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101. 

 

:૚ࡱ ࢞
૛

૛ࢇ
+ ૛࢟

૛࢈
= ૚;ࡱ૛: ࢞

૛

૛࢈
+ ૛࢟

૛ࢇ
= ૚,ࢇ > ܾ. Find yellow area and red area. 

Proposed by Daniel Sitaru – Romania  

Solution by Igor Soposki-Skopje 

૛࢞

૛ࢇ
+ ૛࢟

૛࢈
= ૚ ∧ ૛࢞

૛࢈
+ ૛࢟

૛ࢇ
= ૚ ⇒

૚࢞ = ࢈ࢇ
ඥࢇ૛ା࢈૛

૚࢟ = ࢈ࢇ
ඥࢇ૛ା࢈૛

(૚࢟,૚࢞)ࡼ ;  = ൬ ࢈ࢇ
ඥࢇ૛ା࢈૛

; ࢈ࢇ
ඥࢇ૛ା࢈૛

൰ ࢻ, = ࣊
૝
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ࢊࢋ࢘ࡼ = ૡ ⋅ ቎
࣊૛ࢇ
ૡ − න ࢞ࢊ	࢞ − න −ඨ૚࢈

૛࢞

࢞ࢊ૛ࢇ

૚࢞

૙

૚࢞

૙

቏ 

૚ࡵ = න ࢞ࢊ	࢞ =
૚૛࢞

૛
=

૛(࢈ࢇ)

૛(ࢇ૛ + (૛࢈

૚࢞

૙

 

૛ࡵ = ࢈ ⋅ නඨ૚ −
૛࢞

૛ࢇ

ࢇ

૚࢞

= ቄ ࢞ = ࢇ ܖܑܛ ࢚
࢞ࢊ = ࢇ ܛܗ܋ ቅ࢚ࢊ	࢚ = න࢈ࢇ ૛ܛܗ܋ ࢚ ࢚ࢊ = 

= ∫࢈ࢇ ૚ାܛܗ܋ ૛࢚
૛

࢚ࢊ = ࢈ࢇ ቂ࢚
૛

+ ܖܑܛ ૛࢚
૝
ቃ = ࢈ࢇ

૛
⋅ ቈܖܑܛ܋ܚ܉ ࢞

ࢇ
+ ࢞

ࢇ
⋅ ට૚ − ૛࢞

૛ࢇ
቉ ૚࢞|
ࢇ =  

=
࢈ࢇ
૛
⋅ ൤ܖܑܛ܋ܚ܉ ૚ − ܖܑܛ܋ܚ܉

࢈
૛ࢇ√ + ૛࢈

+ ૙ −
࢈ࢇ

૛ࢇ + ૛࢈
൨ = 

=
࢈ࢇ
૛ ⋅ ൤

࣊
૛ − ܖܑܛ܋ܚ܉

࢈
૛ࢇ√ + ૛࢈

−
࢈ࢇ

૛ࢇ + ૛൨࢈ ⇒ 

ࢊࢋ࢘ࡼ = −࣊૛ࢇ
૝(࢈ࢇ)૜

૛ࢇ + ૛࢈
− ૛(࢈ࢇ)࣊ + ૝࢈ࢇ ܖܑܛ܋ܚ܉

࢈
૛ࢇ√ + ૛࢈

+
૝(࢈ࢇ)૛

૛ࢇ + ૛࢈
= 

= ࣊૛ࢇ − ૛(࢈ࢇ)࣊ + ૝࢈ࢇ ⋅ ܖܑܛ܋ܚ܉
࢈

૛ࢇ√ + ૛࢈
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,૚࢞)ࡼ ૚࢞  ,(૚࢟ = ࢈ࢇ
ඥࢇ૛ା࢈૛

૚࢟ ,	 = ࢈ࢇ
ඥࢇ૛ା࢈૛

 

࢝࢕࢒࢒ࢋ࢟ࡼ = ૡ ⋅ ቎න ඨ૚࢈ −
૛࢞

૛ࢇ
࢞ࢊ −න ࢞ࢊ	࢞

૚࢞

૙

૚࢞

૙

቏ = 

= ૡ ⋅ ቎
࢈ࢇ
૛
቎ܖܑܛ܋ܚ܉

࢞
ࢇ

+
࢞
ࢇ
⋅ ඨ૚ −

૛࢞

૛ࢇ
቏ ૚૙࢞| −

૚૛࢞

૛
቏ = 

= ૝࢈ࢇ ⋅ ൜ܖܑܛ܋ܚ܉
࢈

૛ࢇ√ + ૛࢈
+

࢈ࢇ
૛ࢇ + ૛ൠ࢈ − ૝

૛(࢈ࢇ)

૛ࢇ + ૛࢈ = 

= ૝࢈ࢇ ⋅ ܖܑܛ܋ܚ܉
࢈

૛ࢇ√ + ૛࢈
+
૝(࢈ࢇ)૛

૛ࢇ + ૛࢈
−
૝(࢈ࢇ)૛

૛ࢇ + ૛࢈
 

࢝࢕࢒࢒ࢋ࢟ࡼ = ૝ܖܑܛ܋ܚ܉࢈ࢇ
࢈

૛ࢇ√ + ૛࢈
 

 

102. Solve in natural numbers the following equation: 

૚૛ ⋅ ૛! + ૛૛ ⋅ ૜! +⋯+ ࢔)૛࢔ + ૚)! − ૛
࢔) + ૚)!

= ૚૙ૡ 

Proposed by Daniel Sitaru – Romania 

Solution 1 by Bedri Hajrizi-Mitrovica-Kosovo, Solution 2 by Ravi Prakash-New 

Delhi-India, Solution 3 by Rovsen Pirguliyev-Sumgait-Azerbaidian, Solution 4 

by Shivam Sharma-New Delhi-India, Solution 5 by Sujeetran Balendran-Sri 

Lanka, Solution 6 by Kunihiko Chikaya-Tokyo-Japan 

Solution 1 by Bedri Hajrizi-Nis-Serbia 

Let (࢑)ࡿ = ૚૚ ⋅ ૛! + ૛૛ ⋅ ૜! + ⋯+ ࢑)૛࢑ + ૚)!	; (૚)ࡿ	 = ૚૛ ⋅ ૛ = ૛ 
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(૛)ࡿ = ૚૛ ⋅ ૛! + ૛૛ ⋅ ૜! = ૛ + ૝! 

(૜)ࡿ = ૛ + ૝! + ૜૛ ⋅ ૝! = ૛+ ૚૙ ⋅ ૝! = ૛+ ૛ ⋅ ૞! 

(૝)ࡿ = ૛ + ૛ ⋅ ૞! + ૝૛ ⋅ ૞! = ૛ + ૚ૡ ⋅ ૞! = ૛ + ૜ ⋅ ૟! 

Suppose that (࢔)ࡿ = ૛ + ࢔) − ૚)(࢔ + ૛)! 

We must proof that ࢔)ࡿ + ૚) = ૛ + ࢔)࢔ + ૜)! 

Readly: ࢔)ࡿ + ૚) = (࢔)ࡿ + ࢔) + ૚)૛(࢔ + ૛)! = 

= ૛ + ࢔) − ૚)(࢔ + ૛)! + ࢔) + ૚)(࢔ + ૛)! = 

= ૛+ ૛࢔) + ૛࢔ + ૚ + ࢔ − ૚)(࢔ + ૛)! = 

= ૛ + ૛࢔) + ૜࢔)(࢔ + ૛)! = ૛ + ࢔)࢔ + ૜)!     Q.E.D. 

So: ૚૛ ⋅ ૛! + ૛૛ ⋅ ૜! + ⋯+ ࢔) − ૚)૛࢔! = ૛ + ࢔) − ૚)(࢔ + ૛)! 

૚૛ ⋅ ૛! + ૛૛ ⋅ ૜! +⋯+ ࢔)૛࢔ + ૚)! − ૛
࢔) + ૚)!

= ૚૙ૡ 

૛ + ࢔) − ૚)(࢔ + ૛)! − ૛
࢔) + ૚)!

= ૚૙ૡ; ࢔)	 − ૚)(࢔ + ૛) = ૢ ⋅ ૚૛; ࢔	 = ૚૙ 

Solution 2 by Ravi Prakash-New Delhi-India 

For ࢘ ≥ ૚, write ࢘૛ ≡ ࢘) + ૜)(࢘ + ૛) + ࡾ)࡭ + ૛) +  ࡮

Put ࢘ = −૛,૝ = ࢘ Put ;࡮ = −૜,ૢ = ࡭− + ࡮ ⇒ ࡭ = −૞ 

∴ ૛࢘ ≡ ࢘) + ૜)(࢘ + ૛) − ૞(࢘ + ૛) + ૝ 

⇒ ࢘)૛࢘ + ૚)! = ࢘) + ૜)!− ૞(࢘ + ૛)! + ૝(࢘ + ૚)! 

= ൫(࢘ + ૜)!− ࢘) + ૛)!൯ − ૝൫(࢘ + ૛)! − ࢘) + ૚)!൯ 

⇒෍࢘૛(࢘ + ૚)!
࢔

ୀ૚࢘

= ൫(࢔ + ૜)!− ૜!൯ − ૝൫(࢔ + ૛)!− ૛!൯ 

= ࢔) + ૜)! − ૝(࢔ + ૛)! + ૛ 
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∴ ෍࢑૛(࢑ + ૚)!− ૛
࢔

ୀ૚࢑

= ࢔) + ૛)! ࢔) + ૜ − ૝) = ࢔) + ૛)! ࢔) − ૚) 

∴
∑ ࢔(૛࢑)
ୀ૚࢑ ࢑) + ૚)! − ૛

࢔) + ૚)!
= ૚૙ૡ 

⇒ ࢔) + ૛)(࢔ − ૚) = ૚૙ૡ ⇒ ૛࢔ + ࢔ − ૚૚૙ = ૙ 

⇒ ࢔) + ૚૚)(࢔ − ૚૙) = ૙. As ࢔ ∈ ℕ,࢔ = ૚૙ 

Solution 3 by Rovsen Pirguliyev-Sumgait-Azerbaidian 

∑ ݇ଶ(݇ + 1)!௡
௞ୀଵ − 2

(݊ + 1)!	
= ૚૙ૡ,෍࢑૛(࢑ + ૚)!

࢔

ୀ૚࢑

= ࢔) − ૚)(࢔ + ૛)! + ૛, 

then (ି࢔૚)(࢔ା૛)!ା૛ି૛
!(ା૚࢔)

= !(ା૛࢔)(૚ି࢔)
!(ା૚࢔)

= ࢔) − ૚)(࢔ + ૛), 

࢔) − ૚)(࢔ + ૛) = ૚૙ૡ ⇒ ࢔ = ૚૙ 

Solution 4 by Shivam Sharma-New Delhi-India 

ൣ∑ (௝మ)(௝ାଵ)!೙
ೕసభ ൧ିଶ

(௡ାଵ)!
= ૚૙ૡ. Applying partial sum, we get, 

࢔)ࢣ + ૜)(࢔ − ૚) + ૛ − ૛
࢔) + ૚)!

= ૚૙ૡ; 	
࢔) + ૛)! ࢔) − ૚) + ૛ − ૛

࢔) + ૚)!
= ૚૙ૡ 

࢔) + ૛)(࢔ + ૚)! ࢔) − ૚) + ૛ − ૛
࢔) + ૚)!

= ૚૙ૡ; ࢔)	 + ૛)(࢔ − ૚) = ૚૙ૡ 

૛࢔ + ૛࢔ − ૛ = ૚૙ૡ;࢔૛ + ૛࢔ − ૚૚૙ = ૙; ࢔	 =
−૛ + √૝ + ૝૝૙

૛
 

We get, ࢔ = ૚૙    [Valid]; ࢔ = −૚૙   [Invalid]. Hence, ࢔ = ૚૙ 

Solution 5 by Sujeetran Balendran-Sri Lanka 

∑ ࢘) + !(࢞ ࢘) + ࢔(࢞
ୀ૚࢑   [Theory]; (࢔)ࢌ = ࢘) + ࢞ + ૚)!	; (࢘)ࢌ	 = ࢘) +  !(࢞

࢘)ࢌ + ૚)− (࢘)ࢌ = ࢘) + ࢞ + ૚)! − ࢘) +  !(࢞

= ࢘) + !(࢞ ࢘] + ࢞ + ૚ − ૚] = ࢘) + !(࢞ ࢘) +  (࢞
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෍(࢘ + !(࢞
࢔

ୀ૚࢑

࢘) + (࢞ = ࢘)ࢌ + ૚) − (૚)ࢌ = ࢘) + ࢞ + ૚)! − ࢞) + ૚)! 

My solution ૚૙ૡ = ∑ ࢔૛ି!(ା૚࢘)૛࢘
స૚࢑

!(ା૚࢔)
 

࢘ࢂ = ࢘)૛࢘ + ૚)! = ૛࢘) + ૝࢘ + ૝)(࢘ + ૚)!− ૝(࢘ + ૚)(࢘ + ૚)! 

࢘ࢂ = ࢘) + ૛)(࢘ + ૛)!− ૝(࢘ + ૚)(࢘ + ૚)! 

෍࢘ࢂ

࢔

ୀ૚࢑

= ෍(࢘ + ૛)(࢘ + ૛)!
࢔

ୀ૚࢑

− ૝෍(࢘ + ૚)(࢘ + ૚)!
࢔

ୀ૚࢑

 

= ࢔) + ૜)!− ૟ − ૝(࢔ + ૛)! + ૡ = ࢔) + ૜)! − ૝(࢔ + ૛) + ૛ 

૚૙ૡ =
∑ ࢘ࢂ − ૛࢔
ୀ૚࢑
࢔) + ૚)!

=
࢔) + ૜)!− ૝(࢔ + ૛)!

࢔) + ૚)!
= ૚૙ૡ 

૛࢔ + ૞࢔ + ૟ − ૝࢔ − ૡ − ૚૙ૡ = ૙; ૛࢔	 + ࢔ − ૚૚૙ = ૙ 

࢔) + ૚૚)(࢔ − ૚૙) = ૙; ࢔	 = ૚૙,࢔ = −૚૚ 

Solution 6 by Kunihiko Chikaya-Tokyo-Japan 

Solve in ࢔ ∈ ℕ; (*) ૚
૛⋅૛!ା૛૛⋅૜!ା⋯ା࢔૛(࢔ା૚)!ି૛

!(ା૚࢔)
= ૚૙ૡ. Ans. ࢔ = ૚૙ 

࢑)૛࢑ + ૚)! = ࢑)} + ૛)૛ − ૝(࢑ + ૚)}(࢑ + ૚)!	 

Telescopic sum 

= ࢑) + ૛)(࢑ + ૛)! − ૝(࢑ + ૛ − ૚)(࢑ + ૚)! 

= ࢑) + ૜ − ૚)(࢑ + ૛)! − ૝(࢑ + ૛ − ૚)(࢑ + ૚)! 

= ࢑) + ૜)! − ࢑) + ૛)! − ૝{(࢑ + ૛)!− ࢑) + ૚)!} 

∴ ෍࢑૛(࢑ + ૚)!
࢔

ୀ૚࢑

= ࢔) + ૜)!− ૜!− ૝{(࢔ + ૛)! − ૛!} 

= ࢔) + ૜)! − ૝(࢔ + ૛)! + ૛ = ࢔) + ૛)! ࢔) + ૜ − ૝) + ૛ = 

= ࢔) − ૚)(࢔ + ૛)(࢔ + ૚)! + ૛ 
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∴ (*) ⇔ ࢔) + ૛)(࢔ − ૚) = ૚૙ૡ increase monotonous 

࢔ = ૚૚… = ૚૜૙࢔  ;࢞ = ૚૙… = ૚૙ૡ 

 

103. Find ࢔ ∈ ℕ,࢔ > 1: 

૛! (૛૜ − ૚) + ૜! (૜૜ − ૚) + ⋯+ !࢔ ૜࢔) − ૚) − ૛
૛࢔ − ૛ = ૝૙૜૛૙ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Carlos Suarez-Quito-Ecuador, Solution 2 by Kunihiko Chikaya-

Tokyo-Japan 

Solution 1 by Carlos Suarez-Quito-Ecuador 

෍(࢑૜ − ૚)࢑!
࢔

ୀ૚࢑

= ૛࢔) − ૛)(࢔ + ૚)! + ૛; 	
૛࢔) − ૛)(࢔ + ૚)! + ૛ − ૛

૛࢔) − ૛) = ૝૙૜૛૙ 

૛࢔) − ૛)(࢔ + ૚)!
૛࢔) − ૛) = ૝૙૜૛૙; ࢔)	 + ૚)! = ૝૙૜૛૙; ࢔	 = ૠ 

Solution 2 by Kunihiko Chikaya-Tokyo-Japan 

Find ࢔ ≥ ૛ such that (*) ૛!൫૛૜ି૚൯ା૜!൫૜૜ି૚൯ା⋯ା࢔!൫࢔૜ି૚൯ି૛
૛ି૛࢔

= ૝૙૜૛૙ 

෍(࢑૜ − ૚)࢑!
࢔

ୀ૚࢑

= ෍{(࢑)ࢌ− ࢑)ࢌ − ૚)}
࢔

ୀ૚࢑

= (࢔)ࢌ −  (૙)ࢌ

= ૛࢔) − ૛)(࢔ + ૚)! + ૛ 

(࢑)ࢌ = ૜࢑) + ૛࢑ − ૛࢑ − ૛)࢑! = ૛࢑) − ૛)(࢑ + ૚)!  

∴ (*) ⇔ ࢔) + ૚)! = ૡ!	 

 ∴ ࢔ = ૠ 
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104. Find ࢞, ,࢟ ࢠ ∈ ℕ∗ such that: 

ඨ …࢞࢞࢞࢞ ᇣᇧᇧᇤᇧᇧᇥ࢞࢞
	࢙ࢋ࢓ଙ࢚	"૛૙૙૙"	࢘࢕ࢌ
തതതതതതതതതതതതതതതതതത – …࢟࢟࢟࢟ ᇣᇧᇧᇤᇧᇧᇥ࢟

	࢙ࢋ࢓ଙ࢚	"૚૙૙૙"	࢘࢕ࢌ

തതതതതതതതതതതതതതതതതത= …ࢠࢠࢠࢠ ᇣᇧᇧᇤᇧᇧᇥࢠࢠ
	࢙ࢋ࢓ଙ࢚	"૚૙૙૙"	࢘࢕ࢌ
തതതതതതതതതതതതതതതതതത 

Proposed by Daniel Sitaru – Romania 

Solution 1 by Hasan Bostanlik-Sarkisla-Turkey, Solution 2 by Boris Colakovic-

Belgrade-Serbia, Solution 3 by Khanh Hung Vu-Ho Chi Minh-Vietnam 

Solution 1 by Hasan Bostanlik-Sarkisla-Turkey 

࢞ ⋅
૚૙૛૙૙૙ − ૚

ૢ
− ࢟ ⋅

૚૙૚૙૙૙ − ૚
ૢ

=
૛ࢠ ⋅ (૚૙૚૙૙૙ − ૚)૛

ૡ૚
 

૚૙૚૙૙૙ = ࢑ ⇒ ࢞ ⋅
૛࢑) − ૚)

ૢ − ࢟ ⋅
࢑) − ૚)

ૢ =
࢑)૛ࢠ − ૚)૛

ૡ૚  

࢑)࢞ + ૚) − ࢟ =
૛ࢠ ⋅ ࢑) − ૚)

ૢ
; ࢑)࢞ૢ	 + ૚) − ࢟ૢ = ૛ࢠ ⋅ ࢑ −  ૛ࢠ

૛ࢠ)࢑ − (࢞ૢ = ૛ࢠ + ࢞ૢ − ૛ࢠ}	࢟ૢ ≠ ࢞ૢ ⇒ ૛ࢠ)࢑ − (࢞ૢ > ૛ࢠ + ࢞ૢ −  {࢟ૢ

૛ࢠ = ࢞ૢ ⇒ ࢞ = ૚, ࢠ = ૜, ࢟ = ૛; ࢞	 = ૝, ࢠ = ࢟,࢈ = ૡ 

Solution 2 by Boris Colakovic-Belgrade-Serbia 

ඨ ᇣᇧᇧᇤᇧᇧᇥ࢞࢞…࢞࢞࢞࢞
	࢙ࢋ࢓ଙ࢚	"૛૙૙૙"	࢘࢕ࢌ
തതതതതതതതതതതതതതതതതത – ᇣᇧᇧᇤᇧᇧᇥ࢟…࢟࢟࢟࢟

	࢙ࢋ࢓ଙ࢚	"૚૙૙૙"	࢘࢕ࢌ

തതതതതതതതതതതതതതതതതത = ට࢞ (૚૚૚… ૚૚)ᇣᇧᇧᇤᇧᇧᇥ
૛૙૙૙

− ࢟ (૚૚૚…૚૚)ᇣᇧᇧᇤᇧᇧᇥ
૚૙૙૙

= ࢠ (૚૚૚…૚૚)ᇣᇧᇧᇤᇧᇧᇥ
૚૙૙૙

⇔ 

⇔ ඨ૚૙
૛૙૙૙ − ૚
ૢ ⋅ ࢞ −

૚૙૚૙૙૙ − ૚
ૢ ࢟ =

૚૙૚૙૙૙ − ૚
ૢ ⋅ ࢠ ⇔ 

⇔
૚
૜
ඥ࢞ ⋅ ૚૙૛૙૙૙ − ࢟ ⋅ ૚૙૚૙૙૙ + ࢟ − ࢞ =

૚૙૚૙૙૙ − ૚
ૢ ࢠ ⇔ 

⇔
૚
૜
ඨ൬√࢞૚૙૚૙૙૙ −

࢟
૛√࢞

൰
૛
−

(૛࢞ − ૛(࢟

૝࢞ =
૚૙૚૙૙૙ − ૚

ૢ ⋅ ࢠ ⇒ 

⇒ ࢟ = ૛࢑૛, ࢞ = ૛࢑ ⇒
૚
૜
ඥ(࢑ ⋅ ૚૙૚૙૙૙ − ૛(࢑ =

૚૙૚૙૙૙ − ૚
ૢ ⋅ ࢠ ⇔ 
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⇔
࢑
૜ ⋅

૚૙૚૙૙૙ − ૚
ૢ =

૚૙૚૙૙૙ − ૚
ૢ ⋅ ࢠ ⇒ ࢠ = ૜࢑ 

Solutions are (࢟,࢞, (ࢠ = ࢑		(࢑૛,૜࢑૛,૛࢑) ∈  ࡺ

Solution 3 by Khanh Hung Vu-Ho Chi Minh-Vietnam 

ඨ …࢞࢞࢞࢞ ᇣᇧᇧᇤᇧᇧᇥ࢞࢞
	࢙ࢋ࢓ଙ࢚	"૛૙૙૙"	࢘࢕ࢌ
തതതതതതതതതതതതതതതതതത – ᇣᇧᇧᇤᇧᇧᇥ࢟…࢟࢟࢟࢟

	࢙ࢋ࢓ଙ࢚	"૚૙૙૙"	࢘࢕ࢌ

തതതതതതതതതതതതതതതതതത= ᇣᇧᇧᇤᇧᇧᇥࢠࢠ…ࢠࢠࢠࢠ
	࢙ࢋ࢓ଙ࢚	"૚૙૙૙"	࢘࢕ࢌ
തതതതതതതതതതതതതതതതതത   (1) 

We have ࢞࢞…࢞࢞࢞࢞ᇣᇧᇧᇤᇧᇧᇥ
	࢙ࢋ࢓ଙ࢚	"૛૙૙૙"	࢘࢕ࢌ
തതതതതതതതതതതതതതതതതത = ૚૙૚ૢૢૢ)࢞ + ૚૙૚ૢૢૡ + ⋯+ ૚૙ + ૚) = ࢞ ⋅ ૚૙

૛૙૙૙ି૚
૚૙ି૚

 

Similalry, we have ࢟…࢟࢟࢟࢟ᇣᇧᇧᇤᇧᇧᇥ
	࢙ࢋ࢓ଙ࢚	"૚૙૙૙"	࢘࢕ࢌ

തതതതതതതതതതതതതതതതതത = ࢟ ⋅ ૚૙
૚૙૙૙ି૚
૚૙ି૚

 and   

…ࢠࢠࢠࢠ ᇣᇧᇧᇤᇧᇧᇥࢠࢠ
	࢙ࢋ࢓ଙ࢚	"૚૙૙૙"	࢘࢕ࢌ
തതതതതതതതതതതതതതതതതത = ࢠ ⋅

૚૙૚૙૙૙ − ૚
૚૙ − ૚  

We have (1) ⇒ ට࢞ ⋅ ૚૙
૛૙૙૙ି૚
૚૙ି૚

− ࢟ ⋅ ૚૙
૚૙૙૙ି૚
૚૙ି૚

= ࢠ ⋅ ૚૙
૚૙૙૙ି૚
૚૙ି૚

 

⇒ ࢞ ⋅
૚૙૛૙૙૙ − ૚
૚૙ − ૚

− ࢟ ⋅
૚૙૚૙૙૙ − ૚
૚૙ − ૚

= ቆࢠ ⋅
૚૙૚૙૙૙ − ૚
૚૙ − ૚

ቇ
૛

⇒ 

⇒
૚૙૛૙૙૙)࢞ − ૚) − ૚૙૚૙૙૙)࢟ − ૚)

ૢ =
૛(૚૙૚૙૙૙ࢠ − ૚)૛

ૡ૚  

⇒ ૚૙૛૙૙૙)࢞]ૢ − ૚) − ૚૙૚૙૙૙)࢟ − ૚)] = ૛(૚૙૚૙૙૙ࢠ − ૚)૛ ⇒ 
⇒ ૚૙૚૙૙૙)࢞]ૢ + ૚) − [࢟ = ૛(૚૙૚૙૙૙ࢠ − ૚) ⇒ −࢞ૢ) (૛ࢠ ⋅ ૚૙૚૙૙૙ = ૛ࢠ− − ࢞ૢ +  (2)   ࢟ૢ

We have −ૡ૚ ≤ ૛ࢠ− ≤ −૚,−ૡ૚ ≤ ࢞ૢ− ≤ −ૢ and ૢ ≤ ࢟ૢ ≤ ૡ૚ 

⇒ −૚૞૜ ≤ ૛ࢠ− − ࢞ૢ + ࢟ૢ ≤ ૠ૜ ⇒ −૚૞૜ ≤ ૛ࢠ− − ࢞ૢ + ࢟ૢ ≤ ૠ૜ ⇒ 

⇒ −૚૞૜ ≤ ࢞ૢ) − (૛ࢠ ⋅ ૚૙૚૙૙૙ ≤ ૠ૜ ⇒ ࢞ૢ =  ૛ࢠ

On the other hand, we have ૚ ≤ ࢞ ≤ ૢ and  

૚ ≤ ࢠ ≤ ૢ ⇒ ,࢞) (ࢠ = (૚;૜); (૝;૟); (ૢ; ૢ) 
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* If (࢞; (ࢠ = (૚;૜), we have (2) ⇒ −ૢ− ૢ + ࢟ૢ = ૙ ⇒ ࢟ = ૛ 

* If (࢞; (ࢠ = (૝;૟), we have (2) ⇒ −૜૟ − ૜૟ + ࢟ૢ = ૙ ⇒ ࢟ = ૡ 

* If (࢞; (ࢠ = (ૢ;ૢ), we have (2) ⇒ −ૡ૚ − ૡ૚ + ࢟ૢ = ૙ ⇒ ࢟ = ૚ૡ (Absurd) 

So, the equation (1) has 2 roots: (࢟;࢞; (ࢠ = (૚;૛;૛); (૝;ૡ;૟) 

 

105. Find ࢔ ∈ ℕ,࢔ ≥ ૜ such that: 

෍ቀ࢑࢔ቁ
࢔

ୀ૜࢑

ቀ࢑ − ૚
૛ ቁ = ૛૚(૛ି࢔૛ − ૚) 

Proposed by Daniel Sitaru – Romania  

Solution by Ravi Prakash-New Delhi-India 

ቀ࢑ − ૚
૛ ቁ =

૚
૛

࢑) − ૚)(࢑ − ૛) =
૚
૛

࢑)࢑] − ૚) − ૛࢑ + ૛] =
૚
૛
࢑)࢑ − ૚) − ࢑ + ૚ 

∴ ෍ቀ࢑࢔ቁ
࢔

ୀ૜࢑

ቀ࢑ − ૚
૛ ቁ = ෍ቀ࢑࢔ቁ

࢔

ୀ૜࢑

൤
૚
૛
࢑)࢑ − ૚) − ࢑ + ૚൨ 

=
૚
૛
෍࢑)࢑ − ૚)
࢔

ୀ૜࢑

ቀ࢑࢔ቁ −෍࢑ቀ࢑࢔ቁ
࢔

ୀ૜࢑

+ ෍ቀ࢑࢔ቁ
࢔

ୀ૜࢑

 

=
૚
૛
࢔)࢔ − ૚)෍ቀ࢔− ૛

࢑ − ૛ቁ
࢔

ୀ૜࢑

− ࢔෍ቀ࢔ − ૚
࢑ − ૚ቁ

࢔

ୀ૜࢑

+ ෍ቀ࢑࢔ቁ
࢔

ୀ૜࢑

 

=
૚
૛࢔

࢔) − ૚)[૛ି࢔૛ − ૚] − ૚ି࢔ቀ૛࢔ − ૚(࢔ − ૚)ቁ + ൤૛࢔ − ૚− ࢔ −
૚
૛࢔

࢔) − ૚)൨ 

= −࢔)࢔ ૚)૛ି࢔૜ −
૚
૛
࢔)࢔ − ૚) − ష૚൯࢔൫૛࢔ + ࢔ + ࢔)࢔ − ૚) + ૛࢔ − ૚ − −࢔

૚
૛
࢔)࢔ − ૚) 

= ࢔)࢔ − ૚)૛ି࢔૜ − ࢔) − ૛)૛ି࢔૚ − ૚ 

∴ ࢔)࢔ − ૚)૛ି࢔૜ − ࢔) − ૛)૛ି࢔૚ − ૚ = ૛૚(૛ି࢔૚ − ૚) 

⇒ ࢔)࢔ − ૚)૛ି࢔૜ − ࢔) − ૛)૛ି࢔૚ − ૛૚(૛ି࢔૛) + ૛૙ = ૙ 
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⇒ ࢔)࢔ − ૚) − ૝(࢔ − ૛)− ૝૛ + ૛૙(૛૜ି࢔) = ૙; 

⇒ ૛࢔ − ૞࢔ − ૜૝ + ૞(૛ૠି࢔) = ૙ ⇒ ૞(૛ૠି࢔) = ૜૝ + ૞࢔ −  ૛࢔

As RHS is an integer, and ࢔ ≥ ૜, ૜ ≤ ࢔ ≤ ૠ.  

But ࢔ = ૜, ૝,૞,૟, ૠ do not satisfy it . So, no solution. 

 

106. Solve the question in ࡾ: 

૜࢞√ − ૛࢞૛ + ૛࢞ + ૜ ⋅ ૛࢞√ − ࢞ + ૚૜ + ૛ ⋅ √૝࢞ − ૜࢞૝૝ = ૜࢞૝ି૜࢞

૛
+ ૠ   (1) 

Proposed by Hoang Le Nhat Tung – Hanoi – Vietnam  

Solution 1 by proposer 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

Solution 1 by proposer 

* We have: ൜࢞
૜ − ૛࢞૛ + ૛࢞ ≥ ૙
૝࢞ − ૜࢞૝ ≥ ૙

⇔ ൜࢞
૛࢞) − ૛࢞ + ૛) ≥ ૙
૜࢞૜)࢞ − ૝) ≤ ૙

⇔ 

⇔

⎩
⎨

࢞))࢞⎧ − ૚)૛ + ૚) ≥ ૙

૙ ≤ ࢞ ≤ ඨ૝
૜

૜ ⇔ ૙ ≤ ࢞ ≤ ඨ૝
૜

૜

 

* Because: ࢞૛ − ࢞ + ૚ = ቀ࢞૛ − ࢞ + ૚
૝
ቁ+ ૜

૝
= ቀ࢞ − ૚

૛
ቁ
૛

+ ૜
૝
≥ ૜

૝
> 0 

- Therefore, since inequality AM – GM for ૛,૜,૝ real numbers: 

ඥ࢞૜ − ૛࢞૛ + ૛࢞ + ૜ ⋅ ඥ࢞૛ − ࢞ + ૚૜ + ૛ ⋅ ඥ૝࢞− ૜࢞૝૝  

= ඥ࢞)࢞૛ − ૛࢞ + ૛) + ૜ ⋅ ඥ(࢞૛ − ࢞ + ૚) ⋅ ૚ ⋅ ૚૜ + ૛ ⋅ ඥ࢞(૝ − ૜࢞૜) ⋅ ૚ ⋅ ૚૝ ≤ 

≤
࢞ + ૛࢞ − ૛࢞ + ૛

૛ + ૛࢞) − ࢞ + ૚) + ૚ + ૚ +
૛(࢞ + (૝ − ૜࢞૜) + ૚ + ૚)

૝  

⇒ ඥ࢞૜ − ૛࢞૛ + ૛࢞ + ૜ ⋅ ඥ࢞૛ − ࢞ + ૚૜ + ૛ ⋅ ඥ૝࢞ − ૜࢞૝૝ ≤ 
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≤
૛࢞ − ࢞ + ૛

૛
+ ૛࢞ − ࢞ + ૜ +

−૜࢞૜ + ࢞ + ૟
૛

 

⇔ ૜࢞√ − ૛࢞૛ + ૛࢞ + ૜ ⋅ ૛࢞√ − ࢞ + ૚૜ + ૛ ⋅ √૝࢞ − ૜࢞૝૝ ≤ ି૜࢞૜ା૜࢞૛ି૛࢞ା૚૝
૛

  (2) 

- Since (1), (2):  

⇒ ૜࢞૝ି૜࢞

૛
+ ૠ ≤ ି૜࢞૜ା૜࢞૛ି૛࢞ା૚૝

૛
⇔ ૜ା૚૝࢞૝ି૜࢞

૛
≤ ି૜࢞૜ା૜࢞૛ି૛࢞ା૚૝

૛
  

⇔ ૝࢞ − ૜࢞૜ + ૚૝ ≤ −૜࢞૜ + ૜࢞૛ − ૛࢞ + ૚૝ ⇔ ૝࢞ − ૜࢞૛ + ૛࢞ ≤ ૙ 

⇔ ૜࢞)࢞ − ૜࢞ + ૛) ≤ ૙ 

⇔ ࢞)૛࢞ቀ࢞ − ૚) + ࢞)࢞ − ૚)− ૛(࢞ − ૚)ቁ ≤ ૙ ⇔ ࢞)࢞ − ૚)(࢞૛ + ࢞ − ૛) ≤ ૙ ⇔ 

⇔ ࢞)࢞ + ૛)(࢞ − ૚)૛ ≤ ૙   (3) 

- Other, ࢞ ≥ ૙,࢞)࢞ + ૛) ≥ ૙. That (࢞ − ૚)૛ ≥ ૙;∀࢞ ∈  therefore ࡾ

࢞)࢞ + ૛)(࢞ − ૚)૛ ≥ ૙   (4) 

* Since (3), (4):⇒ ࢞)࢞ + ૛)(࢞ − ૚)૛ = ૙ ⇔ ൞

࢞ = ૛࢞ − ૛࢞ + ૛
૛࢞ − ࢞ + ૚ = ૚
࢞ = ૝ − ૜࢞૜ = ૚

࢞)࢞ + ૛)(࢞ − ૚)૛ = ૙

⇔ 

⇔

⎩
⎨

⎧
࢞) − ૚)(࢞ − ૛) = ૙

࢞)࢞ − ૚) = ૙
૜࢞૜ + ࢞ − ૝ = ૙; ࢞ = ૚
࢞)࢞ + ૛)(࢞ − ૚)૛ = ૙

⇔ ࢞ = ૚ 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

૜࢞√ − ૛࢞૛ + ૛࢞ + ૜ ⋅ ૛࢞√ − ࢞ + ૚૜ + ૛ ⋅ √૝࢞ − ૜࢞૝૝ = ૜࢞૝ି૜࢞

૛
+ ૠ   (*) 

:(࢞)ࡰ ൜࢞
૜ − ૛࢞૛ + ૛࢞ ≥ ૙
૝࢞ − ૜࢞૝ ≥ ૙

⇔ ૙ < ݔ ≤ ට૝
૜

૜
  (1) 

࢞:(࢞)ࡰ ∈ ቏૙; 	 ඨ
૝
૜

૜
቏ 
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I. ඥ࢞ ⋅ ૛࢞) − ૛࢞ + ૛) ≤ ା૛࢞૛ି࢞
૛

൦

ࡹ࡭ = ࡹࡳ
࢞ = ૛࢞ − ૛࢞ + ૛

૛࢞ = ૜࢞ + ૛ = ૙
(∗) ൠ ⇒ ࢞ = ૚

൪ 

II. ૜ඥ૚ ⋅ ૚ ⋅ ૛࢞) − ࢞ + ૚)૜ ≤ ૛࢞ − ࢞ + ૜ ൦

ࡹ࡭ = ࡹࡳ
૛࢞ − ࢞ + ૚ = ૚

૛࢞ − ࢞ = ૙
(∗) ൠ ⇒ ࢞ = ૚

൪ 

III. ૛√૝࢞ − ૜࢞૝૝ = ૛ ⋅ ඥ࢞ ⋅ (૝ − ૜࢞૜) ⋅ ૚ ⋅ ૚૝ ≤ 

≤
૟ + ࢞ − ૜࢞૜

૛
቎

ࡹ࡭ = ࡹࡳ
࢞ = ૚

૝ − ૜࢞૜ = ૚
૝ − ૜࢞૜ = ࢞

ൡ ⇒⏞
(૚)

࢞ = ૚቏ 

IV. (*)⇒ ૜࢞૝ି૜࢞

૛
+ ૠ ≤⏟

⇓

૙ஹ(ି࢞૚)૛⋅(࢞ା૛)⇒
(૚)

ା૛࢞૛ି࢞
૛

+ ૛࢞) − ࢞ + ૜) + ૟ାି࢞૜࢞૜

૛
 

࢞) − ૚)૛ ⋅ ࢞) + ૛) = ૙ ⇒ ࢞ = ૚ 

I; II; III; IV ⇒ ࢞ = ૚.  Done 

 

107. Solve for real numbers: 

[࢞]ܖܑܛ܋ܚ܉ ⋅ [࢞]ܛܗ܋܋ܚ܉ = ࢞࣊
૛
−  ?૛࢞

Proposed by Rovsen Pirguliev-Sumgait-Azerbaidian 

Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia, Solution 2 by 

Ravi Prakash-New Delhi-India, Solution 3 by Soumava Chakraborty-Kolkata-

India 

Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

࢟ܛܗ܋ = [࢞]
ܖܑܛ ࢟ = ൠ[࢞] ⇒ −૚ ≤ [࢞] ≤ +૚; [࢞]	 ∈ {−૚;૙;૚} 
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1) If [࢞] = −૚ ⇒ is [࢞]ܖܑܛ܋ܚ܉ ⋅ [࢞]ܛܗ܋܋ܚ܉ = (૚−)ܖܑܛ܋ܚ܉ ⋅ (૚−)ܛܗ܋܋ܚ܉ = 

=
૜࣊
૛ ⋅ ࣊ =

૜࣊૛

૛ =  ࡿࡴࡸ

૜࣊૛

૛
=
࣊
૛
⋅ ࢞ − ૛࢞ ⇔ ૛࢞ −

࣊
૛
⋅ ࢞ +

૜࣊૛

૛
= ૙ ⇒ ࡰ < 0, ݔ ∈ ∅ 

2) If [࢞] = ૙ is [࢞]ܖܑܛ܋ܚ܉ ⋅ [࢞]ܛܗ܋܋ܚ܉ = ૙ܖܑܛ܋ܚ܉ ⋅ ܛܗ܋܋ܚ܉ ૙ = 

= ૙ ⋅
࣊
૛ = ૙ =  ࡿࡴࡸ

૙ =
࣊
૛
⋅ ࢞ − ૛࢞ ⇒

૚࢞ = ૙

૛࢞ =
࣊
૛
⇒ [࢞] ≠ ૙ ⇒ൡ ⇒ ࢞ = ૙ 

3) If [࢞] = +૚ is ܖܑܛ܋ܚ܉૚ ⋅ ૚ܛܗ܋܋ܚ܉ = ࣊
૛
⋅ ૙ = ૙ 

૙ = ࢞ ⋅ ቀ
࣊
૛
− ቁ࢞ ⇒

࢞ = ૙ ⇒ [࢞] ≠ ૚

࢞ =
࣊
૛
⋅ ቂ
࣊
૛
ቃ = ૚ ൡ ࢞ =

࣊
૛

; ࢞	 = ૙; ࢞ =
࣊
૛

 

Solution 2 by Ravi Prakash-New Delhi-India 

If [࢞] = greatest integer then, [࢞] = −૚,૙,૚ 

[࢞] .1 = −૚,−૚ ≤ ࢞ < 0, the equation becomes, 

ቀ−
࣊
૛ቁ࣊ =

࣊
૛ ࢞ − ૛࢞ ⇒ ૛࢞ −

࣊
૛ ࢞ −

૛࣊

૛ = ૙ 

⇒ ࢞ =
࣊
૛±ට࣊

૛

૝ ା૛࣊
૛

૛
= ࣊૜±࣊

૝
= −,࣊ ࣊

૛
. Not possible 

2. For [࢞] = ૙,૙ ≤ ࢞ < 1.  The equation becomes 

૙ = ࣊
૛
࢞ − ૛࢞ ⇒ ࢞ = ૙ or ࢞ = ࣊

૛
 

3. For [࢞] = ૚,૚ ≤ ࢞ < 2, The equation becomes  

૙ = ࣊
૛
࢞ − ૛࢞ ⇒ ࢞ = ૙ or ࢞ = ࣊

૛
 ∴ in this case solution is ቄ૙, ࣊

૛
ቅ 
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Solution 3 by Soumava Chakraborty-Kolkata-India 

[࢞]૚ିܖܑܛ ⋅ [࢞]૚ିܛܗ܋ = ࢞࣊
૛
− ૛࢞ → Solve −૚ ≤ [࢞] ≤ ૚ ⇒ [࢞] = −૚,૙, ૚ 

Case 1)  [࢞] = −૚ ⇒ −≤ ࢞ < 0 

∴ given equlity becomes: ିܖܑܛ૚(−૚) ⋅ ૚(−૚)ିܛܗ܋ = ࢞࣊
૛
−  ૛࢞

⇒ ቀ−
࣊
૛
ቁ (࣊) =

࢞࣊
૛
− ૛࢞ ⇒ ૛࣊− = ࢞࣊ − ૛࢞૛ ⇒ ૛࢞૛ − ࢞࣊ − ૛࣊ = ૙ 

⇒ ࢞ =
࣊ ± ඥ࣊૛ − ૝(૛)(−࣊૛)

૝
=
࣊ ± ૜࣊

૝
= −

࣊
૛

 ࣊,

But −૚ ≤ ࢞ < 0 ⇒ no sol in this case 

Case 2) [࢞] = ૙ ⇒ ૙ ≤ ࢞ < 1 

∴ given equality becomes: ିܖܑܛ૚(૙) ⋅ ૚(૙)ିܛܗ܋ = ࢞࣊
૛
−  ૛࢞

⇒ ࣊ቀ࢞
૛
− ቁ࢞ = ૙ ⇒ ࢞ = ૙ (∵ ࢞ ≠ ࣊

૛
 as ૙ ≤ ࢞ < 1) 

Case 3)  [࢞] = ૚ ⇒ ૚ ≤ ࢞ < 2 

∴ given equality becomes: ିܖܑܛ૚(૚) ૚(૚)ିܛܗ܋ = ࢞࣊
૛
−  ૛࢞

⇒ ࣊ቀ࢞
૛
− ቁ࢞ = ૙ ⇒ ࢞ = ࣊

૛
 as ૚ ≤ ࢞ < 2 ∴ solutions are: ࢞ = ૙, ࣊

૛
 

 

108. Find ࢞, ,࢟ ࢠ ∈ ℝ∗ such that: 

૛࢞

૚ + ૛࢞
+

૛࢟

(૚ + ૛)(૚࢞ + (૛࢟ +
૛ࢠ

(૚ + ૛)(૚࢞ + ૛)(૚࢟ + (૛ࢠ +
૚

ૡࢠ࢟࢞
= ૚ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietnam 

Solution 2 by Nguyen Thanh Nho-Tra Vinh-Vietnam 
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Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietnam 

૛(૚࢞ + (૛࢟ + ૛࢟

(૚ + ૛)(૚࢞ + (૛࢟ +
૛ࢠ

(૚ + ૛)(૚࢞ + ૛)(૚࢟ + (૛ࢠ +
૚

ૡࢠ࢟࢞ = ૚ 

⇔ ൫࢞૛࢟૛ା࢞૛ା࢟૛൯൫ࢠ૛ା૚൯ାࢠ૛

(૚ା࢞૛)(૚ା࢟૛)(૚ାࢠ૛) + ૚
ૡࢠ࢟࢞

= ૚ ⇔ ൫࢞૛ା૚൯൫࢟૛ା૚൯൫ࢠ૛ା૚൯
(૛ା૚ࢠ)(૛ା૚࢟)(૛ା૚࢞) = ૚ − ૚

ૡࢠ࢟࢞
  

⇔
૚

૛࢞) + ૚)(࢟૛ + ૚)(ࢠ૛ + ૚) =
૚

ૡࢠ࢟࢞ ⇔
૛࢞) + ૚)(࢟૛ + ૚)(ࢠ૛ + ૚) = ૡࢠ࢟࢞ 

By AM-GM (࢞૛ + ૚)(࢟૛ + ૚)(ࢠ૛ + ૚) ≥ ૛࢞ ⋅ ૛࢟ ⋅ ૛ࢠ = ૡࢠ࢟࢞ 

⇒ Equality occurs if ⇔ ࢞ = ࢟ = ࢠ = ૚ 

Solution 2 by Nguyen Thanh Nho-Tra Vinh-Vietnam 

ቀ૚ − ૚
૚ା࢞૛

ቁ + ൬ ૚
૚ା࢞૛

− ૚
൫૚ା࢞૛൯൫૚ା࢟૛൯

൰+ ൬ ૚
൫૚ା࢞૛൯(૚ା࢟૛)

− ૚
൫૚ା࢞૛൯൫૚ା࢟૛൯൫૚ାࢠ૛൯

൰ + ૚
ૡࢠ࢟࢞

= ૚  

−
૚

(૚+ +૛)(૚࢞ ૛)(૚࢟ + (૛ࢠ +
૚

ૡࢠ࢟࢞
= ૙ ⇔ (૚ + ૛)(૚࢞ + ૛)(૚࢟ + (૛ࢠ = ૡࢠ࢟࢞ 

⇔ ൬
૚
࢞ + ൰࢞ ൬

૚
࢟ + ൰࢟ ൬

૚
ࢠ + ൰ࢠ = ૡ; 	

૚
࢞ + ࢞ ≥ ૛,

૚
࢟ + ࢟ ≥ ૛,

૚
ࢠ + ࢠ ≥ ૛ 

⇒ ቀ૚
࢞

+ ቁ࢞ ቀ૚
࢟

+ ቁ࢟ ቀ૚
ࢠ

+ ቁࢠ ≥ ૡ;	“ =” ⇔ ࢞ = ࢟ = ࢠ = ૚ 

 

109. Find ࢞, ,࢟ ,ࢠ ࢚ ∈ ℝ such that: 

૞࢞૛ + ૞࢟૛ + ૞ࢠ૛ + ૞࢚૛ − ૞࢟࢞ − ૞ࢠ࢟ − ૞࢚ࢠ − ૞࢚ + ૛ = ૙ 

Proposed by Daniel Sitaru – Romania  

Solution by Subhajit Chattopadhyay-Bolpur-India 

૞࢞૛ + ૞࢟૛ + ૞ࢠ૛ + ૞࢚૛ − ૞࢟࢞ − ૞ࢠ࢟ − ૞࢚ࢠ − ૞࢚ + ૛ = ૙ 

or, ૞ ቀ࢞ − ࢟
૛
ቁ
૛

+ ૚૞࢟૛

૝
+ ૞ࢠ૛ + ૞࢚૛ − ૞ࢠ࢟ − ૞࢚ࢠ − ૞࢚ + ૛ = ૙ 

or, ૞ ቀ࢞ − ࢟
૛
ቁ
૛

+ ૞ቀ√૜࢟
૛
− ࢠ

√૜
ቁ
૛

+ ૚૙ࢠ૛

૜
− ૞࢚ࢠ+ ૞࢚૛ − ૞࢚ + ૛ = ૙ 
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or, ૞ ቀ࢞ − ࢟
૛
ቁ
૛

+ ૞ቀ√૜࢟
૛
− ࢠ

√૜
ቁ
૛

+ ૞ ቀ√૛ࢠ
√૜

− √૜࢚
૛√૛

ቁ
૛

+ ૛૞࢚૛

ૡ
− ૞࢚ + ૛ = ૙ 

or, ૞ ቀ࢞ − ࢟
૛
ቁ
૛

+ ૞ ቀ√૜࢟
૛
− ࢠ

√૜
ቁ
૛

+ ૞ ቀ√૛ࢠ
√૜

− √૜࢚
૛√૛

ቁ
૛

+ ቀ ૞࢚
૛√૛

− √૛ቁ
૛

= ૙ 

,࢟,࢞,࢚ ࢠ ∈ ℝ ⇒ ࢞ =
࢟
૛ ;
√૜࢟
૛ =

ࢠ
√૜

; 	
√૛ࢠ
√૜

=
√૜࢚
૛√૛

;
૞࢚
૛√૛

= √૛ 

⇒ ࢚ =
૝
૞

, ࢠ =
૜
૞

࢟; =
૛
૞

࢞; =
૚
૞

 

 

110. From the book “Math Energy” 

Find: 

ࢹ = ܕܑܔ
ஶ→࢞

න
૝࢞

(૚ + ૜)૛࢞

࢞

૙

 ࢞ࢊ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Igor Soposki-Skopje, Solution 2 by Togrul Ehmedov-Baku-

Azerbaidian, Solution 3 by Carlos Suarez-Quito-Ecuador, Solution 4 by Shivam 

Sharma-New Delhi-India 

Solution 1 by Igor Soposki-Skopje 

ࢹ = ܕܑܔ
ஶ→࢚

න
૝࢞

(૚ + ૜)૛࢞

࢚

૙

;࢞ࢊ ࡵ = න
૝࢞

(૚ + ૜)૛࢞ ࢞ࢊ = ൜ ࢛ = ૛࢞
࢛ࢊ = ૛࢞ࢊ࢞

 

࢜ࢊ =
૛࢞

(૚ + ૜)૛࢞ ࢞ࢊ ⇒ ࢜ = න
૛࢞

(૚ + ૜)૛࢞ ࢞ࢊ = ൜ ૚ + ૜࢞ = ࢚
૜࢞૛࢞ࢊ = ࢚ࢊ

ൠ =
૚
૜
න
࢚ࢊ
࢚

= 

= −
૚
૜࢚

= −
૚

૜(૚ + {(૜࢞ = ࢛ ⋅ ࣖ − නࣖ ⋅ ࢛ࢊ = −
૛࢞

ૡ(૚ + (૜࢞ +
૛
૜
න

࢞
૚ + ૜ᇣᇧᇧᇤᇧᇧᇥ࢞
૚ࡵ

 ࢞ࢊ
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૚ࡵ = ∫ ࢞

૜ା૚࢞
࢞ࢊ = ∫ ࢞

(ା૚࢞૛ି࢞)(ା૚࢞) = ∫ ࡭
ା૚࢞

࢞ࢊ + ∫ ࢉା࢞࡮
ା૚࢞૛ି࢞

  ࢞ࢊ

࢞
૜࢞ + ૚

=
࡭

࢞ + ૚
+

࢞࡮ + ࢉ
૛࢞ − ࢞ + ૚

| ⋅ ࢞) + ૚)(࢞૛ − ࢞ + ૚) ⇒ 

⇔ ࢞ = ૛࢞)࡭ − ࢞ + ૚) + ࢞࡮) + ࢞)(ࢉ + ૚)
⇔ ࢞ = ૛࢞࡭ − ࢞࡭ + ࡭ + ૛࢞࡮ + ࢞࡮ + ࢞࡯ + ࢉ
⇔ ࢞ = ࡭) + ૛࢞(࡮ + ࡭−) + ࡮ + ࢞(࡯ + ࡭ + ࡯

⇒ ൝
࡭ + ࡰ = ૙

࡭− + ࡮ + ࡯ = ૚
࡭ + ࡯

⇔
࡭ = −

૚
૜

࡮ = ࡯ =
૚
૜

ൢ 

૛ࡵ = ∫ ࡭
ା૚࢞

࢞ࢊ = − ૚
૜
࢞)ܖܔ + ૚) ; ૜ࡵ = ૚

૜∫
ା૚࢞

ା૚࢞૛ି࢞
࢞ࢊ = ૚

૟∫
૛࢞ା૛
ା૚࢞૛ି࢞

࢞ࢊ =  

=
૚
૟
න

૛࢞ − ૚
૛࢞ − ࢞ + ૚

࢞ࢊ +
૚
૛
න

࢞ࢊ
૛࢞ + ࢞ + ૚

=
૚
૟
⋅ ૝ࡵ +

૚
૛
⋅  ૞ࡵ

૝ࡵ = ∫ ૛ି࢞૚
ା૚࢞૛ି࢞

࢞ࢊ = ൜ ࢞ି࢞ + ࢞ + ૚
(૛࢞ − ૚)࢞ࢊ = ൠ࢚ࢊ = ∫ ࢚ࢊ

࢚
= ܖܔ ࢚ = ૛࢞)ܖܔ − ࢞ + ૚)  

૞ࡵ = ∫ ࢞ࢊ
ା૚࢞૛ି࢞

= ∫ ࢞ࢊ

ቀି࢞૚૛ቁ
૛
ା൬√૜૛ ൰

૛ = ቊ࢞ −
૚
૛

= ࢚
࢞ࢊ = ࢚ࢊ

ቋ = ∫ ࢚ࢊ

૛ା൬√૜૛࢚ ൰
૛ = ૛

√૜
⋅ ܖ܉ܜ܋ܚ܉ ૛ି࢞૚

√૜
  

૜ࡵ =
૚
૟
⋅ ૛࢞)ܖܔ − ࢞ + ૚) +

૚
√૜

ܖ܉ܜ܋ܚ܉
૛࢞ − ૚
√૜

; ૚ࡵ = ૛ࡵ +  ૜ࡵ

ࡵ = − ૛࢞

૜(૚ା࢞૜) + ૛
૜
⋅ ૚ࡵ = ૚

ૢ
⋅ ቂܖܔ ቀ࢞

૛ି࢞ା૚
૛(ା૚࢞) −

૜࢞૛

૜ା૚࢞
+ ૛√૜ ܖ܉ܜ܋ܚ܉ ૛ି࢞૚

√૜
ቁቃ ቚ࢚૙  

ࢹ =
૚
ૢ ஶ→࢚ܕܑܔ ቈܖܔ

૛࢚ − +࢚ ૚
࢚) + ૚)૛ −

૜࢚૛

૜࢚ + ૚ + ૜√ࢋ
૛࢚ − ૚
√૜

+
૛√૜࣊
૟ ቉ = 

=
૚
ૢ ⋅ ቂ૛√૜

࣊
૛ + ૛√૜

࣊
૟ቃ =

૚
ૢ ⋅ ૛√૜ ⋅

૝࣊
૟ =

૝√૜࣊
૛ૠ  

Solution 2 by Togrul Ehmedov-Baku-Azerbaidian 

ࢹ = ܕܑܔ
ஶ→࢚

න
૝࢞

(૚ + ૜)૛࢞

࢚

૙

࢞ࢊ = න
૝࢞

(૚ + ૜)૛࢞

ஶ

૙

 ࢞ࢊ
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= ቎
૚
૜
න

࢚
૛
૜

(૚ + ૛(࢚

ஶ

૙

቏࢚ࢊ

࢚૜ୀ࢞

=
૚
૜
න

࢚
૞
૜ − ૚

(૚ + (࢚
૚
૜ା

૞
૜

ஶ

૙

 ࢚ࢊ

=
૚
૜
࡮ ൬

૚
૜

,
૞
૜
൰ =

૚
૜
⋅
ࢣ ቀ૞૜ቁࢣ ቀ

૚
૜ቁ

(૛)ࢣ =
૛
ૢ
	ࢣ ൬

૛
૜
൰ࢣ ൬

૚
૜
൰ =

૛
ૢ
⋅

࣊

ܖܑܛ ቀ࣊૜ቁ
=

૝࣊
ૢ√૜

 

Solution 3 by Carlos Suarez-Quito-Ecuador 

ࢹ = ܕܑܔ
ஶ→࢚

න
૝࢞

(૚ + ૜)૛࢞

࢚

૙

;࢞ࢊ ࢹ	 =
૝࣊
ૢ√૜

= ૙, ૡ૙૟૚૜ 

∫ ૝࢞

(૚ା࢞૜)૛
࢚
૙ ࢞ࢊ = ૚

ૢ
ቂ࢞)ܖܔ૛ − ࢞ + ૚)− ૜࢞૛

૜ା૚࢞
− ૛ ࢞)ܖܔ + ૚) + ૛√૜ ૚ିܖ܉ܜ ቀ૛ି࢞૚

√૜
ቁቃ
૙

࢚
  

න
૝࢞

࢒)] + ૚)(࢞ − ࢞ + ૛)]૛࢞

࢚

૙

=
૝࢞

(૚ + ૛(૚(࢞ − ࢞ +  ૛)૛࢞

࡭
૚ + ࢞ +

࡮
(૚ + ૛(࢞ +

࢞࡯ + ࡰ
૚− ࢞ + ૛࢞ +

࢞ࡱ + ࡲ
(૚ − ࢞ + ૛)૛࢞ = 

૛(࢞ + ૛)
૛࢞)ૢ − ࢞ + ૚) −

૚
૜(࢞૛ − ࢞ + ૚)૛ −

૛
࢞)ૢ + ૚) +

૚
࢞)ૢ + ૚)૛ 

Solution 4 by Shivam Sharma-New Delhi-India 

⇒ න
૝࢞

(૚ + ૜)૛࢞

ஶ

૙

࢞ࢊ ⇒ න
૝ࢠ

(૚ + ૜)૛ࢠ

ஶ

૙

ࢠࢊ ⇒ ൬
૚
√૜

൰࢏࢙ࢋࡾ ቈ(૛࢏࣊)
૝ࢠ

(૚ + ૜)૛ࢠ ; 	−૚቉ 

⇒ ቀ ૚
√૜
ቁ (૛࢏࣊૛) ቀ− ૛

ૢ
ቁ (OR) ࡵ = ૝࣊

ૢ√૜
  

(Q.E.D) 
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111. If ࢈,ࢇ, ࢉ > 0 

(ࢇ)ࡵ = න
૛ܛܗ܋ ࢞

࢞ + ࢇ + ૛࢞√ + ૛ࢇ

࣊

࣊ି

 ࢞ࢊ

then: 

(ࢇ)ࡵ + (࢈)ࡵ + (ࢉ)ࡵ ≥
࣊ૢ

૛(ࢇ + ࢈ +  (ࢉ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Togrul Ehmedov-Baku-Azerbaidian, Solution 2 by Shivam 

Sharma-New Delhi-India 

Solution 1 by Togrul Ehmedov-Baku-Azerbaidian 

(ࢇ)ࡵ = න
૛ܛܗ܋ ࢞

ࢇ + ૛࢞√ + ૛ࢇ + ࢞

࣊

࣊ି

࢞ࢊ = න
૛ܛܗ܋ ࢞

ࢇ + ૛࢞√ + ૛ࢇ − ࢞

࣊

࣊ି

 ࢞ࢊ

૛(ࢇ)ࡵ = න ૛ܛܗ܋ ࢞
࣊

࣊ି

൬
૚

ࢇ + ૛࢞√ + ૛ࢇ + ࢞
+

૚
ࢇ + ૛࢞√ + ૛ࢇ − ࢞

൰࢞ࢊ 

૛(ࢇ)ࡵ = න
૚
ࢇ

࣊

࣊ି

૛ܛܗ܋ ࢞ࢊ࢞ ⇒ (ࢇ)ࡵ =
૚
ࢇ
න ૛ܛܗ܋ ࢞
࣊

૙

࢞ࢊ =
૚
૛ࢇ

 

(ࢇ)ࡵ + (࢈)ࡵ + (ࢉ)ࡵ =
࣊ૢ

૛(ࢇ + ࢈ +  (ࢉ

Solution 2 by Shivam Sharma-New Delhi-India 

න
(࢞−)૛ܛܗ܋

࢞− + ࢇ + ૛࢞√ + ૛ࢇ

࣊

࣊ି

 ࢞ࢊ

૛(ࢇ)ࡵ = ૛නቆ
૛ܛܗ܋ ࢞

૛࢞√ + ૛ࢇ + ࢇ + ࢞
+

૛ܛܗ܋ ࢞
૛࢞√ + ૛ࢇ + ࢇ − ࢞

ቇ
࣊

૙

 ࢞ࢊ
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(ࢇ)ࡵ =
૚
නࢇ (࢞)૛ܛܗ܋

࣊

૙

࢞ࢊ ⇒
૚
ࢇ න

૚ + (࢞૛)ܛܗ܋
૛

࣊

࣊ି

࢞ࢊ ⇒
૚
ࢇ ቂ
࣊
૛ − ૙ቃ 

(OR) (ࢇ)ࡵ = ࣊
૛ࢇ

  . Now, ∑ ൫(ࢇ)ࡵ൯ࢉ࢟ࢉ ≥
ࡹࡳିࡹ࡭ ࣊ૢ

૛(ࢇା࢈ାࢉ) 

 

112. Find: 

ࢹ = න න
ܖ܉ܜ ࢞ + ܖ܉ܜ ቀ࢞ + ࣊

૜ቁ + ܖ܉ܜ ቀ࢞ + ૛࣊
૜ ቁ

࢞૜ܖ܉ܜ ࢟૜ܖ܉ܜ

࣊
૚૛

࣊
૚ૡ

࣊
૚૛

࣊
૚ૡ

 ࢟ࢊ	࢞ࢊ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Ravi Prakash-New Delhi-India, Solution 2 by Togrul Ehmedov-

Baku-Azerbaidian, Solution 3 by Shivam Sharma-New Delhi-India 

Solution 1 by Ravi Prakash-New Delhi-India 

ܖ܉ܜ ࢞ + ܖ܉ܜ ቀ࢞ +
࣊
૜
ቁ+ ܖ܉ܜ ൬࢞ +

૛࣊
૜
൰ 

= ܖ܉ܜ ࢞ + ܖ܉ܜ ቀ࢞ +
࣊
૜ቁ + ܖ܉ܜ ቄ࣊ − ቀ

࣊
૜ −  ቁቅ࢞

= ܖ܉ܜ ࢞ + ܖ܉ܜ ቀ࢞ +
࣊
૜
ቁ − ܖ܉ܜ ቀ

࣊
૜
−  ቁ࢞

= ܖ܉ܜ ࢞ +
ܖ܉ܜ ࢞ + √૜
૚ − √૜ ܖ܉ܜ ࢞

−
√૜ − ࢞ܖ܉ܜ
૚ + √૜ ܖ܉ܜ ࢞

 

= ܖ܉ܜ ࢞ +
൫√૜+ ܖ܉ܜ +൯൫૚࢞ √૜ ܖ܉ܜ ൯࢞ − ൫√૜ − ܖ܉ܜ ൯൫૚࢞ − √૜ ܖ܉ܜ ൯࢞

૚ − ૜ ૛ܖ܉ܜ ࢞  

=
ܖ܉ܜ ࢞ − ૜ ૜ܖ܉ܜ ࢞ + ૡ ܖ܉ܜ ࢞

૚ − ૜ ૛ܖ܉ܜ ࢞
= ૜  ࢞૜ܖ܉ܜ
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∴ ࢹ = න න
૜ ࢞૜ܖ܉ܜ

࢞૜ܖ܉ܜ ࢟૜ܖ܉ܜ

࣊
૚૛

࣊
૚ૡ

࣊
૚૛

࣊
૚ૡ

࢟ࢊ	࢞ࢊ = න ૜ቀ
࣊
૜૟
ቁ

࣊
૚૛

࣊
૚ૡ

 ࢟ࢊ࢟૜ܜܗ܋

=
࣊
૜૟

ቃ|(࢟૜)ܖܑܛ|܏ܗܔ ࣊
૚ૡ

࣊
૚૛ =

࣊
૜૟ ൜

܏ܗܔ ൬
૚
√૛

൰ − ܏ܗܔ ൬
૚
૛
൰ൠ =

࣊
૜૟

൫√૛൯܏ܗܔ =
࣊
ૠ૛

܏ܗܔ ૛ 

Solution 2 by Togrul Ehmedov-Baku-Azerbaidian 

࡭ =
ቀܖ܉ܜ ࢞ + ܖ܉ܜ ቀ࣊૜ + ቁ࢞ + ܖ܉ܜ ቀ૛࣊૜ + ቁቁ࢞

ܖ܉ܜ ૜࢞
= ૜ 

න න
૜

ܖ܉ܜ ૜࢟

࣊
૚૛

࣊
૚ૡ

࣊
૚૛

࣊
૚ૡ

࢟ࢊ	࢞ࢊ = න ܖܔ] ૜࢟] ࣊
૚ૡ

࣊
૚૛	

࣊
૚૛

࣊
૚ૡ

࢞ࢊ = ૛√ܖܔ ቀ
࣊
૚૛ −

࣊
૚ૡቁ = 

= ܖܔ √૛
࣊
૜૟ = ܖܔ ૛

࣊
ૠ૛ 

න න
࢞ܖ܉ܜ + ܖ܉ܜ ቀ࣊૜ + ቁ࢞ + ܖ܉ܜ ቀ૛࣊૜ + ቁ࢞

ܖ܉ܜ ૜࢞ ࢟૜ܖ܉ܜ

࣊
૚૛

࣊
૚ૡ

࣊
૚૛

࣊
૚ૡ

࢟ࢊ	࢞ࢊ = ܖܔ ૛
࣊
ૠ૛

< ܖܔ ૛
࣊
ૠ૚

 

Solution 3 by Shivam Sharma-New Delhi-India 

න න
(࢞)ܖ܉ܜ + ܖ܉ܜ ቀ࣊૜ + +ቁ࢞ ቀ− ܖ܉ܜ ቀ࣊૜ − ቁቁ࢞

(࢞૜)ܖ܉ܜ (࢟૜)ܖ܉ܜ

࣊
૚૛

࣊
૚ૡ

࣊
૚૛

࣊
૚ૡ

 ࢟ࢊ	࢞ࢊ

⇒ න න (࢞)ܖ܉ܜ

࣊
૚૛

࣊
૚ૡ

࣊
૚૛

࣊
૚ૡ

+
(࢞)ܖ܉ܜ + ܖ܉ܜ ቀ࣊૜ቁ

૚ − (࢞)ܖ܉ܜ ܖ܉ܜ ቀ࣊૜ቁ
+

(࢞)ܖ܉ܜ − ܖ܉ܜ ቀ࣊૜ቁ

૚ + (࢞)ܖ܉ܜ ܖ܉ܜ ቀ࣊૜ቁ
(࢞૜)ܖ܉ܜ (࢟૜)ܖ܉ܜ  ࢟ࢊ	࢞ࢊ
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⇒ න න
(࢞)ܖ܉ܜ + (࢞)ܖ܉ܜ + √૜

૚ − √૜ (࢞)ܖ܉ܜ
+ (࢞)ܖ܉ܜ − √૜
૚ + √૜ (࢞)ܖ܉ܜ

(࢞૜)ܖ܉ܜ (࢟૜)ܖ܉ܜ

࣊
૚૛

࣊
૚ૡ

࣊
૚૛

࣊
૚ૡ

 ࢟ࢊ	࢞ࢊ

⇒ න න

ૢ (࢞)ܖ܉ܜ − ૜ܖ܉ܜ૜(࢞)

૚ − ൫√૜ ܖ܉ܜ ൯࢞
૛ ࢟ࢊ	࢞ࢊ

(࢞૜)ܖ܉ܜ (࢟૜)ܖ܉ܜ

࣊
૚૛

࣊
૚ૡ

࣊
૚૛

࣊
૚ૡ

 

⇒ න න
૜[(࢞)ܖ܉ܜ − [(࢞)૜ܖ܉ܜ

૚ − ૜ ૛ܖ܉ܜ ࢞
(࢞૜)ܖ܉ܜ (࢟૜)ܖ܉ܜ

࣊
૚૛

࣊
૚ૡ

࣊
૚૛

࣊
૚ૡ

࢟ࢊ	࢞ࢊ ⇒ න න
૜ (࢞૜)ܖ܉ܜ

(࢞૜)ܖ܉ܜ (࢟૜)ܖ܉ܜ

࣊
૚૛

࣊
૚ૡ

࣊
૚૛

࣊
૚ૡ

 ࢟ࢊ	࢞ࢊ

⇒ න න ૜ (࢟૜)ܜܗ܋

࣊
૚૛

࣊
૚ૡ

࣊
૚૛

࣊
૚ૡ

࢟ࢊ	࢞ࢊ ⇒ න ቀ
࣊
૚૛

−
࣊
૚ૡ
ቁ

࣊
૚૛

࣊
૚ૡ

૜  ࢟ࢊ(࢟૜)ܜܗ܋

⇒ ࣊
૚૛∫ (࢟૜)ܜܗ܋

࣊
૚૛
࣊
૚ૡ

࢟Let ૜ .࢟ࢊ = ࢛ ⇒ ࣊
૜૟ ∫ (࢛)ܜܗ܋

࣊
૚૛
࣊
૚ૡ

࢛ࢊ ⇒ ࣊
૜૟

࣊[|(࢛)ܖܑܛ|ܖܔ]
૟

࣊
૝ ⇒ 

⇒ ࣊
૜૟
⋅ ૚
૛
⋅ ࡵ (OR) (૛)ܖܔ = ࣊

ૠ૛
 (Answer) (૛)ܖܔ

 

113. If ࢇ ∈ ቀ૙, ࣊
૛
ቁ find: 

ࢹ = න
࢞ܖܔ
૚+ ૛࢞

ܜܗ܋ ࢇ

ܖ܉ܜ ࢇ

 ࢞ࢊ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Togrul Ehmedov-Baku-Azerbaidian 

Solution 2 by Abinash Mohapatra-India 
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Solution 1 by Togrul Ehmedov-Baku-Azerbaidian 

∫ ܖܔ ࢞
૚ା࢞૛

ࢇܜܗ܋
ܖ܉ܜ ࢇ ࢞ Let .࢞ࢊ = ܖ܉ܜ  ࢈

ࡵ = න ܖܔ ࢈ܖ܉ܜ

࣊
૛ି࢈

࢈

࢈ࢊ = න ࢈ܜܗ܋ܖܔ ࢈ࢊ

࣊
૛ି࢈

࢈

 

ࡵ =
૚
૛
න ܖܔ] ࢈ܖ܉ܜ + ܖܔ [࢈ܜܗ܋

࣊
૛ି࢈

࢈

࢈ࢊ = ૙ 

Solution 2 by Abinash Mohapatra-India 

ࢹ = ∫ ࢞ܖܔ
૚ା࢞૛

ࢇܜܗ܋
ܖ܉ܜ ࢇ ࢇ,࢞ࢊ ∈ ቀ૙, ࣊

૛
ቁ. Applying by: 

ܖܔ ∫࢞ ૚
૚ା࢞૛

ࢉ
ࢉ − ∫ ቀ૚

࢞ ∫
૚

૚ା࢞૛
ቁࢉ

ࢉ ࢞ܖܔ ;࢞ࢊ ૚ିܖ܉ܜ ૚
࢞

ࢉࢉ| − ∫ ష૚ܖ܉ܜ ࢞
࢞

ࢉ
ࢉ ᇣᇧᇧᇤᇧᇧᇥ࢞ࢊ

ࢻ

 

∴ ࢻ = න
૚ିܖ܉ܜ ࢞

࢞

ࢉ

ࢉ

࢞ࢊ = න
૚
࢞ ܜܗ܋

ି૚ ൬
૚
൰࢞

ࢇܜܗ܋

ࢇܖ܉ܜ

;࢞ࢊ 	න
࢞
૛࢞ ⋅

ࢉ

ࢉ

૚ିܜܗ܋ ൬
૚
 ࢞ࢊ൰࢞

Let ૚
࢞

= ࢚ ⇒ − ૚
૛࢞
࢞ࢊ = ࢚ࢊ ⇒ ࢻ = ∫ (࢚)ష૚ܜܗ܋

࢚
ࢇܖ܉ܜ
ࢇܜܗ܋  ࢚ࢊ

⇒ ࢻ = ∫ ష૚ܖ܉ܜ ࢞
࢞

ܜܗ܋ ࢇ
ܖ܉ܜ ࢇ ᇣᇧᇧᇧᇤᇧᇧᇧᇥ࢞ࢊ

(ࡵ)

= ∫ ష૚ܜܗ܋ ࢞
࢞

ܜܗ܋ ࢇ
ܖ܉ܜ ࢇ ᇣᇧᇧᇧᇤᇧᇧᇧᇥ࢞ࢊ

(ࡵࡵ)

  (variable change) 

⇒ equating (I) and (II) we get  

න
࣊
૛࢞

ܜܗ܋ ࢇ

ࢇܖ܉ܜ

= ૙ ⇒ ૛ܜܗ܋)ܖܔ (ࢇ = ૙ ⇒ ࢇܜܗ܋ = ૚ ⇒ ࢇ =
࣊
૝

 

Thus ࢹ = ૙ 
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114. If ࢇ > 0, ℝ:ࢌ → ℝ continuous one, (࢞)ࢌ + (࢞−)ࢌ = ࢇ ࢞ܛܗ܋ ࢞∀, ∈ ℝ 

then find: 

ࢹ = න
(࢞)ࢌ
૜ܛܗ܋ ࢞

࣊
૝

૝࣊ି

 ࢞ࢊ

Proposed by D.M. Bătinețu – Giurgiu & Neculai Stanciu – Romania 

Solution 1 by Serban George Florin-Romania, Solution 2 by Lazaros 

Zachariadis-Thessaloniki-Greece, Solution 3 by Shivam Sharma-New Delhi-

India, Solution 4 by Soumava Pal-Kolkata-India, Solution 5 by SK Rejuan-West 

Bengal-India 

Solution 1 by Serban George Florin-Romania 

࢞ = ࢚− ⇒ ࢹ = න
(࢚−)ࢌ
૜ܛܗ܋ ࢚

࣊
૝

૝࣊ି

 ࢚ࢊ

૛ࢹ = න
(࢞)ࢌ + (࢞−)ࢌ

૜ܛܗ܋ ࢞

࣊
૝

૝࣊ି

࢞ࢊ = න
࢞ܛܗ܋ࢇ
૜ܛܗ܋ ࢞

࣊
૝

૝࣊ି

= ࢇ න
࢞ࢊ

૛ܛܗ܋ ࢞

࣊
૝

૝࣊ି

 

ࢹ =
ࢇ
૛ ܖ܉ܜ ࢞

|
૝࣊ି

࣊
૝ =

ࢇ
૛ ቀܖ܉ܜ

࣊
૝ − ܖ܉ܜ ቀ−

࣊
૝ቁቁ ; ࢹ	 =

ࢇ
૛

(૚ + ૚) = ࢹ,ࢇ =  ࢇ

Solution 2 by Lazaros Zachariadis-Thessaloniki-Greece 

(࢞)ࢌ + (࢞−)ࢌ = ࢇ ⋅ ࢞ܛܗ܋ ⇒
(࢞)ࢌ
૜ܛܗ܋ ࢞

+
(࢞−)ࢌ
૜ܛܗ܋ ࢞

=
ࢇ

૛ܛܗ܋ ࢞
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⇒ න
(࢞)ࢌ
૜ܛܗ܋ ࢞

࣊
૝

૝࣊ି

࢞ࢊ + න
(࢞−)ࢌ
૜ܛܗ܋ ࢞

࣊
૝

૝࣊ି

࢞ࢊ = න
ࢇ

૛ܛܗ܋ ࢞

࣊
૝

૝࣊ି

࢞ࢊ = ࢇ) ܖ܉ܜ (࢞
૝࣊ି

࣊
૝  

⇒ ૙ + ૙ = ૚)ࢇ + ૚) ⇒ ૛૙ = ૛ࢇ ⇒ ૙ =  ࢇ

∗ න
(࢞−)ࢌ
૜ܛܗ܋ ࢞

࣊
૝

૝࣊ି

࢞ࢊ
࢞− = ࢞ࢊ,࢛ = ࢛ࢊ−

࢞ = ૝࣊− ࢛, = ࣊
૝

࢞ = ࣊
૝ ࢛, = ૝࣊−

− න
࢛ࢊ(࢛)ࢌ
࢛૜ܛܗ܋

૝࣊ି

࣊
૝

= ૙ 

Solution 3 by Shivam Sharma-New Delhi-India 

As we know, the following Lemma, 

න࢞ࢊ(࢞)ࢌ
ࢇ

ࢇି

= ൞૛න࢞ࢊ(࢞)ࢌ
ࢇ

૙

, ࢔࢕࢏࢚ࢉ࢔࢛ࢌ	࢔ࢋ࢜ࢋ	࢙࢏	(࢞)ࢌ	ࢌ࢏

૙, ࢔࢕࢏࢚ࢉ࢔࢛ࢌ	ࢊࢊ࢕	࢔ࢇ	࢙࢏	(࢞)ࢌ	ࢌ࢏

 

Using this, we get, ࢹ = ∫ (࢞ି)ࢌ
(࢞ି)૜ܛܗ܋

࣊
૝
૝࣊ି

ࢹthen, ૛ ࢞ࢊ = ∫ (࢞ି)ࢌା(࢞)ࢌ
(࢞)૜ܛܗ܋

࣊
૝
૝࣊ି

 ࢞ࢊ

૛ࢹ = න
(࢞)ܛܗ܋ࢇ
(࢞)૜ܛܗ܋

࣊
૝

૝࣊ି

;࢞ࢊ ࢹ	 = නࢇ (࢞)૛܋܍ܛ

࣊
૝

૙

࢞ࢊ ⇒ ૙[(࢞)ܖ܉ܜ]ࢇ
࣊
૝ 

(OR) ࢹ =  (Answer) ࢇ

Solution 4 by Soumava Pal-Kolkata-India 

ࡵ = න
(࢞)ࢌ
૜ܛܗ܋ ࢞

࣊
૝

૝࣊ି

࢞ࢊ = න
૝࣊ቀࢌ −

࣊
૝ − ቁ࢞

૜ܛܗ܋ ቀ࣊૝ −
࣊
૝ − ቁ࢞

࣊
૝

૝࣊ି

࢞ࢊ = න
ܛܗ܋ࢇ ࢞ − (࢞)ࢌ

૜ܛܗ܋ ࢞

࣊
૝

૝࣊ି

 ࢞ࢊ
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= 	ࢇ න ૛܋܍ܛ ࢞ࢊ࢞

࣊
૝

૝࣊–

− ࡵ ⇒ ૛ࡵ = ܖ܉ܜ)ࢇ (࢞
૝࣊ି

࣊
૝ = ૚)ࢇ − (−૚)) 	= ૛ࢇ ⇒ ࡵ =  ࢇ

Solution 5 by SK Rejuan-West Bengal-India 

ࢹ = ∫ (࢞)ࢌ
૜ܛܗ܋ ࢞

࣊
૝
૝࣊ି

 (1)    ࢞ࢊ	

= ∫
૝ି࣊ቀࢌ

࣊
૝ି࢞ቁ

૜ܛܗ܋ ࢞

࣊
૝
૝࣊ି

࢞ࢊ ⇒ ࢹ = ∫ (࢞ି)ࢌ
૜ܛܗ܋ ࢞

࣊
૝
૝࣊ି

 (2)      ࢞ࢊ

Adding (1) & (2) we get ૛ࢹ = ∫ (࢞ି)ࢌା(࢞)ࢌ
૜ܛܗ܋ ࢞

࣊
૝
૝࣊ି

 ࢞ࢊ

= න
ܛܗ܋ࢇ ࢞
૜ܛܗ܋ ࢞

࣊
૝

૝࣊ି

(࢞)ࢌ	࢙ࢇ]			࢞ࢊ + (࢞−)ࢌ = ࢇ  [࢞ܛܗ܋

= 	ࢇ න ૛܋܍ܛ ࢞

࣊
૝

૝࣊–

࢞ࢊ = ܖ܉ܜ]ࢇ [࢞
૝࣊ି

࣊
૝ = ૚)ࢇ − (૚)) = ૛ࢇ ⇒ ૛ࢹ = ૛ࢇ ⇒ ࢹ =  ࢇ

 

115. Find the integral 

ࡵ = න
૛࢞ ࢞ܛܗ܋ + ࢞ + ܖܑܛ ࢞ ܛܗ܋ ࢞

࢞ ܖܑܛ ࢞ ࢞) + ܛܗ܋ (࢞  ࢞ࢊ

Proposed by Abdallah Almalih-Damascus-Syria 

Solution 1 by Ravi Prakash-New Delhi-India, Solution 2 by Abdelhak 

Maoukouf-Casablanca-Morocco, Solution 3 by Nawar Alasadi-Babylon-Iraq 
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Solution 1 by Ravi Prakash-New Delhi-India 

ࡵ = ∫ ૛࢞ ܖܑܛ)ା࢞ା࢞ܛܗ܋ ܛܗ܋)(࢞ (࢞
࢞ ܖܑܛ (࢞ܛܗ܋ା࢞)࢞ ࢊ Note .࢞ࢊ

࢞ࢊ
࢞} ܖܑܛ ࢞ ࢞) +  {(࢞ܛܗ܋

=
ࢊ
࢞ࢊ ൜࢞

૛ ܖܑܛ ࢞ +
૚
૛ ܖܑܛ࢞ ૛࢞ൠ = ૛࢞ ܖܑܛ ࢞ + ૛࢞ ܛܗ܋ ࢞ + ࢞ ࢞૛ܛܗ܋ +

૚
૛ ܖܑܛ ૛࢞ 

= ૛࢞ ࢞ܛܗ܋ + ࢞ + ܖܑܛ ࢞ ܛܗ܋ ࢞ + ૛ܖܑܛ࢞ ࢞ − ૛࢞ ૛ܖܑܛ  ࢞

= ૛࢞ ܛܗ܋ ࢞ + ࢞ + ܖܑܛ ࢞ ܛܗ܋ ࢞ + ૛࢞ ܖܑܛ ࢞ (૚ − ܖܑܛ  (࢞

∴ ࡵ = ૚ࡵ − ૛ࡵ૛ where 

૚ࡵ = න
ࢊ
࢞ࢊ ൫࢞ ܖܑܛ ࢞ ࢞) + ൯(࢞ܛܗ܋
࢞ ࢞ܖܑܛ ࢞) + ܛܗ܋ (࢞ ࢞ࢊ = ࢞|ܖܔ ܖܑܛ ࢞ ࢞) + ܛܗ܋  |(࢞

૛ࡵ = න
࢞ ܖܑܛ ࢞ (૚ − (࢞ܖܑܛ
࢞ ܖܑܛ ࢞ ࢞) + ࢞ࢊ(࢞ܛܗ܋ = ࢞|ܖܔ + ܛܗ܋ |࢞ +  ࢉ

Thus, ࡵ = ࢞|ܖܔ ܖܑܛ ࢞ ࢞) + |(࢞ܛܗ܋ − ૛ ࢞|ܖܔ + |࢞ܛܗ܋ +  ࢉ

Solution 2 by Abdelhak Maoukouf-Casablanca-Morocco 

Let us denote by (࢞)࣐ = ࢞ ܖܑܛ ࢞ ࢞) +  (࢞ܛܗ܋

⇒ (࢞)ᇱ࣐ = ૛࢞ ࢞ܛܗ܋ + ૛࢞ ࢞ܖܑܛ + ܖܑܛ ࢞ ܛܗ܋ ࢞ +  ࢞ܛܗ܋࢞

then ∫ ૛࢞ ܖܑܛା࢞ା࢞ܛܗ܋ ࢞ ࢞ܛܗ܋
࢞ ܖܑܛ (࢞ܛܗ܋ା࢞)࢞ ࢞ࢊ = ∫ (࢞)ᇲ࣐

(࢞)࣐ ࢞ࢊ + ∫ ࢞૛ି࢞ ܖܑܛ ࢞ܛܗ܋࢞ି࢞
(࢞)࣐  ࢞ࢊ

= |(࢞)࣐|ܖܔ − ૛න
ܖܑܛ࢞ ࢞ (૚ − (࢞ܖܑܛ
࢞ ܖܑܛ ࢞ ࢞) + ࢞ࢊ(࢞ܛܗ܋ = |(࢞)࣐|ܖܔ − ૛න

࢞) + ܛܗ܋ ᇱ(࢞

࢞ + ࢞ܛܗ܋
 ࢞ࢊ

= |(࢞)࣐|ܖܔ − ૛ ࢞|ܖܔ + ܛܗ܋ |࢞ + ࣅ = ܖܔ ቚ (࢞)࣐
ܛܗ܋ା࢞) ૛ቚ(࢞ + ࣅ whith ,ࣅ ∈ ℝ 

Finally we get ∫ ૛࢞ ܛܗ܋ ܖܑܛା࢞ା࢞ ࢞ ࢞ܛܗ܋
࢞ ܖܑܛ ܛܗ܋ା࢞)࢞ (࢞ ࢞ࢊ = ܖܔ ቚ ࢞ ܖܑܛ ࢞

࢞ܛܗ܋ା࢞
ቚ +  ࣅ

Solution 3 by Nawar Alasadi-Babylon-Iraq 

ࡵ = න
૛࢞ ࢞ܛܗ܋ + ࢞ + ܖܑܛ ࢞ ܛܗ܋ ࢞

࢞ ܖܑܛ ࢞ ࢞) + ܛܗ܋ (࢞  ࢞ࢊ
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= න
૛࢞ ࢞ܛܗ܋ + ૛ܖܑܛ)࢞ ࢞ + ૛ܛܗ܋ (࢞ + ࢞ܖܑܛ ࢞ܛܗ܋ + ࢞ ࢞ܖܑܛ − ࢞ ࢞ܖܑܛ

࢞ ܖܑܛ ࢞ ࢞) + (࢞ܛܗ܋  ࢞ࢊ

= න
ܖܑܛ࢞ ࢞ + ܖܑܛ ࢞ ࢞ܛܗ܋ + ૛࢞ ܛܗ܋ ࢞ + ૛ܛܗ܋࢞ ࢞ − ࢞ ࢞ܖܑܛ + ࢞ ૛ܖܑܛ ࢞

࢞ ܖܑܛ ࢞ ࢞) + (࢞ܛܗ܋  ࢞ࢊ

= න
ܖܑܛ ࢞ ࢞) + (࢞ܛܗ܋ + ࢞ܛܗ܋࢞ ࢞) + ܛܗ܋ (࢞ − ࢞ ࢞ܖܑܛ (૚ − ܖܑܛ (࢞

࢞ ܖܑܛ ࢞ ࢞) + (࢞ܛܗ܋  ࢞ࢊ

= න൬
૚
࢞

+
࢞ܛܗ܋
ܖܑܛ ࢞

−
૚ − ܖܑܛ ࢞
࢞ + ࢞ܛܗ܋

൰࢞ࢊ 

= |࢞|ܖܔ + |࢞ܖܑܛ|ܖܔ − ࢞|ܖܔ + ܛܗ܋ |࢞ + ࢉ = ܖܔ ฬ
࢞ ܖܑܛ ࢞
࢞ + ࢞ܛܗ܋

ฬ +  ࢉ

 

116. Find: 

ࢹ = න
࢞ܜܗ܋ ࢞ࢊ࢞૛ܜܗ܋

૛ܜܗ܋) ࢞ − ૛ܖ܉ܜ (࢞ ૜ܖܑܛ ૛࢞
 

Proposed by Geanina Tudose – Romania  

Solution by proposer 

∫ ܜܗ܋ ૛ܜܗ܋⋅࢞ ࢞
൫ܜܗ܋૛ ૛ܖ܉ܜି࢞ ൯࢞ ૜ܖܑܛ ૛࢞

࢞ࢊ = ∫ ܛܗ܋ ૛ܛܗ܋⋅࢞ ࢞
ܖܑܛ⋅࢞૛ܖܑܛ ࢞

⋅ ૚
૛ܛܗ܋ ૛ܖܑܛ⋅࢞ ࢞
૛ܛܗ܋ ૛ܖܑܛ⋅࢞ ࢞

⋅ ૚
ૡ ૛ܖܑܛ ૜ܛܗ܋࢞ ࢞

  ࢞ࢊ

=
૚
ૡන

࢞ܛܗ܋
ܖܑܛ ૛࢞ ⋅ ૛ܖܑܛ ࢞ ⋅ ܛܗ܋ ࢞ࢊ࢞ =

૚
૚૟න

૚
૜ܖܑܛ ࢞ ܛܗ܋  ࢞ࢊ࢞

= ૚
૚૟
∫ ૚
૜ܖܑܛ ૛ܛܗ܋⋅࢞ ࢞

⋅ ܛܗ܋ ࢞ࢊ = ૚
૚૟
∫ ૚
૛൯࢟૜⋅൫૚ି࢟

࢞ࢊ ࢟ ,(*)  = = ܖܑܛ ࢟ࢊ ,࢞ = ܛܗ܋ ࢞  ࢞ࢊ

૚
૜(૚࢟ − (૛࢟ =

૚ − ૛࢟ + ૛࢟

૜(૚࢟ − (૛࢟ =
૚
૜࢟ +

૚
૚)࢟ − (૛࢟ =

૚
૜࢟ +

૚
࢟ +

࢟
૚ −  ૛࢟

(*) = ૚
૚૟
ቀ∫ ૚

૜࢟
࢟ࢊ + ∫ ૚

࢟
࢟ࢊ + ∫ ࢟

૚ି࢟૛
ቁ࢟ࢊ = ૚

૚૟
൭࢟

ష૛

ି૛
+ ܖܔ ࢟ − ૚

૛
ܖܔ (૚ − ૛)ᇣᇧᇧᇤᇧᇧᇥ࢟

ା

൱+ ∁= 

= ૚
૚૟
൬− ା૚

૛࢟૛
+ ܖܔ ࢟

ඥ૚ି࢟૛
൰+ ∁= ૚

૚૟
ቀ ି૚
૛ ૛ܖܑܛ ࢞

+ ܖܔ ܖܑܛ ࢞
ܛܗ܋ ࢞

ቁ + ∁= ૚
૚૟
ቀ ି૚
૛ܖܑܛ૛ ࢞

+ ܖ܉ܜ)ܖܔ ቁ(࢞ + ∁  
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117. Find: 

ࢹ = න
࢞૛ܛܗ܋ ࢞ܜܗ܋ ࢞ࢊ

૛ܜܗ܋) ࢞ − ૛ܖ܉ܜ (࢞ ૜ܖܑܛ ૛࢞
࢞, ∈ ቀ૙,

࣊
૝
ቁ 

Proposed by Daniel Sitaru – Romania  

Solution by Nguyen Thanh Nho-Tra Vinh-Vietnam 

࢞૛ܛܗ܋ = ૛ܛܗ܋ ࢞ − ૛ܖܑܛ ࢞ = ૝ܛܗ܋ ࢞ − ૝ܖܑܛ ࢞ = 

= ૛ܖܑܛ ࢞ ૛ܛܗ܋ ࢞ ૛ܜܗ܋) ࢞ − ૛ܖ܉ܜ ∗ ;(࢞ ૜ܖܑܛ ૛࢞ = ૡ ૜ܖܑܛ ࢞ ૜ܛܗ܋  ࢞

⇒ ࢹ = ∫
૛ܖܑܛ ૛ܛܗ܋࢞ ૛ܜܗ܋൫࢞ ૛ܖ܉ܜି࢞ ܛܗ܋൯࢞ ܖܑܛ࢞ ࢞

૛ܜܗ܋) ૛ܖ܉ܜି࢞ ૡ⋅(࢞ ૜ܖܑܛ ૜ܛܗ܋ ࢞
࢞ࢊ = ૚

ૡ∫
૚

૛ܖܑܛ ࢞
࢞ࢊ = − ૚

ૡ
࢞ܜܗ܋ +   ࡯

 

118. If ࢌ: [૙,૚] → (૙,∞) is a continuous function such that 

∫ ૚(࢞)ࢌ
૙ ࢞ࢊ = ૚ , then 

ቌන ඥ(࢞)ࢌ૜

૚

૙

ቍቌන࢞ࢊ ඥ(࢞)ࢌ૞

૚

૙

ቍቌන࢞ࢊ ඥ(࢞)ࢌૠ

૚

૙

ቍ࢞ࢊ ≤ ૚ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Chris Kyriazis-Greece ,  

Solution 2 by Soumitra Mandal-Chandar Nagore-India  

Solution 1 by Chris Kyriazis-Greece 

It’s obvious that (࢞)ࢌ ≥ ૙	∀࢞ ∈ [૙,૚]. Because of AM – GM, we take: 

ඥ(࢞)ࢌ૜ = ඥ(࢞)ࢌ ⋅ ૚ ⋅ ૚૜ = ା૚ା૚(࢞)ࢌ
૜

 so if we integrate, it follows that: 

∫ ඥ(࢞)ࢌ૜૚
૙ ࢞ࢊ ≤ ∫ ା૛(࢞)ࢌ

૜
૚
૙ ࢞ࢊ = ૚

૜
ቀ∫ ࢞ࢊ(࢞)ࢌ + ૛૚
૙ ቁ = ૚

૜
⋅ ૜ = ૚   (1) 

Doing it the same way we take that: ∫ ඥ(࢞)ࢌ૞ ૚࢞ࢊ
૙ ≤ ૚   (2) 

and ∫ ඥ(࢞)ࢌૠ૚
૙ ࢞ࢊ ≤ ૚   (3) 
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Multiplying (1) × (2) × (3) (every party is non negative!) 

We have the result we want! 

Solution 2 by Soumitra Mandal-Chandar Nagore-India  

න ඥ(࢞)ࢌ૜

૚

૙

࢞ࢊ ≤
ࢅࢀࡵࡸ࡭ࢁࡽࡱࡺࡵ	ࡿᇲࡾࡱࡰࡸࡻࡴ

ඩቌන࢞ࢊ
૚

૙

ቍቌන࢞ࢊ
૚

૙

ቍቌන࢞ࢊ(࢞)ࢌ
૚

૙

ቍ
૜

= ૚ 

න ඥ(࢞)ࢌ૞

૚

૙

࢞ࢊ ≤
ࢅࢀࡵࡸ࡭ࢁࡽࡱࡺࡵ	ࡿᇲࡾࡱࡰࡸࡻࡴ

ඩቌන࢞ࢊ
૚

૙

ቍቌන࢞ࢊ
૚

૙

ቍቌන࢞ࢊ
૚

૙

ቍቌන࢞ࢊ
૚

૙

ቍቌන࢞ࢊ(࢞)ࢌ
૚

૙

ቍ
૞

= ૚ 

න ඥ(࢞)ࢌૠ

૚

૙

࢞ࢊ ≤
ࡾࡱࡰࡸࡻࡴ

ඩቌන࢞ࢊ
૚

૙

ቍቌන࢞ࢊ
૚

૙

ቍቌන࢞ࢊ
૚

૙

ቍቌන࢞ࢊ
૚

૙

ቍቌන࢞ࢊ
૚

૙

ቍቌන࢞ࢊ
૚

૙

ቍቌන࢞ࢊ(࢞)ࢌ
૚

૙

ቍ
ૠ

= ૚ 

ቌන ඥ(࢞)ࢌ૜

૚

૙

ቍቌන࢞ࢊ ඥ(࢞)ࢌ૞

૚

૙

ቍቌන࢞ࢊ ඥ(࢞)ࢌૠ

૚

૙

ቍ࢞ࢊ ≤ ૚ 

 

119. If ࢌ: [࢈,ࢇ] → (૙,∞),ࢇ < ܾ, ݂ continuous, increasing then: 

ቌන࢞ࢊ(࢞)ࢌ࢞
࢈

ࢇ

ቍቌනࢌ૛(࢞)
࢈

ࢇ

࢞ࢊ(࢞)ࢌ૜࢞ቍቌන࢞ࢊ
࢈

ࢇ

ቍ ≥
૛࢈૛ࢇ

࢈ − ቌࢇ
න࢞ࢊ(࢞)ࢌ
࢈

ࢇ

ቍ

૝

 

Proposed by Daniel Sitaru – Romania  

Solution by Leonard Giugiuc – Romania  

By Chebyshev,  

න࢞ࢊ(࢞)ࢌ࢞ ≥
૚

࢈ − ࢇ ⋅ ቌන࢞ࢊ࢞
࢈

ࢇ

ቍ	
࢈

ࢇ

ቌන࢞ࢊ(࢞)ࢌ
࢈

ࢇ

ቍ =
ࢇ + ࢈
૛ ⋅ න (࢞)ࢌ

࢈

ࢇ

 .࢞ࢊ

Similarly,  
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න࢞૜(࢞)ࢌ
࢈

ࢇ

࢞ࢊ ≥
૜ࢇ + ࢈૛ࢇ + ૛࢈ࢇ + ૜࢈

૝
⋅ න (࢞)ࢌ
࢈

ࢇ

 ࢞ࢊ

By Cauchy,  ∫ ࢈(࢞)૛ࢌ
ࢇ ࢞ࢊ ≥ ૚

ࢇି࢈
⋅ ቀ∫ ࢈(࢞)ࢌ

ࢇ ቁ࢞ࢊ
૛

 

By AM – GM, ࢇା࢈
૛
⋅ ࢇ

૜ାࢇ૛࢈ା࢈ࢇ૛ା࢈૜

૝
≥  ૛. We multiply and get࢈૛ࢇ

ቌන࢞ࢊ(࢞)ࢌ࢞
࢈

ࢇ

ቍቌනࢌ૛(࢞)࢞ࢊ
࢈

ࢇ

ቍቌන࢞૜࢞ࢊ(࢞)ࢌ
࢈

ࢇ

ቍ ≥
૛࢈૛ࢇ

࢈ − ቌࢇ
න࢞ࢊ(࢞)ࢌ
࢈

ࢇ

ቍ

૝

 

 

120. From the book: “Math Accent” 

ࢹ = න
૚)ܖܔ − ૛)૛࢞ ૚)ܖܔ − (࢞

࢞

૚

૙

 ࢞ࢊ

Prove that:    ࢹ > ૞
૛
 (૜)ࣀ

Proposed by Daniel Sitaru – Romania 

Solution by Shivam Sharma-New Delhi-India 

If  ࡵ = ∫
૛൯࢞൫૚ିܖܔ

૛
(࢞૚ି)ܖܔ

࢞
૚
૙ ࡵ :Then, prove that .࢞ࢊ > − ૛࣊

૛
 

⇒ ૛න
૚)ܖܔ] − (࢞ + ૚)ܖܔ + [(࢞ ૚)ܖܔ − (࢞

࢞

૚

૙

 ࢞ࢊ

⇒ ૛∫ (࢞૚ି)૛ܖܔ
࢞

૚
૙ ࢞ࢊ + ૛∫ (࢞૚ି)ܖܔ (࢞૚ା)ܖܔ

࢞
૚
૙ ࡭ ,Let .࢞ࢊ = ∫ (࢞૚ି)૛ܖܔ

࢞
૚
૙  ࢞ࢊ

⇒ න
(࢞)૛ܖܔ
૚ − ࢞

૚

૙

࢞ࢊ ⇒ ෍න࢔࢞ (࢞)૛ܖܔ
૚

૙

ஶ

ୀ૙࢔

࢞ࢊ ⇒ ෍
ࣔ૛

૛࢔ࣔ

ஶ

ୀ૙࢔

቎න ࢞ࢊ࢔࢞
૚

૙

቏ 
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⇒ ෍
ࣔ૛

૛࢔ࣔ

ஶ

ୀ૙࢔

ቈ
૚ି࢔࢞

࢔ + ૚
቉
૙

૚

⇒ ෍ቈ
૚ି࢔࢞ (࢞)૛ܖܔ

࢔ + ૚
− ૛

ା૚࢔࢞ (࢞)ܖܔ
࢔) + ૚)૛ + ૛

૚ି࢔࢞

࢔) + ૚)૜቉
ஶ

ୀ૙࢔ ૙

૚

 

⇒ ૛∑ ቀ ૚
૜࢔
ቁஶ

ୀ૙࢔ 		(OR)  ࡭	 = 		૛ࣀ(૜) 

Let ࡮ = ∫ (࢞૚ି)ܖܔ (࢞૚ା)ܖܔ
࢞

૚
૙  ࢞ࢊ

⇒ ૚
૝
ቂ૚
૛∫

(࢞૚ି)૛ܖܔ
࢞

૚
૙ ࢞ࢊ − ૛ ∫ (࢞)૛ܖܔ

(૚ି࢞)(૚ା࢞)
૚
૙ ቃ࢞ࢊ ⇒ ૚

૝
ቂ− ૚

૛∫
(࢞)૛ܖܔ
૚ି࢞

૚
૙ ࢞ࢊ − ∫ (࢞)૛ܖܔ

૚ା࢞
૚
૙   ቃ࢞ࢊ

Now, applying I.B.P., we get, ⇒ ૚
૝
ቂ− ∫ (࢞)ܖܔ (࢞૚ି)ܖܔ

࢞
૚
૙ ࢞ࢊ + ૛ ∫ (࢞)ܖܔ (࢞૚ା)ܖܔ

࢞
૚
૙  ቃ࢞ࢊ

Now, again applying I.B.P., we get ⇒ ૚
૝
ቂ− ∫ (࢞)૛࢏ࡸ

࢞
૚
૙ ࢞ࢊ + ૛∫ (࢞ି)૛࢏ࡸ

࢞
૚
૙  ቃ࢞ࢊ

Let,  ࢞ = 	 	࢞ࢊ in second integral, we get ,࢛− =  ࢛ࢊ−	

⇒
૚
૝ቌ

૙૚[(࢞)૜࢏ࡸ−] + ૛න
(࢛)૛࢏ࡸ
࢛

૚

૙

ቍ࢛ࢊ ⇒
૚
૝
൫࢏ࡸ૜(૚) + ૛[࢏ࡸ૜(࢞)]૙૚൯ 

⇒ ૚
૝
ቂ− ૞

૛
൫࢏ࡸ૜(૚)൯ቃ ⇒ ૚

૝
ቂ− ૞

૛
࡮ ቃ (OR)(૜)ࣀ = 		 − ૞

ૡ
  .(૜)ࣀ

Combining all, we get, ࡵ = ૛࡭ + ૛࡮ ⇒ ૛൫૛ࣀ(૜)൯ + ૛ ൬− ૞
ૡ
 ൰(૜)ࣀ

(OR) ࡵ = ૚૚
૝
(૜)ࣀ > ૞

૛
 (૜)ࣀ

 

121. If [૙, ૚] → (૙,∞) continuous; ∫ ૚(࢞)૜ࢌ
૙ ࢞ࢊ = √૛ૠ  then: 

ቌනࢌ૞(࢞)
૚

૙

(࢞)ૠࢌቍቌන࢞ࢊ
૚

૙

(࢞)ૢࢌቍቌන࢞ࢊ
૚

૙

ቍ࢞ࢊ ≥ ૛ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer   

Solution 2 by Chris Kyriazis-Greece 
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Solution 1 by proposer 

ቌනࢌ૞(࢞)࢞ࢊ
૚

૙

ቍቌනࢌૠ(࢞)࢞ࢊ
૚

૙

ቍቌන࢞ࢊ(࢞)ૢࢌ
૚

૙

ቍቌනࢌ૜(࢞)࢞ࢊ
૚

૙

ቍ = 

= නቀࢌ૛(࢞)ඥ(࢞)ࢌቁ
૛
࢞ࢊ

૚

૙

⋅ නቀࢌ૜(࢞)ඥ(࢞)ࢌቁ
૛
࢞ࢊ ⋅ 

⋅ න ቀࢌ૝(࢞)ඥ(࢞)ࢌቁ
૛

૚

૙

࢞ࢊ ⋅ ቌන(࢞)ࢌඥ(࢞)ࢌ
૚

૙

ቍ

૛

࢞ࢊ ≥⏞
ࡿ࡮࡯

 

≥ ቌනࢌ૟(࢞)࢞ࢊ
૚

૙

ቍ

૛

⋅ ቌනࢌ૟(࢞)࢞ࢊ
૚

૙

ቍ

૛

࢞ࢊ = 

= ൮ቌනࢌ૟(࢞)࢞ࢊ
૚

૙

ቍቌන૚૛࢞ࢊ
૚

૙

ቍ൲

૝

≥⏞
ࡿ࡮࡯

ቌනࢌ૜(࢞)࢞ࢊ
૚

૙

ቍ

ૡ

= ඥ૛ૡૠ
 

√૛ૠ ቌනࢌ૞(࢞)࢞ࢊ
૚

૙

ቍቌනࢌૠ(࢞)࢞ࢊ
૚

૙

ቍቌන࢞ࢊ(࢞)ૢࢌ
૚

૙

ቍ ≥ ඥ૛ૡૠ  

ቌනࢌ૞(࢞)
૚

૙

(࢞)ૠࢌቍቌන࢞ࢊ
૚

૙

(࢞)ૢࢌቍቌන࢞ࢊ
૚

૙

ቍ࢞ࢊ ≥ ૛ 

Solution 2 by Chris Kyriazis-Greece 

By Holder’s Inequality (only if ࢌ ≥ ૙) 

ቌනࢌ૞(࢞)࢞ࢊ
૚

૙

ቍ

૜
૞

⋅ ቌන࢞ࢊ
૚

૙

ቍ

૚
૞

ቌන࢞ࢊ
૚

૙

ቍ

૚
૞

≥ නࢌ૜(࢞)࢞ࢊ
૚

૙
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⇒ ∫ ૚࢞ࢊ(࢞)૞ࢌ
૙ ≥ ൫√૛ૠ ൯

૞
૜ = ૛

૞
૛૚   (1). Working the same way, we have 

ቀ∫ ૚(࢞)ૠࢌ
૙ ቁ࢞ࢊ

૜
ૠ ≥ √૛ૠ ⇔ ∫ ૚(࢞)ૠࢌ

૙ ࢞ࢊ ≥ ૛
ૠ
૛૚   (2) and 

ቀ∫ ૚࢞ࢊ(࢞)ૢࢌ
૙ ቁ

૜
ૢ ≥ √૛ૠ ⇔ ∫ ૚(࢞)ૢࢌ

૙ ࢞ࢊ ≥ ૛
ૢ
૛૚    (3) 

Multiplying (1) × (2) × (3) we have 

∫ ૚࢞ࢊ(࢞)૞ࢌ
૙ ⋅ ∫ ૚࢞ࢊ(࢞)ૠࢌ

૙ ⋅ ∫ ૚࢞ࢊ(࢞)ૢࢌ
૙ ≥ ૛ as we want! 

 

122. In all ࢤ	࡯࡮࡭, 

෍ න ૛࢚ିࢋ

૛ࢇࢎ
ࢉࢎࢇࢎାࢉࢎ࢈ࢎା࢈ࢎࢇࢎ

૙ࢉ࢟ࢉ

࢚ࢊ ≤ ૜ ૚ିܖ܉ܜ
ࡾ
૟ࡾ

 

Proposed by Soumitra Mandal-Chandar Nagore-India 

Solution by Daniel Sitaru – Romania  

૛࢞ࢋ ≥ ૛࢞ + ૚ → ૛࢞ିࢋ ≤
૚

૛࢞ + ૚ → 

න ૛࢚ିࢋ

૛ࢇࢎ
ࢉࢎࢇࢎାࢉࢎ࢈ࢎା࢈ࢎࢇࢎ

૙

࢚ࢊ ≤ ૚ିܖ܉ܜ ቆ
૛ࢇࢎ

࢈ࢎࢇࢎ + ࢉࢎ࢈ࢎ + ࢇࢎࢉࢎ
ቇ 

෍ න ૛࢚ିࢋ

૛ࢇࢎ
ࢉࢎࢇࢎାࢉࢎ࢈ࢎା࢈ࢎࢇࢎ

૙ࢉ࢟ࢉ

࢚ࢊ ≤෍ିܖ܉ܜ૚ ቆ
૛ࢇࢎ

࢈ࢎࢇࢎ + ࢉࢎ࢈ࢎ + ࢇࢎࢉࢎ
ቇ ≤⏞
ࡺࡱࡿࡺࡱࡶ

 

≤ ૜ିܖ܉ܜ૚ ቆ
૚
૜
෍

૛ࢇࢎ

࢈ࢎࢇࢎ + ࢉࢎ࢈ࢎ + ࢇࢎࢉࢎ
ቇ ≤⏞
࡭ࡹࡹࡱࡸ

૜ ૚ିܖ܉ܜ
ࡾ
૟࢘
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LEMMA: 

૛ࢇࢎ + ૛࢈ࢎ + ૛ࢉࢎ

࢈ࢎࢇࢎ + ࢉࢎ࢈ࢎ + ࢉࢎࢇࢎ
≤
ࡾ
૛࢘ 

By Adil Abdullayev 

We have, ࢇࢎ = ૛ࢤ
ࢇ

࢈ࢎ, = ૛ࢤ
࢈

ࢉࢎ, = ૛ࢤ
ࢉ

ࢇ, + ࢈ + ࢉ = ૛࢖ and   

࢈ࢇ + ࢉ࢈ + ࢇࢉ = ૛࢖ + ૛࢘ + ૝࢘ࡾ 

૛ࢇࢎ + ૛࢈ࢎ + ૛ࢉࢎ

࢈ࢎࢇࢎ + ࢉࢎ࢈ࢎ + ࢉࢎࢇࢎ
≤
ࡾ
૛࢘

⇔
૚
૛ࢇ + ૚

૛࢈ + ૚
૛ࢉ

૚
࢈ࢇ + ૚

ࢉ࢈ + ૚
ࢇࢉ

≤
ࡾ
૛࢘

 

⇔
૛࢈૛ࢇ + ૛ࢉ૛࢈ + ૛ࢉ૛ࢇ

ࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ ≤
ࡾ
૛࢘

⇔
૛࢖) + ૛࢘ + ૝࢘ࡾ)૛

ࢇ)ࢉ࢈ࢇ + ࢈ + (ࢉ ≤
ࡾ + ૝࢘
૛࢘

 

⇔
૝࢖ + ૝࢘ + ૚૟࢘૛࢘૛ + ૛࢖૛࢘૛ + ૡ࢘ࡾ૜ + ૡ࢖࢘ࡾ૛

ૡ࢖࢘ࡾ૛
≤
ࡾ + ૝࢘
૛࢘

 

⇔ ૝࢖ + ૝࢘ + ૚૟ࡾ૛࢘૛ + ૛࢖૛࢘૛ + ૡ࢘ࡾ૜ + ૡ࢖࢘ࡾ૛ ≤ ૝ࡾ૛࢖૛ + ૚૟࢖࢘ࡾ૛ 

⇔ ૝࢖ + ૝࢘ + ૚૟ࡾ૛࢘૛ + ૛࢖૛࢘૛ + ૡ࢘ࡾ૜ ≤ ૝ࡾ૛࢖૛ + ૡ࢖࢘ࡾ૛ 

We know, ࢖૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛, then we need to prove, 

૛ࡾ૛(૝࢖ + ૝࢘ࡾ+ ૜࢘૛) + ૛࢘) + ૝࢘ࡾ)૛ + ૛࢖૛࢘૛ ≤ ૝ࡾ૛࢖૛ + ૡ࢖࢘ࡾ૛ 

⇔ ૛࢘૛(૞࢖ − ૝࢘ࡾ) + ૛࢘) + ૝࢘ࡾ)૛ ≤ ૙ ⇔ ૛࢖ ≥
૛࢘) + ૝࢘ࡾ)૛

૝࢘ࡾ − ૞࢘૛  

Again, we know, ࢖૛ ≥ ૚૟࢘ࡾ − ૞࢘૛, we will show, ૚૟࢘ࡾ − ૞࢘૛ ≥ ൫࢘૛ା૝࢘ࡾ൯
૛

૝ି࢘ࡾ૞࢘૛
 

⇔ ૝ࡾ૛ − ࢘ࡾૢ + ૛࢘૛ ≥ ࡾ) − ૛࢘)(૝ࡾ − (࢘ ≥ ૙, which is true.  

Hence Proved 
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123. From the book: “Sinergy Math” 

If ࢞, ,࢟ ࢠ ∈ (૙,∞) 

(࢞)ࢹ = ܕܑܔ
ஶ→࢔

ቌ
࢞) + ૜)

૚
࢔ + ࢞

૚
࢔

࢞) + ૛)
૚
࢔ + ࢞) + ૚)

૚
࢔
ቍ

࢔

 

Then: 

(࢞)૛ࢹ + (࢟)૛ࢹ + (ࢠ)૛ࢹ < 3 + 2෍
૚

࢞ + ૛
 

Proposed by Daniel Sitaru – Romania  

Solution by Quang Minh Tran-Vietnam 

If ࢞ in positive real number we have ࢹ૛(࢞) = (ା૜࢞)࢞
 (ା૚࢞)(ା૛࢞)

Now we must prove ∑ ቂ (ା૜࢞)࢞
(ା૚࢞)(ା૛࢞) −

૛
ା૛࢞

ቃ < 3 ⇔ ∑ ૚ି࢞
ା૚࢞

< 3 ⇔ 

⇔෍൬૚ −
૛

࢞ + ૚൰ < 3 ⇔ 3 − 2෍
૚

࢞ + ૚ < 3 

 

124. ૚ < ∫ ∫ ࢞) + ૝)૝࢟ࢊ࢞ࢊ૚
૙

૚
૙ < ૚૟

૞
 

නන(࢞ + ૝(࢟
࢈

ࢇ

࢟ࢊ࢞ࢊ
࢈

ࢇ

≤ නනන(࢚࢞ + (૚ − ૝(࢟(࢚
૚

૙

࢈

ࢇ

࢈

ࢇ

ࢇ,࢚ࢊ࢟ࢊ࢞ࢊ < ܾ 

Proposed by Daniel Sitaru – Romania  

Solution by Soumitra Mandal-Chandar Nagore-India 

We have, by ࡹ.ࡾ ≥ ࡹ.࡭ ≥ ૝࢞)ૡ ;ࡹ.ࡳ + (૝࢟ ≥ ࢞) + ૝(࢟ ≥ ૚૟࢞૛࢟૛ 

ૡ ቌන࢟ࢊ
૚

૙

ቍቌන࢞૝
૚

૙

ቍ࢞ࢊ + ૡቌන࢞ࢊ
૚

૙

ቍቌන࢟૝
૚

૙

ቍ࢟ࢊ ≥ නන(࢞ + ࢟ࢊ࢞ࢊ૝(࢟
૚

૙

૚

૙

≥ 
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≥ ૚૟ ቀ∫ ૚࢞ࢊ૛࢞
૙ ቁ ቀ∫ ૚࢟ࢊ૛࢟

૙ ቁ; ૚૟
૞
≥ ∫ ∫ ࢞) + ૝૚(࢟

૙
૚
૙ ࢟ࢊ࢞ࢊ ≥ ૚૟

ૢ
> ૚  (Proved) 

We have, ૙ ≤ ࢚ ≤ ૚ ⇒ ૙ ≤ ࢚࢞ ≤ similarly, ૙ ,࢞ ≤ ૚ − ࢚ ≤ ૚ 

⇒ ૙ ≤ ૚)࢟ − (࢚ ≤ Adding we have, ૙ .࢟ ≤ ࢚࢞ + ૚)࢟ − (࢚ ≤ ࢞ +  ࢟

නනන൫࢚࢞ + −૚)࢟ ൯(࢚
૛
࢚ࢊ࢟ࢊ࢞ࢊ

૚

૙

࢈

ࢇ

࢈

ࢇ

≤ නනන(࢞ + ࢚ࢊ࢟ࢊ࢞ࢊ૝(࢟
૚

૙

࢈

ࢇ

࢈

ࢇ

= නන(࢞ + ૝(࢟
࢈

ࢇ

࢈

ࢇ

 ࢟ࢊ࢞ࢊ

 

125. If ࢔,࢓ ∈ ℕ,࢓ ≥ ૛,࢔ ≥ ૛ then: 

⎝

⎛න ࢓࢞ܖ܉ܜ√

࣊
૛

૙

࢞ࢊ

⎠

⎞

⎝

⎛න ࢔࢞ܖ܉ܜ√

࣊
૛

૙

࢞ࢊ

⎠

⎞ ≥
૛࣊

ቀܛܗ܋ ࣊
૛࢓ + ܛܗ܋ ቁ࢔૛࣊

૛ 

Proposed by Daniel Sitaru – Romania  

Solution by Soumitra Mandal-Chandar Nagore-India 

න ࢖ܖܑܛ ࢞ ࢗܛܗ܋ ࢞ࢊ࢞

࣊
૛

૙

=
૚
૛
⋅
ࢣ ቀ࢖ + ૚

૛ ቁࢣ ቀࢗ + ૚
૛ ቁ

ࢣ ቀ࢖ + ࢗ + ૛
૛ ቁ

,−૚ < ݍ,݌ < 1 

૚)ࢣ(࢖)ࢣ − (࢖ = ࣊  ࢖࣊܋ܛ܋

⎝

⎛නܖܑܛ
૚
࢓ ࢞

࣊
૛

૙

ିܛܗ܋
૚
࢓ ࢞ࢊ࢞

⎠

⎞

⎝

⎛නܖܑܛ
૚
࢔ ࢞ ିܛܗ܋

૚
࢔ ࢞

࣊
૛

૙

࢞ࢊ

⎠

⎞ 

=
૚
૛
ࢣ ൬

࢓ + ૚
૛࢓

൰ࢣ ൬
࢓ − ૚
૛࢓

൰ ⋅
૚
૛
ࢣ ൬

࢔ + ૚
૛࢔

൰ ൬ࢣ
࢔ − ૚
૛࢔

൰ 

=
૚
૛
ࢣ ൬

࢓ + ૚
૛࢓

൰ࢣ ൜૚ −
࢓ + ૚
૛࢓ ൠ ⋅

૚
૛
ࢣ ൬

࢔ + ૚
૛࢔

൰ ࢣ ൜૚ −
࢔ + ૚
૛࢔ ൠ 

=
૛࣊

૝ ܋ܛ܋
࢓)࣊ + ૚)

૛࢓ ܋ܛ܋
࢔)࣊ + ૚)

૛࢔ =
૛࣊

૝ܛܗ܋ ࣊
૛ܛܗ܋࢓ ࣊

૛࢔
≥⏞

ࡹࡳஹࡹ࡭ ૛࣊

ቀܛܗ܋ ࣊
૛࢓ + ܛܗ܋ ࣊

૛࢔ቁ
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126. From the book: “Math Accent” 

න ૚ିܖܑܛ ൬
૛࢞

૚ + ૛࢞
൰

√૜

૚

૚ିܖ܉ܜ) ࢞ࢊ૛(࢞ <
૜࣊

૛ૠ
൫√૜ − ૚൯ 

Proposed by Daniel Sitaru – Romania  

Solution by Togrul Ehmedov-Baku-Azerbaidian 

૚ିܖܑܛ ൬
૛࢞

૚ + ૛൰࢞ = −࣊ ૛ ૚ିܖ܉ܜ ࢞ ; ࡶ	 = න −࣊) ૛ ૚ିܖ܉ܜ (࢞
√૜

૚

૚ିܖ܉ܜ)  ࢞ࢊ૛(࢞

࣊) − ૛ି࢔ࢇ࢚૚ିܖ܉ܜ)(࢞૚ ૛(࢞ <⏞
ࡹࡳିࡹ࡭

ቀ
࣊
૜
ቁ
૜

; ܠ܉ܕ	
ൣ૚,√૜൧

−࣊) ૛ ૚ିܖ܉ܜ (࢞ ૚ିܖ܉ܜ) ૛(࢞ =
૜࣊

૛ૠ 

−࣊) ૛ ૚ିܖ܉ܜ ૚ିܖ܉ܜ)(࢞ ૛(࢞ <
૜࣊

૛ૠ ; 	න −࣊) ૛ ૚ିܖ܉ܜ (࢞
√૜

૚

૚ିܖ܉ܜ) ࢞ࢊ૛(࢞ < න
૜࣊

૛ૠ

√૜

૚

 ࢞ࢊ

ࡶ <
૜࣊

૛ૠ ൫√૜ − ૚൯ 

 

127. Prove that if ࢇ ∈ ℝ then: 

න ૛࢞ࢋ
ା૚૚ࢇ

ାૡࢇ

࢞ࢊ + න ࢞ࢊ૛࢞ࢋ
ାૠࢇ

ା૝ࢇ

≤ න ࢞ࢊ૛࢞ࢋ
ା૜ࢇ

ࢇ

+ න ࢞ࢊ૛࢞ࢋ
ା૚૞ࢇ

ା૚૛ࢇ

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumitra Mandal-Chandar Nagore-India 

Solution 2 by Leonard Giugiuc – Romania  

Solution 1 by Soumitra Mandal-Chandar Nagore-India 

Lemma: Let ࢌ be a convex function defined on ࡵ ⊆ ℝ then for any  

࢞ ≤ ࢟ ≤ −࢞)ࢌ ,we have ࡵ in ࢠ ࢟ + (ࢠ ≤ (࢞)ࢌ − (࢟)ࢌ +  (ࢠ)ࢌ

Now, ቄ࢓ࢋ૛ቅ
ᇱᇱ

= ૛࢓ࢋ૛ + ૝࢓૛࢓ࢋ૛ > 0 for all ࢓ ∈ ℝ 
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Let ࢠ = +࢔ ૚૛ and ࢟ = ࢔ + ૡ then from ࢞)ࢌ − ࢟ + (ࢠ ≤ −(ࢠ)ࢌ (࢟)ࢌ + (࢞)ࢌ ⇒ 

⇒ ࢔)ࢌ + ૝) + ࢔)ࢌ + ૡ) ≤ (࢔)ࢌ + +࢔)ࢌ ૚૛) where ࢞ ∈ ࢇ,ࢇ] + ૜] then 

න +࢔)ࢌ ૝)
ା૜ࢇ

ࢇ

+࢔ࢊ න +࢔)ࢌ ૡ)
ା૜ࢇ

ࢇ

࢔ࢊ ≤ න (࢔)ࢌ
ା૜ࢇ

ࢇ

࢔ࢊ + න +࢔)ࢌ ૚૛)
ା૜ࢇ

ࢇ

 ࢔ࢊ

⇒ න (࢞)ࢌ
ାૠࢇ

ା૝ࢇ

࢞ࢊ + න (࢞)ࢌ
ା૚૚ࢇ

ାૡࢇ

࢞ࢊ ≤ න (࢞)ࢌ
ା૜ࢇ

ࢇ

࢞ࢊ + න (࢞)ࢌ
ା૚૞ࢇ

ା૚૛ࢇ

 ࢞ࢊ

∴ න ૛࢞ࢋ
ା૚૚ࢇ

ାૡࢇ

࢞ࢊ + න ࢞ࢊ૛࢞ࢋ
ାૠࢇ

ା૝ࢇ

≤ න ࢞ࢊ૛࢞ࢋ
ା૜ࢇ

ࢇ

+ න ࢞ࢊ૛࢞ࢋ
ା૚૞ࢇ

ା૚૛ࢇ

 

Solution 2 by Leonard Giugiuc – Romania  

Let ࢌ be an antiderivative of ࢞ࢋ૛on ࡾ. Then  

(࢞)ᇱᇱᇱࢌ = ૛(૚ + ૛࢞૛)࢞ࢋ૛ > ࢞∀,0 ∈  .ࡾ

Let ࡾ:ࢍ → (࢚)ࢍ,ࡾ = ∫ ା૜࢚૛࢞ࢋ
࢚ (࢚)ᇱᇱࢍ Then .࢞ࢊ = +࢚)ᇱᇱࢌ ૜) − (࢚)ᇱᇱࢌ ≥ ૙, 

because ࢌᇱᇱstrictly increasing. Hence ࢍ is convex. 

We need to prove ࢇ)ࢍ + ૝) + ࢇ)ࢍ + ૡ) ≤ (ࢇ)ࢍ + ࢇ)ࢍ + ૚૛). 

We have: ࢇ < ܽ + 4 < ܽ + 8 < ܽ + 12 and ࢇ + ࢇ + ૚૛ = ࢇ + ૝ + ࢇ + ૡ, 

hence by Karamata ࢇ)ࢍ + ૝) + ࢇ)ࢍ + ૡ) ≤ (ࢇ)ࢍ + ࢇ)ࢍ + ૚૛). 

 

128. If ࢗ,࢖,࢈,ࢇ ∈ ℝ,ࢇ < ݌,ܾ > ݌,1 + ݍ =  :then ݍ݌

࢈) − ࢈ାࢇࢋ૛ඥ(ࢇ ≤ නනࢋ
࢟࢖ା࢞ࢗ
ࢗା࢖

࢈

ࢇ

࢈

ࢇ

࢟ࢊ	࢞ࢊ ≤ ࢈) − −࢈ࢋ൫(ࢇ  ൯ࢇࢋ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumitra Mandal-Chandar Nagore-India, Solution 2 by Saptak 

Bhattacharya-Kolkata-India 
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Solution 1 by Soumitra Mandal-Chandar Nagore-India 

We have, ૚
࢖

+ ૚
ࢗ

= ૚ and ࢗ,࢖ > 0 now, ࢋ
࢞
ࢋ and ࢖

࢟
 ,are convex functions ࢖

hence by Hermite – Hadamard Inequality 

නࢋ
࢞
࢖

࢈

ࢇ

࢞ࢊ ≥ ࢈) − ࢋ(ࢇ
࢈ାࢇ
૛࢖ ,නࢋ

࢟
ࢗ

࢈

ࢇ

࢟ࢊ ≥ ࢈) − ࢋ(ࢇ
࢈ାࢇ
૛ࢗ  

∴ නනࢋ
࢟࢖ା࢞ࢗ
ࢗା࢖

࢈

ࢇ

࢈

ࢇ

࢟ࢊ	࢞ࢊ = ቌනࢋ
࢞
࢖

࢈

ࢇ

ࢋቍቌන࢞ࢊ
࢟
ࢗ

࢈

ࢇ

ቍ࢟ࢊ ≥ ࢈) − ࢋ૛(ࢇ
࢈ାࢇ
૛ ቀ૚࢖ା

૚
 ቁࢗ

= ࢈) − ࢋ ,Now .࢈ାࢇࢋ√૛(ࢇ
࢟࢖శ࢞ࢗ
ࢗశ࢖ ≤ ࢞ࢋ

࢖
+ ࢟ࢋ

ࢗ
			൥
∵ ࢔࢕࢏࢚ࢉ࢔࢛ࢌ	࢞ࢋ࢜࢔࢕ࢉ	ࢇ	࢙࢏	࢓ࢋ

ࢊ࢔ࢇ ૚
࢖

+ ૚
ࢗ

= ૚ ൩ 

⇒ නනࢋ
࢟࢖ା࢞ࢗ
ࢗା࢖

࢈

ࢇ

࢈

ࢇ

࢟ࢊ	࢞ࢊ ≤
૚
࢞ࢋනන࢖

࢈

ࢇ

࢈

ࢇ

࢟ࢊ	࢞ࢊ +
૚
࢟ࢋනනࢗ

࢈

ࢇ

࢈

ࢇ

 ࢟ࢊ	࢞ࢊ

= ࢈) − ࢈ࢋ൫(ࢇ − ൯ࢇࢋ ൬
૚
࢖

+
૚
ࢗ
൰ = ࢈) − ࢈ࢋ൫(ࢇ −  ൯ࢇࢋ

∴ ࢈) − ࢈ାࢇࢋ૛ඥ(ࢇ ≤ නනࢋ
࢟࢖ା࢞ࢗ
ࢗା࢖

࢈

ࢇ

࢈

ࢇ

࢟ࢊ	࢞ࢊ ≤ ࢈) − ࢈ࢋ൫(ࢇ −  ൯ࢇࢋ

Solution 2 by Saptak Bhattacharya-Kolkata-India 

(࢚)ࢌ =  is a convex function, so by first half of Hermite Hadamard ࢚ࢋ

inequality; (note that ࢗ = ࢖
૚ି࢖

> 0) 

නࢋ
࢟࢖
ࢗା࢈

࢈

ࢇ

නࢋ
࢞ࢊ
ࢗା࢖

࢈

ࢇ

࢟ࢊ	࢞ࢊ ≥ නࢋ
࢟࢖
ࢗା࢈

࢈

ࢇ

⋅ ࢈) − ࢋ(ࢇ
ࢗ

ቀ⋅ࢗା࢖
࢈ାࢇ
૛ ቁ࢟ࢊ 

≥ ࢈) − ࢋ૛(ࢇ
࢈శࢇ
૛
ቀ࢖శࢗ
ࢗశ࢖

ቁ = ࢈) − ࢋ૛(ࢇ
࢈శࢇ
૛      (i) 
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Since ࢗ > 0; let ࣅ = ࢗ

ࢗା࢖
∈ (૙, ૚). Then ૚ − ࣅ = ࢖

ࢗା࢖
∈ (૙, ૚) 

Also (࢚)ࢌ =   is convex. Thus; by Jensen ࢚ࢋ

࢞૛)ࢌ + (૚ − (࢟(ࣅ ≤ (࢞)ࢌࣅ + (૚ −  (࢟)ࢌ(ࣅ

⇒ නනࢋ૛࢞ା(૚ିࣅ)࢟

࢈

ࢇ

࢈

ࢇ

࢟ࢊ	࢞ࢊ ≤ නන(࢞ࢋࣅ + (૚ − (࢟ࢋ(ࣅ
࢈

ࢇ

࢈

ࢇ

 ࢟ࢊ	࢞ࢊ

= ൫ࣅ + (૚ − ࢈)൯(ࣅ − ࢈ࢋ൫(ࢇ − ൯ࢇࢋ = ࢈) − ࢈ࢋ൫(ࢇ −  ൯  (Proved)    (ii)ࢇࢋ

 

129. For ࢏ࢇ ∈ (૙, ૚],∀	࢏ ∈ [૚,࢔] 

Prove:  

૚
࢔࣊ ⋅ෑ࢏ࢇ૛

࢔

ୀ૚࢏

≤ න …

࢔ࢇ

࢕

න ൭ෑܖܑܛ ࢏࢞

࢔

ୀ૚࢏

൱

૚ࢇ

࢕

૚࢞ࢊ ࢔࢞ࢊ… ≤
૚
૛࢔ ⋅ ൭ෑ࢏ࢇ

࢔

ୀ૚࢏

൱
૛

 

Proposed by Uche Eliezer Okeke-Anambra-Nigeria 

Solution by Daniel Sitaru – Romania  
૛࢞૚
࣊

< ܖܑܛ ૚࢞ <  ૚   (Jordan)࢞

૛
න࣊ ࢞ࢊ૚࢞

૚ࢇ

૙

≤ න ܖܑܛ ૚࢞ ૚࢞ࢊ

૚ࢇ

૙

≤ න ૚࢞ࢊ૚࢞

૚ࢇ

૙

 

૚
࣊
⋅ ૚૛ࢇ ≤ න ૚࢞ܖܑܛ ૚࢞ࢊ

૚ࢇ

૙

≤
૚
૛
⋅  ,૚૛ࢇ

			
૚
࣊
⋅ ૛૛ࢇ ≤ න ܖܑܛ ૚࢞ࢊ૛࢞

૛ࢇ

૙

≤
૚
૛
⋅  ૛૛ࢇ

........................................................................................................... 
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૚
࣊
⋅ ૛࢔ࢇ ≤ න ܖܑܛ ࢔࢞

࢔ࢇ

૙

૚࢞ࢊ ≤
૚
૛
⋅ ૛࢔ࢇ ,	 

		
૚
࢔࣊

⋅ෑ࢏ࢇ૛
࢔

ୀ૚࢏

≤ෑන ܖܑܛ ࢏࢞ࢊ࢏࢞

૚ࢇ

૙

࢔

ୀ૚࢏

≤
૚
૛࢔

ෑ࢏ࢇ૛
࢔

ୀ૚࢏

 

૚
࢔࣊

⋅ෑ࢏ࢇ૛
࢔

ୀ૚࢏

≤ න …

࢔ࢇ

૙

න ൭ෑ࢏࢞ܖܑܛ

࢔

ୀ૚࢏

൱

૚ࢇ

૙

૚࢞ࢊ ࢔࢞ࢊ… ≤
૚
૛࢔

ෑ࢏ࢇ૛
࢔

ୀ૚࢏

 

 

130. If ࢗ,࢖,࢈,ࢇ ∈ ℝ,ࢇ < ݌,ܾ > ݌,1 + ݍ =  :then ݍ݌

૛ࢇ + ૛࢈ࢇ + ૛࢈

૝
<
∫ ∫ ࢞࢖) + ࢈૛(࢟ࢗ

ࢇ
࢈
ࢇ ࢟ࢊ	࢞ࢊ

࢈) − ࢖)૛(ࢇ + ૛(ࢗ <
૛ࢇ + ࢈ࢇ + ૛࢈

૜
 

Proposed by Daniel Sitaru – Romania  

Solution by Soumitra Mandal-Chandar Nagore-India 

൬
࢞࢖ + ࢟ࢗ
࢖ + ࢗ

൰
૛

= ൬
࢞
ࢗ

+
࢟
࢖
൰
૛

=
૛࢞

૛ࢗ
+
૛࢟࢞
ࢗ࢖

+
૛࢟

૛࢖
 

නන൬
࢞࢖ + ࢟ࢗ
+࢖ ࢗ

൰
૛࢈

ࢇ

࢈

ࢇ

࢟ࢊ	࢞ࢊ =
૚
૛ࢗ

නන࢞૛
࢈

ࢇ

࢈

ࢇ

+࢟ࢊ	࢞ࢊ
૛
ࢗ࢖

ቌන࢞	࢞ࢊ
࢈

ࢇ

ቍቌන࢟	࢟ࢊ
࢈

ࢇ

ቍ+
૚
૛࢖

නන࢟૛࢟ࢊ	࢞ࢊ
࢈

ࢇ

࢈

ࢇ

 

=
࢈) − ૜࢈)(ࢇ − (૜ࢇ

૜ࢗ૛ +
࢈) − ૜࢈)(ࢇ − (૜ࢇ

૜࢖૛ +
૛࢈) − ૛)૛ࢇ

૛ࢗ࢖  

૚
࢈) − ૛නන൬(ࢇ

࢞࢖ + ࢟ࢗ
࢖ + ࢗ ൰

૛࢈

ࢇ

࢈

ࢇ

࢟ࢊ	࢞ࢊ =
૛ࢇ + ࢈ࢇ + ૛࢈

૜ ൬
૚
૛࢖ +

૚
+૛൰ࢗ

࢈) + ૛(ࢇ

૛ࢗ࢖  

≥
ࢇ) + ૛(࢈

૝
൬
૚
૛࢖

+
૚
૛ࢗ
൰ +

ࢇ) + ૛(࢈

૛ࢗ࢖
ቈ∵ ૛ࢇ + ࢈ࢇ + ૛࢈ ≥

૜(ࢇ + ૛(࢈

૝
቉ 

= ૛(࢈ାࢇ)

૝
ቀ૚
࢖

+ ૚
ࢗ
ቁ
૛

= ૛࢈ା࢈ࢇ૛ା૛ࢇ

૝
. Similarly, ૚

૛(ࢇି࢈) ∫ ∫ ቀ࢞࢖ା࢟ࢗ
ࢗା࢖

ቁ
૛࢈

ࢇ
࢈
ࢇ  ࢟ࢊ	࢞ࢊ
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≤ ૛࢈ା࢈ࢇ૛ାࢇ

૜
ቀ ૚
૛࢖

+ ૚
૛ࢗ
ቁ + ૛൫ࢇ૛ା࢈ࢇା࢈૛൯

૜ࢗ࢖
= ૛࢈ା࢈ࢇ૛ାࢇ

૜
ቀ૚
࢖

+ ૚
ࢗ
ቁ
૛

= ૛࢈ା࢈ࢇ૛ାࢇ

૜
  

 

131. Prove: 

න ૛൫૚ܖܔ + ܖܑܛ√ ൯࢞
૚

૙

࢞ࢊ <
૚
૛ 

Proposed by Uche Eliezer Okeke-Anambra-Nigeria 

Solution by Daniel Sitaru-Romania  

࢞ࢋ ≥ ૚+ ࢞,࢞ ∈ ℝ, ܏ܗܔ(૚ + (࢞ ≤ ,࢞ ࢞ > −1 → ൫૚܏ܗܔ + ൯࢞ܖܑܛ√ ≤ ࢞ܖܑܛ√ → 

૛൫૚܏ܗܔ + ൯࢞ܖܑܛ√ ≤ ܖܑܛ ࢞ ≤ ;࢞ 	න +૛൫૚܏ܗܔ ൯࢞ܖܑܛ√
૚

૙

< න࢞	࢞ࢊ
૚

૙

=
૚
૛

 

 

(࢈,ࢇ)ࡵ .132 = ∫ ቀܖ܉ܜ܋ܚ܉ቀ ࢇ ࢞ܖܑܛ
ܛܗ܋ࢇା࢈ ࢞

ቁ + ܖ܉ܜ܋ܚ܉ ቀ ܖܑܛ࢈ ࢞
࢈ାࢇ ܛܗ܋ ࢞

ቁቁ࢈
ࢇ  ,࢞ࢊ

૙ < ܽ < ܾ < ܿ <
࣊
૛ 

Prove that: 

૛
࢈ − ࢇ ࡵ

(࢈,ࢇ) +
૛

ࢉ − ࢈ ࡵ
(ࢉ,࢈) +

૛
ࢉ − ࢇ ࡵ

,ࢇ) (ࢉ ≥෍ቌ√࢈ࢇ + ඨࢇ
૛ + ૛࢈

૛
ቍ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Ravi Prakash-New Delhi-India, Solution 2 by Saptak 

Bhattacharya - Kolkata-India, Solution 3 by Soumitra Mandal-Chandar 

Nagore-India 

Solution 1 by Ravi Prakash-New Delhi-India 

ࢇ ܖܑܛ ࢞
࢈ + ࢇ ࢞ܛܗ܋

=
ࢇ ቀ૛ ܖ܉ܜ ૛ቁ࢞

࢈ ቀ૚ + ૛ܖ܉ܜ +૛ቁ࢞ ࢇ ቀ૚ − ૛ܖ܉ܜ ૛ቁ࢞
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=
૛ࢇ ܖ܉ܜ ቀ࢞૛ቁ

ࢇ) + (࢈ + ࢈) − (ࢇ ૛ܖ܉ܜ ቀ࢞૛ቁ
=

૛ࢇ
࢈ + ࢇ ܖ܉ܜ ቀ

࢞
૛ቁ

૚ + ࢈ − ࢇ
࢈ + ࢇ ܖ܉ܜ

૛ ࢞
૛

=
ܖ܉ܜ ૛࢞ −

࢈ − ࢇ
࢈ + ࢇ ܖ܉ܜ

࢞
૛

૚ + ࢈ − ࢇ
࢈ + ࢇ ܖ܉ܜ

૛ ቀ࢞૛ቁ
 

Put ࢇି࢈
ࢇା࢈

ܖ܉ܜ ࢞
૛

= ∴ ࣂܖ܉ܜ ࢇ ܖܑܛ ࢞
ܛܗ܋ࢇା࢈ ࢞

=
ܖ܉ܜ૛ି࢞ܖ܉ܜ ࣂ

૚ା࢞ܖ܉ܜ૛ ܖ܉ܜ ࣂ
= ܖ܉ܜ ቀ࢞

૛
+  ቁࣂ

⇒ ܖ܉ܜ܋ܚ܉ ൬
ࢇ ܖܑܛ ࢞

࢈ + ࢇ ܛܗ܋ ࢞
൰ =

࢞
૛

+ ࣂ =
࢞
૛

+ ૚ିܖ܉ܜ ൬
࢈ − ࢇ
࢈ + ࢇ

ܖ܉ܜ
࢞
૛
൰ 

Similarly, ܖ܉ܜ܋ܚ܉ቀ ܖܑܛ࢈ ࢞
࢞ܛܗ܋࢈ାࢇ

ቁ 

=
࢞
૛ + ൬ܖ܉ܜ܋ܚ܉

ࢇ − ࢈
ࢇ + ࢈ ܖ܉ܜ

࢞
૛൰ =

࢞
૛ − ܖ܉ܜ܋ܚ܉ ൬

࢈ − ࢇ
࢈ + ࢇ ܖ܉ܜ

࢞
૛൰ 

∴ (࢈,ࢇ)ࡵ = නቀ
࢞
૛

+
࢞
૛
ቁ

࢈

ࢇ

࢞ࢊ =
૚
૛

૛࢈) − (૛ࢇ ⇒
૛

࢈ − ࢇ
(࢈,ࢇ)ࡵ = ࢈ +  ࢇ

Thus, ૛
ࢇି࢈

(࢈,ࢇ)ࡵ + ૛
࢈ିࢉ

,࢈)ࡵ (ࢉ + ૛
ࢇିࢉ

(ࢇ,ࢉ)ࡵ = ૛(ࢇ + ࢈ +  (ࢉ

Now, ࢇା࢈
૛
≥ ࡹ࡭]			࢈ࢇ√ ≥ ࢈ାࢇ and [ࡹࡳ

૛
≥ ටࢇ૛ା࢈૛

૛
 

⇔ ࢇ) + ૛(࢈ − ૛(ࢇ૛ + (૛࢈ ≥ ૙ ⇔ ࢇ) − ૛(࢈ ≥ ૙ 

∴ ࢇ + ࢈ ≥ ࢈ࢇ√ + ඨࢇ
૛ + ૛࢈

૛
⇒෍(ࢇ + (࢈ ≥෍ቌ√࢈ࢇ + ඨࢇ

૛ + ૛࢈

૛ ቍ 

Solution 2 by Saptak Bhattacharya-Kolkata-India 

(࢈,ࢇ)ࢌ = නିܖ܉ܜ૚൮
ܖܑܛࢇ ࢞

࢈ + ࢇ ࢞ܛܗ܋ + ࢈ ܖܑܛ ࢞
ࢇ + ࢈ ܛܗ܋ ࢞

૚ − ࢈ࢇ ૛ܖܑܛ ࢞
࢈) + ࢇ ܛܗ܋ ࢇ)(࢞ + ࢈ (࢞ܛܗ܋

൲
࢈

ࢇ

 ࢞ࢊ

= නିܖ܉ܜ૚
ܖܑܛ ࢞ ૛ࢇ) + ૛࢈ + ૛࢈ࢇ (࢞ܛܗ܋

૛ࢇ) + (૛࢈ ࢞ܛܗ܋ + ૚)࢈ࢇ + 	(࢞૛ܛܗ܋

࢈

ࢇ

 ࢞ࢊ
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= ∫ ૚ିܖ܉ܜ ܖܑܛ ࢇ൫࢞
૛ା࢈૛ା૛࢈ࢇ ܛܗ܋ ൯࢞

ܛܗ܋ ܛܗ܋࢈ࢇ૛ା૛࢈૛ାࢇ)࢞ (࢞
࢈
ࢇ ࢞ࢊ = ∫ ૚ିܖ܉ܜ ܖ܉ܜ ࢈࢞

ࢇ ࢞ࢊ = ∫ ࢈࢞ࢊ	࢞
ࢇ = ૛ࢇ૛ି࢈

૛
  

Now, ૚
ࢇି࢈

(࢈,ࢇ)ࢌ = ࢈ାࢇ
૛

= ඥ(ࢇା࢈)૛

૛
=

ඥࢇ૛ା࢈૛ା૛࢈ࢇ
૛

=
ට൬ࢇ

૛శ࢈૛

૛ ା࢈ࢇ൰

૛
 

≥⏞
࢔ࢇࢋ࢓	࢘ࢋ࢝࢕ࡼ ࢇାට࢈ࢇ√

૛శ࢈૛

૛

૛
	. Hence ૛

ࢇି࢈
(࢈,ࢇ)ࢌ ≥ ࢈ࢇ√ + ටࢇ૛ା࢈૛

૛
 

⇒෍
૛(࢈,ࢇ)ࢌ
࢈ − ࢇ

≥෍ቌ√࢈ࢇ + ඨࢇ
૛ + ૛࢈

૛ ቍ 

Solution 3 by Soumitra Mandal-Chandar Nagore-India 

(࢈,ࢇ)ࡵ = න൬ିܖ܉ܜ૚ ൬
ࢇ ܖܑܛ ࢞

࢈ + ࢇ ܛܗ܋ ࢞
൰ + ૚ିܖ܉ܜ ൬

࢈ ܖܑܛ ࢞
ࢇ + ࢈ ࢞ܛܗ܋

൰൰
࢈

ࢇ

 ࢞ࢊ

= නቌିܖ܉ܜ૚
ܖ܉ܜ ૛࢞ −

࢈ − ࢇ
࢈ + ࢇ ܖ܉ܜ

࢞
૛

૚ + ࢈ − ࢇ
࢈ + ࢇ ܖ܉ܜ

૛ ࢞
૛

+ ૚ିܖ܉ܜ
ܖ܉ܜ +૛࢞ ࢈ − ࢇ

࢈ + ࢇ ܖ܉ܜ
࢞
૛

૚ − ࢈ − ࢇ
࢈ + ࢇ ܖ܉ܜ

૛ ࢞
૛

ቍ࢞ࢊ
࢈

ࢇ

 

= න൬
࢞
૛ − ૚ିܖ܉ܜ ൬

࢈ − ࢇ
࢈ + ࢇ ܖ܉ܜ

࢞
૛൰+

࢞
૛ + ૚ିܖ܉ܜ ൬

࢈ − ࢇ
࢈ + ࢇ ܖ܉ܜ

࢞
૛൰൰

࢈

ࢇ

 ࢞ࢊ

= න࢞	࢞ࢊ
࢈

ࢇ

=
૛࢈ − ૛ࢇ

૛
⇒

૛
࢈ − ࢇ

(࢈,ࢇ)ࡵ = ࢇ +  ࢈

∴෍
૛

࢈ − ࢇ
ࢉ࢟ࢉ

(࢈,ࢇ)ࡵ = ૛(ࢇ + ࢈ + (ࢉ = ෍(ࢇ + (࢈
ࢉ࢟ࢉ

= ෍ඨ(૚+ ૚)
ࢇ) + ૛(࢈

૛
ࢉ࢟ࢉ

 

≥⏞
ࢠ࢘ࢇ࢝ࢎࢉࡿି࢟ࢎࢉ࢛ࢇ࡯

	෍ቌ√࢈ࢇ + ඨࢇ
૛ + ૛࢈

૛ ቍ
ࢉ࢟ࢉ
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133. If ࢈,ࢇ, ࢉ > 0,ܽ + ܾ + ܿ =  :then ߨ

૛෍න
૛ܖ܉ܜ܋ܚ܉ ࢞

࢞

ࢇ

૙

࢞ࢊ + ૚)܏ܗܔ + (૛ࢇ ૚)܏ܗܔ + (૛࢈ ૚)܏ܗܔ + (૛ࢉ <  ૛࣊

Proposed by Daniel Sitaru – Romania  

Solution 1 by Saptak Bhattacharya-Kolkata-India,  

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

Solution 1 by Saptak Bhattacharya-Kolkata-India 

Let (࢞)ࢌ = ࢞ − ૚ିܖ܉ܜ ࢞ ; (࢞)ᇱࢌ	 = ૚ − ૚
૚ା࢞૛

> 0. So, ∀࢞ > 0;	 

(࢞)ࢌ > ݂(૙) = ૙ thus: (ିܖ܉ܜ૚ ૛(࢞ < ૛࢞ ⇒ ൫ܖ܉ܜష૚ ൯࢞
૛

࢞
<  ;ݔ

∫
൫ܖ܉ܜష૚ ൯࢞

૛
࢞ࢊ

࢞
ࢇ
૙ < ૛ࢇ

૛
. Thus, ૛∑∫

൫ܖ܉ܜష૚ ൯࢞
૛
࢞ࢊ

࢞
ࢇ
૙ <  ૛     (I)ࢇ∑

Now, consider ࣘ(࢞) = ࢞ − ૚)ܖܔ +  (૛࢞

ࣘ(૙) = ૙; 	ࣘᇱ(࢞) = ૚ −
૛࢞

૚ + ૛࢞
=

࢞) − ૚)૛

૚ + ૛࢞
> 0 

So, ࣘ(࢞) > ݔ∀			0 > 0 ⇒ ૚)ܖܔ + (૛࢞ < ∏ ,Thus .ݔ ૚)ܖܔ + (૛ࢇ < ܾܽܿ    (ii) 

Now, by ࡹ࡭ ≥ ∑ ࡹࡴ ૚
ࢇ
≥ ૢ

૛࣊
⇒ ∑ ૛

ࢇ
≥ ૚ૡ

૛࣊
> 1			[∵ ࣊ < 4; ૛࣊	 < 16 < 18] 

Thus, ࢉ࢈ࢇ < ∑૛࢈ࢇ = ૛∑࢈ࢇ   (iii). Combining (i) & (iii) 

ࡿࡴࡸ < ෍ࢇ૛ + ૛෍࢈ࢇ = ࢇ) + ࢈ + ૛(ࢉ =  ૛࣊

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

Let ࢚ = ࢇ ܖ܉ܜ ࣂ ࢚ࢊ, = ࢇ ૛܋܍ܛ   ࣂࢊࣂ

when ࢚ = ૙,ࣂ = ૙, when ࢚ = ࣂ,࢞ = ૚ିܖ܉ܜ  ࢞
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(ࢇ)ࢹ = ܕܑܔ
ஶ→࢞

න
܏ܗܔ ࢚
૛࢚ + ૛ࢇ

࢞

૙

࢚ࢊ =
૚
ࢇ ஶ→࢞ܕܑܔ න ࢇ)܏ܗܔ (ࣂܖ܉ܜ

ష૚ܖ܉ܜ ࢞

ࢇ

 ࣂࢊ

=
૚
ࢇ ஶ→࢞ܕܑܔ

න ࢇ)܏ܗܔ ૚ିܖ܉ܜ)ܖ܉ܜ ࢞ − ((ࣂ
ష૚ܖ܉ܜ ࢞

૙

ࣂࢊ =
૚
ࢇ ஶ→࢞ܕܑܔ

න ܏ܗܔ ൬ࢇ ⋅
࢞ − ࣂܖ܉ܜ
૚ + ࢞ ൰ࣂܖ܉ܜ

ష૚ܖ܉ܜ ࢞

૙

 ࣂࢊ

=
૚
ࢇ ஶ→࢞ܕܑܔ

න ࢇቌ܏ܗܔ ⋅
૚ − ࣂܖ܉ܜ

࢞
૚
࢞ + ࣂܖ܉ܜ

ቍ
ష૚ܖ܉ܜ ࢞

૙

ࣂࢊ = ૚
නࢇ ቆ܏ܗܔ ૛ࢇ

ቇࣂܖ܉ܜࢇ

࣊
૛

૙

= ࢇ܏ܗܔ࣊
૚
ࢇ  (ࢇ)ࢹ−

⇒ ૛(ࢇ)ࢹ = ࣊ ࢇ܏ܗܔ
૚
ࢇ ⇒ (ࢇ)ࢹ = ࣊

૛
܏ܗܔ ࢇ

૚
∑,So .ࢇ ࢉ࢟ࢉ(ࢇ)૛ࢹ = ૛࣊

૝
૛܏ܗܔ ቀࢇ

૚
 ቁࢇ

≥
૛࣊

૚૛
ቌ෍܏ܗܔ ൬ࢇ

૚
൰ࢇ

ࢉ࢟ࢉ

ቍ

૛

=
૛࣊

૚૛ ܏ܗܔ
૛ ൬ࢇ

૚
ࢇ ⋅ ࢈

૚
࢈ ⋅ ࢉ

૚
 ൰ࢉ

 

134. If ૙ < ܽ < ܾ then: 

૛
࣊
൬ܖܔ

࢈
ࢇ
൰ + ࢈ − ࢇ <

࣊
૛
න

࢞ࢊ
࢞ܖ܉ܜ܋ܚ܉

࢈

ࢇ

<
࣊
૛
ܖܔ ൬

࢈
ࢇ
൰ + ࢈ −  ࢇ

Proposed by Daniel Sitaru – Romania  

Solution by Khanh Hung Vu-Ho Chi Minh-Vietnam 

If ૙ < ܽ < ܾ then ૛
࣊
ܖܔ ቀ࢈

ࢇ
ቁ + ࢈ − ࢇ < ࣊

૛ ∫
࢞ࢊ

ܖ܉ܜ܋ܚ܉ ࢞
࢈
ࢇ < ࣊

૛
ܖܔ ቀ࢈

ࢇ
ቁ + ࢈ −  ࢇ

We need to prove that ૛
࢞࣊

+ ૚ < ૚
૛࢞ܖ܉ܜ܋ܚ܉

< ࣊
૛࢞

+ ૚   (1) ∀࢞ > 0 

Put ࢞ܖ܉ܜ܋ܚ܉ = ࢚ ⇒ ૙ < ݐ < ࣊
૛

. We have (1) ⇒ ૛
ܖ܉ܜ࣊ ࢚

+ ૚ < ࣊
૛࢚

< ࣊
૛ ܖ܉ܜ ࢚

+ ૚ 

∗ (࢚)ࢌ = ࣊
૛࢚
− ૛

ܖ܉ܜ⋅࣊ ࢚
− ૚.  We have ࢌᇱ(࢚) = ૛

૛ܖܑܛ⋅࣊ ࢚
− ࣊

૛࢚૛
= ૝࢚૛ି࣊૛⋅ܖܑܛ૛ ࢚

૛࢚૛⋅ܖܑܛ⋅࣊૛ ࢚
 

On the other hand, by Jordan’s inequality, we have  
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ܖܑܛ ࢚ >
૛࢚
࣊ ⇒ ૛ܖܑܛ ࢚ >

૝࢚૛

૛࣊ ⇒ ૝࢚૛ − ૛࣊ ⋅ ૛ܖܑܛ ࢚ < ૛࢚4 − ૛࣊ ⋅
૝࢚૛

૛࣊ = ૙ ⇒ (࢚)ᇱࢌ < 0 

⇒  ⇒ is a decreasing function (࢚)ࢌ

⇒ (࢚)ࢌ > ࣊→࢚ܕܑܔ
૛
ቀ࣊
૛࢚
− ૛

ܖ܉ܜ⋅࣊ ࢚
− ૚ቁ ⇒ (࢚)ࢌ > 0 ⇒ ૛

ܖ܉ܜ⋅࣊ ࢚
+ ૚ < ࣊

૛࢚
  (2) 

∗ (࢚)ࢍ =
࣊

૛ ܖ܉ܜ ࢚ + ૚ −
࣊
૛࢚ 

We have ࢍᇱ(࢚) = ࣊
૛࢚૛

− ࣊
૛ ૛ܖܑܛ ࢚

= ૛ܖܑܛ⋅࣊૛ ૛࢚⋅࣊૛ି࢚

૝࢚૛⋅ܖܑܛ૛ ࢚
= ૛ܖܑܛ)࣊ ܖܑܛ)(࢚ି࢚ (࢚ା࢚

૝࢚૛⋅ܖܑܛ૛ ࢚
 

On the other hand, by Jordan’s inequality, we have 

ܖܑܛ ࢚ ≤ ࢚ ⇒ (࢚)ᇱࢍ ≤ ૙ ⇒   is a decreasing functioin (࢚)ࢍ

⇒ (࢚)ࢌ > ࣊→࢚ܕܑܔ
૛
ቀ ࣊
૛ ܖ܉ܜ ࢚

+ ૚ − ࣊
૛࢚
ቁ ⇒ (࢚)ࢌ > 0 ⇒ ࣊

૛࢚
< ࣊

૛⋅࢚ܖ܉ܜ
+ ૚   (3) 

(2) and (3) ⇒ ૛
ܖ܉ܜ⋅࣊ ࢚

+ ૚ < ࣊
૛࢚

< ࣊
૛⋅ܖ܉ܜ ࢚

+ ૚ ⇒ (1) True ⇒ 

⇒ න൬
૛

࣊ ⋅ ࢞ + ૚൰
࢈

ࢇ

࢞ࢊ < න
࣊

૛࢞ܖ܉ܜ܋ܚ܉

࢈

ࢇ

࢞ࢊ < නቀ
࣊
૛࢞ + ૚ቁ

࢈

ࢇ

 ࢞ࢊ

⇒
૛
ܖܔ࣊ ൬

࢈
+൰ࢇ −࢈ ࢇ <

࣊
૛ න

࢞ࢊ
ܖ܉ܜ܋ܚ܉ ࢞

࢈

ࢇ

<
࣊
૛ ܖܔ ൬

࢈
+൰ࢇ ࢈ −  ࢇ

 

135. If ૙ < ܽ < ܾ then: 

૚
࢈ − ࢇ

නනࢇ
࢟ࢊ࢞ࢊ
࢞ + ࢟

࢈

ࢇ

࢈

ࢇ

<
૚૜
૛૞

܏ܗܔ ൬
࢈
ࢇ
൰ 

Proposed by Daniel Sitaru – Romania  

Solution by Chris Kyriazis-Greece 

Using the inequality (࢞ + ૛(࢟ ≥ ૝࢟,࢞,࢟࢞ > 0 we have that: 

࢞ + ࢟ ≥ ૝࢟࢞
࢟ା࢞

⇔ ૚
࢟ା࢞

≤ ૚
૝
ቀ૚
࢞

+ ૚
࢟
ቁ ⇒ ∫ ∫ ૚

࢟ା࢞
࢈
ࢇ

࢈
ࢇ ࢟ࢊ࢞ࢊ ≤ ૚

૝∫ ∫ ቀ૚
࢞

+ ૚
࢟
ቁ࢈

ࢇ
࢈
ࢇ   ࢟ࢊ	࢞ࢊ

⇔ ∫ ∫ ૚
࢟࢞

࢈
ࢇ

࢈
ࢇ ࢟ࢊ	࢞ࢊ ≤ ૚

૝
⋅ ૛(࢈ − (ࢇ ܖܔ ቀ࢈

ࢇ
ቁ ⇔ ૚

∫ࢇି࢈ ∫ ૚
࢟ା࢞

࢈
ࢇ

࢈
ࢇ ࢟ࢊ	࢞ࢊ ≤ ૚

૛
ܖܔ ቀ࢈

ࢇ
ቁ  
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so, it suffices to prove that ૚
૛
ܖܔ ቀ࢈

ࢇ
ቁ < ૚૜

૛૞
ܖܔ ቀ࢈

ࢇ
ቁ  or ૛૞ < 26 which holds! 

136. If: 

(ࢇ)ࢹ = ඵ ቀඥ࢞૛ + ૛࢟࢞ + ඥ࢟૛ + ૛࢟࢞ቁ

(ࢇ,ࢇ)ୀ(࢟,࢞)

ୀ(૙,૙)(࢟,࢞)

ࢇ,࢟ࢊ࢞ࢊ > 0 

then: 

(ࢇ)ࢹ
૜࢈

+
(࢈)ࢹ
૜ࢉ

+
(ࢉ)ࢹ
૜ࢇ

≥ ૛√૜ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Ravi Prakash-New Delhi-India, Solution 2 by Antonis 

Anastasiadis-Katerini-Greece 

Solution 1 by Ravi Prakash-New Delhi-India 

 

Let ࢞)ࢌ, (࢟ = ඥ࢞૛ + ૛࢟࢞ + ඥ࢟૛ + ૛࢟࢞, ࢟,࢞ ≥ ૙ 

(ࢇ)ࢹ = නන(࢟,࢞)ࢌ
ࢇ

૙

࢟ࢊ࢞ࢊ
ࢇ

૙

= නන (࢟,࢞)ࢌ
૚ࡾ

࢟ࢊ࢞ࢊ + නන ࢟ࢊ࢞ࢊ(࢟,࢞)ࢌ
૛ࡾ
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නන ࢟ࢊ࢞ࢊ(࢟,࢞)ࢌ
૚ࡾ

= න න ࢟ࢊ࢞ࢊ(࢟,࢞)ࢌ

࢞ୀ࢟

ୀ૙࢟

ࢇ

૙

≥ න න ቀඥ࢟૛ + ૛࢟࢟ + ඥ࢟૛ + ૛࢟࢟ቁ࢞ࢊ࢟ࢊ

࢞ୀ࢟

ୀ૙࢟

ࢇ

૙

 

= න න ૛√૜࢞ࢊ࢟ࢊ࢟

࢞ୀ࢟

ୀ૙࢟

ࢇ

૙

= න√૜[࢟૛]૙࢞
ࢇ

૙

࢞ࢊ = න√૜
ࢇ

૙

࢞ࢊ૛࢞ =
૚
√૜

 ૜ࢇ

Similarly,  ∫∫ ૛ࡾ࢟ࢊ࢞ࢊ(࢟,࢞)ࢌ
≥ ૚

√૜
∴ ૜ࢇ (ࢇ)ࢹ ≥ ૛

√૜
 ૜. Nowࢇ

(ࢇ)ࢹ
૜࢈ +

(࢈)ࢹ
૜ࢉ +

(ࢉ)ࢹ
૜ࢇ ≥

૛
√૜

ቆ
૜ࢇ

૜࢈ +
૜࢈

૜ࢉ +
૜ࢉ

૜ቇࢇ ≥ ૛√૜ 

Solution 2 by Antonis Anastasiadis-Katerini-Greece 

 
137. If ࢔ ∈ ℕ∗ then: 

නන…
૚

૙

૚

૙

නෑ൫૚ + ૛൯࢏࢞
࢔

ୀ૚࢏

૚

૙

࢏࢞ࢊ + නන…
૚

૙

૚

૙

නෑ൫૚− ૛൯࢏࢞
࢔

ୀ૚࢏

૚

૙

࢏࢞ࢊ ≤ ૛࢔ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Chris Kyriazis-Greece, Solution 2 by Abdelhak Maoukouf-

Casablanca-Morocco, Solution 3 by Kays Tomy-Nador-Tunisia, Solution 4 by 

Michel Rebeiz-Lebanon, Solution 5 by Hasan Bostanlik-Sarkisla-Turkey 
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Solution 1 by Chris Kyriazis-Greece 

We have that ∫ ∫ …૚૙
૚
૙ ∫ ൫૚ + ૚૛൯࢞

૚
૙ ૛࢞ࢊ૚࢞ࢊ ૛࢞ࢊ… = 

න൫૚ + ૚૛൯࢞
૚

૙

+න൫૚࢏࢞ࢊ ࢞࢞ࢊ	૛૛൯࢞

૚

૙

… .න(૚ + (૛࢔࢞
૚

૙

࢔࢞ࢊ = ൬
૝
૜
൰
૛

 

Doing the same ∫ ∫ …૚૙
૚
૙ ∫ ൫૚ − ૛࢞ࢊ૚࢞ࢊ૛൯࢏࢞ ࢔࢞ࢊ…

૚
૙ = ቀ૛

૜
ቁ
࢔

 

So it suffices to prove that ቀ૝
૜
ቁ
࢔

+ ቀ૛
૜
ቁ
࢔
≤ ૛࢔  or ૛࢔ + ૚ ≤ ૜࢔   or 

૚ ≤ ૜࢔ − ૛࢔  (*) which clearly holds for every ࢔ ∈ ℕ∗ 

(*) ૜࢔ − ૛࢔ = ૜ି࢔૚ + ૜ି࢔૛ ⋅ ૛ + ⋯+ ૛ି࢔૛ ⋅ ૜ + ૛ି࢔૚ > 1 when ࢔ > 1 

Solution 2 by Abdelhak Maoukouf-Casablanca-Morocco 

࢔ࡵ = න ෑ൫૚ + ૛൯࢏࢞
࢔

ୀ૚࢏

૚(࢔)

૙

࢏࢞ࢊ + න ෑ൫૚− ૛൯࢏࢞
࢔

ୀ૚࢏

૚(࢔)

૙

 ࢏࢞ࢊ

= ෑቌන൫૚+ ࢏࢞ࢊ૛൯࢏࢞

૚

૙

ቍ
࢔

ୀ૚࢏

+ ෑቌන൫૚ − ࢏࢞ࢊ૛൯࢏࢞

૚

૙

ቍ
࢔

ୀ૚࢏

= ෑ൬
૝
૜
൰

࢔

ୀ૚࢏

+ ෑ൬
૛
૜
൰

࢔

ୀ૚࢏

 

= ൬
૝
૜
൰
࢔

+ ൬
૛
૜
൰
࢔

= ൬
૛
૜
൰
࢔

(૛࢔ + ૚) ≤ ൬
૛
૜
൰
࢔

× 	૜࢔ = ૛࢔			࢔∀ ∈ ℕ∗ 

Solution 3 by Kays Tomy-Nador-Tunisia 

Let {ࢻ૚,ࢻ૛, … ૚ࢼ} and {࢔ࢻ, ,૛ࢼ, …  be two positive sequences of length	{࢔ࢼ,

∏ Then .࢔ ࢑ࢻ) + ࢔(࢑࢈
ୀ૚࢑ = ∏ ࢔࢑ࢻ

ୀ૚࢑ + ∏ ࢔࢑ࢼ
ୀ૚࢑ with ૙ ࢔ࡾ+ <  ࢔ࡾ

it implies ∏ ࢔࢑ࢻ
ୀ૚࢑ + ∏ ࢔࢑ࢼ

ୀ૚࢑ ≤ ∏ ࢑ࢻ) + ࢔(࢑ࢼ
ୀ૚࢑    (*) 

Let us apply inequality (*) for the case when  

࢑ࢻ = ૚ + ࢑࢈ ૛ and࢑࢞ = ૚ − ࢑࢞ ૛ with࢑࢞ ∈ (૙,૚) we get  
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ෑ൫૚+ ૛൯࢑࢞
࢔

ୀ૚࢑

+ ෑ൫૚− ૛൯࢑࢞
࢔

ୀ૚࢑

≤ෑ൫૚ + ૛࢑࢞ + ૚ − ૛൯࢑࢞
࢔

ୀ૚࢑

 

⇒ෑ൫૚+ ૛൯࢑࢞
࢔

ୀ૚࢑

+ ෑ൫૚− ૛൯࢑࢞
࢔

ୀ૚࢑

≤ෑ૛
࢔

ୀ૚࢑

= ૛࢔ 

⇒ නන…
૚

૙

૚

૙

නෑ൫૚+ ૛൯࢑࢞
࢔

ୀ૚࢑

૚

૙

૚࢞ࢊ ࢔࢞ࢊ… + නන…
૚

૙

૚

૙

නෑ൫૚ + ૛൯࢑࢞
࢔

ୀ૚࢑

૚

૙

૚࢞ࢊ  ࢔࢞ࢊ…

≤ නන…
૚

૙

૚

૙

න૛࢞ࢊ࢔૚ … ࢔࢞ࢊ.

૚

૙

= ૛࢔ 

Solution 4 by Michel Rebeiz – Lebanon  

Let ࢔ࢇ = ∫ …૚૙ถ
࢔

∫ ∏ ൫૚ + ࢔૛൯࢏࢞
ୀ૚࢏

૚
૙ ࢔ࢇ so  ࢞ࢊ + ࢔࢈ ≤ ૛࢔ࢇ ?? ࢔ > 0 and ࢔࢈ > 0 

and  ࢔࢈ = ∫ …૚૙ถ
࢔

∫ ∏ ൫૚ − ࢔૛൯࢏࢞
ୀ૚࢏

૚
૙ ࢔ For .࢏࢞ࢊ = ૚			 

૚ࢇ	 + ૚࢈ = ૚ + ૚
૜

+ ૚ − ૚
૜

= ૛ ≤ ૛૚. Suppose that ࢔ࢇ + ࢔࢈ ≤ ૛࢔ 

So ࢔ࢇା૚ + ା૚࢔࢈ = ࢔ࢇ 	× 	 ∫ ൫૚+ ା૚૛࢞࢞ ൯૚
૙ ା૚࢏࢞ࢊ + ࢔࢈ 	× 	 ∫ ൫૚ − ା૚૛࢏࢞ ൯૚

૙  ା૚࢏࢞ࢊ

=
૝
૜࢔ࢇ +

૛
૜ ࢔࢈ ≤

૝
૜ ࢔ࢇ +

૝
૜ ࢔࢈ ≤

૝
૜	× ૛࢔ ≤

૛
૜ × ૛࢔ା૚ ≤ ૛࢔ା૚ 

Solution 5 by Hasan Bostanlik-Sarkisla-Turkey 

ቆ࢞૚ +
૚૜࢞

૜
ቇ ቚ૚૙ =

૝
૜

; 	
૝
૜
⋅ ቆ࢞૚ +

૛૜࢞

૜
ቇ ቚ૚૙ = ൬

૝
૜
൰
૛

; 	නනෑ൫૚+ ૚૛൯࢞ ૚࢞ࢊ = ൬
૝
૜
൰
࢔

 

⇒ ቀ࢞૚ −
૚૜࢞

૜
ቁ ቚ૚૙ = ૛

૜
; 	૛
૜
⋅ ቀ࢞૛ −

૛૜࢞

૜
ቁ ቚ૚૙ = ቀ૛

૜
ቁ
૛

,∫ ∫…∫∏൫૚ − ૚૛൯࢞ = ቀ૛
૜
ቁ
࢔

  

൬
૝
૜
൰
࢔

+ ൬
૛
૜
൰
࢔

≤ ൬
૝
૜

+
૛
૜
൰
࢔

≤ ૛࢔; ࢔	 ∈ ℕ∗ 



 
www.ssmrmh.ro 

 

138. ∫ ∫ ∫ ቀ࢞√࢞૛ + ૛ࢠ + ૛࢟ඥ࢟ + ૛ቁ૚ࢠ
૙

૚
૙

૚
૙ ࢠࢊ࢟ࢊ࢞ࢊ ≤ ૚.  

Proposed by Daniel Sitaru – Romania  

Solution 1 by Chris Kyriazis-Greece, Solution 2 by Abdelhak Maoukouf-

Casablanca-Morocco, Solution 3 by Anisoara Dudu-Romania, Solution 4 by 

Hasan Bostanlik-Sarkisla-Turkey 

Solution 1 by Chris Kyriazis-Greece 

By Cauchy – Schwarz inequality we have that: 

૛࢞ඥ࢞ + ૛ࢠ + ૛࢟ඥ࢟ + ૛ࢠ ≤ ඥ࢞૛ + ૛࢟ + ૛࢞૛ඥࢠ + ૛࢟ + ૛ࢠ ⇔ 

⇔ ૛࢞ඥ࢞ + ૛ࢠ + ૛࢟ඥ࢟ + ૛ࢠ ≤ ૛࢞ + ૛࢟ + ૛ࢠ ⇒ 

නනනቀ࢞ඥ࢞૛ + ૛ࢠ + +࢟ඥ࢟ ૛ቁࢠ
૚

૙

૚

૙

૚

૙

ࢠࢊ࢟ࢊ࢞ࢊ ≤ නනන(࢞૛ + ૛࢟ + (૛ࢠ
૚

૙

ࢠࢊ࢟ࢊ࢞ࢊ
૚

૙

૚

૙

 

But ∫ ∫ ∫ ૛࢞) + ૛࢟ + ૛)૚ࢠ
૙

૚
૙

૚
૙ ࢠࢊ࢟ࢊ࢞ࢊ = ૚  cause 

නනන(࢞૛ + ૛࢟ + (૛ࢠ
૚

૙

૚

૙

૚

૙

ࢠࢊ࢟ࢊ࢞ࢊ = නනන࢞૛ࢠࢊ࢟ࢊ࢞ࢊ +
૚

૙

૚

૙

૚

૙

නනන࢟૛ࢠࢊ࢟ࢊ࢞ࢊ
૚

૙

૚

૙

૚

૙

+ 

+නනනࢠ૛ࢠࢊ࢟ࢊ࢞ࢊ
૚

૙

૚

૙

૚

૙

= ቈ
૜࢞

૜
቉
૙

૚

+ ቈ
૜࢟

૜
቉
૙

૚

+ ቈ
૜ࢠ

૜
቉
૙

૚

=
૚
૜

+
૚
૜

+
૚
૜

= ૚ 

Solution 2 by Abdelhak Maoukouf-Casablanca-Morocco 

ࡵ = නනන࢞ඥ࢞૛ + ૛ࢠ
૚

૙

૚

૙

૚

૙

+ ૛࢟ඥ࢟ +  ࢠࢊ࢟ࢊ࢞ࢊ૛ࢠ

= නන ൤
૚
૜
ඥ(࢞૛ + ૛)૜ࢠ + ૛࢟ඥ࢟࢞ + ૛൨ࢠ

૚

૙

૚

૙ ૙

૚

 ࢠࢊ࢟ࢊ
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≤ නන
૚
૜

૚

૙

ඥ(૚ + ૛)૜ࢠ
૚

૙

+ ૛࢟ඥ࢟ +  ࢠࢊ࢟ࢊ૛ࢠ

= න ൤
࢟
૜
ඥ(૚ + ૛)૜ࢠ +

૚
૜
ඥ(࢟૛ + ૛)૜൨ࢠ

૙

૚

	
૚

૙

 ࢠࢊ

= න
૚
૜
ඥ(૚+ ૛)૜ࢠ

૚

૙

+
૚
૜
ඥ(૚+  ࢠࢊ૛)૜ࢠ

ࡵ =
૛
૜න

ඥ(૚+ ૛)૜ࢠ
૚

૙

ࢠࢊ =
૛
૜න ൬

૚
√૚ + ૛ࢠ

+ +૛ඥ૚ࢠ ࢠࢊ૛൰ࢠ
૚

૙

 

=
૛
૜ቌቂܖܔ ቀࢠ +ඥ૚+ ૛ቁቃࢠ

૙

૚
+ ൤૚	 ×

૚
૜
ඥ(૚ + ૜૛)૜൨

૙

૚

− න
૚
૜
ඥ(૚ + ૛)૜ࢠ

૚

૙

 ቍࢠࢊ

=
૛
૜ ቆܖܔ൫૚+ √૛൯ +

૛√૛
૜ ቇ −

૚
૜ࡵ 

⇔ ૛ࡵ = +൫૚ܖܔ √૛൯ +
૛√૛
૜ ⇔ ࡵ ≤

+൫૚ܖܔ √૛൯
૛ +

√૛
૜ < 1 

Solution 3 by Anisoara Dudu-Romania 

૛࢞ඥ࢞ + ૛ࢠ + ૛࢟ඥ࢟ + ૛ࢠ == ඥ࢞૛(࢞૛ + (૛ࢠ +ඥ࢟૛(࢟૛ +  (૛ࢠ

≤⏞
࢚࢟࢏࢒ࢇ࢛ࢗࢋ࢔ࡵ	࢙࢔ࢇࢋࡹ

૛ࢠ૛ା࢞૛ା࢞

૛
+ ૛ࢠ૛ା࢟૛ା࢟

૛
≤ ૛࢞૛ା૛࢟૛ା૛ࢠ૛

૛
= ૛࢞ + ૛࢟ +   ૛ࢠ

නනනቀ࢞ඥ࢞૛ + ૛ࢠ + ૛࢟ඥ࢟ + ૛ቁࢠ
૚

૙

૚

૙

૚

૙

࢟ࢊ࢟ࢊ࢞ࢊ ≤
૜࢞

૜ ቚ૚૙ +
૜࢟

૜ ቚ૚૙ +
૜ࢠ

૜ ቚ૚૙ = ૚ 

Solution 4 by Hasan Bostanlik-Sarkisla-Turkey 

૛࡭ ≤ ૛࢞) + ૛࢞)(૛࢟ + ૛࢟ + ૛ࢠ૛)				{࡯ −  {ࡿ
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૛࡭ ≤ ૛࢞) + ૛࢟ + ૛)૛ࢠ − ૝ࢠ ≤ ૛࢞) + ૛࢟ + ࡭ ;૛)૛ࢠ ≤ ૛࢞ + ૛࢟ +  ૛ࢠ

නනන(࢞૛ + ૛࢟ + (૛ࢠ
૚

૙

૚

૙

૚

૙

=
૚
૜ +

૚
૜+

૚
૜ = ૚ 

 

139. If ࢈,ࢇ ≥ ૚ then: 

૛න൭࢟න ܏ܗܔ
࢞
࢟

ࢇ

૚

൱࢞ࢊ
࢈

૚

࢟ࢊ ≤ ࢇ) − ૚)(࢈ − ૚)(ࢇ −  (࢈

Proposed by Daniel Sitaru – Romania  

Solution 1 by Chris Kyriazis-Greece, Solution 2 by Abdelhak Maoukouf-

Casablanca-Morocco 

Solution 1 by Chris Kyriazis-Greece 

From the well – known inequality ࢇܖܔ ≤ ࢇ − ૚,∀ࢇ > 0 we have that: 

ܖܔ
࢞
࢟ ≤

࢞
࢟ − ૚ ⇒ ૛࢟ ܖܔ

࢞
࢟ ≤ ૛࢞ − ૛࢟ = ૙; 	૛࢟න ܖܔ

࢞
࢟

ࢇ

૚

࢞ࢊ ≤ න૛࢞
ࢇ

૚

࢞ࢊ − න૛࢟
ࢇ

૚

 ࢞ࢊ

⇒ ૛න൭࢟න ܖܔ
࢞
࢟

ࢇ

૚

൱࢞ࢊ
࢈

૚

࢟ࢊ ≤ ૛ࢇ) − ૚)(࢈ − ૚) − ࢇ) − ૚)(࢈૛ − ૚) 

⇒ ૛න൭࢟න ܖܔ
࢞
࢟

ࢇ

૚

൱࢞ࢊ ࢟ࢊ
࢈

૚

≤ ࢇ) − ૚)(࢈ − ૚)(ࢇ + ૚ − ࢈ − ૚) 

⇒ ૛න൭࢟න ܖܔ
࢞
࢟
࢞ࢊ

ࢇ

૚

൱࢟ࢊ
࢈

૚

≤ ࢇ) − ૚)(࢈ − ૚)(ࢇ −  (࢈

Solution 2 by Abdelhak Maoukouf-Casablanca-Morocco 

ࡵ = ૛න࢟
࢈

૚

൭න ܖܔ
࢞
࢟
࢞ࢊ

ࢇ

૚

൱࢟ࢊ < 2න࢟൭න൬
࢞
࢟
− ૚൰

ࢇ

૚

൱࢞ࢊ
࢈

૚

 ࢟ࢊ
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= ࢈૛ࢇ − ࢇ૛࢈ = ࢇ)࢈ࢇ − (࢈ ≤ ࢇ) − ૚)(࢈ − ૚)(ࢇ −  (࢈

 

140. If ૙ < ܽ < ܾ then: 

∫ ࢈࢞ࢊ૛࢞ࢋ
ࢇ

∫ ࢈૛࢞ࢋ૞࢞
ࢇ ࢞ࢊ

<
૚
૝ ൬

૚
૝࢈ࢇ +

૚
૜࢈૛ࢇ +

૚
૛࢈૜ࢇ +

૚
 ൰࢈૝ࢇ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Chris Kyriazis-Greece, Solution 2 by Subhajit Chattopadhyay-

Bolpur-India 

Solution 1 by Chris Kyriazis-Greece 

Set (࢞)ࢌ = ૚
૞࢞

࢞, > 0 and (࢞)ࢍ = ૞࢞ ⋅ ૛࢞ࢋ ࢞, > 0 

It’s ࢌᇱ(࢞) = − ૞
૟࢞

< 0, ݔ > 0 and ࢍᇱ(࢞) = ૛࢞૛(૛࢞ࢋ૝࢞ + ૞) > ݔ∀,0 > 0. 

So ࢌ strictly decreasing when ࢞ > 0 and ࢍ strictly increasing 

Using the Chebyshev’s integral inequality, we have that: 

න
૚
૞࢞

࢈

ࢇ

࢞ࢊ ⋅ න࢞૞	
࢈

ࢇ

⋅ ࢞ࢊ૛࢞ࢋ > න
૚
૞࢞

⋅ ࢞ࢊ૛࢞ࢋ૞࢞
࢈

ࢇ

⋅ ࢈) −  (ࢇ

⇒ ൤−
૚
૝࢞૝

൨
ࢇ

࢈

⋅ න ࢞ࢊ૛࢞ࢋ૞࢞
࢈

ࢇ

> න࢞ࢋ૛࢞ࢊ
࢈

ࢇ

⋅ ࢈) −  (ࢇ

⇒
૚
૝
൬
૚
૛ࢇ

−
૚
૛࢈
൰ ൬

૚
૛ࢇ

+
૚
૛࢈
൰න ࢞ࢊ૛࢞ࢋ૞࢞

࢈

ࢇ

> න࢞ࢋ૛࢞ࢊ
࢈

ࢇ

࢈) −  (ࢇ

⇒
૚
૝

࢈) − (ࢇ ⋅
࢈) + (ࢇ
૛࢈૛ࢇ ൬

૚
૛ࢇ +

૚
૛൰න࢈ ࢞ࢊ૛࢞ࢋ૞࢞

࢈

ࢇ

> න࢞ࢋ૛࢞ࢊ
࢈

ࢇ

࢈) −  (ࢇ
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⇒
૚
૝
൬
૚
࢈૝ࢇ

+
૚

૜࢈૛ࢇ
+

૚
૛࢈૜ࢇ

+
૚
૝࢈ࢇ

൰න ࢞ࢊ૛࢞ࢋ૞࢞
࢈

ࢇ

> න࢞ࢋ૛࢞ࢊ
࢈

ࢇ

 

Solution 2 by Subhajit Chattopadhyay-Bolpur-India 

૙ < ܽ < ܾ; 	
∫ ࢈࢞ࢊ૛࢞ࢋ
ࢇ

∫ ࢈࢞ࢊ૛࢞ࢋ૞࢞
ࢇ

<
૚
૝
൬
૚
૝࢈ࢇ

+
૚

૜࢈૛ࢇ
+

૚
૛࢈૜ࢇ

+
૚
࢈૝ࢇ

൰ 

Using Chebyshev’s inequality, ∵ ࢞ࢋ૛  ,૞ are monotone increasing࢞	&	

.ࡴ.ࡸ ࡿ <
࢈ − ࢇ

∫ ࢈࢞ࢊ૞࢞
ࢇ

=
૟(࢈ − (ࢇ
૟࢈ − ૟ࢇ =

૟
૜࢈) + ૛࢈)(૜ࢇ + ࢈ࢇ +  (૛ࢇ

= ૝ା૛

૛൬ࢇ
૞శ࢈૞

૛ ൰ା૝⋅൬ࢇ
૝࢈శࢇ૜࢈૛శ⋯

૝ ൰
<

૝
૞࢈૞శࢇ

ା ૚૟
૝࢈ࢇ૜శ࢈૛ࢇ૛శ࢈૜ࢇశ࢈૝ࢇ

૟
  

By using ࡹ࡭ > ∵ .strict inequality ܯܪ ࢇ ≠   .࢈

= ૚
૜
ቀ ૛
૞࢈૞ାࢇ

+ ૡ
૝࢈ࢇ૜ା࢈૛ࢇ૛ା࢈૜ࢇା࢈૝ࢇ

ቁ. Now, ࢇ
૞ା࢈૞

૛
> (࢈ࢇ)

૞
૛ ⇒ ૛

૞࢈૞ାࢇ
< ି(࢈ࢇ)

૞
૛ 

૚
૝
൬
૚
૝࢈ࢇ

+
૚

૜࢈૛ࢇ
+

૚
૛࢈૜ࢇ

+
૚
࢈૝ࢇ

൰ = ࡹ > ି(࢈ࢇ)
૞
૛	[ࡹ࡭,࢟࡮ >  [ܯܩ

૚
૝
൬
૚
૝࢈ࢇ

+
૚

૜࢈૛ࢇ
+

૚
૛࢈૜ࢇ

+
૚
࢈૝ࢇ

൰ >
૝

࢈૝ࢇ + ૛࢈૜ࢇ + ૜࢈૛ࢇ + ૝࢈ࢇ
 

Hence, ࡿࡴࡸ < ૚
૜

࢓) + ૛࢓) = ࢓ = ૚
૝
ቀ ૚
૝࢈ࢇ

+ ૚
૜࢈૛ࢇ

+ ૚
૛࢈૜ࢇ

+ ૚
࢈૝ࢇ

ቁ 

141. If ࢈,ࢇ, ࢉ ≥ ૙,࢔,࢓ ≥ ૛ 

(ࢇ)ࢹ = ඩන ඥࢋ(࢓ା࢔)࢞૛࢓
ࢇ

૙

࢞ࢊ
࢔

⋅ ඩන
࢞ࢊ

ඥࢋ(࢓ା࢔)࢞૛࢔

ࢇ

૙

࢓

 

then: ࢹ૛(ࢇ) + (࢈)૛ࢹ + (ࢉ)૛ࢹ ≥ ࢈ࢇ + ࢉ࢈ +  ࢇࢉ

Proposed by Daniel Sitaru – Romania  



 
www.ssmrmh.ro 

 
Solution 1 by Subhajit Chattopadhyay-Bolpur-India, Solution 2 by Soumitra 

Mandal-Chandar Nagore-India 

Solution 1 by Subhajit Chattopadhyay-Bolpur-India 

(ࢇ)ࢹ = ൥නࢋ
࢔ା࢓
࢓ ࢞ࢊ૛࢞

ࢇ

૙

൩

૚
࢔

቎න ൬
૚
૛࢞ࢋ

൰
࢔ା࢓
࢔

࢞ࢊ
ࢇ

૙

቏

૚
࢓

 

Using Hölder’s inequality, [(ࢇ)ࢹ]
࢔࢓
;	࢔శ࢓ ࢓

࢔ା࢓
= ૚ − ࢔

࢔ା࢓
 

= ൥නࢋ
࢔ା࢓
࢓ ࢞ࢊ૛࢞

ࢇ

૙

൩

࢓
࢔ା࢓

቎න ൬
૚
૛࢞ࢋ

൰

࢔ା࢓
࢔

ࢇ

૙

቏࢞ࢊ

࢔
࢔ା࢓

≥ න࢞ࢋ૛ ⋅
૚
૛࢞ࢋ

ࢇ

૙

࢞ࢊ =  ࢇ

∴ (ࢇ)૛ࢹ ≥ ࢇ
૛(࢓శ࢔)
࢔࢓  ∵ ࢇ > (ࢇ)ߗ,0 > 0; 	݉, ݊ ≥ 2. Put ࢓ = ࢔ = ૛ 

∴ (ࢇ)૛ࢹ + (࢈)૛ࢹ + (ࢉ)૛ࢹ ≥ ૛ࢇ + ૛࢈ +   .૛ࢉ

Now for any ࢈,ࢇ, ࢉ ∈ ℝ 

ࢇ) − ૛(࢈ + ࢈) − ૛(ࢉ + ࢉ) − ૛(ࢇ ≥ ૙ 

⇒ ૛(ࢇ૛ + ૛࢈ + (૛ࢉ − ૛(࢈ࢇ + ࢉ࢈ + (ࢇࢉ ≥ ૙ 

⇒ ૛ࢇ + ૛࢈ + ૛ࢉ ≥ ࢈ࢇ + ࢉ࢈ + ∴ ࢇࢉ ࡿࡴࡸ ≥ ࢈ࢇ + ࢉ࢈ +  ࢇࢉ

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

(ࢇ)ࢹ = ඩන ඥࢋ(࢓ା࢔)࢞૛࢓
ࢇ

૙

࢞ࢊ
࢔

⋅ ඩන ඥିࢋ(࢓ା࢔)࢞૛࢔
ࢇ

૙

࢞ࢊ
࢓

 

≥⏞
ࡿᇲࡾࡱࡰࡸࡻࡴ

නอࢋ
૛࢞(࢔ା࢓)

࢔࢓ ⋅
૚

ࢋ
૛࢞(࢔ା࢓)

࢔࢓

อ
ࢇ

૙

࢞ࢊ =  ࢇ

Similarly, (࢈)ࢹ ≥ (ࢉ)ࢹ,࢈ ≥ ∴ ࢉ ∑ ࢉ࢟ࢉ(ࢇ)૛ࢹ = ∑ ࢉ࢟ࢉ૛ࢇ ≥ ∑ ࢉ࢟ࢉ࢈ࢇ  
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142. If ࢇ > 0 then: 

ቌනࢋ૜࢞૛࢞ࢊ
ࢇ

૙

ቍቌනିࢋ૜࢞૛࢞ࢊ
ࢇ

૙

ቍ >
૚
૝ࢇ ቌන࢞ࢋ૛࢞ࢊ

ࢇ

૙

ቍ

૜

ቌන࢞ିࢋ૛࢞ࢊ
ࢇ

૙

ቍ

૜

 

Proposed by Daniel Sitaru – Romania  

Solution by Chris Kyriazis-Greece 

Using Hölder inequality for integrals, I have that. 

ቌන૚
૜
૛

ࢇ

૙

ቍ࢞ࢊ

૛
૜

⋅ ቌන ࢞ࢊ૛࢞૜ࢋ
ࢇ

૙

ቍ

૚
૜

≥ න࢞ࢋ૛
ࢇ

૙

࢞ࢊ ⇒ 

ࢇ
૛
૜൫∫ ࢇ૛࢞૜ࢋ

૙ ൯࢞ࢊ
૚
૜ ≥ ∫ ࢇ૛࢞ࢋ

૙ ࢞ࢊ ⇒ ∫ ࢇ૛࢞૜ࢋ
૙ ࢞ࢊ ≥ ૚

૛ࢇ
൫∫ ࢇ࢞ࢊ૛࢞ࢋ
૙ ൯

૜
  (1) 

Just the same: 

ቀ∫ ૚
૜
૛ࢇ࢞ࢊ

૙ ቁ
૛
૜
⋅ ൫∫ ࢇ࢞ࢊ૛࢞૜ିࢋ

૙ ൯
૚
૜ ≥ ∫ ࢇ࢞ࢊ૛࢞ିࢋ

૙ ⇒⇒ ⋯∫ ࢇ࢞ࢊ	૛࢞૜ିࢋ
૙ ≥ ૚

૛ࢇ
൫∫ ࢇ࢞ࢊ૛࢞ିࢋ
૙ ൯

૜
   (2) 

(1) × (2) (everything is positive) we have that 

නࢋ૜࢞૛
ࢇ

૙

࢞ࢊ ⋅ නିࢋ૜࢞૛࢞ࢊ
ࢇ

૙

≥
૚
૝ࢇ ቌ

න࢞ࢋ૛࢞ࢊ
ࢇ

૙

න࢞ିࢋ૛࢞ࢊ
ࢇ

૙

ቍ

૜

 

143. If ࢈,ࢇ, ࢉ > ߙ,0 ∈ ቀ૙, ࣊
૛
ቁ 

(࢈,ࢇ)ࢹ = නቌන(࢞ ࢻ૛ܖܑܛ + ࢟ ૛ܛܗ܋ ࢞)(ࢻ ࢻ૛ܛܗ܋ + ࢟ (ࢻ૛ܖܑܛ
ࢇ

૙

ቍ࢞ࢊ
࢈

૙

 ࢟ࢊ

then: 

૝࢈)ࢹ, (ࢉ + ૝(ࢇ,ࢉ)ࢹ + ૝(࢈,ࢇ)ࢹ ≥ ࢇ)ࢉ࢈ࢇ + ࢈ +  (ࢉ

Proposed by Daniel Sitaru – Romania  
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Solution by Chris Kyriazis-Greece 

We have that (࢞ ૛ܖܑܛ ࢇ + ૛ܛܗ܋࢟ ૛ܛܗ܋࢞)(ࢇ ࢇ + ૛ܖܑܛ࢟ (ࢇ = 

ቂ൫√࢞ ܖܑܛ ൯ࢇ
૛

+ ൫ඥࢇܛܗ܋࢟൯
૛
ቃ ⋅ ቂ൫√࢞ ൯ࢇܛܗ܋

૛
+ ൫ඥࢇܖܑܛ࢟൯

૛
ቃ 

≥
ࡿି࡯ି࡮

	 ൫ඥ࢟࢞ ૛ܖܑܛ ࢇ + ඥ࢟࢞ ૛ܛܗ܋ ൯ࢇ
૛

=  ࢟࢞

so ષ(࢈,ࢇ) = ∫ ∫ ࢈࢟࢞
૙ ࢇ࢟ࢊ	࢞ࢊ

૙ = ∫ ࢇ࢞ࢊ࢞
૙ ⋅ ∫ ࢈࢟ࢊ	࢟

૙ == ૛(࢈ࢇ)

૝
 

Doing exactly the same work, we have that ષ(࢈, (ࢉ ≥ ૛(ࢉ࢈)

૝
,ષ(ࢇ,ࢉ) ≥ ૛(ࢇࢉ)

૝
 

So ૝ષ(࢈,ࢇ) + ૝ષ(࢈, (ࢉ + ૝ષ(ࢇ,ࢉ) ≥ ૝ ૛(࢈ࢇ)

૝
+ ૝ ⋅ ૛(ࢉ࢈)

૝
+ ૝ ૛(ࢇࢉ)

૝
= 

૛(࢈ࢇ) + ૛(ࢉ࢈) + ૛(ࢇࢉ) ≥ ࢉ૛࢈ࢇ + ࢈ࢉ૛ࢇ + ૛ࢉ࢈ࢇ = ࢇ)ࢉ࢈ࢇ + ࢈ +   (ࢉ

 

144. ∫ ቀ૚ିܖܑܛ
૛ ࢞

૚ାܖܑܛ૛ ࢞
+ ૚ିܛܗ܋૛ ࢞

૚ାܛܗ܋૛ ࢞
ቁ

࣊
૝
૙ ૚)ܖܔ + ܖ܉ܜ ࢞ࢊ(࢞ > ࣊ ૛ܖܔ

૚૛
 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco, Solution 2 by Ravi 

Prakash-New Delhi-India 

Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco 

ࡶ = න ૚)ܖܔ + ܖ܉ܜ (࢞

࣊
૝

૙

࢞ࢊ =
࢚૝ି࣊ୀ࢞ න ܖܔ ቀ૚ + ܖ܉ܜ ቀ

࣊
૝
− ቁቁ࢚

࣊
૝

૙

 ࢚ࢊ

= න ܖܔ ൬૚+
૚ − ܖ܉ܜ ࢚
૚ + ܖ܉ܜ ࢚

൰

࣊
૝

૙

࢚ࢊ = න ൬ܖܔ
૛

૚ + ܖ܉ܜ ࢚
൰

࣊
૝

૙

 ࢚ࢊ
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= න ࢚ࢊ(૛)ܖܔ

࣊
૝

૙

−න ૚)ܖܔ + ܖ܉ܜ (࢚

࣊
૝

૙

࢚ࢊ =
࣊
૝
૛ܖܔ − ࡶ → ࡶ =

࣊
ૡ
ܖܔ ૛ 

ࡵ = නቆ
૚ − ૛ܖܑܛ ࢞
૚ + ૛ܖܑܛ ࢞

+
૚ − ૛ܛܗ܋ ࢞
૚ + ૛ܛܗ܋ ࢞

ቇ

࣊
૝

૙

૚)ܖܔ + ܖ܉ܜ  ࢞ࢊ(࢞

= න ൬
૛

૚ + ૛ܖܑܛ ࢞ +
૛

૚ + ૛ܛܗ܋ ࢞ − ૛൰

࣊
૝

૙

૚)ܖܔ + ܖ܉ܜ  ࢞ࢊ(࢞

= ૛න ൬
૚

૚+ ૛ܖܑܛ ࢞ +
૚

૛ − ૛ܖܑܛ ࢞ − ૚൰

࣊
૝

૙

૚)ܖܔ + ܖ܉ܜ  ࢞ࢊ(࢞

∴ let (࢞)ࢌ = ૚
૚ା࢞૛

+ ૚
૛ି࢞૛

࢞∀			 ∈ ቂ૙; ૚
√૛
ቃ 

(࢞)ᇱࢌ = −
૛࢞

(૚ + ૛)૛࢞ +
૛࢞

(૛ − ૛)૛࢞ = ૛࢞൬
૚

૛࢞) − ૛)૛ −
૚

૛࢞) + ૚)૛൰ 

=
૛࢞))࢞૛ + ૚)૛ − ૛࢞) − ૛)૛)

૛࢞) − ૛)૛(࢞૛ + ૚)૛ =
૟࢞(૛࢞૛ − ૚)

૛࢞) − ૛)૛(࢞૛ + ૚)૛ ≤ ૙			∀࢞ ∈ ൤૙;
૚
√૛

൨ 

૙ ≤ ࢞ ≤
࣊
૝
⇒ ૙ ≤ ܖܑܛ ࢞ ≤

૚
√૛

⇒ ܖܑܛ)ࢌ (࢞ ≥ ࢌ ൬
૚
√૛

൰ =
૝
૜

 

⇒
૚

૚ + ૛ܖܑܛ ࢞ +
૚

૛ − ૛ܖܑܛ ࢞ − ૚ ≥
૚
૜ ⇒ ࡵ ≥ ૛න

૚
૜ ܖܔ

(૚ + ܖ܉ܜ (࢞

࣊
૝

૙

 ࢞ࢊ

⇔ ࡵ ≥
૛
૜
ࡶ ⇔ ࡵ ≥

࣊
૚૛

ܖܔ ૛ 

Solution 2 by Ravi Prakash-New Delhi-India 

Let (࢞)ࢍ ૚ିܖܑܛ
૛ ࢞

૚ାܖܑܛ૛ ࢞
+ ૚ିܛܗ܋૛ ࢞

૚ାܛܗ܋૛ ࢞
			૙ ≤ ࢞ ≤ ࣊

૝
= ૛ܛܗ܋ ૛ܛܗ܋൫૚ା࢞ ૛ܖܑܛ൯ା࢞ ૛ܖܑܛ൫૚ା࢞ ൯࢞

(૚ାܖܑܛ૛ ૛ܛܗ܋૚ା)(࢞ (࢞  
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=
૛ܛܗ܋ ࢞ + ૛ܖܑܛ ࢞ + ૝ܛܗ܋ ࢞ + ૝ܖܑܛ ࢞

૚ + ૚ + ૛ܛܗ܋ ࢞ ૛ܖܑܛ ࢞
 

=
૚ + ૚ − ૛ܖܑܛ૛ ૛ܛܗ܋࢞ ࢞

૛ + ૛ܛܗ܋ ࢞ ૛ܖܑܛ ࢞
=
૛(૚ − ૛ܖܑܛ ࢞ ૛ܛܗ܋ (࢞
૛ + ૛ܖܑܛ ૛ܛܗ܋࢞ ࢞

 

Now, (࢞)ࢍ ≥ ૛
૜
 ⇔ ૚ିܖܑܛ૛ ૛ܛܗ܋࢞ ࢞

૛ାܖܑܛ૛ ૛ܛܗ܋࢞ ࢞
≥ ૚

૜
 

⇔ ૜− ૜ܖܑܛ૛ ࢞ ૛ܛܗ܋ ࢞ ≥ ૛+ ૛ܖܑܛ ૛ܛܗ܋࢞ ࢞ ⇔ ૚ − ૝ܖܑܛ૛ ࢞ ૛ܛܗ܋ ࢞ ≥ ૙ 

⇔ ૚− ૛ܖܑܛ ૛࢞ ≥ ૙ ⇔ ࢞૛૛ܛܗ܋ ≥ ૙, which is true.  

Note that (࢞)ࢍ = ૛
૜
⇔ ࢞ = ࣊

૝
. ∴ (࢞)ࢍ > ૛

૜
 for ૙ ≤ ࢞ < ࣊

૝
. Now, 

ࡵ = නቆ
૚ − ૛ܖܑܛ ࢞
૚ + ૛ܖܑܛ ࢞ +

૚ − ૛ܛܗ܋ ࢞
૚ + ૛ܛܗ܋ ቇ࢞

࣊
૝

૙

૚)ܖܔ + ܖ܉ܜ  ࢞ࢊ(࢞

> ૛
૜∫ ૚)ܖܔ + ܖ܉ܜ (࢞

࣊
૝
૙ ࢞ࢊ = ૛

૜
  ૚, whereࡵ

૚ࡵ = න ૚)ܖܔ + ܖ܉ܜ (࢞

࣊
૝

૙

࢞ࢊ = න ܖܔ ቀ૚+ ܖ܉ܜ ቀ
࣊
૝ − ቁቁ࢞

࣊
૝

૙

 ࢞ࢊ

= න ܖܔ ൬૚ +
૚ − ܖ܉ܜ ࢞
૚ + ܖ܉ܜ ൰࢞

࣊
૝

૙

࢞ࢊ = න ࢞ࢊ૛ܖܔ

࣊
૝

૙

− ૚ࡵ ⇒ ૛ࡵ૚ =
࣊
૝ ܖܔ ૛ ⇒ ૚ࡵ =

࣊
ૡ ܖܔ ૛ 

∴ ࡵ >
૛
૜
ቀ
࣊
ૡ
ܖܔ ૛ቁ ⇒ ࡵ >

࣊
૚૛

ܖܔ ૛ 

 
145. If ࢇ > 1 then: 

න
࢞ࢋ

૜࢞
࢞ࢊ

૛ࢇ

ࢇ

≤
૜ࢇࢋ)ࢇࢋ − ૚)

ૡࢇ૜
 

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Chris Kyriazis-Greece, Solution 2 by Abdelhak Maoukouf-

Casablanca-Morocco, Solution 3 by Dimitris Kastriotis-Greece, Solution 4 by 

Michel Rebeiz-Lebanon 

Solution 1 by Chris Kyriazis-Greece 

If we consider the functions  

(࢞)ࢌ = ૚
૜࢞

, ࢞ ∈ ,ࢇ] ૛ࢇ]  (Strictly decreasing on [ࢇ, ૛ࢇ]) 

(࢞)ࢍ = ,࢞ࢋ ࢞ ∈  ([ࢇ૛,ࢇ] Strictly increasing on) [ࢇ૛,ࢇ]

Using Chebyshev integral inequality we have: 

ࢇ ⋅ න
࢞ࢋ

૜࢞
࢞ࢊ

૛ࢇ

ࢇ

< න
૚
૜࢞

૛ࢇ

ࢇ

࢞ࢊ ⋅ න ࢞ࢊ࢞ࢋ
૛ࢇ

ࢇ

= ൤−
૚
૛࢞૛

൨
ࢇ

૛

ࢇ૛ࢋ)	 −  (ࢇࢋ

⇒ නࢇ
࢞ࢋ

૜࢞

૛ࢇ

ࢇ

࢞ࢊ <
૜
ૡࢇ૛

ࢇ૛ࢋ) − (ࢇࢋ ⇒ න
࢞ࢋ

૜࢞

૛ࢇ

ࢇ

࢞ࢊ <
૜
ૡࢇ૜

ࢇࢋ)ࢇࢋ − ૚) 

Solution 2 by Abdelhak Maoukouf-Casablanca-Morocco 

We have ቀ∫ ࢞ࢋ

૜࢞
૛ࢇ
ࢇ ቁ࢞ࢊ ቀ∫ ࢇ૛࢞ࢊ૜࢞

ࢇ ቁ ≤
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯

(૛ࢇ − (ࢇ ቀ∫ ࢇ૛࢞ࢋ
ࢇ  ቁ࢞ࢊ

⇔
૚૞ࢇ૝

૝ ቌන
࢞ࢋ

૜࢞ ࢞ࢊ
૛ࢇ

ࢇ

ቍ ≤ ࢇࢋ)ࢇࢋࢇ − ૚) ⇔ ቌන
࢞ࢋ

࢞ࢊ૜࢞
૛ࢇ

ࢇ

ቍ ≤
૝
૚૞ ⋅

ࢇࢋ)ࢇࢋ − ૚)
૜ࢇ  

⇒ ቌන
࢞ࢋ

૜࢞
࢞ࢊ

૛ࢇ

ࢇ

ቍ ≤
૜
ૡ
⋅
ࢇࢋ)ࢇࢋ − ૚)

૜ࢇ
 

Solution 3 by Dimitris Kastriotis-Greece 

Let (࢞) = (࢞)ࢍ,࢞ࢋ = ૚
૜࢞

ࢌ .  ↑ ࢍ .[ࢇ૛,ࢇ] ↓  [ࢇ૛,ࢇ]
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න ࢞ࢋ ⋅
૚
૜࢞

૛ࢇ

ࢇ

࢞ࢊ ≤
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૚

૛ࢇ − ࢇ
න ࢞ࢋ
૛ࢇ

ࢇ

࢞ࢊ ⋅ න
૚
૜࢞

૛ࢇ

ࢇ

 ࢞ࢊ

=
૚
ࢇ

ࢇ૛ࢋ) − (ࢇࢋ ⋅
૜
ૡࢇ૛ =

૜
ૡࢇ૜ ࢋ

ࢇࢋ)ࢇ − ૚) 

Solution 4 by Michel Rebeiz-Lebanon 

(ࢇ)ࢌ = න
࢞ࢋ

૜࢞

૛ࢇ

ࢇ

࢞ࢊ −
૜ࢇࢋ)ࢇࢋ − ૚)

ૡࢇ૜
 

(ࢇ)ᇱࢌ = ૛ ⋅
ࢇ૛ࢋ

(૛ࢇ)૜ −
૜
ૡ
⋅
૚
૟ࢇ

[(૛ࢋ૛ࢇ − ૜ࢇ(ࢇࢋ − ૜ࢇ૛(ࢋ૛ࢇ −  [(ࢇࢋ

=
ࢇࢋ

ૡࢇ૝
[−૝ࢇࢋࢇ + ૜ࢇ + ૜ࢇࢋ − (ࢇ)ࢍ.[ૢ = −૝ࢇࢋࢇ + ૜ࢇ + ૜ࢇࢋ − ૢ 

(ࢇ)ᇱࢍ = ࢇࢋ− − ૝ࢇࢋࢇ + ૜ 

(ࢇ)ᇱᇱࢍ = ૞−)ࢇࢋ − ૝ࢇ) < 0 → ᇱࢍ ↓→ ࢇ] > (ࢇ)ᇱࢍ;1 <  [ᇱ(૚)ࢍ

ᇱ(૚)ࢍ < 0 → (ࢇ)ᇱࢍ < 0 → ݃ ↓→ ࢇ] > (ࢇ)݃;1 < ݃(૚)] 

(૚)ࢍ < 0 → (ࢇ)݃ < 0 → (ࢇ)ᇱࢌ < 0 → ݂ ↓ 

ࢇ > 1 → (ࢇ)݂ < ݂(૚)		ࢌ(૚) < 0 → (ࢇ)݂ < 0 → න
࢞ࢋ

૜࢞
࢞ࢊ

૛ࢇ

ࢇ

<
૜ࢇࢋ)ࢇࢇ − ૚)

ૡࢇ૜
 

 

146. If ૚ < ܽ < ܾ then: 

න ૛܏ܗܔ ࢞ࢊ࢞
ࢇ

૚

+ න ૛܏ܗܔ ࢞
࢈

૚

࢞ࢊ ≥ න ૛܏ܗܔ ࢞

૜ࢇା࢈
૝

૚

࢞ࢊ + න ૛܏ܗܔ ࢞

࢈ା૜ࢇ
૝

૚

 ࢞ࢊ

Proposed by Daniel Sitaru – Romania  
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Solution by Abdelhak Maoukouf-Casablanca-Morocco 

࢞∀ > (࢞)݂:1 = ∫ ૛܏ܗܔ ࢚࢞
૚ ∴ ࢚ࢊ (࢞)ᇱࢌ = ૛܏ܗܔ ࢞ (࢞)ᇱᇱࢌ	&	 = ૛ ࢞܏ܗܔ

࢞
≥ ૙			 

࢞∀	 > 1. So by Jensen’s inequality: ቐ
ࢌ ቀࢇା૜࢈

૝
ቁ ≤ (࢈)ࢌା૜(ࢇ)ࢌ

૝

ࢌ ቀ૜ࢇା࢈
૝
ቁ ≤ ૜(ࢇ)ࢌା(࢈)ࢌ

૝

 

⇒ (ࢇ)ࢌ + (࢈)ࢌ ≥ ࢌ ൬
ࢇ + ૜࢈
૝

൰ + ࢌ ൬
૜ࢇ + ࢈
૝

൰ 

⇔ න܏ܗܔ૛ ࢚
ࢇ

૚

࢚ࢊ + න܏ܗܔ૛ ࢚ࢊ
࢈

૚

≥ න ૛܏ܗܔ ࢚

࢈ା૜ࢇ
૝

૚

࢚ࢊ + න ૛܏ܗܔ ࢚

૜ࢇା࢈
૝

૚

 ࢚ࢊ

 

147. If ૙ < ܽ < ܾ; 0 < ܿ <  integrable functions ࢍ,ࢌ;ࢊ

:ࢍ,ࢌ [࢈,ࢇ] →  :then [ࢊ,ࢉ]

ቌනࢊࢉ
(࢞)ࢌ
(࢞)ࢍ

࢈

ࢇ

࢞ࢊ + න
(࢞)ࢍ
(࢞)ࢌ

࢈

ࢇ

ቍ࢞ࢊ < ૛ࢉ) + ࢈)(૛ࢊ −  (ࢇ

Proposed by Daniel Sitaru – Romania  

Solution by Soumitra Mandal-Chandar Nagore-India 

ࢉ ≤ (࢞)ࢌ ≤ ࢉ and ࢊ ≤ (࢞)ࢍ ≤ ;ࢊ ࢉ
ࢊ
≤ ࢌ

ࢍ
≤ ࢊ

ࢉ
 for all ࢞ ∈  [࢈,ࢇ]

⇒ ൬
ࢌ
ࢍ
−
ࢉ
ࢊ
൰൬
ࢌ
ࢍ
−
ࢊ
ࢉ
൰ ≤ ૙ ⇒

ࢌ
ࢍ

+
ࢍ
ࢌ
≤
ࢉ
ࢊ

+
ࢊ
ࢉ

 

⇒ න
(࢞)ࢌ
(࢞)ࢍ

࢈

ࢇ

࢞ࢊ + න
(࢞)ࢍ
(࢞)ࢌ

࢈

ࢇ

࢞ࢊ ≤ ൬
ࢉ
ࢊ

+
ࢊ
ࢉ
൰ ࢈) −  (ࢇ
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⇒ ቌනࢊࢉ
(࢞)ࢌ
(࢞)ࢍ

࢈

ࢇ

࢞ࢊ + න
(࢞)ࢍ
(࢞)ࢌ

࢈

ࢇ

ቍ࢞ࢊ < ૛ࢉ) + ࢈)(૛ࢊ −  (ࢇ

 

148. If ࢌ: [࢈,ࢇ] → ℝ,ࢌ − continuous, ࢌ − increasing then: 

൫√ࢇ + ൯࢈√ න ࢞ࢊ(࢞)ࢌ
࢈ࢇ√

ࢇ

≤ ࢞ࢊ(࢞)ࢌනࢇ√
࢈

ࢇ

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Chris Kyriazis-Greece, Solution 2 by Abdallah El Farissi-Bechar-

Algerie 

Solution 1 by Chris Kyriazis-Greece 

First we mention that: ࢇ ≤ ࢈ࢇ√ ≤ ࢈ࢇ supposing that)   ࢈ ≥ ૙) 

It suffices to prove that  

࢈√ ⋅ න (࢞)ࢌ
࢈ࢇ√

ࢇ

࢞ࢊ ≤ ࢞ࢊ(࢞)ࢌቌනࢇ√
࢈

ࢇ

− න (࢞)ࢌ
࢈ࢇ√

ࢇ

 ቍ࢞ࢊ

or √࢈ ⋅ ∫ ࢈ࢇ√(࢞)ࢌ
ࢇ ࢞ࢊ ≤ ࢇ√ ∫ ࢈(࢞)ࢌ

࢈ࢇ√  ࢞ࢊ

Using the integral mean value theorem it suffices to prove that: 

࢈ࢇ√൫࢈√ − (૚ࢠ)ࢌ൯ࢇ ≤ ࢈൫ࢇ√ −   (૛ࢠ)ࢌ൯࢈ࢇ√

where ࢠ૚ ∈ ૛ࢠ ൧ and࢈ࢇ√,ࢇൣ ∈  ൧࢈,࢈ࢇ√ൣ

or √ࢇ√࢈൫√࢈ − (૚ࢠ)ࢌ൯ࢇ√ ≤ ࢈√൫࢈√ࢇ√ −  (૛ࢠ)ࢌ൯ࢇ√

or ࢌ(ࢠ૚) ≤   which holds (૛ࢠ)ࢌ

due to monotonicity of the function ࢌ (increasing). 
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Solution 2 by Abdallah El Farissi-Bechar-Algerie 

࢙ is increasing function then for all ࢌ ∈ ࢚ ൧ and࢈ࢇ√,ࢇൣ ∈  ൧ we have࢈,࢈ࢇ√ൣ

(࢙)ࢌ ≤ ࢈then ൫ (࢚)ࢌ − ൯࢈ࢇ√ ∫ ࢈ࢇ√(࢙)ࢌ
ࢇ ࢞ࢊ = ࢈√൫࢈√ − ൯ࢇ√ ∫ ࢈ࢇ√(࢙)ࢌ

ࢇ ࢙ࢊ ≤ 

≤ ࢈√൫ࢇ√ − ∫൯ࢇ√ ࢈࢚ࢊ(࢚)ࢌ
࢈ࢇ√ = ൫√࢈ࢇ − ൯ࢇ ∫ ࢈(࢚)ࢌ

࢈ࢇ√  it follow that ࢚ࢊ

࢈√ න (࢞)ࢌ
࢈ࢇ√

ࢇ

࢞ࢊ ≤ ࢇ√ න ࢞ࢊ(࢞)ࢌ
࢈

࢈ࢇ√

= (࢞)ࢌቌනࢇ√
࢈

ࢇ

࢞ࢊ − න ࢞ࢊ(࢞)ࢌ
࢈ࢇ√

ࢇ

ቍ 

then ൫√࢈ + ൯ࢇ√ ∫ ࢈ࢇ√(࢞)ࢌ
ࢇ ࢞ࢊ ≤ ࢇ√ ∫ ࢈(࢞)ࢌ

ࢇ  ࢞ࢊ

 

149. For acute triangle ࡯࡮࡭ 

If: (࡭)ࣀ = ∫ ૚

ට࢞ܛܗ܋ା࢞ቀ૚ା૛࣊ቁ

࡭
૙  ࢞ࢊ

Prove: (࡭)ࣀ + (࡮)ࣀ + (࡯)ࣀ ≤ ૛ඥ૜(࣊ + ૜) − ૟ 

Proposed by Uche Eliezer Okeke-Anambra-Nigeria 

Solution by Daniel Sitaru-Romania 

ܖܑܛ ቀ࣊
૛
− ቁ࢞ ≥⏞

ࡺ࡭ࡰࡾࡻࡶ
૛
࣊
ቀ࣊
૛
− ቁ࢞ → ࢞ܛܗ܋ ≥ ૚ − ૛

࣊
࢞ → ࢞ܛܗ܋ + ૛

࣊
࢞ + ࢞ ≥ ૚ +   ࢞

(࡭)ࣀ = න
૚

ට࢞ܛܗ܋ + ૛
࢞࣊ + ࢞

࡭

૙

࢞ࢊ ≤ න
૚

√૚ + ࢞

࡭

૙

࢞ࢊ = ૛√૚ + ࡭ − ૛ 

(࡭)ࣀ∑ ≤ ૛∑√૚ + ࡭ − ૟ ≤⏞
ࡺࡱࡿࡺࡱࡶ

૛ ⋅ ૜ට૚+ ࡯ା࡮ା࡭
૜

− ૟ = ૛ඥ૜(૚ + −(࣊ ૟  
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150. If ࢟,࢞, ࢠ ∈ (૙,૚], 

(࢞)ࢹ = න
૚)ܖܔ + (࢞ࢇ
૚ + ૛ࢇ

࢞

૙

 ࢇࢊ

then: 

૛൫(࢞)ࢹ (࢟)ࢹ+ ൯(ࢠ)ࢹ+ ≥ ૜ ܖܔ ૛ +  (ࢠ࢟࢞)ܖܔ

Proposed by Daniel Sitaru – Romania  

Solution by Subhajit Chattopadhyay-Bolpur-India 

(࢞)ࢹ = න
૚)ܖܔ + (࢞ࢇ
૚+ ૛ࢇ

࢞

૙

 ;ࢇࢊ

= නන
࢚ࢊ	ࢇࢊ	ࢇ

(૚ + ૚)(࢚ࢇ + (૛ࢇ

࢞

૙

࢞

૙

= නන
૚)ࢇ + ࢇࢊ࢚ࢊ(૛࢚

(૚ + ૛)(૚࢚ + ૚)(࢚ࢇ + (૛ࢇ

࢞

૙

࢞

૙

 

= ∫ ቂ ૚
૚ା࢚૛ ∫

ࢇࢊ	ࢇ
૚ାࢇ૛

࢞
૙ ቃ࢞

૙ ࢚ࢊ + ∫ ቂ ࢚
૚ା࢚૛ ∫

ࢇࢊ
૚ାࢇ૛

࢞
૙ ቃ ࢚࢞ࢊ

૙ − ∫ ቂ ࢚
૚ା࢚૛ ∫

ࢇࢊ
૚ା࢚ࢇ

࢞
૙ ቃ࢞

૙   ࢚ࢊ

= ቌන
࢚ࢊ

૚ + ૛࢚

࢞

૙

ቍቌන
ࢇࢊ	ࢇ
૚ + ૛ࢇ

࢞

૙

ቍ + ቌන
࢚ࢊ	࢚
૚ + ૛࢚

࢞

૙

ቍቌන
ࢇࢊ

૚ + ૛ࢇ

࢞

૙

ቍ −න
࢚࢞)ܖܔ + ૚)
૚+ ૛࢚

࢞

૙

 ࢚ࢊ

∴ ૛(࢞)ࢹ =
૚ିܖ܉ܜ ࢞

૛
૚)ܖܔ + (૛࢞ +

૚)ܖܔ + (૛࢞
૛

૚ିܖ܉ܜ ࢞ = ૚ିܖ܉ܜ ࢞ ૚)ܖܔ +  (૛࢞

Hence, ૛൫(࢞)ࢹ + (࢟)ࢹ +  ൯(ࢠ)ࢹ

= ૚ିܖ܉ܜ ࢞ ૚)ܖܔ + (૛࢞ + ૚ିܖ܉ܜ ࢟ ૚)ܖܔ + (૛࢟ + ૚ିܖ܉ܜ ࢠ ૚)ܖܔ +  (૛ࢠ

Now, ࢞ ∈ (૙,૚). By ࡹ࡭ ≥ ૚)ܖܔ ࡹࡳ + (૛࢞ ≥ ૚ିܖ܉ܜ ;(࢞૛)ܖܔ ࢞ ≥ ૚ for 

࢞ ∈ (૙, ૚) ∴ ࡿࡴࡸ ≥ (࢞૛)ܖܔ + (࢟૛)ܖܔ + (ࢠ૛)ܖܔ = ૜ ૛ܖܔ +  (ࢠ࢟࢞)ܖܔ
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151. If ࢈,ࢇ, ࢉ > 0 then: 

න ቌන ቌන ൬
૚

࢞ + ࢟ +
૚

࢟ + ࢠ +
૚

ࢠ + ൰࢞ ࢞ࢊ
૛ࢉ

ࢉ

ቍ࢟ࢊ
૛࢈

࢈

ቍࢠࢊ
૛ࢇ

ࢇ

≤  ࢇࢉାࢉ࢈ା࢈ࢇඥ૛ܖܔ

Proposed by Daniel Sitaru – Romania  

Solution by Chris Kiryazis-Greece 

We have that (࢞ + ૛(࢟ ≥ ૝࢞ ࢟࢞ା࢟
૝࢟࢞

≥ ૚
࢟ା࢞

⇒ ૚
࢟ା࢞

≤ ૚
ૢ
ቀ૚
࢞

+ ૚
ૢ
ቁ   (1) 

So, using (1) (integrating (1)), we have: 

∫ ∫ ∫ ቀ ૚
࢟ା࢞

+ ૚
ࢠା࢟

+ ૚
࢞ାࢠ

ቁ૛ࢉ
ࢉ

૛࢈
࢈

૛ࢇ
ࢇ ࢠࢊ	࢟ࢊ	࢞ࢊ ≤ ૚

૛∫ ∫ ∫ ቀ૚
࢞

+ ૚
࢟

+ ૚
ࢠ
ቁ૛ࢉ

ࢉ
૛࢈
࢈

૛ࢇ
ࢇ   ࢠࢊ	࢟ࢊ	࢞ࢊ

=
૚
૛

ࢉ࢈) ܖܔ ૛ + ࢇࢉ ૛ܖܔ + ࢈ࢇ ܖܔ ૛) =
૚
૛
൫ܖܔ૛ࢉ࢈ାࢇࢉା࢈ࢇ൯ = ܖܔ ૛

ࢇࢉାࢉ࢈ା࢈ࢇ
૛ = 

= ܖܔ ඥ૛࢈ࢇାࢉ࢈ାࢇࢉ 

 

152. Let ࢌ: [૚, ૚૜] → ℝ be a convexe and integrable function. Prove that 

න(࢞)ࢌ
૜

૚

࢞ࢊ + න (࢞)ࢌ
૚૜

૚૚

࢞ࢊ ≥ න(࢞)ࢌ
ૢ

૞

 ࢞ࢊ

Proposed by Nitin Gurbani-India 

Solution by Daniel Sitaru-Romania 

૚ ≤ ࢑࢔࢞ ≤ ࢑࢔࢟ ≤ ࢑࢔ࢠ ≤ ࢑࢔࢚ ≤ ૚૜ 

࢑࢔࢞ = ૚ +
૛࢑
࢔ ࢑࢔࢟, = ૞ +

૛࢑
࢔ , ࢑࢔ࢠ = ૠ +

૛࢑
࢔ , ࢑࢔࢚ = ૚૚ +

૛࢑
࢔  

ࢌ − convexe → ൯࢑࢔࢞൫ࢌ൯ି࢑࢔࢟൫ࢌ
࢑࢔࢞ି࢑࢔࢟

≤ ൯࢑࢔ࢠ൫ࢌ൯ି࢑࢔࢚൫ࢌ
࢑࢔ࢠି࢑࢔࢚

→ 
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ܕܑܔ
ஶ→࢔

૛
࢔
෍ ൯࢑࢔࢟൫ࢌ
࢔

ୀ૚࢔

+ ܕܑܔ
ஶ→࢔

૛
࢔
෍ ൯࢑࢔ࢠ൫ࢌ
࢔

ୀ૚࢑

≥ ܕܑܔ
ஶ→࢔

૛
࢔
෍ ൯࢑࢔࢚൫ࢌ
࢔

ୀ૚࢑

+ ܕܑܔ
ஶ→࢔

૛
࢔
෍ ൯࢑࢔࢞൫ࢌ
࢔

ୀ૚࢑
ஶ→࢔

 

න(࢞)ࢌ
ૠ

૞

࢞ࢊ + න࢞ࢊ(࢞)ࢌ
ૢ

ૠ

≤ න ࢞ࢊ(࢞)ࢌ
૚૜

૚૚

+ න࢞ࢊ(࢞)ࢌ
૜

૚

 

න࢞ࢊ(࢞)ࢌ
ૢ

૞

≤ න ࢞ࢊ(࢞)ࢌ
૚૜

૚૚

+ න࢞ࢊ(࢞)ࢌ
૜

૚

 

 

153. ∫ ∫ ∫ ∫ ൫ඥࢠ࢟࢞૜ + ඥ࢚ࢠ࢟૜ + ૜࢚࢞ࢠ√ + ඥ࢚࢟࢞૜ ൯૚
૙

૚
૙

૚
૙

૚
૙ ࢚ࢊࢠࢊ࢟ࢊ࢞ࢊ ≤ ૛ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco, Solution 2 by Lazaros 

Zachariadis-Thessaloniki-Greece, Solution 3 by Geanina Tudose-Romania 

Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco 

෍ඥࢠ࢟࢞૜ ≤
ࡹࡳିࡹ࡭

	෍
࢞ + ࢟ + ࢠ

૜ ≤ ࢞) + ࢟ + ࢠ +  (࢚

→ ࡵ = නනනන൫ඥࢠ࢟࢞૜ + ඥ࢚ࢠ࢟૜ + ૜࢚࢞ࢠ√ + ඥ࢚࢟࢞૜ ൯
૚

૙

૚

૙

૚

૙

૚

૙

 ࢚ࢊࢠࢊ࢟ࢊ࢞ࢊ

≤ නනනන(࢞ + ࢟ + ࢠ + (࢚
૚

૙

૚

૙

૚

૙

૚

૙

࢚ࢊࢠࢊ࢟ࢊ࢞ࢊ = ቈ
૛࢞

૛ ቉૙

૚

+ ቈ
૛࢟

૛ ቉૙

૚

+ ቈ
૛ࢠ

૛ ቉૙

૚

+ ቈ
૛࢚

૛ ቉૙

૚

= ૛ 

Solution 2 by Lazaros Zachariadis-Thessaloniki-Greece 

ඥࢠ࢟࢞૜ + ඥ࢚ࢠ࢟૜ + ૜࢚࢞ࢠ√ + ඥ࢚࢟࢞૜ ≤ ࢟ା࢞ା࢚ା࢞ା࢚ାࢠା࢚ାࢠା࢟ାࢠା࢟ା࢞
૜

  

=
૜(࢞ + ࢟ + ࢠ + (࢚

૜
= ࢞ + ࢟ + ࢠ +  ࢚
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ࡵ = නනනන(࢞ + ࢟ + ࢠ + (࢚
૚

૙

૚

૙

૚

૙

૚

૙

࢚ࢊࢠࢊ࢟ࢊ࢞ࢊ = නනනቆ
૛࢞

૛ + ࢞࢟ + ࢞ࢠ + ቇ࢚࢞
૚

૙

૚

૙

૚

૙ ૙

૚

࢚ࢊࢠࢊ࢟ࢊ = 

= නනන൬
૚
૛ + ࢟ + ࢠ + ൰࢚

૚

૙

૚

૙

૚

૙

 ࢚ࢊࢠࢊ࢟ࢊ

= නනቆ
૚
૛࢟ +

૛࢟

૛ + ࢟ࢠ + ቇ࢚࢟
૙

૚૚

૙

࢚ࢊࢠࢊ
૚

૙

= නන൬
૚
૛ +

૚
૛ + +ࢠ ൰࢚

૚

૙

૚

૙

࢚ࢊࢠࢊ = නቆࢠ+
૛ࢠ

૛ + ቇࢠ࢚
૙

૚

࢚ࢊ
૚

૙

 

= න൬૚ +
૚
૛ + ൰࢚

૚

૙

࢚ࢊ = ቆ࢚ +
࢚
૛ +

૛࢚

૛ቇ
૙

૚

= ૚ +
૚
૛ +

૚
૛ = ૛ ⇒ ࡵ ≤ ૛ 

Solution 3 by Geanina Tudose-Romania 

By ࡹࡳ ≤ ૜ࢠ࢟࢞we have ඥ ࡹ࡭ ≤ ࢠା࢟ା࢞
૜

⇒ ∑ ඥࢠ࢟࢞૜
ࢉ࢟ࢉ ≤ ࢞ + ࢟ + ࢠ +  ࢚

නනනන൫ඥࢠ࢟࢞૜ + ඥ࢚ࢠ࢟૜ + ૜࢚࢞ࢠ√ + ඥ࢚࢟࢞૜ ൯
૚

૙

૚

૙

૚

૙

૚

૙

 ࢚ࢊࢠࢊ࢟ࢊ࢞ࢊ

≤ නනන൬
૚
૛ + ࢟ + ࢠ + ൰࢚

૚

૙

૚

૙

૚

૙

࢚ࢊࢠࢊ࢟ࢊ = නනනቆ
૛࢞

૛ + ࢟) + +ࢠ ቇ࢞(࢚
૚

૙

૚

૙

૚

૙

ቚ૚૙࢚ࢊࢠࢊ࢟ࢊ = 

= නනන൬
૚
૛ + ࢟ + +ࢠ ൰࢚

૚

૙

૚

૙

૚

૙

࢚ࢊࢠࢊ࢟ࢊ = නනቆ
࢟
ࢠ +

૛࢟

૛ + ࢠ) + ቇ࢟(࢚
૚

૙

૚

૙ ૙

૚

 ࢞ࢊࢠࢊ

= නන(૚ + +ࢠ (࢚
૚

૙

૚

૙

࢚ࢊࢠࢊ = නቆࢠ+
૛ࢠ

૛ + ቇࢠ࢚
૚

૙

ቚ૚૙࢚ࢊ = න൬૚ +
૚
૛ + ൰࢚

૚

૙

࢚ࢊ =
૜
૛ ࢚ +

૛࢚

૛
ቚ૚૙ = ૛ 

 

154. If ૙ < ܽ < ܾ then: 

න
࢞ࢊ

૜࢞) + ૚)૛

࢈

ࢇ

>
૞

૞࢈)ૢ − (૞ࢇ ܖܔ
૛ ቆ
૜࢈ + ૚
૜ࢇ + ૚

ቇ 

Proposed by Daniel Sitaru – Romania  
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Solution by Soumitra Mandal-Chandar Nagore-India 

Applying Cauchy – Schwarz,  

ቀ∫ ૛࢞

૜ା૚࢞
࢈
ࢇ ቁ࢞ࢊ

૛
≤ ቀ∫ ࢞ࢊ

૛(૜ା૚࢞)
࢈
ࢇ ቁ ቀ∫ ࢈࢞ࢊ૝࢞

ࢇ ቁ = ൫࢈૞ିࢇ૞൯
૞

ቀ∫ ࢞ࢊ
૛(૜ା૚࢞)

࢈
ࢇ ቁ  

⇒ ൬
૚
૜

૜࢞)ܖܔ] + ૚)]࢞ୀ࢞ࢇୀ࢈൰
૛

≤
૞࢈ − ૞ࢇ

૞ ቌන
࢞ࢊ

૜࢞) + ૚)૛

࢈

ࢇ

ቍ 

∴ ૛ܖܔ ቆ
૜࢈ + ૚
૜ࢇ + ૚

ቇ ⋅
૞

૞࢈)ૢ − (૞ࢇ ≤ න
࢞ࢊ

૜࢞) + ૚)૛

࢈

ࢇ

 

 

155. Evaluate 

ܕܑܔ
૙→࢞

૛√૚ + ࢞ + ૛√૛૛ + ࢞ + ⋯+ ૛√࢔૛ + ࢞ − ࢔)࢔ + ૚)
࢞

 

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Serban George Florin-Romania , Solution 2 by Shivam Sharma-

New Delhi-India , Solution 3 by Ravi Prakash-New Delhi-India , Solution 4 by 

Bedri Hadriji-Mitrovica-Kosovo 

Solution 1 by Serban George Florin-Romania 

࢒ = ܕܑܔ
૙→࢞

૛√૚ + ࢞ + ૛√૛૛ + ࢞ +⋯+ ૛√࢔૛ + ࢞ − ࢔)࢔ + ૚)
࢞

=
૙
૙

 

࢒ = ૛ ܕܑܔ
૙→࢞

√૚ + ࢞ + √૛૛ + ࢞ +⋯+ ૛࢔√ + ࢞ − ࢔)࢔ + ૚)
૛

࢞
,	 

૚ + ૛ +⋯+ ࢔ =
࢔)࢔ + ૚)

૛
 

࢒ = ૛ ⋅ ܕܑܔ
૙→࢞

൫√૚ + ࢞ − ૚൯ + ൫√૛૛ + ࢞ − ૛൯ + ⋯+ ൫√࢔૛ + ࢞ − ൯࢔
࢞
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࢔ࡸ = ܕܑܔ
૙→࢞

૛࢔√ + ࢞ − ࢔
࢞

=
૙
૙

= ܕܑܔ
૙→࢞

૛࢔ + ࢞ − ૛࢔

૛࢔√൫࢞ + ࢞ + ൯࢔
= ܕܑܔ

૙→࢞

࢞
૛࢔√൫࢞ + ࢞ + ൯࢔

 

࢔ࡸ = ܕܑܔ
૙→࢞

૚
૛࢔√ + ࢞ + ࢔

=
૚

࢔ + ࢔ =
૚
૛࢔ 

࢒ = ૛ ⋅ ૚ࡸ) + ૛ࡸ + ⋯+ (࢔ࡸ = ૛ ⋅ ቀ ૚
૛⋅૚

+ ૚
૛⋅૛

+ ⋯+ ૚
૛࢔
ቁ ; ࢒	 = ૚

૚
+ ૚

૛
+ ⋯+ ૚

࢔
  

Solution 2 by Shivam Sharma-New Delhi-India 

⇒ ૙→࢞ܕܑܔ
૛∑ ඥ࢑૛ା࢔࢞

స૚࢑ (ା૚࢔)࢔ି
࢞

. Applying L. Hospital’s rule, we get, 

⇒ ૙→࢞ܕܑܔ ૛∑
૚

૛ඥ࢑૛ା࢞
࢔
ୀ૚࢑ ⇒ ∑૙→࢞ܕܑܔ

૚
ඥ࢑૛ା࢞

࢔
ୀ૚࢑  (OR) ࡸ = ∑ ૚

࢑
࢔
ୀ૚࢑  

(OR) ࡸ =  ࢔ࡴ

Solution 3 by Ravi Prakash-New Delhi-India 

For ૚ ≤ ࢑ ≤   ,࢔

ܕܑܔ
૙→࢞

૛࢑√ + ࢞ − ࢑
࢞

= ܕܑܔ
૙→࢞

૛࢑ + ࢞ − ૛࢑

૛࢑√൫࢞ + ࢞ + ൯࢑
= ܕܑܔ

૙→࢞

૚
૛࢑√ + ࢞ + ࢑

=
૚
૛࢑

 

⇒ ܕܑܔ
૙→࢞

૛√࢑૛ + ࢞ − ૛࢑
࢞ =

૚
࢑ ⇒ ෍ܕܑܔ

૙→࢞

૛√࢑૛ + ࢞ − ૛࢑
࢞

࢔

ୀ૚࢑

= ෍
૚
࢑

࢔

ୀ૚࢑

 

⇒ ܕܑܔ
૙→࢞

∑ ૛√࢑૛ + ࢞ − ࢔)࢔ + ૚)࢔
ୀ૚࢑

࢞
= ෍

૚
࢑

࢔

ୀ૚࢑

 

Solution 4 by Bedri Hadriji-Mitrovica-Kosovo 

ࡸ = ૛ ܕܑܔ
૙→࢞

෍
૛࢑√ + ࢞ − ࢑

࢞

࢔

ୀ૚࢑

= ૛෍ ܕܑܔ
૙→࢞

࢞
૛࢑√൫࢞ + ࢞ + ൯࢑

࢔

ୀ૚࢑

 

= ૛෍
૚
૛࢑

࢔

ୀ૚࢑

= ෍
૚
࢑

࢔

ୀ૚࢑

=  ࢔ࡴ
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156. Evaluate 

ܕܑܔ
ஶ→࢔

න ࢋ
૚
࢞

ା૚࢔

࢔

 ࢞ࢊ

Proposed by Nguyen Viet Hung – Hanoi – Vietnam  

Solution 1 by Ravi Prakash-New Delhi-India, Solution 2 by Shivam Sharma-

New Delhi-India 

Solution 1 by Ravi Prakash-New Delhi-India 

For ࢔ ≤ ࢞ ≤ ࢔ + ૚; 	 ૚
ା૚࢔

≤ ૚
࢞
≤ ૚

࢔
⇒ ࢋ

૚
(శ૚࢔) ≤ ࢋ

૚
࢞ ≤ ࢋ

૚
 ࢔

⇒ න ࢋ
૚

(ା૚࢔)

ା૚࢔

࢔

࢞ࢊ ≤ න ࢋ
૚
࢞

ା૚࢔

࢔

࢞ࢊ ≤ න ࢋ
૚
࢔

ା૚࢔

࢔

࢞ࢊ ⇒ ࢋ
૚

ା૚࢔ ≤ න ࢋ
૚
࢞

ା૚࢔

࢔

࢞ࢊ ≤ ࢋ
૚
 ࢔

Since ࢋ
૚
࢔ → ૙ࢋ = ૚ as ࢔ → ࢋ ;∞

૚
(శ૚࢔) → ૙ࢋ = ૚ as ࢔ → ∞ 

we get ࢔ܕܑܔ→ஶ ∫ ࢋ
૚
࢞

ା૚࢔
࢔ ࢞ࢊ = ૚ 

Solution 2 by Shivam Sharma-New Delhi-India 

ஶ→࢔ܕܑܔ ∫ ࢋ
૚
࢞

ା૚࢔
࢔ (࢞)ࢎ ,Let .࢞ࢊ = ࢋ

૚
(࢞)ࢍ ,శ૚. And࢔ = ࢋ

૚
࢔ . So, (࢞)ࢎ ≤ ࡸ ≤  (࢞)ࢍ

ࢋ
૚

శ૚࢔ ≤ ࢋ
૚
࢞ ≤ ࢋ

૚
∫ ,Then .࢔ ࢋ

૚
ష૚࢔

ା૚࢔
࢔ ࢞ࢊ ≤ ∫ ࢋ

૚
࢞

૚ି࢔
࢔ ࢞ࢊ ≤ ∫ ࢋ

૚
࢔

૚ି࢔
࢔  ࢞ࢊ

ࢋ
૚

࢔]ା૚࢔ + ૚ − [࢔ ≤ න ࢋ
૚
࢞

૚ି࢔

࢔

࢞ࢊ ≤ ࢋ
૚
࢔]࢔ + ૚ −  [࢔

ܕܑܔ
ஶ→࢔

൬ࢋ
૚

૚൰ି࢔ ≤ ܕܑܔ
ஶ→࢔

න ࢋ
૚
࢞

ା૚࢔

࢔

࢞ࢊ ≤ ܕܑܔ
ஶ→࢔

൬ࢋ
૚
 ൰࢔

૚ ≤ ࡸ ≤ ૚. Then, by Squeeze theorem, we get, ࡸ = ૚ 

(Q.E.D) 
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157. If 

(ࢇ)ࢹ = ܕܑܔ
ஶ→࢔

૛࢔ ቀ ඥࢇࢋ૛ାࢇା૚
శ૞࢔

− ඥࢇࢋ૛ାࢇା૚
శૠ࢔

ቁ ࢇ, > 0 

then: 

(ࢇ)ࢹ
࢈ + ࢉ

+
(࢈)ࢹ
ࢉ + ࢇ

+
(ࢉ)ࢹ
ࢇ + ࢈

> ܽ + ܾ + ܿ 

Proposed Daniel Sitaru – Romania  

Solution 1 by Soumitra Mandal-Chandar Nagore-India 

Solution 2 by Subhajit Chattopadhyay-Bolpur-India 

Solution 1 by Soumitra Mandal-Chandar Nagore-India 

Let (࢞)ࢌ = ࢞ ା૚൯ for allࢇ૛ାࢇ൫࢞ࢋ ∈ ቂ ૚
ାૠ࢔

, ૚
ା૞࢔

ቃ 

∴ by Lagrange’s Mean Value Theorem; 

ඥࢇࢋ૛శࢇశ૚
శ૞࢔

ି ඥࢇࢋ૛శࢇశ૚
శૠ࢔

૚
శ૞ି࢔

૚
శૠ࢔

= ૛ࢇ) + ࢇ + ૚)࢔ࣈࢋ൫ࢇ૛ାࢇା૚൯ where ࣈ ∈ ቂ ૚
ାૠ࢔

, ૚
ା૞࢔

ቃ 

ඥࢇࢋ૛ାࢇା૚
శ૞࢔

− ඥࢇࢋ૛ାࢇା૚
శૠ࢔

=
૛(ࢇ૛ + ࢇ + ૚)
࢔) + ૞)(࢔ + ૠ) ࢋ

 ା૚൯ࢇ૛ାࢇ൫࢔ࣈ

Now, ૚
ାૠ࢔

≤ ࢔ࣈ ≤
૚

ା૞࢔
⇒ ା૚ࢇ૛ାࢇ

ାૠ࢔
≤ ૛ࢇ)࢔ࣈ + ࢇ + ૚) ≤ ା૚ࢇ૛ାࢇ

ା૞࢔
 

ඥࢇࢋ૛ାࢇା૚
శૠ࢔

≤ ା૚൯ࢇ૛ାࢇ൫࢔ࣈࢋ ≤ ܕܑܔ
ஶ→࢔

ඥࢇࢋ૛ାࢇା૚
శ૞࢔

 

ܕܑܔ
ஶ→࢔

ඥࢇࢋ૛ାࢇା૚
శૠ࢔

≤ ା૚൯ࢇ૛ାࢇ൫࢔ࣈࢋ ≤ ܕܑܔ
ஶ→࢔

ඥࢇࢋ૛ାࢇା૚
శ૞࢔

 

So, by Sandwich Theorem, ࢔ܕܑܔ→ஶ ࢇ൫࢔ࣈࢋ
૛ାࢇା૚൯ = ૚ 

∴ ܕܑܔ
ஶ→࢔

૛࢔ ቀ ඥࢇࢋ૛ାࢇା૚
శ૞࢔

− ඥࢇࢋ૛ାࢇା૚
శૠ࢔

ቁ = ܕܑܔ
ஶ→࢔

૛(ࢇ૛ + ࢇ + ૚)

ቀ૚ + ૞
ቁ࢔ ቀ૚ + ૠ

ቁ࢔
⋅ ܕܑܔ
ஶ→࢔

 ା૚൯ࢇ૛ାࢇ൫࢔ࣈࢋ

= ૛(ࢇ૛ + ࢇ + ૚) 
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∴ ෍
(ࢇ)ࢹ
࢈ + ࢉ

ࢉ࢟ࢉ

= ૛෍
૛ࢇ

࢈ + ࢉ
ࢉ࢟ࢉ

+ ෍
૛ࢇ
࢈ + ࢉ

ࢉ࢟ࢉ

+ ૛෍
૚

࢈ + ࢉ
ࢉ࢟ࢉ

 

≥ ࢇ + ࢈ + ࢉ + ૜ +
ૢ

ࢇ + ࢈ + ࢉ
> ܽ + ܾ + ܿ 

Solution 2 by Subhajit Chattopadhyay-Bolpur-India 

(ࢇ)ࢹ = ܕܑܔ
ஶ→࢔

૛࢔ ቀ ඥࢇࢉ૛ାࢇା૚
శ૞࢔

− ඥࢇࢋ૛ାࢇା૚
శૠ࢔

ቁ ࢇ, > 0 

Expanding by ࢞ࢉ = ૚ + ࢞ + ૛࢞

૛!
+ ૜࢞

૜!
+⋯+ ඥࢇࢉ૛ାࢇା૚

శ૞࢔
− ඥࢇࢉ૛ାࢇା૚

శૠ࢔
 

= ૚ +
૛ࢇ + ࢇ + ૚
࢔ + ૞ +

૛ࢇ) + ࢇ + ૚)૛

૛(࢔ + ૞)૛ + ⋯ 

−૚ −
૛ࢇ + ࢇ + ૚
࢔ + ૠ

−
૛ࢇ) + ࢇ + ૚)૛

૛(࢔ + ૠ)૛ −⋯ 

=
૛(ࢇ૛ + ࢇ + ૚)
࢔) + ૞)(࢔ + ૠ) +

૛ࢇ) + ࢇ + ૚)૛

૛
+ 	૙	 ൬

૚
૝࢔
൰ 

∴ ஶ→࢔ܕܑܔ ૛࢔ ቆࢋ
శ૚ࢇ૛శࢇ
శ૞࢔ − ࢋ

శ૚ࢇ૛శࢇ
శૠ࢔ ቇ = ஶ→࢔ܕܑܔ

૛൫ࢇ૛ାࢇା૚൯

ቀ૚ା૞࢔ቁቀ૚ା
ૠ
࢔
ቁ

+ ૙ = ૛(ࢇ૛ + ࢇ + ૚)  

Now, (ࢇ)ࢹ
ࢉା࢈

+ (࢈)ࢹ
ࢇାࢉ

+ (ࢉ)ࢹ
࢈ାࢇ

= ૛൫ࢇ૛ାࢇା૚൯
ࢉା࢈

+ ૛൫࢈૛ା࢈ା૚൯
ࢇାࢉ

+ ૛൫ࢉ૛ାࢉା૚൯
࢈ାࢇ

 

without loss of generality assume,  ࢇ ≥ ࢈ ≥  Apply Chebyshev ,ࢉ

inequality, LHS ≥ ૛
૜

૛ࢇ) + ૛࢈ + ૛ࢉ + ࢇ + ࢈ + ࢉ + ૜) ቀ ૚
ࢉା࢈

+ ૚
ࢇାࢉ

+ ૚
࢈ାࢇ

ቁ 

By AM ≥ HM ૚
ࢉା࢈

+ ૚
ࢇାࢉ

+ ૚
࢈ାࢇ

≥ ૢ
૛(ࢇା࢈ାࢉ) 

158. Find: 

ࢹ = ܕܑܔ
ஶ→࢔

∑ ቆ࢑૛ ⋅ ටቀ૛࢑࢑ ቁ
࢑

ቇ࢔
ୀ૛࢑

࢔)࢔ + ૚)(૛࢔ + ૚)  

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Ravi Prakash-New Delhi-India, Solution 2 by Shivam Sharma-

New Delhi-India 

Solution 1 by Ravi Prakash-New Delhi-India 

Let ࢔ࢇ = ቀ૛࢔࢔ ቁ ; (࢔ࢇ)ஶ→࢔ܕܑܔ	
૚
࢔ = ஶ→࢔ܕܑܔ

శ૚࢔ࢇ
࢔ࢇ

 

= ܕܑܔ
ஶ→࢔

ቀ૛࢔ + ૛
࢔ + ૚ ቁ

ቀ૛࢔࢔ ቁ
൙ = ܕܑܔ

ஶ→࢔

(૛࢔ + ૛)(૛࢔ + ૚)
࢔) + ૚)(࢔ + ૚) = ૝ ܕܑܔ

ஶ→࢔
൬−

૚
૛࢔ + ૛

൰ = ૝ 

Let ૙ < ߳ < 1, there exists a positive integer ࢓ such that 

ฬ(࢔ࢇ)
૚
࢔ − ૝ฬ < ߳				∀݊ > ݉ ⇒ 4 − ߳ < (࢔ࢇ)

૚
࢔ < 4 + ߳			∀݊ > ݉ 

Let ࢑࢈ = ૛࢑ ቀ૛࢑࢑ ቁ
૚
࢑ = (࢑ࢇ)૛࢑

૚
  ࢑

Let ࡭ = ૚࢈ + ૛࢈ + ⋯+ ࢓࢈ − (૚૛ + ૛૛ + ⋯+ ૛)(૝࢓ − ࣕ) and 

࡮ = ૚࢈ + ૛࢈ + ⋯+ ࢓࢈ − (૚૛ + ૛૛ + ⋯+ ૛)(૝࢓ + ࣕ) Now, for ࢔ > ݉ 

(૛૛ + ૜૛ + ⋯+ ૛)(૝࢔ − ࣕ) + ࡭ < 

< ૛࢈ + ૜࢈ + ⋯+ ࢔࢈ < (૛૛ + ⋯+ ૛)(૝࢔ + ࣕ) + ࡮ ⇒
ቂ૚૟࢔(࢔ା૚)(૛࢔ା૚)ି૚ቃ(૝ିࣕ)ା࡭

(ା૚࢔૛)(ା૚࢔)࢔   

<
∑ ࢔࢑࢈
ୀ૛࢑

࢔)࢔ + ૚)(૛࢔ + ૚) <
ቀ૚૟ ࢔)࢔ + ૚)(૛࢔ + ૚) − ૚ቁ (૝ + ࣕ) + ࡮

࢔)࢔ + ૚)(૛࢔ + ૚)  

Taking limit as ࢔ → ∞, we get ૚
૟

(૝ − ࣕ) ≤ ஶ→࢔ܕܑܔ
∑ ࢔࢑࢈
స૛࢑

(ା૚࢔૛)(ା૚࢔)࢔ ≤
૚
૝

(૝ + ࣕ) 

⇒ ૛
૜
− ࣕ ≤ ࢹ ≤ ૛

૜
+ ࣕ. Its true for each ࣕ > 0, ∴ ࢹ = ૛

૜
 

Solution 2 by Shivam Sharma-New Delhi-India 
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⇒ ஶ→࢔ܕܑܔ

∑ ቌ࢑૛൬(૛࢑)!
૛(!࢑)

൰
૚
࢔ቍ࢑

స૛࢑

(ା૚࢔)(ା૚࢔૛)࢔ . As we know, the Stirling’s formula,  

!࢔ = ቀ࢔
ࢋ
ቁ
࢔
√૛࢔࣊. Using this, we get, ⇒ ஶ→࢔ܕܑܔ

∑

⎝

⎜⎜
૛ቆቀ࢑⎛

૛࢑
ࢋ ቁ

࢑
√૛࢑࣊ቇ

૚
࢑

ቆቀࢋ࢑ቁ
࢑
√૛࢑࣊ቇ

૛
࢑

⎠

⎟⎟
࢔⎞

స૛࢑

(ା૚࢔૛)(ା૚࢔)࢔  

⇒ ܕܑܔ
ஶ→࢔

∑ ൬࢑
૜

૛࢑൰
࢔
ୀ૛࢑

࢔)࢔ + ૚)(૛࢔ + ૚) ⇒
૛
૜
ܕܑܔ
ஶ→࢔

૛࢔૜ + ૜࢔૛ + ࢔ − ૟
૛࢔૜ + ૜࢔૛ + ࢔

 

⇒ ૛
૜
ஶ→࢔ܕܑܔ

૛࢔૜ା૜࢔ାି࢔૟
૛࢔૜ା૜࢔૛ା࢔

⇒ ૛
૜
ቀ૛ା૙ା૙ି૙

૛ା૙ା૙
ቁ (OR) ࢹ = ૛

૜
 

 

ℝ:ࢌ .159 → ࢇ,[࢈,ࢇ] < ܾ 

Find: 

ࢹ = ܕܑܔ
∞→࢔

෍
࢔) − ࢑ + ૚)૛(࢑)ࢌ

૚૛)࢑ + ૛૛ + ⋯+ (૛࢔

࢔

ୀ૚࢑

 

Proposed by Daniel Sitaru – Romania  

Solution by Saptak Bhattacharya-Kolkata-India 

ஶ→࢔ܕܑܔ ૟∑
(࢑)૛(ା૚࢑ି࢔)

(ା૚࢔૛)(ା૚࢔))࢔࢑
࢔
ୀ૚࢑ = ஶ→࢔ܕܑܔ

૟
(ା૚࢔૛)(ା૚࢔)࢔

∑ (࢑)ࢌ૛(ା૚࢑ି࢔)
࢑

࢔
ୀ૚࢑   

Now, ࢇ ≤ (࢑)ࢌ ≤ ஶ→࢔ܕܑܔ ,And ,࢈
૟

(ା૚࢔૛)(ା૚࢔)࢔
∑ ࢇ૛(ା૚࢑ି࢔)

࢑
࢔
ୀ૚࢑  

= ܕܑܔ
ஶ→࢔

૟ࢇ
࢔)࢔ + ૚)(૛࢔ + ૚) ⋅ ෍

૛࢔ + ૛࢑ + ૚ − ૛࢑ − ૛࢑࢔ + ૛࢔
࢑

࢔

ୀ૚࢑

 

= ܕܑܔ
ஶ→࢔

૟ࢇ
࢔)࢔ + ૚)(૛࢔ + ૚) ⋅ ቈ

࢔) + ૚)૛࢔ࡴ +
࢔)࢔ + ૚)

૛
− ૛࢔)࢔ + ૚)቉ 
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= ܕܑܔ
ஶ→࢔

૟ࢇ
࢔)࢔ + ૚)(૛࢔ + ૚)ቆ

࢔) + ૚)૛࢔ࡴ −
૜࢔)࢔ + ૚)

૛
ቇ 

= ࢇ ܕܑܔ
ஶ→࢔

૟ቆ
࢔) + ૚)࢔ࡴ

࢔૛)࢔ + ૚) −
૜

૛(૛࢔ + ૚)ቇ = ૟ࢇ ൬
૚
૛ ஶ→࢔ܕܑܔ

࢔ࡴ

࢔ ൰ 

= ૜ࢇ ஶ→࢔ܕܑܔ
࢔ࡴ

࢔
= ૙ (Cauchy first theorem). Similarly, 

ܕܑܔ
ஶ→࢔

૟࢈
࢔)࢔ + ૚)(૛࢔ + ૚)෍

࢔) − ࢑ + ૚)૛

࢑

࢔

ୀ૚࢑

= ૙ 

Thus by squezze theorem, the given limit is ૙ 

 

160. Evaluate 

࣊
૛
൮૚ +

૚
૛
ቌ૚ +

૜
૝
൭૚ +

૞
૟

(૚ + ⋯ )൱ቍ൲− ቌ૚ +
૛
૜
൭૚ +

૝
૞ቆ૚ +

૟
ૠ

(૚ + ⋯ )ቇ൱ቍ 

Proposed by Vidyamanohar Sharma Astakala-Hydebarad-India 

Solution by proposer 

න
૚

૚ + ࢞ܛܗ܋

࣊
૛

૙

࢞ࢊ = න(૚ + ܛܗ܋ ࢞ࢊ૚ି(࢞

࣊
૛

૙

 

= න ቎෍(ܛܗ܋ ࢽ૛(࢞
ஶ

ࢽ

−෍(ܛܗ܋ ା૚ࢽ૛(࢞
ஶ

ୀ૙ࢽ

቏

࣊
૛

૙

 ࢞ࢊ

=
࣊
૛

+
૚
૛
⋅
࣊
૛

+
૜
૝
⋅
૚
૛
⋅
࣊
૛

+
૞ ⋅ ૜ ⋅ ૚
૟ ⋅ ૝ ⋅ ૛

⋅
࣊
૛

 

… 

−൬૚ +
૛
૜

+
૝
૞
∙
૛
૜

+
૟
ૠ
⋅
૝
૞
⋅
૛
૜
⋅ … ൰ 
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∴ Given sum = ૚ 

 

161. Find: 

ࢹ = ܕܑܔ
ஶ→࢔

෍
࢔) − ࢑ + ૚)࢑ିࢋ૛

૚ + ૛ + ⋯+ ࢔

࢔

ୀ૚࢑

 

Proposed by Daniel Sitaru – Romania  

Solution by Ravi Prakash-New Delhi-India 

Let ࢑ࢇ = ૛࢑షࢋ(ା૚࢑ି࢔)

૚ା૛ା⋯ା࢔
= ૛

(ା૚࢔)࢔
࢔)] + ૚)− ૛࢑ିࢋ[࢑ = ૛

࢔
ቀ૚ − ࢑

ା૚࢔
ቁ  ૛࢑ିࢋ

Let ࢑࢈ = ૛࢑ିࢋ , ࢑ࢉ = ஶ→࢔ܕܑܔ ;૛࢑ିࢋ࢑ ࢑࢈ = ૙, ஶ→࢔ܕܑܔ ࢑ࢉ = ૙ 

⇒ ஶ→࢔ܕܑܔ
࢔࢈૛ା⋯ା࢈૚ା࢈

࢔
= ૙ and ࢔ܕܑܔ→ஶ

࢔ࢉ૛ା⋯ାࢉ૚ାࢉ
࢔

= ૙ 

Now, ࢔ܕܑܔ→ஶ ∑ ࢔࢑ࢇ
ୀ૚࢑ = ૛ ஶ→࢔ܕܑܔ

࢔࢈૛ା⋯ା࢈૚ା࢈
࢔

− ஶ→࢔ܕܑܔ
૛

ା૚࢔
ஶ→࢔ܕܑܔ

࢔ࢉ૛ା⋯ାࢉ૚ାࢉ
࢔

= ૙ 

 

162. Find: 

ࢹ = ܕܑܔ
ஶ→࢔

૛න࢔
૛࢞ + ࢞ܖ܉ܜ܋ܚ܉

࢞࢔ࢋ

૚

૙

 ࢞ࢊ

Proposed by Daniel Sitaru – Romania  

Solution by Soumitra Mandal-Chandar Nagore-India 

For ࢞ ≥ ૙, ૙ ≤ ࢞࢔ିࢋ૛࢔૛࢞ < ૝!
૛࢔૛࢞

, since, ࢞࢔ࢋ > ૝(࢞࢔)

૝!
 

Similarly, for ࢞ ≥ ૙, ૙ ≤ ࢞࢔ିࢋ૛࢔ ૚ିܖ܉ܜ ࢞ < ૝! ష૚ܖ܉ܜ ࢞
૛࢔૝࢞

 

૙ ≤ ஶ→࢔ܕܑܔ ૛࢔ ∫
ష૚ܖ܉ܜ૛ା࢞ ࢞

࢞࢔ࢋ
૚
૙ ࢞ࢊ < ஶ→࢔ܕܑܔ ∫ ቀ ૝!

૛࢔૛࢞
+ ૝! ష૚ܖ܉ܜ ࢞

૛࢔૝࢞
ቁ૚

૙ ࢞ࢊ =

∫ ஶ→࢔ܕܑܔ ቀ
૝!

૛࢔૛࢞
+ ૝! ష૚ܖ܉ܜ ࢞

૛࢔૝࢞
ቁ૚

૙ ࢞ࢊ = ૙  
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so, by sandwich theorem  ࢔ܕܑܔ→ஶ ∫
ష૚ܖ܉ܜ૛ା࢞ ࢞

࢞࢔ࢋ
૚
૙ ࢞ࢊ = ૙ 

163. If ࢔ࢇ > 0,݊ ≥ 1, ஶ→࢔ܕܑܔ ࢔ࢇ = ,࢈,ࢇ ࢉ > 0 then find: 

ࢹ = ܕܑܔ
ஶ→࢔

૚
࢔
෍

࢑ࢇ
࢈ + ࢑ࢇࢉ

࢔

ୀ૚࢑

 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania 

Solution 1 by Nirapada Pal-Jhargram-India, Solution 2 by Ravi Prakash-New 

Delhi-India, Solution 3 by Abdallah El Farissi-Bechar-Algerie, Solution 4 by 

Soumitra Mandal-Chandar Nagore-India 

Solution 1 by Nirapada Pal-Jhargram-India 

By Cauchy’s limit theorem ࢔ܕܑܔ→ஶ࢔࡭ = ࡭ ⇒ ஶ→࢔ܕܑܔ
࢔࡭૜ା⋯ା࡭૛ା࡭૚ା࡭

࢔
=  ࡭

Now, we have ࢔ܕܑܔ→ஶ
(࢔)ࢌ
(࢔)ࢍ = ಮ→࢔ܕܑܔ (࢔)ࢌ

ಮ→࢔ܕܑܔ (࢔)ࢍஶ→࢔ܕܑܔ provided (࢔)ࢍ ≠ ૙ 

Given ࢔ܕܑܔ→ஶ ࢔ࢇ = ஶ→࢔ܕܑܔ So .ࢇ
࢔ࢇ

࢔ࢇࢉା࢈
= ಮ→࢔ܕܑܔ ࢔ࢇ

(࢔ࢇࢉା࢈)ಮ→࢔ܕܑܔ = ࢇ
ࢇࢉା࢈

 

So by Cauchy’s limit theorem we get 

ܕܑܔ
ஶ→࢔

૚
෍࢔

࢑ࢇ
࢈ + ࢑ࢇࢉ

࢔

ୀ૚࢑

= ܕܑܔ
ஶ→࢔

࢔ࢇ
࢈ + ࢔ࢇࢉ

=
ࢇ

࢈ +  ࢇࢉ

Solution 2 by Ravi Prakash-New Delhi-India 

As ࢇ > 0, we choose ࣕ > 0 such that ૙ < ܽ < ߳. Since  ࢔ܕܑܔ→ஶ ࢔ࢇ =  ࢇ

these exists ࢑ ∈ ℕ such that |࢔ࢇ − |ࢇ < ࢔∀			ࣕ > ݇ 

⇒ ૙ < ܽ − ࣕ < ࢔ࢇ < ܽ + ߳			∀݊ > ݇   (1) 

Let ࡭ = ∑ ࢐ࢇ
࢐ࢇࢉା࢈

࢑
ୀ૚࢐ . From (1) ∀࢔ > ݇ 

࢈ + ࢇ)ࢉ − ࣕ) < ܾ + ࢔ࢇܿ < ܾ + ࢇ)ܿ + ࣕ) ⇒ ૚
(ାࣕࢇ)ࢉା࢈ < ૚

࢔ࢇࢉା࢈
< ૚

 (2)   (ࣕିࢇ)ࢉା࢈
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From (1), (2) we get ࣕିࢇ

(ାࣕࢇ)ࢉା࢈ < ࢔ࢇ
࢔ࢇࢉା࢈

< ାࣕࢇ
(ାࣕࢇ)ࢉା࢈ ࢔∀		 > ݇ 

⇒ ࢔) − (࢑
ࢇ − ࣕ

࢈ + +ࢇ)ࢉ ࣕ) < ෍
࢐ࢇ

࢈ + ࢐ࢇࢉ

࢔

࢑ୀ࢐

< ࢔) − (࢑
ࢇ + ࣕ

࢈ + ࢇ)ࢉ − ࣕ) ࢔	∀				 > ݇ 

⇒ ૚
࢔
ቄ࡭ + ࢔) − (࢑ ࣕିࢇ

ቅ(ାࣕࢇ)ࢉା࢈ < ∑ ࢐ࢇ
࢐ࢇࢉା࢈

࢔
ୀ૚࢐ < ૚

࢔
ቄ࡭ + ࢔) − (࢑ ାࣕࢇ

࢔∀			ቅ(ࣕିࢇ)ࢉା࢈ > ݇  

Taking limit as ࢔ → ∞, we get ૙ + (૚ − ૙) ࣕିࢇ
(ାࣕࢇ)ࢉା࢈ ≤ ஶ→࢔ܕܑܔ

૚
࢔
∑ ࢐ࢇ

࢐ࢇࢉା࢈
࢔
ୀ૚࢐  

≤ ૙ + (૚ − ૙) ାࣕࢇ
ࣕ Taking limit as .(ࣕିࢇ)ࢉା࢈ → ૙ା, we get 

ஶ→࢔ܕܑܔ
૚
࢔
∑ ࢐ࢇ

࢐ࢇࢉା࢈
࢔
ୀ૚࢐ = ࢇ

ࢇࢉା࢈
 

Solution 3 by Abdallah El Farissi-Bechar-Algerie 

Theorem of Cesaro: If ࢔࢛ → in ℝഥ ࢒ , then ∑ ࢔࢔࢛
స૚࢑
࢔

→  ࢒

Let ࢔࢛ = ࢔ࢇ
࢔ࢇࢉା࢈

, we have ࢔࢛ →
ࢇ

ࢇࢉା࢈
 then 

∑ ࢔ࢇ
࢔ࢇࢉశ࢈

࢔
స૚࢑

࢔
→ ࢇ

ࢇࢉା࢈
 

Solution 4 by Soumitra Mandal-Chandar Nagore-India 

ஶ→࢔ܕܑܔ ࢔ࢇ = ஶ→࢔ܕܑܔ ,now ࢇ
૚
࢔
∑ ࢑ࢇ

࢑ࢇࢉା࢈
࢔
ୀ૚࢑  

=⏞
ࢠ࢒࢕࢚ࡿି࢕࢘ࢇ࢙ࢋࢇ࡯

ܕܑܔ
ஶ→࢔

૚
࢔ + ૚ − ቌ෍	࢔

࢑ࢇ
࢈ + ࢑ࢇࢉ

ା૚࢔

ୀ૚࢑

−෍
࢑ࢇ

࢈ + ࢑ࢇࢉ

࢔

ୀ૚࢑

ቍ 

= ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ
࢈ + ା૚࢔ࢇࢉ

=
ࢇ

࢈ + ࢇࢉ
 

164. Find: 

ࢹ = ܕܑܔ
ஶ→࢔

൭෍
࢑

࢑) + ૚)!	

࢔

ୀ૚࢑

൱൭෍
࢑)࢑ + ૛)

൫(࢑ + ૚)!൯૛

࢔

ୀ૚࢑

൱൭෍
૛࢑)࢑ + ૜࢑ + ૜)

൫(࢑ + ૚)!	൯૜

࢔

ୀ૚࢑

൱ 

Proposed by Daniel Sitaru – Romania 
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Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco, Solution 2 by Khanh 

Hung Vu-Ho Chi Minh-Vietnam, Solution 3 by Ravi Prakash-New Delhi-India 

Solution 4 by Șerban George Florin-Romania, Solution 5 by Shivam Sharma-

New Delhi-India 

Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco 

෍
ࢎ

ࢎ) + ૚)!

࢔

ୀ૚ࢎ

= ෍൬
ࢎ + ૚

ࢎ) + ૚)!
−

૚
ࢎ) + ૚)!

൰
࢔

ୀ૚ࢎ

 

= ෍൬
૚
!ࢎ
−

૚
ࢎ) + ૚)!

൰
࢔

ୀ૚ࢎ

=
૚
૚!
−

૚
࢔) + ૚)!

= ૚ −
૚

࢔) + ૚)!
 

෍
ࢎ)࢑ + ૚)

൫(ࢎ + ૚)!൯૛

࢔

ୀ૚ࢎ

= ෍
૛࢑ + ૛࢑

൫(ࢎ + ૚)!൯૛

࢔

ୀ૚ࢎ

 

= ෍൭
ࢎ) + ૚)૛

൫(ࢎ + ૚)!൯
૛ −

૚

൫(ࢎ + ૚)!൯
૛൱

࢔

ୀ૚ࢎ

= ෍൭
૚

૛(!ࢎ)
−

૚

൫(ࢎ + ૚)!൯
૛൱

࢔

ୀ૚ࢎ

 

=
૚

(૚!)૛ −
૚

൫(࢔ + ૚)!൯૛
= ൭૚ −

૚

൫(࢔ + ૚)!൯૛
൱ 

෍
૛ࢎ)ࢎ + ૡࢎ + ૜)

൫(ࢎ + ૚)!൯૜

࢔

ୀ૚ࢎ

= ෍
૜ࢎ + ૜ࢎ૛ + ૜࢑

൫(ࢎ + ૚)!൯૜

࢔

ୀ૚ࢎ

= ෍
ࢎ) + ૚)૜

൫(ࢎ + ૚)!൯૜

࢔

ୀ૚ࢎ

−
૚

൫(࢑ + ૚)!൯૜
 

= ෍
૚

૜(!ࢎ)

࢔

ୀ૚ࢎ

−
૚

൫(ࢎ + ૚)!൯
૜ = ૚ −

૚

൫(࢔ + ૚)!൯
૜ 

⇒ ࢹ = ାஶࢎ ൬૚ −
૚

࢔) + ૚)!
൰ ൬૚ −

૚
࢔) + ૚)!૛

൰ ൬૚ −
૚

࢔) + ૚)!૜
൰ = ૚ 
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Solution 2 by KHanh Hung Vu-Ho Chi Minh-Vietnam 

૚࢙ = ෍
࢑

࢑) + ૚)!

࢔

ୀ૚࢑

= ෍
࢑ + ૚ − ૚
࢑) + ૚)!

࢔

ୀ૚࢑

= ෍
૚
!࢑

࢔

ୀ૚࢑

−
૚

࢑) + ૚)! = ૚ −
૚

࢔) + ૚)! 

૛࢙ = ෍
+࢑)࢑ ૛)

࢑)] + ૚)!]૛

࢔

ୀ૚࢑

= ෍
+࢑) ૚)૛ − ૚૛

+࢑)] ૚)!]૛

࢔

ୀ૚࢑

= ෍
૚

૛(!࢑)

࢔

ୀ૚࢑

−
૚

࢑)] + ૚)!]૛ = ૚ −
૚

+࢔)] ૚)!]૛ 

૜࢙ = ෍
૛࢑൫࢑ + ૜࢑+ ૜൯

࢑)] + ૚)!]૜

࢔

ୀ૚࢑

= ෍
࢑) + ૚)૜ − ૚૜

࢑)] + ૚)!]૜

࢔

ୀ૚࢑

= ෍
૚

૜(!࢑)

࢔

ୀ૚࢑

−
૚

࢑)] + ૚)!]૜
= ૚ −

૚
࢔)] + ૚)!]૜

 

ࢹ = ܕܑܔ
ஶ→࢔

൤૚ −
૚

࢔) + ૚)!
൨ ൤૚ −

૚
࢔)] + ૚)!]૛

൨ ൤૚ −
૚

࢔)] + ૚)!]૜
൨ 

= ܕܑܔ
૙→࢚

[૚ − ૚][࢚ − ૛][૚࢚ − [૜࢚ = ૚ 

Solution 3 by Ravi Prakash-New Delhi-India 

Let ࢔ࢇ = ∑ ࢑
!(ା૚࢑)

࢔
ୀ૚࢑ = ∑ ା૚ି૚࢑

!(ା૚࢑)
࢔
ୀ૚࢑ = ∑ ቀ૚

!࢑
− ૚

!(ା૚࢑)
ቁ࢔

ୀ૚࢑ = ቀ૚ − ૚
!(ା૚࢔)

ቁ 

࢔࢈ = ෍
࢑)࢑ + ૛)

൫(࢑ + ૚)!൯
૛

࢔

ୀ૚࢑

= ෍
࢑) + ૚)૛ − ૚

൫(࢑ + ૚)!൯
૛

࢔

ୀ૚࢑

 

= ෍൭
૚

૛(!࢑) −
૚

൫(࢑ + ૚)!൯૛
൱

࢔

ୀ૚࢑

= ൭૚ −
૚

൫(࢔ + ૚)!൯૛
൱ 

࢔ࢉ = ෍
૛࢑)࢑ + ૜࢑ + ૜)

൫(࢑ + ૚)!൯
૜

࢔

ୀ૚࢑

= ෍
࢑) + ૚)૜ − ૚

൫(࢑ + ૚)!൯
૜

࢔

ୀ૚࢑

 

= ෍൭
૚

૜(!࢑)
−

૚

൫(࢑ + ૚)!൯
૜൱

࢔

ୀ૚࢑

= ૚ −
૚

൫(࢔ + ૚)!൯
૜ 

We have ࢔ܕܑܔ→ஶ ࢔ࢇ = ஶ→࢔ܕܑܔ ࢔࢈ = ஶ→࢔ܕܑܔ ࢔ࢉ = ૚  

∴ ࢹ = ܕܑܔ
ஶ→࢔

࢔ࢉ࢔࢈࢔ࢇ = ૚ 

 


