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A retrospective of the lonescu-Nesbitt inequality

By D. M. Bitinetu-Giurgiu, Daniel Sitaru and Neculai Stanciu
1.Introduction

In Romanian Mathematical Gazette, Volume XXXII (September 15, 1926 - August 15,
1927), at page 120 lon lonescu - one of the founders and pillars of Mathematical Gazette
published the problem.

3478. If x,y, z are positive, show that:

X, Y,z E (*).
y+z z+X X+y 2
In the same volume, at pp. 194-196, are presented two solutions to this problem, as well
as a generalization.
From [17] yields that Nesbitt published the inequality (1) in 1903.

It is appropriate to say here that the problem.

In any triangle ABC, with usual notations holds the inequality
a? +b? +¢2 > 44/35 | (1-W),

was published first by lon lonescu in 1897 (see [1]), and also published by Roland
Weitzenbdck in 1919. However, this inequality has long been called *’Weitzenbock’s
inequality’’, and after the appearance of paper [1] is called lonescu-Weitzenbdck inequality
(1IW)

Compared to the above we suggest that inequality (*) to be called Nesbitt-lonescu
inequality.

In the next, we will do a retrospective of our results on Nesbitt-lonescu inequality and
we shall give some generalizations of problem 752 from The Pentagon journal (see [19]).

2. lonescu-Nesbitt type inequality for two variables

e If x,,X, € R}, then:

A(X,, X ):ﬁ+x—22 2, (see fore.g. [7,12])
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e If ab,x,x, eR,X, =% +Xx, and aX, >bmax{x,, X, |, then:

X X 2
B(x,,X,) = L + 2 > , (see [7, 12]).
(%) ax,—bx, aX,-bx, 2a-b (see [7, 12])

3. lonescu-Nesbitt type inequality for three variables

e If x,,%,,X;, € R}, then:

X X X .
C(X, Xy, Xg) = —2—+—2 3> E (Nesbitt,1903, see [17, 12]).
X, X3 X3 +X X +X, 2

e If a,b,x,X,,X%, € R}, then:

D(X;,X,,X3) =

X X X
L+ 2+ > 3 , (see [4, 12]).
ax, +bx, ax,+bx, ax,+bx, a+b

e Ifa,b,x eR k=13and a, +b,=a,+b, =a, +b, =t, then:

X X X
E(X., Xy, %) = L + 2 + 3 2§, (see [4, 12]).
X, +h X,  ax;+b,x,  agx +byx, t

o If ab,x,%,, X, €R., X, +X, +X, = X,and aX, >bmax{x,,x,, X, }, then:

F(X,,X,,X;) =

X% 0% 5 3 a4 12)).
aX,—bx, aX,-bx, aX,-bx, 3a-b

o If ab,x,X,, X, €R., X, +X, + X, = X, such that aX, >bmax{x,, X,, X, },
and m, p e[l,«) , then:

m m 3—m+ p+l

Xl X;n X3
+ + >
(ax, —bx)" (aX,-bx,)" (aX,—bx,)" (3a—b)"

G(X;, Xy, Xg) = X4 ", (see [4, 12]).

e If a,b,x,X,, X, €R,, X, +X,+X, =X,and meR_, then:

X, X, X, 3"

+ + > — (see [4]).
(aX, —bx))™ (aX; —-bx,)" (aX,-bx;)" (3a-b)"- X,

H(Xl,XZ,X3)=

e If a,b,c,xy,zeR],then:



2
(xy.2) =y by | ez (ax + by +cz) S
y+z z+x x4y (a+b)xy+(b+c)yz+(c+a)zx

3(abxy + bcyz + cazx)

> , (see [2, 5)).
(a+b)xy+(b+c)yz+(c+a)zx
e IfabxyzeR;and meR,, then:
Xmﬂ ymﬂ Zmﬂ 3mﬂ

J(X,y,2) = , (see [3]).

+ + >
(ay +bz)"™*  (az +bx)™™  (ax+by)™ (a+b)™ (x+y+z)"

4. lonescu-Nesbitt type inequality for n variables

o Ifx, eR],vk=1n,X, =) x, then:
k=1

N, = Z X, > n 1 (see for e.g [16], the case n=4and also [12]).

o IfneN" -{2},mpeflwo),abx R, vk=1n, X, =Zn:xk,and
k=1

aX, >bmaxx,, then:

1<k<n

—m+p+l

: n
SXIP 3)]).
kz=1: ax —bx) >(an—b)p X (see [3])

e Ifabx e Ri,(:,yk 1= R+,‘v’k=ﬁ,ne N*—{l},

=Zxk and aX, >bgnkaxxk,yk e[o,lxn}, vk =1,n and me R, , then:
=) <k<n n

m+1 m+1

- Zn: i )2m+1 2 - )2m+l , (see [3]).

< (aX, —bx, +cy, (an-b+c

e IfneN -{L2},aeR,,bcd,x eR],vk=1n, X, => x,,and
k=1

cX, >dmaxXx,, then:

1<k<n



, (an+b)-n , (see [6] and [18]).

_Z”:axn + bx,
= cX, —dx,

e IfacR,,bcd,x eR,vk=1n

and cX, >d anaxxk , then:
k<n

L aX, +bx,

cn—d

Il
=~
I M:
1N
X
£
—
S~

(an +b)n"

= X —dx;

e IfameR, ,bec,d,x eR’,vk=1n

and cX, >d maxxk , then:
1<k<n

Vo= ax, +bx,

_ (an+b)"

_ X ™, (see [8] and also [11]).
cn” —d

n

:;Xk , pe[l,oo)

e IfneN"-{lacR,, becd,x R, vk=1n

(XM —dx")P ~ (en" —d)

zxrl,’mp, (see [9]).

n
X, =%,
k=1

m, p,r,s € [1 ) such that cX;' > d maxxk , then:

1<k<n

(anr + b)S

n (aer+bx;)S
W =
” ;(cx:—dx;“)”>

e If neN"-{}, mpeR/,

(e —d)°

x, € R ,vk=1n,

NS S (see [10, 13]).

and we denotes

= Zn:XLn ,
k=1

e IfneN"-{i}, acR,, bcdmpeR], x R, k=1n

,suchthat c- X

1<k<n

n,m_i_b'xlin > n'(an+b).xnm

vt (see [15]).

n,p

, >d-maxx?, then

Xy —doxp

cn—d



e If neN"-{l}, aveR,, bcdmpeR], x, eR], k=1n, te[Lo),X,,=> X,

n

=> x? ,suchthatc- X,  >d- -maxx, then
k=1

1<k<n

Zf‘:(a-xmm +hx)' _n"t-(an+b)' X,
ac-X,,-d-xf)"  cn-d Y

, (see [14]).

n,p
See also [16].

New results

If acR,and b,c,d,x,y,zeR, X =x+y+z,cX >dmax{x,y,z}, then:

ZaX+bx 3(3a+b)
oo CX —dXx 3c—-d

If acR,,me[Lo)and b,c,d,x,y,zeR], X =x+y+z,cX >dmax{x,y,z}, then

aX +bx N aX +hy N aX +bz S 3"(3a+b)
(X —dx)™  (cX —dy)™ (cX —dz)™  (3c-d)" X"

If ameR,and b,c,d,x,y,zeR}, X =x+y+z,cX >dmax{x,y,z}, then:

[ax +bxjm+1 L [@X +by i +[ax +szm+1 . 3Ba+b)™
cX —dx cX —dy cX-dz)  (Bc—d)™

If neN"—{l},aeR, =[0,0),b,c,d,x, eR =(0,0),k =1,n, X, = x, and

=
Il =
i

cX, >dmaxx,, then

1<k<n

Z”:axnjtbxk (an+b)n
—dx, cn-d

o IfneN"-{l},ameR, =[0,:0),b,c,d,x eR] =(0,00),k=1n,X, =) x and
k=1

cX, >dmaxx,, then

1<k<n

Z (ax, +bx )m+1 N (an+b)™*n™"
(CX 2m+1 - (Cn_d)2m+lxr:n '

For proofs of the above results we used the following inequalities:

e The inequality of H. Bergstrom is



The inequality of J. Radon is

If x, Ry, eR,,Vk=LnneN —{l}, meR,, then
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