, ૙ < ܤ < ࣊– and ߨ < ܥ− < 0 

⇒ −
࣊
૛

<
−࡮ ࡯
૛

<
࣊
૛
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From the graph, it is clear that ૙ < ܛܗ܋ ࡯ି࡮

૛
≤ ૚ ⇒ ૚ − ܛܗ܋ ࡯ି࡮

૛
≥ ૙ 

⇒ ܛܗ܋ ࡭
૛
ቀ૚ − ࡯ି࡮ܛܗ܋

૛
ቁ ≥ ૙  ቀ∵ ܛܗ܋ ࡭

૛
> 0	ݏܽ	0 < ࡭

૛
< ࣊

૛
ቁ ⇒ (4) is true  

Solution 3 by Rovsen Pirguliyev-Sumgait-Azerbaidian 

૛ࢉ૛࢈

ࢇି࢙
≤ ૝ࡾ૛࢙   (*). Prove: ࢇ = ࢟ + ࢈,ࢠ = ࢞ + ,ࢠ ࢉ = ࢞ + ࢟, ࢙ = ࢞ + ࢟ +  ࢠ

ࡾ = (࢟ାࢠ)(ࢠା࢞)(࢞ା࢟)
૝ඥ࢞࢟ࢠ(࢞ା࢟ାࢠ) , then we have:  

(*) ⇒ (࢞ାࢠ)૛(࢞ା࢟)૛

࢞ା࢟ାࢠି࢟ିࢠ
≤ ૝ ⋅ (࢟ାࢠ)૛(ࢠା࢞)૛(࢞ା࢟)૛

૚૟࢞࢟ࢠ(࢞ା࢟ାࢠ) ⋅ (࢞ + ࢟ +  (ࢠ

⇒ (࢟ + ૛(ࢠ ≥ ૝࢟ࢠ ⇒ (࢟ − ૛(ࢠ ≥ ૙ 

Solution 4 by Seyran Ibrahimov-Maasilli-Azerbaidian 

∴ ૝ࡾ૛ࡿ(࢙ − (ࢇ ≥ ࢙)૛࢙ࡾ૛; ૝ࢉ૛࢈ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ ≥ ࢙)૛ࢉ૛࢈ − ࢙)(࢈ −  (ࢉ

૝ࡾ૛࢙૛ ≥ ࢙)૛ࢉ૛࢈ − ࢙)(࢈ − ૛ࢉ૛࢈૛ࢇ ;(ࢉ ≥ ૝࢈૛ࢉ૛ ቀࢇା࢈ିࢉ
૛

ቁ ቀࢇାࢉି࢈
૛

ቁ 

૛ࢇ ≥ ࢇ) + ࢉ − ࢇ)(࢈ + ࢈ −  (ࢉ

૛ࢇ ≥ ૛ࢇ + ࢈ࢇ − ࢉࢇ + ࢉࢇ + ࢉ࢈ − ૛ࢉ − ࢈ࢇ − ૛࢈ +  ࢉ࢈

૛࢈ + ૛ࢉ ≥ ૛ࢉ࢈ ⇒ ࢈) − ૛(ࢉ ≥ ૙ 

Solution 5 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

ቀ ࢈
૛ࡾ
ቁ ⋅ ቀ ࢉ

૛ࡾ
ቁ ≤ (ࢇି࢖)࢖

ࢉ࢈
࡮ܖܑܛ ; ⋅ ࡯ܖܑܛ ≤ ૛ܛܗ܋ ࡭

૛
   (ASSURE) 

૛ܛܗ܋
࡭
૛ = ቆܛܗ܋ቆ

࣊
૛ − ൬

࡮
૛ +

࡯
૛൰ቇቇ

૛

= ൬ܖܑܛ ൬
࡮
૛ +

࡯
૛൰൰

૛

= 

= ൬ܖܑܛ
࡮
૛ ⋅ ܛܗ܋

࡯
૛ + ܛܗ܋

࡮
૛ ⋅ ܖܑܛ

࡯
૛൰

૛

≥
ࡹࡳஹࡹ࡭

 

⇒ ૙ < ൬
࡮
૛ ;

࡯
૛ ;
࡭
૛ <

࣊
૛൰ 
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≥ ૝ ⋅ ܖܑܛ
࡮
૛ ⋅ ܛܗ܋

࡮
૛ ⋅ ܖܑܛ

࡯
૛ ⋅ ܛܗ܋

࡯
૛ = ࡮ܖܑܛ ⋅ ܖܑܛ  ࡯

Solution 6 by Geanina Tudose – Romania  

૛ࢉ૛࢈

ࢇି࢖
≤ ૝ࡾ૛࢖ ;࢖ − ࢇ = ࢇିࢉା࢈

૛
= ࡮ܖܑܛ)ࡾ + ܖܑܛ ࡯ −  (࡭ܖܑܛ

= ૛ࡾቀ࡮ܖܑܛା࡯
૛
࡯ି࡮ܛܗ܋

૛
− ૛ ܖܑܛ ࡭

૛
ܛܗ܋ ࡭

૛
ቁ = ૛ܛܗ܋ࡾ ࡭

૛
ቀܛܗ܋ ࡯ି࡮

૛
− ܖܑܛ ࡭

૛
ቁ  

= ૛ܛܗ܋ࡾ ࡭
૛
ቀܖܑܛ ቀ࣊

૛
− ࡯ି࡮

૛
ቁ − ܖܑܛ ࡭

૛
ቁ = ૝ࡾ ࡭ܛܗ܋

૛
ܖܑܛ ࡭ି࡯ା࡮ି࣊

૝
ܛܗ܋ ࡭ା࡯ା࡮ି࣊

૝
  

= ૝ܛܗ܋ࡾ
࡭
૛
ܖܑܛ

࡯
૛
ܖܑܛ

࡮
૛

 

Hence ࡿࡴࡸ = ૝ࡾ૛ ૛ࡾ૝⋅࡮૛ܖܑܛ ૛ܖܑܛ ࡯

૝࡭ܛܗ܋ࡾ૛ ܖܑܛ
࡯
૛ ܖܑܛ

࡮
૛

=
૝ࡾ૜⋅૝ ૛࡮૛ܖܑܛ ܛܗ܋

૛࡮
૛⋅૝ ܖܑܛ

૛࡯
૛ ܛܗ܋

૛࡯
૛

૛࡭ܛܗ܋ ܖܑܛ
࡯
૛ ܖܑܛ

࡮
૛

 

On the other hand ࢖ = ૝ܛܗ܋ࡾ ࡭
૛
ܛܗ܋ ࡮

૛
ܛܗ܋ ࡯

૛
 

The inequality becomes ૝ܖܑܛ ࡮
૛
࡮ܛܗ܋

૛
ܖܑܛ ࡯

૛
࡯ܛܗ܋

૛
≤ ૛ܛܗ܋ ࡭

૛
 

⇔ ࡮ܖܑܛ ࡯ܖܑܛ ≤ ૛ܛܗ܋
࡭
૛
⇔

࡮)ܛܗ܋ − −(࡯ ࡮)ܛܗ܋ + (࡯
૛

≤ 

≤ ା૚࡭ܛܗ܋
૛

⇔ −࡮)ܛܗ܋ (࡯ ≤ ૚, which is true 

 

300. Prove that in any triangle ࡯࡮࡭: 

ࢉ࢈ ⋅ ࢇ࢓

ࢇࢎ
+
ࢇࢉ ⋅ ࢈࢓

࢈ࢎ
+
࢈ࢇ ⋅ ࢉ࢓

ࢉࢎ
≥ ૛ࢇ + ૛࢈ +  ૛ࢉ

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࢇ࢓⋅ࢉ࢈ ࡯࡮࡭

ࢇࢎ
+ ࢈࢓⋅ࢇࢉ

࢈ࢎ
+ ࢉ࢓⋅࢈ࢇ

ࢉࢎ
≥ ૛ࢇ + ૛࢈ +  ૛ࢉ

Recordar las siguientes desigualdades e identidades en un ࢤ	࡯࡮࡭ 
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ࢇ࢓ ≥
૛࢈ + ૛ࢉ

૝ࡾ
࢈࢓, ≥

૛ࢉ + ૛ࢇ

૝ࡾ
ࢉ࢓, ≥

૛ࢇ + ૛࢈

૝ࡾ
 

ࢇࢎ = ࢉ࢈
૛ࡾ

࢈ࢎ, = ࢇࢉ
૛ࡾ

ࢉࢎ, = ࢈ࢇ
૛ࡾ

. Luego, utilizando en la desigualdad propuesta 

ࢉ࢈ ⋅ ࢇ࢓

ࢇࢎ
+
ࢇࢉ ⋅ ࢈࢓

࢈ࢎ
+
࢈ࢇ ⋅ ࢉ࢓

ࢉࢎ
≥
૛࢈)ࢉ࢈ + (૛ࢉ

૛ࢉ࢈
+
૛ࢉ)ࢇࢉ + (૛ࢇ

૛ࢇࢉ
+
૛ࢇ)࢈ࢇ + (૛࢈

૛࢈ࢇ
 

ࢇ࢓⋅ࢉ࢈

ࢇࢎ
+ ࢈࢓⋅ࢇࢉ

࢈ࢎ
+ ࢉ࢓⋅࢈ࢇ

ࢉࢎ
≥ ૛ࢉ૛ା࢈

૛
+ ૛ࢇ૛ାࢉ

૛
+ ૛࢈૛ାࢇ

૛
= ૛ࢇ + ૛࢈ +  ૛  (LQQD)ࢉ
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Its nice to be important but more important its to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 


