Romanian Mathematical Magazine
Web: http://www.ssmrmh.ro
The Author: This article is published with open access.

PROBLEM JP.080 RMM
NUMBER 6 AUTUMN 2017
ROMANIAN MATHEMATICAL MAGAZINE 2017

MARIN CHIRCIU

1. Prove that in any triangle ABC,
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Proposed by Nguyen Viet Hung - Hanoi - Vietnam
Proof.
We use the following lemma:

Lemma 1.
In AABC

( 1 1 1 )2 > 108

mg, mp me/  5p?2 —3r2 — 12Rr
Proof.
. . . 9 ) 1 1 1 _
Using the inequality (x+y+2)° > 3(xy+yz+zx), with e = —,y = —, 2 = — we obtain
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- 2-2(p2 =12 —4Rr)+p?> +r2+4Rr - 5p2 — 3r2 — 12Rr
where inequality (1) follows from 4mym. < 2a® 4 be and analogs.
Equality holds if and only if the triangle is equilateral.

Let’s pass to solving the inequality from enuntiation.
Using Lemma 1 and Za = 2p, Za2 = 2(p2—r2—4Rr) it 1s enough to prove that

2(p? —r? — 4Rr) 108 5 o 9 9, 5 oo
. > 12 & 9(p*—r“—4Rr)* > p*(5bp*—3r°—12R
< 2 57 32 12k = 12 O ARy = i (5pn =3 r) &
& p*(4p® — 15r(4R + 7)) + 9r? (4R 4 2)* > 0. We distinguish the cases:
Case 1. If 4p* — 15r(4R + 1) > 0 the inequality is obvious.
Case 2. If 4p* — 157(4R + 1) < 0 we write the inequality
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p? (157 (4R + 1) — 4p?) < 9r2(4R + r)?, which follows from Gerretsen’s inequality
16Rr — 5r2 < p? < 4R? + 4Rr + 3r2. It remains to prove that:
(4R* + 4Rr + 3r*)(15r(4R + 1) — 4(16Rr — 5r°)) < r*(4R +1)* &

& (4R*+4Rr+3r%)(—4Rr+35r2) < 9r2(4R+1)* < 4R*+5R*r—14Rr* 241 > 0 &
& (R —2r)(4R? + 13Rr + 12r?) > 0, obviously from Euler’s inequality R > 2r
Equality holds if and only if the triangle is equilateral.

O

Remark 1.
Inequality 1 can be developed:

3. In AABC
a2+b2—+—c2( 1 1 1
a+b+c

) >3

ma+mb+mb+mc+mc+ma

Proof.
Using the following lemma:

Lemma 2.
4. In AABC
1 1 1 2 36
( ) > )
— 7p? — 5r2 — 20Rr

Mg +Mp Mp+Me Me+ Mg

Proof.
Using the inequality (z +y + 2)* > 3(xy + yz + zx),
1

1
with x = NTES ,z = we obtain
Mg + My my + Me Me + Mg
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o (m2 + mamy + mpme + memy) B S mZ + 3> mpme 3502 + 33 (2a2 + be)
36 B 36 B 36
3. a2+ > bc  3-2(p2—12—4Rr)+p2+12+4Rr  Tp? —5r2 — 20Rr

where inequality (1) follows from 4mym. < 2a® 4 be and analogs.

N2

Equality holds if and only if the triangle is equilateral.

Let’s pass to solving inequality 3.

Using Lemma 2 and Za = 2p, ZaQ = 2(p*—r®—4Rr) it is enough to prove that

2
2(172 —r?— 4R7’)2 36 2 .2 2 2/ 2 2
. >3 12(p°—r“—4Rr)* > Tp=—5r“—20Rr) &
( 2p 7p? —5r2 —20Rr — (b= r) 2 p (TS r)

o p?(5p% —197(4R + 7)) + 12r2(4R + )2 > 0. We distinguish the following cases:
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Case 1. If 5p* —19r(4R + 1) > 0 inequality is obvious.
Case 2. If 5p> —19r(4R + 1) < 0 inequality can be rewritten
p>(19r(4R + 1) — 4p*) < 12r2(4R + 7)?, which follows from Gerretsen’s inequality
16Rr — 512 < p2 < 4R? + 4Rr + 3r%. It remains to prove that:
(AR* + 4Rr + 3r*)(19r(4R + r) — 5(16 Rr — 5r?)) < 9r?(4R+r)* &
& (4R?44Rr+3r?)(—4Rr+44r%) < 12r%(4R+7)? © 4R34+8R*r—17TRr*—30r > 0 &
& (R —2R)(4R* + 16Rr + 151%) > 0, obviously from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

O
Remark 2.
Inequality 3. can be developed:
5. In AABC
2402+ 2 1 1 3
a”+ +c( + + )2 , where A > 0
a+b+c \mg+Amp mp+Am. me+ Amg, 1+ X
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Proof.
We use the following lemmas:
Lemma 3.

6. In AABC, for A > 0,

1 1 1 2
(ma —+ Amy + mp + Ame. + me +)\ma) 2
> 108
T (BAZ 4+ 11X 4+ 5)p% — (BAZ +9A + 3)r2 — (12A2 + 36\ + 12)Rr

Proof.
Using the inequality (z +y + 2)* > 3(xy + yz + zx),
1 1

with x = = ,zZ = we obtain
ma+/\mb’y mp + A¢ Mme + Amyg

1 2 1 Bergstrom 9
— | >3 > 3- =
<Z my + /\mc> - (Z (mg + Amp)(Amg + mc)> - > (ma + Amy) (Amg + me)
1)

(
27 27 ~ N
= >

S (m2 + N2mgmy + dmpme + memy,) D) SmZ+ (A2 +A+1)> mpme
(1

N2

~ 27 _ 108 B
TR a2 4 RIS 962 4 be)  (2A245A+2)2 a0 + (A2 + A+ 1) be
- 108 B
(22024 5A+2)-2(p2 — 12 —4ARr) + (A2 + A+ 1)(p2 +r2 +4Rr)
108

(5A2 4+ 11A +5)p2 — (3A2 + 9A + 3)r2 — (12A2 4 36A + 12)Rr
where inequality (1) follows from 4mym. < 2a® 4 be and analogs.

Equality holds if and only if the triangle is equilateral.
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Let’s pass to solve inequality 5.
Using Lemma 3 and Za = 2p, ZaQ = 2(p?*—r?—4Rr) it is enough to prove that

2(p* —r? — 4Rr) 108 S 12
2p (A2 + 11X +5)p2 — (BA2 4+ 9N +3)r2 — (12A2 + 36\ + 12)Rr — 1+ A
= 92 (P2 —r2—4Rr)? > p?(BA2H1IA+5)p? — (36 A2 +9A+3)r? — (122024367 +12))
S P (AN + A+ )P = 30N + 9N+ 5)r(4Rr + 7)) + 9N+ 1)*r?(4R+1)2 > 0
We distinguish the following cases:

Case 1. If (4N +TA+4)p? —3(5A%2 + 9N+ 5)r(4R+ 1) > 0 inequality is obvious.
Case 2. If (4X2 +TA+4)p* —3(5A2 +9A +5)r(4R + 1) < 0 we write the following
inequality:

P2(B(5A2 + 9N+ 5)r(AR + 1) — (4AN2 + T+ 4)p?) <9I\ + 1)?r2(4R +1)?

R(4R 2
which follows from Blundon-Gerretsen’s inequality 16Rr — 5r? < p* < 2((2R+r))
—r

It remains to prove that:
R(4R +r)?
22R—r)
S (AN +AA+ DR+ (A2 +10A + 1)Rr — (18X2 + 361 + 18)r° > 0 =
& (R—2r)((AN2 +4X+4) R+ (9N 4+ 18X\ +9)r) > 0, obuviously from R > 2r (Euler).
Equality holds if and only if the triangle is equialteral.

(BN HIN5) T (AR+7) — (AN +TA+4)p?) <IAN+1)*r2(4R+7)* &

O
Note.

For A =0 in inequality 5. we obtain inequality 1., and for the case A = 1 we obtain 3.
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