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TRIGONOMETRIC SUBSTITUTIONS IN PROBLEM SOLVING
PART 3

IOAN SERDEAN, DANIEL SITARU

ABSTRACT. In this paper are indicated a few useful trigonometric substitutions
for solving problems. Solved problems are also a part of this article.
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a=y+z,b=z4+zx,c=x+y

s=x4+y+z5S=Veyz(z+y+2)
PSR TS Wy

4 zyz(e +y+2) T+y+=z

., (ff+y+2) /w+y+z x+y+2)y
O

. A Yz B
sin — =
2 @ryetz T2 y+z y+x TNV Gty z+y
cosé— (x4+y+2)z o E (x+y+2)y g (r+y+2)z
2 @rytz) 2 Wra)y+e) 2 (z+2)(z+y)

¢ A yz B T C Ty
an — =/ ~—;tan — an — =4/ —
2 T 2 y 2 z
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tA T tB y tC z
Ccotl — = —:COot — = —:cot — = _
2 ' 2 xz’ 2 2T

yz
A B c A B C 1
tan Bl tan 5} tan 5 \/xyz;cot Bl cot 5 cot 5 w0
COSA:x(x—l—y—i—z)—yz;COSB:y(m+y+z)—:vz
(z+y)(z+2) (y+2)(y + =)
COSO:z($+y+Z)f:17y
(z+2)(z+y)
sinA:2 zyz(ererZ),sinB:Q zyz(z+y+ 2)
(z+y)(z+2) (y+2)(y + =)
sinC:2 zyz(z +y+ 2)
(z+2)(z+y)
Problem 43.
If x,y,z > 0 then:
2z 2yz 3zx 5
y 4 Y 4 55
(z+z)(z+y) (z+y)(z+2z) (W+z)(y+z) 3
Proof.
cosAzl—Zsinzézl—L
2 (z+y)(z+2)
2
_YE 1 _cosA
(z+y)(z+2)
Yz 1 1
_JF _Z _Z .cosA:
@tz 2 2 07
Ty 1 1 Tz 1 1
=—-——-cosB

— = — — —¢cosC; ————— =
(z+x)(z+y) 2 2 y+a)y+z) 2 2
Inequality to prove can be written:

1 1 1 1 1 1 5
2(7—7 ) 2(7—7 A) (f—f B)>—
5 3 cosC| + 5 2cos +3 5 3 cos 23

17cosC+lfcosA+gfgcosBzg

7 3 5
(1) 5—(cosA+cosC’+§cosB)2§
A A—
cosAJrcosC’JrgcosB:Qcos JrCcos 2C+gcosB:
B A-C 3 B
:2sin5cos 5 +§<1—251n25)
By (1) :
7 B A-C 3 B _ 5
5—2Sin§cos 5 —5—1—3511125 > 3 (to prove)
3sin? 2 _osin Deos A0 1 L5
Z _94in— -
sin sn2cos 5 32
. B 1 A-C\2 1 s A-C 1
Z _Zcos—2) —Z Z >
3<sm2 3cos 5 ) 9cos 5 —1—370
. B 1 A-C\2 1 s A-C 2
3(sm—77cos ) — — —COoS +-=>0
2 3 2 9 9 2 9
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sm;—gcos 5 +§sm 5

3(,B 1 A—C’)2 1,2A70+§ZO

Problem 44.
Ifa,b,c > 0;a+ b+ c=1 then:

ab n be n ca <3
c+ ab a + be b+ca — 2

ab 3 ab 3
<2 T <2
dV e S ctab)1-2°7
ab 3
< 2
ﬁz\/(chab)(aerJrc) —2
)3 v <3
cat+cb+c2+abla+b+c) ~ 2

\/ ab 3
> <3
ca+cb+c2+ab 2
3
(2) > 7§

(c+a)(c+b) — 2

Proof.

w

Donde: xr=a+bjy=b+c,z=c+a;s=a+b+c
By (2) :

3 (-yls—2) _ g(’fo prove)

Yz
fo(0,m) = R f(z )—sm;
f/(l')*%COS*,f (x )—*ism§<0
By Jensen:
F(A) + f(B) + f(C) < 3f(W>

B C s
sm——l—sm——l—smi <3sm§

sm— (s—y)(s—2) E S_x)(s_z);sin—: (s—z)(s—y)
2 Tz 2 Ty

Problem 45.
If x,y,z > 0 then:

Valy+2) +Vy(z +2) + Vz@ +y) > 2\/(”” + yﬁzi)iz +2)

(D. Grinberg)
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Proof.
Inequality to prove becomes:
(@ +y+2) y(r+y+2) 2z +y+2)
+ + >2
(z+y)(z+2) (y+2)(y +z) (z+2)(2+y)
a=z+y;b=y+zic=z+z5s=c+y+=z
\/s(s—b) n \/s(s—c) n \/s(s—a) >0
ac ab bc
teos D eos S >
cos — + cos — + cos —
2 2 2 -
A=n—-2A'",B=7-2B",C =7 -2C'
7r—2A’+ 7T—2B/+ 7r—2C’>2
cos cos cos
2 2 2 -
sin A" +sin B’ +sinC’ > 2
By Jordan’s inequality:
24’ 2B’ 20"
sin A’ > ;sin B’ > ;sinC’ > ¢
T T T
By adding:
204+ B +C' 2
sin A’ +sin B’ +sinC’ > Q Ty
s 7r
O
Problem 46.

If a,b,c > 0;a + b 4+ ¢ = abc then:

1 1 1
\/1+a2+\/1+b2+\/1+0222x/§
(A. Nicolaescu; C. Pdtrascu)

Proof.
a=tanA;b=tan B;c=tanC; A, B,C 6(0, g)
Inequality can be written:

1 1 1
14+ ——5— 1+ ——— 1 > 2v3
\/ +‘ca1[12A+\/ +tan23+\/ +tan20* V3
1 1 1

> 2v3
sinA  sinB  sinC — V3
1 1 122 (4141 9
> > — =2v3
sin A + sin B + sinC — sinA+sinB+sinC — % V3

Problem 47. If z,y,z > 0;x 4+ y + z = xyz then:

w4 y4 24
— — +1 —+1>6
T Tt

(George Apostolopoulos)
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Proof.
Denote: a®> = v/3tan A,b> = V/3tan B, ¢? = V3tan C

3tan? A 3tan? B 3tan? C
e e e o

V1+tan? A+1V1+tan> B+ V14 tan?C > 6

1 1 n 1
cosA  cosB  cosC —

CBS
1 1 1 ~~ (14+1+1)2

cos A + cos B + cosC — cosA+ cos B+ cosC

Vv
wiw| ©
|
[=p}

Problem 48. If z,y,z > 0;x + y + z = xyz then:
:cy+yz+za:23+\/m2+1+\/y2+1+\/z2+1

Proof.
Denote x =tan A,y = tan B, z = tan C'

Inequality can be written:
1 1 1
+
cosA  cosB  cosC
1 1 1
+
cosA  cosB cosC

tan Atan B +tan BtanC +tanCtan A > 3 +

(tan Atan B — 1) + (tan BtanC' — 1) + (tanC'tan A — 1) >

sinAsin B —cosAcosB sinBsinC —cosBcosC  sinCsin A — cosC cos A

cos Acos B cos B cos C' cosCcos A -
1 1 1
~ cos A + cos B + cos C'
_cos(A+B) cos(B+C) cos(C+A) S 1 1 . 1
cosAcosB  cosBcosC  cosCcosA ~ cosA  cosB  cosC
cos C' cos A cos B S 1 1 1

cosAcosB  cosBcosC  cosCcosA — cosA  cosB  cosC

cos? A + cos? B + cos® C > cos B cos C + cos A cos C + cos A cos B
(cos A — cos B)? + (cos B — cos C)? + (cos C — cos A)? > 0

Problem 49. If z,y,z > 0, 2zy + yz + zx = 1 then:
1—22 1—9y%? 1-—22 3

+ + <°

14+ x2 1+ y2 14 22 2

(C. Popescu)
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Proof.

A
Denote x = tan §;y = tan 5;2 = tang

Inequality can be written:
1—tan®4 1—tan?Z 1 —tan?

2 2
1 + tan? % 1 + tan? g 1 + tan2

<3
-2

Neli\lo

cosA—i—cosB—i—cosCS%

Problem 50. If a,b,¢c > 0;a + b+ ¢ = 1 then:
a2+b2+c2+2v2abc§ 1

Proof.
Denote a = xy; b = yz;c = zu;
a+bt+c=1lezyt+yz+zz=1

A
Fm“x:tang;yztang;z:tang

4,B,C €(0.7)
Inequality can be written:
22y? + 9222 4+ 22 + 2\/§xyz <1
(zy + yz + 22)? — 2zyz(z +y + 2) +2V3 + Yz < 1
1—2zyz(z+y+2)+2V3zyz < 1
TH+y+z22> \/5
tan% —|—tan§ +tan% >3

Problem 51. If z,y,z > 1;%—}—%+§=2then:
vVe—14++Vy—14++vVz—-1< Jx+y+ =z

Denotex =a+1,y=b+1,z=c+1,a,b,c >0

1 1 1

—+—-—+-=2&ab+bc+ca+2abc=1
x Yy =z

Inequality can be written:
Va+Vo+Ve<Vatb+ec
A B C
For ab = sin® 5; be = sin? 5; ca = sin® 5;
A, B, C 6(0, g) the constraint can be written:
A B C A B C
sin? B + sin? 5 + sin? 5 + 2sin§sin§sin§ =1

By squaring inequality to prove becomes:

Vab + Vbe + caﬁg
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in 2L B L <
sin — + sin — + sin —
2 2 2~

Proposed problems
52. If a,b € R;15a + 12b 4 7| = 13 then:

3
2

a2+b2+2(b—a)2—1

(Use: a — 1 = Rsinp;b+ 1 = Rcosp)
53. If a,b € R;|a|] > 1;|b| > 1 then:

vaz —1++/b2 -1 L
ab -
1 1 ™ 3
Use: a = ;b= ;p,qG{O,—}U[ﬂ',—)
cos p cos q 2 2

54. If |x| > 1;|y| > 1 then:

yva? —1+4v/y? —1+3 < xyv26

1 1 ™
Use: © = 3y = 3Dy 4 E(O,f)

cosp cos q 2
55. If z,y,y,v €ER x? + y? = u? + v? =1 then:
|zu + yo| < 1
v + yu| < 1
—2< (z—y)(utv)+(z+y)(u—v) <2
L —2< @+ y)utv)—(@—y)(u—v) <2

po TR

(Use: T = cosa;y = sinaj;u = cosb;v = sinb;a,b € (0, 27r))

56. If a,b € R then: (a + b)* < 8(a* + b*)
a. (a +b)* < 8(a* +bv?)
b. (a + b)¢ < 32(a® + b%)

( b T T
Use: tanx = —;x E(——,—)
a 2°2

57. If z,y € R;zy # 0 then:

2 — (x — 4y)?
IOV AP Pl Clut PPV, S
x2 + 4y2

T T
Use: ¢ = 2y tanp;p E(— 57 5)

58. If x,y € R; 3622 + 16y%? = 9 then:

15< o +5<25
- — 2 =
4_y - 4

1 3
(Use: T = _cospiy = sinp;p € [0, 271'])
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59. If z,y > 0;3x + 4y = 5 then 22 + y%2 > 1

User o 3 4

se: sinp = —;cosp = —

p 5’ p 5

60. If a,b € R;4a? + 9b% = 25 then:
|6a + 12b] < 25

2 3
Use: £0 = sinp; gb = cosp;p € [0, 27|
61. If z,y,a,b,c > 0,ax + by = 0,a? 4+ b? = c? then: 22 +y? > 1
a b .
(Use: — = cosp; — = sinp;p € [0, 27r)>
c c

62. If a > b > ¢ > 0 then:
Ve(a —c¢) + e(b—c) < Vab

[c R la — ¢ c .
(Use: — = sin p; = cos p; \/7 = sinwv;
a a b
b—c ™
b = CcosSvV; U,V 6{0, 5}

TO BE CONTINUED!
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