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101. Let ࢈,ࢇ, ࢇ be positive real numbers with ࢉ + ࢈ + ࢉ = ૚. 

Prove that 

૞ࢇ

࢈) + ૚)(ࢉ + ૚) +
૞࢈

ࢉ) + ૚)(ࢇ + ૚) +
૞ࢉ

ࢇ) + ૚)(࢈ + ૚) ≥
૚
૚૝૝

 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution 1 by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ = ෍ࢇ૜ ⋅
૛ࢇ

࢈) + ૚)(ࢉ + ૚) 

WLOG, we may assume ࢇ ≥ ࢈ ≥  ࢉ

૛ࢇ

࢈) + ૚)(ࢉ + ૚) ≥
૛࢈

ࢉ) + ૚)(ࢇ + ૚) ⇔ ૜ࢇ + ૛ࢇ ≥ ૜࢈ +  ૛࢈

⇔ ࢇ) − ૛ࢇ)(࢈ + ࢈ࢇ + ૛࢈ + ࢇ + (࢈ ≥ ૙ → true, ∵ ࢇ ≥  ࢈

∴ ૛ࢇ

(ା૚ࢉ)(ା૚࢈) ≥
૛࢈

૛࢈ ,Similarly . (ା૚ࢇ)(ା૚ࢉ)

(ା૚ࢇ)(ା૚ࢉ) ≥
૛ࢉ

 (ା૚࢈)(ା૚ࢇ)

∴ applying Chebyshev’s inequality, ࡿࡴࡸ = ૜ࢇ∑ ⋅ ૛ࢇ

 (ା૚ࢉ)(ା૚࢈)

≥
(૚)

૚
૜ ቀ෍ࢇ૜ቁ෍

૛ࢇ

࢈) + ૚)(ࢉ + ૚) 

෍ࢇ૜ ≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૚

૜෍ࢇ ⋅෍ࢇ૛ =
૚
૜෍ࢇ૛ ≥

(૛)

࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૚
ૢ ቀ෍ࢇቁ

૛
=
૚
ૢ 

෍
૛ࢇ

࢈) + ૚)(ࢉ + ૚) ≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ૛(ࢇ∑)

࢈ࢇ∑ + ૛∑ࢇ + ૜ =
૚

࢈ࢇ∑ + ૞ 

≥
(૜)

૚
૚
૜ ૛(ࢇ∑) + ૞

			ቆ∵ ෍࢈ࢇ ≤
૚
૜ ቀ෍ࢇቁ

૛
ቇ =

૜
૚૟ 

Using (1), (2), (3), LHS ≥ ૚
૜
⋅ ૚
ૢ
⋅ ૜
૚૟

= ૚
૚૝૝

  

(Proved) 
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Solution 2 by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ = ෍ࢇ ⋅
૝ࢇ

࢈) + ૚)(ࢉ + ૚) 

WLOG, we may assume ࢇ ≥ ࢈ ≥  ࢉ

૝ࢇ

࢈) + ૚)(ࢉ + ૚) ≥
૝࢈

ࢉ) + ૚)(ࢇ + ૚) ⇔ ૞ࢇ + ૝ࢇ ≥ ૞࢈ +  ૝࢈

⇔ ࢇ) − ૝ࢇ)(࢈ + ࢈૜ࢇ + ૛࢈૛ࢇ + ૜࢈ࢇ + ૝࢈ + ૜ࢇ + ࢈૛ࢇ + ૛࢈ࢇ + (૜࢈ ≥ ૙ 

→ true, ∵ ࢇ ≥  ࢈

∴ ૝ࢇ

(ା૚ࢉ)(ା૚࢈) ≥
૝࢈

૝࢈ ,Similarly .(ା૚ࢇ)(ା૚ࢉ)

(ା૚ࢇ)(ା૚ࢉ) ≥
૝ࢉ

 (ା૚ࢇ)(ା૚࢈)

∴ ࡿࡴࡸ ≥⏟
(૚)

ฏ
૚࢜ࢋ࢙࢟࢈ࢋࢎ࡯

૜
෍ࢇ ⋅෍

૝ࢇ

࢈) + ૚)(ࢉ + ૚) 

∑ ૝ࢇ

(ା૚ࢉ)(ା૚࢈) ≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮

	 ൫∑ࢇ૛൯
૛

ା૜ࢇ∑ା૛࢈ࢇ∑
≥

࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૚
ૢ

૝(ࢇ∑)

ା૞࢈ࢇ∑
= ૚

  (ା૞࢈ࢇ∑)ૢ

≥
(૛)

૚

ૢ ⋅ ૚૟૜
ቆ∵෍࢈ࢇ ≤

૚
૜ቀ෍ࢇቁ

૛
ቇ =

૚
૝ૡ 

using (1), (2), ࡿࡴࡸ ≥ ૚
૜
⋅ (૚) ⋅ ૚

૝ૡ
= ૚

૚૝૝
  

(Proved) 

Solution 3 by Soumava Chakraborty-Kolkata-India 

WLOG, ࢇ ≥ ࢈ ≥ Then, ૚ .ࢉ
(ା૚ࢉ)(ା૚࢈) ≥

૚
(ା૚ࢇ)(ା૚ࢉ) ≥

૚
 (ା૚࢈)(ା૚ࢇ)

∴ ࡿࡴࡸ ≥⏟
(૚)

ฏ
࢜ࢋ࢙࢟࢈ࢋࢎ࡯ ૚

૜
ቀ෍ࢇ૞ቁ෍

૚
࢈) + ૚)(ࢉ + ૚) 

෍ࢇ૞ ≥⏟
(૛)

ฏ
࢜ࢋ࢙࢟࢈ࢋࢎ࡯ ૚

૜૝ ቀ෍ࢇቁ
૞

=
૚
ૡ૚ 
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෍
૚

࢈) + ૚)(ࢉ + ૚) ≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ૢ

࢈ࢇ∑ + ૛∑ࢇ + ૜
=

ૢ
࢈ࢇ∑ + ૞

 

≥
(૜)

ૢ
૚૟
૜
ቆ∵෍࢈ࢇ ≤

૚
૜
ቀ෍ࢇቁ

૛
ቇ =

૛ૠ
૚૟

 

using (1), (2), (3), ࡿࡴࡸ ≥ ૚
૜
⋅ ૚
ૡ૚
⋅ ૛ૠ
૚૟

= ૚
૚૝૝

 

(Proved) 

Solution 4 by Soumitra Mandal-Chandar Nagore-India 

ቌ෍
૞ࢇ

࢈) + ૚)(ࢉ+ ૚)
ࢉ࢟ࢉ

ቍቌ෍(࢈+ ૚)(ࢉ + ૚)
ࢉ࢟ࢉ

ቍ (૚ + ૚ + ૚)(૚ + ૚ + ૚)(૚ + ૚ + ૚) 

≥⏞
ࢅࢀࡵࡸ࡭ࢁࡽࡱࡺࡵ	ࡿᇲࡾࡱࡰࡸࡻࡴ

ࢇ)	 + ࢈ + ૞(ࢉ = ૚ 

⇒ ቌ෍
૞ࢇ

࢈) + ૚)(ࢉ + ૚)
ࢉ࢟ࢉ

ቍ ࢈ࢇ) + ࢉ࢈ + +ࢇࢉ ૛ + ૜)૜૜ ≥ ૚ 

⇒ ቆ
+ࢇ) +࢈ ૛(ࢉ

૜
+ ૞ቇቌ෍

૞ࢇ

+࢈) ૚)(ࢉ + ૚)
ࢉ࢟ࢉ

ቍ૜૜ ≥ ቌ෍
૞ࢇ

࢈) + ૚)(ࢉ + ૚)
ࢉ࢟ࢉ

ቍቌ෍࢈ࢇ+ ૞
ࢉ࢟ࢉ

ቍ૜૜ ≥ ૚ 

⇒ ቌ෍
૞ࢇ

࢈) + ૚)(ࢉ + ૚)
ࢉ࢟ࢉ

ቍ൬૞ +
૚
૜൰૜

૜ ≥ ૚ ⇒෍
૞ࢇ

࢈) + ૚)(ࢉ + ૚)
ࢉ࢟ࢉ

≥
૚
૚૝૝ 

(Proved) 

equality at ࢇ = ࢈ = ࢉ = ૚
૜
 

102. Let ࢈,ࢇ, ࢇ be nonnegative numbers such that ࢉ + ࢈ + ࢉ = ૜. Prove that 

ࢇ√ + ࢈√ + ࢉ√ − ૜ ≥
૝൫૜ − √૟൯

૜
࢈ࢇ) + ࢉ࢈ + ࢇࢉ − ૜) 

Proposed by Richdad Phuc-Hanoi-Vietnam 
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Solution by Richdad Phuc-Hanoi-Vietnam 

Let ࢙ = ࢇ + ૛࢖;࢈ =  ࢈ࢇ

We have 

ࢇ√ + ࢈√ + ࢉ√ = ࢉ√ +ට࢈ + ࢇ + ૛√࢈ࢇ = √૜ − ࢙ +ඥ࢙ + ૛࢖ 

(࢖)ࢌ = √૜ − ࢙ + ඥ࢙+ ૛࢖ − ૜ − ૛࢖)࢑ + ૜)࢙ − −(࢙ ૜), 

࢖ ∈ ቂ૙;
࢙
૛ቃ ࢑, =

૝൫૜ − √૟൯
૜  

(࢖)ᇱࢌ =
૚

ඥ࢙+ ૛࢖
− ૛࢖࢑; (࢖)ᇱᇱࢌ = −

૚

൫ඥ࢙+ ૛࢖൯
૜ − ૛࢑ < ૙ 

;is concave on ቀ૙ ࢌ ࢙
૛
ቁ ⇒ (࢖)ࢌ ≥ ܖܑܕ ቄࢌ(૙); ࢙ቀࢌ

૛
ቁቅ 

∗ (૙)ࢌ = √૜ − ࢙ + ࢙√ − ૜ − ૜)࢙)࢑ − (࢙ − ૜) 

࢚ = √૜ − ࢙ + ࢙√ ⇒ ૛࢚ = ૜ + ૛√૜ − ࢙√࢙ ≤ ૟	 (AM – GM) ⇒ ࢚ ∈ ൣ√૜;√૟൧ 

(૙)ࢌ = ࢚ − ૜ −
૚૛ − ૝√૟

૜
ቈ
૛࢚) − ૜)૛

૝
− ૜቉ ≥ ૙ 

⇔ ൫࢚ − √૟൯൫࢚૜ + √૟࢚૛ − √૟ − ૜൯ ≤ ૙ is true with ࢚ ∈ ൣ√૜;√૟൧ 

Equality hold if ࢚ = √૟ ⇔ ࢙ = ૜
૛
⇔ ࢇ = ࢉ = ૜

૛
࢈, = ૙ or perumutations 

∗ ࢌ ቀ
࢙
૛ቁ = √૜ − ࢙ + √૛࢙ − ૜ +

૜࢑
૝

࢙) − ૛)૛ = 

= ࢙) − ૛) ൤
−૚

√૜ − ࢙ + ૚
+

૛
√૛࢙ + ૛

൨ +
૜࢑
૝

࢙) − ૛)૛ 

ቀࢌ
࢙
૛
ቁ = −

૟(࢙ − ૛)૛

൫√૜ − ࢙ + ૚൯൫√૛࢙ + ૛൯൫૛√૜ − ࢙ + √૛࢙൯
+
૜࢑
૝

࢙) − ૛)૛ 

ࢌ ቀ
࢙
૛
ቁ = ࢙) − ૛)૛ ቈ

૜࢑
૝
−

૟
൫√૜ − ࢙ + ૚൯൫√૛࢙ + ૛൯൫૛√૜ − ࢙ + √૛࢙൯

቉ 
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By Cauchy – Schwarz 

൫૛√૜ − ࢙ + √૛࢙൯
૛
≤ ૟(૛ − ࢙ + (࢙ = ૚ૡ ⇒ ૛√૜ − ࢙ + √૛࢙ ≤ ૜√૛ 

By AM – GM 

૛൫√૜ − ࢙ + ૚൯൫√૛࢙ + ૛൯൫૛√૜ − ࢙ + √૛࢙൯ ≤ 

≤
൫૛√૜ − ࢙ + √૛࢙ + ૝൯

૛

૜
൫૛√૜ − ࢙ + √૛࢙൯ ≤

ૠ૛ + ૞૚√૛
૛

 

ቀࢌ
࢙
૛ቁ ≥

࢙) − ૛)૛ ൦૜ − √૟ −
૟

ૠ૛ + ૞૚√૛
૝

൪ ≥ ૙ 

Equality holds if ࢙ = ૛ ⇔ ࢇ = ࢈ = ࢉ = ૚ 

 

103. For: ࢈,ࢇ, ࢉ > ૙ ∧ ࢇ + ࢈ + ࢉ = ૜. Prove: 

࢔࢒ ൬ࢋඥ૚ାࢇ૛ + ૛࢈ඥ૚ାࢋ + ࢋࢋ
ඥ૚శࢉ૛൰ ≥ ࢔࢒ ૜ + √૛ 

Proposed by Nguyen Van Nho-Nghe An-Vietnam 

Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

(࢞)ࢌ = ૛࢞ඥ૚ାࢋ ⇒ (࢞)ᇱࢌ =
࢞ ⋅ ૛࢞ඥ૚ାࢋ

ඥ૚ + ૛࢞
; ᇱᇱࢌ =

ቀ࢞ ⋅ ૛ቁ࢞ඥ૚ାࢋ
ᇱ
⋅ ඥ૚ + ૛࢞ − ࢞ ⋅ ૛࢞ඥ૚ାࢋ ቀඥ૚ + ૛ቁ࢞

ᇱ

૚ + ૛࢞
 

=
ቆࢋඥ૚ା࢞૛ + ࢞ ⋅ ૛࢞ඥ૚ାࢋ ⋅ ૛࢞

૛ඥ૚ + ૛࢞
ቇ ⋅ ඥ૚ + ૛࢞ − ࢞ ⋅ ૛࢞ඥ૚ାࢋ ⋅ ૛࢞

૛ඥ૚+ ૛࢞
(૚ + (૛࢞ = 

=
૛࢞ඥ૚ାࢋ

૚ + ૛࢞
⋅ ቌቆ૚ +

૛࢞

ඥ૚ + ૛࢞
ቇ ⋅ ඥ૚ + ૛࢞ −

૛࢞

ඥ૚+ ૛࢞
ቍ =

૛࢞ඥ૚ାࢋ

૚ + ૛࢞
ቆඥ૚ + ૛࢞ + ૛࢞ −

૛࢞

ඥ૚ + ૛࢞
ቇ 

=
૛࢞ඥ૚ାࢋ

(૚ + ૛)ඥ૚࢞ + ૛࢞
ቀ૚ + ૛࢞ + +૛ඥ૚࢞ ૛࢞ − ૛ቁ࢞ =

ቀ૚ + +૛ඥ૚࢞ ૛࢞ඥ૚ାࢋ૛ቁ࢞

(૚ + ૛)ඥ૚࢞ + ૛࢞
> 0 
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(࢞)ᇱᇱࢌ > 0 ⇔ ܖܔ :concave ⇒ Jensen – (࢞)݂ ቀ∑ ૛ቁࢇඥ૚ାࢋ ≥ ࢋ૜ܖܔ
ට૚ାቀࢇశ࢈శࢉ૜

ቁ
૛

= ܖܔ ૜ࢋ√૛ = 

= ܖܔ ૜ + √૛			(ࢇ = ࢈ = ࢉ = ૚) 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

૛ࢇඥ૚ାࢋቌ෍ܖܔ

ࢉ࢟ࢉ

ቍ ≥ ܖܔ ቌ෍ࢋ
૚ାࢇ
√૛

ࢉ࢟ࢉ

ቍ	൤∵ ඥ૚ + ૛࢞ ≥
૚ + ࢞
√૛

൨ 

≥⏞
ࡹࡳஹࡹ࡭

ܖܔ ൭૜ටࢋ
૜శࢇశ࢈శࢉ

√૛
૜

൱ = ܖܔ ൬૜ࢋ
૟

૜√૛൰ = ܖܔ ቀ૜ࢋ√૛ቁ = ૜ܖܔ + √૛  (prove).  

Equality at ࢇ = ࢈ = ࢉ = ૚ 

 

104. Prove that for all positive real numbers ࢈,ࢇ,  the inequality holds ࢉ

ࢇ
࢈ + ࢉ

+
࢈

ࢉ + ࢇ
+

ࢉ
ࢇ + ࢈

+
࢈ࢇ + ࢉ࢈ + ࢇࢉ
૛(ࢇ૛ + ૛࢈ + (૛ࢉ ≥ ૛ 

Proposed by Hung Nguyen Viet-Hanoi-Vietnam 

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar para todos los numerous ࡾା la siguiente desigualdad 
ࢇ

࢈ + ࢉ
+

࢈
ࢉ + ࢇ

+
ࢉ

ࢇ + ࢈
+

࢈ࢇ + ࢉ࢈ + ࢇࢉ
૛(ࢇ૛ + ૛࢈ + (૛ࢉ ≥ ૛ 

Como ࢈,ࢇ, ࢉ > ૙ ⇔ ࢈ࢇ + ࢉ࢈ + ࢇࢉ > ૙ 

Por ࡭ࡹ ≥  ࡳࡹ

૛ࢇ + ૛࢈ + ૛ࢉ

૛(࢈ࢇ + ࢉ࢈ + (ࢇࢉ +
࢈ࢇ + ࢉ࢈ + ࢇࢉ
૛(ࢇ૛ + ૛࢈ + (૛ࢉ ≥ ૚ 

Aplicando la desigualdad de Cauchy en la desigualdad propuesta 

෍
ࢇ

࢈ + ࢉ
+

࢈ࢇ + ࢉ࢈ + ࢇࢉ
૛(ࢇ૛ + ૛࢈ + (૛ࢉ ≥

ࢇ) + ࢈ + ૛(ࢉ

૛(࢈ࢇ + ࢉ࢈ + (ࢇࢉ +
࢈ࢇ + ࢉ࢈ + ࢇࢉ
૛(ࢇ૛ + ૛࢈ + (૛ࢉ = 
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=
૛ࢇ + ૛࢈ + ૛ࢉ

૛(࢈ࢇ + ࢉ࢈ + (ࢇࢉ +
࢈ࢇ + ࢉ࢈ + ࢇࢉ
૛(ࢇ૛ + ૛࢈ + (૛ࢉ + ૚ ≥ ૛ 

 

105. Let ࢟,࢞, ࢠ࢟࢞ be positive real numbers such that ࢠ = ૚. Prove that 

૚
࢞) + ૚)૛ + ૛࢟ + ૚

+
૚

࢟) + ૚)૛ + ૛ࢠ + ૚
+

૚
ࢠ) + ૚)૛ + ૛࢞ + ૚

≤
૚
૛

 

24th Pan African Mathematics Olympiad 

Solution by Daniel Sitaru – Romania  

࢞ =
࢈
ࢇ , ࢟ =

ࢉ
࢈ , ࢠ =

ࢇ
 ࢉ

෍
૚

࢞) + ૚)૛ + ૛࢟ + ૚ = ෍
૚

૛࢞ + ૛࢟ + ૛࢞ + ૛ ≤ 

≤
૚
૛
෍

૚
࢟࢞ + ࢞ + ࢟

=
૚
૛
෍

૚
ࢉ
ࢇ + ࢈

ࢇ + ૚
= 

=
૚
૛
෍

ࢇ
ࢇ + ࢈ + ࢉ

=
૚
૛
⋅
ࢇ + ࢈ + ࢉ
ࢇ + ࢈ + ࢉ

=
૚
૛

 

 

106. From the book: “Math Phenomenon” 

If ࢉ,࢈,ࢇ ∈ (૙,∞),√࢈ࢇ + ࢉ࢈√ + ࢇࢉ√ = ૜ then: 

૜෍(ࢇ૜ + (૜࢈ ࢉ ≥ ૝ࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ + ૟ࢉ࢈ࢇ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Si ࢈,ࢇ, ࢉ ∈< ૙,∞ >, además √࢈ࢇ + ࢉ࢈√ + ࢇࢉ√ = ૜. Probar 

૜෍(ࢇ૜ + ࢉ(૜࢈ ≥ ૝ࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ + ૟ࢉ࢈ࢇ 
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Dado que es ࢈,ࢇ, ࢉ > ૙ ⇔ ࢉ࢈ࢇ > ૙, dividiendo (÷  la desigualdad (ࢉ࢈ࢇ

⇔ ૜෍ቆ
૛ࢇ

࢈ +
૛࢈

ࢇ ቇ ≥ ૝(ࢇ + ࢈ + (ࢉ + ૟ 

Por la desigualdad de Cauchy 

૜෍ቆ
૛ࢇ

࢈ +
૛࢈

ࢇ ቇ ≥ ૜෍(ࢇ + (࢈ = ૟෍ࢇ ≥ ૝෍ࢇ + ૛෍ࢇ ≥ 

≥ ૝(ࢇ + ࢈ + (ࢉ + ૛෍√࢈ࢇ = ૝(ࢇ + ࢈ + (ࢉ + ૟ 

Solution 2 by Soumava Chakraborty-Kolkata-India 

૜ࢇ + ૜࢈ ≥ ࢇ)࢈ࢇ + (࢈ ⇒ ૜ࢇ)ࢉ + (૜࢈ ≥ ࢇ)ࢉ࢈ࢇ +  (࢈

∴ ૜෍ࢇ)ࢉ૜ + (૜࢈ ≥
(૚)

૜ࢉ࢈ࢇ ቀ෍(ࢇ + ቁ(࢈ = ૟ࢇ)ࢉ࢈ࢇ + ࢈ +  (ࢉ

(1) ⇒ it suffices to prove: ૟(ࢇ∑)ࢉ࢈ࢇ ≥ ૝(ࢇ∑)ࢉ࢈ࢇ + ૟ࢉ࢈ࢇ 

⇔ ࢇ∑ ≥ ૜  (2) 

Now, ∑ࢇ = ൫√ࢇ൯
૛

+ ൫√࢈൯
૛

+ ൫√ࢉ൯
૛

 

≥ ࢈ࢇ√ + ࢉ࢈√ + ૛࢞ቀ∵෍	ࢇࢉ√ ≥෍࢟࢞ቁ 

= ૜ ⇒ (2) is true (Proved) 

Solution 3 by Nirapada Pal-Jhargram-India 

Given, ∑√࢈ࢇ = ૜ 

Now, ૝ࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ + ૟ࢉ࢈ࢇ = ૛ࢉ࢈ࢇ[૛∑ࢇ + ૜] 

= ૛ࢉ࢈ࢇ ቂ૛෍ࢇ + ෍√࢈ࢇቃ ≤⏞
ࡿ࡮࡯

૛ࢉ࢈ࢇ ቂ૛෍ࢇ + ෍ࢇቃ = ૟ࢉ࢈ࢇ෍ࢇ 

≤⏞
ࡹࡳ࡭

૛෍ࢇ૜෍ࢇ = ቀ෍ࢇ૜ + ࢇ૜ቁ෍࢈ ≤ ૜෍(ࢇ૜ +  ࢉ(૜࢈
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107. If ࢈,ࢇ, ࢟,࢞,ࢉ > 0 then: 

૛ࢇ + ࢉ࢈
࢞࢈)૛ࢇ + (࢟ࢉ +

૛࢈ + ࢇࢉ
࢞ࢉ)૛࢈ + (࢟ࢇ +

૛ࢉ + ࢈ࢇ
࢞ࢇ)૛ࢉ + (࢟࢈ ≥

૚ૡ
࢞) + ࢇ)(࢟ + ࢈ +  (ࢉ

Proposed by D.M. Bătinețu – Giurgiu; Neculai Stanciu – Romania  

Solution 1 by Soumitra Mandal-Chandar Nagore-India 

෍
૛ࢇ + ࢉ࢈

࢞࢈)૛ࢇ + (࢟ࢉ
ࢉ࢟ࢉ

= ෍
૚

࢞࢈ + ࢟ࢉ
ࢉ࢟ࢉ

+ ෍
ࢉ࢈

࢞࢈)૛ࢇ + (࢟ࢉ
ࢉ࢟ࢉ

 

≥⏞
ࡹࡻࡾࢀࡿࡳࡾࡱ࡮	ࢊ࢔ࢇ.ࡹ.ࡳஹ.ࡹ.࡭ ૢ

࢞࢈)∑ + (࢟ࢉ +
૜

ඥ(࢞ࢇ + ࢞࢈)(࢟࢈ + ࢞ࢉ)(࢟ࢉ + ૜(࢟ࢇ  

≥⏞
.ࡹ.ࡳஹ.ࡹ.࡭	ࡱࡿࡾࡱࢂࡱࡾ

	
ૢ

࢞) + ࢇ)(࢟ + ࢈ + (ࢉ +
૜

࢞ࢇ)∑ + (࢟࢈
૜

=
૚ૡ

࢞) + ࢇ)(࢟ + ࢈ +  (ࢉ

(Proved) 

Solution 2 by Uche Eliezer Okeke-Anambra-Nigerie 

෍
૛ࢇ + ࢉ࢈

࢞࢈)૛ࢇ + (࢟ࢉ = ෍
૚

࢞࢈) + ᇣᇧᇧᇧᇤᇧᇧᇧᇥ(࢟ࢉ
ࡵ

+ ෍
ࢉ࢈

࢞࢈)૛ࢇ + ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ(࢟ࢉ
ࡵࡵ

 

ࡵ ≥
(૚ + ૚ + ૚)૛

࢞࢈)∑ + (࢟ࢉ =
ૢ

࢞) + ࢇ)(࢟ + ࢈ +  (ࢉ

ࡵࡵ ∈෍
ቀ૚ࢇቁ

૛

൬࢞࢈ + ࢟ࢉ
ࢉ࢈ ൰

≥
ቀ∑૚ࢇቁ

૛

࢞) + (࢟ ቀ∑૚ࢇቁ
=

૚
࢞) + ෍(࢟

૚
ࢇ

 

≥⏞
ࡹࡳିࡹ࡭ ૚

࢞) + (࢟ ⋅
ૢ

૜√ࢉ࢈ࢇ૜  

≥⏞
ࡹ࡭ିࡹࡳ ૚

࢞) + (࢟ ⋅
ૢ

ࢇ) + ࢈ + (ࢉ =  ࡵ
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ࡿࡴࡸ = ࡵ + ࡵࡵ ≥
ૢ	 × 	૛

࢞) + ࢇ)(࢟ + ࢈ + (ࢉ =
૚ૡ

࢞) + ࢇ)(࢟ + ࢈ +  (ࢉ

(Proved) 

 

108. If ࢈,ࢇ, ࢉ > ૙ then: 

ࢇ) + ࢈ + ૛(ࢉ ≥ ૜(࢈ࢇ + ࢉ࢈ + (ࢇࢉ +
૚
૝
෍

૛ࢇ) − ૛)૛࢈

૛ࢇ + ૛࢈
 

Proposed by D.M. Bătinețu – Giurgiu; Neculai Stanciu – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo ࢈,ࢇ, ࢉ > ૙. Probar que 

ࢇ) + ࢈ + ૛(ࢉ ≥ ૜(࢈ࢇ + ࢉ࢈ + (ࢇࢉ +
૚
૝
෍

૛ࢇ) − ૛)૛࢈

૛ࢇ + ૛࢈
 

ࢇ) + ࢈ + ૛(ࢉ ≥ ૜(࢈ࢇ + ࢉ࢈ + (ࢇࢉ +
૚
૝෍ቆࢇ૛ + ૛࢈ −

૝ࢇ૛࢈૛

૛ࢇ +  ૛ቇ࢈

૛ࢇ + ૛࢈ + ૛ࢉ + ૛(࢈ࢇ + ࢉ࢈ + (ࢇࢉ ≥ ૜(࢈ࢇ + ࢉ࢈ + (ࢇࢉ + ૛ࢉ૛ା࢈૛ାࢇ

૛
− ∑ ૛࢈૛ࢇ

૛࢈૛ାࢇ
  

⇔ ૛ࢇ + ૛࢈ + ૛ࢉ + ૛෍
૛࢈૛ࢇ

૛ࢇ + ૛࢈
≥ ૛࢈ࢇ + ૛ࢉ࢈ + ૛ࢇࢉ 

Aplicando MA ≥ MG 

∑ ૛࢈૛ାࢇ

૛
+ ૛∑ ૛࢈૛ࢇ

૛࢈૛ାࢇ
≥ ૛∑࢈ࢇ = ૛(࢈ࢇ + ࢉ࢈ +  (LQQD)  (ࢇࢉ

 

Solution 2 by Seyran Ibrahimov-Maasilli-Azerbaidian 

ࡿࡴࡾ = ૜(࢈ࢇ + ࢉ࢈ + (ࢇࢉ +
૚
૝෍

૛ࢇ) − ૛)૛࢈

૛ࢇ + ૛࢈  

૚
૝
෍

૛ࢇ) − ૛)૛࢈

૛ࢇ + ૛࢈
≤
૚
૛
෍(ࢇ −  ૛(࢈
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ࡿࡴࡾ ≤ ૜(࢈ࢇ + ࢉ࢈ + (ࢇࢉ + ૛ࢇ + ૛࢈ + ૛ࢉ − ࢈ࢇ − ࢉ࢈ − ࢇࢉ = 

= ࢇ) + ࢈ +  ૛(ࢉ

Solution 3 by Soumava Chakraborty-Kolkata-India 

ࢇ) + ࢈ + ૛(ࢉ ≥
(૚)

૜(࢈ࢇ + ࢉ࢈ + (ࢇࢉ +
૚
૝෍

૛ࢇ) − ૛)૛࢈

૛ࢇ + ૛࢈  

(1) ⇔ ૛ࢇ + ૛࢈ + ૛ࢉ − ࢈ࢇ − ࢉ࢈ −  ࢇࢉ

≥ ૚
૝
∑ ൫ࢇ૛ି࢈૛൯

૛

૛࢈૛ାࢇ
    (2) 

We shall prove that: ࢇ
૛ା࢈૛

૛
− ࢈ࢇ ≥ ૚

૝
⋅ ൫ࢇ

૛ି࢈૛൯
૛

(૛࢈૛ାࢇ)  

⇔
ࢇ) − ૛(࢈

૛
−

ࢇ) − ࢇ)૛(࢈ + ૛(࢈

૝(ࢇ૛ + (૛࢈ ≥ ૙ 

⇔
ࢇ) − ૛(࢈

૛
ቊ૚ −

ࢇ) + ૛(࢈

૛(ࢇ૛ + ૛)ቋ࢈ ≥ ૙ 

⇔ ࢇ) − ૛(࢈ ቊ
ࢇ) + ૛(࢈ + ࢇ) − ૛(࢈ − ࢇ) + ૛(࢈

૛(ࢇ૛ + (૛࢈ ቋ ≥ ૙ 

⇔ ૝(࢈ିࢇ)

(૛࢈૛ାࢇ) ≥ ૙ → true 

∴ ૛࢈૛ାࢇ

૛
− ࢈ࢇ ≥ ૚

૝
⋅ ൫ࢇ

૛ି࢈૛൯
૛

(૛࢈૛ାࢇ)     (i) 

Similarly, ࢈
૛ାࢉ૛

૛
− ࢉ࢈ ≥

(࢏࢏) ૚
૝
⋅ ൫࢈

૛ିࢉ૛൯
૛

(૛ࢉ૛ା࢈)  , and, 

૛ࢉ + ૛ࢇ

૛
− ࢇࢉ ≥

(࢏࢏࢏) ૚
૝
⋅

૛ࢉ) − ૛)૛ࢇ

૛ࢉ) + (૛ࢇ  

(i) + (ii) + (iii) ⇒ (2) is true (Proved) 
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109. If ࢟,࢞, ࢠ ≥ ૙ then: 

૛√૛(࢟࢞ + ࢠ࢟ + (࢞ࢠ ≥ ඥ૛ࢠ࢟࢞൫√࢞ + ඥ࢟+ ൯ࢠ√ + ෍ඥ࢞૛ࢠ૛ +  ૛ࢠ૛࢟

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palcios – Huarmey – Peru  

Siendo ࢟,࢞, ࢠ ≥ ૙. Probar la siguiente desigualdad 

૛√૛(࢟࢞ + ࢠ࢟ + (࢞ࢠ ≥ ඥ૛ࢠ࢟࢞൫√࢞ +ඥ࢟ + ൯ࢠ√ + ෍ඥ࢞૛(ࢠ૛ +  (૛࢟

Realizamos los siguientes cambios de variables 

࢞ = ૛ࢇ ≥ ૙, ࢟ = ૛࢈ ≥ ૙,ࢠ = ૛ࢉ ≥ ૙ 

La desigualdad es equivalente 

૛√૛(ࢇ૛࢈૛ + ૛ࢉ૛࢈ + (૛ࢇ૛ࢉ ≥ √૛ࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ + ෍ࢇ૛ඥ(ࢉ૝ +  (૝࢈

Probaremos que ࢉ૝ + ૝࢈ ≤ ૛(࢈૛ − ࢉ࢈ +  ૛)૛ࢉ

⇔ ૝ࢉ + ૝࢈ ≤ ૛(࢈૛ + ૛)૛ࢉ + ૛࢈૛ࢉ૛ − ૝࢈)ࢉ࢈૛ +  (૛ࢉ

⇔ ૝࢈) + ૝ࢉ + ૛࢈૛ࢉ૛) + ૝࢈૛ࢉ૛ − ૝࢈)ࢉ࢈૛ + (૛ࢉ = 

= ૛࢈) + ૛)૛ࢉ − ૝࢈)ࢉ࢈૛ + (૛ࢉ + ૝࢈૛ࢉ૛ = ࢈) − ૝(ࢉ ≥ ૙ 

Por lo tanto 

෍ࢇ૛ඥ(ࢉ૝ + (૝࢈ ≤෍√૛ࢇ૛(࢈૛ − ࢉ࢈ + (૛ࢉ = 

= ૛√૛(ࢇ૛࢈૛ + ૛ࢉ૛࢈ + (૛ࢇ૛ࢉ − √૛ࢇ)ࢉ࢈ࢇ + ࢈ +  (ࢉ

⇔ ૛√૛(ࢇ૛࢈૛ + ૛ࢉ૛࢈ + (૛ࢇ૛ࢉ ≥ √૛ࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ + ૝ࢉ)૛ඥࢇ∑ +    (૝࢈

(LQQD) 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

૛√૛ ⋅ ࢟࢞) + ࢠ࢟ + (࢞ࢠ = √૛൫(࢟࢞+ (࢞ࢠ + ࢠ࢟) + (࢟࢞ + ࢞ࢠ) + ൯(ࢠ࢟ = 
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= √૛ ⋅෍࢟)࢞ + (ࢠ = ෍࢞ ⋅ ඥ૛(࢟+ ૛(ࢠ = ෍࢞ඥ૛(࢟૛ + ૛ࢠ + ૛ࢠ࢟) = 

= ෍࢞ඨ(૚૛ + ૚૛) ⋅ ൬ቀඥ࢟૛ + ૛ቁࢠ
૛

+ ൫ඥ૛ࢠ࢟൯
૛
൰ ≥
ࡿ࡮࡯

 

≥෍࢞ቀඥ࢟૛ + ૛ࢠ + ඥ૛ࢠ࢟ቁ = ෍ඥ࢞૛࢟૛ + ૛ࢠ૛࢞ + ෍ඥ૛ࢠ࢟࢞ ⋅  ࢞√

= ඥ૛ࢠ࢟࢞ ⋅ ൫√࢞ + ඥ࢟+ ൯ࢠ√ + ෍ඥ࢞૛࢟૛ +  ૛ࢠ૛࢟

Solution 3 by Seyran Ibrahimov-Maasilli-Azerbaidian 

૛√૛(࢟࢞ + ࢠ࢟ + ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ(࢞ࢠ
ࢇ

≥ ඥ૛ࢠ࢟࢞൫√࢞ + ඥ࢟+ ൯ࢠ√ + ෍ඥ࢞૛ࢠ૛ + ૛ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥࢠ૛࢟
࢈

 

෍૛√૛࢟࢞ ≥෍࢞ඥ૛ࢠ࢟+ ෍ࢠඥ࢞૛ +  ૛࢟

1) ∑√૛࢟࢞ ≥
?
 (AM-GM) 	ࢠ࢟ඥ૛࢞∑

√૛(࢟࢞ + (࢞ࢠ ≥ ૛࢞ඥ૛ࢠ࢟ 

√૛(ࢠ࢞ + (࢟ࢠ ≥ ૛ࢠඥ૛࢟࢞ 

√૛(࢟࢞ + (ࢠ࢟ ≥ ૛ࢠ࢞√࢟ 

2) ∑√૛࢟࢞ ≥
?
૛࢞ඥࢠ∑ +  ૛࢟

√૛(࢟࢞ + (ࢠ࢟ ≥ ૛࢞ඥ࢟ +  ૛࢟

૛࢟૛(࢞ + ૛(ࢠ ≥ ૛࢞)૛࢟ +  (૛ࢠ

૛࢞૛ + ૛ࢠ૛ + ૝ࢠ࢞ ≥ ૛࢞ +  ૛ࢠ

࢞) + ૛(ࢠ + ૛ࢠ࢞ ≥ ૙ ⇒ ,࢞ ࢠ,࢟ ≥ ૙ 

(1) + (2) ≥ RHS (Proved) 
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Solution 4 by Uche Eliezer Okeke-Ananbra-Nigerie 

ࡿࡴࡾ = ඥ૛ࢠ࢟࢞൫√࢞ + ඥ࢟+ ൯ࢠ√ +෍ඥ࢞૛ࢠ૛ +  ૛࢟૛ࢠ

= √૛෍൫࢞ඥࢠ࢟൯ + ෍ቀ࢞ඥ࢟૛ +  ૛ቁࢠ

≤
ࡿ࡮࡯

√૛ට෍࢞૛ ⋅෍ࢠ࢟ + √૛ට෍࢞૛ ⋅෍࢞૛ 

≤
ࡿ࡮࡯

√૛ට෍࢞૛ ቊට෍࢞૛ + ට෍࢞૛ቋ = ૛√૛෍࢞૛ 

⇒ ૛√૛෍࢞૛ ≤
ࡿ࡮࡯

૛√૛෍࢟࢞ =  ࡿࡴࡸ

(Proved) 

 

110. If ࢟,࢞, ࢇ,ࢠ > ૙ then: 

૚
૛ࢇ ൬

૚
࢞ +

૚
࢟ +

૚
൰ࢠ ≥

࢞
૛࢞ + ࢠ࢟૛ࢇ +

࢟
૛࢟ + ࢞ࢠ૛ࢇ +

ࢠ
૛ࢠ +  ࢟࢞૛ࢇ

Proposed by Marin Chirciu – Romania  

Solution 1 by Nirapada Pal-Jhargram-India 

෍
࢞

૛࢞ + ࢠ࢟૛ࢇ
≤⏞

ࡹࡳିࡹ࡭

	෍
࢞

૛࢞ࢇඥࢠ࢟
 

= ૚
૛ࢇ
∑ ૚
ඥ࢟࢞

≤ ૚
૛ࢇ
∑ ૚
࢞
 since ∑࡮࡭ ≤  ૛࡭∑

Solution 2 by Uche Eliezer Okeke-Anambra-Nigerie 

If ࢞, ,࢟ ࢇ,ࢠ > ૙ 
૚
૛ࢇ

෍൬
૚
࢞
൰ ≥෍

࢞
૛࢞ + ࢠ࢟૛ࢇ

 

http://www.ssmrmh.ro


 
www.ssmrmh.ro 

 

ࡿࡴࡸ =
૚
૛ࢇ

෍൬
૚
࢞
൰ =

૚
૝ࢇ

෍൬
૚
࢟

+
૚
ࢠ
൰ ≥⏞
ࡹࡳିࡹ࡭ ૚

૛ࢇ
෍

૚
ඥࢠ࢟

 

= ෍
࢞

૛ඥ࢞૛(ࢇ૛ࢠ࢟)
≥⏞

ࡹ࡭ିࡹࡳ

	෍
࢞

૛࢞ + 		ࢠ࢟૛ࢇ
 (ࡿࡴࡾ)

(Proved) 

 

111. If ࢈,ࢇ, ࢉ > ૙ then: 

૜(ࢇ૛ + ૛࢈ + ૛)૛ࢉ ≥ ૡࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ + ෍(ࢇ૛ + ૛࢈ −  ૛)૛ࢉ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Aziz Abdul-Semarang-Indonesia 

a Fact: (࢈ࢇ − ૛(ࢉ࢈ ≥ ૙ 

૛࢈૛ࢇ + ૛ࢉ૛࢈ ≥ ૛࢈ࢇ૛ࢉ 

Analogoue,  

૛ࢉ૛࢈ + ૛ࢇ૛ࢉ ≥ ૛ࢉ࢈ࢇ૛ 

૛ࢉ૛ࢇ + ૛࢈૛ࢇ ≥ ૛ࢇ૛ࢉ࢈		 + 

− − − − − − −− − − − 

૛࢈૛ࢇ + ૛ࢉ૛࢈ + ૛ࢇ૛ࢉ ≥ ࢇ)ࢉ࢈ࢇ + ࢈ +  (ࢉ

⇔ ૡ(ࢇ૛࢈૛ + ૛ࢉ૛࢈ + (૛ࢇ૛ࢉ ≥ ૡࢇ)ࢉ࢈ࢇ + ࢈ +  (ࢉ

૜(ࢇ૝ + ૝࢈ + (૝ࢉ + ૟(ࢇ૛࢈૛ + ૛ࢉ૛࢈ + (૛ࢇ૛ࢉ ≥ 

≥ ૜(ࢇ૝ + ૝࢈ + −(૝ࢉ ૛(ࢇ૛࢈૛ + ૛ࢉ૛࢈ + (૛ࢇ૛ࢉ + ૡࢇ)ࢉ࢈ࢇ + ࢈ +  (ࢉ

૜(ࢇ૛ + ૛࢈ + ૛)૛ࢉ ≥ ૝ࢇ) + ૝࢈ + ૝ࢉ + ૛ࢇ૛࢈૛ − ૛࢈૛ࢉ૛ − ૛ࢇ૛ࢉ૛) 

૝ࢇ)+ + ૝࢈ + ૝ࢉ + ૛ࢇ૛ࢉ૛ − ૛ࢇ૛࢈૛ − ૛࢈૛ࢉ૛) 

૝ࢇ)+ + ૝࢈ + ૝ࢉ + ૛࢈૛ࢉ૛ − ૛ࢇ૛࢈૛ − ૛ࢇ૛ࢉ૛) 
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+ૡࢇ)ࢉ࢈ࢇ + ࢈ +  (ࢉ

૜(ࢇ૛ + ૛࢈ + ૛)૛ࢉ ≥ ૛ࢇ) + ૛࢈ − ૛)૛ࢉ + ૛ࢇ) + ૛ࢉ − (૛࢈ + ૛࢈) + ૛ࢉ −  ૛)૛ࢇ

+ૡࢇ)ࢉ࢈ࢇ + ࢈ +  (ࢉ

Solution 2 by Kevin Soto Palacios – Huarmey – Peru  

Si ࢈,ࢇ, ࢉ ∈  Probar la siguiente desigualdad .ࡾ

૜(ࢇ૛ + ૛࢈ + ૛)૛ࢉ ≥ ૡࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ + ෍(ࢇ૛ + ૛࢈ −  ૛)૛ࢉ

⇔ ૜෍ࢇ૝ + ૟෍ࢇ૛࢈૛ ≥ ૡࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ + ૜෍ࢇ૝ − ૛෍ࢇ૛࢈૛ 

⇔ ૡ෍ࢇ૛࢈૛ ≥ ૛࢈૛ࢇ ≥ ૡࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ ⇔෍ࢇ૛࢈૛ ≥ ࢇ)ࢉ࢈ࢇ + ࢈ +  (ࢉ

Si ࢟,࢞, ࢠ ∈  se cumple la siguiente desigualdad ,ࡾ

૛࢞ + ૛࢟ + ૛ࢠ ≥ ࢟࢞ + ࢠ࢟ +  ࢞ࢠ

Siendo ࢞ = ,࢈ࢇ ࢟ = ,ࢉ࢈ ࢠ =  ࢇࢉ

⇒ ૛࢈૛ࢇ + ૛ࢉ૛࢈ + ૛ࢇ૛ࢉ ≥ ࢇ)ࢉ࢈ࢇ + ࢈ +  (ࢉ

Solution 3 by Soumava Chakraborty-Kolkata-India 

૜(ࢇ૛ + ૛࢈ + ૛)૛ࢉ − ૛ࢇ) + ૛࢈ − ૛)૛ࢉ − ૛࢈) + ૛ࢉ − ૛)૛ࢇ − ૛ࢇ) + ૛࢈ −  ૛)૛ࢉ

= ૡ(ࢇ૛࢈૛ + ૛ࢉ૛࢈ + (૛ࢇ૛ࢉ ≥ ૡࢇ)ࢉ࢈ࢇ + ࢈ +  (ࢉ

(∵ ૛࢞ + ૛࢟ + ૛ࢠ ≥ ࢟࢞ + ࢠ࢟ + ࢞ where  (࢞ࢠ = ࢟,࢈ࢇ = ࢠ,ࢉ࢈ =  (ࢇࢉ

Solution 4 by Seyran Ibrahimov-Maasilli-Azerbaidian 

ࢇ =  ࢞√

࢈ = ඥ࢟ 

ࢉ =  ࢠ√

૜(࢞ + +࢟ ૛(ࢠ ≥ ૡඥࢠ࢟࢞൫√࢞ + ඥ࢟+ ൯ࢠ√ + ෍(࢞ + ࢟ −  ૛(ࢠ

૜(࢞ + ࢟ + ૛(ࢠ − ࢞) + ࢟ − ૛(ࢠ − ࢞) + ࢠ − ૛(࢟ − ࢟) + ࢠ − ૛(࢞ = 
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= ૜࢞૛ + ૜࢟૛ + ૜ࢠ૛ + ૟࢟࢞+ ૟ࢠ࢞ + ૟ࢠ࢟ − ૛࢞ − ૛࢟ − ૛ࢠ − ૛࢟࢞ + ૛ࢠ࢞+ ૛ࢠ࢟ − 

૛࢞− − ૛ࢠ − ૛࢟ − ૛ࢠ࢞ + ૛࢟࢞ + ૛࢟ࢠ − ૛࢟ − ૛ࢠ − ૛࢞ − ૛ࢠ࢟+ ૛࢟࢞ + ૛ࢠ࢞ = 

= ૡ࢟࢞ + ૡࢠ࢞ + ૡࢠ࢟ 

൞
࢟࢞ + ࢠ࢞ ≥ ૛࢞ඥࢠ࢟
࢟࢞ + ࢠ࢟ ≥ ૛ࢠ࢞√࢟
+ࢠ࢞ ࢠ࢟ ≥ ૛ࢠඥ࢟࢞

⇒ ࡹ࡭  ࡹࡳ−

 

112. If ࢟,࢞, ࢠ ≥ ૙ then: 

෍ቀ√࢞૜ + ඥ૝(࢟+ ૜(ࢠ ቁ ≤ ૜ඥૢ(࢞ + ࢟ + ૜(ࢠ  

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo ࢟,࢞, ࢠ ≥ ૙. Probar la siguiente desigualdad 

෍ቀ√࢞૜ + ඥ૝(࢟+ ૜(ࢠ ቁ ≤ ૜ඥૢ(࢞ + ࢟ + ૜(ࢠ  

Como ࢟,࢞, ࢠ ≥ ૙ 

Por la desigualdad de Holder 

1) ඥ(࢞ + ૜(࢟ + ඥ(࢟+ ૜(ࢠ + ඥ(ࢠ + ૜(࢞ ≤ 

≤ ට൫(࢞+ (࢟ + ࢟) + (ࢠ + ࢠ) + +൯(૚(࢞ ૚ + ૚)(૚ + ૚+ ૚)૜
 

⇔ ඥ૝(࢞ + ૜(࢟ + ඥ૝(࢟+ ૜(ࢠ + ඥ૝(ࢠ+ ૜(࢞ ≤ ૛ඥૢ(࢞ + ࢟ + ૜(ࢠ    (A) 

૜࢞√ (2 + ඥ࢟૜ + ૜ࢠ√ ≤ ඥ(࢞ + ࢟ + ૚)(ࢠ + ૚ + ૚)(૚ + ૚ + ૚)૜  

⇔ ૜࢞√ + ඥ࢟૜ + ૜ࢠ√ ≤ ඥૢ(࢞ + ࢟ + ૜(ࢠ     (B) 

Sumando (A) + (B) 

∑൫√࢞૜ + ඥ૝(࢟+ ૜(ࢠ ൯ ≤ ૜ඥૢ(࢞ + ࢟ + ૜(ࢠ    (LQQD) 
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Solution 2 by Ravi Prakash-New Delhi-India 

There is nothing to prove if ࢞ = ࢟ = ࢠ = ૙. 

Assume at least one of ࢞, ,࢟ ࢠ > ૙. 

For ૙ ≤ ࢚ ≤ ૚, let 

(࢚)ࢌ = ࢚
૚
૜ + ൫૝(૚ − ൯(࢚

૚
૜ 

(࢚)ᇱࢌ =
૚
૜
⋅
૚

࢚
૛
૜
−

૛
૛
૜

૜(૚ − (࢚
૛
૜

, ૙ < ࢚ < ૚ =
૚
૜
቎
(૚ − (࢚

૛
૜ − ૛

૛
૜࢚
૛
૜

࢚
૛
૜(૚ − (࢚

૛
૜

቏ 

=
૚
૜
൦
൬(૚ − (࢚

૚
૜ − (૛࢚)

૚
૜൰ ൬(૚ − (࢚

૚
૜ + (૛࢚)

૚
૜൰

࢚
૛
૜(૚ − (࢚

૛
૜

൪ 

(࢚)ᇱࢌ > ૙	 if  ૙ < ࢚ < ૚
૜

 

= ૙ if ࢚ = ૚
૜

< ૙ if ૚
૜

< ࢚ < ૚ 

∴ ࢚ is maximum at (࢚)ࢌ = ૚
૜
 

Thus, (࢚)ࢌ ≤ ቀ૚ࢌ
૜
ቁ ,૙ ≤ ࢚ ≤ ૚ 

⇒ (࢚)ࢌ ≤ ૜
૛
૜, ૙ ≤ ࢚ ≤ ૚ 

Now,  

൦
࢞
૚
૜ + ൫૝(࢟+ ൯(ࢠ

૚
૜

࢞) + ࢟ + (ࢠ
૚
૜

൪ = ࢌ ൬
࢞

࢞ + ࢟ + ࢠ
൰ ≤ ૜

૛
૜ 

⇒෍ቈ࢞
૚
૜ + ൫૝(࢟ + ൯(ࢠ

૚
૜቉ ≤ ෍ૢ

૚
૜(࢞ + ࢟ + (ࢠ

૚
૜ = ૜൫ૢ(࢞ + ࢟ + ൯(ࢠ

૚
૜ 

 

http://www.ssmrmh.ro


 
www.ssmrmh.ro 

 
113. Prove that the following inequalities hold for all positive real numbers 

,࢈,ࢇ  ࢉ

(a)  ࢇ
૜

࢈
+ ૜࢈

ࢉ
+ ૜ࢉ

ࢇ
≥ ૜൫ࢇ૜ା࢈૜ାࢉ૜൯

ࢉା࢈ାࢇ
 

(b) ࢈
૞

૜ࢇ
+ ૞ࢉ

૜࢈
+ ૞ࢇ

૜ࢉ
≥ ૜൫ࢇ૜ା࢈૜ାࢉ૜൯

ࢉା࢈ାࢇ
 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar para todos los numerous ࡾା “࢈,ࢇ,  :”ࢉ

a) ૜(ࢇ૜ + ૜࢈ + (૜ࢉ ≤ ࢇ) + ࢈ + (ࢉ ቀࢇ
૜

࢈
+ ૜࢈

ࢉ
+ ૜ࢉ

ࢇ
ቁ 

⇒ ቆ
૝ࢇ

࢈ +
૝࢈

ࢉ +
૝ࢉ

ࢇ ቇ + ቆ
૜࢈ࢇ

ࢉ +
૜ࢉ࢈

ࢇ +
૜ࢇࢉ

࢈ ቇ + ࢈૛ࢇ) + ࢉ૛࢈ + (ࢇ૛ࢉ ≥ 

≥ ૛(ࢇ૜ + ૜࢈ + (૜ࢉ + ࢈૛ࢇ) + ࢉ૛࢈ +  (ࢇ૛ࢉ

Desdes que: ࢉ,࢈,ࢇ > ૙. Por: MA ≥ MG 

૜࢈ࢇ

ࢉ
+
૜ࢉ࢈

ࢇ
≥ ૛࢈૛ࢉ,

૜ࢉ࢈

ࢇ
+
૜ࢇࢉ

࢈
≥ ૛ࢉ૛ࢇ,

૜ࢇࢉ

࢈
+
૜࢈ࢇ

ࢉ
≥  ࢈૛ࢇ

Sumando obtenemos: 

૛ቆ
૜࢈ࢇ

ࢉ +
૜ࢉ࢈

ࢇ +
૜ࢇࢉ

࢈ ቇ ≥ ૛(ࢇ૛࢈ + ࢉ૛࢈ + (ࢇ૛ࢉ → 

→ ૜࢈ࢇ

ࢉ
+ ૜ࢉ࢈

ࢇ
+ ૜ࢇࢉ

࢈
≥ ࢈૛ࢇ + ࢉ૛࢈ +  (A) … ࢇ૛ࢉ

૝ࢇ

࢈
+ ࢈૛ࢇ ≥ ૛ࢇ૜,

૝࢈

ࢉ
+ ࢉ૛࢈ ≥ ૛࢈૜,

૝ࢉ

ࢇ
+ ࢇ૛ࢉ ≥ ૛ࢉ૜ 

⇒ ቀࢇ
૝

࢈
+ ૝࢈

ࢉ
+ ૝ࢉ

ࢇ
ቁ+ ࢈૛ࢇ) + ࢉ૛࢈ + (ࢇ૛ࢉ ≥ ૛(ࢇ૜ + ૜࢈ +  ૜) … (B)ࢉ

Sumando: (A) + (B) 
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⇒ ቆ
૝ࢇ

࢈
+
૝࢈

ࢉ
+
૝ࢉ

ࢇ
ቇ + ቆ

૜࢈ࢇ

ࢉ
+
૜ࢉ࢈

ࢇ
+
૜ࢇࢉ

࢈
ቇ + ࢈૛ࢇ) + ࢉ૛࢈ + (ࢇ૛ࢉ ≥ 

≥ ૛(ࢇ૜ + ૜࢈ + (૜ࢉ + ࢈૛ࢇ) + ࢉ૛࢈ +  (ࢇ૛ࢉ

b) ૜(ࢇ૜ + ૜࢈ + (૜ࢉ ≤ ࢇ) + ࢈ + (ࢉ ቀ࢈
૞

૜ࢇ
+ ૞ࢉ

૜࢈
+ ૞ࢇ

૜ࢉ
ቁ 

⇒ ૜(ࢇ૜ + ૜࢈ + (૜ࢉ ≤ ቀ࢈
૞

૛ࢇ
+ ૞ࢉ

૛࢈
+ ૞ࢇ

૛ࢉ
ቁ+ ቀࢉࢇ

૞

૜࢈
+ ૞ࢇ࢈

૜ࢉ
+ ૞࢈ࢉ

૜ࢇ
ቁ + ቀࢇ

૟

૜ࢉ
+ ૟࢈

૜ࢇ
+ ૟ࢉ

૜࢈
ቁ  

Siendo: ࢈,ࢇ, ࢉ > ૙. Por la desigualdad de Cauchy: 

⇒ ૟ࢇ

૜ࢉ
+ ૟࢈

૜ࢇ
+ ૟ࢉ

૜࢈
≥ ൫ࢇ૜ା࢈૜ାࢉ૜൯

૛

૜࢈૜ାࢇ૜ାࢉ
= ૜ࢇ + ૜࢈ +  ૜ … (A)ࢉ

Por MA ≥ MG 

⇒ ૞ࢉࢇ

૜࢈
+ ૞ࢇ࢈

૜ࢉ
≥ ૛ࢇ૜ࢉ

࢈
, ࢇ࢈

૞

૜ࢉ
+ ૞࢈ࢉ

૜ࢇ
≥ ૛࢈૜ࢇ

ࢉ
, ࢉࢇ

૞

૜࢈
+ ૞࢈ࢉ

૜ࢇ
≥ ૛ࢉ૜࢈

ࢇ
   (B) 

⇒ ૜࢈ࢇ

ࢉ
+ ૜ࢇࢉ

࢈
≥ ૛ࢇ૛࢈, ࢉ࢈

૜

ࢇ
+ ૜࢈ࢇ

ࢉ
≥ ૛࢈૛ࢉ, ࢇࢉ

૜

࢈
+ ૜ࢉ࢈

ࢇ
≥ ૛ࢉ૛ࢇ   (C) 

⇒
૞ࢉࢇ

૜࢈ +
૞ࢇ࢈

૜ࢉ +
૞࢈ࢉ

૜ࢇ ≥
૜࢈ࢇ

ࢉ +
૜ࢉ࢈

ࢇ +
૜ࢇࢉ

࢈ ≥ ࢈૛ࢇ + ࢉ૛࢈ +  ࢇ૛ࢉ

Por transitividad: 

⇒ ቆ
૞࢈

૛ࢇ +
૞ࢉ

૛࢈ +
૞ࢇ

૛ቇࢉ + ቆ
૞ࢉࢇ

૜࢈ +
૞ࢇ࢈

૜ࢉ +
૞࢈ࢉ

૜ࢇ ቇ ≥ ቆ
૞࢈

૛ࢇ + ቇ࢈૛ࢇ + ቆ
૞ࢉ

૛࢈ + ቇࢉ૛࢈ + ቆ
૞ࢇ

૛ࢉ + ቇࢇ૛ࢉ ≥ 

≥ ૛(ࢇ૜ + ૜࢈ +  (૜ࢉ

⇒ ቆ
૞࢈

૛ࢇ +
૞ࢉ

૛࢈ +
૞ࢇ

૛ቇࢉ + ቆ
૞ࢉࢇ

૜࢈ +
૞ࢇ࢈

૜ࢉ +
૞࢈ࢉ

૜ࢇ ቇ + ቆ
૟ࢇ

૜ࢉ +
૟࢈

૜ࢇ +
૟ࢉ

૜ቇ࢈ ≥ 

≥ ૛(ࢇ૜ + ૜࢈ + (૜ࢉ + ૜ࢇ + ૜࢈ + ૜ࢉ = ૜(ࢇ૜ + ૜࢈ +  (૜ࢉ

(LQQD) 

Solution 2 Myagmarsuren Yadamsuren-Darkhan-Mongolia 

ା૛࢔ࢇ

࢔࢈
+
ା૛࢔࢈

࢔ࢉ
+
ା૛࢔ࢉ

࢔ࢇ
≥
૜ ⋅ ૜ࢇ) + ૜࢈ + (૜ࢉ

ࢇ + ࢈ + ࢉ
 

ASSURE 
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a) b) – same 

ା૛࢔૛ࢇ) ⋅ ࢔ࢉ + ା૛࢔૛࢈ ⋅ ࢔ࢇ + ା૛࢔૛ࢉ ⋅ (࢔࢈ ⋅ ࢇ) + ࢈ + (ࢉ ≥ 

≥ ૜(ࢇ૜ + ૜࢈ + (૜ࢉ ⋅ ࢔ࢇ ⋅ ࢔࢈ ⋅ ࢔ࢉ ⇔ 

ቌ෍ࢇ૛࢔ା૛ ⋅ ࢔ࢉ

ࢉ࢟ࢉ

ቍ ⋅ ࢇ) + ࢈ + (ࢉ ≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯

 

≥
૚
૜

૜ࢇ) + ૜࢈ + ૚ି࢔૛ࢇ)૜)ቌ෍ࢉ ⋅ (࢔ࢉ
ࢉ࢟ࢉ

ቍ ⋅ ࢇ) + ࢈ + (ࢉ ≥
ࡹࡳஹࡹ࡭

 

≥
૚
૜

૜ࢇ) + ૜࢈ + (૜ࢉ ⋅ ૜ ⋅ ඥࢇ૜ି࢔૚ ⋅ ૚ି࢔૜࢈ ⋅ ૚૜ି࢔૜ࢉ ⋅ ૜ ⋅ ૜ࢉ࢈ࢇ√ = 

= ૜ ⋅ ૜ࢇ) + ૜࢈ + (૜ࢉ ⋅ ඥࢇ૜࢔ ⋅ ࢔૜࢈ ⋅ ૜࢔૜ࢉ = ૜ ⋅ ૜ࢇ) + ૜࢈ + (૜ࢉ ⋅ ࢔ࢇ ⋅ ࢔࢈ ⋅  ࢔ࢉ

Solution 3 by Soumitra Mandal-Chandar Nagore-India 

We know, (ࢇ૛ + ૛࢈ + ૛)૛ࢉ ≥ ૜(ࢇ૜࢈ + ࢉ૜࢈ +  (1)   (ࢇ૜ࢉ

1)  

෍
૜ࢇ

࢈
ࢉ࢟ࢉ

= ෍
૟ࢇ

࢈૜ࢇ
ࢉ࢟ࢉ

≥⏞
ࡹࡻࡾࢀࡿࡳࡾࡱ࡮ ૜ࢇ) + ૜࢈ + ૜)૛ࢉ

࢈૜ࢇ∑
≥
૜(ࢇ૜ + ૜࢈ + ૜)૛ࢉ

૛ࢇ) + ૛࢈ + ૛)૛ࢉ 	 

[applying relation (1)] 

we need to prove, ૜൫ࢇ
૜ା࢈૜ାࢉ૜൯

૛

૛(૛ࢉ૛ା࢈૛ାࢇ) ≥ ૜൫ࢇ૜ା࢈૜ାࢉ૜൯
ࢉା࢈ାࢇ

 

⇔ ቌ෍ࢇ
ࢉ࢟ࢉ

ቍቌ෍ࢇ૜

ࢉ࢟ࢉ

ቍ ≥ ቌ෍ࢇ૛

ࢉ࢟ࢉ

ቍ

૛

, 

which is true by Cauchy – Schwarz 

∴ ∑ ૜ࢇ

ࢉ࢟ࢉ࢈ ≥ ૜൫ࢇ૜ା࢈૜ାࢉ૜൯
ࢉା࢈ାࢇ

  (proved) 
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2) ∑ ૞࢈

ࢉ࢟ࢉ૜ࢇ = ∑ ૟࢈

ࢉ࢟ࢉ࢈૜ࢇ ≥⏞
ࡹࡻࡾࢀࡿࡳࡾࡱ࡮

൫∑ࢇ૜൯
૛

࢈૜ࢇ∑
≥ ૜൫∑ࢇ૜൯

૛

૛(૛ࢇ∑)  . We need to prove 

૜(∑ࢇ૜)૛

૛(૛ࢇ∑) ≥
૜(∑ࢇ૜)
ࢇ∑

⇔ ቌ෍ࢇ
ࢉ࢟ࢉ

ቍቌ෍ࢇ૜

ࢉ࢟ࢉ

ቍ ≥ ቌ෍ࢇ૛

ࢉ࢟ࢉ

ቍ

૛

 

which is true by Cauchy – Schwarz 

∴ ෍
૞࢈

૜ࢇ
ࢉ࢟ࢉ

≥
૜(ࢇ૜ + ૜࢈ + (૜ࢉ

ࢇ + ࢈ + ࢉ
 

(Proved) 

 

114. Prove that for any positive real numbers ࢟,࢞,  ࢠ

૛࢟૛ඥ࢞ + ૛ࢠ + ૛ࢠ√૛࢟ + ૛࢞ + ૛࢞૛ඥࢠ + ૛࢟

૜࢞ + ૜࢟ + ૜ࢠ
≤ √૛ 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar para todos los numerous ࡾା	ࢠ,࢟,࢞ la siguiente desigualdad 

૛࢟૛ඥ࢞ + ૛ࢠ + ૛ࢠ૛ඥ࢟ + ૛࢞ + ૛࢞૛ඥࢠ + ૛࢟ ≤ √૛(࢞૜ + ૜࢟ +  (૜ࢠ

Recordar la siguiente desigualdad: 

૝ࢇ) + (૝࢈ ≤ ૛(ࢇ૛ − ࢈ࢇ + ૛)૛࢈ ⇔ ࢇ) − ૝(࢈ ≥ ૙ 

Por lo tanto 

૛࢟૛ඥ࢞∑ + ૛ࢠ ≤ √૛࢞૛൫࢟ + ࢠ − ඥࢠ࢟൯ + √૛࢟૛൫ࢠ + ࢞ − ൯࢞ࢠ√ + √૛ࢠ૛൫࢞ + ࢟ − ඥ࢟࢞൯  

Es necesario demostrar lo siguiente 

√૛(࢞૜ + ૜࢟ + (૜ࢠ ≥ √૛࢞૛൫࢟ + ࢠ − ඥࢠ࢟൯ + √૛࢟૛൫ࢠ + ࢞ − ൯࢞ࢠ√ + √૛ࢠ૛൫࢞ + ࢟ − ඥ࢟࢞൯  

⇔ ૜࢞ + ૜࢟ + ૜ࢠ + ࢠ࢟૛ඥ࢞ + ࢞ࢠ√૛࢟ + ࢟࢞૛ඥࢠ ≥ ࢞)࢟࢞ + (࢟ + +࢟)ࢠ࢟ (ࢠ + +ࢠ)࢞ࢠ  (࢞

Por MA ≥ MG 
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⇔ ૜࢞ + ૜࢟ + ૜ࢠ + ࢠ࢟૛ඥ࢞ + ࢞ࢠ√૛࢟ + ࢟࢞૛ඥࢠ ≥ ૜࢞ + ૜࢟ + ૜ࢠ + ૜ࢠ࢟࢞ 

Por ultimo 

૜࢞ + ૜࢟ + ૜ࢠ + ૜ࢠ࢟࢞ ≥ ࢞)࢟࢞ + (࢟ + ࢟)ࢠ࢟ + (ࢠ + ࢠ)࢞ࢠ +  (࢞

(Válid por desigualdad de Schur) 

Solution 2 Soumitra Mandal-Chandar Nagore-India 

We know, √࢞ as a concave function for all ࢞ > ૙ 

∴
૛࢟૛ඥ࢞ + ૛ࢠ + ૛࢞√૛࢟ + ૛ࢠ + ૛࢞૛ඥࢠ + ૛࢟

૜࢞ + ૜࢟ + ૜ࢠ
= ෍

૜࢞

૜࢞ + ૜࢟ + ૜ࢠ
ࢉ࢟ࢉ

ඨ࢟
૛ + ૛ࢠ

૛࢞
 

≤⏞
ࢅࢀࡵࡸ࡭ࢁࡽࡱࡺࡵ	ࡺࡱࡿࡺࡱࡶ	ࡰࡱࢀࡴࡳࡵࡱࢃ

	ඨ෍
૜࢞

૜࢞ + ૜࢟ + ૜ࢠ ቆ
૛࢟ + ૛ࢠ

૛࢞ ቇ
ࢉ࢟ࢉ

 

= ට࢟࢞(࢞ା࢟)ାࢠ࢟(࢟ାࢠ)ା࢞ࢠ(ࢠା࢞)
૜ࢠ૜ା࢟૜ା࢞

≤ √૛ (proved)  

቎
∵ ૜࢞ + ૜࢟ ≥ ࢞)࢟࢞ + (࢟
૜࢟ + ૜ࢠ ≥ ࢟)ࢠ࢟ + (ࢠ

૜ࢠ + ૜࢞ ≥ ࢠ)࢞ࢠ + ࢍ࢔࢏ࢊࢊࢇ	ࢊ࢔ࢇ	(࢞
቏ 

Solution 3 by Sanong Haueray-Nakonpathom-Thailand 

Since  

૟࢞ + ૜࢟૜࢞ + ૜࢟૜࢞ ≥ ૜࢞૝࢟૛ 

૟࢞ + ૜ࢠ૜࢞ + ૜ࢠ૜࢞ ≥ ૜࢞૝ࢠ૛ 

૟࢟ + ૛࢟૜࢞ + ૜࢟૛࢞ ≥ ૜࢞૝࢟૛ 

૟࢟ + ૜ࢠ૜࢟ + ૜ࢠ૛࢟ ≥ ૜࢟૝ࢠ૛ 

૟ࢠ + ૜ࢠ૜࢞ + ૜ࢠ૜࢞ ≥ ૜ࢠ૝࢞૛ 

૟ࢠ + ૜ࢠ૜࢟ + ૜ࢠ૜࢟ ≥ ૜ࢠ૝࢟૛ 

Hence, 
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૛(࢞૜ + ૜࢟ + ૜)૛ࢠ ≥ ૜(࢞૝࢟૛ + ૛ࢠ૝࢞ + ⋯+  (૛࢟૝ࢠ

Consider 

૛࢟૛ඥ࢞ + ૛ࢠ + ૛ࢠ√૛࢟ + ૛࢞ + ૛࢞૛ඥࢠ + ૛࢟

૜࢞ + ૜࢟ + ૜ࢠ  

≤ ඨ
૜(࢞૝࢟૛ + ૛ࢠ૝࢞ + ⋯+ ૛࢞૝ࢠ + (૝࢟૝ࢠ

૛࢞) + ૛࢟ + ૜)૛ࢠ  

= ඨ
૟(࢞૝࢟૛ +⋯+ (૛࢟૝ࢠ
૛(࢞૜ + ૜࢟ + ૜)૛ࢠ ≤ ඨ

૛࢟૝࢞) +⋯+ (૛࢟૝ࢠ
૜(࢞૝࢟૛ + ⋯+ (૛࢟૝ࢠ = √૛ 

Solution 4 by Erbolat Darin-Ulanbaatar-Mongolia 

࡭ =
૛࢟૛ඥ࢞ + ૛ࢠ + ૛࢟ ⋅ ૛ࢠ√ + ૛࢞ + ૛࢟૛ඥࢠ + ૛࢞

૜࢞ + ૜࢟ + ૜ࢠ
≤ √૛ 

⇒ 

࡮ = ૜࢞ + ૜࢟ + ૜ࢠ =
૝(࢞૜ + ૜࢟ + (૜ࢠ

૝ = 

=
૛࢞૜ + ૛࢟૜ + ૛ࢠ૜ + ૜࢞) + (૜࢟ + ૜࢟) + (૜ࢠ + ૜ࢠ) + (૜࢞

૝
≥ 

≥
૛࢞૜ + ૛࢟૜ + ૛ࢠ૜ + ࢞) + ࢟࢞(࢟ + ࢟)ࢠ࢟ + (ࢠ + ࢞)ࢠ࢞ + (ࢠ

૝ = 

=
૛࢞૜ + ૛࢟૜ + ૛ࢠ૜ + ࢞ ⋅ ૛࢟) + (૛ࢠ + ࢟ ⋅ ૛ࢠ) + (૛࢞ + ࢠ ⋅ ૛࢞) + (૛࢟

૝
≥ 

≥
∑૛ ⋅ ඥ૛࢞૜ ⋅ ૛࢟)࢞ + (૛ࢠ

૝ =
∑૛√૛࢞૛ඥ࢟૛ + ૛ࢠ

૝ =
૛࢟૛ඥ࢞∑ + ૛ࢠ

√૛
 

࡭ ≤
૛࢟૛ඥ࢞∑ + ૛ࢠ

૛࢟૛ඥ࢞∑ + ૛ࢠ

√૛

= √૛ 
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115. Let ࢟,࢞, ࢞ :be positive real numbers such that ࢠ + ࢟ + ࢠ = ૜. 

Prove that: ࢞૜࢟૜

ା૛࢞૜ି࢟૝ା࢞
+ ૜ࢠ૜࢟

ା૛࢟૜ିࢠ૝ା࢟
+ ૜࢞૜ࢠ

ା૛ࢠ૜ି࢞૝ାࢠ
≤ ࢠ࢟࢞૝ା૜ࢠ૝ା࢟૝ା࢞

૟
 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution by Hoang Le Nhat Tung – Hanoi – Vietnam 

* Let ࢟,࢞, ࢠ > ૙ We will prove that: 

૝࢞ + ૝࢟ + ૝ࢠ + +࢞)ࢠ࢟࢞ ࢟ + (ࢠ ≥ ૛࢞)࢟࢞ + (૛࢟ + ૛࢟)ࢠ࢟ + (૛ࢠ + ૛ࢠ)࢞ࢠ +   ૛)       (1)࢞

(1) ⇔ ૝࢞ + ૝࢟ + ૝ࢠ + ࢞)ࢠ࢟࢞ + ࢟ + (ࢠ − ૛࢞)࢟࢞ + −(૛࢟ ૛࢟)ࢠ࢟ + (૛ࢠ − ૛ࢠ)࢞ࢠ + (૛࢞ ≥ ૙ 

⇔ ૛࢞)૛࢞ − ࢟࢞ − +ࢠ࢞ (ࢠ࢟ + ૛࢟)૛࢟ − ࢠ࢟ − ࢞࢟ + (࢞ࢠ + ૛ࢠ)૛ࢠ − ࢞ࢠ − +࢟ࢠ (࢟࢞ ≥ ૙ 

⇔ −࢞)૛࢞ ࢞)(࢟ − (ࢠ + ࢟)૛࢟ − ࢟)(ࢠ − (࢞ + ࢠ)૛ࢠ − ࢠ)(࢞ − (࢟ ≥ ૙         (2) 

Let ࢞ ≥ ࢟ ≥ ࢠ > ૙ 

+ We have: ൜ࢠ ≤ ࢞
ࢠ ≤ ࢟ ⇔ ൜ࢠ − ࢞ ≤ ૙

ࢠ − ࢟ ≤ ૙ ⇒ ࢠ) − ࢠ)(࢞ − (࢟ ≥ ૙ ⇒ ࢠ)૛ࢠ − ࢠ)(࢞ − (࢟ ≥ ૙    (3) 

+ Other: ࢞૛(࢞ − −࢞)(࢟ (ࢠ + ࢟)૛࢟ − ࢟)(ࢠ −  (࢞

= −࢞) ࢞)૛࢞](࢟ − (ࢠ − −࢟)૛࢟ [(ࢠ = ࢞) − ૜࢞)](࢟ − (૜࢟ − ૛࢞)ࢠ −  [(૛࢟
= ࢞) − ࢞)](࢟ − ૛࢞)(࢟ + ࢟࢞ + (૛࢟ − ࢞)ࢠ − ࢞)(࢟ + [(࢟ = ࢞) − ૛࢞)૛(࢟ + ࢟࢞ + ૛࢟ − ࢞ࢠ − (࢟ࢠ ≥ ૙   (4) 

࢞) ≥ ࢟ ≥ ࢠ > ૙ ⇒ ૛࢞ + ࢟࢞ + ૛࢟ − ࢞ࢠ − ࢟ࢠ = ࢞)࢞ − (ࢠ + ࢞)࢟ − (ࢠ + ૛࢟ ≥ ૛࢟ > ૙ và (࢞ − ૛(࢟ ≥ ૙) 

− Since (3), (4): ⇒ ࢞)૛࢞ − ࢞)(࢟ − (ࢠ + ࢟)૛࢟ − ࢟)(ࢠ − (࢞ + ࢠ)૛ࢠ − ࢠ)(࢞ − (࢟ ≥ ૙ 

⇒ (2) True ⇒ (1) True. 

- Since (1), AM-GM: 

૝࢞ + ૝࢟ + ૝ࢠ + +࢞)ࢠ࢟࢞ ࢟ + (ࢠ ≥ ૛࢞൫࢟࢞ + +૛൯࢟ ૛࢟൫ࢠ࢟ + +૛൯ࢠ ૛ࢠ൫࢞ࢠ + ૛൯࢞ ≥ ࢟࢞ ⋅ ૛࢟࢞+ ࢠ࢟ ⋅ ૛ࢠ࢟+ ࢞ࢠ ⋅ ૛࢞ࢠ 

⇔ ૛࢟૛࢞ + ૛ࢠ૛࢟ + ૛࢞૛ࢠ ≤
૝࢞ + ૝࢟ + ૝ࢠ + ૜ࢠ࢟࢞

૛
࢞) + ࢟ + ࢠ = ૜) 

* We have: 

૝࢞ − ૜࢞ − ࢞ + ૚ = −࢞)૜࢞ ૚)− ࢞) − ૚) = ࢞) − ૚)(࢞૜ − ૚) = ࢞) − ૚)૛(࢞૛ + ࢞ + ૚) ≥ ૙ 

(Do (࢞− ૚)૛ ≥ ૙) 

⇒ ૝࢞ − ૜࢞ − ࢞ + ૚ ≥ ૙ ⇒ ૝࢞ + ૜࢟ − ࢞ + ૛ ≥ ૜࢞ + ૜࢟ + ૚ ≥ ૜ ⋅ ඥ࢞૜ ⋅ ૜࢟ ⋅ ૚૜ = ૜࢟࢞ 

⇔ ૜࢟૜࢞

ା૛࢞૜ି࢟૝ା࢞
≤ ૜࢟૜࢞

૜࢟࢞
= ૛࢟૛࢞

૜
      (6) 
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+ Similar: ࢟૜ࢠ૜

ା૛࢟૜ିࢠ૝ା࢟
≤ ૛ࢠ૛࢟

૜
; ૜࢞૜ࢠ

ା૛ࢠ૜ି࢞૝ାࢠ
≤ ૛࢞૛ࢠ

૜
     (7) 

− Since (6), (7): ⇒ ૜࢟૜࢞

ା૛࢞૜ି࢟૝ା࢞
+ ૜ࢠ૜࢟

ା૛࢟૜ିࢠ૝ା࢟
+ ૜࢞૜ࢠ

ା૛ࢠ૜ି࢞૝ାࢠ
≤ ૛࢞૛ࢠ૛ାࢠ૛࢟૛ା࢟૛࢞

૜
    (8) 

− Since (5), (8): ⇒ ૜࢟૜࢞

ା૛࢞૜ି࢟૝ା࢞
+ ૜ࢠ૜࢟

ା૛࢟૜ିࢠ૝ା࢟
+ ૜࢞૜ࢠ

ା૛ࢠ૜ି࢞૝ାࢠ
≤ ࢠ࢟࢞૝ା૜ࢠ૝ା࢟૝ା࢞

૟
 

⇒ We get the result 

+ Iquality occurs if: ൜࢟,࢞, ࢠ > ૙;࢞ + ࢟ + ࢠ = ૜
࢞ = ࢟ = ࢠ ⇔ ࢞ = ࢟ = ࢠ = ૚. 

 

116. Let ࢈,ࢇ,  be non-negative real numbers such that ࢉ

ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ = ૡ. 

Prove that 

૛ࢇ)ࢉ࢈ࢇ + ૛࢈)(ࢉ࢈ + ૛ࢉ)(ࢇࢉ + (࢈ࢇ ≤ ૡ. 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo ࢈,ࢇ,  números reales no negativos, de tal manera que ࢉ

ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ = ૡ 

Probar que 

૛ࢇ)ࢉ࢈ࢇ + ૛࢈)(ࢉ࢈ + ૛ࢉ)(ࢇࢉ + (࢈ࢇ ≤ ૡ 

Utilizando la siguiente desigualdad 

૝࢟࢞ ≤ ࢞) + ૛(࢟ ⇔ ࢞) − ૛(࢟ ≥ ૙ 

૝(ࢇ૛ + ࢈ࢇ)(ࢉ࢈ + (ࢉࢇ ≤ ቀ(ࢇ૛ + (ࢉ࢈ + ࢈ࢇ) + ቁ(ࢉࢇ
૛

= ࢇ) + ࢇ)૛(࢈ +    ૛(ࢉ

(A) 

૝(࢈૛ + ࢉ࢈)(ࢇࢉ + (ࢇ࢈ ≤ ቀ(࢈૛ + (ࢇࢉ + ࢉ࢈) + ቁ(ࢇ࢈
૛

= ࢈) + ࢈)૛(ࢉ +    ૛(ࢇ

(B) 
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૝(ࢉ૛ + ࢇࢉ)(࢈ࢇ + (࢈ࢉ ≤ ቀ(ࢉ૛ + (࢈ࢇ + ࢇࢉ) + ቁ(࢈ࢉ
૛

= ࢉ) + ࢉ)૛(ࢇ +  ૛   (C)(࢈

Multiplicando (A) ⋅ (B) ⋅ (C) 

૟૝ࢇ)ࢉ࢈ࢇ૛ + ૛࢈)(ࢉ࢈ + ૛ࢉ)(ࢇࢉ + (࢈ࢇ ≤ ࢇ) + ࢈)૜(࢈ + ࢉ)૜(ࢉ + ૜(ࢇ = ૞૚૛ 

⇔ ૛ࢇ)ࢉ࢈ࢇ + ૛࢈)(ࢉ࢈ + ૛ࢉ)(ࢇࢉ + (࢈ࢇ ≤ ૡ  (LQQD) 

La igualdad se alcanza cuando ࢇ = ࢈ = ࢉ = ૚. 

Solution 2 by Sanong Hauerai-Nakonpathom-Thailand 

From (ࢇ + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ = ૡ, we get 

ૡ = ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ ≥ ૡඥࢇ૛࢈૛ࢉ૛ 

Hence, ࢉ࢈ࢇ ≤ ૚ 

and get ࢇ૝࢈૝ࢉ + ૝ࢉ૝࢈ࢇ + ૝ࢉ࢈૝ࢇ + ૛ࢉ૛࢈૞ࢇ + ૛ࢉ૞࢈૛ࢇ + ૞ࢉ૛࢈૛ࢇ ≤ 

≤ ࢉ૛ࢇ + ࢇ૛࢈ + ࢈૛ࢉ + ࢈૛ࢇ + ࢇ૛ࢉ +  ࢉ૛࢈

Hence 

૜࢈૜ࢇ + ૜ࢉ૜࢈ + ૜ࢇ૜ࢉ + ࢉ࢈૝ࢇ + ࢉ૝࢈ࢇ + ૝ࢉ࢈ࢇ ≤ 

≤ ൬
ࢇ
࢈ +

࢈
ࢉ +

ࢉ
൰ࢇ + ൬

ࢇ
ࢉ +

ࢇ
࢈ +

࢈
 ൰ࢇ

Hence  

૛(ࢉ࢈ࢇ) + ૜(࢈ࢇ) + ૜(ࢉ࢈) + ૜(ࢇࢉ) + ࢉ࢈૝ࢇ + ࢉ૝࢈ࢇ + ૝ࢉ࢈ࢇ ≤ 

≤
ࢇ
࢈

+
࢈
ࢉ

+
ࢉ
ࢇ

+
ࢇ
ࢉ

+
ࢉ
࢈

+
࢈
ࢇ

+ ૛ 

Hence 

૛ࢇ) + ૛࢈)(ࢉ࢈ + ૛ࢉ)(ࢇࢉ + (࢈ࢇ ≤ ൬૚ +
࢈
൰ࢇ ቀ૚ +

ࢉ
ቁ࢈ ቀ૚ +

ࢇ
 ቁࢉ

≤
ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ

ࢉ࢈ࢇ
 

That 
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૛ࢇ) + ૛࢈)(ࢉ࢈ + ૛ࢉ)(ࢇࢉ + (࢈ࢇ ≤ ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ = ૡ 

Then from it is to be true  

 

117. Prove that for all non-negative real numbers ࢈,ࢇ,  ࢉ

ඨ ૛ࢇ + ૛
࢈ + ࢉ + ૚

+ ඨ ૛࢈ + ૛
ࢉ + ࢇ + ૚

+ ඨ ૛ࢉ + ૛
ࢇ + ࢈ + ૚

≥ ૜ 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar para todos los numerous ࡾା  ࢈,ࢇ,  :ࢉ

ඨ ૛ࢇ + ૛
࢈ + ࢉ + ૚ + ඨ ૛࢈ + ૛

ࢉ + ࢇ + ૚ + ඨ ૛ࢉ + ૛
ࢇ + ࢈ + ૚ ≥ ૜ 

Por la desigualdad de Cauchy: 

૛ࢇ) + ૚ + ૚)(૚ + ૛࢈ + ૚) ≥ ࢇ) + ࢈ + ૚)૛   (A) 

De forma análoga: 

૛࢈) + ૚ + ૚)(૚ + ૛ࢉ + ૚) ≥ ࢈) + ࢉ + ૚)૛  (B) 

૛ࢉ) + ૚ + ૚)(૚ + ૛ࢇ + ૚) ≥ ࢉ) + ࢇ + ૚)૛  (C) 

Multiplicando (A) (B) (C): 

૛ࢇ) + ૛)૛(࢈૛ + ૛)૛(ࢉ૛ + ૛)૛ ≥ ࢈) + ࢉ + ૚)૛(ࢉ + ࢇ + ૚)૛(ࢇ + ࢈ + ૚)૛ 

⇒ ૛ࢇ) + ૛)(࢈૛ + ૛)(ࢉ૛ + ૛) ≥ ࢈) + ࢉ + ૚)(ࢉ + ࢇ + ૚)(ࢇ + ࢈ + ૚) 

De la desigualdad propuesta … Por: MA ≥ MG 

ට ૛ା૛ࢇ
ା૚ࢉା࢈

+ ට ૛ା૛࢈
ା૚ࢇାࢉ

+ ට ૛ା૛ࢉ
ା૚࢈ାࢇ

≥ ૜ඨට (૛ା૛ࢉ)(૛ା૛࢈)(૛ା૛ࢇ)
(ା૚࢈ାࢇ)(ା૚ࢇାࢉ)(ା૚ࢉା࢈)

૜

≥ ૜  

(LQQD) 
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Solution 2 by Soumitra Mandal-Chandar Nagore-India 

෍ඨ ૛ࢇ + ૛
࢈ + ࢉ + ૚

ࢉ࢟ࢉ

≥⏞
ࡹࡳஹࡹ࡭

૜ඩෑඨ ૛ࢇ + ૛
࢈ + ࢉ + ૚

ࢉ࢟ࢉ

૜

	 

We need to prove, 

૛ࢇ) + ૛)(࢈૛ + ૛)(ࢉ૛ + ૛) ≥ ࢇ) + ࢈ + ૚)(࢈ + ࢉ + ૚)(ࢉ + ࢇ + ૚) 

Now, (ࢇ૛ + ૚ + ૚)(࢈૛ + ૚ + ૚) ≥⏞
ࢆࡾ࡭ࢃࡴ࡯ࡿ	ࢅࡴ࡯ࢁ࡭࡯

ࢇ)	 + ࢈ + ૚)૛ 

૛࢈) + ૚ + ૚)(ࢉ૛ + ૚ + ૚) ≥⏞
ࢆࡾ࡭ࢃࡴ࡯ࡿ	ࢅࡴ࡯ࢁ࡭࡯

࢈)	 + ࢉ + ૚)૛ and 

૛ࢉ) + ૚+ ૚)(ࢇ૛ + ૚ + ૚) ≥⏞
ࢆࡾ࡭ࢃࡴ࡯ࡿ	ࢅࡴ࡯ࢁ࡭࡯

ࢉ) + ࢇ + ૚)૛. So, 

∴ෑ(ࢇ૛ + ૚)
ࢉ࢟ࢉ

≥ෑ(ࢇ + ࢈ + ૚)
ࢉ࢟ࢉ

. 

So, 

෍ඨ ૛ࢇ + ૛
+࢈ ࢉ + ૚

ࢉ࢟ࢉ

≥ ૜ 

(Proved) 

 

118. For ࢈,ࢇ, ࢉ ≥ ૙ ∧ ࢇ + ࢈ + ࢉ = ૚. Prove: 

૝ࢇ + ૜࢈ + ࢉ + ૛(ࢇ૛࢈૛ + ૛ࢉ૛࢈ + (૛ࢇ૛ࢉ +
૛

૛ࢇ + ૛࢈ + ૛ࢉ
≥ ૜ 

Proposed by Nho Nguyen Van - Nghe An - Vietnam 

Solution by Do Huu Duc Thinh-Ho Chi Minh-Vietnam 

We have: ቄ ,࢈,ࢇ ࢉ ≥ ૙
ࢇ + ࢈ + ࢉ = ૚ ⇒ ,࢈,ࢇ ࢉ ∈ [૙;૚] ⇒ ૝ࢇ + ૜࢈ + ࢉ ≥ ૝ࢇ + ૝࢈ + ૝ࢉ ⇒ 
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⇒ ࡿࡴࡸ ≥෍ࢇ૝ + ૛෍ࢇ૛࢈૛ +
૛

૛ࢇ∑ = ቀ෍ࢇ૛ቁ
૛

+
૚

૛ࢇ∑ +
૚

૛ࢇ∑ ≥ ૜ 

The equality holds for (࢈,ࢇ, (ࢉ = (૚,૙,૙) and any cyclic permutations. 

 

119. Let ࢈,ࢇ, ࢇ be positive real numbers such that ࢊ,ࢉ + ࢈ + ࢉ + ࢊ = ૛. 

 Prove that: 

ࢇ

ඥ࢈ + ૜ࢇࢊࢉ√
+

࢈

ඥࢉ + ૜࢈ࢇࢊ√
+

ࢉ

ඥࢊ + ૜ࢉ࢈ࢇ√
+

ࢊ

ඥࢇ + ૜ࢊࢉ࢈√
≥ ૛. 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo ࢈,ࢇ, ࢇ ା de tal manera queࡾ números ࢊ,ࢉ + ࢈ + ࢉ + ࢊ = ૛. 

Probar que 
ࢇ

ඥ࢈ + ૜ࢇࢊࢉ√
+

࢈

ඥࢉ + ૜࢈ࢇࢊ√
+

ࢉ

ඥࢊ + ૜ࢉ࢈ࢇ√
+

ࢊ

ඥࢇ + ૜ࢊࢉ࢈√
≥ ૛. 

Por la desigualdad de Holder 

ቆ෍
ࢇ

ඥ࢈ + ૜ࢇࢊࢉ√
ቇ
૛

ቀࢇ൫࢈ + ૜ࢇࢊࢉ√ ൯ + +ࢉ൫࢈ ૜࢈ࢇࢊ√ ൯ + +ࢊ൫ࢉ ૜ࢉ࢈ࢇ√ ൯ + ࢇ൫ࢊ + ૜ࢊࢉ࢈√ ൯ቁ ≥ 

≥ +ࢇ) ࢈ + ࢉ + ૜(ࢊ = ૡ 

Es suficiente demostrar que 

࢈൫ࢇ + ૜ࢇࢊࢉ√ ൯ + ࢉ൫࢈ + ૜࢈ࢇࢊ√ ൯ + +ࢉ൫ࢉ ૜ࢉ࢈ࢇ√ ൯ + ࢇ൫ࢊ + ૜ࢊࢉ࢈√ ൯ ≤ ૛   (A) 

Aplicando MA ≥ MG 

࢈൫ࢇ + ૜ࢇࢊࢉ√ ൯ ≤ ࢇ ൬࢈ +
ࢉ + ࢊ + ࢇ

૜
൰ = ቆࢇ

૛࢈ + ࢇ) + ࢈ + ࢉ + (ࢊ
૜

ቇ = 

=
࢈૛)ࢇ + ૛)

૜ =
૛࢈ࢇ
૜ +

૛ࢇ
૜  
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⇔ ࢉ൫࢈ + ૜࢈ࢇࢊ√ ൯ ≤
ࢉ૛)࢈ + ૛)

૜
=
૛ࢉ࢈
૜

+
૛࢈
૜

 

+ࢊ൫ࢉ ૜ࢉ࢈ࢇ√ ൯ ≤
ࢊ૛)ࢉ + ૛)

૜
=
૛ࢉࢊ
૜

+
૛ࢉ
૜

 

ࢇ൫ࢊ + ૜ࢊࢉ࢈√ ൯ ≤
૛ࢊࢇ
૜

+
૛ࢊ
૜

 

⇔෍ࢇ൫࢈ + ૜ࢇࢊࢉ√ ൯ ≤
૛(ࢇ + ࢈ + ࢉ + (ࢊ

૜ +
૛(࢈ࢇ + ࢉ࢈ + ࢊࢉ + (ࢊࢇ

૜ = 

= ૝
૜

+ ૛(ࢇାࢉ)(࢈ାࢊ)
૜

≤ ૝
૜

+ ૛
૜
⋅ ૛(ࢇା࢈ାࢉାࢊ)૛

૝
= ૛  (LQQD) 

Por lo tanto → ቌ∑ ࢇ

ට࢈ା ૜ࢇࢊࢉ√
ቍ

૛

≥ ૡ
࡭
≥ ૝ ⇔ ∑ ࢇ

ට࢈ା ૜ࢇࢊࢉ√
≥ ૛ 

Solution 2 by Sanong Haueray-Nakonpathom-Thailand 

Leading fact when ࢈,ࢇ, ࢊ,ࢉ ∈ ࢇ,ାࡾ + ࢈ + ࢉ + ࢊ = ૛ 

ࢇ)+ + ࢈ + ࢉ + ૜(ࢊ ≥ ૝૛(ࢇ૛࢈ + ࢉ૛࢈ + ࢊ૛ࢉ +  (ࢇ૛ࢊ
ૡ
૚૟

=
૚
૛
≥ ࢈૝ࢇ + ࢉ૛࢈ + +ࢊ૛ࢉ  ࢇ૛ࢊ

૛(ࢇ + ࢈ + ࢉ + ૢ(ࢊ ≥ ૝ૡ(ࢇૠࢊࢉ + ࢇࢊૠ࢈ + ࢈ࢇૠࢉ +  (ࢉ࢈ૠ࢈
૚
૛ૠ

≥ ࢊࢉૠࢇ) + ࢇࢊૠ࢈ + ࢈ࢊૠࢉ +  (ࢉ࢈ૠࢊ

૚
૛
≥ ඥࢇૠࢊࢉ૜ + ඥ࢈ૠࢇࢊ૜ + ඥࢉૠ࢈ࢇ૜ + ඥࢊૠࢉ࢈૜  

Consider 

ࢇ

ඥ࢈+ ૜ࢇࢊࢉ√
+

࢈

ඥࢉ + ૜࢈ࢇࢊ√
+ ⋯+

ࢊ

ඥࢇ+ ૜ࢊࢉ࢈√
= 

=
૛ࢇ

࢈ඥࢇ + ૜ࢇࢊࢉ√
+⋯+

૛ࢊ

+ࢇඥࢊ ૜ࢊࢉ࢈√
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≥
ࢇ) + ࢈ + ࢉ + ૛(ࢊ

ඥࢇ૛࢈ + ૜ࢇࢊࢉ√૛ࢇ +⋯+ ඥࢊ૛ࢇ + ૜ࢊࢉ࢈√૛ࢊ
 

≥
૝

ට૝൫ࢇ૛࢈ + ࢉ૛࢈ + ࢊ૛ࢉ + ࢇ૛ࢊ + ૜ࢇࢊࢉ√૛ࢇ + ⋯+ ૜ࢊࢉ࢈√૛ࢊ ൯
 

≥
૝

૛ට૚૛+ ૚
૛

= ૛ 

 

120. If ࢈,ࢇ, ࢉ > ૙,ࢇ + ࢈ + ࢉ = ૜ then: 

෍ቀ૛ࢇ + ඥ૛࢈ାࢉା૛ቁ ≥ ૚ૡ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Abdul Aziz-Semarang-Indonesia 

Let ࢞ = ૛ࢇ, ࢟ = ૛࢈, ࢠ = ૛ࢋ 

Then ࢇ + ࢈ + ࢉ = ૜ ⇔ (ࢠ࢟࢞)૛܏ܗܔ = ૜ ⇔ ࢠ࢟࢞ = ૡ 

Now, 

૛ࢇ + ૛࢈ + ૛ࢉ + ૛ ⋅ ૛
ࢉା࢈
૛ + ૛ ⋅ ૛

ࢉାࢇ
૛ + ૛ ⋅ ૛

࢈ାࢇ
૛  

= ࢞ + +࢟ ࢠ + ૛ඥ࢟࢞+ ૛ඥࢠ࢟+ ૛√ࢠ࢞ 

= ൫√࢞ + ඥ࢟ + ൯ࢠ√
૛
≥ ൫૜ඥࢠ࢟࢞૟ ൯

૛
= ૢ ⋅ ඥࢠ࢟࢞૜ = ૢ ⋅ ૛ = ૚ૡ 

Equality holds when ࢇ = ࢈ = ࢉ = ૚ 

Solution 2 by Chris Kyriazis-Greece 

Using only AM-GM, we have 

෍ቀ૛ࢇ + ඥ૛࢈ାࢉା૛ቁ ≥ ૜ඥ૛ࢇା࢈ାࢉ૜ + ૜ඥ૛ࢇା࢈ାࢉା૜૜ = 
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ୀ૜ࢉା࢈ାࢇ= ૜ ⋅ ૛ + ૜ ⋅ ૛૛ = ૚ૡ 

Solution 3 by Ravi Prakash-New Delhi-India 

Let (࢞)ࢌ = ૛࢞ + ૛√૞ି࢞, ૙ ≤ ࢞ ≤ ૜ 

(࢞)ᇱࢌ = ૛࢞ ૛ܖܔ + ቀ૛√૞ି࢞ ૛ቁܖܔ ൬
−૚

√૞ − ૛࢞ ൰ 

= ܖܔ) ૛) ൥૛࢞ −
૛√૞ି࢞

√૞ − ૛࢞ ൩ ,૙ < ࢞ < ૜ 

(࢞)ᇱࢌ = ૙ if ࢞ = ૚ 

(࢞)ࢌܖܑܕ =  {(૜)ࢌ,(૚)ࢌ,(૙)ࢌ}ܖܑܕ

= (૚)ࢌ = ૟ 

Now, 

෍ቀ૛ࢇ + ૛√࢈ାࢉା૛ቁ = ෍ቀ૛ࢇ + ૛√૞ିࢇቁ ≥ ૜(૟) = ૚ૡ 

Solution 4 by Ngo Minh Ngoc Bao-Vietnam 

∑൫૛ࢇ + √૛࢈ାࢉା૛൯ ≥ ૚ૡ  (*) 

(*) ⇔ ∑൫૛ࢇ + √૛૞ିࢇ൯ ≥ ૚ૡ 

Considering function (ࢇ)ࢌ = ૛ࢇ + √૛૞ି∀,ࢇ	ࢇ ∈ (૙,૜) 

⇒ (ࢇ)ᇱࢌ = ૛ࢇ ܖܔ ૛ −
૛૝ିࢇ ܖܔ ૛
√૛૞ିࢇ

 

(ࢇ)ᇱࢌ = ૙ ⇔ ࢇ = ૚ 

 

 ૙                                                               ૚                                                       ૜ ࢇ

 +                               ૙                               −                                (ࢇ)ᇱࢌ

 ૟       (ࢇ)ࢌ
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Similarly (࢈)ࢌ, (ࢉ)ࢌ ≥ ૟ ⇒ ∑൫૛ࢇ + √૛࢈ାࢉା૛൯ ≥ ૚ૡ 

Solution 5 by Soumitra Mandal-Chandar Nagore-India 

By AM ≥ GM 

෍૛ࢇ

ࢉ࢟ࢉ

+෍ඥ૛࢈ାࢉା૛
ࢉ࢟ࢉ

≥ ૜ ⋅ ૛
ࢉା࢈ାࢇ

૜ + ૜ ⋅ ૛
(ା૛ࢉା࢈)∑

૟  

= ૜ ⋅ ૛ + ૜ ⋅ ૛
ା૜ࢉା࢈ାࢇ

૜ = ૟ + ૚૛ = ૚ૡ 

(Proved) 

 

121. Given ࢈,ࢇ	&	ࢉ > ૙ such that ࢇ૜ + ૜࢈ + ૜ࢉ = ૜ 

Prove that 

૞ࢇ + ૚
૛࢈ + ࢉ

+
૞࢈ + ૚
૛ࢉ + ࢇ

+
૞ࢉ + ૚
૛ࢇ + ࢈

≥ ૜ 

Proposed by Imad Zak-Saida-Lebanon 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Dado que ࢉ,࢈,ࢇ > 0 de tal manera que ࢇ૜ + ૜࢈ + ૜ࢉ = ૜. Probar que 

૞ࢇ + ૚
૛࢈ + ࢉ

+
૞࢈ + ૚
૛ࢉ + ࢇ

+
૞ࢉ + ૚
૛ࢇ + ࢈

≥ ૜ 

Por la desigualdad de Holder 

૜ࢇ) + ૜࢈ + ૜)(૚ࢉ + ૚ + ૚)(૚ + ૚ + ૚) ≥ ࢇ) + ࢈ + ૜(ࢉ ⇔ ૜ ≥ ࢇ + ࢈ +  ࢉ
૜ࢇ) + ૜࢈ + ૜ࢇ)(૜ࢉ + ૜࢈ + ૜)(૚ࢉ + ૚ + ૚) ≥ ૛ࢇ) + ૛࢈ + ૛)૜ࢉ ⇔ ૜ ≥ ૛ࢇ + ૛࢈ +  ૛ࢉ

૜ࢇ) + ૜࢈ + ૜࢈)(૜ࢉ + ૜ࢉ + ૜)(૚ࢇ + ૚ + ૚) ≥ ࢈ࢇ) + ࢉ࢈ + ⇔૜(ࢇࢉ ૜≥ ࢈ࢇ ࢉ࢈+ +  ࢇࢉ
Por ࡭ࡹ ≥  ࡳࡹ

૜࢈ + ૜࢈ + ૜ࢇ ≥ ૜࢈૛ࢇ  (M) 

૜ࢉ + ૜ࢉ + ૜࢈ ≥ ૜ࢉ૛࢈   (N) 
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૜ࢇ + ૜ࢇ + ૜ࢉ ≥ ૜ࢇ૛ࢉ   (P) 

Sumando (M) + (N) + (P) → ૜(ࢇ૜ + ૜࢈ + (૜ࢉ ≥ ૜࢈૛ࢇ + ૜ࢉ૛࢈ + ૜ࢇ૛ࢉ ⇔ 

⇔ ૜ ≥ ࢇ૛࢈ + ࢈૛ࢉ +  ࢉ૛ࢇ

Aplicando la desigualdad de Cauchy 

૞ࢇ

૛࢈ + ࢉ +
૞࢈

૛ࢉ + ࢇ +
૞ࢉ

૛ࢇ + ࢈ ≥
૜ࢇ) + ૜࢈ + ૜)૛ࢉ

ࢇ૛࢈ + ࢈૛ࢉ + ࢉ૛ࢇ + ࢇ + ࢈ + ࢉ = 

= ૢ
ࢉା࢈ାࢇାࢉ૛ࢇା࢈૛ࢉାࢇ૛࢈

≥ ૢ
૜ା૜

= ૜
૛

   (A) 

૚
ࢉ૛ା࢈

+ ૚
ࢇ૛ାࢉ

+ ૚
࢈૛ାࢇ

≥ ૢ
ࢉା࢈ାࢇ૛ାࢉ૛ା࢈૛ାࢇ

≥ ૢ
૜ା૜

= ૜
૛
 (B) 

Sumando (A) + (B) → ૞ା૚ࢇ
ࢉ૛ା࢈

+ ૞ା૚࢈
ࢇ૛ାࢉ

+ ૞ା૚ࢉ
࢈૛ାࢇ

≥ ૜  (LQQD) 

Solution 2 by Sanong Hauerai-Nakonpathom-Thailand 

Give ࢈,ࢇ, ࢉ > ૙ and ࢇ૜ + ૜࢈ +  ૜ࢉ

Prove that ࢇ
૞ା૚
ࢉ૛ା࢈

+ ૞ା૚࢈
ࢇ૛ାࢉ

+ ૞ା૚ࢉ
࢈૛ାࢇ

≥ ૜ 

Consider (ࢇ + ࢈ + ૜(ࢉ ≤ ૜ࢇ)ૢ + ૜࢈ + ૜)૜ࢉ = ૛ૠ 

Hence ࢇ + ࢈ + ࢉ ≤ ૜ 

And (ࢇ૜ + ૜࢈ + ࢇ)(૜ࢉ + ࢈ + (ࢉ ≥ ૛ࢇ) + ૛࢈ +  ૛)૛ࢉ

Hence ૜(ࢇ + ࢈ + (ࢉ ≥ ૛ࢇ) + ૛࢈ +  ૛)૛ࢉ

√૜	 × 	૜ ≥ ඥ૜(ࢇ + ࢈ + (ࢉ ≥ ૛ࢇ + ૛࢈ +  ૛ࢉ

Hence ࢇ૛ + ૛࢈ + ૛ࢉ ≤ ૜ 

૛ࢇ + ࢈ + ૛࢈ + ࢉ + ૛ࢉ + ࢇ ≤  ࢈
૚

࢈૛ାࢇ
+ ૚

ࢉ૛ା࢈
+ ૚

ࢇ૛ାࢉ
≥ ૜

૛
… (A) 

૞ࢇ

૛࢈ + ࢉ
+

૞࢈

૛ࢉ + ࢇ
+

૞ࢉ

૛ࢇ + ࢈
=

૟ࢇ

૛࢈ࢇ + ࢉࢇ
+

૟࢈

૛ࢉ࢈ + ࢈ࢇ
+

૟ࢉ

૛ࢇࢉ + ࢉ࢈
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≥ ൫ࢇ૜ା࢈૛ାࢉ૛൯
૛

ቀ(࢈ࢇ૛ାࢉ࢈૛ାࢇࢉ૛)ା(࢈ࢇାࢉ࢈ାࢇࢉ)ቁ
≥ ૢ

૟
= ૜

૛
 … (B) 

Because ૜ = ૜ࢇ + ૛࢈ + ૛ࢉ ≥ ૛࢈ࢇ + ૛ࢉ࢈ +  ૛ࢇࢉ

૜ ≥ ࢇ + ࢈ + ࢉ ≥ ࢈ࢇ + ࢉ࢈ +  ࢇࢉ

Therefore ࢇ
૞ା૚
ࢉ૛ା࢈

+ ૞ା૚࢈
ࢇ૛ାࢉ

+ ૞ା૚ࢉ
࢈૛ାࢇ

≥ ૜....(࡭ +  (࡮

 

122. If ࢈,ࢇ, ࢊ,ࢉ > ૙,ࢇ + ࢈ + ࢉ + ࢊ = ૜ then: 

૛ૠ + ૜(ࢉ࢈ࢇ + ࢊ࢈ࢇ + ࢊࢉࢇ + (ࢊࢉ࢈ ≥ ૜ࢇ + ૜࢈ + ૜ࢉ + ૜ࢊ + ૞૝√ࢊࢉ࢈ࢇ 

Proposed by Daniel Sitaru – Romania  

Solution  by Kevin Soto Palacios – Huarmey – Peru  

Si ࢈,ࢇ, ࢊ,ࢉ > ૙, de tal manera que ࢇ + ࢈ + ࢉ + ࢊ = ૜. Probar que 

૛ૠ + ૜(ࢉ࢈ࢇ + ࢊ࢈ࢇ + ࢊࢉࢇ + (ࢊࢉ࢈ ≥ ૜ࢇ + ૜࢈ + ૜ࢉ + ૜ࢊ + ૞૝√ࢊࢉ࢈ࢇ 

Sabemos la siguiente identidad 

࢞) + ૜(࢟ = ૜࢞ + ૜࢟ + ૜࢞)࢟࢞ + ࢞ donde ,(࢟ = ࢇ + ࢟,࢈ = ࢉ +  ࢊ
⇔ +ࢇ) ࢈ + ࢉ + ૜(ࢊ = +ࢇ) ૜(࢈ + ࢉ) + ૜(ࢊ + ૜(ࢇ+ ࢉ)(࢈ + +ࢇ)(ࢊ ࢈ + ࢉ +  (ࢊ

⇔ ૛ૠ = ૜ࢇ + ૜࢈ + ૜ࢉ + ૜ࢊ + ૜ࢇ)࢈ࢇ+ (࢈ + ૜ࢉ)ࢊࢉ + (ࢊ + ࢇ)ૢ + +ࢉ)(࢈  (ࢊ

⇔ ૛ૠ = ૜ࢇ + ૜࢈ + ૜ࢉ + ૜ࢊ + ૜ࢇ)࢈ࢇ+ (࢈ + ૜ࢉ)ࢊࢉ+ (ࢊ + ࢉࢇ)ૢ + ࢊࢇ + ࢉ࢈ +  (ࢊ࢈

⇔ ૛ૠ+ ૜(ࢉ࢈ࢇ+ ࢊ࢈ࢇ + ࢊࢉࢇ + (ࢊࢉ࢈ = ෍ࢇ૜ + ૜ࢇ)࢈ࢇ + ࢈ + ࢉ + (ࢊ + ૜ࢇ)ࢊࢉ + ࢈ + ࢉ + (ࢊ + 

ࢉࢇ)ૢ+ + ࢊࢇ + ࢉ࢈ +  (ࢊ࢈

⇔ ૛ૠ + ૜(ࢉ࢈ࢇ+ ࢊ࢈ࢇ + ࢊࢉࢇ + (ࢊࢉ࢈ = ૜ࢇ + ૜࢈ + ૜ࢉ + ૜ࢊ + +࢈ࢇ)ૢ ࢊࢉ + ࢉࢇ + ࢊࢇ + ࢉ࢈ +  (ࢊ࢈

Es suficiente demostrar lo siguiente 

࢈ࢇ)ૢ + ࢉࢇ + ࢊࢇ + ࢉ࢈ + ࢊ࢈ + (ࢊࢉ ≥ ૞૝√ࢊࢉ࢈ࢇ ⇔ 

⇔ (Lo cual es válido por MA ≥ MG) 
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123. If ࢈,ࢇ, ࢉ > ૙ then: 

෍ቆ
૛(૚ࢇ + (૛࢈
૚+ ࢇ

ቇ ⋅ ቆ
૛(૚࢈ + (૛ࢇ
૚ + ࢈

ቇ ≥ ૝൫૜ − ૛√૛൯ࢇ)ࢉ࢈ࢇ + ࢈ +  (ࢉ

Proposed by Daniel Sitaru – Romania  

Solution by Redwane El Mellas-Morroco 

∴ ∑ ૛ା૚൯ࢇ૛൫࢈૛ା૚൯࢈૛൫ࢇ
(ା૚࢈)(ା૚ࢇ) = ∑ ૛(࢈ࢇ)

(శ૚࢈)(శ૚ࢇ)
൫ࢇ૛శ૚൯൫࢈૛శ૚൯

≥
࢟ࢎࢉ࢛ࢇ࡯ ૛(࢈ࢇ∑)

∑ (శ૚࢈)(శ૚ࢇ)
൫ࢇ૛శ૚൯൫࢈૛శ૚൯

  

Let ࢞)ࢌ > ૙) = ା૚࢞
૛ା૚࢞

 

Since ࢌᇱ(࢞) = − ૚ି࢞૛ା૛࢞
૛(૛ା૚࢞) = −

ቀି࢞൫√૛ି૚൯ቁቀ࢞ା൫√૛ା૚൯ቁ

૛(૛ା૚࢞)  

⇒ ૙ < ࢞)ࢌ > ૙) ≤ ൫√૛ࢌ − ૚൯ =
√૛

૝ − ૛√૛
 

So, 

૚

∑ ࢇ) + ૚)(࢈ + ૚)
૛ࢇ) + ૚)(࢈૛ + ૚)

=
૚

(࢈)ࢌ(ࢇ)ࢌ∑ ≥
૚

૜ቆ √૛
૝ − ૛√૛

ቇ
૛ =

૝൫૜ − ૛√૛൯
૜  

Also, [૛,૛,૙] ≥ [૛,૚,૚] ⇒ ૛(࢈ࢇ∑) = ૛(࢈ࢇ)∑ + ૛∑ࢇ૛ࢉ࢈ ≥ ૜∑ࢇ૛ࢉ࢈ 

Finally, 

෍
૛࢈)૛ࢇ + ૚)࢈૛(ࢇ૛ + ૚)

ࢇ) + ૚)(࢈ + ૚) ≥ ૝൫૜ − ૛√૛൯෍ࢇ૛ࢉ࢈ = ૝൫૜ − ૛√૛൯ࢉ࢈ࢇ෍ࢇ 

 

124. Prove that for any positive real numbers ࢈,ࢇ, ,ࢉ ,࢟,࢞  ࢠ

૜ࢇ) + ૜࢞૜)(࢈૜ + ૜࢟૜)(ࢉ૜ + ૜ࢠ૜) ≥ ࢠ࢟ࢇ) + ࢞ࢠ࢈ + ࢟࢞ࢉ +  ૜(ࢠ࢟࢞

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Nirapada Pal-Jhargram-India 
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૜ࢇ)] + ૜࢞૜)(࢈૜ + ૜࢟૜)(ࢉ૜ + ૜ࢠ૜)]
૚
૜ 

= ૜ࢇ) + ૜࢞૜)
૚
૜(࢈૜ + ૜࢟૜)

૚
૜(ࢉ૜ + ૜ࢠ૜)

૚
૜ 

= ࢠ࢟࢞ ൤ቀࢇ
࢞
ቁ
૜

+ ૚૜ + ૚૜ + ૚૜൨
૚
૜
൤૚૜ + ቀ࢈

࢟
ቁ
૜

+ ૚૜ + ૚૜൨
૚
૜
൤૚૜ + ૚૜ + ቀࢉ

ࢠ
ቁ
૜

+ ૚૜൨
૚
૜
  

≥⏞
࢘ࢋࢊ࢒࢕ࡴ

ࢠ࢟࢞ ൬
ࢇ
࢞ +

࢈
࢟ +

ࢉ
ࢠ + ૚൰ = ࢠ࢟ࢇ) + ࢞ࢠ࢈ + ࢟࢞ࢉ +  (ࢠ࢟࢞

∴ ૜ࢇ) + ૜࢞૜)(࢈૜ + ૜࢟૜)(ࢉ૜ + ૜ࢠ૜) ≥ ࢠ࢟ࢇ) + ࢞ࢠ࢈ + ࢟࢞ࢉ +  ૜(ࢠ࢟࢞

Solution 2 by Fotini Kaldi-Greece 

Holder 
+ࢠ࢟ࢇ) ࢞ࢠ࢈ + ࢟࢞ࢉ + ૜(ࢠ࢟࢞ ≤ ૜ࢇ) + ૜࢞ + ૜࢞ + ૜࢈)(૜࢞ + ૜࢟ + ૜࢟ + ૜ࢉ૜൫࢟ + ૜ࢠ + ૜ࢠ +  ૜൯ࢠ

“=” ⇔ ࢇ
࢟

= ࢞
࢈

= ࢞
࢟
∧ ࢇ
ࢠ

= ࢞
ࢠ

= ࢞
ࢉ
⇔ ࢈ = ࢟ ∧ ࢇ = ࢞ ∧ ࢠ =  ࢉ

Solution 3 by Uche Eliezer Okeke-Anambra-Nigeria 

ࡿࡴࡸ = ෑ(ࢇ૜ + ૜࢞ + ૜࢞ + (૜࢞
ࢉ࢟ࢉ

≥⏞
࢘ࢋࢊ࢒࢕ࡴ

ቐ෍[ࢇ૜࢟૜ࢠ૜]
૚
૜

ࢉ࢟ࢉ

ቑ

૜

 

= ࢠ࢟ࢇ) + ࢞ࢠ࢈ + ࢟࢞ࢉ +  ૜(ࢠ࢟࢞

 

125. Let ࢈,ࢇ,  be positive real numbers such that ࢉ

૛ࢇ + ૛࢈ + ૛ࢉ + ࢉ࢈ࢇ = ૝. 

Prove that 

ࢇ + ࢈ + ࢉ ≥ ࢉ࢈√ࢇ + ࢇࢉ√࢈ +  ࢈ࢇ√ࢉ

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo ࢈,ࢇ, ૛ࢇ ା de tal manera queࡾ números ࢉ + ૛࢈ + ૛ࢉ + ࢉ࢈ࢇ = ૝. 
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Probar que 

ࢇ + ࢈ + ࢉ ≥ ࢉ࢈√ࢇ + ࢇࢉ√࢈ +  ࢈ࢇ√ࢉ

En un triángulo ࡯࡮࡭ se cumple la siguiente identidad 

࡭૛ܛܗ܋ + ࡮૛ܛܗ܋ + ૛ܛܗ܋ ࡯ + ૛࡭ܛܗ܋ ࡮ܛܗ܋ ࡯ܛܗ܋ = ૚ 

Realizando las siguentes cambios de variables 

ࢇ = ૛ ܛܗ܋ ࢞ > ૙,࢈ = ૛ܛܗ܋ ࢟ > ૙,ࢉ = ૛ܛܗ܋ ࢠ > ૙ ⇔ 

⇔ (Válido en triángulo acutángulo) 

Las desigualdad pedida es equivalente 
ܛܗ܋ +࢞ ܛܗ܋ ࢟ + ܛܗ܋ ࢠ ≥ ૛ܛܗ܋ ܛܗ܋ඥ࢞ ࢟ ܛܗ܋ ࢠ + ૛ ܛܗ܋√࢟ܛܗ܋ ࢞ܛܗ܋ࢠ + ૛ ܛܗ܋ ܛܗ܋ඥࢠ ࢞ ܛܗ܋  ࢟

Aplicando la desigualdad Woltehnshome 

Siendo ࢖,࢔,࢓ números ࡾ ∧ ࢞ + ࢟ + ࢠ =  se verifica lo siguiente ࣊

૛࢓ + ૛࢔ + ૛࢖ ≥ ૛࢖࢔ ࢞ܛܗ܋ + ૛ܛܗ܋࢖࢓ ࢟ + ૛࢔࢓   donde ,ࢠܛܗ܋

࢓ = ࢞ܛܗ܋√ > ૙,࢔ = ඥ࢟ܛܗ܋ > ૙,࢖ = ܛܗ܋√ ࢠ > ૙ 

⇔ ܛܗ܋ ࢞ + ܛܗ܋ ࢟ + ࢠܛܗ܋ ≥ ૛ ܛܗ܋ ܛܗ܋ඥ࢞ ࢟ ࢠܛܗ܋ + ૛ ܛܗ܋√࢟ܛܗ܋ ࢠ ࢞ܛܗ܋ + ૛ ࢠܛܗ܋ ඥ࢞ܛܗ܋  ࢟ܛܗ܋

(LQQD) 

Solution 2 by Imad Zak-Saida-Lebanon 

ቀ෍ࢇ૛ቁ + ࢉ࢈ࢇ = ૝ ⇒⏞
ࡹࡳିࡹ࡭

૝ ≥ ࢘ + ૜࢘
૛
૜ 

⇔ ൫√࢘૜ + ૛൯
૛
൫૚ − ૜࢘√ ൯ ≥ ૙ ⇒ ࢘ ≤ ૚ 

Moreover ∑ࢇ૛ + ࢉ࢈ࢇ = ૝ ⇒ ࢘ = ૝ −  ૛ࢇ∑

= ૝ − ૛࢖) − ૛ૢ) 

= ૝ − ૛࢖ + ૛ૢ ≤ ૚ 

but ૛ૢ ≤ ૛࢖૛

૜
⇒ ૝ − ૛࢖ + ૛࢖૛

૜
≤ ૚ ⇒ ૜ ≤ ૛࢖

૜
⇒ ࢖ ≥ ૜ 
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Now ࢉ࢈√ࢇ + ࢇࢉ√࢈ + ࢈ࢇ√ࢉ = ࢇ√ ⋅ ࢘√ + ࢈√ ⋅ ࢘√ + ࢉ√ ⋅ ࢘√ ≤⏞
ࡿି࡮ି࡯

 

ࢇ√ + ࢈ + ࢉ ⋅ √૜࢘ ≤⏞
ஸ૚࢘

ඥ࢖ ⋅ √૜ = ඥ૜࢖ 

we need to prove ඥ૜࢖ ≤ ࢖ ⇔ ૜ ≤   true ࢖

<< = >> at (૚;૚;૚) 

Solution 3 by Marian Dincă – Romania  

Let ࢇ
૛

= ࢻܛܗ܋ , ࢈
૛

= ࢼܛܗ܋ , ࢉ
૛

= ܛܗ܋ ࢽ ,ࢼ,ࢻ,  the angles acute triangle ࢽ

Let: ࢻ = ࡭ି࣊
૛

ࢼ, = ࡮ି࣊
૛

, ࢽ = ࡯ି࣊
૛

 the angles of triangle ࡯,࡮,࡭,

Result:  ࢻ = ૛ ܖܑܛ ࡭
૛

࢈, = ૛ܖܑܛ ࡮
૛

, ࢉ = ૛ ܖܑܛ ࡯
૛

 

The inequality is equivalent to: 

૛ ܖܑܛ
࡭
૛

+ ૛ ܖܑܛ
࡮
૛

+ ૛ܖܑܛ
࡯
૛
≥ ෍ ૛ ܖܑܛ

࡭
૛
ඨ૛ ܖܑܛ

࡮
૛
⋅ ૛ ܖܑܛ

࡯
૛

ࢉ࢏࢒ࢉ࢏ࢉ

 

or: ૚
૛
ቀܖܑܛ ࡭

૛
+ ࡮ܖܑܛ

૛
+ ܖܑܛ ࡯

૛
ቁ ≥ ∑ ܖܑܛ ࡭

૛ࢉ࢏࢒ࢉ࢏ࢉ ට࡮ܖܑܛ
૛
⋅ ܖܑܛ ࡯

૛
 

ܖܑܛ ࡮
૛
⋅ ܖܑܛ ࡯

૛
≤ ૛ܖܑܛ ቀ࡮ା࡯

૝
ቁ and similarly 

we obtain: 

෍ ܖܑܛ
࡭
૛
ඨܖܑܛ

࡮
૛
⋅ ܖܑܛ

࡯
૛

ࢉ࢏࢒ࢉ࢟ࢉ

≤ ෍ ܖܑܛ
࡭
૛
ܖܑܛ ൬

࡮ + ࡯
૝

൰
ࢉ࢏࢒ࢉ࢟ࢉ

 

and use Cebyshev inequality, result: 

෍ ܖܑܛ
࡭
૛
ܖܑܛ ൬

࡮ + ࡯
૝

൰
ࢉ࢏࢒ࢉ࢟ࢉ

≤
૚
૜
൭෍ ܖܑܛ

࡭
૛

ࢉ࢏࢒ࢉ࢏ࢉ

൱൭෍ ܖܑܛ ൬
࡮ + ࡯
૝

൰
ࢉ࢏࢒ࢉ࢏ࢉ

൱ 
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and: ૚
૜
ቀ∑ ܖܑܛ ቀ࡮ା࡯

૝
ቁࢉ࢏࢒ࢉ࢏ࢉ ቁ ≤ ܖܑܛ ቆ

∑ ቀ࡮శ࡯૝ ቁࢉ࢏࢒ࢉ࢏ࢉ

૜
ቇ = ܖܑܛ ቀ࡭ା࡮ା࡯

૟
ቁ = ૚

૛
 

Jensen inequality 

 

126. If ࢈,ࢇ, ࢉ > ૙,ࢇ + ࢈ + ࢉ = ૚ then: 

ࢇ૛ࢇ + ࢈૛࢈ + ࢉ૛ࢉ +
૝
૜
൫ࢇࢉࢉ࢈࢈ࢇ + ൯࢈ࢉࢇ࢈ࢉࢇ ≤ ૚ 

Proposed by Hung Nguyen Viet – Hanoi – Vietnam  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Siendo ࢈,ࢇ, ࢉ > 0 de tal manera que ࢇ + ࢈ + ࢉ = ૚. Probar que 

ࢉ૛ࢉ࢈૛࢈ࢇ૛ࢇ +
૝
૜
൫ࢇࢉࢉ࢈࢈ࢇ + ൯࢈ࢉࢇ࢈ࢉࢇ ≤ ૚ 

Siendo → ૜ࢇ,૛ࢇ,૚ࢇ ࢔ࢇ… > 0, ,૛࢞,૚࢞ ૜࢞ ࢔࢞… > 0 ∧ ૚ࢇ + ૛ࢇ + ૜ࢇ + ⋯+ ࢔ࢇ = ૚ 

Se cumple  la siguiente desigualdad 

૚࢞
૚ࢇ ⋅ ૛࢞

૛ࢇ ⋅ ૜࢞
૜ࢇ ࢔࢞…

࢔ࢇ ≤ ૚࢞૚ࢇ + ૛࢞૛ࢇ + ૜࢞૜ࢇ + ⋯+  ࢔࢞࢔ࢇ

Para ࢔ = ૜ 

ࢉࢉ࢈࢈ࢇࢇ (1 ≤ ૛ࢇ + ૛࢈ + ૛ࢉ ⇔ 

⇔ ࢉ૛ࢉ࢈૛࢈ࢇ૛ࢇ ≤ ૛ࢇ) + ૛࢈ + ૛)૛ࢉ = ቀ(ࢇ + ࢈ + ૛(ࢉ − ૛(࢈ࢇ + ࢉ࢈ + ቁ(ࢇࢉ
૛

 

⇔ ࢉ૛ࢉ࢈૛࢈ࢇ૛ࢇ ≤ ൫૚ − ૛(࢈ࢇ + ࢉ࢈ + ൯(ࢇࢉ
૛

= 

= ૚ − ૝(࢈ࢇ + ࢉ࢈ + (ࢇࢉ + ૝(࢈ࢇ + ࢉ࢈ +  ૛  (A)(ࢇࢉ

ࢇࢉࢉ࢈࢈ࢇ (2 ≤ ࢈ࢇ + ࢉ࢈ +  ,(B) ࢇࢉ

࢈ࢉࢇ࢈ࢉࢇ (3 ≤ ࢇࢉ + ࢈ࢇ +  (C)  ࢉ࢈

De (A), (B), (C) 

ࢉ૛ࢉ࢈૛࢈ࢇ૛ࢇ +
૝
૜
൫ࢇࢉࢉ࢈࢈ࢇ + ൯࢈ࢉࢇ࢈ࢉࢇ ≤ ૚ − ૝(࢈ࢇ+ +ࢉ࢈ (ࢇࢉ + ૝(࢈ࢇ + ࢉ࢈ + ૛(ࢇࢉ +

ૡ
૜

+࢈ࢇ) +ࢉ࢈  (ࢇࢉ
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ࢉ૛ࢉ࢈૛࢈ࢇ૛ࢇ +
૝
૜ ൫ࢇ

ࢇࢉࢉ࢈࢈ + ൯࢈ࢉࢇ࢈ࢉࢇ ≤ ૚ + ૝(࢈ࢇ+ ࢉ࢈ + ࢈ࢇ)ቆ(ࢇࢉ + ࢉ࢈ + −(ࢇࢉ
૚
૜ቇ ≤ ૚ 

Lo cual es cierto ya que → ࢈ࢇ + ࢉ࢈ + ࢇࢉ ≤ ૛(ࢉା࢈ାࢇ)

૜
= ૚

૜
∧ ࢈ࢇ + ࢉ࢈ + ࢇࢉ > 0 

 

127. Prove that if ࢞, ,࢟ ࢠ ∈ (૚,∞) then: 

෍൬
࢞ܖܔ

࢟ܖܔ ࢠܖܔ
+

࢟ܖܔ
ܖܔ ࢞ ܖܔ ࢠ

൰ ≥
૚ૡ

 (ࢠ࢟࢞)ܖܔ

Proposed by Daniel Sitaru – Romania 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar para todo ࢟,࢞, ࢠ ∈< ૚,∞ > lo siguiente 

෍൬
࢞ܖܔ

࢟ܖܔ ࢠܖܔ
+

࢟ܖܔ
ܖܔ ࢞ ܖܔ ࢠ

൰ ≥
૚ૡ

 (ࢠ࢟࢞)ܖܔ

De las condiciones se puede deducir que 

ࢇ = ܖܔ ࢞ > ૙,࢈ = ܖܔ ࢟ > ૙, ࢉ = ܖܔ ࢠ > ૙ ⇔ ࢇ + ࢈ + ࢉ =  (ࢠ࢟࢞)ܖܔ

La desigualdad propuesta es equivalente 

൬
ࢇ
ࢉ࢈

+
࢈
ࢇࢉ
൰ + ൬

࢈
ࢇࢉ

+
ࢉ
࢈ࢇ

൰ + ቀ
ࢉ
࢈ࢇ

+
ࢇ
ࢉ࢈
ቁ ≥

૚ૡ
ࢇ + ࢈ + ࢉ

 

⇔ ቀ ࢇ
ࢉ࢈

+ ࢈
ࢇࢉ

+ ࢉ
࢈ࢇ
ቁ ࢇ) + ࢈ + (ࢉ ≥ ૢ   (A) 

Aplicando la desigualdad de Cauchy y MA ≥ MG en (A) 

൬
ࢇ
ࢉ࢈ +

࢈
ࢇࢉ +

ࢉ
൰࢈ࢇ

+ࢇ) ࢈ + (ࢉ ≥
ࢇ) + ࢈ + ૛(ࢉ

૜ࢉ࢈ࢇ ⋅ +ࢇ) ࢈ + (ࢉ =
+ࢇ) ࢈ + ૜(ࢉ

૜ࢉ࢈ࢇ ≥ ૢ 

(LQQD) 

Solution 2 by Nirapada Pal-Jhargram-India 

Let ܖܔ ࢞ = ,ࢇ ܖܔ ࢟ = ,࢈ ܖܔ ࢠ =  ࢉ

Since ࢞, ,࢟ ࢠ > ૚ so ࢈,ࢇ, ࢉ > ૙ 

Now the inequality reduces to 
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෍൬
ࢇ
ࢉ࢈

+
࢈
ࢇࢉ
൰ ≥

૚ૡ
ࢇ + ࢈ + ࢉ

 

LHS = ∑ቀ ࢇ
ࢉ࢈

+ ࢈
ࢇࢉ
ቁ 

= ෍
૛ࢇ + ૛࢈

ࢉ࢈ࢇ
 

≥ ∑ ૛࢈ࢇ
ࢉ࢈ࢇ

 . Since( ࡭૛ + ૛࡮ ≥ ૛࡮࡭) = ૛∑ ૚
ࢇ
 

≥⏞
ࡹࡴିࡹ࡭

	૛	 ×
ૢ

ࢇ + ࢈ + ࢉ
=

૚ૡ
ࢇ + ࢈ + ࢉ

 

∴ we get 

෍൬
࢞ܖܔ

࢟ܖܔ ܖܔ ࢠ +
ܖܔ ࢟

ܖܔ ࢠ ൰࢞ܖܔ ≥
૚ૡ

ܖܔ ࢞ + ࢟ܖܔ + ܖܔ ࢠ =
૚ૡ

 (ࢠ࢟࢞)ܖܔ

Solution 3 by Nirapada Pal-Jhargram-India 

Let ܖܔ ࢞ = ,ࢇ ܖܔ ࢟ = ,࢈ ܖܔ ࢠ =  ࢉ

Since ࢞, ,࢟ ࢠ > ૚ so ࢈,ࢇ, ࢉ > ૙ 

Now the inequality reduces to 

෍൬
ࢇ
ࢉ࢈

+
࢈
ࢇࢉ
൰ ≥

૚ૡ
ࢇ + ࢈ + ࢉ

 

LHS = ∑ቀ ࢇ
ࢉ࢈

+ ࢈
ࢇࢉ
ቁ = ૛∑ ࢇ

ࢉ࢈
= ૛

ࢉ࢈ࢇ
 ૛ࢇ∑

≥ ૛
ࢉ࢈ࢇ

૛࡭∑ Since ࢈ࢇ∑ ≥ ࡮࡭∑ = ૛∑ ૚
ࢇ

 

≥⏞
ࡹࡴିࡹ࡭

૛	 ×
ૢ

ࢇ + ࢈ + ࢉ
=

૚ૡ
ࢇ + ࢈ + ࢉ

 

∴ we get 

෍൬
࢞ܖܔ

࢟ܖܔ ܖܔ ࢠ
+

ܖܔ ࢟
ܖܔ ࢠ ࢞ܖܔ

൰ ≥
૚ૡ

ܖܔ ࢞ + ࢟ܖܔ + ܖܔ ࢠ
=

૚ૡ
 (ࢠ࢟࢞)ܖܔ

 

http://www.ssmrmh.ro


 
www.ssmrmh.ro 

 
Solution 4 by Nikolaos Skoutaris-Greece 

If ࢞, ,࢟ ࢠ ∈ (૚, +∞) 

(1) Prove ∑ ቀ ࢞ܖܔ
࢟ܖܔ ܖܔ ࢠ

+ ࢟ܖܔ
ࢠܖܔ⋅࢞ܖܔ

ቁ ≥ ૚ૡ
 (ࢠ࢟࢞)ܖܔ

-------------------------------------------------------- 

Let ࢇ = ܖܔ ࢞ ࢈, = ܖܔ ࢟ ࢉ, = ܖܔ  ࢠ

Then 

(1) becomes: 

൬
ࢇ
ࢉ࢈

+
࢈
ࢇࢉ
൰ + ൬

࢈
ࢇࢉ

+
ࢉ
࢈ࢇ

൰ + ቀ
ࢉ
࢈ࢇ

+
ࢇ
ࢉ࢈
ቁ ≥

૚ૡ
ࢇ + ࢈ + ࢉ

 

ࢇ
ࢉ࢈ +

࢈
ࢇࢉ =

૛ࢇ

ࢉ࢈ࢇ +
૛࢈

ࢉ࢈ࢇ ≥
ࢇ) + ૛(࢈

૛ࢉ࢈ࢇ ≥
૝࢈ࢇ
૛ࢉ࢈ࢇ =

૛
 ࢉ

࢈
ࢇࢉ

+
ࢉ
࢈ࢇ

=
૛࢈

ࢉ࢈ࢇ
+

૛ࢉ

ࢉ࢈ࢇ
≥

࢈) + ૛(ࢉ

૛ࢉ࢈ࢇ
≥
૝ࢉ࢈ࢇ
૛ࢉ࢈ࢇ

=
૛
ࢇ

 

ࢉ
࢈ࢇ

+
ࢇ
ࢉ࢈

=
૛ࢉ

ࢉ࢈ࢇ
+

૛ࢇ

ࢉ࢈ࢇ
≥

ࢉ) + ૛(ࢇ

૛ࢉ࢈ࢇ
≥

૝ࢉࢇ
૛ࢉ࢈ࢇ

=
૛
࢈

 

(+) 

 

LHS ≥ ૛ቀ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
ቁ = ૛ ⋅ ૜ ⋅

૚
ାࢇ

૚
ା࢈

૚
ࢉ

૜
 

⇒ ࡿࡴࡸ ≥ ૟ ⋅
૜

૚
૚
ࢇ

+ ૚
૚
࢈

+ ૚
૚
ࢉ

⇒ ࡿࡴࡸ ≥
૚ૡ

ࢇ + ࢈ + ࢉ
 

Solution 5 by Nguyen Thanh Nho-Tra Vinh-Vietnam 

,࢞ ࢠ,࢟ ∈ (૚;∞) ⇒ ࢞ܖܔ , ࢟ܖܔ , ܖܔ ࢠ > ૙ 

෍൬
࢞ܖܔ

࢟ܖܔ ܖܔ ࢠ
+

ܖܔ ࢟
ܖܔ ࢞ ܖܔ ࢠ

൰ ≥
ࡹࡳିࡹ࡭

૛ ൬
૚
ࢠܖܔ

+
૚
࢞ܖܔ

+
૚
ܖܔ ࢟

൰ 

http://www.ssmrmh.ro


 
www.ssmrmh.ro 

 

≥
ࡿି࡯

૛ ⋅
(૚ + ૚ + ૚)૛

ܖܔ ࢞ + ܖܔ +࢟ ܖܔ ࢠ
=

૚ૡ
 (ࢠ࢟࢞)ܖܔ

“ = “ ⇔ ࢞ܖܔ = ܖܔ ࢟ = ܖܔ ࢠ ⇔ ࢞ = ࢟ =  ࢠ

Solution 6 by Soumava Chakraborty-Kolkata-India 

Let ࢇ = ܖܔ ࢞ ࢈, = ܖܔ ࢟ ࢉ, = ܖܔ  ࢠ

∴ given inequality becomes ∑ ࢇ
ࢉ࢈

+ ∑ ࢈
ࢇࢉ
≥ ૚ૡ

ࢉା࢈ାࢇ
 

⇔ ૛෍
ࢇ
ࢉ࢈

≥
૚ૡ
ࢇ∑

⇔
૛ࢇ∑

ࢉ࢈ࢇ
≥

ૢ
ࢇ∑

 

⇔ ૛ࢇ∑ ⋅ ∑ ࢇ ≥  (1)   ࢉ࢈ࢇૢ

But ∑ࢇ૛ ≥
(࢏)

ࡳି࡭
૜√ࢇ૛࢈૛ࢉ૛૜  , and ∑ࢇ ≥

(࢏࢏)

ࡳି࡭
૜√ࢉ࢈ࢇ૜  

(࢏) 	× (࢏࢏)	 ⇒ ૛ࢇ∑ ⋅ ∑ ࢇ ≥ ࢉ࢈ࢇૢ ⇒ (1) is true (Proved) 

Solution 7 by Eliezer Okeke-Anambra-Nigerie 

Let ࢇ = ܖܔ ࢈;࢞ = ܖܔ ࢟ ; ࢉ = ܖܔ ࢠ ⇒ ࢇ∑ =  (ࢠ࢟࢞)ܖܔ

ࡿࡴࡸ = ෍൜
ࢇ
ࢉ࢈

+
࢈
ൠࢉࢇ

 

=
૛
෍ࢉ࢈ࢇ

૛ࢇ

૚ ≥
ࡳࡱ࡮ ૛

ࢉ࢈ࢇ ⋅
૛(ࢇ∑)

૜  

≥

ࢂࡱࡾ
(ࡹࡳିࡹ࡭) ૛

૜ ⋅
૛(ࢇ∑)

૜(ࢇ∑) ⋅
૛ૠ
૚ =

૚ૡ
ࢇ∑ =

૚ૡ
 (ࢠ࢟࢞)ܖܔ

Solution 8 by Seyran Ibrahimov-Maasilli-Azerbaidian 

ܖܔ ࢞ =  ࢇ

࢟ܖܔ =  ࢈

ܖܔ ࢠ =  ࢉ

෍൬
ࢇ
ࢉ࢈ +

࢈
൰ࢉࢇ ≥

૚ૡ
ࢇ + ࢈ +  ࢉ
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ࢇ
ࢉ࢈

+
࢈
ࢉࢇ

+
ࢉ
࢈ࢇ

≥
ૢ

ࢇ + ࢈ + ࢉ
 

ࢇ
ࢉ࢈

+
࢈
ࢉࢇ

+
ࢉ
࢈ࢇ

≥
ࢂࡱࡴࡿࢅ࡮ࡱࡴ࡯ ૚

૜
ࢇ) + ࢈ + (ࢉ ൬

૚
ࢉ࢈

+
૚
ࢉࢇ

+
૚
࢈ࢇ

൰ ≥
࡯ି࡮ି࡯ ૜(ࢇ + ࢈ + (ࢉ

࢈ࢇ + ࢉ࢈ + ࢉࢇ
 

૜(ࢇ + ࢈ + (ࢉ
࢈ࢇ + ࢉ࢈ + ࢉࢇ ≥

ૢ
ࢇ + ࢈ +  ࢉ

ࢇ) + ࢈ + ૛(ࢉ ≥
?
૜(࢈ࢇ + ࢉ࢈ + (ࢉࢇ → true →

ࢋ࢙࢛ࢇࢉࢋ࢈
૛ࢇ + ૛࢈ + ૛ࢉ ≥ ࢈ࢇ + ࢉ࢈ +  ࢉࢇ

Solution 9 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

࢞ܖܔ = ૚࢚
ܖܔ ࢟ = ૛࢚
ܖܔ ࢠ = ૜࢚

ൡ෍൬
૚࢚

૛࢚ ⋅ ૜࢚
+

૛࢚
૚࢚ ⋅ ૜࢚

൰ = ෍
૚
૜࢚
⋅ ൬
૚࢚
૛࢚

+
૛࢚
૚࢚
൰ ≥ 

≥
ࡹࡳஹࡹ࡭

૛ ⋅෍
૚
૜࢚

≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮

	૛ ⋅
ૢ
∑ ૚࢚

=
૚ૡ

 (ࢠ࢟࢞)ܖܔ

Solution 10 by Geanina Tudose-Romania 

Denote 

ܖܔ ࢞ =  ࢇ

࢟ܖܔ =  ࢈

ܖܔ ࢠ =  ࢉ

ࢉ,࢈,ࢇ > ૙ 

We have ∑ቀ ࢇ
ࢉ࢈

+ ࢈
ࢉࢇ
ቁ ≥ ૚ૡ

ࢉା࢈ାࢇ
⇔ ∑ቀࢇ

૛ା࢈૛

ࢉ࢈ࢇ
ቁ ≥ ૚ૡ

ࢉା࢈ାࢇ
 

⇔
૛(ࢇ૛ + ૛࢈ + (૛ࢉ

ࢉ࢈ࢇ
≥

૚ૡ
ࢇ + ࢈ + ࢉ

⇔ ૛ࢇ) + ૛࢈ + ࢇ)(૛ࢉ + ࢈ + (ࢉ ≥  ࢉ࢈ࢇૢ

But ࢇ૛ + ૛࢈ + ૛ࢉ ≥
ࡹࡳିࡹ࡭

૜√ࢇ૛࢈૛ࢉ૛૜  

ࢇ + ࢈ + ࢉ ≥ ૜√ࢉ࢈ࢇ૜  

The conclusion follows. 
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128. Prove that for all positive real numbers ࢈,ࢇ,  the inequality holds ࢉ

૜࢈ + ૜ࢉ

ࢇ +
૜ࢉ + ૜ࢇ

࢈ +
૜ࢇ + ૜࢈

ࢉ ≥ ૛(ࢇ૛ + ૛࢈ + (૛ࢉ + ૜(ࢇ − ૛(࢈ + ૜(࢈ − ૛(ࢉ + ૜(ࢉ −  ૛(ࢇ

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution  by Kevin Soto Palacios – Huarmey – Peru  

Probar para todos las números ࡾା	࢈,ࢇ,  la siguiente desigualdad ࢉ

૜࢈ + ૜ࢉ

ࢇ +
૜ࢉ + ૜ࢇ

࢈ +
૜ࢇ + ૜࢈

ࢉ ≥ ૛(ࢇ૛ + ૛࢈ + (૛ࢉ + ૜(ࢇ − ૛(࢈ + ૜(࢈ − ૛(ࢉ + ૜(ࢉ −  	૛(ࢇ

La desigualdad es equivalente 

ቀࢇ
૜

࢈
+ ૜࢈

ࢇ
+ ૟࢈ࢇቁ + ቀ࢈

૜

ࢉ
+ ૜ࢉ

࢈
+ ૟ࢉ࢈ቁ+ ቀࢉ

૜

ࢇ
+ ૜ࢇ

ࢉ
+ ૟ࢇࢉቁ ≥ ૡ(ࢇ૛ + ૛࢈ +   (૛ࢉ

Como ࢈,ࢇ, ࢉ > ૙ 

Es suficiente demostrar lo siguiente 

૜ࢇ

࢈
+
૜࢈

ࢇ
+ ૟࢈ࢇ ≥ ૝(ࢇ૛ + (૛࢈ ⇔ ૝ࢇ + ૝࢈ + ૟ࢇ૛࢈૛ ≥ ૝(ࢇ૛ +  ࢈ࢇ(૛࢈

⇔ ૝ࢇ − ૝ࢇ૜࢈ + ૟ࢇ૛࢈૛ − ૝࢈ࢇ૜ + ૝࢈ = ࢇ) − ૝(࢈ ≥ ૙ 

Por lo tanto 

∑ ቀࢇ
૜

࢈
+ ૜࢈

ࢇ
+ ૟࢈ࢇቁ ≥ ૝∑(ࢇ૛ + (૛࢈ = ૝ ⋅ ૛(ࢇ૛ + ૛࢈ + (૛ࢉ = ૡ(ࢇ૛ + ૛࢈ +   (૛ࢉ

(LQQD) 

 

129. Prove that for all positive real numbers ࢈,ࢇ,  the inequality holds ࢉ

ࢇ
࢈ + ࢉ

+
࢈

ࢉ + ࢇ
+

ࢉ
ࢇ + ࢈

≤
૚
૛

+
૛ࢇ + ૛࢈ + ૛ࢉ

࢈ࢇ + ࢉ࢈ + ࢇࢉ
 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar para todos los números ࡾା	ࢉ,࢈,ࢇ la siguiente desigualdad 
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ࢇ

࢈ + ࢉ
+

࢈
ࢉ + ࢇ

+
ࢉ

ࢇ + ࢈
≤
૚
૛

+
૛ࢇ + ૛࢈ + ૛ࢉ

࢈ࢇ + ࢉ࢈ + ࢇࢉ
 

Como ࢈,ࢇ, ࢉ > 0 → multiplicamos (࢈ࢇ + ࢉ࢈ +  sin alterar el sentido ,(ࢇࢉ

൬
ࢇ

࢈ + ࢉ +
࢈

ࢉ + ࢇ +
ࢉ

ࢇ + ൰࢈
࢈ࢇ) + ࢉ࢈ + (ࢇࢉ ≤

࢈ࢇ + ࢉ࢈ + ࢇࢉ
૛ + ૛ࢇ + ૛࢈ +  ૛ࢉ

ቀ ࢇ
ࢉା࢈

ቁ ࢈)ࢇ) + (ࢉ + (ࢉ࢈ + ቀ ࢈
ࢇାࢉ

ቁ ࢉ)࢈) + (ࢇ + (ࢇࢉ + ቀ ࢉ
࢈ାࢇ

ቁ ࢇ)ࢉ) + (࢈ + (࢈ࢇ ≤  

≤
࢈ࢇ + ࢉ࢈ + ࢇࢉ

૛
+ ૛ࢇ + ૛࢈ +  ૛ࢉ

૛ࢇ + ૛࢈ + ૛ࢉ + ࢉ࢈ࢇ ൬
૚

࢈ + ࢉ
+

૚
ࢉ + ࢇ

+
૚

ࢇ + ࢈
൰

≤ ૛ࢇ + ૛࢈ + ૛ࢉ +
࢈ࢇ + ࢉ࢈ + ࢇࢉ

૛
 

⇔
૚
ࢇ

+
૚
࢈

+
૚
ࢉ
≥

૛
ࢇ + ࢈

+
૛

࢈ + ࢉ
+

૛
ࢉ + ࢇ

 

Aplicando la desigualdad de Cauchy 
૚
ࢇ

+ ૚
࢈
≥ ૝

࢈ାࢇ
   (A),  

૚
࢈

+ ૚
ࢉ
≥ ૝

ࢉା࢈
   (B), 

૚
ࢉ

+ ૚
ࢇ
≥ ૝

ࢇାࢉ
   (C) 

Sumando (A) + (B) + (C) 

→ ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
≥ ૛

࢈ାࢇ
+ ૛

ࢉା࢈
+ ૛

ࢇାࢉ
  (LQQD) 

Solution 2 by Nguyen Ngoc Tu-Ha Giang-Vietnam 

We have 

ቀ ࢇ
ࢉା࢈

+ ࢈
ࢇାࢉ

+ ࢉ
࢈ାࢇ

ቁ ࢈ࢇ) + ࢉ࢈ + (ࢇࢉ = ૛ࢇ + ૛࢈ + ૛ࢉ + ࢉ࢈ࢇ ቀ ૚
࢈ାࢇ

+ ૚
ࢉା࢈

+ ૚
ࢇାࢉ

ቁ  

≤ ૛ࢇ + ૛࢈ + ૛ࢉ +
ࢉ࢈ࢇ
૛ ൬

૚
ࢇ +

૚
࢈ +

૚
 ൰ࢉ
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≤ ૛ࢇ + ૛࢈ + ૛ࢉ + ૚
૛

࢈ࢇ) + ࢉ࢈ + (ࢇࢉ ⇒ ࢇ
ࢉା࢈

+ ࢈
ࢇାࢉ

+ ࢉ
࢈ାࢇ

≤ ૚
૛

+ ૛ࢉ૛ା࢈૛ାࢇ

ࢇࢉାࢉ࢈ା࢈ࢇ
  

 

130. Prove that for all positive real numbers ࢈,ࢇ,  the inequality holds ࢉ

࢈)ࢇ + ૛(ࢉ

૛࢈ + ࢉ࢈ + ૛ࢉ +
ࢉ)࢈ + ૛(ࢇ

૛ࢉ + ࢇࢉ + ૛ࢇ +
ࢇ)ࢉ + ૛(࢈

૛ࢇ + ࢈ࢇ + ૛࢈ ≥
૝(࢈ࢇ + ࢉ࢈ + (ࢇࢉ

ࢇ + ࢈ + ࢉ  

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar para todos los números ℝା		࢈,ࢇ,  la siguiente desigualdad	ࢉ

࢈)ࢇ + ૛(ࢉ

૛࢈ + ࢉ࢈ + ૛ࢉ
+

ࢉ)࢈ + ૛(ࢇ

૛ࢉ + ࢇࢉ + ૛ࢇ
+

ࢇ)ࢉ + ૛(࢈

૛ࢇ + ࢈ࢇ + ૛࢈
≥
૝(࢈ࢇ + ࢉ࢈ + (ࢇࢉ

ࢇ + ࢈ + ࢉ
 

Como ࢈,ࢇ, ࢉ > ૙ 

Por la desigualdad de Cauchy 

࢈ࢇ) + ૛(ࢉࢇ

૛࢈ࢇ + ࢉ࢈ࢇ + ૛ࢉࢇ +
ࢉ࢈) + ૛(ࢇ࢈

૛ࢉ࢈ + ࢇࢉ࢈ + ૛ࢇ࢈ +
+ࢇࢉ) ૛(࢈ࢉ

૛ࢇࢉ + ࢈ࢇࢉ + ૛࢈ࢉ ≥ 

≥
૝(࢈ࢇ + ࢉ࢈ + ૛(ࢇࢉ

ࢇ) + ࢈ + ࢈ࢇ)(ࢉ + ࢉ࢈ + (ࢇࢉ =
૝(࢈ࢇ + ࢉ࢈ + (ࢇࢉ

ࢇ + ࢈ + ࢉ
 

(LQQD) 

 

131. If ࢈,ࢇ, ࢉ > ૙ then: 

૟ + ૛ࢇ

ࢉ࢈
+ ૛࢈

ࢇࢉ
+ ૛ࢉ

࢈ࢇ
≥ ૜ට૟(ࢇ + ࢈ + (ࢉ ቀ૚

ࢇ
+ ૚

࢈
+ ૚

ࢉ
ቁ − ૛ૠ

૜
  

Proposed by Adil Abdulayev-Baku-Azerbaidian 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo ࢈,ࢇ,  ା, probar la siguiente desigualdadࡾ números ࢉ
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૟ +
૛ࢇ

ࢉ࢈
+
૛࢈

ࢇࢉ
+
૛ࢉ

࢈ࢇ
≥ ૜ඨ૟(ࢇ+ ࢈ + (ࢉ ൬

૚
ࢇ

+
૚
࢈

+
૚
ࢉ
൰ − ૛ૠ

૜
 

Por la desigualdad de Schur 

૜ࢇ + ૜࢈ + ૜ࢉ + ૜ࢉ࢈ࢇ ≥ ࢇ)࢈ࢇ + (࢈ + ࢈)ࢉ࢈ + (ࢉ + ࢉ)ࢇࢉ +  (ࢇ

⇔
૛ࢇ

ࢉ࢈ +
૛࢈

ࢉࢇ +
૛ࢉ

࢈ࢇ + ૟ ≥ ൬
ࢇ + ࢈
ࢉ + ૚൰ + ൬

࢈ + ࢉ
ࢇ + ૚൰ + ൬

ࢉ + ࢇ
࢈ + ૚൰ = 

= ࢇ) + ࢈ + (ࢉ ൬
૚
ࢇ +

૚
࢈ +

૚
 ൰ࢉ

Es suficiente probar 

࢞ ≥ ૜√૟࢞ − ૛ૠ૜ , donde ࢞ = ࢇ) + ࢈ + (ࢉ ቀ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
ቁ ≥ ૢ 

(Válido por MA ≥ MG) 

૜࢞ ≥ ૛ૠ(૟࢞ − ૛ૠ) ⇔ ૜࢞ − ૚૟૛࢞ + ૠ૛ૢ = ࢞) − ૛࢞)(ૢ + ࢞ૢ − ૡ૚) ≥ ૙ 

Lo cual es cierto ya que ࢞ ≥ ૢ ∧ ૛࢞ + ࢞ૢ − ૡ૚ ≥ ૡ૚ > ૙ 

Solution 2 by Soumava Chakraborty-Kolkata-India 

૟+
૛ࢇ

ࢉ࢈
+
૛࢈

ࢇࢉ
+
૛ࢉ

࢈ࢇ
≥⏞
(૚)

૜ඨ૟(ࢇ+ ࢈ + (ࢉ ൬
૚
ࢇ

+
૚
࢈

+
૚
ࢉ
൰ − ૛ૠ

૜
 

(1) ⇔ ࢉ࢈ࢇ૜ା૟ࢇ∑
ࢉ࢈ࢇ

≥ ૜ට૟(∑ࢇ)(∑࢈ࢇ)ି૛ૠࢉ࢈ࢇ
ࢉ࢈ࢇ

૜
 

⇔
૜ࢇ∑ + ૟ࢉ࢈ࢇ

ࢉ࢈ࢇ ≥⏞
(૛)

૜ඨ
૟(∑ࢇ૛࢈ + (૛࢈ࢇ∑ − ࢉ࢈ࢇૢ

ࢉ࢈ࢇ

૜

 

LHS of (2) ≥⏟
(૜)

ฏ
࢛࢘ࢎࢉࡿ

ࢉ࢈ࢇ૛ା૜࢈ࢇ∑ା࢈૛ࢇ∑
ࢉ࢈ࢇ

 

(2), (3) ⇒ it suffices to prove: 
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ࢗା૜࢖
ࢗ

≥ ૜ට૟ࢗૢି࢖
ࢗ

૜   (where ࢖ = ࢈૛ࢇ∑ + ࢗ ૛and࢈ࢇ∑ =  (ࢉ࢈ࢇ

⇔
࢖) + ૜ࢗ)૜

૜ࢗ
≥
૛ૠ(૟࢖ − (ࢗૢ

ࢗ
 

⇔ ૜࢖ + ࢗ૛࢖ૢ − ૚૜૞ࢗ࢖૛ + ૛ૠ૙ࢗ૜ ≥ ૙ 

⇔ ૜࢚ + ૛࢚ૢ − ૚૜૞࢚ + ૛ૠ૙ ≥ ૙ (where ࢚ = ࢖
ࢗ

) 

⇔ ࢚) − ૟){(࢚ − ૟)(࢚ + ૛૚) + ૡ૚} ≥ ૙ 

→ true ∵ ࢚ = ࢖
ࢗ

= ૛࢈ࢇ∑ା࢈૛ࢇ∑

ࢉ࢈ࢇ
≥ ૟ by A – G  

(Proved) 

Solution 3 by Soumitra Mandal-Chandar Nagore-India 

Schur’s Inequality 

෍ࢇ૜

ࢉ࢟ࢉ

+ ૜ࢉ࢈ࢇ ≥෍ࢇ)࢈ࢇ + (࢈
ࢉ࢟ࢉ

 

Let ࢚ = ൫∑ ࢉ࢟ࢉࢇ ൯ ቀ∑ ૚
ࢉ࢟ࢉࢇ ቁ 

෍ࢇ૜

ࢉ࢟ࢉ

+ ૟ࢉ࢈ࢇ ≥ ࢇ) + ࢈ + ࢈ࢇ)(ࢉ + ࢉ࢈ +  (ࢇࢉ

∴ ૟ + ෍
૛ࢇ

ࢉ࢈
ࢉ࢟ࢉ

≥ ቌ෍ࢇ
ࢉ࢟ࢉ

ቍቌ෍
૚
ࢇ

ࢉ࢟ࢉ

ቍ 

we will show ࢚ ≥ ૜√૟࢚ − ૛ૠ૜  

⇔ ૜࢚ − ૚૟૛࢚+ ૠ૛ૢ ≥ ૙ ⇔ ࢚)૛࢚ − ૢ) + ࢚)࢚ૢ − ૢ)− ૡ૚(࢚ − ૢ) ≥ ૙ 

⇔ ࢚) − ࢚)}(ૢ − ࢚)(ૢ + ૢ) + {࢚ૢ ≥ ૙, which is true since ࢚ ≥ ૢ 
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∴ ૟+ ෍
૛ࢇ

ࢉ࢈
ࢉ࢟ࢉ

≥ ૜ඩ૟ቌ෍ࢇ
ࢉ࢟ࢉ

ቍቌ෍
૚
ࢇ

ࢉ࢟ࢉ

ቍ − ૛ૠ
૜

 

(Proved) 

 

132. Let ࢈,ࢇ > ૙. Prove: 

࢈ࢇ√ −
૛(ࢇ૛ − ࢈ࢇ + (૛࢈

ࢇ)࢈ࢇ + (࢈ ≤
√૜
ૢ

૛ࢇ) +  (૛࢈

Proposed by Le Minh Cuong-Ho Chi Minh-Vietnam 

Solution by Do Quoc Chinh-Ho Chi Minh-Vietnam 

Using the AM-GM inequality, we have: 

૛ࢇ − ࢈ࢇ + ૛࢈

+ࢇ)࢈ࢇ (࢈ =
૚
ૡ ⋅

૛(ࢇ૛ + (૛࢈ + (૟ࢇ૛ − ૡ࢈ࢇ + ૟࢈૛)
+ࢇ)࢈ࢇ (࢈  

≥
૚
ૡ ⋅

૛(ࢇ૛ + (૛࢈ + ૛ࢇ) + ૛࢈ + ૚૙࢈ࢇ− ૡ࢈ࢇ)
+ࢇ)࢈ࢇ (࢈  

=
૚
ૡ ⋅

૛(ࢇ૛ + (૛࢈ + ࢇ) + ૛(࢈

+ࢇ)࢈ࢇ (࢈ ≥
ඥ૛(ࢇ૛ + +ࢇ)(૛࢈ ૛(࢈

૝ࢇ)࢈ࢇ + (࢈ =
૛ࢇ√ + ૛࢈

૛√૛࢈ࢇ
 

Therefore, we have: 

૛ࢇ + ૛࢈

૜√૜
+
૛(ࢇ૛ − +࢈ࢇ (૛࢈

+ࢇ)࢈ࢇ (࢈ ≥
૛ࢇ + ૛࢈

૜√૜
+
૛ࢇ√ + ૛࢈

૛√࢈ࢇ
≥
૛࢈ࢇ
૜√૜

+
૚

࢈ࢇ√
= 

= ࢈ࢇ
૜√૜

+ ࢈ࢇ
૜√૜

+ ૚
࢈ࢇ√

≥ ࢇ The equality holds for .	࢈ࢇ√	 = ࢈ = √૜. 

133. From the book: “Math Accent” 

If ࢈,ࢇ, ࢉ ∈ (૙,∞),ࢉ࢈ࢇ = ૚ then: 

෍ቀࢇ+ ૜ࢇ√ + ඥࢇ૛૜ ቁ ≥ ૢ෍
૚

૚ + ૛૜࢈√ + ૜ࢉ√  

Proposed by Daniel Sitaru – Romania 
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Solution 1 by Nguyen Tien Lam-Vietnam  

Let √ࢇ૜ = ,࢞ ૜࢈√ = ,࢟ ૜ࢉ√ = ࢠ࢟࢞ then ࢠ = ૚ and ࢟,࢞, ࢠ > 0 

By Cauchy – Schwarz, we have 

(૚ + ૛࢟ + ૛࢞)(ࢠ + ૚ + (ࢠ ≥ ࢞) + ࢟ + ૛(ࢠ ≥ ૢ 

which implies ૢ
૚ାࢠ૛ା࢞

≤ ૛࢟ + ૚ + ,࢞ ૢ
૚ା࢞૛ା࢟

≤ ૛ࢠ + ૚ +  ࢟

Adding above inequalities, we obtain 

ૢ෍
ૢ

૚ + ૛࢟ + ࢠ
≤ ૜+ ࢞ + ࢟ + ࢠ + ૛࢞ + ૛࢟ +  ૛ࢠ

≤ ૜࢞ + ૜࢟ + ૜ࢠ + ࢞ + ࢟ + ࢠ + ૛࢞ + ૛࢟ +  ૛ࢠ

Thus, we get the desired inequality. 

Solution 2 by Rozeta Atanasova-Skopje 

ࡿࡴࡸ = ቀࢇ+ ૜࢈√ + ඥࢉ૛૜ ቁ + ቀ࢈ + ૜ࢉ√ + ඥࢇ૛૜ ቁ + ቀࢉ + ૜ࢇ√ + ඥ࢈૛૜ ቁ ≥ −ࡹ࡭)  (ࡹࡳ

૜ ቀඥࢇ૜ࢉ࢈૛ૢ + ඥ࢈૜ࢇࢉ૛ૢ + ඥࢉ૜࢈ࢇ૛ૢ ቁ = 

૜ቌඨ
૛ࢉ࢈૜ࢇ

૜(ࢉ࢈ࢇ)
ૢ

+ ඨ
૛ࢇࢉ૜࢈

૜(ࢉ࢈ࢇ)
ૢ

+ ඨ
૛࢈ࢇ૜ࢉ

૜(ࢉ࢈ࢇ)
ૢ

ቍ = 

૜ቌඨ
૚

࢈
૛
૜ࢉ

૚
૜

૜ + ඨ
૚

ࢉ
૛
૜ࢉ

૚
૜

૜ + ඨ
૚

ࢇ
૛
૜࢈

૚
૜

૜ ቍ ≥  (ࡹࡴ−ࡹࡳ)

ૢቆ
૚

૚ + ૜ࢉ√ + ૛૜࢈√ +
૚

૚ + ૜ࢇ√ + ૛૜ࢉ√ +
૚

૚ + ૜࢈√ + ૛૜ࢇ√ ቇ =  ࡿࡴࡾ
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134. Let ࢈,ࢇ,  .be non-negative real numbers, no two of which are zero ࢉ

Prove that 

෍ඨ࢈ࢇ + ࢉ࢈ + ࢇࢉ
૛࢈ + ࢉ࢈ + ૛ࢉ

ࢉ࢟ࢉ

≥ ૛ +
૛

ࢇ + ࢈ + ࢉ
൬
ࢉ࢈
࢈ + ࢉ

+
ࢇࢉ
ࢉ + ࢇ

+
࢈ࢇ
ࢇ + ࢈

൰ 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Como ࢈,ࢇ, ࢉ ≥ ૙ ⇔ ࢈ࢇ + ࢉ࢈ + ࢇࢉ > ૙, ya que ૛ de ellos son diferentes de 

zero. 

La desigualdad es equivalente  

∑ ࢇࢉାࢉ࢈ା࢈ࢇ
ඥ(࢈૛ାࢉ૛ାࢉ࢈)(࢈ࢇାࢉ࢈ାࢇࢉ)

≥ ૛ + ૛
ࢉା࢈ାࢇ

ቀ ࢉ࢈
ࢉା࢈

+ ࢇࢉ
ࢇାࢉ

+ ࢈ࢇ
࢈ାࢇ

ቁ  

Luego por MA ≥ MG 

෍
࢈ࢇ + ࢉ࢈ + ࢇࢉ

ඥ(࢈૛ + ૛ࢉ + ࢈ࢇ)(ࢉ࢈ + ࢉ࢈ + (ࢇࢉ
≥෍

૛(࢈ࢇ + ࢉ࢈ + (ࢇࢉ
࢈) + ૛(ࢉ + ࢈)ࢇ + (ࢉ = 

= ෍
૛(࢈ࢇ + ࢉ࢈ + (ࢇࢉ

ࢇ) + ࢈ + ࢈)(ࢉ +  (ࢉ

⇔෍
૛(࢈ࢇ + ࢉ࢈ + (ࢇࢉ

ࢇ) + ࢈ + ࢈)(ࢉ + (ࢉ = 

=
૛

ࢇ + ࢈ + ࢉ
ቈ
࢈)ࢇ + (ࢉ + ࢉ࢈

࢈ + ࢉ
+
ࢉ)࢈ + (ࢇ + ࢇࢉ

ࢉ + ࢇ
+
ࢇ)ࢉ + (࢈ + ࢈ࢇ

ࢇ + ࢈
቉ 

⇔ ∑ ૛(࢈ࢇାࢉ࢈ାࢇࢉ)
(ࢉା࢈)(ࢉା࢈ାࢇ) = ૛

ࢉା࢈ାࢇ
ቂ(ࢇ + ࢈ + (ࢉ + ቀ ࢉ࢈

ࢉା࢈
+ ࢇࢉ

ࢇାࢉ
+ ࢈ࢇ

࢈ାࢇ
ቁቃ =  

= ૛ +
૛

ࢇ + ࢈ + ࢉ ൬
ࢉ࢈
࢈ + ࢉ +

ࢇࢉ
ࢉ + ࢇ +

࢈ࢇ
ࢇ +  ൰࢈

La igualdad se alcanza cuando ࢇ = ࢈ =  .ࢉ
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135. Let ࢈,ࢇ,  be positive real numbers such that ࢉ

૚
√૚ + ૜ࢇ

+
૚

√૚ + ૜࢈
+

૚
√૚ + ૜ࢉ

≤ ૚ 

Prove that 

૛ࢇ + ૛࢈ + ૛ࢉ ≥ ૚૛ 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Abdul Aziz-Semarang-Indonesia 

A fact 

૛ࢇ) − ૛ࢇ)૛ ≥ ૙ ⇔ ૝ࢇ + ૝ࢇ૛ ≥ ૝ࢇ૜ 

⇔ ૝ࢇ + ૝ࢇ૛ + ૝ ≥ ૝(ࢇ૜ + ૚) ⇔ ૛ࢇ) + ૛) ≥ ૛ඥࢇ૜ + ૚ 

Analogoue, 

૛࢈) + ૛) ≥ ૛ඥ࢈૜ + ૚ 

૛ࢉ) + ૛) ≥ ૛ඥࢉ૜ + ૚ 

------------------------------- + 

૛ࢇ + ૛࢈ + ૛ࢉ + ૟ ≥ ૛൫√ࢇ૜ + ૚ + ૜࢈√ + ૚ + ૜ࢉ√ + ૚൯    (1) 

૚ ≥
૚

૜ࢇ√ + ૚
+

૚
૜࢈√ + ૚

+
૚

૜ࢉ√ + ૚
≥

(૚ + ૚ + ૚)૜

૜ࢇ√ + ૚ + ૜࢈√ + ૚ + ૜ࢉ√ + ૚
 

ඥࢇ૜ + ૚ + ඥ࢈૜ + ૚ + ඥࢉ૜ + ૚ ≥ ૢ 

By (1) and (2), 

૛ࢇ + ૛࢈ + ૛ࢉ ≥ ૛ቀඥࢇ૜ + ૚ + ඥ࢈૜ + ૚ + ඥࢉ૜ + ૚ቁ − ૟ ≥ ૚ૡ − ૟ = ૚૛ 

Equality holds when ࢇ = ࢈ = ࢉ = ૛ 

Solution 2 by Kevin Soto Palacios – Huarmey – Peru  

Siendo ࢈,ࢇ,  ା de tal manera queࡾ números ࢉ
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૚

√૚ + ૜ࢇ
+

૚
√૚ + ૜࢈

+
૚

√૚ + ૜ࢉ
≤ ૚ 

Probar que → ૛ࢇ + ૛࢈ + ૛ࢉ ≥ ૚૛ 

Por la desigualdad de Cauchy 

ૢ ≤ ඥ૚ + ૜ࢇ + ඥ૚+ ૜࢈ + ඥ૚+ ૜ࢉ = 

= ඥ(૚ + ૛ࢇ)(ࢇ − ࢇ + ૚) + ඥ(૚ + ૛࢈)(࢈ − ࢈ + ૚) + ඥ(૚+ ૛ࢉ)(ࢉ − ࢉ + ૚) 

Por MA ≥ MG 

ૢ ≤ ඥ(૚ + ૛ࢇ)(ࢇ − ࢇ + ૚) + ඥ(૚ + ૛࢈)(࢈ − ࢈ + ૚) + ඥ(૚ + ૛ࢉ)(ࢉ − +ࢉ ૚) ≤ 

≤
૛ࢇ + ૛
૛ +

૛࢈ + ૛
૛ +

૛ࢉ + ૛
૛  

૚ૡ ≤ ૛ࢇ + ૛࢈ + ૛ࢉ + ૟ ⇔ ૛ࢇ + ૛࢈ + ૛ࢉ ≥ ૚૛ 

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

૚ ≥ ෍
૚

√૚ + ࢓࢙࢟૜ࢇ

= ෍
૚

ඥ(૚ + (ࢇ ⋅ (૚ − ࢇ + ࢓࢙࢟(૛ࢇ

≥
ࡹࡳିࡹ࡭

 

≥෍
૛

૛+ ૛ࢇ
= ૛ ⋅෍

૚
૛ + ૛ࢇ

≥ ૛ ⋅
(૚ + ૚ + ૚)૛

૟ + ૛ࢇ∑
=

૛ ⋅ ૢ
૟ + ૛ࢇ∑

 

૚ ≥
૚ૡ

૟ + ૛ࢇ∑ ⇒෍ࢇ૛ ≥ ૚૛ 

 

136. If ࢈,ࢇ, ࢉ > ૙ then: 

૛ࢇ)ૢ + ૛࢈ + (૛ࢉ ≥ ૜(ࢇ + ࢈ + ૛(ࢉ +෍|ࢇ −  	૛|࢈

Proposed by D.M. Bătinețu – Giurgiu and Neculai Stanciu – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo ࢈,ࢇ, ࢉ > ૙. Probar que 
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૛(ࢇ૛ + ૛࢈ + (૛ࢉ ≥ ૛(࢈ࢇ + ࢉ࢈ + (ࢇࢉ ≥
૚
૜
ቀ෍|ࢇ − ቁ|࢈

૛
 

⇔ ૜((ࢇ − ૛(࢈ + ࢈) − ૛(ࢉ + ࢉ) − (૛(ࢇ ≥ ቀ෍|ࢇ − ቁ|࢈
૛

 

⇔ ૜((|ࢇ − ૛(|࢈ + ࢈|) − ૛(|ࢉ + ࢉ|) − ૛)૛(|ࢇ ≥ ࢇ|) − |࢈ + ࢈| − |ࢉ + ࢉ| −  ૛(|ࢇ

(Lo cual es válido por Cauchy) 

Solution 2 by Mihalcea Andrei Stefan-Romania 

૚
૜
ቀ෍|ࢇ − ቁ|࢈

૛
≤

ࡿି࡮ି࡯
෍|ࢇ − ૛|࢈ = ૛෍ࢇ૛ − ૛෍࢈ࢇ | + ૛෍࢈ࢇ 

⇒ ૛෍࢈ࢇ +
૚
૜ ቀ෍

ࢇ| − ቁ|࢈
૛
≤ ૛෍ࢇ૛ 

Solution 3 by Serban George Florin-Romania 

ૢ ⋅ ૛ࢇ) + ૛࢈ + (૛ࢉ ≥ ૜ ⋅ ࢇ) + ࢈ + ૛(ࢉ +෍|ࢇ −  ૛|࢈

૛ࢇૢ + ૛࢈ૢ + ૛ࢉૢ ≥ ૜ࢇ૛ + ૜࢈૛ + ૜ࢉ૛ + ૟࢈ࢇ + ૟ࢉ࢈ + ૟ࢉࢇ + 

ࢇ|+ − ૛|࢈ + ࢈| − ૛|ࢉ + ࢇ| −  ૛|ࢉ

૟ࢇ૛ + ૟࢈૛ + ૟ࢉ૛ ≥ ૟࢈ࢇ + ૟ࢉ࢈ + ૟ࢉࢇ + ૛ࢇ − ૛࢈ࢇ + ૛࢈ + 

૛࢈+ − ૛ࢉ࢈ + ૛ࢉ + ૛ࢇ − ૛ࢉࢇ +  ૛ࢉ

⇒ ૝ࢇ૛ + ૝࢈૛ + ૝ࢉ૛ ≥ ૝࢈ࢇ + ૝ࢉ࢈ + ૝ࢉࢇ|:૛ 

⇒ ૛ࢇ૛ + ૛࢈૛ + ૛ࢉ૛ ≥ ૛࢈ࢇ + ૛ࢉ࢈ + ૛ࢉࢇ ≥ ૙ 

⇒ ૛ࢇ + ૛ࢇ + ૛࢈ + ૛࢈ + ૛ࢉ + ૛ࢉ − ૛࢈ࢇ − ૛ࢉ࢈ − ૛ࢉࢇ ≥ ૙ 

⇒ ૛ࢇ) − ૛࢈ࢇ + (૛࢈ + ૛࢈) − ૛ࢉ࢈ + (૛ࢉ + ૛ࢉ) − ૛ࢉࢇ + (૛ࢇ ≥ ૙ 

⇒ ࢇ) − ૛(࢈ + ࢈) − ૛(ࢉ + ࢉ) − ૛(ࢇ ≥ ૙  (A) 

Solution 4 by Seyran Ibrahimov-Maasilli-Azerbaidian 

ࢇ ≥ ࢈ ≥  ࢉ

૛ࢇૢ + ૛࢈ૢ + ૛ࢉૢ ≥ ૜ࢇ૛ + ૜࢈૛ + ૜ࢉ૛ + ૟࢈ࢇ + ૟ࢉࢇ + ૟ࢉ࢈ + ૛∑ࢇ૛ − ૛∑࢈ࢇ  
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૝ࢇ૛ + ૝࢈૛ + ૝ࢉ૛ ≥ ૝࢈ࢇ + ૝ࢉ࢈ + ૝ࢉࢇ 

૛ࢇ + ૛࢈ + ૛ࢉ ≥ ࢈ࢇ + ࢉ࢈ +  ࢉࢇ

(Proved) 

Solution 5 by Soumava Chakraborty-Kolkata-India 

૛(ࢇ૛ + ૛࢈ + (૛ࢉ ≥⏞
(૚)

૛(࢈ࢇ + ࢉ࢈ + (ࢇࢉ +
૚
૜ቀ෍

ࢇ| − ቁ|࢈
૛
ࢉ,࢈,ࢇ∀		 ∈ ℝ 

(1) ⇔ ૜(૛∑ࢇ૛ − ૛∑࢈ࢇ) ≥ ࢇ| − ૛|࢈ + ࢈| − ૛|ࢉ + ࢉ| −  ૛|ࢇ

+૛(|ࢇ − ࢈|	|࢈ − |ࢉ + ࢈| − ࢉ||ࢉ − |ࢇ + ࢉ| − ࢇ||ࢇ −  (|࢈

⇔ ૜{(ࢇ − ૛(࢈ + ࢈) − ૛(ࢉ + ࢉ) − {૛(ࢇ − ࢇ|) − ૛|࢈ + ࢈| − ૛|ࢉ + ࢉ| −  (૛|ࢇ

≥ ૛(|ࢇ − ࢈||࢈ − |ࢉ + ࢈| − ࢉ||ࢉ − |ࢇ + ࢉ| − ࢇ||ࢇ −  (|࢈

⇔ ࢇ| − ૛|࢈ + ࢈| − ૛|ࢉ + ࢉ| − ૛|ࢇ ≥ ࢇ| − ࢈||࢈ − |ࢉ + ࢈| − −ࢉ||ࢉ |ࢇ + ࢉ| − ࢇ||ࢇ −  |࢈

→ true ∵ ૛࢞ + ૛࢟ + ૛ࢠ ≥ ࢟࢞ + ࢠ࢟ +  ,࢞ࢠ

where ࢞ = ࢇ| − ,|࢈ ࢟ = ࢈| − ,|ࢉ ࢠ = ࢉ| −  |ࢇ

Solution 6 by Soumava Pal-Kolkata-India 

૛(ࢇ − ૛(࢈ + ૛(࢈ − ૛(ࢉ + ૛(ࢉ − ૛(ࢇ ≥ ૙ 

⇒ ૜෍(ࢇ − ૛(࢈ ≥෍(ࢇ − ૛(࢈ = ෍|ࢇ −  ૛|࢈

⇒ ૟෍ࢇ૛ − ૟෍࢈ࢇ ≥෍|ࢇ − ૛|࢈ ⇒ ૟෍ࢇ૛ + ૜෍ࢇ૛ ≥ 

≥ ૜෍ࢇ૛ + ૟෍࢈ࢇ + ෍|ࢇ − ૛|࢈ = ૜ ቀ෍ࢇቁ
૛

+ ෍|ࢇ −  ૛|࢈

 

137. Let ࢟,࢞,  :be positive real numbers. Prove that ࢠ

૛࢞

ඥ૛(࢟૝ାࢠ૝)ାࢠ࢟
+ ૛࢟

ඥ૛(ࢠ૝ା࢞૝)ା࢞ࢠ
+ ૛ࢠ

ඥ૛(࢞૝ା࢟૝)ା࢟࢞
≥ ૚        (1) 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  
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Solution 1 by Hoang Le Nhat Tung – Hanoi – Vietnam 

* Lemma: Let ࢟,࢞,  :be positive real numbers. We have 	ࢠ

૝࢞ + ૝࢟ + ૝ࢠ + +࢞)ࢠ࢟࢞ ࢟ + (ࢠ ≥ ૛࢞)࢟࢞ + (૛࢟ + ૛࢟)ࢠ࢟ + (૛ࢠ + ૛ࢠ)࢞ࢠ +  ૛)    (2)࢞

- Since AM – GM for 2 positive real number: 

૛࢞)࢟࢞ + (૛࢟ + ૛࢟)ࢠ࢟ + (૛ࢠ + ૛ࢠ)࢞ࢠ + (૛࢞ ≥ ࢟࢞ ⋅ ૛࢟࢞ + ࢠ࢟ ⋅ ૛ࢠ࢟ + ࢞ࢠ ⋅ ૛࢞ࢠ = 

= ૛(࢞૛࢟૛ + ૛ࢠ૛࢟ +  (૛࢞૛ࢠ

⇔ ૛࢞)࢟࢞ + (૛࢟ + ૛࢟)ࢠ࢟ + (૛ࢠ + ૛ࢠ)࢞ࢠ + (૛࢞ ≥ ૛(࢞૛࢟૛ + ૛ࢠ૛࢟ +  ૛)        (3)࢞૛ࢠ

- Since (2), (3): ⇒ ૝࢞ + ૝࢟ + ૝ࢠ + ࢞)ࢠ࢟࢞ + ࢟ + (ࢠ ≥ ૛(࢞૛࢟૛ + ૛ࢠ૛࢟ +  (૛࢞૛ࢠ

⇔ ૝࢞ + ૝࢟ + ૝ࢠ + ૛(࢞૛࢟૛ + ૛ࢠ૛࢟ + (૛࢞૛ࢠ ≥ ૝(࢞૛࢟૛ + ૛ࢠ૛࢟ + (૛࢞૛ࢠ − ࢞)ࢠ࢟࢞ + ࢟ +  (ࢠ

⇔ ૛࢞) + ૛࢟ + ૛)૛ࢠ ≥ ૝(࢞૛࢟૛ + ૛ࢠ૛࢟ + (૛࢞૛ࢠ − ࢞)ࢠ࢟࢞ + ࢟ +  (ࢠ

⇔ ൫࢞૛ା࢟૛ାࢠ૛൯
૛

૝൫࢞૛࢟૛ା࢟૛ࢠ૛ାࢠ૛࢞૛൯ିࢠ࢟࢞(࢞ା࢟ାࢠ)
             (4) 

* Since inequality Bunhiacopxki: 

ቀ૚ ⋅ 	ඥ૛(࢞૝ + (૝࢟ + ૚ ⋅ ቁ࢟࢞
૛
≤ (૚૛ + ૚૛) ⋅ ൤ቀඥ૛(࢞૝ + ૝)ቁ࢟

૛
+ (૛࢟࢞)૛൨ = 

= ૛[૛(࢞૝ + (૝࢟ + ૝࢞૛࢟૛] 

⇔ ቀඥ૛(࢞૝ + (૝࢟ + ૛࢟࢞ቁ
૛
≤ ૝(࢞૝ + ૝࢞૛࢟૛ + (૝࢟ ⇔ 

⇔ ቀඥ૛(࢞૝ + (૝࢟ + ૛࢟࢞ቁ
૛
≤ ૝(࢞૛ +  ૛)૛࢟

⇔ ඥ૛(࢞૝ + (૝࢟ + ૛࢟࢞ ≤ ඥ૝(࢞૛ + ૛)૛࢟ = ૛(࢞૛ + (૛࢟ ⇔ 

⇔ ඥ૛(࢞૝ + (૝࢟ + ࢟࢞ ≤ ૛࢞૛ − ࢟࢞ + ૛࢟૛ 

⇔ ૛ࢠ

ට૛൫࢞૝ା࢟૝൯ା૛࢟࢞
≥ ૛ࢠ

૛࢞૛ି࢟࢞ା૛࢟૛
          (5) 

- Similar: ࢟૛

ඥ૛(ࢠ૛ା࢞૝)ା࢞ࢠ
≥ ૛࢟

૛ࢠ૛ି࢞ࢠା૛࢞૛
; ૛࢞

ට૛൫࢟૝ାࢠ૝൯ାࢠ࢟
≥ ૛࢞

૛࢟૛ିࢠ࢟ା૛ࢠ૛
     (6) 

- XXXXX (5), (6): 

⇒
૛࢞

ඥ૛(࢟૝ + (૝ࢠ + ࢠ࢟
+

૛࢟

ඥ૛(ࢠ૝ + (૝࢞ + ࢞ࢠ
+

૛ࢠ

ඥ૛(࢞૝ + (૝࢟ + ࢟࢞
≥ 
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≥ ૛࢞

૛࢟૛ିࢠ࢟ା૛ࢠ૛
+ ૛࢟

૛ࢠ૛ି࢞ࢠା૛࢞૛
+ ૛ࢠ

૛࢞૛ି࢟࢞ା૛࢟૛
    (7) 

- Since inequality Cauchy – Schwarz we have 

૛࢞

૛࢟૛ − ࢠ࢟ + ૛ࢠ૛ +
૛࢟

૛ࢠ૛ − ࢞ࢠ + ૛࢞૛ +
૛ࢠ

૛࢞૛ − ࢟࢞ + ૛࢟૛ 

=
૝࢞

૛࢞૛࢟૛ − +ࢠ࢟૛࢞ ૛࢞૛ࢠ૛ +
૝࢟

૛࢟૛ࢠ૛ − ࢞ࢠ૛࢟ + ૛࢟૛࢞૛ +
૝ࢠ

૛ࢠ૛࢞૛ − ࢟࢞૛ࢠ + ૛ࢠ૛࢟૛ ≥ 

≥
૛࢞) + ૛࢟ + ૛)૛ࢠ

(૛࢞૛࢟૛ − ࢠ࢟૛࢞ + ૛࢞૛ࢠ૛) + (૛࢟૛ࢠ૛ − ࢞ࢠ૛࢟ + ૛࢟૛࢞૛) + (૛ࢠ૛࢞૛ − ࢟࢞૛ࢠ + ૛ࢠ૛࢟૛) 

=
૛࢞) + ૛࢟ + ૛)૛ࢠ

૝(࢞૛࢟૛ + ૛ࢠ૛࢟ + (૛࢞૛ࢠ − ࢞)ࢠ࢟࢞ + ࢟ +  (ࢠ

⇒ ૛࢞

૛࢟૛ିࢠ࢟ା૛ࢠ૛
+ ૛࢟

૛ࢠ૛ି࢞ࢠା૛࢞૛
+ ૛ࢠ

૛࢞૛ି࢟࢞ା૛࢟૛
≥ ൫࢞૛ା࢟૛ାࢠ૛൯

૛

૝൫࢞૛࢟૛ା࢟૛ࢠ૛ାࢠ૛࢞૛൯ିࢠ࢟࢞(࢞ା࢟ାࢠ)
    (8) 

- Since (7), (8): 

⇒ ૛࢞

ට૛൫࢟૝ାࢠ૝൯ାࢠ࢟
+ ૛࢟

ට૛൫ࢠ૝ା࢞૝൯ା࢞ࢠ
+ ૛ࢠ

ට૛൫࢞૝ା࢟૝൯ା࢟࢞
≥ ൫࢞૛ା࢟૛ାࢠ૛൯

૛

૝൫࢞૛࢟૛ା࢟૛ࢠ૛ାࢠ૛࢞૛൯ିࢠ࢟࢞(࢞ା࢟ାࢠ)
    (9) 

- (4), (9): 

⇒
૛࢞

ඥ૛(࢟૝ + (૝ࢠ + ࢠ࢟
+

૛࢟

ඥ૛(ࢠ૝ + (૝࢞ + ࢞ࢠ
+

૛ࢠ

ඥ૛(࢞૝ + (૝࢟ + ࢟࢞
≥ ૚ 

⇒ Inequality (1) True and we get the result. 

+ The occurs if: 

⇔

⎩
⎪
⎨

⎪
⎧ ࢞ = ࢟ = ࢠ > ૙
ඥ૛(࢞૝ + (૝࢟ = ૛࢟࢞;ඥ૛(࢟૝ + (૝ࢠ = ૛ࢠ࢟;ඥ૛(ࢠ૝ + (૝࢞ = ૛࢞ࢠ ⇔ ࢞ = ࢟ = ࢠ > ૙.

૚
૛࢟૛ − +ࢠ࢟ ૛ࢠ૛ =

૚
૛ࢠ૛ − ࢞ࢠ + ૛࢞૛ =

૚
૛࢞૛ − ࢟࢞ + ૛࢟૛

 

Solution 2 by Kevin Soto Palacios – Huarmey – Peru  

Siendo ࢟,࢞,  ା. Probar queࡾ números ࢠ

૛࢞

ඥ૛(࢟૝ + (૝ࢠ + ࢠ࢟
+

૛࢟

ඥ૛(ࢠ૝ + (૝࢞ + ࢞ࢠ
+

૛ࢠ

ඥ૛(࢞૝ + (૝࢟ + ࢟࢞
≥ ૚ 

Teniendo en cuenta las siguientes desigualdades conocidas 
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ඥ૛(࢟૝ + (૝ࢠ ≤ ૛(࢟૛ + ૛ࢠ −  	,(ࢠ࢟

ඥ૛(ࢠ૝ + (૝࢞ ≤ ૛(ࢠ૛ + ૛࢞ −  	,(࢟࢞

ඥ૛(࢞૝ + (૝࢟ ≤ ૛(࢞૛ + ૛࢟ −  (࢟࢞

Por lo tanto 

∑ ૛࢞

ඥ૛(࢟૝ାࢠ૝)ାࢠ࢟
≥ ૛࢞

૛(࢟૛ାࢠ૛)ିࢠ࢟
+ ૛࢟

૛(ࢠ૛ା࢞૛)ି࢟࢞
+ ૛ࢠ

૛(࢞૛ା࢟૛)ି࢟࢞
≥ ૚  

Por la desigualdad de Cauchy 

෍
૝࢞

૛࢞૛(࢟૛ + (૛ࢠ − ࢠ࢟૛࢞ ≥
૛࢞) + ૛࢟ + ૛)૛ࢠ

૝࢞૛࢟૛ + ૝࢟૛ࢠ૛ + ૝ࢠ૛࢞૛ − ࢞)ࢠ࢟࢞ + +࢟ (ࢠ ≥ ૚ 

⇔ ૛࢞) + ૛࢟ + ૛)૛ࢠ ≥ ૝࢞૛࢟૛ + ૝࢟૛ࢠ૛ + ૝ࢠ૛࢞૛ − ࢞)ࢠ࢟࢞ + ࢟ +  (ࢠ

⇔ ࢞)ࢠ࢟࢞ + ࢟ + (ࢠ ≥ ૛࢞૛࢟૛ + ૛࢟૛ࢠ૛ + ૛ࢠ૛࢞૛ − ૝࢞ − ૝࢟ −  ૝ࢠ

⇔ ࢞)ࢠ࢟࢞ + ࢟ + (ࢠ ≥ ࢞) + ࢟ + ࢞)(ࢠ + ࢟ − ࢟)(ࢠ + ࢠ − ࢠ)(࢞ + ࢞ −  (࢟

⇔ ࢠ࢟࢞ ≥ ࢞) + ࢟ − ࢟)(ࢠ + ࢠ − ࢠ)(࢞ + ࢞ −  (࢟

(Lo cual es equivalente a la desigualdad de Schur) 

La desigualdad pedida es equivalente 

ࢠ࢟࢞ ≥ ࢞) + ࢟ − ࢟)(ࢠ + ࢠ − ࢠ)(࢞ + ࢞ −  (࢟

ࢠ࢟࢞ ≥ ૛࢟) − ࢞) − ࢠ)(૛(ࢠ + ࢞ −  (࢟

ࢠ࢟࢞ ≥ ૛࢟) − ૛࢞ − ૛ࢠ + ૛ࢠ)(ࢠ࢞ + ࢞ −  (࢟
ࢠ࢟࢞ ≥ +ࢠ૛࢟ ࢞૛࢟ − ૜࢟ − ࢠ૛࢞ − ૜࢞ + ࢟૛࢞ − ૜ࢠ − ࢞૛ࢠ + ࢟૛ࢠ + ૛ࢠ࢞૛ + ૛࢞૛ࢠ − ૛ࢠ࢟࢞  

⇔ ૜࢞ + ૜࢟ + ૜ࢠ + ૜ࢠ࢟࢞ ≥ ࢞)࢟࢞ + (࢟ + ࢟)ࢠ࢟ + (ࢠ + ࢠ)࢞ࢠ +  (࢞

⇔ ࢞)࢞ − ࢞)(࢟ − (ࢠ + ࢟)࢟ − ࢟)(ࢠ − (࢞ + ࢠ)ࢠ − ࢠ)(࢞ − (࢟ ≥ ૙ 

(Válido por desigualdad Schur) 

Solution 3 by Boris Colakovic – Belgrade – Serbia  
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ඥ૛(࢟૝ + (૝ࢠ = ඨ૝(࢟૝ + (૝ࢠ
૛ = ૛ඨ

૝࢟ + ૝ࢠ

૛ ≥
ࡹࡳିࡹ࡭

૛ࢠ࢟ 

Analogous ඥ૛(ࢠ૝ + (૝࢞ ≥ ૛࢞ࢠ;ඥ૛(࢞૝ + (૝࢟ ≥ ૛࢟࢞ 

Now is ඥ૛(࢟૝ + (૝ࢠ + ࢠ࢟ ≥ ૜ࢠ࢟ ⇒ ૚

ට૛൫࢟૝ାࢠ૝൯ାࢠ࢟
≤ ૚

૜ࢠ࢟
⇔ ૛࢞

ට૛൫࢟૝ାࢠ૝൯ାࢠ࢟
≤ ૛࢞

૜ࢠ࢟
 (1) 

Analogous ࢟૛

ඥ૛(ࢠ૝ା࢞૝)ା࢞ࢠ
≤ ૛࢟

૜࢞ࢠ
૛ࢠ ;(2)   

ඥ૛(࢞૝ା࢟૝)ା࢟࢞
≤ ૛ࢠ

૜࢟࢞
   (3) 

Adding (1) + (2) + (3) ⇒ 

૛࢞

૜ࢠ࢟
+ ૛࢟

૜࢞ࢠ
+ ૛ࢠ

૜࢟࢞
≥ ૛࢞

ඥ૛(࢟૝ାࢠ૝)ାࢠ࢟
+ ૛࢟

ඥ૛(ࢠ૝ା࢞૝)ା࢞ࢠ
+ ૛ࢠ

ඥ૛(࢞૝ା࢟૝)ା࢟࢞

ᇩᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇪᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇭᇫ
ࡿ

  

Now is ࢞
૛

૜ࢠ࢟
+ ૛࢟

૜࢞ࢠ
+ ૛ࢠ

૜࢟࢞
≥ ૛(ࢠା࢟ା࢞)

૜(࢟࢞ାࢠ࢟ା࢞ࢠ) ≥ ૚ 

Now is ࢞
૛

૜ࢠ࢟
+ ૛࢟

૜࢞ࢠ
+ ૛ࢠ

૜࢟࢞
≥ ࡿ ≥ ૚ 

Equality holds for ࢞ = ࢟ = ࢠ = ૚ 

 

138. If ࢈,ࢇ, ࢉ ≥ ૛ then: 

૝(ࢇ + ࢈ + (ࢉ ≤ ૛(࢈ࢇ + ࢉ࢈ + (ࢇࢉ ≤ ૜ࢉ࢈ࢇ 

ࢇ) + ࢈ + ૜(ࢉ ≤ ࢈ࢇ) + ࢉ࢈)(ࢉ + ࢇࢉ)(ࢇ +  (࢈

Proposed by Maria Elena Panaitopol – Romania  

Solution by SK Rejuan-West Bengal-India  

Given that ࢈,ࢇ, ࢉ ≥ ૛, we have to prove that, 

૝෍ࢇ ≤ ૛෍࢈ࢇ ≤ ૜ࢉ࢈ࢇ 

1st  

૝෍ࢇ ≤ ૛෍࢈ࢇ 
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⇔ ૛෍ࢇ ≤෍࢈ࢇ 

⇔ ૙ ≤ ࢈)ࢇ − ૛) + ࢉ)࢈ − ૛) + ࢇ)ࢉ − ૛) 

[which is true ∵ ࢈) − ૛), ࢉ) − ૛), ࢇ) − ૛) ≥ ૙] 

∴ ૝∑ࢇ ≤ ૛∑(1)   ࢈ࢇ 

2nd Again, 

૛ ≤ ࢇ ⇒ ૛ࢉ࢈ ≤ ∵]				ࢉ࢈ࢇ ,࢈,ࢇ ࢉ ≥ ૛] 

૛ ≤ ࢈ ⇒ ૛ࢉࢇ ≤  ࢉ࢈ࢇ

૛ ≤ ࢉ ⇒ ૛࢈ࢇ ≤  ࢉ࢈ࢇ

--------------------------------------------------- 

(adding) ૛∑࢈ࢇ ≤ ૜ࢉ࢈ࢇ 

∴ ૛∑࢈ࢇ ≤ ૜(2)    ࢉ࢈ࢇ 

combining (1) & (2) we get 

૝෍ࢇ ≤ ૛෍࢈ࢇ ≤ ૜ࢉ࢈ࢇ 

[Proved] 

ࢉ,࢈,ࢇ ≥ ૛ 

Now, ૛(ࢇ + ࢈ + (ࢉ = ૛ ⋅ ࢇ + ૛ ⋅ ࢈ + ૛ ⋅  ࢉ

≤ ૛ࢇ + ࢈ࢉ + ∵]			ࢉ࢈ ૛ ≤ ,࢈ ૛ ≤  [ࢉ

⇒ ૛(ࢇ + ࢈ + (ࢉ ≤ ૛(ࢇ +  (ࢉ࢈

⇒ ࢇ) + ࢈ + (ࢉ ≤ ࢇ) +  (1)     (ࢉ࢈

Similarly we can prove that 

ࢇ) + ࢈ + (ࢉ ≤ ࢈) +  (2)    (ࢇࢉ

and (ࢇ + ࢈ + (ࢉ ≤ ࢉ) +  (3)    (࢈ࢇ

Multiplying (1), (2) & (3) we get, 

ࢇ) + ࢈ + ૜(ࢉ ≤ ࢈ࢇ) + ࢉ࢈)(ࢉ + ࢇࢉ)(ࢇ +  (࢈
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[Proved] 

139. JBMO TEAM SELECTION TEST 

Let ࢉ,࢈,ࢇ be positive real numbers. Prove that 

ࢇ) + ࢈ + (ࢉ ൬
૚
ࢇ +

૚
࢈ +

૚
൰ࢉ ≥ ૢ + ૜ඨ

ࢇ) − ࢈)૛(࢈ − ࢉ)૛(ࢉ − ૛(ࢇ

૛ࢉ૛࢈૛ࢇ
૜

 

Solution by Ravi Prakash-New Delhi-India 

ࢇ) + ࢈ + (ࢉ ൬
૚
ࢇ

+
૚
࢈

+
૚
ࢉ
൰ = 

= ૜ + ൬
࢈
ࢇ

+
ࢇ
࢈
൰ + ൬

࢈
ࢉ

+
ࢉ
࢈
൰ + ቀ

ࢇ
ࢉ

+
ࢉ
ࢇ
ቁ 

= ૢ +
ࢇ) − ૛(࢈

࢈ࢇ +
࢈) − ૛(ࢉ

ࢉ࢈ +
ࢉ) − ૛(ࢇ

࢈ࢇ  

≥ ૢ+ ૜ ቈ
ࢇ) − ࢈)૛(࢈ − ࢉ)૛(ࢉ − ૛(ࢇ

૛ࢉ૛࢈૛ࢇ ቉

૚
૜

 

[∵ ࡹ࡭ ≥  [ࡹࡳ

 

140. If ࢟,࢞, ࢠ > ૙,࢞ ≠ ,࢟ ࢟ ≠ ,ࢠ ࢠ ≠  :then ࢞

࢟࢞) + ࢠ࢟ + (࢞ࢠ ൬
૚

࢞) − ૛(࢟ +
૚

࢟) − ૛(ࢠ +
૚

ࢠ) − ૛(࢞ +
࢞ + +࢟ ࢠ
ࢠ࢟࢞

൰ >
ૡ૚
૝

 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo ࢟,࢞, ࢠ > ૙,࢞ ≠ ,࢟ ࢟ ≠ ࢠ,ࢠ ≠  Probar .࢞

ࡼ = ࢟࢞) + ࢠ࢟ + (࢞ࢠ ቀ ૚
૛(࢟ି࢞) + ૚

૛(ࢠି࢟) + ૚
૛(࢞ିࢠ) + ૚

࢟࢞
+ ૚

ࢠ࢟
+ ૚

࢞ࢠ
ቁ > ૡ૚

૝
  

Iran Inequality 1994 

Siendo ࢟,࢞, ࢠ > ૙. Se cumple la siguiente desigualdad 
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࢟࢞) + ࢠ࢟ + (࢞ࢠ ൬
૚

࢞) + ૛(࢟ +
૚

࢟) + ૛(ࢠ +
૚

ࢠ) + ૛൰(࢞ ≥
ૢ
૝ 

La igualdad se alcanza cuando ࢞ = ࢟ = ࢠ = ࢑ > ૙ 

Dado que ࢞ ≠ ࢟ ≠ ࢠ ≠ ૙ 

⇔ ࢟࢞) + ࢠ࢟ + (࢞ࢠ ൬
૚

࢞) + ૛(࢟ +
૚

࢟) + ૛(ࢠ +
૚

ࢠ) + ૛൰(࢞ >
ૢ
૝

 

Por la desigualdad de Cauchy 
૚

࢞) − ૛(࢟ +
૚
૛࢟࢞ +

૚
૛࢟࢞ ≥

ૢ
࢞) − ૛(࢟ + ૝࢟࢞ =

ૢ
࢞) + ૛(࢟ ⇔ 

⇔෍
૚

࢞) − ૛(࢟ +෍
૚
࢟࢞ ≥෍

ૢ
࢞) +  ૛(࢟

Por lo tanto 

⇔ ቀ෍࢟࢞ቁ൬෍
૚

࢞) − ૛(࢟ + ෍
૚
࢟࢞
൰ ≥ ቀ෍࢟࢞ቁ൬෍

ૢ
࢞) + ૛൰(࢟ >

ૢ ⋅ ૢ
૝

=
ૡ૚
૝

 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

Lemma: Let ࢟,࢞, ࢠ > ૙ then (࢟࢞ + ࢠ࢟ + (࢞ࢠ ቀ∑ ૚
ࢉ࢟ࢉ૛(࢟ା࢞) ቁ ≥ ૢ

૝
 

࢟࢞) + ࢠ࢟ + (࢞ࢠ ቀ∑ ૚
ࢉ࢟ࢉ૛(࢟ା࢞) + ࢠା࢟ା࢞

ࢠ࢟࢞
ቁ = ࢟࢞) + ࢠ࢟ + ∑(࢞ࢠ ቀ ૚

૛(࢟ି࢞) + ૝
૝࢟࢞

ቁࢉ࢟ࢉ   

>
ࡹࡻࡾࢀࡿࡳࡾࡱ࡮

	 ࢟࢞) + ࢠ࢟ + ∑(࢞ࢠ (૚ା૛)૛

ࢉ࢟ࢉ࢟࢞૛ା૝(࢟ି࢞) = ࢟࢞)ૢ + ࢠ࢟ + ∑(࢞ࢠ ૚
ࢉ࢟ࢉ૛(࢟ା࢞)   

> ૡ૚
૝

 (Proved) 

141. Let ࢈,ࢇ,  .be real positive numbers ࢉ

Prove that 

૟ +
૛ࢇ

ࢉ࢈
+
૛࢈

ࢇࢉ
+
૛ࢉ

࢈ࢇ
≥ ૜ ⋅ ඨ૟(ࢇ+ ࢈ + (ࢉ ൬

૚
ࢇ

+
૚
࢈

+
૚
ࢉ
൰ − ૛ૠ

૜
 

Proposed by Adil Abdullayev-Baku-Azerbaidian 
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Solution by Kevin Soto Palacios – Huarmey – Peru  

Siendo ࢈,ࢇ,  ା, probar la siguiente desigualdadࡾ nùmeros ࢉ

૟ +
૛ࢇ

ࢉ࢈
+
૛࢈

ࢉࢇ
+
૛ࢉ

࢈ࢇ
≥ ૜ඨ૟(ࢇ+ ࢈ + (ࢉ ൬

૚
ࢇ

+
૚
࢈

+
૚
ࢉ
൰ − ૛ૠ

૜
 

Por la desigualdad de Schur 

૜ࢇ + ૜࢈ + ૜ࢉ + ૜ࢉ࢈ࢇ ≥ ࢇ)࢈ࢇ + (࢈ + ࢈)ࢉ࢈ + (ࢉ + ࢉ)ࢇࢉ +  (ࢇ

⇔
૛ࢇ

ࢉ࢈
+
૛࢈

ࢉࢇ
+
૛ࢉ

࢈ࢇ
+ ૟ ≥ ൬

ࢇ + ࢈
ࢉ

+ ૚൰ + ൬
࢈ + ࢉ
ࢇ

+ ૚൰ + ൬
ࢉ + ࢇ
࢈

+ ૚൰ = 

= ࢇ) + ࢈ + (ࢉ ൬
૚
ࢇ

+
૚
࢈

+
૚
ࢉ
൰ 

Es suficiente probar 

࢞ ≥ ૜√૟࢞ − ૛ૠ૜  , donde ࢞ = ࢇ) + ࢈ + (ࢉ ቀ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
ቁ ≥ ૢ 

(Vàlido por MA ≥ MG) 

૜࢞ ≥ ૛ૠ(૟࢞ − ૛ૠ) ⇔ ૜࢞ − ૚૟૛࢞ + ૠ૛ૢ = ࢞) − ૛࢞)(ૢ + ࢞ૢ − ૡ૚) ≥ ૙ 

Lo cual es cierto ya que ࢞ ≥ ૢ	 ∧ ૛࢞ + ࢞ૢ − ૡ૚ ≥ ૡ૚ > ૙ 

 

142. Let ࢈,ࢇ,  be real positive numbers. Prove that ࢉ

૟ +
૛ࢇ

ࢉ࢈
+
૛࢈

ࢇࢉ
+
૛ࢉ

࢈ࢇ
≥ ૜ ⋅ ඨ૟(ࢇ+ ࢈ + (ࢉ ൬

૚
ࢇ

+
૚
࢈

+
૚
ࢉ
൰ − ૛ૠ

૜
 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution by Kevin Soto Palacios – Huarmey – Peru  

Siendo ࢈,ࢇ,  ା, probar la siguiente desigualdadࡾ nùmeros ࢉ

૟ +
૛ࢇ

ࢉ࢈ +
૛࢈

ࢉࢇ +
૛ࢉ

࢈ࢇ ≥ ૜ඨ૟(ࢇ+ ࢈ + (ࢉ ൬
૚
ࢇ +

૚
࢈ +

૚
൰ࢉ − ૛ૠ

૜
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Por la desigualdad de Schur 

૜ࢇ + ૜࢈ + ૜ࢉ + ૜ࢉ࢈ࢇ ≥ ࢇ)࢈ࢇ + (࢈ + ࢈)ࢉ࢈ + (ࢉ + ࢉ)ࢇࢉ +  (ࢇ

⇔
૛ࢇ

ࢉ࢈
+
૛࢈

ࢉࢇ
+
૛ࢉ

࢈ࢇ
+ ૟ ≥ ൬

ࢇ + ࢈
ࢉ

+ ૚൰ + ൬
࢈ + ࢉ
ࢇ

+ ૚൰ + ൬
ࢉ + ࢇ
࢈

+ ૚൰ = 

= ࢇ) + ࢈ + (ࢉ ൬
૚
ࢇ

+
૚
࢈

+
૚
ࢉ
൰ 

Es suficiente probar 

࢞ ≥ ૜√૟࢞ − ૛ૠ૜  , donde ࢞ = ࢇ) + ࢈ + (ࢉ ቀ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
ቁ ≥ ૢ 

(Vàlido por MA ≥ MG) 

૜࢞ ≥ ૛ૠ(૟࢞ − ૛ૠ) ⇔ ૜࢞ − ૚૟૛࢞ + ૠ૛ૢ = ࢞) − ૛࢞)(ૢ + ࢞ૢ − ૡ૚) ≥ ૙ 

Lo cual es cierto ya que ࢞ ≥ ૢ	 ∧ ૛࢞ + ࢞ૢ − ૡ૚ ≥ ૡ૚ > ૙ 

 

143. If ࢈,ࢇ, ࢉ > ૙,ࢇ + ࢈ + ࢉ = ૜ then: 

૚
ࢉ࢈ࢇ

≥ ඨࢇ
૜ + ૜࢈ + ૜ࢉ

૜

૝

 

Proposed by Nguyen Ngoc Tu – Ha Giang – Vietnam  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo ࢈,ࢇ, ࢉ > ૙, de tal manera que ࢇ + ࢈ + ࢉ = ૜. Probar que 

૚
ࢉ࢈ࢇ

≥ ඨࢇ
૜ + ૜࢈ + ૜ࢉ

૜

૝

⇔ ૜ ≥ ૜ࢇ) + ૜࢈ +  ૝ࢉ૝࢈૝ࢇ(૜ࢉ

Nosotros sabemos que 

ࢇ) + ࢈ + ૜(ࢉ = ૜ࢇ + ૜࢈ + ૜ࢉ + ૜(ࢇ + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ = ૛ૠ 

Como ࢈,ࢇ, ࢉ > ૙ 

Aplicando ࡭ࡹ ≥  ࡳࡹ
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൬ࢇ૜ + ૜࢈ + ૜ࢉ + ૜
ૡ
⋅ ૡ(ࢇ+ +࢈)(࢈ ࢉ)(ࢉ + ൰(ࢇ

ૢ
≥ ૜ࢇ)ૢૢ + ૜࢈ + (૜ࢉ ቀ૜(ࢇା࢈)(࢈ାࢉ)(ࢉାࢇ)

ૡ
ቁ
ૡ

  

Utilizando la siguiente desigualdad ∀	࢈,ࢇ, ࢉ > ૙ 

ࢇ)ૢ + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ ≥ ૡ(ࢇ + ࢈ + ࢈ࢇ)(ࢉ + ࢉ࢈ +  (ࢇࢉ

⇒ ૜ࢇ)ૢૢ + ૜࢈ + (૜ࢉ ቆ
૜(ࢇ + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ

ૡ ቇ
ૡ

≥ 

≥ ૜ࢇ)ૢૢ + ૜࢈ + (૜ࢉ ቆ
૜(ࢇ + ࢈ + ࢈ࢇ)(ࢉ + ࢉ࢈ + (ࢇࢉ

ૢ
ቇ
ૡ

= 

= ૜ࢇ)ૢૢ + ૜࢈ + ࢈ࢇ)(૜ࢉ + ࢉ࢈ +  ૡ(ࢇࢉ

Por transitividad 

⇔ ࢇ) + ࢈ + ૛ૠ(ࢉ ≥ ૜ࢇ)ૢૢ + ૜࢈ + ࢈ࢇ)(૜ࢉ + ࢉ࢈ + ૛(ࢇࢉ ≥ 

≥ ૜ࢇ)ૢૢ + ૜࢈ + ࢇ)ࢉ࢈ࢇ૜)൫૜ࢉ + ࢈ + ൯૝(ࢉ = ૢ૚૜ࢇ૝࢈૝ࢉ૝ = 

= ૜૛૟(ࢇ૜ + ૜࢈ +  ૝ࢉ૝࢈૝ࢇ(૜ࢉ

⇔ ૜૛ૠ ≥ ૜૛૟(ࢇ૜ + ૜࢈ + ૝ࢉ૝࢈૝ࢇ(૜ࢉ ⇔ ૜ ≥ ૜ࢇ) + ૜࢈ +  ૝ࢉ૝࢈૝ࢇ(૜ࢉ

(LQQD) 

Solution 2 by Nguyen Ngoc Tu – HaGiang – Vietnam  

* Lemma. Let ࢈,ࢇ, ࢇ be positive such that ࢉ + ࢈ + ࢉ = ૜. Then 

࢈૛ࢇ) + ࢉ૛࢈ + ࢉ૛ࢇ)(ࢇ૛ࢉ + ࢇ૛࢈ + (࢈૛ࢉ ≥  ࢉ࢈ࢇૢ

Solution lemma. 

࢈૛ࢇ) + ࢉ૛࢈ + ࢉ૛ࢇ)(ࢇ૛ࢉ + ࢇ૛࢈ + (࢈૛ࢉ ≥  ࢉ࢈ࢇૢ

⇔ ૜࢈૜ࢇ + ૜ࢉ૜࢈ + ૜ࢇ૜ࢉ + ૜ࢇ૛࢈૛ࢉ૛ + ૜ࢇ)ࢉ࢈ࢇ + ૜࢈ + (૜ࢉ ≥  ࢉ࢈ࢇૢ

Use Schur inequality for ࢔ = ૜ we have 

૜࢞ + ૜࢟ + ૜ࢠ + ૜ࢠ࢟࢞ ≥ ࢟)૛࢞ + (ࢠ + ࢠ)૛࢟ + (࢞ + ࢞)૛ࢠ +  with (࢟

࢞ = ࢟,࢈ࢇ = ,ࢉ࢈ ࢠ =  we have ࢇࢉ

૜࢈૜ࢇ + ૜ࢉ૜࢈ + ૜ࢇ૜ࢉ + ૜ࢇ૛࢈૛ࢉ૛ ≥ +ࢉ࢈)૛࢈૛ࢇ (ࢇࢉ + +࢈ࢇ)૛ࢉ૛࢈ (ࢇࢉ + +࢈ࢇ)૛ࢇ૛ࢉ  (ࢉ࢈
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⇔ ૜࢈૜ࢇ + ૜ࢉ૜࢈ + ૜ࢇ૜ࢉ + ૜ࢇ૛࢈૛ࢉ૛ ≥ +࢈)૛ࢇ]ࢉ࢈ࢇ (ࢉ + +ࢉ)૛࢈ (ࢇ + +ࢇ)૛ࢉ  [(࢈

Hence 

૜࢈૜ࢇ + ૜ࢉ૜࢈ + ૜ࢇ૜ࢉ + ૜ࢇ૛࢈૛ࢉ૛ + ૜ࢇ)ࢉ࢈ࢇ + ૜࢈ + (૜ࢉ ≥ ࢉ࢈ࢇ ቂ෍ࢇ૜ + ෍ࢇ૛(࢈ +  ቃ(ࢉ

= +ࢇ)ࢉ࢈ࢇ ࢈ + ૛ࢇ)(ࢉ + ૛࢈ +  (૛ࢉ

૛ࢇ + ૛࢈ + ૛ࢉ ≥
૚
૜

ࢇ) + ࢈ + (ࢉ = ૚ ⇒ ࢇ)ࢉ࢈ࢇ + +࢈ ૛ࢇ)(ࢉ + ૛࢈ + (૛ࢉ ≥  ࢉ࢈ࢇૢ

Solution problem 

We have ૚
ࢉ࢈ࢇ

≥ ටࢇ૜ା࢈૜ାࢉ૜

૜

૝
⇔ ૜

૝(ࢉ࢈ࢇ) ≥ ૜ࢇ + ૜࢈ +  ૜ࢉ

We have 

૜ࢇ) + ૜࢈ + ࢈૛ࢇ)(૜ࢉ + ࢉ૛࢈ + ࢈૛ࢇ)(ࢇ૛ࢉ + ࢉ૛࢈ +  (ࢇ૛ࢉ

≤
૜ࢇ) + ૜࢈ + ૜ࢉ + ࢈૛ࢇ + ࢉ૛࢈ + ࢇ૛ࢉ + ࢈૛ࢇ + ࢉ૛࢈ + ૜(ࢇ૛ࢉ

૛ૠ
 

=
૚
૛ૠ

ࢇ) + ࢈ + ૛ࢇ)૜(ࢉ + ૛࢈ + ૛)૜ࢉ = ૛ࢇ) + ૛࢈ +  ૛)૜ࢉ

⇒ ૜ࢇ + ૜࢈ + ૜ࢉ ≤ ൫ࢇ૛ା࢈૛ାࢉ૛൯
૜

(ࢇ૛ࢉାࢉ૛࢈ା࢈૛ࢇ)(ࢇ૛ࢉାࢉ૛࢈ା࢈૛ࢇ) ≤
൫ࢇ૛ା࢈૛ାࢉ૛൯

૜

ࢉ࢈ࢇૢ
   (1) 

Use AM-GM inequality we have 

૛ࢇ) + ૛࢈ + ࢈ࢇ)(૛ࢉ + ࢉ࢈ + ૛(ࢇࢉ ≤
ࢇ) + ࢈ + ૟(ࢉ

૛ૠ
= ૛ૠ, 

࢈ࢇ) + ࢉ࢈ + ૛(ࢇࢉ ≥ ૜ࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ =  ࢉ࢈ࢇૢ

⇒ ૛ࢇ + ૛࢈ + ૛ࢉ ≤ ૛ૠ
૛(ࢇࢉାࢉ࢈ା࢈ࢇ) ≤

૛ૠ
ࢉ࢈ࢇૢ

= ૜
ࢉ࢈ࢇ

⇒ ૛ࢇ) + ૛࢈ + (૛ࢉ ≤ ૛ૠ
 ૜     (2)(ࢉ࢈ࢇ)

since (1) and (2) we have ࢇ૜ + ૜࢈ + ૜ࢉ ≤ ૜
૝(ࢉ࢈ࢇ) ⇒

૚
ࢉ࢈ࢇ

≥ ටࢇ૜ା࢈૜ାࢉ૜

૜

૝
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144. If ࢈,ࢇ, ࢉ > ૙ then: 

ૢࢇ

૛ࢉ૟࢈
+

ૢ࢈

૛ࢇ૟ࢉ
+

ૢࢉ

૛࢈૟ࢇ
≥ ඨ ૛ૡࢇ

૞ࢉ૚ૠ࢈
૟

+ ඨ ૛ૡ࢈

૞ࢇ૚ૠࢉ
૟

+ ඨ ૛ૡࢉ

૞࢈૚ૠࢇ
૟

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo ࢈,ࢇ, ࢉ > ૙. Probar que 

ૢࢇ

૛ࢉ૟࢈ +
ૢ࢈

૛ࢇ૟ࢉ +
ૢࢉ

૛࢈૟ࢇ ≥
ඨ ૛ૡࢇ

૞ࢉ૚ૠ࢈
૟

+ ඨ ૛ૡ࢈

૞ࢇ૚ૠࢉ
૟

+ ඨ ૛ૡࢉ

૞࢈૚ૠࢇ
૟

 

La desigualdad es equivalente 

ૢࢇ

૛ࢉ૟࢈
+

ૢ࢈

૛ࢇ૟ࢉ
+

ૢࢉ

૛࢈૟ࢇ
≥ ૟ࢉ࢈ࢇ√ ቌඨ

ૢࢇ

૛ࢉ૟࢈
+ ඨ ૢ࢈

૛ࢇ૟ࢉ
+ ඨ ૢࢉ

૛ቍ࢈૟ࢇ
 

Aplicando MA ≥ MG 
ૢࢇ

૛ࢉ૟࢈
+ ૢ࢈

૛ࢇ૟ࢉ
+ ૢࢉ

૛࢈૟ࢇ
≥ ૜√ࢉ࢈ࢇ૜   (A) 

Aplicando desigualdad de Cauchy 

૜ ቀ ૢࢇ

૛ࢉ૟࢈
+ ૢ࢈

૛ࢇ૟ࢉ
+ ૢࢉ

૛࢈૟ࢇ
ቁ ≥ ቆට ૢࢇ

૛ࢉ૟࢈
+ ට ૢ࢈

૛ࢇ૟ࢉ
+ ට ૢࢉ

૛࢈૟ࢇ
ቇ
૛

  (B) 

Multiplicando (A) × (B) 

ቆ
ૢࢇ

૛ࢉ૟࢈
+

ૢ࢈

૛ࢇ૟ࢉ
+

ૢࢉ

૛࢈૟ࢇ
ቇ ≥ ૜ࢉ࢈ࢇ√ ቌඨ

ૢࢇ

૛ࢉ૟࢈
+ඨ ૢ࢈

૛ࢇ૟ࢉ
+ ඨ ૢࢉ

૛ቍ࢈૟ࢇ

૛

 

⇒
ૢࢇ

૛ࢉ૟࢈
+

ૢ࢈

૛ࢇ૟ࢉ
+

ૢࢉ

૛࢈૟ࢇ
≥ ૟ࢉ࢈ࢇ√ ቌඨ

ૢࢇ

૛ࢉ૟࢈
+ ඨ ૢ࢈

૛ࢇ૟ࢉ
+ ඨ ૢࢉ

૛ቍ࢈૟ࢇ
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Solution 2 by Ravi Prakash-New Delhi-India 

૝ ૢࢇ

૛ࢉ૟࢈
+ ૢ࢈

૛ࢇ૟ࢉ
+ ૢࢉ

૛࢈૟ࢇ
≥ ૟ ቀ ࢇ

૜૟

ૡࢉ૛࢈
⋅ ૢ࢈

૛ࢇ૟ࢉ
⋅ ૢࢉ

૛࢈૟ࢇ
ቁ
૚
૟ = ૟ ቀ ૛ૡࢇ

૞ࢉ૚ૠ࢈
ቁ
૚
૟
         (1) 

Similarly, 

ૢࢇ

૛ࢉ૟࢈
+ ૝ ૢ࢈

૛ࢇ૟ࢉ
+ ૢࢉ

૛࢈૟ࢇ
≥ ቀ ૛ૡ࢈

૞ࢇ૚ૠࢉ
ቁ
૚
૟    (2) 

ૢࢇ

૛ࢉ૟࢈
+ ૢ࢈

૛ࢇ૟ࢉ
+ ૝ ૢࢉ

૛࢈૟ࢇ
≥ ૟ቀ ૛ૡࢉ

૞࢈૚ૠࢇ
ቁ
૚
૟    (3) 

Adding (1), (2), (3) and dividing by ૟ we get the desired inequality. 

 

145. If ࢈,ࢇ, ࢉ > ૙,࢈ࢇ + ࢉ࢈ + ࢇࢉ + ૛ࢉ࢈ࢇ = ૚ then: 

૚
૝ࢇ૜ + ૝࢈૜ + ૜ࢉ +

૚
૝࢈૜ + ૝ࢉ૜ + ૜ࢇ +

૚
૝ࢉ૜ + ૝ࢇ૜ + ૜࢈ ≤

૟
૞ 

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Solution by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Since 

࢈ࢇ + ࢉ࢈ + +ࢇࢉ ૛ࢉ࢈ࢇ = ૚ ⇒ ,࢟,࢞∃ ࢠ ≥ ૙: ;࢈;ࢇ) (ࢉ = ቀ ࢞
ࢠା࢟

; ࢟
࢞ାࢠ

; ࢠ
࢟ା࢞

ቁ ⇒ 

⇒ ࢇ + ࢈ + ࢉ ≥
૜
૛ 

We have ૝ࢇ૜ ≥ ૜ࢇ − ૚ ⇔ (૛ࢇ − ૚)૛(ࢇ + ૚) ≥ ૙, similarly ૝࢈૜ ≥ ૜࢈ − ૚,	 

૝ࢉ૜ ≥ ૜ࢉ − ૚. 

Hence ૝ࢇ૜ + ૝࢈૜ + ૜ࢉ ≥ ૜(ࢇ + ࢈ + (ࢉ − ૛ ≥ ૞
૜
⇒ ૚

૝ࢇ૜ା૝࢈૜ା૜ࢉ
≤ ૛

૞
, similarly  

૚
૝࢈૜ + ૝ࢉ૜ + ૜ࢇ ≤

૛
૞ ,

૚
૝ࢉ૜ + ૝ࢇ૜ + ૜࢈ ≤

૛
૞. 

⇒
૚

૝ࢇ૜ + ૝࢈૜ + ૜ࢉ +
૚

૝ࢇ૜ + ૝࢈૜ + ૜ࢉ +
૚

૝ࢇ૜ + ૝࢈૜ + ૜ࢉ ≤
૟
૞. 
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146. If ࢈,ࢇ, ࢉ > ૙ then: 

෍
ࢇ

࢈ + ࢉ
+ ෑ

ࢇ
࢈ + ࢉ

≥
૚૜
ૡ

 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo ࢈,ࢇ, ࢉ > ૙. Probar la siguiente desigualdad 
ࢇ

࢈ + ࢉ +
࢈

ࢉ + ࢇ +
ࢉ

ࢇ + ࢈ +
ࢉ࢈ࢇ

ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ ≥
૚૜
ૡ  

Es suficiente demostrar la siguiente desigualdad ∀	࢈,ࢇ, ࢉ > ૙ 
ࢇ
ࢉା࢈

+ ࢈
ࢇାࢉ

+ ࢉ
࢈ାࢇ

+ ૝ࢉ࢈ࢇ
(ࢇାࢉ)(ࢉା࢈)(࢈ାࢇ) ≥ ૛  (A) 

⇔ ࢇ)ࢇ + ࢇ)(࢈ + (ࢉ + ࢈)࢈ + ࢈)(ࢇ + (ࢉ + ࢉ)ࢉ + ࢉ)(ࢇ + (࢈ + ૝ࢉ࢈ࢇ ≥ 

≥ ૛(ࢇ + ࢈)(࢈ + ࢉ)(ࢉ +  (ࢇ

⇔ ૜ࢇ + ૜࢈ + ૜ࢉ + ࢇ)࢈ࢇ + (࢈ + ࢈)ࢉ࢈ + (ࢉ + ࢉ)ࢇࢉ + (ࢇ + ૠࢉ࢈ࢇ ≥ 

≥ ૛ࢇ)࢈ࢇ + (࢈ + ૛࢈)ࢉ࢈ + (ࢉ + ૛ࢉ)ࢇࢉ + (ࢇ + ૝ࢉ࢈ࢇ 

⇔ ૜ࢇ + ૜࢈ + ૜ࢉ + ૜ࢉ࢈ࢇ − ࢇ)࢈ࢇ + (࢈ − ࢈)ࢉ࢈ + −(ࢉ ࢉ)ࢇࢉ + (ࢇ ≥ ૙ 

⇔ ࢇ)ࢇ − ࢇ)(࢈ − (ࢉ + ࢈)࢈ − ࢈)(ࢇ − (ࢉ + ࢉ)ࢉ − ࢉ)(ࢇ − (࢈ ≥ ૙ 

(Válido por desigualdad de Schur) 

Además → ି૜ࢉ࢈ࢇ
(ࢇାࢉ)(ࢉା࢈)(࢈ାࢇ) ≥ − ૜

ૡ
   (B) 

Sumando (A) + (B) 

⇒
ࢇ

࢈ + ࢉ
+

࢈
ࢉ + ࢇ

+
ࢉ

ࢇ + ࢈
+

ࢉ࢈ࢇ
ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ ≥

૚૜
ૡ

 

(LQQD) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

ࡿࡴࡸ =
ࢇ

࢈ + ࢉ +
࢈

ࢉ + ࢇ +
ࢉ

ࢇ + ࢈ +
ࢉ࢈ࢇ

ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ +  (ࢇ
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=
ࢉ)ࢇ + ࢇ)(ࢇ + (࢈ + ࢇ)࢈ + ࢈)(࢈ + (ࢉ + ࢈)ࢉ + ࢉ)(ࢉ + (ࢇ + ࢉ࢈ࢇ

ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ  

=
࢈ࢇ∑)ࢇ + (૛ࢇ + ࢈ࢇ∑)࢈ + (૛࢈ + ࢈ࢇ∑)ࢉ + (૛ࢉ + ࢉ࢈ࢇ

૛ࢉ࢈ࢇ + ࢈૛ࢇ∑ + ૛࢈ࢇ∑
 

=
(ࢇ∑)(࢈ࢇ∑) + ૜ࢇ∑ + ࢉ࢈ࢇ
૛ࢉ࢈ࢇ + ࢈૛ࢇ∑ + ૛࢈ࢇ∑

=
࢈૛ࢇ∑ ૛࢈ࢇ∑+ + ૜ࢉ࢈ࢇ + ૜ࢇ∑ + ࢉ࢈ࢇ

૛ࢉ࢈ࢇ + ࢈૛ࢇ∑ ૛࢈ࢇ∑+
 

= ૜ࢇ∑ାࢉ࢈ࢇା૝࢖

૛ࢉ࢈ࢇା࢖
  (where ࢖ = ࢈૛ࢇ∑  (૛࢈ࢇ∑+

=
࢖ + ૛ࢉ࢈ࢇ ૜ࢇ∑+ + ૛ࢉ࢈ࢇ

࢖ + ૛ࢉ࢈ࢇ = ૚ +
૜ࢇ∑ + ૛ࢉ࢈ࢇ
࢖ + ૛ࢉ࢈ࢇ  

= ૚ +
૜∑ࢇ૜ + ૟ࢉ࢈ࢇ
૜࢖ + ૟ࢉ࢈ࢇ

=
(૚)

૚+
૛(∑ࢇ૜ + ૜ࢉ࢈ࢇ) + ૜ࢇ∑

૜࢖ + ૟ࢉ࢈ࢇ
 

Now, ∑ࢇ૜ + ૜ࢉ࢈ࢇ ≥ ᇩᇭᇭᇭᇭᇪᇭᇭᇭᇭᇫ࢖
(ࢇ)

   (Schur) and, 

૜ࢇ∑ ≥ ૜ࢉ࢈ࢇ (AM-GM) 

Adding, ૛∑ࢇ૜ ≥ ࢖ ⇒ ૜ࢇ∑ ≥ ࢖
૛

   (b) 

(1), (a), (b) ⇒ ࡿࡴࡸ ≥⏞
(࢈),(ࢇ)

૚ +
૛࢖ା࢖૛

૜࢖ା૟ࢉ࢈ࢇ
= ૚ + ૞࢖

૟࢖ା૚૛ࢉ࢈ࢇ
 

≥ ૚ +
૞࢖

૟࢖ + ૛࢖	ቌ∵ ૚૛ࢉ࢈ࢇ ≤⏞
ࡳି࡭

૛࢖ = ૛ ቀ෍ࢇ૛࢈ + ෍࢈ࢇ૛ቁቍ 

= ૚ +
૞
ૡ

=
૚૜
ૡ

=  ࡿࡴࡾ

(Proved) 

Solution 3 by Soumitra Mandal-Chandar Nagore-India 

෍
ࢇ

࢈ + ࢉ
ࢉ࢟ࢉ

+ ෑ
ࢇ

࢈ + ࢉ
ࢉ࢟ࢉ

≥
૚૜
ૡ
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⇔
ࢇ)ࢇ + ࢇ)(࢈ + (ࢉ + ࢈)࢈ + ࢈)(ࢉ + (ࢇ + ࢉ)ࢉ + ࢉ)(ࢇ + (ࢇ

ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ ≥
૚૜
ૡ

 

⇔
૜ࢇ + ૜࢈ + ૜ࢉ + ࢇ) + ࢈ + ࢈ࢇ)(ࢉ + ࢉ࢈ + (ࢇࢉ + ࢉ࢈ࢇ

ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ ≥
૚૜
ૡ

 

⇔ ࢘ା૝ࢗ࢖૛ି૛࢖
࢘ିࢗ࢖

≥ ૚૜
ૡ

, where ࢇ + ࢈ + ࢉ = ࢈ࢇ,࢖ + ࢉ࢈ + ࢇࢉ = ࢉ࢈ࢇ and ࢗ =  ࢘

⇔ ૡ࢖૜ + ૝૞࢘ ≥ ૛ૢࢗ࢖. Now, from Schur ࢖૜ + ࢘ૢ ≥ ૝ࢗ࢖ ⇒ 

⇒ ૝૞࢘ ≥ ૛૙ࢗ࢖ − ૞࢖૜ 

ૡ࢖૜ + ૝૞࢘ ≥ ૜࢖૜ + ૛૙ࢗ࢖ ≥ ૛ૢࢗ࢖	[∵ ૛࢖ ≥ ૜ࢗ] 

∴ ෍
ࢇ

࢈ + ࢉ
ࢉ࢟ࢉ

+ ෑ
ࢇ

࢈ + ࢉ
ࢉ࢟ࢉ

≥
૚૜
ૡ

 

(Proved) 

Solution 4 by Nguyen Ngoc Tu-Ha Giang-Vietnam 

We have 
ࢇ

࢈ + ࢉ +
࢈

ࢉ + ࢇ +
ࢉ

ࢇ + ࢈ +
ࢉ࢈ࢇ

ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ ≥
૚૜
ૡ  

⇔෍ࢇ ࢇ) + ࢇ)(࢈ + (ࢉ + ࢉ࢈ࢇ ≥
૚૜
ૡ

ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ +  (ࢇ

⇔෍ࢇ૜ + ෍ࢇ෍࢈ࢇ + ࢉ࢈ࢇ ≥
૚૜
ૡ
ቂ෍ࢇ෍࢈ࢇ − ૡࢉ࢈ࢇቃ 

⇔ ૡ෍ࢇ૜ + ૟ࢉ࢈ࢇ ≥ ૞ ቂ෍ࢇ૛(࢈ +  ቃ(ࢉ

⇔ ૛ቀ෍ࢇ૜ + ૜ࢉ࢈ࢇቁ + ૟෍ࢇ૜ ≥ ૞ ቂ෍ࢇ૛ ࢈) +  ቃ(ࢉ

Use Schur inequality, we have ∑ࢇ૜ + ૜ࢉ࢈ࢇ ≥ ૛ࢇ∑ ࢈) +  and (ࢉ

૜ࢇ + ૜࢈ ≥ ࢇ)࢈ࢇ + (࢈ ⇒ ૛∑ࢇ૜ ≥ ૛ࢇ∑ ࢈) + (ࢉ ⇒ ૟∑ࢇ૜ ≥ ૜∑ࢇ૛(࢈ +   (ࢉ

Done. 
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Solution 5 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

෍ࢇ૜ + ૜ࢉ࢈ࢇ ≥⏞
࢛࢘ࢎࢉࡿ

	෍(ࢇ૛࢈ + (૛࢈ࢇ | ⋅ ૞ 

ૡ ⋅෍ࢇ૜ + ૟ࢉ࢈ࢇ ≥⏞
ࡹࡳஹࡹ࡭

૞෍ࢇ૜ + ૚૞ࢉ࢈ࢇ ≥ ૞ ⋅෍(ࢇ૛࢈ +  (૛࢈ࢇ

૜ ⋅ ૜ࢇ) + ૜࢈ + (૜ࢉ ≥  ࢉ࢈ࢇૢ

ૡ ⋅ ૜ࢇ∑ + ૟ࢉ࢈ࢇ ≥ ૞ ⋅ ࢈૛ࢇ)∑ +  (*)   (૛࢈ࢇ
ࢇ

࢈ + ࢉ
+

࢈
ࢉ + ࢇ

+
ࢉ

ࢇ + ࢈
+

ࢉ࢈ࢇ
ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ −

૚૜
ૡ
≥ ૙ 

ૡ ⋅ ࢇ∑ ⋅ ࢇ) + ࢇ)(࢈ + (ࢉ + ૡࢉ࢈ࢇ
ૡ(ࢇ + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ −

૚૜(ࢇ + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ
ૡ ⋅ ࢇ) + ࢈)(࢈ + (ࢉ ⋅ (ࢇࢉ) = 

=
ૡ ⋅ ૜ࢇ∑) ࢈૛ࢇ)∑+ + (૛࢈ࢇ + ૝ࢉ࢈ࢇ)− ૚૜ ⋅ ࢈૛ࢇ)∑) + (૛࢈ࢇ + ૛ࢉ࢈ࢇ)

ૡ(ࢇ + (࢈ ⋅ ࢈) + (ࢉ ⋅ ࢉ) + (ࢇ = 

=
ૡ ⋅ ૜ࢇ∑ + ૟ࢉ࢈ࢇ − ૞[∑(ࢇ૛࢈ + [(૛࢈ࢇ

ૡ ⋅ ࢇ)∏ + (࢈ ≥⏞
(∗)

૙ 

 

147. If ࢈,ࢇ, ࢉ > ૙,ࢇ + ࢈ + ࢉ + ࢉ࢈ࢇ = ૝ then: 

ࢇ
ࢇ + ૚

+
࢈

࢈ + ૚
+

ࢉ
ࢉ + ૚

≤
૜
૛

 

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Solution  by Kevin Soto Palacios – Huarmey – Peru  

Siendo ࢈,ࢇ, ࢉ > 0, de tal manera que ࢈ࢇ + ࢉ࢈ + ࢇࢉ + ࢉ࢈ࢇ = ૝. Probar 

que 

ࢇ
ࢇ + ૚ +

࢈
࢈ + ૚ +

ࢉ
ࢉ + ૚ ≤

૜
૛ 

La condición es equivalente 
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૚

ା૛ࢇ
+ ૚

ା૛࢈
+ ૚

ା૛ࢉ
= ૚  (A) 

La desigualdad se puede expresar como 

⇔
૚

ࢇ + ૚
+

૚
࢈ + ૚

+
૚

ࢉ + ૚
≥
૜
૛

 

Por la desigualdad de Cauchy 
૚

ࢇ + ૛
=

૚
ࢇ + ૚
૛ + ࢇ + ૚

૛ + ૚
≤

૚

ૢቀࢇ + ૚
૛ ቁ

+
૚

ૢ ቀࢇ + ૚
૛ ቁ

+
૚
ૢ

=
૝

ࢇ)ૢ + ૚) +
૚
ૢ

 

Análogamente para los siugientes términos 
૚

࢈ + ૚
≤

૝
࢈)ૢ + ૚) +

૚
ૢ

,
૚

ࢉ + ૛
≤

૝
ࢉ)ૢ + ૚) +

૚
ૢ

 

Sumando dichas desigualdades 

⇒ ૚ =
૚

ࢇ + ૛
+

૚
࢈ + ૛

+
૚

ࢉ + ૛
≤

૝
ࢇ)ૢ + ૚) +

૝
࢈)ૢ + ૚) +

૝
ࢉ)ૢ + ૚) +

૚
૜

 

⇔
૚

ࢇ + ૚
+

૚
࢈ + ૚

+
૚

ࢉ + ૚
≥
૜
૛

 

(LQQD) 

 

148. Let ࢈,ࢇ, ࢇ) be positive numbers such that ࢉ + ࢉ)(࢈ + ࢉ)(ࢇ + (ࢇ = ૡ.  

Prove that 

ቌඨ
૚
૛࢈ࢇ

ࢇ) + (࢈ + ૚ቍቌඨ
૚
૛ࢉ࢈

࢈) + (ࢉ + ૚ቍቌඨ
૚
૛ ࢇࢉ

ࢉ) + (ࢇ + ૚ቍ ≤ ࢉ࢈ࢇ + ૠ 

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Solution by Kevin Soto Palacios – Huarmey – Peru  

Siendo ࢈,ࢇ, ࢇ) ା de tal manera queࡾ números ࢉ + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ = ૡ.  

Probar que 
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ቌඨ
૚
૛
ࢇ)࢈ࢇ + (࢈ + ૚ቍቌඨ

૚
૛
࢈)ࢉ࢈ + (ࢉ + ૚ቍቌඨ

૚
૛
ࢉ)ࢇࢉ + (ࢇ + ૚ቍ ≤ ૠ +  ࢉ࢈ࢇ

La condición es equivalente 

ࢇ)࢈ࢇ + (࢈
૛

+
࢈)ࢉ࢈ + (ࢉ

૛
+
ࢉ)ࢇࢉ + (ࢇ

૛
+ ࢉ࢈ࢇ = ૝ ⇔ ૛࢞ + ૛࢟ + ૛ࢠ + ࢠ࢟࢞ = ૝ 

Donde  

࢞ = ට࢈ࢇ(ࢇା࢈)
૛

> ݕ,0 = ටࢉ࢈(࢈ାࢉ)
૛

> 0, ݖ = ටࢇࢉ(ࢉାࢇ)
૛

> 0 ⇔ ݖݕݔ = ܾܽܿ  

Realizamos la siguiente sustitución trigonométrica en un ࢤ acutángulo 

 ࡯࡮࡭

࢞ = ට࢈ࢇ(ࢇା࢈)
૛

= ૛࡭ܛܗ܋ > ݕ,0 = 2 ࡮ܛܗ܋ = ටࢉ࢈(࢈ାࢉ)
૛

> 0, ݖ = 2 ࡯ܛܗ܋ = ටࢇࢉ(ࢉାࢇ)
૛

> 0  

La desigualdad propuesta es equivalente 

(૚ + ૚)(࢞ + ૚)(࢟ + (ࢠ ≤ ૠ + ࢠ࢟࢞ ⇔ ࢞ + ࢟ + ࢠ + ࢟࢞ + ࢠ࢟ + ࢞ࢠ ≤ ૟  

(LQQD) 

Lo cual es cierto ya que 

 → ࢞∑ = ૛∑ ࡭ܛܗ܋ ≤ ૜ ∧ ࢟࢞∑ = ૝∑ ࡭ܛܗ܋ ࡮ܛܗ܋ ≤ ૜ 

 

149. If ࢟,࢞, ࢠ > ૙,࢞ + ࢟ + ࢠ = ૜ then 

૜࢞

ඥ૝(࢟૟ + ૚)૜ +
૜࢟

ඥ૝(ࢠ૟ + ૚)૜ +
૜ࢠ

ඥ૝(࢞૟ + ૚)૜ ≥
૜
૛ 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution by Hoang Le Nhat Tung – Hanoi – Vietnam 

We have: ඥ૝(࢟૟ + ૚)૜ = ට૝(࢟૛ + ૚)൫࢟૛ − ૜√࢟ + ૚൯൫࢟૛ + ૜√࢟ + ૚൯
૜
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= ૛ ⋅ ඨ
૛࢟) + ૚)

૛ ⋅ ൫૛ + √૜൯൫࢟૛ − ૜√࢟ + ૚൯ ⋅ ൫૛ − √૜൯൫࢟૛ + ૜√࢟ + ૚൯
૜

 

≤ ૛ ⋅
૛࢟ + ૚
૛ + ൫૛ + √૜൯൫࢟૛ − ૜√࢟ + ૚൯ + ൫૛ − √૜൯൫࢟૛ + ૜√࢟ + ૚൯

૜ = ૜࢟૛ − ૝࢟ + ૜ 

⇔
૚

ඥ૝(࢟૟ + ૚)૜ ≥
૚

૜࢟૛ − ૝࢟ + ૜ ⇔
૜࢞

ඥ૝(࢟૟ + ૚)૜ ≥
૜࢞

૜࢟૛ − ૝࢟ + ૜ 

Similar: ࢟૜

ට૝൫ࢠ૟ା૚൯
૜

≥ ૜࢟

૜ࢠ૛ି૝ࢠା૜
; ૜ࢠ

ට૝൫࢞૟ା૚൯
૜

≥ ૜ࢠ

૜࢞૛ି૝࢞ା૜
 

Therefore: ⇒ ࡼ = ૜࢞

ට૝൫࢟૟ା૚൯૜
+ ૜࢟

ට૝൫ࢠ૟ା૚൯૜
+ ૜ࢠ

ට૝൫࢞૟ା૚൯૜
≥ ૜࢞

૜࢟૛ି૝࢟ା૜
+ ૜࢟

૜ࢠ૛ି૝ࢠା૜
+ ૜ࢠ

૜࢞૛ି૝࢞ା૜
   (1) 

Other: 
૜࢞

૜࢟૛ି૝࢟ା૜
+ ૜࢟

૜ࢠ૛ି૝ࢠା૜
+ ૜ࢠ

૜࢞૛ି૝࢞ା૜
= ૝࢞

૜࢟࢞૛ି૝࢟࢞ା૜࢞
+ ૝࢟

૜ࢠ࢟૛ି૝ࢠ࢟ା૜࢟
+  

+
૝ࢠ

૜࢞ࢠ૛ − ૝࢞ࢠ + ૜ࢠ ≥
૛࢞) + ૛࢟ + ૛)૛ࢠ

૜࢟࢞૛ − ૝࢟࢞+ ૜࢞ + ૜ࢠ࢟૛ − ૝ࢠ࢟+ ૜࢟ + ૜࢞ࢠ૛ − ૝࢞ࢠ+ ૜ࢠ 

⇒ ૜࢞

૜࢟૛ି૝࢟ା૜
+ ૜࢟

૜ࢠ૛ି૝ࢠା૜
+ ૜ࢠ

૜࢞૛ି૝࢞ା૜
≥ ൫࢞૛ା࢟૛ାࢠ૛൯

૛

૜൫࢟࢞૛ାࢠ࢟૛ା࢞ࢠ૛൯ି૝(࢟࢞ାࢠ࢟ା࢞ࢠ)ା૜(࢞ା࢟ାࢠ)
  (2) 

Since (1), (2) ⇒ ࡼ ≥ ൫࢞૛ା࢟૛ାࢠ૛൯
૛

૜൫࢟࢞૛ାࢠ࢟૛ା࢞ࢠ૛൯ି૝(࢟࢞ାࢠ࢟ା࢞ࢠ)ା૜(࢞ା࢟ାࢠ)
        (3) 

We will prove that: ൫࢞૛ା࢟૛ାࢠ૛൯
૛

૜൫࢟࢞૛ାࢠ࢟૛ା࢞ࢠ૛൯ି૝(࢟࢞ାࢠ࢟ା࢞ࢠ)ା૜(࢞ା࢟ାࢠ)
≥ ૜

૛
       (4) 

⇔ ૛(࢞૛ + ૛࢟ + ૛)૛ࢠ ≥ ૜ቀ૜(࢟࢞૛ + ૛ࢠ࢟ + (૛࢞ࢠ − ૝(࢟࢞ + +ࢠ࢟ (࢞ࢠ + ૜(࢞ + ࢟ +  ቁ(ࢠ

⇔ ૛(࢞૛ + ૛࢟ + ૛)૛ࢠ + ૚૛(࢟࢞ + +ࢠ࢟ (࢞ࢠ ≥ ૛࢟࢞)ૢ + ૛ࢠ࢟ + (૛࢞ࢠ + ࢞)ૢ + ࢟ +  (ࢠ

⇔ ૟(࢞૛ + ૛࢟ + ૛)૛ࢠ + ૜૟(࢟࢞ + ࢠ࢟ + (࢞ࢠ ≥ ૛ૠ(࢟࢞૛ + ૛ࢠ࢟ + (૛࢞ࢠ + ૛ૠ(࢞ + ࢟ +  (ࢠ
⇔ ૟(࢞૛ + ૛࢟ + ૛)૛ࢠ + ૝(࢞ + ࢟ + ࢟࢞)૛(ࢠ + ࢠ࢟ + (࢞ࢠ ≥ +࢞)ૢ ࢟ + ૛࢟࢞)(ࢠ + ૛ࢠ࢟ + (૛࢞ࢠ + ࢞) + ࢟ + ૝(ࢠ  

⇔ ૞൫࢞૝ + ૝࢟ + ૝൯ࢠ + ૞൫࢞૛࢟૛ + ૛ࢠ૛࢟ + ૛൯࢞૛ࢠ ≥ ࢞)ࢠ࢟࢞ + ࢟ + (ࢠ + ૢ൫࢟࢞૜ + ૜ࢠ࢟ +  ૜൯        (5)࢞ࢠ

Other: 

 ૞൫࢞૝ + ૝࢟ + ૝൯ࢠ + ૞൫࢞૛࢟૛ + ૛ࢠ૛࢟ + ૛൯࢞૛ࢠ = ૞࢞૛൫࢞૛ + ૛൯ࢠ + ૞࢟૛൫࢟૛ + +૛൯࢞ ૞ࢠ૛൫ࢠ૛ + ૛൯࢟ ≥ 

≥ ૞࢞૛ ⋅ ૛ࢠ࢞+ ૞࢟૛ ⋅ ૛࢞࢟ + ૞ࢠ૛ ⋅ ૛࢟ࢠ = ૚૙൫࢟࢞૜ + ૜ࢠ࢟ +  ૜൯        (6)࢞ࢠ
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Cauchy – Schwarz: ࢟

૛

ࢠ
+ ૛ࢠ

࢞
+ ૛࢞

࢟
≥ ૛(࢞ାࢠା࢟)

࢟ା࢞ାࢠ
= ࢞ + ࢟ + ࢠ ⇒ ૜࢟࢞ + ૜ࢠ࢟ + ૜࢞ࢠ ≥ ࢞)ࢠ࢟࢞ + ࢟ +    (ࢠ

(7) 

Since (6), (7) :⇒ 

⇒ ૞൫࢞૝ + ૝࢟ + +૝൯ࢠ ૞൫࢞૛࢟૛ + ૛ࢠ૛࢟ + ૛൯࢞૛ࢠ ≥ ࢞)ࢠ࢟࢞ + ࢟ + (ࢠ + ૢ൫࢟࢞૜ + ૜ࢠ࢟ +   ૜൯࢞ࢠ

⇒ (5) True ⇒ (4) True. 

Since (3), (4) :⇒ ࡼ = ૜࢞

ඥ૝(࢟૟ା૚)૜ + ૜࢟

ඥ૝(ࢠ૟ା૚)૜ + ૜ࢠ

ඥ૝(࢞૟ା૚)૜ ≥ ૜
૛
⇒ QED. 

 

150. If ࢈,ࢇ, ࢉ ࢇ,< + ࢈ + ࢉ = ૜ then: 

෍
૞ࢇ + ࢇ − ૚
૜ࢇ + ૛ࢇ − ૚

≥ ࢈ࢇ + ࢉ࢈ +  ࢇࢉ

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

૞ࢇ + ࢇ − ૚ = ૞ࢇ + ૝ࢇ − ૛ࢇ − ૝ࢇ − ૜ࢇ + ࢇ + ૜ࢇ + ૛ࢇ − ૚ 

= ૜ࢇ)૛ࢇ + ૛ࢇ − ૚) − ૜ࢇ)ࢇ + ૛ࢇ − ૚) + ૚(ࢇ૜ + ૛ࢇ − ૚) 

= ૜ࢇ) + ૛ࢇ − ૚)(ࢇ૛ − ࢇ + ૚) 

Similarly, ࢈૞ + ࢈ − ૚ = ૜࢈) + ૛࢈ − ૚)(࢈૛ − ࢈ + ૚) 

૞ࢉ + ࢉ − ૚ = ૜ࢉ) + ૛ࢉ − ૚)(ࢉ૛ − ࢉ + ૚) 

∴ ࡿࡴࡸ = ෍
૜ࢇ) + ૛ࢇ − ૚)(ࢇ૛ − ࢇ + ૚)

૜ࢇ) + ૛ࢇ − ૚)  

= ૛ࢇ∑ − ࢇ∑ + ૜ (∵ ૜ࢇ + ૛ࢇ − ૚ etc ≠ ૙ as, the LHS would then be 

undefined) 

= ෍ࢇ૛ 	ቀ∵ ෍ࢇ = ૜ቁ ≥ ෍࢈ࢇ 

൬∵ ෍ࢇ૛ −෍࢈ࢇ =
૚
૛
ቄ෍(ࢇ − ૛ቅ(࢈ ≥ ૙൰ 
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151. Let ࢈,ࢇ,   be real numbers such that ࢉ

ࢇ) − ૛࢈ + ࢈)(ࢉ − ૛ࢉ + ࢉ)(ࢇ − ૛ࢇ + (࢈ ≠ ૙ and  

૛ࢇ + ૛࢈ + ૛ࢉ = ࢈ࢇ + ࢉ࢈ + +ࢇࢉ ૜. Prove that 

૚
ࢇ) − ૛࢈ + ૛(ࢉ +

૚
࢈) − ૛ࢉ + ૛(ࢇ +

૚
ࢉ) − ૛ࢇ + ૛(࢈ ≥

૜
૝

 

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Solution 1 by Abdul Aziz-Semarang-Indonesia 

Let ࢞ = ࢇ − ૛࢈ +  ࢉ

࢟ = ࢈ − ૛ࢉ +  ࢇ

ࢠ = ࢉ − ૛ࢇ +  ࢈

Clear that: 

࢞ + ࢟ + ࢠ = ૙ 

૛࢞ + ૛࢟ + ૛ࢠ = ૚ૡ ⇒ ૛ࢠ = ૚ૡ − ૛࢞) +  (૛࢟

࢟࢞ + ࢠ࢟ + ࢠ࢞ = −ૢ ⇒ ࢟࢞ = −ૢ− ࢞)ࢠ +  (࢟

࢟࢞ = ૛ࢠ − ૢ 

૛ࢠ = ૚ૡ − ૛࢞) + (૛࢟ ≤ ૚ૡ − ૛࢟࢞ = ૚ૡ − ૛ࢠ૛ + ૚ૡ 

⇔ ૜ࢠ૛ ≤ ૜૟ 

⇔ ૛ࢠ ≤ ૚૛൞
૛ࢠ − ૢ ≤ ૜ ⇔

૚
૛ࢠ − ૢ

≥
૚
૜

૚
૛ࢠ ≥

૚
૚૛

 

૚
૛࢞ +

૚
૛࢟ +

૚
૛ࢠ ≥

૛
࢟࢞ +

૚
૛ࢠ =

૛
૛ࢠ − ૢ +

૚
૛ࢠ ≥

૛
૜ +

૚
૚૛ =

૜
૝ 

Equality holds when ࢞ = ࢟ = √૜ and ࢠ = −૛√૜ 
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Solution 2 by Hoang Le Nhat Tung-Hanoi-Vietnam 

૚
૛(ࢉା࢈૛ିࢇ) + ૚

૛(ࢇାࢉ૛ି࢈) + ૚
૛(࢈ାࢇ૛ିࢉ) ≥

૜
૝
   (1) 

Put ൝
ࢇ − ૛࢈ + ࢉ = ࢞
࢈ − ૛ࢉ + ࢇ = ࢟
ࢉ − ૛ࢇ + ࢈ = ࢠ

⇒ ࢞ + ࢟ + ࢠ = ૙ ⇒ ࢠ = ࢞)− +  (2)  (࢟

We have:  

૛࢞ + ૛࢟ + ૛ࢠ = ࢇ) − ૛࢈ + ૛(ࢉ + ࢈) − ૛ࢉ + ૛(ࢇ + ࢉ) − ૛ࢇ + ૛(࢈ = 

= ૟(ࢇ૛ + ૛࢈ + (૛ࢉ − ૟(࢈ࢇ + ࢉ࢈ +  (ࢇࢉ

= ૟(࢈ࢇ + ࢉ࢈ + ࢇࢉ + ૚ૡ − ૟(࢈ࢇ + ࢉ࢈ + (ࢇࢉ = ૚ૡ 

⇒ ૛࢞ + ૛࢟ + ૛ࢠ = ૚ૡ   (3), (2) ⇒ ૛࢞ + ૛࢟ + ࢞−) − ૛(࢟ = ૚ૡ 

⇒ ૛࢞ + ࢟࢞ + ૛࢟ = ૢ ⇔ ࢟࢞− = ૢ − ࢞) + ૛(࢟ ⇔ ࢟࢞ = ࢞) + ૛(࢟ − ૢ   (4) 

(1) ⇔ ૚
૛࢞

+ ૚
૛࢟

+ ૚
૛ࢠ
≥ ૜

૝
⇔ ૚

૛࢞
+ ૚

૛࢟
+ ૚

૛(࢟ି࢞ି) ≥
૜
૝

 

⇔
૚
૛࢞

+
૚
૛࢟

+
૚

࢞) + ૛(࢟ ≥
૜
૝
⇔

࢞) + ૛(࢟ − ૛࢟࢞
૛࢟૛࢞

+
૚

࢞) + ૛(࢟ ≥
૜
૝

 

⇔
࢞) + ૛(࢟ − ૛[(࢞ + ૛(࢟ − ૢ]

࢞)] + ૛(࢟ − ૢ]૛ +
૚

࢞) + ૛(࢟ ≥
૜
૝ 

⇔
૚ૡ − ࢞) + ૛(࢟

࢞)] + ૛(࢟ − ૢ]૛ +
૚

࢞) + ૛(࢟ ≥
૜
૝
⇔

૚ૡ − ࢇ
ࢇ) − ૢ)૛ +

૚
ࢇ
≥
૜
૝

 

ࢇ) = ࢞) + ૛(࢟ > 0) 

⇔ ૛(ૢିࢇ)ା(ࢇ૚ૡି)ࢇ

૛(ࢇିૢ)ࢇ ≥ ૜
૝
↔ ૡ૚

૛(ࢇିૢ)ࢇ ≥
૜
૝
↔ ૢ)ࢇ − ૛(ࢇ ≤ ૚૙ૡ   (5) 

Because by AM – GM ∀ࢇ > 0; propose ࢟࢞ < 0 → ࢞) + ૛(࢟ < 9 → ૢ − ࢇ > 0 

૛ࢇ)ࢇ − ૢ)૛ = ૛ࢇ(ૢ − ૢ)(ࢇ − (ࢇ ≤
(૛ࢇ + ૢ − ࢇ + ૢ − ૜(ࢇ

૛ૠ
=
૚ૡ૜

૛ૠ
= ૛૚૟ 

⇒ ૢ)ࢇ − ૛(ࢇ ≤ ૚૙ૡ ⇒ (5) true ⇒ ૚
૛࢞

+ ૚
૛࢟

+ ૚
૛ࢠ
≥ ૜

૝
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⇒
૚

ࢇ) − ૛࢈ + ૛(ࢉ +
૚

࢈) − ૛ࢉ + ૛(ࢇ +
૚

ࢉ) − ૛ࢇ + ૛(࢈ ≥
૜
૝ 

⇒ Q.E.D. 

Solution 3 by Seyran Ibrahimov-Maasilli-Azerbaidian 

෍(ࢇ + ࢉ − ૛࢈)૛ = ૚૛ 

෍(ࢇ + ࢉ − ૛࢈)૛ = ෍(ࢇ૛ + ૛ࢉ + ૝࢈૛ + ૛ࢉࢇ − ૝࢈ࢇ − ૝ࢉ࢈) = 

= + ൝
૜࢈૛ + ૜ࢉࢇ − ૜࢈ࢇ − ૜ࢉ࢈ + ૜
૜ࢉ૛ + ૜࢈ࢇ − ૜ࢉ࢈ − ૜ࢉࢇ + ૜
૜ࢇ૛ + ૜ࢉ࢈ − ૜ࢉࢇ − ૜࢈ࢇ + ૜

 

Note: ࢇ૛ + ૛࢈ + ૛ࢉ = ࢈ࢇ∑ + ૜ 

૚૛ 

ࡿࡴࡸ ≥
࢟ࢎࢉ࢛ࢇ࡯ (૚ + ૚+ ૚)૛

ࢇ)∑ − ૛࢈ + ૛(ࢉ ≥
ૢ
૚૛ =

૜
૝ 

 

152. Let ࢈,ࢇ, ࢉ > ૙ such that ࢈ࢇ + ࢉ࢈ + ࢇࢉ = ૜ and ࢑ ∈ ℕ,	 

࢑ ≥ ૟,࢔ ≥ ℕ,࢔ ≥ ૛. 

Prove that 

ࢇ + ࢈ + ࢉ + ඨ૜ି࢑૚ ൬
૚
࢔ࢇ +

૚
࢔࢈ +

૚
൰࢔ࢉ

࢑
≥ ૟ 

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo ࢈,ࢇ, ࢉ > ૙ de tal manera que ࢈ࢇ + ࢉ࢈ + ࢇࢉ = ૜ y ࢑ ∈ ࢔,ࡺ ∈

࢔,ࡺ ≥ ૛. 

Probar que 
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ࢇ + ࢈ + ࢉ + ඨ૜ି࢑૚ ൬
૚
࢔ࢇ

+
૚
࢔࢈

+
૚
࢔ࢉ
൰

࢑
≥ ૟ 

Siendo ࢈,ࢇ, ࢉ > ૙ se cumple lo siguiente 

ࢇ + ࢈ + ࢉ ≥ ඥ૜(࢈ࢇ + ࢉ࢈ + (ࢇࢉ = √ૢ = ૜ 

Aplicando la desigualdad de Holder 

൬
૚
ࢇ

+
૚
࢈

+
૚
ࢉ
൰ ൬
૚
࢈

+
૚
ࢉ

+
૚
ࢇ
൰ ࢈ࢇ) + ࢉ࢈ + (ࢇࢉ ≥ (૚ + ૚ + ૚)૜ = ૛ૠ 

൬
૚
ࢇ

+
૚
࢈

+
૚
ࢉ
൰
૛

⋅ ૜ ≥ ૛ૠ ⇔
૚
ࢇ

+
૚
࢈

+
૚
ࢉ
≥ ૜ 

൬
૚
࢔ࢇ

+
૚
࢔࢈

+
૚
࢔ࢉ
൰ ⋅ ૜ି࢔૚ ≥ ൬

૚
ࢇ

+
૚
࢈

+
૚
ࢉ
൰
࢔

≥ ૜࢔ ⇔
૚
࢔ࢇ

+
૚
࢔࢈

+
૚
࢔ࢉ

≥ ૜ 

Luego 

+ࢇ ࢈ + ࢉ + ට૜ି࢑૚ ቀ ૚
࢔ࢇ

+ ૚
࢔࢈

+ ૚
࢔ࢉ
ቁ࢑

= ࢇ + +࢈ ࢉ + ට૜࢑

૜
ቀ ૚
࢔ࢇ

+ ૚
࢔࢈

+ ૚
࢔ࢉ
ቁ

࢑
≥ ૜ + ૜ = ૟  

Solution 2 by Seyran Ibrahimov-Maasilli-Azerbaidian 

૛ࢇ + ૛࢈ + ૛ࢉ ≥ ࢈ࢇ + ࢉ࢈ + ࢇࢉ = ૜ ⇒ ૜√ࢇ૛࢈૛ࢉ૛૜ ≤ ૜ ⇒ ࢉ࢈ࢇ ≤ ૚   (*) 

ࢇ) + ࢈ + ૛(ࢉ ≥ ૜࢈ࢇ + ૜ࢉ࢈ + ૜ࢉࢇ = ૢ ⇒ ࢇ + ࢈ + ࢉ ≥ ૜ 

૜ି࢑૚ ൬
૚
࢔ࢇ +

૚
࢔࢈ +

૚
൰࢔ࢉ ≥ ૜࢑ 

૚
࢔ࢇ +

૚
࢔࢈ +

૚
࢔ࢉ ≥ ૜ 

૜

ࢇ
࢔
૜࢈

࢔
૜ࢉ

࢔
૜
≥ ૜ 

(ࢉ࢈ࢇ)
࢔
૜ ≤ ૚ ࢉ࢈ࢇ (*) ⇒ ≤ ૚ 
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153. Let ࢈,ࢇ, ࢉ > ૙. Prove that 

෍
૛ࢇ

ඥ(ࢇ૛ + ࢈ࢇ + ૛ࢇ)(૛࢈ + ࢉࢇ + (૛ࢉ
≥ ૚. 

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Solution by Le Khanh Sy-Long An-Vietnam 

Using Cauchy – Schwarz, we have 

࢈ࢇ√ ⋅ ࢉࢇ√ + ඥࢇ૛ + ࢈ࢇ + ૛ࢇ૛ඥ࢈ + ࢉࢇ + ૛ࢉ ≤ ඥ(ࢇ + ࢇ)૛(࢈ +  ૛(ࢉ

or 

ඥ(ࢇ૛ + ࢈ࢇ + ૛ࢇ)(૛࢈ + ࢉࢇ + (૛ࢉ ≤ ૛ࢇ + ࢉ࢈ + ࢈൫ࢇ + ࢉ −  ൯ࢉ࢈√

≤ ૛ࢇ + ࢉ࢈ + ࢇ ⋅
૛࢈) + (૛ࢉ
࢈ + ࢉ

 

=
࢈)૛ࢇ + (ࢉ + ࢉ)૛࢈ + (ࢇ + ࢇ)૛ࢉ + (࢈

࢈ + ࢉ
 

Thus, it suffices to show that 

∑ (ࢉା࢈)૛ࢇ
ඥ(ࢇ૛ା࢈ࢇା࢈૛)(ࢇ૛ାࢉ࢈ାࢉ૛)

≥ (ࢉା࢈)૛ࢇ∑
(࢈ାࢇ)૛ࢉା(ࢇାࢉ)૛࢈ା(ࢉା࢈)૛ࢇ = ૚  

We are done. 

 

154. If ࢈,ࢇ, ࢉ > ૙ then: 

૜ࢇ

૜࢈ + ૜ࢉ +
૜࢈

૜ࢉ + ૜ࢇ +
૜ࢉ

૜ࢇ + ૜࢈ ≥
ࢇ) + ࢈ + ૝(ࢉ

૟(ࢇ૛ + ૛࢈ + ࢈ࢇ)(૛ࢉ + ࢉ࢈ +  (ࢇࢉ

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Solution by Hoang Le Nhat Tung-Hanoi-Vietnam 

If ࢈,ࢇ, ࢉ > ૙. Prove that: 
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૜ࢇ

૜࢈ + ૜ࢉ
+

૜࢈

૜ࢉ + ૜ࢇ
+

૜ࢉ

૜ࢇ + ૜࢈
≥

ࢇ) + ࢈ + ૝(ࢉ

૟(ࢇ૛ + ૛࢈ + ࢈ࢇ)(૛ࢉ + ࢉ࢈ +  (ࢇࢉ

We have a Lemma: ࢇ૜

૜ࢉ૜ା࢈
+ ૜࢈

૜ࢇ૜ାࢉ
+ ૜ࢉ

૜࢈૜ାࢇ
≥ ࢇ

ࢉା࢈
+ ࢈

ࢇାࢉ
+ ࢉ

࢈ାࢇ
    (1) 

Therefore, by Cauchy – Schwarz: 
ࢇ
ࢉା࢈

+ ࢈
ࢇାࢉ

+ ࢉ
࢈ାࢇ

= ૛ࢇ

ࢉࢇା࢈ࢇ
+ ૛࢈

ࢇ࢈ାࢉ࢈
+ ૛ࢉ

࢈ࢉାࢇࢉ
≥ ૛(ࢉା࢈ାࢇ)

૛(࢈ࢇାࢉ࢈ାࢇࢉ)    (2) 

Then (1), (2):⇒ ૜ࢇ

૜ࢉ૜ା࢈
+ ૜࢈

૜ࢇ૜ାࢉ
+ ૜ࢉ

૜࢈૜ାࢇ
≥ ૛(ࢉା࢈ାࢇ)

૛(࢈ࢇାࢉ࢈ାࢇࢉ) 

We will prove: (ࢇା࢈ାࢉ)૛

૛(࢈ࢇାࢉ࢈ାࢇࢉ) ≥
૝(ࢉା࢈ାࢇ)

૟(ࢇ૛ା࢈૛ାࢉ૛)(࢈ࢇାࢉ࢈ାࢇࢉ) ⇔ ૚ ≥ ૛(ࢉା࢈ାࢇ)

૜(ࢇ૛ା࢈૛ାࢉ૛) 

⇔ ૜(ࢇ૛ + ૛࢈ + (૛ࢉ ≥ ࢇ) + ࢈ + ૛(ࢉ ⇔ ࢇ) − ૛(࢈ + ࢈) − ૛(ࢉ + ࢉ) − ૛(ࢇ ≥ ૙ 

(True) 

Therefore:  

૜ࢇ

૜࢈ + ૜ࢉ +
૜࢈

૜ࢉ + ૜ࢇ +
૜ࢉ

૜ࢇ + ૜࢈ ≥
ࢇ) + ࢈ + ૝(ࢉ

૟(ࢇ૛ + ૛࢈ + ࢈ࢇ)(૛ࢉ + ࢉ࢈ +  (ࢇࢉ

⇒ Q.E.D. 

 

155. If ࢈,ࢇ, ࢉ > ૙ then 

૜ࢇ

૜࢈ + ૜ࢉ
+

૜࢈

૜ࢉ + ૜ࢇ
+

૜ࢉ

૜ࢇ + ૜࢈
≥
૚
૜
ቆ
࢈ࢇ + ࢉ࢈ + ࢇࢉ
૛ࢇ + ૛࢈ + ૛ࢉ

+
૛ࢇ + ૛࢈ + ૛ࢉ

࢈ࢇ + ࢉ࢈ + ࢇࢉ
ቇ +

૞
૟

 

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Solution by Hoang Le Nhat Tung-Hanoi-Vietnam 

Let ࢈,ࢇ, ࢉ > ૙; Prove that: 

෍
૜ࢇ

૜࢈ + ૜ࢉ ≥
૚
૜ቆ

࢈ࢇ + ࢉ࢈ + ࢇࢉ
૛ࢇ + ૛࢈ + ૛ࢉ +

૛ࢇ + ૛࢈ + ૛ࢉ

࢈ࢇ + ࢉ࢈ + ቇࢇࢉ +
૞
૟ 

Lemma: ∀	࢈,ࢇ, ࢉ > ૙;࢔ ∈ ℕ∗. We have 
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࢔ࢇ

࢔࢈ + ࢔ࢉ
+

࢔࢈

࢔ࢉ + ࢔ࢇ
+

࢔ࢉ

࢔ࢇ + ࢔࢈
≥

ࢇ
࢈ + ࢉ

+
࢈

ࢉ + ࢇ
+

ࢉ
ࢇ + ࢈

 

If ࢔ = ૜ ⇒ ∑ ૜ࢇ

૜ࢉ૜ା࢈
≥ ∑ ࢇ

ࢉା࢈
   (1) 

By Cauchy – Schwarz: 

∑ ࢇ
ࢉା࢈

= ∑ ૛ࢇ

ࢉ࢈ା࢈ࢇ
≥ ૛(ࢇ∑)

૛∑࢈ࢇ
= ૚

૛
⋅ ࢇ∑

૛

࢈ࢇ∑
+ ૚   (2) 

(1), (2) ⇒ ∑ ૜ࢇ

૜ࢉ૜ା࢈
≥ ૛ࢇ∑

૛∑࢈ࢇ
+ ૚ 

We need to prove: ∑ࢇ
૛

૛∑࢈ࢇ
+ ૚ ≥ ૚

૜
ቀ∑ࢇ∑࢈ࢇ૛

+ ૛ࢇ∑

࢈ࢇ∑
ቁ+ ૞

૟
 

⇔
࢚
૛

+ ૚ ≥
૚
૜
൬
૚
࢚

+ ൰࢚ +
૞
૟
						ቆ࢚ =

૛ࢇ∑

࢈ࢇ∑
≥ ૚ቇ 

⇔
࢚ + ૛
૛ ≥

૛࢚ + ࢚
૜࢚ +

૞
૟ ⇔ ૜࢚૛ + ૟࢚ ≥ ૛࢚૛ + ૞࢚ + ૛ 

⇔ ૛࢚ + ࢚ ≥ ૛   (true because ࢚ ≥ ૚) 

⇒ ∑ ૜ࢇ

૜ࢉ૜ା࢈
≥ ૚

૜
ቀ∑ࢇ∑࢈ࢇ૛

+ ૛ࢇ∑

࢈ࢇ∑
ቁ+ ૞

૟
⇒  Q.E.D. 

 

156. Let ࢈,ࢇ,  :be positive real numbers. Find the minimum of expression ࢉ

ࡼ =
૚

ඥ૛(ࢇ૝ + (૝࢈
+

૚

ඥ૛(࢈૝ + (૝ࢉ
+

૚

ඥ૛(ࢉ૝ + (૝ࢇ
+
૛ࢇ

࢈ +
૛࢈

ࢉ +
૛ࢉ

ࢇ  

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam 

Solution by proposer 

By CBS we have: 

ቀඥ૛(ࢇ૝ + (૝࢈ + ૛࢈ࢇቁ
૛
≤ (૚૛ + ૚૛) ⋅ (૛(ࢇ૝ + (૝࢈ + ૝ࢇ૛࢈૛) = 

= ૝(ࢇ૝ + ૛ࢇ૛࢈૛ + (૝࢈ = ૝(ࢇ૛ +  ૛)૛࢈

http://www.ssmrmh.ro


 
www.ssmrmh.ro 

 
⇔ ඥ૛(ࢇ૝ + (૝࢈ + ૛࢈ࢇ ≤ ૛(ࢇ૛ + (૛࢈ ⇔ ඥ૛(ࢇ૝ + (૝࢈ ≤ ૛(ࢇ૛ − ࢈ࢇ + (૛࢈

⇔ 

⇔
૚

ඥ૛(ࢇ૝ + (૝࢈
≥

૚
૛(ࢇ૛ − ࢈ࢇ +  (૛࢈

Similar: ૚
ඥ૛(࢈૝ାࢉ૝)

≥ ૚
૛(࢈૛ିࢉ࢈ାࢉ૛) ; ૚

ඥ૛(ࢉ૝ାࢇ૝)
≥ ૚

૛(ࢉ૛ିࢇࢉାࢇ૛) 

Therefore: 

⇒ ૚

ට૛൫ࢇ૝ା࢈૝൯
+ ૚

ට૛൫࢈૝ାࢉ૝൯
+ ૚

ට૛൫ࢉ૝ାࢇ૝൯
≥ ૚

૛൫ࢇ૛ି࢈ࢇା࢈૛൯
+ ૚

૛൫࢈૛ିࢉ࢈ାࢉ૛൯
+ ૚

૛൫ࢉ૛ିࢇࢉାࢇ૛൯
          (1) 

By (࢓ + +࢔ ૛(࢖ ≤ ૜(࢓૛ + ૛࢔ +  (૛࢖

൬ ૚
ඥࢇ૛ି࢈ࢇା࢈૛

+ ૚
ඥ࢈૛ିࢉ࢈ାࢉ૛

+ ૚
ඥࢉ૛ିࢇࢉାࢇ૛

൰
૛
≤ ቀ ૚

૛࢈ା࢈ࢇ૛ିࢇ
+ ૚

૛ࢉାࢉ࢈૛ି࢈
+ ૚

૛ࢇାࢇࢉ૛ିࢉ
ቁ  

⇔ ૚
૛࢈ା࢈ࢇ૛ିࢇ

+ ૚
૛ࢉାࢉ࢈૛ି࢈

+ ૚
૛ࢇାࢇࢉ૛ିࢉ

≥
൬ ૚
ඥࢇ૛ష࢈ࢇశ࢈૛

ା ૚
ඥ࢈૛షࢉ࢈శࢉ૛

ା ૚
ඥࢉ૛షࢇࢉశࢇ૛

൰
૛

૜
             (2) 

Then (1), (2): 

⇒ ૚

ට૛൫ࢇ૝ା࢈૝൯
+ ૚

ට૛൫࢈૝ାࢉ૝൯
+ ૚

ට૛൫ࢉ૝ାࢇ૝൯
≥

൬ ૚
ඥࢇ૛ష࢈ࢇశ࢈૛

ା ૚
ඥ࢈૛షࢉ࢈శࢉ૛

ା ૚
ඥࢉ૛షࢇࢉశࢇ૛

൰
૛

૛⋅૜
       (3) 

By inequality: ૚
࢞

+ ૚
࢟

+ ૚
ࢠ
≥ ૢ

ࢠା࢟ା࢞
 

૚
ඥࢇ૛ି࢈ࢇା࢈૛

+ ૚
ඥ࢈૛ିࢉ࢈ାࢉ૛

+ ૚
ඥࢉ૛ିࢇࢉାࢇ૛

≥ ૢ
ඥࢇ૛ି࢈ࢇା࢈૛ାඥ࢈૛ିࢉ࢈ାࢉ૛ାඥࢉ૛ିࢇࢉାࢇ૛

      (4) 

Then (3), (4): 

⇒ ૚

ට૛൫ࢇ૝ା࢈૝൯
+ ૚

ට૛൫࢈૝ାࢉ૝൯
+ ૚

ට૛൫ࢉ૝ାࢇ૝൯
≥

൬ ૢ
ඥࢇ૛ష࢈ࢇశ࢈૛శඥ࢈૛షࢉ࢈శࢉ૛శඥࢉ૛షࢇࢉశࢇ૛

൰
૛
	

૟
  

⇔ ૚

ට૛൫ࢇ૝ା࢈૝൯
+ ૚

ට૛൫࢈૝ାࢉ૝൯
+ ૚

ට૛൫ࢉ૝ାࢇ૝൯
≥ ૛ૠ

૛ቀඥࢇ૛ି࢈ࢇା࢈૛ାඥ࢈૛ିࢉ࢈ାࢉ૛ାඥࢉ૛ିࢇࢉାࢇ૛ቁ
૛        (5) 

By CBS we have: 

 
૛ࢇ

࢈
+ ૛࢈

ࢉ
+ ૛ࢉ

ࢇ
= ቀࢇ

૛

࢈
− ࢇ + ቁ࢈ + ቀ࢈

૛

ࢉ
− ࢈ + ቁࢉ + ቀࢉ

૛

ࢇ
− ࢉ + ቁࢇ = ૛࢈ା࢈ࢇ૛ିࢇ

࢈
+ ૛ࢉାࢉ࢈૛ି࢈

ࢉ
+ ૛ࢇାࢇࢉ૛ିࢉ

ࢇ
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⇒ ૛ࢇ

࢈
+ ૛࢈

ࢉ
+ ૛ࢉ

ࢇ
=

ቀඥࢇ૛ି࢈ࢇା࢈૛ቁ
૛

࢈
+

ቀඥ࢈૛ିࢉ࢈ାࢉ૛ቁ
૛

ࢉ
+

ቀඥࢉ૛ିࢇࢉାࢇ૛ቁ
૛
	

ࢇ
≥

ቀඥࢇ૛ି࢈ࢇା࢈૛ାඥ࢈૛ିࢉ࢈ାࢉ૛ାඥࢉ૛ିࢇࢉାࢇ૛ቁ
૛

ࢇାࢉା࢈
    (6) 

Other: 

ඥࢇ૛ − ࢈ࢇ + ૛࢈ + ඥ࢈૛ − ࢉ࢈ + ૛ࢉ + ඥࢉ૛ − ࢇࢉ + ૛ࢇ = 

= ඨ૜(ࢇ − ૛(࢈

૝ +
ࢇ) + ૛(࢈

૝ + ඨ૜(࢈ − ૛(ࢉ

૝ +
࢈) + ૛(ࢉ

૝ + ඨ૜(ࢉ − ૛(ࢇ

૝ +
ࢉ) + ૛(ࢇ

૝ ≥ 

≥ ඨ(ࢇ + ૛(࢈

૝ + ඨ(࢈ + ૛(ࢉ

૝ + ඨ(ࢉ + ૛(ࢇ

૝ =
ࢇ + ࢈
૛ +

࢈ + ࢉ
૛ +

+ࢉ ࢇ
૛ = +ࢇ ࢈ +  ࢉ

⇒ +ࢇ ࢈ + ࢉ ≤ ૛ࢇ√ − +࢈ࢇ ૛࢈ + ૛࢈√ − ࢉ࢈ + ૛ࢉ + ૛ࢉ√ − ࢇࢉ +  ૛           (7)ࢇ

Then (6), (7):⇒ 

⇒
૛ࢇ

࢈ +
૛࢈

ࢉ +
૛ࢉ

ࢇ ≥
൫√ࢇ૛ − +࢈ࢇ ૛࢈ + ૛࢈√ − ࢉ࢈ + ૛ࢉ + ૛ࢉ√ − ࢇࢉ + ૛൯ࢇ

૛

૛ࢇ√ − ࢈ࢇ + ૛࢈ + ૛࢈√ − ࢉ࢈ + ૛ࢉ + ૛ࢉ√ − ࢇࢉ + ૛ࢇ
 

⇔ ૛ࢇ

࢈
+ ૛࢈

ࢉ
+ ૛ࢉ

ࢇ
≥ ૛ࢇ√ − ࢈ࢇ + ૛࢈ + ૛࢈√ − ࢉ࢈ + ૛ࢉ + ૛ࢉ√ − ࢇࢉ +  ૛       (8)ࢇ

Then (5); (8): 

⇒ ࡼ =
૚

ඥ૛(ࢇ૝ + (૝࢈
+

૚
ඥ૛(࢈૝ + (૝ࢉ

+
૚

ඥ૛(ࢉ૝ + (૝ࢇ
+
૛ࢇ

࢈ +
૛࢈

ࢉ +
૛ࢉ

ࢇ ≥ 

≥ ૛ૠ

૛ቀඥࢇ૛ି࢈ࢇା࢈૛ାඥ࢈૛ିࢉ࢈ାࢉ૛ାඥࢉ૛ିࢇࢉାࢇ૛ቁ
૛ + ቀඥࢇ૛ − ࢈ࢇ + ૛࢈ + ඥ࢈૛ − ࢉ࢈ + ૛ࢉ + ඥࢉ૛ − ࢇࢉ +   ૛ቁࢇ

Put: √ࢇ૛ − ࢈ࢇ + ૛࢈ + ૛࢈√ − +ࢉ࢈ ૛ࢉ + ૛ࢉ√ − +ࢇࢉ ૛ࢇ = ࢚ > ૙ 

By AM – GM: 

⇒ ࡼ ≥
૛ૠ
૛࢚૛ + ࢚ =

૛ૠ
૛࢚૛ +

࢚
૛ +

࢚
૛ ≥ ૜ ⋅ ඨ

૛ૠ
૛࢚૛ ⋅

࢚
૛ ⋅

࢚
૛

૜
= ૜ඨ

૛ૠ࢚૛

ૡ࢚૛
૜

= ૜ඨ
૛ૠ
ૡ

૜
= ૜ ⋅

૜
૛ =

ૢ
૛ 

⇒ ࡼ ≥ ૢ
૛
⇒ ࢔࢏ࡹࡼ = ૢ

૛
. Equality occurs if 

⇔

⎩
⎪⎪
⎨

⎪⎪
⎧ඥ૛(ࢇ૝ + (૝࢈ = ૛࢈ࢇ;ඥ૛(࢈૝ + (૝ࢉ = ૛ࢉ࢈;ඥ૛(ࢉ૝ + (૝ࢇ = ૛ࢇࢉ

૚
૛ࢇ√ − ࢈ࢇ + ૛࢈

=
૚

૛࢈√ − ࢉ࢈ + ૛ࢉ
=

૚
૛ࢉ√ − ࢇࢉ + ૛ࢇ

ࢇ − ࢈ = ࢈ − ࢉ = ࢉ − ࢇ = ૙
૛ૠ
૛࢚૛ =

࢚
૛
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⇔ ቄࢇ = ࢈ = ࢉ > ૙
࢚ = ૜

⇔ ൜
ࢇ = ࢈ = ࢉ > ૙

ඥࢇ૛ − +࢈ࢇ ૛࢈ + ඥ࢈૛ − ࢉ࢈ + ૛ࢉ +ඥࢉ૛ − ࢇࢉ + ૛ࢇ = ࢘
⇔ ࢇ = ࢈ = ࢉ = ૚ 

Minimum of ࡼ is: ૢ
૛
 that ࢇ = ࢈ = ࢉ = ૚. 

 

157. Let ࢈,ࢇ,  be positive real numbers, prove that ࢉ

࢈) + ૛࢈)(ࢉ + (ࢇࢉ
૛࢈ + ࢉ࢈ + ૛ࢉ +

ࢉ) + ૛ࢉ)(ࢇ + (࢈ࢇ
૛ࢉ + +ࢇࢉ ૛ࢇ +

+ࢇ) ૛ࢇ)(࢈ + (ࢉ࢈
૛ࢇ + +࢈ࢇ ૛࢈ ≥

૝(࢈ࢇ+ ࢉ࢈ + (ࢇࢉ
+ࢇ ࢈ + ࢉ  

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Solution by Soumitra Mandal-Chandar Nagore-India 

෍
ࢇ) + ૛ࢇ)(࢈ + (ࢉ࢈
૛ࢇ + ࢈ࢇ + ૛࢈

ࢉ࢟ࢉ

≥
૝(࢈ࢇ + ࢉ࢈ + (ࢇࢉ

ࢇ + ࢈ + ࢉ
 

⇔෍
ࢇ) + ૛ࢇ)(࢈ + (ࢉ࢈

૝(࢈ࢇ + ࢉ࢈ + ૛ࢇ)(ࢇࢉ + ࢈ࢇ + (૛࢈
ࢉ࢟ࢉ

≥
૚

ࢇ + ࢈ + ࢉ
 

෍
ࢇ) + ૛ࢇ)(࢈ + (ࢉ࢈

૝(ࢇ૛ + ࢈ࢇ + ࢈ࢇ)(૛࢈ + ࢉ࢈ + (ࢇࢉ
ࢉ࢟ࢉ

≥⏞
ࡹࡳஹࡹ࡭

	෍
ࢇ) + ૛ࢇ)(࢈ + (ࢉ࢈

ࢇ)} + ૛(࢈ + ࢇ)ࢉ + ૛{(࢈
ࢉ࢟ࢉ

 

= ෍
૛ࢇ + ࢉ࢈

ࢇ) + ࢇ)(࢈ + ࢈ + ૛(ࢉ
ࢉ࢟ࢉ

. 

We need to prove, 

෍
૛ࢇ + ࢉ࢈
ࢇ + ࢈

ࢉ࢟ࢉ

≥ ࢇ + ࢈ + ࢉ ⇔෍(࢈ + +ࢉ)(ࢉ ૛ࢇ)(ࢇ + (ࢉ࢈
ࢉ࢟ࢉ

≥ +ࢇ) ࢈ + +ࢇ)ෑ(ࢉ (࢈
ࢉ࢟ࢉ

 

෍ࢇ૛࢈૛

ࢉ࢟ࢉ

+ ෍࢈ࢇ૜

ࢉ࢟ࢉ

+ ቌ෍ࢇ૛

ࢉ࢟ࢉ

ቍቌ෍࢈ࢇ
ࢉ࢟ࢉ

ቍ + ቌ෍࢈ࢇ
ࢉ࢟ࢉ

ቍ

૛

≥ 

≥ ࢇ) + ࢈ + ࢇ)ෑ(ࢉ + (࢈
ࢉ࢟ࢉ
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⇔ ቌ෍࢈ࢇ
ࢉ࢟ࢉ

ቍ

૛

− ૛ࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ +෍࢈ࢇ૜
ࢉ࢟ࢉ

+ ቌ෍ࢇ
ࢉ࢟ࢉ

ቍ

૛

ቌ෍࢈ࢇ
ࢉ࢟ࢉ

ቍ− ૛ቌ෍࢈ࢇ
ࢉ࢟ࢉ

ቍ

૛

+ ቌ෍࢈ࢇ
ࢉ࢟ࢉ

ቍ

૛

 

≥ ࢇ) + ࢈ + ࢇ)ෑ(ࢉ + (࢈
ࢉ࢟ࢉ

 

⇔෍࢈ࢇ૜

ࢉ࢟ࢉ

− ࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ + ቌ෍ࢇ
ࢉ࢟ࢉ

ቍ

૛

ቌ෍࢈ࢇ
ࢉ࢟ࢉ

ቍ − ࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ ≥ 

≥ ࢇ) + ࢈ + ࢇ)ෑ(ࢉ + (࢈
ࢉ࢟ࢉ

 

⇔෍࢈ࢇ૜

ࢉ࢟ࢉ

≥ ࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ ⇔෍
૛ࢇ

࢈
ࢉ࢟ࢉ

≥ ࢇ + ࢈ +  ,ࢉ

which is true by BERGSTORM 

∴෍
ࢇ) + ૛ࢇ)(࢈ + (ࢉ࢈
૛ࢇ + ࢈ࢇ + ૛࢈

ࢉ࢟ࢉ

≥
૝(࢈ࢇ + ࢉ࢈ + (ࢇࢉ

ࢇ + ࢈ + ࢉ
 

(Proved) 

158. Let ࢈,ࢇ, ૛ࢇ :positive numbers such that ࢉ + ૛࢈ + ૛ࢉ = ૜. Prove that 

ට
ࢇ

࢈ + ࢉ
+ ඨ ࢈

ࢉ + ࢇ
+ ට

ࢉ
ࢇ + ࢈

≥
ࢇ + ࢈ + ࢉ

√૛
 

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Solution 1 by Abdul Aziz-Semarang-Indonesia 

A fact 

ࢇ) + ࢈ + ૛(ࢉ ≥ ૜(࢈ࢇ + ࢉ࢈ +  (ࢇࢉ

ࢇ + ࢈ + ࢉ ≥ ඥ૜(࢈ࢇ + ࢉ࢈ +  (ࢇࢉ
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ࢇ) + ࢈ + ૛(ࢉ

ඥ૟(࢈ࢇ + ࢉ࢈ + (ࢇࢉ
≥
ࢇ + ࢈ + ࢉ

√૛
 

૛(ࢉା࢈ାࢇ)

ඥ(ࢇ૛ା࢈૛ାࢉ૛)(࢈ࢇାࢉࢇାࢉ࢈ାࢇ࢈ାࢇࢉା࢈ࢉ)
≥ ࢉା࢈ାࢇ

√૛
     (1) 

by cs 

ට(ࢇ૛ + ૛࢈ + ࢈ࢇ)૛)൫ࢉ + (ࢉࢇ + ࢉ࢈) + (ࢇ࢈ + ࢇࢉ) + ൯(࢈ࢉ ≥ 

≥ ࢈ࢇ√ࢇ + ࢉࢇ + ࢉ࢈√࢈ + ࢇ࢈ + ࢇࢉ√ࢉ +  ࢈ࢉ

⇔
ࢇ) + ࢈ + ૛(ࢉ

࢈ࢇ√ࢇ + ࢉࢇ + ࢉ࢈√࢈ + ࢇ࢈ + +ࢇࢉ√ࢉ ࢈ࢉ
≥ 

≥ ૛(ࢉା࢈ାࢇ)

ඥ(ࢇ૛ା࢈૛ାࢉ૛)(࢈ࢇାࢉࢇାࢉ࢈ାࢇ࢈ାࢇࢉା࢈ࢉ)
         (2) 

by (1) and (2), we have 

ࢇ + ࢈ + ࢉ
√૛

≤
ࢇ) + ࢈ + ૛(ࢉ

࢈ࢇ√ࢇ + ࢉࢇ + ࢉ࢈√࢈ + ࢇ࢈ + ࢇࢉ√ࢉ + ࢈ࢉ
 

by cs again 

ࢇ + ࢈ + ࢉ
√૛

≤
ࢇ) + ࢈ + ૛(ࢉ

࢈ࢇ√ࢇ + ࢉࢇ + ࢉ࢈√࢈ + ࢇ࢈ + ࢇࢉ√ࢉ + ࢈ࢉ
≤ 

≤
૛ࢇ

࢈ࢇ√ࢇ + ࢉࢇ
+

૛࢈

ࢉ࢈√࢈ + ࢇ࢈
+

૛ࢉ

ࢇࢉ√ࢉ + ࢈ࢉ
 

⇔
ࢇ + ࢈ + ࢉ

√૛
≤ ට

ࢇ
࢈ + ࢉ +ඨ ࢈

ࢉ + ࢇ + ට
ࢉ

ࢇ +  ࢈

Equality holds when ࢇ = ࢈ = ࢉ = ૚ 

Solution 2 by Uche Eliezer Okeke-Anambra Nigeria 

Lemma: (ࢇ + ࢈ + ૛(ࢉ ≥ ૜(࢈ࢇ + ࢉ࢈ + (ࢇࢉ ⇒ ࢉ࢈ࢇ
ඥ(ࢇ૛ା࢈૛ାࢉ૛)(࢈ࢇାࢉ࢈ାࢇࢉ)

≥ ૚ … (1) 
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ࡿࡴࡸ = ෍ට
ࢇ

࢈ + ࢉ
ࢉ࢟ࢉ

= ෍ቆ
૛ࢇ

࢈ࢇ√ࢇ + ࢉࢇ
ቇ

ࢉ࢟ࢉ

≥
࢙࢛࢚࢏ࢀ ࢇ) + ࢈ + ૛(ࢉ

∑ ൫࢈ࢇ√ࢇ + ࢉ࢟ࢉ൯ࢉࢇ
 

⇔ ૛(ࢉା࢈ାࢇ)

∑ ൫࢈ࢇ√ࢇାࢉࢇ൯ࢉ࢟ࢉ
≥

ࡿି࡮ି࡯ ૛(ࢉା࢈ାࢇ)

ඥ(ࢇ૛ା࢈૛ାࢉ૛)(૛)(࢈ࢇାࢉ࢈ାࢇ)
≥
(૚) ࢉା࢈ାࢇ

√૛
=   ࡿࡴࡾ

(Proved) 

Solution 3 by Sanong Hauerai-Nakonpathom-Thailand 

Because ࢇ૛ + ૛࢈ + ૛ࢉ = ૜, we obtain that 

ࢇ + ࢈ + ࢉ ≤ ૜ 

and ࢈ࢇ + ࢉ࢈ + ࢇࢉ ≤ ૜ 

૟(࢈ࢇ + ࢉ࢈ + (ࢇࢉ ≤ ૚ૡ 

ඥ૟(࢈ࢇ + ࢉ࢈ + (ࢇࢉ ≤ ૜√૛ 

࢈ࢇ√ + ࢉࢇ + ࢉ࢈√ + ࢇ࢈ + ࢇࢉ√ + ࢈ࢉ ≤ ૜√૛ 

ૢ√૛
࢈ࢇ√ + ࢉࢇ + ࢉ࢈√ + ࢇ࢈ + ࢇࢉ√ + ࢈ࢉ

≥ ૜ 

ඨ
૛

࢈ࢇ + ࢉࢇ + ඨ
૛

ࢉ࢈ + ࢇ࢈ + ඨ
૛

ࢇࢉ + ࢈ࢉ ≥ ૜ 

give ࢞ = ට ૛
ࢉࢇା࢈ࢇ

	 , ࢟ = ට ૛
ࢉ࢈ାࢇ࢈

, ࢠ = ට ૛
࢈ࢉାࢇࢉ

 

we get (࢞ࢇ + ࢟࢈ + (ࢠࢉ + ࢟ࢇ) + ࢠ࢈ + (࢞ࢉ + ࢠࢇ) + ࢞࢈ + (࢟ࢉ ≥ ૜(ࢇ + ࢈ +  (ࢉ

࢞ࢇ + ࢟࢈ + ࢠࢉ ≥ ࢇ + ࢈ +  ࢉ

is ࢇට ૛
ࢉࢇା࢈ࢇ

+ ට࢈ ࢈
ࢉ࢈ାࢇ࢈

+ ටࢉ ૛
࢈ࢉାࢇࢉ

≥ ࢇ + ࢈ +  ࢉ

ඨ
૛ࢇ
࢈ + ࢉ

+ ඨ ૛࢈
ࢉ + ࢇ

+ ඨ
૛ࢉ

ࢇ + ࢈
≥ ࢇ + ࢈ +  ࢉ
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ට
ࢇ

࢈ + ࢉ
+ ඨ ࢈

ࢉ + ࢇ
+ ට

ࢉ
ࢇ + ࢈

≥
ࢇ + ࢈ + ࢉ

√૛
 

Solution 4 by Nguyen Thanh Nho-Vietnam  

ࡿࡴࡸ = ට
ࢇ

࢈ + ࢉ
+ඨ ࢈

ࢉ + ࢇ
+ට

ࢉ
ࢇ + ࢈

=
૛ࢇ

࢈ࢇ√ࢇ + ࢉࢇ
+

૛࢈

ࢉ࢈√࢈ + ࢇ࢈
+

૛ࢉ

ࢇࢉ√ࢉ + ࢈ࢉ
 

≥
ࡿି࡯ ૛(ࢉା࢈ାࢇ)

࢈ࢉାࢇࢉ√ࢉାࢇ࢈ାࢉ࢈√࢈ାࢉࢇା࢈ࢇ√ࢇ
    (*) 

࢈ࢇ√ࢇ + ࢉࢇ + ࢉ࢈√࢈ + ࢇ࢈ + ࢇࢉ√ࢉ + ࢈ࢉ ≥
ࡿ࡯࡮

ඥ(ࢇ૛ + ૛࢈ + (૛ࢉ ⋅ ૛(࢈ࢇ + +ࢉ࢈   (ࢇࢉ

≤ ට૜ ⋅ ૛ ⋅ ૚
૜

ࢇ) + ࢈ + ૛(ࢉ = √૛(ࢇ + ࢈ +  (**)     (ࢉ

(*) & (**) ⇒ ࡿࡴࡸ ≥ ૛(ࢉା࢈ାࢇ)

√૛(ࢇା࢈ାࢉ) = ࢉା࢈ାࢇ
√૛

 

 

159. If ࢟,࢞, ࢠ > ૙ then: 

࢞
࢟ +

࢟
ࢠ +

ࢠ
࢞ +

ૡࢠ࢟࢞
࢞) + ࢟)(࢟ + ࢠ)(ࢠ + (࢞ ≥ ૝ 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo ࢟,࢞, ࢠ > ૙. Probar que ࢞
࢟

+ ࢟
ࢠ

+ ࢠ
࢞

+ ૡࢠ࢟࢞
(࢞ାࢠ)(ࢠା࢟)(࢟ା࢞) ≥ ૝ 

Como ࢟,࢞, ࢠ > ૙ 

Aplicando MA ≥ MG 

࢞
࢟

+ ࢞
࢟

+ ࢟
ࢠ
≥ ૜ට࢞૛

ࢠ࢟
૜

= ૜ට ૜࢞

ࢠ࢟࢞
૜

= ૜࢞
ඥࢠ࢟࢞૜    (A), 
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࢟
ࢠ

+ ࢟
ࢠ

+ ࢠ
࢞
≥ ૜࢟

ඥࢠ࢟࢞૜     (B), 

ࢠ
࢞

+ ࢠ
࢞

+ ࢞
࢟
≥ ૜ࢠ

ඥࢠ࢟࢞૜    (C) 

࢞) + ࢟ + ࢟ + ࢠ + ࢠ + ૜(࢞ ≥ ૛ૠ(࢞ + ࢟)(࢟ + ࢠ)(ࢠ + (࢞ ⇔ 

⇔ ૡ(࢞ + ࢟ + ૜(ࢠ ≥ ૛ૠ(࢞ + ࢟)(࢟ + ࢠ)(ࢠ +  (D)    (࢞

Sumando (A) + (B) + (C) 
૜࢞
࢟

+
૜࢟
ࢠ

+
૜ࢠ
࢞
≥

૜࢞
ඥࢠ࢟࢞૜ +

૜࢟
ඥࢠ࢟࢞૜ +

૜ࢠ
ඥࢠ࢟࢞૜ ⇔

࢞
࢟

+
࢟
ࢠ

+
ࢠ
࢞
≥
࢞ + ࢟ + ࢠ
ඥࢠ࢟࢞૜  

Es suficiente probar 
࢞ + ࢟ + ࢠ
ඥࢠ࢟࢞૜ +

ૡࢠ࢟࢞
࢞) + ࢟)(࢟ + ࢠ)(ࢠ + (࢞ ≥ ૝ 

Nuevamente por MA ≥ MG y usando (D) 
࢞ + ࢟ + ࢠ
૜ඥࢠ࢟࢞૜ +

࢞ + ࢟ + ࢠ
૜ඥࢠ࢟࢞૜ +

࢞ + ࢟ + ࢠ
૜ඥࢠ࢟࢞૜ +

ૡࢠ࢟࢞
࢞) + ࢟)(࢟ + ࢠ)(ࢠ + (࢞ ≥ 

≥ ૝ඨ
࢞) + ࢟ + ૜(ࢠ

૛ૠࢠ࢟࢞
⋅

ૡࢠ࢟࢞
࢞) + ࢟)(࢟ + ࢠ)(ࢠ + (࢞

૝
≥ ૝ 

(LQQD) 

Siendo ࢟,࢞, ࢠ > ૙. Probar que 
࢞
࢟

+ ࢟
ࢠ

+ ࢠ
࢞

+ ૡࢠ࢟࢞
(࢞ାࢠ)(ࢠା࢟)(࢟ା࢞) ≥ ૝    (A) 

Siendo ࢟,࢞, ࢠ > ૙, se cumple la siguiente desigualdad 

૛࢞ + ૛࢟ + ૛ࢠ

࢟࢞ + ࢠ࢟ + ࢞ࢠ
+

ૡࢠ࢟࢞
࢞) + ࢟)(࢟ + ࢠ)(ࢠ + (࢞ ≥ ૛ 

Aplicando la desigualdad de Cauchy en (A) 
࢞
࢟

+ ࢟
ࢠ

+ ࢠ
࢞

+ ૡࢠ࢟࢞
(࢞ାࢠ)(ࢠା࢟)(࢟ା࢞) ≥

૛(ࢠା࢟ା࢞)

࢞ࢠାࢠ࢟ା࢟࢞
+ ૡࢠ࢟࢞

(࢞ାࢠ)(ࢠା࢟)(࢟ା࢞) =  
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=
૛࢞ + ૛࢟ + ૛ࢠ

࢟࢞ + ࢠ࢟ + ࢞ࢠ
+

ૡࢠ࢟࢞
࢞) + ࢟)(࢟ + ࢠ)(ࢠ + (࢞ + ૛ ≥ ૝ 

Solution 2 by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Let (࢈,ࢇ, (ࢉ = ቀ࢞
࢟

, ࢟
ࢠ

, ࢠ
࢞
ቁ ⇒ ,࢈,ࢇ ࢉ > ૙,ࢇ + ࢈ + ࢉ ≥ ૜ the inequality becomes 

ࢇ + ࢈ + ࢉ + ૡ
(ା૚ࢉ)(ା૚࢈)(ା૚ࢇ) ≥ ૝ ⇔ ࢇ)∑ + ૚) + ૡ

(ା૚ࢉ)(ା૚࢈)(ା૚ࢇ) ≥ ૠ  

We have 
ࢇ + ૚
૛

+
࢈ + ૚
૛

+
ࢉ + ૚
૛

+
ૡ

ࢇ) + ૚)(࢈ + ૚)(ࢉ + ૚) ≥ 

≥ ૝ඨ
+ࢇ ૚
૛

⋅
࢈ + ૚
૛

⋅
ࢉ + ૚
૛

⋅
ૡ

ࢇ) + ૚)(࢈ + ૚)(ࢉ + ૚)
૝

= ૝ 

෍
ࢇ + ૚
૛

=
ࢇ + ࢈ + ࢉ

૛
+
૜
૛
≥ ૜ ⇒෍(ࢇ + ૚) +

ૡ
ࢇ) + ૚)(࢈ + ૚)(ࢉ + ૚) ≥ ૠ 

Solution 3 by Soumitra Mandal-Chandar Nagore-India 

Applying AM ≥ GM 

෍
࢞ + ࢟
࢟

ࢉ࢟ࢉ

+
૚૟ࢠ࢟࢞

࢞) + ࢟)(࢟ + ࢠ)(ࢠ + (࢞ ≥ ૝ඩቌෑ
࢞ + ࢟
࢟

ࢉ࢟ࢉ

ቍ
૚૟ࢠ࢟࢞

࢞) + ࢟)(࢟ + ࢠ)(ࢠ + (࢞
૝

 

⇒෍
࢞
࢟

ࢉ࢟ࢉ

+
૚૟ࢠ࢟࢞

࢞) + ࢟)(࢟ + ࢠ)(ࢠ + (࢞ + ૜ ≥ ૡ 

⇒෍
࢞
࢟

ࢉ࢟ࢉ

+
ૡࢠ࢟࢞

࢞) + ࢟)(࢟ + ࢠ)(ࢠ + (࢞ ≥ ૞−
ૡࢠ࢟࢞

࢞) + ࢟)(࢟ + ࢠ)(ࢠ + (࢞ = ૝ 

(proved) 

[∵ ࢞) + ࢟)(࢟ + ࢠ)(ࢠ + (࢞ ≥ ૡࢠ࢟࢞] 
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160. In ࢤ	࡯࡮࡭: 

૚ + ඩ૚+ ඨ(ࢇ૛ + ૛࢈ + (૛ࢉ ൬
૚
૛ࢇ

+
૚
૛࢈

+
૚
૛ࢉ
൰ ≤ ඨ૜ ൬

ࢇ
࢈

+
࢈
ࢉ

+
ࢉ
ࢇ
൰ 

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo ࡯࡮࡭ 

૚ + ඩ૚+ ඨ(ࢇ૛ + ૛࢈ + (૛ࢉ ൬
૚
૛ࢇ +

૚
૛࢈ +

૚
૛൰ࢉ ≤

ඨ૜ ൬
ࢇ
࢈ +

࢈
ࢉ +

ࢉ
 ൰ࢇ

WALKER INEQUALITY 

Siendo ࢈,ࢇ,  se cumple la siguiente desigualdad ࡯࡮࡭	ࢤ los lados de un ࢉ

૜ ቀࢇ
࢈

+ ࢈
ࢉ

+ ࢉ
ࢇ
ቁ ≥ ࢇ) + ࢈ + (ࢉ ቀ૚

ࢇ
+ ૚

࢈
+ ૚

ࢉ
ቁ  (anteriormente demostrado) 

Pro ultimo demostraremos 

૚ + ඩ૚ + ඨ(ࢇ૛ + ૛࢈ + (૛ࢉ ൬
૚
૛ࢇ

+
૚
૛࢈

+
૚
૛ࢉ
൰ ≤ ඨ(ࢇ + ࢈ + (ࢉ ൬

૚
ࢇ

+
૚
࢈

+
૚
ࢉ
൰ 

Aplicando la desigualdad de Cauchy 

ࢇ) + ࢈ + (ࢉ ൬
૚
ࢇ

+
૚
࢈

+
૚
ࢉ
൰ = ඨ(ࢇ + ࢈ + ૛(ࢉ ൬

૚
ࢇ

+
૚
࢈

+
૚
ࢉ
൰
૛

= 

= ඨቀ෍ࢇ૛ + ૛෍ࢉ࢈ቁ ൬෍
૚
૛ࢇ

+ ૛෍
૚
ࢉ࢈
൰ ≥ 
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≥ ඨቀ෍ࢇ૛ቁ ൬෍
૚
૛ࢇ
൰ + ૛ඨቀ෍ࢉ࢈ቁ ൬෍

૚
ࢉ࢈
൰ 

= ඨቀ෍ࢇ૛ቁ ൬෍
૚
૛ࢇ
൰ + ૛ඨቀ෍ࢇቁ ൬෍

૚
ࢇ
൰ ⇔ 

⇔ ቌඨ(ࢇ + ࢈ + (ࢉ ൬
૚
ࢇ

+
૚
࢈

+
૚
ࢉ
൰ − ૚ቍ

૛

≥ ૚ +ඨቀ෍ࢇ૛ቁ ൬෍
૚
૛ࢇ
൰ 

⇒ ඨ(ࢇ + ࢈ + (ࢉ ൬
૚
ࢇ

+
૚
࢈

+
૚
ࢉ
൰ ≥ ૚ + ඩ૚ +ඨ(ࢇ૛ + ૛࢈ + (૛ࢉ ൬

૚
૛ࢇ

+
૚
૛࢈

+
૚
૛ࢉ
൰ 

(LQQD) 

 

161. Let ࢈,ࢇ,  be positive real numbers. Prove that ࢉ

ඨ૜(ࢇ૛ + ૛࢈ + (૛ࢉ ൬
૚
૛ࢇ +

૚
૛࢈ +

૚
૛൰ࢉ + ૢ ≥

࢈ + ࢉ
ࢇ +

ࢉ + ࢇ
ࢉ +

ࢇ + ࢈
ࢉ  

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo ࢈,ࢇ,  ା. Probar queࡾ números ࢉ

ඨ૜(ࢇ૛ + ૛࢈ + (૛ࢉ ൬
૚
૛ࢇ

+
૚
૛࢈

+
૚
૛ࢉ
൰ + ૢ ≥

࢈ + ࢉ
ࢇ

+
ࢉ + ࢇ
ࢉ

+
ࢇ + ࢈
ࢉ

 

La desigualdad propuesta es equivalente 

⇔ ඨ૚ૡ + ૜ ቆ
૛ࢇ

૛࢈ +
૛࢈

૛ቇࢇ + ૜ቆ
૛࢈

૛ࢉ +
૛ࢉ

+૛ቇ࢈ ૜ቆ
૛ࢉ

૛ࢇ +
૛ࢇ

૛ቇࢉ ≥ ൬
ࢇ
࢈ +

࢈
൰ࢇ + ൬

࢈
ࢉ +

ࢉ
+൰࢈ ቀ

ࢉ
ࢇ +

ࢇ
ࢉ
ቁ 
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⇔ඨ૜ ൬
ࢇ
࢈ +

࢈
൰ࢇ

૛

+ ૜ ൬
࢈
ࢉ +

ࢉ
൰࢈

૛

+ ૜ ቀ
ࢉ
ࢇ +

ࢇ
ࢉ
ቁ
૛
≥ ൬

ࢇ
࢈ +

࢈
൰ࢇ + ൬

࢈
ࢉ +

ࢉ
+൰࢈ ቀ

ࢉ
ࢇ +

ࢇ
ࢉ
ቁ 

Aplicando la desigualdad de Cauchy 

⇔ ඨ(૚ + ૚ + ૚)ቆ൬
ࢇ
࢈ +

࢈
൰ࢇ

૛

+ ൬
࢈
ࢉ +

ࢉ
൰࢈

૛

+ ቀ
ࢉ
+ࢇ

ࢇ
ࢉ
ቁ
૛
ቇ ≥ ൬

ࢇ
࢈ +

࢈
൰ࢇ + ൬

࢈
ࢉ +

ࢉ
+൰࢈ ቀ

ࢉ
+ࢇ

ࢇ
ࢉ
ቁ 

(LQQD) 

Solution 2 by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Let ࢞ = ࢇ
࢈

+ ࢈
ࢉ

+ ࢉ
ࢇ

࢟, = ࢈
ࢇ

+ ࢉ
࢈

+ ࢇ
ࢉ
⇒ ૛࢞ = ∑ ૛ࢇ

૛࢈
+ ૛࢟, ૛࢟ = ∑ ૛࢈

૛ࢇ
+ ૛࢞ 

⇒෍
૛ࢇ

૛࢈
= ૛࢞ − ૛࢟,෍

૛࢈

૛ࢇ
= ૛࢟ − ૛࢞ 

Hence 

૛ࢇ) + ૛࢈ + (૛ࢉ ቀ ૚
૛ࢇ

+ ૚
૛࢈

+ ૚
૛ࢉ
ቁ = ૜ +∑ ૛ࢇ

૛࢈
+∑ ૛࢈

૛ࢇ
= ૛࢞ + ૛࢟ − ૛࢞ − ૛࢟ + ૜  

⇒ ૛ࢇ) + ૛࢈ + (૛ࢉ ൬
૚
૛ࢇ

+
૚
૛࢈

+
૚
૛ࢉ
൰+ ૜ = ૛࢞ + ૛࢟ − ૛࢞ − ૛࢟ + ૟ = 

= ࢞) − ૚)૛ + ࢟) − ૚)૛ + ૝ ≥ ૜(࢞ +  ૛(࢟

⇒ ඨ(ࢇ૛ + ૛࢈ + (૛ࢉ ൬
૚
૛ࢇ

+
૚
૛࢈

+
૚
૛ࢉ
൰ + ૜ ≥ √૜(࢞ +  (࢟

⇒ ඨ૜(ࢇ૛ + ૛࢈ + (૛ࢉ ൬
૚
૛ࢇ

+
૚
૛࢈

+
૚
૛ࢉ
൰ + ૢ ≥

࢈ + ࢉ
ࢇ

+
ࢉ + ࢇ
ࢉ

+
ࢇ + ࢈
ࢉ

 

Solution 3 by Ravi Prakash-New Delhi-India 

For ࢞, ,࢟ ࢠ > ૙, 

૜(࢞૛ + ૛࢟ + (૛ࢠ − ࢞) + ࢟ + ૛(ࢠ = ૛[࢞૛ + ૛࢟ + ૛ࢠ − ࢟࢞ − ࢠ࢟ −  [࢞ࢠ

= ࢞) − ૛(࢟ + ࢟) − ૛(ࢠ + ࢠ) − ૛(࢞ ≥ ૙ 
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⇒ ૜(࢞૛ + ૛࢟ + (૛ࢠ ≥ ࢞) + ࢟ +  ૛(ࢠ

Put ࢞ = ࢈
ࢇ

+ ࢇ
࢈

࢟, = ࢈
ࢉ

+ ࢉ
࢈

, ࢠ = ࢇ
ࢉ

+ ࢉ
ࢇ

 

to obtain 

૜ ቈ൬
࢈
ࢇ +

ࢇ
൰࢈

૛

+ ൬
࢈
ࢉ +

ࢉ
൰࢈

૛

+ ቀ
ࢇ
ࢉ +

ࢉ
ቁࢇ

૛
቉ 

≥ ൬
࢈
ࢇ +

ࢇ
࢈ +

࢈
ࢉ +

ࢉ
࢈ +

ࢇ
ࢉ +

ࢉ
൰ࢇ

૛

 

⇒ ૜ቈ
૛࢈

૛ࢇ
+
૛ࢇ

૛࢈
+ ૛ +

૛࢈

૛ࢉ
+
૛ࢉ

૛࢈
+ ૛ +

૛ࢇ

૛ࢉ
+
૛ࢉ

૛ࢇ
+ ૛቉ 

≥ ቂ࢈ାࢉ
ࢇ

+ ࢇାࢉ
࢈

+ ࢈ାࢇ
ࢉ
ቃ
૛

    (1) 

LHS of (1) 

= ૜ ቈ
૛ࢇ

૛ࢇ
+
૛࢈

૛ࢇ
+
૛ࢉ

૛ࢇ
+
૛ࢇ

૛࢈
+
૛࢈

૛࢈
+
૛ࢉ

૛࢈
+
૛ࢇ

૛ࢉ
+
૛࢈

૛ࢉ
+
૛ࢉ

૛ࢉ
+ ૜቉ 

= ૜ ൤(ࢇ૛ + ૛࢈ + (૛ࢉ ൬
૚
૛ࢇ

+
૚
૛࢈

+
૚
૛ࢉ
൰ + ૜൨ 

Thus 

ඨ૜(ࢇ૛ + ૛࢈ + (૛ࢉ ൬
૚
૛ࢇ

+
૚
૛࢈

+
૚
૛ࢉ
൰ + ૢ ≥

࢈ + ࢉ
ࢇ

+
ࢉ + ࢇ
࢈

+
ࢇ + ࢈
ࢉ

 

The equality holds when ࢇ = ࢈ =  ࢉ

 

162. If ࢑࢈,࢑ࢇ, ࢑ࢉ > ૙,࢑ ∈ ૚,࢔	തതതതതത,࢔ ∈ ℕ,࢔ ≥ ૚ then: 

෍
૚

࢑ࢉ࢑࢈࢑ࢇ

࢔

ୀ૚࢑

෍(࢑ࢇ + ࢑࢈ + ૜(࢑ࢉ
࢔

ୀ૚࢑

≥ ૛ૠ࢔૛ 

Proposed by Daniel Sitaru – Romania  
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Solution by Togrul Ehmedov-Baku-Azerbaidian 

ቀ ૚
૚ࢉ૚࢈૚ࢇ

+ ૚
૛ࢉ૛࢈૛ࢇ

+ ⋯+ ૚
࢔ࢉ࢔࢈࢔ࢇ

ቁ ൫(ࢇ૚ + ૚࢈ + ૚)૜ࢉ + ૛ࢇ) + ૛࢈ + ૛)૜ࢉ + ⋯+ ࢔ࢇ) + ࢔࢈ +   ૜൯(࢔ࢉ

≥⏞
ࡿ࡮࡯

ቌඨ
૚ࢇ) + ૚࢈ + ૚)૜ࢉ

૚ࢉ૚࢈૚ࢇ
+ ඨ

૛ࢇ) + ૛࢈ + ૛)૜ࢉ

૛ࢉ૛࢈૛ࢇ
+ ⋯+ ඨ

࢔ࢇ) + ࢔࢈ + ૜(࢔ࢉ

࢔ࢉ࢔࢈࢔ࢇ
ቍ

૛

 

We know that 

࢔ࢇ + ࢔࢈ + ࢔ࢉ ≥ ૜ඥ࢔ࢉ࢔࢈࢔ࢇ
૜  

ඥ(࢔ࢇ + ࢔࢈ + ૜(࢔ࢉ ≥ √૛ૠඥ࢔ࢉ࢔࢈࢔ࢇ 

Then 

෍
૚

࢑ࢉ࢑࢈࢑ࢇ

࢔

ୀ૚࢑

෍(࢑ࢇ + ࢑࢈ + ૜(࢑ࢉ
࢔

ୀ૚࢑

≥ ൫√૛ૠ + √૛ૠ + ⋯+ √૛ૠ൯
૛

= ૛ૠ࢔૛ 

 

163. If ࢈,ࢇ, ࢉ > 0 then: 

ඥ࢈ࢇ૛ࢉ૜૟ + ඥࢇ૜ࢉ࢈૛૟ + ඥࢇ૛࢈૜ࢉ૟ ≥ ඥ࢈ૢࢇ૚૙ࢉ૚૚૜૙ + ඥࢇ૚૚ࢉૢ࢈૚૙૜૙ + ඥࢇ૚૙࢈૚૚ૢࢉ૜૙
 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo ࢉ,࢈,ࢇ > 0. Probar que 

ඥ࢈ࢇ૛ࢉ૜૟ + ඥࢇ૜ࢉ࢈૛૟ + ඥࢇ૛࢈૜ࢉ૟ ≥ ඥ࢈ૢࢇ૚૙ࢉ૚૚૜૙ + ඥࢇ૚૚ࢉૢ࢈૚૙૜૙ + ඥࢇ૚૙࢈૚૚ૢࢉ૜૙
 

Realizamos los siguientes cambios de variables 

૙ૢ࢞ = ૜ࢉ૛࢈ࢇ > ૙ૢ࢟,0 = ૛ࢉ࢈૜ࢇ > ૙ૢࢠ,0 = ࢉ૜࢈૛ࢇ ⇔ ,࢟,࢞ ࢠ > 0 

૙ૢ(ࢠ࢟࢞) = ૟(ࢉ࢈ࢇ) ⇔ ૚૞(ࢠ࢟࢞) = ࢉ࢈ࢇ ⇔ ૚૛૙(ࢠ࢟࢞) =  ૡ(ࢉ࢈ࢇ)

La desigualdad es equivalente 

૚૞࢞ + ૚૞࢟ + ૚૞ࢠ ≥ ૜࢞) + ૜࢟ +  ૝(ࢠ࢟࢞)(૜ࢠ

Aplicando MA ≥ MG 

ૠ࢞૚૞ + ૝࢟૚૞ + ૝ࢠ૞ ≥ ૚૞ ඥ(࢞૚૞)ૠ(࢟૚૞)૝(ࢠ૚૞)૝૚૞ = ૚૞࢞ૠ࢟૝ࢠ૝   (A) 
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ૠ࢟૚૞ + ૝ࢠ૚૞ + ૝࢞૚૞ ≥ ૚૞ ඥ(࢟૚૞)ૠ(ࢠ૚૞)૝(࢞૚૞)૝૚૞ = ૚૞࢟ૠࢠ૝࢞૝ (B) 

ૠࢠ૚૞ + ૝࢞૚૞ + ૝࢟૚૞ ≥ ૚૞ ඥ(࢟૚૞)ૠ(ࢠ૚૞)૝(࢞૚૞)૝૚૞ = ૚૞࢟ૠࢠ૝࢞૝ (C) 

Sumando (A) + (B) + (C) 

⇒ ૚૞൫࢞૚૞ + ૚૞࢟ + ૚૞൯ࢠ ≥ ૚૞(࢞૜ + ૜࢟ + ૝(ࢠ࢟࢞)(૜ࢠ ⇔ ૚૞࢞ + ૚૞࢟ + ૚૞ࢠ

≥ ૜࢞) + ૜࢟ +  ૝(ࢠ࢟࢞)(૜ࢠ

(LQQD) 

Solution 2 by Mohammad Jamal-Oujda-Morocco 

Inequality is homogenous, let ࢉ࢈ࢇ = ૚ inequality is equivalent to: 

෍ට
ࢇ
࢈

૟
≥෍ ට

ࢇ
࢈

૜૙
 

by AM-GM: ૛ටࢇ
࢈

૟ + ටࢉ
ࢇ

૟ + ට࢈
ࢉ

૟
+ ૚ ≥ ૞ ටࢇ

࢈
૜૙  and similarly 

thus ૝∑ ටࢇ
࢈

૟ + ૜ ≥ ૞∑ ටࢇ
࢈

૜૙  so we need to show 

૚
૝
൬૞∑ ටࢇ

࢈
૜૙ − ૜૙൰ ≥ ∑ ටࢇ

࢈
૜૙  ie ∑ ටࢇ

࢈
૜૙ ≥ ૜ which is obvious 

Solution 3 by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Take (࢟;࢞; (ࢠ = ൫ ૜૙ࢇ√ ; ૜૙࢈√ ; ૜૙ࢉ√ ൯ ⇒ ,࢟,࢞ ࢠ > 0, we have to prove 

૚૙࢟૞࢞૞൫(ࢠ࢟࢞) + ૚૙࢞૞࢟ + ૚૙൯࢞૞ࢠ ≥ ૚૚ࢠ૚૙࢟ૢ࢞) + ૚૚࢞૚૙ࢠૢ࢟ +  (૚૚࢟૚૙࢞ૢࢠ

⇔ ૚૙࢟૞࢞ + ૚૙࢞૞࢟ + ૚૙࢞૞ࢠ ≥ ૛࢟࢞)૝(ࢠ࢟࢞) + ૛࢞࢟ +  (૛࢞ࢠ

Assume that ࢠ࢟࢞ = ૚, we have prove ∑(࢟࢞૛)૞ ≥ ૛࢟࢞∑ ⇔ 

⇔ ૞ࢄ + ૞ࢅ + ૞ࢆ ≥ ࢄ + ࢅ +   with ࢆ

;ࢄ) (ࢆ;ࢅ = ;૛ࢠ࢟;૛࢟࢞) (૛࢞ࢠ ⇒ ࢆ,ࢅ,ࢄ > 0,ܻܼܺ = 1 

൫ࢄ૞ + ૞ࢅ + +ࢄ)૞൯ࢆ ࢅ + (ࢆ ≥ ૜ࢄ) + ૜ࢅ + ૜)૛ࢆ ⇒ ૞ࢄ + ૞ࢅ + ૞ࢆ ≥
૜ࢄ) + ૜ࢅ + ૜)૛ࢆ

ࢄ + ࢅ + ࢆ  

૜ࢄ) + ૜ࢅ + +ࢄ)(૜ࢆ ࢅ + (ࢆ ≥ ૛ࢄ) + ૛ࢅ + ૛)૛ࢆ ≥ ૝(ࢆାࢅାࢄ)

ૢ
⇒ ૜ࢄ + ૜ࢅ + ૜ࢆ ≥ ૜(ࢆାࢅାࢄ)

ૢ
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⇒ ૞ࢄ + ૞ࢅ + ૞ࢆ ≥
૜ࢄ) + ૜ࢅ + ૜)૛ࢆ

ࢄ + ࢅ + ࢆ ≥
ࢄ) + ࢅ + ૞(ࢆ

ૡ૚ ≥ ࢄ + ࢅ +  .ࢆ

Solution 4 by Ravi Prakash-New Dehi-India 

ૠ(࢈ࢇ૛ࢉ૜)
૚
૟ + ૝(ࢇ૜ࢉ࢈૛)

૚
૟ + ૝(ࢇ૛࢈૜ࢉ)

૚
૟ ≥ 

≥ ૚૞(ࢇૠ࢈૚૝ࢉ૛૚ࢇ૚૛࢈૝ࢉૡࢇૡ࢈૚૛ࢉ૝)
૚

૟	×	૚૞ 

= ૚૞(ࢇ૛ૠ࢈૜૙ࢉ૜૜)
૚
ૢ૙ = ૚૞(࢈ૢࢇ૚૙ࢉ૚૚)

૚
૜૙    (1) 

Similarly 

૝(࢈ࢇ૛ࢉ૜)
૚
૟ + ૠ(ࢇ૜ࢉ࢈૛)

૚
૟ + ૝(ࢇ૛࢈૜ࢉ)

૚
૚૟ ≥ ૚૞(ࢇ૚૚ࢉૢ࢈૚૙)

૚
૜૙   (2) 

and  

૝(࢈ࢇ૛ࢉ૜)
૚
૟ + ૝(ࢇ૜ࢉ࢈૛)

૚
૟ + ૠ(ࢇ૛࢈૜ࢉ)

૚
૟ ≥ ૚૞(ࢇ૚૙࢈૚૚ࢇࢉ)

૚
૜૙    (3) 

Adding (1), (2), (3) and dividing by ૚૞ we get the desired inequality. 

Solution 5 by Sanong Hauerai-Nakonpathom-Thailand 

ඥ࢈ࢇ૛ࢉ૜૟ + ඥࢇ૜ࢉ࢈૛૟ + ඥࢇ૛࢈૜ࢉ૟ = ඥࢇ૞࢈૚૙ࢉ૚૞૜૙ + ඥࢇ૚૞࢈૞ࢉ૚૙૜૙ + ඥࢇ૚૙࢈૚૞ࢉ૞૜૙
 

give ࢇ૞࢈૚૙ࢉ૚૞ = ૚૙ࢉ૞࢈૚૞ࢇ,࢞ = ૞ࢉ૚૞࢈૚૙ࢇ,࢟ =  ࢠ

consider √࢞૜૙ + ૜૙࢞√ + ඥ࢟૜૙ + ඥ࢟૜૙ + ૜૙ࢠ√ ≥ ૞ට ඥࢠ࢟࢟࢞࢞૜૙૞
= ૞ ටඥࢠ࢟࢟࢞࢞૞૜૙

= ૞ ૚૚૜૙ࢉૢ࢈૚૙ࢇ√  

Similarly ඥ࢟૜૙ + ඥ࢟૜૙ + ૜૙ࢠ√ + ૜૙ࢠ√ + ૜૙࢞√ ≥ ૞ට ඥ࢞ࢠࢠ࢟࢟૜૙૞
= ૞ ටඥ࢞ࢠࢠ࢟࢟૞૜૙

= ૞ ૜૙ૢࢉ૚૙࢈૚૚ࢇ√  

૜૙ࢠ√ + ૜૙ࢠ√ + ૜૙࢞√ + ૜૙࢞√ + ඥ࢟૜૙ ≥ ૞ට ඥ࢟࢞࢞ࢠࢠ૜૙૜
= ૞ ටඥ࢟࢞࢞ࢠࢠ૞૜૙

= ૞ ඥ࢈ૢࢇ૚૚ࢉ૚૙૜૙  

Therefore 

૜૟ࢉ૛࢈ࢇ√  + ૛૟ࢉ࢈૜ࢇ√ + ૟ࢉ૜࢈૛ࢇ√ ≥ ૚૚૜૙ࢉ૚૙࢈ૢࢇ√ + ૚૙૜૙ࢉૢ࢈૚૚ࢇ√ + ૜૙ૢࢉ૚૚࢈૚૙ࢇ√  

 

ඥ࢈ࢇ૛ࢉ૜૟ + ඥࢇ૜ࢉ࢈૛૟ + ඥࢇ૛࢈૜ࢉ૟ = ඥࢇ૞࢈૚૙ࢉ૚૞
૜૙

+ ඥࢇ૚૞࢈૞ࢉ૚૙
૜૙

+ ඥࢇ૚૙࢈૚૞ࢉ૞
૜૙

 

consider 

૚૞ࢉ૚૙࢈૞ࢇ + ૚૞ࢉ૚૙࢈૞ࢇ + ૚૙ࢉ૞࢈૚૞ࢇ + ૚૙ࢉ૞࢈૚૞ࢇ + ૞ࢉ૚૞࢈૚૙ࢇ ≥ ૞ࢇ૚૙ࢉૢ࢈૚૚ 

૚૙ࢉ૞࢈૚૞ࢇ + ૚૙ࢉ૞࢈૚૞ࢇ + ૞ࢉ૚૞࢈૚૙ࢇ + ૞ࢉ૚૞࢈૚૙ࢇ + ૚૞ࢉ૚૙࢈૞ࢇ ≥ ૞ࢇ૚૚࢈૚૙ૢࢉ 
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૞ࢉ૚૞࢈૚૙ࢇ + ૞ࢉ૚૞࢈૚૙ࢇ + ૚૞ࢉ૚૙࢈૞ࢇ + ૚૞ࢉ૚૙࢈૞ࢇ + ૚૙ࢉ૞࢈૚૞ࢇ ≥ ૞࢈ૢࢇ૚૚ࢉ૚૙ 

Hence 

૚૞ࢉ૚૙࢈૞ࢇ + ૚૙ࢉ૞࢈૚૞ࢇ + ૞ࢉ૚૞࢈૚૙ࢇ ≥ ૚૚ࢉૢ࢈૚૙ࢇ + ૢࢉ૚૙࢈૚૚ࢇ +  ૚૙ࢉ૚૚࢈ૢࢇ

That is 

ඥࢇ૞࢈૚૙ࢉ૚૞
૜૙

+ ඥࢊ૞࢈૞ࢉ૚૙
૜૙

+ ඥࢇ૚૙࢈૚૞ࢉ૞
૜૙

≥ ඥࢇ૚૙ࢉૢ࢈૚૚૜૙ + ඥࢇ૚૚࢈૚૙ૢࢉ૜૙ + ඥ࢈ૢࢇ૚૚ࢉ૚૙૜૙  

Therefore 

ඥ࢈ࢇ૛ࢉ૜૟ + ඥࢇ૜ࢉ࢈૛૟ + ඥࢇ૛࢈૜ࢉ૟ ≥ ඥ࢈ૢࢇ૚૙ࢉ૚૚૜૙ + ඥࢇ૚૚ࢉૢ࢈૚૙૜૙ + ඥࢇ૚૙࢈૚૚ૢࢉ૜૙  

 

164. Let ࢈,ࢇ, ૝ࢇ positive numbers such that ࢉ + ૝࢈ + ૝ࢉ = ૜. Prove that 

ቆ
૜ࢇ

૞࢈
+
૜࢈

૞ࢉ
+
૜ࢉ

૞ࢇ
ቇ ቆ

૜࢈

૞ࢇ
+
૜ࢉ

૞࢈
+
૜ࢇ

૞ࢉ
ቇ ≥ ૢ 

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo ࢈,ࢇ, ૝ࢇ ା de tal manera queࡾ números ࢉ + ૝࢈ + ૝ࢉ = ૜. Probare 

que 

ቆ
૜ࢇ

૞࢈
+
૜࢈

૞ࢉ
+
૜ࢉ

૞ࢇ
ቇ ቆ

૜࢈

૞ࢇ
+
૜ࢉ

૞࢈
+
૜ࢇ

૞ࢉ
ቇ ≥ ૢ 

Como ࢈,ࢇ, ࢉ > ૙ 

Aplicando MA ≥ MG 

૜ = ૝ࢇ + ૝࢈ + ૝ࢉ ≥ ૜ඥࢇ૝࢈૝ࢉ૝૜ ⇔ ૚ ≥  ࢉ࢈ࢇ

ቆ
૜ࢇ

૞࢈ +
૜࢈

૞ࢉ +
૜ࢉ

૞ቇࢇ ቆ
૜࢈

૞ࢇ +
૜ࢉ

૞࢈ +
૜ࢇ

૞ቇࢉ ≥ ૜ඨ
૚

૛(ࢇࢉ࢈)
૜

⋅ ૜ඨ
૚

૛(ࢉ࢈ࢇ)
૜

= ૢඨ
૚

૝(ࢉ࢈ࢇ)
૜

≥ ૢ 

(LQQD) 

Solution 2 by Hoang Le Nhat Tung-Hanoi-Vietnam 

Since AM-GM for ૜ positive real numbers we have: 
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ቆ
૜ࢇ

૞࢈ +
૜࢈

૞ࢉ +
૜ࢉ

૞ቇቆࢇ
૜࢈

૞ࢇ +
૜ࢉ

૞࢈ +
૜ࢇ

૞ቇࢉ ≥ ૜ඨ
૜ࢇ

૞࢈ ⋅
૜࢈

૞ࢉ ⋅
૜ࢉ

૞ࢇ
૜

⋅ ૜ඨ
૜࢈

૞ࢇ ⋅
૜ࢉ

૞࢈ ⋅
૜ࢇ

૞ࢉ
૜

 

= ૢ ⋅ ට ૚
૝ࢉ૝࢈૝ࢇ

૜
     (1) 

Other: ૜ = ૝ࢇ + ૝࢈ + ૝ࢉ ≥ ૜√ࢇ૝࢈૝ࢉ૝૜    (2) 

(1), (2) ⇒ ቀࢇ
૜

૞࢈
+ ૜࢈

૞ࢉ
+ ૜ࢉ

૞ࢇ
ቁ ቀ࢈

૜

૞ࢇ
+ ૜ࢉ

૞࢈
+ ૜ࢇ

૞ࢉ
ቁ ≥ ૢ ⇒  ࡰࡱࡽ

Solution 3 by Uche Eliezer Okeke-Anambra-Nigeria 

From the condition 

෍ࢇ૝

࢒ࢉ࢟ࢉ

= ૜ 

⇔ ૜(૜) = (૜)෍ࢇ૝

࢒ࢉ࢟ࢉ

≥
ࡿି࡮ି࡯

ቌ෍ࢇ૛

࢒ࢉ࢟ࢉ

ቍ

૛

⇔ ቎෍ ૛ࢇ

࢒ࢉ࢟ࢉ

≤ ૜… (૚)቏ 

We proceed thus with the inequality: 

ࡿࡴࡸ = ෍ቆ
૜ࢇ

૞ቇ࢈
࢒ࢉ࢟ࢉ

෍ቆ
૜࢈

૞ቇࢇ
࢒ࢉ࢟ࢉ

≥
࢘ࢋࢊ࢒࢕ࡴ

ቌ෍ඨࢇ
૜࢈૜

૞ࢇ૞࢈
࢒ࢉ࢟ࢉ

ቍ

૛

= ቌ෍൬
૚
൰࢈ࢇ

࢒ࢉ࢟ࢉ

ቍ

૛

≥ ቆ
૜૛

∑ ࢒ࢉ࢟ࢉ(࢈ࢇ)
ቇ
૛

	 

⇔ ቆ
૜૛

∑ ࢒ࢉ࢟ࢉ(࢈ࢇ)
ቇ
૛

≥
ࡿି࡮ି࡯

ቆ
૜૛

૛ࢇ∑
ቇ
૛

≥
(૚)

ቆ
૜૛

૜
ቇ
૛

= ૢ =  ࡿࡴࡾ

 

Solution 4 by Boris Colakovic-Belgrade-Serbia 

૛
૜ࢇ

૞࢈ +
૜
૛ࢇ =

૜ࢇ

૞࢈ +
૜ࢇ

૞࢈ +
૚
૛ࢇ +

૚
૛ࢇ +

૚
૛ࢇ ≥

ࡹࡳିࡹ࡭
	૞

૚
૚૙૞࢈√ =

૞
 ૛࢈

Similarly ૛ ૜࢈

૞ࢉ
+ ૜

૛࢈
≥ ૞

૛ࢉ
,૛ ૜ࢉ

૞ࢇ
+ ૜

૛ࢉ
≥ ૞

૛ࢇ
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૛ቆ
૜ࢇ

૞࢈
+
૜࢈

૞ࢉ
+
૜ࢉ

૞ࢇ
ቇ + ૜ ൬

૚
૛ࢇ

+
૚
૛࢈

+
૚
૛ࢉ
൰ ≥ ૞ ൬

૚
૛ࢇ

+
૚
૛࢈

+
૚
૛ࢉ
൰ ⇔ 

⇔
૜ࢇ

૞࢈
+
૜࢈

૞ࢉ
+
૜ࢉ

૞ࢇ
≥

૚
૛ࢇ

+
૚
૛࢈

+
૚
૛ࢉ

 

Similarly ࢈
૜

૞ࢇ
+ ૜ࢉ

૞࢈
+ ૜ࢇ

૞ࢉ
≥ ૚

૛ࢇ
+ ૚

૛࢈
+ ૚

૛ࢉ
 

Now is ቀࢇ
૜

૞࢈
+ ૜࢈

૞ࢉ
+ ૜ࢉ

૞ࢇ
ቁ ቀ࢈

૜

૞ࢇ
+ ૜ࢉ

૞࢈
+ ૜ࢇ

૞ࢉ
ቁ ≥ ቀ ૚

૛ࢇ
+ ૚

૛࢈
+ ૚

૛ࢉ
ቁ
૛

 

Let’s show ቀ ૚
૛ࢇ

+ ૚
૛࢈

+ ૚
૛ࢉ
ቁ
૛
≥ ૢ ⇔ ૚

૛ࢇ
+ ૚

૛࢈
+ ૚

૛ࢉ
≥ ૜ 

How is 

ඨࢇ
૝ + ૝࢈ + ૝ࢉ

૜
≥

ࡹࡴିࡹࡽ
	

૜
૚
૛ࢇ + ૚

૛࢈ + ૚
૛ࢉ

⇒
૚
૛ࢇ

+
૚
૛࢈

+
૚
૛ࢉ

≥ ૜ 

Equality holds for ࢇ = ࢈ = ࢉ = ૚ 

Solution 5 by Mohammed Jamal-Oujda-Morocco 

By Cauchy Schwarz  

ቆ෍
૜ࢇ

૞࢈
ቇቆ෍

૜࢈

૞ࢇ
ቇ ≥ ൬෍

૚
࢈ࢇ
൰
૛

≥
ૡ૚

 ૛(࢈ࢇ∑)

we have 

૝ࢇ∑ ≥ ૛(࢈ࢇ)∑ ≥ ૛(࢈ࢇ∑)

૜
 thus ∑࢈ࢇ ≤ ૜ thus the conclusion 

Solution 6 by Nguyen Thanh Nho-Tra Vinh-Vietnam 

AM-GM 

૜ = ૝ࢇ + ૝࢈ + ૝ࢉ ≥ ૜ඥࢇ૝࢈૝ࢉ૝૜ ⇒ ࢉ࢈ࢇ ≤ ૚ 

૜ࢇ

૞࢈
+
૜࢈

૞ࢉ
+
૜ࢉ

૞ࢇ
≥ ૜ ⋅

૚
ඥ(ࢉ࢈ࢇ)૛૜ ≥ ૜ 
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૜࢈

૞ࢇ
+
૜ࢉ

૞࢈
+
૜ࢇ

૞ࢉ
≥ ૜ ⋅

૚
ඥ(ࢉ࢈ࢇ)૛૜ ≥ ૜ 

⇒ ቆ
૜ࢇ

૞࢈ +
૜࢈

૞ࢉ +
૜ࢉ

૞ቇࢇ ቆ
૜࢈

૞ࢇ +
૜ࢉ

૞࢈ +
૜ࢇ

૞ቇࢉ ≥ ૢ 

 

165. Prove that if ࢞, ,࢟ ࢠ ∈ (૙, ૚) or ࢟,࢞, ࢠ ∈ (૚,∞) then: 

෍
૜࢟܏ܗܔ ࢞ + ૜ࢠ܏ܗܔ ࢟

૛࢟܏ܗܔ ࢞ + ࢠ܏ܗܔ ࢞ + ૛ࢠ܏ܗܔ ࢟
≥ ૛ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

De las condiciones dadas 

ࢇ = ࢟܏ܗܔ ࢞ > 0, ܾ = ࢠ܏ܗܔ ࢟ , ࢉ = ࢞܏ܗܔ ࢠ ⇔ ࢉ࢈ࢇ = ࢠ܏ܗܔ ࢟ ⋅ ࢟܏ܗܔ ࢞ ⋅ ࢞܏ܗܔ ࢠ = ૚ 

⇔ ࢈ࢇ = ࢠ܏ܗܔ ࢟ ⋅ ࢟܏ܗܔ ࢞ = ࢠ܏ܗܔ ࢞ ࢉ࢈, = ࢞܏ܗܔ ࢠ ⋅ ࢠ܏ܗܔ ࢟ = ࢞܏ܗܔ  	,࢟

ࢇࢉ = ࢟܏ܗܔ ࢞ ⋅ ࢞܏ܗܔ ࢠ = ࢟܏ܗܔ  ࢠ

La desigualdad propuesta es equivalente 

෍
૜ࢇ + ૜࢈

૛ࢇ + ࢈ࢇ + ૛࢈ ≥ ૛ 

Tener en cuenta la siguiente desigualdad 

૜(ࢇ૛ − ࢈ࢇ + (૛࢈ ≥ ૛ࢇ) + ࢈ࢇ + (૛࢈ ⇔ ૛(ࢇ − ૛(࢈ ≥ ૙ 

Como ࢈,ࢇ, ࢉ > 0 

Por MA ≥ MG → ࢇ + ࢈ + ࢉ ≥ ૜√ࢉ࢈ࢇ૜ = ૜ 

Luego 

෍
૜ࢇ + ૜࢈

૛ࢇ + ࢈ࢇ + ૛࢈
= ෍

ࢇ) + ૛ࢇ)(࢈ − ࢈ࢇ + (૛࢈
૛ࢇ + ࢈ࢇ + ૛࢈

≥෍
ࢇ + ࢈
૜

= 
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=
૛(ࢇ + ࢈ + (ࢉ

૜
≥
૛ ⋅ ૜
૜

= ૛ 

(LQQD) 

Solution 2 by Ravi Prakash-New Delhi-India 

For ࢚ ≥ ૚, 

૜(࢚૜ + ૚) − ࢚) + ૚)(࢚૛ + ࢚ + ૚) 

= ૜(࢚ + ૚)(࢚૛ − ࢚ + ૚) − ࢚) + ૚)(࢚૛ + ࢚ + ૚) 

= ࢚) + ૚)(૜࢚૛ − ૜࢚ + ૜ − ૛࢚ − ࢚ − ૚) 

= ࢚) + ૚)(૛࢚૛ − ૝࢚+ ૛) 

= ૛(࢚ + ૚)(࢚ − ૚)૛ ≥ ૙    (1) 

Let ࢇ = ࢟܏ܗܔ  ࢞

࢈ = ࢠ܏ܗܔ  ࢟

ࢉ = ࢞܏ܗܔ  ࢠ

Note ࢈,ࢇ, ࢉ > ,ݔ∀,0 ,ݕ ݖ ∈ (૙, ૚) or ࢟,࢞, ࢠ ∈ (૚,∞) 

If ࢇ ≥ ࢚ let ,࢈ = ࢇ
࢈

 and if ࢇ < ܾ, let ࢚ = ࢈
ࢇ

, then from (1), 

૜(ࢇ૜ + (૜࢈ ≥ ࢇ) + ૛ࢇ)(࢈ + ࢈ࢇ +  (૛࢈

⇒
൫࢟܏ܗܔ ൯࢞

૜
+ ࢠ܏ܗܔ) ૜(࢟

൫࢟܏ܗܔ ൯࢞
૛

+ ൫࢟܏ܗܔ ࢠ܏ܗܔ)൯࢞ (࢟ + ࢠ܏ܗܔ) ૛(࢟
≥
૚
૜
൫࢟܏ܗܔ ࢞ + ࢠ܏ܗܔ  ൯࢟

Since ൫࢟܏ܗܔ ࢠ܏ܗܔ)൯࢞ (࢟ = ࢞܏ܗܔ
࢟܏ܗܔ

⋅ ࢟܏ܗܔ
ࢠ܏ܗܔ

= ࢠ܏ܗܔ  ,࢞

We get 

൫࢟܏ܗܔ ൯࢞
૜

+ ࢠ܏ܗܔ) ૜(࢟

൫࢟܏ܗܔ ൯࢞
૜ + ࢠ܏ܗܔ ࢞ + ࢠ܏ܗܔ) ૜(࢟

≥
૚
૜
൬
࢞܏ܗܔ
࢟܏ܗܔ

+
࢟܏ܗܔ
܏ܗܔ ࢠ

൰ 

≥ ૛
૜
ට࢞܏ܗܔ
ࢠ܏ܗܔ

    (2) 
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Similarly,  

2nd term ≥ ૛
૜ට

࢟܏ܗܔ
܏ܗܔ ࢞

   (3) 

and 3rd term ≥ ૛
૜
ට܏ܗܔ ࢠ
܏ܗܔ ࢟

   (4) 

From (2), (3), (4) we get 

෍
൫࢟܏ܗܔ ൯࢞

૜ + ࢠ܏ܗܔ) ૜(࢟

൫࢟܏ܗܔ ൯࢞
૜

+ ࢠ܏ܗܔ ࢞ + ࢠ܏ܗܔ) ૜(࢟
≥
૛
૜
቎ඨ
܏ܗܔ ࢞
܏ܗܔ ࢠ

+ ඨ
࢟܏ܗܔ
࢞܏ܗܔ

+ඨ
܏ܗܔ ࢠ
܏ܗܔ ࢟

቏ 

≥
૛
૜
൤૜ ൬

࢞܏ܗܔ
܏ܗܔ ࢠ

൰ ൬
܏ܗܔ ࢟
࢞܏ܗܔ

൰ ൬
܏ܗܔ ࢠ
܏ܗܔ ࢞

൰൨

૚
૟

= ૛ 

 

166. If ࢈,ࢇ, ࢉ > ૙,ࢇ૜ + ૜࢈ + ૜ࢉ = ૜ then: 
૚

(૛ࢉାࢉ࢈૛ି࢈)૛ࢇ + ૚
(૛ࢇାࢇࢉ૛ିࢉ)૛࢈ + ૚

(૛࢈ା࢈ࢇ૛ିࢇ)૛ࢉ ≥
૚
૜

࢈ࢇ) + ࢉ࢈ +   ૛(ࢇࢉ

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru 

Siendo ࢈,ࢇ, ࢉ > ૙ de tal manera que ࢇ૜ + ૜࢈ + ૜ࢉ = ૜. Probar que 
૚

(૛ࢉାࢉ࢈૛ି࢈)૛ࢇ + ૚
(૛ࢇାࢇࢉ૛ିࢉ)૛࢈ + ૚

(૛࢈ା࢈ࢇ૛ିࢇ)૛ࢉ ≥
૚
૜

࢈ࢇ) + ࢉ࢈ +   ૛(ࢇࢉ

⇔ ૚
૛
ቀ(࢈૜ + (૜ࢉ + ૜ࢉ) + (૜ࢇ + ૜ࢇ) + ૜)ቁ࢈ ൬ ૚

૛൯ࢉାࢉ࢈૛ି࢈૛൫ࢇ
+ ૚

૛൯ࢇାࢇࢉ૛ିࢉ૛൫࢈
+ ૚

૛൯࢈ା࢈ࢇ૛ିࢇ૛൫ࢉ
൰ ≥  

≥ +࢈ࢇ) ࢉ࢈ +  ૛(ࢇࢉ

Tener en cuenta lo siguiente 

૜࢈ + ૜ࢉ = ࢈) + ૛࢈)(ࢉ − ࢉ࢈ +  ,(૛ࢉ

૜ࢉ + ૜ࢇ = ࢉ) + ૛ࢉ)(ࢇ − +ࢇࢉ  ,(૛ࢇ

૜ࢇ + ૜࢈ = ࢇ) + ૛ࢇ)(࢈ − ࢈ࢇ +  (૛࢈
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Por MA ≥ MG 

૜ = ૜ࢇ + ૜࢈ + ૜ࢉ ≥ ૜ࢉ࢈ࢇ ⇔ ૚ ≥  ࢉ࢈ࢇ

Por la desigualdad de Holder 

૛ૠ = ૜ࢇ) + ૜࢈ + ૜࢈)(૜ࢉ + ૜ࢉ + ૜)(૚ࢇ + ૚ + ૚) ≥ ࢈ࢇ) + ࢉ࢈ + ૜(ࢇࢉ ⇔ 

⇔ ૜ ≥ ࢈ࢇ + ࢉ࢈ + ࢇࢉ ⇔ ૢ ≥ ࢈ࢇ) + ࢉ࢈ +  ૛(ࢇࢉ

Aplicando la desigualdad de Cauchy en la desigualdad propuesta 
૚
૛
ቀ(࢈૜ + (૜ࢉ + ૜ࢉ) + (૜ࢇ + ૜ࢇ) + ૜)ቁ࢈ ൬ ૚

૛൯ࢉାࢉ࢈૛ି࢈૛൫ࢇ
+ ૚

૛൯ࢇାࢇࢉ૛ିࢉ૛൫࢈
+ ૚

૛൯࢈ା࢈ࢇ૛ିࢇ૛൫ࢉ
൰ ≥  

≥
૚
૛ቆ෍

࢈√ + ࢉ
ࢇ ቇ

૛

 

Nuevamente por MA ≥ MG 

⇒
૚
૛
ቆ෍

࢈√ + ࢉ
ࢇ

ቇ
૛

≥
૚
૛
൮૜ඨ

ඥ(࢈+ ࢉ)(ࢉ + ࢇ)(ࢇ + (࢈
ࢉ࢈ࢇ

૜

൲

૛

≥
ૢ
૛ቌ

ඨ√ૡࢉ࢈ࢇ
ࢉ࢈ࢇ

૜

ቍ

૛

=
ૢ
૛
ቆ
√૛
૟ࢉ࢈ࢇ√ ቇ

૛

≥ ૢ ≥ ࢈ࢇ) + ࢉ࢈ +  ૛(ࢇࢉ

(LQQD) 

Solution 2 by Hoang Le Nhat Tung-Hanoi-Vietnam 

If ࢈,ࢇ, ࢉ > ૙;ࢇ૜ + ૜࢈ + ૜ࢉ = ૜ then: 

෍
૚

૛࢈)૛ࢇ − ࢉ࢈ + (૛ࢉ ≥
૚
૜ ቀ෍࢈ࢇቁ

૛
 

We have AM-GM for three positive real numbers 

∑ ૚
(૛ࢉାࢉ࢈૛ି࢈)૛ࢇ ≥ ૜ට∏ ૚

(૛ࢉାࢉ࢈૛ି࢈)૛ࢇ
૜ = ૜

ඥ∏ࢇ૛⋅∏(࢈૛ିࢉ࢈ାࢉ૛)૜   (4) 

Other: 
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ෑ࢈)ࢉ࢈૛ + ૛ࢉ − (ࢉ࢈ ≤ෑ
૛࢈) − ࢉ࢈ + ૛ࢉ + ૛(ࢉ࢈

૝
=
૛࢈)∏ + ૛)૛ࢉ

૟૝
 

⇒ෑࢇ૛ ⋅ෑ(࢈૛ − ࢉ࢈ + (૛ࢉ ≤
૛࢈)∏ + (૛ࢉ

૟૝
≤

૛࢈)∑)] + ૛))૜]૛ࢉ

૟૝ ⋅ ૛ૠ૛
= 

=
ቂૡ൫∑࢈૛൯

૜
ቃ
૛

૟૝⋅૛ૠ૛
= ൫∑ ૛൯ࢇ

૟

૛ૠ૛
    (2) 

We have:  

૛
૜ ⋅ ૜ =

૛
૜

૜ࢇ) + ૜࢈ + (૜ࢉ =
૜ࢇ + ૜ࢇ + ૚

૜ +
૜࢈ + ૜࢈ + ૚

૜ +
૜ࢉ + ૜ࢉ + ૚

૜ − ૚ 

≥
૜ࢇ૛

૜
+
૜࢈૛

૜
+
૜ࢉ૛

૜
− ૚ = ૛ࢇ + ૛࢈ + ૛ࢉ − ૚ 

⇔ ૛ ≥ ૛ࢇ + ૛࢈ + ૛ࢉ − ૚ ⇔ ૛ࢇ + ૛࢈ + ૛ࢉ ≤ ૜ (2), (1) 

(1), (2) ⇒ ૛ࢇ∏ ⋅ ૛࢈)∏ − ࢉ࢈ + (૛ࢉ ≤ ૜૟

૛ૠ૛
= ૚   (3) 

(3), (4) ⇒ ∑ ૚
(૛ࢉାࢉ࢈૛ି࢈)૛ࢇ ≥

૜
૚

= ૜   (5) 

Because: ∑࢈ࢇ ≤ ૛ࢇ∑ ↔ ૚
૛
ࢇ)∑ − ૛(࢈ ≥ ૙ (true) 

⇒ ࢈ࢇ∑ ≤ ૛ࢇ∑ ≤ ૜ → ૚
૜

૛(࢈ࢇ∑) ≤ ૚
૜
⋅ ૜૛ = ૜  (6) 

(5), (6) ⇒ ∑ ૚
(૛ࢉାࢉ࢈૛ି࢈)૛ࢇ ≥

૚
૜

૛(࢈ࢇ∑) ⇒  QED 

Solution 3 by Aziz Abdul-Semarang-Indonesia 

૚
૛࢈)૛ࢇ − ࢉ࢈ + (૛ࢉ +

૚
૛ࢉ)૛࢈ − ࢇࢉ + (૛ࢇ +

૚
૛ࢇ)૛ࢉ − ࢈ࢇ +  (૛࢈

=
૚
૛ࢇ

૛࢈ − ࢉ࢈ + ૛ࢉ
+

૚
૛࢈

૛ࢉ − ࢇࢉ + ૛ࢇ
+

૚
ࢇ

૛ࢇ − ࢈ࢇ + ૛࢈
≥ 

≥
૛ࢇ

૛࢈ − ࢉ࢈ + ૛ࢉ +
૛࢈

૛ࢉ − ࢇࢉ + ૛ࢇ +
૛ࢉ

૛ࢇ − ࢈ࢇ +  ૛࢈
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=
૜ࢇ

૛࢈ࢇ − ࢉ࢈ࢇ + ૛ࢉࢇ
+

૜࢈

૛ࢉ࢈ − ࢉ࢈ࢇ + ૛ࢇ࢈
+

૜ࢉ

૛ࢇࢉ − ࢉ࢈ࢇ + ૛࢈ࢉ
 

≥
ࢇ) + ࢈ + ૜(ࢉ

૜(࢈ࢇ૛ + ૛ࢉࢇ + ૛ࢇ࢈ + ૛ࢉ࢈ + ૛ࢇࢉ + ૛࢈ࢉ + ૜ࢉ࢈ࢇ) 

≥
ࢇ) + ࢈ + ૜(ࢉ

૜(ࢇ + ࢈ + ૜(ࢉ
ૢ

=
ૢ
૜

 

≥
࢈ࢇ) + ࢉ࢈ + ૛(ࢇࢉ

૜  

Because ࢇ૜ + ૜࢈ + ૜ࢉ = ૜ → ࢇ + ࢈ + ࢉ ≤ ૜ 

→ ࢈ࢇ) + ࢉ࢈ + (ࢇࢉ ≤ ࢇ + ࢈ + ࢉ ≤ ૜ 

→ ࢈ࢇ) + ࢉ࢈ + ૛(ࢇࢉ ≤ ࢇ) + ࢈ + ૛(ࢉ ≤ ૢ 

and ࢇ૛ + ૛࢈ + ૛ࢉ ≤ ૜ 

→ ૛ࢇ࢒ + ૛࢈࢒ + ૛ࢉ࢒ ≥ ૜ ≥ ૛ࢇ + ૛࢈ +  ૛ࢉ

Solution 4 by Uche Eliezer Okeke-Anambra-Nigeria 

Condition: ࢇ૜ + ૜࢈ + ૜ࢉ = ૜     (1) 

⇔ ૜ = ૜ࢇ + ૜࢈ + ૜ࢉ ⇔ ૜	 ≥
ࡹࡳିࡹ࡭

૜ࢉ࢈ࢇ ⇔ ࢉ࢈ࢇ] ≤ ૚… (૛)] 

⇔ ૛ૠ = ቌ෍ࢇ૜

ࢉ࢟ࢉ

ቍቌ෍࢈૜

ࢉ࢟ࢉ

ቍቌ෍૚
ࢉ࢟ࢉ

ቍ ≥
࢘ࢋࢊ࢒࢕ࡴ

	 ࢈ࢇ) + ࢉ࢈ + ૜(ࢇࢉ ⇔ 

⇔ ࢈ࢇ] + ࢉ࢈ + ࢇࢉ ≤ ૜… (૜)] 

We proceed thus: 

ࡿࡴࡸ = ෍
૚(࢈ + (ࢉ

૛࢈)૛ࢇ − ࢉ࢈ + ࢈)(૛࢈ + (ࢉ
ࢉ࢟ࢉ

= ෍
࢈ + ࢉ

૜࢈)૛ࢇ + (૜ࢉ
ࢉ࢟ࢉ
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⇔ ࡿࡴࡸ ≥
ࡹࡳିࡹ࡭

(૜)૜ ⋅ ට∏ ࢇ) + ࢒ࢉ࢟ࢉ(࢈
૜

૛૜ࢉ૛࢈૛ࢇ√ (૜) ⋅ ට∏ ૜ࢇ) + ࢉ࢟ࢉ(૜࢈
૜

≥
ࡹࡳିࡹ࡭ ૜ ⋅ ૜ ⋅ ૛√ࢉ࢈ࢇ૜

൫√ࢉ࢈ࢇ૜ ൯
૛
૛∑ ࢉ࢟ࢉ૜ࢇ

 

ࡿࡴࡸ = ૢ

૜ࢉ࢈ࢇ√ ૜ࢇ∑
≥

(૚)(૛) ૢ
૜

= ૜૛

૜
≥
(૜) ૛(ࢇࢉାࢉ࢈ା࢈ࢇ)

૜
=  (Proved)   ࡿࡴࡾ

Solution 5 by Nguyen Thanh Nho-Tra Vinh-Vietnam 

,࢈,ࢇ ࢉ > ૙,ࢇ૜ + ૜࢈ + ૜ࢉ = ૜ 

ࡿࡴࡸ =
૚

૛࢈)૛ࢇ − ࢉ࢈ + (૛ࢉ +
૚

૛ࢉ)૛࢈ − ࢇࢉ + (૛ࢇ +
૚

૛ࢇ)૛ࢉ − ࢈ࢇ +  (૛࢈

=
࢈ + ࢉ

૜࢈)૛ࢇ + (૜ࢉ +
ࢉ + ࢇ

૜ࢉ)૛࢈ + (૜ࢇ +
ࢇ + ࢈

૜ࢇ)૛ࢉ +  (૜࢈

⇒ ࡿࡴࡸ ≥
ࡹࡳିࡹ࡭

૜ ⋅ ඨ
ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ

૛(ࢉ࢈ࢇ) ⋅ ૜ࢇ) + ૜࢈)(૜࢈ + ૜ࢉ)(૜ࢉ + (૜ࢇ
૜

 

ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ ≥
ࡹࡳିࡹ࡭

	ૡࢉ࢈ࢇ 

૜ࢇ) + ૜࢈)(૜࢈ + ૜ࢉ)(૜ࢉ + (૜ࢇ ≤
ࡹ࡭ିࡹࡳ ૡ(ࢇ૜ + ૜࢈ + ૜)૜ࢉ

૛ૠ =
ૡ ⋅ ૜૜

૛ૠ = ૡ 

૜ = ૜ࢇ + ૜࢈ + ૜ࢉ ≥ ૜ࢉ࢈ࢇ ⇒ ࢉ࢈ࢇ ≤ ૚ 

⇒ ࡿࡴࡸ ≥ ૜ ⋅ ට ૡࢉ࢈ࢇ
૛⋅ૡ(ࢉ࢈ࢇ)

૜ = ૜

૜ࢉ࢈ࢇ√ ≥ ૜   (*)  

૜ࢇ + ૜࢈ + ૚ ≥
ࡹࡳିࡹ࡭

૜࢈ࢇ 

૜࢈ + ૜ࢉ + ૚ ≥ ૜ࢉ࢈ 

૜ࢉ + ૜ࢇ + ૚ ≥ ૜ࢇࢉ 

⇒ ૛(ࢇ૜ + ૜࢈ + (૜ࢉ + ૜ ≥ ૜(࢈ࢇ + ࢉ࢈ +  (ࢇࢉ

⇒ ૛ ⋅ ૜ + ૜ ≥ ૜(࢈ࢇ + ࢉ࢈ +  (ࢇࢉ

⇒ ࢈ࢇ + ࢉ࢈ + ࢇࢉ ≤ ૜ ⇒ ࢈ࢇ) + ࢉ࢈ + ૛(ࢇࢉ ≤ ૢ 
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⇒ ࡿࡴࡾ = ૚

૜
࢈ࢇ) + ࢉ࢈ + ૛(ࢇࢉ ≤ ૜  (**) 

(*) & (**) ⇒ ࡿࡴࡸ ≥ ૜ ≥  ࡿࡴࡾ

⇒ ࡿࡴࡸ ≥  ࡿࡴࡾ

“ = “ ⇔ ࢇ = ࢈ = ࢉ = ૚ 

Solution 6 by Soumitra Mandal-Chandar Nagore-India 

෍ࢇ૜

ࢉ࢟ࢉ

= ૜,
૜ࢇ + ૜࢈ + ૜ࢉ

૜
≥ ൬

ࢇ + ࢈ + ࢉ
૜

൰
૜

⇒ ࢇ + ࢈ +  ࢉ

⇒ ૢ ≥ ࢇ) + ࢈ + ૛(ࢉ ≥ ૜(࢈ࢇ + ࢉ࢈ + (ࢇࢉ ⇒ ૜ ≥ ࢈ࢇ + ࢉ࢈ +  ࢇࢉ

⇒ ૜ ≥
૚
૜

࢈ࢇ) + ࢉ࢈ +  ૛(ࢇࢉ

ࢇ) + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ ≥ ૡࢉ࢈ࢇ 

∑ ૚
ࢉ࢟ࢉ(૛࢈ା࢈ࢇ૛ିࢇ)૛ࢉ ≥

ࡹࡳஹࡹ࡭
૜ට ૚

(૛ࢇାࢇࢉ૛ିࢉ)(૛ࢉାࢉ࢈૛ି࢈)(૛࢈ା࢈ࢇ૛ିࢇ)૛(ࢉ࢈ࢇ)
૜   

= ૜ඩૡ૛ቌෑ
૚

ࢇ) + ૛(࢈
ࢉ࢟ࢉ

ቍቌෑ
૚

૛ࢇ) − ࢈ࢇ + (૛࢈
ࢉ࢟ࢉ

ቍ
૜

 

= ૚૛ඩቌෑ
૚

ࢇ) + (࢈
ࢉ࢟ࢉ

ቍቌෑ
૚

ࢇ) + ૛ࢇ)(࢈ − ࢈ࢇ + (૛࢈
ࢉ࢟ࢉ

ቍ
૜

 

≥
ࡹࡳஹࡹ࡭	ࡱࡿࡾࡱࢂࡱࡾ ૚૛

૛
૜ ࢇ) + ࢈ + (ࢉ ⋅ ૛૜ ૜ࢇ) + ૜࢈ + (૜ࢉ

=
ૢ

ࢇ + ࢈ + ࢉ ≥ ૜ ≥ 

≥
࢈ࢇ) + ࢉ࢈ + ૛(ࢇࢉ

૜  

(proved) 
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167. Let ࢈,ࢇ, ࢉ > ૙ such that ࢇ૛ + ૛࢈ + ૛ࢉ = ૜. Prove that 

૚
ࢇ

+
૚
࢈

+
૚
ࢉ
≥ ඨ૜

૛
൬
ࢇ + ࢈
ࢉ

+
࢈ + ࢉ
ࢇ

+
ࢉ + ࢇ
࢈

൰ 

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietnam 

Let ࢈,ࢇ, ࢉ > ૛ࢇ;0 + ૛࢈ + ૛ࢉ = ૜. Prove that 

૚
ࢇ +

૚
࢈ +

૚
ࢉ ≥

ඨ૜
૛ ൬

ࢇ + ࢈
ࢉ +

࢈ + ࢉ
ࢇ +

ࢉ + ࢇ
࢈ ൰ 

⇔ ൬
૚
ࢇ +

૚
࢈ +

૚
൰ࢉ

૛

≥
૜
૛൬

ࢇ + ࢈
ࢉ +

࢈ + ࢉ
ࢇ +

ࢉ + ࢇ
࢈ ൰ 

⇔ ૢቀ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
ቁ
૛
≥ ૛ૠ

૛
ቀࢇା࢈

ࢉ
+ ࢉା࢈

ࢇ
+ ࢇାࢉ

࢈
ቁ    (1) 

We have: ૜ = ૛ࢇ + ૛࢈ + ૛ࢉ ≥ ૛(ࢉା࢈ାࢇ)

૜
 

⇒ ૢ ≥ ࢇ) + ࢈ +  ૛(ࢉ

⇒ ૢ൬
૚
ࢇ

+
૚
࢈

+
૚
ࢉ
൰
૛

≥ ࢇ) + ࢈ + ૛(ࢉ ൬
૚
ࢇ

+
૚
࢈

+
૚
ࢉ
൰
૛

 

= ቀࢇା࢈
ࢉ

+ ࢉା࢈
ࢇ

+ ࢇାࢉ
࢈

+ ૜ቁ
૛

     (2) 

We will prove that: 

ቀࢇା࢈
ࢉ

+ ࢉା࢈
ࢇ

+ ࢇାࢉ
࢈

+ ૜ቁ
૛
≥ ૛ૠ

૛
ቀࢇା࢈

ࢉ
+ ࢉା࢈

ࢇ
+ ࢇାࢉ

࢈
ቁ      (3) 

⇔ ࢚) + ૜)૛ ≥ ૛ૠ
૛
࢈ାࢇ :Put)    ࢚

ࢉ
+ ࢉା࢈

ࢇ
+ ࢇାࢉ

࢈
= ࢚ > 0) 

⇔ ૛(࢚ + ૜)૛ ≥ ૛ૠ࢚ ↔ ࢚) − ૟)(૛࢚ − ૜) ≥ ૙  true because: 
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࢚ =
ࢇ + ࢈
ࢉ

+
࢈ + ࢉ
ࢇ

+
ࢉ + ࢇ
࢈

= ቌ
ࢇ
࢈

+
࢈
ᇣᇤᇥࢇ

ஹ૛

ቍ + ቌ
࢈
ࢉ

+
ࢉ
ᇣᇤᇥ࢈

ஹ૛

ቍ + ቌ
ࢉ
ࢇ

+
ࢇ
ᇣᇤᇥࢉ

ஹ૛

ቍ ≥ ૟ 

⇒ ࢚ ≥ ૟ ⇒ ࢚) − ૟)(૛࢚ − ૜) ≥ ૙ 

(2), (3) ⇒ ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
≥ ට૜

૛
ቀࢇା࢈

ࢉ
+ ࢉା࢈

ࢇ
+ ࢇାࢉ

࢈
ቁ 

⇒ Q.E.D. 

Solution 2 by Nguyen Minh Tri-Ho Chi Minh-Vietnam 

൬
૚
ࢇ

+
૚
࢈

+
૚
ࢉ
− ૜൰൬

૚
ࢇ

+
૚
࢈

+
૚
ࢉ
−
૜
૛
൰ 

૚
ࢇ

+
૚
࢈

+
૚
ࢉ
≥

ૢ
ࢇ + ࢈ + ࢉ

≥ ૜ 

,࢈,ࢇ ࢉ > 0 such that ࢇ૛ + ૛࢈ + ૛ࢉ = ૜. Prove that 

૚
ࢇ

+
૚
࢈

+
૚
ࢉ
≥ ඨ૜

૛
൬
ࢇ + ࢈
ࢉ

+
࢈ + ࢉ
ࢇ

+
ࢇ + ࢉ
࢈

൰ ⇒ ࢇ + ࢈ + ࢉ ≤ ૜ 

⇔ ൬
૚
ࢇ

+
૚
࢈

+
૚
ࢉ
൰
૛

≥
૜
૛
൬
ࢇ + ࢈
ࢉ

+
࢈ + ࢉ
ࢇ

+
ࢇ + ࢉ
࢈

൰ 

⇔ ૛൬
૚
ࢇ

+
૚
࢈

+
૚
ࢉ
൰
૛

+ ૢ ≥ ૜(ࢇ + ࢈ + (ࢉ ൬
૚
ࢇ

+
૚
࢈

+
૚
ࢉ
൰ 

We have: 

૜(ࢇ + ࢈ + (ࢉ ቀ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
ቁ ≤ ૢቀ૚

ࢇ
+ ૚

࢈
+ ૚

ࢉ
ቁ  (because ࢇ + ࢈ + ࢉ ≤ ૜) 

We need to prove ૛ቀ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
ቁ
૛

+ ૢ ≥ ૢ ቀ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
ቁ 

⇒ ൬
૚
ࢇ

+
૚
࢈

+
૚
ࢉ
− ૜൰ ൬

૚
ࢇ

+
૚
࢈

+
૚
ࢉ
−
૜
૛
൰ ≥ ૙ 

true because ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
≥ ૢ

ࢉା࢈ାࢇ
≥ ૢ

૜
= ૜ ⇒ Q.E.D. 
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Solution 3 by Mohammad Jamal-Oujada-Morocco 

Squaring we get that inequality is equivalent 

෍
૚
૛ࢇ

+ ૛෍
૚
࢈ࢇ

≥
૜
૛
෍

૛ࢇ + ૛࢈

࢈ࢇ
=
૜
૛
෍

૜ − ૛ࢉ

࢈ࢇ
 

ie ∑ ૚
૛ࢇ

+ ૜
૛
∑ ૛ࢉ

࢈ࢇ
≥ ૞

૛
∑ ૚
࢈ࢇ

 

by CS (ࢇ + ࢈ + ૜ࢇ)(ࢉ + ૜࢈ + (૜ࢉ ≥ ૛ࢇ) + ૛࢈ + ૛)૛ࢉ = ૢ or  

ࢇ) + ࢈ + ૛(ࢉ ≤ ૢ thus ࢇ૜ + ૜࢈ + ૜ࢉ ≥ ૢ
ࢉା࢈ାࢇ

≥ ࢇ + ࢈ +  ࢉ

we conlude that ૜
૛
∑ ૛ࢉ

࢈ࢇ
≥ ૜

૛
∑ ૚
࢈ࢇ

 or ∑ ૚
૛ࢇ
≥ ∑ ૚

࢈ࢇ
 sum ࢍܖܑܕ up we get the 

desired inequality 

Solution 4 by Uche Eliezer Okeke-Anambra-Nigeria 

૜(૜) = ૜(ࢇ૛ + ૛࢈ + (૛ࢉ ⇔ ૜(૜) ≥
࢟ࢎࢉ࢛ࢇ࡯

ࢇ) + ࢈ + ૛(ࢉ ⇔ ࢖] = +ࢇ ࢈ + ࢉ ≤ ૜… (૚)]

૜ = ૛ࢇ + ૛࢈ + ૛ࢉ ⇔ ૜ ≥
ࡹࡳିࡹ࡭

૜ඥࢇ૛࢈૛ࢉ૛૜ ⇔ ࢉ࢈ࢇ] ≤ ૚… (૛)]

࢛	࢚ࢋࡸ = ൬
૚
+ࢇ

૚
࢈ +

૚
൰ࢉ ≥

࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ૜૛

ࢇ + +࢈ ࢉ ≥
(૚) ૢ

૜ = ૜ ⇔ ࢛] ≥ ૜… (૜)] ⎭
⎪
⎬

⎪
⎫

	 

We proceed thus: 

consider ࢈,ࢇ)ࢌ, (ࢉ = ቀ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
ቁ
૛
− ૜

૛
ቀࢇା࢈

ࢉ
+ ࢉା࢈

ࢇ
+ ࢇାࢉ

࢈
ቁ … (4) 

We need to show ࢈,ࢇ)ࢌ, (ࢉ ≥ ૙ 

Variable transformation of (4) gives 

(ࢉ,࢈,ࢇ)ࢌ = (࢛)ࢌ = ૛࢛ −
૜
૛

ࢇ)] + ࢈ + ࢛(ࢉ − ૜] ≥
(૚)

૛࢛ −
૜
૛

(૜࢛ − ૜) ≥
ࡹࡳିࡹ࡭

૛࢛ −
૜
૛
ቈ
(૜ + ૛(࢛

૝
− ૜቉ 

⇔ (࢛)ࢌ ≥ ૚
ૡ

(૞࢛૛ − ૚ૡ + ૢ) = ૚
ૡ

࢛) − ૜)(૞࢛ − ૜) ≥
(૜)

૙  (proof complete) 

Solution 5 by Soumitra Mandal-Chandar Nagore-India 

We know, ࢇ
૛ା࢈૛ାࢉ૛

૜
≥ ቀࢇା࢈ାࢉ

૜
ቁ
૛
⇒ ࢇ + ࢈ +  ࢉ
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∴ ࢇ) + ࢈ + (ࢉ ൬
૚
ࢇ +

૚
࢈ +

૚
൰ࢉ ≥ ૢ ⇒ ൬

૚
ࢇ +

૚
࢈ +

૚
൰ࢉ ≥ ૢ ⇒

૚
ࢇ +

૚
࢈ +

૚
ࢉ ≥ ૜ 

We need to prove, ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
≥ ට૜

૛
∑ ࢈ାࢇ

ࢉ࢟ࢉࢉ  

⇔ ൬
૚
ࢇ

+
૚
࢈

+
૚
ࢉ
൰
૛

≥
૜
૛
෍

ࢇ + ࢈
ࢉ

ࢉ࢟ࢉ

=
૜
૛

ࢇ) + ࢈ + (ࢉ ൬
૚
ࢇ

+
૚
࢈

+
૚
ࢉ
൰ −

ૢ
૛

 

again, ૜ ≥ ࢇ + ࢈ +  ,So, we are left to prove .ࢉ

ቀ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
ቁ
૛
≥ ૢ

૛
ቀ૚
ࢇ

+ ૚
࢈

+ ૚
ࢉ
ቁ − ૢ

૛
⇒ ૛ቀ૚

ࢇ
+ ૚

࢈
+ ૚

ࢉ
ቁ
૛
− ૢቀ૚

ࢇ
+ ૚

࢈
+ ૚

ࢉ
ቁ + ૢ ≥ ૙  

⇒ ቀ૛
ࢇ

+ ૛
࢈

+ ૛
ࢉ
− ૜ቁ ቀ૚

ࢇ
+ ૚

࢈
+ ૚

ࢉ
− ૜ቁ ≥ ૙, which is true 

hence proved. 

 

168. Prove that if ࢈,ࢇ, ࢉ > ૙ then: 

෍ቀ
ࢇ
࢈
ቁ
૛
⋅෍ቀ

ࢇ
࢈
ቁ
૝
⋅෍ቀ

ࢇ
࢈
ቁ
ૡ
≥෍ቀ

ࢇ
ࢉ
ቁ ⋅෍൬

࢈
ࢇ
൰ ⋅෍൬

࢈
ࢉ
൰ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Nirapada Pal-Jhargram-India 

We have 

෍࡭૛ ≥෍࡮࡭ 

൤
ࢇ
࢈

,
࢈
ࢉ

,
ࢉ
ࢇ
→
ࢇ
ࢉ

,
࢈
ࢇ

,
ࢇ
ࢉ
→
࢈
ࢉ

,
ࢉ
ࢇ

,
ࢇ
࢈
→
࢈
ࢇ

,
ࢉ
ࢇ

,
ࢇ
ࢉ
൨ 

෍ቀ
ࢇ
࢈
ቁ
૛
≥෍

ࢇ
ࢉ

 

෍ቀ
ࢇ
ቁ࢈

૝
≥෍ቀ

ࢇ
ቁࢉ

૛
≥෍

࢈
 ࢉ
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෍ቀ
ࢇ
ቁ࢈

ૡ
≥෍ቀ

ࢇ
ቁࢉ

૝
≥෍൬

࢈
൰ࢉ

૛

≥෍
࢈
 ࢇ

∴෍ቀ
ࢇ
࢈
ቁ
૛
෍ቀ

ࢇ
࢈
ቁ
૝
෍ቀ

ࢇ
࢈
ቁ
ૡ
≥෍

ࢇ
ࢉ
෍

࢈
ࢇ
෍

࢈
ࢉ

 

 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

෍ቀ
ࢇ
࢈
ቁ
૛

ࢉ࢟ࢉ

≥෍ቀ
ࢇ
࢈
ቁ ൬
࢈
ࢉ
൰

ࢉ࢟ࢉ

቎∵ 	෍࢞૛

ࢉ࢟ࢉ

≥෍࢟࢞
ࢉ࢟ࢉ

቏ = ෍
ࢇ
ࢉ

ࢉ࢟ࢉ

 

෍ቀ
ࢇ
ቁ࢈

૝

ࢉ࢟ࢉ

≥෍ቀ
ࢇ
ቁ࢈

૛
൬
࢈
൰ࢉ

૛

ࢉ࢟ࢉ

= ෍ቀ
ࢇ
ቁࢉ

૛

ࢉ࢟ࢉ

≥
૚
૜ቌ෍

࢈
ࢇ

ࢉ࢟ࢉ

ቍ

૛

=
૚
૜ ቌ෍

࢈
ࢇ

ࢉ࢟ࢉ

ቍቌ෍
࢈
ࢇ

ࢉ࢟ࢉ

ቍ 

≥⏞
ࡹࡳஹࡹ࡭

෍
࢈
ࢇ

ࢉ࢟ࢉ

 

෍ቀ
ࢇ
ቁ࢈

ૡ

ࢉ࢟ࢉ

≥෍ቀ
ࢇ
ቁ࢈

૝

ࢉ࢟ࢉ

൬
࢈
൰ࢉ

૝

= ෍ቀ
ࢇ
ቁࢉ

૝

ࢉ࢟ࢉ

≥෍ቀ
ࢇ
ቁࢉ

૛

ࢉ࢟ࢉ

ቀ
ࢉ
ቁ࢈

૛
= ෍ቀ

ࢇ
ቁ࢈

૛

ࢉ࢟ࢉ

 

≥⏞
૚ࡹࡳஹࡹ࡭

૜ቌ෍
ࢇ
࢈

ࢉ࢟ࢉ

ቍ

૛

≥⏞
ࡹࡳஹࡹ࡭

෍
ࢇ
࢈

ࢉ࢟ࢉ

 

∴ ቌ෍ቀ
ࢇ
࢈
ቁ
૛

ࢉ࢟ࢉ

ቍቌ෍ቀ
ࢇ
࢈
ቁ
૝

ࢉ࢟ࢉ

ቍቌ෍ቀ
ࢇ
࢈
ቁ
ૡ

ࢉ࢟ࢉ

ቍ ≥ ቌ෍
ࢇ
ࢉ

ࢉ࢟ࢉ

ቍቌ෍
࢈
ࢇ

ࢉ࢟ࢉ

ቍቌ෍
࢈
ࢉ

ࢉ࢟ࢉ

ቍ 

(proved) 
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169. If ࢈,ࢇ, ࢉ ≥ ૚ then: 

(૚ + ૚)(ࢇ + ૚)(࢈ + ࢉ࢈ࢇ൫(ࢉ + ൯ࢉ࢈ࢇ√
൫ࢇ + ࢈൯൫ࢇ√ + ࢉ൯൫࢈√ + ൯ࢉ√

≥ ૛ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Ravi Prakash-New Delhi-India 

As ࢇ ≥ ૚,ࢇ ≥ ࢇ√ ⇒ ૚ + ࢇ ≥ ૚ + ࢇ√ ⇒
૚ାࢇ
૚ା√ࢇ

≥ ૚ 

⇒
(૚ + ૚)(ࢇ + ૚)(࢈ + (ࢉ

൫૚+ +൯൫૚ࢇ√ +൯൫૚࢈√ ൯ࢉ√
≥ ૚ 

Also √ࢉ࢈ࢇ + ૚ ≥ ૛ 

Thus,  

(૚ + ૚)(ࢇ + ૚)(࢈ + ࢉ࢈ࢇ√൫(ࢉ + ૚൯
൫૚+ +൯൫૚ࢇ√ +൯൫૚࢈√ ൯ࢉ√

≥ ૛ 

Multiply the numerator and denominator by √ࢉ√,࢈√,ࢇ we get 

(૚ + ૚)(ࢇ + ૚)(࢈ + ࢉ࢈ࢇ൫(ࢉ + ൯ࢉ࢈ࢇ√
൫ࢇ + ࢈൯൫ࢇ√ + ࢉ൯൫࢈√ + ൯ࢉ√

≥ ૛ 

Solution 2 by Ngo Minh Ngoc Bao-Vietnam 

We have: 

(૚ + ૚)(ࢇ + ૚)(࢈ + ࢉ࢈ࢇ൫(ࢉ + ൯ࢉ࢈ࢇ√
൫ࢇ+ +࢈൯൫ࢇ√ ࢉ൯൫࢈√ + ൯ࢉ√

≥ ૛ ⇔ 

⇔ ൬෍ࢇ)ܖܔ + ૚) +
૚
૛෍ܖܔ ࢇ −෍ܖܔ൫ࢇ + +൯൰ࢇ√ ࢉ࢈ࢇ√൫ܖܔ + ૚൯ ≥ ܖܔ ૛ 

Considering the function:  

(࢚)ࢌ = ࢚)ܖܔ + ૚) +
૚
૛ ܖܔ ࢚ − ࢚൫ܖܔ + ൯࢚√ ࢚	∀, ∈ [૚; +∞) 
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⇒ (࢚)ᇱࢌ = ૚
૛࢚

+ ૚
૚ା࢚

− ૛√࢚ା૚
૛࢚൫√࢚ା૚൯

= (ା૚࢚)ା૚൯࢚√ା૚൯ି൫૛࢚√൫࢚ା૚൯ା૛࢚√൫(ା૚࢚)
૛࢚(࢚ା૚)൫√࢚ା૚൯

=  

=
࢚ + ૛√࢚ − ૚

૛√࢚)࢚ + ૚)൫√࢚+ ૚൯
> ૙ 

⇒ ൬෍ࢇ)ܖܔ + ૚) +
૚
૛෍ࢇܖܔ −෍ܖܔ൫ࢇ + +൯൰ࢇ√ ࢉ࢈ࢇ√൫ܖܔ + ૚൯ ≥ 

≥ ૜ ܖܔ ૛ − ૜ ܖܔ ૛+ ܖܔ ૛ = ܖܔ ૛		൫√ࢉ࢈ࢇ + ૚ ≥ ૛൯ 

Solution 3 by Ngo Minh Ngoc Bao-Vietnam 

We have: (ࢉ,࢈,ࢇ)ࢌ = (૚ାࢇ)(૚ା࢈)(૚ାࢉ)൫ࢉ࢈ࢇା√ࢉ࢈ࢇ൯
൫ࢇା√ࢇ൯൫࢈ା√࢈൯൫ࢉା√ࢉ൯

, we need to prove  

,࢈,ࢇ)ࢌ (ࢉ ≥ ૛. 

Use: (૚ + ૜)(૚࢞ + ૜)(૚࢟ + (૜ࢠ ≥ (૚ + ,૜(ࢠ࢟࢞ ,࢞) ,࢟ ࢠ > ૙) we have: 

(૚ + ૚)(ࢇ + ૚)(࢈ + (ࢉ ≥ ൫૚ + ૜ࢉ࢈ࢇ√ ൯
૜

 

and ൫ࢇ + ࢈൯൫ࢇ√ + ࢉ൯൫࢈√ + ൯ࢉ√ ≤ ࢇ) + ࢈)(ࢇ + ࢉ)(࢈ + (ࢉ = ૡࢉ࢈ࢇ 

⇒ ,࢈,ࢇ)ࢌ (ࢉ ≥
൫૚+ ૜ࢉ࢈ࢇ√ ൯

૜
൫ࢉ࢈ࢇ + ൯ࢉ࢈ࢇ√

ૡࢉ࢈ࢇ =
૚
ૡ൫૚+ ૜ࢉ࢈ࢇ√ ൯

૜
൬૚ +

૚
ࢉ࢈ࢇ√

൰ 

= ૚
ૡ
ቈ൫૚ + ૜ࢉ࢈ࢇ√ ൯

૜
+ ൬૚ା ૜ࢉ࢈ࢇ√

૟ࢉ࢈ࢇ√ ൰
૜
቉ = ૚

ૡ
൤൫૚+ ૜ࢉ࢈ࢇ√ ൯

૜
+ ቀ ૚

૟ࢉ࢈ࢇ√ + ૟ࢉ࢈ࢇ√ ቁ
૜
൨ ≥  

≥
૚
ૡ

[(૚ + ૚)૜ + (૛)૜] = ૛ 

Solution 4 by Nguyen Ngoc Tu-Ha Giang-Vietnam 

We have 

(૚ + ૚)(ࢇ + ૚)(࢈ + ࢉ࢈ࢇ൫(ࢉ + ൯ࢉ࢈ࢇ√
൫ࢇ + ࢈൯൫ࢇ√ + ࢈൯൫࢈√ + ൯ࢉ√

≥ ૛ 

⇔ (૚ + ૚)(ࢇ + ૚)(࢈ + ࢉ࢈ࢇ൫(ࢉ + ൯ࢉ࢈ࢇ√ ≥ ૛൫ࢇ+ ࢈൯൫࢈√ +  ൯ࢉ√

http://www.ssmrmh.ro


 
www.ssmrmh.ro 

 
⇔ ૚)ࢉ࢈ࢇ√ + ૚)(ࢇ + ૚)(࢈ + ൫૚(ࢉ + ൯ࢉ࢈ࢇ√ ≥ ૛√ࢉ࢈ࢇ൫૚+ ൯൫૚ࢇ√ + ൯൫૚࢈√ +  ൯ࢉ√

⇔ (૚ + ૚)(ࢇ + ૚)(࢈ + +൫૚(ࢉ ൯ࢉ࢈ࢇ√ ≥ ૛൫૚+ +൯൫૚ࢇ√ +൯൫૚࢈√  ൯ࢉ√

Use Cauchy – Schwarz inequality, we have 

൫૚ + ൯ࢇ√
૛
≤ ૛(૚ + (ࢇ ⇒ ૚ + ࢇ ≥ ૚

૛
൫૚ + ൯ࢇ√

૛
≥ ૚

૛
൫૚ + ൯ࢇ√ ⋅ (૚ + ૚) = ૚ +   ࢇ√

and ૚ + ࢉ࢈ࢇ√ ≥ ૛ by ࢇ ≥ ૚, similar we have  

(૚ + ૚)(ࢇ + ૚)(࢈ + +൫૚(ࢉ ൯ࢉ࢈ࢇ√ ≥ ૛൫૚+ +൯൫૚ࢇ√ +൯൫૚࢈√  ൯ࢉ√

 

170. If ࢈,ࢇ, ࢉ > ૙ then: 

෍ࢉ൬
૝ࢇ
૛࢈ +

૜࢈
૛൰ࢇ ≥ ૚૛ + ૜൬

ࢇ
ࢉ +

ࢉ
࢈ +

࢈
 ൰ࢇ

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

෍ࢉ൬
૝ࢇ
૛࢈ +

૜࢈
૛൰ࢇ = ࢉ ൬

૝ࢇ
૛࢈ +

૜࢈
૛൰ࢇ + ࢇ ൬

૝࢈
૛ࢉ +

૜ࢉ
+૛൰࢈ ൬࢈

૝ࢉ
૛ࢇ +

૜ࢇ
૛ࢉ ൰ 

= ൬
૝ࢉࢇ
૛࢈ +

૝ࢉ࢈
૛ࢇ +

૝࢈ࢇ
૛ࢉ ൰ + ൬

૜࢈ࢇ
૛ࢉ +

૜ࢉ࢈
૛ࢇ +

૜ࢇࢉ
૛࢈ ൰ = ૠ෍൬

࢈ࢇ
૛ࢉ ൰ 

AM ≥ GM ⇒ ૝ࢉࢇ
૛࢈

+ ૝ࢉ࢈
૛ࢇ

+ ૝࢈ࢇ
૛ࢉ

≥ ૜√૝૜૜ = ૚૛   (1) 

Again, AM ≥ GM ⇒ ࢈ࢇ
૛ࢉ

+ ࢈ࢇ
૛ࢉ

+ ࢇࢉ
૛࢈
≥ ૜ටࢇ૜

૜ࢉ
૜

= ૜ ቀࢇ
ࢉ
ቁ   (2) 

AM ≥ GM ⇒ ࢉ࢈
૛ࢇ

+ ࢉ࢈
૛ࢇ

+ ࢈ࢇ
૛ࢉ
≥ ૜ට࢈૜

૜ࢇ
૜

= ૜ ቀ࢈
ࢇ
ቁ   (3) 

AM ≥ GM ⇒ ࢇࢉ
૛࢈

+ ࢇࢉ
૛࢈

+ ࢉ࢈
૛ࢇ
≥ ૜ටࢉ૜

૜࢈
૜

= ૜ ቀࢉ
࢈
ቁ    (4) 

(1)+(2)+(3)+(4) ⇒ ૠቀ∑ቀ࢈ࢇ
૛ࢉ
ቁቁ ≥ ૚૛ + ૜ቀࢇ

ࢉ
+ ࢉ

࢈
+ ࢈

ࢇ
ቁ 

(Proved) 
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171. Let ࢈,ࢇ, ૛ࢇ :be positive real numbers such that ࢉ + ૛࢈ + ૛ࢉ + ૛ࢉ࢈ࢇ = ૚ 

Prove that:  

૝ࢇ + ૝࢈ + ૝ࢉ + ૝ࢇ૛࢈૛ࢉ૛ + ૚
ૡ
≥ ૛ࢇ)࢈ࢇ + (૛࢈ + ૛࢈)ࢉ࢈ + (૛ࢉ + ૛ࢉ)ࢇࢉ +  ૛) (1)ࢇ

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam 

Solution Hoang Le Nhat Tung – Hanoi – Vietnam 

We will prove that: ૝ࢉ࢈ࢇ + ૚ ≥ ૛(࢈ࢇ + ࢉ࢈ +  (ࢇࢉ

We have: ૛ࢇ − ૚;૛࢈ − ૚; ૛ࢉ − ૚. 

Then Dirichle, propose: (૛ࢇ − ૚)(૛࢈ − ૚) ≥ ૙ ⇔ −ࢇ૛)ࢉ ૚)(૛࢈ − ૚) ≥ ૙ (ࢉ > ૙) 

⇔ −࢈ࢇ૝)ࢉ ૛ࢇ − ૛࢈+ ૚) ≥ ૙ ⇔ ૝ࢉ࢈ࢇ + ૚ ≥ ૛ࢉࢇ + ૛ࢉ࢈ − ࢉ + ૚     (2) 

We need to prove: ૛ࢉࢇ+ ૛ࢉ࢈ − ࢉ + ૚ ≥ ૛(࢈ࢇ + +ࢉ࢈ (ࢇࢉ ⇔ ૚ ≥ ࢉ + ૛(3)    ࢈ࢇ 

૛ࢇ + ૛࢈ + ૛ࢉ + ૛ࢉ࢈ࢇ = ૚ ⇔ ૛ࢉ + ૛ࢉ࢈ࢇ + ૛ࢇ) + ૛࢈ − ૚) = ૙     (4) 

Other, because ࢉ,࢈,ࢇ > ૙;ࢇ૛ + ૛࢈ + ૛ࢉ + ૛ࢉ࢈ࢇ = ૚ therefore ૙ < ࢉ,࢈,ࢇ < ૚ 

ᇱࢤ = ૛(࢈ࢇ) − ૛ࢇ) + ૛࢈ − ૚) = (૚ − ૛)(૚ࢇ − (૛࢈ > ૙  (૙ < ࢈,ࢇ < ૚) 

⇒ ቈ
ࢉ = ࢈ࢇ− + ඥ(૚ − ૛)(૚ࢇ − (૛࢈

ࢉ = ࢈ࢇ− −ඥ(૚ − ૛)(૚ࢇ − (૛࢈
  (absurd: ࢉ = ࢈ࢇ− − ඥ(૚ − ૛)(૚ࢇ − (૛࢈ < ૙) 

⇒ ࢉ = ࢈ࢇ− + ඥ(૚ − ૛)(૚ࢇ −  ૛)      (5)࢈

Then (3), (5) ⇔ ૚ ≥ ࢈ࢇ− + ඥ(૚ − ૛)(૚ࢇ − (૛࢈ + ૛࢈ࢇ ⇔ ૚− ࢈ࢇ ≥ ඥ(૚ − ૛)(૚ࢇ −  (૛࢈

⇔ (૚ − ૛(࢈ࢇ ≥ (૚ − ૛)(૚ࢇ − (૛࢈ ⇔ ૛(࢈ࢇ) − ૛࢈ࢇ + ૚ ≥ ૚ − ૛ࢇ) + (૛࢈ +  ૛(࢈ࢇ)

⇔ ૛ࢇ − ૛࢈ࢇ+ ૛࢈ ≥ ૙ ⇔ ࢇ) − ૛(࢈ ≥ ૙   (True ∀	࢈,ࢇ) 

⇒ Inequality (3). Therefore: ૝ࢉ࢈ࢇ + ૚ ≥ ૛(࢈ࢇ+ +ࢉ࢈  (6)          (ࢇࢉ

By Bunhiacopxki we have: 

൬૛ࢉ࢈ࢇ +
૚
૛
൰
૛

= ൬૛ࢉ࢈ࢇ +
૚
૝

+
૚
૝
൰
૛

≤ ൫૚૛ + ૚૛ + ૚૛൯ ቈ(૛ࢉ࢈ࢇ)૛ + ൬
૚
૝
൰
૛

+ ൬
૚
૝
൰
૛
቉

= ૜ ൬૝ࢇ૛࢈૛ࢉ૛ +
૚
ૡ
൰ 

⇔ (૝ࢉ࢈ࢇା૚)૛

૝
≤ ૜ቀ૝ࢇ૛࢈૛ࢉ૛ + ૚

ૡ
ቁ ⇔ ૝ࢇ૛࢈૛ࢉ૛ + ૚

ૡ
≥ (૝ࢉ࢈ࢇା૚)૛

૚૛
       (7) 

Then (6), (7) ⇒ ૝ࢇ૛࢈૛ࢉ૛ + ૚
ૡ
≥ ൫૛(࢈ࢇାࢉ࢈ାࢇࢉ)൯

૛

૚૛
= ૝(࢈ࢇାࢉ࢈ାࢇࢉ)૛

૚૛
= ૛(ࢇࢉାࢉ࢈ା࢈ࢇ)

૜
     (8) 
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By inequality: (࢈ࢇ + ࢉ࢈ + ૛(ࢇࢉ ≥ ૜ࢇ)ࢉ࢈ࢇ+ ࢈ +  (ࢉ

Let (8) ⇒ ૝ࢇ૛࢈૛ࢉ૛ + ૚
ૡ
≥ ૜ࢉ࢈ࢇ(ࢇା࢈ାࢉ)

૜
= +ࢇ)ࢉ࢈ࢇ ࢈ +  (ࢉ

⇒ ૝ࢇ + ૝࢈ + ૝ࢉ + ૝ࢇ૛࢈૛ࢉ૛ + ૚
ૡ
≥ ૝ࢇ + ૝࢈ + ૝ࢉ + +ࢇ)ࢉ࢈ࢇ ࢈ +  (9)          (ࢉ

Then (1), (9). We need to prove: 

૝ࢇ + ૝࢈ + ૝ࢉ + +ࢇ)ࢉ࢈ࢇ ࢈ + (ࢉ ≥ ૛ࢇ)࢈ࢇ + (૛࢈ + ૛࢈)ࢉ࢈ + (૛ࢉ + ૛ࢉ)ࢇࢉ +  ૛)     (10)ࢇ

⇔ ૛ࢇ)૛ࢇ − −࢈ࢇ ࢉࢇ + (ࢉ࢈ + ૛࢈)૛࢈ − ࢉ࢈ − ࢇࢉ + (ࢇࢉ + ૛ࢉ)૛ࢉ − ࢇࢉ − ࢈ࢉ + (࢈ࢇ ≥ ૙ 

⇔ ࢇ)૛ࢇ − ࢇ)(࢈ − (ࢉ + ࢈)૛࢈ − ࢈)(ࢉ − (ࢇ + ࢉ)૛ࢉ − ࢉ)(ࢇ − (࢈ ≥ ૙ 

(True because this is Schur inequality) 

Then (9), (10) ⇒ ૝ࢇ + ૝࢈ + ૝ࢉ + ૝ࢇ૛࢈૛ࢉ૛ + ૚
ૡ
≥ ૛ࢇ൫࢈ࢇ + +૛൯࢈ ૛࢈൫ࢉ࢈ + ૛൯ࢉ + ૛ࢉ൫ࢇࢉ +  ૛൯ࢇ

⇒ Inequality (1) True and we get the result 

 

172. Let ࢈,ࢇ, ࢇ be positive such that ࢉ + ࢈ + ࢉ = ૜. Prove that 

૝ࢇ√ + ૝࢈√ + ૝ࢉ√

࢈ࢇ + ࢉ࢈ + ࢇࢉ
≥ ඨ࢈ࢇ + ࢉ࢈ + ࢇࢉ

૜
 

Proposed by Nguyen Ngoc Tu – Ha Giang – Vietnam  

Solution by Nguyen Ngoc Tu – Ha Giang – Vietnam 

Lemma. Let ࢟,࢞, ࢠ > ૙ such that ࢞૝ + ૝࢟ + ૝ࢠ = ૜ then  

૞࢟૞࢞ + ૞ࢠ૞࢟ + ૞࢞૞ࢠ ≤ ૜. 

Solution Lemma. 

Using AM-GM inequality, we have: 

࢞ ⋅ ࢟ ⋅ ૚ ⋅ ૚ ≤
૝࢞ + ૝࢟ + ૛

૝ =
૞ − ૝ࢠ

૝ ⇒ ૞࢟૞࢞ ≤
૞࢞૝࢟૝ − ૝ࢠ૝࢟૝࢞

૝  

Same, we have ࢟૞ࢠ૞ ≤ ૞࢟૞ࢠ૞ି࢞૞࢟૞ࢠ૞

૝
, ૞࢞૞ࢠ ≤ ૞ࢠ૝࢞૝ି࢞૝࢟૝ࢠ૝

૝
 

⇒ ૞࢟૞࢞ + ૞ࢠ૞࢟ + ૞࢞૞ࢠ ≤
૞
૝

૝࢟૝࢞) + ૝ࢠ૝࢟ + (૝࢞૝ࢠ −
૜
૝࢞

૝࢟૝ࢠ૝ 
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Using Schur’s inequality: ࢘ ≥ ૝࢖ିࢗ࢖૜

ૢ
 

With ࢘ = ૝ࢠ૝࢟૝࢞ ࢖, = ૝࢞ + ૝࢟ + ૝ࢠ = ૜,ࢗ = ૝࢟૝࢞ + ૝ࢠ૝࢟ + ૝࢞૝ࢠ ⇒ 

⇒ ࢘ ≥
૝
૜
ࢗ − ૜ 

⇒ ૝࢟૝࢞ + ૝ࢠ૝࢟ + ૝࢞૝ࢠ ≤
૞
૝
ࢗ −

૜
૝
൬
૝
૜
ࢗ − ૜൰ =

૚
૝
ࢗ +

ૢ
૝
≤
૚
૝
⋅
૛࢖

૜
+
ૢ
૝

= ૜ 

Solution problem. 

The inequality given is equivalent to 

൫√ࢇ૝ + ૝࢈√ + ૝ࢉ√ ൯
૝
≥
૚
ૢ

࢈ࢇ) + ࢉ࢈ +  ૟(ࢇࢉ

⇔ ൫√ࢇ૝ + ૝࢈√ + ૝ࢉ√ ൯
૝

ࢇ) + +࢈ ૚૚(ࢉ ≥
૚
ૢ

࢈ࢇ) + ࢉ࢈ + ૟(ࢇࢉ ⋅ ૜૚૚ = ࢈ࢇ) + ࢉ࢈ + ૟(ࢇࢉ ⋅ ૜ૢ 

Using Holder’s inequality, we have 

൫√ࢇ૝ + ૝࢈√ + ૝ࢉ√ ൯
૝

ࢇ) + ࢈ + ૚૚(ࢉ ≥ ቀࢇ
૝
૞ + ࢈

૝
૞ + ࢉ

૝
૞ቁ
૚૞

 hence we need to 

prove 

൬ࢇ
૝
૞ + ࢈

૝
૞ + ࢉ

૝
૞൰

૚૞
≥ ࢈ࢇ) + ࢉ࢈ + ૟(ࢇࢉ ⋅ ૜ૢ 

Inequalities of the same rank hence we assume that ࢇ
૝
૞ + ࢈

૝
૞ + ࢉ

૝
૞ = ૜, 

then we need to prove ૜૚૞ ≥ ࢈ࢇ) + ࢉ࢈ + ૟(ࢇࢉ ⋅ ૜ૢ ⇔ ࢈ࢇ + ࢉ࢈ + ࢇࢉ ≤ ૜ 

Let (࢞, ,࢟ (ࢠ = ቀࢇ
૚
૞,࢈

૚
૞, ࢉ

૚
૞ቁ ⇒ ૝࢞ + ૝࢟ + ૝ࢠ = ૜ hence  

૞࢟૞࢞ + ૞ࢠ૞࢟ + ૞࢞૞ࢠ ≤ ૜ or ࢈ࢇ + ࢉ࢈ + ࢇࢉ ≤ ૜. 

Done! 
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173. Let ࢈,ࢇ, ࢉ > 0 such that: ࢇ + ࢈ + ࢉ = ૜. Prove that: 

૝ࢇ

ା૛൯ࢉ√ି࢈ࢇ૝൫૛࢈
+ ૝࢈

ା૛൯ࢇ√ିࢉ࢈૝൫૛ࢉ
+ ૝ࢉ

ା૛൯࢈√ିࢇࢉ૝൫૛ࢇ
≥ ૛ࢉ૛ା࢈૛ାࢇ

૜
    (1) 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam 

Solution 1 Hoang Le Nhat Tung – Hanoi – Vietnam 

By Inequality Cauchy – Schwarz. We have: 

∑ ૝ࢇ

ା૛൯ࢉ√ି࢈ࢇ૝൫૛࢈
= ∑

൬ࢇ
૛

૛࢈
൰
૛

൫૛ࢉ√ି࢈ࢇା૛൯
≥

൬∑ࢇ
૛

૛࢈
൰
૛

∑൫૛ࢉ√ି࢈ࢇା૛൯
=

൬∑ࢇ
૛

૛࢈
൰
૛

૛∑ࢇ√∑ି࢈ࢇା૟
    (2) 

Other, by AM-GM: 

∑ ૛ࢇ

૛࢈
= ∑

૛ࢇ

૛࢈
ାࢇ

૛

૛࢈
ା࢈

૛

૛ࢉ

૜
≥ ∑

૜⋅	 ටࢇ
૛

૛࢈
ࢇ⋅
૛

૛࢈
࢈⋅
૛

૛ࢉ
૜

૜
= ∑ ට ૝ࢇ

૛ࢉ૛࢈
૜

= ૛ࢇ∑

ඥࢇ૛࢈૛ࢉ૛૜       (3) 

૜ = ࢇ + ࢈ + ࢉ ≥ ૜√ࢉ࢈ࢇ૜ ⇒ ૜ࢉ࢈ࢇ√ ≤ ૚ ⇒ ૛૜ࢉ૛࢈૛ࢇ√ ≤ ૚.  

Let (3): ⇒ ∑ ૛ࢇ

૛࢈
≥  ૛ࢇ∑

Let (2): ⇒ ∑ ૝ࢇ

ା૛൯ࢉ√ି࢈ࢇ૝൫૛࢈
≥ ൫∑ࢇ૛൯

૛

૛∑ࢇ√∑ି࢈ࢇା૟
          (4) 

By AM-GM and ࢇ + ࢈ + ࢉ = ૜. We have: 

૛෍√ࢇ + ෍ࢇ૛ = ෍൫√ࢇ + ࢇ√ + ૛൯ࢇ ≥ ෍૜ ⋅ ට√ࢇ ⋅ ࢇ√ ⋅ ૛ࢇ
૜

= 

= ૜෍ࢇ = ૢ = ቀ෍ࢇቁ
૛
⇒෍√ࢇ	 ≥ ෍࢈ࢇ 

Let (4): 

⇒ ∑ ૝ࢇ

ା૛൯ࢉ√ି࢈ࢇ૝൫૛࢈
≥ ൫∑ࢇ૛൯

૛

૛∑࢈ࢇ∑ି࢈ࢇା૟
= ൫∑ࢇ૛൯

૛

ା૟࢈ࢇ∑
≥ ൫∑ࢇ૛൯

૛

૛ା૟ࢇ∑
  (because ∑࢈ࢇ ≤  (૛ࢇ∑

(5) 

We will prove that:  
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૛(૛ࢇ∑)

૛ࢇ∑ + ૟
≥
૛ࢇ∑

૜
⇔

૛ࢇ∑

૛ࢇ∑ + ૟
≥
૚
૜
⇔ ૜෍ࢇ૛ ≥෍ࢇ૛ + ૟ ⇔෍ࢇ૛ ≥ ૜ 

(True because by AM-GM: ∑ࢇ૛ ≥ ૛(ࢇ∑)

૜
= ૜૛

૜
= ૜) 

Therefore, let (5): ⇒ ∑ ૝ࢇ

ା૛൯ࢉ√ି࢈ࢇ૝൫૛࢈
≥ ૛ࢇ∑

૜
 

⇔ ૝ࢇ

ା૛൯ࢉ√ି࢈ࢇ૝൫૛࢈
+ ૝࢈

ା૛൯ࢇ√ିࢉ࢈૝൫૛ࢉ
+ ૝ࢉ

ା૛൯࢈√ିࢇࢉ૝൫૛ࢇ
≥ ૛ࢉ૛ା࢈૛ାࢇ

૜
⇒ QED 

Solution 2 by Anh Tai Tran-Hanoi-Vietnam 

ࡿࡴࡸ = ෍
૝ࢇ

࢈ࢇ૝൫૛࢈ − ࢉ√ + ૛൯
≥

൤∑ ൬ࢇ
૛

૛൰൨࢈
૛

∑(૛∑ࢉ࢈ − ࢇ∑ + ૛) ≥
൬∑ࢇ

૛

૛൰࢈
૛

ࢉ࢈∑ + ૟
 

ࡿࡴࡸ =
૛ࢇ + ૛࢈ + ૛ࢉ

૜
≤

ࢇ) + ࢈ + ૟(ࢉ

ૡ૚(࢈ࢇ + ࢉ࢈ + ૛(ࢉࢇ =
ૢ

࢈ࢇ) + ࢉ࢈ +  ૛(ࢉࢇ

So we are done if: 

ቀ∑ ૛ࢇ

૛࢈
ቁ
૛

࢈ࢇ) + ࢉ࢈ + ૛(ࢉࢇ ≥ ࢉ࢈∑)ૢ + ૟)     (*) 

By Cauchy Schwarz 

LHS (*) ≥ ቆටࢇ૜

࢈
+ට࢈૜

ࢉ
+ ටࢉ૜

ࢇ
ቇ
૝

 

= ቆ
૛ࢇ

࢈ࢇ√
+

૛࢈

ࢉ࢈√
+

૛ࢉ

ࢉࢇ√
ቇ
૝

≥
૛ࢇ) + ૛࢈ + ૛)ૡࢉ

൫∑√ࢉ࢈൯
૝ ≥

ࢇ) + ࢈ + ૡ(ࢉ

ࢇ) + ࢈ + ૝(ࢉ = ૡ૚ 

On the other hand, 

RHS (*) ≤ ૢቀ(∑ࢇ)૛

૜
+ ૟ቁ = ૡ૚ 

So (*) is true 

We are done! 
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174. Let ࢈,ࢇ, ࢉ > ૙ sucht that: ࢇ + ࢈ + ࢉ = ૜. Prove that: 

ࢇ
ඥ૝(࢈૟ାࢉ૟)૜ ାૠࢉ࢈

+ ࢈
ඥ૝(ࢉ૟ାࢇ૟)૜ ାૠࢇࢉ

+ ࢉ
ඥ૝(ࢇ૟ା࢈૟)૜ ାૠ࢈ࢇ

+ ૜ࢇ√ ା ૜࢈√ ା ૜ࢉ√

૚૛
≥ ૠ

૚૛
     (1) 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam 

Solution by Hoang Le Nhat Tung – Hanoi – Vietnam 

We have: 

૟࢈ + ૟ࢉ = ૛࢈) + ૝࢈)(૛ࢉ − ૛ࢉ૛࢈ + (૝ࢉ = ૛࢈) + (૛ࢉ ቂ(࢈૛ + ૛)૛ࢉ − ൫ࢉ࢈√૜൯
૛
ቃ 

= ૛࢈) + ૛࢈૛)൫ࢉ − ૜√ࢉ࢈ + ૛࢈૛൯൫ࢉ + ૜√ࢉ࢈ +  ૛൯ࢉ

By inequality AM-GM for three positive real numbers: 

ඥ૝(࢈૟ + ૟)૜ࢉ = ට(࢈૛ + (૛ࢉ ⋅ ૛൫૛ + √૜൯൫࢈૛ − ૜√ࢉ࢈ + ૛൯ࢉ ⋅ ૛൫૛ − √૜൯൫࢈૛ + ૜√ࢉ࢈ + ૛൯ࢉ
૜

≤ 

≤
൫࢈૛ + ૛൯ࢉ + ૛൫૛ + ૛√૜൯൫࢈૛ − ૜√ࢉ࢈ + ૛൯ࢉ + ૛൫૛ − √૜൯൫࢈૛ + ૜√ࢉ࢈ + ૛൯ࢉ

૜

=
૛࢈ૢ − ૚૛ࢉ࢈+ ૛ࢉૢ

૜
 

⇔ ඥ૝(࢈૟ + ૟)૜ࢉ ≤ ૜࢈૛ − ૝ࢉ࢈+ ૜ࢉ૛ ⇔ ඥ૝(࢈૟ + ૟)૜ࢉ + ૠࢉ࢈ ≤ ૜࢈૛ + ૜ࢉ࢈ + ૜ࢉ૛ 

⇔ ૚
ඥ૝(࢈૟ାࢉ૟)૜ ାૠࢉ࢈

≥ ૚
૜(࢈૛ାࢉ࢈ାࢉ૛) ⇔

ࢇ
ඥ૝(࢈૟ାࢉ૟)૜ ାૠࢉ࢈

≥ ࢇ
૜(࢈૛ାࢉ࢈ାࢉ૛)       (2) 

Similar: 
࢈

ඥ૝(ࢉ૟+ࢇ૟)૜ +ૠࢇࢉ
≥ ࢈

૜൫ࢉ૛ାࢇࢉାࢇ૛൯
          (3) 

ࢉ

ට૝൫ࢇ૟+࢈૟൯
૜

+ૠ࢈ࢇ
≥ ࢉ

૜൫ࢇ૛ା࢈ࢇା࢈૛൯
      (4) 

Then (2), (3), (4): 

⇒ ࢇ

ට૝൫࢈૟+ࢉ૟൯
૜

+ૠࢉ࢈
+ ࢈

ඥ૝(ࢉ૟+ࢇ૟)૜ +ૠࢇࢉ
+ ࢉ

ට૝൫ࢇ૟+࢈૟൯
૜

+ૠ࢈ࢇ
≥         

≥ ࢇ
૜൫࢈૛ାࢉ࢈ାࢉ૛൯

+ ࢈
૜൫ࢉ૛ାࢇࢉାࢇ૛൯

+ ࢉ
૜൫ࢇ૛ା࢈ࢇା࢈૛൯

      (5) 

Other, by Cauchy – Schwarz we have 
ࢇ

૛ࢉାࢉ࢈૛ା࢈
+ ࢈

૛ࢇାࢇࢉ૛ାࢉ
+ ࢉ

૛࢈ା࢈ࢇ૛ାࢇ
= ૛ࢇ

૛ࢉࢇାࢉ࢈ࢇ૛ା࢈ࢇ
+ ૛࢈

૛ࢇ࢈ାࢇࢉ࢈૛ାࢉ࢈
+ ૛ࢉ

૛࢈ࢉା࢈ࢇࢉ૛ାࢇࢉ
≥  
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≥ ૛(ࢉା࢈ାࢇ)

൫࢈ࢇ૛ାࢉ࢈ࢇାࢉࢇ૛൯ା൫ࢉ࢈૛ାࢇࢉ࢈ାࢇ࢈૛൯ା൫ࢇࢉ૛ା࢈ࢇࢉା࢈ࢉ൯
૛     (6) 

That (ࢇା࢈ାࢉ)૛

൫࢈ࢇ૛ାࢉ࢈ࢇାࢉࢇ૛൯ା൫ࢉ࢈૛ାࢇࢉ࢈ାࢇ࢈૛൯ା൫ࢇࢉ૛ା࢈ࢇࢉା࢈ࢉ૛൯
 

= ૛(ࢉା࢈ାࢇ)

ࢉ࢈ࢇା૜(ࢇାࢉ)ࢇࢉା(ࢉା࢈)ࢉ࢈ା(࢈ାࢇ)࢈ࢇ
= ૛(ࢉା࢈ାࢇ)

(ࢇࢉାࢉ࢈ା࢈ࢇ)(ࢉା࢈ାࢇ)
= ࢉା࢈ାࢇ

ࢇࢉାࢉ࢈ା࢈ࢇ
      (7) 

Then (6), (7):⇒ ࢇ
૛ࢉାࢉ࢈૛ା࢈

+ ࢈
૛ࢇାࢇࢉ૛ାࢉ

+ ࢉ
૛࢈ା࢈ࢇ૛ାࢇ

≥ ࢉା࢈ାࢇ
ࢇࢉାࢉ࢈ା࢈ࢇ

     (8) 

And ࢇ + ࢈ + ࢉ = ૜. Then (8): 

⇒ ࢇ
૛ࢉାࢉ࢈૛ା࢈

+ ࢈
૛ࢇାࢇࢉ૛ାࢉ

+ ࢉ
૛࢈ା࢈ࢇ૛ାࢇ

≥ ૜
ࢇࢉାࢉ࢈ା࢈ࢇ

        (9) 

Then (5), (9):⇒ ࢇ

ට૝൫࢈૟+ࢉ૟൯
૜

+ૠࢉ࢈
+ ࢈

ඥ૝(ࢉ૟+ࢇ૟)૜ +ૠࢇࢉ
+ ࢉ

ට૝൫ࢇ૟+࢈૟൯
૜

+ૠ࢈ࢇ
≥ ૚

ࢇࢉାࢉ࢈ା࢈ࢇ
   (10) 

By AM-GM for five positive real numbers: 

૜ࢇ√ + ૜ࢇ√ + ૜ࢇ√ + ૛ࢇ + ૛ࢇ ≥ ૞ට√ࢇ૜ ⋅ ૜ࢇ√ ⋅ ૜ࢇ√ ⋅ ૛ࢇ ⋅ ૛ࢇ
૞

= ૞ඥࢇ૞૞ = ૞ࢇ 

⇔ ૜√ࢇ૜ + ૛ࢇ૛ ≥ ૞ࢇ ⇔ ૜√ࢇ૜ ≥ ૞ࢇ − ૛ࢇ૛          (11) 

Similar: ૜√࢈૜ ≥ ૞࢈− ૛࢈૛;૜√ࢉ૜ ≥ ૞ࢉ − ૛ࢉ૛      (12) 

Then (11), (12):⇒ ૜൫√ࢇ૜ + ૜࢈√ + ૜ࢉ√ ൯ ≥ ૞(ࢇ+ +࢈ (ࢉ − ૛൫ࢇ૛ + ૛࢈ +  ૛൯ࢉ

⇔ ૜൫√ࢇ૜ + ૜࢈√ + ૜ࢉ√ ൯ ≥ ૚૞ − ૛൫ࢇ૛ + ૛࢈ + ࢇ ૛൯   (Becauseࢉ + ࢈ + ࢉ = ૜) 

⇔ ૜൫√ࢇ૜ + ૜࢈√ + ૜ࢉ√ + ૚൯ ≥ ૚ૡ − ૛(ࢇ૛ + ૛࢈ + (૛ࢉ = ૛(ࢇ + +࢈ ૛(ࢉ − ૛(ࢇ૛ + ૛࢈ +  (૛ࢉ

(Because ࢇ + ࢈ + ࢉ = ૜ ⇒ ૛(ࢇ + +࢈ ૛(ࢉ = ૚ૡ) 

⇔ ૜൫√ࢇ૜ + ૜࢈√ + ૜ࢉ√ + ૚൯ ≥ ૛(ࢇ૛ + ૛࢈ + ૛ࢉ + ૛࢈ࢇ + ૛ࢉ࢈ + ૛ࢇࢉ)− ૛(ࢇ૛ + ૛࢈ +  (૛ࢉ

⇔ ૜൫√ࢇ૜ + ૜࢈√ + ૜ࢉ√ + ૚൯ ≥ ૝(࢈ࢇ+ ࢉ࢈ + (ࢇࢉ ⇔ ૜൫√ࢇ૜ + ૜࢈√ + ૜ࢉ√ ൯ ≥ ૝(࢈ࢇ + ࢉ࢈ + (ࢇࢉ − ૜ 

⇔ ૜ࢇ√ + ૜࢈√ + ૜ࢉ√

૚૛
≥ ૝(࢈ࢇାࢉ࢈ାࢇࢉ)ି૜

૜૟
⇔ ૜ࢇ√ + ૜࢈√ + ૜ࢉ√

૚૛
≥ ࢇࢉାࢉ࢈ା࢈ࢇ

ૢ
− ૚

૚૛
    (13) 

Then (10), (13): 

⇒
ࢇ

ට૝൫࢈૟ + ૟൯૜ࢉ
+ ૠࢉ࢈

+
࢈

ඥ૝(ࢉ૟ + ૟)૜ࢇ + ૠࢇࢉ
+

ࢉ

ට૝൫ࢇ૟ + ૟൯૜࢈
+ ૠ࢈ࢇ

+
૜ࢇ√ + ૜࢈√ + ૜ࢉ√

૚૛ ≥ 

≥ ૚
ࢇࢉାࢉ࢈ା࢈ࢇ

+ ࢇࢉାࢉ࢈ା࢈ࢇ
ૢ

− ૚
૚૛

      (14) 

By AM-GM We have: 
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૚
+࢈ࢇ +ࢉ࢈ +ࢇࢉ

࢈ࢇ + +ࢉ࢈ ࢇࢉ
ૢ ≥ ૛ඨ

૚
࢈ࢇ + +ࢉ࢈ ࢇࢉ ⋅

࢈ࢇ + ࢉ࢈ + ࢇࢉ
ૢ = ૛ඨ

૚
ૢ =

૛
૜ 

⇒
૚

࢈ࢇ + +ࢉ࢈ ࢇࢉ +
࢈ࢇ + ࢉ࢈ + ࢇࢉ

ૢ ≥ ૛ඨ
૚

࢈ࢇ + ࢉ࢈ + ࢇࢉ ⋅
࢈ࢇ + +ࢉ࢈ ࢇࢉ

ૢ = ૛ඨ
૚
ૢ =

૛
૜ 

⇒ ૚
ࢇࢉାࢉ࢈ା࢈ࢇ

+ ࢇࢉାࢉ࢈ା࢈ࢇ
ૢ

− ૚
૚૛
≥ ૛

૜
− ૚

૚૛
= ૠ

૚૛
⇔ ૚

ࢇࢉାࢉ࢈ା࢈ࢇ
+ ࢇࢉାࢉ࢈ା࢈ࢇ

ૢ
− ૚

૚૛
≥ ૠ

૚૛
    (15) 

Then (14), (15): 

⇒
ࢇ

ට૝൫࢈૟ + ૟൯૜ࢉ
+ ૠࢉ࢈

+
࢈

ඥ૝(ࢉ૟ + ૟)૜ࢇ + ૠࢇࢉ
+

ࢉ

ට૝൫ࢇ૟ + ૟൯૜࢈
+ ૠ࢈ࢇ

+
૜ࢇ√ + ૜࢈√ + ૜ࢉ√

૚૛ ≥
ૠ
૚૛ 

⇒ Inequality (1) True and we get the result 

Equality occurs if: 

⎩
⎪
⎨

⎪
⎧

ࢉ,࢈,ࢇ > ૙,ࢇ + ࢈ + ࢉ = ૜
ࢇ = ࢈ = ࢉ

૚
૛ࢉାࢉ࢈૛ା࢈

= ૚
૛ࢇାࢇࢉ૛ାࢉ

= ૚
૛࢈ା࢈ࢇ૛ାࢇ

⇔ ࢇ = ࢈ = ࢉ = ૚

૜ࢇ√ = ;૛ࢇ ૜࢈√	 = ;૛࢈ ૜ࢉ√	 = ૛ࢉ
૚

ࢇࢉାࢉ࢈ା࢈ࢇ
= ࢇࢉାࢉ࢈ା࢈ࢇ

ૢ

 

 

175. If ࢟,࢞ ∈ ℝ,࢟࢞ + ࢞ + ࢟ = ૚,࢔ ∈ ℕ then: 

(૚ + ࢔૛(࢞ ቌඨ
૚+ ૛࢟

૚+ ૛ቍ࢞

࢔

+ (૚ + ࢔૛(࢟ ቌඨ
૚+ ૛࢞

૚+ ૛ቍ࢟

࢔

≥ ૛࢔ା૚ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Si ࢟,࢞ ∈ ℝ, de tal manera que ࢟࢞ + ࢟ + ࢞ = ૚,࢔ ∈ ℕ. Probar que 

(૚ + ࢔૛(࢞ ቌඨ
૚+ ૛࢟

૚+ ૛ቍ࢞

࢔

+ (૚ + ࢔૛(࢟ ቌඨ
૚+ ૛࢟

૚+ ૛ቍ࢞

࢔

≥ ૛࢔ା૚ 

De la condición 
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࢟࢞ + +࢟ ࢞ = ૚ ⇔ (૚ + ૚)(࢞ + (࢟ = ૛ ⇔ (૚ + ૛(૚(࢞ + ૛(࢟ = ૝ 

Como (૚ + ,૛(࢞ (૚ + ,૛(࢟ (૚ + ,(૛࢞ (૚ + (૛࢟ > ૙ 

Aplicando ࡭ࡹ ≥  ࡳࡹ

(૚ + ࢔૛(࢞ ቌඨ
૚+ ૛࢟

૚+ ૛ቍ࢞

࢔

+ (૚ + ࢔૛(࢟ ቌඨ
૚+ ૛࢟

૚+ ૛ቍ࢞

࢔

≥ 

≥ ૛ට൫(૚+ ૚)(࢞ + ൯(࢟
૛࢔૛

= ૛√૝࢔૛ = ૛ ⋅ ૛࢔ = ૛࢔ା૚ 

(LQQD) 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

ቌ(1 + ௡(ݔ ⋅ ቌඨ
1 + ଶݕ

1 + ଶݔ
ర

ቍ

௡

ቍ

ଶ

− ૛ ⋅ ૛࢔ + ቌ(૚ + ቌඨ࢔(࢟
૚+ ૛࢞

૚+ ૛࢟
૝

ቍ

࢔

ቍ

૛

= 

= ൦(૚ + ࢔(࢞ ⋅ ቌඨ
૚+ ૛࢟

૚+ ૛࢞
૝

ቍ

࢔

− (૚ + ࢔(࢟ ⋅ ቌඨ
૚+ ૛࢞

૚+ ૛࢟
૝

ቍ

࢔

൪

૛

≥ ૙ 

૛࢔ = ൫(૚+ ૚)(࢞ + ൯(࢟
࢔
ቌඨ

૚+ ૛࢟

૚+ ૛࢞
૝

⋅ ඨ
૚+ ૛࢞

૚+ ૛࢟
૝

ቍ

࢔

= 

= (૚ + ࢞ + ࢟ + ࢔(࢟࢞ ⋅ ૚ = (૚ + ૚)࢔ = ૛࢔ 

࢞ = ࢟ = √૛ − ૚ 

࢞ = ࢟ = −√૛ − ૚ 

Solution 3 by Ravi Prakash-New Delhi-India 

࢞ + +࢟ ࢟࢞ = ૚ ⇒ ૚ + ࢞ + ૚)࢟ + (࢞ = ૛ 

⇒ (૚ + +૚)(࢞ (࢟ = ૛ ⇒ ૚ + ࢞ =
૛

૚ +  ࢟
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Now, 

(૚ + ࢔૛(࢞ ቌඨ
૚ + ૛࢟

૚ + ૛ቍ࢞

࢔

+ (૚ + ࢔૛(࢟ ቌඨ
૚+ ૛࢞

૚+ ૛ቍ࢟

࢔

 

≥ ૛ ൦(૚ + ࢔૛(࢞ ቌඨ
૚+ ૛࢟

૚+ ૛ቍ࢞

࢔

(૚ + ࢔૛(࢟ ቌඨ
૚ + ૛࢞

૚ + ૛ቍ࢟

࢔

൪

૚
૛

 

= ૛ ቈ
૛૛࢔

(૚ + ࢔૛(࢟ ⋅
(૚ + ቉࢔૛(࢟

૚
૛

= ૛࢔ା૚ 

Solution 4 by Abdallah El Farissi-Bechar-Algerie 

We have ࢞ + ࢟ + ࢟࢞ = ૚ then (૚ + ૚)(࢞ + (࢟ = ૛ let  

࡭ = (૚ + ࢔૛(࢞ ቌඨ
૚ + ૛࢟

૚+  ૛ቍ࢞

(૚ + ࢔૛(࢞ ቌඨ
૚+ ૛࢟

૚+ ૛ቍ࢞

࢔

+ (૚ + ࢔૛(࢟ ቌඨ
૚+ ૛࢞

૚+ ૛ቍ࢟

࢔

= 

= (૚ + ࢔૛(࢞ ቌඨ
૚+ ૛࢟

૚+ ૛ቍ࢞

࢔

+
૛૛࢔

(૚ + ࢔૛(࢞ ቌ
ඨ
૚+ ૛࢞

૚ + ૛ቍ࢟

࢔

 

= ࡭ + ૛૛࢔
૚
࡭
≥ ૛ඨ࡭ ⋅ ૛૛࢔

૚
࡭

= ૛࢔ା૚ 
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176. If ࢈,ࢇ, ࢉ > ૙,ࢇ + ࢈ + ࢉ = ૚ then: 

෍ቆ
૛ࢇ + ࢉ࢈
࢈ + ࢉ

+
૚

࢈ + ૛ࢇ
ቇ ≥ ૝+ ෍

ࢇ) − ࢇ)(࢈ − (ࢉ
࢈ + ࢉ

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo ࢈,ࢇ, ࢉ > 0 de tal manera que ࢇ + ࢈ + ࢉ = ૚. Probar que 

෍ቆ
૛ࢇ + ࢉ࢈
࢈ + ࢉ +

૚
࢈ + ૛ࢇቇ ≥ ૝+ ෍

ࢇ) − ࢇ)(࢈ − (ࢉ
࢈ + ࢉ  

⇔෍ቆ
૛ࢇ + ࢉ࢈
+࢈ ࢉ

+
૚

࢈ + ૛ࢇ
ቇ ≥ ૝ + ෍

૛ࢇ + ࢉ࢈
࢈ + ࢉ

−෍ࢇ 

⇔෍ࢇ + ෍
૚

࢈ + ૛ࢇ
≥ ૝ ⇔෍

૚
࢈ + ૛ࢇ

≥ ૜ 

Por la desigualdad de Cauchy 

෍
૚

࢈ + ૛ࢇ =
૚

࢈ + ૛ࢇ +
૚

ࢉ + ૛࢈ +
૚

ࢇ + ૛ࢉ ≥
ૢ

૜(ࢇ + ࢈ + (ࢉ =
૜

ࢇ + ࢈ + ࢉ = ૜ 

(LQQD) 

Solution 2 by Mohammed Jamal-Oujda-Morocco 

෍ቆ
૛ࢇ + ࢉ࢈
࢈ + ࢉ +

૚
࢈ + ૛ࢇቇ ≥ ૝+ ෍

ࢇ) − ࢇ)(࢈ − (ࢉ
࢈ + ࢉ  

ie ∑ ࢉ࢈૛ାࢇ
ࢉା࢈

+ ∑ ૚
ࢇା૛࢈

≥ ૝ +∑ ࢉ࢈૛ାࢇ
ࢉା࢈

− ࢇ) + ࢈ +  (ࢉ

ie ∑ ૚
ࢇା૛࢈

≥ ૜ 

or ∑ ૚
ࢇା૛࢈

≥ ૢ
૜(ࢇା࢈ାࢉ) = ૜  done 

Solution 3 by Sanong Hauerai-Nakon Pathom-Thailand 

We have to prove that 
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૛ࢇ + ࢉ࢈
࢈ + ࢉ

+
૚

࢈ + ૛ࢇ
+
૛࢈ + ࢇࢉ
ࢉ + ࢇ

+
૚

ࢉ + ࢈ࢇ
+
૛ࢉ + ࢈ࢇ
ࢇ + ࢈

+
૚

ࢇ + ૛ࢉ
≥ 

≥ ૢ +
ࢇ) − ࢈)(࢈ − (ࢉ

࢈) + (ࢉ +
࢈) − ࢈)(ࢇ − (ࢉ

ࢇ) + (ࢉ +
ࢉ) − ࢉ)(ࢇ − (࢈

ࢇ) + (࢈  

consider Right side 

૝+
ࢇ) − ࢇ)(࢈ − (ࢉ

࢈) + (ࢉ +
࢈) − ࢈)(ࢇ + (ࢉ

ࢇ) + (ࢉ +
ࢉ) − ࢉ)(ࢇ − (࢈

ࢇ) + (࢈ = 

= ૝
૛ࢇ + ࢉ࢈
࢈ + ࢉ

+
૛࢈ + ࢇࢉ
ࢉ + ࢇ

+
૛ࢉ + ࢈ࢇ
ࢇ + ࢈

− ࢈ࢇ) +  (ࢉ

= ૜ +
૛ࢇ + ࢉ࢈
࢈ + ࢉ +

૛࢈ + ࢇࢉ
ࢉ + ࢇ +

૛ࢉ + ࢈ࢇ
ࢇ + ࢈  

Hence we have to show that 
૚

ࢉା૛ࢇ
+ ૚

࢈ࢇାࢉ
+ ૚

ࢇࢉା࢈
≥ ૜  only 

Because ࢇ + ࢈ + ࢉ = ૚, we get 

ࢇ) + ૛ࢉ)(ࢉ + ૛࢈)(࢈ + (ࢇࢉ = ૜ 
૚

ࢇ + ૛ࢉ
+

૚
ࢉ + ૛࢈

+
૚

࢈ + ࢇࢉ
≥ ૜ 

Therefore it is to be true. 

Solution 4 by Nguyen Ngoc Tu-Ha Giang-Vietnam 

෍ቆ
૛ࢇ + ࢉ࢈
+࢈ ࢉ +

૚
࢈ + ૛ࢇቇ ≥ ૝෍

ࢇ) − ࢇ)(࢈ − (ࢉ
࢈ + ࢉ ⇔෍

૚
࢈ + ૛ࢇ ≥ ૜ 

It’s true by  

෍
૚

࢈ + ૛ࢇ
≥

ૢ
૜(ࢇ + ࢈ + (ࢉ = ૜ 
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177. If ࢈,ࢇ, ࢉ ∈ ℝ,࢟,࢞, ࢠ ∈ (૙,∞) then: 

࢞) + ࢟ + ૛ࢇ(ࢠ + ൬
૚
࢞

+
૚
ࢠ
൰࢈૛ + ൬

૚
࢟

+
૚
ࢠ
൰ ૛ࢉ + ૛࢈ࢇ + ૛ࢉࢇ +

૛ࢉ࢈
ࢠ

≥ ૙ 

Proposed by Daniel Sitaru – Romania  

Solution by Ravi Prakash-New Dehi-India 

࢞) + ࢟ + ૛ࢇ(ࢠ + ൬
૚
࢞

+
૚
ࢠ
൰ ૛࢈ + ൬

૚
࢟

+
૚
ࢠ
൰ ૛ࢉ + ૛࢈ࢇ + ૛ࢉࢇ +

૛ࢉ࢈
ࢠ

= 

= ൬ࢇ࢞૛ +
૚
࢞
૛࢈ + ૛࢈ࢇ൰ + ૛ࢇࢠ + ൬ࢇ࢟૛ +

૚
࢟
૛ࢉ + ૛ࢉࢇ൰+ ൬

૚
ࢠ
૛࢈ +

૚
ࢠ
૛ࢉ +

૛ࢉ࢈
ࢠ
൰ 

= ൬√ࢇ࢞ +
૚
࢞√

൰࢈
૛

+ ૛ࢇࢠ + ቆඥࢇ࢟+
૚
ඥ࢟

ቇࢉ
૛

+
૚
ࢠ

࢈) + ૛(ࢉ ≥ ૙ 

 

178. If ࢈,ࢇ, ,࢟,࢞,ࢉ ࢠ ∈ ℝ,ࢠ࢟࢞ ≠ ૙ then: 

૛ࢇ) + ૛࢈ + (૛ࢉ ൬
૚
૛࢞

+
૚
૛࢟

+
૚
૛ࢠ
൰ +

૛(࢈ࢇ + ࢉ࢈ + ࢞)(ࢇࢉ + ࢟ + (ࢠ
ࢠ࢟࢞

≥ ૙ 

Proposed by Daniel Sitaru – Romania  

Solution by Ravi Prakash-New Delhi-India 

૛ࢇ) + ૛࢈ + (૛ࢉ ൬
૚
૛࢞ +

૚
૛࢟ +

૚
૛൰ࢠ +

૛(࢈ࢇ + ࢉ࢈ + ࢞)(ࢇࢉ + ࢟ + (ࢠ
ࢠ࢟࢞ = 

=
૛ࢇ

૛࢞
+
૛࢈

૛࢟
+
૛ࢉ

૛ࢠ
+
૛࢈ࢇ
࢟࢞

+
૛ࢉ࢈
ࢠ࢟

+
૛ࢇࢉ
ࢠ࢞

+ 

+
૛ࢇ

૛࢟
+
૛࢈

૛ࢠ
+
૛ࢉ

૛࢞
+
૛࢈ࢇ
ࢠ࢟

+
૛ࢉ࢈
࢞ࢠ

+
૛ࢇࢉ
࢟࢞

+ 

+
૛ࢇ

૛ࢠ +
૛࢈

૛࢞ +
૛ࢉ

૛࢟ +
૛࢈ࢇ
࢞ࢠ +

૛ࢉ࢈
࢟࢞ +

૛ࢇࢉ
ࢠ࢟  

http://www.ssmrmh.ro


 
www.ssmrmh.ro 

 

= ൬
ࢇ
࢞ +

࢈
࢟ +

ࢉ
൰ࢠ

૛

+ ൬
ࢇ
࢟ +

࢈
ࢠ +

ࢉ
൰࢞

૛

+ ൬
ࢇ
ࢠ +

࢈
࢞ +

ࢉ
൰࢟

૛

≥ ૙ 

 

179. If ࢟,࢞, ࢠ > ૙ then: 

૚
࢞ + ࢟ + ࢠ

൬
࢟࢞
ࢠ

+
ࢠ࢟
࢞

+
࢞ࢠ
࢟
൰ +

ૡࢠ࢟࢞
࢞) + ࢟)(࢟ + ࢠ)(ࢠ + (࢞ ≥ ૛ 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution by Kevin Soto Palacios – Huarmey – Peru  

Siendo ࢟,࢞, ࢠ > ૙. Probar que 
૚

࢞ + ࢟ + ࢠ
൬
࢟࢞
ࢠ

+
ࢠ࢟
࢞

+
࢞ࢠ
࢟
൰ +

ૡࢠ࢟࢞
࢞) + ࢟)(࢟ + ࢠ)(ࢠ + (࢞ ≥ ૛ 

LEMMA 

Siendo ࢈,ࢇ, ࢉ ≥ ૙ se cumple la siguiente desigualdad 
૛ࢉ૛ା࢈૛ାࢇ

ࢇࢉାࢉ࢈ା࢈ࢇ
+ ૡࢉ࢈ࢇ

(ࢇାࢉ)(ࢉା࢈)(࢈ାࢇ) ≥ ૛   (A) 

Sustituyendo 

→ ૛ࢇ =
࢟࢞
ࢠ

૛࢈, =
ࢠ࢟
࢞

, ૛ࢉ =
࢞ࢠ
࢟
⇔ ࢈ࢇ = ࢉ࢈,࢟ = ,ࢠ ࢇࢉ = ࢞ ⇔ ,࢟,࢞ ࢠ > ૙ 

Por lo tanto tenemos en (A) 

⇒
૚

࢞ + ࢟ + ࢠ
൬
࢟࢞
ࢠ

+
ࢠ࢟
࢞

+
࢞ࢠ
࢟
൰ +

ૡࢠ࢟࢞
࢞) + ࢟)(࢟ + ࢠ)(ࢠ + (࢞ ≥ ૛ 

(LQQD) 

180. If ࢈,ࢇ, ࢉ > ૙,ࢉ࢈ࢇ = ૚ then: 

૝ࢇ

૝ࢇ√૝࢈ + ૝
+

૝࢈

૝࢈√૝ࢉ + ૝
+

૝ࢉ

૝ࢉ√૝ࢇ + ૝
≥ ඨ૜

ࢇ) + ࢈ + (ࢉ
૞

 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam 
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Solution by Hoang Le Nhat Tung – Hanoi – Vietnam 

By Inequality Cauchy – Schwarz and AM-GM. We have: 

෍
૝ࢇ

૝ࢇ)૝ඥ૞࢈ + ૝)
= ෍

൬ࢇ
૛

૛൰࢈
૛

ඥ૞(ࢇ૛ − ૛ࢇ + ૛)(ࢇ૛ + ૛ࢇ + ૛)
≥ 

≥෍
൬ࢇ

૛

૛൰࢈
૛

૞(ࢇ૛ − ૛ࢇ + ૛) + ૛ࢇ) + ૛ࢇ + ૛)
૛

 

⇒ ∑ ૝ࢇ

(૝ା૝ࢇ)૝ඥ૞࢈
≥ ∑

൬ࢇ
૛

૛࢈
൰
૛

૜ࢇ૛ି૝ࢇା૟
≥

൬∑ࢇ
૛

૛࢈
൰
૛

∑(૜ࢇ૛ି૝ࢇା૟) =
൬∑ࢇ

૛

૛࢈
൰
૛

૜∑ࢇ૛ି૝∑ࢇା૚ૡ
   (1) 

Other, by AM-GM: ∑ ૛ࢇ

૛࢈
= ∑

૛ࢇ

૛࢈
ାࢇ

૛

૛࢈
ା࢈

૛

૛ࢉ

૜
≥ ∑

૜⋅ ටࢇ
૛

૛࢈
ࢇ⋅
૛

૛࢈
࢈⋅
૛

૛ࢉ
૜

૜
= ∑ ට ૝ࢇ

૛ࢉ૛࢈
૜

=  ૝ࢇ∑

(because ࢉ࢈ࢇ = ૚) 

Therefore (1): 

⇒෍
૝ࢇ

૝ࢇ)૝ඥ૞࢈ + ૝)
≥

૛(૛ࢇ∑)

૜∑ࢇ૛ − ૝∑ࢇ + ૚ૡ ≥
૛(૛ࢇ∑)

૜∑ࢇ૛ − ૝ ⋅ ૜√ࢉ࢈ࢇ૜ + ૚ૡ
≥ 

≥ ൫∑ ૛൯ࢇ
૛

૜∑ࢇ૛ା૛∑ࢇ૛
= ૛ࢇ∑

૞
   (2) 

We have: ∑ࢇ
૛

૞
≥ ૛(ࢇ∑)

૜⋅૞
= ૛(ࢇ∑)

૚૞
= ඥ∑ࢇ⋅ඥ(∑ࢇ)૜

૚૞
≥ ඥ∑ࢇ⋅√૛ૠࢉ࢈ࢇ

૚૞
= √૛ૠࢉ࢈ࢇ

૚૞
= ඥ૜∑ࢇ

૞
        (3) 

Then (2), (3): ⇒ ૝ࢇ

૝ା૝ࢇ૝ඥ࢈
+ ૝࢈

૝ା૝࢈૝ඥࢉ
+ ૝ࢉ

૝ା૝ࢉ૝ඥࢇ
≥ ට૜(ࢇା࢈ାࢉ)

૞
⇒  QED. 

181. Let ࢈,ࢇ, ࢉ࢈ࢇ be positive real numbers such that ࢉ ≤ ૚. Prove that 

૜
ࢇ + ࢈ + ࢉ +

૚
૜ ൬

ࢇ
࢈ +

࢈
ࢉ +

ࢉ
൰ࢇ ≥ ૛ 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  
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Solution by Kevin Soto Palacios – Hurmey – Peru  

Siendo ࢈,ࢇ, ࢉ࢈ࢇ ାde tal manera queࡾ números ࢉ ≤ ૚. Probar que 
૜

ࢇ + ࢈ + ࢉ +
૚
૜ ൬

ࢇ
࢈ +

࢈
ࢉ +

ࢉ
൰ࢇ ≥ ૛ 

Como ࢈,ࢇ, ࢉ > 0 

Aplicando MA ≥ MG 

ࢇ
࢈

+ ࢇ
࢈

+ ࢈
ࢉ
≥ ૜ටࢇ૛

ࢉ࢈

૜
= ૜ට ૜ࢇ

ࢉ࢈ࢇ

૜
= ૜ࢇ

૜ࢉ࢈ࢇ√ ≥ ૜ࢇ    (A) 

De forma análoga 
࢈
ࢉ

+ ࢈
ࢉ

+ ࢉ
ࢇ
≥ ૜࢈    (B) 

ࢉ
ࢇ

+ ࢉ
ࢇ

+ ࢇ
࢈
≥ ૜ࢉ    (C) 

Sumando (A) + (B) + (C) 

૜ ൬
ࢇ
࢈

+
࢈
ࢉ

+
ࢉ
ࢇ
൰ ≥ ૜(ࢇ + ࢈ + (ࢉ ⇔

ࢇ
࢈

+
࢈
ࢉ

+
ࢉ
ࢇ
≥ ࢇ + ࢈ +  ࢉ

Por último, nuevamente por MA ≥ MG 

૜
ࢉା࢈ାࢇ

+ ૚
૜
ቀࢇ
࢈

+ ࢈
ࢉ

+ ࢉ
ࢇ
ቁ ≥ ૜

ࢉା࢈ାࢇ
+ ૚

૜
ࢇ) + ࢈ + (ࢉ ≥ ૛ට ૜

ࢉା࢈ାࢇ
⋅ ࢉା࢈ାࢇ

૜
= ૛ 

(LQQD) 

 

182. If ࢈,ࢇ, ࢉ > ૙ then: 

૚
(૛ࢇ૛ + ૛(ࢉ࢈ +

૚
(૛࢈૛ + ૛(ࢇࢉ +

૚
(૛ࢉ૛ + ૛(࢈ࢇ ≥

ࢇ) + ࢈ + ૛(ࢉ

૟ࢇ)ૢ + ૟࢈ +  (૟ࢉ

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietnam 

We have:  
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૜(ࢇ૟ + ૟࢈ + (૟ࢉ ≥ ૝ࢇ) + ૝࢈ + ૛ࢇ)(૝ࢉ + ૛࢈ + (૛ࢉ ≥ ૝ࢇ) + ૝࢈ + (૝ࢉ ⋅
ࢇ) + ࢈ + ૛(ࢉ

૜  

⇒ ૛(ࢉା࢈ାࢇ)

ૢ൫ࢇ૟ା࢈૟ାࢉ૟൯
≤ ૚

૝ࢉ૝ା࢈૝ାࢇ
    (1) 

By Cauchy – Scwarz: 

෍
૚

(૛ࢇ૛ + ૛(ࢉ࢈ ≥
ቀ∑ ૚

૛ࢇ૛ + ቁࢉ࢈
૛

૜ ≥
൬ ૢ
∑(૛ࢇ૛ + ൰(ࢉ࢈

૛

૜  

⇒෍
૚

(૛ࢇ૛ + ૛(ࢉ࢈ ≥
૛ૠ

(૛∑ࢇ૛ + ૛(ࢉ࢈∑ ≥
૛ૠ

(૛∑ࢇ૛ + ૛)૛ࢇ∑ =
૛ૠ

 ૛(૛ࢇ∑)ૢ

⇒ ∑ ૚

൫૛ࢇ૛ାࢉ࢈൯
૛ ≥

૜

൫∑ ૛൯ࢇ
૛ ≥

૜
૜∑ ૝ࢇ

= ૚
૝ࢇ∑

    (2) 

Then (1), (2) ⇒ ∑ ૚

൫૛ࢇ૛ାࢉ࢈൯૛
≥ ૛(ࢇ∑)

૟ࢇ∑⋅ૢ
 

⇒  ࡰ.ࡱ.ࡽ

Solution 2 by Sanong Hauerai-Nakon Pathom-Thailand 

Because (ࢇ૜ + ૜࢈ + +ࢇ)(૜ࢉ ࢈ + (ࢉ ≥ ૛(ࢇ૛࢈૛ + ૛ࢉ૛࢈ + (૛ࢇ૛ࢉ + ࢈૜ࢇ + +ࢉ૜࢈  is ࢇ૛ࢉ

to be true 

Imply  
૜ࢇ) + ૜࢈ + +ࢇ)૜)૛ࢉ ࢈ + ૛(ࢉ ≥ (૛(ࢇ૛࢈૛) + (૛ࢉ૛࢈) + (૛ࢇ૛ࢉ) + ࢈૜ࢇ + +ࢉ૜࢈   ૛(ࢇ૜ࢉ

Imply  

૜ࢇ)ૢ + ૜࢈ + +ࢇ)૜)૛ࢉ +࢈ ૛(ࢉ ≥ ૢ(૛(ࢇ૛࢈૛ + ૛ࢉ૛࢈ + (૛ࢇ૛ࢉ + ࢈૜ࢇ + ࢉ૜࢈ +  ૛(ࢇ૜ࢉ

Imply 
૟ࢇ)ૢ + ૟࢈ + +ࢇ)(૟ࢉ ࢈ + ૛(ࢉ ≥ ૜(૛(ࢇ૛࢈૛ + ૛ࢉ૛࢈ + (૛ࢇ૛ࢉ + +࢈૜ࢇ ࢉ૜࢈ +  ૛(ࢇ૜ࢉ

Imply 

૛(ࢉశ࢈శࢇ)

൫૛൫ࢇ૛࢈૛శ࢈૛ࢉ૛శࢉ૛ࢇ૛൯శࢇ૜࢈శ࢈૜ࢉశࢉ૜ࢇ൯
૛

૜
≥ ૚

 (૟ࢉ૟ା࢈૟ାࢇ)ૢ

Imply 
൬ ૛(ࢉశ࢈శࢇ)

૛൫ࢇ૛࢈૛శ࢈૛ࢉ૛శࢉ૛ࢇ૛శࢇ૜࢈శ࢈૜ࢉశࢉ૜ࢇ൯
൰
૛

૜
≥ ૛(ࢉା࢈ାࢇ)

 (૟ࢉ૟ା࢈૟ାࢇ)ૢ
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Imply 
ቀ ૚
૛ࢇ૛శࢉ࢈

ା ૚
૛࢈૛శࢇࢉ

ା ૚
૛ࢉ૛శ࢈ࢇ

ቁ
૛

૜
≥ ૛(ࢉା࢈ାࢇ)

 (૟ࢉ૟ା࢈૟ାࢇ)ૢ

Imply ૚
(૛ࢇ૛ାࢉ࢈)૛ + ૚

(૛࢈૛ାࢇࢉ)૛ + ૚
(૛ࢉ૛ା࢈ࢇ)૛ ≥

૛(ࢉା࢈ାࢇ)

 (૟ࢉ૟ା࢈૟ାࢇ)ૢ

There for it is to be true 

Solution 3 by Nguyen Thanh Nho-Tra Vinh-Vietnam 

ࡿࡴࡸ = ૚
(૛ࢇ૛ାࢉ࢈)૛ + ૚

(૛࢈૛ାࢇࢉ)૛ + ૚
(૛ࢉ૛ା࢈ࢇ)૛ ≥

૚
૜
ቀ ૚
૛ࢇ૛ାࢉ࢈

+ ૚
૛࢈૛ାࢇࢉ

+ ૚
૛ࢉ૛ା࢈ࢇ

ቁ
૛

  

≥ ૚
૜
ቀ ૢ
૛(ࢇ૛ା࢈૛ାࢉ૛)ା࢈ࢇାࢉ࢈ାࢇࢉ

ቁ
૛
≥ ૚

૜
ቀ ૢ
૜(ࢇ૛ା࢈૛ାࢉ૛)ቁ

૛
= ૜

 (*)    ૛(૛ࢉ૛ା࢈૛ାࢇ)

૟ࢇ + ૟࢈ + ૟ࢉ ≥ ૜ቆ
૛ࢇ + ૛࢈ + ૛ࢉ

૜ ቇ
૜

=
૛ࢇ) + ૛࢈ + ૛)૛ࢉ

ૢ ⋅ ૛ࢇ) + ૛࢈ +  (૛ࢉ

≥
૛ࢇ) + ૛࢈ + (૛ࢉ

ૢ
⋅
૚
૜

ࢇ) + ࢈ +  ૛(ࢉ

⇒ ૜
૛(૛ࢉ૛ା࢈૛ାࢇ) ≥

૛(ࢉା࢈ାࢇ)

(૟ࢉ૟ା࢈૟ାࢇ)ૢ =  (**)   ࡿࡴࡾ

(*) & (**) ⇒ ࡿࡴࡸ = ૜
(૛ࢉ૛ା࢈૛ାࢇ) ≥ ࡿࡴࡾ ⇒ ࡿࡴࡸ ≥  ࡿࡴࡾ

“ = “ ⇔ ࢇ = ࢈ =  ࢉ

Solution 4 by SK Rejuan-West Bengal-India 

ࢉ,࢈,ࢇ > ૙ 

by AM ≥ GM we get, ૛ࢇ૛ + ૛ࢉ૛ା࢈

૛
≥ ૛ࢇ૛ +  ࢉ࢈

⇒
૝ࢇ૛ + ૛࢈ + ૛ࢉ

૛
≥ ૛ࢇ૛ + 	ࢉ࢈ ⇒෍

૝ࢇ૛ + ૛࢈ + ૛ࢉ

૛
≥෍(૛ࢇ૛ +  (ࢉ࢈

⇒ ૜∑ࢇ૛ ≥ ∑(૛ࢇ૛ + (ࢉ࢈ ⇒ ૚
∑(૛ࢇ૛ାࢉ࢈) ≥

૚
૜∑ࢇ૛

   (1) 

ࡿࡴࡸ = ∑ቀ ૚
૛ࢇ૛ାࢉ࢈

ቁ
૛

=  (say)  ࡼ

http://www.ssmrmh.ro


 
www.ssmrmh.ro 

 

⇒ ࡼ ≥ ૜
ૢ
ቀ∑ ૚

૛ࢇ૛ାࢉ࢈
ቁ
૛

  [by mth power theorem] 

≥ ૚
૜
ቄ ૢ
∑(૛ࢇ૛ାࢉ࢈)ቅ

૛
   [by AM ≥ HM]≥ ૚

૜
ቄ ૢ
૜∑ࢇ૛

ቅ
૛

 [from (1)] 

⇒ ࡼ ≥ ૜
૛(૛ࢇ∑) ≥

૚
૝ࢇ∑

  [by Cauchy inequality]⇒ ࡼ ≥ ૚
૝ࢇ∑

   (2) 

ࡿࡴࡾ = ૚
ૢ
૛(ࢇ∑)	

૟ࢇ∑
= ૢ   (say) 

⇒ ૢ = ૚
ૢ

૛(ࢇ∑)

૟ࢇ∑
≤ ૚

ૢ
⋅ ૜∑ࢇ

૛

૟ࢇ∑
   [by Cauchy inequality]⇒ ૢ ≤ ૚

૜
⋅ ࢇ∑

૛

૟ࢇ∑
   (3) 

We now have to prove that, 

૚
૜
⋅
૛ࢇ∑

૟ࢇ∑
≤

૚
૝ࢇ∑

⇔
૛ࢇ∑

૜
⋅
૝ࢇ∑

૜
≤
૟ࢇ∑

૜
=
૛ାૢࢇ∑

૜
 

⇔ ૛ࢇ∑

૜
⋅ ࢇ∑

૝

૜
≤ ૟ࢇ∑

૜
= ૛శ૝ࢇ∑

૜
 which is true i.e., ૚

૜
⋅ ࢇ∑

૛

૟ࢇ∑
≤ ૚

૝ࢇ∑
    (4) 

Combining (2), (3) & (4) we get ૢ ≤ ૚
૜
⋅ ࢇ∑

૛

૟ࢇ∑
≤ ૚

૝ࢇ∑
≤ ࡼ ⇒ ࡼ ≥ ૢ 

⇒෍൬
૚

૛ࢇ૛ + ࢉ࢈
൰
૛

≥
૚
ૢ
⋅

૛(ࢇ∑)

૟ࢇ∑
 

 

183. If ࢟,࢞, ࢠ > ૙ then: 

࢞
൫࢞ାඥ࢟൯ቀ࢞ା ૜ࢠ√ ቁ

+ ඥ࢟

ቀඥ࢟ା ૜ࢠ√ ቁ൫ඥ࢟ା࢞൯
+ ૜ࢠ√

ቀ ૜ࢠ√ ା࢞ቁቀ ૜ࢠ√ ାඥ࢟ቁ
≤ ૜

૝ ඥ࢞૟࢟૜ࢠ૛૚ૡ   

Proposed by Daniel Sitaru – Romania  

Solution by Nguyen Minh Tri-Ho Chi Minh-Vietnam 

Suppose ࢞ = ࢟ඥ,ࢇ = ,࢈ √૛૜ =  So we need to prove that .ࢉ

ࢇ
ࢇ) + ࢇ)(࢈ + (ࢉ +

࢈
࢈) + ࢈)(ࢇ + (ࢉ +

ࢉ
ࢉ) + ࢉ)(ࢇ + (࢈ ≤

૜
૝ ૟૚ૡࢉ૟࢈૟ࢇ√  
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⇔
࢈)ࢇ + (ࢉ + ࢇ)࢈ + (ࢉ + +ࢇ)ࢉ (࢈

ࢇ) + ࢈)(࢈ + ࢇ)(ࢉ + (ࢉ ≤
૜

૝√ࢉ࢈ࢇ૜  

⇔ ૛(࢈ࢇାࢉ࢈ାࢉࢇ)
(ࢉାࢇ)(ࢉା࢈)(࢈ାࢇ) ≤

૝

૝ ૜ࢉ࢈ࢇ√     (*) 

We use this inequality: 

ૡ(࢈ࢇ + ࢉ࢈ + ࢇ)(ࢉࢇ + ࢈ + (ࢉ ≤ ࢇ)ૢ + ࢈)(࢈ + ࢇ)(ࢉ +  (ࢉ

⇔ ૛(࢈ࢇାࢉ࢈ାࢉࢇ)
(ࢉାࢇ)(ࢉା࢈)(࢈ାࢇ) ≤

ૢ
૝(ࢇା࢈ାࢉ)  (1) 

Use Cauchy for 3 numbers: ࢇ + ࢈ + ࢉ ≥ ૜√ࢉ࢈ࢇ૜  

⇔ ૢ
૝(ࢇା࢈ାࢉ) ≤

૜

૝ ૜ࢉ࢈ࢇ√    (2) 

From (1), (2) ⇒ ૛(࢈ࢇାࢉ࢈ାࢉࢇ)
(ࢉାࢇ)(ࢉା࢈)(࢈ାࢇ) ≤

૜

૝ ૜ࢉ࢈ࢇ√  ⇒ (*) true ⇒ Q.E.D. 

 

184. For ࢈,ࢇ, ࢉ > ૙. Prove: 

ࢇ) + ૜ࢇ(࢈

૛ࢇ + ࢈ࢇ + ૛࢈
+

࢈) + ૜࢈(ࢉ

૛࢈ + ࢉ࢈ + ૛ࢉ
+

ࢉ) + ૜ࢉ(ࢇ

૛ࢉ + ࢇࢉ + ૛ࢇ
≥
૛(ࢇ + ࢈ + ૛(ࢉ

ૢ
 

Proposed by Nho Nguyen Van-Nghe An-Vietnam 

Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietnam 

We have: ∑ ૜ࢇ(࢈ାࢇ)

૛࢈ା࢈ࢇ૛ାࢇ
− ∑ (࢈ାࢇ)૜࢈

૛࢈ା࢈ࢇ૛ାࢇ
= ∑ (࢈ାࢇ)૜࢈ି(࢈ାࢇ)૜ࢇ

૛࢈ା࢈ࢇ૛ାࢇ
= ∑ ૛൯࢈૛ିࢇ൫࢈ࢇ૝ା࢈૝ିࢇ

૛࢈ା࢈ࢇ૛ାࢇ
 

= ෍
૛ࢇ) − ૛ࢇ)(૛࢈ + ࢈ࢇ + (૛࢈

૛ࢇ + ૛࢈ + ࢈ࢇ = ෍(ࢇ૛ − (૛࢈ = ૙ ⇒ 

⇒෍
ࢇ) + ૜ࢇ(࢈

૛ࢇ + ࢈ࢇ + ૛࢈ = ෍
ࢇ)૜࢈ + (࢈

૛ࢇ + ࢈ࢇ + ૛࢈ ⇒෍
+ࢇ) ૜ࢇ(࢈

૛ࢇ + ࢈ࢇ + ૛࢈ = 

=
૚
૛෍

ࢇ)૜ࢇ + (࢈ + +ࢇ)૜࢈ (࢈
૛ࢇ + +࢈ࢇ ૛࢈ =

૚
૛෍

૜ࢇ) + +ࢇ)(૜࢈ (࢈
૛ࢇ + ࢈ࢇ + ૛࢈ ⇒ 

⇒෍
ࢇ) + ૜ࢇ(࢈

૛ࢇ + ࢈ࢇ + ૛࢈ ≥
૚
૛෍

૛ࢇ) + ૛)૛࢈

૛ࢇ + ࢈ࢇ + ૛࢈ ≥
૚
૛෍

૛ࢇ) + ૛)૛࢈

૛ࢇ + ૛ࢇ + ૛࢈
૛ + ૛࢈

= ෍
૛ࢇ + ૛࢈

૜  
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⇒෍
+ࢇ) ૜ࢇ(࢈

૛ࢇ + ࢈ࢇ + ૛࢈ ≥
૛
૜෍ࢇ૛ ≥

૛
૜ ⋅

૛(ࢇ∑)

૜ =
૛(∑ࢇ)૛

ૢ ⇒ 

⇒ ૜ࢇ(࢈ାࢇ)

૛࢈ା࢈ࢇ૛ାࢇ
+ ૜࢈(ࢉା࢈)

૛ࢉାࢉ࢈૛ା࢈
+ ૜ࢉ(ࢇାࢉ)

૛ࢇାࢇࢉ૛ାࢉ
≥ ૛(ࢇା࢈ାࢉ)૛

ૢ
⇒  Q.E.D. 

Solution 2 by Do Quoc Chinh-Ho Chi Minh-Vietnam 

By the Cauchy-Schwarz inequality, we have 

ቆ෍
+ࢇ)૜ࢇ (࢈

૛ࢇ + +࢈ࢇ ૛ቇቆ෍࢈
૛ࢇ)ࢇ + ࢈ࢇ + (૛࢈

ࢇ + ࢈ ቇ ≥ ૛ࢇ) + ૛࢈ +  ૛)૛ࢉ

We have: ∑ ૛൯࢈ା࢈ࢇ૛ାࢇ൫ࢇ
࢈ାࢇ

= ∑ ൧࢈ࢇ૛ି(࢈ାࢇ)ൣࢇ
࢈ାࢇ

= ࢇ∑ +ࢇ) −(࢈ ∑ ࢈૛ࢇ
࢈ାࢇ

 

By the Cauchy – Schwarz inequality, we have: 

෍
࢈૛ࢇ
ࢇ + ࢈ = ෍

૛࢈૛ࢇ

࢈ࢇ + ૛࢈ ≥
૛(࢈ࢇ∑)

૛ࢇ∑ + ࢈ࢇ∑ ⇒෍
૛ࢇ)ࢇ + ࢈ࢇ + (૛࢈

ࢇ + ࢈ ≤ 

≤෍ࢇ)ࢇ + −(࢈
૛(࢈ࢇ∑)

૛ࢇ∑ + ࢈ࢇ∑ = ෍ࢇ૛ + ෍࢈ࢇ−
૛(࢈ࢇ∑)

૛ࢇ∑ + ࢈ࢇ∑ = 

=
૛ࢇ∑) + ૛(࢈ࢇ∑ − ૛(࢈ࢇ∑)

૛ࢇ∑ + ࢈ࢇ∑ =
૛(૛ࢇ∑) + ૛(∑ࢇ૛)(∑࢈ࢇ)

૛ࢇ∑ + ࢈ࢇ∑ =
૛(ࢇ∑)(૛ࢇ∑)

૛ࢇ∑ + ࢈ࢇ∑  

⇒ ࡿࡴࡸ ≥
૛ࢇ) + ૛࢈ + ૛)૛ࢉ

૛ࢇ)ࢇ∑ + +࢈ࢇ (૛࢈
+ࢇ ࢈

≥
૛ࢇ∑) + (૛ࢇ∑)(࢈ࢇ∑

૛(ࢇ∑) ≥
૛ࢇ∑) + ૛(ࢇ∑)(࢈ࢇ∑

૜(∑ࢇ)૛ = 

= ૛(࢈ାࢇ)∑

૟
≥ ૝(∑ ૛(ࢇ

૚ૡ
= ૛(∑ࢇ)૛

ૢ
. The equality holds for ࢇ = ࢈ =  .ࢉ

Solution 3 by Le Khanh Sy-Long An-Vietnam 

૜ࢇ

૛ࢇ + ࢈ࢇ + ૛࢈ −
૛ࢇ − ࢈
૜ =

ࢇ) − +ࢇ)૛(࢈ (࢈
૜(ࢇ૛ + +࢈ࢇ  (૛࢈

⇒෍(ࢇ+ (࢈
ࢉ࢟ࢉ

(࢈,ࢇ)ࢌ ≥෍
ࢇ) + −࢈ࢇ૛)(࢈ (࢈

૜
ࢉ࢟ࢉ

= ෍
૛ࢇ + ࢈ࢇ

૜
ࢉ࢟ࢉ

≥
૛
ૢ
ቀ෍ࢇቁ

૛
 

Solution 4 by Soumava Chakraborty-Kolkata-India 

LHS = ∑ ૛൯࢈૛ି࢈ା࢈ࢇ૛ାࢇ૛൫ࢇ
૛࢈ା࢈ࢇ૛ାࢇ

= ૛ࢇ∑ −∑ ૛࢈૛ࢇ

૛࢈ା࢈ࢇ૛ାࢇ
≥

࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૛(ࢇ∑)

૜
− ∑ ૛࢈૛ࢇ

૛࢈ା࢈ࢇ૛ାࢇ
≥
? ૛(∑ࢇ)૛

ૢ
⇔ 

⇔ ∑ ૛࢈૛ࢇ

૛࢈ା࢈ࢇ૛ାࢇ
≤ ૚

ૢ
૛(ࢇ∑) →  (1) 
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∵ ૛ࢇ + ࢈ࢇ + ૛࢈ ≥
ࡳି࡭

૜࢈ࢇ ∴ ෍
૛࢈૛ࢇ

૛ࢇ + ࢈ࢇ + ૛࢈ ≤
૚
૜෍࢈ࢇ ≤

૚
ૢ
ቀ෍ࢇቁ

૛
 

	(∵ ૛(ࢇ∑) ≥ ૜∑࢈ࢇ) ⇒ (1) is true (proved) 

Solution 5 by Nguyen Thanh Nho-Tra Vinh-Vietnam 

ࡿࡴࡸ = ෍ቆ
ࢇ) + ૜ࢇ(࢈

૛ࢇ + ࢈ࢇ + ૛࢈ − ૛ቇࢇ + ෍ࢇ૛ = 

= −෍
૛࢈૛ࢇ

૛ࢇ + +࢈ࢇ ૛࢈ + ෍ࢇ૛ ≥ −෍
࢈ࢇ
૜ + ෍ࢇ૛ ≥ 

≥ −
ࢇ) + ࢈ + ૛(ࢉ

ૢ +
+ࢇ) ࢈ + ૛(ࢉ

૜ =
૛(ࢇ+ ࢈ + ૛(ࢉ

ૢ =  ࡿࡴࡾ

 

185. For ࢈,ࢇ, ࢉ > ૙. Prove: 

૛ࢇ

ࢇ + ࢈
+

૛࢈

࢈ + ࢉ
+

૛ࢉ

ࢉ + ࢇ
≥
૛૜࢈ࢇ√ࢇ

ࢇ + ࢈
+
૛૜ࢉ࢈√࢈

࢈ + ࢉ
+
૛૜ࢇࢉ√ࢉ

ࢉ + ࢇ
 

Proposed by Nho Nguyen Van-Nghe An-Vietnam 

Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietnam 

෍
૛ࢇ

+ࢇ ࢈ ≥෍
૛૜࢈ࢇ√ࢇ

ࢇ + ࢈  

We have: ∑ ૛ࢇ

࢈ାࢇ
− ∑ ⋅ࢇ ඥ࢈ࢇ૛

૜

࢈ାࢇ
= ∑

ିࢇቀࢇ ඥ࢈ࢇ૛
૜

ቁ

࢈ାࢇ
≥ ∑

૜࢈శ࢈శࢇିࢇቀࢇ ቁ

࢈ାࢇ
⇒ 

⇒ ∑ ૛ࢇ

࢈ାࢇ
− ∑ ⋅ࢇ ඥ࢈ࢇ૛૜

࢈ାࢇ
≥ ૚

૜
∑ ૛(࢈ିࢇ)ࢇ

࢈ାࢇ
   (1) 

We prove: ∑ (࢈ିࢇ)ࢇ
࢈ାࢇ

≥ ૙ ↔ ∑ (࢈૛ି࢈ାࢇ)ࢇ
࢈ାࢇ

≥ ૙ ↔ ࢇ∑ ≥ ૛∑ ࢈ࢇ
࢈ାࢇ

   (2) 

Other: ∑ ࢈ࢇ
࢈ାࢇ

≤ ∑ ૛(࢈ାࢇ)

૝(ࢇା࢈)
= ∑ ࢈ାࢇ

૝
= ࢇ∑

૛
→ ࢇ∑ ≥ ૛∑ ࢈ࢇ

࢈ାࢇ
 

→ (2) true → (1) ⇒ ∑ ૛ࢇ

࢈ାࢇ
−∑

ቀࢇ ඥ࢈ࢇ૛૜ ቁ

࢈ାࢇ
≥ ૙ ⇒ ∑ ૛ࢇ

࢈ାࢇ
≥ ∑ ⋅ࢇ ඥ࢈ࢇ૛

૜

࢈ାࢇ
 

Solution 2 by Soumava Chakraborty-Kolkata-India 

ඥ࢈ࢇ૛૜ ≤
ࡹ࡭ஸࡹࡳ ࢇ + ૛࢈

૜ ∴
૛૜࢈ࢇ√ࢇ

ࢇ + ࢈ ≤
ࢇ)ࢇ + ૛࢈)
૜(ࢇ + (࢈ =

+ࢇ)ࢇ ࢈ + (࢈
૜(ࢇ+ (࢈  
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= ࢇ
૜

+ ࢈ࢇ
૜(ࢇା࢈)

≤
(૚) ࢇ

૜
+ ࢈ࢇ√

૟
			൬∵ +ࢇ ࢈ ≥

ࡳି࡭
૛√࢈ࢇ൰. Similarly, ࢈

ඥࢉ࢈૛
૜

ࢉା࢈
≤
(૛) ࢈

૜
+ ࢉ࢈√

૟
 and, 

૛૜ࢇࢉ√ࢉ

ࢉ + ࢇ ≤
(૜) ࢉ

૜ +
ࢇࢉ√
૟  

(1)+(2)+(3)⇒ ࡿࡴࡾ ≤ ࢇ∑
૜

+ ∑ ࢈ࢇ√
૟

≤
ࡿି࡮ି࡯ ࢇ∑

૜
+ ࢇ∑

૟
= ࢇ∑

૛
→  (a) 

Again, ࡿࡴࡸ ≥
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ૛(ࢇ∑)

૛∑ࢇ
= ∑ ࢇ

૛
→  (b) 

(a), (b) ⇒ ࡿࡴࡸ ≥  (Proved)  ࡿࡴࡾ

Solution 3 by Soumitra Mandal-Chandar Nagore-India 

෍
૛ࢇ

ࢇ + ࢈
ࢉ࢟ࢉ

= ෍ࢇ
ࢉ࢟ࢉ

−෍
࢈ࢇ
ࢇ + ࢈

ࢉ࢟ࢉ

≥
ࡹࡳஹࡹ࡭

෍ࢇ
ࢉ࢟ࢉ

−
૚
૛෍√࢈ࢇ
ࢉ࢟ࢉ

≥෍ࢇ
ࢉ࢟ࢉ

−
૚
૛෍ࢇ

ࢉ࢟ࢉ

 

=
+ࢇ ࢈ + ࢉ

૛ . 

෍
૛૜࢈ࢇ√ࢇ

+ࢇ ࢈
ࢉ࢟ࢉ

≤
ࡹࡳஹࡹ࡭ ૚

૜෍
࢈૛)ࢇ + (ࢇ
ࢇ + ࢈

ࢉ࢟ࢉ

=
૚
૜෍

࢈ࢇ
ࢇ + ࢈

ࢉ࢟ࢉ

+
ࢇ + +࢈ ࢉ

૜ ≤෍
࢈ࢇ√
૟

ࢉ࢟ࢉ

+
ࢇ + ࢈ + ࢉ

૜  

We need to show that, ࢇା࢈ାࢉ
૛

≥ ࢉା࢈ାࢇ
૜

+ ૚
૟
∑ ࢉ࢟ࢉ࢈ࢇ√ ⇔ ࢇ + ࢈ + ࢉ ≥ ࢈ࢇ√ + +ࢉ࢈√  ,ࢇࢉ√

which is true. ∴ ∑ ૛ࢇ

ࢉ࢟ࢉ࢈ାࢇ ≥ ∑ ࢇ ඥ࢈ࢇ૛૜

ࢉ࢟ࢉ࢈ାࢇ   (proved) 

 

186. If ࢈,ࢇ, ࢈ࢇ are positive real number such that ࢉ + ࢉ࢈ + ࢇࢉ = ૜ then 

૚
૜ࢇ + ૛࢈ + ࢉ

+
૚

૜࢈ + ૛ࢉ + ࢇ
+

૚
૜ࢉ + ૛ࢇ + ࢈

≤ ૚ 

Proposed by Pham Quoc Sang-Ho Chi Minh-Vietnam 

Solution by Soumitra Mandal-Chandar Nagore-India 

෍
૚

૜ࢇ + ૛࢈ + ࢉ
ࢉ࢟ࢉ

≤
࢚࢟࢏࢒ࢇ࢛ࢗࢋ࢔ࡵ	࢙ᇲ࢘ࢋࢊ࢒࢕ࡴ

෍
૜(૚ + +࢈ (૛ࢉ
ࢇ) + ࢈ + ૜(ࢉ

ࢉ࢟ࢉ

 

we need to prove, (ࢇ + ࢈ + ૜(ࢉ ≥ ૜൫૜∑ ࢉ࢟ࢉ૛ࢇ + ∑ ࢉ࢟ࢉࢇ ൯ = ૜(࢖૛ + ࢖ − ૜) 
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቎ࢋ࢘ࢋࢎ࢝	࢖ = ࢇ + ࢈ + ૛ࢇ෍	ࢊ࢔ࢇ	ࢉ = ૛࢖ − ૟
ࢉ࢟ࢉ

቏ 

૜࢖ ≥ ૜(࢖૛ + ࢖ − ૜) ⇔ ࢖) − ૜)(࢖૛ − ૜) ≥ ૙, which is true ∵ ࢖ ≥ ૜ 

∴ ∑ ૚
ࢉ࢟ࢉࢉ૛ା࢈૜ାࢇ ≤ (proved) 

 

187. If ࢈,ࢇ, ࢇ be positive real number such that ࢉ + ࢈ + ࢉ = ૜ then 

࢈ࢇ
(૛ࢇ + ࢈૛)(ࢉ࢈ + (ࢇࢉ +

ࢉ࢈
(૛࢈ + ࢉ૛)(ࢇࢉ + (࢈ࢇ +

ࢇࢉ
(૛ࢉ + ࢇ૛)(࢈ࢇ + (ࢉ࢈ ≤

૚
૜

 

Proposed by Pham Quoc Sang-Ho Chi Minh-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

LHS = (ࢇࢉା࢈૛)ࢇࢉା(ࢉ࢈ାࢇ૛)ࢉ࢈ା(࢈ࢇାࢉ૛)࢈ࢇ
(૛ࢇାࢉ࢈)(૛࢈ାࢇࢉ)(૛ࢉା࢈ࢇ)

≤ ૚
૜
⇔ ૜(૟ࢉ࢈ࢇ + (૛࢈૛ࢇ∑ ≤ 

≤ ૝෍ࢇ૛࢈૛ + ૡࢉ࢈ࢇ+ ૛ࢉ࢈ࢇ ቀ෍ࢇ૛ቁ+ ૛ࢉ૛࢈૛ࢇ ⇔෍ࢇ૛࢈૛ + ૛ࢉ࢈ࢇቀ෍ࢇ૛ቁ+ ૛ࢉ૛࢈૛ࢇ ≥ 

≥ ૚૙ࢉ࢈ࢇ ⇔ ૜∑ࢇ૛࢈૛ + ૟ࢉ࢈ࢇ൫∑ࢇ૛൯+ ૜ࢇ૛࢈૛ࢉ૛ ≥ ૜૙(1)   ࢉ࢈ࢇ. Now,  

૛࢈૛ࢇ + ૛ࢉ૛࢈૛ࢇ = ૛(૚࢈૛ࢇ + (૛ࢉ ≥
ࡳି࡭

૛ࢇࢉ૛࢈૛. Similarly, ࢈૛ࢉ૛ + ૛ࢉ૛࢈૛ࢇ ≥ ૛࢈ࢇ૛ࢉ૛ and 

૛ࢇ૛ࢉ + ૛ࢉ૛࢈૛ࢇ ≥ ૛ࢉ࢈૛ࢇ૛. Adding the last 3 inequalities, we get 

૛࢈૛ࢇ∑ + ૜ࢇ૛࢈૛ࢉ૛ ≥ ૛(2)   (࢈ࢇ∑)ࢉ࢈ࢇ 

(2) ⇒ in order to prove (1), it suffices to prove: 

૛∑ࢇ૛࢈૛ + ૟ࢉ࢈ࢇ(∑ࢇ૛) + ૛(࢈ࢇ∑)ࢉ࢈ࢇ ≥ 

≥ ૜૙ࢉ࢈ࢇ ⇔ ૛࢈૛ࢇ∑ + ૜ࢉ࢈ࢇ(∑ࢇ૛) + (࢈ࢇ∑)ࢉ࢈ࢇ ≥ ૚૞(3)   ࢉ࢈ࢇ. Now, LHS of (3) ≥ 

≥ ቁࢇቀ෍ࢉ࢈ࢇ + ૜ࢉ࢈ࢇ ቀ෍ࢇ૛ቁ + ቁ࢈ࢇቀ෍ࢉ࢈ࢇ ≥
?
૚૞ࢉ࢈ࢇ

⇔෍ࢇ+ ૜෍ࢇ૛ + ෍࢈ࢇ ≥
?
૚૞ 

⇔
૚
૜
ቀ෍ࢇቁ

૛
+ ૜෍ࢇ૛ + ෍࢈ࢇ ≥

? ૚૞
ૢ
ቀ෍ࢇቁ

૛
	ቀ∵ ෍ࢇ = ૜ቁ ⇔ ૢ෍ࢇ૛ + ૜෍࢈ࢇ ≥

?
 

≥ ૝(∑ࢇ)૛ = ૝∑ࢇ૛ + ૡ∑࢈ࢇ ⇔ ૞∑ࢇ૛ ≥
?
૞∑࢈ࢇ → true ⇒ (3) is true (proved) 
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188. Let ࢈,ࢇ, ࢉ ≥ −૚ be real numbers with ࢇ૜ + ૜࢈ + ૜ࢉ = ૚. Prove that: 

ࢇ + ࢈ + ࢉ + ૛ࢇ + ૛࢈ + ૛ࢉ ≤ ૝. 

When does equality holds? 

Sweden NMO 

Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietnam 

,࢈,ࢇ ࢉ ≥ −૚ ⇒ +ࢇ) ૚)(ࢇ − ૚)૛ + ࢈) + ૚)(࢈ − ૚)૛ + ࢉ) + ૚)(ࢉ − ૚)૛ ≥ ૙ 

⇔ ࢇ) + ૚)(ࢇ૛ − ૛ࢇ + ૚) + +࢈) ૚)(࢈૛ − ૛࢈ + ૚) + ࢉ) + ૚)(ࢉ૛ − ૛ࢉ + ૚) ≥ ૙ 

⇔ ૜ࢇ + ૜࢈ + ૜ࢉ + ૜ ≥ ૛ࢇ + ૛࢈ + ૛ࢉ + ࢇ + +࢈ ࢉ ⇒ ૛ࢇ + ૛࢈ + ૛ࢉ + ࢇ + +࢈ ࢉ ≤ ૝ 

(because ࢇ૜ + ૜࢈ + ૜ࢉ = ૚) ⇔ ࢇ = ૚;࢈ = ૚; ࢉ = −૚. 

Solution 2 by Sarah El-Kenitra-Morocco 

We have ࢇ૜ + ૚ − ૛ࢇ − ࢇ = ࢇ) + ૚)(ࢇ − ૚)૛ ≥ ૙. Then ࢇ૛ + ࢇ ≤ ૜ࢇ + ૚ 

Using the same think we get ࢈૛ + ࢈ ≤ ૜࢈ + ૚ and ࢉ૛ + ࢉ ≤ ૜ࢉ + ૚. Therefore 

+ࢇ ࢈ + ࢉ + ૛ࢇ + ૛࢈ + ૛ࢉ ≤ ૜ࢇ + ૜࢈ + ૜ࢉ + ૜ = ૝. Equality holds when 

ࢇ = ࢈ = ૚, ࢉ = −૚ or ࢇ = ࢉ = ૚,࢈ = −૚ or ࢈ = ࢉ = ૚,ࢇ = −૚ 

Solution 3 by Soumava Chakraborty-Kolkata-India 

,࢈,ࢇ∀ ࢉ ≥ −૚|∑ࢇ૜ = ૚, we have: ∑ࢇ+ ૛ࢇ∑ ≤ ૝ 

Let ࢇ+ ૚ = +࢈,࢞ ૚ = ,࢟ ࢉ + ૚ = ૜ࢇ∑ ,Now .ࢠ = ૚ ⇒ ࢞)∑ − ૚)૜ = ૚ ⇒ 

⇒ ૜࢞∑ − ૜∑࢞૛ + ૜∑࢞ = ૝ →  (1). Now, ∑ࢇ+ ૛ࢇ∑ ≤ ૝ ⇔ ࢞)∑ − ૚) + ࢞)∑ − ૚)૛ ≤ 

≤ ૜࢞∑ − ૜∑࢞૛ + ૜∑࢞   (using (1))	⇔ ࢞∑ − ૜ + ૛࢞∑ − ૛∑࢞ + ૜ ≤ ૜࢞∑ − ૜∑࢞૛ + 

+૜෍࢞ ⇔෍࢞૜ − ૝෍࢞૛ + ૝෍࢞ ≥ ૙⇔෍࢞ ૛࢞) − ૝࢞ + ૝) ≥ ૙ ⇔ 

⇔ ࢞)࢞∑ − ૛)૛ ≥ ૙ → true ∵ ࢞ = +ࢇ ૚ ≥ ૙, etc.  (Proved) 

Equality occurs when (ࢇ = ૚,࢈ = ૚, ࢉ = −૚) or (ࢇ = −૚,࢈ = ૚, ࢉ = ૚) or 

ࢇ) = ૚,࢈ = −૚, ࢉ = ૚) 
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189. If ࢇ૚,ࢇ૛, … ࢔ࢇ, ∈ (૙, ૚)	then: 

ඩෑ࢑ࢇ

૛૙૚ૠ

ୀ૚࢑

૛૙૚૟

+ ඩෑ(૚ − (࢑ࢇ
૛૙૚ૠ

ୀ૚࢑

૛૙૚૟

< ૚ 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution by Daniel Sitaru-Romania 

࢞ = ෑ࢑ࢇ

૛૙૚ૠ

ୀ૚࢑

࢟, = ෑ(૚ − ,(࢑ࢇ ࢟,࢞ ∈ (૙,૚) →
૛૙૚ૠ

ୀ૚࢑

 

→ ૛૙૚૟࢞√ + ඥ࢟૛૙૚૟ < ૛૙૚ૠ࢞√ + ඥ࢟૛૙૚ૠ = ඩෑ ࢑ࢇ

૛૙૚ૠ

ୀ૚࢑

૛૙૚ૠ

+ ඩෑ(૚ − (࢑ࢇ
૛૙૚ૠ

ୀ૚࢑

૛૙૚ૠ

≤ 

≤⏞
ࡾࡱࡸࡴ࡭ࡹ

ඩෑ(࢑ࢇ + ૚ − (࢑ࢇ
૛૙૚ૠ

ୀ૚࢑

૛૙૚ૠ

= ૚ 

 

190. If ࢟,࢞, ࢠ > ૙,࢞ + ࢟ + ࢠ = ૚ then: 

૛࢞

ࢠ
+
૛࢟

࢞
+
૛ࢠ

࢟
+ ૛ ൬

࢟࢞
ࢠ

+
ࢠ࢟
࢞

+
࢞ࢠ
࢟
൰ ≥ ૜ 

Proposed by Daniel Sitaru – Romania  

 

Solution 1 by Mehmet Sahin-Ankara-Turkey 

ࢠ,࢟,࢞ > ݔ,0 + ݕ + ݖ = 1 

ࡸ =
૛࢞

ࢠ
+
૛࢟

࢞
+
૛ࢠ

࢟
+ ૛ ൬

࢟࢞
ࢠ

+
ࢠ࢟
࢞

+
࢞ࢠ
࢟
൰ ≥

?
૜ 

૛࢞

ࢠ
+ ૛࢟

࢞
+ ૛ࢠ

࢟
≥ ૛(ࢠା࢟ା࢞)

ࢠା࢟ା࢞
= ࢞) + ࢟ + (ࢠ = ૚   (*) 

૛ ቀ࢟࢞
ࢠ

+ ࢠ࢟
࢞

+ ࢞ࢠ
࢟
ቁ = ૛ ቀ(࢟࢞)૛

ࢠ࢟࢞
+ ૛(ࢠ࢟)

ࢠ࢟࢞
+ ૛(࢞ࢠ)

ࢠ࢟࢞
ቁ ≥ ૛ ૛(࢞ࢠାࢠ࢟ା࢟࢞)

૜ࢠ࢟࢞
   (**) 
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࢟࢞) + +ࢠ࢟ ૛(࢞ࢠ = ૛࢟૛࢞ + ૛ࢠ૛࢟ + ૛࢞૛ࢠ + ૛ࢠ࢟࢞ ࢞) + ࢟ + ᇣᇧᇧᇤᇧᇧᇥ(ࢠ

૚

 

૛(࢟࢞) + ૛(ࢠ࢟) + ૛(࢞ࢠ) ≥ (ࢠ࢟)(࢟࢞) + (࢞ࢠ)(ࢠ࢟) + (࢟࢞)(࢞ࢠ) ≥ (ࢠ࢟࢞) ࢞) + ࢟ + ᇣᇧᇧᇤᇧᇧᇥ(ࢠ
૚

=  (***)   ࢠ࢟࢞

From (*), (**) and (***) 

ࡸ = ૛࢞

ࢠ
+ ૛࢟

࢞
+ ૛ࢠ

࢟
+ ૛ ቀ࢟࢞

ࢠ
+ ࢠ࢟

࢞
+ ࢞ࢠ

࢟
ቁ ࡸ, ≥ ૚ + ૛ ቀࢠ࢟࢞ା૛ࢠ࢟࢞

ࢠ࢟࢞
ቁ ࡸ, ≥ ૜ as desired. 

Solution 2 by Kunihiko Chikaya-Tokyo-Japan 

૛࢞

ࢠ
+ ૛࢟

࢞
+ ૛ࢠ

࢟
≥ ૛(ࢠା࢟ା࢞)

ࢠା࢟ା࢞
= ࢞ + ࢟ +  (1)  ࢠ

ࢠ࢟
࢞ +

࢞ࢠ
࢟ ≥ ૛ඨ

ࢠ࢟
࢞ ⋅

࢞ࢠ
࢟ = ૛ࢠ 

࢞ࢠ
࢟

+ ࢟࢞
ࢠ
≥ ૛࢟࢞ ,࢞

ࢠ
+ ࢠ࢟

࢞
≥ ૛࢟,……………..(+) 

૛ቀࢠ࢟
࢞

+ ࢞ࢠ
࢟

+ ࢟࢞
ࢠ
ቁ ≥ ૛(࢞ + ࢟ +  (2)   (ࢠ

∴ (1) and (2) ≥ ૜(࢞ + ࢟ + (ࢠ = ૜ 

Solution 3 by Uche Eliezer Okeke-Anambra-Nigeria 

,࢟,࢞ ࢠ > ૙ ∧ ࢞ + ࢟ + ࢠ = ૚ 

prove ∑ ૛࢞

ࢠ
+ ૛∑ ࢟࢞

ࢠ
≥ ૜ 

Known: (∑࢟࢞)૛ ≥ ૜࢞)ࢠ࢟࢞ + ࢟ +  (a)   (ࢠ

∑ ૛࢞

ࢠ
⋅ ∑ ࢠ ≥ ૛(࢞∑) → ∑ ૛࢞

ࢠ
≥ ૚   (1) 

૛∑ ࢟࢞
ࢠ

= ૛ࢠ࢟࢞∑ ૚
૛ࢠ
≥ ૛ࢠ࢟࢞ ⋅ ૚

૜
ቀ∑ ૚

࢞
ቁ
૛

= ૛
૜
⋅ ૛(࢟࢞∑)

ࢠ࢟࢞
≥
(ࢇ)

૛∑ ࢞ = ૛ → ૛∑ ࢟࢞
ࢠ
≥ ૛   (2) 

(1)+(2) completes the proof! 

 

191. Let ࢈,ࢇ, ࢇ be positive real numbers such that ࢉ + ࢈ + ࢉ = ૜. Prove that: 

࢈ࢇ
ඥࢇ)ࢇ૛ + ૛࢈ + ૜)૝ +

ࢉ࢈
ඥ࢈)࢈૛ + ૛ࢉ + ૜)૝ +

ࢇࢉ
ඥࢉ)ࢉ૛ + ૛ࢇ + ૜)૝ ≤ ඨૢ

࢈ࢇ) + +ࢉ࢈ (ࢇࢉ
૛

૝
 

Proposed by Do Quoc Chinh-Vietnam 
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Solution by proposer 

Applying the Hölder’s inequality, we have: 
૝ࡿࡴࡸ ≤ +࢈ࢇ) ࢉ࢈ + ࢈ࢇ√࢈൫(ࢇࢉ + ࢉ࢈√ࢉ + ൯ࢇࢉ√ࢇ

૛
ቀ ࢇ
ା૜࢈૛ା૛ࢇ

+ ࢈
ା૜ࢉ૛ା૛࢈

+ ࢉ
ା૜ࢇ૛ା૛ࢉ

ቁ. Therefore, we 
need to prove that: 

൫࢈ࢇ√࢈+ ࢉ࢈√ࢉ + ൯ࢇࢉ√ࢇ
૛
ቀ ࢇ
ା૜࢈૛ା૛ࢇ

+ ࢈
ା૜ࢉ૛ା૛࢈

+ ࢉ
ା૛ࢇ૛ା૛ࢉ

ቁ ≤ ૢ
૛
. By the AM-GM inequality, we 

have: ࢇ
ା૜࢈૛ା૛ࢇ

+ ࢈
ା૜ࢉ૛ା૛࢈

+ ࢉ
ା૜ࢇ૛ା૛ࢉ

= ࢇ
ା૛࢈ା૛(૛ା૚ࢇ)

+ ࢈
ା૛ࢉା૛(૛ା૚࢈)

+ ࢉ
ା૛ࢇା૛(૛ା૚ࢉ)

 

≤ ૚
૛
ቀ ࢇ
ା૚࢈ାࢇ

+ ࢈
ା૚ࢉା࢈

+ ࢉ
ା૚ࢇାࢉ

ቁ = ૚
૛
ቀ ࢇ
૝ିࢉ

+ ࢈
૝ିࢇ

+ ࢉ
૝ି࢈

ቁ. We will prove that: 
ࢇ
૝ିࢉ

+ ࢈
૝ିࢇ

+ ࢉ
૝ି࢈

≤ ૚ which is equivalent to: ૜૛(ࢇ+ ࢈ + (ࢉ + ൫ࢇ૛࢈ + ࢉ૛࢈ + +ࢇ૛ࢉ ൯ࢉ࢈ࢇ ≤ 
≤ ૝൫ࢇ૛ + ૛࢈ + ૛൯ࢉ + ૡ(࢈ࢇ+ ࢉ࢈ + (ࢇࢉ + ૟૝⇔ ࢈૛ࢇ + ࢉ૛࢈ + ࢇ૛ࢉ + ࢉ࢈ࢇ ≤ ૝. Without loss of 

generality, we assume that ࢈ is the number between ࢉ and ࢇ. Then, we have: 
࢈)ࢉ − ࢈)(ࢇ − (ࢉ ≤ ૙ ⇔ ࢉ૛࢈ + ࢇ૛ࢉ ≤ ࢉ࢈ࢇ +  ૛ࢉ࢈

Applying the AM-GM inequality, we have:  

+࢈૛ࢇ ࢉ૛࢈ + ࢇ૛ࢉ + ࢉ࢈ࢇ ≤ +࢈૛ࢇ ࢉ࢈ࢇ + ૛ࢉ࢈ + ࢉ࢈ࢇ = ࢉ)࢈ + ૛(ࢇ =
૚
૛
⋅ ૛ࢉ)࢈+ ࢉ)(ࢇ +  (ࢇ

≤ ૚
૛
⋅ (૛࢈ାࢉାࢇାࢉାࢇ)૜

૛ૠ
= ૝. Therefore, we need to prove that: ࢈ࢇ√࢈+ ࢉ࢈√ࢉ + ࢇࢉ√ࢇ ≤ ૜ ⇔ 

⇔ ૜ቀඥ࢈ࢇ૜ +ඥࢉ࢈૜ + ඥࢇࢉ૜ቁ ≤ ࢇ) + ࢈ + ૛(ࢉ ⇔
૚
૛
෍൫ࢇ− +࢈ ૛√ࢉ࢈ − ࢈ࢇ√ − ൯ࢇࢉ√

૛
≥ ૙ 

The equality holds for ࢇ = ࢈ = ࢉ = ૚. 
 

 

192. If ࢈,ࢇ, ࢉ > ૙ then: 

෍൬
࢈ + ࢉ
ࢇ

൰
૛

⋅ ෍൬
ࢉ + ࢇ
࢈

൰
૜
⋅ ෍൬

ࢇ + ࢈
ࢉ

൰
૝

≥ ૚૜ૡ૛૝ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Serban George Florin-Romania 

෍൬
࢈ + ࢉ
ࢇ ൰

૛

≥
ࢍࡹஹࢇࡹ

૜ඨ
+࢈)∏ ૛(ࢉ

૛ࢉ૛࢈૛ࢇ
૜

≥
ࢍࡹஹࢇࡹ

૜ඨ
∏૝ࢉ࢈
૛ࢉ૛࢈૛ࢇ

૜
= ૜ ⋅ ૛૛ 

෍൬
ࢉ + ࢇ
࢈ ൰

૜
≥

ࢍࡹஹࢇࡹ

૜ඨ
ࢉ)∏ + ૜(ࢇ

૜ࢉ૜࢈૜ࢇ
૜

≥
ࢍࡹஹࢇࡹ

૜ඨ
∏ૡ√ࢉࢇ

૜

૜ࢉ૜࢈૜ࢇ
૜

= ૜ ⋅ ૡ = ૜ ⋅ ૛૜ 

෍൬
ࢇ + ࢈
ࢉ ൰

૝

≥
ࢍࡹஹࢇࡹ

૜ඨ
+ࢇ)∏ ૝(࢈

૝ࢉ૝࢈૝ࢇ
૜

≥
ࢍࡹஹࢇࡹ

૜ඨ
∏૛૝√࢈ࢇ

૝

૝ࢉ૝࢈૝ࢇ
૜

= ૜ ⋅ ૚૟ = ૜ ⋅ ૛૝ 
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⇒෍൬
+࢈ ࢉ
ࢇ ൰

૛

⋅෍൬
ࢉ + ࢇ
࢈ ൰

૜
⋅෍൬

+ࢇ ࢈
ࢉ ൰

૝

≥ ૜ ⋅ ૛૛ ⋅ ૜ ⋅ ૛૜ ⋅ ૜ ⋅ ૛૝ = ૜૜ ⋅ ૛ૢ = ૚૜ૡ૛૝ 

Solution 2 by Lazaros Zachariadis-Thessaloniki-Greece 

Let (࢞)ࢌ = (࢞)ࢍ,૛࢞ = (࢞)ࢎ,૜࢞ = ,૝࢞ ࢞ > ૙ 

 convexe functions ࢎ,ࢍ,ࢌ

so ࡿࡴࡸ = ቂࢌ ቀ࢈ାࢉ
ࢇ
ቁ + ࢌ ቀࢉାࢇ

࢈
ቁ + ࢌ ቀࢇା࢈

ࢉ
ቁቃ ⋅ ቂࢍ ቀ࢈ାࢉ

ࢇ
ቁ + ࢍ ቀࢉାࢇ

࢈
ቁ + ࢈ାࢇቀࢍ

ࢉ
ቁቃ ⋅ 

⋅ ൤ࢎ ൬
࢈ + ࢉ
ࢇ ൰+ ࢎ ൬

ࢉ + ࢇ
࢈ ൰ + ࢎ ൬

ࢇ + ࢈
ࢉ ൰൨ 

≥
࢔ࢋ࢙࢔ࢋࡶ

૜ ⋅ ࢌ ቆ
ࢉశ࢈
ࢇ ାࢉశ࢈ࢇ ାࢇశࢉ࢈

૜
ቇ ⋅ ૜ ⋅ ࢍ ቆ

ࢉశࢎ
ࢇ ାࢉశ࢈ࢇ ାࢇశࢉ࢈

૜
ቇ ⋅ ૜ ⋅ ࢎ ቆ

ࢉశ࢈
ࢇ ାࢉశ࢈ࢇ ାࢇశࢉ࢈

૜
ቇ  

≥
ࡹࡳିࡹ࡭

૜૜ ⋅ ࢌ

⎝

⎛
૜ට(࢈ + +ࢉ)(ࢉ +ࢇ)(ࢇ (࢈

ࢉ࢈ࢇ
૜

૜
⎠

⎞ ⋅ ࢍ

⎝

⎛
૜ ⋅ ට(࢈+ +ࢉ)(ࢉ +ࢇ)(ࢇ (࢈

ࢉ࢈ࢇ
૜

૜
⎠

⎞ ⋅ 

⋅ ࢎ

⎝

⎛
૜ ⋅ ට(࢈ + ࢉ)(ࢉ + +ࢇ)(ࢇ (࢈

ࢉ࢈ࢇ
૜

૜
⎠

⎞ 

ࢎ,ࢍ,ࢌ ↗ strictly increasing for ࢞ > ૙ 

≥
ࡹࡳିࡹ࡭

૛ૠ ⋅ ቌ૚ࢌ ⋅ ඨ
ૡࢉ࢈ࢇ
ࢉ࢈ࢇ

૜
ቍ ⋅ ቌ૚ࢍ ⋅ ඨ

ૡࢉ࢈ࢇ
ࢉ࢈ࢇ

૜
ቍ ⋅ ࢎ ⋅ ቌ૚ ⋅ ඨ

ૡࢉ࢈ࢇ
ࢉ࢈ࢇ

૜
ቍ 

= ૛ૠ ⋅ (૛)ࢌ ⋅ (૛)ࢍ ⋅ (૛)ࢎ = ૛ૠ ⋅ ૛૛ ⋅ ૛૜ ⋅ ૛૝ = ૛ૠ ⋅ ૛ૢ = ૚૜ૡ૛૝  (proved) 

Solution 3 by Dimitris Kastriotis-Greece 

Put ࢞ = ࢉା࢈
ࢇ

࢟, = ࢇାࢉ
࢈

, ࢠ = ࢈ାࢇ
ࢉ

 

࢞ + ࢟ + ࢠ = ࢈
ࢇ

+ ࢉ
ࢇ

+ ࢉ
࢈

+ ࢇ
࢈

+ ࢇ
ࢉ

+ ࢈
ࢉ

≥
ࡹࡳିࡹ࡭

૟  :(1) 

૛࢞∑ ≥
ࡿି࡯ ૛(ࢠା࢟ା࢞)

૜
≥
(૚) ૟૛

૜
= ૚૛   : (2) 

૜࢟∑ ≥
࢘ࢋࢊ࢒࢕ࡴ ૜(ࢠା࢟ା࢞)

ૢ
≥
(૚) ૟૜

ૢ
= ૛૝    : (3) 
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૛(૛ࢠ)∑ ≥
ࡿି࡯ ൫࢞૛ା࢟૛ାࢠ૛൯

૛

૜
≥
(૛) ૚૛૛

૜
= ૝ૡ   : (4) 

ቐ
(૛)
(૜)
(૝)

ቑ → ቀ෍࢞૛ቁ ቀ෍࢟૛ቁ ቀ෍ࢠ૝ቁ ≥ ૚૛ ⋅ ૛૝ ⋅ ૝ૡ = ૚૜ૡ૛૝ 

Solution 4 by Soumava Chakraborty-Kolkata-India 

∑ቀࢇା࢈
ࢉ
ቁ = ∑ ቀࢇ

࢈
+ ࢈

ࢇ
ቁ ≥
ࡳି࡭

૜ ⋅ ૛ = ૟ →   (a) 

෍࢞૛ ≥
(૚)

࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૛(࢞∑)

૜ ,෍࢞૜ ≥
(૛)

࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૜(࢞∑)

ૢ ,෍࢞૝ ≥
(૜)

࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૝(࢞∑)

૛ૠ  

∴ (1).(2).(3) ⇒ ࡿࡴࡸ = ૛࢞∑ ⋅ ∑ ૜࢞ ⋅ ∑ ૝࢞ ቀ࢞ = ࢈ାࢇ
ࢉ
ቁ ≥ (∑ ૢ(࢞

૜૟
≥

(ࢇ)	࢟࢈ ૟ૢ

૜૟
 

= ૜ૢ⋅૛ૢ

૜૟
= ૜૜ ⋅ ૡ૜ = ૛૝૜ = ૚૜ૡ૛૝  (proved) 

 

193. If ࢈,ࢇ, ࢉ ≥ ૙ then: 

૜ࢇ) + ૜)૝࢈ + ૝࢈) + ૝)૞ࢉ + ൫ࢉ૞ + ૞൯ࢇ
૟
≥ ૝ࢇ) + ૝)૜࢈ + ൫࢈૞ + ૞൯ࢉ

૝
+ ૟ࢉ) +  ૟)૞ࢇ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Mihalcea Andrei Stefan-Romania 

૛ࢇ) ⋅ ࢇ ૛࢈+⋅ ⋅ ࢈ ⋅ ૜(࢈ ≤
࢘ࢋࢊ࢒öࡴ

૟ࢇ) + ૜ࢇ)(૟࢈ + ૜)૛࢈ ≤ ૜ࢇ) + ૜)૝࢈ ⇔ ૟ࢇ + ૟࢈ ≤ ૜ࢇ) +  ૜)૛࢈

⇔ ૛ࢇ૜࢈૜ ≥ ૙; (࢈૛ ⋅ ࢈ ⋅ ࢈ ⋅ ࢈ + ૛ࢉ ⋅ ࢉ ⋅ ࢉ ⋅ ૝(ࢉ ≤ ૡ࢈) + ૝࢈)(ૡࢉ + ૝)૜ࢉ ≤ ૝࢈) + ૝)૞ࢉ ⇔ 

ૡ࢈ + ૡࢉ ≤ ૝࢈) + ૝)૛ࢉ ⇔ ૛࢈૝ࢉ૝ ≥ ૙ 

૛ࢉ) ⋅ ࢉ ⋅ ࢉ ⋅ ࢉ ⋅ ࢉ + ૛ࢇ ⋅ ࢇ ⋅ ࢇ ⋅ ࢇ ⋅ ૞(ࢇ ≤ ૚૙ࢉ) + ૞ࢉ૚૙)൫ࢇ + ૞൯ࢇ
૝
≤ ൫ࢉ૞ + ૞൯ࢇ

૟
⇔ 

⇔ ૛ࢇ૞ࢉ૞ ≥ ૙. Equality for ࢇ = ࢈ = ࢉ = ૙. 

Solution 2 by Ravi Prakash-New Delhi-India 

For ૙ < ࢇ ≤ ૚, ࢞ > ૚, let (࢞)ࢌ = (૚ + (࢞ࢇ
૚
࢞ (࢞)ࢌܖܔ  , = ૚

࢞
૚)ܖܔ +  (࢞ࢇ

૚
(࢞)ࢌ

(࢞)ᇱࢌ = − ૚
૛࢞
૚)ܖܔ + (࢞ࢇ + ૚

࢞
⋅ ࢇ

࢞ ܖܔ ࢇ
૚ା࢞ࢇ

< ૙ as ૙ < ࢇ ≤ ૚, ࢞ > ૚ 

⇒ ∴ (∞,is a decreasing function on [૚ (࢞)ࢌ (૚ + (࢞ࢇ
૚
࢞ ≥ (૚ + (ା૚࢞ࢇ

૚
 శ૚࢞
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Suppose ૙ < ࢻ ≤ then ቀ૚ ,ࢼ + ቀࢻ
ࢼ
ቁ
࢞
ቁ
૚
࢞ ≥ ൬૚ + ቀࢻ

ࢼ
ቁ
ା૚࢞

൰
૚

శ૚࢞
 

⇒ ࢞ࢇ) + ା૚࢞(࢞ࢼ ≥ ା૚࢞ࢇ) +  ࢞(ା૚࢞ࢼ

Thus, (ࢇ૜ + ૜)૝࢈ ≥ ૝ࢇ) + ,૝)૜࢈ ૝࢈) + ૝)૞ࢉ ≥ ൫࢈૞ + ૞൯ࢉ
૝

, ൫ࢉ૞ + ૞൯ࢇ
૟
≥ ૟ࢉ) +  ૟)૞ࢇ

Adding, we get desired inequality. 

 

194. If ࢟,࢞, ࢠ > ૙,࢟࢞ + ࢠ࢟ + ࢞ࢠ = ૜ then: 

ૢ +
૛࢞) − ૛(ࢠ࢟ + ૛࢟) − ૛(࢞ࢠ + ૛ࢠ) − ૛(࢟࢞

૜ + ૛࢞ + ૛࢟ + ૛ࢠ
≥ ૢඥ࢞૛࢟૛ࢠ૛૜  

Proposed by Daniel Sitaru – Romania  

Solution by Serban George Florin-Romania 

ଶݔ) − ଶ(ݖݕ = ૛࢞) + ࢟࢞ + ࢠ࢞ − ૜)૛ = ࢞)࢞] + ࢟ + (ࢠ − ૜]૛ = 

= ࢞)૛࢞ + ࢟ + ૛(ࢠ − ૟࢞)࢞ + ࢟ + (ࢠ + ૢ 

෍(࢞૛ − ૛(ࢠ࢟ = ૛࢞) + ૛࢟ + ࢞)(૛ࢠ + ࢟ + ૛(ࢠ − ૟(࢞+ ࢟ + ૛(ࢠ + ૛ૠ 

૛࢞)∑ − ૛(ࢠ࢟

૜ + ૛࢞∑ =
࢞) + ࢟ + ૛࢞)]૛(ࢠ + ૛࢟ + (૛ࢠ − ૟] + ૛ૠ

૜ + ૛࢞∑ = 

=
࢞) + ࢟ + ૛࢞)૛(ࢠ + ૛࢟ + ૛ࢠ + ૜ − ૢ) + ૛ૠ

૜ + ૛࢞∑  

= ࢞) + ࢟ + ૛(ࢠ ⋅ ૜ା∑࢞
૛

૜ା∑࢞૛
+ ૛ା૛ૠ(ࢠା࢟ା࢞)ૢି

૜ା∑࢞૛
= ࢞) + ࢟ + ૛(ࢠ + ૛ା૛ૠ(ࢠା࢟ା࢞)(ૢି)

૜ା∑࢞૛
  

૛࢞)∑ − ૛(ࢠ࢟

૜ + ૛࢞∑ + ૢ = +࢞) ࢟ + ૛(ࢠ +
࢞)(ૢ−) + ࢟ + ૛(ࢠ + ૛ૠ

૜+ ૛࢞∑ + ૢ = 

= ࢞) + ࢟ + ૛(ࢠ +
−ૢ൫࢞૛ + ૛࢟ + ૛ࢠ + ૛࢟࢞ + ૛ࢠ࢟+ ૛ࢠ࢞൯ + ૛ૠ + ૛ૠ + ૢ൫࢞૛ + ૛࢟ + ૛൯ࢠ

૜+ ૛࢞∑
= 

= ࢞) + ࢟ + ૛(ࢠ +
−૚ૡ(࢟࢞ + ࢠ࢟ + (࢞ࢠ + ૞૝

૜ + ૛࢞∑ = ࢞) + ࢟ + ૛(ࢠ +
−૚ૡ ⋅ ૜ + ૞૝
૜ + ૛࢞∑ = 

= ࢞) + ࢟ + ૛(ࢠ +
−૞૝ + ૞૝
૜ + ૛࢞∑ = ࢞) + ࢟ + ૛(ࢠ ≥⏞

ࡹࡳିࡹ࡭

ૢඥ࢞૛࢟૛ࢠ૛૜  
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195.  If ࢇ૚,ࢇ૛ , … ࢔,ା૛࢔ࢇ, ∈ ℕ∗ then: 

෍
࢑ࢇ

૛࢑ࢇ + ା૛࢑ࢇା૚࢑ࢇ

࢔

ୀ૚࢑

≤
૚
૛෍

૚
࢑ࢇ

࢔

ୀ૚࢑

ା૚࢔ࢇ, = ା૛࢔ࢇ,૚ࢇ =  .૛ࢇ

Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu-Romania 

Solution by Rajsekhar Azaad-India 
࢑ࢇ

૛࢑ࢇ + ା૚࢑ࢇ ⋅ ା૛࢑ࢇ
≤

࢑ࢇ
૛࢑ࢇඥ࢑ࢇା૚࢑ࢇା૛

ࡹ࡭)		 ≥  (ࡹࡳ

=
૚

૛ඥ࢑ࢇା૚࢑ࢇା૛
≤
૚
૛	×

૚
૛ ൬

૚
ା૚࢑ࢇ

+
૚

ା૛࢑ࢇ
൰ =

૚
૝ ൬

૚
ା૚࢑ࢇ

+
૚

ା૛࢑ࢇ
൰ 

∴ ෍
࢑ࢇ

૛࢑ࢇ + ା૚࢑ࢇ ⋅ ା૛࢑ࢇ

࢔

ୀ૚࢑

≤
૚
૝ ⋅ ૛ ⋅෍

૚
࢑ࢇ

࢔

ୀ૚࢑

=
૚
૛෍

૚
࢑ࢇ

࢔

ୀ૚࢑

 

(Proved) 

 

196. Let ࢈,ࢇ,  :be positive real numbers. Prove that ࢉ

૛ඨ
࢞)࢟࢞ + (࢟ + ࢟)ࢠ࢟ + (ࢠ + ࢠ)࢞ࢠ + (࢞

૟ࢠ࢟࢞
૝

≥
૛࢞ + ࢠ࢟
૛࢞ + ૛ࢠ࢟ +

૛࢟ + ࢞ࢠ
૛࢟ + ૛࢞ࢠ +

૛ࢠ + ࢟࢞
૛ࢠ + ૛࢟࢞ 

Proposed by Do Quoc Chinh-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

Let ࢞ + ࢟ = ࢟,ࢇ + ࢠ = ,࢈ ࢠ + ࢞ = +ࢇ ,Then .ࢉ ࢈ > +࢈,ࢉ ࢉ > ,ࢇ ࢉ + ࢇ >  ࢈

⇒ ,࢈,ࢇ = are sides of a triangle with semiperimeter, circumradius, inradius ࢉ  ࢘,ࡾ,࢙

resepctively (say) ∑࢞ = ࢇ∑
૛

= ࢙ ∴ ࢠ = ࢙ − ࢞,ࢇ = ࢙ − ࢟,࢈ = ࢙ −  ࢉ

∴ ෍࢟࢞ = ෍(࢙ − ࢙)(࢈ − (ࢉ = ෍{࢙૛ − +࢈)࢙ (ࢉ +  {ࢉ࢈

= ૜࢙૛ − (࢙૝)࢙ + ૛࢙ + ૝࢘ࡾ+ ૛࢘ =
(૚)

૝࢘ࡾ +  ૛࢘

∴෍࢞૛࢟ + ෍࢟࢞૛ = ෍࢟࢞ ࢙) − (ࢠ =
(૚)࢟࢈

+࢘ࡾ૝)࢙ (૛࢘ − ૜ࢠ࢟࢞ 
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= +࢘ࡾ૝)࢙ (૛࢘ − ૜࢘૛࢙ =
(૛)

࢘ࡾ૝)࢙ − ૛࢘૛) 

∴ ࡿࡴࡸ = ૛ඨ
−࢘ࡾ૝)࢙ ૛࢘૛)

૟࢘૛࢙
૝

=
(૜)

૛ඨ
૛ࡾ − ࢘
૜࢘

૝
 

Now, ࡿࡴࡾ = ∑ቀ࢞
૛ା૛ࢠ࢟
ࢠ࢟૛ା૛࢞

− ࢠ࢟
ࢠ࢟૛ା૛࢞

ቁ =
(૝)

૜ − ∑ ࢠ࢟
ࢠ࢟૛ା૛࢞

 

(3), (4) ⇒ given inequality ⇔ ∑ ૛ࢠ૛࢟

૛ࢠ૛࢟ା૛ࢠ࢟૛࢞
+ ૛ට૛࢘ିࡾ

૜࢘

૝ ≥
(૞)

૜ 

Now, ∑ ૛ࢠ૛࢟

૛ࢠ૛࢟ା૛ࢠ࢟૛࢞
≥
(૟)

࢓ö࢚࢙࢘ࢍ࢘ࢋ࡮ ૛(ࢠ࢟∑)

૛ࢠ૛࢟∑ା૛(࢞∑)ࢠ࢟࢞
=

(૚)	࢟࢈ (૝ࡾା࢘)૛࢘૛

൧(࢞∑)ࢠ࢟࢞૛ି૛(࢟࢞∑)ା૛ൣ(࢞∑)ࢠ࢟࢞
 

=
ࡾ૛(૝࢘ + ૛(࢘

૛(∑࢟࢞)૛ − ૜(࢞∑)ࢠ࢟࢞ =
(૚)	࢟࢈ +ࡾ૛(૝࢘ ૛(࢘

૛࢘૛(૝ࡾ+ ૛(࢘ − ૜࢘૛࢙૛ =
(૝ࡾ + ૛(࢘

૛(૝ࡾ + ૛(࢘ − ૜࢙૛ 

(5), (6) ⇒ it suffices to prove: (૝ࡾା࢘)૛

૛(૝ࡾା࢘)૛ି૜࢙૛
+ ૛ට૛࢘ିࡾ

૜࢘

૝ ≥ ૜ ⇔ ૛ට૛࢘ିࡾ
૜࢘

૝ ≥
(ૠ)

૜ − (૝ࡾା࢘)૛

૛(૝ࡾା࢘)૛ି૜࢙૛
 

Now, Gerretsen ⇒ 

૛(૝ࡾ+ ૛(࢘ − ૜࢙૛ ≤ ૛(૝ࡾ+ ૛(࢘ − ૝ૡ࢘ࡾ + ૚૞࢘૛ = ૜૛ࡾ૛ − ૜૛࢘ࡾ+ ૚ૠ࢘૛ 

⇒
−(૝࢘+ ૛(࢘

૛(૝ࡾ + ૛(࢘ − ૜࢙૛ ≤
−(૝ࡾ + ૛(࢘

૜૛ࡾ૛ − ૜૛࢘ࡾ + ૚ૠ࢘૛ 

⇒ ૜ −
(૝ࡾ + ૛(࢘

૛(૝ࡾ + ૛(࢘ − ૜࢙૛ ≤
(ૡ) ૡ૙ࡾ૛ − ૚૙૝࢘ࡾ+ ૞૙࢘૛

૜૛ࡾ૛ − ૜૛࢘ࡾ+ ૚ૠ࢘૛  

(7), (8) ⇒ it suffices to prove: 

૛ࡾ − ࢘
૜࢘ ≥

(૝૙ࡾ૛ − ૞૛࢘ࡾ+ ૛૞࢘૛)૝

(૜૛ࡾ૛ − ૜૛࢘ࡾ+ ૚ૠ࢘૛)૝ 

⇔ ࢚) − ૛) ቐ(࢚ − ૛)ቌ
૛,૙ૢૠ,૚૞૛࢚ૠ −ૡ,ૠ૛ૡ,૞ૠ૟࢚૟ + ૚ૠ,ૡ૟૟,ૠ૞૛࢚૞ −

−૛૙,ૢૠ૚,૞૛૙࢚૝ + ૚૟,ૢ૚૞,૝૞૟࢚૜ −૟,ૠૢૡ,ૠ૛૙࢚૛ +
+૝,ૠ૚૝,૚૚૛࢚ + ૝,૝૟ૢ,૚૛૙

ቍ+ ૢ,૞૟૞,ૢ૜ૡቑ ≥ ૙ 

∴ it suffices to prove ࢖ > ૙ ∵ ࢚ ≥ ૛  (Euler). Now,  

࢖ = ࢚) − ૛) ൤൜(࢚ − ૛)൬૛,૙ૢૠ,૚૞૛࢚૞− ૜૜ૢ,ૢ૟ૡ࢚૝ + ૡ,૚૚ૡ,૛ૠ૛࢚૜ + ૚૛,ૡ૟૚,૝૝૙࢚૛ +
+૜૞,ૡૡૡ,૚૛ૡ࢚+ ૡ૞,૜૙ૡ,૙૜૛ ൰+ ૛૙૛૜ૢ૜ૠ૛ૡൠ൨+ 

+૟ૡ૙૛૝૝૝ૡ 

is of course > ૙ as ࢚ ≥ ૛ ⇒ (7) is true (Proved) 
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197. If ࢈,ࢇ, ૛ࢇ are positive real numbers such that ࢉ + ૛࢈ + ૛ࢉ = ૜ then 

૛ࢇ

૛࢈ + ૛ࢉ
+

૛࢈

૛ࢉ + ૛ࢇ
+

૛ࢉ

૛ࢇ + ૛࢈
≥

ૢ
૛(ࢇ + ࢈ +  (ࢉ

Proposed by Pham Quoc Sang-Ho Chi Minh-Vietnam 

Solution by Hoang Le Nhat Tung-Hanoi-Vietnam 
૛ࢇ

૛ࢉ૛ା࢈
= ૛ࢇ

૜ିࢇ૛
≥ ૜ࢇ

૛
⇔ ૛ࢇ ቀ ૚

૜ିࢇ૛
− ࢇ

૛
ቁ ≥ ૙ ⇔ (ା૛ࢇ)૛(૚ିࢇ)૛ࢇ

૛൫૜ିࢇ૛൯
≥ ૙   (true) 

⇒
૛ࢇ

૛࢈ + ૛ࢉ +
૛࢈

૛ࢉ + ૛ࢇ +
૛ࢉ

૛ࢇ + ૛࢈ ≥
૜ࢇ + ૜࢈ + ૜ࢉ

૛ ≥
ૢ

૛(ࢇ+ ࢈ +  (ࢉ

⇔ ૜ࢇ) + ૜࢈ + +ࢇ)(૜ࢉ +࢈ (ࢉ ≥ ૢ = ૛ࢇ) + ૛࢈ +  ૛)૛ࢉ

(true because: (ࢇ૜ + ૜࢈ + +ࢇ)(૜ࢉ ࢈ + (ࢉ ≥ ൫√ࢇ૜ࢇ + +࢈૜࢈√ ൯ࢉ૜ࢉ√
૛

= ૛ࢇ) + ૛࢈ +  (૛ࢉ

 

198. If ࢈,ࢇ, ࢻ,ࢉ > ૙,ࢉ࢈ࢇ =  :then ࢻ

ࢇ) + ૝(࢈

૛ࢇ + ૛࢈
+

࢈) + ૝(ࢉ

૛࢈ + ૛ࢉ
+

ࢉ) + ૝(ࢇ

૛ࢉ + ૛ࢇ
≥ ૛૝ඥࢻ૛૜  

Proposed by Nguyen Van Nho-Nghe An-Vietnam 

Solution by Daniel Sitaru-Romania 

෍
ࢇ) + ૝(࢈

૛ࢇ + ૛࢈
= ෍

൫ࢇ૛ + ૛࢈ + ૛࢈ࢇ൯૛

૛ࢇ + ૛࢈
= ෍

൫ࢇ૛ + ૛൯૛࢈

૛ࢇ + ૛࢈
+ ૝෍

૛ࢇ൫࢈ࢇ + ૛൯࢈
૛ࢇ + ૛࢈

+ ૝෍
૛࢈૛ࢇ

૛ࢇ + ૛࢈
= 

 

= ෍(ࢇ૛ + (૛࢈ + ૝෍࢈ࢇ + ૛෍
૛

૚
૛ࢇ + ૚

૛࢈
≥⏞

ࡹࡳିࡹ࡭

૛ ∙ ૜ඥࢻ૛૜ + ૝ ∙ ૜ඥࢻ૛૜ + ૛෍࢈ࢇ ≥⏞
ࡹࡳିࡹ࡭

 

 
≥ ૚ૡඥࢻ૛૜ + ૛ ∙ ૜ඥࢻ૛૜ = ૛૝ඥࢻ૛૜  

199. Let ࢟,࢞, ࢞ be positive real numbers satisfying ࢠ + ࢟ + ࢠ = ૚. Prove that: 

(૚+ ࢟࢞ + ࢠ࢟ + ૚)(࢞ࢠ + ૜࢞૜ + ૜࢟૜ + ૜ࢠ૜)
࢞)ૢ + ࢟)(࢟ + +ࢠ)(ࢠ (࢞ ≥ ቆ

+૚√࢞ ࢞
√૜ + ૛૝࢞ૢ +

ඥ૚࢟ + ࢟
ඥ૜ + ૛૝࢟ૢ +

૚√ࢠ + ࢠ
√૜ + ૛૝ࢠૢ ቇ

૛

 

Proposed as subject at Korea NMO-2017 
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Solution by Hoang Le Nhat Tung-Hanoi-Vietnam 

By Cauchy-Schwarz 

૜ + ૛࢞ૢ = (૜࢞)૛ + ૚ + ૚ + ૚ ≥ (૜࢞ା૚ା૚ା૚)૛

૝
= ૛(ା૚࢞)ૢ

૝
⇒ √૜ + ૛૝࢞ૢ ≥ ට૜(࢞ା૚)

૛
  

⇒ ∑ ࢞૚ା√࢞
ඥ૜ାૢ࢞૛૝ ≤ ∑ ࢞૚ା√࢞

ට૜(࢞శ૚)
૛

= ∑ට૛
૜
⇒ ൬∑ ࢞૚ା√࢞

ඥ૜ାૢ࢞૛૝ ൰
૛
≤ ૛

૜
૛(࢞∑) = ૛

૜
⋅ ૚ = ૛

૜
   (1) 

We have: (૚ା∑࢟࢞)൫૚ା૜∑ ૛൯࢞
(࢞ାࢠ)(ࢠା࢟)(࢟ା࢞)ૢ

= ૚ା૜∑࢞૛ା∑࢟࢞ା૜൫∑࢞૜൯(∑࢟࢞)
(࢞ାࢠ)(ࢠା࢟)(࢟ା࢞)ૢ

 

Other: ૜(∑࢞૜)(∑࢟࢞) ≥ ૜ ⋅ ૜(࢞∑)

ૢ
⋅ (࢟࢞∑) = ૜ ⋅ ૚

ૢ
(࢟࢞∑) = (࢞∑)(࢟࢞∑)

૜
 , and ∑࢞ = ૚ 

⇒ ૚ + ૜∑࢞૜ + ࢟࢞∑ + ૜(∑࢞૜)(∑࢟࢞) ≥ ૜(࢞∑) + ૜∑࢞૜ + (࢟࢞∑)(࢞∑) + ∑)(࢟࢞∑) (࢞
૜

  

⇒
(૚ + ૚)(࢟࢞∑ + ૜∑࢞૜)
࢞)ૢ + ࢟)(࢟ + +ࢠ)(ࢠ (࢞ ≥

૜(࢞∑) + ૜∑࢞૜ + ૝(∑࢟࢞)(∑࢞)
૜

࢞)ૢ + +࢟)(࢟ +ࢠ)(ࢠ (࢞ = 

=
૜(∑࢞)૜ + ૢ∑ ૜࢞ + ૝(∑࢟࢞)(∑࢞)

૛ૠ(࢞ + ࢟)(࢟ + +ࢠ)(ࢠ (࢞ ≥
૛
૜ 

⇔ ૜ቀ෍࢞ቁ
૜

+ ૢ෍࢞૜ + ૝ ቀ෍࢟࢞ቁ ቀ෍࢞ቁ ≥ ૚ૡ(࢞ + ࢟)(࢟ + +ࢠ)(ࢠ  (࢞

⇔ ૚૛෍࢞૜ ≥ ૞෍࢟࢞ ࢞) + (࢟ + ૟ࢠ࢟࢞ ⇔ 

૞∑ ቀ࢞૜ + ૜࢟ − ࢞)࢟࢞ + ቁ(࢟ + ૛(∑࢞૜ − ૜ࢠ࢟࢞) ≥ ૙  

⇔ ૞∑(࢞ + ࢞)(࢟ − ૛(࢟ + ࢞)∑)(࢞∑) − (૛(࢟ ≥ ૙   (True) 

Then (1):⇒ (૚ା∑࢟࢞)൫૚ା૜∑࢞૜൯
	(࢞ାࢠ)(ࢠା࢟)(࢟ା࢞)ૢ

≥ ૛
૜
≥ ൬∑ ࢞૚ା√࢞

ඥ૜ାૢ࢞૛
૝ ൰

૛
⇒ ൬∑ ࢞૚ା√࢞

ඥ૜ାૢ࢞૛
૝ ൰

૛
≤ (૚ା∑࢟࢞)൫૚ା૜∑࢞૜൯

(࢞ାࢠ)(ࢠା࢟)(࢟ା࢞)ૢ
 

 

200. If ࢈,ࢇ, ࢇ) are positive real number such that ࢉ + ࢈)(࢈ + ࢉ)(ࢉ + (ࢇ = ૡ 

then: 

૚
૛ࢇ + ࢈ࢇ + ૛࢈

+
૚

૛࢈ + ࢉ࢈ + ૛ࢉ
+

૚
૛ࢉ + ࢇࢉ + ૛ࢇ

≥
࢈ࢇ + ࢉ࢈ + ࢇࢉ
ࢇ + ࢈ + ࢉ

 

Proposed by Pham Quoc Sang-Ho Chi Minh-Vietnam 
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Solution by Soumitra Mandal-Chandar Nagore-India 

෍
૚

૛ࢇ + ࢈ࢇ + ૛࢈
ࢉ࢟ࢉ

≥
࢈ࢇ + ࢉ࢈ + ࢇࢉ
ࢇ + ࢈ + ࢉ  

⇔෍
૚

૛ࢇ) + ࢈ࢇ + ࢈ࢇ)(૛࢈ + +ࢉ࢈ (ࢇࢉ
ࢉ࢟ࢉ

≥
૚

+ࢇ ࢈ +  ࢉ

⇔෍
૝

૛ࢇ) + +࢈ࢇ ૛࢈ + +࢈ࢇ ࢉ࢈ + ૛(ࢇࢉ
ࢉ࢟ࢉ

≥
૚

ࢇ + ࢈ +  ࢉ

ቈ∵ ૛ࢇ) + ࢈ࢇ + ࢈ࢇ)(૛࢈ + ࢉ࢈ + (ࢇࢉ ≤
+ࢇ) +ࢇ)૛(࢈ ࢈ + ૛(ࢉ

૝ ቉ 

⇔෍
૝

ࢇ) + +ࢇ)૛(࢈ ࢈ + ૛(ࢉ
ࢉ࢟ࢉ

≥
૚

ࢇ + ࢈ + ࢉ ⇔෍
૝

ࢇ) + ૛(࢈
ࢉ࢟ࢉ

≥ +ࢇ ࢈ +  ࢉ

∴෍
૝

+ࢇ) ૛(࢈
ࢉ࢟ࢉ

≥෍
૝

ࢇ) + +࢈)(࢈ (ࢉ
ࢉ࢟ࢉ

=
ૡ(ࢇ+ +࢈ (ࢉ
∏ +ࢇ) ࢉ࢟ࢉ(࢈

= +ࢇ ࢈ +  ࢉ
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Its nice to be important but more important its to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 
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