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101. Let a, b, ¢ be positive real numberswitha + b + ¢ = 1.
Prove that
a’® b cs 1
+ + =
(b+1)(c+1) (c+1)(a+1) (a+1)(b+1) 144

Proposed by George Apostolopoulos-Messolonghi-Greece

Solution 1 by Soumava Chakraborty-KoIkata-India

LHS = Z (b+1)(c+1)

WLOG, we may assumea = b > c
a? b?
>
(b+1)(c+1)  (c+1)(a+1)

o (a-b)a?*+ab+b*+a+b)=>0->true,~a=>h

2

o a3 + a? > b3 + b?

2 b2 o 2
.Similarly,

a

. > ¢
T+ (c+1) T (c+1)(a+1)

(c+1)(a+1) = (a+1)(b+1)

a’

. - P H —_ 3 - ——
=~ applying Chebyshev’s inequality, LHS = ), a D (erD

Z
(%1 Z Z(b+1)(c+1)
Z Chebyshev lz Z . 32 Chebyshev 1 (Z )2 :%

a Berg;trom C a)Z 1
Z(b+1)(c+1) = Zab+22a+3_2ab+5
1 1 2 3
Sl OISO
Using (1), (2), (3), LHS>§ %-%:ﬁ

(Proved)
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Solution 2 by Soumava Chakraborty-Kolkata-India
LHS = a*
‘Z“'(b+1)(c+1)

WLOG, we may assumea = b > c
4 b4—

a
G+Dc+1)-(crD@+1D

& (a—b)(a* + a®b + a®?b? + ab® + b* + a® + a’?b + ab?> + b3) > 0

s a®+a*>b°+ bt

—>true,~a=>>hb

at - 4 imilar] 4 ct
S BrDErD = @@y Smilarly, TS 2 Grne
- Che:gsev 1 Z a4_
= —_ a -
w3 (b+1)(c+1)
(¢))
Z at Bergstrom » az)Z Chebyshev %(Z a)* _ 1
(b+1)(c+1) - Y ab+2) a+3 - Yab+5 9(X ab+5)

L1 (N, L 2\ 1
@ ¢ .16 .Za _3(Za) ~ 48
3

- 1 11

(Proved)

Solution 3 by Soumava Chakraborty-Kolkata-India

1 > 1
b+1)(c+1) — (c+1D(a+1) — (a+1)(b+1)

WLOG,a = b = c. Then,

Chebysev

e 1
~ LHS > g(zas)Z(b+1)(c+1)

1

~
N—r
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1 Bergstrom 9 9
2. > -
(b+1)(c+1) Yab+2Ya+3 Yab+5

> 9 Z b<1(z )2 _27
d16\ L Y=3\L%Y | 16
3

i 1 1 27 _ 1
using (1), (2), ), LHS 2 5 - - =~

(Proved)

Solution 4 by Soumitra Mandal-Chandar Nagore-India

a’
zm DB+ |A+1+DA+1+DA+1+1)
cyc cyc

HOLDER'S INEQUALITY
’-A-\

> (a+b+c)° =1

a®
3>
=z <Z(b+1)(c+ 1)>(ab+bc+ca+2+3)3 =1
cyc
(a+ b +c)? a® a’
:(T”’)@m)? 2<Zm><2“5>3 =

a’ 1 a’ 1
”(;(b+1)(c+1)>(5+§)33213;(b+1)(c+1)2144

(Proved)

equalityata=b =c = %
102. Let a, b, c be nonnegative numbers such that a + b + ¢ = 3. Prove that

\/E+\/F+\/E—32@

(ab + bc + ca — 3)

Proposed by Richdad Phuc-Hanoi-Vietham
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Solution by Richdad Phuc-Hanoi-Vietnam
Lets =a+b;p?=ab

We have

Va+VB+E=Ve+ |b+a+2Vab=VE=s+ 57 7p

f@)=V3—s+s+2p—3—k(p*+s(3-s)-23)

4(3 -6
pE[O;;],k: ( . )
f'(p) = ! —2k-f"()———1 —2k<0
p s+ 2p p.Jj \p (/s+2p 2p)3

f is concave on (0;%) = f(p) = min {f(O);f(g)}
«f(0) =V3—s++s—-3—-k(s(3-5)-3)
t=V3-s+Vs=>t!=3+2V3-5sVs<6 (AM-GM) = t € [V3;V6]

12 — 46 [(t* — 3)?
3 4

& (t—V6)(t® +V6t* — V6 — 3) < 0 is true with t € [V3;V6]

Equality hold ift =16 © s = % Sa=c= %,b = 0 or perumutations

3|=0

f(0)=t-3

*f(%)zﬂ+\/2_—3+¥(s—2)2:

-1 2 3k
:(S_Z)L/ﬂ+1+\/§+z]+7(s_2)2
Q)= = + (s -2y

2 (V3—s+1)(V2s+2)(2vV3-s++2s) 4
3)=¢ —2)2[%— °
) = e~ B+ D(V2s + 2) (23 =5 + v25)
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By Cauchy - Schwarz
(2V3—5+25) <6(2—s+5) =18 2vV3 —s+v25 < 3V2
By AM — GM
2(V3-s+1)(V2s+2)(2V3—s+2s) <

- (2\/3—s+\/§+4)2
- 3

72 + 512

(2V3 —s++2s5) <

s o2l v
f(z)z(s 2)2(3 -6 e L
)

Equalityholdsifs=2 s a=b=c=1

103.For:a,b,c > 0Aa+ b+ c = 3.Prove:

In (ev”“2 + eV1+Dh? 4 e 1+C2> >In3++V2

Proposed by Nguyen Van Nho-Nghe An-Vietnam

Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

ool (x-eV ) TraE —x. el (1 22)

— pV1+x2 1 — L fn—
x)=e = = . f'=
<e\/1+x2+x_e\/1+x2_ 2x ) /1 +x2_x.e\/1+x2 . 2x
24/1 + x2 21+ x2
(1 +x2) B
v 1+x2 2 2 V1+x2 2
e X X e X
=" <1+ )-\/1+x2— = 2<\/1+x2+x2— )
1+x 11+x2 l1+x2 1+x /1+x2
eV1t%? (1 + x2 /1+x2)e\/1+x2
= (1+x2+x2m—x2)= >0
1+ x2)J/1+x2

(1 +x2)4/1+ x2
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a+b+c

2
f"(x) > 0 < f(x)-concave = Jensen: In (Z eV““Z) >1n3e 1+( 3 ) =1In3e’? =

=In3+vV2 (a=b=c=1)
Solution 2 by Soumitra Mandal-Chandar Nagore-India

In (Z em> >1In (Z e1\/+—2a> [ Vv1+x2> 1\;;6]

cyc cyc

AM=GM

- 3| 3+a+b+c 6
> In(3{e vz |=In (3e3\/2) =In (Beﬁ) =1n3 ++/2 (prove).

Equalityata=b=c=1

104. Prove that for all positive real numbers a, b, ¢ the inequality holds

a b c ab + bc + ca
+ + + =
b+c c+a a+b 2(a?+ b%+ c?)

Proposed by Hung Nguyen Viet-Hanoi-Vietham
Solution by Kevin Soto Palacios — Huarmey — Peru

Probar para todos los numerous R* la siguiente desigualdad

a b [ ab + bc + ca
+ + + >
b+c c+a a+b 2(a?+ b2+ c?)

Comoa,b,c>0< ab+bc+ca>0
Por MA > MG

a? + b? + ¢ N ab + bc + ca o4
2(ab + bc +ca) 2(a%?+ b%+c?)

Aplicando la desigualdad de Cauchy en la desigualdad propuesta

Z a_ | ab + bc + ca - (a + b + ¢)? N ab +bc+ca _
b+c 2(a®2+b%2+c2) ~2(ab+bc+ca) 2(a?+ b?%+c?)
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_a*+b*+ P N ab + bc + ca 152
"~ 2(ab+ bc+ca) 2(a?+ b?+c?) -

105. Let x, y, z be positive real numbers such that xyz = 1. Prove that

1 1 1 1
+ + < —
(x+1)2+y2+1 (y+1)2+2z2+1 (z+1)?+x2+17 2

24" pan African Mathematics Olympiad

Solution by Daniel Sitaru — Romania

a
Z ==
C

B _c
x_a'y_b

1 1
= <
(x+1)2+y2+1 Zx2+y2+2x+2_

22xy+x+y ZZ Z42 +1
Z a+b+c 1
2 a+b+c 2 a+b+c 2

106. From the book: “Math Phenomenon”
Ifa, b, c € (0,0),Vab + Vbc + vca = 3 then:
3 z:(a3 + b3)c > 4abc(a+ b + ¢) + 6abc

Proposed by Daniel Sitaru — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Sia,b,c €< 0,0 >, ademas Vab + Vbc + vca = 3. Probar

3 z:(a3 + b3)c > 4abc(a + b + ¢) + 6abc
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Dadoqueesa,b,c > 0 < abc > 0, dividiendo (= abc) la desigualdad

a’> b?
@32<—+—>24(a+b+c)+6
b a

Por la desigualdad de Cauchy

a’? b?
3Z<F+F> > 3Z(a+b) = 6Zaz4za+zzaz
24(a+b+c)+22\/ab:4(a+b+c)+6
Solution 2 by Soumava Chakraborty-Kolkata-India
a® + b3 > ab(a + b) = c(a® + b3) > abc(a + b)
1)
.3 Z c(a3® + b3) > 3abc (Z(a + b)) = 6abc(a + b + c)

(1) = it suffices to prove: 6abc(} a) = 4abc(} a) + 6abc
SYaz=3 (2

Now, ¥ a = (Va)* + (VB)” + (Ve)’
> Vab + Vbc +ca ('.'sz Eny)
= 3 = (2) istrue (Proved)
Solution 3 by Nirapada Pal-Jhargram-India

Given, Y,vVab = 3
Now, 4abc(a + b + ¢) + 6abc = 2abc[2 ) a + 3]

:2abc[22a+2\/%]c§52abc[zza+Za] :6acha
AéMZZaBZaZ (Za3+b3)2as32(a3+b3)c
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107.I1fa, b, c,x,y > 0 then:

a? + bc N b% + ca N c? +ab - 18
a’?(bx +cy) b%*(cx+ay) c%*(ax+by) (x+y)(la+b+c)

Proposed by D.M. Bdtinetu — Giurgiu; Neculai Stanciu — Romania

Solution 1 by Soumitra Mandal-Chandar Nagore-India

Z a’ + bc Z Z bc
a?(bx + cy) bx + cy a?(bx + cy)
cyc cyc

AM.>G.M.and BERGSTROM
S 2 + >
= Y(bx + cy) V(ax + by)(bx + cy)(cx + ay)
REVERSE él.M.ZG.M. 9 3 18

(x+y)(a+b+c)+2(ax+by) :(x+y)(a+b+c)
3

(Proved)
Solution 2 by Uche Eliezer Okeke-Anambra-Nigerie

a*+bc 1 N bc
Z a?(bx +cy) Z (bx + cy) Z a?(bx + cy)
I

I

1+1+1)% 9

= Y(bx+cy) (x+y)a+b+c)
2 2

1 51
Il e Z (byg;izcy) - (xfy;lz 1 (x+y)z

AM-GM 1 9

(x+y) . 33/abc

GM’:\AM 1 9

(x+y).(a+b+c):
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LHS =1+ 11 > ) x 2 18
_(x+y)(a+b+c) (x+y)(a+b+c)
(Proved)
108. Ifa, b, c > 0 then:
(a® — b?)?

2 >
(a+b+c) 3(ab+bc+ca)+ pra—

Proposed by D.M. Bdtinetu — Giurgiu; Neculai Stanciu — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Siendo a, b, ¢ > 0. Probar que
(a? — b?)?
a? + b?
4a?b?
a? + b?

(a+b+c)2>3(ab+bc+ca)+4z

1
(a+b+c)223(ab+bc+ca)+zz<a2+b2—

a?+b?+c? a’b?

a? + b% + ¢2 + 2(ab + bc + ca) = 3(ab + bc + ca) +  “aZ+p?

Z

& a? + b? + ¢ +Zzﬁ>2ab+2bc+20a
a’+b

Aplicando MA > MG

S 42520 > 25 ab = 2(ab + be + ca) (LQQD)

Solution 2 by Seyran Ibrahimov-Maasilli-Azerbaidian

(a* — b?)?
a? + b?

42 a? +I;922)2 %Z(a—b)z

RHS = 3(ab + bc + ca) + 42
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RHS < 3(ab+ bc +ca)+a?+b*+c*—ab—bc—ca=
=(a+b +c)?
Solution 3 by Soumava Chakraborty-Kolkata-India
€Y b?)?
(a+b+c)? > 3(ab+bc+ca)+4zw
(1) © a* + b* +c* —ab — bc — ca

a? bz)

>yt ()

24 p? 1 (a2-p2)’
—ab =>-- ( )
4 (a%+b?2)

We shall prove that; =
(a—b)? (a—b)*(a+b)? -
© T T a@+p) °
(a — b)? (a + b)?
= 2 {1_2(a2+b2)}20
(a+b)? + (a — b)* — (a + b)?
2(a? + b?) }

(a-b)*
@b = 0 - true

>0

@(a—b)z{

a?+b? 1 (az—bz)2 .
—ab > r (a2+b2) (I)

b2+ 2 _ b (”—) 1 (bZ—CZ)
4 (b2+c2) '’
c? + a2 (i) 1 (c% — a?)?

— > .- =7
2 @ =13 (c% + a?)

(i) + (ii) + (iii) = (2) is true (Proved)

Similarly, , and,
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109. If x,y,z = 0 then:

2V2(xy + yz + zx) > \[2xyz(Nx + [y + Vz) + z Jx2z% + y222
Proposed by Daniel Sitaru — Romania

Solution 1 by Kevin Soto Palcios — Huarmey — Peru

Siendo x,y,z > 0. Probar la siguiente desigualdad

2V2(xy + yz + zx) > \[2xyz(Vx + [y +z) + Z Vx2(z% + y2)
Realizamos los siguientes cambios de variables
x=a*>0,y=b*>0,z=c*>0
La desigualdad es equivalente
2v2(a?b? + b%*c? + c?a?) > V2abc(a+ b +c) + Z a%\/(c* + b%)
Probaremos que c* + b* < 2(b% — bc + c?)?
& ¢t + b* < 2(b? + ¢?)? + 2b%c? — 4bc(b? + ¢?)
& (b* + ¢* + 2b%c?) + 4b%*c? — 4bc(b? + ¢?) =
= (b% + c2)? — 4bc(b? + c?) + 4b*c = (b—c)* =0

Por lo tanto
Z a?/(c* + b*) < Z V2a?(b? — bc + ¢?) =
= 2v/2(a?b? + b*c? + c*a?) —V2abc(a+ b +¢)
o 2v2(a?b? + b%c? + c2a?) = vZabc(a + b + ¢) + ¥ a?\/(c* + b%)
(LQQD)

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

2V2 - (xy + yz + zx) = V2((xy + zx) + (yz + xy) + (zx + yz)) =
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=\/E-Zx(y+z):Zx-\/2(y+z)2 :Zx\/Z(y2+zz+2yz) =
CBS

_ij(lzﬂz).((m)uuz—yzﬂ >

2 ) x(VP+ 7+ 2yz) = ) R+ + ) [2ayz-x
= VZayz: (Va+ |y +32) + ) Jatyr + yizt

Solution 3 by Seyran Ibrahimov-Maasilli-Azerbaidian

2V2(xy + yz + zx) = [2xyz(Vx + [y + VZ) + Z S22+ 222
“ b
ZZ\/nyZZx 2yz+zz‘/x2+y2

1) XV2xy 2 Y x/2yz (AM-GM)

V2(xy + zx) = 2x,/2yz

V2(xz + zy) = 2z,/2xy
V2(xy + yz) > 2yVJxz

2) SVZxy = S 2fE+ )7

V2(xy + yz) = y/x2 + y?

2y%(x + z)? 2 y*(x* + 2°)

2x% +27% + 4xz > x* + 22
(x+2)?+2xz2>0=>x,y2z>0

(1) + (2) = RHS (Proved)
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Solution 4 by Uche Eliezer Okeke-Ananbra-Nigerie

RHS = [2xy2(Vx + [y +2) + ) @22+ 22y
=VZ) (wfy)+ ) (/7 7)
CBS\/‘\/sz Zyz+\/_\/zx2 NS
T[S {[Tee ) -y

CBS
=>2\/_Zx < Zﬁny:LHS

(Proved)

110. If x,y,z,a > 0 then:
1 (1 1 1) X y z
2a ~x2+a’yz y?+alzx z?+a’xy

J— + J—
X y z
Proposed by Marin Chirciu — Romania

Solution 1 by Nirapada Pal-Jhargram-India

X AM—GM X
Z—z 5 2
x“+ayz 2ax,/yz

—Z Lsince Y AB < ¥ A2

Z \/— <
Solution 2 by Uche Eliezer Okeke-Anambra-Nigerie

Ifx,y,za>0

a2 )= 2
2a x/ ~ Luix?+a’yz
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s =13 ()= 3+ pey =
"~ 2a x/  4a y h yz
GM AM
Zzw/xz(az)'z Zx2+a2yz (RHS)

(Proved)

111. Ifa, b, c > 0 then:
3(a? + b? + ¢?)? = 8abc(a+b + ) + z:(a2 + b? — ¢?)?

Proposed by Daniel Sitaru — Romania
Solution 1 by Aziz Abdul-Semarang-Indonesia
aFact: (ab — bc)? > 0
a’b* + b*c* = 2ab®c
Analogoue,
b%*c? + c?a?® > 2abc?
a’c? + a’b? > 2a’bc +
a’b? + b%*c* + c*a? = abc(a + b + ¢)
& 8(a?b? + b%c? + c%?a?) > 8abc(a+ b + ¢)
3(a* + b* + ¢*) + 6(a’b? + b*c? + c?a?) >
> 3(a* + b* + ¢*) — 2(a®b? + b%c? + c%a?) + 8abc(a + b + ¢)
3(a? + b% + ¢?)? > (a* + b* + ¢* + 2a?b? — 2b?*c? — 2a%c?)
+(a* + b* + c* + 2a%c? — 2a®b? - 2b?*c?)

+(a* + b* + c* + 2b%c? — 2a%b? - 2a%c?)
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+8abc(a+ b + ¢)
3(a? + b% + c2)? > (a® + b — ¢2)? + (a2 + c% — b?) + (b? + ¢? — a?)?
+8abc(a+ b + ¢)
Solution 2 by Kevin Soto Palacios — Huarmey — Peru

Sia,b,c € R.Probar la siguiente desigualdad

3(a® + b%* + c®*)? > 8abc(a+ b +c) + z:(a2 + b% — ¢?)?

o 32a4+62a2b2 > 8abc(a+b+c)+32a4—22a2b2
o SE:aZb2 > a’b? > 8abc(a + b + ¢) @Zazbz > abc(a+ b +¢)

Si x,y,z € R, se cumple la siguiente desigualdad
x2+y2+z2 > xy+yz+zx
Siendox = ab,y = bc,z = ca
= a’b? + b*c? + c*a®? > abc(a+ b + ¢)
Solution 3 by Soumava Chakraborty-Kolkata-India
3(a? + b2 + c2)2 — (a® + b? — ¢2)2 — (b2 + ¢2 — a?)? — (a2 + b% — ¢2)2
= 8(a?b? + b%c? + c?a?) = 8abc(a + b + ¢)
(v x% +y? + 2% > xy + yz + zx) where x = ab,y = bc,z = ca)

Solution 4 by Seyran Ibrahimov-Maasilli-Azerbaidian

a=+x
b=y
c=+z

3(x+y+2)°’ = 8\/xy2(\/§+\/§+\/5)+2(x+y—z)2

Bx+y+z)P—(x+y—-z)’—(x+z-y)’ - (y+z—-x)*=
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=3x2 +3y% +3z* + 6xy + 6xz + 6yZ — x> — y* — 2% — 2xy + 2XxZ + 2yZ —
—x? -z —y? —2xz+2xy+2zy —y? —z* —x* — 2yz+ 2xy + 2xz =

= 8xy+ 8xz + 8yz

{xy +xz > 2x,/yz

xy +yz > 2y\xz = AM — GM
xXz+yz > 2z,/xy

112. If x,y,z = 0 then:

EXVE+VR§IZ)S3V%x+y+@

Proposed by Daniel Sitaru — Romania

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Siendo x,y,z > 0. Probar la siguiente desigualdad

> 5+ 367 2) < 33T 5D

Comox,y,z=>0

Por la desigualdad de Holder
DYGE+y)+Y+2)+(z+x) <

<@+ N+ O+ ErO)A+F 1+ DA+1+1)

e Ya(x+y) + Y4y +z2)+ 4z +x) <2Y9(x+y+z) (A
)Vx+3y+Vz<Yx+y+21+1+1)Q+1+1)
o Yx+ify+Vz<Yo9x+y+z) (B)
Sumando (A) + (B)
Y(Vx+3/a(y +2)) <33/9(x+y +2) (LQQD)
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Solution 2 by Ravi Prakash-New Delhi-India

Thereis nothingtoproveifx =y=z=0.
Assume at least one of x,y,z > 0.

Foro<t<1,let

f(t) = t%+ (4-(1—t))%
11 25 1[(1- 03 - 2363
- — 23t3
f'(t):i.———2y0<t<1=—l zt Zt‘
3(1-1)3 Ba-o3
1 1 1 L
((1 — )3 - (2t)§) ((1 — )3+ (Zt)g)

2 2
t3(1—1t)3

f'(®)>0 if0<t<§
:Oift:1<0if1<t<1
3 3
~ f(t) is maximum att=§

Thus, f() < f(3).0<t<1

2
>f(®)<330<t<1

Now,

1 1

x3+ (4(y+2))3 X
o) - Fy2) =3

(x+y+2z)3 y

= Z [x% + (4(y + z))%

W N

1 1 1
< Z9§(x+y+z)§: 3(9(x+y +2))3
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113. Prove that the following inequalities hold for all positive real numbers

a b, c

a3 3 3,p31c3
(a) _+b_+c >3(a+b +c?)

c a a+b+c

b5 ¢  a’ 3(a®+b3+c?)

—_— >
(b) a3 b3 3 a+b+c

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar para todos los numerous R* “a, b, ¢

3 3 3
a) 3(a3 +b3+c3)<(a+b+c)( +b7+a)

a* p* 4 ab® bcd cad
>(—+—+— |+ +— + + (a?b + b%*c + c%a) >
b [ a [ a b

> 2(a3 + b3 + c3) + (a®b + b%*c + c%a)
Desdes que: a, b,c > 0. Por: MA > MG

ab® bc3 bc® ca’® ca® ab’
—+—>2bzc—+—>2(: a—+—>a’b
[ a a b b [

Sumando obtenemos:

ab® bc® cad
2( + + > > 2(a?b + b*c + c%a) -

c a b
ab3 bC3 2 2 2
T+T+T>ab+b c+c a(A)

at b* ct
7+ a’b > 2a3,— + b%c > 2b3,—+ c2a > 2¢3
C a

4 4
= (‘2 +bc + a) + (a?b + b%c + c%a) = 2(a® + b3 + ¢3) ... (B)

Sumando: (A) + (B)
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a* p* ¢t ab® bcd cad
> —+ =+ 4+ + + +(a2b+b2c+cza)2
b [ a [ a b
> 2(a3 + b3 + c3) + (a®b + b%c + c%a)

b) 3(a® + b3 + ¢3) s(a+b+c)(2—z i “5)

5 5 5 5 5 5 6 6 6
3 3 3 b c a ac ba cb a b c
$3(a +p +C)<(a2+b2+cz)+(b3+c3+a3 + C3+a3+b3

Siendo: a, b, c > 0. Por la desigualdad de Cauchy:

a®

6 (a®+b3 3)2
c a’+b°+c 3 3 3
S5 —4+—4+—=> =a’+b°+c’ .. (A
3 a3 b3 c3+a3+b3 ( )
Por MA > MG
5 5 3 5 5 3 5 5 3
ac ba 2a’c ba ch 2b°a ac ch 2¢c’b
=5 —4+ —> —_t—> —_—t—> B
b3 3~ b '8 a3 — ¢ 'b3 a3 T a ( )
ab3 cad bc ab3 ca3 bc3
= — +-— > 2a’b,— + — = 2b%c,—+ — = 2c%a (C)
c b a c b a
ac> ba5> cb®> ab® bc cad ) ) )
S —at—t—2 + + > a“b + b“c +c“a
b [ a [ a b

Por transitividad:

b . cs . a® . ac’ . ba’® . cb® - b v a?p) s cs T pe) + a®
=> | — —_— —_— —_— _— _— — —
a2 b?2 2 b3 c3 a3 |~ a b2 ¢ c

b> ¢ a° ac’> ba’ cb° a® b
>\ g+ttt + +— + >

c3 a3 3 a3 + b3
>2(a®+b*+c3)+a’+ b3+ =3(a+b*+c3)
(LQQD)
Solution 2 Myagmarsuren Yadamsuren-Darkhan-Mongolia

an+2 bn+2 C.n+2 3. (a3 + b3 + CB)
+ + >

b" cn am a+b+c
ASSURE
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a) b) —same
(a2n+2 o + b2n+2 ca® + C.2n+2 . bn) . (a +b+ C) >

>3@@@+b*+c3) - a*- b "o

Chebyshev
Zaz’”z-cn (a+b+c) >
cyc
1 AM=GM
> §(a3 + b3 + ¢3) z:(az"‘1 ™ |- (a+b+c) >

cyc

1
2§(a3 +b3 +C3).3 . 3;/‘,'311—1,13311—1 .c3n-1.3. W:

:3.(a3+b3+63),vaBn,an,CBn:3,(a3+b3+c3),an,bn.cn

Solution 3 by Soumitra Mandal-Chandar Nagore-India
We know, (a? + b% + ¢2)? > 3(a3b + b3c + c3a) (1)

1)

Z Z a6 BERGSTROM (,3 | b3 (3Y2  3(g3 4 b3 4 (3)2
a3b Y a3b — (a? + b?% + ¢?)?
cyc cyc

[applying relation (1)]

3(a3+b3+c3)2 3(a®+b3+c3)

we need to prove,

(a2+b%2+c%)2 —  atb+c
2
& Za ZaB > Zaz :
cyc cyc cyc

which is true by Cauchy — Schwarz

chc

3(a3+b +c3)
T (proved)
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BERGSTROM 2 2
b® 6 & Y a3 3(Y a3
2) Yeye 3 = Leye gz 2 (Z a33, > ((Z az))z . We need to prove
2
3Ca®?* 3 ad)
> N a a3 | > Z a?
(X a?)? Ya Z Z
CyC CyC CyC

which is true by Cauchy — Schwarz
. b5 3(a®+ b® + c3)

a3 — a+b+c
cyc

(Proved)

114. Prove that for any positive real numbers x,y, z

x2JyZ + 22 + Y222 + 2% + 22 [x% + y2 <z

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution 1 by Kevin Soto Palacios — Huarmey — Peru
Probar para todos los numerous R™ x, y, z la siguiente desigualdad
X2[y2+ 22 + Y222 + x2 + 22 [x2 + y2 < V2 (i3 + y3 + 2°)
Recordar la siguiente desigualdad:
(a*+bY)<2(@ —-ab+b?>)?* = (a-b)*=>0
Por lo tanto

Y a2[y? + 2% <2x(y + z — \[yz) + V2y*(z + x —zx) + V22 (x + y — [x¥)

Es necesario demostrar lo siguiente

V2(x3 +y3 + 2%) 2 V2x?(y + 2z — \[yz) + V2y*(z + x —Vzx) +22%(x + y — \[xy)

e x3+y3 +23+x% [yz + y*zx + 22 [xy = xy(x + y) + yz(y + z) + zx(z + x)

Por MA > MG
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ox3+y3+283+x2[yz+y*zx + 22 [xy = x3 + y3 + 23 + 3xyz
Por ultimo
x3+y3+ 23 +3xyz > xy(x+y) + yz(y + z) + zx(z + x)
(Valid por desigualdad de Schur)
Solution 2 Soumitra Mandal-Chandar Nagore-India

We know, v/x as a concave function for all x > 0

xZ /yZ _|_ZZ _|_y21/x2 _|_ZZ +ZZ /xZ _|_y2 Z x3 y2 _|_ZZ
. - 3 3 3
x3+y3+z

xz
cyc

WEIGHTED JENSEN INEQUALITY
JENS ¢ Z x3 y2 + z2
cyc

<
— \/xy(x+y) +yz(y+z)+zx(z+x)

< v2 (proved)

x3+y3+23

a0+ YR > xy(x+y)
y*+2° 2 yz(y + 2)

3+ x3 > zx(z + x) and adding

Z
Solution 3 by Sanong Haueray-Nakonpathom-Thailand
Since

x6 + x3y3 + x3y3 > 3xty?

x0 + x32% + x32% > 3x172?2

y5 + x3y2 + x2y3 > 3xty?

y5 + 323 + y273 > 3ytz2

7% + x323 + x323 > 3z*x?

25+ 9323 + y373 > 3z%y2

Hence,
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Consider

N e R N e I N pe e

2(x3 + y3 + 23)2 3(x4-y2 + e 4 Z4-y2) -

6 4 2_|__,,_|_ 4 4,2 4 2_|__,,_|_ 4 4,2
:j(xy zy)sj(xy 2y _ 5

Solution 4 by Erbolat Darin-Ulanbaatar-Mongolia

_xZ /y2+ZZ+y2.\/ZZ+x2+ZZ /y2+x2<\/i

A x3_|_y3_|_23
=
B:x3+y3+z3: (x i’ Z):

23 +2y3 422 + (B +y) + (P +23) + (2B +xP)

= 1 >

- 2x3+2y3 +223 + (x + y)xy + yz(y + z) + xz(x + 2)

— 4 -
_2°+2y° 422 +x- P+ 2 vy () vz (P Ay
= ; >

>ZZ'\/2x3'x(y2+Zz)_ZZ\/EXZ\/)’Z"'ZZ _ XxtJyr+ 22
- 4 B 4 B N3

x2 2_|_ZZ
<Z VY .

A< =
Y x2.[y? + 72
V2
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115. Let x, y, z be positive real numbers such that: x + y + z = 3.

By3 y3 23 z3x3 xr+yt4zt 4 3xyz

dty3—x+2  yr+z3-y+2  z44ad-z+2 T 6

Prove that: -

Proposed by Hoang Le Nhat Tung — Hanoi — Vietham
Solution by Hoang Le Nhat Tung — Hanoi — Vietnam
*Let x,y,z > 0 We will prove that:
xt+yt+ 2t rayz(x+y +2) 2 xy(x +y?) + yz(y? + 2%) + zx(22 + ) ()
Qe xt+yt+zt +xyz(x +y +z) — xy(x? + y?) — yz(y? + z2%) — zx(22 + x2) = 0
o x*(x*—xy—xz+yz)+y*(y* —yz—yx+zx)+z*(z2* —zx —zy + xy) > 0
SxXx-y)x-2)+y (y-2)(y-x)+2*(z-x)(z-y) 20 (2
letx=y=z>0

z—x<0

z<x
+Wehave.{z @{z—ysoﬁ(

<y z—x)(z-y)20=>27%(z-x)(z-y) =20 (3)
+ Other: x?(x — y)(x — z) + y*(y — z)(y — x)
= (x = Px*(x - 2) - y*(y — 2)] = (x = P[P - ) — z(x? — y?)]
=x-Ple-NE+xy+y?) —zx—x+y)] =@ -y)2*(* +xy+y* —zx —zy) 20 (4)
(xzyz2z>0=>x*+xy+y? —zx—zy=x(x—z)+y(x—z)+y* > y*>0va(x —y)? = 0)
—Since(3),4):=>x*(x—y)x-2)+yY* (y—-2)(y—x)+2?2(z—-x)(z—y) =0
= (2) True = (1) True.
- Since (1), AM-GM:

xt+yt+ 2+ xyz(x +y + 2) = xy(x? + y?) + yz(y? + 2%) + zx(22 + x%) = xy - 2xy + yz- 2yz+ zx - 22x
xt +y* + 24 + 3xyz

2
* We have:

- —x+1=23x-1D)-(Cx-D=CG-Dx3*-1D=((x-1)2(x%2+x+1)>0
(Do(x—1)% > 0)

& x2y? + y2z2 + 22x* < (x+y+z=3)

3
Sxt—x3-x+120=2x*+y3 —x+2>2x3+y3+1>3-Yx3-y3-1=3xy
34,3 3.3 2,2
xt+y3—x+2 3xy 3
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3,3 2,2 3,3 2.2
z z z° X z"x
Yy < Yy . < (7)

+ Similar:
yi+z3-y+2 — 3 'z%+4x3-z+2 T 3

3.3 3.3 3.3 2.2,..2.2, .22
. . 3y y3z z3x xX’y*+y*z%+z%x
—3in 7). = + + <
Since (6)’ ( ) xt+y3—x+2  yr+z3-y+2  z4+x3-z+2 3 (8)

x3y3 y3z3 z3x3 x4+y4+z4+3xyz

— Since (5), (8): =

xt+y3—x+2  yr+z3-y+2  zt+x3-z4+2 T 6
= We get the result

+ lquality occurs if: {x’y’z >x0;xy+:yz+ z2=3 ox=y=z=1
116. Let a, b, c be non-negative real numbers such that
(a+b)(b+c)(c+a)=8.
Prove that
abc(a? + bc)(b? + ca)(c? + ab) < 8.
Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution 1 by Kevin Soto Palacios — Huarmey — Peru
Siendo a, b, c numeros reales no negativos, de tal manera que
(a+b)(b+c)(c+a)=8
Probar que
abc(a? + bc)(b? + ca)(c?* + ab) < 8
Utilizando la siguiente desigualdad

4axy<(x+y)l e @x-—y)2=0
4(a® + bc)(ab + ac) < ((a? + bc) + (ab + aw))2 = (a + b)%(a + c)?
(A)
4(b* + ca)(bc + ba) < ((b2 + ca) + (bc + ba))z = (b+c)*(b + a)?
(B)
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4(c? + ab)(ca + cb) < ((c2 + ab) + (ca + cb))2 = (c +a)*(c+ b)? (C)

Multiplicando (A) - (B) - (C)
64abc(a? + bc)(b? + ca)(c? + ab) < (a+ b)3(b + ¢)3(c + a)3 = 512
& abc(a? + bc)(b? + ca)(c? + ab) < 8 (LQQD)
La igualdad se alcanzacuandoa=b =c = 1.
Solution 2 by Sanong Hauerai-Nakonpathom-Thailand

From (a + b)(b + ¢)(c + a) = 8, we get

8=(a+b)(b+c)(c+a) > 8/a?b?c?
Hence,abc < 1
and get a*b*c + ab*c* + a*bc* + a®b*c? + a’b°c? + a?b*c® <
< a’c + b*a + c*b + a®?b + c*a + b?*c
Hence
alb3® + b3c® + c3a® + a*bc + ab*c + abc* <

a b c a a b
<|l—+—4+—-)+|—+—+—
(b c a) (c b a)

Hence
(abc)? + (ab)?® + (bc)3 + (ca)® + a*bc + ab*c + abc* <
a b c¢c a c¢c b
< —4+—F—-F+—-F+—+—-+2
c a ¢ b a
Hence

(@ + b + )+ av) = (1+2) (14.) (149

- (a+b)(b+c)(c+a)
- abc
That
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(a®? + be)(b? + ca)(c* +ab) < (a+b)(b+c)(c+a) =8

Then from it is to be true
117. Prove that for all non-negative real numbers a, b, ¢

az +2 b% + 2 ct+2
+ + >3
b+c+1 c+a+1 a+b+1

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar para todos los numerous R* a, b, c:

a? +2 b% + 2 cz+2
=+ =+ >3
b+c+1 c+ta+1 a+b+1
Por la desigualdad de Cauchy:
(@®>+1+1)A+b*+1)=>(a+b+1)* (A

De forma analoga:
B>*+1+1)A1+c2+1)=>(b+c+1)? (B)
(c?+1+1) @1 +a?+1)>(c+a+1)? (C)

Multiplicando (A) (B) (C):
(a%? +2)%2(b%2 +2)%(c?+2)2>(b+c+1)%(c+a+1)2%a+b+1)2
=@ +2)(b2+2)(c2+2)>(b+c+1)(c+a+1)(a+b+1)
De la desigualdad propuesta ... Por: MA > MG

2 2 2 3 2 2 2
az+2 + bZ+2 + c2+2 >3 (a2+2)(b2+2)(c%2+2) >3
b+c+1 ct+a+1 a+b+1 (b+c+1)(c+a+1)(a+b+1)

(LQQD)
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Solution 2 by Soumitra Mandal-Chandar Nagore-India

az +2 AMzGM 3 a? +2
b+c+1 b+c+1
cyc cyc

We need to prove,
(@?+2)(b>+2)(c?+2)=2(a+b+1D)(b+c+1)(c+a+1)

CAUCHY SCHWARZ
~
Now, (a> +1+1)(b2 +1+ 1) > (a+ b+ 1)?
CAUCHY’E\CHWARZ
(B2+1+1)(c2+1+1) > (b +c+1)%and
CAUCHY SCHWARZ
ﬂ"\
(c?+1+1D(a?+1+1) (c + a +1)2. S0,
Hm2 +1) > n(a+b+1)
cyc cyc
az+ 2
b+c+1_
cyc
(Proved)

118. Fora,b,c > 0Aa+ b+ c = 1. Prove:

2
4 3 252 2.2 2 >
a* + b3 + ¢ + 2(a?b? + b%c? + c?a?) + 2+b2+cz_3

Proposed by Nho Nguyen Van - Nghe An - Vietham
Solution by Do Huu Duc Thinh-Ho Chi Minh-Vietnam

abc>0

~ . =2abcel0;1]zat*+b3+c>at+bt+ct >
a+b+c=1

We have: {
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2 2 1 1
:LHSZZa4+ZZaZbZ +W: (Zaz) +W+WZ 3
The equality holds for (a, b, ¢) = (1,0, 0) and any cyclic permutations.

119. Let a, b, ¢, d be positive real numbers such thata+ b +c +d = 2.
Prove that:
a b c d
+ + + =
\/b+3\/cda \/c+3\/dab \/d+3\/abc \/a+3\/bcd

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

2.

Solution 1 by Kevin Soto Palacios — Huarmey — Peru
Siendo a, b, ¢,d nimeros R* de tal maneraquea+b+c+d = 2.

Probar que
a b c d

+ + + >
\/b+3\/cda \/c+3\/dab \/d+3\/abc \/a+3\/bcd
Por la desigualdad de Holder

2.

2
(z #) (a(b + ¥eda) + b(c+ Ydab) + c(a + ¥abe) + d(a + ¥bed)) =
b+ Ycda

>(a+b+c+d)3=8
Es suficiente demostrar que
a(b + Vcda) + b(c + Vdab) + c(c + Vabc) + d(a + Vbcd) <2 (A)
Aplicando MA > MG
c+d+a) _ a<2b+(a+b+c+d)>_

a(b+ Veda) < a (b +— 3

_a(2b+2)_2ab+2a
B 3 -3 3
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b(2c + 2 2bc 2b
@b(c+3\/dab)s ( )= + —
3 3 3

c(2d + 2 2dc 2c

c(d+3\/abc)§ ( 3 ): 3 +?

2ad 2d

d(a+3vbcd) ST*‘?
2(a+b+c+d)+2(ab+bc+cd+ad)_
3 3 B

2 2(a+b+c+d)?
- —————=2 (LQQD)

2

@Za(b+%)$

—i+w<§

3 3

+

Q

Por lotanto - | ¥ —= >Z>40Y)

‘/b+3\/cda b+3 cda

Solution 2 by Sanong Haueray-Nakonpathom-Thailand

|

Leading fact whena,b,c,d € R*,a+b+c+d =2
+(a+b+c+d)? > 4%a®b + b%c + c*d + d%a)

8 1
— =—> a*b + b%*c + c¢*d + d?
T 2_ab b%c + c“d + d“a
2(a+b+c+d)° >48a’cd + b’da + c’ab + b’ bc)

1
27 > (a’cd + b’da + ¢’db + d” bc)

1
2 > Va’cd + b’da+ cab + Ydbc
Consider
a b d
+ +otr— =
\/b+3\/cda \/c+3\/dab \/a+3\/bcd
a? d?

= + .+

avb + Veda dva+ bcd
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(a+ b+ c+d)?

>
\/azb + a2¥cda + - + \/dza + d23/bcd
4

\/4(a2b + b%2c + c2d + d?a + a?Vcda + - + d23\/bcd)

4
> =2
1 1
2J2%32

120.Ifa,b,c > 0,a + b + ¢ = 3 then:

z (2a+ /2b+c+2) > 18

Proposed by Daniel Sitaru — Romania
Solution 1 by Abdul Aziz-Semarang-Indonesia
Letx = 2%y =2P z=2¢
Thena+b+c=3 o log,(xyz) =3 © xyz=28

Now,

b+c a+c a+b

20 +2b4+2¢42.22 +2.22 +2.272
=x+y+z+2/[xy+2[yz+2vxz
= (ﬁ+ﬁ+ﬁ)2 2(3i/x_yz)2 =9.%xyz=9-2=18
Equality holdswhena=b=c=1
Solution 2 by Chris Kyriazis-Greece

Using only AM-GM, we have

Z (Za + /2b+c+2) > 33/2a+b+e 4 33/2ath+c+3 =
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a+b+c=3

= 3-2+3-22=18
Solution 3 by Ravi Prakash-New Delhi-India

Let f(x) =2*+2V5* 0<x <3

f'(x) =2*In2 + (Zmlnz)( 1 )

V5 —x
,/5_
=(n2)|2* - 27 0<x<3
QS—x'

ff(x)=0ifx=1
min f(x) = min{f(0), f(1), f(3)}
=f) =6
Now,
> (22 +277) = ) (204 2757) 2 3(6) = 18
Solution 4 by Ngo Minh Ngoc Bao-Vietnam
Y (2% +V2b*e¥2) > 18 (*)
(*) & ¥ (2% +V25-9) > 18
Considering function f(a) = 2% + V25-2,v q € (0,3)

24-a1n2

! —_— a _
= f'(a) =2%In2 e

f(a)=0a=1

f'(a) — 0 +

f(a) — . 6 /”2—
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Similarly f(b), f(c) = 6 = Y,(2% + V2b+c+2) > 18

Solution 5 by Soumitra Mandal-Chandar Nagore-India

By AM > GM
+b+ >(b+c+2)
Zza+2\/2b+c+223-z—a T +3.2° 6
cyc cyc
a+b+c+3
=3-2+3-2 3 =6+12 =18
(Proved)

121. Givena,b & ¢ > 0 such thata® + b3 + ¢ =3
Prove that

a’+1 b5+1 05+1>3
+ +
b2+c¢c ¢ +a a%’+b

Proposed by Imad Zak-Saida-Lebanon
Solution 1 by Kevin Soto Palacios — Huarmey — Peru
Dado que a, b, ¢ > 0 de tal manera que a3 + b3 + ¢3 = 3. Probar que
a®>+1 b°+1 c>+1
b2+c+c2+a+az+b23
Por la desigualdad de Holder
@+p3+AHA+1+1)@Q+1+1)>(a+b+c)® =3>a+b+c
@+b2+c3)@®+p2+c3)(1+1+1) > (a? +b*+ %) © 3 > a? + b? + ¢?
(@+b3+3)B3+c2+al)1+1+1)>(ab+bc+ca)) 3 >ab+bc+ca
Por MA > MG
b3 + b3 + a® > 3b%a (M)

cA+c3+b3=>3c%h (N)
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a’ + a3+ c3 > 3a%*c (P)
Sumando (M) + (N) + (P) = 3(a® + b3 + ¢3) > 3b%a + 3¢*b + 3a%c &
& 3 > b%a + c¢*b + a’c

Aplicando la desigualdad de Cauchy

+ + > =
b2+c c¢%2+a a*+b b*a+c:b+a’c+a+b+c
_ 9 9 _3
" b2a+c’b+a’c+atb+c — 3+3 2 (A)
2 _3
=343 (B)

1 1 1 9
+ + >
b%24c c%4+a a?+b — a?+b%+c2+a+b+c 2

5 5 5
a’+1 b+1_|_(:+1>3 (LQQD)

b%24c c% 4a a?+b —

Sumando (A) + (B) -
Solution 2 by Sanong Hauerai-Nakonpathom-Thailand

Givea,b,c > 0anda® + b3 + ¢3

+1  b5+1  ¢5+1

5
a
+ + >
Provethat -—+——+——2>3

Consider (a+ b + ¢)3 <9(a® + b3 + ¢3)3 =27
Hencea+b+c¢c <3
And (a® + b2 + c®)(a + b + ¢) = (a® + b? + ¢?)?
Hence 3(a + b + ¢) = (a? + b? + ¢?)?
V3 x 3>./3(a+b+c) = a?+b?+c?

Hencea? + b2 +c¢2 <3

al+b+b:+c+c2+a<h

1 1 1 3
>=. (A
a’+b  b%24c c*+a " 2 ( )
a’ b5 cs a® b® c®

2 + +- =3 +-= +—
b~+c c*+a a*+b ab*“+ac bc-+ab ca*+ bc
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(a3+b2+c2)2

>
- ((abz+bc2+ca2)+(ab+bc+ca))

9 3
>-=2,
6 2

. (B)
Because 3 = a3 + b?% + ¢% > ab? + bc? + ca?
3>a+b+c>ab+ bc+ca

541 b5+1  c°+1
Therefore =— + + >3.(4+
ereiore b% +c c%+a a?+b — ( B)

122.Ifa,b,c,d > 0,a+ b+ c + d = 3 then:
27 + 3(abc + abd + acd + bed) > a3 + b3 + ¢3 + d3 + 54Vabcd
Proposed by Daniel Sitaru — Romania
Solution by Kevin Soto Palacios — Huarmey — Peru
Sia,b,c,d > 0,detalmaneraque a+ b + c+d = 3. Probar que
27 + 3(abc + abd + acd + bed) > a3 + b3 + ¢3 + d3 + 54Vabcd
Sabemos la siguiente identidad
(x+y3=x3+y3+3xy(x+y),dondex=a+by=c+d
s@+b+c+dP=@@+b)2+(c+d)?*+3(a+b)c+d)(a+b+c+d)

eo27=a®>+b*+c3+d3®+3abla+b) +3cd(c+d)+9(a+ b)(c+d)
e27=a®+b*+c3+d3+3ab(a+b) + 3cd(c+ d) +9(ac + ad + bc + bd)

(:)27+3(abc+abd+acd+bcd)=Za3+3ab(a+b+c+d)+30d(a+b+c+d)+
+9(ac + ad + bc + bd)
< 27 +3(abc+ abd + acd + bed) = a3 + b3 + ¢ +d® +9(ab + cd + ac + ad + bc + bd)
Es suficiente demostrar lo siguiente
9(ab + ac + ad + bc + bd + cd) > 54Vabcd &

< (Lo cual es valido por MA > MG)
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123.Ifa, b, c > 0 then:

2 2 2 2
z <a (11:: )> . <b (11:ba )> > 4(3 — Zﬁ)abc(a +b+c)

Proposed by Daniel Sitaru — Romania

Solution by Redwane EI Mellas-Morroco

o a?(b2+1)b%(a?+1) _ Y (ab)2  COUhY (5 qpy2
< - (a+1)(b+1) = (a+1)(b+1)
(a+1)(b+1) (@Z+1)(b2+1) Z(a2+1)(b2+1)

x+1

x2+1

xZ+2x-1 _ (x—(\/f—l))(x+(\/f+1))

T (2+1)? (22 +1)2
V2
4—2./2

Let f(x>0) =

Since f'(x) =

50<f(x>0)<f(V2-1)=

So,
1 1 1 _4(3-2v2)

@+ DB+ Sf(@fb) - 2 3
2@+ D)2+ 1) 3(4_@5)

Also, [2,2,0] > [2,1,1] = (T ab)? = Y (ab)? + 23 a’bc > 3 Y a®bc

Finally,

2(h2 2(q2
B e B Lo

124. Prove that for any positive real numbers a, b, c,x,y, z
(a3 + 3x3)(b3 + 3y3)(c3 + 323) > (ayz + bzx + cxy + xyz)3
Proposed by Nguyen Viet Hung — Hanoi — Vietnam

Solution 1 by Nirapada Pal-Jhargram-India
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[(@® + 3x3)(b® + 3y%)(c? + 32%)]3

=(a®+ 3x3)%(b3 + 3)73)%(03 + 323)%
=xyz [(2)3 +13+13 + 13]§ [13 + (5)3 +13 + 13]§ [13 +13 + (5)3 + 13]§

Ho’g:ier a

b c
> —+—+—+1)= + + +
> Xyz (x >tz 1) (ayz + bzx + cxy + xyz)

~(a® +3x3) (b3 + 3y3)(c® +323) > (ayz + bzx + cxy + xyz)3
Solution 2 by Fotini Kaldi-Greece

Holder

(ayz+bzx +cxy +xyz)® < (@3 +x3 + 3 + B3B3 +y3 +y3 +y3 (B + 22 + 22 + 28)

hom ey G _X_X a_ X

X X
=-=-eob=yANa=xANz=c
y b y z z c
Solution 3 by Uche Eliezer Okeke-Anambra-Nigeria

3
Holder

1
LHS = 1_[(0,3 +x3+x3+4%) S Z[a3y3z3]§
cyc cyc

= (ayz + bzx + cxy + xyz)3

125. Let a, b, ¢ be positive real numbers such that

a? + b% + ¢% + abc = 4.

Prove that
a+b+c> a\/E+b\/ca+C\/ab

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

i a, b, cnu a c abc = 4.
Siendo a, b, c nUmeros R* de tal manera que a? + b% + ¢* + abc = 4
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Probar que
a+b+c> a\/E+b\/ca+cVab

En un tridngulo ABC se cumple la siguiente identidad
cos?A+ cos?B+ cos?C+2cosAcosBcosC =1
Realizando las siguentes cambios de variables
a=2cosx>0b=2cosy>0,c=2cosz>0¢
& (Valido en triangulo acutangulo)

Las desigualdad pedida es equivalente

CosX+cosy+cosz>2coSx,/coSycosz+2cosyVcoszcosx + 2cosz./cosxcosy
Aplicando la desigualdad Woltehnshome

Siendom,n,p numeros R A x + y + z = m se verifica lo siguiente
m? + n? + p? > 2np cosx + 2mp cos y + 2mn cos z, donde
m =+/cosx >0,n=,/cosy >0,p=+/cosz>0
& cosx +cosy+cosz > 2cosx,/cosycosz + 2 cosy/coszcosx + 2 cosz,/cosx cosy
(LQQD)
Solution 2 by Imad Zak-Saida-Lebanon

AM—GM )
(Za2)+abc:4 S 4>r+3r3

o @(r+2)1-V¥r)z0=>r<1
Moreover Y a? +abc =4 =>r=4 - a?
=4 - (p*-29)
=4-p?+29<1

2 2 2
but29$2%=>4—p2+2%§1=>3§%=>p23
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Cc-

B
Nowa\/ﬁ+bx/ﬁ+cm:ﬁ-ﬁ+\/§-\/¥+\/§-\/¥ 2

=S

a e E 2 [pvE= 3

we need to prove \/3p < p © 3 < p true
<<=>>at(1;1;1)

Solution 3 by Marian Dincd — Romania

LetS = cosa ,g = cos B, = cosy,a By the angles acute triangle

Let: @ = ";A,B = ";B,y = ”;C,A, B, C the angles of triangle
Result: a =2 sing,b = Zsing,c = Zsing

The inequality is equivalent to:

2'A+2'B+2'C> Z'AZ'BZ'C
sm2 sm2 sz_ sm2 sm2 sm2

ciclic

or: 1 (sinA + sin2 + sin C) > ) sin2 [sinZ2 - sin<
"2 2 2 2) = ~ciclic 3705 2 2

. B . C _ . 5(B+C -
sin- - sin; < sin? (T) and similarly

we obtain;:

B+C
sm— sm— sm— sm—sm )
cycllc cyclic

and use Cebyshev inequality, result:

> sngain(1) 25 3 smg (3 ()

cyclic ciclic ciclic
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B+C
1 . (B+C . Zcicuc(T) . (A+B+C 1
and: E(ZC"C”C sin (T)) <sin| ———— | = sm( S ) =

Jensen inequality

N |

126.1fa,b,c > 0,a+ b + ¢ = 1 then:
4
aZa + b2b + CZC + §(abbcca + acbacb) <1
Proposed by Hung Nguyen Viet — Hanoi — Vietnam

Solution by Kevin Soto Palacios — Huarmey — Peru

Siendo a, b, c > 0 de tal maneraque a + b + ¢ = 1. Probar que

2ap1,2b .2c 4 byc,a cpha,.b

a’%b*Pc +§(abc +a‘b?c?) <1

Siendo— a;,a;,a;3..a, >0,x1,x3,x3...x,>0Aa; +a, +az+--+a, =1
Se cumple la siguiente desigualdad
X7t x5 x50 X" S @y Xq F QX + AzXg o+ ApXy
Paran =3

1) a®b’c¢ < a? + b* + ¢* &

2
& a%2b?bc?c < (a? + b? + ¢2)? = ((a +b +c)? —2(ab + bc + ca))

& a®*p*c% < (1 - 2(ab + bc + ca))2 =
=1 —4(ab + bc + ca) + 4(ab + bc + ca)? (A)
2) a’bc® < ab + bc + ca (B),

3) a’bh®c? < ca + ab + bc (C)

De (A), (B), (C)

4 8
a?ap?bczc + 3 (a’b¢c® + a‘b®c?) < 1 —4(ab + bc + ca) + 4(ab + bc + ca)? + §(ab + bc + ca)
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4 1
a?ep?bc2¢ + 3 (aPbc® + a®bc?) < 1+ 4(ab + bc + ca) <(ab +bc + ca) — §> <1

. b+c)?2 _ 1
LocuaIeSCIertoyaque—>ab+bc+cas@=§/\ab+bc+ca>O

127. Prove thatif x,y,z € (1, o) then:

z< In x N Iny >> 18
Inylnz Inxlnz/ ~ In(xyz)

Proposed by Daniel Sitaru — Romania

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar paratodo x,y,z €< 1, > |o siguiente

Z ( In x Iny ) 18
+ =
Inylnz Inxlnz/ ~ In(xyz)

De las condiciones se puede deducir que

a=Inx>0b=Iny>0,c=Ilnz>0a+b+c=In(xyz)
La desigualdad propuesta es equivalente
a b b c c a 18
(—+—) +(—+—) +(—+—) >
bc ca ca ab ab bc a+b+c
b c

@(i+—+—)(a+b+c)29 (A)

bc ca ab

Aplicando la desigualdad de Cauchy y MA > MG en (A)

a b ¢ (a+b+c)? _(a+b+c)?
<E+E+E)(a+b+6)2 3abc (a+b+c)= 3abc =
(LQQD)

Solution 2 by Nirapada Pal-Jhargram-India
Letlnx =a,lny=b,Inz=—c
Sincex,y,z>1soa,b,c>0

Now the inequality reduces to
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a b 18
3 i)z arvre

bc ca a+b+c
LHS:Z(%+£)

ca

Yo
abc
2ab

2ab o, 2 2 —9yl
zZabc.Slnce(A + B 22AB)—ZZa

AM-HM 9 18

> 2 X =
a+b+c a+b+c

- we get

Z( In x N Iny )> 18 _ 18
Inylnz Inzlnx/ " Inx+Iny+Inz In(xyz)
Solution 3 by Nirapada Pal-Jhargram-India
Letlnx =a,lny=b,Inz=—c
Sincex,y,z>1so0a,b,c>0

Now the inequality reduces to

a b 18
S e )= ares
bc ca a+b+c

LHS=3% (5 + =) =2%+=-—Ya?

b
ca abc
2 i 2 =231
>—-YabSincexA*>YAB =23~

AM;HM 9 18
> 2 X% =
a+b+c a+b+c

- we get

Z( In x N Iny )> 18 18
Inylnz Inzlnx/ “Inx+Iny+Inz In(xyz)
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Solution 4 by Nikolaos Skoutaris-Greece
Ifx,y,z € (1,+»)
(1) Prove ¥ ( nx _ _Iny ) - _18

Inylnz Inxdnz/ — In(xyz)

Leta=Inx,b=Iny,c=1Inz
Then

(1) becomes:

a b b [ [ a 18
(—+—)+(—+—)+(—+—)2—
bc ca ca ab ab bc a+b+c

a_|_b_az_|_b2 (a+b)* _ 4ab 2
bc ca abc abc”~ 2abc ~ 2abc ¢
b ¢ b? ¢ (b+c)® 4abc 2
ca ab abc abc 2abc 2abc a
c_|_a_cz_|_a2 (c+a)*> _ 4ac 2
ab bc abc abc~ 2abc ~2abc b
(+)
1.1 1
11 1\ _ PRI
HS22(+5+2) =23 2
LHS > 6 3 LHS > 18
Bt W W Uiy e
111
a b c

Solution 5 by Nguyen Thanh Nho-Tra Vinh-Vietham

x,y,Z2€ (1;0) = Inx,Iny,Inz> 0

In x Iny \ AM-GM 1 1 1
2 (iyinz *mxmz) = 2linz " inx Tiny)
Inylnz Inxlnz Inz Inx Iny
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cs 1+1+1)> 18
Inx+Iny+Inz In(xyz)

=“SInx=lny=lhzex=y=z
Solution 6 by Soumava Chakraborty-Kolkata-India

Leta=Inx,b=Iny,c=1Inz

18
a+b+c

i i i b
- given inequality becomes ¥ bic +Y 2>

Zza>18 za2> 9

& — &

bc  Ya abc  Ya
o Ya%? - Ya>9abc (1)

A-G A-G
But Y a? (2 3Va2b2¢2 ,and Y a ;) 3Vabc
l 1)
(i) x (ii) Y a?-Y a > 9abc = (1) is true (Proved)
Solution 7 by Eliezer Okeke-Anambra-Nigerie

Leta=Inx;b=Iny;c=Inz =) a=In(xyz)

LHS = Z {— +_}

2 a? a’ BEG 2 2 (Za)2

abc El abc 3

REV
amM-6Mm 2 (Ya)> 27 18 18

> — = =
- 3 Ca)} 1 Ya In(xyz)
Solution 8 by Seyran Ibrahimov-Maasilli-Azerbaidian

Inx=a
Iny=»>
Inz=c

a b 18
_ >
Z(bc ac)_a+b+c
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a b c> 9

bc ac ab a+b+c
a b C CHEBYSHEV 1 1 1 1\ ¢-B-C 3(a+b+0)
—t—+ — > —(a+b+c)(—+—+—) >
bc ac ab 3 bc ac ab ab + bc + ac

3(a+b+c)> 9
ab+ bc+ac a+b+c

Z? because 2 2 2
(a+b+c)>?>3(ab+bc+ac)>true - a*+b*+c?>ab+ bc+ac

Solution 9 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

Inx =t ty t, 1 /t; t,
Iny=t, Z( + ):Z_(_+_)Z
Inz = ts ty - t3 ty - t3 t3 t, t4
AM=GM 1 Bergstrom 9 18
> 2 -

5 - YTn WG
Solution 10 by Geanina Tudose-Romania

Denote

Inx =a

Iny=»>

Inz=c

a,bc>0

WehaveZ(ﬁ+£)2 18 @Z(aubz)z 18

ac a+b+c abc a+b+c
2(a? + b% + c?) 18
L= >

2+b*+c®)(a+b+c)>
abc _a+b+c@(a b* + c*)(a+ b + ¢) = 9abc

AM-GM
Buta?+ b%2+c¢2 > 3Va2b%c?

a+b+0233\/abc

The conclusion follows.
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128. Prove that for all positive real numbers a, b, ¢ the inequality holds

Tttt >2(a?+ b2+ c2)+3(a—b)2+3(b—c)*+3(c—a)?

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Kevin Soto Palacios — Huarmey — Peru

Probar para todos las nimeros R* a, b, ¢ la siguiente desigualdad

2 5 T >2(a?+b%>+c*)+3(a—b)>*+3(b-c)*>+3(c—a)?

La desigualdad es equivalente

(o can) o (£ () 2 a0

Comoa,b,c>0

Es suficiente demostrar lo siguiente

a3 3

-t t6abz 4(a? + b?) © a* + b* + 6a’b* = 4(a®? + b*)ab

& a* —4a3b + 6a?h? — 4ab® + b* = (a— b)* = 0
Por lo tanto
Z(a—:+§+ 6ab)242(‘12+b2)=4'2(a2+b2+c2):8(a2+b2+c2)

(LQQD)

129. Prove that for all positive real numbers a, b, ¢ the inequality holds

a b c 1 a?+b%+c?
+ + < —+
b+c c+a a+b 2 ab+ bc+ca

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar para todos los nimeros R™ a, b, ¢ la siguiente desigualdad
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a b c 1 a?+b%+c?
+ + —

< —+
b+c c+a a+b 2 ab+ bc+ca

Como a, b, c > 0 - multiplicamos (ab + bc + ca), sin alterar el sentido

a b [ ab + bc + ca
( + + )(ab+bc+ca)§ + a? + b? + ¢?
b+c c+a a+b 2

() (alb + ©) + be) + (=) (b(c + a) + ca) + (=) (c(a + b) + ab) <

ab + bc + ca

< 5 + a2 + b? + 2

) ) ) 1 1 1
a“+ b +c +abc( + + )
b+c c+a a+b

ab + bc + ca

2

1 1 1 2 2 2
o—+—+—>

+ +
a b ¢c a+b b+c c+a
Aplicando la desigualdad de Cauchy
1,14 (A),

a b a+b

<a?+b*+c%+

> (B),

~ b+c

2 (©

ct+a

+

Alm SR
v

1
¢
1
a

Sumando (A) + (B) + (C)
1 1 1 2 2

2
e B S
- a b ¢ atb b+c c+a (LQQD)

Solution 2 by Nguyen Ngoc Tu-Ha Giang-Vietnam
We have

a b c 1 1 1
(—+—+—)(ab+bc+ca):a2+b2+c2+abc(—+—+—)
b+c cta a+b a+b b+c c+a

) ) ) abc/1 1 1
< a*+ b*+c*+— _+E+_

a c
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1 a b c 1 a2+b2+c?
<a?+b*+ct+-(ab+bc+ca)=>—+—+—<-+
2 b+c cta a+b 2 ab+bc+ca

130. Prove that for all positive real numbers a, b, ¢ the inequality holds

a(b + c¢)? b(c + a)? c(a + b)? 4(ab + bc + ca)

b2+bc+c? c2+ca+a? a? +ab+ b2~ a+b+c

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Kevin Soto Palacios — Huarmey — Peru
Probar para todos los nimeros R* a, b, ¢ la siguiente desigualdad

a(b + ¢)? N b(c + a)? N c(a + b)? >4(ab+bc+ca)
b2+bc+c:2 ct+ca+a? a?+ab+b%" a+b+c

Comoa,b,c>0

Por la desigualdad de Cauchy

(ab + ac)? (bc + ba)? (ca + cb)?
ab? + abc + ac?2 bc?+ bca+ba?2 ca?+cab + cb?2
- 4(ab + bc + ca)? _ 4(ab + bc + ca)
“(a+b+c)ab+bc+ca) a+b+c
(LQQD)

131. If a, b, c > 0 then:

2 2 2
6+“—+b—+c—233\/6(a+b+c)(1+1+1)—27
b a b c

bc ca a
Proposed by Adil Abdulayev-Baku-Azerbaidian
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Siendo a, b, c nUmeros R*, probar la siguiente desigualdad
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a’? b? c? 1 1
6+—+—+—>3 6(a+b+c)( +—+ ) 27
bc ca ab b c

Por la desigualdad de Schur

a® + b3 + ¢ +3abc > ab(a+ b) + bc(b + ¢) + ca(c + a)
a’? b%* 2 a+b b+c c+a
<:>—+—+—+6>( +1)+( +1)+(—+1):

bc ac ab [ a b

1 1 1
:(a+b+c)(—+—+—)
a b c

Es suficiente probar
x > 3%6x — 27, donde x = (a+b+c)(§+%+—) >9
(valido por MA = MG)
x3>27(6x —27) © x3 —162x+ 729 = (x — 9)(x> +9x — 81) = 0
Lo cual es ciertoyaquex > 9Ax2+9x—81>81>0

Solution 2 by Soumava Chakraborty-Kolkata-India

a 3 1 1
6+—+—+—2>3 6(a+b+c)( +—+ ) 27
bc ca ab b c

(1) o Y a3 +6abc . 33\/6(2 a)3 ab)-27abc

abc abc

Y a® + 6abc - @) 33\/6(2 a’b + Y ab?) — 9abc
&
abc

abc
ST 2 eS ab?+3ab
LHS Of (2) > a +).a +3abc

abc

G
(2), (3) = it suffices to prove:

v
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% >3’ % (where p = Y a?b + ¥ ab*and q = abc)

(p+3q)° _27(6p —9q)
= 3 =
q q
& p3 +9p?q — 135pq® + 2703 = 0

e t3+9t> — 135t + 270 > 0 (where t = g)

e @-6){(t-6)(t+21)+81}=0

2h+Y ab?
N true X t o g M

>6byA-G

abc

(Proved)

Solution 3 by Soumitra Mandal-Chandar Nagore-India

Schur’s Inequality

Za3 + 3abc > Zab(a+ b)

cyc cyc
Lett = (chc a) (chc %)

Za3+6ab02(a+b+c)(ab+bc+ca)

cyc
oYz (Yal(Y
N bc a a

cyc cyc cyc
we will show t > 33/6t — 27
©t3-162t+729>0< t2(t—9) +9t(t —9) —81(t—9) >0
o (t-9){(t—-9)(t+9)+ 9t} > 0, which is true sincet > 9
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a? 3 1
.-.6+Z—23 6 Za Z— _27
bc a
cyc cyc cyc
(Proved)

132. Leta, b > 0. Prove:

2(a? — ab + b? 3
_2(a*-a )sﬁ(a2+b2)
ab(a + b) 9

Proposed by Le Minh Cuong-Ho Chi Minh-Vietham
Solution by Do Quoc Chinh-Ho Chi Minh-Vietnam

Vab

Using the AM-GM inequality, we have:
a’* —ab +b* 1 2(a*+ b*) + (6a* — 8ab + 6b*)

ab(a+b) 8 ab(a+ b)
- 1 2(a? + b?) + (a? + b?> + 10ab — 8ab)
-8 ab(a + b)

_1 2(@®+b)+(a+b)® V2(a? +b%)(a+b)> aZ+ b2
8 ab(a+ b) - 4ab(a + b) "~ 2+Zab
Therefore, we have:
a’?+b? 2(a*>—ab+b?) a®*+b®> Va:t+b?: 2ab 1

+ = + = + =
33 ab(a + b) 33 abV2 3V3 +Jab

__ab ab 1 . — —
= e taEt = Vab . The equality holds fora = b = V3.
133. From the book: “Math Accent”

Ifa, b, c € (0,©),abc = 1 then:

3 3 1
Z(a+ a+\/§)2921+:{/ﬁ+:{/E

Proposed by Daniel Sitaru — Romania
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Solution 1 by Nguyen Tien Lam-Vietnam

LetYa=x,Yb=y,Yc=zthenxyz=1andx,y,z>0
By Cauchy - Schwarz, we have

A+y*+2)(x2+1+z)>(x+y+2)?>9

<y2+1+x,

2
<z-+1+ y
1+z2+x

which implies Ty =

Adding above inequalities, we obtain
92:L<3+x+y+z+x2+yz+z2
1+y2+z~
<x3+y3+28+x+y+z+x*+y*+ 22

Thus, we get the desired inequality.

Solution 2 by Rozeta Atanasova-Skopje
LHS:(a+§/3+i/§)+(b+§/E+ W)+(c+§/&+i/ﬁ)2 (AM — GM)

3 ((i/a%c2 + 3 b3ca? + 3/c3ab2) =
sla3bc? o|b3ca? 9|c3ab?
—+ + =
(abc)3 (abc)3 (abc)3
1 1
e R
c3c3 a3b3

1 1 1
9 + + = RHS
(1 +3c+ V2 1+¥Ya+Vcz2 1+3b+ 3Va2>
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134. Let a, b, c be non-negative real numbers, no two of which are zero.

Prove that

ab + bc + ca 2 bc ca ab
3 e e e )
b?% + bc + c? a+b+c\b+c c+a a+b

cyc

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution by Kevin Soto Palacios — Huarmey — Peru
Comoa,b,c = 0 © ab + bc + ca > 0, ya que 2 de ellos son diferentes de
zero.

La desigualdad es equivalente

ab+bc+ca > + 2 ( bc ca ab )
J(b2+c2+bc)(ab+bct+ca) a+b+c\b+c c+a a+b

Luego por MA > MG

X

Z ab + bc + ca - 2(ab + bc + ca) _
J(b% + c2 + bc)(ab + bc + ca) (b+c)2+a(b+c)
2(ab + bc + ca)
~L@a+b+c)b+c)
2(ab + bc + ca)
(@a+b+c)b+c)
2 [a(b+c)+bc+b(c+a)+ca+c(a+b)+ab]
b+c c+a a+b

a+b+c

<=>z:Z(ab+bc+(:a)_ 2 [(a+b+c)+(£+ ca + ab)]_
(a+b+c)(b+c)  a+b+c b+c c+a a+b/l

2 bc ca ab
=2 ( + + )
a+b+c\b+c c+a a+b

La igualdad se alcanzacuandoa = b = c.
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135. Let a, b, ¢ be positive real numbers such that

1 1 1
-+ -+ < 1
Vi+a® V1+b® VJ1+¢3
Prove that

a’ + b* +c? > 12
Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution 1 by Abdul Aziz-Semarang-Indonesia
Afact
(a? — 2a)? > 0 © a* + 4a?% > 443
cat+4a?+4>4@+1) o (@ +2)>2Ja3+1

Analogoue,
(b2 +2)=2Vb3 +1
(c2+2)>2{c3+1

a?+p2+c?2+6=>2(Vat+1+Vb3+1+Vcd+1) (1)
1 1 1 (1+1+1)>
1> + + =
Va3 +1 Vbi+1 VA +1 Vad+1+VbP+1+Vcd+1

Ja3+1+/p3+1++/c3+1>9
By (1) and (2),

a2+b2+c222(Ja3+1+Jb3+1+Jc3+1)—6218—6:12

Equality holdswhena=b =c =2
Solution 2 by Kevin Soto Palacios — Huarmey — Peru

Siendo a, b, c nUmeros R* de tal manera que
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1 1 1
+ + <1
Vi+a® V1+b® VJ1+¢3

Probar que - a? + b? + ¢ > 12

Por la desigualdad de Cauchy

9<J1+ad+J1+b3+1+c3=

=J@+a)(@®-a+1)+ /@A +b)(B2-b+1)+/(1+c)(cZ—c+1)
Por MA = MG

9</A+a)a2-a+1)+ /A +b)(b2—b+1)+ /A +c)(c2—c+1) <
a’l+2 b*+2 c*2+2
< + +
2 2 2
18<a?+b*+c2+6oa?+b%>+c%2>12

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

1 1 AM-GM
e ) z
e 1+ad Sym\/(1+a)-(1—a+a2)

2 1 1+1+1)2 2.9
:Yaras? Yrast G -
2 + a? 2 + a? 6 + Y a? 6+ a?

1>—18 2>12
_6+Za2=>za ~

136. If a, b, c > 0 then:
9(a%? + b%> + c?) > 3(a+ b + ¢)? +Z|a— b|?

Proposed by D.M. Bdtinetu — Giurgiu and Neculai Stanciu — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Siendo a, b, ¢ > 0. Probar que
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1 2
2(a? + b% + c%?) > 2(ab + bc + ca) > E(Zla — bl)

e 3(a-b)?+b-c)+(c—a)? > (Zla — bI)2
o 3((la = b)?*+ (Ib — c])?* + (Ic — al)®)* = (la — b| + |b — c| + |c — al)?
(Lo cual es valido por Cauchy)

Solution 2 by Mihalcea Andrei Stefan-Romania

1 2 c-B-s
—(Zla—bl) < ZIa—blZZZZaZ—ZZab|+ZZab
3
1 2
s _ 2
:22ab+3(2|a bl) SZZa

Solution 3 by Serban George Florin-Romania
9. (a% + b% + ¢?) 23-(a+b+c)2+2|a—b|2

9a® + 9b* + 9¢% > 3a® + 3b* + 3¢* + 6ab + 6bc + 6ac +
+la—b|*+|b—c|*+|a—c|?
6a’ + 6b* + 6¢% > 6ab + 6bc + 6ac + a* — 2ab + b?* +
+b% — 2bc + ¢* + a® — 2ac + c?
= 4a® + 4b* + 4c* > 4ab + 4bc + 4ac|: 2
= 2a% + 2b%* + 2c¢? > 2ab + 2bc + 2ac = 0
= a* + a® + b*> + b* + ¢? + c* — 2ab — 2bc — 2ac > 0
= (a%? — 2ab + b?) + (b%? —2bc + c?) + (> —2ac+a?) =0
= (@a-b?+Mb-c)+(c—-a)=>0 (A
Solution 4 by Seyran Ibrahimov-Maasilli-Azerbaidian
a=b=>c

9a? + 9b% + 9¢? > 3a% + 3b%2 + 3c> + 6ab + 6ac+ 6bc+2Ya’* -2y ab
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4a’ + 4b* + 4c? > 4ab + 4bc + 4ac
a? + b? + ¢* > ab + bc + ac
(Proved)
Solution 5 by Soumava Chakraborty-Kolkata-India
() { )
2(a? + b2 + ¢?) S 2(ab + bc + ca) + E(Zla — bl) Va,b,c € R
1) e 32Ya%*-2Yab) =>|a-b|*>+|b-c|*+]|c— al?
+2(la - bl [b —c|+|b - cl|lc — a| + |c — al|a - b])
& 3{(a-b)*>+(b-c)*+(c—a)’}—(la=bl*>+|b—c|* +|c—al?)
> 2(la— b|lb — c| + |b — c|lc — a] + |c — alla — b])
sla-bl?+|b—cl?+]|c—al*>]|a—-bllb—c|+|b—cllc—al + |c —alla— b]
- true ~ x% + y? + z% > xy + yz + zx,
wherex=|a—bl,y=|b—c|,z=|c—a|
Solution 6 by Soumava Pal-Kolkata-India

2@a=b)?2+2(b-c)*+2(c—a)? =0

=3) (@-b*2 ) (a-b?*= Y la—bf?
=>6Za2—62ab22|a—b|2=>6Za2+32a22
232a2+62ab+2|a—b|2ZB(Za)Z+Z|a—b|Z

137. Let x, y, z be positive real numbers. Prove that:

x2 2 2

y VA
V2Ot +z4) +yz * V2(z*+xt)+zx * V2(xt+yt)+xy =1 (1)
Proposed by Hoang Le Nhat Tung — Hanoi — Vietham
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Solution 1 by Hoang Le Nhat Tung — Hanoi — Vietham

* Lemma: Let x,y,z be positive real numbers. We have:
xt+yt+ 2t +xyz(x+ y + 2) 2 xy(x® + y?) + yz(y* + 2%) + zx(2 + x*) (2)
- Since AM - GM for 2 positive real number:
xy(x? +y2) + yz(y? + 22) + zx(2® + x2) > xy - 2xy + yz - 2yz + zx - 22Zx =
= 2(x2y? + y272 + 72x2)
© xy(x* +y?) + yz(y* + 2%) + zx(2* + x*) 2 2(&*y* + y*2* + 2x%)  (3)
-Since (2), B): = x* +y* + z* + xyz(x + y + z) > 2(x%y? + y?z? + z%x?)
o xt+yt + 724 + 2(xty? + y2z2 + 722x%) > 4(x2y? + y2z? + 7%x%) —xyz(x + y + 2)
& (k%2 +y2 +22)? > 4(x2y* + y?z% + 22x%) —xyz(x + y + z)

(x2+y2+zz)2

4(x2y%+y?z2+2%x%)—xyz(x+y+2)

(4)

* Since inequality Bunhiacopxki:

(1 V2GT 7 + 1 x9) < (12410 [(VZGTyD) + 20)?| =
= 2[2(x* + y*) + 4xy7]
o (V2Gt+yh) + ny)z <4(xt+4x’y? +yh) &
o (VZGT+ 5 +2xy) < 4(a2 +y?)?
o V20t +yh) + 20y < JAGZ + Y2 = 2(x* +yY) &
& 2(x* + y*) + xy < 2x% — xy + 2)?

72 z?

& = (5)
= 5. 2_ 2
/Z(x4+y4)+2xy 2x°—xy+2y

y? - y? . x

2
> x
V2(22+x%)+zx — 2z%—zx+2x%’ 2(yt+z%)+yz — 2y%-yz+227? (6)
- 0 (5). (6):
2

x y

z
= + + >
V2(yr+z¥) +yz  J2(z*+x*) +zx  J2(x* + yt) + xy

2

- Similar:

2 2
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2 2

LA (A

T 2y2—yz+42z2  2zZ-zx+2x%  2x%2-xy+2y

- Since inequality Cauchy — Schwarz we have

2 2 2

X VA

+ Y +
2y2 —yz + 272 272 —zx +2x% 2x% — xy + 2y?

4 4 4

X VA

y
= + +
2x%2y? — x2yz + 2x22%2  2y?z%2 — y?zx + 2y%x?  272x% — z2xy + 27%2y? —

(x® + y* + 2%)?
= (2x%2y% — x2yz + 2x22%2) + (2y%2% — y2zx + 2y2x2) + (222x% — z2xy + 222%y?)

_ (2 +y? + 22
—4(x%y? + y2z22 + z2x2) — xyz(x + y + z)

2 2 2 2.2, ,2\%
X + y + z (x+y+z) ()

>
2y?-yz+2z2  222-zx+2x?  2xZ-xy+2y? — A(x?y?+y?z2+z%x?)-xyz(x+y+z)

- Since (7), (8):

(2 +y2+22)" )
/Z(y4+z4)+yz /Z(z4+x4 +zx /Z(x4+y )+xy 4(x2 Y2 +y2a?+2%x%)—xyz(x+y+z)
-(4), (9):
xZ yZ ZZ

>1

= + + =
V2t +z4) +yz  (J2(z*+xt) +zx  J2(x* +yt) +xy

= Inequality (1) True and we get the result.

+ The occurs if;

( x=y=z>0
- !\/2(x4+y4)= 2xy;\2(y* +2z*%) = 2yz;\/2(z* +x*) =2zx ©ox=y=2> 0.
1 1 1
l 2y2 —yz+ 222 222 —zx + 2x%2  2x%2 — xy + 2y?

Solution 2 by Kevin Soto Palacios — Huarmey — Peru

Siendo x,y, z nimeros R*. Probar que
x2 y2 ZZ

+ +
V2 +zY) +yz  J2(z*+xY) +zx  2(x* + yt) +xy

Teniendo en cuenta las siguientes desigualdades conocidas

>1
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V2(y* +z%) < 2(y% + 2% — y2),
V2(z* + x*) < 2(2% + x? — xy),
V2(xt+y*) < 2(x® + y? — xy)

Por lo tanto
2 2 2 2
» x > x + y + z >1
V2t+z)+yz — 2(y*+22)-yz  2(22+x%)-xy  2(x2+y?)-xy

Por la desigualdad de Cauchy

x4 (x2 + y? + 72)?
Z 2x%(y? + z2) — x%yz = 4x2y2 + 4y2722 + 4722x%2 — xyz(x + y+z)
& (X2 + y? +2%)? > 4x?y? + 4y*7% + 472%x* — xyz(x + y + 2)
o xyz(x +y +z) > 2x%y? + 2y*z% + 27%x* — x* —yt — 24
exyzx+y+z)2x+y+zn)x+y—-z2)(y+z—x)(z+x-y)
Sxyz>(x+y—z)(y+z—x)(z+x—y)
(Lo cual es equivalente a la desigualdad de Schur)
La desigualdad pedida es equivalente
xyz=>(x+y—-z)(y+z—-x)(z+x—y)
xyzz (y? — (x —2)*)(z + x - y)
xyz > (y* —x? — 22 + 2xz)(z + x — y)
xyz > y*z+y*x —y3 —x?z — x3 + x?y — 23 — 2%x + 2%y + 2xz* + 2x%z — 2xyz
ox3+y’+22+3xyz>xy(x +y) + yz(y + z) + zx(z + x)
esx(x-y)x-2)+yy-2)(y-x)+z(z-x)(z-y) =0
(Valido por desigualdad Schur)

Solution 3 by Boris Colakovic — Belgrade — Serbia

>1
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,4 4+ z4 4 + z4 AM-6Mm
V2(yr+2z4) = ¥:2 Y 2 > 2yz

Analogous /2(z* + x*) > 2zx;./2(x* + y*) > ny
Nowis /2(y*+z%) + yz >3 51 <1
(y z ) vz ye /Z(y4+z4)+yz 3y. /Z(y +z4)+yz )

2 Z
I AN <
V2(z 4+x4)+zx 32x @) Fannm \/2(x4+y )+xy = 3xy (3)
Adding(1))+(2)+(3) >
S
ES G S i + y: + z
3yz  3zx 3xy  J2(p*+zY)+yz  J2(zr+xt)+zx 20t +yH)+xy
2

Now is — + — —_—
3yz 3zx 3xy  3(xy+yz+zx) —

Analogous

2 2

y? + 72 . (x+y+2)?

x2 y2 72
NOW|s—+—+—>S> 1
3yz 3zx 3xy

Equality holdsforx =y=2z=1

138.If a, b, c = 2 then:
4(a+ b+ c) < 2(ab + bc + ca) < 3abc
(a+b+c)® < (ab+ c)(bc+ a)(ca+ b)
Proposed by Maria Elena Panaitopol — Romania
Solution by SK Rejuan-West Bengal-India

Given that a, b, c > 2, we have to prove that,

4ZaSZZabS3abc
1st
4Zaszzab
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@ZZaSZab

s0<alb—-2)+b(c—2)+c(a-2)
[whichis true = (b — 2),(c — 2),(a — 2) = 0]
~4Yya<2)ab (1)
2nd Again,
2<a= 2bc<abc [-ab,c>2]
2< b= 2ac < abc
2 <c> 2ab < abc
(adding) 2), ab < 3abc
~2)ab < 3abc (2)
combining (1) & (2) we get

4ZaSZZabS3abc

[Proved]

a,b,c > 2
Now,2(a+b+c)=2-a+2-b+2-c
<2a+cb+bc [-2<b,2<c]
> 2(a+b+c)<2(a+bc)
>(a+b+c)<(a+bc) (1)
Similarly we can prove that
(a+b+c)<(b+ca) (2
and(a+b+c) < (c+ab) (3
Multiplying (1), (2) & (3) we get,

(a+b+c)® < (ab+c)(bc+ a)(ca+ b)


http://www.ssmrmh.ro

R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

[Proved]
139. JBMO TEAM SELECTION TEST

Let a, b, c be positive real numbers. Prove that

aj(a _b)2(b — ¢)2(c — a)?

( b+ c) t, 1.1 >9+3
+bh+ 4+ 4= +
a ¢ (a b c>_ a’b?c?

Solution by Ravi Prakash-New Delhi-India

1 1 1
(a+b+c)(—+—+—):
a b c

_3+(b+a)+(b+0)+(a+c)
B a b c b c a

(a—b)> (b—-c)* (c-—a)?
=9+ + +

ab bc ab
1
(a — b)%(b—c)*(c — a)?]3
=9+3 a2bh2c2
[+ AM > GM]

140.If x,y,z> 0,x # y,y # z,z + x then:

1 N 1 N 1 +x+y+z>>81
(x-y? (—-2)* (z—x)? Xyz 4

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

(xy+yz+zx)(

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Siendox,y,z> 0,x # y,y + z,z + x. Probar

P = (xy+yz+zx)( CHNI S +l+i+l) =8
(x-y)2  (-22 (z-x)2 =xy yz zx 4

Iran Inequality 1994

Siendo x,y,z > 0. Se cumple la siguiente desigualdad
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1 1 1 9
o+ y2+ 29 (et Geae T G o) 2

Laigualdad se alcanzacuandox =y =z=k >0
Dadoquex#y +z# 0

(xy +yz+ )( 1 + 1 + 1 )>9

@ —_

IV v G s

Por la desigualdad de Cauchy

1 11 9 9
(x—y)? 2xy ny_(x—y)2+4xy_(x+y)2®

@Z(x—ly)ﬁzgzz(xfy)z

Por lo tanto

< (ny)(Zﬁ“LZ%)Z (ny)(Z(xfy)2)>9::%

Solution 2 by Soumitra Mandal-Chandar Nagore-India

Lemma: Let x,y,z > 0 then (xy + yz + zx) (chc ﬁ) > %

1 x+y+z\ __ 1 i
(xy +yz + zx) (chc G2 | oz ) = (xy +yz+22) Yoy (<x—y)2 + 4xy)

BERGSTROM (1+2)2

1
= (xy + yz + zx) chc

(x-y)2+4xy = 9y +yz +2x) chcm

> i—l (Proved)
141. Let a, b, c be real positive numbers.

Prove that

a’? b% 2 3 1 1 1
6+—+—+—2>3- 6(a+b+c)<—+—+—)—27
bc ca ab a b c

Proposed by Adil Abdullayev-Baku-Azerbaidian
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Solution by Kevin Soto Palacios — Huarmey — Peru

Siendo a, b, c numeros R*, probar la siguiente desigualdad

a’? b% c? 3 1 1 1
6+—+—+—2>3 6(a+b+c)(—+—+—)—27
bc ac ab a b c

Por la desigualdad de Schur

a3+ b3+ ¢ +3abc > ab(a+ b) + bec(b +¢) + calc + a)
a? b%* 2 a+b b+c c+a
<:>—+—+—+62( +1)+( +1)+( +1):

bc ac ab [ a b

1 1 1
:(a+b+c)(—+—+—)
a b c

Es suficiente probar
x > 3%6x — 27 ,donde x = (a+b+c)(%+%+—) >9
(Valido por MA > MG)
x3>27(6x—27) © x3—162x+ 729 = (x —9)(x>* +9x — 81) = 0

Locual esciertoyaquex >9 Ax>+9x—-81>81>0

142. Let a, b, c be real positive numbers. Prove that

a’? b% 2 3 1 1 1
6+—+—+—2>3- 6(a+b+c)<—+—+—)—27
bc ca ab a b c

Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution by Kevin Soto Palacios — Huarmey — Peru

Siendo a, b, c numeros R*, probar la siguiente desigualdad

a’? b%? c?

3 1 1 1
6+—+—+—2>3 6(a+b+c)(—+—+—)—27
bc ac ab a b c
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Por la desigualdad de Schur

a® + b3 + ¢ +3abc = ab(a + b) + bc(b + ¢) + ca(c + a)
a? b%* 2 a+b b+c c+a
<:>—+—+—+62( +1)+( +1)+( +1):

bc ac ab [ a b

1 1 1
:(a+b+c)(—+—+—)
a b c
Es suficiente probar
x233V6x—27,d0ndex:(a+b+c)(i+%+—) >9
(Valido por MA > MG)
x3>27(6x—-27) 2 x3—-162x+729=(x—-9)(x2+9x—81) >0

Locual esciertoyaquex >9 Ax>+9x—81>81>0

143.Ifa,b,c > 0,a + b + ¢ = 3 then:

1 +la3+b3+¢3
_>
abc 3

Proposed by Nguyen Ngoc Tu — Ha Giang — Vietham

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Siendo a, b, c > 0, de tal manera que a + b + ¢ = 3. Probar que

a:)c > 4\/“3 * I:’: e e 3> (a® + b +c3)a*brct
Nosotros sabemos que
(a+b+c)¥=a?+b3+c2+3(a+b)(b+c)(c+a)=27
Comoa,b,c>0

Aplicando MA > MG
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3(a+b)(b+c)(c+a))8
8

9
<a3 + b3+ ¢3 +%- 8(a+b)(b+c)(c+ a)) >9%(a® + b* + c3)(
Utilizando la siguiente desigualdad V a, b,c > 0
9(a+b)(b+c)(c+a)=>8(a+ b+ c)(ab + bc + ca)

3(a+ b)(b +c)(c + a)>8 §
8

= 9%(a® + b3 + ¢3) (

8

3(a+ b+ + bc +
299(a3+b3+c3)< (a+b+c)(ab + bc ca))

9
=9%a3 + b3 + c3)(ab + bc + ca)®
Por transitividad
o (a+b+c)? >9%a®+ b3+ c3)(ab + bc + ca)? >
> 99(a3 + b3 + c3)(3abc(a+ b + c))4 =913g4ptct =
= 326(g3 + b3 + ¢3)atbtct
& 327 > 326(g3 + p3 + c3)a*bic* © 3 > (a® + b3 + cAa*bict
(LQQD)
Solution 2 by Nguyen Ngoc Tu — HaGiang — Vietham
* Lemma. Let a, b, ¢ be positive suchthata+ b + ¢ = 3. Then
(a?b + b%*c + c%a)(a?c + b%a + ¢*b) > 9abc
Solution lemma.
(a?b + b%*c + c?a)(a’c + b*a + ¢*b) > 9abc
& a®b?® + b3c3 + c3a® + 3a?b?c? + abce(a® + b3 + ¢3) > 9abc
Use Schur inequality for n = 3 we have
x3+y3+ 23 +3xyz > x*(y + 2) + y*(z + x) + 2% (x + y) with
x =ab,y = bc,z = cawe have

a3b3 + b3c® + c2a® + 3a?b?c? = a’b?*(bc + ca) + b%*c*(ab + ca) + c*a*(ab + bc)
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e a®b?® + b3c® + c2a® + 3a?b?*c? > abc[a?(b + c) + b%*(c + a) + c?(a+ b)]

Hence
a3b3 + b3c® + c3ad® + 3a?b?c? + abc(a® + b3 + ¢3) > abc [z a’ + z a?(b + c)]
= abc(a+ b + c)(a? + b? + ¢?)
a? + b?% + ¢* 2%(a+b+c)= 1 = abc(a + b + ¢)(a? + b% + ¢?) > 9abc

Solution problem

1 4 [a3+b3+c3 3
We have — > 1= >ad3+b3+¢3
ena eabc_ 3 (abc)4_a b ¢

We have

(a® + b® + c®)(a?b + b%c + c?a)(a’b + b?c + c%a)

(a3 + b® + ¢ + a?b + b%*c + c?a + a?b + b*c + c?a)?

= 27
1 37 .2 2 2\3 2 2 2)3
=5z(@a+b+c)(a®+b"+c?) = (a®+b” +c7)
3, p3 4 3 (a?+b%+c?)° (aZ+b2+c?)”
=a’+b +c' < (a?b+b2%c+c?a)(a?b+b2c+cta) — 9abc 1)

Use AM-GM inequality we have

a+b+c)°
; = 27,
27

(ab + bc + ca)? > 3abc(a + b + ¢) = 9abc

(a? + b?% + c%)(ab + bc + ca)? <

2 2 2 27 27 _ 3 2 2 2 27
>a“+b“+c* < < =—>= (@@ +b“+c°) < 2
— (ab+bc+ca)? — 9abc abc ( ) ~ (abc)3 ( )

_ 3 3 3 3 1 4 lad3+b3+c3
+ b+’ < >—2=
since (1) and (2) we have a” + b” + ¢” < (abo)* _ abc — \/ 3
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144. If a, b, c > 0 then:

a9 b9 C9 - 6 a28 6 b28 6 028
+ + > + +
b6CZ c6a2 a6b2 b1705 C17a5 a17b5

Proposed by Daniel Sitaru — Romania

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Siendo a, b, ¢ > 0. Probar que
a9 b9 C.9 6 a28 6 b28 6 CZB
b6 c2 + c%a? + a® b2 = b1705 + C.17a5 + a17b5
La desigualdad es equivalente
9 9 9 9 9 9
a b c 6 —— a b c
béc? N ca? N a®b? = Vabe \/bc’cz N \/c6a2 N \/ac’bz
Aplicando MA > MG

a b° c? 3—
b6 c2 + cba? + abh? = 3Vabc (A)

9

Aplicando desigualdad de Cauchy

2
a® b° ¢ a’ b° c?
3 (bﬁc2 * cba? * a6b2) = béc? * cba? * abp? (B)

Multiplicando (A) % (B)

ag_|_b9_|_c9 . Yohe a9+ b9+ c
bocZ o2  abpZ) = boc2 | | coa2 25b2

a’ b° c® a’® b° c
= b®c? * cba? * a®b? 2 Vabe boc? * cba? * a®b?
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Solution 2 by Ravi Prakash-New Delhi-India

| =

9 b9

; : =oli) ©

N N 9 a3® b2 2 \6
bécz2  cba? abb?2 — b2c8  c6a2  abb?
Similarly,

1

a’ b° c® b%8 \e
bé¢2 +4 cba? * abh? = (c17a5) (2)

1

a® po &9 28 \&
béc2 * cba? +4 abb? =6 (a17b5) (3)

Adding (1), (2), (3) and dividing by 6 we get the desired inequality.

145. I1fa,b,c > 0,ab + bc + ca + 2abc = 1 then:

1 1 1 6
+ + < —
4a3 +4b3+3c 4b3+4c3+3a 4c3+4a3+3b " 5

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam

Solution by Nguyen Ngoc Tu-Ha Giang-Vietnam

Since

ab + bc+ ca+2abc=1=13x,y,z=> 0:(a;b;c) = (ﬁii) N

:a+b+025

We have 4a® > 3a -1 & (2a — 1)?(a + 1) > 0, similarly 4b® > 3b — 1,

4¢3 >3c—1.

3 3 5 1 2 ..
+ + > -+ + — > - — < -
Hence 4a 4b 3c>3(a+b+c)—-2> 2" 1 a3 = similarly

1 2 1 2
< -, <-
4b3 +4c3+3a 5'4c3+4a3+3b " 5
1 N 1 N 1
=
4a3 +4b3 +3c 4a3 +4b3+3c 4a3+4b3 + 3¢

6
<-
5
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146. If a, b, c > 0 then:

a a 13

Sitelliter

b+ c b+c 8
Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Siendo a, b, ¢ > 0. Probar la siguiente desigualdad

a b c abc 13
+ + + > —
b+c c+a a+b (a+b)(b+c)(c+a) 8

Es suficiente demostrar la siguiente desigualdad V a, b,c > 0

L+L+C+ 4abc >2(A)

b+c c¢+a a+b (a+b)(b+c)(c+a) —

sala+b)a+c)+bb+a)b+c)+c(c+a)(c+b)+4abc >
>2(a+b)(b+c)(c+a)
e ad+ b3+ c3+abla+b) + be(b+c)+ calc+ a) + 7abc >
> 2ab(a + b) + 2bc(b + ¢) + 2ca(c + a) + 4abc
e a®+b3+c3+3abc—ab(a+b) —be(b+c)—calc+a) >0
sala—b)(a—c)+b(b—a)(b—c)+c(c—a)(c—b) =0

(Valido por desigualdad de Schur)

, —3abc 3
Ademas - - r ot~ = — ¢ (B)

Sumando (A) + (B)

a b c abc 13
+ + + > —
b+c c+a a+b (a+b)(b+c)(c+a) 8
(LQQD)
Solution 2 by Soumava Chakraborty-Kolkata-India
b c abc
LHS =

+ + +
b+c c+a a+b (a+b)(b+c)(c+a)
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_a(c+a)(a+b)+bla+b)(b+c)+c(b+c)(c+a)+abc
(a+b)(b+c)(c+a)
_a(Xab +a?) + b ab + b?) + c(X ab + c*) + abc
2abc + Y, a?b + Y ab?
_(Cab)T a)+Ya+abc Y a*b+Y ab*+3abc+ Y a’+ abc
2abc + Y, a?b + Y, ab? 2abc + Y, a?b + Y, ab?

+4abc+), a3
= LU0 (where p = X a%b + 3 ab?)

_ p+2abc+Ya’+2abc +Za3+2abc
B p + 2abc B p + 2abc
+32a3 + 6abc (1) 1_|_2(Za3 + 3abc) + Y. a®
3p + 6abc 3p + 6abc
(a)
Now, Y, a® + 3abc = p (Schur) and,
Y a3 > 3abc (AM-GM)
Adding,2¥a*>p =3 a® =27 (b)

(a),(b)
(1), (a), ()= LHS S 1+

p
3p+6abc 6p+12abc

A-
~

>1+—P | < = E 2 +E 2
>1 > 12abc < 2p 2( a“b ab)

13

(Proved)

Solution 3 by Soumitra Mandal-Chandar Nagore-India

Yt iz
+ > —
b+c b+c 8

cyc cyc
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ala+b)(a+c)+bb+c)b+a)+c(c+a)(c+a) 13

= =

(a+b)(b+c)(c+a) 8
al+b3+c2+(a+b+c)ab+ bc+ca)+abc 13

e @+b)(b+oc+a) =g

v

2
—2pq+ar _ 13
P -2pqtar

— ;,Wherea+b+c:p,ab+bc+ca:qandabc:r
& 8p3 + 451 > 29pq. Now, from Schur p3 + 9r > 474 =
= 45r > 20P9 — 5p3

8p3 + 451 > 3p3 + 20pq > 29pq [ p? = 3q]

a a 13
Yl
b+c b+c 8

cyc cyc
(Proved)
Solution 4 by Nguyen Ngoc Tu-Ha Giang-Vietnam
We have
a b c abc 13

+ + + >
b+c c+a a+b (a+b)(b+c)(c+a) 8

@Za(a+b)(a+c)+abc218—3(a+b)(b+c)(c+a)

<:>Za3+Za2ab+ab0218—3[2a2ab—8abc]
@82a3+6ab025[2a2(b+c)]
@Z(Za3+3abc)+62a3ZS[ZaZ(b+c)]

Use Schur inequality, we have ¥ a® + 3abc > Y. a? (b + ¢) and
ad+pd>abla+b)=2Ya®>Ya’(b+c)=6Ya®>>3Ya%(b+c)

Done.


http://www.ssmrmh.ro

R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro
Solution 5 by Myagmarsuren Yadamsuren-Darkhan-Mongolia
Schur

Za3+3abc S Z(a2b+ab2)|-5

AM=GM
8 -Za3 + 6abc > SE:a3 + 15abc > 5 -Z(azb + ab?)

3-(a®+ b®+c?) >9abc
8 Y a®+6abc >5-Y(a’b + ab?) (¥)
a b c abc 13
b+(:+(:+a+a+b+(a+b)(b+c)(c+a)_?20
8-Ya-(a+b)(a+c)+8abc 13(a+b)(b+c)(c+a)
8(a+b)(b+c)(c+a) 8-(a+b)(b+c)-(ca)
_ 8- (X a®+X(a’b + ab?) + 4abc) — 13 - (X(a®b + ab®) + 2abc) _
8a+b)-(b+c) -(c+a)

_8-Ya®+6abc - 5[Y(a*b + abz)](;)
B 8 T1(a+b) =0

147.1fa,b,c > 0,a+ b + ¢ + abc = 4 then:
a b [ 3

+ + <
a+1 b+1 c+1 2

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam

Solution by Kevin Soto Palacios — Huarmey — Peru
Siendo a, b, ¢ > 0, de tal manera que ab + bc + ca + abc = 4. Probar

que
a b [ 3

+ + <
a+1 b+1 c+1 2

La condicion es equivalente
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_1_4__1_4__1_:;1 CA)

a+2 b+2 c+2
La desigualdad se puede expresar como
1 1 1 3

+ + >
a+1 b+1 c+1 2

Por la desigualdad de Cauchy

1 _ 1 < 1 N 1 +1: 4 +1
WP APaEEer o(f) oty P D s
Analogamente para los siugientes terminos
1 4 1 1 4 1

< + =, < +2
b+1-9b+1) 9¢c+2  9(c+1) 9

Sumando dichas desigualdades

1 1 N 1 N 1 < 4 N 4 N 4 +1
=>1= —
a+2 b+2 c¢c+279(a+1) 9b+1) 9(c+1) 3
1 1 1 3
+ + > —
a+1 b+1 c+1 2
(LQQD)

148. Let a, b, ¢ be positive numbers such that (a + b)(c + a)(c + a) = 8.

Prove that

1 1 1
/Eab(a+b)+1 ’Ebc(b+c)+1 /Eca(c+a)+1 <abc+7

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam
Solution by Kevin Soto Palacios — Huarmey — Peru
Siendo a, b, c niUmeros R* de tal manera que (a + b)(b + ¢)(c + a) = 8.

Probar que
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1 1 1
’Eab(a+b)+1 ’Ebc(b+c)+1 ,Eca(c+a)+1 <7 +abc

La condicion es equivalente

ab(a+ b bc(b + ¢ ca(c+a
(2 )+ (2 )+ (2 )+abc:4<:>x2+y2+zz+xyz:4

Donde

x = ’ab(¢21+b) >0,y = ’bc(12)+c) >0,z= ’ca(c;a) >0 o xyz = abe

Realizamos la siguiente sustitucidn trigonométrica en un 4 acutangulo
ABC

x = ’@ZZCOSA>O,y=2cosB= /@>O,z=2cos€= ’L(?a)>0

La desigualdad propuesta es equivalente

A+x)A+y)A+2)<T7+xyzox+y+z+xy+yz+zx <6
(LQQD)
Lo cual es cierto ya que

- Yx=2)cosA<3AYxy=4)cosAcosB <3

149.I1f x,y,z> 0,x + y + z = 3 then

x3 y3 23

3 + 3 + 3 2
Ja(yt+1) J4(z6+1) J4(x6+1)
Proposed by Hoang Le Nhat Tung — Hanoi — Vietham
Solution by Hoang Le Nhat Tung — Hanoi — Vietnam

N| W

We have: 3/4(y® + 1) = 3\/4(yZ +1)(y2—yV3+1)(y2+yV3+1)
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- j(y (2+V3)(y2-yV3+1)-(2-V3)(y2 +yV3+1)

L+ (2+V3)(y? - B +1) + (2= V3)(32 + yW3 + 1)
<2- 3 :3y2—4-y+3
1 1 x3 x3

< = < =
VaGr+1) 3y —4y+3  Ya(r+1) 3y -4y+3

3 3 3
Similar: >
4(2 +1 3z —4Z+3 4(x6+1) 3x~—4x+3
3 3 3 3
Therefore: = P = - LA > Y z Q)
J4(y +1) \/4(26"'1) \/4("‘6"'1) 3y“—4y+3  3z°—4z+3  3x“—4x+3

Other:

3 3

x y z3

x4 y4-

= +
3y2-4y+3  3z2-4z+43  3x2-4x+3  3xy2-4xy+3x 3yz2-4yz+3y

. z* (x% + y? + 22)?
3zx? —4zx + 32 3xy? —4xy+3x +3yz? — 4yz+ 3y +3zx? — 4zx + 3z

%3 y3 23 (x2+y2+22)2
+ (@)

3y2-4y+3  3z2-4z+3  3x%2-4x+3  3(xy?+yz’+zx?)-4(xy+yz+zx)+3(x+y+2)

(x2+y +z2)2
Since (1) (2) =Pz = 3(xy?+yz?+zx?)-4(xy+yz+zx)+3(x+y+2z) (3)
(x2+y2+z2)

We will prove that: 3(xy2+yzz+zx2)—4(xy+yz+zx)+3(x+y+z)

>> (4

©2(x?+y2+2%)2 >3 (3(xyZ +yz? +zx?) —4(xy+yz+zx) +3(x +y + z))
o 2x?+y2+ 222 +12(xy + yz + zx) > 9(xy* + yz® + zx*) +9(x + y + z)

© 6(x?+y%+2z2)2 +36(xy +yz+zx) > 27(xy* + yz* + zx?) + 27(x + y + z)
o 6(x*+y?+z2)  +4(x +y+2)?(xy +yz + zx) 2 9(x +y + z)(xy* + yz2 + zx*) + (x + y + 2)*
o 5(x* +y* + 2*) + 5(x%y? + y222 + 22x%) > xyz(x + y + 2) + 9(xy3 +yz3 +zx3)  (5)

Other:
5(x* + y* + z*) + 5(x2y? + y2z? + 22x?) = 5x%(x% + 22) + 5y%(y? + x2) + 522(2% + y?) =
> 5x% - 2xz + 5y% - 2yx + 522 - 2zy = 10(xy® + yz® + zx3)  (6)
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2 +2z+x)2
x_>()’ z+x) :x+y+Z:>xy3+yz3+Z.x3nyz(x+y+z)

)
Since (6), (7) :=

2 2
Cauchy - SchwarzzZ-+Z + = >
z x y z+x+y

= 5(x* + y* +z%) + 5(x2y? + y222 + 22x%) = xyz(x + y + z) + 9(xy® + yz> + zx3)

= (5) True= (4) True.

3 3 3
3
x Y z >~ = QED.

Since 3). ()= P =320 " Taemn + Vacern —

150.Ifa,b,c >, a+ b + ¢ = 3 then:
Z M > ab + bc + ca
ad+a?-1"
Proposed by Daniel Sitaru — Romania
Solution by Soumava Chakraborty-Kolkata-India
a>+a-1=a’+a*-a’-a*-a®+a+a®+a*>-1
=ad?@@+a*-1)-a@+a*-1)+1@®+a*-1)
=@@+a’?-1)(a*-a+1)
Similarly, b> + b —1 = (b3 + b> —1)(b* — b + 1)

S+c—-1=(3+c2-1)(c?—-c+1)

(@®+a?—-1)(a?-a+1)
“ LHS = Z (a3 +a%-1)

=Ya?-Ya+3(~a®+a®—-1etc+ 0 as, the LHS would then be

undefined)

:Zaz ('.'Za=3)22ab
(-.-Zaz—Zab:%{Z(a—b)z}ZO)
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151. Let a, b, ¢ be real numbers such that
(a—2b+c)(b—2c+a)(c—2a+b) # 0and
a? + b% + ¢2 = ab + bc + ca + 3. Prove that

1 N 1 N 1 >3
(a=2b+c¢c)2 (b—2c+a)? (c—2a+b)? 4

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam
Solution 1 by Abdul Aziz-Semarang-Indonesia
Letx =a—-2b+c
y=b—2c+a
Zz=c—2a+b
Clear that:
x+y+z=0
x> +y?2+22 =18 = z> = 18 — (x* + y?)
Xy+yz+xz=-9=>xy=-9-—2z(x+y)
xy=2z*-9
z2=18 - (x2+y?) <18 —2xy =18 — 222+ 18

o 322 <36

1 1 1 2 1 2 1 2 1 3

S + = >—+-—=
x2 y2 z2 " xy z2 z2-9 2273 12 4

Equality holds when x =y =+/3 and z = —2v3
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Solution 2 by Hoang Le Nhat Tung-Hanoi-Vietnam

1 1 1 3

(a-2b+c)? * (b—2c+a)2+ (c-2a+b)? ZZ (1)
a—2b+c=x

Putib—2c+a=y=2>x+y+z=0=>z=—(x+y) (2)
c—2a+b=z

We have:
x2+y>+z2=(a—-2b+c)>+(b-2c+a)’+(c—2a+hb) =
= 6(a? + b% + c%?) —6(ab + bc + ca)
=6(ab + bc+ca+ 18 — 6(ab + bc + ca) = 18
=>x2+y2+22=18 (3),(Q)=>x*+y*+(—x—y)? =18

S>x2+xy+y? =9 —xy=9-(x+y) eoxy=x+y)?-9 (4)

1 1 3 1 1 1 3
(1)<:>—+y +—224<:>x—2+}7+m2Z
1 1 1 3 2 _
<:>—+—+—2—<:>(x+y) ny+ 1 E
x2 y2 (x+y)? 4 x%y? Gry)2-%
(x+y)? —2[(x +y)? - 9] 1 3
+ > —
[(x + y)* — 9]? (x+y)>~ 4
18 — (x + y)? 1 3 18-a 1 3
= + > —_— > —
[(x+¥)2—9]>  (x+y)? Cl@a-92 a2

(a=(x+y)2>0)

a(18—a)+(a—9)? E 81 3 2
o 21 a2 0 a9-a)7 <108 (5)

Because by AM —GM Va > 0; propose xy <0 - (x +y)?<9-59—-a>0

a+9—-a+9—-a)® 183
= =216
27 27

= a(9 — a)? <108=>(5)true=>xi+yl+zizz

2a(a —9)? =2a(9 —a)(9 — a) <

Blw
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1 N 1 N 1 >3
=>(a—2b+c)Z (b—2c+a)? (c—2a+b)? 4
= Q.E.D.

Solution 3 by Seyran lbrahimov-Maasilli-Azerbaidian
Z(a+ c—2b)? =12

Z(a+ c—2b)? = z:(aZ + ¢ + 4b% + 2ac — 4ab — 4bc) =

3b% + 3ac— 3ab — 3bc + 3
=+43c%2+3ab - 3bc—-3ac+3
3a%? + 3bc — 3ac — 3ab + 3

Note: a®? + b>+c> =Y ab +3
12
Cauchy (1 + 1+ 1)2 9

3
LHS > > = —
= S(@a-—-2b+c)2 12 4

152. Leta, b,c > 0 suchthatab + bc +ca = 3 and k € N,
k>=6n>Nn=>2.

Prove that

k 1 1 1
a+b+c+ 3"—1<—+—+—>26
a™ b "

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Siendo a, b, c > 0 de tal maneraqueab + bc+ca=3yke Nne€
N,n = 2.

Probar que
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Siendo a, b, ¢ > 0 se cumple lo siguiente

a+b+c>+3(ab+bc+ca)=V9=3
Aplicando la desigualdad de Holder

1 1 1n,»,1 1 1
(—+—+—)(—+—+—)(ab+bc+ca)2(1+1+1)3:27
a b c¢c/\b ¢ a

1 1 1,2 1 1 1

(—+—+—) 3227 —+—-—+—2>3

a b c a b c

a+b+c+'i]3k-1(i+i+l) :a+b+c+':/g(i+i+l) >3+3=6

am ct 3 \a" b" ct

Solution 2 by Seyran Ibrahimov-Maasilli-Azerbaidian
a?+b*+c2>ab+bc+ca=3=3Va?b2c2<3>=abc<1 (¥

(a+b+c)>>3ab+3bc+3ac=9=>a+b+c>3

(abc)g <1=>%)abc<1
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153. Let a, b, c > 0. Prove that

a2

> 1.
Z J(az + ab + b2)(a? + ac + c?2)

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam
Solution by Le Khanh Sy-Long An-Vietnam
Using Cauchy — Schwarz, we have
Vab - Vac + v a? + ab + b%\/a? + ac + ¢2 < \/(a + b)%(a + c)?

or

V(a? + ab + b%)(a? + ac + c2) < a? + bc + a(b + ¢ — Vbc)
(b% + c?)

b+ c
_a*(b+c)+b*(c+a) +c*(a+b)

B b+c

<a’+bc+a-

Thus, it suffices to show that

a2(b+c) Y a%(b+c) _
J(@+ab+b?)(@+bc+c?) — a(b+c)+b%(c+a)+c?(a+h)

We are done.

154. If a, b, c > 0 then:
a N b3 N c? - (a+b+c)*
b3+c3 c3+a3 a3+ b3 6(a2+ b2+ c?)(ab + bc + ca)

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam
Solution by Hoang Le Nhat Tung-Hanoi-Viethnam

Ifa,b,c > 0. Prove that:
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a® N b3 N c? - (a+b+c)*
b3+c3 c3+a3 a3+ b3 6(a%+ b2+ c2)(ab+ bc+ ca)

al b3 c3
mma: + + > — 4 —+ —
We have aLemma e T aater e Tt o ()

Therefore, by Cauchy — Schwarz:

b 2 b? 2 +b+c)?
a b c __a +_¢ > (a+b+c) )
b+c c+a a+b ab+ac bc+ba ca+ch 2(ab+bc+ca)

a3 + b3 c3 (a+b+c)?
b3+c3  c3+a3  a3+b3 — 2(ab+bc+ca)

Then (1), (2):=

We will prove: z(ﬁibbz)ja) = 6(a2+b2(2:21;-:l):-bc+ca) = 3((;1%1;?;)
s3@+bhr+cd)>(a+b+c)>e(a=-b)2+b-c)2+(c—-a) >0
(True)

Therefore:

a b3 c? (a+b+c)*
b3+c3+c3+a3+a3+b3 = 6(a? + b% + c2)(ab + bc + ca)
= Q.E.D.

155. If a, b, c > 0 then
a3 b3 c? 1<ab+bc+ca a2+b2+cz> 5

+ + > _ +
b3+c3 c3+a3 a3+b3 3\a’2+b%2+c2 ab+bc+ca

6
Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam
Solution by Hoang Le Nhat Tung-Hanoi-Vietham

Leta, b,c > 0; Prove that:

Z a3 >1 ab+bc+ca+a2+b2+cZ +5
b3+c3  3\a?2+b%2+c2 ab+bc+ca 6

Lemma:Va,b,c > 0;n € N*. We have
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a” b" c" a b

c
+ + > +
b*+c¢c* c"+a® a"+b" b+c

+
c+a a-+b»b

fn=3=3-"2>5-2 (1)

b3+c3 —
By Cauchy — Schwarz:

y2 =y @ Qo' _1 Ya

b+c ab+bc_22ab_5 Zab+1 (2)

a3 Y a2
(1)’ (2) = Z b3+c3 = 23 ab +1

2o 1(Lab  Ya?
We need to prove: ;x—+1 23(Za2+2ab)+

t 1/1 5 Y a?
<:>—+12—(—+t)+— t= >1
2 3\t

5
6

6

t+2 t2+t 5

> +— Z4+6t>2t*+5t+
S BT, 6(:>3t 6t > 2t 5t+2

& t?+t>2 (truebecauset > 1)
3

a 1/Yab Y a? 5
= Zb3+c3 = E(Zaz +Zab) +g = QED.

156. Let a, b, c be positive real numbers. Find the minimum of expression:

1 1 1 a® b* c?
= + + +—+—+—
J2(at +b*) J2(b*+c*) 2(c*+a*) b ¢ a

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution by proposer
By CBS we have:
2
(V2(a* +b*) + 2ab) < (12 +12) - (2(a* + b*) + 4a?b?) =

= 4(a* + 2a’b? + b*) = 4(a? + b?)?
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& +/2(a* + b?) + 2ab < 2(a? + b?) o J2(a* + b%) < 2(a® — ab + b?)

&
S ! = !
m — 2(a% — ab + b?%)
Similar: O > z(b2—2c+c2) ;m 2 Z(Cz_zaJraZ)
Therefore:
SN S S S L €y,

\/Z(a4+b4) \/Z(b4+c4) \/Z(c4+a4) ~ 2(a?-ab+b?)  2(b%2-bc+c?)  2(c*-ca+a?)

By (m + n+ p)? < 3(m? + n? + p?)

2
1 1 1 ( 1 1 1 )
Ja?-ab+b?  b2-bc+c?  c*-ca+a?/ ~ \a*-ab+b? = b*-bct+c?  c?-cata?
( 1 . 1 . 1 )2
1 1 1 JaZ—abib? Vb2 —betcZ c2—catal
+ + > a ab+ c+c c cata 2
a?—ab+b%?  b%2-bc+c?  c*-ca+a? 3 )

Then (1), (2):

2

1 1 1
= 1 1 1 2 (\/az—ab+b2 I \/bZ—ZI'J§+c2 I \/cz—ca+a2) (3)
Jz(a4+b4) Jz(b4+c4) JZ(C4+a4)
. - 1 1 1 9
S+ ->
By inequality P e
1 1 1 9 (4)
JaZ-ab+b2  Jb2-bc+c?  c2—ca+a?  JaZ-ab+b%+yb2—bc+c2+c2—ca+a?
Then (3), (4):
9 2
= 1 + 1 + 1 > (\/az—ab+b2+\/b2—bc+c2+\/c2—ca+a2)
JZ(a4+b4) JZ(b4+c4) JZ(C4+a4) 6
1 1 1 27
A C)

>
JZ(a4+b4) JZ(b4+c4) JZ(C4+a4) Z(\/az—ab+b2+\/b2—bc+c2+\/c2—ca+a2)
By CBS we have:
b2

%"‘—"‘C—:(a—z—a+b)+(7—b+c)+(ca—2—c+a):

c a b

a?—ab+b? + b%—bc+c? + c2—ca+a?
b c a
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N ﬁ + ﬁ + ﬁ _ (\/az—ab+b2)2 + (\/bz—bc+c2)2 + (\/cz—ca+a2)2 > (\/az—ab+b2+\/b2—bc+c2+\/c2—ca+a2)2 (6)
b c a b c a b+c+a

Other:

Jaz —ab+ b2 ++b%2 —bc+c2++/c2—ca+a? =

\/S(a—b)z (a + b)? \/S(b—c)z (b +c)? ]3(c—a)z (c + a)?
= + + + + + >

4 4 4 4 4 4 -

(a + b)? (b + ¢)? (c+a)? a+b b+c c+a
> + + = + + =a+b+c
4 4 4 2 2 2

=>a+b+c<vVa?-ab+ b%2+Vb2—bc+c%+Vc2—ca+ a? @)

Then (6), (7):=

2
:>a2+b2+ >(\/az—ab+b2+\/bZ bc+c2+\/c2—ca+a2)
b ¢ a +aZz-ab+b?2+Vb2—bc+c2+Vc2—ca+ a?

2

a

bZ 2
<:>7+7+%2\/ch—ab+b2+\/b2—bc+c2+\/c2—ca+aZ (8)

Then (5); (8):
1 1 1 a? b* c?
>P= + + +—+—+—>
\/2(a4+ b%) \/2(b4+c4) \/2(c4+a4) b c a
27
h 2(\/612—ab+b2+\/b2—bC+C2+\/C2—Ca+a2)

+(\/a2—ab+b2+\/b2—bc+cz+\/cz—ca+a2)

Put: Va2 —ab + b2 +Vb2 —bc+c2+Vc2—ca+a?=t>0

By AM - GM:

:>P>27+t—27+t t_ ., 327 tt_ 327tZ
~2t? 22 2= 22 2 2 T 82

>P> E = Pyin = E' Equality occurs if

N|w
Nlo

J2(a* + b*) = 2ab;/2(b* + c*) = 2bc;\/2(c* + a*) = 2ca
1 ~ 1 B 1
= Va2 —ab+b? Vb:—bc+c? Vc?-ca+ a?
a-b=b—-c=c—a=0
27 ¢

\ 22 2
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(:){a=b=c>0®{ a=b=c>0
t=3 Jaz—ab+b2+b2—bc+c2++c2—ca+a%=r

a=b=c=1

Minimum of P is: ;thata =b=c=1.

157. Let a, b, c be positive real numbers, prove that

(b+c)(b2+ca)+(c+a)(c‘2+ab)+(a+b)(a2+bc) >4(ab+bc+ca)
b% + bc + c? cz+ ca+ a? a2+ ab+b%2 — a+b+c

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam
Solution by Soumitra Mandal-Chandar Nagore-India

Z (a+b)(a? +bc) 4(ab + bc + ca)

a’?+ab+ b2 a+b+c
cyc

(a + b)(a® + bc) 1

>
4(ab + bc + ca)(a? +ab+ b%?) " a+b+c
cyc

(a + b)(a? + bc) AM,EGM (a + b)(a? + bc)
4(a? +ab + b%)(ab + bc + ca) - {(a + b)%2 + c(a + b)}?

cyc

_Z a’? + bc
B (a+b)(a+b+c)*
cyc

We need to prove,

a? + bc
z - za+b+c<:>2(b+c)(c+a)(a2+bc)z(a+b+c)1_[(a+b)
cyc a cyc cyc

2

Za2b2+2ab3+ Zaz Zab + Zab >

cyc cyc cyc cyc cyc

2(a+b+c)1_[(a+b)

cyc
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() oo g (3] (3 () (2]

cyc cyc

2(a+b+c)1_[(a+b)

cyc

2

@Zab3—abc(a+b+c)+ Za Zab —abc(a+b+c)>

cyc cyc cyc

2(a+b+c)1_[(a+b)

cyc

2
a
@Zab32abc(a+b+c)@272a+b+c,

cyc cyc
which is true by BERGSTORM

_Z(a+b)(a2+bc) _ 4(ab + bc + ca)
" a’? +ab + bz a+b+c

cyc
(Proved)

158. Let a, b, ¢ positive numbers such that: a? + b? + ¢? = 3. Prove that

a b [ a+b+c
f + +/ =
b+ c c+a a+b \/2

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam

Solution 1 by Abdul Aziz-Semarang-Indonesia
Afact

(a+ b+ c)? > 3(ab + bc + ca)

a+b+c=>+3(ab+ bc + ca)
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(a + b + ¢)? >a+b+c
\/6(ab+bc+ca) T W2

(a+b+c)? a+b+c
J(@2+b2+c2)(ab+ac+bc+ba+ca+ch) V2

1)
by cs

\/(az + b2 + c2)((ab + ac) + (bc + ba) + (ca + cb)) =

> avab + ac + bVbc + ba + cVca + cb

(a+ b +c)?

= >
avab + ac + b\vbc + ba + c\Vca+ cb

(a+b+c)?

~ J(a%2+b%+c?)(ab+ac+bc+ba+ca+ch) )
by (1) and (2), we have
a+b+c< (a + b + ¢)?
v2  avab + ac + b\Vbc + ba + c\/ca + cb
by cs again
a+b+c< (a+ b +c)? -
v2 ~ avab + ac+ b\Vbc +ba+cJca+ch
a? b? c?

< + +
avab +ac bvbc+ba c\Jca+ch

a+b+c , ,
b+c c+a a+b

Equality holdswhena=b=c=1

Solution 2 by Uche Eliezer Okeke-Anambra Nigeria

‘(a+b+c)> abe >
Lemma: (a + b + ¢)* = 3(ab + bc + ca) = o e 2 1..(0)
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[a_ ( > Titus (a+ b + ¢)?
LHS = Z >
b+c ab + ac Yeye(avab + ac)

cyc

C-B-S (1)
o (a+b+c)? > (a+b+c)? S a+b+c — RHS
chc(a\/ab+ac) J(aZ+b%+c?)(2)(ab+bc+a) V2
(Proved)

Solution 3 by Sanong Hauerai-Nakonpathom-Thailand
Because a? + b% + ¢ = 3, we obtain that
a+b+c<3
andab +bc+ca<3

6(ab + bc + ca) < 18

J6(ab + bc + ca) < 3V2

Vab + ac +Vbc + ba++Vca+ch <3V2
92

vab + ac ++bc+ ba++Jca+cb

2 2 2
=+ =+ > 3
ab + ac bc + ba ca+cb
. _ 2 _ 2 _ 2
give x = ab+ac Y= \l ba+bc’ zZ= ca+ch

we get (ax + by + cz) + (ay + bz+ cx) + (az+ bx + cy) > 3(a+ b +c¢)

ax+by+cz>a+b+c

is a\l ab+ac \/ba+bc \/ca+cb za+b+c
2a 2b 2c
+ + >a+b+c
b+ c c+a a+b
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a b [ a+b+c
/ + +/ >
b+c c+a a+b V2

Solution 4 by Nguyen Thanh Nho-Vietnam

LHS — , a N b N , c
“Ab+c c+a a+b
a? b?

C.Z

= + +
avab +ac bVbc+ba cVca+ch

C;S (a+b+c)? (*)
— avab+ac+bVbc+ba+cVca+ch

BCS
avab + ac + b\Vbc + ba + cVca+ cb > /(a? + b2 + c2) - 2(ab + bc + ca)

S\/3'2-%(a+b+0)2:\/§(a+b+c) (**)

(a+b+c)®> _ a+b+c

VZ(a+b+c) V2

(*) & (**) = LHS >

159. If x,y,z > 0 then:
£+X+E+ 8xyz >
y z x (x+y)(y+2z)(z+x)

Proposed by Adil Abdullayev-Baku-Azerbaidian

4

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

YLz 8xyz > 4
z x (x+y)iy+2)(z+x) —

Siendo x, y, z > 0. Probar que % +

Comox,y,z>0
Aplicando MA > MG

X  x 3 [x2 3«3 3x
Z+i+2>3 /—:3 /—:3— (A),
y Yy z yz xyz VXyz
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X+X+EZ 3y (B)’

z z x xyz
z zZ X 3z

-+ -4+->

x x y_ 3xyz ()

(x+y+y+z+z+x)P227(x+y)y+z)(z+x) o
o 8x+y+2z)>>27(x+y)(y+2z)(z+x) (D)
Sumando (A) + (B) + (C)

3x 3y 3z 3x 3y 3z x+y+z x+y+z
z x 3

> + + &
y z x 3fxyz 3xyz fxyz ¥

Es suficiente probar

xXyz

xX+y+z 8xyz

vz GG D T

Nuevamente por MA > MG y usando (D)
+ v+ + v+ + v+ 8
x+y+z N x+y+z N x+y+z N xXyz >
3%/ xyz 33/xyz 33xyz (x+y)y+2z)(z+x)

3
>4t (x+y+2)% 8xyz S
27xyz (x+y)(y +2)(z + x)

4

(LQQD)
Siendo x,y,z > 0. Probar que

X Y,z 8xyz
y * z * x * (x+y)(y+2z)(z+x) = (A)

Siendo x,y,z > 0, se cumple la siguiente desigualdad
x% +y% + z?% 8xyz

>
Xy +yz+ zx (x+y)(y+z)(z+x)_2

Aplicando la desigualdad de Cauchy en (A)

Xy, z, 8xyz > (x+y+2)? 8xyz —
y z x (x+y)(y+2z)(z+x) xy+yz+zx  (x+y)(y+z)(z+x)



http://www.ssmrmh.ro

R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

x% + y? + 72 8xyz

= + 2 >
oy tyzrzz GrNG+)@rn) 2ot

Solution 2 by Nguyen Ngoc Tu-Ha Giang-Vietnam

Let (a,b,c) = (%,2,2) = a,b,c > 0,a + b + ¢ > 3 the inequality becomes
y'z'x

8
a+tb+c+ o sap e e+ +

8 >7
(a+1)(b+1)(c+1)

We have
a+1+b+1+c+1+ 8 -
2 2 2 (a+1)(b+1)(c+1)

>4

4sla+1 b+1 c+1 8 _4
2 2 2 (a+1D)b+1(c+1)

a+1 a+b+c 8 -
2 2 (a+1)(b+1)(c+1)~
Solution 3 by Soumitra Mandal-Chandar Nagore-India

Applying AM > GM

3
+523=>Z(a+1)+ 7

x+y 16xyz 4 x+y 16xyz
E]y e @ ST [Iaz G+ +2)z+7)

cyc

Zx+ 16xyz 43>8
= ) = >
Ly G+)o+2e+)

x 8xyz 8xyz _
=>gc:§ﬁL(9c+y)(y+z)(z+x) R I R

(proved)
[+ (x +y)(y + 2)(z + x) = 8xyz]
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160.In A ABC:

a? b%? 2/~ b ¢ a

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam

Solution by Kevin Soto Palacios — Huarmey — Peru

Probar en un tridngulo ABC

1+ [1+ [(a?+ b2+ Z)(1+1+1)< 3(a+b+0)
@ N\ 2" 2) = b ¢ a

WALKER INEQUALITY

Siendo a, b, c los lados de un 4 ABC se cumple la siguiente desigualdad

a b c 1 1 1 .
3 (Z + -+ _) >(a+b+c) (Z +ot Z) (anteriormente demostrado)

Cc a

Pro ultimo demostraremos

1 1 1 1 1 1
+ + 2 4 b2 4 2 (_+_+_)< +p+ (_+_+_)
1 1 \/(a b c?) 2tz t 2 _\/(a b+ c¢) 5 e

Aplicando la desigualdad de Cauchy

1 1 1 1 1 1\°
(a+b+c)(—+—+—): (a+b+c)2(—+—+—) =
a b c a b

c

(ST Eeey )
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S I e ORI
- [SA e ol

2

@<j<a+,,+c>(3+%+;)_l> 1 () ()

1 1 1 1 1 1
= (a+b+c)(—+—+—)21+ 1+ (a2+b2+c2)(—+—+—)
a b c a? b?%2 2

(LQQD)

161. Let a, b, c be positive real numbers. Prove that

1 1 1 b+c c+a a+b
3(a2+b2+cz)<—+—+—>+92 + +
a’? b? 2 a c c

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam

Solution 1 by Kevin Soto Palacios — Huarmey — Peru
Siendo a, b, c nUmeros R™. Probar que

1 1 1 b+c c+a a+b»b
3(a2+b2+cz)(—+—+—)+92 + +
a’? b? 2 a c c

La desigualdad propuesta es equivalente

18+3 az+bZ 43 b2+cZ 43 c2+aZ >(a+b)+(b+C)+(c+a)
@ - - - - - - I I — — J— I
cz b2 a2 c¢2/~\b a c b a ¢

b2  a?


http://www.ssmrmh.ro

R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

o sy s o) o 2 () ()

c b a c¢

Aplicando la desigualdad de Cauchy

o e (R R R M N e

a c b
(LQQD)
Solution 2 by Nguyen Ngoc Tu-Ha Giang-Vietnam

Letx——+b+ y—2+ +— =>x2:Z +2yy Zb—2+2x
b ' a b b2 a?
b?
:sz—x —Zy,z =y*—2x
Hence

1 b?
(a? +b2+c2)(a +ﬁ+c) 3+Z "'Z;ZXZ'FYZ—ZX—Z)’"‘:;

1 1 1
2 + b?% + 2( +— + )+ =x2+y2 —2x—-2y+6=
= (a c%) Zip 'tz 3=x2+y2-2x—-2y+6=

=(x-1)*+(@y-1)*+4=3(x+y)>

1 1 1
=>J(a2+b2+cz)(¥+b2 §)+32\/§(x+y)

1 1 1 b+c c+a a+b»b
3(a2+b2+c2)(—+ +—)+92 + +
a? b? c? a c c

Solution 3 by Ravi Prakash-New Delhi-India
Forx,y,z> 0,
3(x2+y?+22) —(x+y+2z)? =2[x*+y*+ 22 — xy — yz — zx]

=(x—y)2+(@-22%+(Z-x?%>0
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=3(x2+y?+2%) > (x + y + 2)?

—b,a
Putx—a+b,y

a? b2 2 2 2 a2
b+c ct+a a+b 2
= s IO
LHS of (1)

—+—=+—=+—=+—+—+—+—+3

3 a’? b%? ¢ a* b ¢t a®? b?
-+
a? a? a* b? b2 b?Z 2 2 2

1 1 1
2 2
—3[(“ +b *C)(sz*cz)”‘]

Thus

1 1 1 b+c c+a a+b»b
3(a2+b2+c2)(—+ + )+92 + +
a? b? 2 a b c

The equality holds whena=b = ¢

162. If ak,bk, Cr = 0,ke _1,_n,n ENNn=>1 then:

n n
+ by +¢;)? > 27n?
Z akbkckz(ak k Ck) - n

k=1 k=1

Proposed by Daniel Sitaru — Romania
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Solution by Togrul Ehmedov-Baku-Azerbaidian

1 1
( + + o
aibicy  azbzcz

—— )((a1 + by +¢;)3+ (ay + by +c,)? + -+ (a, +b, +cn)3)

2
C§S (\/(01 + by +cy)? N \/(az + b, +¢,)3 - \/(an +b, + cn)3>
a;bicq

a2b2CZ anbncn
We know that

3
a,+b, +c, =3/a,b,c,

J(a, + b, +¢,)? =27 /a,b,c,
Then

n n
E 1 E 2
a.b.c (ak+bk+Ck)3 = (V27+\/27++\/27) :27712
kYK Kk
k=1

163.Ifa, b, c > O then:

6 6 6 30 30 30
\/abzc3 + \/a3bcz + \/a2b3c > \/a9b10011 + \/allbgcl(’ + % q1op119

Proposed by Daniel Sitaru — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Siendo a, b,c > 0. Probar que

i/abzc3 + 3/a3bc2 + i/a2b3c > 3(Va9b1°c11 + 3(Va11b9c1° + 3(Va1°b11c9
Realizamos los siguientes cambios de variables
x°° = ab?c® > 0,y°° = a®bc? > 0,2°° = a’b3c © x,y,2>0
(xyz)°° = (abc)® © (xyz)'® = abc © (xyz)'?° = (abc)®
La desigualdad es equivalente
x15 + Y15 + 715 > (a3 + 3 + 23) (xy2)*

Aplicando MA > MG

7x15 + 4_y15 + 475 > 1515\'/(x15)7(y15)4(215)4 = 15x7y4z4 (A)
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7y15 + 4215 + 415 > 151i/(y15)7(215)4(x15)4 = 15y7z*x* (B)

7715 + 4515 + 4_y15 > 151i/(y15)7(z15)4(x15)4 = 15y7z4x4 (©)
Sumando (A) + (B) + (C)
N 15(x15 +y15 4 215) > 15(x3 + y3 + 23)(xyz)* & x15 + y15 + 715
> (23 +y* + 2%) (xy2z)*
(LQQD)
Solution 2 by Mohammad Jamal-Oujda-Morocco

Inequality is homogenous, let abc = 1 inequality is equivalent to:
NI
—_ 2 —_
b b
by AM-GM: Zi[g + G\E+ 6\/% +1> 53(;[% and similarly

thus426\/g+ 3> 5230\/%sowe need to show

%(5 Y 30\[% — 30) >y 30\[% ie ] 30\/% > 3 which is obvious
Solution 3 by Nguyen Ngoc Tu-Ha Giang-Vietnam
Take (x;y;z) = (*Ya; *Vb; *Vc) = x,y,z > 0, we have to prove

(ryz)3(x5y10 + ySx10 + 25x10) > (3910711 + 9710511 4 79,1011)
o x5y10 4+ y5x10 4 75510 > (xy7)4(xy? + yx? + zx2)
Assume that xyz = 1, we have prove Z(xyz)5 >Yxyt o
& XS+ Y>+Z° > X +Y + Z with
X;Y;Z) = (xy*;yz*,zx*) = X,Y,Z > 0,XYZ =1

(X3 + Y3 + Z3)Z

XS+Y5+Z5)(X+Y+Z2)>(X3+V3+ 232 X5+Y5+ 25>
( )( )= ( ) - X+Y+Z

xX+Y+2)3

(K +¥3+ Z3)(X+Y+2) > (X2 + 72 +22)2 > T2 o 3y 3 g3 5 (00
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(X3 +Y3+23)? - X+Y+2Z)>
X+Y+27Z ~ 81
Solution 4 by Ravi Prakash-New Dehi-India

=>X5+YS+275> >X+Y+Z

1 1 1
7(ab?*c3)6 + 4(a®bc?)6 + 4(a’b3c)6 >
1
> 15(a’b *c21a12p*c8aBbh12¢*)6% 15
1 1
— 15(a27b30c33)% — 15(a9b10C11)% (1)
Similarly
1 1 1 1
4(ab*c3)s + 7(a®bc?)s + 4(a’b3c)1e > 15(a'lb®c1%)30 (2)
and
1 1 1 1
4(ab®c3)s + 4(a®bc?)s + 7(a?b3c)s > 15(a'®b11c*)30 (3)
Adding (1), (2), (3) and dividing by 15 we get the desired inequality.

Solution 5 by Sanong Hauerai-Nakonpathom-Thailand

Yab2e3 + Ya3bce? + Y azb3c = *Yash10c15 + *Yal5p5cl0 + °3/q10p15¢5

give aSh19¢15 = x, alSh3¢10 = y, al°p15¢5 = 7

consider *Yx + Rx + X/y + Nfy + Nz > 55/ NNxxyyz = 530/ Sxxyyz = 5°Val0poc11
Similarly */y + */y + ¥z + Vz + Vx> 55/39/yyzzx = 530/51/yyzzx = 5%/al1p10c°
Nz + Nz +Yx+Yx+ 32/; > 53/3?/zzxxy = 530/51/zzxxy = 5°%/a%p11c10

Therefore

Yab?c? + Ya3bc? + YaZb3c = *Va%b10cIT + */alTp9¢10 + */al0p11cd

6 6 6 30 30 30
ab?c3 + Y a3bc? + Y aZb3c = Vash10c15 + *3/a15p5¢10 + */q10p15¢5
consider
aSh10¢15 + g5p10c15 4 q15p5¢10 4 q15p5c10 4 glO0p15.5 > 5410p9,11

al5h5¢10 + q15p5¢10 + qlO0p15.5 4 ql0p1505 4 g5p10,15 > 5a11p10.9
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al®bh15¢5 + q10h15¢5 + a5p10c15 + g5h10c15 + q15p5¢10 > 5q9p11c10
Hence

aSh10¢15 + q15p5¢10 4 qlO0p15.5 > 109,11 4 115109 4 g9p11,10
That is

asp10¢15 + *Yd5p5c10 + Y al0p15¢5 > fatopoc1t + *q11p10c9 + */qop11c10
Therefore

‘\‘/abzca + i/a3bcz + i/a2b3c > 3(Va9b1°cll + 3(Va11b901° + 3(Va1°b1109

164. Let a, b, ¢ positive numbers such that a* + b* + ¢* = 3. Prove that

a> b A\/pP A ad
FERPPES PR

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam
Solution 1 by Kevin Soto Palacios — Huarmey — Peru
Siendo a, b, c nimeros R* de tal manera que a* + b* + ¢* = 3. Probare

que

a> b A\/p A ad
(ﬁ“LE“LE)(E“Lﬁ“LE)Zg
Comoa,b,c>0

Aplicando MA > MG

3
3=a*+b*+c*>3Va*b*c* © 1> abc

a b A\/pP A a - 33 1 33 1 93 1 > 9
—t—+—|[—=+=+= . =9 [—
b> ¢ a’)\a> b5 5] (bca)? (abc)? (abc)* —

(LQQD)
Solution 2 by Hoang Le Nhat Tung-Hanoi-Vietnam

Since AM-GM for 3 positive real numbers we have:
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a3 b3 CB b3 CB a3 3 a3 b3 CB 3 b3 CB a3
<ﬁ+?+ﬁ><ﬁ+ﬁ+c_5>23 B @S E

Other: 3 = a* + b* + ¢* > 3Va*b*c* (2)

0.0~ (G +5+2) G+ +5) 2 9= 0

as
Solution 3 by Uche Eliezer Okeke-Anambra-Nigeria

From the condition

Za4:3

cycl

2
=33)=@) ) <7 Ya| oY as<s. @

cycl cycl cycl

We proceed thus with the inequality:

s =" ()3 () " (Z :,‘233) - (Z <£—b))z > (ga)

cycl cycl cycl cyc
2 2

32 c-B-s [ 32 (1) /32 o
‘:’(—zcycxab)) = (z—> . (?) =9 = RHS

Solution 4 by Boris Colakovic-Belgrade-Serbia

a®> 3 a® a* 1 1 1 am—cm 1
2?*?‘?*?*?*?*? = w2

3
SlmllarIyZ 4355 90,3

b2 — 2’ a® c2 a?
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a® b 3 1 1 1 1 1 1
2(prata) 3 arpra)zslagtrta) e

_— b3 ¢ a® _ 1 1 1
Slmllarly;+ﬁ+c—52;+ﬁ+c—2

. a3 b3 c3 b3 c3 a3 1 1 1 2
Nowis (7z+ %+ ) (G+5+%) = (5+5:+ )

2
Let’sshow(%+%+clz) 29<:>%+12+C1223
How is
a* + b* + c* QM-HM 3 1 1 1
> - 4 — 4+ —
3 > 1.1 i@ m;ias’
2 e

Equality holdsfora=b=c=1
Solution 5 by Mohammed Jamal-Oujda-Morocco

By Cauchy Schwarz
Zaﬁ Zzﬁ >( 1 2> 81
b5 as| — ZE) — (3 ab)?
we have

2
Ya*>Y(ab)? > @thus Y ab < 3 thus the conclusion

Solution 6 by Nguyen Thanh Nho-Tra Vinh-Vietham
AM-GM

3
3=a*+b*+c*>3Vatbic* = abc<1
ad b3 3

+—4+—_—_>3.

1
— >3 - —7———=3
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b A ad 1
>3

—+—=+—2>3 >
a®> b5 c° 3[(abc)?

ai b3 A\/pP 32 ad
=><E+F+$><$+ﬁ+c_5>29
165. Prove thatif x,y,z € (0,1) or x,y,z € (1, ) then:

z log} x +log; y _
logZ x + log,x + logZy —

Proposed by Daniel Sitaru — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru
De las condiciones dadas
a=1log,x>0,b=1log,y,c =log,z < abc =log,y -log,x-log,z =1
© ab =1log,y-log,x =log,x,bc =log,z-log,y = log,y,
ca=log,x-log,z =log,z
La desigualdad propuesta es equivalente
a® + b3
Z a? + ab + b? =2
Tener en cuenta la siguiente desigualdad
3(a?2 —ab+b?) > (a®?+ab+b?) = 2(a—b)2=>0

Comoa,b,c>0
PorMA>MG > a+b+c¢ > 33abc=3

Luego

Z a3 + b3 z:(a+b)(a2—ab+b2)> a+b

a2+ab+b2: a’ + ab + b? - 3


http://www.ssmrmh.ro

R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
:2(a+b+c)>2-3
3 3
(LQQD)
Solution 2 by Ravi Prakash-New Delhi-India
Fort > 1,
33 +1) - (+1D)([*+t+1)
=3(t+1)*-t+1)—-(t+1D){E>+t+1)
=(t+1)Bt*-3t+3-t>*—t—1)
=(t+1)(2t*> — 4t + 2)
=2+1)(-1)%2 >0 (1)

Leta =log, x

=2

b=1log,y
c=log,z
Note a,b,c > 0,Vx,y,z € (0,1) or x,y,z € (1,)

Ifa>b,lett= %and ifa<b, lett = S, then from (1),

3(a® + b3®) > (a + b)(a? + ab + b?)

3
] + (1 3 1
2( og,x) + (log,y) >~ (log, x + log, y)
(logy x)” + (log, x)(log, y) + (log, y)?

. logx 1
Since (log, x)(log, y) = % - IZZ = log, x,

We get

(log, x)’ + (log, y)? 1 (logx . logY)
(log, x)3 +log, x + (log,y)? 3\logy logz

=

2 [logx
> 2 |82
T 34/logz (2)
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Similarly,

2 |logy
nd > - [ ==
2nd term > 3 Tog 3)

d 2 |logz
and 3rterm = - og y 4)
From (2), (3), (4) we get

3
Z (log, x)” + (log, y)? _2| [logx [logy |logz
(log, x)3 +log, x + (log,y)3 3|logz logx flogy

1
2 lo 1 1 6

2503 (og2) Gogie) (fog )] =
3 logz/ \logx/ \log x

166. Ifa, b, c > 0, a3 + b3 + ¢3 = 3 then:

1 1 1 1 )
+ + >—-(ab + bc + ca
a?(b%2-bc+c2) b%2(c2-ca+a?) c%(a?-ab+b?%) — 3( )

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Siendo a, b, ¢ > 0 de tal manera que a® + b3 + ¢3 = 3. Probar que

1 1 1 1 9
+ >—-(ab + bc + ca
a?(b%2-bc+c2) b%2(c2-ca+a?) c%(a?2-ab+b?%) — 3( )

< %((bg +e)+ (@ +ad)+(a’+ bg)) (az(bz—lbc+c2) * bz(cz—lca+a2) * c2(a2-1ab+b2)) 2
> (ab + bc + ca)?
Tener en cuenta lo siguiente
b3 + ¢3 = (b + ¢)(b? — bc + ¢?),
3+ a3 = (c+a)(c?® - ca+a?),

a3+ b3 = (a+ b)(a? — ab + b?)
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Por MA > MG
3=a3+b3+c3>3abc e 1>abc
Por la desigualdad de Holder
27=((@+b3+3)B*+c2+a®)1+1+1)>(ab + bc+ca)’®
& 3>ab+bc+cae 9> (ab + be + ca)?

Aplicando la desigualdad de Cauchy en la desigualdad propuesta

%((b3+c3)+(C3+a3)+(a3+b3))< 1 + 1 + 1 )2

az(bz—bc+c2) bz(cz—ca+a2) cz(az—ab+b2)

1 \/b+c2
25(2 a )

Nuevamente por MA > MG

2 2
2
1 Z\/b+c >1 33 \/(b+c)(c+a)(a+b) >9 3|v/8abc
= — — —

2 a 2 abc 2 abc

9/ vZ \’

:_<6 > > 9 > (ab + bc + ca)?
2 \3/abc

(LQQD)
Solution 2 by Hoang Le Nhat Tung-Hanoi-Vietnam

Ifa b ,c> 0;a3+ b3+ ¢3 = 3 then:

1 1 2
Z a?(b? — bc + c?) = E(Z ab)

We have AM-GM for three positive real numbers

1 3 1 _ 3
) a?(b%—bc+c?) = 3\[1_[ a2(b2-bc+c?)  3/Ta2 TI(b2—bc+c?) (4)
Other:
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r b% — bc + c¢% + bc)? b% + ¢?)?
r bc(b2+c2—bc)sn( ) I )

4 64
] [1(b% +c?) [ (b? + ¢?))3]?
Z. b%? —bc + c?) < < =
=>‘.—[a 1_[( ) ST =T a2
2
_peT _ee)’ |,
T 64272 272 (2)
We have:
2 3_2( 54 b3 4 3)_a3+a3+1+b3+b3+1+c3+c3+1 X
3 °73\¢ ©)= 3 3 3 -

3a? 3b% 3¢
> + +
3 3 3

e2z2a?+b*+c? -1 a?+b*>+c2<3(2), (1)

—1=a?+b*+c*-1

6

(1). = [1a? [[(b> - bc +cH) < =1 (3)

1 3
3).@4)= Zng— 3 (5
Because: Y ab < Y a? & %Z(a — b)? > 0 (true)

»>Yab<Ya?<3- (Lab)? <3 32=3 (6)

(5).(6) > %

—bc+c?)

> %(z ab)? = QED

Solution 3 by Aziz Abdul-Semarang-Indonesia

1 1 1
+ +
a’(b%2 — bc + c2) b%(c? —ca+a?) c%(a?— ab + b?)
1 1 )
a? b?
= >
b2 —bctc  E—cavra® a -
a’ — ab + b?
a? b? c?

> + +
b2 —bc+c2 c:—-ca+a? a?—-ab+ b?
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a3 b3 c3
ab? — abc + ac? + bc? — abc + ba? + ca? — abc + cb?
- (a+b +c)?
— 3(ab? + ac? + ba? + bc? + ca? + cb? + 3abc)
(a+b+c)* 9

> [
“3(a+b+c) 3
9

- (ab + bc + ca)?
- 3
Becauseal +b3+c3=3>a+b+c<3

- (ab+bc+ca)<a+b+c<3
s (ab+bc+ca)’<(a+b+c)*<9
anda®? + b*+c* <3
>l + Lz +12 >3 > a*+b* + c?
Solution 4 by Uche Eliezer Okeke-Anambra-Nigeria

Condition: a® + b3 +c3=3 (1)

AM—-GM
o3=a*+b3+c3o3 > 3abce [abc<1..(2)]

Holder
27 = Za3 Zzﬁ 21 = (ab+ bc + ca)® &

cyc cyc cyc
o [ab+ bc+ca<3..(3)]

We proceed thus:

B 1(b+C) B b+ c
LHS—ZaZ(bz —bc+b2)(b +0) _Zm

cyc cyc
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3
AM—-GM (3)3- \/Hcycl(a +b) am-6M 3 -3 -23abc
>

< LHS = = 3 2
VaZb?c(3) - i/Hcyc(aB + b3) (Vabe) 2 Xeyc a?

1) 2 (3) 2
9 9 3 (ab+bc+ca)
> _e—_ - =
—— 2 =2 - RHS (Proved)

Solution 5 by Nguyen Thanh Nho-Tra Vinh-Vietham

LHS =

abc>0al+b3+c3=3

1 1 1
LHS = a%(b?% — bc + ¢?) + b%2(c? — ca + a?) + c2(a? — ab + b?)
_ b+c N c+a N a+b
T a?2(b3+c3) b%i(c3+ad3) c2(ad+ b3)
AM—-GM 3 a+b)(b+c)(c+a
L Lgs MM o ( )( )( )
(abc)? - (a3 + b3) (b3 + c3)(c3 + a3)
AM-GM
(a+b)(b+c)(c+a) = 8abc
¢m-am 8(a3 + b3 +¢3)3 g-33
(@ +b3 B2 +3)(cP+a?) < ( ) = =8

27 27

3=a®+b3+c3>3abc>abc<1

3 8abc __ 3 *
= LHS >3 /(abc)2-8_3abc23 (*)

AM-GM
a>+b3+1 > 3ab

b3+ ¢3+1 > 3bc
c3+a®+12>3ca
= 2(a® + b3 +c3)+3 > 3(ab + bc + ca)
=2-3+3>3(ab+ bc + ca)

=>ab+bc+ca<3=(ab+bc+ca)?*<9
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= RHS = %(ab + bc + ca)? <3 (*¥)

(*) & (**) = LHS > 3 > RHS
= LHS > RHS
“=Yo@a=b=c=1
Solution 6 by Soumitra Mandal-Chandar Nagore-India

3

ad+b3+c3 sa+b+c
Za3:3, 3 2( 3 ) >a+b+c

cyc

=29>(a+b+c)>>3(ab+bc+ca)=3=>ab+ bc+ca
1
=>32§(ab+bc+ca)2

(a+b)(b+ c)(c+ a) > 8abc

1 AM=GM 3 1
chc c2(a?-ab+b?%) (abc)?2(a?2—-ab+b2)(b%2—bc+c?)(c?2-ca+a?)

3 1 1
=3 |8 n(a+b)2 n(az—ab+b2)

cyc cyc

3 1 1
=12 1_[<a+b) n(a+b)(a2—ab+b2)

cyc cyc

REVERSE AM>GM 12 9
= = >32>

T Zgabro) L@epiecy arbre

(ab + bc + ca)?
>
3
(proved)
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167. Let a, b, ¢ > 0 such that a® + b? + ¢ = 3. Prove that

1 1 1 3/a+b b+c c+a
—_—t =+ —> |= + +
b c 2( c a b )

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam
Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietnam

Leta, b, c > 0;a? + b% + ¢? = 3. Prove that

1 1 1 \/3 a+b b+c c+a
ez [ )

a 2 c p B
1 1 1 2 3/a+b b+ c c+a
(:)(_+_+_) 2—( + + )
a b C 2 c a b
1 1 1\%2_ 27 /a+th b+c c+a
e9(+y+y) =P+ @
We have:3:a2+b2+czz(a+l;+c)2
=>92((I,+b+c)2
1 1 1)° L1 12
=>9(—+—+—) 2(a+b+c)2(_+_+_)
a b c St

2
- (etsesten) @

c a
We will prove that:

2
+b b+ + 27 +b b+ +
(a_+_c+g+3) >_(a_+_c+ﬂ) (3)
c a b 2 c a b

<:>(t+3)2222—7t (Put:ﬂcb+%+c+7a=t>0)

e 2(t+3)2 > 27t & (t—6)(2t — 3) = 0 true because:
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a+b b+c c+a a b b c c a
t= + + =l =-+—-|+|—-+=]|+|—+—-]>6
[ a b b a c b a ¢
N—— N—— N——
>2 =2 =2

>t>6=>(t-6)(2t-3)>0

1 1 1 3(a+b ., b+c |, c+a
@), (3)%*;*;2\/5(—*—*—)

c a b
= Q.E.D.
Solution 2 by Nguyen Minh Tri-Ho Chi Minh-Vietnam

1 1 1 1 1 1 3
Eepeto)iedl)
a b
1 1 1 9
o>
a b ¢ a+b+c
a, b,c > 0such that a® + b? + ¢ = 3. Prove that

1 1 1 3/a+b b+c a+c
B —( + + )=>a+b+cg3
b c 2 [ a b

1 1 1\ 3/a+b b+c a-+c
=(G+se) =3l =)

—_— — 4+ — — +
a b c 2 [ a b
1 1 1,\° 1 1 1
@2(—+—+—) +923(a+b+c)(—+—+—)
a b c a b c
We have:

3(a+b+c)(§+%+%) S9G+%+%) (becausea + b + ¢ < 3)

2
Weneedtoprovez(i+%+%) +929(%+%+%)
1 1 1 1 1 1 3
ﬁ(—+—+——3)(—+—+——_)20
a b c a b ¢ 2

1 1 1 9
true because-+=-+->
a b c a+b+c

23:3:Q£D
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Solution 3 by Mohammad Jamal-Oujada-Morocco

Squaring we get that inequality is equivalent
1 1 3 a?+b?> 3 3-c?
RN )
a? ab — 2 ab 2 ab
) 1 3gc¢2 _ 51
e e LT

byCS (a + b +c)(a® + b* + ¢*) = (a® + b* + c*)> =9or

(a+ b+ c)?> < 9thusa®+ b3+ 3 2a+2

>a+b+c
+c

3wc2 _ 31 1 1 .
we conlude thatEZE > EZEorZ; > ZEsum min g up we get the
desired inequality

Solution 4 by Uche Eliezer Okeke-Anambra-Nigeria

Cauch,

y

33) =3(a2 + b2+ ) ©33) > (a+b+c)lolp=a+b+c<3. (1]
AM-GM

3=a?+b?+c*o3 > 3VaZbic?2e [abc<1..(2)] l

1 1 1\ Bergstrom 32 19 |
S — - > = >3..
Letu=(_+3+2) ———>-=30u>3.03)] |

We proceed thus:

2
consider f(a.0.6) =1+ 3+ 1)’ 3(E2 25 520)

We need to show f(a,b,c) = 0

Variable transformation of (4) gives

- 2
fla,b,c) = f(u) ZHZ—;[(a+b+c)u—3] (;) uz—;(Bu—B) AMZGMuz_;[@ zu) _3]

3
& f(u) 23 (5u? — 18+ 9) = 1 (u — 3)(5u — 3) > 0 (proof complete)

Solution 5 by Soumitra Mandal-Chandar Nagore-India

24+b?%+c? +b+
a c > (a c

2
) >a+b+c
3 3

We know,
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1) 1 1 1

1 1 1 1 1
.'.(a+b+c)(—+—+—)29=>(—+—+— >9=>—+—-+—>3
a b c a b c a b c

1 1 1 3 a+b

We need to prove, -+ + - > /EchcT

(1+1+1)2>3Za+b 3( b )(1+1+1 9
S (—+—+-— — =— —+—+—
a b ¢/ 2 c Za ¢ a b c)

2

cyc

again, 3 > a + b + c. So, we are left to prove,

Grivd) 23Geir)-3=2G+i+D) -o(G+ird)+oz0

a b c ~“2\a b ¢
2 2 2 1 1 1 ; ;
= (_+_+__3)(-+-+——3) > 0, which is true
a b c a b c

hence proved.

168. Prove that if a, b, ¢ > 0 then:

G YE YE =YOYE Y6

b
Proposed by Daniel Sitaru — Romania

Solution 1 by Nirapada Pal-Jhargram-India
We have
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Solution 2 by Soumitra Mandal-Chandar Nagore-India

CENGIE DI
ST E -3 o=3(s) 455
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169. If a, b, c = 1 then:

1+a)@+b)(1+ c)(abc + \/m) > 2
(a+\/E)(b+\/E)(C+\/E) B

Proposed by Daniel Sitaru — Romania

Solution 1 by Ravi Prakash-New Delhi-India

1+a

Asa21,a2ﬁ=>1+a21+\/5=>1+ﬁ

=>1
1+a)(1+b)(1+c)
= =>1
(1++a)(1++vb)(1+ )
Alsovabc +1 = 2
Thus,
(1+a)1+b)1+c)(Vabc+1) -
(1+va)(1+Vb)(1+Vc)
Multiply the numerator and denominator by va, vb,vc we get

(1 +a)(1 + b)(1 + ¢)(abc + Vahbc) > 5
(a+vVa)(b+Vb)(c+Vc)

Solution 2 by Ngo Minh Ngoc Bao-Viethnam

We have:

(1+a)(1 + b)(1 + ¢)(abc + Vahbc) -
(a+ V) (b+Vb)(c+ve)

@(Zln(a+ 1)+%Zlna—2]n(a+\/a))+ln(\/m+ 1) >In2

Considering the function:

f(®) =In(t + 1)+%lnt—ln(t+\/f),VtE [1; +0)
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= f'(t) = %_,_ 1 2Vl _ (e+)(VEr1)+2e(VEr1) - (2VE+1) (e4+1) _

1+t 2t(Ver1) 2t(¢+1)(Ve+1)
t+2Vt—1
o >0
2Vt(t+1)(Ve+1)

z(Z]n(a+ 1)+%Zlna—21n(a+ﬁ))+ln(@+1) >

>3In2-3In2+In2=In2 (Vabc+1=2)
Solution 3 by Ngo Minh Ngoc Bao-Vietham

(14+a)(1+b)(1+c) (abc+\/m)
(a+va)(b+Vb)(c+Vc)

f(a,b,c) = 2.

We have: f(a,b,c) =

, we need to prove

Use: (1 +x3)(1 +y3)(1 +23) > (1 + xyz)3, (x, y,z > 0) we have:
(1+a)(1+b)(1 +c) > (1+ Vabe)’
and (a ++a)(b +vVb)(c ++/c) < (a+ a)(b+ b)(c + c) = 8abc

(1+ 3\/abc)g(abc ++abc) 1 s 3 1
= f(a,b,c) > Sabe = 5(1 + Vabc) (1 + W)
53
= %[(1 +Y/abe)’ + (1%C) ] = %[(1 + Yabe)’ + ((v% + "\/abc)g] >
> S+ 1)+ 2)7] =2
Solution 4 by Nguyen Ngoc Tu-Ha Giang-Vietnam
We have
(1 +a)(1+ b)(1 + ¢)(abc + Vabc) -
(a+Va)(b+Vb)(b++c)

& (1+a)(1+ b)(1 + c)(abc + Vabc) > 2(a+Vb)(b + )
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& Vabc(1 + a)(1+ b)(1 + ¢)(1 +Vabc) > 2Vabc(1 + Va)(1 + Vb)(1 +c)
o (1 +a)1+b)(1+c)(1++abe) = 2(1++a)(1+Vb)(1+c)
Use Cauchy — Schwarz inequality, we have
(1+va)'<2(1+a)=>1+a>1(1+va) 21(1+va) - 1+ =1+va
and 1 + vVabc > 2 by a > 1, similar we have
(1+a)(1+b)(1 + c)(1+ Vabc) > 2(1+Va)(1+Vb)(1+c)

170. If a, b, c > 0 then:

z <4a 3b>>12 3a_|_c_|_b
“\pz2 7 @2 (c b a)
Proposed by Daniel Sitaru — Romania

Solution by Soumava Chakraborty-Kolkata-India
4a 3b _ 4a 3b 4b 3c 4c 3a
ZC(F_FaZ) C(b2 az)_|_a(c2 ﬁ)+b(?+?)
_ 4ac 4bc 4ab 3ab 3bc 3ca _ ab
_(b2 Tz T )+( 2z bz)_72(c_2)

AM2GM= 22+ 25422 > 385 = 12 (1)

2

Again, AM>GM = 2+ 2+ & > 3° / =304 @
b2 c
bc b3 b
AM>GM=>—+—+C—223/ 3(;) (3)
ca  ca bc 3(¢3 c
AM2GM= S+ 242> 3 /§:3(z) (4)

D+@+@)+@) = 7(2(%)) 2 12+3(2+<+2)
(Proved)
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171. Let a, b, ¢ be positive real numbers such that: a? + b? + ¢ + 2abc = 1
Prove that:
a* + b* + c* + 4a*b?c? +% > ab(a®? + b%) + bc(b? + ¢?) + ca(c® + a?) (1)
Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
Solution Hoang Le Nhat Tung — Hanoi — Vietnam
We will prove that: 4abc + 1 > 2(ab + bc + ca)
We have: 2a — 1;2b — 1;2c — 1.
Then Dirichle, propose: (2a—1)(2b—1) > 0< c(2a—1)(2b—-1) = 0(c > 0)
& c(4ab—2a—-2b+1) >0 & 4abc+1=>2ac+2bc—c+1 (2)
We need to prove: 2ac + 2bc—c+1>2(ab+ bc+ca) ©1=>c+2ab (3)
a’?+b?>+c*+2abc=1oc*+2abc+(@*+b>*-1)=0 (4)
Other, because a, b, c > 0; a? + b%? + ¢? + 2abc = 1 therefore0 <a,b,c < 1
A =(ab)?—-(a>?+b>-1)=01-a?’)(1-b?)>0(0<ab<1)

_le= —ab + /(1 —a2)(1 — b2)

C:—ab—\/(l—az)(1_b2) (abSUFdZC:_ab_\/(l_aZ)(l_bz)<0)

=>c=-ab+.(1-a?)(1-b2) (5)

Then (3), (5) © 1 > —ab + /(1 — a?)(1 — b?) + 2ab = 1 —ab > /(1 — a?)(1 — b?)
e 1-ab))>(1-a*)(1-0b?) < (ab)? —2ab+1>1—(a? + b?) + (ab)?
©a?—-2ab+b*>0< (a—b)2 >0 (TrueVa,b)
= Inequality (3). Therefore: 4abc +1 > 2(ab + bc + ca) (6)

By Bunhiacopxki we have:
2

(pabe+3) = (abe+§+3) =1+ 12+ 19)[aner+ (3) +(5)

1
_—3(4 22 2+—)
a (4

(4abc+1)?

2
(abct1)” _ 4 (4a2b2c2 + 1) & 4a?b?c? + 1 > Baber” ()
8 8 12

2 2 2
Then (6), (7) = 4a2b2c2 +% > (Z(ab+f;‘+ca)) — 4(ab+f2c+ca) — (ab+b;+ca) (8)
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By inequality: (ab + bc + ca)? > 3abc(a+ b + ¢)

3abc(a+b+c)

. =abc(a+ b +c)

Let (8) = 4a%b?c? +1 2
:>a4+b4+c4+4a2b2c2+%2a4+b4+c4+abc(a+b+c) 9)
Then (1), (9). We need to prove:

a* + b* + c* +abc(a+ b + ¢) = ab(a? + b?) + bc(b? + ¢?) + ca(c? + a?) (10)
 a*(a? —ab — ac + bc) + b>(b? —bc—ca+ca) + c*(c* —ca—cb+ab) >0
sa?(a—-b)a—c)+b*’(b—c)(b—a)+c*(c—a)(c—b)=0
(True because this is Schur inequality)

Then (9), (10) = a* + b* + ¢* + 4a?b?c? +% > ab(a? + b?) + be(b? + c?) + ca(c? + a?)

= Inequality (1) True and we get the result

172. Let a, b, c be positive such that a + b + ¢ = 3. Prove that

W+%+%>Jab+bc+ca

ab + bc +ca 3

Proposed by Nguyen Ngoc Tu — Ha Giang — Vietham
Solution by Nguyen Ngoc Tu — Ha Giang — Vietham
Lemma. Let x,y,z > 0 such that x* + y* + z* = 3 then
x°y> + y52° + 25x° < 3.
Solution Lemma.

Using AM-GM inequality, we have:

) ' —z* 44 _ 4444
X '1-1<x Ty +2—5 z = x> 5<5xy X'y'z
Y B N y' s
4 4 )
5y525 —x5y525 5tttk gt
Same, we have y°z® < %,sts < %
3

5,5 <

= x5y5 + y575 + 7 (xty* + ytz* + 74x%) — Zx4y424

| v
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_n3
Using Schur’s inequality: r > MTP

Withr =x*ytz p=xt+y* + 2z =3 g = x*y* + ytzt + 242 =
>4 3
ﬁ —_ —_—
r=2q
5 3/4 1 9 1 p? 9
= xtyt + yizt + 24t < — ——(— —3):— +—<_—.—+-=3
Xy ry e =444 \31 4174437,

Solution problem.

The inequality given is equivalent to
4+ 1
(Va+ Vb + Yc) 26(ab+bc+ca)6

4 1
o (Ya+ Vb + ) (a+b+c)112§(ab+bc+ca)6-311=(ab+bc+ca)6-39

Using Holder’s inequality, we have

4 4 4 4,15
(Va+3Vb+Ve) (a+b+c)!! > (aE + b5 + cE) hence we need to

prove

LR S
(a5+b5+05) > (ab + bc + ca)® - 3°

4 4 4
Inequalities of the same rank hence we assume that as + bs + ¢s = 3,

then we need to prove 315 > (ab + bc + ca)® - 3° @ ab + bc + ca < 3
11 1
Let (x,y,z) = (aS,bS, CS) = x* + y* + z* = 3 hence

x>y5 + y525 + x> < 3 orab + bc + ca < 3.

Done!
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173. Leta, b, c > O such that: a + b + ¢ = 3. Prove that:

at b* ct aZ+b%+c?

b*(2ab—c+2) * c*(2bc—a+2) * a*(2ca—Vb+2) = 3 1)

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
Solution 1 Hoang Le Nhat Tung — Hanoi — Vietnam
By Inequality Cauchy — Schwarz. We have:
az z az z az z
Z a* Z < ) > <Zb_2) — <Zb_2) (2)
b*(2ab—c+2) (2ab—Vc+2) ~ ¥(2ab—Vc+2) 2¥ab-YVa+6
Other, by AM-GM:
a2 a2 b2 3[a2 a2 b2
oo giirtay g e _gofd _ 1@
3 b2z 3/p2pzc2
3=a+b+c>3¥abc> Yabc <1 = Va?b?c? < 1.

aZ
Let(3):=> X ;2 Y a?

(za?)’
b4(2ab Ve+2) = 2Y ab-Ya+6 (4)

By AM-GM and a + b + ¢ = 3. We have:

ZZ‘/E“LZ“Z:Z(‘/E“L‘/E“L“Z)223'3"/5"/5'“2:
:32a29:(2a)2=>2\/5 ZZab

Let(2):= )

Let (4):
at (Zaz)z _ (Z aZ) (Z 2) )
=z Zb4(2ab—\/z+2) = 2Y ab-Y ab+6 2ab+6 Y a2 +6 (because Y, ab < ), a*)
(5)

We will prove that:
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Xa®)* _Ya’ Y a?
Za2+6 3 @Za2+6 —@BZa >Z 2+6<:>Za >3

(Z a)2 32

(True because by AM-GM: ¥ a? > =~ === 13)
Therefore, let (5): = Y. > Zaz
b4(2ab Ve+2) = 3
a4’ b4- C4 a2+b2+cz
< b*(2ab—c+2) * c*(2bc—a+2) + a*(2ca—Vb+2) — 3 = QED

Solution 2 by Anh Tai Tran-Hanoi-Vietham

2@ (%
LHS = Zb4(2ab \/_+2)>Z(22[b0(112;]a+2)>2(b£i)6

a +b2+02< (a+b+c)® 9
3 = 81(ab + bc + ac)®  (ab + bc + ac)?

2

LHS =

So we are done if:

(Z Z—z)z (ab + bc+ac)* =9 bc+6) (¥

By Cauchy Schwarz

soors (B 8- B
( a? b2 c? > (a> +b%*+c®® (a+b+c)®

= + = =
vab Vbc Vac (Z‘/_bc) (a+b+c)*

On the other hand,
< a)?

=81

RHS(*)<9( +6):81

So (*) is true

We are done!
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174. Let a, b, c > 0 sucht that: a + b + ¢ = 3. Prove that:

a + b + c + 3\/E+3;/5+3\/E > 7 (1)
3\/4(b"5+c‘5’)+7bc 3\/4(c"5+a‘5’)+7ca 3\/4(a‘5‘+b‘5’)+7ab 12 12
Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

Solution by Hoang Le Nhat Tung — Hanoi — Vietnam

We have:
bE + 8 = (b2 + 2)(b* — b2c? + c*) = (b2 + ¢?) (b2 + ¢2)? — (bev3)]

= (b% + ¢*)(b? — bcV3 + ¢?)(b* + beV3 + ¢?)

By inequality AM-GM for three positive real numbers:

/4(bb + %) = 3\/(b2 +¢2)-2(2++3) (b2 — beV3 + ¢2) - 2(2 —V3) (b2 + bey3 + ¢2) <

- (b2 +c?) + 2(2 + 2v3)(b? — bevV3 + %) + 2(2 — V3)(b? + beV3 + ¢?)
- 3

9b2% — 12bc + 9¢2

3
& 3[4(b5 + ¢®) < 3b% — 4bc + 3¢% < 3/4(bS + ¢b) + Thc < 3b% + 3bc + 3¢?
1 1 a a
< 3/4(b5+c)+7bc = 3(b%+bc+c?) < 3/4(b5+c%)+7bc = 3(b2+bc+c2) 2

Similar:
b b

3/4(c%+ab)+7ca = 3(c2+ca+a?) 3

c c

> 4
3,4(a6+b6)+7ab ~ 3(a%+ab+b?) )

Then (2), (3), (4):

= 2 + b + ¢ >
3 —_—
3/4(b6+c6 +7bc V4(c%+a®)+7ca 3,4(a6+b6)+7ab

a + b + c (5)

>
~ 3(b%+bc+c?)  3(c2+ca+a?)  3(a?+ab+b?)

Other, by Cauchy — Schwarz we have

a b c _ a? b2 2

c
= + +
b2+bc+c?2  c2+ca+a?  a?+ab+b2 ab%2+abc+ac?  bci+bca+ba?  ca’+cab+cb? T
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(a+b+c)? ( )

>
(ab?+abc+ac?)+(bc?+bca+ba?)+(ca?+cab+ cb)2

(a+b+c)?
(ab2 +abc+ac2) +(bc2+bca+ ba2)+(ca2+cab+cb2)

That

(a+b+c)? _ (a+b+c)? __ a+b+c (7)
ab(a+b)+bc(b+c)+ca(c+a)+3abc (a+b+c)(ab+bc+ca) ab+bc+ca

a b c a+b+c
b2+bc+c2  c2+ca+a?  a?+ab+b%? T ab+bc+ca

Anda+ b + c = 3. Then (8):

a b c 3
bZ+bc+c?2  c2+ca+a? a?+ab+b2 T ab+bc+ca

Then (6), (7): =

(8)

)

c 1

a b
3,4(b6+c(, +7be 3/4(c5+a)+7ca 3,4(a6+b6)+7ab ab+bc+ca ( )

By AM-GM for five positive real numbers:

Then (5), (9):=

3{/E+§/E+3{/E+az+az255\/3{/6-1/6-3(1-(12-(12255 a® =5a
& 3¥a +2a? > 5a  33/a > 5a — 2a? (1D
Similar: 33/b > 5b — 2b%;33/c > 5¢ — 2c¢2  (12)
Then (11), (12): = 3(Ya+ Vb + ¥c) = 5(a+ b + ¢) — 2(a? + b? + ¢?)
& 3(Va+ Vb +3c) = 15— 2(a? +b* +c?) (Becausea+ b +c = 3)
o 3(a+Vb+Yc+1)>18—2(a? + b% +c?) =2(a+ b+ c)? — 2(a? + b% + ¢?)
(Becausea+b+c=3=>2(a+b+c)>=18)
& 3(a+ Vb +¥Yc+1)>2(a? + b? + c% + 2ab + 2bc + 2ca) — 2(a? + b? + c?)

@3(%+%+%+1)24(ab+bc+ca)®3(%+%+%)24(ab+bc+ca)—3

3~ .33 3—.34.3

+7/b+ 4(ab+bc+ -3 +7/b+ b+bc+ 1

o a Ve > (a c+ca) o a Ve > a ctca 1 (13)
12 36 12 9 12

Then (10), (13):

a b c Ya+3b+3c
—1 =+ 3 5 = + + 12 2
3/4(b6+c"’)+7bc V4(c® +a®) +7ca 3/4((1"’+b6)+7ab
> 1 + ab+bc+ca _ i (14)
ab+bc+ca 9 12

By AM-GM We have:
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1 ab + bc+ ca 1 ab+bc+ca_2 1_2
- ab + bc + ca 9 N 9 3

+
ab + bc + ca 9

1 ab + bc + ca 1 ab + bc+ ca 1 2
2 =20973

= + .
ab + bc+ ca 9 ab + bc + ca 9

1 ab+bc+ca 1 2 1 7 1 ab+bc+ca 1 7
Szi-—=lo + === (15)

ab+bc+ca 9 - 12 E - E ab+bc+ca 9 12

Then (14), (15):
b c Va+ b+ e
12

7
2_
12

a

+ +
a(bf +0) 4 7pc VHEFaVTTea 2y 40 1 1) 4 ga

= Inequality (1) True and we get the result
( abc>0a+b+c=3
a=b=c
L = L = L ©a=b=c=1
Equality occurs if: { b2+bc+c2 ~ c2+ca+a®  a+ab+b? T T

Va = a? b = b*; Yc = c?

+

=

|k 1 __ab+bc+ca
ab+bc+ca - 9
175. 1f x,y e Rxy+x+y =1,n € N then:
n n
(1 +x)%" Tz tas y)*" 177] 2 2ntl

Proposed by Daniel Sitaru — Romania

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Six,y € R, de tal maneraque xy +y + x = 1,n € N. Probar que

n n

+ y2 o 1+ y2
> n+1
1+ x?2 +(1+y) 1+ x?2 =2

(1 + x)Zn

De la condicion
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xy+y+x=1le(l+x)1+y)=2o 1+x)21+y)?=4
Como(1+x)2,(1+y)2A1+x%),(1+y*)>0
Aplicando MA = MG

n n
1_|_y2 1_|_y2
2n 2n
(1 +x) ( 1+x2> +(1+y) ( 1T+ 2 >
> 22\/((1 +x)(1 +y))2n = 23/4n = 2 . pn = pn+l

(LQQD)

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

2

n, 2 n
41 2 4 2
<(1+x)"'< ’1112> ) —2'2"+<(1+y)"< /i:;) ) =
n nz
. 41 + y? . 4’1+x2
4 2 4 2
z":(<1+x><1+y>>n<Ji:§z' /ii;) ]

=(1l+x+y+xy)"-1=(0Q+1)"=2"
x=y=+v2-1

x=y=-—2-1
Solution 3 by Ravi Prakash-New Delhi-India

x+y+xy=1=>1+x+y(1+x)=2

2
$(1+X)(1+y)—2$1+x—m
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Now,

n

n
1+ y?2 1+ x2
2n 2n

n n
1+ y?2 1+ x?2
2n 2n
>2|(1+x) ( 1+x2> (1+) ( 1+y>

ZZn
=7 [(1 (1Y )Zn] =

p—

| =

N

N =

Solution 4 by Abdallah El Farissi-Bechar-Algerie
Wehavex+y+xy=1then (1 +x)(1+1y) =2 let

1+ y2
— 2n
n n
1+ y?2 1+ x2
2n 2n —
(1+x) ( 1+ﬂ>'”1+w ( 1+ﬁ>'-
n n
,14-y2 2%n 1+ x2
— + 2n
(1+x) < 1+x2> +(1+x)2"< 1+ y?2

>2 (a2l = gnn
- A

=A+2%

o N
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176.1fa,b,c > 0,a+ b + ¢ = 1 then:

a® + bc 1 (a—b)(a-c)
Z + > 4+
b+c b+ 2a b+c

Proposed by Daniel Sitaru — Romania

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Siendo a, b, c > 0 de tal maneraque a + b + ¢ = 1. Probar que

a? + bc 1 (a—b)(a-c)
(6 )oY
b+c b+ 2a b+c
a? + bc 1 a? + bc
B[ ) S Y
b+c b+ 2a b+c
Voo te Yyt
PR PR
a b+2a b +2a

Por la desigualdad de Cauchy

1 1 1 1 9 3
Z = + + > = =3
b+2a b+2a c+2b a+2c 3(a+b+c) a+b+c
(LQQD)

Solution 2 by Mohammed Jamal-Oujda-Morocco

a? + bc 1 (a—b)(a-c)
(6 )oY
b+c b+ 2a b+c

. a?+bc 1 a?+bc
+ > 4+ —(a+ b+

1€ Z b+c Z b+2a — 4 Z b+c (a b C)

. 1

>
1€ Z b+2a — 3
1 9
or) > = 3 done

b+2a — 3(a+b+c)

Solution 3 by Sanong Hauerai-Nakon Pathom-Thailand

We have to prove that
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a? + bc 1 b% + ca 1 cZ+ab 1
+ + + + + >
b+ c b+ 2a c+a c+ab a+b a+2c
(a—-b)(b-c) (b—a)b—c) (c—a)(c—Db)
> 9 + + +
(b+c) (a+c) (a+b)
consider Right side
Lla-b)a-¢c) (b-a)b+c) (c—a)c-b)_

+
(b+c) (a+c) (a+ b)
_4a2+bc+b2+ca+cz+ab (ab + )
B b+ c c+a a+b a ¢

a’+bc b*+ca c%+ab

=3+ + +
b+c c+a a+b

Hence we have to show that
1 1
+
a+2c c+ab b+ca

> 3 only

Becausea + b + ¢ = 1, we get
(a+2c)(c+2b)(b+ca)=3

1 1 1
+ + >
a+2c c+2b b+ca

Therefore it is to be true.

Solution 4 by Nguyen Ngoc Tu-Ha Giang-Vietnam

a? + bc 1 (a—b)(a——c) 1
YU SCEATELNS
b+c b+ 2a b+c b+ 2a

It’s true by

Z 1 - 9 _3
b+2a~3(a+b+c)
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177.1fa,b,c € R, x,y, z € (0, ») then:

1 1 1 1 2b

(x+y+2z)a’ + (—+—)b2 + (—+—>c2 +2ab + 2ac + — > 0
X z y z z

Proposed by Daniel Sitaru — Romania

Solution by Ravi Prakash-New Dehi-India

, 1 1y, 11y, 2bc
(x+y+2)a +(—+—)b +(—+—)c + 2ab + 2ac +—=
X z y z z
1 1 1 1 2b
:(xaz+—b2+2ab)+za2+(ya2+—cz+2ac)+(—bz+—cZ+—C)
x y z z z

2

2
:(\/}a+\/—1§b) +za2+<\/;a+\/i_c> +%(b+c)2 >0
y

178.1fa,b,c,x,y,z € R, xyz # 0 then:

(a® + b% + c?) (l.,.l_,_l)+2(ab+bC+Ca)(x+y+z) .
xZ yz ZZ xyz
Proposed by Daniel Sitaru — Romania

Solution by Ravi Prakash-New Delhi-India

1 1 1 2(ab + bc+ ca)(x +y + z)
(@®+b%+c7) xz y? z? xXyz

a’? b*? ¢* 2ab 2bc 2ca
= —+ — + + + +
x2 y2 z2 xy yz @ xz

a’? b* ¢ 2ab 2bc 2ca
et — 4+ — + + + +
y2 z2 x*! yz zx xy

a’? b?> ¢ 2ab 2bc 2ca
et — + — + + +
z2 x2 y2 zx xy yz
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2 2 2

a b [ a b c a b c
R R IR e R
X y Z y z Xx z x Yy

179.1f x,y,z > 0 then:
1 (xy yz ) 8xyz
—_— =+ =+ +
xX+y+z\z X x+y)y+z)(z+x)

Proposed by Adil Abdullayev-Baku-Azerbaidian

> 2

Solution by Kevin Soto Palacios — Huarmey — Peru
Siendo x,y,z > 0. Probar que
1 (xy yz ) 8xyz
_— —+ +
xX+y+z x (x+y)y+2)(z+x)
LEMMA

Siendo a, b, ¢ > 0 se cumple la siguiente desigualdad

> 2

aZ+b2+c? 8abc
ab+bc+ca (a+b)(b+c)(c+a) —

>2 (A)

Sustituyendo

X z zZX

- a? :?y,bz —); c’?=—oab=ybc=zca=xoxyz>0

Por lo tanto tenemos en (A)
1
(ﬂ yz+ )+ 8xyz > 2
x+y+z x (x+y)y+2)(z+x)
(LQQD)
180. Ifa,b,c > 0,abc = 1 then:
at N b* N ct - 3(a+ b +c)
b*Va*+4 c*bt+4 a*Vet+4 5

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
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Solution by Hoang Le Nhat Tung — Hanoi — Vietnam

By Inequality Cauchy — Schwarz and AM-GM. We have:
2

()
2. wﬁ ) ZJsmz T T
N
(52)

>
_25(a2—2a+2)+(a2+2a+2)

2
- o2

2 2 2

)

= Z b%/5(a*+4) — Z 3a2-4a+6 — Y.(3a%2-4a+6) = 3Ya%2-4Y a+18 (1)

a2 a2 bz 3[_2_2E
Other, byAM-GM:Z =y ”2 Z bz 2=y b2 -=Yat

(because abc = 1)

Therefore (1):
a* (X a?)? (X a?)?
= Z > > > - >
bt/5(a*+4) 3Xa*—4XYa+18 3% q2—4-3abc+ 18
(Ea®)” _ 3

= 3Ya?+2Ya®? 5 )
(Z a)* _ (Z a)? _ Ta/Ca)3 _ JTa27abc _ v27abc _ /33 a

We have = 35 15 15 = 15 ~ 15 s 3)
b* ct 3(a+b+c)
Then (2), (3): = JT Y v + T 2 = QED.

181. Let a, b, c be positive real numbers such that abc < 1. Prove that
3 1/a b c
—+
a+b+c 3 (b c a)

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
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Solution by Kevin Soto Palacios — Hurmey — Peru

Siendo a, b, c nmeros R*de tal manera que abc < 1. Probar que
3 1/a b c
—_— ==t -+ —
a+b+c 3 (b c a)

Comoa,b,c>0

Aplicando MA > MG

a a b 3 |a? 3| a3 3a
—+—+—>3’—:3/—: >3a (A
b b c bc abc 3abc_ ( )

De forma analoga

b b ¢

—+=-+-2>3c (C)

a a

Sumando (A) + (B) + (C)

a b c a b c
3(—+—+—)23(a+b+c)=>—+—+—2a+b+c
b ¢ a b ¢ a

Por ultimo, nuevamente por MA > MG

3 1 b 3 1 3 +b+
+2(5+2+9) > +Ya+b+e)=2 Latbic _ 5
a+b+c 3\b c a a+b+c 3 a+b+c 3

(LQQD)

182.Ifa, b, c > 0 then:

1 N 1 N 1 - (a+ b + ¢)?
(2a2 + bc)?2  (2b%2+ca)? (2c%2+ ab)? ~ 9(a® + b® + ¢%)

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietnam
Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietnam

We have:


http://www.ssmrmh.ro

R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

+ b+ ¢)?
3(a6+b6+c6)2(a4+b4+c4)(a2+b2+c2)2(a4+b4+c4)-¥

(a+b+c)? 1 (1)
9(ab+b0+c®) — at+b*+ct

By Cauchy — Scwarz:

2 9 2
z 1 - (Z ﬁ) - (Z(ZaZ + bC))
(2a% + bc)2 — 3 - 3

1 27 N 27 27
= z (2az +bc)2~ 2Y a2+ bc)2 = (2Y a2 +Y a?)?2 9(3 a?)?

1
=5a @

1 3 3
2 72 2223 4
(2a%+bc) (Za?) Ya

1 T a)?
>
Then (1), (2) = X Za o) = 938

= Q.E.D

Solution 2 by Sanong Hauerai-Nakon Pathom-Thailand

Because (a® + b3 + ¢3)(a+ b + ¢) = 2(a®?b? + b%c? + c2a?) + a3®b + b3c + c*a IS

to be true
Imply
(a® + b3+ c®)?(a+ b+ c)? = (2(a?b?) + (b*c?) + (c?a®) + a®b + b3c + c3a)?
Imply
9(a® + b3+ c3)?(a+ b+ c)? > 9(2(a?b? + b*c? + c%a?) + a®b + b3c + c3a)?
Imply
9(a® + b® + c®)(a+ b + ¢)? > 3(2(a?b? + b*c? + c*a?) + a®b + b3c + c3a)?
(a+b+c)?
Im I (2(azb2+b2cz+czaz)+a3b+b3c+c3a)2 1
ply 3 — 9(a%+b%+cb)
< (a+b+c)2 )2
2(a2b2+b202+cza2+a3b+b3c+c3a) (a+b+c)2
Imply

3 ~ 9(a®+b5+cb)
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( 1,1 1 )2 5
Imply 2a?+bc ' 2b%+ca ' 2c2+ab (a+b+c)
3 — 9(ab+b6+cb)

1 1 (a+b+c)?
Impl + +
ply (2a2+bc)2  (2b2%2+ca)?  (2c¢%2+ab)? — 9(a®+bo+cb)

There for it is to be true

Solution 3 by Nguyen Thanh Nho-Tra Vinh-Vietham

1 1 1 1(1 1 1)2

LHS = + + = +
(2a?2+bc)2  (2b%2+4ca)?  (2c¢%2+ab)?2 — 3 \2a%?+bc  2b% +ca 2c%+ab

2 2
1 9 1 9 3
> - ( ) > - ( ) — (*)
3 \2(a%2+b2%+c2)+ab+bc+ca 3 \3(a2+b2%+c2) (a?+b%+c?)2

a®+b%+c2\°  (a? + b? + c?)?

a C‘( 3 9

a?+b*+c%) 1

= 9
3 (a+b+c)? o
(a2+b%+c2)2 = 9(aS+bS+cb) RHS (*)
(*) & (**)=> LHS = ——— > RHS = LHS > RHS

(a2+4b2+c2) —
13 —_ 13 @ a —_ b —_ C
Solution 4 by SK Rejuan-West Bengal-India

a,bc>0

2 2
by AM > GM we get, 2a® + b% > 2a? + bc
4a? + b? + ¢? 4a? + b?% + c?
= > > 2a? + bc =>Z > 2Z(Za2+bc)

2 2 - -
=3xa” 2¥Q2a" +bo) = sonn 2 ma ()

LHS =% (2a21+b(:)2 =P (say)
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P> L} [by mth th
= —6(22a2+b) [by mth power theorem]

z%{m} [by AM > HM]> 1 { }[from(l)]

>P> Sa) 2 Z <— [by Cauchy inequality]= P > a4 (2)

1 (Ya)?
RHS =35 =9 (say)
1Ga? 1 3%a . . 1 Ya?
=9=3 St S5 Y ab [byCauchylnequallty]=>9g§.ﬁ (3)
We now have to prove that,
1 ¥a? 1 Ya® ya* _Ya® Y
3 Yas“ " Ya* 3 3 ~ 3 3
Ya* Ya* _Ya® _ Ya?tt o o Z .
o= 2-<=-= whlchlstruel.e.g St <ﬁ (4)
ini 1 Ya? 1
Combining (2), (3) & (4)weget9 <3 So<=—o<P=>P29

2

(X a)?
ﬁZ(ﬁ) 2%' 536

183. If x,y,z > 0 then:

S S R
() x+37) () (fr+n) - (Vorn)(Varyy) = 472

Proposed by Daniel Sitaru — Romania
Solution by Nguyen Minh Tri-Ho Chi Minh-Vietnam

Suppose x = a,./y = b, Y2 = ¢. So we need to prove that
a N b N c - 3
(a+b)(a+c) (b+a)b+c) (c+a)(c+b)™ 4'abbbcb
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a(b+c)+ b(a+c)+cla+b) 3
<
(a+b)(b+c)(a+c) 43/abc

2(ab+bc+ac) 4 (*)
(a+b)(b+c)(a+c) — a¥/abe

We use this inequality:

8(ab + bc+ac)(a+b+c) < 9(a + b)(b + c)(a+ c)
2(ab+bc+ac) ( )
(a+b)(b+c)(a+c) — 4—(a+b+c)

Use Cauchy for 3 numbers: a + b + ¢ > 33/abc
9 3
< 4(a+b+c) = 43/abe )

2(ab+bc+ac) 3 -
From (1), (2) = @b ard ~ T = (*) true = Q.E.D.

184. For a,b,c > 0. Prove:

(a + b)a® (b +c)b3

N (c +a)c3 >2(a+b+c)2
a’ +ab + b2 b?% + bc + c?

cc+ca+a? 9

Proposed by Nho Nguyen Van-Nghe An-Vietnam
Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietnam

We have: Z (a+b)a3 _Z b3(a+b)

_ Z a3(a+b)-b3(a+b) _ Z a4—b4+ab(a2—b2)
a’+ab+b? a’?+ab+b?

aZ+ab+b?

a?+ab+b?

(a? — b?)(a? + ab + b?)
:z a? + b2+ ab :z(“z_bz):(’:’

(a +b)a® _z b3(a + b) s (a+ b)a?®

aZ +ab + b2 a? + ab + b2 a2+ab+bZ:
_1za3(a+b)+b3(a+b)_1 (a® + b3)(a+ b)
)

a? + ab + b? T2 a? + ab + b2
(a + b)a?® > (a? + b?)? z (a? + b?)? _Z:az+bZ
@Zrab+b?2 -2 vab+ b2 -2 az+bZ , 3

+b
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(a+b)a® _ 2 ,_ 2 QCa)? 2(Xa)?
—_——— == a“ = —-- = =
a?+ab+b% "~ 3 3 3 9

(a+b)a3 (b+c)b3 (c+a)c3 2(a+b+c)?
aZ+ab+b%2  bZ+bc+c:  cZ+ca+a? = 9 = QED

Solution 2 by Do Quoc Chinh-Ho Chi Minh-Vietnam

By the Cauchy-Schwarz inequality, we have

<z azai(zzf)bz> <z e : ibb+ b2)> > (a? + b? + ¢?)?

We have: ¥, a(a®+abth?) _ ¥ al(a+b)’~ab] _ Ya(a+b)— Zg

a+b a+b

By the Cauchy — Schwarz inequality, we have:

a’*b a’b? - (X ab)? a(a? + ab + b?) -
Za+b_ ab+bZ_Za2+Zab:> a+b -
(Tab)? (Zab)* _
<Z“(“+b) Za2+2ab Z+z ab - Za2+2ab
_(Ca*+XYab)? - Xab)? (Xa?)*+2Qa*>)Xab) (a*)(Xa)?
B Yaz+>Yab B Ya%+Yab " Yaz+Yab
(@ +b*+c?)? _(Qa*+Yab)XTa?) (Ea*+Yab)XTa)*
T ) a(a? + ab + b?) = X a)? = 3(X a)? B
a+b
= Z(a;b)z = 4%:)2 = Z(Zga)z. The equality holds fora = b = c.

Solution 3 by Le Khanh Sy-Long An-Vietnam

al 2a—b _(a—b)*(a+b)

a? + ab + b? 3  3(a%?+ab+ b?)

(a+ b)(2ab — b) a’?+ab 2 2
> = > —
ﬁz(““Lb)f(“’b)—z 3 Z 3 —9(2“)
cyc cyc cyc
Solution 4 by Soumava Chakraborty-Kolkata-India
_ua (a +ab+b%*-b ) 2 a?b? Chebyshev C a)? _ a?b? ? 2(Y a)?
LHS = Z a’+ab+b? Z a Z a?+ab+b? - 3 a?+ab+b? = 9 <
_abht 1 2

< Z az+ab+b2 s (Z a) (1)
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2p? 2
- a? + ab + b? > 3ab - 2m_3 ab < — (Za)
(+ (X a)? = 3Y ab) = (1) is true (proved)
Solution 5 by Nguyen Thanh Nho-Tra Vinh-Vietham

(a+ b)a
LAS = z<a2+ab+b2 a)+ ) a*=
B z a’b? . 25 ab+
B a? + ab + b? Z“ __Z?

a+b+c)? (a+b+c)* 2(a+b+c)?
2_( ’ )+( . ):( . )=RHS

185. For a, b, c > 0. Prove:

3 3 3
a? b? c? avab? bVbc? cVca?
+ + > + +
a+b b+c c+a a+b b+c c+a

Proposed by Nho Nguyen Van-Nghe An-Vietnam
Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietnam

Za+b a+b

We have: Z——Z“ Vap? =Y G W)

a+b +b

a+b+b)

> a(a— 3

a+b

=

Z—_Za ab _ZZa(a b) (1)

a+b a+b a+b

Weprove:Z@ZOHZWZOHZaZZZa—b (2

F @t g a
Other.Za _Z4<a+b) y—= —>Za 22—

—>(2)true—>(1):>z__z ( “b)>0:>2 —Za 3/ ab?

a+b

Solution 2 by Soumava Chakraborty-Kolkata-India

mGM;AMa+2b aVa Z<a(a+2b) a(a+b+b)
" = T3 "axb = 3(a+b)  3(a+h)
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(1) A-G 2 (2)

_a ab a vab .. b bc? 2 E
—3+3(a+b) < 3+—6 ( a+b = 2vab ) Similarly, e < 3+ S and,
cVea (3) c \/ca
ct+a = 3 6

-B-
(1)+(2)+(3)= RHS < L2+ 1220 “2 % +E2=L8, (g)
Bergstrom 2
: Ca)® _Ya
Again,LHS > a2 (b)

(a),(b)= LHS > RHS (Proved)
Solution 3 by Soumitra Mandal-Chandar Nagore-India

I X AKX IRCEON I

cyc cyc cyc cyc cyc cyc cyc

a+b+c

za3\/abZAMiGM1 a(2b + a) a+b+c< \/ab+a+b+c
a+b — 3 a+b 32a+b - 6 3

cyc cyc cyc cyc

We need to show that, arbre - a+:+c + %Zcﬂ\/ab ©a+b+c>=+vab++bc++ca,

which is true. = Yeye— _chc v Vi (proved)

186. If a, b, c are positive real number such that ab + bc + ca = 3 then

1 1 -1
+ + <
ad+b%2+c b3+c?2+a cB+a’+b

Proposed by Pham Quoc Sang-Ho Chi Minh-Vietnam
Solution by Soumitra Mandal-Chandar Nagore-India

1 Holder's Inequality 3(1+b+ CZ)
- < ~ — 7
Za3+b2+c (a+b+c)3
cyc cyc

we need to prove, (@ + b + ¢)® > 3(3X.yca? + Xcpca) = 3(p2 +p - 3)
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wherep =a+ b+ c and Za22p2—6

cyc
p?=>3(p*+p-3)e (p- 3)(pZ —3) = 0, whichistrue~p=>3

~ Deye 3o < (proved)

a3+b2+
187. If a, b, c be positive real number such thata + b + ¢ = 3 then

ab N bc N ca - 1
(2a+ bc)(2b+ca) 2b+ca)(2c+ab) (2c+ab)(2a+ bc) ™ 3

Proposed by Pham Quoc Sang-Ho Chi Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

ab(2c+ab)+bc(2a+bc)+ca(2b+ca)
(2a+bc)(2b+ca)(2c+ab)

< 42 a?b? + 8abc + 2abc (Z az) +a’b?c? & Z a?b? + 2abc (Z az) + a?b%c? >

> 10abc < 3Y a?b? + 6abc(Y a?) + 3a®b*c? = 30abc (1). Now,

LHS =

< % o 3(6abc + ¥ a?b?) <

a’b? + a’?b?*c? = a’b?*(1 + ¢?) Aéa 2ca?b?. Similarly, b?¢? + a?b*c? > 2ab?*c? and
c?a? + a’b?c? = 2bc?a?. Adding the last 3 inequalities, we get
Y a’b? + 3a%b*c? > 2abc(Y ab) (2)
(2) = in order to prove (1), it suffices to prove:
2Y a?b? + 6abc(3 a?) + 2abc(3 ab) >
> 30abc © Y a’b? + 3abc(3 a?) + abc(Y ab) > 15abc (3). Now, LHS of (3) >

> abc () a)+3abe() a?)+abc() ab) > 15abe
@za+3za2+zab§15
@— Za +32a +Zab;1—5 z )Z (-.-Za:3)@92a2+32ab§

>4Qa)2=4Ya?2+8Yab < 5) a? 2 5 ab — true = (3) is true (proved)
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188. Let a, b, ¢ > —1 be real numbers with a3 + b3 + ¢3 = 1. Prove that:
a+b+c+a*+b*+c?<4.
When does equality holds?
Sweden NMO

Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietnam
abc>-1=2(a+1)(a-1)?+MB+1)(b-1)2+(c+1)(c-1)?>0
@+1)@-2a+1)+B+1)(B?>-2b+1)+(c+1)(c?—-2c+1)>0
cal+bP+c*P+3>a’+b*+c2+a+b+c=>a’+b*+c*+a+b+c<4
(becausea® +b3+c3=1)eoa=1b=1,c=-1.

Solution 2 by Sarah El-Kenitra-Morocco
Wehavea®+1—-a’?-a=(a+1)(a—1)>>0.Thena’?+a<a3+1

Using the same think we get b2 + b < b3 + 1 and ¢ + ¢ < ¢ + 1. Therefore
a+b+c+a?+b?+c?<a®+b3+ 2+ 3 =4 Equality holds when
a=b=1c=-1lora=c=1,b=-10orb=c=1a=-1
Solution 3 by Soumava Chakraborty-Kolkata-India
Va,b,c>—-1|Ya®=1,wehave:Ya+Ya* <4

leta+1=x,b+1=yc+1=zNow,Ya’=1=>Y(x-1)3=1=>

>Yx3-3Yx2+3Yx=4-> (). Now,Ya+Ya’* <4 X (x-1)+YX(x-1)?*<

<¥Yx®-3Yx2+3Yx (using())eXx—-3+Xx?—-2Yx+3<Yx>—-3Yx%+

+32x@2x3—42x2+42x2O@Zx(x2—4x+4)20<:>

o Yx(x—2)2>0->truewx=a+1>0,etc. (Proved)
Equality occurswhen(a=1,b=1,c=-1)or(a=-1,b=1,c=1)or
(a=1,b=-1,c=1)
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189. If a4, a,, ..., a, € (0,1) then:

2017

n(l—ak)<1

Proposed by Adil Abdullayev-Baku-Azerbaidian

2016

Solution by Daniel Sitaru-Romania

2017 2017

x= gak,yz g(l—ak),x,ye 0,1) -

2017 2017
> e/ 201% < /% + 201% = 1_[ a; + 1_[ 1-a)<

k=1

MAHLER 2017 2017

n(ak+1 a)=1

190. Ifx,y,z> 0,x + y +z = 1 then:

2 2 2
x_+Y_+Z_+z(y Yz, )>3
z x y

z x y
Proposed by Daniel Sitaru — Romania

Solution 1 by Mehmet Sahin-Ankara-Turkey

x,,Zz>0x+y+z=1
2,2

L:—+—+—+2(

Xy yz+zx);3
z x y -

z x y

ﬁ + ﬁ + f > (x+y+z)?

:(x+y+z):1 (*)

z x y —  xtytz
2 (ﬂ + 24 3) =2 ((xy 2 022 (zx)z) > o Gytyztzn? %)
z * y xyz xyz xyz 3xyz
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(xy +yz + zx)? = x?y* + y? 2> + 2x* + 2xyz(x + y + z)
1

(xy)? + (y2)? + (zx)? = (xy)(y2) + (yz)(zx) + (zx)(xy) = (xyz) (x + y + 2) = xyz (***)
1

From (*), (**) and (***)

2 2 2
L:x_+Y_+z_+2(ﬂ+E+Z),L2 1+2(xy2+2xyz
y

z x y z x

),L > 3 as desired.

xyz
Solution 2 by Kunihiko Chikaya-Tokyo-Japan

z_ > (x+y+2)?
z x y x+y+z

=x+y+z (1)

> — =2z

x y x 'y
=y y 4z
y+Z>2xz+x>2y .................. (+)
2(¥+%+%)22(x+y+z) 2)

~(Q)and(2)=3(x+y+2z)=3
Solution 3 by Uche Eliezer Okeke-Anambra-Nigeria
xy,z>0Ax+y+z=1
prove2§+ 22%2 3
Known: (X xy)? = 3xyz(x + y +z) ()

S2.5z>E02-35 21 (1)

xy _ 1 1 1\2 2 (Z;\cy)2 xy
ZZT—nyzZZ—ZZnyz-g(Z;) 3 a2 >22x—2—>22 >2 (2

(1)+(2) completes the proof!

191. Let a, b, c be positive real numbers such that a + b + ¢ = 3. Prove that:

ab . bc . ca _ +|9(ab + bc + ca)
Va(az+2b+3) b(b2+2c+3) 3c(c2+2a+3) 2

Proposed by Do Quoc Chinh-Vietnam
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Solution by proposer

Applying the Holder’s inequality, we have:
LHS* < (ab + bc + ca)(bVab + cVbc + a\/a)z( a b c

+
a?2+2b+3  b%2+2c+3  c%+2a+3
need to prove that:

(bVab + cVbc + a\/c_a)2 ( @, _b < ) < g. By the AM-GM inequality, we

a?+2b+3  b%+2c+3  c2+2a+2
have: a + b + c — a b c
"a?+2b+3  b%2+2c¢+3  c2+2a+3  (a?+1)+2b+2  (b2+1)+2c+2  (c2+1)+2a+2
1(_a b ¢ —1fa b , ¢ i .
=2 (a+b+1 ot c+a+1) T2 (4—c it 4—b)' We will prove that:

ﬁ + ﬁ + ﬁ < 1 which is equivalent to: 32(a + b + ¢) + (a?b + b*c + c?a + abc) <
< 4(a? + b? + %) + 8(ab + bc + ca) + 64 < a’b + b?c + c>a + abc < 4. Without loss of
generality, we assume that b is the number between ¢ and a. Then, we have:
c(b—a)(b—c) <0 b%c+ c?a < abc + bc*

Applying the AM-GM inequality, we have:

1
a’b + b%*c + c?a + abc < a’b + abc + bc? + abe = b(c + a)? = 2 2b(c+ a)(c+ a)

). Therefore, we

< 1 (2b+c+a+c+a)d

<+, =4 Therefore, we need to prove that: bvab + cvbc+aJca<3 e

1 2
= 3(\/ab3 ++/bc3 +\/ca3) <(a+b+c)? @EZ(a— b+ 2Vbc —Vab —+ca) >0
The equality holdsfora=b =c = 1.

192. If a, b, c > 0 then:
b + c\2 c+a\’ a+b\*
2.5 25 - 2 (55) 2 use
a b c
Proposed by Daniel Sitaru — Romania
Solution 1 by Serban George Florin-Romania

b+cZMa2Mg
2%) =
a

c+a 3 MazMy 3 H(c+a)3 MgzMg 3 1—[8\/&3
2057 = fowe = 3 owe

3 a3b3c3
z (a + b)4 Ma=M > * |1 24\/ab4

3 a*b*ct

3[1(b + ¢)2 Ma*Mg 3/ []4b
[(b +c)2 "l 3| Tl 4be _ o,
a’b?c? a’b?c?

=3.8=3.23

=3-16=3-2*
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b+ c\> c+a\’ a+m?
:>Z< a ) Z( b ) Z( c ) >3-22.3-23-3.2*=3%.2%9=13824

Solution 2 by Lazaros Zachariadis-Thessaloniki-Greece

Let f(x) =x%, g(x) =x3 h(x) =x*, x>0
f, g, h convexe functions
so LHS = [£ (22) + £ (29) + £ (“2)] - [9 (%) + g (229) + 9 (“22)]-
b+ + +b
[h< ac)+h<c ba)+h<ac )]

- f 3 9 3 3

3° (b+c)(c+a)(a+b) 3.° (b+c)(c+a)(a+b)
AM_GM . abc abc
= 3 3 9 3

3.%|(b+c)(c+a)(a+b)
abc
3

-h

f,g.h 7 strictly increasing for x > 0

AM;GM 27 1 3/8abc 1 3/8abc nol1 3|8abc
- ! abc g abc abc

=27-f(2)-g(2)-h(2) =27 -22-23.2% =27 2° = 13824 (proved)

Solution 3 by Dimitris Kastriotis-Greece

b+c c+a a+b
Putx =— =—,Z=—
u a’y b’ c
AM-GM
b c c a a b
x+y+z=—-F-+-+-+-4+- > 6 (1
y a a b b c c - ()

c-S 2 (1) 2
a2z B> E - 12 (2
Holder (x+y+2)3 (1) 63

Yy > 22> 2 =24 :(3)

9 = 9
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C-S (,2,.2,.22 (2) ;.2
D222 = ) S 1T -4y (4

(0] () () ()2 122040 s

(4)
Solution 4 by Soumava Chakraborty-Kolkata-India

2()=2(+D) % 3226~ @

c

Chebyshev x)?2 Chebyshev 3 Chebyshev 4
zxz 4 X x) ’zx?, 4 X x) ’lel 4 (X x)
) 3 ) 9 3) 27

o x)‘) by (a) 62

~(1).(2).3)> LHS =X x% - ¥ x3 - Y x* (x _ aT+b) >

36 36

_3%2% _
===

33 .83 =243 = 13824 (proved)

193. If a, b, c = 0 then:
(a® + b3)* + (b* + c*)5 + (c5 + a5)6 > (a* + b*)3 + (b5 + 65)4 + (c® + ab)’
Proposed by Daniel Sitaru — Romania
Solution 1 by Mihalcea Andrei Stefan-Romania
©2a®b3>0;(b2-b-b-b+c?-c-c-c)<BB+cB)B*+c*)P <(b*+ch) o

b+ c® < (b*+c*)2 = 2b%c* >0

Hold
(@?-a-+b%-b-b)* < (a®+b%)(a®+b%)? < (a® + b3)* © a® + b < (a® + b)?

(cz-c-c-c-c+a2-a-a-a-a)5S(c1°+a1°)(c5+a5)4s(c5+a5)6<:)
& 2a°¢% > 0. Equality fora=b = ¢ = 0.

Solution 2 by Ravi Prakash-New Delhi-India

1
For0<a<1x>1,letf(x) = (1+a)x Inf(x) = ~In(1 + a*)

1 a*lna

1
x 1+a*

’ _ 1

<0as0<ac<lx>1

1 1
= f(x) is a decreasing function on [1,00) = (1 + a*)x > (1 + a**1)x+1
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1 1

a\ ¥\ x o X+1\ x+1
Suppose 0 < a < B, then (1 + (t_?) ) > (1 + (t_?) )
= (ax + ﬂx)x+1 > (ax+1 + ﬂx+1)x
Thus, (a® + b3)* = (a* + b*)3, (b* + ¢*)5 = (b° + c5)4, (c5+ a5)6 > (c® + a®)’

Adding, we get desired inequality.

194. If x,y,z > 0,xy + yz + zx = 3 then:

(x% — yz)? + (y* — zx)% + (2% — xy)?
o 3+ x2 + y2 + 72 2 9y 2%y

Proposed by Daniel Sitaru — Romania

Solution by Serban George Florin-Romania
(x*—yz)* = (x> +xy+xz-3) =[x(x+y+2)-3]° =
=x*(x+y+2z)?—-6x(x+y+z)+9
D@ -y = (R YR+ )y +2)P - 6(x+y+2) +27

Y(x?—yz)? (x+y+z)*[(x* +y*+2z%) - 6] +27

3+Y a2 3+ ) x2
_(x+y+2)?(x*+y*+2z2+3-9)+27
B 3+ ) x2
— (x +y+ Z)Z . 3+ x2 4+ —9(x+y+z)2+27 — (x +y+ Z)Z 4+ (-9 (x+y+2z)%+27

34Y x2 343 x2 3+Y x2

Y(x? —yz)?

(—9)(x+y +2)? +27+
3+) x2

3+ Y x2
—9(x% +y? + 22 + 2xy + 2yz + 2x2) + 27 + 27 + 9(x? + y* + 2%)
3+ Y x2
—18(xy + yz + zx) + 54
3+«

—54 + 54 AM’:\GM
Ty = ryrn? S oYxny

+9=(x+y+2z)>*+

=(x+y+z)*+

~18-3+54
3+Yax2

=(x+y+z)*+ =(x+y+2z)%+

= (x+y+2)+
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, A2, M € N* then:

195.|f(11,az,.”
n n
z a; 1 1
<-= —,a =aqa =a,.
2 = yUn+1 1 Yn+2 2
£t @jp + Qi1 @y 24 O

Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu-Romania

Solution by Rajsekhar Azaad-India
ay ay
< (AM = GM)
aj + iy Apyz 201/ A 1Ay 2
1 1 1,1 1 1/ 1 1
i) i)
2/ap 10k, 2 2\arp1 Qryz/ 4A\Qppr Qpyz

n n n
a; 1 1 1 1
.-,z 2 S—Zz_:_z_
i ay 4 a, 2 a;

+a -a
k+1 k+2 k=1 =1

(Proved)

196. Let a, b, c be positive real numbers. Prove that:
z% + xy
z2 +2xy

x> +yz y*+zx

s (xy(x +y) +yz(y + z) + zx(z + x)
T x2+2yz y2+2zx

6xyz

Proposed by Do Quoc Chinh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

letx+y=a,y+z=b,z+x=c.Thena+b>c,b+c>a,c+a>Dhb
= a, b, c are sides of a triangle with semiperimeter, circumradius, inradius = s,R,r

resepctively(say)Zx:ZZ—“:s.-.z:s—a,x:s_b,y:s_c

ny = Z(s —b)(s—c) = Z:{sZ —s(b+c) + bc}

1)
=3s2 —s(4s) + s>+ 4Rr +r* = 4Rr + r?

by(1)
z xy + z xy? = z xy(s—1z) =" s(4Rr + 1r2) — 3xyz
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2)
= s(4Rr +r?) — 3r%s = s(4Rr — 2r?)

4|s(4Rr — 2r?%) (3) 4|2R —r
~LHS =2
- 6rs

Now, RHS = . (x e L) 23

24+2yz 242yz

2+Zyz
i 22 a[zr—r ©®)
(3), (4) = given inequality © Z yz+2y 2t 2 2 3
Now, 3 2 y272 Berg;tr()’m (T yz)? by:(I) (4R+7)2r2
x2yz+2y2z2 6) xyz(Xx)+2Y y2z2 xyz(3 x)+2[ (T xy)2-2xyz(T x)]
B r2(4R +1)? by (1) r2(4R + 1)? B (4R +1)?
T 2Cxy)2 —3xyz(Ex)  2r2(4R+71)? —3r2s2 2(4R +1)? — 352
(5), (6) = it suffices to prove: (R+r)" N U W N i (7) @R
! P ’ 2(4R+r)2—3s2

"~ 2(4R+1)%2-3s2
Now, Gerretsen =

2(4R +1)?> — 35?2 < 2(4R + 1r)? — 48Rr + 1512 = 32R? — 32Rr + 1712

—(4r +1)? - —(4R +1)?
2(4R +1)%2 —3s2~ 32R? —32Rr +17r2

3 (4R +1r)? (i) 80R? — 104Rr + 5072
2(4R +1)2 —3s2 = 32R?2—32Rr +17r2

(7), (8) = it suffices to prove:

2R—r - (40R? — 52Rr + 251r%)*
3r ~ (32RZ2 —32Rr +17r%2)*

2,097,152t7 — 8,728,576t° + 17,866, 752t5 —
o (t—-2)4(t-2)|-20,971,520t* + 16,915,456t3 — 6,798,720t + | + 9,565,938 = 0

+4,714,112t + 4,469,120
=~ it suffices to provep > 0 + t > 2 (Euler). Now,

2,097,152t> — 339,968t* + 8,118,272t% + 12,861,440t> +) }]
—(f — _ ) ) ) ) ) ) ) + +
p=(t-2) [{(t 2) ( +35,888,128t + 85,308,032 202393728

+68024448

isof course > 0ast =2 = (7) is true (Proved)
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197. If a, b, c are positive real numbers such that a? + b? + ¢? = 3 then
a? N b? c? - 9
+
b2+c2 c2+a? a?+b? 2(a+b+c)

Proposed by Pham Quoc Sang-Ho Chi Minh-Vietnam

Solution by Hoang Le Nhat Tung-Hanoi-Viethnam

a? a? a3 1 a a?(a-1)%(a+2)
=t 2l e ( - 20t i,
b%+c?2  3-a%2 T 2 T \Zz7 )= 0 2(3-a%) 0 (true)
2

a b? c? a>+b3+¢3 9
> + + > >
b2+ c¢2 c2+a?2 a?+ b2 2 2(a+ b +c)

s@+bh+c2)a+b+c)=>9=(a®+ b?%+c?)?

2
(true because: (a® + b® + c3)(a+ b+ ¢) > (Va3a+Vb3b +Vc3c) = (a? + b% + ¢?)

198.I1fa,b,c,a > 0,abc = « then:

(@a+b)* (b+c)* (c+a)t 3
a2+b2+b2+cz+cz+a2224 a?
Proposed by Nguyen Van Nho-Nghe An-Vietnam

Solution by Daniel Sitaru-Romania

(a + b)* _z:(a2 + b? +2ab)’ :Z(az +b?2)° +4Z ab(a? +b2)+4z a’b?

a2+b2_ a2+b2 a2+b2 a2+b2 a2+b2_
2 AM':\GM AM-GM
ZZ(aZ+bZ)+4Zab+Zzﬁ > 2-33\/a2+4-33/a2+22ab S
—
a? b2

> 183 a2 +2-3%a? =243 a?

199. Let x, y, z be positive real numbers satisfying x + y + z = 1. Prove that:

(1+xy+yz+zx)(1+3x3+3y3+323)><x\/1+x . yJ1+y Lz 1+z>2
9(x +y)(y +2)(z +x) T\V3+9x% Y3+9y2 Y3+9z72

Proposed as subject at Korea NMO-2017
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Solution by Hoang Le Nhat Tung-Hanoi-Vietnam

By Cauchy-Schwarz

3+9x2=(3x)2+1+1+1> ‘3"“*1*”2 9"‘:1)2 = 43+ 9x2 > /@

=) ‘{/3_::2 < 1+x Zf ¥ 4x 1+x E(Z x)Z = § -1 :é (1)

3(x+1)

1+Y xy)(1+32 xz) _1+3% x2+2 xy+3(2 x3)(2 xy)

We have: I(x+y)(y+2)(z+x) 9(x+y)(y+2)(z+%)

Other:3(X x3)Xxy) >3- @- Cxy)=3 -%(ny) = —(ny;(zx) ,andYx=1
21+3Xx3+Xxy+3QC3)Cxy)=>=Cx)3+3Xx3+Cx)Cxy) +—(ny;(zx)

(1+Xxy)(1+3Xx%) (Zx)3+3zx3+w_
TGN FAE DT IEF NG

_3Q@x)*+9¥ a7 +4Exy)(Ex) 2
C 27(x+y)(y+2)(z+x) 3

@3(2x)3+92x3+4(2xy)(2x)2 18(x +y)(y+2)(z+ x)
@122x3252xy(x+y)+6xyz@

5 (x3 +y3 —xy(x+ y)) +2(Xx3—3xyz) >0
©53x+y)x—-y)2+Ex)E(x—y)?) =0 (True)

(1+ny)(1+32x3) > (Z xV1+x )Z (Z X 1+x) < (1+ny)(1+32x3)
9(x+y)(y+z)(z+x) /34922 Y3rox2) = 9(x+y)(y+z)(z+x)

Then (1):=

200. If a, b, ¢ are positive real number such that (a + b)(b + c)(c +a) = 8
then:

1 1 1 ab + bc + ca
2 z v 23 2t 3 =
a’+ab+b%2 b +bc+c?: c2+ca+a? a+b+c

Proposed by Pham Quoc Sang-Ho Chi Minh-Vietnam
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Solution by Soumitra Mandal-Chandar Nagore-India

1 ab + bc + ca
>
Za2+ab+b2_ a+b+c
cyc
O S
=
(a2 +ab + b%2)(ab+bc+ca) a+b+c

cyc

4 1
>
@Z(a2+ab+b2+ab+bc+ca)2_a+b+c
cyc

a+ b)*(a+ b+ c)?

[ (a? + ab + b?)(ab + bc + ca) S( ) (4 ©)
@z 4 > 1 @z 4 >a+b+
(a+b)2(a+b+c)? a+b+c (a+b)2_a ¢
cyc

cyc

. 4 - 4 _8(a+b+c)
"Z(a+b)2—2(a+b)(b+c)‘ M (a+b)  2+P*e

cyc cyc
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Its nice to be important but more important its to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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