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101. Let 풂,풃, 풄 be positive real numbers with 풂 + 풃 + 풄 = ퟏ. 

Prove that 

풂ퟓ

(풃 + ퟏ)(풄 + ퟏ) +
풃ퟓ

(풄 + ퟏ)(풂 + ퟏ) +
풄ퟓ

(풂 + ퟏ)(풃 + ퟏ) ≥
ퟏ
ퟏퟒퟒ

 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution 1 by Soumava Chakraborty-Kolkata-India 

푳푯푺 = 풂ퟑ ⋅
풂ퟐ

(풃 + ퟏ)(풄 + ퟏ) 

WLOG, we may assume 풂 ≥ 풃 ≥ 풄 

풂ퟐ

(풃 + ퟏ)(풄 + ퟏ) ≥
풃ퟐ

(풄 + ퟏ)(풂 + ퟏ) ⇔ 풂ퟑ + 풂ퟐ ≥ 풃ퟑ + 풃ퟐ 

⇔ (풂 − 풃)(풂ퟐ + 풂풃 + 풃ퟐ + 풂 + 풃) ≥ ퟎ → true, ∵ 풂 ≥ 풃 

∴ 풂ퟐ

(풃 ퟏ)(풄 ퟏ) ≥
풃ퟐ

(풄 ퟏ)(풂 ퟏ) . Similarly, 풃ퟐ

(풄 ퟏ)(풂 ퟏ) ≥
풄ퟐ

(풂 ퟏ)(풃 ퟏ) 

∴ applying Chebyshev’s inequality, 푳푯푺 = ∑풂ퟑ ⋅ 풂ퟐ

(풃 ퟏ)(풄 ퟏ) 

≥
(ퟏ)

ퟏ
ퟑ 풂ퟑ

풂ퟐ

(풃 + ퟏ)(풄 + ퟏ) 

풂ퟑ ≥
푪풉풆풃풚풔풉풆풗 ퟏ

ퟑ 풂 ⋅ 풂ퟐ =
ퟏ
ퟑ 풂ퟐ ≥

(ퟐ)

푪풉풆풃풚풔풉풆풗 ퟏ
ퟗ 풂

ퟐ
=
ퟏ
ퟗ 

풂ퟐ

(풃 + ퟏ)(풄 + ퟏ) ≥
푩풆풓품풔풕풓풐풎 (∑풂)ퟐ

∑풂풃 + ퟐ∑풂 + ퟑ =
ퟏ

∑풂풃 + ퟓ 

≥
(ퟑ)

ퟏ
ퟏ
ퟑ (∑풂)ퟐ + ퟓ

			 ∵ 풂풃 ≤
ퟏ
ퟑ 풂

ퟐ
=

ퟑ
ퟏퟔ 

Using (1), (2), (3), LHS ≥ ퟏ
ퟑ
⋅ ퟏ
ퟗ
⋅ ퟑ
ퟏퟔ

= ퟏ
ퟏퟒퟒ

  

(Proved) 
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Solution 2 by Soumava Chakraborty-Kolkata-India 

푳푯푺 = 풂 ⋅
풂ퟒ

(풃 + ퟏ)(풄 + ퟏ) 

WLOG, we may assume 풂 ≥ 풃 ≥ 풄 

풂ퟒ

(풃 + ퟏ)(풄 + ퟏ) ≥
풃ퟒ

(풄 + ퟏ)(풂 + ퟏ) ⇔ 풂ퟓ + 풂ퟒ ≥ 풃ퟓ + 풃ퟒ 

⇔ (풂 − 풃)(풂ퟒ + 풂ퟑ풃 + 풂ퟐ풃ퟐ + 풂풃ퟑ + 풃ퟒ + 풂ퟑ + 풂ퟐ풃 + 풂풃ퟐ + 풃ퟑ) ≥ ퟎ 

→ true, ∵ 풂 ≥ 풃 

∴ 풂ퟒ

(풃 ퟏ)(풄 ퟏ) ≥
풃ퟒ

(풄 ퟏ)(풂 ퟏ). Similarly, 풃ퟒ

(풄 ퟏ)(풂 ퟏ) ≥
풄ퟒ

(풃 ퟏ)(풂 ퟏ) 

∴ 푳푯푺 ≥⏟
(ퟏ)

푪풉풆풃풚풔풆풗ퟏ
ퟑ

풂 ⋅
풂ퟒ

(풃 + ퟏ)(풄 + ퟏ) 

∑ 풂ퟒ

(풃 ퟏ)(풄 ퟏ) ≥
푩풆풓품풔풕풓풐풎

	
∑풂ퟐ

ퟐ

∑풂풃 ퟐ∑풂 ퟑ
≥

푪풉풆풃풚풔풉풆풗 ퟏ
ퟗ

(∑풂)ퟒ

∑풂풃 ퟓ
= ퟏ

ퟗ(∑풂풃 ퟓ)  

≥
(ퟐ)

ퟏ

ퟗ ⋅ ퟏퟔퟑ
∵ 풂풃 ≤

ퟏ
ퟑ 풂

ퟐ
=

ퟏ
ퟒퟖ 

using (1), (2), 푳푯푺 ≥ ퟏ
ퟑ
⋅ (ퟏ) ⋅ ퟏ

ퟒퟖ
= ퟏ

ퟏퟒퟒ
  

(Proved) 

Solution 3 by Soumava Chakraborty-Kolkata-India 

WLOG, 풂 ≥ 풃 ≥ 풄. Then, ퟏ
(풃 ퟏ)(풄 ퟏ) ≥

ퟏ
(풄 ퟏ)(풂 ퟏ) ≥

ퟏ
(풂 ퟏ)(풃 ퟏ) 

∴ 푳푯푺 ≥⏟
(ퟏ)

푪풉풆풃풚풔풆풗 ퟏ
ퟑ

풂ퟓ
ퟏ

(풃 + ퟏ)(풄 + ퟏ) 

풂ퟓ ≥⏟
(ퟐ)

푪풉풆풃풚풔풆풗 ퟏ
ퟑퟒ 풂

ퟓ
=

ퟏ
ퟖퟏ 
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ퟏ

(풃 + ퟏ)(풄 + ퟏ) ≥
푩풆풓품풔풕풓풐풎 ퟗ

∑풂풃 + ퟐ∑풂 + ퟑ
=

ퟗ
∑풂풃 + ퟓ

 

≥
(ퟑ)

ퟗ
ퟏퟔ
ퟑ

∵ 풂풃 ≤
ퟏ
ퟑ

풂
ퟐ

=
ퟐퟕ
ퟏퟔ

 

using (1), (2), (3), 푳푯푺 ≥ ퟏ
ퟑ
⋅ ퟏ
ퟖퟏ
⋅ ퟐퟕ
ퟏퟔ

= ퟏ
ퟏퟒퟒ

 

(Proved) 

Solution 4 by Soumitra Mandal-Chandar Nagore-India 

풂ퟓ

(풃 + ퟏ)(풄+ ퟏ)
풄풚풄

(풃+ ퟏ)(풄 + ퟏ)
풄풚풄

(ퟏ + ퟏ + ퟏ)(ퟏ + ퟏ + ퟏ)(ퟏ + ퟏ + ퟏ) 

≥⏞
푯푶푳푫푬푹 푺	푰푵푬푸푼푨푳푰푻풀

	(풂 + 풃 + 풄)ퟓ = ퟏ 

⇒
풂ퟓ

(풃 + ퟏ)(풄 + ퟏ)
풄풚풄

(풂풃 + 풃풄 + 풄풂+ ퟐ + ퟑ)ퟑퟑ ≥ ퟏ 

⇒
(풂+ 풃+ 풄)ퟐ

ퟑ
+ ퟓ

풂ퟓ

(풃+ ퟏ)(풄 + ퟏ)
풄풚풄

ퟑퟑ ≥
풂ퟓ

(풃 + ퟏ)(풄 + ퟏ)
풄풚풄

풂풃+ ퟓ
풄풚풄

ퟑퟑ ≥ ퟏ 

⇒
풂ퟓ

(풃 + ퟏ)(풄 + ퟏ)
풄풚풄

ퟓ +
ퟏ
ퟑ ퟑퟑ ≥ ퟏ ⇒

풂ퟓ

(풃 + ퟏ)(풄 + ퟏ)
풄풚풄

≥
ퟏ
ퟏퟒퟒ 

(Proved) 

equality at 풂 = 풃 = 풄 = ퟏ
ퟑ
 

102. Let 풂,풃, 풄 be nonnegative numbers such that 풂 + 풃 + 풄 = ퟑ. Prove that 

√풂 + √풃 + √풄 − ퟑ ≥
ퟒ ퟑ − √ퟔ

ퟑ
(풂풃 + 풃풄 + 풄풂 − ퟑ) 

Proposed by Richdad Phuc-Hanoi-Vietnam 
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Solution by Richdad Phuc-Hanoi-Vietnam 

Let 풔 = 풂 + 풃;풑ퟐ = 풂풃 

We have 

√풂 + √풃 + √풄 = √풄 + 풃 + 풂 + ퟐ√풂풃 = √ퟑ − 풔 + 풔 + ퟐ풑 

풇(풑) = √ퟑ − 풔 + 풔+ ퟐ풑 − ퟑ − 풌(풑ퟐ + 풔(ퟑ − 풔)− ퟑ), 

풑 ∈ ퟎ;
풔
ퟐ ,풌 =

ퟒ ퟑ − √ퟔ
ퟑ  

풇 (풑) =
ퟏ

풔+ ퟐ풑
− ퟐ풌풑; 풇 (풑) = −

ퟏ

풔+ ퟐ풑
ퟑ − ퟐ풌 < ퟎ 

풇 is concave on ퟎ; 풔
ퟐ
⇒ 풇(풑) ≥ 퐦퐢퐧 풇(ퟎ); 풇 풔

ퟐ
 

∗ 풇(ퟎ) = √ퟑ − 풔 + √풔 − ퟑ − 풌(풔(ퟑ − 풔) − ퟑ) 

풕 = √ퟑ − 풔 + √풔 ⇒ 풕ퟐ = ퟑ + ퟐ√ퟑ − 풔√풔 ≤ ퟔ	 (AM – GM) ⇒ 풕 ∈ √ퟑ;√ퟔ  

풇(ퟎ) = 풕 − ퟑ −
ퟏퟐ − ퟒ√ퟔ

ퟑ
(풕ퟐ − ퟑ)ퟐ

ퟒ
− ퟑ ≥ ퟎ 

⇔ 풕− √ퟔ 풕ퟑ + √ퟔ풕ퟐ − √ퟔ − ퟑ ≤ ퟎ is true with 풕 ∈ √ퟑ;√ퟔ  

Equality hold if 풕 = √ퟔ ⇔ 풔 = ퟑ
ퟐ
⇔ 풂 = 풄 = ퟑ

ퟐ
,풃 = ퟎ or perumutations 

∗ 풇
풔
ퟐ = √ퟑ − 풔 + √ퟐ풔 − ퟑ +

ퟑ풌
ퟒ

(풔 − ퟐ)ퟐ = 

= (풔 − ퟐ)
−ퟏ

√ퟑ − 풔 + ퟏ
+

ퟐ
√ퟐ풔 + ퟐ

+
ퟑ풌
ퟒ

(풔 − ퟐ)ퟐ 

풇
풔
ퟐ

= −
ퟔ(풔 − ퟐ)ퟐ

√ퟑ − 풔 + ퟏ √ퟐ풔 + ퟐ ퟐ√ퟑ − 풔 + √ퟐ풔
+
ퟑ풌
ퟒ

(풔 − ퟐ)ퟐ 

풇
풔
ퟐ

= (풔 − ퟐ)ퟐ
ퟑ풌
ퟒ
−

ퟔ
√ퟑ − 풔 + ퟏ √ퟐ풔 + ퟐ ퟐ√ퟑ − 풔 + √ퟐ풔
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By Cauchy – Schwarz 

ퟐ√ퟑ − 풔 + √ퟐ풔
ퟐ
≤ ퟔ(ퟐ − 풔 + 풔) = ퟏퟖ ⇒ ퟐ√ퟑ − 풔 + √ퟐ풔 ≤ ퟑ√ퟐ 

By AM – GM 

ퟐ √ퟑ − 풔 + ퟏ √ퟐ풔 + ퟐ ퟐ√ퟑ − 풔 + √ퟐ풔 ≤ 

≤
ퟐ√ퟑ − 풔 + √ퟐ풔 + ퟒ

ퟐ

ퟑ
ퟐ√ퟑ − 풔 + √ퟐ풔 ≤

ퟕퟐ + ퟓퟏ√ퟐ
ퟐ

 

풇
풔
ퟐ ≥ (풔 − ퟐ)ퟐ ퟑ − √ퟔ −

ퟔ
ퟕퟐ + ퟓퟏ√ퟐ

ퟒ

≥ ퟎ 

Equality holds if 풔 = ퟐ ⇔ 풂 = 풃 = 풄 = ퟏ 

 

103. For: 풂,풃, 풄 > ퟎ ∧ 풂 + 풃 + 풄 = ퟑ. Prove: 

풍풏 풆 ퟏ 풂ퟐ + 풆 ퟏ 풃ퟐ + 풆풆 ퟏ 풄ퟐ ≥ 풍풏ퟑ + √ퟐ 

Proposed by Nguyen Van Nho-Nghe An-Vietnam 

Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

풇(풙) = 풆 ퟏ 풙ퟐ ⇒ 풇 (풙) =
풙 ⋅ 풆 ퟏ 풙ퟐ

ퟏ + 풙ퟐ
; 풇 =

풙 ⋅ 풆 ퟏ 풙ퟐ ⋅ ퟏ + 풙ퟐ − 풙 ⋅ 풆 ퟏ 풙ퟐ ퟏ + 풙ퟐ

ퟏ + 풙ퟐ
 

=
풆 ퟏ 풙ퟐ + 풙 ⋅ 풆 ퟏ 풙ퟐ ⋅ ퟐ풙

ퟐ ퟏ + 풙ퟐ
⋅ ퟏ + 풙ퟐ − 풙 ⋅ 풆 ퟏ 풙ퟐ ⋅ ퟐ풙

ퟐ ퟏ+ 풙ퟐ
(ퟏ + 풙ퟐ) = 

=
풆 ퟏ 풙ퟐ

ퟏ + 풙ퟐ
⋅ ퟏ +

풙ퟐ

ퟏ + 풙ퟐ
⋅ ퟏ + 풙ퟐ −

풙ퟐ

ퟏ+ 풙ퟐ
=
풆 ퟏ 풙ퟐ

ퟏ + 풙ퟐ
ퟏ + 풙ퟐ + 풙ퟐ −

풙ퟐ

ퟏ + 풙ퟐ
 

=
풆 ퟏ 풙ퟐ

(ퟏ + 풙ퟐ) ퟏ + 풙ퟐ
ퟏ + 풙ퟐ + 풙ퟐ ퟏ+ 풙ퟐ − 풙ퟐ =

ퟏ + 풙ퟐ ퟏ+ 풙ퟐ 풆 ퟏ 풙ퟐ

(ퟏ + 풙ퟐ) ퟏ + 풙ퟐ
> 0 
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풇 (풙) > 0 ⇔ 푓(풙) – concave ⇒ Jensen: 퐥퐧 ∑ 풆 ퟏ 풂ퟐ ≥ 퐥퐧ퟑ풆 ퟏ 풂 풃 풄
ퟑ

ퟐ

= 퐥퐧 ퟑ풆√ퟐ = 

= 퐥퐧 ퟑ + √ퟐ			(풂 = 풃 = 풄 = ퟏ) 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

퐥퐧 풆 ퟏ 풂ퟐ

풄풚풄

≥ 퐥퐧 풆
ퟏ 풂
√ퟐ

풄풚풄

	 ∵ ퟏ + 풙ퟐ ≥
ퟏ + 풙
√ퟐ

 

≥⏞
푨푴 푮푴

퐥퐧 ퟑ 풆
ퟑ 풂 풃 풄

√ퟐ
ퟑ

= 퐥퐧 ퟑ풆
ퟔ

ퟑ√ퟐ = 퐥퐧 ퟑ풆√ퟐ = 퐥퐧ퟑ + √ퟐ  (prove).  

Equality at 풂 = 풃 = 풄 = ퟏ 

 

104. Prove that for all positive real numbers 풂,풃, 풄 the inequality holds 

풂
풃 + 풄

+
풃

풄 + 풂
+

풄
풂 + 풃

+
풂풃 + 풃풄 + 풄풂
ퟐ(풂ퟐ + 풃ퟐ + 풄ퟐ) ≥ ퟐ 

Proposed by Hung Nguyen Viet-Hanoi-Vietnam 

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar para todos los numerous 푹  la siguiente desigualdad 
풂

풃 + 풄
+

풃
풄 + 풂

+
풄

풂 + 풃
+

풂풃 + 풃풄 + 풄풂
ퟐ(풂ퟐ + 풃ퟐ + 풄ퟐ) ≥ ퟐ 

Como 풂,풃, 풄 > ퟎ ⇔ 풂풃 + 풃풄 + 풄풂 > ퟎ 

Por 푴푨 ≥ 푴푮 

풂ퟐ + 풃ퟐ + 풄ퟐ

ퟐ(풂풃 + 풃풄 + 풄풂) +
풂풃 + 풃풄 + 풄풂
ퟐ(풂ퟐ + 풃ퟐ + 풄ퟐ) ≥ ퟏ 

Aplicando la desigualdad de Cauchy en la desigualdad propuesta 

풂
풃 + 풄

+
풂풃 + 풃풄 + 풄풂
ퟐ(풂ퟐ + 풃ퟐ + 풄ퟐ) ≥

(풂 + 풃 + 풄)ퟐ

ퟐ(풂풃 + 풃풄 + 풄풂) +
풂풃 + 풃풄 + 풄풂
ퟐ(풂ퟐ + 풃ퟐ + 풄ퟐ) = 

http://www.ssmrmh.ro


 
www.ssmrmh.ro 

 

=
풂ퟐ + 풃ퟐ + 풄ퟐ

ퟐ(풂풃 + 풃풄 + 풄풂) +
풂풃 + 풃풄 + 풄풂
ퟐ(풂ퟐ + 풃ퟐ + 풄ퟐ) + ퟏ ≥ ퟐ 

 

105. Let 풙,풚, 풛 be positive real numbers such that 풙풚풛 = ퟏ. Prove that 

ퟏ
(풙 + ퟏ)ퟐ + 풚ퟐ + ퟏ

+
ퟏ

(풚 + ퟏ)ퟐ + 풛ퟐ + ퟏ
+

ퟏ
(풛 + ퟏ)ퟐ + 풙ퟐ + ퟏ

≤
ퟏ
ퟐ

 

24th Pan African Mathematics Olympiad 

Solution by Daniel Sitaru – Romania  

풙 =
풃
풂 , 풚 =

풄
풃 , 풛 =

풂
풄 

ퟏ
(풙 + ퟏ)ퟐ + 풚ퟐ + ퟏ =

ퟏ
풙ퟐ + 풚ퟐ + ퟐ풙 + ퟐ ≤ 

≤
ퟏ
ퟐ

ퟏ
풙풚 + 풙 + 풚

=
ퟏ
ퟐ

ퟏ
풄
풂 + 풃

풂 + ퟏ
= 

=
ퟏ
ퟐ

풂
풂 + 풃 + 풄

=
ퟏ
ퟐ
⋅
풂 + 풃 + 풄
풂 + 풃 + 풄

=
ퟏ
ퟐ

 

 

106. From the book: “Math Phenomenon” 

If 풂,풃,풄 ∈ (ퟎ,∞),√풂풃 + √풃풄 + √풄풂 = ퟑ then: 

ퟑ (풂ퟑ + 풃ퟑ) 풄 ≥ ퟒ풂풃풄(풂 + 풃 + 풄) + ퟔ풂풃풄 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Si 풂,풃, 풄 ∈< ퟎ,∞ >, además √풂풃 + √풃풄 + √풄풂 = ퟑ. Probar 

ퟑ (풂ퟑ + 풃ퟑ)풄 ≥ ퟒ풂풃풄(풂 + 풃 + 풄) + ퟔ풂풃풄 
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Dado que es 풂,풃, 풄 > ퟎ ⇔ 풂풃풄 > ퟎ, dividiendo (÷ 풂풃풄) la desigualdad 

⇔ ퟑ
풂ퟐ

풃 +
풃ퟐ

풂 ≥ ퟒ(풂 + 풃 + 풄) + ퟔ 

Por la desigualdad de Cauchy 

ퟑ
풂ퟐ

풃 +
풃ퟐ

풂 ≥ ퟑ (풂 + 풃) = ퟔ 풂 ≥ ퟒ 풂 + ퟐ 풂 ≥ 

≥ ퟒ(풂 + 풃 + 풄) + ퟐ √풂풃 = ퟒ(풂 + 풃 + 풄) + ퟔ 

Solution 2 by Soumava Chakraborty-Kolkata-India 

풂ퟑ + 풃ퟑ ≥ 풂풃(풂 + 풃) ⇒ 풄(풂ퟑ + 풃ퟑ) ≥ 풂풃풄(풂 + 풃) 

∴ ퟑ 풄(풂ퟑ + 풃ퟑ) ≥
(ퟏ)

ퟑ풂풃풄 (풂 + 풃) = ퟔ풂풃풄(풂 + 풃 + 풄) 

(1) ⇒ it suffices to prove: ퟔ풂풃풄(∑풂) ≥ ퟒ풂풃풄(∑풂) + ퟔ풂풃풄 

⇔ ∑풂 ≥ ퟑ  (2) 

Now, ∑풂 = √풂
ퟐ

+ √풃
ퟐ

+ √풄
ퟐ

 

≥ √풂풃 + √풃풄 + √풄풂	 ∵ 풙ퟐ ≥ 풙풚  

= ퟑ ⇒ (2) is true (Proved) 

Solution 3 by Nirapada Pal-Jhargram-India 

Given, ∑√풂풃 = ퟑ 

Now, ퟒ풂풃풄(풂 + 풃 + 풄) + ퟔ풂풃풄 = ퟐ풂풃풄[ퟐ∑풂 + ퟑ] 

= ퟐ풂풃풄 ퟐ 풂 + √풂풃 ≤⏞
푪푩푺

ퟐ풂풃풄 ퟐ 풂 + 풂 = ퟔ풂풃풄 풂 

≤⏞
푨푮푴

ퟐ 풂ퟑ 풂 = 풂ퟑ + 풃ퟑ 풂 ≤ ퟑ (풂ퟑ + 풃ퟑ)풄 
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107. If 풂,풃, 풄,풙,풚 > 0 then: 

풂ퟐ + 풃풄
풂ퟐ(풃풙 + 풄풚) +

풃ퟐ + 풄풂
풃ퟐ(풄풙 + 풂풚) +

풄ퟐ + 풂풃
풄ퟐ(풂풙 + 풃풚) ≥

ퟏퟖ
(풙 + 풚)(풂 + 풃 + 풄) 

Proposed by D.M. Bătinețu – Giurgiu; Neculai Stanciu – Romania  

Solution 1 by Soumitra Mandal-Chandar Nagore-India 

풂ퟐ + 풃풄
풂ퟐ(풃풙 + 풄풚)

풄풚풄

=
ퟏ

풃풙 + 풄풚
풄풚풄

+
풃풄

풂ퟐ(풃풙 + 풄풚)
풄풚풄

 

≥⏞
푨.푴. 푮.푴.풂풏풅	푩푬푹푮푺푻푹푶푴 ퟗ

∑(풃풙 + 풄풚) +
ퟑ

(풂풙 + 풃풚)(풃풙 + 풄풚)(풄풙 + 풂풚)ퟑ  

≥⏞
푹푬푽푬푹푺푬	푨.푴. 푮.푴.

	
ퟗ

(풙 + 풚)(풂 + 풃 + 풄) +
ퟑ

∑(풂풙 + 풃풚)
ퟑ

=
ퟏퟖ

(풙 + 풚)(풂 + 풃 + 풄) 

(Proved) 

Solution 2 by Uche Eliezer Okeke-Anambra-Nigerie 

풂ퟐ + 풃풄
풂ퟐ(풃풙 + 풄풚) =

ퟏ
(풃풙 + 풄풚)

푰

+
풃풄

풂ퟐ(풃풙 + 풄풚)
푰푰

 

푰 ≥
(ퟏ + ퟏ + ퟏ)ퟐ

∑(풃풙 + 풄풚) =
ퟗ

(풙 + 풚)(풂 + 풃 + 풄) 

푰푰 ∈
ퟏ
풂

ퟐ

풃풙 + 풄풚
풃풄

≥
∑ퟏ풂

ퟐ

(풙 + 풚) ∑ퟏ풂

=
ퟏ

(풙 + 풚)
ퟏ
풂

 

≥⏞
푨푴 푮푴 ퟏ

(풙 + 풚) ⋅
ퟗ

ퟑ√풂풃풄ퟑ  

≥⏞
푮푴 푨푴 ퟏ

(풙 + 풚) ⋅
ퟗ

(풂 + 풃 + 풄) = 푰 
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푳푯푺 = 푰 + 푰푰 ≥
ퟗ	 × 	ퟐ

(풙 + 풚)(풂 + 풃 + 풄) =
ퟏퟖ

(풙 + 풚)(풂 + 풃 + 풄) 

(Proved) 

 

108. If 풂,풃, 풄 > ퟎ then: 

(풂 + 풃 + 풄)ퟐ ≥ ퟑ(풂풃 + 풃풄 + 풄풂) +
ퟏ
ퟒ

(풂ퟐ − 풃ퟐ)ퟐ

풂ퟐ + 풃ퟐ
 

Proposed by D.M. Bătinețu – Giurgiu; Neculai Stanciu – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo 풂,풃, 풄 > ퟎ. Probar que 

(풂 + 풃 + 풄)ퟐ ≥ ퟑ(풂풃 + 풃풄 + 풄풂) +
ퟏ
ퟒ

(풂ퟐ − 풃ퟐ)ퟐ

풂ퟐ + 풃ퟐ
 

(풂 + 풃 + 풄)ퟐ ≥ ퟑ(풂풃 + 풃풄 + 풄풂) +
ퟏ
ퟒ 풂ퟐ + 풃ퟐ −

ퟒ풂ퟐ풃ퟐ

풂ퟐ + 풃ퟐ  

풂ퟐ + 풃ퟐ + 풄ퟐ + ퟐ(풂풃 + 풃풄 + 풄풂) ≥ ퟑ(풂풃 + 풃풄 + 풄풂) + 풂ퟐ 풃ퟐ 풄ퟐ

ퟐ
− ∑ 풂ퟐ풃ퟐ

풂ퟐ 풃ퟐ
  

⇔ 풂ퟐ + 풃ퟐ + 풄ퟐ + ퟐ
풂ퟐ풃ퟐ

풂ퟐ + 풃ퟐ
≥ ퟐ풂풃 + ퟐ풃풄 + ퟐ풄풂 

Aplicando MA ≥ MG 

∑ 풂ퟐ 풃ퟐ

ퟐ
+ ퟐ∑ 풂ퟐ풃ퟐ

풂ퟐ 풃ퟐ
≥ ퟐ∑풂풃 = ퟐ(풂풃 + 풃풄 + 풄풂)  (LQQD) 

 

Solution 2 by Seyran Ibrahimov-Maasilli-Azerbaidian 

푹푯푺 = ퟑ(풂풃 + 풃풄 + 풄풂) +
ퟏ
ퟒ

(풂ퟐ − 풃ퟐ)ퟐ

풂ퟐ + 풃ퟐ  

ퟏ
ퟒ

(풂ퟐ − 풃ퟐ)ퟐ

풂ퟐ + 풃ퟐ
≤
ퟏ
ퟐ

(풂 − 풃)ퟐ 
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푹푯푺 ≤ ퟑ(풂풃 + 풃풄 + 풄풂) + 풂ퟐ + 풃ퟐ + 풄ퟐ − 풂풃 − 풃풄 − 풄풂 = 

= (풂 + 풃 + 풄)ퟐ 

Solution 3 by Soumava Chakraborty-Kolkata-India 

(풂 + 풃 + 풄)ퟐ ≥
(ퟏ)

ퟑ(풂풃 + 풃풄 + 풄풂) +
ퟏ
ퟒ

(풂ퟐ − 풃ퟐ)ퟐ

풂ퟐ + 풃ퟐ  

(1) ⇔ 풂ퟐ + 풃ퟐ + 풄ퟐ − 풂풃 − 풃풄 − 풄풂 

≥ ퟏ
ퟒ
∑ 풂ퟐ 풃ퟐ

ퟐ

풂ퟐ 풃ퟐ
    (2) 

We shall prove that: 풂
ퟐ 풃ퟐ

ퟐ
− 풂풃 ≥ ퟏ

ퟒ
⋅ 풂ퟐ 풃ퟐ

ퟐ

(풂ퟐ 풃ퟐ)  

⇔
(풂 − 풃)ퟐ

ퟐ
−

(풂 − 풃)ퟐ(풂 + 풃)ퟐ

ퟒ(풂ퟐ + 풃ퟐ) ≥ ퟎ 

⇔
(풂 − 풃)ퟐ

ퟐ
ퟏ −

(풂 + 풃)ퟐ

ퟐ(풂ퟐ + 풃ퟐ) ≥ ퟎ 

⇔ (풂 − 풃)ퟐ
(풂 + 풃)ퟐ + (풂 − 풃)ퟐ − (풂 + 풃)ퟐ

ퟐ(풂ퟐ + 풃ퟐ) ≥ ퟎ 

⇔ (풂 풃)ퟒ

(풂ퟐ 풃ퟐ) ≥ ퟎ → true 

∴ 풂ퟐ 풃ퟐ

ퟐ
− 풂풃 ≥ ퟏ

ퟒ
⋅ 풂ퟐ 풃ퟐ

ퟐ

(풂ퟐ 풃ퟐ)     (i) 

Similarly, 풃
ퟐ 풄ퟐ

ퟐ
− 풃풄 ≥

(풊풊) ퟏ
ퟒ
⋅ 풃ퟐ 풄ퟐ

ퟐ

(풃ퟐ 풄ퟐ)  , and, 

풄ퟐ + 풂ퟐ

ퟐ
− 풄풂 ≥

(풊풊풊) ퟏ
ퟒ
⋅

(풄ퟐ − 풂ퟐ)ퟐ

(풄ퟐ + 풂ퟐ)  

(i) + (ii) + (iii) ⇒ (2) is true (Proved) 

 

 

http://www.ssmrmh.ro


 
www.ssmrmh.ro 

 
109. If 풙,풚, 풛 ≥ ퟎ then: 

ퟐ√ퟐ(풙풚 + 풚풛 + 풛풙) ≥ ퟐ풙풚풛 √풙 + 풚+ √풛 + 풙ퟐ풛ퟐ + 풚ퟐ풛ퟐ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palcios – Huarmey – Peru  

Siendo 풙,풚, 풛 ≥ ퟎ. Probar la siguiente desigualdad 

ퟐ√ퟐ(풙풚 + 풚풛 + 풛풙) ≥ ퟐ풙풚풛 √풙 + 풚 + √풛 + 풙ퟐ(풛ퟐ + 풚ퟐ) 

Realizamos los siguientes cambios de variables 

풙 = 풂ퟐ ≥ ퟎ, 풚 = 풃ퟐ ≥ ퟎ,풛 = 풄ퟐ ≥ ퟎ 

La desigualdad es equivalente 

ퟐ√ퟐ(풂ퟐ풃ퟐ + 풃ퟐ풄ퟐ + 풄ퟐ풂ퟐ) ≥ √ퟐ풂풃풄(풂 + 풃 + 풄) + 풂ퟐ (풄ퟒ + 풃ퟒ) 

Probaremos que 풄ퟒ + 풃ퟒ ≤ ퟐ(풃ퟐ − 풃풄 + 풄ퟐ)ퟐ 

⇔ 풄ퟒ + 풃ퟒ ≤ ퟐ(풃ퟐ + 풄ퟐ)ퟐ + ퟐ풃ퟐ풄ퟐ − ퟒ풃풄(풃ퟐ + 풄ퟐ) 

⇔ (풃ퟒ + 풄ퟒ + ퟐ풃ퟐ풄ퟐ) + ퟒ풃ퟐ풄ퟐ − ퟒ풃풄(풃ퟐ + 풄ퟐ) = 

= (풃ퟐ + 풄ퟐ)ퟐ − ퟒ풃풄(풃ퟐ + 풄ퟐ) + ퟒ풃ퟐ풄ퟐ = (풃 − 풄)ퟒ ≥ ퟎ 

Por lo tanto 

풂ퟐ (풄ퟒ + 풃ퟒ) ≤ √ퟐ풂ퟐ(풃ퟐ − 풃풄 + 풄ퟐ) = 

= ퟐ√ퟐ(풂ퟐ풃ퟐ + 풃ퟐ풄ퟐ + 풄ퟐ풂ퟐ) − √ퟐ풂풃풄(풂 + 풃 + 풄) 

⇔ ퟐ√ퟐ(풂ퟐ풃ퟐ + 풃ퟐ풄ퟐ + 풄ퟐ풂ퟐ) ≥ √ퟐ풂풃풄(풂 + 풃 + 풄) + ∑풂ퟐ (풄ퟒ + 풃ퟒ)   

(LQQD) 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

ퟐ√ퟐ ⋅ (풙풚 + 풚풛 + 풛풙) = √ퟐ (풙풚+ 풛풙) + (풚풛 + 풙풚) + (풛풙 + 풚풛) = 
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= √ퟐ ⋅ 풙(풚 + 풛) = 풙 ⋅ ퟐ(풚+ 풛)ퟐ = 풙 ퟐ(풚ퟐ + 풛ퟐ + ퟐ풚풛) = 

= 풙 (ퟏퟐ + ퟏퟐ) ⋅ 풚ퟐ + 풛ퟐ
ퟐ

+ ퟐ풚풛
ퟐ

≥
푪푩푺

 

≥ 풙 풚ퟐ + 풛ퟐ + ퟐ풚풛 = 풙ퟐ풚ퟐ + 풙ퟐ풛ퟐ + ퟐ풙풚풛 ⋅ √풙 

= ퟐ풙풚풛 ⋅ √풙 + 풚+ √풛 + 풙ퟐ풚ퟐ + 풚ퟐ풛ퟐ 

Solution 3 by Seyran Ibrahimov-Maasilli-Azerbaidian 

ퟐ√ퟐ(풙풚 + 풚풛 + 풛풙)
풂

≥ ퟐ풙풚풛 √풙 + 풚+ √풛 + 풙ퟐ풛ퟐ + 풚ퟐ풛ퟐ

풃

 

ퟐ√ퟐ풙풚 ≥ 풙 ퟐ풚풛+ 풛 풙ퟐ + 풚ퟐ 

1) ∑√ퟐ풙풚 ≥
?
∑풙 ퟐ풚풛	 (AM-GM) 

√ퟐ(풙풚 + 풛풙) ≥ ퟐ풙 ퟐ풚풛 

√ퟐ(풙풛 + 풛풚) ≥ ퟐ풛 ퟐ풙풚 

√ퟐ(풙풚 + 풚풛) ≥ ퟐ풚√풙풛 

2) ∑√ퟐ풙풚 ≥
?
∑풛 풙ퟐ + 풚ퟐ 

√ퟐ(풙풚 + 풚풛) ≥ 풚 풙ퟐ + 풚ퟐ 

ퟐ풚ퟐ(풙 + 풛)ퟐ ≥ 풚ퟐ(풙ퟐ + 풛ퟐ) 

ퟐ풙ퟐ + ퟐ풛ퟐ + ퟒ풙풛 ≥ 풙ퟐ + 풛ퟐ 

(풙 + 풛)ퟐ + ퟐ풙풛 ≥ ퟎ ⇒ 풙, 풚,풛 ≥ ퟎ 

(1) + (2) ≥ RHS (Proved) 
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Solution 4 by Uche Eliezer Okeke-Ananbra-Nigerie 

푹푯푺 = ퟐ풙풚풛 √풙 + 풚+ √풛 + 풙ퟐ풛ퟐ + 풛ퟐ풚ퟐ 

= √ퟐ 풙 풚풛 + 풙 풚ퟐ + 풛ퟐ  

≤
푪푩푺

√ퟐ 풙ퟐ ⋅ 풚풛 + √ퟐ 풙ퟐ ⋅ 풙ퟐ 

≤
푪푩푺

√ퟐ 풙ퟐ 풙ퟐ + 풙ퟐ = ퟐ√ퟐ 풙ퟐ 

⇒ ퟐ√ퟐ 풙ퟐ ≤
푪푩푺

ퟐ√ퟐ 풙풚 = 푳푯푺 

(Proved) 

 

110. If 풙,풚, 풛,풂 > ퟎ then: 

ퟏ
ퟐ풂

ퟏ
풙 +

ퟏ
풚 +

ퟏ
풛 ≥

풙
풙ퟐ + 풂ퟐ풚풛 +

풚
풚ퟐ + 풂ퟐ풛풙 +

풛
풛ퟐ + 풂ퟐ풙풚 

Proposed by Marin Chirciu – Romania  

Solution 1 by Nirapada Pal-Jhargram-India 

풙
풙ퟐ + 풂ퟐ풚풛

≤⏞
푨푴 푮푴

	
풙

ퟐ풂풙 풚풛
 

= ퟏ
ퟐ풂
∑ ퟏ

풙풚
≤ ퟏ

ퟐ풂
∑ ퟏ
풙
 since ∑푨푩 ≤ ∑푨ퟐ 

Solution 2 by Uche Eliezer Okeke-Anambra-Nigerie 

If 풙, 풚, 풛,풂 > ퟎ 
ퟏ
ퟐ풂

ퟏ
풙

≥
풙

풙ퟐ + 풂ퟐ풚풛
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푳푯푺 =
ퟏ
ퟐ풂

ퟏ
풙

=
ퟏ
ퟒ풂

ퟏ
풚

+
ퟏ
풛

≥⏞
푨푴 푮푴 ퟏ

ퟐ풂
ퟏ
풚풛

 

=
풙

ퟐ 풙ퟐ(풂ퟐ풚풛)
≥⏞

푮푴 푨푴

	
풙

풙ퟐ + 풂ퟐ풚풛		
(푹푯푺) 

(Proved) 

 

111. If 풂,풃, 풄 > ퟎ then: 

ퟑ(풂ퟐ + 풃ퟐ + 풄ퟐ)ퟐ ≥ ퟖ풂풃풄(풂 + 풃 + 풄) + (풂ퟐ + 풃ퟐ − 풄ퟐ)ퟐ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Aziz Abdul-Semarang-Indonesia 

a Fact: (풂풃 − 풃풄)ퟐ ≥ ퟎ 

풂ퟐ풃ퟐ + 풃ퟐ풄ퟐ ≥ ퟐ풂풃ퟐ풄 

Analogoue,  

풃ퟐ풄ퟐ + 풄ퟐ풂ퟐ ≥ ퟐ풂풃풄ퟐ 

풂ퟐ풄ퟐ + 풂ퟐ풃ퟐ ≥ ퟐ풂ퟐ풃풄		 + 

− − − − − − −− − − − 

풂ퟐ풃ퟐ + 풃ퟐ풄ퟐ + 풄ퟐ풂ퟐ ≥ 풂풃풄(풂 + 풃 + 풄) 

⇔ ퟖ(풂ퟐ풃ퟐ + 풃ퟐ풄ퟐ + 풄ퟐ풂ퟐ) ≥ ퟖ풂풃풄(풂 + 풃 + 풄) 

ퟑ(풂ퟒ + 풃ퟒ + 풄ퟒ) + ퟔ(풂ퟐ풃ퟐ + 풃ퟐ풄ퟐ + 풄ퟐ풂ퟐ) ≥ 

≥ ퟑ(풂ퟒ + 풃ퟒ + 풄ퟒ)− ퟐ(풂ퟐ풃ퟐ + 풃ퟐ풄ퟐ + 풄ퟐ풂ퟐ) + ퟖ풂풃풄(풂 + 풃 + 풄) 

ퟑ(풂ퟐ + 풃ퟐ + 풄ퟐ)ퟐ ≥ (풂ퟒ + 풃ퟒ + 풄ퟒ + ퟐ풂ퟐ풃ퟐ − ퟐ풃ퟐ풄ퟐ − ퟐ풂ퟐ풄ퟐ) 

+(풂ퟒ + 풃ퟒ + 풄ퟒ + ퟐ풂ퟐ풄ퟐ − ퟐ풂ퟐ풃ퟐ − ퟐ풃ퟐ풄ퟐ) 

+(풂ퟒ + 풃ퟒ + 풄ퟒ + ퟐ풃ퟐ풄ퟐ − ퟐ풂ퟐ풃ퟐ − ퟐ풂ퟐ풄ퟐ) 

http://www.ssmrmh.ro


 
www.ssmrmh.ro 

 
+ퟖ풂풃풄(풂 + 풃 + 풄) 

ퟑ(풂ퟐ + 풃ퟐ + 풄ퟐ)ퟐ ≥ (풂ퟐ + 풃ퟐ − 풄ퟐ)ퟐ + (풂ퟐ + 풄ퟐ − 풃ퟐ) + (풃ퟐ + 풄ퟐ − 풂ퟐ)ퟐ 

+ퟖ풂풃풄(풂 + 풃 + 풄) 

Solution 2 by Kevin Soto Palacios – Huarmey – Peru  

Si 풂,풃, 풄 ∈ 푹. Probar la siguiente desigualdad 

ퟑ(풂ퟐ + 풃ퟐ + 풄ퟐ)ퟐ ≥ ퟖ풂풃풄(풂 + 풃 + 풄) + (풂ퟐ + 풃ퟐ − 풄ퟐ)ퟐ 

⇔ ퟑ 풂ퟒ + ퟔ 풂ퟐ풃ퟐ ≥ ퟖ풂풃풄(풂 + 풃 + 풄) + ퟑ 풂ퟒ − ퟐ 풂ퟐ풃ퟐ 

⇔ ퟖ 풂ퟐ풃ퟐ ≥ 풂ퟐ풃ퟐ ≥ ퟖ풂풃풄(풂 + 풃 + 풄) ⇔ 풂ퟐ풃ퟐ ≥ 풂풃풄(풂 + 풃 + 풄) 

Si 풙,풚, 풛 ∈ 푹, se cumple la siguiente desigualdad 

풙ퟐ + 풚ퟐ + 풛ퟐ ≥ 풙풚 + 풚풛 + 풛풙 

Siendo 풙 = 풂풃, 풚 = 풃풄, 풛 = 풄풂 

⇒ 풂ퟐ풃ퟐ + 풃ퟐ풄ퟐ + 풄ퟐ풂ퟐ ≥ 풂풃풄(풂 + 풃 + 풄) 

Solution 3 by Soumava Chakraborty-Kolkata-India 

ퟑ(풂ퟐ + 풃ퟐ + 풄ퟐ)ퟐ − (풂ퟐ + 풃ퟐ − 풄ퟐ)ퟐ − (풃ퟐ + 풄ퟐ − 풂ퟐ)ퟐ − (풂ퟐ + 풃ퟐ − 풄ퟐ)ퟐ 

= ퟖ(풂ퟐ풃ퟐ + 풃ퟐ풄ퟐ + 풄ퟐ풂ퟐ) ≥ ퟖ풂풃풄(풂 + 풃 + 풄) 

(∵ 풙ퟐ + 풚ퟐ + 풛ퟐ ≥ 풙풚 + 풚풛 + 풛풙)  where 풙 = 풂풃,풚 = 풃풄,풛 = 풄풂) 

Solution 4 by Seyran Ibrahimov-Maasilli-Azerbaidian 

풂 = √풙 

풃 = 풚 

풄 = √풛 

ퟑ(풙 + 풚+ 풛)ퟐ ≥ ퟖ 풙풚풛 √풙 + 풚+ √풛 + (풙 + 풚 − 풛)ퟐ 

ퟑ(풙 + 풚 + 풛)ퟐ − (풙 + 풚 − 풛)ퟐ − (풙 + 풛 − 풚)ퟐ − (풚 + 풛 − 풙)ퟐ = 
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= ퟑ풙ퟐ + ퟑ풚ퟐ + ퟑ풛ퟐ + ퟔ풙풚+ ퟔ풙풛 + ퟔ풚풛 − 풙ퟐ − 풚ퟐ − 풛ퟐ − ퟐ풙풚 + ퟐ풙풛+ ퟐ풚풛 − 

−풙ퟐ − 풛ퟐ − 풚ퟐ − ퟐ풙풛 + ퟐ풙풚 + ퟐ풛풚 − 풚ퟐ − 풛ퟐ − 풙ퟐ − ퟐ풚풛+ ퟐ풙풚 + ퟐ풙풛 = 

= ퟖ풙풚 + ퟖ풙풛 + ퟖ풚풛 

풙풚 + 풙풛 ≥ ퟐ풙 풚풛
풙풚 + 풚풛 ≥ ퟐ풚√풙풛
풙풛+ 풚풛 ≥ ퟐ풛 풙풚

⇒ 푨푴 −푮푴 

 

112. If 풙,풚, 풛 ≥ ퟎ then: 

√풙ퟑ + ퟒ(풚+ 풛)ퟑ ≤ ퟑ ퟗ(풙 + 풚 + 풛)ퟑ  

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo 풙,풚, 풛 ≥ ퟎ. Probar la siguiente desigualdad 

√풙ퟑ + ퟒ(풚+ 풛)ퟑ ≤ ퟑ ퟗ(풙 + 풚 + 풛)ퟑ  

Como 풙,풚, 풛 ≥ ퟎ 

Por la desigualdad de Holder 

1) (풙 + 풚)ퟑ + (풚+ 풛)ퟑ + (풛 + 풙)ퟑ ≤ 

≤ (풙+ 풚) + (풚 + 풛) + (풛 + 풙) (ퟏ+ ퟏ + ퟏ)(ퟏ + ퟏ+ ퟏ)ퟑ
 

⇔ ퟒ(풙 + 풚)ퟑ + ퟒ(풚+ 풛)ퟑ + ퟒ(풛+ 풙)ퟑ ≤ ퟐ ퟗ(풙 + 풚 + 풛)ퟑ    (A) 

2) √풙ퟑ + 풚ퟑ + √풛ퟑ ≤ (풙 + 풚 + 풛)(ퟏ + ퟏ + ퟏ)(ퟏ + ퟏ + ퟏ)ퟑ  

⇔ √풙ퟑ + 풚ퟑ + √풛ퟑ ≤ ퟗ(풙 + 풚 + 풛)ퟑ     (B) 

Sumando (A) + (B) 

∑ √풙ퟑ + ퟒ(풚+ 풛)ퟑ ≤ ퟑ ퟗ(풙 + 풚 + 풛)ퟑ    (LQQD) 
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Solution 2 by Ravi Prakash-New Delhi-India 

There is nothing to prove if 풙 = 풚 = 풛 = ퟎ. 

Assume at least one of 풙, 풚, 풛 > ퟎ. 

For ퟎ ≤ 풕 ≤ ퟏ, let 

풇(풕) = 풕
ퟏ
ퟑ + ퟒ(ퟏ − 풕)

ퟏ
ퟑ 

풇 (풕) =
ퟏ
ퟑ
⋅
ퟏ

풕
ퟐ
ퟑ
−

ퟐ
ퟐ
ퟑ

ퟑ(ퟏ − 풕)
ퟐ
ퟑ

, ퟎ < 풕 < ퟏ =
ퟏ
ퟑ

(ퟏ − 풕)
ퟐ
ퟑ − ퟐ

ퟐ
ퟑ풕
ퟐ
ퟑ

풕
ퟐ
ퟑ(ퟏ − 풕)

ퟐ
ퟑ

 

=
ퟏ
ퟑ

(ퟏ − 풕)
ퟏ
ퟑ − (ퟐ풕)

ퟏ
ퟑ (ퟏ − 풕)

ퟏ
ퟑ + (ퟐ풕)

ퟏ
ퟑ

풕
ퟐ
ퟑ(ퟏ − 풕)

ퟐ
ퟑ

 

풇 (풕) > ퟎ	 if  ퟎ < 풕 < ퟏ
ퟑ

 

= ퟎ if 풕 = ퟏ
ퟑ

< ퟎ if ퟏ
ퟑ

< 풕 < ퟏ 

∴ 풇(풕) is maximum at 풕 = ퟏ
ퟑ
 

Thus, 풇(풕) ≤ 풇 ퟏ
ퟑ

,ퟎ ≤ 풕 ≤ ퟏ 

⇒ 풇(풕) ≤ ퟑ
ퟐ
ퟑ, ퟎ ≤ 풕 ≤ ퟏ 

Now,  

풙
ퟏ
ퟑ + ퟒ(풚+ 풛)

ퟏ
ퟑ

(풙 + 풚 + 풛)
ퟏ
ퟑ

= 풇
풙

풙 + 풚 + 풛
≤ ퟑ

ퟐ
ퟑ 

⇒ 풙
ퟏ
ퟑ + ퟒ(풚 + 풛)

ퟏ
ퟑ ≤ ퟗ

ퟏ
ퟑ(풙 + 풚 + 풛)

ퟏ
ퟑ = ퟑ ퟗ(풙 + 풚 + 풛)

ퟏ
ퟑ 
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113. Prove that the following inequalities hold for all positive real numbers 

풂,풃, 풄 

(a)  풂
ퟑ

풃
+ 풃ퟑ

풄
+ 풄ퟑ

풂
≥ ퟑ 풂ퟑ 풃ퟑ 풄ퟑ

풂 풃 풄
 

(b) 풃
ퟓ

풂ퟑ
+ 풄ퟓ

풃ퟑ
+ 풂ퟓ

풄ퟑ
≥ ퟑ 풂ퟑ 풃ퟑ 풄ퟑ

풂 풃 풄
 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar para todos los numerous 푹  “풂,풃, 풄”: 

a) ퟑ(풂ퟑ + 풃ퟑ + 풄ퟑ) ≤ (풂 + 풃 + 풄) 풂ퟑ

풃
+ 풃ퟑ

풄
+ 풄ퟑ

풂
 

⇒
풂ퟒ

풃 +
풃ퟒ

풄 +
풄ퟒ

풂 +
풂풃ퟑ

풄 +
풃풄ퟑ

풂 +
풄풂ퟑ

풃 + (풂ퟐ풃 + 풃ퟐ풄 + 풄ퟐ풂) ≥ 

≥ ퟐ(풂ퟑ + 풃ퟑ + 풄ퟑ) + (풂ퟐ풃 + 풃ퟐ풄 + 풄ퟐ풂) 

Desdes que: 풂,풃,풄 > ퟎ. Por: MA ≥ MG 

풂풃ퟑ

풄
+
풃풄ퟑ

풂
≥ ퟐ풃ퟐ풄,

풃풄ퟑ

풂
+
풄풂ퟑ

풃
≥ ퟐ풄ퟐ풂,

풄풂ퟑ

풃
+
풂풃ퟑ

풄
≥ 풂ퟐ풃 

Sumando obtenemos: 

ퟐ
풂풃ퟑ

풄 +
풃풄ퟑ

풂 +
풄풂ퟑ

풃 ≥ ퟐ(풂ퟐ풃 + 풃ퟐ풄 + 풄ퟐ풂) → 

→ 풂풃ퟑ

풄
+ 풃풄ퟑ

풂
+ 풄풂ퟑ

풃
≥ 풂ퟐ풃 + 풃ퟐ풄 + 풄ퟐ풂 … (A) 

풂ퟒ

풃
+ 풂ퟐ풃 ≥ ퟐ풂ퟑ,

풃ퟒ

풄
+ 풃ퟐ풄 ≥ ퟐ풃ퟑ,

풄ퟒ

풂
+ 풄ퟐ풂 ≥ ퟐ풄ퟑ 

⇒ 풂ퟒ

풃
+ 풃ퟒ

풄
+ 풄ퟒ

풂
+ (풂ퟐ풃 + 풃ퟐ풄 + 풄ퟐ풂) ≥ ퟐ(풂ퟑ + 풃ퟑ + 풄ퟑ) … (B) 

Sumando: (A) + (B) 
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⇒
풂ퟒ

풃
+
풃ퟒ

풄
+
풄ퟒ

풂
+

풂풃ퟑ

풄
+
풃풄ퟑ

풂
+
풄풂ퟑ

풃
+ (풂ퟐ풃 + 풃ퟐ풄 + 풄ퟐ풂) ≥ 

≥ ퟐ(풂ퟑ + 풃ퟑ + 풄ퟑ) + (풂ퟐ풃 + 풃ퟐ풄 + 풄ퟐ풂) 

b) ퟑ(풂ퟑ + 풃ퟑ + 풄ퟑ) ≤ (풂 + 풃 + 풄) 풃ퟓ

풂ퟑ
+ 풄ퟓ

풃ퟑ
+ 풂ퟓ

풄ퟑ
 

⇒ ퟑ(풂ퟑ + 풃ퟑ + 풄ퟑ) ≤ 풃ퟓ

풂ퟐ
+ 풄ퟓ

풃ퟐ
+ 풂ퟓ

풄ퟐ
+ 풂풄ퟓ

풃ퟑ
+ 풃풂ퟓ

풄ퟑ
+ 풄풃ퟓ

풂ퟑ
+ 풂ퟔ

풄ퟑ
+ 풃ퟔ

풂ퟑ
+ 풄ퟔ

풃ퟑ
  

Siendo: 풂,풃, 풄 > ퟎ. Por la desigualdad de Cauchy: 

⇒ 풂ퟔ

풄ퟑ
+ 풃ퟔ

풂ퟑ
+ 풄ퟔ

풃ퟑ
≥ 풂ퟑ 풃ퟑ 풄ퟑ

ퟐ

풄ퟑ 풂ퟑ 풃ퟑ
= 풂ퟑ + 풃ퟑ + 풄ퟑ … (A) 

Por MA ≥ MG 

⇒ 풂풄ퟓ

풃ퟑ
+ 풃풂ퟓ

풄ퟑ
≥ ퟐ풂ퟑ풄

풃
, 풃풂

ퟓ

풄ퟑ
+ 풄풃ퟓ

풂ퟑ
≥ ퟐ풃ퟑ풂

풄
, 풂풄

ퟓ

풃ퟑ
+ 풄풃ퟓ

풂ퟑ
≥ ퟐ풄ퟑ풃

풂
   (B) 

⇒ 풂풃ퟑ

풄
+ 풄풂ퟑ

풃
≥ ퟐ풂ퟐ풃, 풃풄

ퟑ

풂
+ 풂풃ퟑ

풄
≥ ퟐ풃ퟐ풄, 풄풂

ퟑ

풃
+ 풃풄ퟑ

풂
≥ ퟐ풄ퟐ풂   (C) 

⇒
풂풄ퟓ

풃ퟑ +
풃풂ퟓ

풄ퟑ +
풄풃ퟓ

풂ퟑ ≥
풂풃ퟑ

풄 +
풃풄ퟑ

풂 +
풄풂ퟑ

풃 ≥ 풂ퟐ풃 + 풃ퟐ풄 + 풄ퟐ풂 

Por transitividad: 

⇒
풃ퟓ

풂ퟐ +
풄ퟓ

풃ퟐ +
풂ퟓ

풄ퟐ +
풂풄ퟓ

풃ퟑ +
풃풂ퟓ

풄ퟑ +
풄풃ퟓ

풂ퟑ ≥
풃ퟓ

풂ퟐ + 풂ퟐ풃 +
풄ퟓ

풃ퟐ + 풃ퟐ풄 +
풂ퟓ

풄ퟐ + 풄ퟐ풂 ≥ 

≥ ퟐ(풂ퟑ + 풃ퟑ + 풄ퟑ) 

⇒
풃ퟓ

풂ퟐ +
풄ퟓ

풃ퟐ +
풂ퟓ

풄ퟐ +
풂풄ퟓ

풃ퟑ +
풃풂ퟓ

풄ퟑ +
풄풃ퟓ

풂ퟑ +
풂ퟔ

풄ퟑ +
풃ퟔ

풂ퟑ +
풄ퟔ

풃ퟑ ≥ 

≥ ퟐ(풂ퟑ + 풃ퟑ + 풄ퟑ) + 풂ퟑ + 풃ퟑ + 풄ퟑ = ퟑ(풂ퟑ + 풃ퟑ + 풄ퟑ) 

(LQQD) 

Solution 2 Myagmarsuren Yadamsuren-Darkhan-Mongolia 

풂풏 ퟐ

풃풏
+
풃풏 ퟐ

풄풏
+
풄풏 ퟐ

풂풏
≥
ퟑ ⋅ (풂ퟑ + 풃ퟑ + 풄ퟑ)

풂 + 풃 + 풄
 

ASSURE 
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a) b) – same 

(풂ퟐ풏 ퟐ ⋅ 풄풏 + 풃ퟐ풏 ퟐ ⋅ 풂풏 + 풄ퟐ풏 ퟐ ⋅ 풃풏) ⋅ (풂 + 풃 + 풄) ≥ 

≥ ퟑ(풂ퟑ + 풃ퟑ + 풄ퟑ) ⋅ 풂풏 ⋅ 풃풏 ⋅ 풄풏 ⇔ 

풂ퟐ풏 ퟐ ⋅ 풄풏

풄풚풄

⋅ (풂 + 풃 + 풄) ≥
푪풉풆풃풚풔풉풆풗

 

≥
ퟏ
ퟑ

(풂ퟑ + 풃ퟑ + 풄ퟑ) (풂ퟐ풏 ퟏ ⋅ 풄풏)
풄풚풄

⋅ (풂 + 풃 + 풄) ≥
푨푴 푮푴

 

≥
ퟏ
ퟑ

(풂ퟑ + 풃ퟑ + 풄ퟑ) ⋅ ퟑ ⋅ 풂ퟑ풏 ퟏ ⋅ 풃ퟑ풏 ퟏ ⋅ 풄ퟑ풏 ퟏퟑ ⋅ ퟑ ⋅ √풂풃풄ퟑ = 

= ퟑ ⋅ (풂ퟑ + 풃ퟑ + 풄ퟑ) ⋅ 풂ퟑ풏 ⋅ 풃ퟑ풏 ⋅ 풄ퟑ풏ퟑ = ퟑ ⋅ (풂ퟑ + 풃ퟑ + 풄ퟑ) ⋅ 풂풏 ⋅ 풃풏 ⋅ 풄풏 

Solution 3 by Soumitra Mandal-Chandar Nagore-India 

We know, (풂ퟐ + 풃ퟐ + 풄ퟐ)ퟐ ≥ ퟑ(풂ퟑ풃 + 풃ퟑ풄 + 풄ퟑ풂)   (1) 

1)  

풂ퟑ

풃
풄풚풄

=
풂ퟔ

풂ퟑ풃
풄풚풄

≥⏞
푩푬푹푮푺푻푹푶푴 (풂ퟑ + 풃ퟑ + 풄ퟑ)ퟐ

∑풂ퟑ풃
≥
ퟑ(풂ퟑ + 풃ퟑ + 풄ퟑ)ퟐ

(풂ퟐ + 풃ퟐ + 풄ퟐ)ퟐ 	 

[applying relation (1)] 

we need to prove, ퟑ 풂ퟑ 풃ퟑ 풄ퟑ
ퟐ

(풂ퟐ 풃ퟐ 풄ퟐ)ퟐ ≥ ퟑ 풂ퟑ 풃ퟑ 풄ퟑ

풂 풃 풄
 

⇔ 풂
풄풚풄

풂ퟑ

풄풚풄

≥ 풂ퟐ

풄풚풄

ퟐ

, 

which is true by Cauchy – Schwarz 

∴ ∑ 풂ퟑ

풃풄풚풄 ≥ ퟑ 풂ퟑ 풃ퟑ 풄ퟑ

풂 풃 풄
  (proved) 
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2) ∑ 풃ퟓ

풂ퟑ풄풚풄 = ∑ 풃ퟔ

풂ퟑ풃풄풚풄 ≥⏞
푩푬푹푮푺푻푹푶푴

∑풂ퟑ
ퟐ

∑풂ퟑ풃
≥ ퟑ ∑풂ퟑ

ퟐ

(∑풂ퟐ)ퟐ  . We need to prove 

ퟑ(∑풂ퟑ)ퟐ

(∑풂ퟐ)ퟐ ≥
ퟑ(∑풂ퟑ)
∑풂

⇔ 풂
풄풚풄

풂ퟑ

풄풚풄

≥ 풂ퟐ

풄풚풄

ퟐ

 

which is true by Cauchy – Schwarz 

∴
풃ퟓ

풂ퟑ
풄풚풄

≥
ퟑ(풂ퟑ + 풃ퟑ + 풄ퟑ)

풂 + 풃 + 풄
 

(Proved) 

 

114. Prove that for any positive real numbers 풙,풚, 풛 

풙ퟐ 풚ퟐ + 풛ퟐ + 풚ퟐ√풛ퟐ + 풙ퟐ + 풛ퟐ 풙ퟐ + 풚ퟐ

풙ퟑ + 풚ퟑ + 풛ퟑ
≤ √ퟐ 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar para todos los numerous 푹 	풙,풚,풛 la siguiente desigualdad 

풙ퟐ 풚ퟐ + 풛ퟐ + 풚ퟐ 풛ퟐ + 풙ퟐ + 풛ퟐ 풙ퟐ + 풚ퟐ ≤ √ퟐ(풙ퟑ + 풚ퟑ + 풛ퟑ) 

Recordar la siguiente desigualdad: 

(풂ퟒ + 풃ퟒ) ≤ ퟐ(풂ퟐ − 풂풃 + 풃ퟐ)ퟐ ⇔ (풂 − 풃)ퟒ ≥ ퟎ 

Por lo tanto 

∑풙ퟐ 풚ퟐ + 풛ퟐ ≤ √ퟐ풙ퟐ 풚 + 풛 − 풚풛 + √ퟐ풚ퟐ 풛 + 풙 − √풛풙 + √ퟐ풛ퟐ 풙 + 풚 − 풙풚   

Es necesario demostrar lo siguiente 

√ퟐ(풙ퟑ + 풚ퟑ + 풛ퟑ) ≥ √ퟐ풙ퟐ 풚 + 풛 − 풚풛 + √ퟐ풚ퟐ 풛 + 풙 − √풛풙 + √ퟐ풛ퟐ 풙 + 풚 − 풙풚   

⇔ 풙ퟑ + 풚ퟑ + 풛ퟑ + 풙ퟐ 풚풛 + 풚ퟐ√풛풙 + 풛ퟐ 풙풚 ≥ 풙풚(풙 + 풚) + 풚풛(풚+ 풛) + 풛풙(풛+ 풙) 

Por MA ≥ MG 
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⇔ 풙ퟑ + 풚ퟑ + 풛ퟑ + 풙ퟐ 풚풛 + 풚ퟐ√풛풙 + 풛ퟐ 풙풚 ≥ 풙ퟑ + 풚ퟑ + 풛ퟑ + ퟑ풙풚풛 

Por ultimo 

풙ퟑ + 풚ퟑ + 풛ퟑ + ퟑ풙풚풛 ≥ 풙풚(풙 + 풚) + 풚풛(풚 + 풛) + 풛풙(풛 + 풙) 

(Válid por desigualdad de Schur) 

Solution 2 Soumitra Mandal-Chandar Nagore-India 

We know, √풙 as a concave function for all 풙 > ퟎ 

∴
풙ퟐ 풚ퟐ + 풛ퟐ + 풚ퟐ√풙ퟐ + 풛ퟐ + 풛ퟐ 풙ퟐ + 풚ퟐ

풙ퟑ + 풚ퟑ + 풛ퟑ
=

풙ퟑ

풙ퟑ + 풚ퟑ + 풛ퟑ
풄풚풄

풚ퟐ + 풛ퟐ

풙ퟐ
 

≤⏞
푾푬푰푮푯푻푬푫	푱푬푵푺푬푵	푰푵푬푸푼푨푳푰푻풀

	
풙ퟑ

풙ퟑ + 풚ퟑ + 풛ퟑ
풚ퟐ + 풛ퟐ

풙ퟐ
풄풚풄

 

= 풙풚(풙 풚) 풚풛(풚 풛) 풛풙(풛 풙)
풙ퟑ 풚ퟑ 풛ퟑ

≤ √ퟐ (proved)  

∵ 풙ퟑ + 풚ퟑ ≥ 풙풚(풙 + 풚)
풚ퟑ + 풛ퟑ ≥ 풚풛(풚 + 풛)

풛ퟑ + 풙ퟑ ≥ 풛풙(풛 + 풙)	풂풏풅	풂풅풅풊풏품
 

Solution 3 by Sanong Haueray-Nakonpathom-Thailand 

Since  

풙ퟔ + 풙ퟑ풚ퟑ + 풙ퟑ풚ퟑ ≥ ퟑ풙ퟒ풚ퟐ 

풙ퟔ + 풙ퟑ풛ퟑ + 풙ퟑ풛ퟑ ≥ ퟑ풙ퟒ풛ퟐ 

풚ퟔ + 풙ퟑ풚ퟐ + 풙ퟐ풚ퟑ ≥ ퟑ풙ퟒ풚ퟐ 

풚ퟔ + 풚ퟑ풛ퟑ + 풚ퟐ풛ퟑ ≥ ퟑ풚ퟒ풛ퟐ 

풛ퟔ + 풙ퟑ풛ퟑ + 풙ퟑ풛ퟑ ≥ ퟑ풛ퟒ풙ퟐ 

풛ퟔ + 풚ퟑ풛ퟑ + 풚ퟑ풛ퟑ ≥ ퟑ풛ퟒ풚ퟐ 

Hence, 
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ퟐ(풙ퟑ + 풚ퟑ + 풛ퟑ)ퟐ ≥ ퟑ(풙ퟒ풚ퟐ + 풙ퟒ풛ퟐ + ⋯+ 풛ퟒ풚ퟐ) 

Consider 

풙ퟐ 풚ퟐ + 풛ퟐ + 풚ퟐ√풛ퟐ + 풙ퟐ + 풛ퟐ 풙ퟐ + 풚ퟐ

풙ퟑ + 풚ퟑ + 풛ퟑ  

≤
ퟑ(풙ퟒ풚ퟐ + 풙ퟒ풛ퟐ + ⋯+ 풛ퟒ풙ퟐ + 풛ퟒ풚ퟒ)

(풙ퟐ + 풚ퟐ + 풛ퟑ)ퟐ  

=
ퟔ(풙ퟒ풚ퟐ +⋯+ 풛ퟒ풚ퟐ)
ퟐ(풙ퟑ + 풚ퟑ + 풛ퟑ)ퟐ ≤

(풙ퟒ풚ퟐ +⋯+ 풛ퟒ풚ퟐ)
ퟑ(풙ퟒ풚ퟐ + ⋯+ 풛ퟒ풚ퟐ) = √ퟐ 

Solution 4 by Erbolat Darin-Ulanbaatar-Mongolia 

푨 =
풙ퟐ 풚ퟐ + 풛ퟐ + 풚ퟐ ⋅ √풛ퟐ + 풙ퟐ + 풛ퟐ 풚ퟐ + 풙ퟐ

풙ퟑ + 풚ퟑ + 풛ퟑ
≤ √ퟐ 

⇒ 

푩 = 풙ퟑ + 풚ퟑ + 풛ퟑ =
ퟒ(풙ퟑ + 풚ퟑ + 풛ퟑ)

ퟒ = 

=
ퟐ풙ퟑ + ퟐ풚ퟑ + ퟐ풛ퟑ + (풙ퟑ + 풚ퟑ) + (풚ퟑ + 풛ퟑ) + (풛ퟑ + 풙ퟑ)

ퟒ
≥ 

≥
ퟐ풙ퟑ + ퟐ풚ퟑ + ퟐ풛ퟑ + (풙 + 풚)풙풚 + 풚풛(풚 + 풛) + 풙풛(풙 + 풛)

ퟒ = 

=
ퟐ풙ퟑ + ퟐ풚ퟑ + ퟐ풛ퟑ + 풙 ⋅ (풚ퟐ + 풛ퟐ) + 풚 ⋅ (풛ퟐ + 풙ퟐ) + 풛 ⋅ (풙ퟐ + 풚ퟐ)

ퟒ
≥ 

≥
∑ퟐ ⋅ ퟐ풙ퟑ ⋅ 풙(풚ퟐ + 풛ퟐ)

ퟒ =
∑ퟐ√ퟐ풙ퟐ 풚ퟐ + 풛ퟐ

ퟒ =
∑풙ퟐ 풚ퟐ + 풛ퟐ

√ퟐ
 

푨 ≤
∑풙ퟐ 풚ퟐ + 풛ퟐ

∑풙ퟐ 풚ퟐ + 풛ퟐ

√ퟐ

= √ퟐ 
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115. Let 풙,풚, 풛 be positive real numbers such that: 풙 + 풚 + 풛 = ퟑ. 

Prove that: 풙ퟑ풚ퟑ

풙ퟒ 풚ퟑ 풙 ퟐ
+ 풚ퟑ풛ퟑ

풚ퟒ 풛ퟑ 풚 ퟐ
+ 풛ퟑ풙ퟑ

풛ퟒ 풙ퟑ 풛 ퟐ
≤ 풙ퟒ 풚ퟒ 풛ퟒ ퟑ풙풚풛

ퟔ
 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution by Hoang Le Nhat Tung – Hanoi – Vietnam 

* Let 풙,풚, 풛 > ퟎ We will prove that: 

풙ퟒ + 풚ퟒ + 풛ퟒ + 풙풚풛(풙+ 풚 + 풛) ≥ 풙풚(풙ퟐ + 풚ퟐ) + 풚풛(풚ퟐ + 풛ퟐ) + 풛풙(풛ퟐ + 풙ퟐ)       (1)  

(1) ⇔ 풙ퟒ + 풚ퟒ + 풛ퟒ + 풙풚풛(풙 + 풚 + 풛) − 풙풚(풙ퟐ + 풚ퟐ)− 풚풛(풚ퟐ + 풛ퟐ) − 풛풙(풛ퟐ + 풙ퟐ) ≥ ퟎ 

⇔ 풙ퟐ(풙ퟐ − 풙풚 − 풙풛+ 풚풛) + 풚ퟐ(풚ퟐ − 풚풛 − 풚풙 + 풛풙) + 풛ퟐ(풛ퟐ − 풛풙 − 풛풚+ 풙풚) ≥ ퟎ 

⇔ 풙ퟐ(풙− 풚)(풙 − 풛) + 풚ퟐ(풚 − 풛)(풚 − 풙) + 풛ퟐ(풛 − 풙)(풛 − 풚) ≥ ퟎ         (2) 

Let 풙 ≥ 풚 ≥ 풛 > ퟎ 

+ We have: 풛 ≤ 풙
풛 ≤ 풚 ⇔

풛− 풙 ≤ ퟎ
풛 − 풚 ≤ ퟎ ⇒ (풛 − 풙)(풛 − 풚) ≥ ퟎ ⇒ 풛ퟐ(풛 − 풙)(풛 − 풚) ≥ ퟎ    (3) 

+ Other: 풙ퟐ(풙 − 풚)(풙− 풛) + 풚ퟐ(풚 − 풛)(풚 − 풙) 

= (풙− 풚)[풙ퟐ(풙 − 풛) − 풚ퟐ(풚− 풛)] = (풙 − 풚)[(풙ퟑ − 풚ퟑ) − 풛(풙ퟐ − 풚ퟐ)] 
= (풙 − 풚)[(풙 − 풚)(풙ퟐ + 풙풚 + 풚ퟐ) − 풛(풙 − 풚)(풙 + 풚)] = (풙 − 풚)ퟐ(풙ퟐ + 풙풚 + 풚ퟐ − 풛풙 − 풛풚) ≥ ퟎ   (4) 

(풙 ≥ 풚 ≥ 풛 > ퟎ ⇒ 풙ퟐ + 풙풚 + 풚ퟐ − 풛풙 − 풛풚 = 풙(풙 − 풛) + 풚(풙 − 풛) + 풚ퟐ ≥ 풚ퟐ > ퟎ và (풙 − 풚)ퟐ ≥ ퟎ) 

− Since (3), (4): ⇒ 풙ퟐ(풙 − 풚)(풙 − 풛) + 풚ퟐ(풚 − 풛)(풚 − 풙) + 풛ퟐ(풛 − 풙)(풛 − 풚) ≥ ퟎ 

⇒ (2) True ⇒ (1) True. 

- Since (1), AM-GM: 

풙ퟒ + 풚ퟒ + 풛ퟒ + 풙풚풛(풙+ 풚 + 풛) ≥ 풙풚 풙ퟐ + 풚ퟐ + 풚풛 풚ퟐ + 풛ퟐ + 풛풙 풛ퟐ + 풙ퟐ ≥ 풙풚 ⋅ ퟐ풙풚+ 풚풛 ⋅ ퟐ풚풛+ 풛풙 ⋅ ퟐ풛풙 

⇔ 풙ퟐ풚ퟐ + 풚ퟐ풛ퟐ + 풛ퟐ풙ퟐ ≤
풙ퟒ + 풚ퟒ + 풛ퟒ + ퟑ풙풚풛

ퟐ
(풙 + 풚 + 풛 = ퟑ) 

* We have: 

풙ퟒ − 풙ퟑ − 풙 + ퟏ = 풙ퟑ(풙− ퟏ)− (풙 − ퟏ) = (풙 − ퟏ)(풙ퟑ − ퟏ) = (풙 − ퟏ)ퟐ(풙ퟐ + 풙 + ퟏ) ≥ ퟎ 

(Do (풙− ퟏ)ퟐ ≥ ퟎ) 

⇒ 풙ퟒ − 풙ퟑ − 풙 + ퟏ ≥ ퟎ ⇒ 풙ퟒ + 풚ퟑ − 풙 + ퟐ ≥ 풙ퟑ + 풚ퟑ + ퟏ ≥ ퟑ ⋅ 풙ퟑ ⋅ 풚ퟑ ⋅ ퟏퟑ = ퟑ풙풚 

⇔ 풙ퟑ풚ퟑ

풙ퟒ 풚ퟑ 풙 ퟐ
≤ 풙ퟑ풚ퟑ

ퟑ풙풚
= 풙ퟐ풚ퟐ

ퟑ
      (6) 
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+ Similar: 풚ퟑ풛ퟑ

풚ퟒ 풛ퟑ 풚 ퟐ
≤ 풚ퟐ풛ퟐ

ퟑ
; 풛ퟑ풙ퟑ

풛ퟒ 풙ퟑ 풛 ퟐ
≤ 풛ퟐ풙ퟐ

ퟑ
     (7) 

− Since (6), (7): ⇒ 풙ퟑ풚ퟑ

풙ퟒ 풚ퟑ 풙 ퟐ
+ 풚ퟑ풛ퟑ

풚ퟒ 풛ퟑ 풚 ퟐ
+ 풛ퟑ풙ퟑ

풛ퟒ 풙ퟑ 풛 ퟐ
≤ 풙ퟐ풚ퟐ 풚ퟐ풛ퟐ 풛ퟐ풙ퟐ

ퟑ
    (8) 

− Since (5), (8): ⇒ 풙ퟑ풚ퟑ

풙ퟒ 풚ퟑ 풙 ퟐ
+ 풚ퟑ풛ퟑ

풚ퟒ 풛ퟑ 풚 ퟐ
+ 풛ퟑ풙ퟑ

풛ퟒ 풙ퟑ 풛 ퟐ
≤ 풙ퟒ 풚ퟒ 풛ퟒ ퟑ풙풚풛

ퟔ
 

⇒ We get the result 

+ Iquality occurs if: 풙,풚, 풛 > ퟎ;풙 + 풚 + 풛 = ퟑ
풙 = 풚 = 풛 ⇔ 풙 = 풚 = 풛 = ퟏ. 

 

116. Let 풂,풃, 풄 be non-negative real numbers such that 

(풂 + 풃)(풃 + 풄)(풄 + 풂) = ퟖ. 

Prove that 

풂풃풄(풂ퟐ + 풃풄)(풃ퟐ + 풄풂)(풄ퟐ + 풂풃) ≤ ퟖ. 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo 풂,풃, 풄 números reales no negativos, de tal manera que 

(풂 + 풃)(풃 + 풄)(풄 + 풂) = ퟖ 

Probar que 

풂풃풄(풂ퟐ + 풃풄)(풃ퟐ + 풄풂)(풄ퟐ + 풂풃) ≤ ퟖ 

Utilizando la siguiente desigualdad 

ퟒ풙풚 ≤ (풙 + 풚)ퟐ ⇔ (풙 − 풚)ퟐ ≥ ퟎ 

ퟒ(풂ퟐ + 풃풄)(풂풃 + 풂풄) ≤ (풂ퟐ + 풃풄) + (풂풃 + 풂풄)
ퟐ

= (풂 + 풃)ퟐ(풂 + 풄)ퟐ   

(A) 

ퟒ(풃ퟐ + 풄풂)(풃풄 + 풃풂) ≤ (풃ퟐ + 풄풂) + (풃풄 + 풃풂)
ퟐ

= (풃 + 풄)ퟐ(풃 + 풂)ퟐ   

(B) 
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ퟒ(풄ퟐ + 풂풃)(풄풂 + 풄풃) ≤ (풄ퟐ + 풂풃) + (풄풂 + 풄풃)
ퟐ

= (풄 + 풂)ퟐ(풄 + 풃)ퟐ   (C) 

Multiplicando (A) ⋅ (B) ⋅ (C) 

ퟔퟒ풂풃풄(풂ퟐ + 풃풄)(풃ퟐ + 풄풂)(풄ퟐ + 풂풃) ≤ (풂 + 풃)ퟑ(풃 + 풄)ퟑ(풄 + 풂)ퟑ = ퟓퟏퟐ 

⇔ 풂풃풄(풂ퟐ + 풃풄)(풃ퟐ + 풄풂)(풄ퟐ + 풂풃) ≤ ퟖ  (LQQD) 

La igualdad se alcanza cuando 풂 = 풃 = 풄 = ퟏ. 

Solution 2 by Sanong Hauerai-Nakonpathom-Thailand 

From (풂 + 풃)(풃 + 풄)(풄 + 풂) = ퟖ, we get 

ퟖ = (풂 + 풃)(풃 + 풄)(풄 + 풂) ≥ ퟖ 풂ퟐ풃ퟐ풄ퟐ 

Hence, 풂풃풄 ≤ ퟏ 

and get 풂ퟒ풃ퟒ풄 + 풂풃ퟒ풄ퟒ + 풂ퟒ풃풄ퟒ + 풂ퟓ풃ퟐ풄ퟐ + 풂ퟐ풃ퟓ풄ퟐ + 풂ퟐ풃ퟐ풄ퟓ ≤ 

≤ 풂ퟐ풄 + 풃ퟐ풂 + 풄ퟐ풃 + 풂ퟐ풃 + 풄ퟐ풂 + 풃ퟐ풄 

Hence 

풂ퟑ풃ퟑ + 풃ퟑ풄ퟑ + 풄ퟑ풂ퟑ + 풂ퟒ풃풄 + 풂풃ퟒ풄 + 풂풃풄ퟒ ≤ 

≤
풂
풃 +

풃
풄 +

풄
풂 +

풂
풄 +

풂
풃 +

풃
풂  

Hence  

(풂풃풄)ퟐ + (풂풃)ퟑ + (풃풄)ퟑ + (풄풂)ퟑ + 풂ퟒ풃풄 + 풂풃ퟒ풄 + 풂풃풄ퟒ ≤ 

≤
풂
풃

+
풃
풄

+
풄
풂

+
풂
풄

+
풄
풃

+
풃
풂

+ ퟐ 

Hence 

(풂ퟐ + 풃풄)(풃ퟐ + 풄풂)(풄ퟐ + 풂풃) ≤ ퟏ +
풃
풂 ퟏ +

풄
풃 ퟏ +

풂
풄  

≤
(풂 + 풃)(풃 + 풄)(풄 + 풂)

풂풃풄
 

That 
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(풂ퟐ + 풃풄)(풃ퟐ + 풄풂)(풄ퟐ + 풂풃) ≤ (풂 + 풃)(풃 + 풄)(풄 + 풂) = ퟖ 

Then from it is to be true  

 

117. Prove that for all non-negative real numbers 풂,풃, 풄 

풂ퟐ + ퟐ
풃 + 풄 + ퟏ

+
풃ퟐ + ퟐ

풄 + 풂 + ퟏ
+

풄ퟐ + ퟐ
풂 + 풃 + ퟏ

≥ ퟑ 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar para todos los numerous 푹   풂,풃, 풄: 

풂ퟐ + ퟐ
풃 + 풄 + ퟏ +

풃ퟐ + ퟐ
풄 + 풂 + ퟏ +

풄ퟐ + ퟐ
풂 + 풃 + ퟏ ≥ ퟑ 

Por la desigualdad de Cauchy: 

(풂ퟐ + ퟏ + ퟏ)(ퟏ + 풃ퟐ + ퟏ) ≥ (풂 + 풃 + ퟏ)ퟐ   (A) 

De forma análoga: 

(풃ퟐ + ퟏ + ퟏ)(ퟏ + 풄ퟐ + ퟏ) ≥ (풃 + 풄 + ퟏ)ퟐ  (B) 

(풄ퟐ + ퟏ + ퟏ)(ퟏ + 풂ퟐ + ퟏ) ≥ (풄 + 풂 + ퟏ)ퟐ  (C) 

Multiplicando (A) (B) (C): 

(풂ퟐ + ퟐ)ퟐ(풃ퟐ + ퟐ)ퟐ(풄ퟐ + ퟐ)ퟐ ≥ (풃 + 풄 + ퟏ)ퟐ(풄 + 풂 + ퟏ)ퟐ(풂 + 풃 + ퟏ)ퟐ 

⇒ (풂ퟐ + ퟐ)(풃ퟐ + ퟐ)(풄ퟐ + ퟐ) ≥ (풃 + 풄 + ퟏ)(풄 + 풂 + ퟏ)(풂 + 풃 + ퟏ) 

De la desigualdad propuesta … Por: MA ≥ MG 

풂ퟐ ퟐ
풃 풄 ퟏ

+ 풃ퟐ ퟐ
풄 풂 ퟏ

+ 풄ퟐ ퟐ
풂 풃 ퟏ

≥ ퟑ (풂ퟐ ퟐ)(풃ퟐ ퟐ)(풄ퟐ ퟐ)
(풃 풄 ퟏ)(풄 풂 ퟏ)(풂 풃 ퟏ)

ퟑ

≥ ퟑ  

(LQQD) 
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Solution 2 by Soumitra Mandal-Chandar Nagore-India 

풂ퟐ + ퟐ
풃 + 풄 + ퟏ

풄풚풄

≥⏞
푨푴 푮푴

ퟑ
풂ퟐ + ퟐ
풃 + 풄 + ퟏ

풄풚풄

ퟑ

	 

We need to prove, 

(풂ퟐ + ퟐ)(풃ퟐ + ퟐ)(풄ퟐ + ퟐ) ≥ (풂 + 풃 + ퟏ)(풃 + 풄 + ퟏ)(풄 + 풂 + ퟏ) 

Now, (풂ퟐ + ퟏ + ퟏ)(풃ퟐ + ퟏ + ퟏ) ≥⏞
푪푨푼푪푯풀	푺푪푯푾푨푹풁

	(풂 + 풃 + ퟏ)ퟐ 

(풃ퟐ + ퟏ + ퟏ)(풄ퟐ + ퟏ + ퟏ) ≥⏞
푪푨푼푪푯풀	푺푪푯푾푨푹풁

	(풃 + 풄 + ퟏ)ퟐ and 

(풄ퟐ + ퟏ+ ퟏ)(풂ퟐ + ퟏ + ퟏ) ≥⏞
푪푨푼푪푯풀	푺푪푯푾푨푹풁

(풄 + 풂 + ퟏ)ퟐ. So, 

∴ (풂ퟐ + ퟏ)
풄풚풄

≥ (풂 + 풃 + ퟏ)
풄풚풄

. 

So, 

풂ퟐ + ퟐ
풃+ 풄 + ퟏ

풄풚풄

≥ ퟑ 

(Proved) 

 

118. For 풂,풃, 풄 ≥ ퟎ ∧ 풂 + 풃 + 풄 = ퟏ. Prove: 

풂ퟒ + 풃ퟑ + 풄 + ퟐ(풂ퟐ풃ퟐ + 풃ퟐ풄ퟐ + 풄ퟐ풂ퟐ) +
ퟐ

풂ퟐ + 풃ퟐ + 풄ퟐ
≥ ퟑ 

Proposed by Nho Nguyen Van - Nghe An - Vietnam 

Solution by Do Huu Duc Thinh-Ho Chi Minh-Vietnam 

We have: 풂,풃, 풄 ≥ ퟎ
풂 + 풃 + 풄 = ퟏ ⇒ 풂,풃, 풄 ∈ [ퟎ;ퟏ] ⇒ 풂ퟒ + 풃ퟑ + 풄 ≥ 풂ퟒ + 풃ퟒ + 풄ퟒ ⇒ 
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⇒ 푳푯푺 ≥ 풂ퟒ + ퟐ 풂ퟐ풃ퟐ +
ퟐ

∑풂ퟐ = 풂ퟐ
ퟐ

+
ퟏ

∑풂ퟐ +
ퟏ

∑풂ퟐ ≥ ퟑ 

The equality holds for (풂,풃, 풄) = (ퟏ,ퟎ,ퟎ) and any cyclic permutations. 

 

119. Let 풂,풃, 풄,풅 be positive real numbers such that 풂 + 풃 + 풄 + 풅 = ퟐ. 

 Prove that: 

풂

풃 + √풄풅풂ퟑ
+

풃

풄 + √풅풂풃ퟑ
+

풄

풅 + √풂풃풄ퟑ
+

풅

풂 + √풃풄풅ퟑ
≥ ퟐ. 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo 풂,풃, 풄,풅 números 푹  de tal manera que 풂 + 풃 + 풄 + 풅 = ퟐ. 

Probar que 
풂

풃 + √풄풅풂ퟑ
+

풃

풄 + √풅풂풃ퟑ
+

풄

풅 + √풂풃풄ퟑ
+

풅

풂 + √풃풄풅ퟑ
≥ ퟐ. 

Por la desigualdad de Holder 

풂

풃 + √풄풅풂ퟑ

ퟐ

풂 풃 + √풄풅풂ퟑ + 풃 풄+ √풅풂풃ퟑ + 풄 풅+ √풂풃풄ퟑ + 풅 풂 + √풃풄풅ퟑ ≥ 

≥ (풂+ 풃 + 풄 + 풅)ퟑ = ퟖ 

Es suficiente demostrar que 

풂 풃 + √풄풅풂ퟑ + 풃 풄 + √풅풂풃ퟑ + 풄 풄+ √풂풃풄ퟑ + 풅 풂 + √풃풄풅ퟑ ≤ ퟐ   (A) 

Aplicando MA ≥ MG 

풂 풃 + √풄풅풂ퟑ ≤ 풂 풃 +
풄 + 풅 + 풂

ퟑ
= 풂

ퟐ풃 + (풂 + 풃 + 풄 + 풅)
ퟑ

= 

=
풂(ퟐ풃 + ퟐ)

ퟑ =
ퟐ풂풃
ퟑ +

ퟐ풂
ퟑ  
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⇔ 풃 풄 + √풅풂풃ퟑ ≤
풃(ퟐ풄 + ퟐ)

ퟑ
=
ퟐ풃풄
ퟑ

+
ퟐ풃
ퟑ

 

풄 풅+ √풂풃풄ퟑ ≤
풄(ퟐ풅 + ퟐ)

ퟑ
=
ퟐ풅풄
ퟑ

+
ퟐ풄
ퟑ

 

풅 풂 + √풃풄풅ퟑ ≤
ퟐ풂풅
ퟑ

+
ퟐ풅
ퟑ

 

⇔ 풂 풃 + √풄풅풂ퟑ ≤
ퟐ(풂 + 풃 + 풄 + 풅)

ퟑ +
ퟐ(풂풃 + 풃풄 + 풄풅 + 풂풅)

ퟑ = 

= ퟒ
ퟑ

+ ퟐ(풂 풄)(풃 풅)
ퟑ

≤ ퟒ
ퟑ

+ ퟐ
ퟑ
⋅ ퟐ(풂 풃 풄 풅)ퟐ

ퟒ
= ퟐ  (LQQD) 

Por lo tanto → ∑ 풂

풃 √풄풅풂ퟑ

ퟐ

≥ ퟖ
푨
≥ ퟒ ⇔ ∑ 풂

풃 √풄풅풂ퟑ
≥ ퟐ 

Solution 2 by Sanong Haueray-Nakonpathom-Thailand 

Leading fact when 풂,풃, 풄,풅 ∈ 푹 ,풂 + 풃 + 풄 + 풅 = ퟐ 

+(풂 + 풃 + 풄 + 풅)ퟑ ≥ ퟒퟐ(풂ퟐ풃 + 풃ퟐ풄 + 풄ퟐ풅 + 풅ퟐ풂) 
ퟖ
ퟏퟔ

=
ퟏ
ퟐ
≥ 풂ퟒ풃 + 풃ퟐ풄 + 풄ퟐ풅+ 풅ퟐ풂 

ퟐ(풂 + 풃 + 풄 + 풅)ퟗ ≥ ퟒퟖ(풂ퟕ풄풅 + 풃ퟕ풅풂 + 풄ퟕ풂풃 + 풃ퟕ풃풄) 
ퟏ
ퟐퟕ

≥ (풂ퟕ풄풅 + 풃ퟕ풅풂 + 풄ퟕ풅풃 + 풅ퟕ풃풄) 

ퟏ
ퟐ
≥ 풂ퟕ풄풅ퟑ + 풃ퟕ풅풂ퟑ + 풄ퟕ풂풃ퟑ + 풅ퟕ풃풄ퟑ  

Consider 

풂

풃+ √풄풅풂ퟑ
+

풃

풄 + √풅풂풃ퟑ
+ ⋯+

풅

풂+ √풃풄풅ퟑ
= 

=
풂ퟐ

풂 풃 + √풄풅풂ퟑ
+⋯+

풅ퟐ

풅 풂+ √풃풄풅ퟑ
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≥
(풂 + 풃 + 풄 + 풅)ퟐ

풂ퟐ풃 + 풂ퟐ√풄풅풂ퟑ +⋯+ 풅ퟐ풂 + 풅ퟐ√풃풄풅ퟑ
 

≥
ퟒ

ퟒ 풂ퟐ풃 + 풃ퟐ풄 + 풄ퟐ풅 + 풅ퟐ풂 + 풂ퟐ√풄풅풂ퟑ + ⋯+ 풅ퟐ√풃풄풅ퟑ
 

≥
ퟒ

ퟐ ퟏ
ퟐ+ ퟏ

ퟐ

= ퟐ 

 

120. If 풂,풃, 풄 > ퟎ,풂 + 풃 + 풄 = ퟑ then: 

ퟐ풂 + ퟐ풃 풄 ퟐ ≥ ퟏퟖ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Abdul Aziz-Semarang-Indonesia 

Let 풙 = ퟐ풂, 풚 = ퟐ풃, 풛 = ퟐ풆 

Then 풂 + 풃 + 풄 = ퟑ ⇔ 퐥퐨퐠ퟐ(풙풚풛) = ퟑ ⇔ 풙풚풛 = ퟖ 

Now, 

ퟐ풂 + ퟐ풃 + ퟐ풄 + ퟐ ⋅ ퟐ
풃 풄
ퟐ + ퟐ ⋅ ퟐ

풂 풄
ퟐ + ퟐ ⋅ ퟐ

풂 풃
ퟐ  

= 풙 + 풚+ 풛 + ퟐ 풙풚+ ퟐ 풚풛+ ퟐ√풙풛 

= √풙 + 풚 + √풛
ퟐ
≥ ퟑ 풙풚풛ퟔ ퟐ

= ퟗ ⋅ 풙풚풛ퟑ = ퟗ ⋅ ퟐ = ퟏퟖ 

Equality holds when 풂 = 풃 = 풄 = ퟏ 

Solution 2 by Chris Kyriazis-Greece 

Using only AM-GM, we have 

ퟐ풂 + ퟐ풃 풄 ퟐ ≥ ퟑ ퟐ풂 풃 풄ퟑ + ퟑ ퟐ풂 풃 풄 ퟑퟑ = 
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=풂 풃 풄 ퟑ ퟑ ⋅ ퟐ + ퟑ ⋅ ퟐퟐ = ퟏퟖ 

Solution 3 by Ravi Prakash-New Delhi-India 

Let 풇(풙) = ퟐ풙 + ퟐ√ퟓ 풙, ퟎ ≤ 풙 ≤ ퟑ 

풇 (풙) = ퟐ풙 퐥퐧ퟐ + ퟐ√ퟓ 풙 퐥퐧ퟐ
−ퟏ

√ퟓ − 풙ퟐ  

= (퐥퐧 ퟐ) ퟐ풙 −
ퟐ√ퟓ 풙

√ퟓ − 풙ퟐ ,ퟎ < 풙 < ퟑ 

풇 (풙) = ퟎ if 풙 = ퟏ 

퐦퐢퐧풇(풙) = 퐦퐢퐧{풇(ퟎ),풇(ퟏ),풇(ퟑ)} 

= 풇(ퟏ) = ퟔ 

Now, 

ퟐ풂 + ퟐ√풃 풄 ퟐ = ퟐ풂 + ퟐ√ퟓ 풂 ≥ ퟑ(ퟔ) = ퟏퟖ 

Solution 4 by Ngo Minh Ngoc Bao-Vietnam 

∑ ퟐ풂 + √ퟐ풃 풄 ퟐ ≥ ퟏퟖ  (*) 

(*) ⇔ ∑ ퟐ풂 + √ퟐퟓ 풂 ≥ ퟏퟖ 

Considering function 풇(풂) = ퟐ풂 + √ퟐퟓ 풂,∀	풂 ∈ (ퟎ,ퟑ) 

⇒ 풇 (풂) = ퟐ풂 퐥퐧 ퟐ −
ퟐퟒ 풂 퐥퐧 ퟐ
√ퟐퟓ 풂

 

풇 (풂) = ퟎ ⇔ 풂 = ퟏ 

 

풂 ퟎ                                                               ퟏ                                                       ퟑ 

풇 (풂)                                −                               ퟎ                               + 

풇(풂)       ퟔ 
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Similarly 풇(풃), 풇(풄) ≥ ퟔ ⇒ ∑ ퟐ풂 + √ퟐ풃 풄 ퟐ ≥ ퟏퟖ 

Solution 5 by Soumitra Mandal-Chandar Nagore-India 

By AM ≥ GM 

ퟐ풂

풄풚풄

+ ퟐ풃 풄 ퟐ

풄풚풄

≥ ퟑ ⋅ ퟐ
풂 풃 풄

ퟑ + ퟑ ⋅ ퟐ
∑(풃 풄 ퟐ)

ퟔ  

= ퟑ ⋅ ퟐ + ퟑ ⋅ ퟐ
풂 풃 풄 ퟑ

ퟑ = ퟔ + ퟏퟐ = ퟏퟖ 

(Proved) 

 

121. Given 풂,풃	&	풄 > ퟎ such that 풂ퟑ + 풃ퟑ + 풄ퟑ = ퟑ 

Prove that 

풂ퟓ + ퟏ
풃ퟐ + 풄

+
풃ퟓ + ퟏ
풄ퟐ + 풂

+
풄ퟓ + ퟏ
풂ퟐ + 풃

≥ ퟑ 

Proposed by Imad Zak-Saida-Lebanon 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Dado que 풂,풃,풄 > 0 de tal manera que 풂ퟑ + 풃ퟑ + 풄ퟑ = ퟑ. Probar que 

풂ퟓ + ퟏ
풃ퟐ + 풄

+
풃ퟓ + ퟏ
풄ퟐ + 풂

+
풄ퟓ + ퟏ
풂ퟐ + 풃

≥ ퟑ 

Por la desigualdad de Holder 

(풂ퟑ + 풃ퟑ + 풄ퟑ)(ퟏ + ퟏ + ퟏ)(ퟏ + ퟏ + ퟏ) ≥ (풂 + 풃 + 풄)ퟑ ⇔ ퟑ ≥ 풂 + 풃 + 풄 
(풂ퟑ + 풃ퟑ + 풄ퟑ)(풂ퟑ + 풃ퟑ + 풄ퟑ)(ퟏ + ퟏ + ퟏ) ≥ (풂ퟐ + 풃ퟐ + 풄ퟐ)ퟑ ⇔ ퟑ ≥ 풂ퟐ + 풃ퟐ + 풄ퟐ 

(풂ퟑ + 풃ퟑ + 풄ퟑ)(풃ퟑ + 풄ퟑ + 풂ퟑ)(ퟏ + ퟏ + ퟏ) ≥ (풂풃 + 풃풄 + 풄풂)ퟑ⇔ ퟑ≥ 풂풃 +풃풄 + 풄풂 
Por 푴푨 ≥ 푴푮 

풃ퟑ + 풃ퟑ + 풂ퟑ ≥ ퟑ풃ퟐ풂  (M) 

풄ퟑ + 풄ퟑ + 풃ퟑ ≥ ퟑ풄ퟐ풃   (N) 
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풂ퟑ + 풂ퟑ + 풄ퟑ ≥ ퟑ풂ퟐ풄   (P) 

Sumando (M) + (N) + (P) → ퟑ(풂ퟑ + 풃ퟑ + 풄ퟑ) ≥ ퟑ풃ퟐ풂 + ퟑ풄ퟐ풃 + ퟑ풂ퟐ풄 ⇔ 

⇔ ퟑ ≥ 풃ퟐ풂 + 풄ퟐ풃 + 풂ퟐ풄 

Aplicando la desigualdad de Cauchy 

풂ퟓ

풃ퟐ + 풄 +
풃ퟓ

풄ퟐ + 풂 +
풄ퟓ

풂ퟐ + 풃 ≥
(풂ퟑ + 풃ퟑ + 풄ퟑ)ퟐ

풃ퟐ풂 + 풄ퟐ풃 + 풂ퟐ풄 + 풂 + 풃 + 풄 = 

= ퟗ
풃ퟐ풂 풄ퟐ풃 풂ퟐ풄 풂 풃 풄

≥ ퟗ
ퟑ ퟑ

= ퟑ
ퟐ

   (A) 

ퟏ
풃ퟐ 풄

+ ퟏ
풄ퟐ 풂

+ ퟏ
풂ퟐ 풃

≥ ퟗ
풂ퟐ 풃ퟐ 풄ퟐ 풂 풃 풄

≥ ퟗ
ퟑ ퟑ

= ퟑ
ퟐ
 (B) 

Sumando (A) + (B) → 풂ퟓ ퟏ
풃ퟐ 풄

+ 풃ퟓ ퟏ
풄ퟐ 풂

+ 풄ퟓ ퟏ
풂ퟐ 풃

≥ ퟑ  (LQQD) 

Solution 2 by Sanong Hauerai-Nakonpathom-Thailand 

Give 풂,풃, 풄 > ퟎ and 풂ퟑ + 풃ퟑ + 풄ퟑ 

Prove that 풂
ퟓ ퟏ
풃ퟐ 풄

+ 풃ퟓ ퟏ
풄ퟐ 풂

+ 풄ퟓ ퟏ
풂ퟐ 풃

≥ ퟑ 

Consider (풂 + 풃 + 풄)ퟑ ≤ ퟗ(풂ퟑ + 풃ퟑ + 풄ퟑ)ퟑ = ퟐퟕ 

Hence 풂 + 풃 + 풄 ≤ ퟑ 

And (풂ퟑ + 풃ퟑ + 풄ퟑ)(풂 + 풃 + 풄) ≥ (풂ퟐ + 풃ퟐ + 풄ퟐ)ퟐ 

Hence ퟑ(풂 + 풃 + 풄) ≥ (풂ퟐ + 풃ퟐ + 풄ퟐ)ퟐ 

√ퟑ	 × 	ퟑ ≥ ퟑ(풂 + 풃 + 풄) ≥ 풂ퟐ + 풃ퟐ + 풄ퟐ 

Hence 풂ퟐ + 풃ퟐ + 풄ퟐ ≤ ퟑ 

풂ퟐ + 풃 + 풃ퟐ + 풄 + 풄ퟐ + 풂 ≤ 풃 
ퟏ

풂ퟐ 풃
+ ퟏ

풃ퟐ 풄
+ ퟏ

풄ퟐ 풂
≥ ퟑ

ퟐ
… (A) 

풂ퟓ

풃ퟐ + 풄
+

풃ퟓ

풄ퟐ + 풂
+

풄ퟓ

풂ퟐ + 풃
=

풂ퟔ

풂풃ퟐ + 풂풄
+

풃ퟔ

풃풄ퟐ + 풂풃
+

풄ퟔ

풄풂ퟐ + 풃풄
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≥ 풂ퟑ 풃ퟐ 풄ퟐ
ퟐ

(풂풃ퟐ 풃풄ퟐ 풄풂ퟐ) (풂풃 풃풄 풄풂)
≥ ퟗ

ퟔ
= ퟑ

ퟐ
 … (B) 

Because ퟑ = 풂ퟑ + 풃ퟐ + 풄ퟐ ≥ 풂풃ퟐ + 풃풄ퟐ + 풄풂ퟐ 

ퟑ ≥ 풂 + 풃 + 풄 ≥ 풂풃 + 풃풄 + 풄풂 

Therefore 풂
ퟓ ퟏ
풃ퟐ 풄

+ 풃ퟓ ퟏ
풄ퟐ 풂

+ 풄ퟓ ퟏ
풂ퟐ 풃

≥ ퟑ....(푨 + 푩) 

 

122. If 풂,풃, 풄,풅 > ퟎ,풂 + 풃 + 풄 + 풅 = ퟑ then: 

ퟐퟕ + ퟑ(풂풃풄 + 풂풃풅 + 풂풄풅 + 풃풄풅) ≥ 풂ퟑ + 풃ퟑ + 풄ퟑ + 풅ퟑ + ퟓퟒ√풂풃풄풅 

Proposed by Daniel Sitaru – Romania  

Solution  by Kevin Soto Palacios – Huarmey – Peru  

Si 풂,풃, 풄,풅 > ퟎ, de tal manera que 풂 + 풃 + 풄 + 풅 = ퟑ. Probar que 

ퟐퟕ + ퟑ(풂풃풄 + 풂풃풅 + 풂풄풅 + 풃풄풅) ≥ 풂ퟑ + 풃ퟑ + 풄ퟑ + 풅ퟑ + ퟓퟒ√풂풃풄풅 

Sabemos la siguiente identidad 

(풙 + 풚)ퟑ = 풙ퟑ + 풚ퟑ + ퟑ풙풚(풙 + 풚), donde 풙 = 풂 + 풃,풚 = 풄 + 풅 
⇔ (풂+ 풃 + 풄 + 풅)ퟑ = (풂+ 풃)ퟑ + (풄 + 풅)ퟑ + ퟑ(풂+ 풃)(풄 + 풅)(풂+ 풃 + 풄 + 풅) 

⇔ ퟐퟕ = 풂ퟑ + 풃ퟑ + 풄ퟑ + 풅ퟑ + ퟑ풂풃(풂+ 풃) + ퟑ풄풅(풄 + 풅) + ퟗ(풂 + 풃)(풄+ 풅) 

⇔ ퟐퟕ = 풂ퟑ + 풃ퟑ + 풄ퟑ + 풅ퟑ + ퟑ풂풃(풂+ 풃) + ퟑ풄풅(풄+ 풅) + ퟗ(풂풄 + 풂풅 + 풃풄 + 풃풅) 

⇔ ퟐퟕ+ ퟑ(풂풃풄+ 풂풃풅 + 풂풄풅 + 풃풄풅) = 풂ퟑ + ퟑ풂풃(풂 + 풃 + 풄 + 풅) + ퟑ풄풅(풂 + 풃 + 풄 + 풅) + 

+ퟗ(풂풄 + 풂풅 + 풃풄 + 풃풅) 

⇔ ퟐퟕ + ퟑ(풂풃풄+ 풂풃풅 + 풂풄풅 + 풃풄풅) = 풂ퟑ + 풃ퟑ + 풄ퟑ + 풅ퟑ + ퟗ(풂풃+ 풄풅 + 풂풄 + 풂풅 + 풃풄 + 풃풅) 

Es suficiente demostrar lo siguiente 

ퟗ(풂풃 + 풂풄 + 풂풅 + 풃풄 + 풃풅 + 풄풅) ≥ ퟓퟒ√풂풃풄풅 ⇔ 

⇔ (Lo cual es válido por MA ≥ MG) 
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123. If 풂,풃, 풄 > ퟎ then: 

풂ퟐ(ퟏ + 풃ퟐ)
ퟏ+ 풂

⋅
풃ퟐ(ퟏ + 풂ퟐ)
ퟏ + 풃

≥ ퟒ ퟑ − ퟐ√ퟐ 풂풃풄(풂 + 풃 + 풄) 

Proposed by Daniel Sitaru – Romania  

Solution by Redwane El Mellas-Morroco 

∴ ∑ 풂ퟐ 풃ퟐ ퟏ 풃ퟐ 풂ퟐ ퟏ
(풂 ퟏ)(풃 ퟏ) = ∑ (풂풃)ퟐ

(풂 ퟏ)(풃 ퟏ)
풂ퟐ ퟏ 풃ퟐ ퟏ

≥
푪풂풖풄풉풚 (∑풂풃)ퟐ

∑ (풂 ퟏ)(풃 ퟏ)
풂ퟐ ퟏ 풃ퟐ ퟏ

  

Let 풇(풙 > ퟎ) = 풙 ퟏ
풙ퟐ ퟏ

 

Since 풇 (풙) = − 풙ퟐ ퟐ풙 ퟏ
(풙ퟐ ퟏ)ퟐ = −

풙 √ퟐ ퟏ 풙 √ퟐ ퟏ

(풙ퟐ ퟏ)ퟐ  

⇒ ퟎ < 풇(풙 > ퟎ) ≤ 풇 √ퟐ − ퟏ =
√ퟐ

ퟒ − ퟐ√ퟐ
 

So, 

ퟏ

∑ (풂 + ퟏ)(풃 + ퟏ)
(풂ퟐ + ퟏ)(풃ퟐ + ퟏ)

=
ퟏ

∑풇(풂)풇(풃) ≥
ퟏ

ퟑ √ퟐ
ퟒ − ퟐ√ퟐ

ퟐ =
ퟒ ퟑ − ퟐ√ퟐ

ퟑ  

Also, [ퟐ,ퟐ,ퟎ] ≥ [ퟐ,ퟏ,ퟏ] ⇒ (∑풂풃)ퟐ = ∑(풂풃)ퟐ + ퟐ∑풂ퟐ풃풄 ≥ ퟑ∑풂ퟐ풃풄 

Finally, 

풂ퟐ(풃ퟐ + ퟏ)풃ퟐ(풂ퟐ + ퟏ)
(풂 + ퟏ)(풃 + ퟏ) ≥ ퟒ ퟑ − ퟐ√ퟐ 풂ퟐ풃풄 = ퟒ ퟑ − ퟐ√ퟐ 풂풃풄 풂 

 

124. Prove that for any positive real numbers 풂,풃, 풄, 풙,풚, 풛 

(풂ퟑ + ퟑ풙ퟑ)(풃ퟑ + ퟑ풚ퟑ)(풄ퟑ + ퟑ풛ퟑ) ≥ (풂풚풛 + 풃풛풙 + 풄풙풚 + 풙풚풛)ퟑ 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Nirapada Pal-Jhargram-India 
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[(풂ퟑ + ퟑ풙ퟑ)(풃ퟑ + ퟑ풚ퟑ)(풄ퟑ + ퟑ풛ퟑ)]
ퟏ
ퟑ 

= (풂ퟑ + ퟑ풙ퟑ)
ퟏ
ퟑ(풃ퟑ + ퟑ풚ퟑ)

ퟏ
ퟑ(풄ퟑ + ퟑ풛ퟑ)

ퟏ
ퟑ 

= 풙풚풛 풂
풙

ퟑ
+ ퟏퟑ + ퟏퟑ + ퟏퟑ

ퟏ
ퟑ
ퟏퟑ + 풃

풚

ퟑ
+ ퟏퟑ + ퟏퟑ

ퟏ
ퟑ
ퟏퟑ + ퟏퟑ + 풄

풛

ퟑ
+ ퟏퟑ

ퟏ
ퟑ
  

≥⏞
푯풐풍풅풆풓

풙풚풛
풂
풙 +

풃
풚 +

풄
풛 + ퟏ = (풂풚풛 + 풃풛풙 + 풄풙풚 + 풙풚풛) 

∴ (풂ퟑ + ퟑ풙ퟑ)(풃ퟑ + ퟑ풚ퟑ)(풄ퟑ + ퟑ풛ퟑ) ≥ (풂풚풛 + 풃풛풙 + 풄풙풚 + 풙풚풛)ퟑ 

Solution 2 by Fotini Kaldi-Greece 

Holder 
(풂풚풛+ 풃풛풙 + 풄풙풚 + 풙풚풛)ퟑ ≤ (풂ퟑ + 풙ퟑ + 풙ퟑ + 풙ퟑ)(풃ퟑ + 풚ퟑ + 풚ퟑ + 풚ퟑ 풄ퟑ + 풛ퟑ + 풛ퟑ + 풛ퟑ  

“=” ⇔ 풂
풚

= 풙
풃

= 풙
풚
∧ 풂
풛

= 풙
풛

= 풙
풄
⇔ 풃 = 풚 ∧ 풂 = 풙 ∧ 풛 = 풄 

Solution 3 by Uche Eliezer Okeke-Anambra-Nigeria 

푳푯푺 = (풂ퟑ + 풙ퟑ + 풙ퟑ + 풙ퟑ)
풄풚풄

≥⏞
푯풐풍풅풆풓

[풂ퟑ풚ퟑ풛ퟑ]
ퟏ
ퟑ

풄풚풄

ퟑ

 

= (풂풚풛 + 풃풛풙 + 풄풙풚 + 풙풚풛)ퟑ 

 

125. Let 풂,풃, 풄 be positive real numbers such that 

풂ퟐ + 풃ퟐ + 풄ퟐ + 풂풃풄 = ퟒ. 

Prove that 

풂 + 풃 + 풄 ≥ 풂√풃풄 + 풃√풄풂 + 풄√풂풃 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo 풂,풃, 풄 números 푹  de tal manera que 풂ퟐ + 풃ퟐ + 풄ퟐ + 풂풃풄 = ퟒ. 
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Probar que 

풂 + 풃 + 풄 ≥ 풂√풃풄 + 풃√풄풂 + 풄√풂풃 

En un triángulo 푨푩푪 se cumple la siguiente identidad 

퐜퐨퐬ퟐ푨 + 퐜퐨퐬ퟐ푩 + 퐜퐨퐬ퟐ 푪 + ퟐ퐜퐨퐬푨 퐜퐨퐬푩 퐜퐨퐬푪 = ퟏ 

Realizando las siguentes cambios de variables 

풂 = ퟐ 퐜퐨퐬 풙 > ퟎ,풃 = ퟐ퐜퐨퐬 풚 > ퟎ,풄 = ퟐ퐜퐨퐬 풛 > ퟎ ⇔ 

⇔ (Válido en triángulo acutángulo) 

Las desigualdad pedida es equivalente 
퐜퐨퐬 풙+ 퐜퐨퐬 풚 + 퐜퐨퐬 풛 ≥ ퟐ퐜퐨퐬 풙 퐜퐨퐬 풚 퐜퐨퐬 풛 + ퟐ 퐜퐨퐬풚√퐜퐨퐬 풛퐜퐨퐬풙 + ퟐ 퐜퐨퐬 풛 퐜퐨퐬 풙 퐜퐨퐬 풚 

Aplicando la desigualdad Woltehnshome 

Siendo 풎,풏,풑 números 푹 ∧ 풙 + 풚 + 풛 = 흅 se verifica lo siguiente 

풎ퟐ + 풏ퟐ + 풑ퟐ ≥ ퟐ풏풑 퐜퐨퐬풙 + ퟐ풎풑퐜퐨퐬 풚 + ퟐ풎풏 퐜퐨퐬풛, donde  

풎 = √퐜퐨퐬풙 > ퟎ,풏 = 퐜퐨퐬풚 > ퟎ,풑 = √퐜퐨퐬 풛 > ퟎ 

⇔ 퐜퐨퐬 풙 + 퐜퐨퐬 풚 + 퐜퐨퐬풛 ≥ ퟐ 퐜퐨퐬 풙 퐜퐨퐬 풚 퐜퐨퐬풛 + ퟐ 퐜퐨퐬풚√퐜퐨퐬 풛 퐜퐨퐬풙 + ퟐ 퐜퐨퐬풛 퐜퐨퐬풙 퐜퐨퐬풚 

(LQQD) 

Solution 2 by Imad Zak-Saida-Lebanon 

풂ퟐ + 풂풃풄 = ퟒ ⇒⏞
푨푴 푮푴

ퟒ ≥ 풓 + ퟑ풓
ퟐ
ퟑ 

⇔ √풓ퟑ + ퟐ
ퟐ
ퟏ − √풓ퟑ ≥ ퟎ ⇒ 풓 ≤ ퟏ 

Moreover ∑풂ퟐ + 풂풃풄 = ퟒ ⇒ 풓 = ퟒ − ∑풂ퟐ 

= ퟒ − (풑ퟐ − ퟐퟗ) 

= ퟒ − 풑ퟐ + ퟐퟗ ≤ ퟏ 

but ퟐퟗ ≤ ퟐ풑ퟐ

ퟑ
⇒ ퟒ − 풑ퟐ + ퟐ풑ퟐ

ퟑ
≤ ퟏ ⇒ ퟑ ≤ 풑ퟐ

ퟑ
⇒ 풑 ≥ ퟑ 
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Now 풂√풃풄 + 풃√풄풂 + 풄√풂풃 = √풂 ⋅ √풓 + √풃 ⋅ √풓 + √풄 ⋅ √풓 ≤⏞
푪 푩 푺

 

√풂 + 풃 + 풄 ⋅ √ퟑ풓 ≤⏞
풓 ퟏ

풑 ⋅ √ퟑ = ퟑ풑 

we need to prove ퟑ풑 ≤ 풑 ⇔ ퟑ ≤ 풑 true  

<< = >> at (ퟏ;ퟏ;ퟏ) 

Solution 3 by Marian Dincă – Romania  

Let 풂
ퟐ

= 퐜퐨퐬휶 , 풃
ퟐ

= 퐜퐨퐬휷 , 풄
ퟐ

= 퐜퐨퐬 휸 ,휶,휷, 휸 the angles acute triangle 

Let: 휶 = 흅 푨
ퟐ

,휷 = 흅 푩
ퟐ

, 휸 = 흅 푪
ퟐ

,푨,푩,푪 the angles of triangle 

Result:  휶 = ퟐ 퐬퐢퐧 푨
ퟐ

,풃 = ퟐ퐬퐢퐧 푩
ퟐ

, 풄 = ퟐ 퐬퐢퐧 푪
ퟐ

 

The inequality is equivalent to: 

ퟐ 퐬퐢퐧
푨
ퟐ

+ ퟐ 퐬퐢퐧
푩
ퟐ

+ ퟐ퐬퐢퐧
푪
ퟐ
≥ ퟐ 퐬퐢퐧

푨
ퟐ

ퟐ 퐬퐢퐧
푩
ퟐ
⋅ ퟐ 퐬퐢퐧

푪
ퟐ

풄풊풄풍풊풄

 

or: ퟏ
ퟐ
퐬퐢퐧 푨

ퟐ
+ 퐬퐢퐧푩

ퟐ
+ 퐬퐢퐧 푪

ퟐ
≥ ∑ 퐬퐢퐧 푨

ퟐ풄풊풄풍풊풄 퐬퐢퐧푩
ퟐ
⋅ 퐬퐢퐧 푪

ퟐ
 

퐬퐢퐧 푩
ퟐ
⋅ 퐬퐢퐧 푪

ퟐ
≤ 퐬퐢퐧ퟐ 푩 푪

ퟒ
 and similarly 

we obtain: 

퐬퐢퐧
푨
ퟐ

퐬퐢퐧
푩
ퟐ
⋅ 퐬퐢퐧

푪
ퟐ

풄풚풄풍풊풄

≤ 퐬퐢퐧
푨
ퟐ
퐬퐢퐧

푩 + 푪
ퟒ

풄풚풄풍풊풄

 

and use Cebyshev inequality, result: 

퐬퐢퐧
푨
ퟐ
퐬퐢퐧

푩 + 푪
ퟒ

풄풚풄풍풊풄

≤
ퟏ
ퟑ

퐬퐢퐧
푨
ퟐ

풄풊풄풍풊풄

퐬퐢퐧
푩 + 푪
ퟒ

풄풊풄풍풊풄
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and: ퟏ
ퟑ
∑ 퐬퐢퐧 푩 푪

ퟒ풄풊풄풍풊풄 ≤ 퐬퐢퐧
∑ 푩 푪

ퟒ풄풊풄풍풊풄

ퟑ
= 퐬퐢퐧 푨 푩 푪

ퟔ
= ퟏ

ퟐ
 

Jensen inequality 

 

126. If 풂,풃, 풄 > ퟎ,풂 + 풃 + 풄 = ퟏ then: 

풂ퟐ풂 + 풃ퟐ풃 + 풄ퟐ풄 +
ퟒ
ퟑ
풂풃풃풄풄풂 + 풂풄풃풂풄풃 ≤ ퟏ 

Proposed by Hung Nguyen Viet – Hanoi – Vietnam  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Siendo 풂,풃, 풄 > 0 de tal manera que 풂 + 풃 + 풄 = ퟏ. Probar que 

풂ퟐ풂풃ퟐ풃풄ퟐ풄 +
ퟒ
ퟑ

풂풃풃풄풄풂 + 풂풄풃풂풄풃 ≤ ퟏ 

Siendo → 풂ퟏ,풂ퟐ,풂ퟑ …풂풏 > 0, 풙ퟏ,풙ퟐ, 풙ퟑ …풙풏 > 0 ∧ 풂ퟏ + 풂ퟐ + 풂ퟑ + ⋯+ 풂풏 = ퟏ 

Se cumple  la siguiente desigualdad 

풙ퟏ
풂ퟏ ⋅ 풙ퟐ

풂ퟐ ⋅ 풙ퟑ
풂ퟑ …풙풏

풂풏 ≤ 풂ퟏ풙ퟏ + 풂ퟐ풙ퟐ + 풂ퟑ풙ퟑ + ⋯+ 풂풏풙풏 

Para 풏 = ퟑ 

1) 풂풂풃풃풄풄 ≤ 풂ퟐ + 풃ퟐ + 풄ퟐ ⇔ 

⇔ 풂ퟐ풂풃ퟐ풃풄ퟐ풄 ≤ (풂ퟐ + 풃ퟐ + 풄ퟐ)ퟐ = (풂 + 풃 + 풄)ퟐ − ퟐ(풂풃 + 풃풄 + 풄풂)
ퟐ

 

⇔ 풂ퟐ풂풃ퟐ풃풄ퟐ풄 ≤ ퟏ− ퟐ(풂풃 + 풃풄 + 풄풂) ퟐ
= 

= ퟏ − ퟒ(풂풃 + 풃풄 + 풄풂) + ퟒ(풂풃 + 풃풄 + 풄풂)ퟐ  (A) 

2) 풂풃풃풄풄풂 ≤ 풂풃 + 풃풄 + 풄풂 (B), 

3) 풂풄풃풂풄풃 ≤ 풄풂 + 풂풃 + 풃풄  (C) 

De (A), (B), (C) 

풂ퟐ풂풃ퟐ풃풄ퟐ풄 +
ퟒ
ퟑ
풂풃풃풄풄풂 + 풂풄풃풂풄풃 ≤ ퟏ − ퟒ(풂풃+ 풃풄+ 풄풂) + ퟒ(풂풃 + 풃풄 + 풄풂)ퟐ +

ퟖ
ퟑ

(풂풃+ 풃풄+ 풄풂) 
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풂ퟐ풂풃ퟐ풃풄ퟐ풄 +
ퟒ
ퟑ 풂풃풃풄풄풂 + 풂풄풃풂풄풃 ≤ ퟏ + ퟒ(풂풃+ 풃풄 + 풄풂) (풂풃 + 풃풄 + 풄풂)−

ퟏ
ퟑ ≤ ퟏ 

Lo cual es cierto ya que → 풂풃 + 풃풄 + 풄풂 ≤ (풂 풃 풄)ퟐ

ퟑ
= ퟏ

ퟑ
∧ 풂풃 + 풃풄 + 풄풂 > 0 

 

127. Prove that if 풙, 풚, 풛 ∈ (ퟏ,∞) then: 

퐥퐧 풙
퐥퐧풚 퐥퐧풛

+
퐥퐧풚

퐥퐧 풙 퐥퐧 풛
≥

ퟏퟖ
퐥퐧(풙풚풛) 

Proposed by Daniel Sitaru – Romania 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar para todo 풙,풚, 풛 ∈< ퟏ,∞ > lo siguiente 
퐥퐧 풙

퐥퐧풚 퐥퐧풛
+

퐥퐧풚
퐥퐧 풙 퐥퐧 풛

≥
ퟏퟖ

퐥퐧(풙풚풛) 

De las condiciones se puede deducir que 

풂 = 퐥퐧 풙 > ퟎ,풃 = 퐥퐧 풚 > ퟎ, 풄 = 퐥퐧 풛 > ퟎ ⇔ 풂 + 풃 + 풄 = 퐥퐧(풙풚풛) 

La desigualdad propuesta es equivalente 
풂
풃풄

+
풃
풄풂

+
풃
풄풂

+
풄
풂풃

+
풄
풂풃

+
풂
풃풄

≥
ퟏퟖ

풂 + 풃 + 풄
 

⇔ 풂
풃풄

+ 풃
풄풂

+ 풄
풂풃

(풂 + 풃 + 풄) ≥ ퟗ   (A) 

Aplicando la desigualdad de Cauchy y MA ≥ MG en (A) 
풂
풃풄 +

풃
풄풂 +

풄
풂풃

(풂+ 풃 + 풄) ≥
(풂 + 풃 + 풄)ퟐ

ퟑ풂풃풄 ⋅ (풂+ 풃 + 풄) =
(풂+ 풃 + 풄)ퟑ

ퟑ풂풃풄 ≥ ퟗ 

(LQQD) 

Solution 2 by Nirapada Pal-Jhargram-India 

Let 퐥퐧 풙 = 풂, 퐥퐧 풚 = 풃, 퐥퐧 풛 = 풄 

Since 풙, 풚, 풛 > ퟏ so 풂,풃, 풄 > ퟎ 

Now the inequality reduces to 
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풂
풃풄

+
풃
풄풂

≥
ퟏퟖ

풂 + 풃 + 풄
 

LHS = ∑ 풂
풃풄

+ 풃
풄풂

 

=
풂ퟐ + 풃ퟐ

풂풃풄
 

≥ ∑ ퟐ풂풃
풂풃풄

 . Since( 푨ퟐ + 푩ퟐ ≥ ퟐ푨푩) = ퟐ∑ ퟏ
풂
 

≥⏞
푨푴 푯푴

	ퟐ	 ×
ퟗ

풂 + 풃 + 풄
=

ퟏퟖ
풂 + 풃 + 풄

 

∴ we get 
퐥퐧풙

퐥퐧풚 퐥퐧 풛 +
퐥퐧 풚

퐥퐧 풛 퐥퐧풙 ≥
ퟏퟖ

퐥퐧 풙 + 퐥퐧풚 + 퐥퐧 풛 =
ퟏퟖ

퐥퐧(풙풚풛) 

Solution 3 by Nirapada Pal-Jhargram-India 

Let 퐥퐧 풙 = 풂, 퐥퐧 풚 = 풃, 퐥퐧 풛 = 풄 

Since 풙, 풚, 풛 > ퟏ so 풂,풃, 풄 > ퟎ 

Now the inequality reduces to 

풂
풃풄

+
풃
풄풂

≥
ퟏퟖ

풂 + 풃 + 풄
 

LHS = ∑ 풂
풃풄

+ 풃
풄풂

= ퟐ∑ 풂
풃풄

= ퟐ
풂풃풄

∑풂ퟐ 

≥ ퟐ
풂풃풄

∑풂풃 Since ∑푨ퟐ ≥ ∑푨푩 = ퟐ∑ ퟏ
풂

 

≥⏞
푨푴 푯푴

ퟐ	 ×
ퟗ

풂 + 풃 + 풄
=

ퟏퟖ
풂 + 풃 + 풄

 

∴ we get 
퐥퐧풙

퐥퐧풚 퐥퐧 풛
+

퐥퐧 풚
퐥퐧 풛 퐥퐧풙

≥
ퟏퟖ

퐥퐧 풙 + 퐥퐧풚 + 퐥퐧 풛
=

ퟏퟖ
퐥퐧(풙풚풛) 
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Solution 4 by Nikolaos Skoutaris-Greece 

If 풙, 풚, 풛 ∈ (ퟏ, +∞) 

(1) Prove ∑ 퐥퐧풙
퐥퐧풚 퐥퐧 풛

+ 퐥퐧풚
퐥퐧풙⋅퐥퐧풛

≥ ퟏퟖ
퐥퐧(풙풚풛) 

-------------------------------------------------------- 

Let 풂 = 퐥퐧 풙 ,풃 = 퐥퐧 풚 ,풄 = 퐥퐧 풛 

Then 

(1) becomes: 
풂
풃풄

+
풃
풄풂

+
풃
풄풂

+
풄
풂풃

+
풄
풂풃

+
풂
풃풄

≥
ퟏퟖ

풂 + 풃 + 풄
 

풂
풃풄 +

풃
풄풂 =

풂ퟐ

풂풃풄 +
풃ퟐ

풂풃풄 ≥
(풂 + 풃)ퟐ

ퟐ풂풃풄 ≥
ퟒ풂풃
ퟐ풂풃풄 =

ퟐ
풄 

풃
풄풂

+
풄
풂풃

=
풃ퟐ

풂풃풄
+

풄ퟐ

풂풃풄
≥

(풃 + 풄)ퟐ

ퟐ풂풃풄
≥
ퟒ풂풃풄
ퟐ풂풃풄

=
ퟐ
풂

 

풄
풂풃

+
풂
풃풄

=
풄ퟐ

풂풃풄
+

풂ퟐ

풂풃풄
≥

(풄 + 풂)ퟐ

ퟐ풂풃풄
≥

ퟒ풂풄
ퟐ풂풃풄

=
ퟐ
풃

 

(+) 

 

LHS ≥ ퟐ ퟏ
풂

+ ퟏ
풃

+ ퟏ
풄

= ퟐ ⋅ ퟑ ⋅
ퟏ
풂

ퟏ
풃

ퟏ
풄

ퟑ
 

⇒ 푳푯푺 ≥ ퟔ ⋅
ퟑ

ퟏ
ퟏ
풂

+ ퟏ
ퟏ
풃

+ ퟏ
ퟏ
풄

⇒ 푳푯푺 ≥
ퟏퟖ

풂 + 풃 + 풄
 

Solution 5 by Nguyen Thanh Nho-Tra Vinh-Vietnam 

풙, 풚,풛 ∈ (ퟏ;∞) ⇒ 퐥퐧풙 , 퐥퐧풚 , 퐥퐧 풛 > ퟎ 

퐥퐧풙
퐥퐧풚 퐥퐧 풛

+
퐥퐧 풚

퐥퐧 풙 퐥퐧 풛
≥

푨푴 푮푴
ퟐ

ퟏ
퐥퐧풛

+
ퟏ
퐥퐧풙

+
ퟏ
퐥퐧 풚
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≥
푪 푺

ퟐ ⋅
(ퟏ + ퟏ + ퟏ)ퟐ

퐥퐧 풙 + 퐥퐧 풚+ 퐥퐧 풛
=

ퟏퟖ
퐥퐧(풙풚풛) 

“ = “ ⇔ 퐥퐧풙 = 퐥퐧 풚 = 퐥퐧 풛 ⇔ 풙 = 풚 = 풛 

Solution 6 by Soumava Chakraborty-Kolkata-India 

Let 풂 = 퐥퐧 풙 ,풃 = 퐥퐧 풚 ,풄 = 퐥퐧 풛 

∴ given inequality becomes ∑ 풂
풃풄

+ ∑ 풃
풄풂
≥ ퟏퟖ

풂 풃 풄
 

⇔ ퟐ
풂
풃풄

≥
ퟏퟖ
∑풂

⇔
∑풂ퟐ

풂풃풄
≥

ퟗ
∑풂

 

⇔ ∑풂ퟐ ⋅ ∑ 풂 ≥ ퟗ풂풃풄   (1) 

But ∑풂ퟐ ≥
(풊)

푨 푮
ퟑ√풂ퟐ풃ퟐ풄ퟐퟑ  , and ∑풂 ≥

(풊풊)

푨 푮
ퟑ√풂풃풄ퟑ  

(풊) 	× 	(풊풊) ⇒ ∑풂ퟐ ⋅ ∑ 풂 ≥ ퟗ풂풃풄 ⇒ (1) is true (Proved) 

Solution 7 by Eliezer Okeke-Anambra-Nigerie 

Let 풂 = 퐥퐧 풙;풃 = 퐥퐧 풚 ; 풄 = 퐥퐧 풛 ⇒ ∑풂 = 퐥퐧(풙풚풛) 

푳푯푺 =
풂
풃풄

+
풃
풂풄

 

=
ퟐ
풂풃풄

풂ퟐ

ퟏ ≥
푩푬푮 ퟐ

풂풃풄 ⋅
(∑풂)ퟐ

ퟑ  

≥

푹푬푽
(푨푴 푮푴) ퟐ

ퟑ ⋅
(∑풂)ퟐ

(∑풂)ퟑ ⋅
ퟐퟕ
ퟏ =

ퟏퟖ
∑풂 =

ퟏퟖ
퐥퐧(풙풚풛) 

Solution 8 by Seyran Ibrahimov-Maasilli-Azerbaidian 

퐥퐧 풙 = 풂 

퐥퐧풚 = 풃 

퐥퐧 풛 = 풄 

풂
풃풄 +

풃
풂풄 ≥

ퟏퟖ
풂 + 풃 + 풄 
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풂
풃풄

+
풃
풂풄

+
풄
풂풃

≥
ퟗ

풂 + 풃 + 풄
 

풂
풃풄

+
풃
풂풄

+
풄
풂풃

≥
푪푯푬푩풀푺푯푬푽 ퟏ

ퟑ
(풂 + 풃 + 풄)

ퟏ
풃풄

+
ퟏ
풂풄

+
ퟏ
풂풃

≥
푪 푩 푪 ퟑ(풂 + 풃 + 풄)

풂풃 + 풃풄 + 풂풄
 

ퟑ(풂 + 풃 + 풄)
풂풃 + 풃풄 + 풂풄 ≥

ퟗ
풂 + 풃 + 풄 

(풂 + 풃 + 풄)ퟐ ≥
?
ퟑ(풂풃 + 풃풄 + 풂풄) → true →

풃풆풄풂풖풔풆
풂ퟐ + 풃ퟐ + 풄ퟐ ≥ 풂풃 + 풃풄 + 풂풄 

Solution 9 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

퐥퐧풙 = 풕ퟏ
퐥퐧 풚 = 풕ퟐ
퐥퐧 풛 = 풕ퟑ

풕ퟏ
풕ퟐ ⋅ 풕ퟑ

+
풕ퟐ

풕ퟏ ⋅ 풕ퟑ
=

ퟏ
풕ퟑ
⋅
풕ퟏ
풕ퟐ

+
풕ퟐ
풕ퟏ

≥ 

≥
푨푴 푮푴

ퟐ ⋅
ퟏ
풕ퟑ

≥
푩풆풓품풔풕풓풐풎

	ퟐ ⋅
ퟗ
∑ 풕ퟏ

=
ퟏퟖ

퐥퐧(풙풚풛) 

Solution 10 by Geanina Tudose-Romania 

Denote 

퐥퐧 풙 = 풂 

퐥퐧풚 = 풃 

퐥퐧 풛 = 풄 

풂,풃,풄 > ퟎ 

We have ∑ 풂
풃풄

+ 풃
풂풄

≥ ퟏퟖ
풂 풃 풄

⇔ ∑ 풂ퟐ 풃ퟐ

풂풃풄
≥ ퟏퟖ

풂 풃 풄
 

⇔
ퟐ(풂ퟐ + 풃ퟐ + 풄ퟐ)

풂풃풄
≥

ퟏퟖ
풂 + 풃 + 풄

⇔ (풂ퟐ + 풃ퟐ + 풄ퟐ)(풂 + 풃 + 풄) ≥ ퟗ풂풃풄 

But 풂ퟐ + 풃ퟐ + 풄ퟐ ≥
푨푴 푮푴

ퟑ√풂ퟐ풃ퟐ풄ퟐퟑ  

풂 + 풃 + 풄 ≥ ퟑ√풂풃풄ퟑ  

The conclusion follows. 
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128. Prove that for all positive real numbers 풂,풃, 풄 the inequality holds 

풃ퟑ + 풄ퟑ

풂 +
풄ퟑ + 풂ퟑ

풃 +
풂ퟑ + 풃ퟑ

풄 ≥ ퟐ(풂ퟐ + 풃ퟐ + 풄ퟐ) + ퟑ(풂 − 풃)ퟐ + ퟑ(풃 − 풄)ퟐ + ퟑ(풄 − 풂)ퟐ 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution  by Kevin Soto Palacios – Huarmey – Peru  

Probar para todos las números 푹 	풂,풃, 풄 la siguiente desigualdad 

풃ퟑ + 풄ퟑ

풂 +
풄ퟑ + 풂ퟑ

풃 +
풂ퟑ + 풃ퟑ

풄 ≥ ퟐ(풂ퟐ + 풃ퟐ + 풄ퟐ) + ퟑ(풂 − 풃)ퟐ + ퟑ(풃 − 풄)ퟐ + ퟑ(풄 − 풂)ퟐ	 

La desigualdad es equivalente 
풂ퟑ

풃
+ 풃ퟑ

풂
+ ퟔ풂풃 + 풃ퟑ

풄
+ 풄ퟑ

풃
+ ퟔ풃풄 + 풄ퟑ

풂
+ 풂ퟑ

풄
+ ퟔ풄풂 ≥ ퟖ(풂ퟐ + 풃ퟐ + 풄ퟐ)  

Como 풂,풃, 풄 > ퟎ 

Es suficiente demostrar lo siguiente 

풂ퟑ

풃
+
풃ퟑ

풂
+ ퟔ풂풃 ≥ ퟒ(풂ퟐ + 풃ퟐ) ⇔ 풂ퟒ + 풃ퟒ + ퟔ풂ퟐ풃ퟐ ≥ ퟒ(풂ퟐ + 풃ퟐ)풂풃 

⇔ 풂ퟒ − ퟒ풂ퟑ풃 + ퟔ풂ퟐ풃ퟐ − ퟒ풂풃ퟑ + 풃ퟒ = (풂 − 풃)ퟒ ≥ ퟎ 

Por lo tanto 

∑ 풂ퟑ

풃
+ 풃ퟑ

풂
+ ퟔ풂풃 ≥ ퟒ∑(풂ퟐ + 풃ퟐ) = ퟒ ⋅ ퟐ(풂ퟐ + 풃ퟐ + 풄ퟐ) = ퟖ(풂ퟐ + 풃ퟐ + 풄ퟐ)  

(LQQD) 

 

129. Prove that for all positive real numbers 풂,풃, 풄 the inequality holds 

풂
풃 + 풄

+
풃

풄 + 풂
+

풄
풂 + 풃

≤
ퟏ
ퟐ

+
풂ퟐ + 풃ퟐ + 풄ퟐ

풂풃 + 풃풄 + 풄풂
 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Probar para todos los números 푹 	풂,풃,풄 la siguiente desigualdad 
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풂

풃 + 풄
+

풃
풄 + 풂

+
풄

풂 + 풃
≤
ퟏ
ퟐ

+
풂ퟐ + 풃ퟐ + 풄ퟐ

풂풃 + 풃풄 + 풄풂
 

Como 풂,풃, 풄 > 0 → multiplicamos (풂풃 + 풃풄 + 풄풂), sin alterar el sentido 
풂

풃 + 풄 +
풃

풄 + 풂 +
풄

풂 + 풃
(풂풃 + 풃풄 + 풄풂) ≤

풂풃 + 풃풄 + 풄풂
ퟐ + 풂ퟐ + 풃ퟐ + 풄ퟐ 

풂
풃 풄

(풂(풃 + 풄) + 풃풄) + 풃
풄 풂

(풃(풄 + 풂) + 풄풂) + 풄
풂 풃

(풄(풂 + 풃) + 풂풃) ≤  

≤
풂풃 + 풃풄 + 풄풂

ퟐ
+ 풂ퟐ + 풃ퟐ + 풄ퟐ 

풂ퟐ + 풃ퟐ + 풄ퟐ + 풂풃풄
ퟏ

풃 + 풄
+

ퟏ
풄 + 풂

+
ퟏ

풂 + 풃

≤ 풂ퟐ + 풃ퟐ + 풄ퟐ +
풂풃 + 풃풄 + 풄풂

ퟐ
 

⇔
ퟏ
풂

+
ퟏ
풃

+
ퟏ
풄
≥

ퟐ
풂 + 풃

+
ퟐ

풃 + 풄
+

ퟐ
풄 + 풂

 

Aplicando la desigualdad de Cauchy 
ퟏ
풂

+ ퟏ
풃
≥ ퟒ

풂 풃
   (A),  

ퟏ
풃

+ ퟏ
풄
≥ ퟒ

풃 풄
   (B), 

ퟏ
풄

+ ퟏ
풂
≥ ퟒ

풄 풂
   (C) 

Sumando (A) + (B) + (C) 

→ ퟏ
풂

+ ퟏ
풃

+ ퟏ
풄
≥ ퟐ

풂 풃
+ ퟐ

풃 풄
+ ퟐ

풄 풂
  (LQQD) 

Solution 2 by Nguyen Ngoc Tu-Ha Giang-Vietnam 

We have 
풂
풃 풄

+ 풃
풄 풂

+ 풄
풂 풃

(풂풃 + 풃풄 + 풄풂) = 풂ퟐ + 풃ퟐ + 풄ퟐ + 풂풃풄 ퟏ
풂 풃

+ ퟏ
풃 풄

+ ퟏ
풄 풂

  

≤ 풂ퟐ + 풃ퟐ + 풄ퟐ +
풂풃풄
ퟐ

ퟏ
풂 +

ퟏ
풃 +

ퟏ
풄  
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≤ 풂ퟐ + 풃ퟐ + 풄ퟐ + ퟏ
ퟐ

(풂풃 + 풃풄 + 풄풂) ⇒ 풂
풃 풄

+ 풃
풄 풂

+ 풄
풂 풃

≤ ퟏ
ퟐ

+ 풂ퟐ 풃ퟐ 풄ퟐ

풂풃 풃풄 풄풂
  

 

130. Prove that for all positive real numbers 풂,풃, 풄 the inequality holds 

풂(풃 + 풄)ퟐ

풃ퟐ + 풃풄 + 풄ퟐ +
풃(풄 + 풂)ퟐ

풄ퟐ + 풄풂 + 풂ퟐ +
풄(풂 + 풃)ퟐ

풂ퟐ + 풂풃 + 풃ퟐ ≥
ퟒ(풂풃 + 풃풄 + 풄풂)

풂 + 풃 + 풄  

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar para todos los números ℝ 		풂,풃, 풄	la siguiente desigualdad 

풂(풃 + 풄)ퟐ

풃ퟐ + 풃풄 + 풄ퟐ
+

풃(풄 + 풂)ퟐ

풄ퟐ + 풄풂 + 풂ퟐ
+

풄(풂 + 풃)ퟐ

풂ퟐ + 풂풃 + 풃ퟐ
≥
ퟒ(풂풃 + 풃풄 + 풄풂)

풂 + 풃 + 풄
 

Como 풂,풃, 풄 > ퟎ 

Por la desigualdad de Cauchy 

(풂풃 + 풂풄)ퟐ

풂풃ퟐ + 풂풃풄 + 풂풄ퟐ +
(풃풄 + 풃풂)ퟐ

풃풄ퟐ + 풃풄풂 + 풃풂ퟐ +
(풄풂+ 풄풃)ퟐ

풄풂ퟐ + 풄풂풃 + 풄풃ퟐ ≥ 

≥
ퟒ(풂풃 + 풃풄 + 풄풂)ퟐ

(풂 + 풃 + 풄)(풂풃 + 풃풄 + 풄풂) =
ퟒ(풂풃 + 풃풄 + 풄풂)

풂 + 풃 + 풄
 

(LQQD) 

 

131. If 풂,풃, 풄 > ퟎ then: 

ퟔ + 풂ퟐ

풃풄
+ 풃ퟐ

풄풂
+ 풄ퟐ

풂풃
≥ ퟑ ퟔ(풂 + 풃 + 풄) ퟏ

풂
+ ퟏ

풃
+ ퟏ

풄
− ퟐퟕ

ퟑ
  

Proposed by Adil Abdulayev-Baku-Azerbaidian 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo 풂,풃, 풄 números 푹 , probar la siguiente desigualdad 
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ퟔ +
풂ퟐ

풃풄
+
풃ퟐ

풄풂
+
풄ퟐ

풂풃
≥ ퟑ ퟔ(풂+ 풃 + 풄)

ퟏ
풂

+
ퟏ
풃

+
ퟏ
풄

− ퟐퟕ
ퟑ

 

Por la desigualdad de Schur 

풂ퟑ + 풃ퟑ + 풄ퟑ + ퟑ풂풃풄 ≥ 풂풃(풂 + 풃) + 풃풄(풃 + 풄) + 풄풂(풄 + 풂) 

⇔
풂ퟐ

풃풄 +
풃ퟐ

풂풄 +
풄ퟐ

풂풃 + ퟔ ≥
풂 + 풃
풄 + ퟏ +

풃 + 풄
풂 + ퟏ +

풄 + 풂
풃 + ퟏ = 

= (풂 + 풃 + 풄)
ퟏ
풂 +

ퟏ
풃 +

ퟏ
풄  

Es suficiente probar 

풙 ≥ ퟑ√ퟔ풙 − ퟐퟕퟑ , donde 풙 = (풂 + 풃 + 풄) ퟏ
풂

+ ퟏ
풃

+ ퟏ
풄
≥ ퟗ 

(Válido por MA ≥ MG) 

풙ퟑ ≥ ퟐퟕ(ퟔ풙 − ퟐퟕ) ⇔ 풙ퟑ − ퟏퟔퟐ풙 + ퟕퟐퟗ = (풙 − ퟗ)(풙ퟐ + ퟗ풙 − ퟖퟏ) ≥ ퟎ 

Lo cual es cierto ya que 풙 ≥ ퟗ ∧ 풙ퟐ + ퟗ풙 − ퟖퟏ ≥ ퟖퟏ > ퟎ 

Solution 2 by Soumava Chakraborty-Kolkata-India 

ퟔ+
풂ퟐ

풃풄
+
풃ퟐ

풄풂
+
풄ퟐ

풂풃
≥⏞
(ퟏ)

ퟑ ퟔ(풂+ 풃 + 풄)
ퟏ
풂

+
ퟏ
풃

+
ퟏ
풄

− ퟐퟕ
ퟑ

 

(1) ⇔ ∑풂ퟑ ퟔ풂풃풄
풂풃풄

≥ ퟑ ퟔ(∑풂)(∑풂풃) ퟐퟕ풂풃풄
풂풃풄

ퟑ
 

⇔
∑풂ퟑ + ퟔ풂풃풄

풂풃풄 ≥⏞
(ퟐ)

ퟑ
ퟔ(∑풂ퟐ풃 + ∑풂풃ퟐ) − ퟗ풂풃풄

풂풃풄

ퟑ

 

LHS of (2) ≥⏟
(ퟑ)

푺풄풉풖풓
∑풂ퟐ풃 ∑풂풃ퟐ ퟑ풂풃풄

풂풃풄
 

(2), (3) ⇒ it suffices to prove: 
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풑 ퟑ풒
풒

≥ ퟑ ퟔ풑 ퟗ풒
풒

ퟑ   (where 풑 = ∑풂ퟐ풃 + ∑풂풃ퟐand 풒 = 풂풃풄) 

⇔
(풑 + ퟑ풒)ퟑ

풒ퟑ
≥
ퟐퟕ(ퟔ풑 − ퟗ풒)

풒
 

⇔ 풑ퟑ + ퟗ풑ퟐ풒 − ퟏퟑퟓ풑풒ퟐ + ퟐퟕퟎ풒ퟑ ≥ ퟎ 

⇔ 풕ퟑ + ퟗ풕ퟐ − ퟏퟑퟓ풕 + ퟐퟕퟎ ≥ ퟎ (where 풕 = 풑
풒

) 

⇔ (풕 − ퟔ){(풕 − ퟔ)(풕 + ퟐퟏ) + ퟖퟏ} ≥ ퟎ 

→ true ∵ 풕 = 풑
풒

= ∑풂ퟐ풃 ∑풂풃ퟐ

풂풃풄
≥ ퟔ by A – G  

(Proved) 

Solution 3 by Soumitra Mandal-Chandar Nagore-India 

Schur’s Inequality 

풂ퟑ

풄풚풄

+ ퟑ풂풃풄 ≥ 풂풃(풂 + 풃)
풄풚풄

 

Let 풕 = ∑ 풂풄풚풄 ∑ ퟏ
풂풄풚풄  

풂ퟑ

풄풚풄

+ ퟔ풂풃풄 ≥ (풂 + 풃 + 풄)(풂풃 + 풃풄 + 풄풂) 

∴ ퟔ +
풂ퟐ

풃풄
풄풚풄

≥ 풂
풄풚풄

ퟏ
풂

풄풚풄

 

we will show 풕 ≥ ퟑ√ퟔ풕 − ퟐퟕퟑ  

⇔ 풕ퟑ − ퟏퟔퟐ풕+ ퟕퟐퟗ ≥ ퟎ ⇔ 풕ퟐ(풕 − ퟗ) + ퟗ풕(풕 − ퟗ)− ퟖퟏ(풕 − ퟗ) ≥ ퟎ 

⇔ (풕 − ퟗ){(풕 − ퟗ)(풕 + ퟗ) + ퟗ풕} ≥ ퟎ, which is true since 풕 ≥ ퟗ 
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∴ ퟔ+
풂ퟐ

풃풄
풄풚풄

≥ ퟑ ퟔ 풂
풄풚풄

ퟏ
풂

풄풚풄

− ퟐퟕ
ퟑ

 

(Proved) 

 

132. Let 풂,풃 > ퟎ. Prove: 

√풂풃 −
ퟐ(풂ퟐ − 풂풃 + 풃ퟐ)

풂풃(풂 + 풃) ≤
√ퟑ
ퟗ

(풂ퟐ + 풃ퟐ) 

Proposed by Le Minh Cuong-Ho Chi Minh-Vietnam 

Solution by Do Quoc Chinh-Ho Chi Minh-Vietnam 

Using the AM-GM inequality, we have: 

풂ퟐ − 풂풃 + 풃ퟐ

풂풃(풂+ 풃) =
ퟏ
ퟖ ⋅

ퟐ(풂ퟐ + 풃ퟐ) + (ퟔ풂ퟐ − ퟖ풂풃 + ퟔ풃ퟐ)
풂풃(풂+ 풃)  

≥
ퟏ
ퟖ ⋅

ퟐ(풂ퟐ + 풃ퟐ) + (풂ퟐ + 풃ퟐ + ퟏퟎ풂풃− ퟖ풂풃)
풂풃(풂+ 풃)  

=
ퟏ
ퟖ ⋅

ퟐ(풂ퟐ + 풃ퟐ) + (풂 + 풃)ퟐ

풂풃(풂+ 풃) ≥
ퟐ(풂ퟐ + 풃ퟐ)(풂+ 풃)ퟐ

ퟒ풂풃(풂 + 풃) =
√풂ퟐ + 풃ퟐ

ퟐ√ퟐ풂풃
 

Therefore, we have: 

풂ퟐ + 풃ퟐ

ퟑ√ퟑ
+
ퟐ(풂ퟐ − 풂풃+ 풃ퟐ)

풂풃(풂+ 풃) ≥
풂ퟐ + 풃ퟐ

ퟑ√ퟑ
+
√풂ퟐ + 풃ퟐ

풂풃√ퟐ
≥
ퟐ풂풃
ퟑ√ퟑ

+
ퟏ

√풂풃
= 

= 풂풃
ퟑ√ퟑ

+ 풂풃
ퟑ√ퟑ

+ ퟏ
√풂풃

≥ 	√풂풃	. The equality holds for 풂 = 풃 = √ퟑ. 

133. From the book: “Math Accent” 

If 풂,풃, 풄 ∈ (ퟎ,∞),풂풃풄 = ퟏ then: 

풂+ √풂ퟑ + 풂ퟐퟑ ≥ ퟗ
ퟏ

ퟏ + √풃ퟐퟑ + √풄ퟑ  

Proposed by Daniel Sitaru – Romania 
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Solution 1 by Nguyen Tien Lam-Vietnam  

Let √풂ퟑ = 풙, √풃ퟑ = 풚, √풄ퟑ = 풛 then 풙풚풛 = ퟏ and 풙,풚, 풛 > 0 

By Cauchy – Schwarz, we have 

(ퟏ + 풚ퟐ + 풛)(풙ퟐ + ퟏ + 풛) ≥ (풙 + 풚 + 풛)ퟐ ≥ ퟗ 

which implies ퟗ
ퟏ 풛ퟐ 풙

≤ 풚ퟐ + ퟏ + 풙, ퟗ
ퟏ 풙ퟐ 풚

≤ 풛ퟐ + ퟏ + 풚 

Adding above inequalities, we obtain 

ퟗ
ퟗ

ퟏ + 풚ퟐ + 풛
≤ ퟑ+ 풙 + 풚 + 풛 + 풙ퟐ + 풚ퟐ + 풛ퟐ 

≤ 풙ퟑ + 풚ퟑ + 풛ퟑ + 풙 + 풚 + 풛 + 풙ퟐ + 풚ퟐ + 풛ퟐ 

Thus, we get the desired inequality. 

Solution 2 by Rozeta Atanasova-Skopje 

푳푯푺 = 풂+ √풃ퟑ + 풄ퟐퟑ + 풃 + √풄ퟑ + 풂ퟐퟑ + 풄 + √풂ퟑ + 풃ퟐퟑ ≥ (푨푴− 푮푴) 

ퟑ 풂ퟑ풃풄ퟐퟗ + 풃ퟑ풄풂ퟐퟗ + 풄ퟑ풂풃ퟐퟗ = 

ퟑ
풂ퟑ풃풄ퟐ

(풂풃풄)ퟑ
ퟗ

+
풃ퟑ풄풂ퟐ

(풂풃풄)ퟑ
ퟗ

+
풄ퟑ풂풃ퟐ

(풂풃풄)ퟑ
ퟗ

= 

ퟑ
ퟏ

풃
ퟐ
ퟑ풄

ퟏ
ퟑ

ퟑ +
ퟏ

풄
ퟐ
ퟑ풄

ퟏ
ퟑ

ퟑ +
ퟏ

풂
ퟐ
ퟑ풃

ퟏ
ퟑ

ퟑ ≥ (푮푴−푯푴) 

ퟗ
ퟏ

ퟏ + √풄ퟑ + √풃ퟐퟑ +
ퟏ

ퟏ + √풂ퟑ + √풄ퟐퟑ +
ퟏ

ퟏ + √풃ퟑ + √풂ퟐퟑ = 푹푯푺 
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134. Let 풂,풃, 풄 be non-negative real numbers, no two of which are zero. 

Prove that 

풂풃 + 풃풄 + 풄풂
풃ퟐ + 풃풄 + 풄ퟐ

풄풚풄

≥ ퟐ +
ퟐ

풂 + 풃 + 풄
풃풄
풃 + 풄

+
풄풂
풄 + 풂

+
풂풃
풂 + 풃

 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Como 풂,풃, 풄 ≥ ퟎ ⇔ 풂풃 + 풃풄 + 풄풂 > ퟎ, ya que ퟐ de ellos son diferentes de 

zero. 

La desigualdad es equivalente  

∑ 풂풃 풃풄 풄풂
(풃ퟐ 풄ퟐ 풃풄)(풂풃 풃풄 풄풂)

≥ ퟐ + ퟐ
풂 풃 풄

풃풄
풃 풄

+ 풄풂
풄 풂

+ 풂풃
풂 풃

  

Luego por MA ≥ MG 

풂풃 + 풃풄 + 풄풂
(풃ퟐ + 풄ퟐ + 풃풄)(풂풃 + 풃풄 + 풄풂)

≥
ퟐ(풂풃 + 풃풄 + 풄풂)

(풃 + 풄)ퟐ + 풂(풃 + 풄) = 

=
ퟐ(풂풃 + 풃풄 + 풄풂)

(풂 + 풃 + 풄)(풃 + 풄) 

⇔
ퟐ(풂풃 + 풃풄 + 풄풂)

(풂 + 풃 + 풄)(풃 + 풄) = 

=
ퟐ

풂 + 풃 + 풄
풂(풃 + 풄) + 풃풄

풃 + 풄
+
풃(풄 + 풂) + 풄풂

풄 + 풂
+
풄(풂 + 풃) + 풂풃

풂 + 풃
 

⇔ ∑ ퟐ(풂풃 풃풄 풄풂)
(풂 풃 풄)(풃 풄) = ퟐ

풂 풃 풄
(풂 + 풃 + 풄) + 풃풄

풃 풄
+ 풄풂

풄 풂
+ 풂풃

풂 풃
=  

= ퟐ +
ퟐ

풂 + 풃 + 풄
풃풄
풃 + 풄 +

풄풂
풄 + 풂 +

풂풃
풂 + 풃  

La igualdad se alcanza cuando 풂 = 풃 = 풄. 
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135. Let 풂,풃, 풄 be positive real numbers such that 

ퟏ
√ퟏ + 풂ퟑ

+
ퟏ

√ퟏ + 풃ퟑ
+

ퟏ
√ퟏ + 풄ퟑ

≤ ퟏ 

Prove that 

풂ퟐ + 풃ퟐ + 풄ퟐ ≥ ퟏퟐ 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Abdul Aziz-Semarang-Indonesia 

A fact 

(풂ퟐ − ퟐ풂)ퟐ ≥ ퟎ ⇔ 풂ퟒ + ퟒ풂ퟐ ≥ ퟒ풂ퟑ 

⇔ 풂ퟒ + ퟒ풂ퟐ + ퟒ ≥ ퟒ(풂ퟑ + ퟏ) ⇔ (풂ퟐ + ퟐ) ≥ ퟐ 풂ퟑ + ퟏ 

Analogoue, 

(풃ퟐ + ퟐ) ≥ ퟐ 풃ퟑ + ퟏ 

(풄ퟐ + ퟐ) ≥ ퟐ 풄ퟑ + ퟏ 

------------------------------- + 

풂ퟐ + 풃ퟐ + 풄ퟐ + ퟔ ≥ ퟐ √풂ퟑ + ퟏ + √풃ퟑ + ퟏ + √풄ퟑ + ퟏ     (1) 

ퟏ ≥
ퟏ

√풂ퟑ + ퟏ
+

ퟏ
√풃ퟑ + ퟏ

+
ퟏ

√풄ퟑ + ퟏ
≥

(ퟏ + ퟏ + ퟏ)ퟑ

√풂ퟑ + ퟏ + √풃ퟑ + ퟏ + √풄ퟑ + ퟏ
 

풂ퟑ + ퟏ + 풃ퟑ + ퟏ + 풄ퟑ + ퟏ ≥ ퟗ 

By (1) and (2), 

풂ퟐ + 풃ퟐ + 풄ퟐ ≥ ퟐ 풂ퟑ + ퟏ + 풃ퟑ + ퟏ + 풄ퟑ + ퟏ − ퟔ ≥ ퟏퟖ − ퟔ = ퟏퟐ 

Equality holds when 풂 = 풃 = 풄 = ퟐ 

Solution 2 by Kevin Soto Palacios – Huarmey – Peru  

Siendo 풂,풃, 풄 números 푹  de tal manera que 
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ퟏ

√ퟏ + 풂ퟑ
+

ퟏ
√ퟏ + 풃ퟑ

+
ퟏ

√ퟏ + 풄ퟑ
≤ ퟏ 

Probar que → 풂ퟐ + 풃ퟐ + 풄ퟐ ≥ ퟏퟐ 

Por la desigualdad de Cauchy 

ퟗ ≤ ퟏ + 풂ퟑ + ퟏ+ 풃ퟑ + ퟏ+ 풄ퟑ = 

= (ퟏ + 풂)(풂ퟐ − 풂 + ퟏ) + (ퟏ + 풃)(풃ퟐ − 풃 + ퟏ) + (ퟏ+ 풄)(풄ퟐ − 풄 + ퟏ) 

Por MA ≥ MG 

ퟗ ≤ (ퟏ + 풂)(풂ퟐ − 풂 + ퟏ) + (ퟏ + 풃)(풃ퟐ − 풃 + ퟏ) + (ퟏ + 풄)(풄ퟐ − 풄+ ퟏ) ≤ 

≤
풂ퟐ + ퟐ
ퟐ +

풃ퟐ + ퟐ
ퟐ +

풄ퟐ + ퟐ
ퟐ  

ퟏퟖ ≤ 풂ퟐ + 풃ퟐ + 풄ퟐ + ퟔ ⇔ 풂ퟐ + 풃ퟐ + 풄ퟐ ≥ ퟏퟐ 

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

ퟏ ≥
ퟏ

√ퟏ + 풂ퟑ풔풚풎

=
ퟏ

(ퟏ + 풂) ⋅ (ퟏ − 풂 + 풂ퟐ)풔풚풎

≥
푨푴 푮푴

 

≥
ퟐ

ퟐ+ 풂ퟐ
= ퟐ ⋅

ퟏ
ퟐ + 풂ퟐ

≥ ퟐ ⋅
(ퟏ + ퟏ + ퟏ)ퟐ

ퟔ + ∑풂ퟐ
=

ퟐ ⋅ ퟗ
ퟔ + ∑풂ퟐ

 

ퟏ ≥
ퟏퟖ

ퟔ + ∑풂ퟐ ⇒ 풂ퟐ ≥ ퟏퟐ 

 

136. If 풂,풃, 풄 > ퟎ then: 

ퟗ(풂ퟐ + 풃ퟐ + 풄ퟐ) ≥ ퟑ(풂 + 풃 + 풄)ퟐ + |풂 − 풃|ퟐ	 

Proposed by D.M. Bătinețu – Giurgiu and Neculai Stanciu – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo 풂,풃, 풄 > ퟎ. Probar que 
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ퟐ(풂ퟐ + 풃ퟐ + 풄ퟐ) ≥ ퟐ(풂풃 + 풃풄 + 풄풂) ≥
ퟏ
ퟑ

|풂 − 풃|
ퟐ

 

⇔ ퟑ((풂 − 풃)ퟐ + (풃 − 풄)ퟐ + (풄 − 풂)ퟐ) ≥ |풂 − 풃|
ퟐ

 

⇔ ퟑ((|풂 − 풃|)ퟐ + (|풃 − 풄|)ퟐ + (|풄 − 풂|)ퟐ)ퟐ ≥ (|풂 − 풃| + |풃 − 풄| + |풄 − 풂|)ퟐ 

(Lo cual es válido por Cauchy) 

Solution 2 by Mihalcea Andrei Stefan-Romania 

ퟏ
ퟑ

|풂 − 풃|
ퟐ

≤
푪 푩 푺

|풂 − 풃|ퟐ = ퟐ 풂ퟐ − ퟐ 풂풃 | + ퟐ 풂풃 

⇒ ퟐ 풂풃 +
ퟏ
ퟑ

|풂 − 풃|
ퟐ
≤ ퟐ 풂ퟐ 

Solution 3 by Serban George Florin-Romania 

ퟗ ⋅ (풂ퟐ + 풃ퟐ + 풄ퟐ) ≥ ퟑ ⋅ (풂 + 풃 + 풄)ퟐ + |풂 − 풃|ퟐ 

ퟗ풂ퟐ + ퟗ풃ퟐ + ퟗ풄ퟐ ≥ ퟑ풂ퟐ + ퟑ풃ퟐ + ퟑ풄ퟐ + ퟔ풂풃 + ퟔ풃풄 + ퟔ풂풄 + 

+|풂 − 풃|ퟐ + |풃 − 풄|ퟐ + |풂 − 풄|ퟐ 

ퟔ풂ퟐ + ퟔ풃ퟐ + ퟔ풄ퟐ ≥ ퟔ풂풃 + ퟔ풃풄 + ퟔ풂풄 + 풂ퟐ − ퟐ풂풃 + 풃ퟐ + 

+풃ퟐ − ퟐ풃풄 + 풄ퟐ + 풂ퟐ − ퟐ풂풄 + 풄ퟐ 

⇒ ퟒ풂ퟐ + ퟒ풃ퟐ + ퟒ풄ퟐ ≥ ퟒ풂풃 + ퟒ풃풄 + ퟒ풂풄|:ퟐ 

⇒ ퟐ풂ퟐ + ퟐ풃ퟐ + ퟐ풄ퟐ ≥ ퟐ풂풃 + ퟐ풃풄 + ퟐ풂풄 ≥ ퟎ 

⇒ 풂ퟐ + 풂ퟐ + 풃ퟐ + 풃ퟐ + 풄ퟐ + 풄ퟐ − ퟐ풂풃 − ퟐ풃풄 − ퟐ풂풄 ≥ ퟎ 

⇒ (풂ퟐ − ퟐ풂풃 + 풃ퟐ) + (풃ퟐ − ퟐ풃풄 + 풄ퟐ) + (풄ퟐ − ퟐ풂풄 + 풂ퟐ) ≥ ퟎ 

⇒ (풂 − 풃)ퟐ + (풃 − 풄)ퟐ + (풄 − 풂)ퟐ ≥ ퟎ  (A) 

Solution 4 by Seyran Ibrahimov-Maasilli-Azerbaidian 

풂 ≥ 풃 ≥ 풄 

ퟗ풂ퟐ + ퟗ풃ퟐ + ퟗ풄ퟐ ≥ ퟑ풂ퟐ + ퟑ풃ퟐ + ퟑ풄ퟐ + ퟔ풂풃 + ퟔ풂풄 + ퟔ풃풄 + ퟐ∑풂ퟐ − ퟐ∑풂풃  
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ퟒ풂ퟐ + ퟒ풃ퟐ + ퟒ풄ퟐ ≥ ퟒ풂풃 + ퟒ풃풄 + ퟒ풂풄 

풂ퟐ + 풃ퟐ + 풄ퟐ ≥ 풂풃 + 풃풄 + 풂풄 

(Proved) 

Solution 5 by Soumava Chakraborty-Kolkata-India 

ퟐ(풂ퟐ + 풃ퟐ + 풄ퟐ) ≥⏞
(ퟏ)

ퟐ(풂풃 + 풃풄 + 풄풂) +
ퟏ
ퟑ

|풂 − 풃|
ퟐ
		∀풂,풃,풄 ∈ ℝ 

(1) ⇔ ퟑ(ퟐ∑풂ퟐ − ퟐ∑풂풃) ≥ |풂 − 풃|ퟐ + |풃 − 풄|ퟐ + |풄 − 풂|ퟐ 

+ퟐ(|풂 − 풃|	|풃 − 풄| + |풃 − 풄||풄 − 풂| + |풄 − 풂||풂 − 풃|) 

⇔ ퟑ{(풂 − 풃)ퟐ + (풃 − 풄)ퟐ + (풄 − 풂)ퟐ} − (|풂 − 풃|ퟐ + |풃 − 풄|ퟐ + |풄 − 풂|ퟐ) 

≥ ퟐ(|풂 − 풃||풃 − 풄| + |풃 − 풄||풄 − 풂| + |풄 − 풂||풂 − 풃|) 

⇔ |풂 − 풃|ퟐ + |풃 − 풄|ퟐ + |풄 − 풂|ퟐ ≥ |풂 − 풃||풃 − 풄| + |풃 − 풄||풄− 풂| + |풄 − 풂||풂 − 풃| 

→ true ∵ 풙ퟐ + 풚ퟐ + 풛ퟐ ≥ 풙풚 + 풚풛 + 풛풙, 

where 풙 = |풂 − 풃|, 풚 = |풃 − 풄|, 풛 = |풄 − 풂| 

Solution 6 by Soumava Pal-Kolkata-India 

ퟐ(풂 − 풃)ퟐ + ퟐ(풃 − 풄)ퟐ + ퟐ(풄 − 풂)ퟐ ≥ ퟎ 

⇒ ퟑ (풂 − 풃)ퟐ ≥ (풂 − 풃)ퟐ = |풂 − 풃|ퟐ 

⇒ ퟔ 풂ퟐ − ퟔ 풂풃 ≥ |풂 − 풃|ퟐ ⇒ ퟔ 풂ퟐ + ퟑ 풂ퟐ ≥ 

≥ ퟑ 풂ퟐ + ퟔ 풂풃 + |풂 − 풃|ퟐ = ퟑ 풂
ퟐ

+ |풂 − 풃|ퟐ 

 

137. Let 풙,풚, 풛 be positive real numbers. Prove that: 

풙ퟐ

ퟐ(풚ퟒ 풛ퟒ) 풚풛
+ 풚ퟐ

ퟐ(풛ퟒ 풙ퟒ) 풛풙
+ 풛ퟐ

ퟐ(풙ퟒ 풚ퟒ) 풙풚
≥ ퟏ        (1) 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  
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Solution 1 by Hoang Le Nhat Tung – Hanoi – Vietnam 

* Lemma: Let 풙,풚, 풛	 be positive real numbers. We have: 

풙ퟒ + 풚ퟒ + 풛ퟒ + 풙풚풛(풙+ 풚 + 풛) ≥ 풙풚(풙ퟐ + 풚ퟐ) + 풚풛(풚ퟐ + 풛ퟐ) + 풛풙(풛ퟐ + 풙ퟐ)    (2) 

- Since AM – GM for 2 positive real number: 

풙풚(풙ퟐ + 풚ퟐ) + 풚풛(풚ퟐ + 풛ퟐ) + 풛풙(풛ퟐ + 풙ퟐ) ≥ 풙풚 ⋅ ퟐ풙풚 + 풚풛 ⋅ ퟐ풚풛 + 풛풙 ⋅ ퟐ풛풙 = 

= ퟐ(풙ퟐ풚ퟐ + 풚ퟐ풛ퟐ + 풛ퟐ풙ퟐ) 

⇔ 풙풚(풙ퟐ + 풚ퟐ) + 풚풛(풚ퟐ + 풛ퟐ) + 풛풙(풛ퟐ + 풙ퟐ) ≥ ퟐ(풙ퟐ풚ퟐ + 풚ퟐ풛ퟐ + 풛ퟐ풙ퟐ)        (3) 

- Since (2), (3): ⇒ 풙ퟒ + 풚ퟒ + 풛ퟒ + 풙풚풛(풙 + 풚 + 풛) ≥ ퟐ(풙ퟐ풚ퟐ + 풚ퟐ풛ퟐ + 풛ퟐ풙ퟐ) 

⇔ 풙ퟒ + 풚ퟒ + 풛ퟒ + ퟐ(풙ퟐ풚ퟐ + 풚ퟐ풛ퟐ + 풛ퟐ풙ퟐ) ≥ ퟒ(풙ퟐ풚ퟐ + 풚ퟐ풛ퟐ + 풛ퟐ풙ퟐ) − 풙풚풛(풙 + 풚 + 풛) 

⇔ (풙ퟐ + 풚ퟐ + 풛ퟐ)ퟐ ≥ ퟒ(풙ퟐ풚ퟐ + 풚ퟐ풛ퟐ + 풛ퟐ풙ퟐ) − 풙풚풛(풙 + 풚 + 풛) 

⇔ 풙ퟐ 풚ퟐ 풛ퟐ
ퟐ

ퟒ 풙ퟐ풚ퟐ 풚ퟐ풛ퟐ 풛ퟐ풙ퟐ 풙풚풛(풙 풚 풛)
             (4) 

* Since inequality Bunhiacopxki: 

ퟏ ⋅ 	 ퟐ(풙ퟒ + 풚ퟒ) + ퟏ ⋅ 풙풚
ퟐ
≤ (ퟏퟐ + ퟏퟐ) ⋅ ퟐ(풙ퟒ + 풚ퟒ)

ퟐ
+ (ퟐ풙풚)ퟐ = 

= ퟐ[ퟐ(풙ퟒ + 풚ퟒ) + ퟒ풙ퟐ풚ퟐ] 

⇔ ퟐ(풙ퟒ + 풚ퟒ) + ퟐ풙풚
ퟐ
≤ ퟒ(풙ퟒ + ퟒ풙ퟐ풚ퟐ + 풚ퟒ) ⇔ 

⇔ ퟐ(풙ퟒ + 풚ퟒ) + ퟐ풙풚
ퟐ
≤ ퟒ(풙ퟐ + 풚ퟐ)ퟐ 

⇔ ퟐ(풙ퟒ + 풚ퟒ) + ퟐ풙풚 ≤ ퟒ(풙ퟐ + 풚ퟐ)ퟐ = ퟐ(풙ퟐ + 풚ퟐ) ⇔ 

⇔ ퟐ(풙ퟒ + 풚ퟒ) + 풙풚 ≤ ퟐ풙ퟐ − 풙풚 + ퟐ풚ퟐ 

⇔ 풛ퟐ

ퟐ 풙ퟒ 풚ퟒ ퟐ풙풚
≥ 풛ퟐ

ퟐ풙ퟐ 풙풚 ퟐ풚ퟐ
          (5) 

- Similar: 풚ퟐ

ퟐ(풛ퟐ 풙ퟒ) 풛풙
≥ 풚ퟐ

ퟐ풛ퟐ 풛풙 ퟐ풙ퟐ
; 풙ퟐ

ퟐ 풚ퟒ 풛ퟒ 풚풛
≥ 풙ퟐ

ퟐ풚ퟐ 풚풛 ퟐ풛ퟐ
     (6) 

- XXXXX (5), (6): 

⇒
풙ퟐ

ퟐ(풚ퟒ + 풛ퟒ) + 풚풛
+

풚ퟐ

ퟐ(풛ퟒ + 풙ퟒ) + 풛풙
+

풛ퟐ

ퟐ(풙ퟒ + 풚ퟒ) + 풙풚
≥ 
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≥ 풙ퟐ

ퟐ풚ퟐ 풚풛 ퟐ풛ퟐ
+ 풚ퟐ

ퟐ풛ퟐ 풛풙 ퟐ풙ퟐ
+ 풛ퟐ

ퟐ풙ퟐ 풙풚 ퟐ풚ퟐ
    (7) 

- Since inequality Cauchy – Schwarz we have 

풙ퟐ

ퟐ풚ퟐ − 풚풛 + ퟐ풛ퟐ +
풚ퟐ

ퟐ풛ퟐ − 풛풙 + ퟐ풙ퟐ +
풛ퟐ

ퟐ풙ퟐ − 풙풚 + ퟐ풚ퟐ 

=
풙ퟒ

ퟐ풙ퟐ풚ퟐ − 풙ퟐ풚풛+ ퟐ풙ퟐ풛ퟐ +
풚ퟒ

ퟐ풚ퟐ풛ퟐ − 풚ퟐ풛풙 + ퟐ풚ퟐ풙ퟐ +
풛ퟒ

ퟐ풛ퟐ풙ퟐ − 풛ퟐ풙풚 + ퟐ풛ퟐ풚ퟐ ≥ 

≥
(풙ퟐ + 풚ퟐ + 풛ퟐ)ퟐ

(ퟐ풙ퟐ풚ퟐ − 풙ퟐ풚풛 + ퟐ풙ퟐ풛ퟐ) + (ퟐ풚ퟐ풛ퟐ − 풚ퟐ풛풙 + ퟐ풚ퟐ풙ퟐ) + (ퟐ풛ퟐ풙ퟐ − 풛ퟐ풙풚 + ퟐ풛ퟐ풚ퟐ) 

=
(풙ퟐ + 풚ퟐ + 풛ퟐ)ퟐ

ퟒ(풙ퟐ풚ퟐ + 풚ퟐ풛ퟐ + 풛ퟐ풙ퟐ) − 풙풚풛(풙 + 풚 + 풛) 

⇒ 풙ퟐ

ퟐ풚ퟐ 풚풛 ퟐ풛ퟐ
+ 풚ퟐ

ퟐ풛ퟐ 풛풙 ퟐ풙ퟐ
+ 풛ퟐ

ퟐ풙ퟐ 풙풚 ퟐ풚ퟐ
≥ 풙ퟐ 풚ퟐ 풛ퟐ

ퟐ

ퟒ 풙ퟐ풚ퟐ 풚ퟐ풛ퟐ 풛ퟐ풙ퟐ 풙풚풛(풙 풚 풛)
    (8) 

- Since (7), (8): 

⇒ 풙ퟐ

ퟐ 풚ퟒ 풛ퟒ 풚풛
+ 풚ퟐ

ퟐ 풛ퟒ 풙ퟒ 풛풙
+ 풛ퟐ

ퟐ 풙ퟒ 풚ퟒ 풙풚
≥ 풙ퟐ 풚ퟐ 풛ퟐ

ퟐ

ퟒ 풙ퟐ풚ퟐ 풚ퟐ풛ퟐ 풛ퟐ풙ퟐ 풙풚풛(풙 풚 풛)
    (9) 

- (4), (9): 

⇒
풙ퟐ

ퟐ(풚ퟒ + 풛ퟒ) + 풚풛
+

풚ퟐ

ퟐ(풛ퟒ + 풙ퟒ) + 풛풙
+

풛ퟐ

ퟐ(풙ퟒ + 풚ퟒ) + 풙풚
≥ ퟏ 

⇒ Inequality (1) True and we get the result. 

+ The occurs if: 

⇔

⎩
⎪
⎨

⎪
⎧ 풙 = 풚 = 풛 > ퟎ

ퟐ(풙ퟒ + 풚ퟒ) = ퟐ풙풚; ퟐ(풚ퟒ + 풛ퟒ) = ퟐ풚풛; ퟐ(풛ퟒ + 풙ퟒ) = ퟐ풛풙 ⇔ 풙 = 풚 = 풛 > ퟎ.
ퟏ

ퟐ풚ퟐ − 풚풛+ ퟐ풛ퟐ =
ퟏ

ퟐ풛ퟐ − 풛풙 + ퟐ풙ퟐ =
ퟏ

ퟐ풙ퟐ − 풙풚 + ퟐ풚ퟐ

 

Solution 2 by Kevin Soto Palacios – Huarmey – Peru  

Siendo 풙,풚, 풛 números 푹 . Probar que 

풙ퟐ

ퟐ(풚ퟒ + 풛ퟒ) + 풚풛
+

풚ퟐ

ퟐ(풛ퟒ + 풙ퟒ) + 풛풙
+

풛ퟐ

ퟐ(풙ퟒ + 풚ퟒ) + 풙풚
≥ ퟏ 

Teniendo en cuenta las siguientes desigualdades conocidas 
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ퟐ(풚ퟒ + 풛ퟒ) ≤ ퟐ(풚ퟐ + 풛ퟐ − 풚풛),	 

ퟐ(풛ퟒ + 풙ퟒ) ≤ ퟐ(풛ퟐ + 풙ퟐ − 풙풚),	 

ퟐ(풙ퟒ + 풚ퟒ) ≤ ퟐ(풙ퟐ + 풚ퟐ − 풙풚) 

Por lo tanto 

∑ 풙ퟐ

ퟐ(풚ퟒ 풛ퟒ) 풚풛
≥ 풙ퟐ

ퟐ(풚ퟐ 풛ퟐ) 풚풛
+ 풚ퟐ

ퟐ(풛ퟐ 풙ퟐ) 풙풚
+ 풛ퟐ

ퟐ(풙ퟐ 풚ퟐ) 풙풚
≥ ퟏ  

Por la desigualdad de Cauchy 

풙ퟒ

ퟐ풙ퟐ(풚ퟐ + 풛ퟐ) − 풙ퟐ풚풛 ≥
(풙ퟐ + 풚ퟐ + 풛ퟐ)ퟐ

ퟒ풙ퟐ풚ퟐ + ퟒ풚ퟐ풛ퟐ + ퟒ풛ퟐ풙ퟐ − 풙풚풛(풙 + 풚+ 풛) ≥ ퟏ 

⇔ (풙ퟐ + 풚ퟐ + 풛ퟐ)ퟐ ≥ ퟒ풙ퟐ풚ퟐ + ퟒ풚ퟐ풛ퟐ + ퟒ풛ퟐ풙ퟐ − 풙풚풛(풙 + 풚 + 풛) 

⇔ 풙풚풛(풙 + 풚 + 풛) ≥ ퟐ풙ퟐ풚ퟐ + ퟐ풚ퟐ풛ퟐ + ퟐ풛ퟐ풙ퟐ − 풙ퟒ − 풚ퟒ − 풛ퟒ 

⇔ 풙풚풛(풙 + 풚 + 풛) ≥ (풙 + 풚 + 풛)(풙 + 풚 − 풛)(풚 + 풛 − 풙)(풛 + 풙 − 풚) 

⇔ 풙풚풛 ≥ (풙 + 풚 − 풛)(풚 + 풛 − 풙)(풛 + 풙 − 풚) 

(Lo cual es equivalente a la desigualdad de Schur) 

La desigualdad pedida es equivalente 

풙풚풛 ≥ (풙 + 풚 − 풛)(풚 + 풛 − 풙)(풛 + 풙 − 풚) 

풙풚풛 ≥ (풚ퟐ − (풙 − 풛)ퟐ)(풛 + 풙 − 풚) 

풙풚풛 ≥ (풚ퟐ − 풙ퟐ − 풛ퟐ + ퟐ풙풛)(풛 + 풙 − 풚) 
풙풚풛 ≥ 풚ퟐ풛+ 풚ퟐ풙 − 풚ퟑ − 풙ퟐ풛 − 풙ퟑ + 풙ퟐ풚 − 풛ퟑ − 풛ퟐ풙 + 풛ퟐ풚 + ퟐ풙풛ퟐ + ퟐ풙ퟐ풛 − ퟐ풙풚풛  

⇔ 풙ퟑ + 풚ퟑ + 풛ퟑ + ퟑ풙풚풛 ≥ 풙풚(풙 + 풚) + 풚풛(풚 + 풛) + 풛풙(풛 + 풙) 

⇔ 풙(풙 − 풚)(풙 − 풛) + 풚(풚 − 풛)(풚 − 풙) + 풛(풛 − 풙)(풛 − 풚) ≥ ퟎ 

(Válido por desigualdad Schur) 

Solution 3 by Boris Colakovic – Belgrade – Serbia  
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ퟐ(풚ퟒ + 풛ퟒ) =
ퟒ(풚ퟒ + 풛ퟒ)

ퟐ = ퟐ
풚ퟒ + 풛ퟒ

ퟐ ≥
푨푴 푮푴

ퟐ풚풛 

Analogous ퟐ(풛ퟒ + 풙ퟒ) ≥ ퟐ풛풙; ퟐ(풙ퟒ + 풚ퟒ) ≥ ퟐ풙풚 

Now is ퟐ(풚ퟒ + 풛ퟒ) + 풚풛 ≥ ퟑ풚풛 ⇒ ퟏ

ퟐ 풚ퟒ 풛ퟒ 풚풛
≤ ퟏ

ퟑ풚풛
⇔ 풙ퟐ

ퟐ 풚ퟒ 풛ퟒ 풚풛
≤ 풙ퟐ

ퟑ풚풛
 (1) 

Analogous 풚ퟐ

ퟐ(풛ퟒ 풙ퟒ) 풛풙
≤ 풚ퟐ

ퟑ풛풙
   (2); 풛ퟐ

ퟐ(풙ퟒ 풚ퟒ) 풙풚
≤ 풛ퟐ

ퟑ풙풚
   (3) 

Adding (1) + (2) + (3) ⇒ 

풙ퟐ

ퟑ풚풛
+ 풚ퟐ

ퟑ풛풙
+ 풛ퟐ

ퟑ풙풚
≥ 풙ퟐ

ퟐ(풚ퟒ 풛ퟒ) 풚풛
+ 풚ퟐ

ퟐ(풛ퟒ 풙ퟒ) 풛풙
+ 풛ퟐ

ퟐ(풙ퟒ 풚ퟒ) 풙풚

푺

  

Now is 풙
ퟐ

ퟑ풚풛
+ 풚ퟐ

ퟑ풛풙
+ 풛ퟐ

ퟑ풙풚
≥ (풙 풚 풛)ퟐ

ퟑ(풙풚 풚풛 풛풙) ≥ ퟏ 

Now is 풙
ퟐ

ퟑ풚풛
+ 풚ퟐ

ퟑ풛풙
+ 풛ퟐ

ퟑ풙풚
≥ 푺 ≥ ퟏ 

Equality holds for 풙 = 풚 = 풛 = ퟏ 

 

138. If 풂,풃, 풄 ≥ ퟐ then: 

ퟒ(풂 + 풃 + 풄) ≤ ퟐ(풂풃 + 풃풄 + 풄풂) ≤ ퟑ풂풃풄 

(풂 + 풃 + 풄)ퟑ ≤ (풂풃 + 풄)(풃풄 + 풂)(풄풂 + 풃) 

Proposed by Maria Elena Panaitopol – Romania  

Solution by SK Rejuan-West Bengal-India  

Given that 풂,풃, 풄 ≥ ퟐ, we have to prove that, 

ퟒ 풂 ≤ ퟐ 풂풃 ≤ ퟑ풂풃풄 

1st  

ퟒ 풂 ≤ ퟐ 풂풃 
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⇔ ퟐ 풂 ≤ 풂풃 

⇔ ퟎ ≤ 풂(풃 − ퟐ) + 풃(풄 − ퟐ) + 풄(풂 − ퟐ) 

[which is true ∵ (풃 − ퟐ), (풄 − ퟐ), (풂 − ퟐ) ≥ ퟎ] 

∴ ퟒ∑풂 ≤ ퟐ∑풂풃   (1) 

2nd Again, 

ퟐ ≤ 풂 ⇒ ퟐ풃풄 ≤ 풂풃풄				[∵ 풂,풃, 풄 ≥ ퟐ] 

ퟐ ≤ 풃 ⇒ ퟐ풂풄 ≤ 풂풃풄 

ퟐ ≤ 풄 ⇒ ퟐ풂풃 ≤ 풂풃풄 

--------------------------------------------------- 

(adding) ퟐ∑풂풃 ≤ ퟑ풂풃풄 

∴ ퟐ∑풂풃 ≤ ퟑ풂풃풄    (2) 

combining (1) & (2) we get 

ퟒ 풂 ≤ ퟐ 풂풃 ≤ ퟑ풂풃풄 

[Proved] 

풂,풃,풄 ≥ ퟐ 

Now, ퟐ(풂 + 풃 + 풄) = ퟐ ⋅ 풂 + ퟐ ⋅ 풃 + ퟐ ⋅ 풄 

≤ ퟐ풂 + 풄풃 + 풃풄			[∵ ퟐ ≤ 풃, ퟐ ≤ 풄] 

⇒ ퟐ(풂 + 풃 + 풄) ≤ ퟐ(풂 + 풃풄) 

⇒ (풂 + 풃 + 풄) ≤ (풂 + 풃풄)     (1) 

Similarly we can prove that 

(풂 + 풃 + 풄) ≤ (풃 + 풄풂)    (2) 

and (풂 + 풃 + 풄) ≤ (풄 + 풂풃)    (3) 

Multiplying (1), (2) & (3) we get, 

(풂 + 풃 + 풄)ퟑ ≤ (풂풃 + 풄)(풃풄 + 풂)(풄풂 + 풃) 

http://www.ssmrmh.ro


 
www.ssmrmh.ro 

 
[Proved] 

139. JBMO TEAM SELECTION TEST 

Let 풂,풃,풄 be positive real numbers. Prove that 

(풂 + 풃 + 풄)
ퟏ
풂 +

ퟏ
풃 +

ퟏ
풄 ≥ ퟗ + ퟑ

(풂 − 풃)ퟐ(풃 − 풄)ퟐ(풄 − 풂)ퟐ

풂ퟐ풃ퟐ풄ퟐ
ퟑ

 

Solution by Ravi Prakash-New Delhi-India 

(풂 + 풃 + 풄)
ퟏ
풂

+
ퟏ
풃

+
ퟏ
풄

= 

= ퟑ +
풃
풂

+
풂
풃

+
풃
풄

+
풄
풃

+
풂
풄

+
풄
풂

 

= ퟗ +
(풂 − 풃)ퟐ

풂풃 +
(풃 − 풄)ퟐ

풃풄 +
(풄 − 풂)ퟐ

풂풃  

≥ ퟗ+ ퟑ
(풂 − 풃)ퟐ(풃 − 풄)ퟐ(풄 − 풂)ퟐ

풂ퟐ풃ퟐ풄ퟐ

ퟏ
ퟑ

 

[∵ 푨푴 ≥ 푮푴] 

 

140. If 풙,풚, 풛 > ퟎ,풙 ≠ 풚, 풚 ≠ 풛, 풛 ≠ 풙 then: 

(풙풚 + 풚풛 + 풛풙)
ퟏ

(풙 − 풚)ퟐ +
ퟏ

(풚 − 풛)ퟐ +
ퟏ

(풛 − 풙)ퟐ +
풙 + 풚+ 풛
풙풚풛

>
ퟖퟏ
ퟒ

 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo 풙,풚, 풛 > ퟎ,풙 ≠ 풚, 풚 ≠ 풛,풛 ≠ 풙. Probar 

푷 = (풙풚 + 풚풛 + 풛풙) ퟏ
(풙 풚)ퟐ + ퟏ

(풚 풛)ퟐ + ퟏ
(풛 풙)ퟐ + ퟏ

풙풚
+ ퟏ

풚풛
+ ퟏ

풛풙
> ퟖퟏ

ퟒ
  

Iran Inequality 1994 

Siendo 풙,풚, 풛 > ퟎ. Se cumple la siguiente desigualdad 
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(풙풚 + 풚풛 + 풛풙)
ퟏ

(풙 + 풚)ퟐ +
ퟏ

(풚 + 풛)ퟐ +
ퟏ

(풛 + 풙)ퟐ ≥
ퟗ
ퟒ 

La igualdad se alcanza cuando 풙 = 풚 = 풛 = 풌 > ퟎ 

Dado que 풙 ≠ 풚 ≠ 풛 ≠ ퟎ 

⇔ (풙풚 + 풚풛 + 풛풙)
ퟏ

(풙 + 풚)ퟐ +
ퟏ

(풚 + 풛)ퟐ +
ퟏ

(풛 + 풙)ퟐ >
ퟗ
ퟒ

 

Por la desigualdad de Cauchy 
ퟏ

(풙 − 풚)ퟐ +
ퟏ
ퟐ풙풚 +

ퟏ
ퟐ풙풚 ≥

ퟗ
(풙 − 풚)ퟐ + ퟒ풙풚 =

ퟗ
(풙 + 풚)ퟐ ⇔ 

⇔
ퟏ

(풙 − 풚)ퟐ +
ퟏ
풙풚 ≥

ퟗ
(풙 + 풚)ퟐ 

Por lo tanto 

⇔ 풙풚
ퟏ

(풙 − 풚)ퟐ +
ퟏ
풙풚

≥ 풙풚
ퟗ

(풙 + 풚)ퟐ >
ퟗ ⋅ ퟗ
ퟒ

=
ퟖퟏ
ퟒ

 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

Lemma: Let 풙,풚, 풛 > ퟎ then (풙풚 + 풚풛 + 풛풙) ∑ ퟏ
(풙 풚)ퟐ풄풚풄 ≥ ퟗ

ퟒ
 

(풙풚 + 풚풛 + 풛풙) ∑ ퟏ
(풙 풚)ퟐ풄풚풄 + 풙 풚 풛

풙풚풛
= (풙풚 + 풚풛 + 풛풙)∑ ퟏ

(풙 풚)ퟐ + ퟒ
ퟒ풙풚풄풚풄   

>
푩푬푹푮푺푻푹푶푴

	 (풙풚 + 풚풛 + 풛풙)∑ (ퟏ ퟐ)ퟐ

(풙 풚)ퟐ ퟒ풙풚풄풚풄 = ퟗ(풙풚 + 풚풛 + 풛풙)∑ ퟏ
(풙 풚)ퟐ풄풚풄   

> ퟖퟏ
ퟒ

 (Proved) 

141. Let 풂,풃, 풄 be real positive numbers. 

Prove that 

ퟔ +
풂ퟐ

풃풄
+
풃ퟐ

풄풂
+
풄ퟐ

풂풃
≥ ퟑ ⋅ ퟔ(풂+ 풃 + 풄)

ퟏ
풂

+
ퟏ
풃

+
ퟏ
풄

− ퟐퟕ
ퟑ

 

Proposed by Adil Abdullayev-Baku-Azerbaidian 
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Solution by Kevin Soto Palacios – Huarmey – Peru  

Siendo 풂,풃, 풄 nùmeros 푹 , probar la siguiente desigualdad 

ퟔ +
풂ퟐ

풃풄
+
풃ퟐ

풂풄
+
풄ퟐ

풂풃
≥ ퟑ ퟔ(풂+ 풃 + 풄)

ퟏ
풂

+
ퟏ
풃

+
ퟏ
풄

− ퟐퟕ
ퟑ

 

Por la desigualdad de Schur 

풂ퟑ + 풃ퟑ + 풄ퟑ + ퟑ풂풃풄 ≥ 풂풃(풂 + 풃) + 풃풄(풃 + 풄) + 풄풂(풄 + 풂) 

⇔
풂ퟐ

풃풄
+
풃ퟐ

풂풄
+
풄ퟐ

풂풃
+ ퟔ ≥

풂 + 풃
풄

+ ퟏ +
풃 + 풄
풂

+ ퟏ +
풄 + 풂
풃

+ ퟏ = 

= (풂 + 풃 + 풄)
ퟏ
풂

+
ퟏ
풃

+
ퟏ
풄

 

Es suficiente probar 

풙 ≥ ퟑ√ퟔ풙 − ퟐퟕퟑ  , donde 풙 = (풂 + 풃 + 풄) ퟏ
풂

+ ퟏ
풃

+ ퟏ
풄
≥ ퟗ 

(Vàlido por MA ≥ MG) 

풙ퟑ ≥ ퟐퟕ(ퟔ풙 − ퟐퟕ) ⇔ 풙ퟑ − ퟏퟔퟐ풙 + ퟕퟐퟗ = (풙 − ퟗ)(풙ퟐ + ퟗ풙 − ퟖퟏ) ≥ ퟎ 

Lo cual es cierto ya que 풙 ≥ ퟗ	 ∧ 풙ퟐ + ퟗ풙 − ퟖퟏ ≥ ퟖퟏ > ퟎ 

 

142. Let 풂,풃, 풄 be real positive numbers. Prove that 

ퟔ +
풂ퟐ

풃풄
+
풃ퟐ

풄풂
+
풄ퟐ

풂풃
≥ ퟑ ⋅ ퟔ(풂+ 풃 + 풄)

ퟏ
풂

+
ퟏ
풃

+
ퟏ
풄

− ퟐퟕ
ퟑ

 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution by Kevin Soto Palacios – Huarmey – Peru  

Siendo 풂,풃, 풄 nùmeros 푹 , probar la siguiente desigualdad 

ퟔ +
풂ퟐ

풃풄 +
풃ퟐ

풂풄 +
풄ퟐ

풂풃 ≥ ퟑ ퟔ(풂+ 풃 + 풄)
ퟏ
풂 +

ퟏ
풃 +

ퟏ
풄 − ퟐퟕ

ퟑ
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Por la desigualdad de Schur 

풂ퟑ + 풃ퟑ + 풄ퟑ + ퟑ풂풃풄 ≥ 풂풃(풂 + 풃) + 풃풄(풃 + 풄) + 풄풂(풄 + 풂) 

⇔
풂ퟐ

풃풄
+
풃ퟐ

풂풄
+
풄ퟐ

풂풃
+ ퟔ ≥

풂 + 풃
풄

+ ퟏ +
풃 + 풄
풂

+ ퟏ +
풄 + 풂
풃

+ ퟏ = 

= (풂 + 풃 + 풄)
ퟏ
풂

+
ퟏ
풃

+
ퟏ
풄

 

Es suficiente probar 

풙 ≥ ퟑ√ퟔ풙 − ퟐퟕퟑ  , donde 풙 = (풂 + 풃 + 풄) ퟏ
풂

+ ퟏ
풃

+ ퟏ
풄
≥ ퟗ 

(Vàlido por MA ≥ MG) 

풙ퟑ ≥ ퟐퟕ(ퟔ풙 − ퟐퟕ) ⇔ 풙ퟑ − ퟏퟔퟐ풙 + ퟕퟐퟗ = (풙 − ퟗ)(풙ퟐ + ퟗ풙 − ퟖퟏ) ≥ ퟎ 

Lo cual es cierto ya que 풙 ≥ ퟗ	 ∧ 풙ퟐ + ퟗ풙 − ퟖퟏ ≥ ퟖퟏ > ퟎ 

 

143. If 풂,풃, 풄 > ퟎ,풂 + 풃 + 풄 = ퟑ then: 

ퟏ
풂풃풄

≥
풂ퟑ + 풃ퟑ + 풄ퟑ

ퟑ

ퟒ

 

Proposed by Nguyen Ngoc Tu – Ha Giang – Vietnam  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo 풂,풃, 풄 > ퟎ, de tal manera que 풂 + 풃 + 풄 = ퟑ. Probar que 

ퟏ
풂풃풄

≥
풂ퟑ + 풃ퟑ + 풄ퟑ

ퟑ

ퟒ

⇔ ퟑ ≥ (풂ퟑ + 풃ퟑ + 풄ퟑ)풂ퟒ풃ퟒ풄ퟒ 

Nosotros sabemos que 

(풂 + 풃 + 풄)ퟑ = 풂ퟑ + 풃ퟑ + 풄ퟑ + ퟑ(풂 + 풃)(풃 + 풄)(풄 + 풂) = ퟐퟕ 

Como 풂,풃, 풄 > ퟎ 

Aplicando 푴푨 ≥ 푴푮 
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풂ퟑ + 풃ퟑ + 풄ퟑ + ퟑ
ퟖ
⋅ ퟖ(풂+ 풃)(풃+ 풄)(풄 + 풂)

ퟗ
≥ ퟗퟗ(풂ퟑ + 풃ퟑ + 풄ퟑ) ퟑ(풂 풃)(풃 풄)(풄 풂)

ퟖ

ퟖ
  

Utilizando la siguiente desigualdad ∀	풂,풃, 풄 > ퟎ 

ퟗ(풂 + 풃)(풃 + 풄)(풄 + 풂) ≥ ퟖ(풂 + 풃 + 풄)(풂풃 + 풃풄 + 풄풂) 

⇒ ퟗퟗ(풂ퟑ + 풃ퟑ + 풄ퟑ)
ퟑ(풂 + 풃)(풃 + 풄)(풄 + 풂)

ퟖ

ퟖ

≥ 

≥ ퟗퟗ(풂ퟑ + 풃ퟑ + 풄ퟑ)
ퟑ(풂 + 풃 + 풄)(풂풃 + 풃풄 + 풄풂)

ퟗ

ퟖ

= 

= ퟗퟗ(풂ퟑ + 풃ퟑ + 풄ퟑ)(풂풃 + 풃풄 + 풄풂)ퟖ 

Por transitividad 

⇔ (풂 + 풃 + 풄)ퟐퟕ ≥ ퟗퟗ(풂ퟑ + 풃ퟑ + 풄ퟑ)(풂풃 + 풃풄 + 풄풂)ퟐ ≥ 

≥ ퟗퟗ(풂ퟑ + 풃ퟑ + 풄ퟑ) ퟑ풂풃풄(풂 + 풃 + 풄) ퟒ = ퟗퟏퟑ풂ퟒ풃ퟒ풄ퟒ = 

= ퟑퟐퟔ(풂ퟑ + 풃ퟑ + 풄ퟑ)풂ퟒ풃ퟒ풄ퟒ 

⇔ ퟑퟐퟕ ≥ ퟑퟐퟔ(풂ퟑ + 풃ퟑ + 풄ퟑ)풂ퟒ풃ퟒ풄ퟒ ⇔ ퟑ ≥ (풂ퟑ + 풃ퟑ + 풄ퟑ)풂ퟒ풃ퟒ풄ퟒ 

(LQQD) 

Solution 2 by Nguyen Ngoc Tu – HaGiang – Vietnam  

* Lemma. Let 풂,풃, 풄 be positive such that 풂 + 풃 + 풄 = ퟑ. Then 

(풂ퟐ풃 + 풃ퟐ풄 + 풄ퟐ풂)(풂ퟐ풄 + 풃ퟐ풂 + 풄ퟐ풃) ≥ ퟗ풂풃풄 

Solution lemma. 

(풂ퟐ풃 + 풃ퟐ풄 + 풄ퟐ풂)(풂ퟐ풄 + 풃ퟐ풂 + 풄ퟐ풃) ≥ ퟗ풂풃풄 

⇔ 풂ퟑ풃ퟑ + 풃ퟑ풄ퟑ + 풄ퟑ풂ퟑ + ퟑ풂ퟐ풃ퟐ풄ퟐ + 풂풃풄(풂ퟑ + 풃ퟑ + 풄ퟑ) ≥ ퟗ풂풃풄 

Use Schur inequality for 풏 = ퟑ we have 

풙ퟑ + 풚ퟑ + 풛ퟑ + ퟑ풙풚풛 ≥ 풙ퟐ(풚 + 풛) + 풚ퟐ(풛 + 풙) + 풛ퟐ(풙 + 풚) with 

풙 = 풂풃,풚 = 풃풄, 풛 = 풄풂 we have 

풂ퟑ풃ퟑ + 풃ퟑ풄ퟑ + 풄ퟑ풂ퟑ + ퟑ풂ퟐ풃ퟐ풄ퟐ ≥ 풂ퟐ풃ퟐ(풃풄+ 풄풂) + 풃ퟐ풄ퟐ(풂풃+ 풄풂) + 풄ퟐ풂ퟐ(풂풃+ 풃풄) 
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⇔ 풂ퟑ풃ퟑ + 풃ퟑ풄ퟑ + 풄ퟑ풂ퟑ + ퟑ풂ퟐ풃ퟐ풄ퟐ ≥ 풂풃풄[풂ퟐ(풃+ 풄) + 풃ퟐ(풄+ 풂) + 풄ퟐ(풂+ 풃)] 

Hence 

풂ퟑ풃ퟑ + 풃ퟑ풄ퟑ + 풄ퟑ풂ퟑ + ퟑ풂ퟐ풃ퟐ풄ퟐ + 풂풃풄(풂ퟑ + 풃ퟑ + 풄ퟑ) ≥ 풂풃풄 풂ퟑ + 풂ퟐ(풃 + 풄)  

= 풂풃풄(풂+ 풃 + 풄)(풂ퟐ + 풃ퟐ + 풄ퟐ) 

풂ퟐ + 풃ퟐ + 풄ퟐ ≥
ퟏ
ퟑ

(풂 + 풃 + 풄) = ퟏ ⇒ 풂풃풄(풂 + 풃+ 풄)(풂ퟐ + 풃ퟐ + 풄ퟐ) ≥ ퟗ풂풃풄 

Solution problem 

We have ퟏ
풂풃풄

≥ 풂ퟑ 풃ퟑ 풄ퟑ

ퟑ

ퟒ
⇔ ퟑ

(풂풃풄)ퟒ ≥ 풂ퟑ + 풃ퟑ + 풄ퟑ 

We have 

(풂ퟑ + 풃ퟑ + 풄ퟑ)(풂ퟐ풃 + 풃ퟐ풄 + 풄ퟐ풂)(풂ퟐ풃 + 풃ퟐ풄 + 풄ퟐ풂) 

≤
(풂ퟑ + 풃ퟑ + 풄ퟑ + 풂ퟐ풃 + 풃ퟐ풄 + 풄ퟐ풂 + 풂ퟐ풃 + 풃ퟐ풄 + 풄ퟐ풂)ퟑ

ퟐퟕ
 

=
ퟏ
ퟐퟕ

(풂 + 풃 + 풄)ퟑ(풂ퟐ + 풃ퟐ + 풄ퟐ)ퟑ = (풂ퟐ + 풃ퟐ + 풄ퟐ)ퟑ 

⇒ 풂ퟑ + 풃ퟑ + 풄ퟑ ≤ 풂ퟐ 풃ퟐ 풄ퟐ
ퟑ

(풂ퟐ풃 풃ퟐ풄 풄ퟐ풂)(풂ퟐ풃 풃ퟐ풄 풄ퟐ풂) ≤
풂ퟐ 풃ퟐ 풄ퟐ

ퟑ

ퟗ풂풃풄
   (1) 

Use AM-GM inequality we have 

(풂ퟐ + 풃ퟐ + 풄ퟐ)(풂풃 + 풃풄 + 풄풂)ퟐ ≤
(풂 + 풃 + 풄)ퟔ

ퟐퟕ
= ퟐퟕ, 

(풂풃 + 풃풄 + 풄풂)ퟐ ≥ ퟑ풂풃풄(풂 + 풃 + 풄) = ퟗ풂풃풄 

⇒ 풂ퟐ + 풃ퟐ + 풄ퟐ ≤ ퟐퟕ
(풂풃 풃풄 풄풂)ퟐ ≤

ퟐퟕ
ퟗ풂풃풄

= ퟑ
풂풃풄

⇒ (풂ퟐ + 풃ퟐ + 풄ퟐ) ≤ ퟐퟕ
(풂풃풄)ퟑ     (2) 

since (1) and (2) we have 풂ퟑ + 풃ퟑ + 풄ퟑ ≤ ퟑ
(풂풃풄)ퟒ ⇒

ퟏ
풂풃풄

≥ 풂ퟑ 풃ퟑ 풄ퟑ

ퟑ

ퟒ
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144. If 풂,풃, 풄 > ퟎ then: 

풂ퟗ

풃ퟔ풄ퟐ
+

풃ퟗ

풄ퟔ풂ퟐ
+

풄ퟗ

풂ퟔ풃ퟐ
≥

풂ퟐퟖ

풃ퟏퟕ풄ퟓ
ퟔ

+
풃ퟐퟖ

풄ퟏퟕ풂ퟓ
ퟔ

+
풄ퟐퟖ

풂ퟏퟕ풃ퟓ
ퟔ

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo 풂,풃, 풄 > ퟎ. Probar que 

풂ퟗ

풃ퟔ풄ퟐ +
풃ퟗ

풄ퟔ풂ퟐ +
풄ퟗ

풂ퟔ풃ퟐ ≥
풂ퟐퟖ

풃ퟏퟕ풄ퟓ
ퟔ

+
풃ퟐퟖ

풄ퟏퟕ풂ퟓ
ퟔ

+
풄ퟐퟖ

풂ퟏퟕ풃ퟓ
ퟔ

 

La desigualdad es equivalente 

풂ퟗ

풃ퟔ풄ퟐ
+

풃ퟗ

풄ퟔ풂ퟐ
+

풄ퟗ

풂ퟔ풃ퟐ
≥ √풂풃풄ퟔ 풂ퟗ

풃ퟔ풄ퟐ
+

풃ퟗ

풄ퟔ풂ퟐ
+

풄ퟗ

풂ퟔ풃ퟐ
 

Aplicando MA ≥ MG 
풂ퟗ

풃ퟔ풄ퟐ
+ 풃ퟗ

풄ퟔ풂ퟐ
+ 풄ퟗ

풂ퟔ풃ퟐ
≥ ퟑ√풂풃풄ퟑ   (A) 

Aplicando desigualdad de Cauchy 

ퟑ 풂ퟗ

풃ퟔ풄ퟐ
+ 풃ퟗ

풄ퟔ풂ퟐ
+ 풄ퟗ

풂ퟔ풃ퟐ
≥ 풂ퟗ

풃ퟔ풄ퟐ
+ 풃ퟗ

풄ퟔ풂ퟐ
+ 풄ퟗ

풂ퟔ풃ퟐ

ퟐ

  (B) 

Multiplicando (A) × (B) 

풂ퟗ

풃ퟔ풄ퟐ
+

풃ퟗ

풄ퟔ풂ퟐ
+

풄ퟗ

풂ퟔ풃ퟐ
≥ √풂풃풄ퟑ 풂ퟗ

풃ퟔ풄ퟐ
+

풃ퟗ

풄ퟔ풂ퟐ
+

풄ퟗ

풂ퟔ풃ퟐ

ퟐ

 

⇒
풂ퟗ

풃ퟔ풄ퟐ
+

풃ퟗ

풄ퟔ풂ퟐ
+

풄ퟗ

풂ퟔ풃ퟐ
≥ √풂풃풄ퟔ 풂ퟗ

풃ퟔ풄ퟐ
+

풃ퟗ

풄ퟔ풂ퟐ
+

풄ퟗ

풂ퟔ풃ퟐ
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Solution 2 by Ravi Prakash-New Delhi-India 

ퟒ 풂ퟗ

풃ퟔ풄ퟐ
+ 풃ퟗ

풄ퟔ풂ퟐ
+ 풄ퟗ

풂ퟔ풃ퟐ
≥ ퟔ 풂ퟑퟔ

풃ퟐ풄ퟖ
⋅ 풃ퟗ

풄ퟔ풂ퟐ
⋅ 풄ퟗ

풂ퟔ풃ퟐ

ퟏ
ퟔ = ퟔ 풂ퟐퟖ

풃ퟏퟕ풄ퟓ

ퟏ
ퟔ
         (1) 

Similarly, 

풂ퟗ

풃ퟔ풄ퟐ
+ ퟒ 풃ퟗ

풄ퟔ풂ퟐ
+ 풄ퟗ

풂ퟔ풃ퟐ
≥ 풃ퟐퟖ

풄ퟏퟕ풂ퟓ

ퟏ
ퟔ    (2) 

풂ퟗ

풃ퟔ풄ퟐ
+ 풃ퟗ

풄ퟔ풂ퟐ
+ ퟒ 풄ퟗ

풂ퟔ풃ퟐ
≥ ퟔ 풄ퟐퟖ

풂ퟏퟕ풃ퟓ

ퟏ
ퟔ    (3) 

Adding (1), (2), (3) and dividing by ퟔ we get the desired inequality. 

 

145. If 풂,풃, 풄 > ퟎ,풂풃 + 풃풄 + 풄풂 + ퟐ풂풃풄 = ퟏ then: 

ퟏ
ퟒ풂ퟑ + ퟒ풃ퟑ + ퟑ풄 +

ퟏ
ퟒ풃ퟑ + ퟒ풄ퟑ + ퟑ풂 +

ퟏ
ퟒ풄ퟑ + ퟒ풂ퟑ + ퟑ풃 ≤

ퟔ
ퟓ 

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Solution by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Since 

풂풃 + 풃풄 + 풄풂+ ퟐ풂풃풄 = ퟏ ⇒ ∃풙,풚, 풛 ≥ ퟎ: (풂;풃; 풄) = 풙
풚 풛

; 풚
풛 풙

; 풛
풙 풚

⇒ 

⇒ 풂 + 풃 + 풄 ≥
ퟑ
ퟐ 

We have ퟒ풂ퟑ ≥ ퟑ풂 − ퟏ ⇔ (ퟐ풂 − ퟏ)ퟐ(풂 + ퟏ) ≥ ퟎ, similarly ퟒ풃ퟑ ≥ ퟑ풃 − ퟏ,	 

ퟒ풄ퟑ ≥ ퟑ풄 − ퟏ. 

Hence ퟒ풂ퟑ + ퟒ풃ퟑ + ퟑ풄 ≥ ퟑ(풂 + 풃 + 풄) − ퟐ ≥ ퟓ
ퟑ
⇒ ퟏ

ퟒ풂ퟑ ퟒ풃ퟑ ퟑ풄
≤ ퟐ

ퟓ
, similarly  

ퟏ
ퟒ풃ퟑ + ퟒ풄ퟑ + ퟑ풂 ≤

ퟐ
ퟓ ,

ퟏ
ퟒ풄ퟑ + ퟒ풂ퟑ + ퟑ풃 ≤

ퟐ
ퟓ. 

⇒
ퟏ

ퟒ풂ퟑ + ퟒ풃ퟑ + ퟑ풄 +
ퟏ

ퟒ풂ퟑ + ퟒ풃ퟑ + ퟑ풄 +
ퟏ

ퟒ풂ퟑ + ퟒ풃ퟑ + ퟑ풄 ≤
ퟔ
ퟓ. 
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146. If 풂,풃, 풄 > ퟎ then: 

풂
풃 + 풄

+
풂

풃 + 풄
≥
ퟏퟑ
ퟖ

 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo 풂,풃, 풄 > ퟎ. Probar la siguiente desigualdad 
풂

풃 + 풄 +
풃

풄 + 풂 +
풄

풂 + 풃 +
풂풃풄

(풂 + 풃)(풃 + 풄)(풄 + 풂) ≥
ퟏퟑ
ퟖ  

Es suficiente demostrar la siguiente desigualdad ∀	풂,풃, 풄 > ퟎ 
풂
풃 풄

+ 풃
풄 풂

+ 풄
풂 풃

+ ퟒ풂풃풄
(풂 풃)(풃 풄)(풄 풂) ≥ ퟐ  (A) 

⇔ 풂(풂 + 풃)(풂 + 풄) + 풃(풃 + 풂)(풃 + 풄) + 풄(풄 + 풂)(풄 + 풃) + ퟒ풂풃풄 ≥ 

≥ ퟐ(풂 + 풃)(풃 + 풄)(풄 + 풂) 

⇔ 풂ퟑ + 풃ퟑ + 풄ퟑ + 풂풃(풂 + 풃) + 풃풄(풃 + 풄) + 풄풂(풄 + 풂) + ퟕ풂풃풄 ≥ 

≥ ퟐ풂풃(풂 + 풃) + ퟐ풃풄(풃 + 풄) + ퟐ풄풂(풄 + 풂) + ퟒ풂풃풄 

⇔ 풂ퟑ + 풃ퟑ + 풄ퟑ + ퟑ풂풃풄 − 풂풃(풂 + 풃) − 풃풄(풃 + 풄)− 풄풂(풄 + 풂) ≥ ퟎ 

⇔ 풂(풂 − 풃)(풂 − 풄) + 풃(풃 − 풂)(풃 − 풄) + 풄(풄 − 풂)(풄 − 풃) ≥ ퟎ 

(Válido por desigualdad de Schur) 

Además → ퟑ풂풃풄
(풂 풃)(풃 풄)(풄 풂) ≥ − ퟑ

ퟖ
   (B) 

Sumando (A) + (B) 

⇒
풂

풃 + 풄
+

풃
풄 + 풂

+
풄

풂 + 풃
+

풂풃풄
(풂 + 풃)(풃 + 풄)(풄 + 풂) ≥

ퟏퟑ
ퟖ

 

(LQQD) 

Solution 2 by Soumava Chakraborty-Kolkata-India 

푳푯푺 =
풂

풃 + 풄 +
풃

풄 + 풂 +
풄

풂 + 풃 +
풂풃풄

(풂 + 풃)(풃 + 풄)(풄 + 풂) 
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=
풂(풄 + 풂)(풂 + 풃) + 풃(풂 + 풃)(풃 + 풄) + 풄(풃 + 풄)(풄 + 풂) + 풂풃풄

(풂 + 풃)(풃 + 풄)(풄 + 풂)  

=
풂(∑풂풃 + 풂ퟐ) + 풃(∑풂풃 + 풃ퟐ) + 풄(∑풂풃 + 풄ퟐ) + 풂풃풄

ퟐ풂풃풄 + ∑풂ퟐ풃 + ∑풂풃ퟐ
 

=
(∑풂풃)(∑풂) + ∑풂ퟑ + 풂풃풄
ퟐ풂풃풄 + ∑풂ퟐ풃 + ∑풂풃ퟐ

=
∑풂ퟐ풃 +∑풂풃ퟐ + ퟑ풂풃풄 + ∑풂ퟑ + 풂풃풄

ퟐ풂풃풄 + ∑풂ퟐ풃 +∑풂풃ퟐ
 

= 풑 ퟒ풂풃풄 ∑풂ퟑ

ퟐ풂풃풄 풑
  (where 풑 = ∑풂ퟐ풃 +∑풂풃ퟐ) 

=
풑 + ퟐ풂풃풄 +∑풂ퟑ + ퟐ풂풃풄

풑 + ퟐ풂풃풄 = ퟏ +
∑풂ퟑ + ퟐ풂풃풄
풑 + ퟐ풂풃풄  

= ퟏ +
ퟑ∑풂ퟑ + ퟔ풂풃풄
ퟑ풑 + ퟔ풂풃풄

=
(ퟏ)

ퟏ+
ퟐ(∑풂ퟑ + ퟑ풂풃풄) + ∑풂ퟑ

ퟑ풑 + ퟔ풂풃풄
 

Now, ∑풂ퟑ + ퟑ풂풃풄 ≥ 풑
(풂)

   (Schur) and, 

∑풂ퟑ ≥ ퟑ풂풃풄 (AM-GM) 

Adding, ퟐ∑풂ퟑ ≥ 풑 ⇒ ∑풂ퟑ ≥ 풑
ퟐ

   (b) 

(1), (a), (b) ⇒ 푳푯푺 ≥⏞
(풂),(풃)

ퟏ +
ퟐ풑 풑

ퟐ
ퟑ풑 ퟔ풂풃풄

= ퟏ + ퟓ풑
ퟔ풑 ퟏퟐ풂풃풄

 

≥ ퟏ +
ퟓ풑

ퟔ풑 + ퟐ풑	 ∵ ퟏퟐ풂풃풄 ≤⏞
푨 푮

ퟐ풑 = ퟐ 풂ퟐ풃 + 풂풃ퟐ  

= ퟏ +
ퟓ
ퟖ

=
ퟏퟑ
ퟖ

= 푹푯푺 

(Proved) 

Solution 3 by Soumitra Mandal-Chandar Nagore-India 

풂
풃 + 풄

풄풚풄

+
풂

풃 + 풄
풄풚풄

≥
ퟏퟑ
ퟖ
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⇔
풂(풂 + 풃)(풂 + 풄) + 풃(풃 + 풄)(풃 + 풂) + 풄(풄 + 풂)(풄 + 풂)

(풂 + 풃)(풃 + 풄)(풄 + 풂) ≥
ퟏퟑ
ퟖ

 

⇔
풂ퟑ + 풃ퟑ + 풄ퟑ + (풂 + 풃 + 풄)(풂풃 + 풃풄 + 풄풂) + 풂풃풄

(풂 + 풃)(풃 + 풄)(풄 + 풂) ≥
ퟏퟑ
ퟖ

 

⇔ 풑ퟐ ퟐ풑풒 ퟒ풓
풑풒 풓

≥ ퟏퟑ
ퟖ

, where 풂 + 풃 + 풄 = 풑,풂풃 + 풃풄 + 풄풂 = 풒 and 풂풃풄 = 풓 

⇔ ퟖ풑ퟑ + ퟒퟓ풓 ≥ ퟐퟗ풑풒. Now, from Schur 풑ퟑ + ퟗ풓 ≥ ퟒ풑풒 ⇒ 

⇒ ퟒퟓ풓 ≥ ퟐퟎ풑풒 − ퟓ풑ퟑ 

ퟖ풑ퟑ + ퟒퟓ풓 ≥ ퟑ풑ퟑ + ퟐퟎ풑풒 ≥ ퟐퟗ풑풒	[∵ 풑ퟐ ≥ ퟑ풒] 

∴
풂

풃 + 풄
풄풚풄

+
풂

풃 + 풄
풄풚풄

≥
ퟏퟑ
ퟖ

 

(Proved) 

Solution 4 by Nguyen Ngoc Tu-Ha Giang-Vietnam 

We have 
풂

풃 + 풄 +
풃

풄 + 풂 +
풄

풂 + 풃 +
풂풃풄

(풂 + 풃)(풃 + 풄)(풄 + 풂) ≥
ퟏퟑ
ퟖ  

⇔ 풂 (풂 + 풃)(풂 + 풄) + 풂풃풄 ≥
ퟏퟑ
ퟖ

(풂 + 풃)(풃 + 풄)(풄 + 풂) 

⇔ 풂ퟑ + 풂 풂풃 + 풂풃풄 ≥
ퟏퟑ
ퟖ

풂 풂풃 − ퟖ풂풃풄  

⇔ ퟖ 풂ퟑ + ퟔ풂풃풄 ≥ ퟓ 풂ퟐ(풃 + 풄)  

⇔ ퟐ 풂ퟑ + ퟑ풂풃풄 + ퟔ 풂ퟑ ≥ ퟓ 풂ퟐ (풃 + 풄)  

Use Schur inequality, we have ∑풂ퟑ + ퟑ풂풃풄 ≥ ∑풂ퟐ (풃 + 풄) and 

풂ퟑ + 풃ퟑ ≥ 풂풃(풂 + 풃) ⇒ ퟐ∑풂ퟑ ≥ ∑풂ퟐ (풃 + 풄) ⇒ ퟔ∑풂ퟑ ≥ ퟑ∑풂ퟐ(풃 + 풄)  

Done. 
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Solution 5 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

풂ퟑ + ퟑ풂풃풄 ≥⏞
푺풄풉풖풓

	 (풂ퟐ풃 + 풂풃ퟐ) | ⋅ ퟓ 

ퟖ ⋅ 풂ퟑ + ퟔ풂풃풄 ≥⏞
푨푴 푮푴

ퟓ 풂ퟑ + ퟏퟓ풂풃풄 ≥ ퟓ ⋅ (풂ퟐ풃 + 풂풃ퟐ) 

ퟑ ⋅ (풂ퟑ + 풃ퟑ + 풄ퟑ) ≥ ퟗ풂풃풄 

ퟖ ⋅ ∑풂ퟑ + ퟔ풂풃풄 ≥ ퟓ ⋅ ∑(풂ퟐ풃 + 풂풃ퟐ)   (*) 
풂

풃 + 풄
+

풃
풄 + 풂

+
풄

풂 + 풃
+

풂풃풄
(풂 + 풃)(풃 + 풄)(풄 + 풂) −

ퟏퟑ
ퟖ
≥ ퟎ 

ퟖ ⋅ ∑풂 ⋅ (풂 + 풃)(풂 + 풄) + ퟖ풂풃풄
ퟖ(풂 + 풃)(풃 + 풄)(풄 + 풂) −

ퟏퟑ(풂 + 풃)(풃 + 풄)(풄 + 풂)
ퟖ ⋅ (풂 + 풃)(풃 + 풄) ⋅ (풄풂) = 

=
ퟖ ⋅ (∑풂ퟑ +∑(풂ퟐ풃 + 풂풃ퟐ) + ퟒ풂풃풄)− ퟏퟑ ⋅ (∑(풂ퟐ풃 + 풂풃ퟐ) + ퟐ풂풃풄)

ퟖ(풂 + 풃) ⋅ (풃 + 풄) ⋅ (풄 + 풂) = 

=
ퟖ ⋅ ∑풂ퟑ + ퟔ풂풃풄 − ퟓ[∑(풂ퟐ풃 + 풂풃ퟐ)]

ퟖ ⋅ ∏(풂 + 풃) ≥⏞
(∗)

ퟎ 

 

147. If 풂,풃, 풄 > ퟎ,풂 + 풃 + 풄 + 풂풃풄 = ퟒ then: 

풂
풂 + ퟏ

+
풃

풃 + ퟏ
+

풄
풄 + ퟏ

≤
ퟑ
ퟐ

 

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Solution  by Kevin Soto Palacios – Huarmey – Peru  

Siendo 풂,풃, 풄 > 0, de tal manera que 풂풃 + 풃풄 + 풄풂 + 풂풃풄 = ퟒ. Probar 

que 

풂
풂 + ퟏ +

풃
풃 + ퟏ +

풄
풄 + ퟏ ≤

ퟑ
ퟐ 

La condición es equivalente 
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ퟏ

풂 ퟐ
+ ퟏ

풃 ퟐ
+ ퟏ

풄 ퟐ
= ퟏ  (A) 

La desigualdad se puede expresar como 

⇔
ퟏ

풂 + ퟏ
+

ퟏ
풃 + ퟏ

+
ퟏ

풄 + ퟏ
≥
ퟑ
ퟐ

 

Por la desigualdad de Cauchy 
ퟏ

풂 + ퟐ
=

ퟏ
풂 + ퟏ
ퟐ + 풂 + ퟏ

ퟐ + ퟏ
≤

ퟏ

ퟗ 풂 + ퟏ
ퟐ

+
ퟏ

ퟗ 풂 + ퟏ
ퟐ

+
ퟏ
ퟗ

=
ퟒ

ퟗ(풂 + ퟏ) +
ퟏ
ퟗ

 

Análogamente para los siugientes términos 
ퟏ

풃 + ퟏ
≤

ퟒ
ퟗ(풃 + ퟏ) +

ퟏ
ퟗ

,
ퟏ

풄 + ퟐ
≤

ퟒ
ퟗ(풄 + ퟏ) +

ퟏ
ퟗ

 

Sumando dichas desigualdades 

⇒ ퟏ =
ퟏ

풂 + ퟐ
+

ퟏ
풃 + ퟐ

+
ퟏ

풄 + ퟐ
≤

ퟒ
ퟗ(풂 + ퟏ) +

ퟒ
ퟗ(풃 + ퟏ) +

ퟒ
ퟗ(풄 + ퟏ) +

ퟏ
ퟑ

 

⇔
ퟏ

풂 + ퟏ
+

ퟏ
풃 + ퟏ

+
ퟏ

풄 + ퟏ
≥
ퟑ
ퟐ

 

(LQQD) 

 

148. Let 풂,풃, 풄 be positive numbers such that (풂 + 풃)(풄 + 풂)(풄 + 풂) = ퟖ.  

Prove that 

ퟏ
ퟐ풂풃

(풂 + 풃) + ퟏ
ퟏ
ퟐ풃풄

(풃 + 풄) + ퟏ
ퟏ
ퟐ 풄풂

(풄 + 풂) + ퟏ ≤ 풂풃풄 + ퟕ 

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Solution by Kevin Soto Palacios – Huarmey – Peru  

Siendo 풂,풃, 풄 números 푹  de tal manera que (풂 + 풃)(풃 + 풄)(풄 + 풂) = ퟖ.  

Probar que 
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ퟏ
ퟐ
풂풃(풂 + 풃) + ퟏ

ퟏ
ퟐ
풃풄(풃 + 풄) + ퟏ

ퟏ
ퟐ
풄풂(풄 + 풂) + ퟏ ≤ ퟕ + 풂풃풄 

La condición es equivalente 

풂풃(풂 + 풃)
ퟐ

+
풃풄(풃 + 풄)

ퟐ
+
풄풂(풄 + 풂)

ퟐ
+ 풂풃풄 = ퟒ ⇔ 풙ퟐ + 풚ퟐ + 풛ퟐ + 풙풚풛 = ퟒ 

Donde  

풙 = 풂풃(풂 풃)
ퟐ

> 0,푦 = 풃풄(풃 풄)
ퟐ

> 0, 푧 = 풄풂(풄 풂)
ퟐ

> 0 ⇔ 푥푦푧 = 푎푏푐  

Realizamos la siguiente sustitución trigonométrica en un 휟 acutángulo 

푨푩푪 

풙 = 풂풃(풂 풃)
ퟐ

= ퟐ퐜퐨퐬푨 > 0,푦 = 2 퐜퐨퐬푩 = 풃풄(풃 풄)
ퟐ

> 0, 푧 = 2 퐜퐨퐬푪 = 풄풂(풄 풂)
ퟐ

> 0  

La desigualdad propuesta es equivalente 

(ퟏ + 풙)(ퟏ + 풚)(ퟏ + 풛) ≤ ퟕ + 풙풚풛 ⇔ 풙 + 풚 + 풛 + 풙풚 + 풚풛 + 풛풙 ≤ ퟔ  

(LQQD) 

Lo cual es cierto ya que 

 → ∑풙 = ퟐ∑ 퐜퐨퐬푨 ≤ ퟑ ∧ ∑풙풚 = ퟒ∑ 퐜퐨퐬푨 퐜퐨퐬푩 ≤ ퟑ 

 

149. If 풙,풚, 풛 > ퟎ,풙 + 풚 + 풛 = ퟑ then 

풙ퟑ

ퟒ(풚ퟔ + ퟏ)ퟑ +
풚ퟑ

ퟒ(풛ퟔ + ퟏ)ퟑ +
풛ퟑ

ퟒ(풙ퟔ + ퟏ)ퟑ ≥
ퟑ
ퟐ 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution by Hoang Le Nhat Tung – Hanoi – Vietnam 

We have: ퟒ(풚ퟔ + ퟏ)ퟑ = ퟒ(풚ퟐ + ퟏ) 풚ퟐ − 풚√ퟑ + ퟏ 풚ퟐ + 풚√ퟑ + ퟏ
ퟑ
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= ퟐ ⋅
(풚ퟐ + ퟏ)

ퟐ ⋅ ퟐ + √ퟑ 풚ퟐ − 풚√ퟑ + ퟏ ⋅ ퟐ − √ퟑ 풚ퟐ + 풚√ퟑ + ퟏ
ퟑ

 

≤ ퟐ ⋅
풚ퟐ + ퟏ
ퟐ + ퟐ + √ퟑ 풚ퟐ − 풚√ퟑ + ퟏ + ퟐ − √ퟑ 풚ퟐ + 풚√ퟑ + ퟏ

ퟑ = ퟑ풚ퟐ − ퟒ풚 + ퟑ 

⇔
ퟏ

ퟒ(풚ퟔ + ퟏ)ퟑ ≥
ퟏ

ퟑ풚ퟐ − ퟒ풚 + ퟑ ⇔
풙ퟑ

ퟒ(풚ퟔ + ퟏ)ퟑ ≥
풙ퟑ

ퟑ풚ퟐ − ퟒ풚 + ퟑ 

Similar: 풚ퟑ

ퟒ 풛ퟔ ퟏ
ퟑ

≥ 풚ퟑ

ퟑ풛ퟐ ퟒ풛 ퟑ
; 풛ퟑ

ퟒ 풙ퟔ ퟏ
ퟑ

≥ 풛ퟑ

ퟑ풙ퟐ ퟒ풙 ퟑ
 

Therefore: ⇒ 푷 = 풙ퟑ

ퟒ 풚ퟔ ퟏퟑ
+ 풚ퟑ

ퟒ 풛ퟔ ퟏퟑ
+ 풛ퟑ

ퟒ 풙ퟔ ퟏퟑ
≥ 풙ퟑ

ퟑ풚ퟐ ퟒ풚 ퟑ
+ 풚ퟑ

ퟑ풛ퟐ ퟒ풛 ퟑ
+ 풛ퟑ

ퟑ풙ퟐ ퟒ풙 ퟑ
   (1) 

Other: 
풙ퟑ

ퟑ풚ퟐ ퟒ풚 ퟑ
+ 풚ퟑ

ퟑ풛ퟐ ퟒ풛 ퟑ
+ 풛ퟑ

ퟑ풙ퟐ ퟒ풙 ퟑ
= 풙ퟒ

ퟑ풙풚ퟐ ퟒ풙풚 ퟑ풙
+ 풚ퟒ

ퟑ풚풛ퟐ ퟒ풚풛 ퟑ풚
+  

+
풛ퟒ

ퟑ풛풙ퟐ − ퟒ풛풙 + ퟑ풛 ≥
(풙ퟐ + 풚ퟐ + 풛ퟐ)ퟐ

ퟑ풙풚ퟐ − ퟒ풙풚+ ퟑ풙 + ퟑ풚풛ퟐ − ퟒ풚풛+ ퟑ풚 + ퟑ풛풙ퟐ − ퟒ풛풙+ ퟑ풛 

⇒ 풙ퟑ

ퟑ풚ퟐ ퟒ풚 ퟑ
+ 풚ퟑ

ퟑ풛ퟐ ퟒ풛 ퟑ
+ 풛ퟑ

ퟑ풙ퟐ ퟒ풙 ퟑ
≥ 풙ퟐ 풚ퟐ 풛ퟐ

ퟐ

ퟑ 풙풚ퟐ 풚풛ퟐ 풛풙ퟐ ퟒ(풙풚 풚풛 풛풙) ퟑ(풙 풚 풛)
  (2) 

Since (1), (2) ⇒ 푷 ≥ 풙ퟐ 풚ퟐ 풛ퟐ
ퟐ

ퟑ 풙풚ퟐ 풚풛ퟐ 풛풙ퟐ ퟒ(풙풚 풚풛 풛풙) ퟑ(풙 풚 풛)
        (3) 

We will prove that: 풙ퟐ 풚ퟐ 풛ퟐ
ퟐ

ퟑ 풙풚ퟐ 풚풛ퟐ 풛풙ퟐ ퟒ(풙풚 풚풛 풛풙) ퟑ(풙 풚 풛)
≥ ퟑ

ퟐ
       (4) 

⇔ ퟐ(풙ퟐ + 풚ퟐ + 풛ퟐ)ퟐ ≥ ퟑ ퟑ(풙풚ퟐ + 풚풛ퟐ + 풛풙ퟐ) − ퟒ(풙풚 + 풚풛+ 풛풙) + ퟑ(풙 + 풚 + 풛)  

⇔ ퟐ(풙ퟐ + 풚ퟐ + 풛ퟐ)ퟐ + ퟏퟐ(풙풚 + 풚풛+ 풛풙) ≥ ퟗ(풙풚ퟐ + 풚풛ퟐ + 풛풙ퟐ) + ퟗ(풙 + 풚 + 풛) 

⇔ ퟔ(풙ퟐ + 풚ퟐ + 풛ퟐ)ퟐ + ퟑퟔ(풙풚 + 풚풛 + 풛풙) ≥ ퟐퟕ(풙풚ퟐ + 풚풛ퟐ + 풛풙ퟐ) + ퟐퟕ(풙 + 풚 + 풛) 
⇔ ퟔ(풙ퟐ + 풚ퟐ + 풛ퟐ)ퟐ + ퟒ(풙 + 풚 + 풛)ퟐ(풙풚 + 풚풛 + 풛풙) ≥ ퟗ(풙+ 풚 + 풛)(풙풚ퟐ + 풚풛ퟐ + 풛풙ퟐ) + (풙 + 풚 + 풛)ퟒ  

⇔ ퟓ 풙ퟒ + 풚ퟒ + 풛ퟒ + ퟓ 풙ퟐ풚ퟐ + 풚ퟐ풛ퟐ + 풛ퟐ풙ퟐ ≥ 풙풚풛(풙 + 풚 + 풛) + ퟗ 풙풚ퟑ + 풚풛ퟑ + 풛풙ퟑ         (5) 

Other: 

 ퟓ 풙ퟒ + 풚ퟒ + 풛ퟒ + ퟓ 풙ퟐ풚ퟐ + 풚ퟐ풛ퟐ + 풛ퟐ풙ퟐ = ퟓ풙ퟐ 풙ퟐ + 풛ퟐ + ퟓ풚ퟐ 풚ퟐ + 풙ퟐ + ퟓ풛ퟐ 풛ퟐ + 풚ퟐ ≥ 

≥ ퟓ풙ퟐ ⋅ ퟐ풙풛+ ퟓ풚ퟐ ⋅ ퟐ풚풙 + ퟓ풛ퟐ ⋅ ퟐ풛풚 = ퟏퟎ 풙풚ퟑ + 풚풛ퟑ + 풛풙ퟑ         (6) 
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Cauchy – Schwarz: 풚

ퟐ

풛
+ 풛ퟐ

풙
+ 풙ퟐ

풚
≥ (풚 풛 풙)ퟐ

풛 풙 풚
= 풙 + 풚 + 풛 ⇒ 풙풚ퟑ + 풚풛ퟑ + 풛풙ퟑ ≥ 풙풚풛(풙 + 풚 + 풛)   

(7) 

Since (6), (7) :⇒ 

⇒ ퟓ 풙ퟒ + 풚ퟒ + 풛ퟒ + ퟓ 풙ퟐ풚ퟐ + 풚ퟐ풛ퟐ + 풛ퟐ풙ퟐ ≥ 풙풚풛(풙 + 풚 + 풛) + ퟗ 풙풚ퟑ + 풚풛ퟑ + 풛풙ퟑ   

⇒ (5) True ⇒ (4) True. 

Since (3), (4) :⇒ 푷 = 풙ퟑ

ퟒ(풚ퟔ ퟏ)ퟑ + 풚ퟑ

ퟒ(풛ퟔ ퟏ)ퟑ + 풛ퟑ

ퟒ(풙ퟔ ퟏ)ퟑ ≥ ퟑ
ퟐ
⇒ QED. 

 

150. If 풂,풃, 풄 >,풂 + 풃 + 풄 = ퟑ then: 

풂ퟓ + 풂 − ퟏ
풂ퟑ + 풂ퟐ − ퟏ

≥ 풂풃 + 풃풄 + 풄풂 

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

풂ퟓ + 풂 − ퟏ = 풂ퟓ + 풂ퟒ − 풂ퟐ − 풂ퟒ − 풂ퟑ + 풂 + 풂ퟑ + 풂ퟐ − ퟏ 

= 풂ퟐ(풂ퟑ + 풂ퟐ − ퟏ) − 풂(풂ퟑ + 풂ퟐ − ퟏ) + ퟏ(풂ퟑ + 풂ퟐ − ퟏ) 

= (풂ퟑ + 풂ퟐ − ퟏ)(풂ퟐ − 풂 + ퟏ) 

Similarly, 풃ퟓ + 풃 − ퟏ = (풃ퟑ + 풃ퟐ − ퟏ)(풃ퟐ − 풃 + ퟏ) 

풄ퟓ + 풄 − ퟏ = (풄ퟑ + 풄ퟐ − ퟏ)(풄ퟐ − 풄 + ퟏ) 

∴ 푳푯푺 =
(풂ퟑ + 풂ퟐ − ퟏ)(풂ퟐ − 풂 + ퟏ)

(풂ퟑ + 풂ퟐ − ퟏ)  

= ∑풂ퟐ − ∑풂 + ퟑ (∵ 풂ퟑ + 풂ퟐ − ퟏ etc ≠ ퟎ as, the LHS would then be 

undefined) 

= 풂ퟐ 	 ∵ 풂 = ퟑ ≥ 풂풃 

∵ 풂ퟐ − 풂풃 =
ퟏ
ퟐ

(풂 − 풃)ퟐ ≥ ퟎ  
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151. Let 풂,풃, 풄 be real numbers such that  

(풂 − ퟐ풃 + 풄)(풃 − ퟐ풄 + 풂)(풄 − ퟐ풂 + 풃) ≠ ퟎ and  

풂ퟐ + 풃ퟐ + 풄ퟐ = 풂풃 + 풃풄 + 풄풂+ ퟑ. Prove that 

ퟏ
(풂 − ퟐ풃 + 풄)ퟐ +

ퟏ
(풃 − ퟐ풄 + 풂)ퟐ +

ퟏ
(풄 − ퟐ풂 + 풃)ퟐ ≥

ퟑ
ퟒ

 

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Solution 1 by Abdul Aziz-Semarang-Indonesia 

Let 풙 = 풂 − ퟐ풃 + 풄 

풚 = 풃 − ퟐ풄 + 풂 

풛 = 풄 − ퟐ풂 + 풃 

Clear that: 

풙 + 풚 + 풛 = ퟎ 

풙ퟐ + 풚ퟐ + 풛ퟐ = ퟏퟖ ⇒ 풛ퟐ = ퟏퟖ − (풙ퟐ + 풚ퟐ) 

풙풚 + 풚풛 + 풙풛 = −ퟗ ⇒ 풙풚 = −ퟗ− 풛(풙 + 풚) 

풙풚 = 풛ퟐ − ퟗ 

풛ퟐ = ퟏퟖ − (풙ퟐ + 풚ퟐ) ≤ ퟏퟖ − ퟐ풙풚 = ퟏퟖ − ퟐ풛ퟐ + ퟏퟖ 

⇔ ퟑ풛ퟐ ≤ ퟑퟔ 

⇔ 풛ퟐ ≤ ퟏퟐ
풛ퟐ − ퟗ ≤ ퟑ ⇔

ퟏ
풛ퟐ − ퟗ

≥
ퟏ
ퟑ

ퟏ
풛ퟐ ≥

ퟏ
ퟏퟐ

 

ퟏ
풙ퟐ +

ퟏ
풚ퟐ +

ퟏ
풛ퟐ ≥

ퟐ
풙풚 +

ퟏ
풛ퟐ =

ퟐ
풛ퟐ − ퟗ +

ퟏ
풛ퟐ ≥

ퟐ
ퟑ +

ퟏ
ퟏퟐ =

ퟑ
ퟒ 

Equality holds when 풙 = 풚 = √ퟑ and 풛 = −ퟐ√ퟑ 
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Solution 2 by Hoang Le Nhat Tung-Hanoi-Vietnam 

ퟏ
(풂 ퟐ풃 풄)ퟐ + ퟏ

(풃 ퟐ풄 풂)ퟐ + ퟏ
(풄 ퟐ풂 풃)ퟐ ≥

ퟑ
ퟒ
   (1) 

Put 
풂 − ퟐ풃 + 풄 = 풙
풃 − ퟐ풄 + 풂 = 풚
풄 − ퟐ풂 + 풃 = 풛

⇒ 풙 + 풚 + 풛 = ퟎ ⇒ 풛 = −(풙 + 풚)  (2) 

We have:  

풙ퟐ + 풚ퟐ + 풛ퟐ = (풂 − ퟐ풃 + 풄)ퟐ + (풃 − ퟐ풄 + 풂)ퟐ + (풄 − ퟐ풂 + 풃)ퟐ = 

= ퟔ(풂ퟐ + 풃ퟐ + 풄ퟐ) − ퟔ(풂풃 + 풃풄 + 풄풂) 

= ퟔ(풂풃 + 풃풄 + 풄풂 + ퟏퟖ − ퟔ(풂풃 + 풃풄 + 풄풂) = ퟏퟖ 

⇒ 풙ퟐ + 풚ퟐ + 풛ퟐ = ퟏퟖ   (3), (2) ⇒ 풙ퟐ + 풚ퟐ + (−풙 − 풚)ퟐ = ퟏퟖ 

⇒ 풙ퟐ + 풙풚 + 풚ퟐ = ퟗ ⇔ −풙풚 = ퟗ − (풙 + 풚)ퟐ ⇔ 풙풚 = (풙 + 풚)ퟐ − ퟗ   (4) 

(1) ⇔ ퟏ
풙ퟐ

+ ퟏ
풚ퟐ

+ ퟏ
풛ퟐ
≥ ퟑ

ퟒ
⇔ ퟏ

풙ퟐ
+ ퟏ

풚ퟐ
+ ퟏ

( 풙 풚)ퟐ ≥
ퟑ
ퟒ

 

⇔
ퟏ
풙ퟐ

+
ퟏ
풚ퟐ

+
ퟏ

(풙 + 풚)ퟐ ≥
ퟑ
ퟒ
⇔

(풙 + 풚)ퟐ − ퟐ풙풚
풙ퟐ풚ퟐ

+
ퟏ

(풙 + 풚)ퟐ ≥
ퟑ
ퟒ

 

⇔
(풙 + 풚)ퟐ − ퟐ[(풙 + 풚)ퟐ − ퟗ]

[(풙 + 풚)ퟐ − ퟗ]ퟐ +
ퟏ

(풙 + 풚)ퟐ ≥
ퟑ
ퟒ 

⇔
ퟏퟖ − (풙 + 풚)ퟐ

[(풙 + 풚)ퟐ − ퟗ]ퟐ +
ퟏ

(풙 + 풚)ퟐ ≥
ퟑ
ퟒ
⇔

ퟏퟖ − 풂
(풂 − ퟗ)ퟐ +

ퟏ
풂
≥
ퟑ
ퟒ

 

(풂 = (풙 + 풚)ퟐ > 0) 

⇔ 풂(ퟏퟖ 풂) (풂 ퟗ)ퟐ

풂(ퟗ 풂)ퟐ ≥ ퟑ
ퟒ
↔ ퟖퟏ

풂(ퟗ 풂)ퟐ ≥
ퟑ
ퟒ
↔ 풂(ퟗ − 풂)ퟐ ≤ ퟏퟎퟖ   (5) 

Because by AM – GM ∀풂 > 0; propose 풙풚 < 0 → (풙 + 풚)ퟐ < 9 → ퟗ − 풂 > 0 

ퟐ풂(풂 − ퟗ)ퟐ = ퟐ풂(ퟗ − 풂)(ퟗ − 풂) ≤
(ퟐ풂 + ퟗ − 풂 + ퟗ − 풂)ퟑ

ퟐퟕ
=
ퟏퟖퟑ

ퟐퟕ
= ퟐퟏퟔ 

⇒ 풂(ퟗ − 풂)ퟐ ≤ ퟏퟎퟖ ⇒ (5) true ⇒ ퟏ
풙ퟐ

+ ퟏ
풚ퟐ

+ ퟏ
풛ퟐ
≥ ퟑ

ퟒ
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⇒
ퟏ

(풂 − ퟐ풃 + 풄)ퟐ +
ퟏ

(풃 − ퟐ풄 + 풂)ퟐ +
ퟏ

(풄 − ퟐ풂 + 풃)ퟐ ≥
ퟑ
ퟒ 

⇒ Q.E.D. 

Solution 3 by Seyran Ibrahimov-Maasilli-Azerbaidian 

(풂 + 풄 − ퟐ풃)ퟐ = ퟏퟐ 

(풂 + 풄 − ퟐ풃)ퟐ = (풂ퟐ + 풄ퟐ + ퟒ풃ퟐ + ퟐ풂풄 − ퟒ풂풃 − ퟒ풃풄) = 

= +
ퟑ풃ퟐ + ퟑ풂풄 − ퟑ풂풃 − ퟑ풃풄 + ퟑ
ퟑ풄ퟐ + ퟑ풂풃 − ퟑ풃풄 − ퟑ풂풄 + ퟑ
ퟑ풂ퟐ + ퟑ풃풄 − ퟑ풂풄 − ퟑ풂풃 + ퟑ

 

Note: 풂ퟐ + 풃ퟐ + 풄ퟐ = ∑풂풃 + ퟑ 

ퟏퟐ 

푳푯푺 ≥
푪풂풖풄풉풚 (ퟏ + ퟏ+ ퟏ)ퟐ

∑(풂 − ퟐ풃 + 풄)ퟐ ≥
ퟗ
ퟏퟐ =

ퟑ
ퟒ 

 

152. Let 풂,풃, 풄 > ퟎ such that 풂풃 + 풃풄 + 풄풂 = ퟑ and 풌 ∈ ℕ,	 

풌 ≥ ퟔ,풏 ≥ ℕ,풏 ≥ ퟐ. 

Prove that 

풂 + 풃 + 풄 + ퟑ풌 ퟏ ퟏ
풂풏 +

ퟏ
풃풏 +

ퟏ
풄풏

풌
≥ ퟔ 

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo 풂,풃, 풄 > ퟎ de tal manera que 풂풃 + 풃풄 + 풄풂 = ퟑ y 풌 ∈ 푵,풏 ∈

푵,풏 ≥ ퟐ. 

Probar que 
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풂 + 풃 + 풄 + ퟑ풌 ퟏ ퟏ
풂풏

+
ퟏ
풃풏

+
ퟏ
풄풏

풌
≥ ퟔ 

Siendo 풂,풃, 풄 > ퟎ se cumple lo siguiente 

풂 + 풃 + 풄 ≥ ퟑ(풂풃 + 풃풄 + 풄풂) = √ퟗ = ퟑ 

Aplicando la desigualdad de Holder 
ퟏ
풂

+
ퟏ
풃

+
ퟏ
풄

ퟏ
풃

+
ퟏ
풄

+
ퟏ
풂

(풂풃 + 풃풄 + 풄풂) ≥ (ퟏ + ퟏ + ퟏ)ퟑ = ퟐퟕ 

ퟏ
풂

+
ퟏ
풃

+
ퟏ
풄

ퟐ

⋅ ퟑ ≥ ퟐퟕ ⇔
ퟏ
풂

+
ퟏ
풃

+
ퟏ
풄
≥ ퟑ 

ퟏ
풂풏

+
ퟏ
풃풏

+
ퟏ
풄풏

⋅ ퟑ풏 ퟏ ≥
ퟏ
풂

+
ퟏ
풃

+
ퟏ
풄

풏

≥ ퟑ풏 ⇔
ퟏ
풂풏

+
ퟏ
풃풏

+
ퟏ
풄풏

≥ ퟑ 

Luego 

풂+ 풃 + 풄 + ퟑ풌 ퟏ ퟏ
풂풏

+ ퟏ
풃풏

+ ퟏ
풄풏

풌
= 풂 + 풃+ 풄 + ퟑ풌

ퟑ
ퟏ
풂풏

+ ퟏ
풃풏

+ ퟏ
풄풏

풌
≥ ퟑ + ퟑ = ퟔ  

Solution 2 by Seyran Ibrahimov-Maasilli-Azerbaidian 

풂ퟐ + 풃ퟐ + 풄ퟐ ≥ 풂풃 + 풃풄 + 풄풂 = ퟑ ⇒ ퟑ√풂ퟐ풃ퟐ풄ퟐퟑ ≤ ퟑ ⇒ 풂풃풄 ≤ ퟏ   (*) 

(풂 + 풃 + 풄)ퟐ ≥ ퟑ풂풃 + ퟑ풃풄 + ퟑ풂풄 = ퟗ ⇒ 풂 + 풃 + 풄 ≥ ퟑ 

ퟑ풌 ퟏ ퟏ
풂풏 +

ퟏ
풃풏 +

ퟏ
풄풏 ≥ ퟑ풌 

ퟏ
풂풏 +

ퟏ
풃풏 +

ퟏ
풄풏 ≥ ퟑ 

ퟑ

풂
풏
ퟑ풃

풏
ퟑ풄

풏
ퟑ
≥ ퟑ 

(풂풃풄)
풏
ퟑ ≤ ퟏ ⇒ (*) 풂풃풄 ≤ ퟏ 
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153. Let 풂,풃, 풄 > ퟎ. Prove that 

풂ퟐ

(풂ퟐ + 풂풃 + 풃ퟐ)(풂ퟐ + 풂풄 + 풄ퟐ)
≥ ퟏ. 

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Solution by Le Khanh Sy-Long An-Vietnam 

Using Cauchy – Schwarz, we have 

√풂풃 ⋅ √풂풄 + 풂ퟐ + 풂풃 + 풃ퟐ 풂ퟐ + 풂풄 + 풄ퟐ ≤ (풂 + 풃)ퟐ(풂 + 풄)ퟐ 

or 

(풂ퟐ + 풂풃 + 풃ퟐ)(풂ퟐ + 풂풄 + 풄ퟐ) ≤ 풂ퟐ + 풃풄 + 풂 풃 + 풄 − √풃풄  

≤ 풂ퟐ + 풃풄 + 풂 ⋅
(풃ퟐ + 풄ퟐ)
풃 + 풄

 

=
풂ퟐ(풃 + 풄) + 풃ퟐ(풄 + 풂) + 풄ퟐ(풂 + 풃)

풃 + 풄
 

Thus, it suffices to show that 

∑ 풂ퟐ(풃 풄)
(풂ퟐ 풂풃 풃ퟐ)(풂ퟐ 풃풄 풄ퟐ)

≥ ∑풂ퟐ(풃 풄)
풂ퟐ(풃 풄) 풃ퟐ(풄 풂) 풄ퟐ(풂 풃) = ퟏ  

We are done. 

 

154. If 풂,풃, 풄 > ퟎ then: 

풂ퟑ

풃ퟑ + 풄ퟑ +
풃ퟑ

풄ퟑ + 풂ퟑ +
풄ퟑ

풂ퟑ + 풃ퟑ ≥
(풂 + 풃 + 풄)ퟒ

ퟔ(풂ퟐ + 풃ퟐ + 풄ퟐ)(풂풃 + 풃풄 + 풄풂) 

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Solution by Hoang Le Nhat Tung-Hanoi-Vietnam 

If 풂,풃, 풄 > ퟎ. Prove that: 
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풂ퟑ

풃ퟑ + 풄ퟑ
+

풃ퟑ

풄ퟑ + 풂ퟑ
+

풄ퟑ

풂ퟑ + 풃ퟑ
≥

(풂 + 풃 + 풄)ퟒ

ퟔ(풂ퟐ + 풃ퟐ + 풄ퟐ)(풂풃 + 풃풄 + 풄풂) 

We have a Lemma: 풂ퟑ

풃ퟑ 풄ퟑ
+ 풃ퟑ

풄ퟑ 풂ퟑ
+ 풄ퟑ

풂ퟑ 풃ퟑ
≥ 풂

풃 풄
+ 풃

풄 풂
+ 풄

풂 풃
    (1) 

Therefore, by Cauchy – Schwarz: 
풂
풃 풄

+ 풃
풄 풂

+ 풄
풂 풃

= 풂ퟐ

풂풃 풂풄
+ 풃ퟐ

풃풄 풃풂
+ 풄ퟐ

풄풂 풄풃
≥ (풂 풃 풄)ퟐ

ퟐ(풂풃 풃풄 풄풂)    (2) 

Then (1), (2):⇒ 풂ퟑ

풃ퟑ 풄ퟑ
+ 풃ퟑ

풄ퟑ 풂ퟑ
+ 풄ퟑ

풂ퟑ 풃ퟑ
≥ (풂 풃 풄)ퟐ

ퟐ(풂풃 풃풄 풄풂) 

We will prove: (풂 풃 풄)ퟐ

ퟐ(풂풃 풃풄 풄풂) ≥
(풂 풃 풄)ퟒ

ퟔ(풂ퟐ 풃ퟐ 풄ퟐ)(풂풃 풃풄 풄풂) ⇔ ퟏ ≥ (풂 풃 풄)ퟐ

ퟑ(풂ퟐ 풃ퟐ 풄ퟐ) 

⇔ ퟑ(풂ퟐ + 풃ퟐ + 풄ퟐ) ≥ (풂 + 풃 + 풄)ퟐ ⇔ (풂 − 풃)ퟐ + (풃 − 풄)ퟐ + (풄 − 풂)ퟐ ≥ ퟎ 

(True) 

Therefore:  

풂ퟑ

풃ퟑ + 풄ퟑ +
풃ퟑ

풄ퟑ + 풂ퟑ +
풄ퟑ

풂ퟑ + 풃ퟑ ≥
(풂 + 풃 + 풄)ퟒ

ퟔ(풂ퟐ + 풃ퟐ + 풄ퟐ)(풂풃 + 풃풄 + 풄풂) 

⇒ Q.E.D. 

 

155. If 풂,풃, 풄 > ퟎ then 

풂ퟑ

풃ퟑ + 풄ퟑ
+

풃ퟑ

풄ퟑ + 풂ퟑ
+

풄ퟑ

풂ퟑ + 풃ퟑ
≥
ퟏ
ퟑ

풂풃 + 풃풄 + 풄풂
풂ퟐ + 풃ퟐ + 풄ퟐ

+
풂ퟐ + 풃ퟐ + 풄ퟐ

풂풃 + 풃풄 + 풄풂
+
ퟓ
ퟔ

 

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Solution by Hoang Le Nhat Tung-Hanoi-Vietnam 

Let 풂,풃, 풄 > ퟎ; Prove that: 

풂ퟑ

풃ퟑ + 풄ퟑ ≥
ퟏ
ퟑ

풂풃 + 풃풄 + 풄풂
풂ퟐ + 풃ퟐ + 풄ퟐ +

풂ퟐ + 풃ퟐ + 풄ퟐ

풂풃 + 풃풄 + 풄풂 +
ퟓ
ퟔ 

Lemma: ∀	풂,풃, 풄 > ퟎ;풏 ∈ ℕ∗. We have 
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풂풏

풃풏 + 풄풏
+

풃풏

풄풏 + 풂풏
+

풄풏

풂풏 + 풃풏
≥

풂
풃 + 풄

+
풃

풄 + 풂
+

풄
풂 + 풃

 

If 풏 = ퟑ ⇒ ∑ 풂ퟑ

풃ퟑ 풄ퟑ
≥ ∑ 풂

풃 풄
   (1) 

By Cauchy – Schwarz: 

∑ 풂
풃 풄

= ∑ 풂ퟐ

풂풃 풃풄
≥ (∑풂)ퟐ

ퟐ∑풂풃
= ퟏ

ퟐ
⋅ ∑풂

ퟐ

∑풂풃
+ ퟏ   (2) 

(1), (2) ⇒ ∑ 풂ퟑ

풃ퟑ 풄ퟑ
≥ ∑풂ퟐ

ퟐ∑풂풃
+ ퟏ 

We need to prove: ∑풂
ퟐ

ퟐ∑풂풃
+ ퟏ ≥ ퟏ

ퟑ
∑풂풃
∑풂ퟐ

+ ∑풂ퟐ

∑풂풃
+ ퟓ

ퟔ
 

⇔
풕
ퟐ

+ ퟏ ≥
ퟏ
ퟑ

ퟏ
풕

+ 풕 +
ퟓ
ퟔ
						 풕 =

∑풂ퟐ

∑풂풃
≥ ퟏ  

⇔
풕 + ퟐ
ퟐ ≥

풕ퟐ + 풕
ퟑ풕 +

ퟓ
ퟔ ⇔ ퟑ풕ퟐ + ퟔ풕 ≥ ퟐ풕ퟐ + ퟓ풕 + ퟐ 

⇔ 풕ퟐ + 풕 ≥ ퟐ   (true because 풕 ≥ ퟏ) 

⇒ ∑ 풂ퟑ

풃ퟑ 풄ퟑ
≥ ퟏ

ퟑ
∑풂풃
∑풂ퟐ

+ ∑풂ퟐ

∑풂풃
+ ퟓ

ퟔ
⇒  Q.E.D. 

 

156. Let 풂,풃, 풄 be positive real numbers. Find the minimum of expression: 

푷 =
ퟏ

ퟐ(풂ퟒ + 풃ퟒ)
+

ퟏ

ퟐ(풃ퟒ + 풄ퟒ)
+

ퟏ

ퟐ(풄ퟒ + 풂ퟒ)
+
풂ퟐ

풃 +
풃ퟐ

풄 +
풄ퟐ

풂  

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam 

Solution by proposer 

By CBS we have: 

ퟐ(풂ퟒ + 풃ퟒ) + ퟐ풂풃
ퟐ
≤ (ퟏퟐ + ퟏퟐ) ⋅ (ퟐ(풂ퟒ + 풃ퟒ) + ퟒ풂ퟐ풃ퟐ) = 

= ퟒ(풂ퟒ + ퟐ풂ퟐ풃ퟐ + 풃ퟒ) = ퟒ(풂ퟐ + 풃ퟐ)ퟐ 
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⇔ ퟐ(풂ퟒ + 풃ퟒ) + ퟐ풂풃 ≤ ퟐ(풂ퟐ + 풃ퟐ) ⇔ ퟐ(풂ퟒ + 풃ퟒ) ≤ ퟐ(풂ퟐ − 풂풃 + 풃ퟐ)

⇔ 

⇔
ퟏ

ퟐ(풂ퟒ + 풃ퟒ)
≥

ퟏ
ퟐ(풂ퟐ − 풂풃 + 풃ퟐ) 

Similar: ퟏ
ퟐ(풃ퟒ 풄ퟒ)

≥ ퟏ
ퟐ(풃ퟐ 풃풄 풄ퟐ) ; ퟏ

ퟐ(풄ퟒ 풂ퟒ)
≥ ퟏ

ퟐ(풄ퟐ 풄풂 풂ퟐ) 

Therefore: 

⇒ ퟏ

ퟐ 풂ퟒ 풃ퟒ
+ ퟏ

ퟐ 풃ퟒ 풄ퟒ
+ ퟏ

ퟐ 풄ퟒ 풂ퟒ
≥ ퟏ

ퟐ 풂ퟐ 풂풃 풃ퟐ
+ ퟏ

ퟐ 풃ퟐ 풃풄 풄ퟐ
+ ퟏ

ퟐ 풄ퟐ 풄풂 풂ퟐ
          (1) 

By (풎 + 풏+ 풑)ퟐ ≤ ퟑ(풎ퟐ + 풏ퟐ + 풑ퟐ) 

ퟏ

풂ퟐ 풂풃 풃ퟐ
+ ퟏ

풃ퟐ 풃풄 풄ퟐ
+ ퟏ

풄ퟐ 풄풂 풂ퟐ

ퟐ
≤ ퟏ

풂ퟐ 풂풃 풃ퟐ
+ ퟏ

풃ퟐ 풃풄 풄ퟐ
+ ퟏ

풄ퟐ 풄풂 풂ퟐ
  

⇔ ퟏ
풂ퟐ 풂풃 풃ퟐ

+ ퟏ
풃ퟐ 풃풄 풄ퟐ

+ ퟏ
풄ퟐ 풄풂 풂ퟐ

≥
ퟏ

풂ퟐ 풂풃 풃ퟐ
ퟏ

풃ퟐ 풃풄 풄ퟐ
ퟏ

풄ퟐ 풄풂 풂ퟐ

ퟐ

ퟑ
             (2) 

Then (1), (2): 

⇒ ퟏ

ퟐ 풂ퟒ 풃ퟒ
+ ퟏ

ퟐ 풃ퟒ 풄ퟒ
+ ퟏ

ퟐ 풄ퟒ 풂ퟒ
≥

ퟏ

풂ퟐ 풂풃 풃ퟐ
ퟏ

풃ퟐ 풃풄 풄ퟐ
ퟏ

풄ퟐ 풄풂 풂ퟐ

ퟐ

ퟐ⋅ퟑ
       (3) 

By inequality: ퟏ
풙

+ ퟏ
풚

+ ퟏ
풛
≥ ퟗ

풙 풚 풛
 

ퟏ

풂ퟐ 풂풃 풃ퟐ
+ ퟏ

풃ퟐ 풃풄 풄ퟐ
+ ퟏ

풄ퟐ 풄풂 풂ퟐ
≥ ퟗ

풂ퟐ 풂풃 풃ퟐ 풃ퟐ 풃풄 풄ퟐ 풄ퟐ 풄풂 풂ퟐ
      (4) 

Then (3), (4): 

⇒ ퟏ

ퟐ 풂ퟒ 풃ퟒ
+ ퟏ

ퟐ 풃ퟒ 풄ퟒ
+ ퟏ

ퟐ 풄ퟒ 풂ퟒ
≥

ퟗ

풂ퟐ 풂풃 풃ퟐ 풃ퟐ 풃풄 풄ퟐ 풄ퟐ 풄풂 풂ퟐ

ퟐ
	

ퟔ
  

⇔ ퟏ

ퟐ 풂ퟒ 풃ퟒ
+ ퟏ

ퟐ 풃ퟒ 풄ퟒ
+ ퟏ

ퟐ 풄ퟒ 풂ퟒ
≥ ퟐퟕ

ퟐ 풂ퟐ 풂풃 풃ퟐ 풃ퟐ 풃풄 풄ퟐ 풄ퟐ 풄풂 풂ퟐ
ퟐ        (5) 

By CBS we have: 

 
풂ퟐ

풃
+ 풃ퟐ

풄
+ 풄ퟐ

풂
= 풂ퟐ

풃
− 풂 + 풃 + 풃ퟐ

풄
− 풃 + 풄 + 풄ퟐ

풂
− 풄 + 풂 = 풂ퟐ 풂풃 풃ퟐ

풃
+ 풃ퟐ 풃풄 풄ퟐ

풄
+ 풄ퟐ 풄풂 풂ퟐ

풂
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⇒ 풂ퟐ

풃
+ 풃ퟐ

풄
+ 풄ퟐ

풂
=

풂ퟐ 풂풃 풃ퟐ
ퟐ

풃
+

풃ퟐ 풃풄 풄ퟐ
ퟐ

풄
+

풄ퟐ 풄풂 풂ퟐ
ퟐ
	

풂
≥

풂ퟐ 풂풃 풃ퟐ 풃ퟐ 풃풄 풄ퟐ 풄ퟐ 풄풂 풂ퟐ
ퟐ

풃 풄 풂
    (6) 

Other: 

풂ퟐ − 풂풃 + 풃ퟐ + 풃ퟐ − 풃풄 + 풄ퟐ + 풄ퟐ − 풄풂 + 풂ퟐ = 

=
ퟑ(풂 − 풃)ퟐ

ퟒ +
(풂 + 풃)ퟐ

ퟒ +
ퟑ(풃 − 풄)ퟐ

ퟒ +
(풃 + 풄)ퟐ

ퟒ +
ퟑ(풄 − 풂)ퟐ

ퟒ +
(풄 + 풂)ퟐ

ퟒ ≥ 

≥
(풂 + 풃)ퟐ

ퟒ +
(풃 + 풄)ퟐ

ퟒ +
(풄 + 풂)ퟐ

ퟒ =
풂 + 풃
ퟐ +

풃 + 풄
ퟐ +

풄+ 풂
ퟐ = 풂+ 풃 + 풄 

⇒ 풂+ 풃 + 풄 ≤ √풂ퟐ − 풂풃+ 풃ퟐ + √풃ퟐ − 풃풄 + 풄ퟐ + √풄ퟐ − 풄풂 + 풂ퟐ           (7) 

Then (6), (7):⇒ 

⇒
풂ퟐ

풃 +
풃ퟐ

풄 +
풄ퟐ

풂 ≥
√풂ퟐ − 풂풃+ 풃ퟐ + √풃ퟐ − 풃풄 + 풄ퟐ + √풄ퟐ − 풄풂 + 풂ퟐ

ퟐ

√풂ퟐ − 풂풃 + 풃ퟐ + √풃ퟐ − 풃풄 + 풄ퟐ + √풄ퟐ − 풄풂 + 풂ퟐ
 

⇔ 풂ퟐ

풃
+ 풃ퟐ

풄
+ 풄ퟐ

풂
≥ √풂ퟐ − 풂풃 + 풃ퟐ + √풃ퟐ − 풃풄 + 풄ퟐ + √풄ퟐ − 풄풂 + 풂ퟐ       (8) 

Then (5); (8): 

⇒ 푷 =
ퟏ

ퟐ(풂ퟒ + 풃ퟒ)
+

ퟏ
ퟐ(풃ퟒ + 풄ퟒ)

+
ퟏ

ퟐ(풄ퟒ + 풂ퟒ)
+
풂ퟐ

풃 +
풃ퟐ

풄 +
풄ퟐ

풂 ≥ 

≥ ퟐퟕ

ퟐ 풂ퟐ 풂풃 풃ퟐ 풃ퟐ 풃풄 풄ퟐ 풄ퟐ 풄풂 풂ퟐ
ퟐ + 풂ퟐ − 풂풃 + 풃ퟐ + 풃ퟐ − 풃풄 + 풄ퟐ + 풄ퟐ − 풄풂 + 풂ퟐ   

Put: √풂ퟐ − 풂풃 + 풃ퟐ + √풃ퟐ − 풃풄+ 풄ퟐ + √풄ퟐ − 풄풂+ 풂ퟐ = 풕 > ퟎ 

By AM – GM: 

⇒ 푷 ≥
ퟐퟕ
ퟐ풕ퟐ + 풕 =

ퟐퟕ
ퟐ풕ퟐ +

풕
ퟐ +

풕
ퟐ ≥ ퟑ ⋅

ퟐퟕ
ퟐ풕ퟐ ⋅

풕
ퟐ ⋅

풕
ퟐ

ퟑ
= ퟑ

ퟐퟕ풕ퟐ

ퟖ풕ퟐ
ퟑ

= ퟑ
ퟐퟕ
ퟖ

ퟑ
= ퟑ ⋅

ퟑ
ퟐ =

ퟗ
ퟐ 

⇒ 푷 ≥ ퟗ
ퟐ
⇒ 푷푴풊풏 = ퟗ

ퟐ
. Equality occurs if 

⇔

⎩
⎪⎪
⎨

⎪⎪
⎧ ퟐ(풂ퟒ + 풃ퟒ) = ퟐ풂풃; ퟐ(풃ퟒ + 풄ퟒ) = ퟐ풃풄; ퟐ(풄ퟒ + 풂ퟒ) = ퟐ풄풂

ퟏ
√풂ퟐ − 풂풃 + 풃ퟐ

=
ퟏ

√풃ퟐ − 풃풄 + 풄ퟐ
=

ퟏ
√풄ퟐ − 풄풂 + 풂ퟐ

풂 − 풃 = 풃 − 풄 = 풄 − 풂 = ퟎ
ퟐퟕ
ퟐ풕ퟐ =

풕
ퟐ
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⇔ 풂 = 풃 = 풄 > ퟎ
풕 = ퟑ

⇔
풂 = 풃 = 풄 > ퟎ

풂ퟐ − 풂풃+ 풃ퟐ + 풃ퟐ − 풃풄 + 풄ퟐ + 풄ퟐ − 풄풂 + 풂ퟐ = 풓
⇔ 풂 = 풃 = 풄 = ퟏ 

Minimum of 푷 is: ퟗ
ퟐ
 that 풂 = 풃 = 풄 = ퟏ. 

 

157. Let 풂,풃, 풄 be positive real numbers, prove that 

(풃 + 풄)(풃ퟐ + 풄풂)
풃ퟐ + 풃풄 + 풄ퟐ +

(풄 + 풂)(풄ퟐ + 풂풃)
풄ퟐ + 풄풂+ 풂ퟐ +

(풂+ 풃)(풂ퟐ + 풃풄)
풂ퟐ + 풂풃+ 풃ퟐ ≥

ퟒ(풂풃+ 풃풄 + 풄풂)
풂+ 풃 + 풄  

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Solution by Soumitra Mandal-Chandar Nagore-India 

(풂 + 풃)(풂ퟐ + 풃풄)
풂ퟐ + 풂풃 + 풃ퟐ

풄풚풄

≥
ퟒ(풂풃 + 풃풄 + 풄풂)

풂 + 풃 + 풄
 

⇔
(풂 + 풃)(풂ퟐ + 풃풄)

ퟒ(풂풃 + 풃풄 + 풄풂)(풂ퟐ + 풂풃 + 풃ퟐ)
풄풚풄

≥
ퟏ

풂 + 풃 + 풄
 

(풂 + 풃)(풂ퟐ + 풃풄)
ퟒ(풂ퟐ + 풂풃 + 풃ퟐ)(풂풃 + 풃풄 + 풄풂)

풄풚풄

≥⏞
푨푴 푮푴

	
(풂 + 풃)(풂ퟐ + 풃풄)

{(풂 + 풃)ퟐ + 풄(풂 + 풃)}ퟐ
풄풚풄

 

=
풂ퟐ + 풃풄

(풂 + 풃)(풂 + 풃 + 풄)ퟐ
풄풚풄

. 

We need to prove, 
풂ퟐ + 풃풄
풂 + 풃

풄풚풄

≥ 풂 + 풃 + 풄 ⇔ (풃 + 풄)(풄+ 풂)(풂ퟐ + 풃풄)
풄풚풄

≥ (풂+ 풃 + 풄) (풂+ 풃)
풄풚풄

 

풂ퟐ풃ퟐ

풄풚풄

+ 풂풃ퟑ

풄풚풄

+ 풂ퟐ

풄풚풄

풂풃
풄풚풄

+ 풂풃
풄풚풄

ퟐ

≥ 

≥ (풂 + 풃 + 풄) (풂 + 풃)
풄풚풄
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⇔ 풂풃
풄풚풄

ퟐ

− ퟐ풂풃풄(풂 + 풃 + 풄) + 풂풃ퟑ
풄풚풄

+ 풂
풄풚풄

ퟐ

풂풃
풄풚풄

− ퟐ 풂풃
풄풚풄

ퟐ

+ 풂풃
풄풚풄

ퟐ

 

≥ (풂 + 풃 + 풄) (풂 + 풃)
풄풚풄

 

⇔ 풂풃ퟑ

풄풚풄

− 풂풃풄(풂 + 풃 + 풄) + 풂
풄풚풄

ퟐ

풂풃
풄풚풄

− 풂풃풄(풂 + 풃 + 풄) ≥ 

≥ (풂 + 풃 + 풄) (풂 + 풃)
풄풚풄

 

⇔ 풂풃ퟑ

풄풚풄

≥ 풂풃풄(풂 + 풃 + 풄) ⇔
풂ퟐ

풃
풄풚풄

≥ 풂 + 풃 + 풄, 

which is true by BERGSTORM 

∴
(풂 + 풃)(풂ퟐ + 풃풄)
풂ퟐ + 풂풃 + 풃ퟐ

풄풚풄

≥
ퟒ(풂풃 + 풃풄 + 풄풂)

풂 + 풃 + 풄
 

(Proved) 

158. Let 풂,풃, 풄 positive numbers such that: 풂ퟐ + 풃ퟐ + 풄ퟐ = ퟑ. Prove that 

풂
풃 + 풄

+
풃

풄 + 풂
+

풄
풂 + 풃

≥
풂 + 풃 + 풄

√ퟐ
 

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Solution 1 by Abdul Aziz-Semarang-Indonesia 

A fact 

(풂 + 풃 + 풄)ퟐ ≥ ퟑ(풂풃 + 풃풄 + 풄풂) 

풂 + 풃 + 풄 ≥ ퟑ(풂풃 + 풃풄 + 풄풂) 
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(풂 + 풃 + 풄)ퟐ

ퟔ(풂풃 + 풃풄 + 풄풂)
≥
풂 + 풃 + 풄

√ퟐ
 

(풂 풃 풄)ퟐ

(풂ퟐ 풃ퟐ 풄ퟐ)(풂풃 풂풄 풃풄 풃풂 풄풂 풄풃)
≥ 풂 풃 풄

√ퟐ
     (1) 

by cs 

(풂ퟐ + 풃ퟐ + 풄ퟐ) (풂풃 + 풂풄) + (풃풄 + 풃풂) + (풄풂 + 풄풃) ≥ 

≥ 풂√풂풃 + 풂풄 + 풃√풃풄 + 풃풂 + 풄√풄풂 + 풄풃 

⇔
(풂 + 풃 + 풄)ퟐ

풂√풂풃 + 풂풄 + 풃√풃풄 + 풃풂 + 풄√풄풂+ 풄풃
≥ 

≥ (풂 풃 풄)ퟐ

(풂ퟐ 풃ퟐ 풄ퟐ)(풂풃 풂풄 풃풄 풃풂 풄풂 풄풃)
         (2) 

by (1) and (2), we have 

풂 + 풃 + 풄
√ퟐ

≤
(풂 + 풃 + 풄)ퟐ

풂√풂풃 + 풂풄 + 풃√풃풄 + 풃풂 + 풄√풄풂 + 풄풃
 

by cs again 

풂 + 풃 + 풄
√ퟐ

≤
(풂 + 풃 + 풄)ퟐ

풂√풂풃 + 풂풄 + 풃√풃풄 + 풃풂 + 풄√풄풂 + 풄풃
≤ 

≤
풂ퟐ

풂√풂풃 + 풂풄
+

풃ퟐ

풃√풃풄 + 풃풂
+

풄ퟐ

풄√풄풂 + 풄풃
 

⇔
풂 + 풃 + 풄

√ퟐ
≤

풂
풃 + 풄 +

풃
풄 + 풂 +

풄
풂 + 풃 

Equality holds when 풂 = 풃 = 풄 = ퟏ 

Solution 2 by Uche Eliezer Okeke-Anambra Nigeria 

Lemma: (풂 + 풃 + 풄)ퟐ ≥ ퟑ(풂풃 + 풃풄 + 풄풂) ⇒ 풂풃풄
(풂ퟐ 풃ퟐ 풄ퟐ)(풂풃 풃풄 풄풂)

≥ ퟏ … (1) 
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푳푯푺 =
풂

풃 + 풄
풄풚풄

=
풂ퟐ

풂√풂풃 + 풂풄풄풚풄

≥
푻풊풕풖풔 (풂 + 풃 + 풄)ퟐ

∑ 풂√풂풃 + 풂풄풄풚풄
 

⇔ (풂 풃 풄)ퟐ

∑ 풂√풂풃 풂풄풄풚풄
≥

푪 푩 푺 (풂 풃 풄)ퟐ

(풂ퟐ 풃ퟐ 풄ퟐ)(ퟐ)(풂풃 풃풄 풂)
≥
(ퟏ) 풂 풃 풄

√ퟐ
= 푹푯푺  

(Proved) 

Solution 3 by Sanong Hauerai-Nakonpathom-Thailand 

Because 풂ퟐ + 풃ퟐ + 풄ퟐ = ퟑ, we obtain that 

풂 + 풃 + 풄 ≤ ퟑ 

and 풂풃 + 풃풄 + 풄풂 ≤ ퟑ 

ퟔ(풂풃 + 풃풄 + 풄풂) ≤ ퟏퟖ 

ퟔ(풂풃 + 풃풄 + 풄풂) ≤ ퟑ√ퟐ 

√풂풃 + 풂풄 + √풃풄 + 풃풂 + √풄풂 + 풄풃 ≤ ퟑ√ퟐ 

ퟗ√ퟐ
√풂풃 + 풂풄 + √풃풄 + 풃풂 + √풄풂 + 풄풃

≥ ퟑ 

ퟐ
풂풃 + 풂풄 +

ퟐ
풃풄 + 풃풂 +

ퟐ
풄풂 + 풄풃 ≥ ퟑ 

give 풙 = ퟐ
풂풃 풂풄

	 , 풚 = ퟐ
풃풂 풃풄

, 풛 = ퟐ
풄풂 풄풃

 

we get (풂풙 + 풃풚 + 풄풛) + (풂풚 + 풃풛 + 풄풙) + (풂풛 + 풃풙 + 풄풚) ≥ ퟑ(풂 + 풃 + 풄) 

풂풙 + 풃풚 + 풄풛 ≥ 풂 + 풃 + 풄 

is 풂 ퟐ
풂풃 풂풄

+ 풃 풃
풃풂 풃풄

+ 풄 ퟐ
풄풂 풄풃

≥ 풂 + 풃 + 풄 

ퟐ풂
풃 + 풄

+
ퟐ풃
풄 + 풂

+
ퟐ풄

풂 + 풃
≥ 풂 + 풃 + 풄 
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풂
풃 + 풄

+
풃

풄 + 풂
+

풄
풂 + 풃

≥
풂 + 풃 + 풄

√ퟐ
 

Solution 4 by Nguyen Thanh Nho-Vietnam  

푳푯푺 =
풂

풃 + 풄
+

풃
풄 + 풂

+
풄

풂 + 풃

=
풂ퟐ

풂√풂풃 + 풂풄
+

풃ퟐ

풃√풃풄 + 풃풂
+

풄ퟐ

풄√풄풂 + 풄풃
 

≥
푪 푺 (풂 풃 풄)ퟐ

풂√풂풃 풂풄 풃√풃풄 풃풂 풄√풄풂 풄풃
    (*) 

풂√풂풃 + 풂풄 + 풃√풃풄 + 풃풂 + 풄√풄풂 + 풄풃 ≥
푩푪푺

(풂ퟐ + 풃ퟐ + 풄ퟐ) ⋅ ퟐ(풂풃 + 풃풄+ 풄풂)  

≤ ퟑ ⋅ ퟐ ⋅ ퟏ
ퟑ

(풂 + 풃 + 풄)ퟐ = √ퟐ(풂 + 풃 + 풄)     (**) 

(*) & (**) ⇒ 푳푯푺 ≥ (풂 풃 풄)ퟐ

√ퟐ(풂 풃 풄) = 풂 풃 풄
√ퟐ

 

 

159. If 풙,풚, 풛 > ퟎ then: 

풙
풚 +

풚
풛 +

풛
풙 +

ퟖ풙풚풛
(풙 + 풚)(풚 + 풛)(풛 + 풙) ≥ ퟒ 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo 풙,풚, 풛 > ퟎ. Probar que 풙
풚

+ 풚
풛

+ 풛
풙

+ ퟖ풙풚풛
(풙 풚)(풚 풛)(풛 풙) ≥ ퟒ 

Como 풙,풚, 풛 > ퟎ 

Aplicando MA ≥ MG 

풙
풚

+ 풙
풚

+ 풚
풛
≥ ퟑ 풙ퟐ

풚풛
ퟑ

= ퟑ 풙ퟑ

풙풚풛
ퟑ

= ퟑ풙
풙풚풛ퟑ    (A), 
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풚
풛

+ 풚
풛

+ 풛
풙
≥ ퟑ풚

풙풚풛ퟑ     (B), 

풛
풙

+ 풛
풙

+ 풙
풚
≥ ퟑ풛

풙풚풛ퟑ    (C) 

(풙 + 풚 + 풚 + 풛 + 풛 + 풙)ퟑ ≥ ퟐퟕ(풙 + 풚)(풚 + 풛)(풛 + 풙) ⇔ 

⇔ ퟖ(풙 + 풚 + 풛)ퟑ ≥ ퟐퟕ(풙 + 풚)(풚 + 풛)(풛 + 풙)    (D) 

Sumando (A) + (B) + (C) 
ퟑ풙
풚

+
ퟑ풚
풛

+
ퟑ풛
풙
≥

ퟑ풙
풙풚풛ퟑ +

ퟑ풚
풙풚풛ퟑ +

ퟑ풛
풙풚풛ퟑ ⇔

풙
풚

+
풚
풛

+
풛
풙
≥
풙 + 풚 + 풛

풙풚풛ퟑ  

Es suficiente probar 
풙 + 풚 + 풛

풙풚풛ퟑ +
ퟖ풙풚풛

(풙 + 풚)(풚 + 풛)(풛 + 풙) ≥ ퟒ 

Nuevamente por MA ≥ MG y usando (D) 
풙 + 풚 + 풛
ퟑ 풙풚풛ퟑ +

풙 + 풚 + 풛
ퟑ 풙풚풛ퟑ +

풙 + 풚 + 풛
ퟑ 풙풚풛ퟑ +

ퟖ풙풚풛
(풙 + 풚)(풚 + 풛)(풛 + 풙) ≥ 

≥ ퟒ
(풙 + 풚 + 풛)ퟑ

ퟐퟕ풙풚풛
⋅

ퟖ풙풚풛
(풙 + 풚)(풚 + 풛)(풛 + 풙)

ퟒ
≥ ퟒ 

(LQQD) 

Siendo 풙,풚, 풛 > ퟎ. Probar que 
풙
풚

+ 풚
풛

+ 풛
풙

+ ퟖ풙풚풛
(풙 풚)(풚 풛)(풛 풙) ≥ ퟒ    (A) 

Siendo 풙,풚, 풛 > ퟎ, se cumple la siguiente desigualdad 

풙ퟐ + 풚ퟐ + 풛ퟐ

풙풚 + 풚풛 + 풛풙
+

ퟖ풙풚풛
(풙 + 풚)(풚 + 풛)(풛 + 풙) ≥ ퟐ 

Aplicando la desigualdad de Cauchy en (A) 
풙
풚

+ 풚
풛

+ 풛
풙

+ ퟖ풙풚풛
(풙 풚)(풚 풛)(풛 풙) ≥

(풙 풚 풛)ퟐ

풙풚 풚풛 풛풙
+ ퟖ풙풚풛

(풙 풚)(풚 풛)(풛 풙) =  
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=
풙ퟐ + 풚ퟐ + 풛ퟐ

풙풚 + 풚풛 + 풛풙
+

ퟖ풙풚풛
(풙 + 풚)(풚 + 풛)(풛 + 풙) + ퟐ ≥ ퟒ 

Solution 2 by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Let (풂,풃, 풄) = 풙
풚

, 풚
풛

, 풛
풙
⇒ 풂,풃, 풄 > ퟎ,풂 + 풃 + 풄 ≥ ퟑ the inequality becomes 

풂 + 풃 + 풄 + ퟖ
(풂 ퟏ)(풃 ퟏ)(풄 ퟏ) ≥ ퟒ ⇔ ∑(풂 + ퟏ) + ퟖ

(풂 ퟏ)(풃 ퟏ)(풄 ퟏ) ≥ ퟕ  

We have 
풂 + ퟏ
ퟐ

+
풃 + ퟏ
ퟐ

+
풄 + ퟏ
ퟐ

+
ퟖ

(풂 + ퟏ)(풃 + ퟏ)(풄 + ퟏ) ≥ 

≥ ퟒ
풂+ ퟏ
ퟐ

⋅
풃 + ퟏ
ퟐ

⋅
풄 + ퟏ
ퟐ

⋅
ퟖ

(풂 + ퟏ)(풃 + ퟏ)(풄 + ퟏ)
ퟒ

= ퟒ 

풂 + ퟏ
ퟐ

=
풂 + 풃 + 풄

ퟐ
+
ퟑ
ퟐ
≥ ퟑ ⇒ (풂 + ퟏ) +

ퟖ
(풂 + ퟏ)(풃 + ퟏ)(풄 + ퟏ) ≥ ퟕ 

Solution 3 by Soumitra Mandal-Chandar Nagore-India 

Applying AM ≥ GM 

풙 + 풚
풚

풄풚풄

+
ퟏퟔ풙풚풛

(풙 + 풚)(풚 + 풛)(풛 + 풙) ≥ ퟒ
풙 + 풚
풚

풄풚풄

ퟏퟔ풙풚풛
(풙 + 풚)(풚 + 풛)(풛 + 풙)

ퟒ

 

⇒
풙
풚

풄풚풄

+
ퟏퟔ풙풚풛

(풙 + 풚)(풚 + 풛)(풛 + 풙) + ퟑ ≥ ퟖ 

⇒
풙
풚

풄풚풄

+
ퟖ풙풚풛

(풙 + 풚)(풚 + 풛)(풛 + 풙) ≥ ퟓ−
ퟖ풙풚풛

(풙 + 풚)(풚 + 풛)(풛 + 풙) = ퟒ 

(proved) 

[∵ (풙 + 풚)(풚 + 풛)(풛 + 풙) ≥ ퟖ풙풚풛] 
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160. In 휟	푨푩푪: 

ퟏ + ퟏ+ (풂ퟐ + 풃ퟐ + 풄ퟐ)
ퟏ
풂ퟐ

+
ퟏ
풃ퟐ

+
ퟏ
풄ퟐ

≤ ퟑ
풂
풃

+
풃
풄

+
풄
풂

 

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Solution by Kevin Soto Palacios – Huarmey – Peru  

Probar en un triángulo 푨푩푪 

ퟏ + ퟏ+ (풂ퟐ + 풃ퟐ + 풄ퟐ)
ퟏ
풂ퟐ +

ퟏ
풃ퟐ +

ퟏ
풄ퟐ ≤ ퟑ

풂
풃 +

풃
풄 +

풄
풂  

WALKER INEQUALITY 

Siendo 풂,풃, 풄 los lados de un 휟	푨푩푪 se cumple la siguiente desigualdad 

ퟑ 풂
풃

+ 풃
풄

+ 풄
풂
≥ (풂 + 풃 + 풄) ퟏ

풂
+ ퟏ

풃
+ ퟏ

풄
  (anteriormente demostrado) 

Pro ultimo demostraremos 

ퟏ + ퟏ + (풂ퟐ + 풃ퟐ + 풄ퟐ)
ퟏ
풂ퟐ

+
ퟏ
풃ퟐ

+
ퟏ
풄ퟐ

≤ (풂 + 풃 + 풄)
ퟏ
풂

+
ퟏ
풃

+
ퟏ
풄

 

Aplicando la desigualdad de Cauchy 

(풂 + 풃 + 풄)
ퟏ
풂

+
ퟏ
풃

+
ퟏ
풄

= (풂 + 풃 + 풄)ퟐ
ퟏ
풂

+
ퟏ
풃

+
ퟏ
풄

ퟐ

= 

= 풂ퟐ + ퟐ 풃풄
ퟏ
풂ퟐ

+ ퟐ
ퟏ
풃풄

≥ 
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≥ 풂ퟐ
ퟏ
풂ퟐ

+ ퟐ 풃풄
ퟏ
풃풄

 

= 풂ퟐ
ퟏ
풂ퟐ

+ ퟐ 풂
ퟏ
풂

⇔ 

⇔ (풂 + 풃 + 풄)
ퟏ
풂

+
ퟏ
풃

+
ퟏ
풄

− ퟏ

ퟐ

≥ ퟏ + 풂ퟐ
ퟏ
풂ퟐ

 

⇒ (풂 + 풃 + 풄)
ퟏ
풂

+
ퟏ
풃

+
ퟏ
풄

≥ ퟏ + ퟏ + (풂ퟐ + 풃ퟐ + 풄ퟐ)
ퟏ
풂ퟐ

+
ퟏ
풃ퟐ

+
ퟏ
풄ퟐ

 

(LQQD) 

 

161. Let 풂,풃, 풄 be positive real numbers. Prove that 

ퟑ(풂ퟐ + 풃ퟐ + 풄ퟐ)
ퟏ
풂ퟐ +

ퟏ
풃ퟐ +

ퟏ
풄ퟐ + ퟗ ≥

풃 + 풄
풂 +

풄 + 풂
풄 +

풂 + 풃
풄  

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo 풂,풃, 풄 números 푹 . Probar que 

ퟑ(풂ퟐ + 풃ퟐ + 풄ퟐ)
ퟏ
풂ퟐ

+
ퟏ
풃ퟐ

+
ퟏ
풄ퟐ

+ ퟗ ≥
풃 + 풄
풂

+
풄 + 풂
풄

+
풂 + 풃
풄

 

La desigualdad propuesta es equivalente 

⇔ ퟏퟖ + ퟑ
풂ퟐ

풃ퟐ +
풃ퟐ

풂ퟐ + ퟑ
풃ퟐ

풄ퟐ +
풄ퟐ

풃ퟐ + ퟑ
풄ퟐ

풂ퟐ +
풂ퟐ

풄ퟐ ≥
풂
풃 +

풃
풂 +

풃
풄 +

풄
풃 +

풄
풂 +

풂
풄  
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⇔ ퟑ
풂
풃 +

풃
풂

ퟐ

+ ퟑ
풃
풄 +

풄
풃

ퟐ

+ ퟑ
풄
풂 +

풂
풄

ퟐ
≥

풂
풃 +

풃
풂 +

풃
풄 +

풄
풃 +

풄
풂 +

풂
풄  

Aplicando la desigualdad de Cauchy 

⇔ (ퟏ + ퟏ + ퟏ)
풂
풃 +

풃
풂

ퟐ

+
풃
풄 +

풄
풃

ퟐ

+
풄
풂+

풂
풄

ퟐ
≥

풂
풃 +

풃
풂 +

풃
풄 +

풄
풃 +

풄
풂+

풂
풄  

(LQQD) 

Solution 2 by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Let 풙 = 풂
풃

+ 풃
풄

+ 풄
풂

,풚 = 풃
풂

+ 풄
풃

+ 풂
풄
⇒ 풙ퟐ = ∑ 풂ퟐ

풃ퟐ
+ ퟐ풚, 풚ퟐ = ∑ 풃ퟐ

풂ퟐ
+ ퟐ풙 

⇒
풂ퟐ

풃ퟐ
= 풙ퟐ − ퟐ풚,

풃ퟐ

풂ퟐ
= 풚ퟐ − ퟐ풙 

Hence 

(풂ퟐ + 풃ퟐ + 풄ퟐ) ퟏ
풂ퟐ

+ ퟏ
풃ퟐ

+ ퟏ
풄ퟐ

= ퟑ +∑ 풂ퟐ

풃ퟐ
+∑ 풃ퟐ

풂ퟐ
= 풙ퟐ + 풚ퟐ − ퟐ풙 − ퟐ풚 + ퟑ  

⇒ (풂ퟐ + 풃ퟐ + 풄ퟐ)
ퟏ
풂ퟐ

+
ퟏ
풃ퟐ

+
ퟏ
풄ퟐ

+ ퟑ = 풙ퟐ + 풚ퟐ − ퟐ풙 − ퟐ풚 + ퟔ = 

= (풙 − ퟏ)ퟐ + (풚 − ퟏ)ퟐ + ퟒ ≥ ퟑ(풙 + 풚)ퟐ 

⇒ (풂ퟐ + 풃ퟐ + 풄ퟐ)
ퟏ
풂ퟐ

+
ퟏ
풃ퟐ

+
ퟏ
풄ퟐ

+ ퟑ ≥ √ퟑ(풙 + 풚) 

⇒ ퟑ(풂ퟐ + 풃ퟐ + 풄ퟐ)
ퟏ
풂ퟐ

+
ퟏ
풃ퟐ

+
ퟏ
풄ퟐ

+ ퟗ ≥
풃 + 풄
풂

+
풄 + 풂
풄

+
풂 + 풃
풄

 

Solution 3 by Ravi Prakash-New Delhi-India 

For 풙, 풚, 풛 > ퟎ, 

ퟑ(풙ퟐ + 풚ퟐ + 풛ퟐ) − (풙 + 풚 + 풛)ퟐ = ퟐ[풙ퟐ + 풚ퟐ + 풛ퟐ − 풙풚 − 풚풛 − 풛풙] 

= (풙 − 풚)ퟐ + (풚 − 풛)ퟐ + (풛 − 풙)ퟐ ≥ ퟎ 
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⇒ ퟑ(풙ퟐ + 풚ퟐ + 풛ퟐ) ≥ (풙 + 풚 + 풛)ퟐ 

Put 풙 = 풃
풂

+ 풂
풃

,풚 = 풃
풄

+ 풄
풃

, 풛 = 풂
풄

+ 풄
풂

 

to obtain 

ퟑ
풃
풂 +

풂
풃

ퟐ

+
풃
풄 +

풄
풃

ퟐ

+
풂
풄 +

풄
풂

ퟐ
 

≥
풃
풂 +

풂
풃 +

풃
풄 +

풄
풃 +

풂
풄 +

풄
풂

ퟐ

 

⇒ ퟑ
풃ퟐ

풂ퟐ
+
풂ퟐ

풃ퟐ
+ ퟐ +

풃ퟐ

풄ퟐ
+
풄ퟐ

풃ퟐ
+ ퟐ +

풂ퟐ

풄ퟐ
+
풄ퟐ

풂ퟐ
+ ퟐ  

≥ 풃 풄
풂

+ 풄 풂
풃

+ 풂 풃
풄

ퟐ
    (1) 

LHS of (1) 

= ퟑ
풂ퟐ

풂ퟐ
+
풃ퟐ

풂ퟐ
+
풄ퟐ

풂ퟐ
+
풂ퟐ

풃ퟐ
+
풃ퟐ

풃ퟐ
+
풄ퟐ

풃ퟐ
+
풂ퟐ

풄ퟐ
+
풃ퟐ

풄ퟐ
+
풄ퟐ

풄ퟐ
+ ퟑ  

= ퟑ (풂ퟐ + 풃ퟐ + 풄ퟐ)
ퟏ
풂ퟐ

+
ퟏ
풃ퟐ

+
ퟏ
풄ퟐ

+ ퟑ  

Thus 

ퟑ(풂ퟐ + 풃ퟐ + 풄ퟐ)
ퟏ
풂ퟐ

+
ퟏ
풃ퟐ

+
ퟏ
풄ퟐ

+ ퟗ ≥
풃 + 풄
풂

+
풄 + 풂
풃

+
풂 + 풃
풄

 

The equality holds when 풂 = 풃 = 풄 

 

162. If 풂풌,풃풌, 풄풌 > ퟎ,풌 ∈ ퟏ,풏	,풏 ∈ ℕ,풏 ≥ ퟏ then: 

ퟏ
풂풌풃풌풄풌

풏

풌 ퟏ

(풂풌 + 풃풌 + 풄풌)ퟑ
풏

풌 ퟏ

≥ ퟐퟕ풏ퟐ 

Proposed by Daniel Sitaru – Romania  
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Solution by Togrul Ehmedov-Baku-Azerbaidian 

ퟏ
풂ퟏ풃ퟏ풄ퟏ

+ ퟏ
풂ퟐ풃ퟐ풄ퟐ

+ ⋯+ ퟏ
풂풏풃풏풄풏

(풂ퟏ + 풃ퟏ + 풄ퟏ)ퟑ + (풂ퟐ + 풃ퟐ + 풄ퟐ)ퟑ + ⋯+ (풂풏 + 풃풏 + 풄풏)ퟑ   

≥⏞
푪푩푺 (풂ퟏ + 풃ퟏ + 풄ퟏ)ퟑ

풂ퟏ풃ퟏ풄ퟏ
+

(풂ퟐ + 풃ퟐ + 풄ퟐ)ퟑ

풂ퟐ풃ퟐ풄ퟐ
+ ⋯+

(풂풏 + 풃풏 + 풄풏)ퟑ

풂풏풃풏풄풏

ퟐ

 

We know that 

풂풏 + 풃풏 + 풄풏 ≥ ퟑ 풂풏풃풏풄풏
ퟑ  

(풂풏 + 풃풏 + 풄풏)ퟑ ≥ √ퟐퟕ 풂풏풃풏풄풏 

Then 

ퟏ
풂풌풃풌풄풌

풏

풌 ퟏ

(풂풌 + 풃풌 + 풄풌)ퟑ
풏

풌 ퟏ

≥ √ퟐퟕ + √ퟐퟕ + ⋯+ √ퟐퟕ
ퟐ

= ퟐퟕ풏ퟐ 

 

163. If 풂,풃, 풄 > 0 then: 

풂풃ퟐ풄ퟑퟔ + 풂ퟑ풃풄ퟐퟔ + 풂ퟐ풃ퟑ풄ퟔ ≥ 풂ퟗ풃ퟏퟎ풄ퟏퟏퟑퟎ + 풂ퟏퟏ풃ퟗ풄ퟏퟎퟑퟎ + 풂ퟏퟎ풃ퟏퟏ풄ퟗퟑퟎ
 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo 풂,풃,풄 > 0. Probar que 

풂풃ퟐ풄ퟑퟔ + 풂ퟑ풃풄ퟐퟔ + 풂ퟐ풃ퟑ풄ퟔ ≥ 풂ퟗ풃ퟏퟎ풄ퟏퟏퟑퟎ + 풂ퟏퟏ풃ퟗ풄ퟏퟎퟑퟎ + 풂ퟏퟎ풃ퟏퟏ풄ퟗퟑퟎ
 

Realizamos los siguientes cambios de variables 

풙ퟗퟎ = 풂풃ퟐ풄ퟑ > 0,풚ퟗퟎ = 풂ퟑ풃풄ퟐ > 0,풛ퟗퟎ = 풂ퟐ풃ퟑ풄 ⇔ 풙,풚, 풛 > 0 

(풙풚풛)ퟗퟎ = (풂풃풄)ퟔ ⇔ (풙풚풛)ퟏퟓ = 풂풃풄 ⇔ (풙풚풛)ퟏퟐퟎ = (풂풃풄)ퟖ 

La desigualdad es equivalente 

풙ퟏퟓ + 풚ퟏퟓ + 풛ퟏퟓ ≥ (풙ퟑ + 풚ퟑ + 풛ퟑ)(풙풚풛)ퟒ 

Aplicando MA ≥ MG 

ퟕ풙ퟏퟓ + ퟒ풚ퟏퟓ + ퟒ풛ퟓ ≥ ퟏퟓ (풙ퟏퟓ)ퟕ(풚ퟏퟓ)ퟒ(풛ퟏퟓ)ퟒퟏퟓ = ퟏퟓ풙ퟕ풚ퟒ풛ퟒ   (A) 
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ퟕ풚ퟏퟓ + ퟒ풛ퟏퟓ + ퟒ풙ퟏퟓ ≥ ퟏퟓ (풚ퟏퟓ)ퟕ(풛ퟏퟓ)ퟒ(풙ퟏퟓ)ퟒퟏퟓ = ퟏퟓ풚ퟕ풛ퟒ풙ퟒ (B) 

ퟕ풛ퟏퟓ + ퟒ풙ퟏퟓ + ퟒ풚ퟏퟓ ≥ ퟏퟓ (풚ퟏퟓ)ퟕ(풛ퟏퟓ)ퟒ(풙ퟏퟓ)ퟒퟏퟓ = ퟏퟓ풚ퟕ풛ퟒ풙ퟒ (C) 

Sumando (A) + (B) + (C) 

⇒ ퟏퟓ 풙ퟏퟓ + 풚ퟏퟓ + 풛ퟏퟓ ≥ ퟏퟓ(풙ퟑ + 풚ퟑ + 풛ퟑ)(풙풚풛)ퟒ ⇔ 풙ퟏퟓ + 풚ퟏퟓ + 풛ퟏퟓ

≥ (풙ퟑ + 풚ퟑ + 풛ퟑ)(풙풚풛)ퟒ 

(LQQD) 

Solution 2 by Mohammad Jamal-Oujda-Morocco 

Inequality is homogenous, let 풂풃풄 = ퟏ inequality is equivalent to: 

풂
풃

ퟔ
≥

풂
풃

ퟑퟎ
 

by AM-GM: ퟐ 풂
풃

ퟔ + 풄
풂

ퟔ + 풃
풄

ퟔ
+ ퟏ ≥ ퟓ 풂

풃
ퟑퟎ  and similarly 

thus ퟒ∑ 풂
풃

ퟔ + ퟑ ≥ ퟓ∑ 풂
풃

ퟑퟎ  so we need to show 

ퟏ
ퟒ
ퟓ∑ 풂

풃
ퟑퟎ − ퟑퟎ ≥ ∑ 풂

풃
ퟑퟎ  ie ∑ 풂

풃
ퟑퟎ ≥ ퟑ which is obvious 

Solution 3 by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Take (풙;풚; 풛) = √풂ퟑퟎ ; √풃ퟑퟎ ; √풄ퟑퟎ ⇒ 풙,풚, 풛 > 0, we have to prove 

(풙풚풛)ퟓ 풙ퟓ풚ퟏퟎ + 풚ퟓ풙ퟏퟎ + 풛ퟓ풙ퟏퟎ ≥ (풙ퟗ풚ퟏퟎ풛ퟏퟏ + 풚ퟗ풛ퟏퟎ풙ퟏퟏ + 풛ퟗ풙ퟏퟎ풚ퟏퟏ) 

⇔ 풙ퟓ풚ퟏퟎ + 풚ퟓ풙ퟏퟎ + 풛ퟓ풙ퟏퟎ ≥ (풙풚풛)ퟒ(풙풚ퟐ + 풚풙ퟐ + 풛풙ퟐ) 

Assume that 풙풚풛 = ퟏ, we have prove ∑(풙풚ퟐ)ퟓ ≥ ∑풙풚ퟐ ⇔ 

⇔ 푿ퟓ + 풀ퟓ + 풁ퟓ ≥ 푿 + 풀 + 풁 with  

(푿; 풀;풁) = (풙풚ퟐ;풚풛ퟐ; 풛풙ퟐ) ⇒ 푿,풀,풁 > 0,푋푌푍 = 1 

푿ퟓ + 풀ퟓ + 풁ퟓ (푿+ 풀 + 풁) ≥ (푿ퟑ + 풀ퟑ + 풁ퟑ)ퟐ ⇒ 푿ퟓ + 풀ퟓ + 풁ퟓ ≥
(푿ퟑ + 풀ퟑ + 풁ퟑ)ퟐ

푿 + 풀 + 풁  

(푿ퟑ + 풀ퟑ + 풁ퟑ)(푿+ 풀 + 풁) ≥ (푿ퟐ + 풀ퟐ + 풁ퟐ)ퟐ ≥ (푿 풀 풁)ퟒ

ퟗ
⇒ 푿ퟑ + 풀ퟑ + 풁ퟑ ≥ (푿 풀 풁)ퟑ

ퟗ
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⇒ 푿ퟓ + 풀ퟓ + 풁ퟓ ≥
(푿ퟑ + 풀ퟑ + 풁ퟑ)ퟐ

푿 + 풀 + 풁 ≥
(푿 + 풀 + 풁)ퟓ

ퟖퟏ ≥ 푿 + 풀 + 풁. 

Solution 4 by Ravi Prakash-New Dehi-India 

ퟕ(풂풃ퟐ풄ퟑ)
ퟏ
ퟔ + ퟒ(풂ퟑ풃풄ퟐ)

ퟏ
ퟔ + ퟒ(풂ퟐ풃ퟑ풄)

ퟏ
ퟔ ≥ 

≥ ퟏퟓ(풂ퟕ풃ퟏퟒ풄ퟐퟏ풂ퟏퟐ풃ퟒ풄ퟖ풂ퟖ풃ퟏퟐ풄ퟒ)
ퟏ

ퟔ	×	ퟏퟓ 

= ퟏퟓ(풂ퟐퟕ풃ퟑퟎ풄ퟑퟑ)
ퟏ
ퟗퟎ = ퟏퟓ(풂ퟗ풃ퟏퟎ풄ퟏퟏ)

ퟏ
ퟑퟎ    (1) 

Similarly 

ퟒ(풂풃ퟐ풄ퟑ)
ퟏ
ퟔ + ퟕ(풂ퟑ풃풄ퟐ)

ퟏ
ퟔ + ퟒ(풂ퟐ풃ퟑ풄)

ퟏ
ퟏퟔ ≥ ퟏퟓ(풂ퟏퟏ풃ퟗ풄ퟏퟎ)

ퟏ
ퟑퟎ   (2) 

and  

ퟒ(풂풃ퟐ풄ퟑ)
ퟏ
ퟔ + ퟒ(풂ퟑ풃풄ퟐ)

ퟏ
ퟔ + ퟕ(풂ퟐ풃ퟑ풄)

ퟏ
ퟔ ≥ ퟏퟓ(풂ퟏퟎ풃ퟏퟏ풄풂)

ퟏ
ퟑퟎ    (3) 

Adding (1), (2), (3) and dividing by ퟏퟓ we get the desired inequality. 

Solution 5 by Sanong Hauerai-Nakonpathom-Thailand 

풂풃ퟐ풄ퟑퟔ + 풂ퟑ풃풄ퟐퟔ + 풂ퟐ풃ퟑ풄ퟔ = 풂ퟓ풃ퟏퟎ풄ퟏퟓퟑퟎ + 풂ퟏퟓ풃ퟓ풄ퟏퟎퟑퟎ + 풂ퟏퟎ풃ퟏퟓ풄ퟓퟑퟎ
 

give 풂ퟓ풃ퟏퟎ풄ퟏퟓ = 풙,풂ퟏퟓ풃ퟓ풄ퟏퟎ = 풚,풂ퟏퟎ풃ퟏퟓ풄ퟓ = 풛 

consider √풙ퟑퟎ + √풙ퟑퟎ + 풚ퟑퟎ + 풚ퟑퟎ + √풛ퟑퟎ ≥ ퟓ 풙풙풚풚풛ퟑퟎퟓ
= ퟓ 풙풙풚풚풛ퟓퟑퟎ

= ퟓ √풂ퟏퟎ풃ퟗ풄ퟏퟏퟑퟎ  

Similarly 풚ퟑퟎ + 풚ퟑퟎ + √풛ퟑퟎ + √풛ퟑퟎ + √풙ퟑퟎ ≥ ퟓ 풚풚풛풛풙ퟑퟎퟓ
= ퟓ 풚풚풛풛풙ퟓퟑퟎ

= ퟓ √풂ퟏퟏ풃ퟏퟎ풄ퟗퟑퟎ  

√풛ퟑퟎ + √풛ퟑퟎ + √풙ퟑퟎ + √풙ퟑퟎ + 풚ퟑퟎ ≥ ퟓ 풛풛풙풙풚ퟑퟎퟑ
= ퟓ 풛풛풙풙풚ퟓퟑퟎ

= ퟓ 풂ퟗ풃ퟏퟏ풄ퟏퟎퟑퟎ  

Therefore 

 √풂풃ퟐ풄ퟑퟔ + √풂ퟑ풃풄ퟐퟔ + √풂ퟐ풃ퟑ풄ퟔ ≥ √풂ퟗ풃ퟏퟎ풄ퟏퟏퟑퟎ + √풂ퟏퟏ풃ퟗ풄ퟏퟎퟑퟎ + √풂ퟏퟎ풃ퟏퟏ풄ퟗퟑퟎ  

 

풂풃ퟐ풄ퟑퟔ + 풂ퟑ풃풄ퟐퟔ + 풂ퟐ풃ퟑ풄ퟔ = 풂ퟓ풃ퟏퟎ풄ퟏퟓ
ퟑퟎ

+ 풂ퟏퟓ풃ퟓ풄ퟏퟎ
ퟑퟎ

+ 풂ퟏퟎ풃ퟏퟓ풄ퟓ
ퟑퟎ

 

consider 

풂ퟓ풃ퟏퟎ풄ퟏퟓ + 풂ퟓ풃ퟏퟎ풄ퟏퟓ + 풂ퟏퟓ풃ퟓ풄ퟏퟎ + 풂ퟏퟓ풃ퟓ풄ퟏퟎ + 풂ퟏퟎ풃ퟏퟓ풄ퟓ ≥ ퟓ풂ퟏퟎ풃ퟗ풄ퟏퟏ 

풂ퟏퟓ풃ퟓ풄ퟏퟎ + 풂ퟏퟓ풃ퟓ풄ퟏퟎ + 풂ퟏퟎ풃ퟏퟓ풄ퟓ + 풂ퟏퟎ풃ퟏퟓ풄ퟓ + 풂ퟓ풃ퟏퟎ풄ퟏퟓ ≥ ퟓ풂ퟏퟏ풃ퟏퟎ풄ퟗ 
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풂ퟏퟎ풃ퟏퟓ풄ퟓ + 풂ퟏퟎ풃ퟏퟓ풄ퟓ + 풂ퟓ풃ퟏퟎ풄ퟏퟓ + 풂ퟓ풃ퟏퟎ풄ퟏퟓ + 풂ퟏퟓ풃ퟓ풄ퟏퟎ ≥ ퟓ풂ퟗ풃ퟏퟏ풄ퟏퟎ 

Hence 

풂ퟓ풃ퟏퟎ풄ퟏퟓ + 풂ퟏퟓ풃ퟓ풄ퟏퟎ + 풂ퟏퟎ풃ퟏퟓ풄ퟓ ≥ 풂ퟏퟎ풃ퟗ풄ퟏퟏ + 풂ퟏퟏ풃ퟏퟎ풄ퟗ + 풂ퟗ풃ퟏퟏ풄ퟏퟎ 

That is 

풂ퟓ풃ퟏퟎ풄ퟏퟓ
ퟑퟎ

+ 풅ퟓ풃ퟓ풄ퟏퟎ
ퟑퟎ

+ 풂ퟏퟎ풃ퟏퟓ풄ퟓ
ퟑퟎ

≥ 풂ퟏퟎ풃ퟗ풄ퟏퟏퟑퟎ + 풂ퟏퟏ풃ퟏퟎ풄ퟗퟑퟎ + 풂ퟗ풃ퟏퟏ풄ퟏퟎퟑퟎ  

Therefore 

풂풃ퟐ풄ퟑퟔ + 풂ퟑ풃풄ퟐퟔ + 풂ퟐ풃ퟑ풄ퟔ ≥ 풂ퟗ풃ퟏퟎ풄ퟏퟏퟑퟎ + 풂ퟏퟏ풃ퟗ풄ퟏퟎퟑퟎ + 풂ퟏퟎ풃ퟏퟏ풄ퟗퟑퟎ  

 

164. Let 풂,풃, 풄 positive numbers such that 풂ퟒ + 풃ퟒ + 풄ퟒ = ퟑ. Prove that 

풂ퟑ

풃ퟓ
+
풃ퟑ

풄ퟓ
+
풄ퟑ

풂ퟓ
풃ퟑ

풂ퟓ
+
풄ퟑ

풃ퟓ
+
풂ퟑ

풄ퟓ
≥ ퟗ 

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo 풂,풃, 풄 números 푹  de tal manera que 풂ퟒ + 풃ퟒ + 풄ퟒ = ퟑ. Probare 

que 

풂ퟑ

풃ퟓ
+
풃ퟑ

풄ퟓ
+
풄ퟑ

풂ퟓ
풃ퟑ

풂ퟓ
+
풄ퟑ

풃ퟓ
+
풂ퟑ

풄ퟓ
≥ ퟗ 

Como 풂,풃, 풄 > ퟎ 

Aplicando MA ≥ MG 

ퟑ = 풂ퟒ + 풃ퟒ + 풄ퟒ ≥ ퟑ 풂ퟒ풃ퟒ풄ퟒퟑ ⇔ ퟏ ≥ 풂풃풄 

풂ퟑ

풃ퟓ +
풃ퟑ

풄ퟓ +
풄ퟑ

풂ퟓ
풃ퟑ

풂ퟓ +
풄ퟑ

풃ퟓ +
풂ퟑ

풄ퟓ ≥ ퟑ
ퟏ

(풃풄풂)ퟐ
ퟑ

⋅ ퟑ
ퟏ

(풂풃풄)ퟐ
ퟑ

= ퟗ
ퟏ

(풂풃풄)ퟒ
ퟑ

≥ ퟗ 

(LQQD) 

Solution 2 by Hoang Le Nhat Tung-Hanoi-Vietnam 

Since AM-GM for ퟑ positive real numbers we have: 
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풂ퟑ

풃ퟓ +
풃ퟑ

풄ퟓ +
풄ퟑ

풂ퟓ
풃ퟑ

풂ퟓ +
풄ퟑ

풃ퟓ +
풂ퟑ

풄ퟓ ≥ ퟑ
풂ퟑ

풃ퟓ ⋅
풃ퟑ

풄ퟓ ⋅
풄ퟑ

풂ퟓ
ퟑ

⋅ ퟑ
풃ퟑ

풂ퟓ ⋅
풄ퟑ

풃ퟓ ⋅
풂ퟑ

풄ퟓ
ퟑ

 

= ퟗ ⋅ ퟏ
풂ퟒ풃ퟒ풄ퟒ

ퟑ
     (1) 

Other: ퟑ = 풂ퟒ + 풃ퟒ + 풄ퟒ ≥ ퟑ√풂ퟒ풃ퟒ풄ퟒퟑ    (2) 

(1), (2) ⇒ 풂ퟑ

풃ퟓ
+ 풃ퟑ

풄ퟓ
+ 풄ퟑ

풂ퟓ
풃ퟑ

풂ퟓ
+ 풄ퟑ

풃ퟓ
+ 풂ퟑ

풄ퟓ
≥ ퟗ ⇒ 푸푬푫 

Solution 3 by Uche Eliezer Okeke-Anambra-Nigeria 

From the condition 

풂ퟒ

풄풚풄풍

= ퟑ 

⇔ ퟑ(ퟑ) = (ퟑ) 풂ퟒ

풄풚풄풍

≥
푪 푩 푺

풂ퟐ

풄풚풄풍

ퟐ

⇔ 풂ퟐ

풄풚풄풍

≤ ퟑ… (ퟏ)  

We proceed thus with the inequality: 

푳푯푺 =
풂ퟑ

풃ퟓ
풄풚풄풍

풃ퟑ

풂ퟓ
풄풚풄풍

≥
푯풐풍풅풆풓 풂ퟑ풃ퟑ

풃ퟓ풂ퟓ
풄풚풄풍

ퟐ

=
ퟏ
풂풃

풄풚풄풍

ퟐ

≥
ퟑퟐ

∑ (풂풃)풄풚풄풍

ퟐ

	 

⇔
ퟑퟐ

∑ (풂풃)풄풚풄풍

ퟐ

≥
푪 푩 푺 ퟑퟐ

∑풂ퟐ

ퟐ

≥
(ퟏ) ퟑퟐ

ퟑ

ퟐ

= ퟗ = 푹푯푺 

 

Solution 4 by Boris Colakovic-Belgrade-Serbia 

ퟐ
풂ퟑ

풃ퟓ +
ퟑ
풂ퟐ =

풂ퟑ

풃ퟓ +
풂ퟑ

풃ퟓ +
ퟏ
풂ퟐ +

ퟏ
풂ퟐ +

ퟏ
풂ퟐ ≥

푨푴 푮푴
	ퟓ

ퟏ
√풃ퟏퟎퟓ =

ퟓ
풃ퟐ 

Similarly ퟐ 풃ퟑ

풄ퟓ
+ ퟑ

풃ퟐ
≥ ퟓ

풄ퟐ
,ퟐ 풄ퟑ

풂ퟓ
+ ퟑ

풄ퟐ
≥ ퟓ

풂ퟐ
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ퟐ
풂ퟑ

풃ퟓ
+
풃ퟑ

풄ퟓ
+
풄ퟑ

풂ퟓ
+ ퟑ

ퟏ
풂ퟐ

+
ퟏ
풃ퟐ

+
ퟏ
풄ퟐ

≥ ퟓ
ퟏ
풂ퟐ

+
ퟏ
풃ퟐ

+
ퟏ
풄ퟐ

⇔ 

⇔
풂ퟑ

풃ퟓ
+
풃ퟑ

풄ퟓ
+
풄ퟑ

풂ퟓ
≥

ퟏ
풂ퟐ

+
ퟏ
풃ퟐ

+
ퟏ
풄ퟐ

 

Similarly 풃
ퟑ

풂ퟓ
+ 풄ퟑ

풃ퟓ
+ 풂ퟑ

풄ퟓ
≥ ퟏ

풂ퟐ
+ ퟏ

풃ퟐ
+ ퟏ

풄ퟐ
 

Now is 풂ퟑ

풃ퟓ
+ 풃ퟑ

풄ퟓ
+ 풄ퟑ

풂ퟓ
풃ퟑ

풂ퟓ
+ 풄ퟑ

풃ퟓ
+ 풂ퟑ

풄ퟓ
≥ ퟏ

풂ퟐ
+ ퟏ

풃ퟐ
+ ퟏ

풄ퟐ
ퟐ

 

Let’s show ퟏ
풂ퟐ

+ ퟏ
풃ퟐ

+ ퟏ
풄ퟐ

ퟐ
≥ ퟗ ⇔ ퟏ

풂ퟐ
+ ퟏ

풃ퟐ
+ ퟏ

풄ퟐ
≥ ퟑ 

How is 

풂ퟒ + 풃ퟒ + 풄ퟒ

ퟑ
≥

푸푴 푯푴
	

ퟑ
ퟏ
풂ퟐ + ퟏ

풃ퟐ + ퟏ
풄ퟐ

⇒
ퟏ
풂ퟐ

+
ퟏ
풃ퟐ

+
ퟏ
풄ퟐ

≥ ퟑ 

Equality holds for 풂 = 풃 = 풄 = ퟏ 

Solution 5 by Mohammed Jamal-Oujda-Morocco 

By Cauchy Schwarz  

풂ퟑ

풃ퟓ
풃ퟑ

풂ퟓ
≥

ퟏ
풂풃

ퟐ

≥
ퟖퟏ

(∑풂풃)ퟐ 

we have 

∑풂ퟒ ≥ ∑(풂풃)ퟐ ≥ (∑풂풃)ퟐ

ퟑ
 thus ∑풂풃 ≤ ퟑ thus the conclusion 

Solution 6 by Nguyen Thanh Nho-Tra Vinh-Vietnam 

AM-GM 

ퟑ = 풂ퟒ + 풃ퟒ + 풄ퟒ ≥ ퟑ 풂ퟒ풃ퟒ풄ퟒퟑ ⇒ 풂풃풄 ≤ ퟏ 

풂ퟑ

풃ퟓ
+
풃ퟑ

풄ퟓ
+
풄ퟑ

풂ퟓ
≥ ퟑ ⋅

ퟏ
(풂풃풄)ퟐퟑ ≥ ퟑ 
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풃ퟑ

풂ퟓ
+
풄ퟑ

풃ퟓ
+
풂ퟑ

풄ퟓ
≥ ퟑ ⋅

ퟏ
(풂풃풄)ퟐퟑ ≥ ퟑ 

⇒
풂ퟑ

풃ퟓ +
풃ퟑ

풄ퟓ +
풄ퟑ

풂ퟓ
풃ퟑ

풂ퟓ +
풄ퟑ

풃ퟓ +
풂ퟑ

풄ퟓ ≥ ퟗ 

 

165. Prove that if 풙, 풚, 풛 ∈ (ퟎ, ퟏ) or 풙,풚, 풛 ∈ (ퟏ,∞) then: 

퐥퐨퐠풚ퟑ 풙 + 퐥퐨퐠풛ퟑ 풚
퐥퐨퐠풚ퟐ 풙 + 퐥퐨퐠풛 풙 + 퐥퐨퐠풛ퟐ 풚

≥ ퟐ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

De las condiciones dadas 

풂 = 퐥퐨퐠풚 풙 > 0, 푏 = 퐥퐨퐠풛 풚 , 풄 = 퐥퐨퐠풙 풛 ⇔ 풂풃풄 = 퐥퐨퐠풛 풚 ⋅ 퐥퐨퐠풚 풙 ⋅ 퐥퐨퐠풙 풛 = ퟏ 

⇔ 풂풃 = 퐥퐨퐠풛 풚 ⋅ 퐥퐨퐠풚 풙 = 퐥퐨퐠풛 풙 ,풃풄 = 퐥퐨퐠풙 풛 ⋅ 퐥퐨퐠풛 풚 = 퐥퐨퐠풙 풚,	 

풄풂 = 퐥퐨퐠풚 풙 ⋅ 퐥퐨퐠풙 풛 = 퐥퐨퐠풚 풛 

La desigualdad propuesta es equivalente 

풂ퟑ + 풃ퟑ

풂ퟐ + 풂풃 + 풃ퟐ ≥ ퟐ 

Tener en cuenta la siguiente desigualdad 

ퟑ(풂ퟐ − 풂풃 + 풃ퟐ) ≥ (풂ퟐ + 풂풃 + 풃ퟐ) ⇔ ퟐ(풂 − 풃)ퟐ ≥ ퟎ 

Como 풂,풃, 풄 > 0 

Por MA ≥ MG → 풂 + 풃 + 풄 ≥ ퟑ√풂풃풄ퟑ = ퟑ 

Luego 

풂ퟑ + 풃ퟑ

풂ퟐ + 풂풃 + 풃ퟐ
=

(풂 + 풃)(풂ퟐ − 풂풃 + 풃ퟐ)
풂ퟐ + 풂풃 + 풃ퟐ

≥
풂 + 풃
ퟑ

= 
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=
ퟐ(풂 + 풃 + 풄)

ퟑ
≥
ퟐ ⋅ ퟑ
ퟑ

= ퟐ 

(LQQD) 

Solution 2 by Ravi Prakash-New Delhi-India 

For 풕 ≥ ퟏ, 

ퟑ(풕ퟑ + ퟏ) − (풕 + ퟏ)(풕ퟐ + 풕 + ퟏ) 

= ퟑ(풕 + ퟏ)(풕ퟐ − 풕 + ퟏ) − (풕 + ퟏ)(풕ퟐ + 풕 + ퟏ) 

= (풕 + ퟏ)(ퟑ풕ퟐ − ퟑ풕 + ퟑ − 풕ퟐ − 풕 − ퟏ) 

= (풕 + ퟏ)(ퟐ풕ퟐ − ퟒ풕+ ퟐ) 

= ퟐ(풕 + ퟏ)(풕 − ퟏ)ퟐ ≥ ퟎ    (1) 

Let 풂 = 퐥퐨퐠풚 풙 

풃 = 퐥퐨퐠풛 풚 

풄 = 퐥퐨퐠풙 풛 

Note 풂,풃, 풄 > 0,∀푥, 푦, 푧 ∈ (ퟎ, ퟏ) or 풙,풚, 풛 ∈ (ퟏ,∞) 

If 풂 ≥ 풃, let 풕 = 풂
풃

 and if 풂 < 푏, let 풕 = 풃
풂

, then from (1), 

ퟑ(풂ퟑ + 풃ퟑ) ≥ (풂 + 풃)(풂ퟐ + 풂풃 + 풃ퟐ) 

⇒
퐥퐨퐠풚 풙

ퟑ
+ (퐥퐨퐠풛 풚)ퟑ

퐥퐨퐠풚 풙
ퟐ

+ 퐥퐨퐠풚 풙 (퐥퐨퐠풛 풚) + (퐥퐨퐠풛 풚)ퟐ
≥
ퟏ
ퟑ

퐥퐨퐠풚 풙 + 퐥퐨퐠풛 풚  

Since 퐥퐨퐠풚 풙 (퐥퐨퐠풛 풚) = 퐥퐨퐠풙
퐥퐨퐠풚

⋅ 퐥퐨퐠풚
퐥퐨퐠풛

= 퐥퐨퐠풛 풙, 

We get 

퐥퐨퐠풚 풙
ퟑ

+ (퐥퐨퐠풛 풚)ퟑ

퐥퐨퐠풚 풙
ퟑ + 퐥퐨퐠풛 풙 + (퐥퐨퐠풛 풚)ퟑ

≥
ퟏ
ퟑ

퐥퐨퐠풙
퐥퐨퐠풚

+
퐥퐨퐠풚
퐥퐨퐠 풛

 

≥ ퟐ
ퟑ

퐥퐨퐠풙
퐥퐨퐠풛

    (2) 
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Similarly,  

2nd term ≥ ퟐ
ퟑ

퐥퐨퐠풚
퐥퐨퐠 풙

   (3) 

and 3rd term ≥ ퟐ
ퟑ

퐥퐨퐠 풛
퐥퐨퐠 풚

   (4) 

From (2), (3), (4) we get 

퐥퐨퐠풚 풙
ퟑ + (퐥퐨퐠풛 풚)ퟑ

퐥퐨퐠풚 풙
ퟑ

+ 퐥퐨퐠풛 풙 + (퐥퐨퐠풛 풚)ퟑ
≥
ퟐ
ퟑ

퐥퐨퐠 풙
퐥퐨퐠 풛

+
퐥퐨퐠풚
퐥퐨퐠풙

+
퐥퐨퐠 풛
퐥퐨퐠 풚

 

≥
ퟐ
ퟑ
ퟑ

퐥퐨퐠풙
퐥퐨퐠 풛

퐥퐨퐠 풚
퐥퐨퐠풙

퐥퐨퐠 풛
퐥퐨퐠 풙

ퟏ
ퟔ

= ퟐ 

 

166. If 풂,풃, 풄 > ퟎ,풂ퟑ + 풃ퟑ + 풄ퟑ = ퟑ then: 
ퟏ

풂ퟐ(풃ퟐ 풃풄 풄ퟐ) + ퟏ
풃ퟐ(풄ퟐ 풄풂 풂ퟐ) + ퟏ

풄ퟐ(풂ퟐ 풂풃 풃ퟐ) ≥
ퟏ
ퟑ

(풂풃 + 풃풄 + 풄풂)ퟐ  

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru 

Siendo 풂,풃, 풄 > ퟎ de tal manera que 풂ퟑ + 풃ퟑ + 풄ퟑ = ퟑ. Probar que 
ퟏ

풂ퟐ(풃ퟐ 풃풄 풄ퟐ) + ퟏ
풃ퟐ(풄ퟐ 풄풂 풂ퟐ) + ퟏ

풄ퟐ(풂ퟐ 풂풃 풃ퟐ) ≥
ퟏ
ퟑ

(풂풃 + 풃풄 + 풄풂)ퟐ  

⇔ ퟏ
ퟐ

(풃ퟑ + 풄ퟑ) + (풄ퟑ + 풂ퟑ) + (풂ퟑ + 풃ퟑ) ퟏ
풂ퟐ 풃ퟐ 풃풄 풄ퟐ

+ ퟏ
풃ퟐ 풄ퟐ 풄풂 풂ퟐ

+ ퟏ
풄ퟐ 풂ퟐ 풂풃 풃ퟐ

≥  

≥ (풂풃+ 풃풄 + 풄풂)ퟐ 

Tener en cuenta lo siguiente 

풃ퟑ + 풄ퟑ = (풃 + 풄)(풃ퟐ − 풃풄 + 풄ퟐ), 

풄ퟑ + 풂ퟑ = (풄 + 풂)(풄ퟐ − 풄풂+ 풂ퟐ), 

풂ퟑ + 풃ퟑ = (풂 + 풃)(풂ퟐ − 풂풃 + 풃ퟐ) 
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Por MA ≥ MG 

ퟑ = 풂ퟑ + 풃ퟑ + 풄ퟑ ≥ ퟑ풂풃풄 ⇔ ퟏ ≥ 풂풃풄 

Por la desigualdad de Holder 

ퟐퟕ = (풂ퟑ + 풃ퟑ + 풄ퟑ)(풃ퟑ + 풄ퟑ + 풂ퟑ)(ퟏ + ퟏ + ퟏ) ≥ (풂풃 + 풃풄 + 풄풂)ퟑ ⇔ 

⇔ ퟑ ≥ 풂풃 + 풃풄 + 풄풂 ⇔ ퟗ ≥ (풂풃 + 풃풄 + 풄풂)ퟐ 

Aplicando la desigualdad de Cauchy en la desigualdad propuesta 
ퟏ
ퟐ

(풃ퟑ + 풄ퟑ) + (풄ퟑ + 풂ퟑ) + (풂ퟑ + 풃ퟑ) ퟏ
풂ퟐ 풃ퟐ 풃풄 풄ퟐ

+ ퟏ
풃ퟐ 풄ퟐ 풄풂 풂ퟐ

+ ퟏ
풄ퟐ 풂ퟐ 풂풃 풃ퟐ

≥  

≥
ퟏ
ퟐ

√풃 + 풄
풂

ퟐ

 

Nuevamente por MA ≥ MG 

⇒
ퟏ
ퟐ

√풃 + 풄
풂

ퟐ

≥
ퟏ
ퟐ

ퟑ
(풃+ 풄)(풄 + 풂)(풂 + 풃)

풂풃풄

ퟑ

ퟐ

≥
ퟗ
ퟐ

√ퟖ풂풃풄
풂풃풄

ퟑ

ퟐ

=
ퟗ
ퟐ

√ퟐ
√풂풃풄ퟔ

ퟐ

≥ ퟗ ≥ (풂풃 + 풃풄 + 풄풂)ퟐ 

(LQQD) 

Solution 2 by Hoang Le Nhat Tung-Hanoi-Vietnam 

If 풂,풃, 풄 > ퟎ;풂ퟑ + 풃ퟑ + 풄ퟑ = ퟑ then: 

ퟏ
풂ퟐ(풃ퟐ − 풃풄 + 풄ퟐ) ≥

ퟏ
ퟑ 풂풃

ퟐ
 

We have AM-GM for three positive real numbers 

∑ ퟏ
풂ퟐ(풃ퟐ 풃풄 풄ퟐ) ≥ ퟑ ∏ ퟏ

풂ퟐ(풃ퟐ 풃풄 풄ퟐ)
ퟑ = ퟑ

∏풂ퟐ⋅∏(풃ퟐ 풃풄 풄ퟐ)ퟑ   (4) 

Other: 
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풃풄(풃ퟐ + 풄ퟐ − 풃풄) ≤
(풃ퟐ − 풃풄 + 풄ퟐ + 풃풄)ퟐ

ퟒ
=
∏(풃ퟐ + 풄ퟐ)ퟐ

ퟔퟒ
 

⇒ 풂ퟐ ⋅ (풃ퟐ − 풃풄 + 풄ퟐ) ≤
∏(풃ퟐ + 풄ퟐ)

ퟔퟒ
≤

[(∑(풃ퟐ + 풄ퟐ))ퟑ]ퟐ

ퟔퟒ ⋅ ퟐퟕퟐ
= 

=
ퟖ ∑풃ퟐ

ퟑ ퟐ

ퟔퟒ⋅ퟐퟕퟐ
=

∑풂ퟐ
ퟔ

ퟐퟕퟐ
    (2) 

We have:  

ퟐ
ퟑ ⋅ ퟑ =

ퟐ
ퟑ

(풂ퟑ + 풃ퟑ + 풄ퟑ) =
풂ퟑ + 풂ퟑ + ퟏ

ퟑ +
풃ퟑ + 풃ퟑ + ퟏ

ퟑ +
풄ퟑ + 풄ퟑ + ퟏ

ퟑ − ퟏ 

≥
ퟑ풂ퟐ

ퟑ
+
ퟑ풃ퟐ

ퟑ
+
ퟑ풄ퟐ

ퟑ
− ퟏ = 풂ퟐ + 풃ퟐ + 풄ퟐ − ퟏ 

⇔ ퟐ ≥ 풂ퟐ + 풃ퟐ + 풄ퟐ − ퟏ ⇔ 풂ퟐ + 풃ퟐ + 풄ퟐ ≤ ퟑ (2), (1) 

(1), (2) ⇒ ∏풂ퟐ ⋅ ∏(풃ퟐ − 풃풄 + 풄ퟐ) ≤ ퟑퟔ

ퟐퟕퟐ
= ퟏ   (3) 

(3), (4) ⇒ ∑ ퟏ
풂ퟐ(풃ퟐ 풃풄 풄ퟐ) ≥

ퟑ
ퟏ

= ퟑ   (5) 

Because: ∑풂풃 ≤ ∑풂ퟐ ↔ ퟏ
ퟐ
∑(풂 − 풃)ퟐ ≥ ퟎ (true) 

⇒ ∑풂풃 ≤ ∑풂ퟐ ≤ ퟑ → ퟏ
ퟑ

(∑풂풃)ퟐ ≤ ퟏ
ퟑ
⋅ ퟑퟐ = ퟑ  (6) 

(5), (6) ⇒ ∑ ퟏ
풂ퟐ(풃ퟐ 풃풄 풄ퟐ) ≥

ퟏ
ퟑ

(∑풂풃)ퟐ ⇒  QED 

Solution 3 by Aziz Abdul-Semarang-Indonesia 

ퟏ
풂ퟐ(풃ퟐ − 풃풄 + 풄ퟐ) +

ퟏ
풃ퟐ(풄ퟐ − 풄풂 + 풂ퟐ) +

ퟏ
풄ퟐ(풂ퟐ − 풂풃 + 풃ퟐ) 

=
ퟏ
풂ퟐ

풃ퟐ − 풃풄 + 풄ퟐ
+

ퟏ
풃ퟐ

풄ퟐ − 풄풂 + 풂ퟐ
+

ퟏ
풂

풂ퟐ − 풂풃 + 풃ퟐ
≥ 

≥
풂ퟐ

풃ퟐ − 풃풄 + 풄ퟐ +
풃ퟐ

풄ퟐ − 풄풂 + 풂ퟐ +
풄ퟐ

풂ퟐ − 풂풃 + 풃ퟐ 
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=
풂ퟑ

풂풃ퟐ − 풂풃풄 + 풂풄ퟐ
+

풃ퟑ

풃풄ퟐ − 풂풃풄 + 풃풂ퟐ
+

풄ퟑ

풄풂ퟐ − 풂풃풄 + 풄풃ퟐ
 

≥
(풂 + 풃 + 풄)ퟑ

ퟑ(풂풃ퟐ + 풂풄ퟐ + 풃풂ퟐ + 풃풄ퟐ + 풄풂ퟐ + 풄풃ퟐ + ퟑ풂풃풄) 

≥
(풂 + 풃 + 풄)ퟑ

ퟑ(풂 + 풃 + 풄)ퟑ
ퟗ

=
ퟗ
ퟑ

 

≥
(풂풃 + 풃풄 + 풄풂)ퟐ

ퟑ  

Because 풂ퟑ + 풃ퟑ + 풄ퟑ = ퟑ → 풂 + 풃 + 풄 ≤ ퟑ 

→ (풂풃 + 풃풄 + 풄풂) ≤ 풂 + 풃 + 풄 ≤ ퟑ 

→ (풂풃 + 풃풄 + 풄풂)ퟐ ≤ (풂 + 풃 + 풄)ퟐ ≤ ퟗ 

and 풂ퟐ + 풃ퟐ + 풄ퟐ ≤ ퟑ 

→ 풍풂ퟐ + 풍풃ퟐ + 풍풄ퟐ ≥ ퟑ ≥ 풂ퟐ + 풃ퟐ + 풄ퟐ 

Solution 4 by Uche Eliezer Okeke-Anambra-Nigeria 

Condition: 풂ퟑ + 풃ퟑ + 풄ퟑ = ퟑ     (1) 

⇔ ퟑ = 풂ퟑ + 풃ퟑ + 풄ퟑ ⇔ ퟑ	 ≥
푨푴 푮푴

ퟑ풂풃풄 ⇔ [풂풃풄 ≤ ퟏ… (ퟐ)] 

⇔ ퟐퟕ = 풂ퟑ

풄풚풄

풃ퟑ

풄풚풄

ퟏ
풄풚풄

≥
푯풐풍풅풆풓

	 (풂풃 + 풃풄 + 풄풂)ퟑ ⇔ 

⇔ [풂풃 + 풃풄 + 풄풂 ≤ ퟑ… (ퟑ)] 

We proceed thus: 

푳푯푺 =
ퟏ(풃 + 풄)

풂ퟐ(풃ퟐ − 풃풄 + 풃ퟐ)(풃 + 풄)
풄풚풄

=
풃 + 풄

풂ퟐ(풃ퟑ + 풄ퟑ)
풄풚풄
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⇔ 푳푯푺 ≥
푨푴 푮푴

(ퟑ)ퟑ ⋅ ∏ (풂 + 풃)풄풚풄풍
ퟑ

√풂ퟐ풃ퟐ풄ퟐퟑ (ퟑ) ⋅ ∏ (풂ퟑ + 풃ퟑ)풄풚풄
ퟑ

≥
푨푴 푮푴 ퟑ ⋅ ퟑ ⋅ ퟐ√풂풃풄ퟑ

√풂풃풄ퟑ ퟐ
ퟐ∑ 풂ퟑ풄풚풄

 

푳푯푺 = ퟗ

√풂풃풄ퟑ ∑풂ퟑ
≥

(ퟏ)(ퟐ) ퟗ
ퟑ

= ퟑퟐ

ퟑ
≥
(ퟑ) (풂풃 풃풄 풄풂)ퟐ

ퟑ
= 푹푯푺   (Proved) 

Solution 5 by Nguyen Thanh Nho-Tra Vinh-Vietnam 

풂,풃, 풄 > ퟎ,풂ퟑ + 풃ퟑ + 풄ퟑ = ퟑ 

푳푯푺 =
ퟏ

풂ퟐ(풃ퟐ − 풃풄 + 풄ퟐ) +
ퟏ

풃ퟐ(풄ퟐ − 풄풂 + 풂ퟐ) +
ퟏ

풄ퟐ(풂ퟐ − 풂풃 + 풃ퟐ) 

=
풃 + 풄

풂ퟐ(풃ퟑ + 풄ퟑ) +
풄 + 풂

풃ퟐ(풄ퟑ + 풂ퟑ) +
풂 + 풃

풄ퟐ(풂ퟑ + 풃ퟑ) 

⇒ 푳푯푺 ≥
푨푴 푮푴

ퟑ ⋅
(풂 + 풃)(풃 + 풄)(풄 + 풂)

(풂풃풄)ퟐ ⋅ (풂ퟑ + 풃ퟑ)(풃ퟑ + 풄ퟑ)(풄ퟑ + 풂ퟑ)
ퟑ

 

(풂 + 풃)(풃 + 풄)(풄 + 풂) ≥
푨푴 푮푴

	ퟖ풂풃풄 

(풂ퟑ + 풃ퟑ)(풃ퟑ + 풄ퟑ)(풄ퟑ + 풂ퟑ) ≤
푮푴 푨푴 ퟖ(풂ퟑ + 풃ퟑ + 풄ퟑ)ퟑ

ퟐퟕ =
ퟖ ⋅ ퟑퟑ

ퟐퟕ = ퟖ 

ퟑ = 풂ퟑ + 풃ퟑ + 풄ퟑ ≥ ퟑ풂풃풄 ⇒ 풂풃풄 ≤ ퟏ 

⇒ 푳푯푺 ≥ ퟑ ⋅ ퟖ풂풃풄
(풂풃풄)ퟐ⋅ퟖ

ퟑ = ퟑ

√풂풃풄ퟑ ≥ ퟑ   (*)  

풂ퟑ + 풃ퟑ + ퟏ ≥
푨푴 푮푴

ퟑ풂풃 

풃ퟑ + 풄ퟑ + ퟏ ≥ ퟑ풃풄 

풄ퟑ + 풂ퟑ + ퟏ ≥ ퟑ풄풂 

⇒ ퟐ(풂ퟑ + 풃ퟑ + 풄ퟑ) + ퟑ ≥ ퟑ(풂풃 + 풃풄 + 풄풂) 

⇒ ퟐ ⋅ ퟑ + ퟑ ≥ ퟑ(풂풃 + 풃풄 + 풄풂) 

⇒ 풂풃 + 풃풄 + 풄풂 ≤ ퟑ ⇒ (풂풃 + 풃풄 + 풄풂)ퟐ ≤ ퟗ 
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⇒ 푹푯푺 = ퟏ

ퟑ
(풂풃 + 풃풄 + 풄풂)ퟐ ≤ ퟑ  (**) 

(*) & (**) ⇒ 푳푯푺 ≥ ퟑ ≥ 푹푯푺 

⇒ 푳푯푺 ≥ 푹푯푺 

“ = “ ⇔ 풂 = 풃 = 풄 = ퟏ 

Solution 6 by Soumitra Mandal-Chandar Nagore-India 

풂ퟑ

풄풚풄

= ퟑ,
풂ퟑ + 풃ퟑ + 풄ퟑ

ퟑ
≥

풂 + 풃 + 풄
ퟑ

ퟑ

⇒ 풂 + 풃 + 풄 

⇒ ퟗ ≥ (풂 + 풃 + 풄)ퟐ ≥ ퟑ(풂풃 + 풃풄 + 풄풂) ⇒ ퟑ ≥ 풂풃 + 풃풄 + 풄풂 

⇒ ퟑ ≥
ퟏ
ퟑ

(풂풃 + 풃풄 + 풄풂)ퟐ 

(풂 + 풃)(풃 + 풄)(풄 + 풂) ≥ ퟖ풂풃풄 

∑ ퟏ
풄ퟐ(풂ퟐ 풂풃 풃ퟐ)풄풚풄 ≥

푨푴 푮푴
ퟑ ퟏ

(풂풃풄)ퟐ(풂ퟐ 풂풃 풃ퟐ)(풃ퟐ 풃풄 풄ퟐ)(풄ퟐ 풄풂 풂ퟐ)
ퟑ   

= ퟑ ퟖퟐ
ퟏ

(풂 + 풃)ퟐ
풄풚풄

ퟏ
(풂ퟐ − 풂풃 + 풃ퟐ)

풄풚풄

ퟑ

 

= ퟏퟐ
ퟏ

(풂 + 풃)
풄풚풄

ퟏ
(풂 + 풃)(풂ퟐ − 풂풃 + 풃ퟐ)

풄풚풄

ퟑ

 

≥
푹푬푽푬푹푺푬	푨푴 푮푴 ퟏퟐ

ퟐ
ퟑ (풂 + 풃 + 풄) ⋅ ퟐퟑ (풂ퟑ + 풃ퟑ + 풄ퟑ)

=
ퟗ

풂 + 풃 + 풄 ≥ ퟑ ≥ 

≥
(풂풃 + 풃풄 + 풄풂)ퟐ

ퟑ  

(proved) 
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167. Let 풂,풃, 풄 > ퟎ such that 풂ퟐ + 풃ퟐ + 풄ퟐ = ퟑ. Prove that 

ퟏ
풂

+
ퟏ
풃

+
ퟏ
풄
≥

ퟑ
ퟐ

풂 + 풃
풄

+
풃 + 풄
풂

+
풄 + 풂
풃

 

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietnam 

Let 풂,풃, 풄 > 0;풂ퟐ + 풃ퟐ + 풄ퟐ = ퟑ. Prove that 

ퟏ
풂 +

ퟏ
풃 +

ퟏ
풄 ≥

ퟑ
ퟐ

풂 + 풃
풄 +

풃 + 풄
풂 +

풄 + 풂
풃  

⇔
ퟏ
풂 +

ퟏ
풃 +

ퟏ
풄

ퟐ

≥
ퟑ
ퟐ

풂 + 풃
풄 +

풃 + 풄
풂 +

풄 + 풂
풃  

⇔ ퟗ ퟏ
풂

+ ퟏ
풃

+ ퟏ
풄

ퟐ
≥ ퟐퟕ

ퟐ
풂 풃
풄

+ 풃 풄
풂

+ 풄 풂
풃

    (1) 

We have: ퟑ = 풂ퟐ + 풃ퟐ + 풄ퟐ ≥ (풂 풃 풄)ퟐ

ퟑ
 

⇒ ퟗ ≥ (풂 + 풃 + 풄)ퟐ 

⇒ ퟗ
ퟏ
풂

+
ퟏ
풃

+
ퟏ
풄

ퟐ

≥ (풂 + 풃 + 풄)ퟐ
ퟏ
풂

+
ퟏ
풃

+
ퟏ
풄

ퟐ

 

= 풂 풃
풄

+ 풃 풄
풂

+ 풄 풂
풃

+ ퟑ
ퟐ

     (2) 

We will prove that: 

풂 풃
풄

+ 풃 풄
풂

+ 풄 풂
풃

+ ퟑ
ퟐ
≥ ퟐퟕ

ퟐ
풂 풃
풄

+ 풃 풄
풂

+ 풄 풂
풃

      (3) 

⇔ (풕 + ퟑ)ퟐ ≥ ퟐퟕ
ퟐ
풕    (Put: 풂 풃

풄
+ 풃 풄

풂
+ 풄 풂

풃
= 풕 > 0) 

⇔ ퟐ(풕 + ퟑ)ퟐ ≥ ퟐퟕ풕 ↔ (풕 − ퟔ)(ퟐ풕 − ퟑ) ≥ ퟎ  true because: 
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풕 =
풂 + 풃
풄

+
풃 + 풄
풂

+
풄 + 풂
풃

=
풂
풃

+
풃
풂

ퟐ

+
풃
풄

+
풄
풃

ퟐ

+
풄
풂

+
풂
풄

ퟐ

≥ ퟔ 

⇒ 풕 ≥ ퟔ ⇒ (풕 − ퟔ)(ퟐ풕 − ퟑ) ≥ ퟎ 

(2), (3) ⇒ ퟏ
풂

+ ퟏ
풃

+ ퟏ
풄
≥ ퟑ

ퟐ
풂 풃
풄

+ 풃 풄
풂

+ 풄 풂
풃

 

⇒ Q.E.D. 

Solution 2 by Nguyen Minh Tri-Ho Chi Minh-Vietnam 

ퟏ
풂

+
ퟏ
풃

+
ퟏ
풄
− ퟑ

ퟏ
풂

+
ퟏ
풃

+
ퟏ
풄
−
ퟑ
ퟐ

 

ퟏ
풂

+
ퟏ
풃

+
ퟏ
풄
≥

ퟗ
풂 + 풃 + 풄

≥ ퟑ 

풂,풃, 풄 > 0 such that 풂ퟐ + 풃ퟐ + 풄ퟐ = ퟑ. Prove that 

ퟏ
풂

+
ퟏ
풃

+
ퟏ
풄
≥

ퟑ
ퟐ

풂 + 풃
풄

+
풃 + 풄
풂

+
풂 + 풄
풃

⇒ 풂 + 풃 + 풄 ≤ ퟑ 

⇔
ퟏ
풂

+
ퟏ
풃

+
ퟏ
풄

ퟐ

≥
ퟑ
ퟐ

풂 + 풃
풄

+
풃 + 풄
풂

+
풂 + 풄
풃

 

⇔ ퟐ
ퟏ
풂

+
ퟏ
풃

+
ퟏ
풄

ퟐ

+ ퟗ ≥ ퟑ(풂 + 풃 + 풄)
ퟏ
풂

+
ퟏ
풃

+
ퟏ
풄

 

We have: 

ퟑ(풂 + 풃 + 풄) ퟏ
풂

+ ퟏ
풃

+ ퟏ
풄
≤ ퟗ ퟏ

풂
+ ퟏ

풃
+ ퟏ

풄
  (because 풂 + 풃 + 풄 ≤ ퟑ) 

We need to prove ퟐ ퟏ
풂

+ ퟏ
풃

+ ퟏ
풄

ퟐ
+ ퟗ ≥ ퟗ ퟏ

풂
+ ퟏ

풃
+ ퟏ

풄
 

⇒
ퟏ
풂

+
ퟏ
풃

+
ퟏ
풄
− ퟑ

ퟏ
풂

+
ퟏ
풃

+
ퟏ
풄
−
ퟑ
ퟐ

≥ ퟎ 

true because ퟏ
풂

+ ퟏ
풃

+ ퟏ
풄
≥ ퟗ

풂 풃 풄
≥ ퟗ

ퟑ
= ퟑ ⇒ Q.E.D. 
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Solution 3 by Mohammad Jamal-Oujada-Morocco 

Squaring we get that inequality is equivalent 

ퟏ
풂ퟐ

+ ퟐ
ퟏ
풂풃

≥
ퟑ
ퟐ

풂ퟐ + 풃ퟐ

풂풃
=
ퟑ
ퟐ

ퟑ − 풄ퟐ

풂풃
 

ie ∑ ퟏ
풂ퟐ

+ ퟑ
ퟐ
∑ 풄ퟐ

풂풃
≥ ퟓ

ퟐ
∑ ퟏ
풂풃

 

by CS (풂 + 풃 + 풄)(풂ퟑ + 풃ퟑ + 풄ퟑ) ≥ (풂ퟐ + 풃ퟐ + 풄ퟐ)ퟐ = ퟗ or  

(풂 + 풃 + 풄)ퟐ ≤ ퟗ thus 풂ퟑ + 풃ퟑ + 풄ퟑ ≥ ퟗ
풂 풃 풄

≥ 풂 + 풃 + 풄 

we conlude that ퟑ
ퟐ
∑ 풄ퟐ

풂풃
≥ ퟑ

ퟐ
∑ ퟏ
풂풃

 or ∑ ퟏ
풂ퟐ
≥ ∑ ퟏ

풂풃
 sum 퐦퐢퐧품 up we get the 

desired inequality 

Solution 4 by Uche Eliezer Okeke-Anambra-Nigeria 

ퟑ(ퟑ) = ퟑ(풂ퟐ + 풃ퟐ + 풄ퟐ) ⇔ ퟑ(ퟑ) ≥
푪풂풖풄풉풚

(풂 + 풃 + 풄)ퟐ ⇔ [풑 = 풂+ 풃 + 풄 ≤ ퟑ… (ퟏ)]

ퟑ = 풂ퟐ + 풃ퟐ + 풄ퟐ ⇔ ퟑ ≥
푨푴 푮푴

ퟑ 풂ퟐ풃ퟐ풄ퟐퟑ ⇔ [풂풃풄 ≤ ퟏ… (ퟐ)]

푳풆풕	풖 =
ퟏ
풂+

ퟏ
풃 +

ퟏ
풄 ≥

푩풆풓품풔풕풓풐풎 ퟑퟐ

풂 + 풃+ 풄 ≥
(ퟏ) ퟗ

ퟑ = ퟑ ⇔ [풖 ≥ ퟑ… (ퟑ)] ⎭
⎪
⎬

⎪
⎫

	 

We proceed thus: 

consider 풇(풂,풃, 풄) = ퟏ
풂

+ ퟏ
풃

+ ퟏ
풄

ퟐ
− ퟑ

ퟐ
풂 풃
풄

+ 풃 풄
풂

+ 풄 풂
풃

 … (4) 

We need to show 풇(풂,풃, 풄) ≥ ퟎ 

Variable transformation of (4) gives 

풇(풂,풃,풄) = 풇(풖) = 풖ퟐ −
ퟑ
ퟐ

[(풂 + 풃 + 풄)풖 − ퟑ] ≥
(ퟏ)

풖ퟐ −
ퟑ
ퟐ

(ퟑ풖 − ퟑ) ≥
푨푴 푮푴

풖ퟐ −
ퟑ
ퟐ

(ퟑ + 풖)ퟐ

ퟒ
− ퟑ  

⇔ 풇(풖) ≥ ퟏ
ퟖ

(ퟓ풖ퟐ − ퟏퟖ + ퟗ) = ퟏ
ퟖ

(풖 − ퟑ)(ퟓ풖 − ퟑ) ≥
(ퟑ)

ퟎ  (proof complete) 

Solution 5 by Soumitra Mandal-Chandar Nagore-India 

We know, 풂
ퟐ 풃ퟐ 풄ퟐ

ퟑ
≥ 풂 풃 풄

ퟑ

ퟐ
⇒ 풂 + 풃 + 풄 
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∴ (풂 + 풃 + 풄)
ퟏ
풂 +

ퟏ
풃 +

ퟏ
풄 ≥ ퟗ ⇒

ퟏ
풂 +

ퟏ
풃 +

ퟏ
풄 ≥ ퟗ ⇒

ퟏ
풂 +

ퟏ
풃 +

ퟏ
풄 ≥ ퟑ 

We need to prove, ퟏ
풂

+ ퟏ
풃

+ ퟏ
풄
≥ ퟑ

ퟐ
∑ 풂 풃

풄풄풚풄  

⇔
ퟏ
풂

+
ퟏ
풃

+
ퟏ
풄

ퟐ

≥
ퟑ
ퟐ

풂 + 풃
풄

풄풚풄

=
ퟑ
ퟐ

(풂 + 풃 + 풄)
ퟏ
풂

+
ퟏ
풃

+
ퟏ
풄

−
ퟗ
ퟐ

 

again, ퟑ ≥ 풂 + 풃 + 풄. So, we are left to prove, 

ퟏ
풂

+ ퟏ
풃

+ ퟏ
풄

ퟐ
≥ ퟗ

ퟐ
ퟏ
풂

+ ퟏ
풃

+ ퟏ
풄
− ퟗ

ퟐ
⇒ ퟐ ퟏ

풂
+ ퟏ

풃
+ ퟏ

풄

ퟐ
− ퟗ ퟏ

풂
+ ퟏ

풃
+ ퟏ

풄
+ ퟗ ≥ ퟎ  

⇒ ퟐ
풂

+ ퟐ
풃

+ ퟐ
풄
− ퟑ ퟏ

풂
+ ퟏ

풃
+ ퟏ

풄
− ퟑ ≥ ퟎ, which is true 

hence proved. 

 

168. Prove that if 풂,풃, 풄 > ퟎ then: 

풂
풃

ퟐ
⋅

풂
풃

ퟒ
⋅

풂
풃

ퟖ
≥

풂
풄

⋅
풃
풂

⋅
풃
풄

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Nirapada Pal-Jhargram-India 

We have 

푨ퟐ ≥ 푨푩 

풂
풃

,
풃
풄

,
풄
풂
→
풂
풄

,
풃
풂

,
풂
풄
→
풃
풄

,
풄
풂

,
풂
풃
→
풃
풂

,
풄
풂

,
풂
풄

 

풂
풃

ퟐ
≥

풂
풄

 

풂
풃

ퟒ
≥

풂
풄

ퟐ
≥

풃
풄 
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풂
풃

ퟖ
≥

풂
풄

ퟒ
≥

풃
풄

ퟐ

≥
풃
풂 

∴
풂
풃

ퟐ 풂
풃

ퟒ 풂
풃

ퟖ
≥

풂
풄

풃
풂

풃
풄

 

 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

풂
풃

ퟐ

풄풚풄

≥
풂
풃

풃
풄

풄풚풄

∵ 	 풙ퟐ

풄풚풄

≥ 풙풚
풄풚풄

=
풂
풄

풄풚풄

 

풂
풃

ퟒ

풄풚풄

≥
풂
풃

ퟐ 풃
풄

ퟐ

풄풚풄

=
풂
풄

ퟐ

풄풚풄

≥
ퟏ
ퟑ

풃
풂

풄풚풄

ퟐ

=
ퟏ
ퟑ

풃
풂

풄풚풄

풃
풂

풄풚풄

 

≥⏞
푨푴 푮푴 풃

풂
풄풚풄

 

풂
풃

ퟖ

풄풚풄

≥
풂
풃

ퟒ

풄풚풄

풃
풄

ퟒ

=
풂
풄

ퟒ

풄풚풄

≥
풂
풄

ퟐ

풄풚풄

풄
풃

ퟐ
=

풂
풃

ퟐ

풄풚풄

 

≥⏞
푨푴 푮푴ퟏ

ퟑ
풂
풃

풄풚풄

ퟐ

≥⏞
푨푴 푮푴 풂

풃
풄풚풄

 

∴
풂
풃

ퟐ

풄풚풄

풂
풃

ퟒ

풄풚풄

풂
풃

ퟖ

풄풚풄

≥
풂
풄

풄풚풄

풃
풂

풄풚풄

풃
풄

풄풚풄

 

(proved) 
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169. If 풂,풃, 풄 ≥ ퟏ then: 

(ퟏ + 풂)(ퟏ + 풃)(ퟏ + 풄) 풂풃풄 + √풂풃풄
풂 + √풂 풃 + √풃 풄 + √풄

≥ ퟐ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Ravi Prakash-New Delhi-India 

As 풂 ≥ ퟏ,풂 ≥ √풂 ⇒ ퟏ + 풂 ≥ ퟏ + √풂 ⇒
ퟏ 풂
ퟏ √풂

≥ ퟏ 

⇒
(ퟏ + 풂)(ퟏ + 풃)(ퟏ + 풄)

ퟏ+ √풂 ퟏ+ √풃 ퟏ+ √풄
≥ ퟏ 

Also √풂풃풄 + ퟏ ≥ ퟐ 

Thus,  

(ퟏ + 풂)(ퟏ + 풃)(ퟏ + 풄) √풂풃풄 + ퟏ
ퟏ+ √풂 ퟏ+ √풃 ퟏ+ √풄

≥ ퟐ 

Multiply the numerator and denominator by √풂,√풃,√풄 we get 

(ퟏ + 풂)(ퟏ + 풃)(ퟏ + 풄) 풂풃풄 + √풂풃풄
풂 + √풂 풃 + √풃 풄 + √풄

≥ ퟐ 

Solution 2 by Ngo Minh Ngoc Bao-Vietnam 

We have: 

(ퟏ + 풂)(ퟏ + 풃)(ퟏ + 풄) 풂풃풄 + √풂풃풄
풂+ √풂 풃+ √풃 풄 + √풄

≥ ퟐ ⇔ 

⇔ 퐥퐧(풂 + ퟏ) +
ퟏ
ퟐ 퐥퐧 풂 − 퐥퐧 풂 + √풂 + 퐥퐧 √풂풃풄 + ퟏ ≥ 퐥퐧ퟐ 

Considering the function:  

풇(풕) = 퐥퐧(풕 + ퟏ) +
ퟏ
ퟐ 퐥퐧 풕 − 퐥퐧 풕 + √풕 ,∀	풕 ∈ [ퟏ; +∞) 
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⇒ 풇 (풕) = ퟏ
ퟐ풕

+ ퟏ
ퟏ 풕

− ퟐ√풕 ퟏ
ퟐ풕 √풕 ퟏ

= (풕 ퟏ) √풕 ퟏ ퟐ풕 √풕 ퟏ ퟐ√풕 ퟏ (풕 ퟏ)
ퟐ풕(풕 ퟏ) √풕 ퟏ

=  

=
풕 + ퟐ√풕 − ퟏ

ퟐ√풕(풕 + ퟏ) √풕+ ퟏ
> ퟎ 

⇒ 퐥퐧(풂 + ퟏ) +
ퟏ
ퟐ 퐥퐧풂 − 퐥퐧 풂 + √풂 + 퐥퐧 √풂풃풄 + ퟏ ≥ 

≥ ퟑ 퐥퐧 ퟐ − ퟑ 퐥퐧 ퟐ+ 퐥퐧 ퟐ = 퐥퐧 ퟐ		 √풂풃풄 + ퟏ ≥ ퟐ  

Solution 3 by Ngo Minh Ngoc Bao-Vietnam 

We have: 풇(풂,풃,풄) = (ퟏ 풂)(ퟏ 풃)(ퟏ 풄) 풂풃풄 √풂풃풄
풂 √풂 풃 √풃 풄 √풄

, we need to prove  

풇(풂,풃, 풄) ≥ ퟐ. 

Use: (ퟏ + 풙ퟑ)(ퟏ + 풚ퟑ)(ퟏ + 풛ퟑ) ≥ (ퟏ + 풙풚풛)ퟑ, (풙, 풚, 풛 > ퟎ) we have: 

(ퟏ + 풂)(ퟏ + 풃)(ퟏ + 풄) ≥ ퟏ + √풂풃풄ퟑ ퟑ
 

and 풂 + √풂 풃 + √풃 풄 + √풄 ≤ (풂 + 풂)(풃 + 풃)(풄 + 풄) = ퟖ풂풃풄 

⇒ 풇(풂,풃, 풄) ≥
ퟏ+ √풂풃풄ퟑ ퟑ

풂풃풄 + √풂풃풄
ퟖ풂풃풄 =

ퟏ
ퟖ ퟏ+ √풂풃풄ퟑ ퟑ

ퟏ +
ퟏ

√풂풃풄
 

= ퟏ
ퟖ

ퟏ + √풂풃풄ퟑ ퟑ
+ ퟏ √풂풃풄ퟑ

√풂풃풄ퟔ

ퟑ
= ퟏ

ퟖ
ퟏ+ √풂풃풄ퟑ ퟑ

+ ퟏ

√풂풃풄ퟔ + √풂풃풄ퟔ ퟑ
≥  

≥
ퟏ
ퟖ

[(ퟏ + ퟏ)ퟑ + (ퟐ)ퟑ] = ퟐ 

Solution 4 by Nguyen Ngoc Tu-Ha Giang-Vietnam 

We have 

(ퟏ + 풂)(ퟏ + 풃)(ퟏ + 풄) 풂풃풄 + √풂풃풄
풂 + √풂 풃 + √풃 풃 + √풄

≥ ퟐ 

⇔ (ퟏ + 풂)(ퟏ + 풃)(ퟏ + 풄) 풂풃풄 + √풂풃풄 ≥ ퟐ 풂+ √풃 풃 + √풄  
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⇔ √풂풃풄(ퟏ + 풂)(ퟏ + 풃)(ퟏ + 풄) ퟏ + √풂풃풄 ≥ ퟐ√풂풃풄 ퟏ+ √풂 ퟏ + √풃 ퟏ + √풄  

⇔ (ퟏ + 풂)(ퟏ + 풃)(ퟏ + 풄) ퟏ+ √풂풃풄 ≥ ퟐ ퟏ+ √풂 ퟏ+ √풃 ퟏ+ √풄  

Use Cauchy – Schwarz inequality, we have 

ퟏ + √풂
ퟐ
≤ ퟐ(ퟏ + 풂) ⇒ ퟏ + 풂 ≥ ퟏ

ퟐ
ퟏ + √풂

ퟐ
≥ ퟏ

ퟐ
ퟏ + √풂 ⋅ (ퟏ + ퟏ) = ퟏ + √풂  

and ퟏ + √풂풃풄 ≥ ퟐ by 풂 ≥ ퟏ, similar we have  

(ퟏ + 풂)(ퟏ + 풃)(ퟏ + 풄) ퟏ+ √풂풃풄 ≥ ퟐ ퟏ+ √풂 ퟏ+ √풃 ퟏ+ √풄  

 

170. If 풂,풃, 풄 > ퟎ then: 

풄
ퟒ풂
풃ퟐ +

ퟑ풃
풂ퟐ ≥ ퟏퟐ + ퟑ

풂
풄 +

풄
풃 +

풃
풂  

Proposed by Daniel Sitaru – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

풄
ퟒ풂
풃ퟐ +

ퟑ풃
풂ퟐ = 풄

ퟒ풂
풃ퟐ +

ퟑ풃
풂ퟐ + 풂

ퟒ풃
풄ퟐ +

ퟑ풄
풃ퟐ + 풃

ퟒ풄
풂ퟐ +

ퟑ풂
풄ퟐ  

=
ퟒ풂풄
풃ퟐ +

ퟒ풃풄
풂ퟐ +

ퟒ풂풃
풄ퟐ +

ퟑ풂풃
풄ퟐ +

ퟑ풃풄
풂ퟐ +

ퟑ풄풂
풃ퟐ = ퟕ

풂풃
풄ퟐ  

AM ≥ GM ⇒ ퟒ풂풄
풃ퟐ

+ ퟒ풃풄
풂ퟐ

+ ퟒ풂풃
풄ퟐ

≥ ퟑ√ퟒퟑퟑ = ퟏퟐ   (1) 

Again, AM ≥ GM ⇒ 풂풃
풄ퟐ

+ 풂풃
풄ퟐ

+ 풄풂
풃ퟐ
≥ ퟑ 풂ퟑ

풄ퟑ
ퟑ

= ퟑ 풂
풄

   (2) 

AM ≥ GM ⇒ 풃풄
풂ퟐ

+ 풃풄
풂ퟐ

+ 풂풃
풄ퟐ
≥ ퟑ 풃ퟑ

풂ퟑ
ퟑ

= ퟑ 풃
풂

   (3) 

AM ≥ GM ⇒ 풄풂
풃ퟐ

+ 풄풂
풃ퟐ

+ 풃풄
풂ퟐ
≥ ퟑ 풄ퟑ

풃ퟑ
ퟑ

= ퟑ 풄
풃

    (4) 

(1)+(2)+(3)+(4) ⇒ ퟕ ∑ 풂풃
풄ퟐ

≥ ퟏퟐ + ퟑ 풂
풄

+ 풄
풃

+ 풃
풂

 

(Proved) 
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171. Let 풂,풃, 풄 be positive real numbers such that: 풂ퟐ + 풃ퟐ + 풄ퟐ + ퟐ풂풃풄 = ퟏ 

Prove that:  

풂ퟒ + 풃ퟒ + 풄ퟒ + ퟒ풂ퟐ풃ퟐ풄ퟐ + ퟏ
ퟖ
≥ 풂풃(풂ퟐ + 풃ퟐ) + 풃풄(풃ퟐ + 풄ퟐ) + 풄풂(풄ퟐ + 풂ퟐ) (1) 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam 

Solution Hoang Le Nhat Tung – Hanoi – Vietnam 

We will prove that: ퟒ풂풃풄 + ퟏ ≥ ퟐ(풂풃 + 풃풄 + 풄풂) 

We have: ퟐ풂 − ퟏ;ퟐ풃 − ퟏ; ퟐ풄 − ퟏ. 

Then Dirichle, propose: (ퟐ풂 − ퟏ)(ퟐ풃 − ퟏ) ≥ ퟎ ⇔ 풄(ퟐ풂− ퟏ)(ퟐ풃 − ퟏ) ≥ ퟎ (풄 > ퟎ) 

⇔ 풄(ퟒ풂풃− ퟐ풂 − ퟐ풃+ ퟏ) ≥ ퟎ ⇔ ퟒ풂풃풄 + ퟏ ≥ ퟐ풂풄 + ퟐ풃풄 − 풄 + ퟏ     (2) 

We need to prove: ퟐ풂풄+ ퟐ풃풄 − 풄 + ퟏ ≥ ퟐ(풂풃 + 풃풄+ 풄풂) ⇔ ퟏ ≥ 풄 + ퟐ풂풃    (3) 

풂ퟐ + 풃ퟐ + 풄ퟐ + ퟐ풂풃풄 = ퟏ ⇔ 풄ퟐ + ퟐ풂풃풄 + (풂ퟐ + 풃ퟐ − ퟏ) = ퟎ     (4) 

Other, because 풂,풃,풄 > ퟎ;풂ퟐ + 풃ퟐ + 풄ퟐ + ퟐ풂풃풄 = ퟏ therefore ퟎ < 풂,풃,풄 < ퟏ 

휟 = (풂풃)ퟐ − (풂ퟐ + 풃ퟐ − ퟏ) = (ퟏ − 풂ퟐ)(ퟏ − 풃ퟐ) > ퟎ  (ퟎ < 풂,풃 < ퟏ) 

⇒
풄 = −풂풃 + (ퟏ − 풂ퟐ)(ퟏ − 풃ퟐ)

풄 = −풂풃 − (ퟏ − 풂ퟐ)(ퟏ − 풃ퟐ)
  (absurd: 풄 = −풂풃 − (ퟏ − 풂ퟐ)(ퟏ − 풃ퟐ) < ퟎ) 

⇒ 풄 = −풂풃 + (ퟏ − 풂ퟐ)(ퟏ − 풃ퟐ)      (5) 

Then (3), (5) ⇔ ퟏ ≥ −풂풃 + (ퟏ − 풂ퟐ)(ퟏ − 풃ퟐ) + ퟐ풂풃 ⇔ ퟏ− 풂풃 ≥ (ퟏ − 풂ퟐ)(ퟏ − 풃ퟐ) 

⇔ (ퟏ − 풂풃)ퟐ ≥ (ퟏ − 풂ퟐ)(ퟏ − 풃ퟐ) ⇔ (풂풃)ퟐ − ퟐ풂풃 + ퟏ ≥ ퟏ − (풂ퟐ + 풃ퟐ) + (풂풃)ퟐ 

⇔ 풂ퟐ − ퟐ풂풃+ 풃ퟐ ≥ ퟎ ⇔ (풂 − 풃)ퟐ ≥ ퟎ   (True ∀	풂,풃) 

⇒ Inequality (3). Therefore: ퟒ풂풃풄 + ퟏ ≥ ퟐ(풂풃+ 풃풄+ 풄풂)          (6) 

By Bunhiacopxki we have: 

ퟐ풂풃풄 +
ퟏ
ퟐ

ퟐ

= ퟐ풂풃풄 +
ퟏ
ퟒ

+
ퟏ
ퟒ

ퟐ

≤ ퟏퟐ + ퟏퟐ + ퟏퟐ (ퟐ풂풃풄)ퟐ +
ퟏ
ퟒ

ퟐ

+
ퟏ
ퟒ

ퟐ

= ퟑ ퟒ풂ퟐ풃ퟐ풄ퟐ +
ퟏ
ퟖ

 

⇔ (ퟒ풂풃풄 ퟏ)ퟐ

ퟒ
≤ ퟑ ퟒ풂ퟐ풃ퟐ풄ퟐ + ퟏ

ퟖ
⇔ ퟒ풂ퟐ풃ퟐ풄ퟐ + ퟏ

ퟖ
≥ (ퟒ풂풃풄 ퟏ)ퟐ

ퟏퟐ
       (7) 

Then (6), (7) ⇒ ퟒ풂ퟐ풃ퟐ풄ퟐ + ퟏ
ퟖ
≥ ퟐ(풂풃 풃풄 풄풂) ퟐ

ퟏퟐ
= ퟒ(풂풃 풃풄 풄풂)ퟐ

ퟏퟐ
= (풂풃 풃풄 풄풂)ퟐ

ퟑ
     (8) 
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By inequality: (풂풃 + 풃풄 + 풄풂)ퟐ ≥ ퟑ풂풃풄(풂+ 풃 + 풄) 

Let (8) ⇒ ퟒ풂ퟐ풃ퟐ풄ퟐ + ퟏ
ퟖ
≥ ퟑ풂풃풄(풂 풃 풄)

ퟑ
= 풂풃풄(풂+ 풃 + 풄) 

⇒ 풂ퟒ + 풃ퟒ + 풄ퟒ + ퟒ풂ퟐ풃ퟐ풄ퟐ + ퟏ
ퟖ
≥ 풂ퟒ + 풃ퟒ + 풄ퟒ + 풂풃풄(풂+ 풃 + 풄)          (9) 

Then (1), (9). We need to prove: 

풂ퟒ + 풃ퟒ + 풄ퟒ + 풂풃풄(풂+ 풃 + 풄) ≥ 풂풃(풂ퟐ + 풃ퟐ) + 풃풄(풃ퟐ + 풄ퟐ) + 풄풂(풄ퟐ + 풂ퟐ)     (10) 

⇔ 풂ퟐ(풂ퟐ − 풂풃− 풂풄 + 풃풄) + 풃ퟐ(풃ퟐ − 풃풄 − 풄풂 + 풄풂) + 풄ퟐ(풄ퟐ − 풄풂 − 풄풃 + 풂풃) ≥ ퟎ 

⇔ 풂ퟐ(풂 − 풃)(풂 − 풄) + 풃ퟐ(풃 − 풄)(풃 − 풂) + 풄ퟐ(풄 − 풂)(풄 − 풃) ≥ ퟎ 

(True because this is Schur inequality) 

Then (9), (10) ⇒ 풂ퟒ + 풃ퟒ + 풄ퟒ + ퟒ풂ퟐ풃ퟐ풄ퟐ + ퟏ
ퟖ
≥ 풂풃 풂ퟐ + 풃ퟐ + 풃풄 풃ퟐ + 풄ퟐ + 풄풂 풄ퟐ + 풂ퟐ  

⇒ Inequality (1) True and we get the result 

 

172. Let 풂,풃, 풄 be positive such that 풂 + 풃 + 풄 = ퟑ. Prove that 

√풂ퟒ + √풃ퟒ + √풄ퟒ

풂풃 + 풃풄 + 풄풂
≥

풂풃 + 풃풄 + 풄풂
ퟑ

 

Proposed by Nguyen Ngoc Tu – Ha Giang – Vietnam  

Solution by Nguyen Ngoc Tu – Ha Giang – Vietnam 

Lemma. Let 풙,풚, 풛 > ퟎ such that 풙ퟒ + 풚ퟒ + 풛ퟒ = ퟑ then  

풙ퟓ풚ퟓ + 풚ퟓ풛ퟓ + 풛ퟓ풙ퟓ ≤ ퟑ. 

Solution Lemma. 

Using AM-GM inequality, we have: 

풙 ⋅ 풚 ⋅ ퟏ ⋅ ퟏ ≤
풙ퟒ + 풚ퟒ + ퟐ

ퟒ =
ퟓ − 풛ퟒ

ퟒ ⇒ 풙ퟓ풚ퟓ ≤
ퟓ풙ퟒ풚ퟒ − 풙ퟒ풚ퟒ풛ퟒ

ퟒ  

Same, we have 풚ퟓ풛ퟓ ≤ ퟓ풚ퟓ풛ퟓ 풙ퟓ풚ퟓ풛ퟓ

ퟒ
, 풛ퟓ풙ퟓ ≤ ퟓ풛ퟒ풙ퟒ 풙ퟒ풚ퟒ풛ퟒ

ퟒ
 

⇒ 풙ퟓ풚ퟓ + 풚ퟓ풛ퟓ + 풛ퟓ풙ퟓ ≤
ퟓ
ퟒ

(풙ퟒ풚ퟒ + 풚ퟒ풛ퟒ + 풛ퟒ풙ퟒ) −
ퟑ
ퟒ풙

ퟒ풚ퟒ풛ퟒ 
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Using Schur’s inequality: 풓 ≥ ퟒ풑풒 풑ퟑ

ퟗ
 

With 풓 = 풙ퟒ풚ퟒ풛ퟒ ,풑 = 풙ퟒ + 풚ퟒ + 풛ퟒ = ퟑ,풒 = 풙ퟒ풚ퟒ + 풚ퟒ풛ퟒ + 풛ퟒ풙ퟒ ⇒ 

⇒ 풓 ≥
ퟒ
ퟑ
풒 − ퟑ 

⇒ 풙ퟒ풚ퟒ + 풚ퟒ풛ퟒ + 풛ퟒ풙ퟒ ≤
ퟓ
ퟒ
풒 −

ퟑ
ퟒ

ퟒ
ퟑ
풒 − ퟑ =

ퟏ
ퟒ
풒 +

ퟗ
ퟒ
≤
ퟏ
ퟒ
⋅
풑ퟐ

ퟑ
+
ퟗ
ퟒ

= ퟑ 

Solution problem. 

The inequality given is equivalent to 

√풂ퟒ + √풃ퟒ + √풄ퟒ ퟒ
≥
ퟏ
ퟗ

(풂풃 + 풃풄 + 풄풂)ퟔ 

⇔ √풂ퟒ + √풃ퟒ + √풄ퟒ ퟒ
(풂 + 풃+ 풄)ퟏퟏ ≥

ퟏ
ퟗ

(풂풃 + 풃풄 + 풄풂)ퟔ ⋅ ퟑퟏퟏ = (풂풃 + 풃풄 + 풄풂)ퟔ ⋅ ퟑퟗ 

Using Holder’s inequality, we have 

√풂ퟒ + √풃ퟒ + √풄ퟒ ퟒ
(풂 + 풃 + 풄)ퟏퟏ ≥ 풂

ퟒ
ퟓ + 풃

ퟒ
ퟓ + 풄

ퟒ
ퟓ

ퟏퟓ
 hence we need to 

prove 

풂
ퟒ
ퟓ + 풃

ퟒ
ퟓ + 풄

ퟒ
ퟓ

ퟏퟓ
≥ (풂풃 + 풃풄 + 풄풂)ퟔ ⋅ ퟑퟗ 

Inequalities of the same rank hence we assume that 풂
ퟒ
ퟓ + 풃

ퟒ
ퟓ + 풄

ퟒ
ퟓ = ퟑ, 

then we need to prove ퟑퟏퟓ ≥ (풂풃 + 풃풄 + 풄풂)ퟔ ⋅ ퟑퟗ ⇔ 풂풃 + 풃풄 + 풄풂 ≤ ퟑ 

Let (풙, 풚, 풛) = 풂
ퟏ
ퟓ,풃

ퟏ
ퟓ, 풄

ퟏ
ퟓ ⇒ 풙ퟒ + 풚ퟒ + 풛ퟒ = ퟑ hence  

풙ퟓ풚ퟓ + 풚ퟓ풛ퟓ + 풛ퟓ풙ퟓ ≤ ퟑ or 풂풃 + 풃풄 + 풄풂 ≤ ퟑ. 

Done! 
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173. Let 풂,풃, 풄 > 0 such that: 풂 + 풃 + 풄 = ퟑ. Prove that: 

풂ퟒ

풃ퟒ ퟐ풂풃 √풄 ퟐ
+ 풃ퟒ

풄ퟒ ퟐ풃풄 √풂 ퟐ
+ 풄ퟒ

풂ퟒ ퟐ풄풂 √풃 ퟐ
≥ 풂ퟐ 풃ퟐ 풄ퟐ

ퟑ
    (1) 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam 

Solution 1 Hoang Le Nhat Tung – Hanoi – Vietnam 

By Inequality Cauchy – Schwarz. We have: 

∑ 풂ퟒ

풃ퟒ ퟐ풂풃 √풄 ퟐ
= ∑

풂ퟐ

풃ퟐ

ퟐ

ퟐ풂풃 √풄 ퟐ
≥

∑풂
ퟐ

풃ퟐ

ퟐ

∑ ퟐ풂풃 √풄 ퟐ
=

∑풂
ퟐ

풃ퟐ

ퟐ

ퟐ∑풂풃 ∑√풂 ퟔ
    (2) 

Other, by AM-GM: 

∑ 풂ퟐ

풃ퟐ
= ∑

풂ퟐ

풃ퟐ
풂ퟐ

풃ퟐ
풃ퟐ

풄ퟐ

ퟑ
≥ ∑

ퟑ⋅	 풂ퟐ

풃ퟐ
⋅풂
ퟐ

풃ퟐ
⋅풃
ퟐ

풄ퟐ
ퟑ

ퟑ
= ∑ 풂ퟒ

풃ퟐ풄ퟐ
ퟑ

= ∑풂ퟐ

풂ퟐ풃ퟐ풄ퟐퟑ       (3) 

ퟑ = 풂 + 풃 + 풄 ≥ ퟑ√풂풃풄ퟑ ⇒ √풂풃풄ퟑ ≤ ퟏ ⇒ √풂ퟐ풃ퟐ풄ퟐퟑ ≤ ퟏ.  

Let (3): ⇒ ∑ 풂ퟐ

풃ퟐ
≥ ∑풂ퟐ 

Let (2): ⇒ ∑ 풂ퟒ

풃ퟒ ퟐ풂풃 √풄 ퟐ
≥

∑풂ퟐ
ퟐ

ퟐ∑풂풃 ∑√풂 ퟔ
          (4) 

By AM-GM and 풂 + 풃 + 풄 = ퟑ. We have: 

ퟐ √풂 + 풂ퟐ = √풂 + √풂 + 풂ퟐ ≥ ퟑ ⋅ √풂 ⋅ √풂 ⋅ 풂ퟐ
ퟑ

= 

= ퟑ 풂 = ퟗ = 풂
ퟐ
⇒ √풂	 ≥ 풂풃 

Let (4): 

⇒ ∑ 풂ퟒ

풃ퟒ ퟐ풂풃 √풄 ퟐ
≥

∑풂ퟐ
ퟐ

ퟐ∑풂풃 ∑풂풃 ퟔ
=

∑풂ퟐ
ퟐ

∑풂풃 ퟔ
≥

∑풂ퟐ
ퟐ

∑풂ퟐ ퟔ
  (because ∑풂풃 ≤ ∑풂ퟐ) 

(5) 

We will prove that:  
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(∑풂ퟐ)ퟐ

∑풂ퟐ + ퟔ
≥
∑풂ퟐ

ퟑ
⇔

∑풂ퟐ

∑풂ퟐ + ퟔ
≥
ퟏ
ퟑ
⇔ ퟑ 풂ퟐ ≥ 풂ퟐ + ퟔ ⇔ 풂ퟐ ≥ ퟑ 

(True because by AM-GM: ∑풂ퟐ ≥ (∑풂)ퟐ

ퟑ
= ퟑퟐ

ퟑ
= ퟑ) 

Therefore, let (5): ⇒ ∑ 풂ퟒ

풃ퟒ ퟐ풂풃 √풄 ퟐ
≥ ∑풂ퟐ

ퟑ
 

⇔ 풂ퟒ

풃ퟒ ퟐ풂풃 √풄 ퟐ
+ 풃ퟒ

풄ퟒ ퟐ풃풄 √풂 ퟐ
+ 풄ퟒ

풂ퟒ ퟐ풄풂 √풃 ퟐ
≥ 풂ퟐ 풃ퟐ 풄ퟐ

ퟑ
⇒ QED 

Solution 2 by Anh Tai Tran-Hanoi-Vietnam 

푳푯푺 =
풂ퟒ

풃ퟒ ퟐ풂풃 − √풄 + ퟐ
≥

∑ 풂ퟐ
풃ퟐ

ퟐ

∑(ퟐ∑풃풄 − ∑풂 + ퟐ) ≥
∑풂

ퟐ

풃ퟐ
ퟐ

∑풃풄 + ퟔ
 

푳푯푺 =
풂ퟐ + 풃ퟐ + 풄ퟐ

ퟑ
≤

(풂 + 풃 + 풄)ퟔ

ퟖퟏ(풂풃 + 풃풄 + 풂풄)ퟐ =
ퟗ

(풂풃 + 풃풄 + 풂풄)ퟐ 

So we are done if: 

∑ 풂ퟐ

풃ퟐ

ퟐ
(풂풃 + 풃풄 + 풂풄)ퟐ ≥ ퟗ(∑풃풄 + ퟔ)     (*) 

By Cauchy Schwarz 

LHS (*) ≥ 풂ퟑ

풃
+ 풃ퟑ

풄
+ 풄ퟑ

풂

ퟒ

 

=
풂ퟐ

√풂풃
+

풃ퟐ

√풃풄
+

풄ퟐ

√풂풄

ퟒ

≥
(풂ퟐ + 풃ퟐ + 풄ퟐ)ퟖ

∑√풃풄
ퟒ ≥

(풂 + 풃 + 풄)ퟖ

(풂 + 풃 + 풄)ퟒ = ퟖퟏ 

On the other hand, 

RHS (*) ≤ ퟗ (∑풂)ퟐ

ퟑ
+ ퟔ = ퟖퟏ 

So (*) is true 

We are done! 

http://www.ssmrmh.ro


 
www.ssmrmh.ro 

 
174. Let 풂,풃, 풄 > ퟎ sucht that: 풂 + 풃 + 풄 = ퟑ. Prove that: 

풂

ퟒ(풃ퟔ 풄ퟔ)ퟑ ퟕ풃풄
+ 풃

ퟒ(풄ퟔ 풂ퟔ)ퟑ ퟕ풄풂
+ 풄

ퟒ(풂ퟔ 풃ퟔ)ퟑ ퟕ풂풃
+ √풂ퟑ √풃ퟑ √풄ퟑ

ퟏퟐ
≥ ퟕ

ퟏퟐ
     (1) 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam 

Solution by Hoang Le Nhat Tung – Hanoi – Vietnam 

We have: 

풃ퟔ + 풄ퟔ = (풃ퟐ + 풄ퟐ)(풃ퟒ − 풃ퟐ풄ퟐ + 풄ퟒ) = (풃ퟐ + 풄ퟐ) (풃ퟐ + 풄ퟐ)ퟐ − 풃풄√ퟑ
ퟐ

 

= (풃ퟐ + 풄ퟐ) 풃ퟐ − 풃풄√ퟑ + 풄ퟐ 풃ퟐ + 풃풄√ퟑ + 풄ퟐ  

By inequality AM-GM for three positive real numbers: 

ퟒ(풃ퟔ + 풄ퟔ)ퟑ = (풃ퟐ + 풄ퟐ) ⋅ ퟐ ퟐ + √ퟑ 풃ퟐ − 풃풄√ퟑ + 풄ퟐ ⋅ ퟐ ퟐ − √ퟑ 풃ퟐ + 풃풄√ퟑ + 풄ퟐ
ퟑ

≤ 

≤
풃ퟐ + 풄ퟐ + ퟐ ퟐ + ퟐ√ퟑ 풃ퟐ − 풃풄√ퟑ + 풄ퟐ + ퟐ ퟐ − √ퟑ 풃ퟐ + 풃풄√ퟑ + 풄ퟐ

ퟑ

=
ퟗ풃ퟐ − ퟏퟐ풃풄+ ퟗ풄ퟐ

ퟑ
 

⇔ ퟒ(풃ퟔ + 풄ퟔ)ퟑ ≤ ퟑ풃ퟐ − ퟒ풃풄+ ퟑ풄ퟐ ⇔ ퟒ(풃ퟔ + 풄ퟔ)ퟑ + ퟕ풃풄 ≤ ퟑ풃ퟐ + ퟑ풃풄 + ퟑ풄ퟐ 

⇔ ퟏ
ퟒ(풃ퟔ 풄ퟔ)ퟑ ퟕ풃풄

≥ ퟏ
ퟑ(풃ퟐ 풃풄 풄ퟐ) ⇔

풂

ퟒ(풃ퟔ 풄ퟔ)ퟑ ퟕ풃풄
≥ 풂

ퟑ(풃ퟐ 풃풄 풄ퟐ)       (2) 

Similar: 
풃

ퟒ(풄ퟔ+풂ퟔ)ퟑ +ퟕ풄풂
≥ 풃

ퟑ 풄ퟐ 풄풂 풂ퟐ
          (3) 

풄

ퟒ 풂ퟔ+풃ퟔ
ퟑ

+ퟕ풂풃
≥ 풄

ퟑ 풂ퟐ 풂풃 풃ퟐ
      (4) 

Then (2), (3), (4): 

⇒ 풂

ퟒ 풃ퟔ+풄ퟔ
ퟑ

+ퟕ풃풄
+ 풃

ퟒ(풄ퟔ+풂ퟔ)ퟑ +ퟕ풄풂
+ 풄

ퟒ 풂ퟔ+풃ퟔ
ퟑ

+ퟕ풂풃
≥         

≥ 풂
ퟑ 풃ퟐ 풃풄 풄ퟐ

+ 풃
ퟑ 풄ퟐ 풄풂 풂ퟐ

+ 풄
ퟑ 풂ퟐ 풂풃 풃ퟐ

      (5) 

Other, by Cauchy – Schwarz we have 
풂

풃ퟐ 풃풄 풄ퟐ
+ 풃

풄ퟐ 풄풂 풂ퟐ
+ 풄

풂ퟐ 풂풃 풃ퟐ
= 풂ퟐ

풂풃ퟐ 풂풃풄 풂풄ퟐ
+ 풃ퟐ

풃풄ퟐ 풃풄풂 풃풂ퟐ
+ 풄ퟐ

풄풂ퟐ 풄풂풃 풄풃ퟐ
≥  
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≥ (풂 풃 풄)ퟐ

풂풃ퟐ 풂풃풄 풂풄ퟐ 풃풄ퟐ 풃풄풂 풃풂ퟐ 풄풂ퟐ 풄풂풃 풄풃
ퟐ     (6) 

That (풂 풃 풄)ퟐ

풂풃ퟐ 풂풃풄 풂풄ퟐ 풃풄ퟐ 풃풄풂 풃풂ퟐ 풄풂ퟐ 풄풂풃 풄풃ퟐ
 

= (풂 풃 풄)ퟐ

풂풃(풂 풃) 풃풄(풃 풄) 풄풂(풄 풂) ퟑ풂풃풄
= (풂 풃 풄)ퟐ

(풂 풃 풄)(풂풃 풃풄 풄풂)
= 풂 풃 풄

풂풃 풃풄 풄풂
      (7) 

Then (6), (7):⇒ 풂
풃ퟐ 풃풄 풄ퟐ

+ 풃
풄ퟐ 풄풂 풂ퟐ

+ 풄
풂ퟐ 풂풃 풃ퟐ

≥ 풂 풃 풄
풂풃 풃풄 풄풂

     (8) 

And 풂 + 풃 + 풄 = ퟑ. Then (8): 

⇒ 풂
풃ퟐ 풃풄 풄ퟐ

+ 풃
풄ퟐ 풄풂 풂ퟐ

+ 풄
풂ퟐ 풂풃 풃ퟐ

≥ ퟑ
풂풃 풃풄 풄풂

        (9) 

Then (5), (9):⇒ 풂

ퟒ 풃ퟔ+풄ퟔ
ퟑ

+ퟕ풃풄
+ 풃

ퟒ(풄ퟔ+풂ퟔ)ퟑ +ퟕ풄풂
+ 풄

ퟒ 풂ퟔ+풃ퟔ
ퟑ

+ퟕ풂풃
≥ ퟏ

풂풃 풃풄 풄풂
   (10) 

By AM-GM for five positive real numbers: 

√풂ퟑ + √풂ퟑ + √풂ퟑ + 풂ퟐ + 풂ퟐ ≥ ퟓ √풂ퟑ ⋅ √풂ퟑ ⋅ √풂ퟑ ⋅ 풂ퟐ ⋅ 풂ퟐ
ퟓ

= ퟓ 풂ퟓퟓ = ퟓ풂 

⇔ ퟑ√풂ퟑ + ퟐ풂ퟐ ≥ ퟓ풂 ⇔ ퟑ√풂ퟑ ≥ ퟓ풂 − ퟐ풂ퟐ          (11) 

Similar: ퟑ√풃ퟑ ≥ ퟓ풃− ퟐ풃ퟐ;ퟑ√풄ퟑ ≥ ퟓ풄 − ퟐ풄ퟐ      (12) 

Then (11), (12):⇒ ퟑ √풂ퟑ + √풃ퟑ + √풄ퟑ ≥ ퟓ(풂+ 풃+ 풄) − ퟐ 풂ퟐ + 풃ퟐ + 풄ퟐ  

⇔ ퟑ √풂ퟑ + √풃ퟑ + √풄ퟑ ≥ ퟏퟓ − ퟐ 풂ퟐ + 풃ퟐ + 풄ퟐ    (Because 풂 + 풃 + 풄 = ퟑ) 

⇔ ퟑ √풂ퟑ + √풃ퟑ + √풄ퟑ + ퟏ ≥ ퟏퟖ − ퟐ(풂ퟐ + 풃ퟐ + 풄ퟐ) = ퟐ(풂 + 풃+ 풄)ퟐ − ퟐ(풂ퟐ + 풃ퟐ + 풄ퟐ) 

(Because 풂 + 풃 + 풄 = ퟑ ⇒ ퟐ(풂 + 풃+ 풄)ퟐ = ퟏퟖ) 

⇔ ퟑ √풂ퟑ + √풃ퟑ + √풄ퟑ + ퟏ ≥ ퟐ(풂ퟐ + 풃ퟐ + 풄ퟐ + ퟐ풂풃 + ퟐ풃풄 + ퟐ풄풂)− ퟐ(풂ퟐ + 풃ퟐ + 풄ퟐ) 

⇔ ퟑ √풂ퟑ + √풃ퟑ + √풄ퟑ + ퟏ ≥ ퟒ(풂풃+ 풃풄 + 풄풂) ⇔ ퟑ √풂ퟑ + √풃ퟑ + √풄ퟑ ≥ ퟒ(풂풃 + 풃풄 + 풄풂) − ퟑ 

⇔ √풂ퟑ + √풃ퟑ + √풄ퟑ

ퟏퟐ
≥ ퟒ(풂풃 풃풄 풄풂) ퟑ

ퟑퟔ
⇔ √풂ퟑ + √풃ퟑ + √풄ퟑ

ퟏퟐ
≥ 풂풃 풃풄 풄풂

ퟗ
− ퟏ

ퟏퟐ
    (13) 

Then (10), (13): 

⇒
풂

ퟒ 풃ퟔ + 풄ퟔ
ퟑ

+ ퟕ풃풄
+

풃
ퟒ(풄ퟔ + 풂ퟔ)ퟑ + ퟕ풄풂

+
풄

ퟒ 풂ퟔ + 풃ퟔ
ퟑ

+ ퟕ풂풃
+
√풂ퟑ + √풃ퟑ + √풄ퟑ

ퟏퟐ ≥ 

≥ ퟏ
풂풃 풃풄 풄풂

+ 풂풃 풃풄 풄풂
ퟗ

− ퟏ
ퟏퟐ

      (14) 

By AM-GM We have: 
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ퟏ
풂풃+ 풃풄+ 풄풂+

풂풃 + 풃풄+ 풄풂
ퟗ ≥ ퟐ

ퟏ
풂풃 + 풃풄+ 풄풂 ⋅

풂풃 + 풃풄 + 풄풂
ퟗ = ퟐ

ퟏ
ퟗ =

ퟐ
ퟑ 

⇒
ퟏ

풂풃 + 풃풄+ 풄풂 +
풂풃 + 풃풄 + 풄풂

ퟗ ≥ ퟐ
ퟏ

풂풃 + 풃풄 + 풄풂 ⋅
풂풃 + 풃풄+ 풄풂

ퟗ = ퟐ
ퟏ
ퟗ =

ퟐ
ퟑ 

⇒ ퟏ
풂풃 풃풄 풄풂

+ 풂풃 풃풄 풄풂
ퟗ

− ퟏ
ퟏퟐ
≥ ퟐ

ퟑ
− ퟏ

ퟏퟐ
= ퟕ

ퟏퟐ
⇔ ퟏ

풂풃 풃풄 풄풂
+ 풂풃 풃풄 풄풂

ퟗ
− ퟏ

ퟏퟐ
≥ ퟕ

ퟏퟐ
    (15) 

Then (14), (15): 

⇒
풂

ퟒ 풃ퟔ + 풄ퟔ
ퟑ

+ ퟕ풃풄
+

풃
ퟒ(풄ퟔ + 풂ퟔ)ퟑ + ퟕ풄풂

+
풄

ퟒ 풂ퟔ + 풃ퟔ
ퟑ

+ ퟕ풂풃
+
√풂ퟑ + √풃ퟑ + √풄ퟑ

ퟏퟐ ≥
ퟕ
ퟏퟐ 

⇒ Inequality (1) True and we get the result 

Equality occurs if: 

⎩
⎪
⎨

⎪
⎧

풂,풃,풄 > ퟎ,풂 + 풃 + 풄 = ퟑ
풂 = 풃 = 풄

ퟏ
풃ퟐ 풃풄 풄ퟐ

= ퟏ
풄ퟐ 풄풂 풂ퟐ

= ퟏ
풂ퟐ 풂풃 풃ퟐ

⇔ 풂 = 풃 = 풄 = ퟏ

√풂ퟑ = 풂ퟐ; 	√풃ퟑ = 풃ퟐ; 	√풄ퟑ = 풄ퟐ
ퟏ

풂풃 풃풄 풄풂
= 풂풃 풃풄 풄풂

ퟗ

 

 

175. If 풙,풚 ∈ ℝ,풙풚 + 풙 + 풚 = ퟏ,풏 ∈ ℕ then: 

(ퟏ + 풙)ퟐ풏
ퟏ+ 풚ퟐ

ퟏ+ 풙ퟐ

풏

+ (ퟏ + 풚)ퟐ풏
ퟏ+ 풙ퟐ

ퟏ+ 풚ퟐ

풏

≥ ퟐ풏 ퟏ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Si 풙,풚 ∈ ℝ, de tal manera que 풙풚 + 풚 + 풙 = ퟏ,풏 ∈ ℕ. Probar que 

(ퟏ + 풙)ퟐ풏
ퟏ+ 풚ퟐ

ퟏ+ 풙ퟐ

풏

+ (ퟏ + 풚)ퟐ풏
ퟏ+ 풚ퟐ

ퟏ+ 풙ퟐ

풏

≥ ퟐ풏 ퟏ 

De la condición 
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풙풚 + 풚+ 풙 = ퟏ ⇔ (ퟏ + 풙)(ퟏ + 풚) = ퟐ ⇔ (ퟏ + 풙)ퟐ(ퟏ + 풚)ퟐ = ퟒ 

Como (ퟏ + 풙)ퟐ, (ퟏ + 풚)ퟐ, (ퟏ + 풙ퟐ), (ퟏ + 풚ퟐ) > ퟎ 

Aplicando 푴푨 ≥ 푴푮 

(ퟏ + 풙)ퟐ풏
ퟏ+ 풚ퟐ

ퟏ+ 풙ퟐ

풏

+ (ퟏ + 풚)ퟐ풏
ퟏ+ 풚ퟐ

ퟏ+ 풙ퟐ

풏

≥ 

≥ ퟐ (ퟏ+ 풙)(ퟏ + 풚) ퟐ풏ퟐ
= ퟐ√ퟒ풏ퟐ = ퟐ ⋅ ퟐ풏 = ퟐ풏 ퟏ 

(LQQD) 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

(1 + 푥) ⋅
1 + 푦
1 + 푥

− ퟐ ⋅ ퟐ풏 + (ퟏ + 풚)풏
ퟏ+ 풙ퟐ

ퟏ+ 풚ퟐ
ퟒ

풏 ퟐ

= 

= (ퟏ + 풙)풏 ⋅
ퟏ+ 풚ퟐ

ퟏ+ 풙ퟐ
ퟒ

풏

− (ퟏ + 풚)풏 ⋅
ퟏ+ 풙ퟐ

ퟏ+ 풚ퟐ
ퟒ

풏 ퟐ

≥ ퟎ 

ퟐ풏 = (ퟏ+ 풙)(ퟏ + 풚) 풏 ퟏ+ 풚ퟐ

ퟏ+ 풙ퟐ
ퟒ

⋅
ퟏ+ 풙ퟐ

ퟏ+ 풚ퟐ
ퟒ

풏

= 

= (ퟏ + 풙 + 풚 + 풙풚)풏 ⋅ ퟏ = (ퟏ + ퟏ)풏 = ퟐ풏 

풙 = 풚 = √ퟐ − ퟏ 

풙 = 풚 = −√ퟐ − ퟏ 

Solution 3 by Ravi Prakash-New Delhi-India 

풙 + 풚+ 풙풚 = ퟏ ⇒ ퟏ + 풙 + 풚(ퟏ + 풙) = ퟐ 

⇒ (ퟏ + 풙)(ퟏ+ 풚) = ퟐ ⇒ ퟏ + 풙 =
ퟐ

ퟏ + 풚 
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Now, 

(ퟏ + 풙)ퟐ풏
ퟏ + 풚ퟐ

ퟏ + 풙ퟐ

풏

+ (ퟏ + 풚)ퟐ풏
ퟏ+ 풙ퟐ

ퟏ+ 풚ퟐ

풏

 

≥ ퟐ (ퟏ + 풙)ퟐ풏
ퟏ+ 풚ퟐ

ퟏ+ 풙ퟐ

풏

(ퟏ + 풚)ퟐ풏
ퟏ + 풙ퟐ

ퟏ + 풚ퟐ

풏
ퟏ
ퟐ

 

= ퟐ
ퟐퟐ풏

(ퟏ + 풚)ퟐ풏 ⋅
(ퟏ + 풚)ퟐ풏

ퟏ
ퟐ

= ퟐ풏 ퟏ 

Solution 4 by Abdallah El Farissi-Bechar-Algerie 

We have 풙 + 풚 + 풙풚 = ퟏ then (ퟏ + 풙)(ퟏ + 풚) = ퟐ let  

푨 = (ퟏ + 풙)ퟐ풏
ퟏ + 풚ퟐ

ퟏ+ 풙ퟐ  

(ퟏ + 풙)ퟐ풏
ퟏ+ 풚ퟐ

ퟏ+ 풙ퟐ

풏

+ (ퟏ + 풚)ퟐ풏
ퟏ+ 풙ퟐ

ퟏ+ 풚ퟐ

풏

= 

= (ퟏ + 풙)ퟐ풏
ퟏ+ 풚ퟐ

ퟏ+ 풙ퟐ

풏

+
ퟐퟐ풏

(ퟏ + 풙)ퟐ풏
ퟏ+ 풙ퟐ

ퟏ + 풚ퟐ

풏

 

= 푨 + ퟐퟐ풏
ퟏ
푨
≥ ퟐ 푨 ⋅ ퟐퟐ풏

ퟏ
푨

= ퟐ풏 ퟏ 
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176. If 풂,풃, 풄 > ퟎ,풂 + 풃 + 풄 = ퟏ then: 

풂ퟐ + 풃풄
풃 + 풄

+
ퟏ

풃 + ퟐ풂
≥ ퟒ+

(풂 − 풃)(풂 − 풄)
풃 + 풄

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Kevin Soto Palacios – Huarmey – Peru  

Siendo 풂,풃, 풄 > 0 de tal manera que 풂 + 풃 + 풄 = ퟏ. Probar que 

풂ퟐ + 풃풄
풃 + 풄 +

ퟏ
풃 + ퟐ풂 ≥ ퟒ+

(풂 − 풃)(풂 − 풄)
풃 + 풄  

⇔
풂ퟐ + 풃풄
풃+ 풄

+
ퟏ

풃 + ퟐ풂
≥ ퟒ +

풂ퟐ + 풃풄
풃 + 풄

− 풂 

⇔ 풂 +
ퟏ

풃 + ퟐ풂
≥ ퟒ ⇔

ퟏ
풃 + ퟐ풂

≥ ퟑ 

Por la desigualdad de Cauchy 
ퟏ

풃 + ퟐ풂 =
ퟏ

풃 + ퟐ풂 +
ퟏ

풄 + ퟐ풃 +
ퟏ

풂 + ퟐ풄 ≥
ퟗ

ퟑ(풂 + 풃 + 풄) =
ퟑ

풂 + 풃 + 풄 = ퟑ 

(LQQD) 

Solution 2 by Mohammed Jamal-Oujda-Morocco 

풂ퟐ + 풃풄
풃 + 풄 +

ퟏ
풃 + ퟐ풂 ≥ ퟒ+

(풂 − 풃)(풂 − 풄)
풃 + 풄  

ie ∑ 풂ퟐ 풃풄
풃 풄

+ ∑ ퟏ
풃 ퟐ풂

≥ ퟒ +∑ 풂ퟐ 풃풄
풃 풄

− (풂 + 풃 + 풄) 

ie ∑ ퟏ
풃 ퟐ풂

≥ ퟑ 

or ∑ ퟏ
풃 ퟐ풂

≥ ퟗ
ퟑ(풂 풃 풄) = ퟑ  done 

Solution 3 by Sanong Hauerai-Nakon Pathom-Thailand 

We have to prove that 
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풂ퟐ + 풃풄
풃 + 풄

+
ퟏ

풃 + ퟐ풂
+
풃ퟐ + 풄풂
풄 + 풂

+
ퟏ

풄 + 풂풃
+
풄ퟐ + 풂풃
풂 + 풃

+
ퟏ

풂 + ퟐ풄
≥ 

≥ ퟗ +
(풂 − 풃)(풃 − 풄)

(풃 + 풄) +
(풃 − 풂)(풃 − 풄)

(풂 + 풄) +
(풄 − 풂)(풄 − 풃)

(풂 + 풃)  

consider Right side 

ퟒ+
(풂 − 풃)(풂 − 풄)

(풃 + 풄) +
(풃 − 풂)(풃 + 풄)

(풂 + 풄) +
(풄 − 풂)(풄 − 풃)

(풂 + 풃) = 

= ퟒ
풂ퟐ + 풃풄
풃 + 풄

+
풃ퟐ + 풄풂
풄 + 풂

+
풄ퟐ + 풂풃
풂 + 풃

− (풂풃 + 풄) 

= ퟑ +
풂ퟐ + 풃풄
풃 + 풄 +

풃ퟐ + 풄풂
풄 + 풂 +

풄ퟐ + 풂풃
풂 + 풃  

Hence we have to show that 
ퟏ

풂 ퟐ풄
+ ퟏ

풄 풂풃
+ ퟏ

풃 풄풂
≥ ퟑ  only 

Because 풂 + 풃 + 풄 = ퟏ, we get 

(풂 + ퟐ풄)(풄 + ퟐ풃)(풃 + 풄풂) = ퟑ 
ퟏ

풂 + ퟐ풄
+

ퟏ
풄 + ퟐ풃

+
ퟏ

풃 + 풄풂
≥ ퟑ 

Therefore it is to be true. 

Solution 4 by Nguyen Ngoc Tu-Ha Giang-Vietnam 

풂ퟐ + 풃풄
풃+ 풄 +

ퟏ
풃 + ퟐ풂 ≥ ퟒ

(풂 − 풃)(풂 − 풄)
풃 + 풄 ⇔

ퟏ
풃 + ퟐ풂 ≥ ퟑ 

It’s true by  
ퟏ

풃 + ퟐ풂
≥

ퟗ
ퟑ(풂 + 풃 + 풄) = ퟑ 
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177. If 풂,풃, 풄 ∈ ℝ,풙,풚, 풛 ∈ (ퟎ,∞) then: 

(풙 + 풚 + 풛)풂ퟐ +
ퟏ
풙

+
ퟏ
풛
풃ퟐ +

ퟏ
풚

+
ퟏ
풛
풄ퟐ + ퟐ풂풃 + ퟐ풂풄 +

ퟐ풃풄
풛

≥ ퟎ 

Proposed by Daniel Sitaru – Romania  

Solution by Ravi Prakash-New Dehi-India 

(풙 + 풚 + 풛)풂ퟐ +
ퟏ
풙

+
ퟏ
풛

풃ퟐ +
ퟏ
풚

+
ퟏ
풛

풄ퟐ + ퟐ풂풃 + ퟐ풂풄 +
ퟐ풃풄
풛

= 

= 풙풂ퟐ +
ퟏ
풙
풃ퟐ + ퟐ풂풃 + 풛풂ퟐ + 풚풂ퟐ +

ퟏ
풚
풄ퟐ + ퟐ풂풄 +

ퟏ
풛
풃ퟐ +

ퟏ
풛
풄ퟐ +

ퟐ풃풄
풛

 

= √풙풂 +
ퟏ
√풙

풃
ퟐ

+ 풛풂ퟐ + 풚풂+
ퟏ
풚
풄

ퟐ

+
ퟏ
풛

(풃 + 풄)ퟐ ≥ ퟎ 

 

178. If 풂,풃, 풄,풙,풚, 풛 ∈ ℝ,풙풚풛 ≠ ퟎ then: 

(풂ퟐ + 풃ퟐ + 풄ퟐ)
ퟏ
풙ퟐ

+
ퟏ
풚ퟐ

+
ퟏ
풛ퟐ

+
ퟐ(풂풃 + 풃풄 + 풄풂)(풙 + 풚 + 풛)

풙풚풛
≥ ퟎ 

Proposed by Daniel Sitaru – Romania  

Solution by Ravi Prakash-New Delhi-India 

(풂ퟐ + 풃ퟐ + 풄ퟐ)
ퟏ
풙ퟐ +

ퟏ
풚ퟐ +

ퟏ
풛ퟐ +

ퟐ(풂풃 + 풃풄 + 풄풂)(풙 + 풚 + 풛)
풙풚풛 = 

=
풂ퟐ

풙ퟐ
+
풃ퟐ

풚ퟐ
+
풄ퟐ

풛ퟐ
+
ퟐ풂풃
풙풚

+
ퟐ풃풄
풚풛

+
ퟐ풄풂
풙풛

+ 

+
풂ퟐ

풚ퟐ
+
풃ퟐ

풛ퟐ
+
풄ퟐ

풙ퟐ
+
ퟐ풂풃
풚풛

+
ퟐ풃풄
풛풙

+
ퟐ풄풂
풙풚

+ 

+
풂ퟐ

풛ퟐ +
풃ퟐ

풙ퟐ +
풄ퟐ

풚ퟐ +
ퟐ풂풃
풛풙 +

ퟐ풃풄
풙풚 +

ퟐ풄풂
풚풛  
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=
풂
풙 +

풃
풚 +

풄
풛

ퟐ

+
풂
풚 +

풃
풛 +

풄
풙

ퟐ

+
풂
풛 +

풃
풙 +

풄
풚

ퟐ

≥ ퟎ 

 

179. If 풙,풚, 풛 > ퟎ then: 

ퟏ
풙 + 풚 + 풛

풙풚
풛

+
풚풛
풙

+
풛풙
풚

+
ퟖ풙풚풛

(풙 + 풚)(풚 + 풛)(풛 + 풙) ≥ ퟐ 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution by Kevin Soto Palacios – Huarmey – Peru  

Siendo 풙,풚, 풛 > ퟎ. Probar que 
ퟏ

풙 + 풚 + 풛
풙풚
풛

+
풚풛
풙

+
풛풙
풚

+
ퟖ풙풚풛

(풙 + 풚)(풚 + 풛)(풛 + 풙) ≥ ퟐ 

LEMMA 

Siendo 풂,풃, 풄 ≥ ퟎ se cumple la siguiente desigualdad 
풂ퟐ 풃ퟐ 풄ퟐ

풂풃 풃풄 풄풂
+ ퟖ풂풃풄

(풂 풃)(풃 풄)(풄 풂) ≥ ퟐ   (A) 

Sustituyendo 

→ 풂ퟐ =
풙풚
풛

,풃ퟐ =
풚풛
풙

, 풄ퟐ =
풛풙
풚
⇔ 풂풃 = 풚,풃풄 = 풛, 풄풂 = 풙 ⇔ 풙,풚, 풛 > ퟎ 

Por lo tanto tenemos en (A) 

⇒
ퟏ

풙 + 풚 + 풛
풙풚
풛

+
풚풛
풙

+
풛풙
풚

+
ퟖ풙풚풛

(풙 + 풚)(풚 + 풛)(풛 + 풙) ≥ ퟐ 

(LQQD) 

180. If 풂,풃, 풄 > ퟎ,풂풃풄 = ퟏ then: 

풂ퟒ

풃ퟒ√풂ퟒ + ퟒ
+

풃ퟒ

풄ퟒ√풃ퟒ + ퟒ
+

풄ퟒ

풂ퟒ√풄ퟒ + ퟒ
≥

ퟑ(풂 + 풃 + 풄)
ퟓ

 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam 
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Solution by Hoang Le Nhat Tung – Hanoi – Vietnam 

By Inequality Cauchy – Schwarz and AM-GM. We have: 

풂ퟒ

풃ퟒ ퟓ(풂ퟒ + ퟒ)
=

풂ퟐ
풃ퟐ

ퟐ

ퟓ(풂ퟐ − ퟐ풂 + ퟐ)(풂ퟐ + ퟐ풂 + ퟐ)
≥ 

≥

풂ퟐ
풃ퟐ

ퟐ

ퟓ(풂ퟐ − ퟐ풂 + ퟐ) + (풂ퟐ + ퟐ풂 + ퟐ)
ퟐ

 

⇒ ∑ 풂ퟒ

풃ퟒ ퟓ(풂ퟒ ퟒ)
≥ ∑

풂ퟐ

풃ퟐ

ퟐ

ퟑ풂ퟐ ퟒ풂 ퟔ
≥

∑풂
ퟐ

풃ퟐ

ퟐ

∑(ퟑ풂ퟐ ퟒ풂 ퟔ) =
∑풂

ퟐ

풃ퟐ

ퟐ

ퟑ∑풂ퟐ ퟒ∑풂 ퟏퟖ
   (1) 

Other, by AM-GM: ∑ 풂ퟐ

풃ퟐ
= ∑

풂ퟐ

풃ퟐ
풂ퟐ

풃ퟐ
풃ퟐ

풄ퟐ

ퟑ
≥ ∑

ퟑ⋅ 풂ퟐ

풃ퟐ
⋅풂
ퟐ

풃ퟐ
⋅풃
ퟐ

풄ퟐ
ퟑ

ퟑ
= ∑ 풂ퟒ

풃ퟐ풄ퟐ
ퟑ

= ∑풂ퟒ 

(because 풂풃풄 = ퟏ) 

Therefore (1): 

⇒
풂ퟒ

풃ퟒ ퟓ(풂ퟒ + ퟒ)
≥

(∑풂ퟐ)ퟐ

ퟑ∑풂ퟐ − ퟒ∑풂 + ퟏퟖ ≥
(∑풂ퟐ)ퟐ

ퟑ∑풂ퟐ − ퟒ ⋅ ퟑ√풂풃풄ퟑ + ퟏퟖ
≥ 

≥
∑풂ퟐ

ퟐ

ퟑ∑풂ퟐ ퟐ∑풂ퟐ
= ∑풂ퟐ

ퟓ
   (2) 

We have: ∑풂
ퟐ

ퟓ
≥ (∑풂)ퟐ

ퟑ⋅ퟓ
= (∑풂)ퟐ

ퟏퟓ
= ∑풂⋅ (∑풂)ퟑ

ퟏퟓ
≥ ∑풂⋅√ퟐퟕ풂풃풄

ퟏퟓ
= √ퟐퟕ풂풃풄

ퟏퟓ
= ퟑ∑풂

ퟓ
        (3) 

Then (2), (3): ⇒ 풂ퟒ

풃ퟒ 풂ퟒ ퟒ
+ 풃ퟒ

풄ퟒ 풃ퟒ ퟒ
+ 풄ퟒ

풂ퟒ 풄ퟒ ퟒ
≥ ퟑ(풂 풃 풄)

ퟓ
⇒  QED. 

181. Let 풂,풃, 풄 be positive real numbers such that 풂풃풄 ≤ ퟏ. Prove that 

ퟑ
풂 + 풃 + 풄 +

ퟏ
ퟑ

풂
풃 +

풃
풄 +

풄
풂 ≥ ퟐ 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  
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Solution by Kevin Soto Palacios – Hurmey – Peru  

Siendo 풂,풃, 풄 números 푹 de tal manera que 풂풃풄 ≤ ퟏ. Probar que 
ퟑ

풂 + 풃 + 풄 +
ퟏ
ퟑ

풂
풃 +

풃
풄 +

풄
풂 ≥ ퟐ 

Como 풂,풃, 풄 > 0 

Aplicando MA ≥ MG 

풂
풃

+ 풂
풃

+ 풃
풄
≥ ퟑ 풂ퟐ

풃풄

ퟑ
= ퟑ 풂ퟑ

풂풃풄

ퟑ
= ퟑ풂

√풂풃풄ퟑ ≥ ퟑ풂    (A) 

De forma análoga 
풃
풄

+ 풃
풄

+ 풄
풂
≥ ퟑ풃    (B) 

풄
풂

+ 풄
풂

+ 풂
풃
≥ ퟑ풄    (C) 

Sumando (A) + (B) + (C) 

ퟑ
풂
풃

+
풃
풄

+
풄
풂

≥ ퟑ(풂 + 풃 + 풄) ⇔
풂
풃

+
풃
풄

+
풄
풂
≥ 풂 + 풃 + 풄 

Por último, nuevamente por MA ≥ MG 

ퟑ
풂 풃 풄

+ ퟏ
ퟑ

풂
풃

+ 풃
풄

+ 풄
풂
≥ ퟑ

풂 풃 풄
+ ퟏ

ퟑ
(풂 + 풃 + 풄) ≥ ퟐ ퟑ

풂 풃 풄
⋅ 풂 풃 풄

ퟑ
= ퟐ 

(LQQD) 

 

182. If 풂,풃, 풄 > ퟎ then: 

ퟏ
(ퟐ풂ퟐ + 풃풄)ퟐ +

ퟏ
(ퟐ풃ퟐ + 풄풂)ퟐ +

ퟏ
(ퟐ풄ퟐ + 풂풃)ퟐ ≥

(풂 + 풃 + 풄)ퟐ

ퟗ(풂ퟔ + 풃ퟔ + 풄ퟔ) 

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam 

Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietnam 

We have:  
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ퟑ(풂ퟔ + 풃ퟔ + 풄ퟔ) ≥ (풂ퟒ + 풃ퟒ + 풄ퟒ)(풂ퟐ + 풃ퟐ + 풄ퟐ) ≥ (풂ퟒ + 풃ퟒ + 풄ퟒ) ⋅
(풂 + 풃 + 풄)ퟐ

ퟑ  

⇒ (풂 풃 풄)ퟐ

ퟗ 풂ퟔ 풃ퟔ 풄ퟔ
≤ ퟏ

풂ퟒ 풃ퟒ 풄ퟒ
    (1) 

By Cauchy – Scwarz: 

ퟏ
(ퟐ풂ퟐ + 풃풄)ퟐ ≥

∑ ퟏ
ퟐ풂ퟐ + 풃풄

ퟐ

ퟑ ≥

ퟗ
∑(ퟐ풂ퟐ + 풃풄)

ퟐ

ퟑ  

⇒
ퟏ

(ퟐ풂ퟐ + 풃풄)ퟐ ≥
ퟐퟕ

(ퟐ∑풂ퟐ + ∑풃풄)ퟐ ≥
ퟐퟕ

(ퟐ∑풂ퟐ + ∑풂ퟐ)ퟐ =
ퟐퟕ

ퟗ(∑풂ퟐ)ퟐ 

⇒ ∑ ퟏ

ퟐ풂ퟐ 풃풄
ퟐ ≥

ퟑ

∑ 풂ퟐ
ퟐ ≥

ퟑ
ퟑ∑ 풂ퟒ

= ퟏ
∑풂ퟒ

    (2) 

Then (1), (2) ⇒ ∑ ퟏ

ퟐ풂ퟐ 풃풄 ퟐ ≥
(∑풂)ퟐ

ퟗ⋅∑풂ퟔ
 

⇒ 푸.푬.푫 

Solution 2 by Sanong Hauerai-Nakon Pathom-Thailand 

Because (풂ퟑ + 풃ퟑ + 풄ퟑ)(풂+ 풃 + 풄) ≥ ퟐ(풂ퟐ풃ퟐ + 풃ퟐ풄ퟐ + 풄ퟐ풂ퟐ) + 풂ퟑ풃 + 풃ퟑ풄+ 풄ퟐ풂 is 

to be true 

Imply  
(풂ퟑ + 풃ퟑ + 풄ퟑ)ퟐ(풂+ 풃 + 풄)ퟐ ≥ (ퟐ(풂ퟐ풃ퟐ) + (풃ퟐ풄ퟐ) + (풄ퟐ풂ퟐ) + 풂ퟑ풃 + 풃ퟑ풄+ 풄ퟑ풂)ퟐ  

Imply  

ퟗ(풂ퟑ + 풃ퟑ + 풄ퟑ)ퟐ(풂+ 풃+ 풄)ퟐ ≥ ퟗ(ퟐ(풂ퟐ풃ퟐ + 풃ퟐ풄ퟐ + 풄ퟐ풂ퟐ) + 풂ퟑ풃 + 풃ퟑ풄 + 풄ퟑ풂)ퟐ 

Imply 
ퟗ(풂ퟔ + 풃ퟔ + 풄ퟔ)(풂+ 풃 + 풄)ퟐ ≥ ퟑ(ퟐ(풂ퟐ풃ퟐ + 풃ퟐ풄ퟐ + 풄ퟐ풂ퟐ) + 풂ퟑ풃+ 풃ퟑ풄 + 풄ퟑ풂)ퟐ 

Imply 

(풂 풃 풄)ퟐ

ퟐ 풂ퟐ풃ퟐ 풃ퟐ풄ퟐ 풄ퟐ풂ퟐ 풂ퟑ풃 풃ퟑ풄 풄ퟑ풂
ퟐ

ퟑ
≥ ퟏ

ퟗ(풂ퟔ 풃ퟔ 풄ퟔ) 

Imply 
(풂 풃 풄)ퟐ

ퟐ 풂ퟐ풃ퟐ 풃ퟐ풄ퟐ 풄ퟐ풂ퟐ 풂ퟑ풃 풃ퟑ풄 풄ퟑ풂

ퟐ

ퟑ
≥ (풂 풃 풄)ퟐ

ퟗ(풂ퟔ 풃ퟔ 풄ퟔ) 
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Imply 
ퟏ

ퟐ풂ퟐ 풃풄
ퟏ

ퟐ풃ퟐ 풄풂
ퟏ

ퟐ풄ퟐ 풂풃

ퟐ

ퟑ
≥ (풂 풃 풄)ퟐ

ퟗ(풂ퟔ 풃ퟔ 풄ퟔ) 

Imply ퟏ
(ퟐ풂ퟐ 풃풄)ퟐ + ퟏ

(ퟐ풃ퟐ 풄풂)ퟐ + ퟏ
(ퟐ풄ퟐ 풂풃)ퟐ ≥

(풂 풃 풄)ퟐ

ퟗ(풂ퟔ 풃ퟔ 풄ퟔ) 

There for it is to be true 

Solution 3 by Nguyen Thanh Nho-Tra Vinh-Vietnam 

푳푯푺 = ퟏ
(ퟐ풂ퟐ 풃풄)ퟐ + ퟏ

(ퟐ풃ퟐ 풄풂)ퟐ + ퟏ
(ퟐ풄ퟐ 풂풃)ퟐ ≥

ퟏ
ퟑ

ퟏ
ퟐ풂ퟐ 풃풄

+ ퟏ
ퟐ풃ퟐ 풄풂

+ ퟏ
ퟐ풄ퟐ 풂풃

ퟐ
  

≥ ퟏ
ퟑ

ퟗ
ퟐ(풂ퟐ 풃ퟐ 풄ퟐ) 풂풃 풃풄 풄풂

ퟐ
≥ ퟏ

ퟑ
ퟗ

ퟑ(풂ퟐ 풃ퟐ 풄ퟐ)

ퟐ
= ퟑ

(풂ퟐ 풃ퟐ 풄ퟐ)ퟐ    (*) 

풂ퟔ + 풃ퟔ + 풄ퟔ ≥ ퟑ
풂ퟐ + 풃ퟐ + 풄ퟐ

ퟑ

ퟑ

=
(풂ퟐ + 풃ퟐ + 풄ퟐ)ퟐ

ퟗ ⋅ (풂ퟐ + 풃ퟐ + 풄ퟐ) 

≥
(풂ퟐ + 풃ퟐ + 풄ퟐ)

ퟗ
⋅
ퟏ
ퟑ

(풂 + 풃 + 풄)ퟐ 

⇒ ퟑ
(풂ퟐ 풃ퟐ 풄ퟐ)ퟐ ≥

(풂 풃 풄)ퟐ

ퟗ(풂ퟔ 풃ퟔ 풄ퟔ) = 푹푯푺   (**) 

(*) & (**) ⇒ 푳푯푺 = ퟑ
(풂ퟐ 풃ퟐ 풄ퟐ) ≥ 푹푯푺 ⇒ 푳푯푺 ≥ 푹푯푺 

“ = “ ⇔ 풂 = 풃 = 풄 

Solution 4 by SK Rejuan-West Bengal-India 

풂,풃,풄 > ퟎ 

by AM ≥ GM we get, ퟐ풂ퟐ + 풃ퟐ 풄ퟐ

ퟐ
≥ ퟐ풂ퟐ + 풃풄 

⇒
ퟒ풂ퟐ + 풃ퟐ + 풄ퟐ

ퟐ
≥ ퟐ풂ퟐ + 풃풄	 ⇒

ퟒ풂ퟐ + 풃ퟐ + 풄ퟐ

ퟐ
≥ (ퟐ풂ퟐ + 풃풄) 

⇒ ퟑ∑풂ퟐ ≥ ∑(ퟐ풂ퟐ + 풃풄) ⇒ ퟏ
∑(ퟐ풂ퟐ 풃풄) ≥

ퟏ
ퟑ∑풂ퟐ

   (1) 

푳푯푺 = ∑ ퟏ
ퟐ풂ퟐ 풃풄

ퟐ
= 푷  (say) 
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⇒ 푷 ≥ ퟑ
ퟗ
∑ ퟏ
ퟐ풂ퟐ 풃풄

ퟐ
  [by mth power theorem] 

≥ ퟏ
ퟑ

ퟗ
∑(ퟐ풂ퟐ 풃풄)

ퟐ
   [by AM ≥ HM]≥ ퟏ

ퟑ
ퟗ

ퟑ∑풂ퟐ
ퟐ

 [from (1)] 

⇒ 푷 ≥ ퟑ
(∑풂ퟐ)ퟐ ≥

ퟏ
∑풂ퟒ

  [by Cauchy inequality]⇒ 푷 ≥ ퟏ
∑풂ퟒ

   (2) 

푹푯푺 = ퟏ
ퟗ
	(∑풂)ퟐ

∑풂ퟔ
= ퟗ   (say) 

⇒ ퟗ = ퟏ
ퟗ

(∑풂)ퟐ

∑풂ퟔ
≤ ퟏ

ퟗ
⋅ ퟑ∑풂

ퟐ

∑풂ퟔ
   [by Cauchy inequality]⇒ ퟗ ≤ ퟏ

ퟑ
⋅ ∑풂

ퟐ

∑풂ퟔ
   (3) 

We now have to prove that, 

ퟏ
ퟑ
⋅
∑풂ퟐ

∑풂ퟔ
≤

ퟏ
∑풂ퟒ

⇔
∑풂ퟐ

ퟑ
⋅
∑풂ퟒ

ퟑ
≤
∑풂ퟔ

ퟑ
=
∑풂ퟐ ퟗ

ퟑ
 

⇔ ∑풂ퟐ

ퟑ
⋅ ∑풂

ퟒ

ퟑ
≤ ∑풂ퟔ

ퟑ
= ∑풂ퟐ ퟒ

ퟑ
 which is true i.e., ퟏ

ퟑ
⋅ ∑풂

ퟐ

∑풂ퟔ
≤ ퟏ

∑풂ퟒ
    (4) 

Combining (2), (3) & (4) we get ퟗ ≤ ퟏ
ퟑ
⋅ ∑풂

ퟐ

∑풂ퟔ
≤ ퟏ

∑풂ퟒ
≤ 푷 ⇒ 푷 ≥ ퟗ 

⇒
ퟏ

ퟐ풂ퟐ + 풃풄

ퟐ

≥
ퟏ
ퟗ
⋅

(∑풂)ퟐ

∑풂ퟔ
 

 

183. If 풙,풚, 풛 > ퟎ then: 

풙

풙 풚 풙 √풛ퟑ + 풚

풚 √풛ퟑ 풚 풙
+ √풛ퟑ

√풛ퟑ 풙 √풛ퟑ 풚
≤ ퟑ

ퟒ 풙ퟔ풚ퟑ풛ퟐퟏퟖ   

Proposed by Daniel Sitaru – Romania  

Solution by Nguyen Minh Tri-Ho Chi Minh-Vietnam 

Suppose 풙 = 풂, 풚 = 풃, √ퟐퟑ = 풄. So we need to prove that 

풂
(풂 + 풃)(풂 + 풄) +

풃
(풃 + 풂)(풃 + 풄) +

풄
(풄 + 풂)(풄 + 풃) ≤

ퟑ
ퟒ √풂ퟔ풃ퟔ풄ퟔퟏퟖ  
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⇔
풂(풃 + 풄) + 풃(풂 + 풄) + 풄(풂+ 풃)

(풂 + 풃)(풃 + 풄)(풂 + 풄) ≤
ퟑ

ퟒ√풂풃풄ퟑ  

⇔ ퟐ(풂풃 풃풄 풂풄)
(풂 풃)(풃 풄)(풂 풄) ≤

ퟒ

ퟒ √풂풃풄ퟑ     (*) 

We use this inequality: 

ퟖ(풂풃 + 풃풄 + 풂풄)(풂 + 풃 + 풄) ≤ ퟗ(풂 + 풃)(풃 + 풄)(풂 + 풄) 

⇔ ퟐ(풂풃 풃풄 풂풄)
(풂 풃)(풃 풄)(풂 풄) ≤

ퟗ
ퟒ(풂 풃 풄)  (1) 

Use Cauchy for 3 numbers: 풂 + 풃 + 풄 ≥ ퟑ√풂풃풄ퟑ  

⇔ ퟗ
ퟒ(풂 풃 풄) ≤

ퟑ

ퟒ √풂풃풄ퟑ    (2) 

From (1), (2) ⇒ ퟐ(풂풃 풃풄 풂풄)
(풂 풃)(풃 풄)(풂 풄) ≤

ퟑ

ퟒ √풂풃풄ퟑ  ⇒ (*) true ⇒ Q.E.D. 

 

184. For 풂,풃, 풄 > ퟎ. Prove: 

(풂 + 풃)풂ퟑ

풂ퟐ + 풂풃 + 풃ퟐ
+

(풃 + 풄)풃ퟑ

풃ퟐ + 풃풄 + 풄ퟐ
+

(풄 + 풂)풄ퟑ

풄ퟐ + 풄풂 + 풂ퟐ
≥
ퟐ(풂 + 풃 + 풄)ퟐ

ퟗ
 

Proposed by Nho Nguyen Van-Nghe An-Vietnam 

Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietnam 

We have: ∑ (풂 풃)풂ퟑ

풂ퟐ 풂풃 풃ퟐ
− ∑ 풃ퟑ(풂 풃)

풂ퟐ 풂풃 풃ퟐ
= ∑ 풂ퟑ(풂 풃) 풃ퟑ(풂 풃)

풂ퟐ 풂풃 풃ퟐ
= ∑ 풂ퟒ 풃ퟒ 풂풃 풂ퟐ 풃ퟐ

풂ퟐ 풂풃 풃ퟐ
 

=
(풂ퟐ − 풃ퟐ)(풂ퟐ + 풂풃 + 풃ퟐ)

풂ퟐ + 풃ퟐ + 풂풃 = (풂ퟐ − 풃ퟐ) = ퟎ ⇒ 

⇒
(풂 + 풃)풂ퟑ

풂ퟐ + 풂풃 + 풃ퟐ =
풃ퟑ(풂 + 풃)

풂ퟐ + 풂풃 + 풃ퟐ ⇒
(풂+ 풃)풂ퟑ

풂ퟐ + 풂풃 + 풃ퟐ = 

=
ퟏ
ퟐ

풂ퟑ(풂 + 풃) + 풃ퟑ(풂+ 풃)
풂ퟐ + 풂풃+ 풃ퟐ =

ퟏ
ퟐ

(풂ퟑ + 풃ퟑ)(풂+ 풃)
풂ퟐ + 풂풃 + 풃ퟐ ⇒ 

⇒
(풂 + 풃)풂ퟑ

풂ퟐ + 풂풃 + 풃ퟐ ≥
ퟏ
ퟐ

(풂ퟐ + 풃ퟐ)ퟐ

풂ퟐ + 풂풃 + 풃ퟐ ≥
ퟏ
ퟐ

(풂ퟐ + 풃ퟐ)ퟐ

풂ퟐ + 풂ퟐ + 풃ퟐ
ퟐ + 풃ퟐ

=
풂ퟐ + 풃ퟐ

ퟑ  
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⇒
(풂+ 풃)풂ퟑ

풂ퟐ + 풂풃 + 풃ퟐ ≥
ퟐ
ퟑ 풂ퟐ ≥

ퟐ
ퟑ ⋅

(∑풂)ퟐ

ퟑ =
ퟐ(∑풂)ퟐ

ퟗ ⇒ 

⇒ (풂 풃)풂ퟑ

풂ퟐ 풂풃 풃ퟐ
+ (풃 풄)풃ퟑ

풃ퟐ 풃풄 풄ퟐ
+ (풄 풂)풄ퟑ

풄ퟐ 풄풂 풂ퟐ
≥ ퟐ(풂 풃 풄)ퟐ

ퟗ
⇒  Q.E.D. 

Solution 2 by Do Quoc Chinh-Ho Chi Minh-Vietnam 

By the Cauchy-Schwarz inequality, we have 

풂ퟑ(풂+ 풃)
풂ퟐ + 풂풃+ 풃ퟐ

풂(풂ퟐ + 풂풃 + 풃ퟐ)
풂 + 풃 ≥ (풂ퟐ + 풃ퟐ + 풄ퟐ)ퟐ 

We have: ∑ 풂 풂ퟐ 풂풃 풃ퟐ

풂 풃
= ∑ 풂 (풂 풃)ퟐ 풂풃

풂 풃
= ∑풂 (풂+ 풃)− ∑ 풂ퟐ풃

풂 풃
 

By the Cauchy – Schwarz inequality, we have: 

풂ퟐ풃
풂 + 풃 =

풂ퟐ풃ퟐ

풂풃 + 풃ퟐ ≥
(∑풂풃)ퟐ

∑풂ퟐ + ∑풂풃 ⇒
풂(풂ퟐ + 풂풃 + 풃ퟐ)

풂 + 풃 ≤ 

≤ 풂(풂 + 풃)−
(∑풂풃)ퟐ

∑풂ퟐ + ∑풂풃 = 풂ퟐ + 풂풃−
(∑풂풃)ퟐ

∑풂ퟐ + ∑풂풃 = 

=
(∑풂ퟐ + ∑풂풃)ퟐ − (∑풂풃)ퟐ

∑풂ퟐ + ∑풂풃 =
(∑풂ퟐ)ퟐ + ퟐ(∑풂ퟐ)(∑풂풃)

∑풂ퟐ + ∑풂풃 =
(∑풂ퟐ)(∑풂)ퟐ

∑풂ퟐ + ∑풂풃  

⇒ 푳푯푺 ≥
(풂ퟐ + 풃ퟐ + 풄ퟐ)ퟐ

∑풂(풂ퟐ + 풂풃+ 풃ퟐ)
풂+ 풃

≥
(∑풂ퟐ + ∑풂풃)(∑풂ퟐ)

(∑풂)ퟐ ≥
(∑풂ퟐ + ∑풂풃)(∑풂)ퟐ

ퟑ(∑풂)ퟐ = 

= ∑(풂 풃)ퟐ

ퟔ
≥ ퟒ(∑ 풂)ퟐ

ퟏퟖ
= ퟐ(∑풂)ퟐ

ퟗ
. The equality holds for 풂 = 풃 = 풄. 

Solution 3 by Le Khanh Sy-Long An-Vietnam 

풂ퟑ

풂ퟐ + 풂풃 + 풃ퟐ −
ퟐ풂 − 풃
ퟑ =

(풂 − 풃)ퟐ(풂+ 풃)
ퟑ(풂ퟐ + 풂풃+ 풃ퟐ) 

⇒ (풂+ 풃)
풄풚풄

풇(풂,풃) ≥
(풂 + 풃)(ퟐ풂풃− 풃)

ퟑ
풄풚풄

=
풂ퟐ + 풂풃

ퟑ
풄풚풄

≥
ퟐ
ퟗ 풂

ퟐ
 

Solution 4 by Soumava Chakraborty-Kolkata-India 

LHS = ∑ 풂ퟐ 풂ퟐ 풂풃 풃ퟐ 풃ퟐ

풂ퟐ 풂풃 풃ퟐ
= ∑풂ퟐ −∑ 풂ퟐ풃ퟐ

풂ퟐ 풂풃 풃ퟐ
≥

푪풉풆풃풚풔풉풆풗 (∑풂)ퟐ

ퟑ
− ∑ 풂ퟐ풃ퟐ

풂ퟐ 풂풃 풃ퟐ
≥
? ퟐ(∑풂)ퟐ

ퟗ
⇔ 

⇔ ∑ 풂ퟐ풃ퟐ

풂ퟐ 풂풃 풃ퟐ
≤ ퟏ

ퟗ
(∑풂)ퟐ →  (1) 
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∵ 풂ퟐ + 풂풃 + 풃ퟐ ≥
푨 푮

ퟑ풂풃 ∴
풂ퟐ풃ퟐ

풂ퟐ + 풂풃 + 풃ퟐ ≤
ퟏ
ퟑ 풂풃 ≤

ퟏ
ퟗ 풂

ퟐ
 

	(∵ (∑풂)ퟐ ≥ ퟑ∑풂풃) ⇒ (1) is true (proved) 

Solution 5 by Nguyen Thanh Nho-Tra Vinh-Vietnam 

푳푯푺 =
(풂 + 풃)풂ퟑ

풂ퟐ + 풂풃 + 풃ퟐ − 풂ퟐ + 풂ퟐ = 

= −
풂ퟐ풃ퟐ

풂ퟐ + 풂풃+ 풃ퟐ + 풂ퟐ ≥ −
풂풃
ퟑ + 풂ퟐ ≥ 

≥ −
(풂 + 풃 + 풄)ퟐ

ퟗ +
(풂+ 풃 + 풄)ퟐ

ퟑ =
ퟐ(풂+ 풃 + 풄)ퟐ

ퟗ = 푹푯푺 

 

185. For 풂,풃, 풄 > ퟎ. Prove: 

풂ퟐ

풂 + 풃
+

풃ퟐ

풃 + 풄
+

풄ퟐ

풄 + 풂
≥
풂√풂풃ퟐퟑ

풂 + 풃
+
풃√풃풄ퟐퟑ

풃 + 풄
+
풄√풄풂ퟐퟑ

풄 + 풂
 

Proposed by Nho Nguyen Van-Nghe An-Vietnam 

Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietnam 

풂ퟐ

풂+ 풃 ≥
풂√풂풃ퟐퟑ

풂 + 풃  

We have: ∑ 풂ퟐ

풂 풃
− ∑ 풂⋅ 풂풃ퟐ

ퟑ

풂 풃
= ∑

풂 풂 풂풃ퟐ
ퟑ

풂 풃
≥ ∑

풂 풂 풂 풃 풃
ퟑ

풂 풃
⇒ 

⇒ ∑ 풂ퟐ

풂 풃
− ∑ 풂⋅ 풂풃ퟐퟑ

풂 풃
≥ ퟏ

ퟑ
∑ ퟐ풂(풂 풃)

풂 풃
   (1) 

We prove: ∑ 풂(풂 풃)
풂 풃

≥ ퟎ ↔ ∑ 풂(풂 풃 ퟐ풃)
풂 풃

≥ ퟎ ↔ ∑풂 ≥ ퟐ∑ 풂풃
풂 풃

   (2) 

Other: ∑ 풂풃
풂 풃

≤ ∑ (풂 풃)ퟐ

ퟒ(풂 풃)
= ∑ 풂 풃

ퟒ
= ∑풂

ퟐ
→ ∑풂 ≥ ퟐ∑ 풂풃

풂 풃
 

→ (2) true → (1) ⇒ ∑ 풂ퟐ

풂 풃
−∑

풂 풂풃ퟐퟑ

풂 풃
≥ ퟎ ⇒ ∑ 풂ퟐ

풂 풃
≥ ∑ 풂⋅ 풂풃ퟐ

ퟑ

풂 풃
 

Solution 2 by Soumava Chakraborty-Kolkata-India 

풂풃ퟐퟑ ≤
푮푴 푨푴 풂 + ퟐ풃

ퟑ ∴
풂√풂풃ퟐퟑ

풂 + 풃 ≤
풂(풂 + ퟐ풃)
ퟑ(풂 + 풃) =

풂(풂+ 풃 + 풃)
ퟑ(풂+ 풃)  
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= 풂
ퟑ

+ 풂풃
ퟑ(풂 풃)

≤
(ퟏ) 풂

ퟑ
+ √풂풃

ퟔ
			 ∵ 풂+ 풃 ≥

푨 푮
ퟐ√풂풃 . Similarly, 풃 풃풄ퟐ

ퟑ

풃 풄
≤
(ퟐ) 풃

ퟑ
+ √풃풄

ퟔ
 and, 

풄√풄풂ퟐퟑ

풄 + 풂 ≤
(ퟑ) 풄

ퟑ +
√풄풂
ퟔ  

(1)+(2)+(3)⇒ 푹푯푺 ≤ ∑풂
ퟑ

+ ∑ √풂풃
ퟔ

≤
푪 푩 푺 ∑풂

ퟑ
+ ∑풂

ퟔ
= ∑풂

ퟐ
→  (a) 

Again, 푳푯푺 ≥
푩풆풓품풔풕풓풐풎 (∑풂)ퟐ

ퟐ∑풂
= ∑ 풂

ퟐ
→  (b) 

(a), (b) ⇒ 푳푯푺 ≥ 푹푯푺  (Proved) 

Solution 3 by Soumitra Mandal-Chandar Nagore-India 

풂ퟐ

풂 + 풃
풄풚풄

= 풂
풄풚풄

−
풂풃
풂 + 풃

풄풚풄

≥
푨푴 푮푴

풂
풄풚풄

−
ퟏ
ퟐ √풂풃
풄풚풄

≥ 풂
풄풚풄

−
ퟏ
ퟐ 풂

풄풚풄

 

=
풂+ 풃 + 풄

ퟐ . 

풂√풂풃ퟐퟑ

풂+ 풃
풄풚풄

≤
푨푴 푮푴 ퟏ

ퟑ
풂(ퟐ풃 + 풂)
풂 + 풃

풄풚풄

=
ퟏ
ퟑ

풂풃
풂 + 풃

풄풚풄

+
풂 + 풃+ 풄

ퟑ ≤
√풂풃
ퟔ

풄풚풄

+
풂 + 풃 + 풄

ퟑ  

We need to show that, 풂 풃 풄
ퟐ

≥ 풂 풃 풄
ퟑ

+ ퟏ
ퟔ
∑ √풂풃풄풚풄 ⇔ 풂 + 풃 + 풄 ≥ √풂풃 + √풃풄+ √풄풂, 

which is true. ∴ ∑ 풂ퟐ

풂 풃풄풚풄 ≥ ∑ 풂 풂풃ퟐퟑ

풂 풃풄풚풄   (proved) 

 

186. If 풂,풃, 풄 are positive real number such that 풂풃 + 풃풄 + 풄풂 = ퟑ then 

ퟏ
풂ퟑ + 풃ퟐ + 풄

+
ퟏ

풃ퟑ + 풄ퟐ + 풂
+

ퟏ
풄ퟑ + 풂ퟐ + 풃

≤ ퟏ 

Proposed by Pham Quoc Sang-Ho Chi Minh-Vietnam 

Solution by Soumitra Mandal-Chandar Nagore-India 

ퟏ
풂ퟑ + 풃ퟐ + 풄

풄풚풄

≤
푯풐풍풅풆풓 풔	푰풏풆풒풖풂풍풊풕풚 ퟑ(ퟏ + 풃+ 풄ퟐ)

(풂 + 풃 + 풄)ퟑ
풄풚풄

 

we need to prove, (풂 + 풃 + 풄)ퟑ ≥ ퟑ ퟑ∑ 풂ퟐ풄풚풄 + ∑ 풂풄풚풄 = ퟑ(풑ퟐ + 풑 − ퟑ) 
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풘풉풆풓풆	풑 = 풂 + 풃 + 풄	풂풏풅	 풂ퟐ = 풑ퟐ − ퟔ
풄풚풄

 

풑ퟑ ≥ ퟑ(풑ퟐ + 풑 − ퟑ) ⇔ (풑 − ퟑ)(풑ퟐ − ퟑ) ≥ ퟎ, which is true ∵ 풑 ≥ ퟑ 

∴ ∑ ퟏ
풂ퟑ 풃ퟐ 풄풄풚풄 ≤ (proved) 

 

187. If 풂,풃, 풄 be positive real number such that 풂 + 풃 + 풄 = ퟑ then 

풂풃
(ퟐ풂 + 풃풄)(ퟐ풃 + 풄풂) +

풃풄
(ퟐ풃 + 풄풂)(ퟐ풄 + 풂풃) +

풄풂
(ퟐ풄 + 풂풃)(ퟐ풂 + 풃풄) ≤

ퟏ
ퟑ

 

Proposed by Pham Quoc Sang-Ho Chi Minh-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

LHS = 풂풃(ퟐ풄 풂풃) 풃풄(ퟐ풂 풃풄) 풄풂(ퟐ풃 풄풂)
(ퟐ풂 풃풄)(ퟐ풃 풄풂)(ퟐ풄 풂풃)

≤ ퟏ
ퟑ
⇔ ퟑ(ퟔ풂풃풄 + ∑풂ퟐ풃ퟐ) ≤ 

≤ ퟒ 풂ퟐ풃ퟐ + ퟖ풂풃풄+ ퟐ풂풃풄 풂ퟐ + 풂ퟐ풃ퟐ풄ퟐ ⇔ 풂ퟐ풃ퟐ + ퟐ풂풃풄 풂ퟐ + 풂ퟐ풃ퟐ풄ퟐ ≥ 

≥ ퟏퟎ풂풃풄 ⇔ ퟑ∑풂ퟐ풃ퟐ + ퟔ풂풃풄 ∑풂ퟐ + ퟑ풂ퟐ풃ퟐ풄ퟐ ≥ ퟑퟎ풂풃풄   (1). Now,  

풂ퟐ풃ퟐ + 풂ퟐ풃ퟐ풄ퟐ = 풂ퟐ풃ퟐ(ퟏ + 풄ퟐ) ≥
푨 푮

ퟐ풄풂ퟐ풃ퟐ. Similarly, 풃ퟐ풄ퟐ + 풂ퟐ풃ퟐ풄ퟐ ≥ ퟐ풂풃ퟐ풄ퟐ and 

풄ퟐ풂ퟐ + 풂ퟐ풃ퟐ풄ퟐ ≥ ퟐ풃풄ퟐ풂ퟐ. Adding the last 3 inequalities, we get 

∑풂ퟐ풃ퟐ + ퟑ풂ퟐ풃ퟐ풄ퟐ ≥ ퟐ풂풃풄(∑풂풃)   (2) 

(2) ⇒ in order to prove (1), it suffices to prove: 

ퟐ∑풂ퟐ풃ퟐ + ퟔ풂풃풄(∑풂ퟐ) + ퟐ풂풃풄(∑풂풃) ≥ 

≥ ퟑퟎ풂풃풄 ⇔ ∑풂ퟐ풃ퟐ + ퟑ풂풃풄(∑풂ퟐ) + 풂풃풄(∑풂풃) ≥ ퟏퟓ풂풃풄   (3). Now, LHS of (3) ≥ 

≥ 풂풃풄 풂 + ퟑ풂풃풄 풂ퟐ + 풂풃풄 풂풃 ≥
?
ퟏퟓ풂풃풄

⇔ 풂+ ퟑ 풂ퟐ + 풂풃 ≥
?
ퟏퟓ 

⇔
ퟏ
ퟑ 풂

ퟐ
+ ퟑ 풂ퟐ + 풂풃 ≥

? ퟏퟓ
ퟗ 풂

ퟐ
	 ∵ 풂 = ퟑ ⇔ ퟗ 풂ퟐ + ퟑ 풂풃 ≥

?
 

≥ ퟒ(∑풂)ퟐ = ퟒ∑풂ퟐ + ퟖ∑풂풃 ⇔ ퟓ∑풂ퟐ ≥
?
ퟓ∑풂풃 → true ⇒ (3) is true (proved) 
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188. Let 풂,풃, 풄 ≥ −ퟏ be real numbers with 풂ퟑ + 풃ퟑ + 풄ퟑ = ퟏ. Prove that: 

풂 + 풃 + 풄 + 풂ퟐ + 풃ퟐ + 풄ퟐ ≤ ퟒ. 

When does equality holds? 

Sweden NMO 

Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietnam 

풂,풃, 풄 ≥ −ퟏ ⇒ (풂+ ퟏ)(풂 − ퟏ)ퟐ + (풃 + ퟏ)(풃 − ퟏ)ퟐ + (풄 + ퟏ)(풄 − ퟏ)ퟐ ≥ ퟎ 

⇔ (풂 + ퟏ)(풂ퟐ − ퟐ풂 + ퟏ) + (풃+ ퟏ)(풃ퟐ − ퟐ풃 + ퟏ) + (풄 + ퟏ)(풄ퟐ − ퟐ풄 + ퟏ) ≥ ퟎ 

⇔ 풂ퟑ + 풃ퟑ + 풄ퟑ + ퟑ ≥ 풂ퟐ + 풃ퟐ + 풄ퟐ + 풂 + 풃+ 풄 ⇒ 풂ퟐ + 풃ퟐ + 풄ퟐ + 풂 + 풃+ 풄 ≤ ퟒ 

(because 풂ퟑ + 풃ퟑ + 풄ퟑ = ퟏ) ⇔ 풂 = ퟏ;풃 = ퟏ; 풄 = −ퟏ. 

Solution 2 by Sarah El-Kenitra-Morocco 

We have 풂ퟑ + ퟏ − 풂ퟐ − 풂 = (풂 + ퟏ)(풂 − ퟏ)ퟐ ≥ ퟎ. Then 풂ퟐ + 풂 ≤ 풂ퟑ + ퟏ 

Using the same think we get 풃ퟐ + 풃 ≤ 풃ퟑ + ퟏ and 풄ퟐ + 풄 ≤ 풄ퟑ + ퟏ. Therefore 

풂+ 풃 + 풄 + 풂ퟐ + 풃ퟐ + 풄ퟐ ≤ 풂ퟑ + 풃ퟑ + 풄ퟑ + ퟑ = ퟒ. Equality holds when 

풂 = 풃 = ퟏ, 풄 = −ퟏ or 풂 = 풄 = ퟏ,풃 = −ퟏ or 풃 = 풄 = ퟏ,풂 = −ퟏ 

Solution 3 by Soumava Chakraborty-Kolkata-India 

∀풂,풃, 풄 ≥ −ퟏ|∑풂ퟑ = ퟏ, we have: ∑풂+ ∑풂ퟐ ≤ ퟒ 

Let 풂+ ퟏ = 풙,풃+ ퟏ = 풚, 풄 + ퟏ = 풛. Now, ∑풂ퟑ = ퟏ ⇒ ∑(풙 − ퟏ)ퟑ = ퟏ ⇒ 

⇒ ∑풙ퟑ − ퟑ∑풙ퟐ + ퟑ∑풙 = ퟒ →  (1). Now, ∑풂+ ∑풂ퟐ ≤ ퟒ ⇔ ∑(풙 − ퟏ) + ∑(풙 − ퟏ)ퟐ ≤ 

≤ ∑풙ퟑ − ퟑ∑풙ퟐ + ퟑ∑풙   (using (1))	⇔ ∑풙 − ퟑ + ∑풙ퟐ − ퟐ∑풙 + ퟑ ≤ ∑풙ퟑ − ퟑ∑풙ퟐ + 

+ퟑ 풙 ⇔ 풙ퟑ − ퟒ 풙ퟐ + ퟒ 풙 ≥ ퟎ ⇔ 풙 (풙ퟐ − ퟒ풙 + ퟒ) ≥ ퟎ ⇔ 

⇔ ∑풙(풙 − ퟐ)ퟐ ≥ ퟎ → true ∵ 풙 = 풂+ ퟏ ≥ ퟎ, etc.  (Proved) 

Equality occurs when (풂 = ퟏ,풃 = ퟏ, 풄 = −ퟏ) or (풂 = −ퟏ,풃 = ퟏ, 풄 = ퟏ) or 

(풂 = ퟏ,풃 = −ퟏ, 풄 = ퟏ) 
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189. If 풂ퟏ,풂ퟐ, … ,풂풏 ∈ (ퟎ, ퟏ)	then: 

풂풌

ퟐퟎퟏퟕ

풌 ퟏ

ퟐퟎퟏퟔ

+ (ퟏ − 풂풌)
ퟐퟎퟏퟕ

풌 ퟏ

ퟐퟎퟏퟔ

< ퟏ 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution by Daniel Sitaru-Romania 

풙 = 풂풌

ퟐퟎퟏퟕ

풌 ퟏ

,풚 = (ퟏ − 풂풌), 풙,풚 ∈ (ퟎ,ퟏ) →
ퟐퟎퟏퟕ

풌 ퟏ

 

→ √풙ퟐퟎퟏퟔ + 풚ퟐퟎퟏퟔ < √풙ퟐퟎퟏퟕ + 풚ퟐퟎퟏퟕ = 풂풌

ퟐퟎퟏퟕ

풌 ퟏ

ퟐퟎퟏퟕ

+ (ퟏ − 풂풌)
ퟐퟎퟏퟕ

풌 ퟏ

ퟐퟎퟏퟕ

≤ 

≤⏞
푴푨푯푳푬푹

(풂풌 + ퟏ − 풂풌)
ퟐퟎퟏퟕ

풌 ퟏ

ퟐퟎퟏퟕ

= ퟏ 

 

190. If 풙,풚, 풛 > ퟎ,풙 + 풚 + 풛 = ퟏ then: 

풙ퟐ

풛
+
풚ퟐ

풙
+
풛ퟐ

풚
+ ퟐ

풙풚
풛

+
풚풛
풙

+
풛풙
풚

≥ ퟑ 

Proposed by Daniel Sitaru – Romania  

 

Solution 1 by Mehmet Sahin-Ankara-Turkey 

풙,풚,풛 > 0,푥 + 푦 + 푧 = 1 

푳 =
풙ퟐ

풛
+
풚ퟐ

풙
+
풛ퟐ

풚
+ ퟐ

풙풚
풛

+
풚풛
풙

+
풛풙
풚

≥
?
ퟑ 

풙ퟐ

풛
+ 풚ퟐ

풙
+ 풛ퟐ

풚
≥ (풙 풚 풛)ퟐ

풙 풚 풛
= (풙 + 풚 + 풛) = ퟏ   (*) 

ퟐ 풙풚
풛

+ 풚풛
풙

+ 풛풙
풚

= ퟐ (풙풚)ퟐ

풙풚풛
+ (풚풛)ퟐ

풙풚풛
+ (풛풙)ퟐ

풙풚풛
≥ ퟐ (풙풚 풚풛 풛풙)ퟐ

ퟑ풙풚풛
   (**) 
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(풙풚 + 풚풛+ 풛풙)ퟐ = 풙ퟐ풚ퟐ + 풚ퟐ풛ퟐ + 풛ퟐ풙ퟐ + ퟐ풙풚풛 (풙 + 풚 + 풛)

ퟏ

 

(풙풚)ퟐ + (풚풛)ퟐ + (풛풙)ퟐ ≥ (풙풚)(풚풛) + (풚풛)(풛풙) + (풛풙)(풙풚) ≥ (풙풚풛) (풙 + 풚 + 풛)
ퟏ

= 풙풚풛   (***) 

From (*), (**) and (***) 

푳 = 풙ퟐ

풛
+ 풚ퟐ

풙
+ 풛ퟐ

풚
+ ퟐ 풙풚

풛
+ 풚풛

풙
+ 풛풙

풚
,푳 ≥ ퟏ + ퟐ 풙풚풛 ퟐ풙풚풛

풙풚풛
,푳 ≥ ퟑ as desired. 

Solution 2 by Kunihiko Chikaya-Tokyo-Japan 

풙ퟐ

풛
+ 풚ퟐ

풙
+ 풛ퟐ

풚
≥ (풙 풚 풛)ퟐ

풙 풚 풛
= 풙 + 풚 + 풛  (1) 

풚풛
풙 +

풛풙
풚 ≥ ퟐ

풚풛
풙 ⋅

풛풙
풚 = ퟐ풛 

풛풙
풚

+ 풙풚
풛
≥ ퟐ풙, 풙풚

풛
+ 풚풛

풙
≥ ퟐ풚,……………..(+) 

ퟐ 풚풛
풙

+ 풛풙
풚

+ 풙풚
풛

≥ ퟐ(풙 + 풚 + 풛)   (2) 

∴ (1) and (2) ≥ ퟑ(풙 + 풚 + 풛) = ퟑ 

Solution 3 by Uche Eliezer Okeke-Anambra-Nigeria 

풙,풚, 풛 > ퟎ ∧ 풙 + 풚 + 풛 = ퟏ 

prove ∑ 풙ퟐ

풛
+ ퟐ∑ 풙풚

풛
≥ ퟑ 

Known: (∑풙풚)ퟐ ≥ ퟑ풙풚풛(풙 + 풚 + 풛)   (a) 

∑ 풙ퟐ

풛
⋅ ∑ 풛 ≥ (∑풙)ퟐ → ∑ 풙ퟐ

풛
≥ ퟏ   (1) 

ퟐ∑ 풙풚
풛

= ퟐ풙풚풛∑ ퟏ
풛ퟐ
≥ ퟐ풙풚풛 ⋅ ퟏ

ퟑ
∑ ퟏ
풙

ퟐ
= ퟐ

ퟑ
⋅ (∑풙풚)ퟐ

풙풚풛
≥
(풂)

ퟐ∑ 풙 = ퟐ → ퟐ∑ 풙풚
풛
≥ ퟐ   (2) 

(1)+(2) completes the proof! 

 

191. Let 풂,풃, 풄 be positive real numbers such that 풂 + 풃 + 풄 = ퟑ. Prove that: 

풂풃

풂(풂ퟐ + ퟐ풃 + ퟑ)ퟒ +
풃풄

풃(풃ퟐ + ퟐ풄 + ퟑ)ퟒ +
풄풂

풄(풄ퟐ + ퟐ풂 + ퟑ)ퟒ ≤
ퟗ(풂풃 + 풃풄+ 풄풂)

ퟐ
ퟒ

 

Proposed by Do Quoc Chinh-Vietnam 
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Solution by proposer 

Applying the Hölder’s inequality, we have: 
푳푯푺ퟒ ≤ (풂풃+ 풃풄 + 풄풂) 풃√풂풃 + 풄√풃풄 + 풂√풄풂

ퟐ 풂
풂ퟐ ퟐ풃 ퟑ

+ 풃
풃ퟐ ퟐ풄 ퟑ

+ 풄
풄ퟐ ퟐ풂 ퟑ

. Therefore, we 
need to prove that: 

풃√풂풃+ 풄√풃풄 + 풂√풄풂
ퟐ 풂

풂ퟐ ퟐ풃 ퟑ
+ 풃

풃ퟐ ퟐ풄 ퟑ
+ 풄

풄ퟐ ퟐ풂 ퟐ
≤ ퟗ

ퟐ
. By the AM-GM inequality, we 

have: 풂
풂ퟐ ퟐ풃 ퟑ

+ 풃
풃ퟐ ퟐ풄 ퟑ

+ 풄
풄ퟐ ퟐ풂 ퟑ

= 풂
(풂ퟐ ퟏ) ퟐ풃 ퟐ

+ 풃
(풃ퟐ ퟏ) ퟐ풄 ퟐ

+ 풄
(풄ퟐ ퟏ) ퟐ풂 ퟐ

 

≤ ퟏ
ퟐ

풂
풂 풃 ퟏ

+ 풃
풃 풄 ퟏ

+ 풄
풄 풂 ퟏ

= ퟏ
ퟐ

풂
ퟒ 풄

+ 풃
ퟒ 풂

+ 풄
ퟒ 풃

. We will prove that: 
풂
ퟒ 풄

+ 풃
ퟒ 풂

+ 풄
ퟒ 풃

≤ ퟏ which is equivalent to: ퟑퟐ(풂+ 풃 + 풄) + 풂ퟐ풃 + 풃ퟐ풄 + 풄ퟐ풂+ 풂풃풄 ≤ 
≤ ퟒ 풂ퟐ + 풃ퟐ + 풄ퟐ + ퟖ(풂풃+ 풃풄 + 풄풂) + ퟔퟒ⇔ 풂ퟐ풃 + 풃ퟐ풄 + 풄ퟐ풂 + 풂풃풄 ≤ ퟒ. Without loss of 

generality, we assume that 풃 is the number between 풄 and 풂. Then, we have: 
풄(풃 − 풂)(풃 − 풄) ≤ ퟎ ⇔ 풃ퟐ풄 + 풄ퟐ풂 ≤ 풂풃풄 + 풃풄ퟐ 

Applying the AM-GM inequality, we have:  

풂ퟐ풃+ 풃ퟐ풄 + 풄ퟐ풂 + 풂풃풄 ≤ 풂ퟐ풃+ 풂풃풄 + 풃풄ퟐ + 풂풃풄 = 풃(풄 + 풂)ퟐ =
ퟏ
ퟐ
⋅ ퟐ풃(풄+ 풂)(풄 + 풂) 

≤ ퟏ
ퟐ
⋅ (ퟐ풃 풄 풂 풄 풂)ퟑ

ퟐퟕ
= ퟒ. Therefore, we need to prove that: 풃√풂풃+ 풄√풃풄 + 풂√풄풂 ≤ ퟑ ⇔ 

⇔ ퟑ 풂풃ퟑ + 풃풄ퟑ + 풄풂ퟑ ≤ (풂 + 풃 + 풄)ퟐ ⇔
ퟏ
ퟐ

풂 − 풃+ ퟐ√풃풄 − √풂풃 − √풄풂
ퟐ
≥ ퟎ 

The equality holds for 풂 = 풃 = 풄 = ퟏ. 
 

 

192. If 풂,풃, 풄 > ퟎ then: 

풃 + 풄
풂

ퟐ

⋅
풄 + 풂
풃

ퟑ
⋅

풂 + 풃
풄

ퟒ

≥ ퟏퟑퟖퟐퟒ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Serban George Florin-Romania 

풃 + 풄
풂

ퟐ

≥
푴풂 푴품

ퟑ
∏(풃+ 풄)ퟐ

풂ퟐ풃ퟐ풄ퟐ
ퟑ

≥
푴풂 푴품

ퟑ
∏ퟒ풃풄
풂ퟐ풃ퟐ풄ퟐ

ퟑ
= ퟑ ⋅ ퟐퟐ 

풄 + 풂
풃

ퟑ
≥

푴풂 푴품

ퟑ
∏(풄 + 풂)ퟑ

풂ퟑ풃ퟑ풄ퟑ
ퟑ

≥
푴풂 푴품

ퟑ
∏ퟖ√풂풄

ퟑ

풂ퟑ풃ퟑ풄ퟑ
ퟑ

= ퟑ ⋅ ퟖ = ퟑ ⋅ ퟐퟑ 

풂 + 풃
풄

ퟒ

≥
푴풂 푴품

ퟑ
∏(풂+ 풃)ퟒ

풂ퟒ풃ퟒ풄ퟒ
ퟑ

≥
푴풂 푴품

ퟑ
∏ퟐퟒ√풂풃

ퟒ

풂ퟒ풃ퟒ풄ퟒ
ퟑ

= ퟑ ⋅ ퟏퟔ = ퟑ ⋅ ퟐퟒ 
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⇒
풃+ 풄
풂

ퟐ

⋅
풄 + 풂
풃

ퟑ
⋅

풂+ 풃
풄

ퟒ

≥ ퟑ ⋅ ퟐퟐ ⋅ ퟑ ⋅ ퟐퟑ ⋅ ퟑ ⋅ ퟐퟒ = ퟑퟑ ⋅ ퟐퟗ = ퟏퟑퟖퟐퟒ 

Solution 2 by Lazaros Zachariadis-Thessaloniki-Greece 

Let 풇(풙) = 풙ퟐ,품(풙) = 풙ퟑ,풉(풙) = 풙ퟒ, 풙 > ퟎ 

풇,품,풉 convexe functions 

so 푳푯푺 = 풇 풃 풄
풂

+ 풇 풄 풂
풃

+ 풇 풂 풃
풄

⋅ 품 풃 풄
풂

+ 품 풄 풂
풃

+ 품 풂 풃
풄

⋅ 

⋅ 풉
풃 + 풄
풂 + 풉

풄 + 풂
풃 + 풉

풂 + 풃
풄  

≥
푱풆풏풔풆풏

ퟑ ⋅ 풇
풃 풄
풂

풄 풂
풃

풂 풃
풄

ퟑ
⋅ ퟑ ⋅ 품

풉 풄
풂

풄 풂
풃

풂 풃
풄

ퟑ
⋅ ퟑ ⋅ 풉

풃 풄
풂

풄 풂
풃

풂 풃
풄

ퟑ
  

≥
푨푴 푮푴

ퟑퟑ ⋅ 풇

⎝

⎛
ퟑ (풃 + 풄)(풄+ 풂)(풂+ 풃)

풂풃풄
ퟑ

ퟑ
⎠

⎞ ⋅ 품

⎝

⎛
ퟑ ⋅ (풃+ 풄)(풄+ 풂)(풂+ 풃)

풂풃풄
ퟑ

ퟑ
⎠

⎞ ⋅ 

⋅ 풉

⎝

⎛
ퟑ ⋅ (풃 + 풄)(풄 + 풂)(풂+ 풃)

풂풃풄
ퟑ

ퟑ
⎠

⎞ 

풇,품,풉 ↗ strictly increasing for 풙 > ퟎ 

≥
푨푴 푮푴

ퟐퟕ ⋅ 풇 ퟏ ⋅
ퟖ풂풃풄
풂풃풄

ퟑ
⋅ 품 ퟏ ⋅

ퟖ풂풃풄
풂풃풄

ퟑ
⋅ 풉 ⋅ ퟏ ⋅

ퟖ풂풃풄
풂풃풄

ퟑ
 

= ퟐퟕ ⋅ 풇(ퟐ) ⋅ 품(ퟐ) ⋅ 풉(ퟐ) = ퟐퟕ ⋅ ퟐퟐ ⋅ ퟐퟑ ⋅ ퟐퟒ = ퟐퟕ ⋅ ퟐퟗ = ퟏퟑퟖퟐퟒ  (proved) 

Solution 3 by Dimitris Kastriotis-Greece 

Put 풙 = 풃 풄
풂

,풚 = 풄 풂
풃

, 풛 = 풂 풃
풄

 

풙 + 풚 + 풛 = 풃
풂

+ 풄
풂

+ 풄
풃

+ 풂
풃

+ 풂
풄

+ 풃
풄

≥
푨푴 푮푴

ퟔ  :(1) 

∑풙ퟐ ≥
푪 푺 (풙 풚 풛)ퟐ

ퟑ
≥
(ퟏ) ퟔퟐ

ퟑ
= ퟏퟐ   : (2) 

∑풚ퟑ ≥
푯풐풍풅풆풓 (풙 풚 풛)ퟑ

ퟗ
≥
(ퟏ) ퟔퟑ

ퟗ
= ퟐퟒ    : (3) 
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∑(풛ퟐ)ퟐ ≥
푪 푺 풙ퟐ 풚ퟐ 풛ퟐ

ퟐ

ퟑ
≥
(ퟐ) ퟏퟐퟐ

ퟑ
= ퟒퟖ   : (4) 

(ퟐ)
(ퟑ)
(ퟒ)

→ 풙ퟐ 풚ퟐ 풛ퟒ ≥ ퟏퟐ ⋅ ퟐퟒ ⋅ ퟒퟖ = ퟏퟑퟖퟐퟒ 

Solution 4 by Soumava Chakraborty-Kolkata-India 

∑ 풂 풃
풄

= ∑ 풂
풃

+ 풃
풂

≥
푨 푮

ퟑ ⋅ ퟐ = ퟔ →   (a) 

풙ퟐ ≥
(ퟏ)

푪풉풆풃풚풔풉풆풗 (∑풙)ퟐ

ퟑ , 풙ퟑ ≥
(ퟐ)

푪풉풆풃풚풔풉풆풗 (∑풙)ퟑ

ퟗ , 풙ퟒ ≥
(ퟑ)

푪풉풆풃풚풔풉풆풗 (∑풙)ퟒ

ퟐퟕ  

∴ (1).(2).(3) ⇒ 푳푯푺 = ∑풙ퟐ ⋅ ∑ 풙ퟑ ⋅ ∑ 풙ퟒ 풙 = 풂 풃
풄

≥ (∑ 풙)ퟗ

ퟑퟔ
≥

풃풚	(풂) ퟔퟗ

ퟑퟔ
 

= ퟑퟗ⋅ퟐퟗ

ퟑퟔ
= ퟑퟑ ⋅ ퟖퟑ = ퟐퟒퟑ = ퟏퟑퟖퟐퟒ  (proved) 

 

193. If 풂,풃, 풄 ≥ ퟎ then: 

(풂ퟑ + 풃ퟑ)ퟒ + (풃ퟒ + 풄ퟒ)ퟓ + 풄ퟓ + 풂ퟓ
ퟔ
≥ (풂ퟒ + 풃ퟒ)ퟑ + 풃ퟓ + 풄ퟓ

ퟒ
+ (풄ퟔ + 풂ퟔ)ퟓ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Mihalcea Andrei Stefan-Romania 

(풂ퟐ ⋅ 풂 ⋅+풃ퟐ ⋅ 풃 ⋅ 풃)ퟑ ≤
푯ö풍풅풆풓

(풂ퟔ + 풃ퟔ)(풂ퟑ + 풃ퟑ)ퟐ ≤ (풂ퟑ + 풃ퟑ)ퟒ ⇔ 풂ퟔ + 풃ퟔ ≤ (풂ퟑ + 풃ퟑ)ퟐ 

⇔ ퟐ풂ퟑ풃ퟑ ≥ ퟎ; (풃ퟐ ⋅ 풃 ⋅ 풃 ⋅ 풃 + 풄ퟐ ⋅ 풄 ⋅ 풄 ⋅ 풄)ퟒ ≤ (풃ퟖ + 풄ퟖ)(풃ퟒ + 풄ퟒ)ퟑ ≤ (풃ퟒ + 풄ퟒ)ퟓ ⇔ 

풃ퟖ + 풄ퟖ ≤ (풃ퟒ + 풄ퟒ)ퟐ ⇔ ퟐ풃ퟒ풄ퟒ ≥ ퟎ 

(풄ퟐ ⋅ 풄 ⋅ 풄 ⋅ 풄 ⋅ 풄 + 풂ퟐ ⋅ 풂 ⋅ 풂 ⋅ 풂 ⋅ 풂)ퟓ ≤ (풄ퟏퟎ + 풂ퟏퟎ) 풄ퟓ + 풂ퟓ
ퟒ
≤ 풄ퟓ + 풂ퟓ

ퟔ
⇔ 

⇔ ퟐ풂ퟓ풄ퟓ ≥ ퟎ. Equality for 풂 = 풃 = 풄 = ퟎ. 

Solution 2 by Ravi Prakash-New Delhi-India 

For ퟎ < 풂 ≤ ퟏ, 풙 > ퟏ, let 풇(풙) = (ퟏ + 풂풙)
ퟏ
풙 ,  퐥퐧풇(풙) = ퟏ

풙
퐥퐧(ퟏ + 풂풙) 

ퟏ
풇(풙)

풇 (풙) = − ퟏ
풙ퟐ
퐥퐧(ퟏ + 풂풙) + ퟏ

풙
⋅ 풂

풙 퐥퐧 풂
ퟏ 풂풙

< ퟎ as ퟎ < 풂 ≤ ퟏ, 풙 > ퟏ 

⇒ 풇(풙) is a decreasing function on [ퟏ,∞) ∴ (ퟏ + 풂풙)
ퟏ
풙 ≥ (ퟏ + 풂풙 ퟏ)

ퟏ
풙 ퟏ 
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Suppose ퟎ < 휶 ≤ 휷, then ퟏ + 휶
휷

풙
ퟏ
풙 ≥ ퟏ + 휶

휷

풙 ퟏ
ퟏ

풙 ퟏ
 

⇒ (풂풙 + 휷풙)풙 ퟏ ≥ (풂풙 ퟏ + 휷풙 ퟏ)풙 

Thus, (풂ퟑ + 풃ퟑ)ퟒ ≥ (풂ퟒ + 풃ퟒ)ퟑ, (풃ퟒ + 풄ퟒ)ퟓ ≥ 풃ퟓ + 풄ퟓ
ퟒ

, 풄ퟓ + 풂ퟓ
ퟔ
≥ (풄ퟔ + 풂ퟔ)ퟓ 

Adding, we get desired inequality. 

 

194. If 풙,풚, 풛 > ퟎ,풙풚 + 풚풛 + 풛풙 = ퟑ then: 

ퟗ +
(풙ퟐ − 풚풛)ퟐ + (풚ퟐ − 풛풙)ퟐ + (풛ퟐ − 풙풚)ퟐ

ퟑ + 풙ퟐ + 풚ퟐ + 풛ퟐ
≥ ퟗ 풙ퟐ풚ퟐ풛ퟐퟑ  

Proposed by Daniel Sitaru – Romania  

Solution by Serban George Florin-Romania 

(푥 − 푦푧) = (풙ퟐ + 풙풚 + 풙풛 − ퟑ)ퟐ = [풙(풙 + 풚 + 풛) − ퟑ]ퟐ = 

= 풙ퟐ(풙 + 풚 + 풛)ퟐ − ퟔ풙(풙 + 풚 + 풛) + ퟗ 

(풙ퟐ − 풚풛)ퟐ = (풙ퟐ + 풚ퟐ + 풛ퟐ)(풙 + 풚 + 풛)ퟐ − ퟔ(풙+ 풚 + 풛)ퟐ + ퟐퟕ 

∑(풙ퟐ − 풚풛)ퟐ

ퟑ + ∑풙ퟐ =
(풙 + 풚 + 풛)ퟐ[(풙ퟐ + 풚ퟐ + 풛ퟐ) − ퟔ] + ퟐퟕ

ퟑ + ∑풙ퟐ = 

=
(풙 + 풚 + 풛)ퟐ(풙ퟐ + 풚ퟐ + 풛ퟐ + ퟑ − ퟗ) + ퟐퟕ

ퟑ + ∑풙ퟐ  

= (풙 + 풚 + 풛)ퟐ ⋅ ퟑ ∑풙ퟐ

ퟑ ∑풙ퟐ
+ ퟗ(풙 풚 풛)ퟐ ퟐퟕ

ퟑ ∑풙ퟐ
= (풙 + 풚 + 풛)ퟐ + ( ퟗ)(풙 풚 풛)ퟐ ퟐퟕ

ퟑ ∑풙ퟐ
  

∑(풙ퟐ − 풚풛)ퟐ

ퟑ + ∑풙ퟐ + ퟗ = (풙+ 풚 + 풛)ퟐ +
(−ퟗ)(풙 + 풚 + 풛)ퟐ + ퟐퟕ

ퟑ+ ∑풙ퟐ + ퟗ = 

= (풙 + 풚 + 풛)ퟐ +
−ퟗ 풙ퟐ + 풚ퟐ + 풛ퟐ + ퟐ풙풚 + ퟐ풚풛+ ퟐ풙풛 + ퟐퟕ + ퟐퟕ + ퟗ 풙ퟐ + 풚ퟐ + 풛ퟐ

ퟑ+ ∑풙ퟐ
= 

= (풙 + 풚 + 풛)ퟐ +
−ퟏퟖ(풙풚 + 풚풛 + 풛풙) + ퟓퟒ

ퟑ + ∑풙ퟐ = (풙 + 풚 + 풛)ퟐ +
−ퟏퟖ ⋅ ퟑ + ퟓퟒ
ퟑ + ∑풙ퟐ = 

= (풙 + 풚 + 풛)ퟐ +
−ퟓퟒ + ퟓퟒ
ퟑ + ∑풙ퟐ = (풙 + 풚 + 풛)ퟐ ≥⏞

푨푴 푮푴

ퟗ 풙ퟐ풚ퟐ풛ퟐퟑ  
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195.  If 풂ퟏ,풂ퟐ , … ,풂풏 ퟐ,풏 ∈ ℕ∗ then: 

풂풌
풂풌ퟐ + 풂풌 ퟏ풂풌 ퟐ

풏

풌 ퟏ

≤
ퟏ
ퟐ

ퟏ
풂풌

풏

풌 ퟏ

,풂풏 ퟏ = 풂ퟏ,풂풏 ퟐ = 풂ퟐ. 

Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu-Romania 

Solution by Rajsekhar Azaad-India 
풂풌

풂풌ퟐ + 풂풌 ퟏ ⋅ 풂풌 ퟐ
≤

풂풌
ퟐ풂풌 풂풌 ퟏ풂풌 ퟐ

		(푨푴 ≥ 푮푴) 

=
ퟏ

ퟐ 풂풌 ퟏ풂풌 ퟐ
≤
ퟏ
ퟐ	×

ퟏ
ퟐ

ퟏ
풂풌 ퟏ

+
ퟏ

풂풌 ퟐ
=
ퟏ
ퟒ

ퟏ
풂풌 ퟏ

+
ퟏ

풂풌 ퟐ
 

∴
풂풌

풂풌ퟐ + 풂풌 ퟏ ⋅ 풂풌 ퟐ

풏

풌 ퟏ

≤
ퟏ
ퟒ ⋅ ퟐ ⋅

ퟏ
풂풌

풏

풌 ퟏ

=
ퟏ
ퟐ

ퟏ
풂풌

풏

풌 ퟏ

 

(Proved) 

 

196. Let 풂,풃, 풄 be positive real numbers. Prove that: 

ퟐ
풙풚(풙 + 풚) + 풚풛(풚 + 풛) + 풛풙(풛 + 풙)

ퟔ풙풚풛
ퟒ

≥
풙ퟐ + 풚풛
풙ퟐ + ퟐ풚풛 +

풚ퟐ + 풛풙
풚ퟐ + ퟐ풛풙 +

풛ퟐ + 풙풚
풛ퟐ + ퟐ풙풚 

Proposed by Do Quoc Chinh-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

Let 풙 + 풚 = 풂,풚 + 풛 = 풃, 풛 + 풙 = 풄. Then, 풂+ 풃 > 풄,풃+ 풄 > 풂, 풄 + 풂 > 풃 

⇒ 풂,풃, 풄 are sides of a triangle with semiperimeter, circumradius, inradius = 풔,푹,풓 

resepctively (say) ∑풙 = ∑풂
ퟐ

= 풔 ∴ 풛 = 풔 − 풂,풙 = 풔 − 풃,풚 = 풔 − 풄 

∴ 풙풚 = (풔 − 풃)(풔 − 풄) = {풔ퟐ − 풔(풃+ 풄) + 풃풄} 

= ퟑ풔ퟐ − 풔(ퟒ풔) + 풔ퟐ + ퟒ푹풓+ 풓ퟐ =
(ퟏ)

ퟒ푹풓 + 풓ퟐ 

∴ 풙ퟐ풚 + 풙풚ퟐ = 풙풚 (풔 − 풛) =
풃풚(ퟏ)

풔(ퟒ푹풓+ 풓ퟐ) − ퟑ풙풚풛 
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= 풔(ퟒ푹풓+ 풓ퟐ) − ퟑ풓ퟐ풔 =
(ퟐ)

풔(ퟒ푹풓 − ퟐ풓ퟐ) 

∴ 푳푯푺 = ퟐ
풔(ퟒ푹풓− ퟐ풓ퟐ)

ퟔ풓ퟐ풔
ퟒ

=
(ퟑ)

ퟐ
ퟐ푹 − 풓
ퟑ풓

ퟒ
 

Now, 푹푯푺 = ∑ 풙ퟐ ퟐ풚풛
풙ퟐ ퟐ풚풛

− 풚풛
풙ퟐ ퟐ풚풛

=
(ퟒ)

ퟑ − ∑ 풚풛
풙ퟐ ퟐ풚풛

 

(3), (4) ⇒ given inequality ⇔ ∑ 풚ퟐ풛ퟐ

풙ퟐ풚풛 ퟐ풚ퟐ풛ퟐ
+ ퟐ ퟐ푹 풓

ퟑ풓

ퟒ ≥
(ퟓ)

ퟑ 

Now, ∑ 풚ퟐ풛ퟐ

풙ퟐ풚풛 ퟐ풚ퟐ풛ퟐ
≥
(ퟔ)

푩풆풓품풔풕풓ö풎 (∑풚풛)ퟐ

풙풚풛(∑풙) ퟐ∑풚ퟐ풛ퟐ
=

풃풚	(ퟏ) (ퟒ푹 풓)ퟐ풓ퟐ

풙풚풛(∑풙) ퟐ (∑풙풚)ퟐ ퟐ풙풚풛(∑풙)
 

=
풓ퟐ(ퟒ푹 + 풓)ퟐ

ퟐ(∑풙풚)ퟐ − ퟑ풙풚풛(∑풙) =
풃풚	(ퟏ) 풓ퟐ(ퟒ푹+ 풓)ퟐ

ퟐ풓ퟐ(ퟒ푹+ 풓)ퟐ − ퟑ풓ퟐ풔ퟐ =
(ퟒ푹 + 풓)ퟐ

ퟐ(ퟒ푹 + 풓)ퟐ − ퟑ풔ퟐ 

(5), (6) ⇒ it suffices to prove: (ퟒ푹 풓)ퟐ

ퟐ(ퟒ푹 풓)ퟐ ퟑ풔ퟐ
+ ퟐ ퟐ푹 풓

ퟑ풓

ퟒ ≥ ퟑ ⇔ ퟐ ퟐ푹 풓
ퟑ풓

ퟒ ≥
(ퟕ)

ퟑ − (ퟒ푹 풓)ퟐ

ퟐ(ퟒ푹 풓)ퟐ ퟑ풔ퟐ
 

Now, Gerretsen ⇒ 

ퟐ(ퟒ푹+ 풓)ퟐ − ퟑ풔ퟐ ≤ ퟐ(ퟒ푹+ 풓)ퟐ − ퟒퟖ푹풓 + ퟏퟓ풓ퟐ = ퟑퟐ푹ퟐ − ퟑퟐ푹풓+ ퟏퟕ풓ퟐ 

⇒
−(ퟒ풓+ 풓)ퟐ

ퟐ(ퟒ푹 + 풓)ퟐ − ퟑ풔ퟐ ≤
−(ퟒ푹 + 풓)ퟐ

ퟑퟐ푹ퟐ − ퟑퟐ푹풓 + ퟏퟕ풓ퟐ 

⇒ ퟑ −
(ퟒ푹 + 풓)ퟐ

ퟐ(ퟒ푹 + 풓)ퟐ − ퟑ풔ퟐ ≤
(ퟖ) ퟖퟎ푹ퟐ − ퟏퟎퟒ푹풓+ ퟓퟎ풓ퟐ

ퟑퟐ푹ퟐ − ퟑퟐ푹풓+ ퟏퟕ풓ퟐ  

(7), (8) ⇒ it suffices to prove: 

ퟐ푹 − 풓
ퟑ풓 ≥

(ퟒퟎ푹ퟐ − ퟓퟐ푹풓+ ퟐퟓ풓ퟐ)ퟒ

(ퟑퟐ푹ퟐ − ퟑퟐ푹풓+ ퟏퟕ풓ퟐ)ퟒ 

⇔ (풕 − ퟐ) (풕 − ퟐ)
ퟐ,ퟎퟗퟕ,ퟏퟓퟐ풕ퟕ −ퟖ,ퟕퟐퟖ,ퟓퟕퟔ풕ퟔ + ퟏퟕ,ퟖퟔퟔ,ퟕퟓퟐ풕ퟓ −

−ퟐퟎ,ퟗퟕퟏ,ퟓퟐퟎ풕ퟒ + ퟏퟔ,ퟗퟏퟓ,ퟒퟓퟔ풕ퟑ −ퟔ,ퟕퟗퟖ,ퟕퟐퟎ풕ퟐ +
+ퟒ,ퟕퟏퟒ,ퟏퟏퟐ풕 + ퟒ,ퟒퟔퟗ,ퟏퟐퟎ

+ ퟗ,ퟓퟔퟓ,ퟗퟑퟖ ≥ ퟎ 

∴ it suffices to prove 풑 > ퟎ ∵ 풕 ≥ ퟐ  (Euler). Now,  

풑 = (풕 − ퟐ) (풕 − ퟐ) ퟐ,ퟎퟗퟕ,ퟏퟓퟐ풕ퟓ− ퟑퟑퟗ,ퟗퟔퟖ풕ퟒ + ퟖ,ퟏퟏퟖ,ퟐퟕퟐ풕ퟑ + ퟏퟐ,ퟖퟔퟏ,ퟒퟒퟎ풕ퟐ +
+ퟑퟓ,ퟖퟖퟖ,ퟏퟐퟖ풕+ ퟖퟓ,ퟑퟎퟖ,ퟎퟑퟐ + ퟐퟎퟐퟑퟗퟑퟕퟐퟖ + 

+ퟔퟖퟎퟐퟒퟒퟒퟖ 

is of course > ퟎ as 풕 ≥ ퟐ ⇒ (7) is true (Proved) 
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197. If 풂,풃, 풄 are positive real numbers such that 풂ퟐ + 풃ퟐ + 풄ퟐ = ퟑ then 

풂ퟐ

풃ퟐ + 풄ퟐ
+

풃ퟐ

풄ퟐ + 풂ퟐ
+

풄ퟐ

풂ퟐ + 풃ퟐ
≥

ퟗ
ퟐ(풂 + 풃 + 풄) 

Proposed by Pham Quoc Sang-Ho Chi Minh-Vietnam 

Solution by Hoang Le Nhat Tung-Hanoi-Vietnam 
풂ퟐ

풃ퟐ 풄ퟐ
= 풂ퟐ

ퟑ 풂ퟐ
≥ 풂ퟑ

ퟐ
⇔ 풂ퟐ ퟏ

ퟑ 풂ퟐ
− 풂

ퟐ
≥ ퟎ ⇔ 풂ퟐ(풂 ퟏ)ퟐ(풂 ퟐ)

ퟐ ퟑ 풂ퟐ
≥ ퟎ   (true) 

⇒
풂ퟐ

풃ퟐ + 풄ퟐ +
풃ퟐ

풄ퟐ + 풂ퟐ +
풄ퟐ

풂ퟐ + 풃ퟐ ≥
풂ퟑ + 풃ퟑ + 풄ퟑ

ퟐ ≥
ퟗ

ퟐ(풂+ 풃 + 풄) 

⇔ (풂ퟑ + 풃ퟑ + 풄ퟑ)(풂+ 풃+ 풄) ≥ ퟗ = (풂ퟐ + 풃ퟐ + 풄ퟐ)ퟐ 

(true because: (풂ퟑ + 풃ퟑ + 풄ퟑ)(풂+ 풃 + 풄) ≥ √풂ퟑ풂 + √풃ퟑ풃+ √풄ퟑ풄
ퟐ

= (풂ퟐ + 풃ퟐ + 풄ퟐ) 

 

198. If 풂,풃, 풄,휶 > ퟎ,풂풃풄 = 휶 then: 

(풂 + 풃)ퟒ

풂ퟐ + 풃ퟐ
+

(풃 + 풄)ퟒ

풃ퟐ + 풄ퟐ
+

(풄 + 풂)ퟒ

풄ퟐ + 풂ퟐ
≥ ퟐퟒ 휶ퟐퟑ  

Proposed by Nguyen Van Nho-Nghe An-Vietnam 

Solution by Daniel Sitaru-Romania 

(풂 + 풃)ퟒ

풂ퟐ + 풃ퟐ
=

풂ퟐ + 풃ퟐ + ퟐ풂풃 ퟐ

풂ퟐ + 풃ퟐ
=

풂ퟐ + 풃ퟐ ퟐ

풂ퟐ + 풃ퟐ
+ ퟒ

풂풃 풂ퟐ + 풃ퟐ

풂ퟐ + 풃ퟐ
+ ퟒ

풂ퟐ풃ퟐ

풂ퟐ + 풃ퟐ
= 

 

= (풂ퟐ + 풃ퟐ) + ퟒ 풂풃 + ퟐ
ퟐ

ퟏ
풂ퟐ + ퟏ

풃ퟐ
≥⏞

푨푴 푮푴

ퟐ ∙ ퟑ 휶ퟐퟑ + ퟒ ∙ ퟑ 휶ퟐퟑ + ퟐ 풂풃 ≥⏞
푨푴 푮푴

 

 
≥ ퟏퟖ 휶ퟐퟑ + ퟐ ∙ ퟑ 휶ퟐퟑ = ퟐퟒ 휶ퟐퟑ  

199. Let 풙,풚, 풛 be positive real numbers satisfying 풙 + 풚 + 풛 = ퟏ. Prove that: 

(ퟏ+ 풙풚 + 풚풛 + 풛풙)(ퟏ + ퟑ풙ퟑ + ퟑ풚ퟑ + ퟑ풛ퟑ)
ퟗ(풙 + 풚)(풚 + 풛)(풛+ 풙) ≥

풙√ퟏ+ 풙
√ퟑ + ퟗ풙ퟐퟒ +

풚 ퟏ + 풚
ퟑ + ퟗ풚ퟐퟒ +

풛√ퟏ + 풛
√ퟑ + ퟗ풛ퟐퟒ

ퟐ

 

Proposed as subject at Korea NMO-2017 
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Solution by Hoang Le Nhat Tung-Hanoi-Vietnam 

By Cauchy-Schwarz 

ퟑ + ퟗ풙ퟐ = (ퟑ풙)ퟐ + ퟏ + ퟏ + ퟏ ≥ (ퟑ풙 ퟏ ퟏ ퟏ)ퟐ

ퟒ
= ퟗ(풙 ퟏ)ퟐ

ퟒ
⇒ √ퟑ + ퟗ풙ퟐퟒ ≥ ퟑ(풙 ퟏ)

ퟐ
  

⇒ ∑ 풙√ퟏ 풙

ퟑ ퟗ풙ퟐퟒ ≤ ∑ 풙√ퟏ 풙
ퟑ(풙 ퟏ)

ퟐ

= ∑ ퟐ
ퟑ
⇒ ∑ 풙√ퟏ 풙

ퟑ ퟗ풙ퟐퟒ

ퟐ
≤ ퟐ

ퟑ
(∑풙)ퟐ = ퟐ

ퟑ
⋅ ퟏ = ퟐ

ퟑ
   (1) 

We have: (ퟏ ∑풙풚) ퟏ ퟑ∑ 풙ퟐ

ퟗ(풙 풚)(풚 풛)(풛 풙)
= ퟏ ퟑ∑풙ퟐ ∑풙풚 ퟑ ∑풙ퟑ (∑풙풚)

ퟗ(풙 풚)(풚 풛)(풛 풙)
 

Other: ퟑ(∑풙ퟑ)(∑풙풚) ≥ ퟑ ⋅ (∑풙)ퟑ

ퟗ
⋅ (∑풙풚) = ퟑ ⋅ ퟏ

ퟗ
(∑풙풚) = (∑풙풚)(∑풙)

ퟑ
 , and ∑풙 = ퟏ 

⇒ ퟏ + ퟑ∑풙ퟑ + ∑풙풚 + ퟑ(∑풙ퟑ)(∑풙풚) ≥ (∑풙)ퟑ + ퟑ∑풙ퟑ + (∑풙)(∑풙풚) + (∑풙풚)(∑ 풙)
ퟑ

  

⇒
(ퟏ + ∑풙풚)(ퟏ + ퟑ∑풙ퟑ)
ퟗ(풙 + 풚)(풚 + 풛)(풛+ 풙) ≥

(∑풙)ퟑ + ퟑ∑풙ퟑ + ퟒ(∑풙풚)(∑풙)
ퟑ

ퟗ(풙 + 풚)(풚+ 풛)(풛+ 풙) = 

=
ퟑ(∑풙)ퟑ + ퟗ∑ 풙ퟑ + ퟒ(∑풙풚)(∑풙)

ퟐퟕ(풙 + 풚)(풚 + 풛)(풛+ 풙) ≥
ퟐ
ퟑ 

⇔ ퟑ 풙
ퟑ

+ ퟗ 풙ퟑ + ퟒ 풙풚 풙 ≥ ퟏퟖ(풙 + 풚)(풚 + 풛)(풛+ 풙) 

⇔ ퟏퟐ 풙ퟑ ≥ ퟓ 풙풚 (풙 + 풚) + ퟔ풙풚풛 ⇔ 

ퟓ∑ 풙ퟑ + 풚ퟑ − 풙풚(풙 + 풚) + ퟐ(∑풙ퟑ − ퟑ풙풚풛) ≥ ퟎ  

⇔ ퟓ∑(풙 + 풚)(풙 − 풚)ퟐ + (∑풙)(∑(풙 − 풚)ퟐ) ≥ ퟎ   (True) 

Then (1):⇒ (ퟏ ∑풙풚) ퟏ ퟑ∑풙ퟑ

ퟗ(풙 풚)(풚 풛)(풛 풙)	
≥ ퟐ

ퟑ
≥ ∑ 풙√ퟏ 풙

ퟑ ퟗ풙ퟐ
ퟒ

ퟐ
⇒ ∑ 풙√ퟏ 풙

ퟑ ퟗ풙ퟐ
ퟒ

ퟐ
≤ (ퟏ ∑풙풚) ퟏ ퟑ∑풙ퟑ

ퟗ(풙 풚)(풚 풛)(풛 풙)
 

 

200. If 풂,풃, 풄 are positive real number such that (풂 + 풃)(풃 + 풄)(풄 + 풂) = ퟖ 

then: 

ퟏ
풂ퟐ + 풂풃 + 풃ퟐ

+
ퟏ

풃ퟐ + 풃풄 + 풄ퟐ
+

ퟏ
풄ퟐ + 풄풂 + 풂ퟐ

≥
풂풃 + 풃풄 + 풄풂
풂 + 풃 + 풄

 

Proposed by Pham Quoc Sang-Ho Chi Minh-Vietnam 
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Solution by Soumitra Mandal-Chandar Nagore-India 

ퟏ
풂ퟐ + 풂풃 + 풃ퟐ

풄풚풄

≥
풂풃 + 풃풄 + 풄풂
풂 + 풃 + 풄  

⇔
ퟏ

(풂ퟐ + 풂풃 + 풃ퟐ)(풂풃 + 풃풄+ 풄풂)
풄풚풄

≥
ퟏ

풂+ 풃 + 풄 

⇔
ퟒ

(풂ퟐ + 풂풃+ 풃ퟐ + 풂풃+ 풃풄 + 풄풂)ퟐ
풄풚풄

≥
ퟏ

풂 + 풃 + 풄 

∵ (풂ퟐ + 풂풃 + 풃ퟐ)(풂풃 + 풃풄 + 풄풂) ≤
(풂+ 풃)ퟐ(풂+ 풃 + 풄)ퟐ

ퟒ  

⇔
ퟒ

(풂 + 풃)ퟐ(풂+ 풃 + 풄)ퟐ
풄풚풄

≥
ퟏ

풂 + 풃 + 풄 ⇔
ퟒ

(풂 + 풃)ퟐ
풄풚풄

≥ 풂+ 풃 + 풄 

∴
ퟒ

(풂+ 풃)ퟐ
풄풚풄

≥
ퟒ

(풂 + 풃)(풃+ 풄)
풄풚풄

=
ퟖ(풂+ 풃+ 풄)
∏ (풂+ 풃)풄풚풄

= 풂+ 풃 + 풄 

 

 

 

 

http://www.ssmrmh.ro


 
www.ssmrmh.ro 

 
 

 

 

 

Its nice to be important but more important its to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 
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