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101.

x2 y2 x2 y2 .
E;: Stz 1; Ez:ﬁ +5= 1,a > b. Find yellow area and red area.
Proposed by Daniel Sitaru — Romania

Solution by Igor Soposki-Skopje
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X1 X1
a’m x2
Preg =8 T—fxdx—fb l—ﬁdx
0 0

_x3 _ (ab)?
2 2(a%+b?)

X2 o
Iz:b-f 1———{ X =asint }:abfcosztdt:

a? \ldx=acostdt
X1
. 1+cos 2t sin 2t ab . ox ,x x2 .
=ab | dt = b[ + ] 2-[arcsm;+;- /1—;]“‘:1—
_ab i1 . b 40 ab ] _
= arcsin arcsmm T | "
_ab [ . b
=— |3 —arcsin & +b2] =
4(ab)3 4(ab)?
I _ 1 =
Preq = @M — ———5 2 2(ab)m + 4ab arcsin - t 2
b

= a’nm — 2(ab)m + 4ab - arcsin

va? + b?
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P(x ) X. = ab __ab
vy = e T T

Pyeuow:8-l ’1——dx—fxdx =
ab x%
=8 arcsm +— 1—— | =

ab } (ab)?

= 4ab - arcsm

Va2+b NPT R
~ tab _ b | 4(ab)®  4(ab)?
=4a .arcsmm a2+b2_a2+b2

b

Pyeiiow = 4ab arcsin

va? + b?

102. Solve in natural numbers the following equation:

12.21+22.31+ - +n?(n+ 1) -

2
=108
(n+1)!

Proposed by Daniel Sitaru — Romania
Solution 1 by Bedri Hajrizi-Mitrovica-Kosovo, Solution 2 by Ravi Prakash-New
Delhi-India, Solution 3 by Rovsen Pirguliyev-Sumgait-Azerbaidian, Solution 4
by Shivam Sharma-New Delhi-India, Solution 5 by Sujeetran Balendran-Sri
Lanka, Solution 6 by Kunihiko Chikaya-Tokyo-Japan
Solution 1 by Bedri Hajrizi-Nis-Serbia
LetS(k) =11 .21+ 2231+ -+ k*(k+1)!; S(1) =1%2-2 =2
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$(2) =12%.21+22.31 =2+ 4!
$3)=2+4!+32.4'=2+10-4'=2+2-5!
S(4)=2+2-51+42.51=2+18-5!=2+3-6!
Suppose thatS(n) =2+ (n—1)(n + 2)!

We must proof that S(n + 1) = 2 + n(n + 3)!
Readly: S(n+ 1) =S(n) + (n + 1)?(n+ 2)! =
=2+n-1Dn+2)!+(n+1)n+2) =
=2+M?+2n+1+n—-1Dn+2) =
=2+M*+3n)(n+2)!=2+n(n+3) QED.
S0:12-21+22.31+ -+ (n—-1)’n'=2+ (n— 1)(n + 2)!

12.21+22.31+ - +n?(n+ 1) — 2
(n+1)!
2+(n-1)Mn+2)-2
(n+1)!
Solution 2 by Ravi Prakash-New Delhi-India

=108

=108, (m—1)(n+2)=9-12; n=10

Forr>1,writer?=@+3)r+2)+A4A(R+2)+B
Putr=-24=B;Putr=-39=-4+B=A=-5
erf=0+3)r+2)-50r+2)+4
>+ D! =@+3)! =50 +2) +4( + 1)!
=(+3)-@+2))—4(@+2)-(@+1))

> > r2a+ 1)1 = ((+3)1 - 31) - 4((n+2)! - 21)
r=1

=(mn+3)—4(n+2)+2
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.-.Zkz(k+1)!—2:(n+2)!(n+3—4)=(n+2)!(n—1)
k=1

Yhea(B) (k+ 1)1 -2
KX i+ 1) =108

>Mn+2)n-1)=108=>n*+n-110=0
>n+11)(n-10)=0.AsneN,n=10

Solution 3 by Rovsen Pirguliyev-Sumgait-Azerbaidian

n_ g2k + 1)1 — 2
(n+ 1)!

- 108,2 K2(k+1) = (n—1)(n+2) +2,
k=1

n-1)(n+2)14+2-2 _ (n—-1)(n+2)!
(n+1)! T (n+1)!

m-1)n+2)=108=>n=10

then =(n-1)(n+2),

Solution 4 by Shivam Sharma-New Delhi-India
(X7, GAG+1)!]-2

= 108. Applying partial sum, we get,

(n+1)!
rm+3)((n-1)+2-2 n+2)(n-1)+2-2
( )( ) ~ 10 ;( )( ) — 108
(n+1)! (n+1)!
n+2)n+1)(n-1)+2-2
it 1) =108, (n+2)(n—1) =108
—2++J/4+ 440
n+2n-2=108n%+2n—-110=0; n= >

Weget,n =10 [Valid];n =-10 [Invalid]. Hence,n =10
Solution 5 by Sujeetran Balendran-Sri Lanka
Yr=1(r + ) (r +x) [Theory]; f(n) = (r + x + 1)!; f(r) = (r + x)!
fa+1)-f@r)=0+x+1)! - (r+x)

=(r+x)![r+x+1-1]=@C+2)!'(r+x)
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n

Z(r+x)!(r+x) = fr+1)—f1) = (r+x+ 1) — (x + 1)!
k=1
R ri(r+1)1-2

My solution 108 = et D)}

V,=r*(r+1)!'=@*+4r+4)(r+1)! — 4@ + 1)@ + 1)!
V,=(r+2)r+2)!—4@@+1)(r+1)!

V,= ) r+2)(r+2)—-4 ) r+1)r+1)!

_2kaaVe—2 (m+3)-4n+2)!
108= (n+1)! (n+1)! =108

n+5n+6-4n-8-108=0 n2+n—110=0
n+11)(n-10)=0,n=10,n= -11

Solution 6 by Kunihiko Chikaya-Tokyo-Japan

2.21422.314-+n?(n+1)!-2
(n+1)!

k2(k + 1)! = {(k + 2)% — 4(k + 1)}(k + 1)!
Telescopic sum
=(k+2)(k+2)—4(k+2—-1)(k+1)!
=(k+3-1D)(k+2)!—-4k+2-1)(k+1)!
=(k+3)!—(k+2)!—4{(k+2)!— (k+ 1D}

Solveinn € N; (*) ! =108.Ans.n =10

Z K2(k +1)! = (n + 3)! — 3! — 4{(n + 2)! — 21}
k=1

=n+3)—-4n+2)!'+2=MnM+2)'(n+3-4)+2 =
=n-1)n+2)n+1)+2
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~(*) e (n+2)(n—1) =108 increase monotonous

n=11..=130x; n=10.. =108

103.Findn € N\n > 1:

2123 -1)+313B3-1)+-+nn3-1) -2

=40320
nz -2

Proposed by Daniel Sitaru — Romania
Solution 1 by Carlos Suarez-Quito-Ecuador, Solution 2 by Kunihiko Chikaya-
Tokyo-Japan
Solution 1 by Carlos Suarez-Quito-Ecuador

n 2 _ _
Z(k3—1)k! P )m 1)z DR EDIF2-2 o0
k=1

(n2 -2)

2
n“—-2)(n+1)!
( (nZ)EZ) ):40320; (n+1)!=40320;n="7

Solution 2 by Kunihiko Chikaya-Tokyo-Japan

21(23-1)+3!(33-1)+--+n!(n3-1)-2
nz-2

Find n > 2 such that (*) = 40320

n

DU =Dkt = > {F () - f(k = D} = () = £(0)
k=1

k=1
=m?-2)n+1!+2
f(k) = (kK + k? — 2k — 2)k! = (k? — 2)(k + 1)!
~(*)e m+1) =8

n=17
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104. Find x, y, z € N* such that:

XXXX ... XX -— =
x yyyy ...y ZZ7ZZ ... ZZ
for "2000" times for "1000" tumes for "1000" times

Proposed by Daniel Sitaru — Romania
Solution 1 by Hasan Bostanlik-Sarkisla-Turkey, Solution 2 by Boris Colakovic-
Belgrade-Serbia, Solution 3 by Khanh Hung Vu-Ho Chi Minh-Vietnam
Solution 1 by Hasan Bostanlik-Sarkisla-Turkey
102000 _ 1 101000 _ g ;2. (101000 _ 1)2

YT Y T T 81
(k? — 1) (k—1) 2z%(k—1)?
1000 — . . =
10 =k>x 9 y 9 81
722 (k—1)

x(k+1)—y= : 9x(k+ 1) — 9y = z% - k — z*

9
k(z? —9x) = z* + 9x — 9y {z? # 9x = k(z*> — 9x) > z? + 9x — 9y}
zZ2=9x=>x=1,2z=3,y=2,x=4z=b,y=8

Solution 2 by Boris Colakovic-Belgrade-Serbia

XXXX .. XX - yyyy..y = \/x (111..11))—-y(111..11)=z(111..11) &
for"2000" times  for "1000" times 2000 1000 1000

\/102000 -1 101000 _ 1 101000 -1
PN —

9 *T T o9 YT o %%
1 101000_1
@5\/,(.102000_y.101000+y_x:TZ@
1 y\2 (2x—y)?2 101000 _1
- 101000 _ ) — = .
it 3\/(‘/’_‘ 2% 4x 9 Z=

1 101000_1
:>y:2kz’x:kz:>§\/(k'101000_k)Z:T-z<:)
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k 101000 -1 101000 -1
@5- 9 = 5 -z=>z=3k

Solutions are (x,y,z) = (k% 2k?,3k) k€N
Solution 3 by Khanh Hung Vu-Ho Chi Minh-Vietnam

XXXX.. XX — yyyy..y = zzzZ..zz (1)
for "2000" times for "1000" tumes for "1000" times
102000_1
We have “xxxx..xx = x(101° +101%% + ...+ 10+ 1) =x - —

R —
for "2000" tumes

101000_1
10-1

and

Similalry, we have " yyyy ...y =y-
for "1000" times

101000 _ 1

S 10-1

Z7277Z ..ZZ —Z-
R —
for "1000" tumes

102000_1 101000_1 101000_1
— y . =Z-
10-1 10-1 10-1

We have (1) = \/x :

102000 _ 1 101000 _ 1 ( 101000 _ 1>2
zZ — =

" " To-1 Y T10-1 10 -1
. x(102000 _ 1) _ y(lOlOOO ~1) B 22(101000 _ 1)2
9 81
= 9[x(10%°° — 1) — y(101°%° — 1)] = 22(10™°%° - 1)* =
= 9[x(101%00 + 1) — y] = z2(101°°° — 1) = (9x — 2z2) - 101900 = 22 _9x + 9y (2)

We have —81 < —2z2 < —1,-81 < -9x < —9and 9 < 9y < 81

=»-153<-2z2-9x+9y<73=>-153< -2z -9x+9y <73 =
= —153 < (9x — z2) - 101000 < 73 = 9y = 22
On the other hand, we have 1 < x < 9 and

1<z<9>=(x,z) =(1;3);(4;6);(9;9)
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*If(x;z) =(1;3),wehave (2) > -9-9+9y=0=>y =2
*If(x;z) = (4;6),wehave (2)=> -36—-36+9y=0=>y =28
*If (x;z) = (9;9), we have (2) > —81 — 81 +9y = 0 = y = 18 (Absurd)
So, the equation (1) has 2 roots: (x;y;z) = (1;2;2);(4;8;6)

105. Find n € N, n > 3 such that:

> (k5 =216

k=3
Proposed by Daniel Sitaru — Romania

Solution by Ravi Prakash-New Delhi-India

(k_1)=%(k—1)(k—2)=%[k(k—1)—2k+2]:%k(k—l)—k“Ll

Y=Y (k- vk 1]

= %n(n —1)[2" 2 —1] - n(2"-1 —1(n— 1)) + [2" —1-n- %n(n - 1)]

=n(n—1)2"3 —%n(n —1)-n(2")+n+nn-1)+2"-1-n— %n(n -1)
=nn-1)2"3-mn-2)2"1-1
cnn—1)2"3 - -2)2"1-1=212"1-1)
>nn-1)2"3-(n-2)2"1-212"2%)+20=0
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>nn—-1)—4n-2)—-42+2023 ™) =0;
>n?2-5n—-34+5127 ") =0= 527" =34 +5n—n?
As RHSisan integer,andn > 3,3 <n < 7.

Butn = 3,4, 5,6, 7 do not satisfy it. So, no solution.

106. Solve the question in R:

4 _2..3
Ve —2x2+2x+3 - VaZ—x+1+2 Vax—3x0 =225 47 (1)

2

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
Solution 1 by proposer
Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia
Solution 1 by proposer

3 —2x2+2x>0 {x(x2—2x+2)20
4x —3x* >0 x(3x3-4)<0

(x((x—1)>+1)=0
3|4
S 34 0<x< |-
i OSij; j;

" .9 (.2 1 3 nZ 3_ 3
Because: x“ —x+1=(x —x+Z +Z_ x_E +ZZZ>O

*We have: {

- Therefore, since inequality AM — GM for 2, 3, 4 real numbers:
Va3 —2x2 +2x+3-Ya2—x+1+2-4x— 3x*

=Jx(x2—2x+2)+3-Y(x2—x+1)-1-1+2-Yx(4-3x3)-1-1<

x+x2—2x+2 2(x+(4-3x3)+1+1
< 5 +(x2—x+1)+1+1+ (x+( *’) )

4
S a3 —2x24+2x+3 - Yx2—x+1+2-V4x—3xt <
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3334322
oV —2x2+2x+3 -V —x+1+2 Vax — 3xt g 3 2eld +3x2 2412 2)
- Since (1), (2):

x*—3x3 —3x3+3x2-2x+14 x*-3x3+14 _ -3x3+3x2-2x+14
+7< > S > < 2

oxt—3x3+14<-3x3+3x - 2x+14ox*—3x2+2x<0

=

e x(x3?-3x+2)<0
sx(P@-D+xx-1)-2(-1)) <0 x(x- D)2 +x-2)<0 &
ox(x+2)x-1)2<0 (3)
- Other,x > 0,x(x+2) > 0. That (x — 1)? > 0; Vx € R therefore
x(x+2)(x—1)2>0 (4

x=x%2-2x+2
x2—x+1=1
x=4-3x3=
x(x+2)(x—1)?%2=0

*Since (3), (4): 2 x(x+2)(x —1)* =0 & &

x-1Dx-2)=0
i x(x—1)=0 _
= x=1

3 e —1 "
3Ix>>+x—-4=0;x=1
x(x+2)(x—-1)?%=0

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

4_2.3
x3—2x2+2x+3-Vx?—x+1+2 V4x—3x* = +
Va3 —2x% + 2x + 3 - Va2 1+2-Yax—3 Y3 7 (>

2

3 2
x 2x“+2x=0 3[4
D(x).{ dr 3t > 0 <:>O<xs\ﬂ(1)

D(x):x € |0; i[é
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AM = GM
_ 2
o2 x2—x+2 X=x“—-2x+2
. Vr- (2 —2x+2) < 2 xZ:3x+2:0}=>x:1
(*)
AM = GM
Z_x+1=1
. 3311 (Z—x+1)<x®—x+3| 2"
x“—x=0 _
}:,ox—l
(*)
. 2Vax—3x*=2-3x-(4-3x3)-1-1<
3 AM = GM
<6+x—3x xr=1 (1)
= 2 4—3x3:1]3x:1
4-3x3=x
V. (%)= x“—23x3 +7 < x2—2x+2 +(x2—x+3)+ 6+x2—3x3
T

(1)
0=(x-1)2-(x+2) =
x-—1D% - (x+2)=0=>x=1
L1 HEIV= x=1. Done

107. Solve for real numbers:

arcsin[x] - arccos[x] = ? — x2?

Proposed by Rovsen Pirguliev-Sumgait-Azerbaidian
Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia, Solution 2 by
Ravi Prakash-New Delhi-India, Solution 3 by Soumava Chakraborty-Kolkata-

India

Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

cosy = [x]

siny = [x]} = -1<[x] <+1; [x] € {-1;0;1}
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1) If [x] = —1 = is arcsin[x] - arccos[x] = arcsin(—1) - arccos(—1) =
_ 3n _ 3 — LHS
3t T« ) , W +31l'2 0> D<0xed
- = . x = I _— = =
> 5 X=X X5 —o Xt X

2) If[x] = 0is arcsin[x] - arccos[x] = arcsin0 - arccos 0 =

J— n J— J—

=0 5= 0=LHS
x1=0

2 5

w =
2 x2:E=>[x]¢0=>]=>x 0

3) If[x] = +1isarcsin1-arccos1 = g-O =0
(n ) x=0>=[x] # 1] - -
O=x(-—x)> T [m __ X=—; x=0,x=—
2 X = E . [E] =1 2 2
Solution 2 by Ravi Prakash-New Delhi-India

If [x] = greatest integer then, [x] = —1,0,1

1. [x] = —-1,—1 < x < 0, the equation becomes,

- x= = =, —g. Not possible

2. For [x] = 0,0 < x < 1. The equation becomes

2

T T
OZEx—x =>x:Oorx:E

3. For[x] = 1,1 < x < 2, The equation becomes

2

0= gx —x2=>x=00rx= g - in this case solution is {Og}
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Solution 3 by Soumava Chakraborty-Kolkata-India
sin™1[x] - cos71[x] = ?— x2->Solve—1<[x]<1=[x]=-1,0,1

Casel) [x]| =-1=>-<x<0

= given equlity becomes: sin"1(—1) - cos"1(-1) = ? — x2
w X
= (—E)(n) :7—x2 >-—-nl=nax—-2x*>2x*—nx—-n’=
m+n?—4Q2)(-n2) w*3m T
=>x= = =—— 7

4 4 2

But —1 < x < 0 = no sol in this case

Case2)[x]=0=>0<x<1
- given equality becomes: sin~1(0) - cos~1(0) = ? — x2

=>x(§—x):0=>x:0('.'x¢§aSOSx<1)

Case3d) [x]=1>1<x<?2

X 2

~ given equality becomes: sin™(1) cos™1(1) = —- — x

=>x(§—x)=0=>x=§aslSx<2.'.solutionsare:x=0,%

108. Find x,y, z € R" such that:
x? y? z? 1
+ + + =1
1+x2 (A+x2)1+y2) (A+x2)1+y2)(1+22) 8xyz

Proposed by Daniel Sitaru — Romania

Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietnam
Solution 2 by Nguyen Thanh Nho-Tra Vinh-Vietnam
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Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietham

A+yH)+y? z* 1
-+ =
1+x2)1+y?) (A+x2)(1+y?)(1+2%) 8xyz
(xzyz+x2+yz)(zz+1)+z2 + 1 _ (x2+1)(y2+1)(zz+1) — 1 _ L
1+x2)(1+y2)(1+22) 8xyz - (x2+1)(y*+1)(22+1) - 8xyz
1

1
TEEDGEF D@ D) 8xyz (* + DO + D" +1) = 8xyz

By AM-GM (x2 + 1)(y? + 1)(z* + 1) > 2x - 2y - 2z = 8xyz
= Equalityoccursifex=y=z=1

Solution 2 by Nguyen Thanh Nho-Tra Vinh-Vietnam

1 1 1 1 1 1
(1 B 1+x2) * (1+;\c2 B (1+x2)(1+y2)) * ((1+x2)(1+y2) B (1+x2)(1+y2)(1+zz)) * 8xyz =1
1
TArAA+y)A+2D)  Bxyz

=0 (1+x3)(1+y?)(1+2%) =8xyz
1 1 1 1 1 1
@(—+x>(—+y)(—+z):8; —+x=22,—+y=22-+z=2
x y z x y z
() (o) () oo xmy e

109. Find x,y, z, t € R such that:
5x%+5y?> + 522+ 5t* —5xy —5yz— 5zt —5t+2=0
Proposed by Daniel Sitaru — Romania
Solution by Subhajit Chattopadhyay-Bolpur-India
5x%+5y?> + 522+ 5t* —5xy —5yz— 5zt —5t+2 =0

2 2
or,5(x—2) + 2=+ 572 + 5t - 5yz— 5zt -5t +2 =0

or,5(x—§)2+5(@—%)2+1°;2—5zt+ 52 —5t+2 =0
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or,5 (x—2) +5 (2o 2) w5 (B L B g upo

2 V3 V3 2v2
<><ﬂf<7%><7f>

= lim

2= [ s

Proposed by Daniel Sitaru — Romania
Solution 1 by Igor Soposki-Skopje, Solution 2 by Togrul Ehmedov-Baku-
Azerbaidian, Solution 3 by Carlos Suarez-Quito-Ecuador, Solution 4 by Shivam
Sharma-New Delhi-India

Solution 1 by Igor Soposki-Skopje

x* 2
—llmf dxl—f—dx { u=x
t-o | (1+ (1 + x3)2 du = 2xdx
d —d spv=| —— dx= X —t}:_ at _
VT Al Tl f(l +a3)z {szdx:dt 3/ t
1 1 s f‘? du x? +2f x
=73 3a ) ¢ Y= T80 +x) 3)1+43

I
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X

_ X _ _ Bx+c
11 o fx3+1d f(x+1)(x2—x+1) fx+1 X+ fxz—x+1 dx
X A Bx +
= + x+1)EE-—x+1) =
x3+1 x+1 xz—x+1I ( X )
ox=Ax*—-x+1)+Bx+c)(x+1) A+D=0 A=—1
@xZAxZ—Ax+A+BxZ+Bx+Cx+c2{—A+B+C:1@ 31
©x=(A+B)x*+(-A+B+CO)x+A+C A+C B:C:§
A 1 1 _x+1 _ 1 2x42 _
Iz—fx+1dx— 31n(x+1),13 3fx2—x+1 X =) 21
lf 2x—1 d +1f dx 1 [ +1 [
= | ——dx+-| —:=—. —.
6) x2—x+1 2) x2+x+1 6 * 2 75

2x-1 { x *+x+1

— dt _

1
d d xX—-=1 dt 2 2x—1
IS:fxz_-:+1:f d )2:{ 2 }:f zzﬁ.arctan%

G2 lax=ae) i)
I 1l(2 +1)+1 an o
=—-In(x*—x —arctan—— I, =
3 6 \/g \/§ 1 2 3
_ x? 2 _1. xz—x+1_ 3x2
I=- 3(1+x3) *3 I = 9 [ln ( (x+1)2  x3+1 +2v3 arctan” )] |0
PR S t?—t+1 38 ﬁZt—1+2\/§n 3
oimin Gz "Er17 V3 3 6 |
4n_4\/§n

=%-[2x/§g+2\/§g] =%

Solution 2 by Togrul Ehmedov-Baku-Azerbaidian

27

_lﬂfu ""_f<1+x3)2
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o0 9] 5
~ lf _lf -1
K] 0z 3 1.5
3, A0 | 3 (et

3

1 (15)4.%5,(3),(1)_; n__4n

3°\3'3/ "
Solution 3 by Carlos Suarez-Quito-Ecuador

=i f an 0,80613
= lim = =0,
tooo | (1 + " 9y3

2x-1
V3

t X
fo —(1+x3)2 3tan~ (

x* x*

J I+ DA -x+2F ~ @+22(1 —x +x2)?

A N B N Cx+D N Ex+F
1+x (A+x)2 1-x+x2 (1—-x+x2)2
2(x+2) 1 2 1

92 —x+1) 32 —x+1)2 9(x+1) 9x+1)?
Solution 4 by Shivam Sharma-New Delhi-India

4

x4 < z4 1 . . 4 .

( )(ZmZ)(——) (OR) I =2 =
(QE.D)

)]

-1
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111.Ifa,b,c >0

s

1@) f cosZx p
a) = X
x+a+Vx2+a?

[

then:

o
2(a+ b +c)

I(a) + I(b) + I(c) >

Proposed by Daniel Sitaru — Romania
Solution 1 by Togrul Enmedov-Baku-Azerbaidian, Solution 2 by Shivam
Sharma-New Delhi-India

Solution 1 by Togrul Ehmedov-Baku-Azerbaidian

3 3

1@) f cos? x p f cos’x p
a) = x= x
a+Vx2+a?+x a+Vxz+a?—x
- -
‘ 1 1
21(a) = fcoszx( + )dx
(@) a+Vx2+a?+x a+Vxt+a?-—x
-1
1 1 1
21(a) = f—coszxdx = I(a) = —f cos?xdx = —
a a 2a
- 0
ot
I +I(b) +1 =
(a) + I1(b) + I(c) 2@rbT 0
Solution 2 by Shivam Sharma-New Delhi-India
f cos?(—x) p
x
—x+a+Vx%+ a?

-

A 2

cos? x cos? x
21(a) = Zf dx
0

+
Vx2+a?+a+x Vx’+a’+a-—x
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T

I(a):%fcosz(x)dx: fl-l-Ls(Zx) :%[g—o]
0
(OR) (@) = 2 .Now, Zo,o(1(@) " 2 75—

112. Find:

tanx+tan( n) + tan (x+2—n)
tan 3x3tan 3y : dx dy

I

12
lf

18

Proposed by Daniel Sitaru — Romania
Solution 1 by Ravi Prakash-New Delhi-India, Solution 2 by Togrul Ehmedov-
Baku-Azerbaidian, Solution 3 by Shivam Sharma-New Delhi-India

Solution 1 by Ravi Prakash-New Delhi-India
tan x + tan (x + E) + tan (x + 2_11')
3 3
T T
= tan x + tan (x+ 5) + tan{n — (5 —x)}

:tanx+tan(x+§)—tan(§—x)

tanx + /3 V3 —tanx

1—-+3tanx 1++3tanx

(V3+tanx)(1++3tanx) — (V3 —tanx)(1 — V3 tanx)
1—3tanx

tanx —3tan®x + 8tanx
= 5 = 3 tan3x
1 - 3tan“x

=tanx +

=tanx +




M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

3 tan 3x
tan 3xtan 3y

3
12
f cot 3ydy
3
18

o
[l
Elﬁ\,;h
A '53|='\,5|=|
=

—lo;_;lsm(3y)|]1ﬂ2 36{log (\/1_) —log (%)} log(\/_) = —zlogZ

Solution 2 by Togrul Ehmedov-Baku-Azerbaidian

18

(tanx + tan (g + X) + tan (ZTT[ + X))

A= =3
tan 3x
T T T
12 12 3 12 .
— T
dx dy = In3y]i% dx =1 —
fftanBy xay f[n Yz dx n‘/_(12 18) =
T T T
18 18 18
:ln\/EB— anﬁ

m T

il tanx+tan(131+x)+tan(2Tn+x) T T
f f dxdy =In2—<In2—
g J tan 3xtan 3y 72 71

T T

1212, n(x)+ tan( + x) + (_ tan (E _ x))

,[ 1 tan3(3x) tan(3y) : dx dy
18 18

tan(x) — tan (g)

12 tan(x) + tan (g) 1 + tan(x) tan (g)
= 1 1 tan(x) +  tan(o tn (g) +— GO anGy)
18 18

dx dy
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L tan(x) + tan(x) +4/3 tan(x) —3
N 1 1 —V3 tan(x) 1 ++/3 tan(x) dx dy
18 18

tan(3x) tan(3y)

9 tan(x) — 3 tan3(x) dx dy

R L
12 12
1 - (V/3tan x)z
=
f f tan(3x) tan(3y)
w w
18 18
12 12 3[tan(x) — tan3(x)] 17 12 3 tan(3x)
1 —3tan2 x f f tan(3x
dx d xd
f f tan(3x) tan(3y) xay= tan(3x) tan(3y) y
RLI U l l
18 18 18 18
w w w
12 12 12
= f f 3 cot(3y)dx dy = f 12 E 3 cot(3y) dy
RIS LS
18 18 18
= — cot(3y) dy. Let3y=u= Slfi_z cot(u) du = % [lnlsin(u)l]g =
6

12

T 1 T
= oo 5 In(2) (OR) I = ~In(2) (Answer)

113.1fa € (o,g) find:

cota
Inx

0= f 1_|_xzdx

tana

Proposed by Daniel Sitaru — Romania

Solution 1 by Togrul Ehmedov-Baku-Azerbaidian
Solution 2 by Abinash Mohapatra-India
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Solution 1 by Togrul Ehmedov-Baku-Azerbaidian

ta 1
[ =2 dx. Letx = tan b
tana 1+x

% b
lntanbdb:f Incotbdb
b

VA
5—b

1
I:Ef [Intanb +1Incotb]db =0
b

Solution 2 by Abinash Mohapatra-India

cota Inx (4 .
0= ftanta o dx,a € (O’E)' Applying by:

c 1 c(1 1 . 11, ctan"1x
lnxfc1+x2—fc (xf1+x2)dx,lnxtan ~lé J. —dx

a

c cota
1

tan™ " x 1 1 1 3 X 1 1
.-.a:f dx = f —cot™ (—) dx; f—z-cot‘ (—) dx
X X X X X
Cc

c tana

-1
Letl:tz_lzdx:dtﬁa:ftanacot )
x x cota t

dt

= = fcotatan‘lx
~ Jtana

cotacot™1x
dx - ftana x

(D )
= equating (1) and (I1) we get

" dx (variable change)

cota

4 4
f ZZO:ln(cotZa):O:cota:1=>a:—
tana

Thus2 =0
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114.1fa > 0, f:R - Rcontinuous one, f(x) + f(—x) =acosx,Vx € R
then find:

Proposed by D.M. Bdtinetu — Giurgiu & Neculai Stanciu — Romania
Solution 1 by Serban George Florin-Romania, Solution 2 by Lazaros
Zachariadis-Thessaloniki-Greece, Solution 3 by Shivam Sharma-New Delhi-
India, Solution 4 by Soumava Pal-Kolkata-India, Solution 5 by SK Rejuan-West
Bengal-India

Solution 1 by Serban George Florin-Romania
3
(1D
—t
A2y

x=—-t>0= -
n_COS t

cosZ x

0 :;tanxlf%:;(tan%—tan(—g)); 0 :;(1+ 1)=aqN=a

Solution 2 by Lazaros Zachariadis-Thessaloniki-Greece

f(x)  f(—=x) a
f(x) +f(—x)=a cosx= cos3 x N cos3x  cosx
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Y

i i 0y
= f f@x) dx + ff(—x) dx fco: xdx: (atan x)*,
T 4
4
g =

2
2a>0=a

3

=0
cos3 x x=-2 =T cos3u ~
_r 4’ 4 r
4 N B
4’ 4

Solution 3 by Shivam Sharma-New Delhi-India

As we know, the following Lemma,

a

0 )2 | f(x)dx,if f(x)is even function
f f(x)dx = Of

0,if f(x) is an odd function

Using this, we get, 2 = f“ f( x) dx then, 202 = f_“_f(:()):gf(i)x) dx

NE

sec?(x) dx = a[tan(x)]g

— a3

a cos(x)
20 = f—dx; N=a

cos3(x)
0

N

(OR) 2 = a (Answer)
Solution 4 by Soumava Pal-Kolkata-India
n n
4 4 T T
x flg—gz—x
f()dx:f (4 4 ) dx =

3 (n i3 )
cos> x 3
cos’ (- —5—X
” 4 4

acosx — f(x)

3 dx
cos3 x

I
N

B
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w
sec’xdx—I=>2I=a(tanx)*, =a(1-(-1)) =2a=>I1=a
4

[
Q
-h\:l\..pm

Solution 5 by SK Rejuan-West Bengal-India
_ (i S®
2= f—%cos3x dx (1)

f(=x) x) )

cos3

= ff_—(co xx) dx=0=["
Adding (1) & (2) we get 202 = f“ %d

Z:::xdx [as f(x) + f(—x) = acos x]

Il
|
N e

w
sec?xdx = a[tanx]fE —a(l-(1)=2a=>20=2a=>0=a

[
Q
-h\:l\..pm

115. Find the integral

x2cosx+x+sinxcosx
I= dx

xsin x (x + cos x)
Proposed by Abdallah Almalih-Damascus-Syria

Solution 1 by Ravi Prakash-New Delhi-India, Solution 2 by Abdelhak

Maoukouf-Casablanca-Morocco, Solution 3 by Nawar Alasadi-Babylon-Iraq
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Solution 1 by Ravi Prakash-New Delhi-India

1=~

2 cos x+x+(sin x)(cos x)

d .
: dx. Note —{x sin x (x + cos x)}
x sin x(x+cos x) dx

2

d 1
= d—{xz sinx+ixsin2x} =2xsinx+x cosx+xcost+Esin2x
X

=x%cosx+x+sinxcosx+ 2xsinx — 2xsin? x

Zcosx +x +sinxcosx + 2xsinx (1 — sinx)

=x
~ I =1, —2I, where

% (xsinx (x + cosx))

I, = dx = In|x sin x (x + cos x)|

xsinx (x + cos x)
xsinx (1 — sinx)
IZ =

- dx =In|x + cosx|+c
xsinx (x + cosx)

Thus, I = In|xsinx (x + cosx)| — 2In|x + cosx| + ¢
Solution 2 by Abdelhak Maoukouf-Casablanca-Morocco
Let us denote by @(x) = xsinx (x + cos x)

= @'(x) = x* cosx + 2x sinx + sin x cos x + x cos x

x% cos x+x+sin x cos x o' (%) x—2x sin x—x cos x
then f x sin x(x+cos x) dx = f 11€9) dx + f o(x) dx
xsinx (1 — sinx) (x + cosx)’
=1 -2 dx =1 2| ——-
nle(x)] fxsinx(x+ COS Xx) x = Injo(x)| x+ cosx
o(x)

=In|p(x)| —2In|x +cosx| + 21 =1In + A, whith1 € R

(x+cos x)2

Flnally we get fxz cos.x+x+sinxcosxdx —In xsinx +2
x sin x(x+cos x) x+cosx
Solution 3 by Nawar Alasadi-Babylon-Iraq
XZ cosx +x +sinxcosx
I = - dx
x sin x (x + cos x)
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fxz cos x + x(sin? x + cos?x) + sinx cosx + xsinx — x sinx

- dx
xsinx (x + cos x)

xsinx + sin x cos x + x% cos x + x cos? x — x sinx + x sin? x
f xsinx (x + cos x)
_ [ sinx(x+ cosx) + xcosx (x + cosx) — xsinx (1 — sin x)
_f xsinx (x + cosx)

1 cosx 1-sinx
= (=-F+—7—- dx
x sinx x+cosx

dx

. xsinx
= In|x| + In|sinx| — In|x + cosx| + c=In |—| +c
X+ cosx

116. Find:

B cotxcot2xdx
~ ) (cot? x — tan? x) sin3 2x

Proposed by Geanina Tudose — Romania
Solution by proposer

cot 2x-cotx _ f CcOS 2x-CcOoSs x 1 1
x—tan? x) sin3 2x sin2x-sinx cos? x-sin x

2 x.sin? x

f (cot?

8sinZ x cos3 x
Ccos

_1[ coS X dx = 1f 1 d
" 8) sin2x-sin2x-cosx x_16 sin3 x cos x .

-t 1t . -1 1 = (*) v = si —
= 16fsin3x~coszx cos dx 16fy3'(1_y2) dx = (*),y =sinx, dy = cosx dx

1 1-y*2+y? 1 1 1 1 y
3 2y~ 3 2y w3+ N w3ttt 2
yA-y2) y(@-y2) ¥y y@d-y?) ¥y y 1-y

1 1 1 1 [y? 1
)= ([5dy+ [ ay+] yde):E<y_+lny—gln(1—y2)>+(::

1-y -2
+
1 +1

_1(_# y :i(—_l sinx) :i( -1 )
16( Zy2+ln‘/1—y2)+c 16 Zsin2x+lncosx +C 16 x+ln(tanx) +C

2 sin?
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117. Find:

0 cos2xcotxdx c (0 )
- Yx 1_
(cot? x — tan? x) sin3 2x 4

Proposed by Daniel Sitaru — Romania

Solution by Nguyen Thanh Nho-Tra Vinh-Vietham

cos2x = cos?x — sin’x = cos*x — sin*x =
= sin? x cos? x (cot? x — tan? x); * sin® 2x = 8sin® x cos3 x
. 2 2 ( 2. a2 )cosx
sin“ x cos“ x( cot“ x—tan“ x )— 1 1 1
=>0N= X dx = = dx =—=-cotx+C
f (cot? x—tan? x)-8 sin3 cos3 x 8 f sin? x 8

118. If f:[0,1] - (0, ) is a continuous function such that

fol f(x)dx =1, then

1 1 1
f *[F(x) dax f S F(x) dax f F@dx | <1
0 0 0

Proposed by Daniel Sitaru — Romania
Solution 1 by Chris Kyriazis-Greece ,
Solution 2 by Soumitra Mandal-Chandar Nagore-India
Solution 1 by Chris Kyriazis-Greece

It's obvious that f(x) = 0 Vx € [0, 1]. Because of AM — GM, we take:

V) ={fx)-1-1= ﬂxgﬁso if we integrate, it follows that:

fo1 VF(x)dx < folf(x)+2 dx = %(folf(x)dx + 2) = % 3=1 (1)

3

Doing it the same way we take that: fol Yf(x)dx <1 (2)

and [} /f@dx<1 (3)
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Multiplying (1) x (2) % (3) (every party is non negative!)
We have the result we want!

Solution 2 by Soumitra Mandal-Chandar Nagore-India

! HOLDER'S INEQUALITY 3 ! ! !
fg f(x)dx < fdx fdx ff(x)dx =1
0 0 0 0
1 1 1
HOLDER'S INEQUALITY 5
fsf(x)dx < \/(f dx)(ff(x)dx>:1
0 0 0

BRI
s [N

119. If f:[a, b] - (0,),a < b, f continuous, increasing then:

b b b 2D b 4
<f xf(x)dx) <f f%(x) dx) <f x3f(x)dx> > - a(f f(x)dx)

a a
Proposed by Daniel Sitaru — Romania

Solution by Leonard Giugiuc — Romania

By Chebyshev,

b b b b
fxf(x)deﬁ-(f xdx> (ff(x)dx) :aT_Fb-ff(x) dx.

a a

Similarly,
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b

fx3f(x) dx >

a

By Cauchy, f f%(x)dx >— (f f(x) dx)

a + a*b + ab* + b3
4

b
. ff(x) dx

a+b a3 +a2b+ab?+b3

By AM - GM, ” > a?b?. We multiply and get
b b b b 4
a’b?
fxf(x)dx ffz(x)dx fx3f(x)dx > Py ff(x)dx

120. From the book: “Math Accent”

X

; In(1 — x2)?1In(1 — x)
o= | d
X
0

Prove that: 2 > EZ(B)

Proposed by Daniel Sitaru — Romania

Solution by Shivam Sharma-New Delhi-India

1ln(1 xz) In(1-x)
Jo

2
If I = dx. Then, prove that: I > —"7

, f [In(1 - x) + In(1 + D] In(1 = x)

X
0

N Zfol In2 (1 x)d + Zfol ln(l—x)xln(1+x) dx. Let, A = flln (; x)

lnz(x) < n N
=>f dx=>zofx 2(x)dx=>z: lf dx]

0 n=0
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® n 1 1
X
on? [n + 1]

1

x" 11n2(x) x" 1 1n(x) xn1
= -2 +
n+1 (n+1)2 (n+1)3
n=0 0

= 2%7(=5) (OR) 4 = 2¢(3)

1In(1- x) In(1+x)

Let B = | dx

11 1In2(1-x) In2 (x) 11n2(x) 1 In2 (x)
Z[Efo x dx —Zfo 1-x)(1+x) ] [__ 0 1—x dx _f ]

1 In(x) In(1—x) 11In(x) 1n(1+x) In(@) In(1+2) ;. ]

Now, applying I.B.P., we get, = Z[_ ——dx + Zf

Now, again applying I.B.P., we get = i[— fol L’Zx(x) dx +2 fol L’Zi_x) dx]

Let, x = —u, in second integral, we getdx = —du

}([ Lis(0l} + 2 f L) du) = 2 (Lis() + 2[Lia (2)1})

0
= 1[-2 ;)] = 3[-2¢@] R B= -2¢(3).

Combining all, we get, I = 2A + 2B = 2(2((3)) +2 (—%((3))

(OR) I ="4(3) > 24(3)

121.1f [0, 1] - (0, ) continuous; f01f3(x) dx = V2 then:

1 1 1
<ff5(x) dx) <ff7(x) dx) <f f2(x) dx) > 2
0 0 0

Proposed by Daniel Sitaru — Romania
Solution 1 by proposer

Solution 2 by Chris Kyriazis-Greece
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Solution 1 by proposer
1 1 1 1
fo(x)dx f7(x)dx>< f"(x)dx>< f3(x)dx>:
(o (o) f )
7 2
= [ (PeVF@) ax- [ (PEVFE) dx
0

1 1 2 cBs
f (FCVF@) ( f f(x)Jf(x> dx Z
0 0
1 2 /4 z
>| | fo(x)dx | - f6(x)dx> dx =
[Jres) {f
1 1 4CBS 1 8
= <<f f"(x)dx) <f lzdx> S <f f3(x)dx> = /28
0 0 0

1 1 1
W(f f5(x)dx> (f f7(x)dx> <f f9(x)dx> > /28
0 0 0
1 1 1
(f £5(x) dx> (f £(x) dx> (f £9(x) dx> > 2
0 0 0

Solution 2 by Chris Kyriazis-Greece

By Holder’s Inequality (only if f > 0)
3 1 1

1 5 1 5/1 5 1
5 , 3
<Off (x)dx) ((}f dx) <Of dx) Zoff (x)dx
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s
= fol fP(x)dx > (V2)* = 21 (1). Working the same way, we have
3
(fy FF(x)dx)" 2 V2 & [} f7(x) dx 2 23 (2) and

3

(fy f"(x)dx)6 >12 e [ fP(x)dx > 25 (3)
Multiplying (1) % (2) % (3) we have
[ FPdx - [, f7(x)dx - [ f2(x)dx > 2 as we want!

122.Inall 4 ABC,

h2

highy+hyh+hyh,
R
z f e dt <3tan ! —
6R
cyc 0

Proposed by Soumitra Mandal-Chandar Nagore-India

Solution by Daniel Sitaru — Romania

2 2
e >x’+1-oe* < N

x2+1

h
Rghy+hyhoFhgh,

hZ
—t2 < -1 a
Of e ' dt < tan (hahb T+ hyh, + hcha>

hg
Rghy+hyhothgh, JENSEN

h?
dt < t <
Z f € Z an (hahb + hph, + hcha>

cyc 0

2
< 3tan! lz ha
3L hohy + hyh, + hoh,

LEMMA R
2 -1
> < 3tan 6_
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LEMMA:
h2 + h% + h? _R
h,h, + hyh,. + h,h, = 2r

By Adil Abdullayev

24 24

Wehave,ha:%,hb:T,hc— a+b+c=2pand

—
ab + bc + ca = p* +r? + 4Rr

5 1 1 1
h% + hj + h2 _R p+ﬁ+c—z<R
_@ —
hahb+hbhc+hahc_2r i+l+l_2r
ab bc ca

a’b*+ b*c> +a*c* R (P*+r*+4Rr)> R+4r

= <—o <
abc(a+ b + ¢) 2r abc(a+ b + ¢) 2r

p* +r* + 16r%r? + 2p?r? + 8Rr3 + 8Rrp? _R+ar
8Rrp? - 2r
o p* +r* + 16R?*r? + 2p?r? + 8R13 + 8Rrp? < 4R*p? + 16Rrp*

=4

& p* +r* + 16R*r? + 2p?r? + 8Rr3 < 4R?p? + 8Rrp?
We know, p? < 4R? + 4Rr + 3r?%, then we need to prove,
p?(4R? + 4Rr + 31%) + (r? + 4Rr)? + 2p?*r? < 4R*p? + 8Rrp?

(r? + 4Rr)?

= p2(5r2 —4Rr)+ (r*+4Rr)’ <0 o pz = ARr — 512

. 2 2 . 2 (1‘2+4Rr)2
Again, we know, p“ = 16Rr — 5r<, we will show, 16Rr — 5r“ > ARr_5rZ

& 4R? —9Rr + 21?2 > (R — 2r)(4R — r) > 0, which is true.

Hence Proved
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123. From the book: “Sinergy Math”

Ifx,y,z € (0, )
1 1 "
] (x+3)n+xn
2(x) = lim
n—o>00

1 1
(x+2)n+(x+1)n
Then:

2() + 02) + 922 <342y ——

Proposed by Daniel Sitaru — Romania

Solution by Quang Minh Tran-Vietnam

x(x+3)

i . 2(y) = Xx+3)
If x in positive real number we have 24(x) = c12) (et 1)

Now we must prove ¥, [(xx(x+3)

+2)(x+1) x+2
@Z( )<3<:>3 2Z—<3

124.1 < [ [j(x + ) *dxdy <

] 3@2—<3<:>

b b b b1
ff(x+y)4dxdysfff(tx+(1—t)y)4dxdydt,a<b
a a a a0

Proposed by Daniel Sitaru — Romania
Solution by Soumitra Mandal-Chandar Nagore-India

We have,by R.M > A. M > G.M; 8(x* + y*) > (x + y)* > 16x%y?
1 1 1 1 11

8 fdy fx"dx +8 fdx fy“dy fo(x+y)4dxdy2
0 00

0 0 0
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=16 (fo de) (fo 2d ) =2 fo fo (x + y)* dxdy > (Proved)
Wehave,OSts1=>0Sxt$x,3|mllarly,os1—t§1

>0<y(1-t) <y Addingwehave,0 <xt+y(1—-t) <x+y

b b

afafof(xt +y(1- t))zdxdydt < afafof(x + y)*dxdydt = ff(x +y)* dxdy

a a

125. fmne Nm > 2,n > 2 then:

s

/ 'VEﬁfidx\//%WEiIde\ 2
(e )

cos T, cos L )2
2m 2n

Proposed by Daniel Sitaru — Romania
Solution by Soumitra Mandal-Chandar Nagore-India
p+t1\ .q+1
(2 )r(t7)

r()

rp)r(1 - p) = mcsCTp

Y

—1<pqg<l1

Nli—\

2
f sin? xcos?xdx =
0

11.'

w
(f )
\f 1nmxcos mxdx/ \fsmnxcos nxdx/
0

1 m+1 1 m+1 n-1
_Er( 2m )F( 2m )Er( 2n )F( 2n )
1 m+1 m+1) 1 m+1 n+1
=31 ()it -5 2 () Tt -5
mw waim+1) nwn+1) 2 AM=GM 2
= —cscC csc = I =

4 2m 2n L n . w
4 cos m cos o (cos m + cos Zn)
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126. From the book: “Math Accent”

fsin_l( 2x )(tan x)zdx<—(\/_—1)

Proposed by Daniel Sitaru — Romania
Solution by Togrul Ehmedov-Baku-Azerbaidian

V3
2x
sin‘l( ) =m—2tanlx;J = f (r—2tan 1x) (tan 1x)%dx

1+ x2

AM-GM 3
'[3 /4

—2tan"x)(tan"1x)2 2 (= ; 2t t 2 =
(m an 1x)(tan 1 x) 3 ﬂlax(n’ an1x) (tan1x) 27

V3 V3
3

T
(- Ztan‘lx)(tan‘lx)2<— f(n' 2tan 1x) (tan‘lx)zdx<f de
1

J<E(W3-1)

127. Prove that if a € R then:

a+11 a+7 a+3 a+15

f e dx + f exzdxsf e dx + f e dx

a+8 a+4 a a+12

Proposed by Daniel Sitaru — Romania
Solution 1 by Soumitra Mandal-Chandar Nagore-India
Solution 2 by Leonard Giugiuc — Romania
Solution 1 by Soumitra Mandal-Chandar Nagore-India

Lemma: Let f be a convex function defined on I < R then for any
x<y<zinlIwehave f(x—y+2z)<f(x)—f(y) +f(2)

Now, {emz} =2e™ + 4m?e™ >0forallme R
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letz=n+12andy=n+8thenfromf(x —y+2z) < f(z2) — f(y) + f(x) =
> f(n+4)+ f(n+8) < f(n) + f(n+12) where x € [a,a + 3] then

a+3 a+3 a+3 a+3

[ rwrpans [ fo+gyans [ foan+ [ s+ 12)an

a+7 a+11 a+3 a+15

> f F(x) dax + f F(x) dx < f F(x) dx + f £(x) dx

a+4 a+8 a+12

a+11 a+7 a+3 a+15

. f e dx + f e"zdxsf e dx + f e dx

a+8 a+4 a a+12

Solution 2 by Leonard Giugiuc — Romania
Let f be an antiderivative of e* on R. Then
f(x) = 2(1 + 2x%)e* > 0,Vx € R.

Letg:R - R, g(t) = ftt+3

e dx.Theng"(t) = f'(¢+3) — f"(t) > 0,
because f'"'strictly increasing. Hence g is convex.
We need to prove g(a +4) + g(a+ 8) < g(a) + g(a + 12).
Wehave:a<a+4<a+8<a+l12anda+a+12=a+4+a+ 8,

hence by Karamata g(a +4) + g(a + 8) < g(a) + g(a + 12).

128.1fa,b,p,q € R,a< b,p > 1,p + q = pq then:

qx+py

b b
(b — a)*V/eath < ffe P+a dxdy < (b —a)(e? — e?)

Proposed by Daniel Sitaru — Romania
Solution 1 by Soumitra Mandal-Chandar Nagore-India, Solution 2 by Saptak
Bhattacharya-Kolkata-India



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro
Solution 1 by Soumitra Mandal-Chandar Nagore-India
x y
We have, % + 3 = 1and p,q > 0 now, e? and er are convex functions,
hence by Hermite — Hadamard Inequality
b b
x atb ry a+b
fepdxz (b—a)e?r ,feqdyz (b — a)e 2a

a

Ll qx+py 2 x - y a_+b(1+1)
.'.ffelﬁq dx dy = fel’dx feqdy >(b—a)’e? \Pa
a a a a
) . ey x| e™ is a convex function
—_ _ a+ - -
= (b — a)“Ve%*tb Now, e r+4 Sp+q andt+l=1
P q
b b b b b b
qx+py 1 1
=>ffe P+q dxdys—ffexdxdy+—ffeydxdy
a a pa a qa a

b b
qx+py
o (b —a)?yeath < fe P+q dxdy < (b— a)(e’ — e?)
a

a

Solution 2 by Saptak Bhattacharya-Kolkata-India
f(t) = et is a convex function, so by first half of Hermite Hadamard

inequality; (note that q = p% > 0)
b b
Py  dx
fe +qfep+qudy2
a a

> (b- )% o) = (b— a)?e'T (i)

Py q (a+b

:\35‘
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Sinceq > 0;letA=—-€(0,1).Then1—2=-+"-€(0,1)
p+q p+q

Also f(t) = e' is convex. Thus; by Jensen

fRx+ @ -)y) < Af(x)+ (1 -Df(y)

b b b b
= ffe2x+(1"1)y dx dy < f f(/lex+ (1-2)eY)dx dy
a a

a a

=(1+@-2))b-a)e’—e*)=(b—a)(e® —e*) (Proved) (ii)

129.Fora; € (0,1],Vi € [1,n]

Prove:
1 n n a1 n 1 n 2
F-naiz Sf f (ﬂsinxi>dx1...dxnSF(nai)
i=1 o o l=1 ":1

Proposed by Uche Eliezer Okeke-Anambra-Nigeria

Solution by Daniel Sitaru — Romania

2 .
% <sinx; <x; (Jordan)

a a a
2 .
— | xqdx < | sinx;dxq < | x1dxq
T
0 0 0
a
1 2<f_ gy <l 2
— a7 = sinx X1 S - Ay,
T 1 1 1 2 1
0
az
1 2<f_ gy <12
— Ay < sin x X1sSs—*Qa
T 2 2 1 2 2

(=]
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130.1fa,b,p,q € R,a< b,p > 1,p+ q = pq then:
a’ + 2ab + b? f:f:(px+qy)2dxdy< a* + ab + b*

<
4 (b — a)*(p + q)* 3
Proposed by Daniel Sitaru — Romania

Solution by Soumitra Mandal-Chandar Nagore-India

(px+qy)2_(x y)z_ 2 2xy+y
p+q

X
2

pq p?
b b 1 b b b 1 b b

x +
ff PX~ay dxdy=—2ffx2dxdy+—<fxdx><fde’>"‘—szyzdydx
a a a a a p a a

q

P"‘q q
a

_(b-a)(b®-a®) (b—a)b®—-a?)
- 34> N 3p? " 2pq

a2+ab+b2(1 1) (b + a)?

px+qy
dx dv = —+ -+
(b—a)sz(p+q Y 3 p?>  q* 2pq

3(a + b)?
'.'a2+ab+b22¥]

(a + b)?

(a + b)? 1
AL
14 2pq

4 q?
__(a+h)?> /1 1 2 __a’+2ab+b?
= (—+ ) = Similarly, (b 2 da

4 \p q

202 (B22) ax ay
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p q

a?+ab+b? (1 1 2(a?+ab+b?) _ a’+ab+b? (1 1\% _ a’+ab+b?
< +—)+ = +-) =

= 3 2 q? 3pq 3 3

131. Prove:
1
f In%(1 + Vsinx) dx < %
0
Proposed by Uche Eliezer Okeke-Anambra-Nigeria

Solution by Daniel Sitaru-Romania

e*>1+x,x € R log(1+x)<xx>-1-log(1l++Vsinx) < Vsinx -
1 1
1

log?(1 + Vsinx) < sinx < x; flogz(l +/sinx) < fx dx =3
0 0

132.1(a,b) = f: (arctan( @sinx ) + arctan( bsinx )) dx,

b+acos x a+b cos x
V3

0<a<b<c<E

Prove that:

bf—al(a’ b) +£l(b’c) +£l(a, c) = Z (\/ﬁ+ @+ bz)

2
Proposed by Daniel Sitaru — Romania
Solution 1 by Ravi Prakash-New Delhi-India, Solution 2 by Saptak
Bhattacharya - Kolkata-India, Solution 3 by Soumitra Mandal-Chandar
Nagore-India

Solution 1 by Ravi Prakash-New Delhi-India

asinx a(Z tan%)

b"'acosx_b(1+tan2%)+a(1—tan2%)
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X 2a X X b—a X
_ 2atan (7) _ b +at'?ln (2) tan 2 b+ atanf
X\ b—a x b — X
+b) + (b — a) tan? (5 ——tan?% 2
(a )+ ( a) tan (2) 1+b+atan 2 1+ b+ a tan (2)
_ . tan=—tan 6
Put?>“tan® = tan@ - 250*_ - 2% xan = tan (f + 9)
b+a 2 b+acos x 1+tanEtan0 2
. ( asin x ) x+0 x_|_t _1(b—at x)
= arctan| ——mm8M8M ) =— = —+tan an—
b+ acosx 2 2 b+ a 2
.. bsinx
Similarly, arctan (a+b cosx)
_x+ . (a—bt x)_x . (b—at x)
=3 arctan a+ban2 =3 arctan b+aan2

b

-~ I(a, b)—f(’zc ’2‘) x:%(bZ—aZ):bf—az(a,b):bm

a

Thus, = 1I(a, b) + 2=I1(b. ¢) + 2=I(c,a) = 2(a+ b + ¢)
b—a c—b c—a

a+b a?+b2
2

Now, 22 > Vab [AM > ¢M] and &2

<:>(a+b)2—2(a2+b2)20@(a—b)220

a2+b2 a2+b2
.'.a+b2\/ab+/ > =>Z(a+b)zz ab+/ >

Solution 2 by Saptak Bhattacharya-Kolkata-India

b asinx + b sin x
f(a,b):ftan_l b+acosx q-lz-bcosx dx
1— ab sin® x
a

(b+acosx)(a+bcosx)

b
_, sinx(a?+ b®+ 2abcosx)
ftan i

a? + b?%) cosx + ab(1 + cos 2x)
a
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_ -1 sin x(a?+b?+2ab cos x) _ b -1 _ b _ b*-a?
- fa t cos x(a%2+b2+2ab cos x) X = fa tan”" tanx dx = fa xdx = 2
a2+ p2
2 2112 +ab
Now, —f(a b) — \/(a+b) \/a +b%+2ab — < 2 )
2 2 2
Power mean a2+b2
vab+ /— 252
S aTZ.Henceﬁf(a,b) > +ab + /a ;b
2f(a,b ’az + b2
= Z f( ) Z vab +
—a 2
Solution 3 by Soumitra Mandal-Chandar Nagore-India
b - b -
asinx sin x
I(a,b) = f (tan‘1 (—) +tan~! (—)) dx
b+ acosx a+ bcosx
a
b X b-— X X, b—a X
tan tan tans tans
f tan™ 2 b+a 2+t:;|n 2 b+a 2 dx
9 b—a 2 X
p b+atan7 1-— b+ a tani
_f(x ¢ _1(b—at x)_|_x_|_t ( x))
=) (g—tan \pigtang) oy tan 2
a
b
f d b” —a’ 2 I(ab)=a+b
= = = =
x dx > a a, a
a
2 a + b)?
2 Y =—I@b)=2(a+b+c)= ) (a+b)= Zj(1+ 1)%
cyc cyc cyc
Cauchy—-Schwarz aZ + b2

2 Z vab + 2

cyc
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133.Ifa,b,c > 0,a + b + ¢ = w then:
arctan® x
2 Z f de +log(1 + a?) log(1 + b?)log(1 + ¢?) < m?

Proposed by Daniel Sitaru — Romania
Solution 1 by Saptak Bhattacharya-Kolkata-India,
Solution 2 by Soumitra Mandal-Chandar Nagore-India

Solution 1 by Saptak Bhattacharya-KoIkata-India

Let f(x) =x

(t::m‘1 x)z <y

f(x) > £(0) = 0 thus: (tan"1x)? < x? =
foa (tan‘lxx) dx ThUS 22 fa (tan™ x) dx < Z a? (|)
Now, consider ¢p(x) = x — ln(1 + x?%)
N 2x  (x—1)?
¢(0)_01¢(x)_1_1+x2_1+x2 >O

S0, p(x) >0 Vx> 0= In(1+ x%) <x.Thus, [[In(1 + a?®) < abc (i)

Now, byAM>HMZ >— Z >—>1 [+ T <4; n? < 16 < 18]
Thus, abc < ), 2ab = 2 ), ab (iii). Combining (i) & (iii)
LHS<ZaZ+ZZab:(a+b+c)Z = 2
Solution 2 by Soumitra Mandal-Chandar Nagore-India

Lett = atan @ ,dt = asec?0do

whent =0,0 =0,whent = x,0 =tan 1x
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b ] 1 tan"1x
. ogt .
2(a) = chl_)rg mdt = E}lcl_)lg log(atan @) d6
0 a
tan"1x tan~1x
=1y f log(a tan(tan-1 x — 8)) 6 = i f I ( x_tane)
T axee oglatanitan = x T A °6\*" T+ xtang
0
w
tan"1x tan9 2
1 li 1 1o f < > log a1 2(a)
=—lim ogl| a- =7 a—
ax—oo J %+tan0 5 atan@

— — T — 2 _ 11'2 2 l
= 20(a) = log aa = 02(a) = Elog aa. $0.Ycyc 2%(a) = Tlog (aa)

2
1 ™ rog? (k- by . oo
12 Z"g( ) ~12 %8 (““' b'cc)

cyc

134.1f 0 < a < b then:
b

2 b V(4 dx V(4 b
_1n(_)+b_a<_f—<_1n(_)+b_a
T a 2 ) arctanx 2 a

a

Proposed by Daniel Sitaru — Romania

Solution by Khanh Hung Vu-Ho Chi Minh-Vietnam

2 b
fo<a<bthenzIn(Z)+b—a<Z[’

a arctanx

gln(§)+b—a

L %41 O)vax>0

2 arctan x 2x

We need to prove that % +1<

Putarctanx =t = 0 <t < = We have (1) = +1<=< +1
2 mtant 2t 2tant
T 2 T 42 —2-sin? ¢
E3 = —_— — = —_—— = —_—
f(t) 2t mtant 1. We have f (t) m-sin2t  2t2 2t2.7r-sin? t

On the other hand, by Jordan’s inequality, we have
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2t 4¢? 4¢?
sint>—=sin’t>— =4t —n? -sin*t<4t’ —m* - —=0= f'(t) <0
2 i3 i3

= f(t) is a decreasing function =

T T
= f(©) > lim,. (Zt—mt—l) 1< @)
* t) = +1——
9(t) 2tant 2t
T m  _ 2msin?t-2mt? _ 2m(sint—t)(sint+t)
We have g'(t) = 2t2 2sin2t  4t2sin2t 4t2.sin? t

On the other hand, by Jordan’s inequality, we have

sint <t= g'(t) <0 > g(t) is adecreasing functioin

= f(t) > lim,_ (" +1—%):>f(t)>0:>%< ~_+1 (3)

2tant 2-tant

+1<Zc<

nt 2t 2-tan
b

b ) b
:f(—+1 <f f —+1
m-X Zarctanx
a a

a

(2)and (3) = -

i S (1) True=

2 b b4 dx b4 b
:—ln(—)+b—a<—f—<—ln(—)+b—a
i a 2 ) arctanx 2 a

a

135.1f 0 < a < b then:

b b
[ [55=2s(
b — aa x+y og

Proposed by Daniel Sitaru — Romania

Solution by Chris Kyriazis-Greece

Using the inequality (x + y)? > 4xy, x,y > 0 we have that:

e T

x+y x+y

ff—d xdy<;- Z(b—a)ln() ff—d xdy <= ln()

a x+y
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so, it suffices to prove that%ln (b) < gln (S) or 25 < 26 which holds!

a
136. If:
(xy)=(aa)
2(a) = ff (\/x2+2xy+\/y2+2xy) dxdy,a > 0
(x,y)=(0,0)

then:

LONONCINE

Proposed by Daniel Sitaru — Romania

Solution 1 by Ravi Prakash-New Delhi-India, Solution 2 by Antonis
Anastasiadis-Katerini-Greece

Solution 1 by Ravi Prakash-New Delhi-India

y
a
yz>x
Ry
x>y
Ry
0o

a x

Let f(x,y) = /22 +2xy +/y2 +2xy, x,y =0

2(a) = Ofa Ofa f(x,y)dxdy = f le(x,y) dxdy + f f(x, y)dxdy

R;
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a Y=X a Yy=x
f(x,y)dxdy = f(x,y)dxdy > VY2 + 2yy +/y2 + 2yy) dyd
lexyxyof:f xyxyof:f(y yy y J’J’)yx

:f f ydydx—f\/_[yz]xdx—f\/_xzdx—%a

Similarly, [ [, f(x,y)dxdyz—ga . 2(a) >\/—_a3 Now

2(a) 02(b) .(l(c) a3 b 3
sz () 2
Solution 2 by Antonis Anastasiadis-Katerini-Greece
AM-GM

X’ +‘(V+X}- > %{/x*vl <:>\[x +2xy 2+33x’y

I— GM

y? +xv+‘n = %JK\ <:>\j\ +2xy =2 '\/_\/XT
So:\/x‘+2xy+\/y"+2xyaxf§{/;+\/§{/;22 @ﬁJ;J;:ZW_%J%X—‘«
SO:JX: +2xy +\/y3 +2xy z%ﬁ

and Q(a) = J J —./3xydxdy = _[ %ﬁ%ﬁd}fjgﬁa:y?dy:zﬁ; a :2x/§a

3
9]

=

2(’1 o 230’ N _\Fc

.Likewise Q(b) = T nd Q(c)=

Q(a) Q{b} Q(c) 2 a(b 7\@ o( a _5+iu.z.i:_c>.12\@33 33

500

So: T i = - -
b’ oy a’ 31) 3¢} 3a’ 3 'b ¢ a )

137. If n € N* then:
11 1
ofof of

Solution 1 by Chris Kyriazis-Greece, Solution 2 by Abdelhak Maoukouf-

n

S

11 1
(1+xl-2)dxi+ff...f1_[(1 %2) dx; < 2"
00 0 i=1

Proposed by Daniel Sitaru — Romania

l:

Casablanca-Morocco, Solution 3 by Kays Tomy-Nador-Tunisia, Solution 4 by

Michel Rebeiz-Lebanon, Solution 5 by Hasan Bostanlik-Sarkisla-Turkey
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Solution 1 by Chris Kyriazis-Greece

We have that fol fol fol(l +x3) dxqdx, ... dx, =

1 1 1

f(l +x%) dxif(l +x3) dx, ... .f(l +x2)dx, = (g)
0

0 0

2

n
Doing the same fol fol fol(l — x})dx,dx, ... dx, = (g)

i ) " 2\"
So it suffices to prove that (5) + (5) <2"or2"+1<3" or

1 < 3™ - 2" (*) which clearly holds for every n € N*
(*)3"—2"=3"14+3"2.2+...4272.34+2" 1> Twhenn>1
Solution 2 by Abdelhak Maoukouf-Casablanca-Morocco

1™, 1™

I":f U(l"'x%)dxi"'f U(l—xl?)dxi
= :1 Of(1+x§)dxi +lj j(l—x%)dxi :ﬁ(§)+ |
=(5) + ()

Solution 3 by Kays Tomy-Nador-Tunisia

n n

2\" 2
= | — n _ n — -Jjon *
_(3) (2 +1)§(3) x 3" =2" vyneN

Let{aq, ay, ..., a,} and {B1, B2, ..., Bn} be two positive sequences of length
n. Then [1g_s(ax + by) = [1g=1 ax + [Ii=1 Br + Ro With 0 <R,
itimplies [Tf—y a + [Ti=y Bic < [Tiey(ai + Bi) (%)

Let us apply inequality (*) for the case when

a;, =1+ x% and b, = 1 — x% with x4, € (0,1) we get
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n n

n
[[a+)+][a-=) <] [a+xd+1-x})
k=1

k=1 k=1

n n n
=[Ja+d+[Ja-d<][2=2"
k=1 k=1 k=1

n n

11 1
(1+x%) dxl...dxn+ff fl_[(1+xi) dxq ...dx,
00 0

k=1

11 1
Sff...fzndxl....dxn: 2"
00 0

Solution 4 by Michel Rebeiz — Lebanon

e

k=1

Leta, = f, ... [y [Tq(1 + x?) dx soa, + b, < 2" ?a, >0and b, >0

n

and b, = fol fol [M(1—x?)dx;. Forn=1
n

a1+b1:1+§+1—§:2§21.Supposethatan+bnsz"

1 1
SO @pq + bnpy = an % [j(1+ X341) dXipq + by % fo(1- X7i1) dXigq

—4 2 4 4 4 n 2 n+1 n+1
_§an+§bns—an+§bng§x2 §§x2 <2

Solution 5 by Hasan Bostanlik-Sarkisla-Turkey

(e 5)l5 =55 (=2 3)k=6) [ Tlas ama= )
G2 (o= (- = )

) () =(3+3) <zmew
3 3) =\373) ="
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138. f01 f01 f01 (x\/x2 +z2+yy2+ zz) dxdydz < 1.

Proposed by Daniel Sitaru — Romania
Solution 1 by Chris Kyriazis-Greece, Solution 2 by Abdelhak Maoukouf-
Casablanca-Morocco, Solution 3 by Anisoara Dudu-Romania, Solution 4 by
Hasan Bostanlik-Sarkisla-Turkey
Solution 1 by Chris Kyriazis-Greece

By Cauchy — Schwarz inequality we have that:

xJx2+ 22+ Yy + 22 < x2+y2 + 22 x2 +y2 + 22 o

exfrl+z22+yfy2+22<x’+y?+z7% >

111

111
fff(x\/x2+zz+y\/y+zz)dxdydzsfff(x2+y2+zz)dxdydz
000 000

But fol fol fol(xZ +y2 + z%) dxdydz = 1 cause

111 111
fff(x + y% + z%) dxdydz :fffxzdxdydz+
000 000

1 1 1

111

+fff *dxdyd _x3 +y3 +23 —1+1+1—1
nyz_30 3 3| °3°373°

000 0 0

Solution 2 by Abdelhak Maoukouf-Casablanca-Morocco

111
fffx\/xz+zZ+y\/y2+zzdxdydz
000

1

1
f [ V&2 + 22)3 + xy\[y? + 22| dydz
0

0

11
ffyzdxdydz+
00

O\Hﬂ

O\‘H
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11
1
SffE (1+22)3 + y\/y%? + z2dydz
0

0
f[ m+_m] dz
0

1 1
:f—\/(1+z2)3 +—+/(1+ 2z2)3dz
3 3
0

1 1

2 2
I:—f (1+zZ)3dz:—f \/1+zz)dz

3 3] \W1+22

0 0

1 1 1 11
[ln(Z+v1+zz)]0+[1 ><§\/(1+32)3] _f§ (1+22)3dz
0
0

2 2V2\ 1
:§<ln(1+\/i)+T>—§I

22 _In(1+v2) f

@Zl—ln(1+\/_)+T<:>I > <1

Solution 3 by Anisoara Dudu-Romania

X% + 22 + Y [y? + 22 == \[x2(x? + 22) +\[y2(y? + 27)

Means Inequality s 9. 2 s 9. o ) ) )
~ +x%+ +y%+ 2x%+2y%+2
” X x2 z + y y2 z < X ;, z — xz + yz + ZZ

111

i1, .21
fff x2+zz+y\/ 2+zz)dxdydy +?|0+?|0:1
00

Solution 4 by Hasan Bostanlik-Sarkisla-Turkey

A% < (2% + y?)(x* +y* +22%) {C-S}
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A<OP+yr+2)?2 -2t < (P +y2+2)H A< a2+ y? + 22
111
fff(x +y +ZZ)—
000

139.If a, b = 1 then:

p—l

1

3 3

wlr-\

b

X
2[ (yf log—dx) dy < (a—1)(b—1)(a— b)
1 1 y

Proposed by Daniel Sitaru — Romania

Solution 1 by Chris Kyriazis-Greece, Solution 2 by Abdelhak Maoukouf-
Casablanca-Morocco
Solution 1 by Chris Kyriazis-Greece

From the well — known inequality Ina < a — 1, Va > 0 we have that:
a

lx<x1 21x<2 2 02_[de<de de
n-<--1- n—<2x-2y=0; n—dx < | 2xdx — X
y oy y y y y y ) y
b a
X
:Zf(yfln;dx>dys (@®>-1)b-1) - (a—1)B*-1)
1\ 1

f(yflnf}dx)dy<(a—1)(b N(a+1-b—-1)

a

1
b

=2 ( In— dx)dy<(a—1)(b 1)(a — b)
f(of

Solution 2 by Abdelhak Maoukouf-CasabIanca-Morocco

b b a

,:zjy(fmgdx)dy<zlfy(f(;_l)dx)dy

1 1 1
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=a’b—-b*a=abla—b) <(a-—1)(b—-1)(a—-b)

140. 1f 0 < a < b then:

ffe"zdx<1 1,1 1 1
[Pxsedx 4 (ab4 a’b®  a3b? a4b>
a
Proposed by Daniel Sitaru — Romania
Solution 1 by Chris Kyriazis-Greece, Solution 2 by Subhajit Chattopadhyay-
Bolpur-India

Solution 1 by Chris Kyriazis-Greece
1 2
Set f(x) =5.x> Oand g(x) =x°-e x>0
It's f'(x) = _xiﬁ <0,x>0andg'(x) = x“e"z(Zx2 +5)>0,Vx > 0.

So f strictly decreasing when x > 0 and g strictly increasing

Using the Chebyshev’s integral inequality, we have that:

b
1
f—dx f e dx > f;-xsexzdx-(b—a)

b

[ 4x4] fxe dx>fe dx-(b— a)

a
b

b
1/1 1 1 1
5 _x2 2
ﬁi(ﬁ_ﬁ)(ﬁﬂﬁ)fx e’ "">fex dx(b—a)
a

a
b

fxsex dx>fe 2dx(b—a)

a

1 (b+a)
=>Z(b—a)- Zh2 ?
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b

1/ 1 1 2
=>Z(a“b_l_a2b3+a3b2 ab4 fxe dx>fe dx

a

Solution 2 by Subhajit Chattopadhyay-Bolpur-India

b
I, e dx 1( 1 1 1 1 )

0<ac<bp; < - + + +
. b 5 x2 4\ab* a%b3 a3b%? a*b
J, x*e* dx

Using Chebyshev’s inequality, - e*’ & x5 are monotone increasing,
b-a 6(b-a) 6

LHS< = =
fb xSdx bé—a® (b3+a3)(b?+ab+ a?)
a
4 16
_ 4+2 a5+b5_ a*b+a3b2+a2b3 +ab*
= /a5+b5 Tp+a3b2+--
Z<a -;-b )+4'<a b+a4b + ) 6

By using AM > HM strict inequality. * a # b.

< (ab)

5 5 5
- %(a5ib5 * a4b+a3b2ia2b3+ab4)' Now, 2 ;b > (ab)z =
1,1 1 1

Z(ab4 T @b @3 a4b)
1,1 1 1 1 4
Z(ab‘* R o a4b) ~ @b + a3b? + a?b3 + ab*

5b5

5
=M > (ab) 2 [By,AM > GM]

1 1/ 1 1 1 1
H <- + =m=- (— + +—+ —)
ence, LHS 3 (m +2m) =m 4 \ab* a?p® a3b? a*b

141. Ifa,b,c =0, mn > 2

a

[)(a) = i fm e(m+n)x2 dx - "

a

f dx
J J nJ e(m+n)x2
then: 2%(a) + 22(b) + 2%(c) = ab + bc + ca

Proposed by Daniel Sitaru — Romania
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Solution 1 by Subhajit Chattopadhyay-Bolpur-India, Solution 2 by Soumitra
Mandal-Chandar Nagore-India

Solution 1 by Subhajit Chattopadhyay-Bolpur-India

2(a) =

[eal [[ o

0
Using Holder’s inequality, [.(l(a)]mm_;l =1 -

n
m+n a

m+n
m+n A2 , 1
dx‘ lf — Zfex —dx=a
ex ex

2(m+n)
20%@z=am va>00(@a >0 mn=2.Putm=n=2

=~ 0%(a) + 2%(b) + 2%(c) = a® + b% + 2.

Now for any a,b,c € R
(a-b)?+(b-c)+(c-a)?*=0
= 2(a? +b*+c?) —2(ab+bc+ca) =0
= a’+b?>+c>>ab+bc+ca- LHS > ab+ bc+ ca

Solution 2 by Soumitra Mandal-Chandar Nagore-India

a a
2(a) = i fm em+n)x® d . " f" e—(m+n)x? g,

HOLDER'S %

~ (m+n)x? 1
> e mm -———l|dx=a
(m+n)x
0 e mn

Similarly, ﬂ(b) = b,ﬂ(C) =C- chcﬂz(a) = chc aZ = chc ab
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142. If a > 0O then:

a a 3

a
1
f e3% dx f e 3 dx | > - f e* dx f - dx
0 0 0
Proposed by Daniel Sitaru — Romania
Solution by Chris Kyriazis-Greece

Using Holder inequality for integrals, | have that.

2 1
a 3 a 3 a

3 2 2
flzdx : fe3xdx zfex dx =
0 0 0

aS(f 3’ dx)3>f e* dx=>fa 3t dx>—(f e* dx) (1)

Just the same:
( Iy ﬁalx)§ (Jy e dx) 2 [ e dx == - [ e dx 2 ([ e-xzalx)3 2)
(1) x (2) (everything is positive) we have that

a a a a 3

1
fe3x2 dx-f —-3x* dx>F fexzdxfe‘xzdx

0 0 0 0
143.1fa,b.c>0,a € (o,f)
2
b

2(a,b) = f f(x sin? a + y cos? a)(x cos? a + y sin? a) dx | dy
0

then:
40(b,c) +402(c,a) +42(a,b) = abc(a+ b + ¢)

Proposed by Daniel Sitaru — Romania



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Solution by Chris Kyriazis-Greece

We have that (x sin? a + y cos? a)(x cos? a + ysin? a) =

[(\/; sin a)z + ({/y cos a)2] - [(\/; cos a)z + ({/ysin a)2]

B-C-S 2
> (J/xysin?a+ . /xycos?a) =xy
so Q(a, b)—f f xydxdy = f xdx - f y dy (aZ)
(b c)? (ca)?
Doing exactly the same work, we have that Q(b,¢) > ——,Q(c,a) > :
2 2
S0 40(a, b) + 4Q(b, ¢) + 4Q(c, a) > 4(“”) +4- (”:) + 4 =

(ab)? + (bc)? + (ca)? = ab?*c + a*cb + abc? = abc(a + b + c)

mln2
12

T sin?
144, 2 (1 sinx , 1-cos® x) In(1 + tanx) dx >

1+sin2x  1+cos?2
Proposed by Daniel Sitaru — Romania

Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco, Solution 2 by Ravi

Prakash-New Delhi-India
Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco

11.'

4

II-{=I=|

I
—t
]:fln(1+tanx)dx fln 1+tan ——t))dt
0

T T
4 4
—tant
fln fln dt
1+tant 1+tant
0 0
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LA
4

14 14
ln(2)dt—fln(1+tant)dt:Zan—] —>]:§ln2
0

1
o — A3

%
f 1 — sin? x 1 — cos?x In(1 + tan %) d
n an x) dx
1+sm2x 1+ cos?x
0

T

4

f( 2 2)1 (1 +tanx)d
1+sm2x 1+ cos?x n anx)cx

0

w
4
=2 —1)In(1+t d
f 1+sm2 2—sin2x )n( an x) dx
0

~let f(X) = 1-|-1x2 + 2—x2 vx & [O;\/iE]
, _ 2x 2x _ 1 1
FO =Gt a2 2"((xz 22 2+ 1)2)
_ 2x((x® + 1)% — (x% - 2)?) 6x(2x%2-1)
SR e v e Moy UL 2]
0<x<E=>O<sinx<i=>f(sinx)>f(i):é
T T4 B T2 T \W2/ 3
1
1 1

1
+ —1>—=1>22 | =In(1+t d
1+sin2x 2 —sin2x — 3 - an( an x) dx
0

121015 In2
[—1 —] & —_—
3/ 1z

Solution 2 by Ravi Prakash-New Delhi-India

Letg( )1 sin x+1—c052x

1+sin2x  1+cos?x

__ cos? x(1+cos? x)+sin? x(1+sin? x)

0<x<-=
- = (1+sin? x)(1+cos? x)

T
4
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cos? x + sin? 4 4

x+cos*x+sin™ x

1+ 1+ cos?2xsin?x

1+ 1 — 2sin? x cos?
2 + cos? xsin? x 2 + sin? xcos? x

x _2(1 - sin®xcos?x)

2 1-sin? x cos? x 1
Now X)z2-— > -
! g( ) —3 2+sinZ xcos2x ~— 3

& 3 —3sin?xcos?x >2+sin?xcos’x < 1—4sin?xcos?x>0

& 1-—-sin?2x > 0 © cos?2x > 0, which is true.

Note that g(x) = % S x= %- o glx) > %for 0<x< %. Now,

Y

1—sin’x 1-—cos?x

I= +
f<1+sin2x 1+ cos?x

>ln(1 + tan x) dx

> %fozln(l + tan x) dx = %Il, where

In(1+tanx)dx = | In (1 + tan (E — x)) dx

I, =
1 4

O —— NN
S —— N

T T
1 1
(112 e [(m2dy—1, =21, = FIn2 =1, = “In2
= [ (1 g &= [ m2ax -1 =2 = gm2 = 1y = gn
0 0

N

wWiN
«l S

lnz) 1> In2
12

145. If a > 1 then:

2a

f e* 3e%(e* - 1)

L
x3 8a3

Proposed by Daniel Sitaru — Romania
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Solution 1 by Chris Kyriazis-Greece, Solution 2 by Abdelhak Maoukouf-
Casablanca-Morocco, Solution 3 by Dimitris Kastriotis-Greece, Solution 4 by
Michel Rebeiz-Lebanon

Solution 1 by Chris Kyriazis-Greece

If we consider the functions
f(x) ==,x € [a,2a] (Strictly decreasing on [a, 2a])

glx) = ex,x € [a,2a] (Strictly increasing on [a, 2a])

Using Chebyshev integral inequality we have:

f—dx<f—dx f xdx—[ ] (e?* —e%)

e’ 3 2a a e* 3 a(f,a
zaf;dx<w(e —e)zf;dx<we (e -1)

Solution 2 by Abdelhak Maoukouf-Casablanca-Morocco

Chebyshev

We have (faza%dx) (faza x3dx) < a-a) (faza e* dx)

15a* 4 e (e"-1
f—dx <ae (e*-1) & f—dx <—-¥

< ~— 15 a3

f—dx SE —ea(e 1)

a3
Solution 3 by Dimitris Kastriotis-Greece

Let (x) = e*, g(x) = x% f11la 2a). glla 2a]
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2a 2a 2a
1 Chebyshev 1 1
fex-—3dx < fexdx-f—3dx
X 2a—a X
a a a
1 3

3
=€ ) gz =gae e - D

Solution 4 by Michel Rebeiz-Lebanon

2a
e* 3e% (e - 1)
f(a)::‘f ;311X'—'———E;;?———
a

f'(a)=2 SeERE E[(Zeza — e%)a® — 3a%(e?* — eY)]

8t [-4ae® + 3a + 3e*—9)].g(a) = —4ae* +3a+3e*—9
g'(a) = —e* —4ae*+3
g'(a) =e*(-5-4a)<0- g’ l->[a>1;g'(a) < g'(1)]
g1)<0-9g(a)<0-gl-o[a>1;9(a) <g(1)]
g(1)<0->g(a) <0->f'(a)<0->f1

2a
a>1- f(a) < f(1) f(1)<0%f<a><°*f§_3d"<%

146.I1f 1 < a < b then:

3a+b a+3b
a b 4 4

flogzxdx+flog2xdx2 f log? xdx + f log? x dx
1 1 1 1
Proposed by Daniel Sitaru — Romania
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Solution by Abdelhak Maoukouf-Casablanca-Morocco

Vx > 1:f(x) = flxlogZ tdt .. f’(x) — logzx &f”(x) — 2logx >0

X

a+3b f(a)+3f(b)
F(557) =75

3a+b 3f(a)+f(b)
F(55) =

Vx > 1. So by Jensen’s inequality: {

= @+ ) 2 £ (F52) + 1 (255)

a+3b 3a+b
b 4 4

a
@flogztdt+flog2dt2 f logZtdt + f log? tdt
1 1 1 1

147.1f0 < a < b;0 < c < d,; f, g integrable functions
fvg: [a, b] - [C, d] then:

b b
] d( F(x) 9(x)

——dx +

d 7 2 2 _
) g@™ ") @ “") <(c+d)(b-a)

Proposed by Daniel Sitaru — Romania

Solution by Soumitra Mandal-Chandar Nagore-India

c<f(x)<dandc< g(x) Sd;gsisgforallxe [a, b]

f o\ f d f g ¢ d
ﬁ(g‘&)(g‘z)ﬁ‘”g*fﬁz*z
b b

f(x) g(x) c d
=>amdx+amd.xg(z'|'z)(b—a)
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b b
f(x) g(x)
ﬁCd( mdl‘"‘ md.%‘) < (C2+d2)(b—a)

a a

148. If f:[a, b] - R, f — continuous, f — increasing then:
Vab b
(va +VB) f f()dx < Va f F(Odx

Proposed by Daniel Sitaru — Romania
Solution 1 by Chris Kyriazis-Greece, Solution 2 by Abdallah El Farissi-Bechar-
Algerie
Solution 1 by Chris Kyriazis-Greece

First we mention that: a < vab < b (supposing that ab > 0)

It suffices to prove that
Vab b Vab
Vb - f f(x)dx < ﬁ(f flx)dx — f f(x) dx>

orvb - f:ﬁf(x) dx < \/Ef\;’%f(x) dx
Using the integral mean value theorem it suffices to prove that:
Vb(Vab — a)f(z,) < Va(b —Vab)f(z,)
where z, € [a,Vab] and z, € [Vab, b]
or vbVa(vb - Va)f(z;) < Vavb(Vb —Va)f(z,)
or f(z4) < f(zz) which holds

due to monotonicity of the function f (increasing).
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Solution 2 by Abdallah El Farissi-Bechar-Algerie

f isincreasing function then for all s € [a,vab] and t € [vVab, b] we have
f(s) < £(¢) then (b — Vab) fam f(s)dx =vVb(¥b —Va) fam f(s)ds <

< Va(vb - Va) [/ f(t)dt = (Vab — a) [} f(t) dt it follow that

Vab b b Vab
\/Bf f(x)dx <Va ff(x)dx:JE(f f(x) dx—f f(x)dx)
a Jab a a

then (Vb +Va) f;/ﬁf(x) dx < \/Ef:f(x) dx

149. For acute triangle ABC
If: {(4) = f:;dx

2
cos x+x(1+—)
T

Prove: {(4) + {(B) +{(C) <2,/3(m+3)—6
Proposed by Uche Eliezer Okeke-Anambra-Nigeria

Solution by Daniel Sitaru-Romania

JORDAN

. (T -~ 2/(m 2 2
sin E—x = = E—x ->cosx>1——x->cosx+—-x+x=>1+x
T T T

{(4) =

A A
1 1
f dxsf dx=2Vv1+A4-2
2 1+x
0\/cosx+;x+x 0

JENSEN

YA <2%Vi+tA-6 < 2-3/1+A+‘:+C—6:2 3(1+m)—6
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150. If x,y,z € (0,1],

X

In(1
ﬂ(x):f%da

0
then:

2(2(x) +02(y) +2(z)) =3In2 + In(xyz)
Proposed by Daniel Sitaru — Romania

Solution by Subhajit Chattopadhyay-Bolpur-India

X

2(x) = f

In(1 + ax)
————da,;
1+ a?

0

X X X X

B ff a da dt B ff a(1 + t®)dtda

) ) @+at)1+a?) ) ) @A+2)A+at)(1+a?)
00 00

_ (*[ 1 (xada x[ ¢t x da _x[_t x da

- fO [1+t2 0 1+a2] dt + fO [1+t2 0 1+a2] dt fO [1+t2 0 1+at] dt

X X X X X
_ dt ada . tdt da In(xt + l)d
- f1+t2 _[1+a2 f1+t2 _[1+a2 _f 1+
0

0 0 0 0

tan lx In(1 + x?
In(1 + x2) + %tam‘1 x =tan lxIn(1 + x?)

Zﬂ(x) =

Hence, 2(2(x) + 2(y) + 2(2))
=tan xIn(1+x?)+tan 1 yIn(1 + y?) + tan"' zIn(1 + z?)
Now, x € (0,1). By AM > GM In(1 + x2) > In(2x); tan"1x > 1 for
x €(0,1) ~ LHS > In(2x) +In(2y) +In(2z) = 3In2 + In(xyz)
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151. If a, b, c > O then:

2a /2b / 2c

1 1 1
f f f( + o )dx dy dZSln\/W
zZ+x

x+y y+z

a b c
Proposed by Daniel Sitaru — Romania

Solution by Chris Kiryazis-Greece

et 7 2 417322 20 < 0) @

So, using (1) (integrating (1)), we have:
2a 2b f2c( 1 1 1 1 r2a 2b ;2c (1 1 1
[ ( +—+—)dxdydz§5fa I, ). (—+;+;)dxdydz

x+ty y+z z+x x

ab+bc+ca

1 1
=—(bcIln2 +caln2 + abln2) = —(In 2bctcatab) — 1p 27 2 =
2 2

= 1n / 2ab+bc+ca

152. Let f:[1,13] - R be a convexe and integrable function. Prove that

3 13 9
ff(x)dx+ f f(x)dxsz(x)dx
1 11 5

Proposed by Nitin Gurbani-India
Solution by Daniel Sitaru-Romania

1<xk<yk<zk<tk<13

. 2k, 2k, 2k
.X,'n:1+7,yn:5+7,an'7+7,tn:11_|_7

kY_ k k\_ k
f — convexe — f(J’nB flExn) < f(trtL;l flgzn) -

n—Xn ~Zn




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

n-on n-on

lim — Z flyk)+ lim ;f(zﬁ) > lim — Z f(tk) + TllLIgn f(xn)

n—)OO

7 9 13 3
f)dx+ | f(x)dx < | f(x)dx+ | f(x)dx
[roass | roaxs [yin |

9 13 3
f F(x)dx < f F(x)dx + f F(x)dx
5 11 1

153. f01 f01 f01 fol(i/xyz + 3fyzt + Yztx + [txy) dxdydzdt < 2

Proposed by Daniel Sitaru — Romania
Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco, Solution 2 by Lazaros
Zachariadis-Thessaloniki-Greece, Solution 3 by Geanina Tudose-Romania

Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco

AM_GM "X+ +2
Z,/xyz Z+S(x+y+z+t)

111
f f f(nyz + 3fyzt + Yztx + $[txy) dxdydzdt
000

O\Hﬂ

1111 21 21 21 21
X y z t
Sffff(x+y+z+t)dxdydzdt:[—] +[—] +[—] +[—] =2
2 2 2 2
0000 0 0 0 0

Solution 2 by Lazaros Zachariadis-Thessaloniki-Greece

x+y+z+y+z+t+z+t+x+t+x+y

xyz + 3[yzt + Vztx + ftxy < .

_3(x+y+z+it)
B 3

=x+ty+z+t



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1111 11
foff(x+y+z+t)dxdydzd fo
0000 00
111
fof(%+y+z+t)dydzdt
000
11 11 1 2 1
fo< y+—+zy+ty> dzdt ff —+ = +z+t dzdt=f<z+7+tz> dt
00 00 0

0

1
f(1+1+t)dt t+t+t21 1+iiloan <2
= — = — 4+ — = — 4 —= =

2 2 20 2 2 -
0

1

<— +yx+zx+ tx> dydzdt =

0

o —_

Solution 3 by Geanina Tudose-Romania

By GM < AMwehave}/xyz < ™2 = 5, 3fxyz<x+y+z+t

1111
ffff(i/xyz+i/yzt+ Vztx + 3ftxy) dxdydzdt
0000
111 111
Sfff( +y+z+t dydzdt :fff<%+(y+z+t)x>|(1)dydzdt=
000 000

111 11
2
:fff +J’+z+t dydzdt :ff<%+y7+(z+t)y> dzdx
000 00
1

11 1
—ff(1+ +t)d dt—f +Zz+t |1dt—f(1+1+t)dt—3t+t21—2
- z = \FT ) e = 2 —2t7 2l T
00 0

0

154.1f 0 < a < b then:

- 5 : b3 +1
B+12 95 —ad) © \a@3+1
a

Proposed by Daniel Sitaru — Romania
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Solution by Soumitra Mandal-Chandar Nagore-India

Applying Cauchy - Schwarz,

(1) = (J0 ) (S0 xtax) = ) (g o)
2 b® —a® K dx
=73 f 3+ 1)

a

b
b:+1 5 dx
ln2 . <f
ad+1) 9(b>—ad) " J (x3+1)2
a

> (306 + DE)

155. Evaluate
. 2V1+x+2V22+x+ - +2Vn?2+x —n(n+1)
1m

x—0 X

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution 1 by Serban George Florin-Romania , Solution 2 by Shivam Sharma-
New Delhi-India, Solution 3 by Ravi Prakash-New Delhi-India , Solution 4 by
Bedri Hadriji-Mitrovica-Kosovo

Solution 1 by Serban George Florin-Romania

=1 2V1+x+2V22+x+ - +2Vn2+x-nn+1) 0
_xl—l}a X _6
VI+x+V2Z+x+-+ nz_,_x_w
l=21lim ,
x—0 X
nn+1)
2
Ly (AFE—1)+ (T x=2)+ ot (T T3 =)
=2 lim

x—0 X
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L= VnZ+x-n 0 . n? + x — n? . X
=lim——— = —=1lim = lim
T x50 b 0 x—>0x(\/n2+x+n) x—>0x(w/n2+x+n)
- 1 1 1
= lim = = —
n x->0\n2+x+n nNn+tn 2n
= —o (L4 L L) =141, 412
[=2-(Ly+ Lyt Ly) =2 (2-1+2-2+ +2n)’l 12ty

Solution 2 by Shivam Sharma-New Delhi-India

2Y -1 VE?+x—n(n+1)

X

= lim,_, . Applying L. Hospital’s rule, we get,

= lim, 0 2 Xjq e = lim o Sy == (OR) L = 5oy
(OR)L = H,
Solution 3 by Ravi Prakash-New Delhi-India
Forl < k <n,
limmz lim Bt x— = ]im;:i
x>0 X =0 x(VEZ+x+k) *OVKZ+x+k 2k

2VkZ +x—2k 1 z": 2VkZ + x — 2k z":1
= im = —
x—0 k

= li =—
P X k x
k=1 k=1
C Yre12VEk2+x—n(n+1) =1
= lim = Z -
x—0 X k
k=1

Solution 4 by Bedri Hadriji-Mitrovica-Kosovo

L=2li YK+ x 2 E li ad
= 1m _— = 1m
%0 Lt x £t 20 x (VK2 + x + k)
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156. Evaluate

n+1
1
lim exdx
n—o>0oo
n

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
Solution 1 by Ravi Prakash-New Delhi-India, Solution 2 by Shivam Sharma-
New Delhi-India

Solution 1 by Ravi Prakash-New Delhi-India

1 1 1

1 1 1 L 1 1
Forn<x<n+1 —<-<-=e) <ex< en
n+1 x n

n+1 n+1 n+1 n+1
1 1 1 1 1 1
=>f e(n+15dx§f exdxsf endx=>en+1sf exdx < en
n n n n
1 1

Sinceer »e’=1asn - o e 5 e =1asn - w

1
we get lim,,_, f;“ exdx=1

Solution 2 by Shivam Sharma-New Delhi-India

1 1 1
lim,,_, ., fsﬂ ex dx. Let, h(x) = en+1. And, g(x) = e».So, h(x) < L < g(x)

1 1 1 1 1 1
— = = n+l1 —— n-1 = n-1 -
enri<er<enThen [ “enrtdx<[ "exdx<[ “endx

n—-1
1 1 1
entiln+1—n] < f exdx < en[n+1—n]
n

n+1
1 1 1
lim (en—l) < lim exdx < lim (en)
n—>0oo n—0o n—0o
n

1 < L < 1.Then, by Squeeze theorem,weget, L =1
(Q.E.D)
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157. If
2(a) = lim n2 ("+5‘/ea2+a+1 _ "+Z/ea2+a+1) a>0
n—>0oo

then:

0(a) N 0(b) N 0(c)

>a+b+c
b+c c+a a+b

Proposed Daniel Sitaru — Romania
Solution 1 by Soumitra Mandal-Chandar Nagore-India
Solution 2 by Subhajit Chattopadhyay-Bolpur-India

Solution 1 by Soumitra Mandal-Chandar Nagore-India

Let f(x) = e*(@+atl) for all x € [ —

~ by Lagrange’s Mean Value Theorem;

n+5\, ea2+a+1_n+7,/ ea2+a+1
1 1

= (a? + a + 1)e$n(@*+a+1) where £ € [
n+5 n+7 +7 n+5

2
"+51/ea2+a+1 _ "+Z/ea2+a+1 — 2(a”+a+1) efn(a2+a+1)

(n+5)n+7)

aZ+a+1
n+5

1 a’+a+1
=
n+5 n+7

"+7,/ea2+a+1 < efn(a2+a+1) < lim "+5/ea2+a+1

n—->oo

lim n+7 ed?+a+l < efn(a2+a+1) < lim "+5‘/ea2+a+1

n—>oo n—>oo

1 2
Now, — <&, < <é(a*+a+1)<

So, by Sandwich Theorem, lim,, ., eé»(a”+a+1) = 1

= lim n? (Mi/e“z*‘”l - n+z/e“2+a+1) = lim 2(@” +a+1) . lim e$n(@®+a+1)
n—co n—>oo(1+5)(1+7) n—-oo

=2(a’+a+1)
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2(a) a? 2a 1
Y Y= 20}
b+c b+c b+c b+c

cyc cyc cyc cyc
9
>a+b+c+3+—>q+b+c
a+b+c

Solution 2 by Subhajit Chattopadhyay-Bolpur-India

. n+5 2 n+7 2
ﬂ(a) = lim nZ( N catatl _ L/ ea +a+1),a> 0
n—>oo
R x2 x3 n+5 2 n+7 2
Expanding by ¢* = 1+x+;+;+---+ Veata+l _ T/ cattatl

a?+a+1 (a’+a+1)>2

=1+ +
1 n+5 2(n + 5)2

a?+a+1 (a’?+a+1)>2
n+7 2(n+7)2

_ 2(a*+a+1) (a2+a+1)2+ 0(1)

— + 4
(n+5)n+7) 2 n*
a?+a+1 a®+a+1 2(a?+a+1)

=~ lim,,_, ., n? (e w5 — e n+7 > = limnﬁwm +0=2(a*+a+1)

n

2(a) + 2(b) + 2(c) _ 2(a’+a+1) + 2(b%*+b+1) + 2(c?+c+1)
b+c c+a a+b b+c c+a a+b

Now,

without loss of generality assume, a = b > ¢, Apply Chebyshev

_ . 2, 2. 12, 2 I SO
inequality, LHS 2 2(a? + b2+ +a+b+c+3) (;-+ -+ o)

1 1 1 9

c+a a+b — 2(a+b+c)

158. Find:

Yk=2 <k2 3 (Zkk)>
2=l T Den+ 1)

Proposed by Daniel Sitaru — Romania
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Solution 1 by Ravi Prakash-New Delhi-India, Solution 2 by Shivam Sharma-
New Delhi-India

Solution 1 by Ravi Prakash-New Delhi-India

1
Letay = (A7) Timy oo (@) = limy, o, %222
2n + 2
—lim(""'l) —lim(2n+2)(2n+1)—4lim(_ )_4
T oo (Zn) T oo M+1)M+1)  noo\ 2n+2/)
n

Let 0 < e < 1, there exists a positive integer m such that

1 1
|(an)ﬁ—4|<6 vi>m=4—e<(@a)n<4+e¢ Vn>m
k1 L
2k\E o, L
L) = K@)

LetA = by + by + -+ b, — (12 + 22 + --- + m?)(4 — €) and

Let by, = k? (

B=by+by+--+b, —(1%2+2%2+ .-+ m?)(4 +€) Now, forn>m
(22+3%2+.+n?)d-€e)+A<

En(n+1) (2n+ 1)—1] (4—€)+4

<by+b3+-+b, <2’ +--+n?)4+¢€)+B>

nn+1)(2n+1)
S b, (3n(n+1)@2n+1) 1)@ +e) +B
< = <
nn+1)02n+1) nn+1)2n+1)
T 1., . Zh=2 bk 1
Taking limitasn — o, we get 6(4 €) <lim,_ Tt D) @ntD) < 4(4 + €)

2 2 2
:E—GSQS§+6. Itstrueforeache>0,.'..(2:§

Solution 2 by Shivam Sharma-New Delhi-India
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1
2 (2k)! k
LZ(" <(k!)2) >

= lim,,_, . As we know, the Stirling’s formula,

n(2n+1)(n+1)
1
(3" vz
Yk=2 ( Z)
o o (")
| = (= '
n! = (%) V2mn. Using this, we get, = limy o, ————-—2

2n3+3n +n-=6

k3
Si-2 (2%)
= lim 2n3+3n2+n

noon(n+1)(2n + 1)

2 li

— l1m
3 noow
2n3+3n+n—6

= 2 lim = 2(
3 n=>% 2n3+3n2+n 3

2+0+0-0
2+0+0

JOR) 2 =1

159. f:R - [a,b],a < b
Find:

(n—k+1)*f(k)
»

0= 1lim (1Z+ 22+ -+ 12)

n— oo

Proposed by Daniel Sitaru — Romania
Solution by Saptak Bhattacharya-Kolkata-India

(n—k+1)% (k)
n((n+1)(2n+1)

(n-k+1)%f(k)
Ykt

lim 6Y7"_
n—oo Zk—lk k

= lim, o, n(n+1)(2n+1)
(n-k+1)%a

NOW, a S f(k) S b, Andl limn—)oo (n+1)(2n+1) Zk 1 k

. 6a n®+k*+1—2k—2nk+2n
‘#ﬁnm+1xmqu k

_ 6a n(n + 1)
Tll—>00 nn+1)2n+1) [(n T H, 2 2n(n+1)
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6a 3n(n+1)

= lim +1)2H, - ———
e n(n+ 1)(2n + 1) <(" )"Hy, 2 )
_ i ¢ (@ DH, 3 = e (Lyi Ha
TR \nen+1)  2@n+1) a(z lim — )

= 3a11mn_)oo Bz (Cauchy first theorem). Similarly,

_ 6b S (n—k+ 1)2
lim

noon(n+1)2n + 1)

Thus by squezze theorem, the given limitis 0

160. Evaluate

/4 1 3 5 2 4 6
2 1+E 1+Z 1+E(1+'") — 1+§ 1+§<1+7(1+---)>

Proposed by Vidyamanohar Sharma Astakala-Hydebarad-India

Solution by proposer
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~Givensum=1

161. Find:

0=l X (n—k+1)e""'2
T s 11+2+--.+n

Proposed by Daniel Sitaru — Romania
Solution by Ravi Prakash-New Delhi-India

_ (n—k+De ¥ 2 2 2 K\ g2
Let Ak = 1+2++n n(n+1) [(n * 1) N k]e o ; (1 N E) €

Let b, = e"‘z, Cr = ke_kz; lim,,_,, by = 0,lim,,_,,c;, =0

. bi+by+---+b . c1+cy+-+c
= lim,,_, 0, 222 = 0 and lim,,_ 0, 221 =

byi+by+---+by, - 2 -
S = lim,, —lim,,_, -

: . cr1+ca++c
Now, lim,,_,, Yp_; a; = 2lim,,_,, A2 " n—9

162. Find:

! 2
fo + arctan x

enx

dx

N=limn
n—o>00

0
Proposed by Daniel Sitaru — Romania

Solution by Soumitra Mandal-Chandar Nagore-India

4 since, e™ > (o

For x > 0,0 < x*n%e™ < ——,
xX“n 4!

.. _ _ 4'tan"1x
Similarly, for x > 0,0 < ne ™ tan™'x < ———
x'n
4! 4'tan~1x
x2n? x4n?

. 1 x2+tan~1
0 < lim,,_, ., n? fo - -

Zdx < lim,_,, fol ( ) dx =

enx

4! 4'tan~1x

x2n2 x*n2

fol lim,,_,, ( ) dx =0
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; . 1x*+tan~!
50, by sandwich theorem lim,,_,, [; ———

enx

dx =0

163.Ifa, > 0,n = 1,lim,,_,,, a, = a, b,c > 0 then find:

= llm
-0 L b +cay

Proposed by D.M. Batme,tu — Giurgiu, Neculai Stanciu — Romania
Solution 1 by Nirapada Pal-Jhargram-India, Solution 2 by Ravi Prakash-New
Delhi-India, Solution 3 by Abdallah El Farissi-Bechar-Algerie, Solution 4 by
Soumitra Mandal-Chandar Nagore-India

Solution 1 by Nirapada Pal-Jhargram-India

Ay +Ay+Az++A,

n

=A

By Cauchy’s limit theorem lim,,_,, 4,, = A = lim,,_,,

f() _ limy,. f(n)

Now, we have lim,,_, ., e = e provided lim,,_,., g(n) # 0

a, _  lim_,a, _ a

Given lim a, = a.Solim = =
n—o T =% pica, lim,(b+ca,) b+ca

So by Cauchy’s limit theorem we get

a, a

llm = lim
LY b+cak n—>00b+Ca “b+ca

Solution 2 by Ravi Prakash-New Delhi-India
As a > 0, we choose € > Osuch that 0 < a < €. Since lim,_,a, = a
these exists k € Nsuch that|a,, —a|l| <€ vn>k

>0<a-€e<a,<a+e Yn>k (1)
a
j=1pic

LetA =YK

1 1 1
b+c(a+e) b+ca, b+c(a—e)

(2)

b+c(a—e)<b+can<b+c(a+e)=>
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a, a+te
From (1), (2) we get b+c (a+e) < b+ca, < b+c(a+e) va >k
a-+e€
— — >
= (n k)b+c(a+e) b+ k) vn>k

b+c(a—e)

1 _ a—e n a;
= n{A * (n k) b+c(a+e)} < j=1 b+ca; {A * (n k)

b+c(a e)} vn >k
Taking limitasn - o, we get 0 + (1 — 0)

4y

b+c ( +e) T < limy o0 o Z] 1b+(:a]-
<0+ (1-0) a+€_e_). Taking limit as € - 0, , we get

1 a; a
lim -yn 1=
n-0 4y, Z]_l b+ca;  b+ca

Solution 3 by Abdallah El Farissi-Bechar-Algerie

Theorem of Cesaro: If u, —» Lin R, then % -1

Zn_ an
a a k=1 a
Let u, = —"— we have u, - —then Sroon _,

n b+ca

Solution 4 by Soumitra Mandal-Chandar Nagore-India

. _ . 1on Ay
lim,,_,, a, = anow, lim,_, ~>}_4 brcay

Caesaro—Stolz n+l
’-A-\

n
= D ivea Qb+
nl—>1?on+1 n b+cak —

an+1
= lim
n>ob+ca,.; b+ca

b+cak

164. Find:

) " k(k+2) k(K2 + 3k + 3)
AL‘E‘O(Z (k+ 1)'><Z (Ge+1))° ><’Zl )

] ((k+1)1)°

Proposed by Daniel Sitaru — Romania
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Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco, Solution 2 by Khanh
Hung Vu-Ho Chi Minh-Vietnam, Solution 3 by Ravi Prakash-New Delhi-India

Solution 4 by Serban George Florin-Romania, Solution 5 by Shivam Sharma-
New Delhi-India

Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco
zn: zn: ( h+1 1 )
— (h+1)! ] (h+1)! (h+1)!

Z( (h+1)') %‘ﬁzl‘ﬁ

h=1

k(h+1) z": K> +2k
h= 1((h+1)' i ((h "'1)'

h=
Sl )5l
i\ ((h+1))° (m+1y L\ (h+1)1)

1
= — =-11-—
(11?2 «n+1yf ( «n+1yf>
z": (h2+8h+3) zn:h3+3h2+3k = (h+1)3 - 1
=t ((h+ 1)' =t ((h+1)) =i ((h+ 1)!)3 ((k+ 1)!)3

_ z": S S S
B (r+1) T (@)

h
ﬁ”:hm(l‘ﬁ)(l‘ﬁ)(l‘ﬁ)“
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Solution 2 by KHanh Hung Vu-Ho Chi Minh-Vietnam

- k+1-1 1
Zk+1)' NCEEVE Zm (k+1)' =1

o k(k+2) (k + 1)? N 1 _ 1
SZ_;[(kﬂ)'lz z [(k+ D)7 ‘;(k!)z_[(k+1)!]z_1_[(n+1)!]Z
k(R +3k+3) O k+1)3-13 O 1 1 1
53‘; G+DF L G+ DPF LGP [G+rDF | m+rDP

= lim

tim |1 - o 1>|H WH m]
= ltl_)r{)l[l —tll1-¢3[1-¢31=1

Solution 3 by Ravi Prakash-New Delhi-India

on k k+1-1 1 _ _ 1
Leta, = Xk-157y (k+1)! = Xk-= T (ks1) — = Xk- 1(kl (k+1)!) N (1 (n+1)!)

S k(k+2) w(k+1)2-1
bn = - =
Z ((k+ 1))’ kZ ((k+1)1)°

i Z(Uj)z ((k +11>!)2> i (1 ) ﬁ>

zn:k(k2+3k+3)_z(k+1)3—1
= (k+ 1)!)3 = ((k+ 1)!)3

=Z( 11 )Z I
S \ED? (+ 1)’ ((n+1)1)’

We have lim,,_,, a,, = lim,,_,, b, = lim,_,,c, =1

~ 2 =1lima,b,c, =1

n—>oo




