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similarly, ቀ ૚
૜࢔

, ૚
૛࢔
ቁ → ૙, as ࢔ → ∞, so, ૚

!(ା૚࢔)
→ ૙, as ࢔ → ∞ 

૚

൫(࢔ା૚)!൯
૛ → ૙, as ࢔ → ∞; ૚

൫(࢔ା૚)!൯
૜ → ૙, as ࢔ → ∞ 

Hence, our limit is, ࢹ = ૚ (Answer) 
 

165. Find: 

ࢹ = ܕܑܔ
ஶ→࢔

૚
૝࢔ ෍ ቌ࢓ ෍ ࢖

࢔

ା૚࢓ୀ࢖

ቍ
૚ି࢔

ୀ૚࢓

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Nirapada Pal-Jhargram-India, Solution 2 by Ravi Prakash-New 

Delhi-India, Solution 3 by Shivam Sharma-New Delhi-India, Solution 4 by 

Madan Beniwal-India 

Solution 1 by Nirapada Pal-Jhargram-India 

ࢹ = ܕܑܔ
ஶ→࢔

૚
૝࢔

෍ ቌ࢓	 ෍ ࢖
࢔

ା૚࢓ୀ࢖

ቍ
૚ି࢔

ୀ૚࢓

= ܕܑܔ
ஶ→࢔

૚
૝࢔

෍ ൮࢓ቌ෍࢖
࢔

ୀ૚࢖

−෍࢖
࢓

ୀ૚࢖

ቍ൲
૚ି࢔

ୀ૚࢓

 

= ܕܑܔ
ஶ→࢔

૚
૝࢔ ෍ ൭࢓ቆ

࢔)࢔ + ૚)
૛ −

࢓)࢓ + ૚)
૛ ቇ൱

૚ି࢔

ୀ૚࢓

 

=
૚
૛ ஶ→࢔ܕܑܔ

૚
૝࢔ ൭࢔

࢔) + ૚) ෍ ࢓
૚ି࢔

ୀ૚࢓

− ෍ ૜࢓
૚ି࢔

ୀ૚࢓

− ෍ ૛࢓
૚ି࢔

ୀ૚࢓

൱ 

=
૚
૛
ܕܑܔ
ஶ→࢔

ቆ
࢔)࢔ + ૚)࢔)࢔ − ૚)

૛
−
࢔)૛࢔ − ૚)૛

૝
ቇ 

As ࢔ܕܑܔ→ஶ
૚
૝࢔
∑ ૚ି࢔૛࢓
ୀ૚࢓ = ૙ 
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=
૚
ૡ ஶ→࢔ܕܑܔ

૚
૝࢔ ࢔

૛(࢔ − ૚)(࢔ + ૜) =
૚
ૡ ஶ→࢔ܕܑܔ

൬૚ −
૚
൰࢔ ൬૚+

૜
൰࢔ =

૚
ૡ 

Solution 2 by Ravi Prakash-New Delhi-India 

෍ ࢖
࢔

ା૚࢓ୀ࢖

=
૚
૛

࢔) ࢔}(࢓− + ࢓ + ૚} =
૚
૛ ቀ࢔

૛ ࢔)૛࢓− −  ቁ(࢓

⇒ ࢓ ෍ ࢖
࢔

ା૚࢓ୀ࢖

=
૚
૛

૛࢔) + −࢓(࢔
૚
૛
૜࢓ −

૚
૛
૛࢓ ⇒ ෍ ቌ࢓ ෍ ࢖

࢔

ା૚࢓ୀ࢖

ቍ
૚ି࢔

ା૚࢓

 

=
૚
૛

૛࢔) + (࢔ ෍࢓
૚ି࢔

ୀ૚࢓

−
૚
૛
෍ ૜࢓
૚ି࢔

ୀ૚࢓

−
૚
૛
෍ ૛࢓
૚ି࢔

ୀ૚࢓

 

=
૚
૛

૛࢔) + (࢔
૚
૛

࢔) − ૚)࢔ −
૚
૛
⋅
૚
૝

࢔) − ૚)૛࢔૛ −
૚
૚૛

࢔) − ૚)(࢔)(૛࢔ − ૚) 

ܕܑܔ
ஶ→࢔

૚
૝࢔

෍ ቌ࢓ ෍ ࢖
࢔

ା૚࢓ୀ࢖

ቍ
૚ି࢔

ୀ૚࢓

=
૚
૝
−
૚
ૡ
− ૙ =

૚
ૡ

 

Solution 3 by Shivam Sharma-New Delhi-India 

⇒ ܕܑܔ
ஶ→࢔

૚
૝࢔ ෍ ൤࢓൬

૚
ૡ

(૝࢔૛ + ૝࢔ + ૚) −
૚
ૡ

(૛࢓ + ૚)૛൰൨
૚ି࢔

ୀ૚࢓

 

⇒ ܕܑܔ
ஶ→࢔

૚
૝࢔ ෍ ൤࢓൬

૚
ૡ (૝࢔૛ + ૝࢔ + ૚൰ −

૚
ૡ

(૝࢓૛ + ૚ + ૝࢓)൨
૚ି࢔

ୀ૚࢓

 

⇒ ܕܑܔ
ஶ→࢔

૚
૝࢔ ෍ ቈ

૝࢔࢓૛ + ૝࢔࢓ + −࢓ ૝࢓૜ − ૝࢓૛ ࢓−
ૡ ቉

૚ି࢔

ୀ૚࢓

 

⇒ ܕܑܔ
ஶ→࢔

૚
૝࢔ ෍ ቈ

૛࢔࢓

૛ +
࢔࢓
૛ +

࢓
ૡ −

૝࢓૜

ૡ −
૛࢓

૛ −
࢓
ૡ ቉

૚ି࢔

ୀ૚࢓
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⇒ ܕܑܔ
ஶ→࢔

૚
૝࢔ ෍ ቈ

૛࢔࢓

૛ +
࢔࢓
૛ −

૜࢓

૛ −
૛࢓

૛ ቉
૚ି࢔

ୀ૚࢓

 

⇒ ܕܑܔ
ஶ→࢔

૚
૝࢔ ෍ ቈ

૛࢔࢓ ࢔࢓+ ૜࢓− ૛࢓−

૛ ቉
૚ି࢔

ୀ૚࢓

 

⇒ ܕܑܔ
ஶ→࢔

૚
૝࢔ ෍ ቈቆ

࢔)࢔࢓ + ૚)
૛ ቇ −

૜࢓

૛ −
૛࢓

૛ ቉
૚ି࢔

ୀ૚࢓

 

⇒ ܕܑܔ
ஶ→࢔

૚
૝࢔ ෍ ቆ

૛࢔)࢓ + (࢔
૛ ቇ

૚ି࢔

ୀ૚࢓

− ܕܑܔ
ஶ→࢔

૚
૝࢔ ෍ ቆ

૜࢓

૛ ቇ
૚ି࢔

ୀ૚࢓

− ܕܑܔ
ஶ→࢔

૚
૝࢔ ෍ ቆ

૛࢓

૛ ቇ
૚ି࢔

ୀ૚࢓

 

⇒ ܕܑܔ
ஶ→࢔

૚
૛࢔૝ ෍ ቈ

૛࢔) + ࢔)(࢔ − ૚)(࢔)
૛ ቉

૚ି࢔

ୀ૚࢓

− ܕܑܔ
ஶ→࢔

૚
૝࢔ ൥

൫࢔)࢔ − ૚)൯૛

ૡ ൩ − 

− ܕܑܔ
ஶ→࢔

૚
૝࢔

ቆ
࢔) − ૚)(࢔)(૛(࢔ − ૚) + ૚)

૚૛
ቇ 

⇒ ܕܑܔ
ஶ→࢔

૚
૛࢔૝

ቈ
૛࢔) + ૛࢔)(࢔ − (࢔

૛
቉ − ܕܑܔ

ஶ→࢔

૚
ૡ࢔૝

࢔)૛࢔] − ૚)૛] − 

− ܕܑܔ
ஶ→࢔

૚
૝࢔ ቈ

૛࢔) − ࢔૛)(࢔ − ૚)
૚૛ ቉ 

⇒ ܕܑܔ
ஶ→࢔

૚
૛࢔૝

ቈ
૝࢔ − ૜࢔ + ૜࢔ − ૛࢔

૛
቉ − ܕܑܔ

ஶ→࢔

૚
ૡ࢔૝

૛࢔)૛࢔] + ૚ − ૛࢔)] − 

− ஶ→࢔ܕܑܔ
૚
૝࢔
ቂ૛࢔

૜ି૜࢔૛ା࢔
૚૛

ቃ ⇒ ૚
૝
− ૚

ૡ
− ૙ ⇒ ૛ି૚

ૡ
 (OR) ࢹ = ૚

ૡ
 (Answer) 

Solution 4 by Madan Beniwal-India 

෍ ࢖
࢔

ା૚࢓ୀ࢖

= ࢓)] + ૚) + ࢓) + ૛) + ⋯+ ࢓ + ࢔) −࢓− ૚) +  [࢔
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= ࢔)࢓ ࢓− + ૚) +
࢔) −࢓− ૚)(࢔ −࢓− ૚ + ૚)

૛
+  ࢔

= ࢔) − −࢓ ૚) ൤
૛࢓ + ࢔ ࢓−

૛
൨ +  ࢔

෍ ࢖
࢔

ା૚࢓ୀ࢖

=
࢔) ࢓− + ૚)(࢓ + (࢔

૛ + ࢔ =
࢔࢓ + ૛࢔ ૛࢓− ࢔࢓− −࢓− ࢔

૛ +  ࢔

෍ ࢖
࢔

ା૚࢓ୀ࢖

=
૛࢔ ૛࢓− −࢓− ࢔ + ૛࢔

૛ = ቆ
૛࢔ ૛࢓− ࢓− + ࢔

૛ ቇ 

Then ࢓∑ = ૚
૛

૛࢔࢓) ૜࢓− ૛࢓− + ࢖(࢓࢔
ା૚࢓ୀ࢖ . Now 

෍ ቌ࢓ ෍ ࢖
࢔

ା૚࢓ୀ࢖

ቍ
૚ି࢔

ୀ૚࢓

=
૚
૛ ෍

૛࢔࢓) ૜࢓− ૛࢓− + (࢓࢔
૚ି࢔

ୀ૚࢓

 

=
૚
૛
൥࢔૛ ⋅

࢔)࢔ − ૚)
૛

− ቈ
࢔)࢔ − ૚)

૛
቉
૛

−
࢔) − ૚)(࢔)(૛࢔ − ૚)

૟
+
࢔)࢔ − ૚)࢔

૛
൩ 

Then ࢔ܕܑܔ→ஶ
૚
૝࢔
⋅ ૚
૛
ቂ࢔૝ ቀ૚

૛
ቁ − ቀ૚

૝
ቁ ૝࢔ − ቀ૛

૟
ቁ࢔૜ + ૙ቃ = ૚

ૡ
 

 

166. Find: 

ࢹ = ܕܑܔ
ஶ→࢔

࢔)࢔ + ૚)(࢔ + ૛) ⋅ … ⋅ (૛࢔ − ૛) ܖ܉ܜ܋ܚ܉ ࣊
૛࢔

૚ ⋅ ૜ ⋅ ૞ ⋅ … ⋅ (૛࢔ − ૜)  

Proposed by Daniel Sitaru – Romania  

Solution 1 by Yen Tung Chung-Taichung-Taiwan, Solution 2 by Abdelhak 

Maoukouf-Casablanca-Morocco, Solution 3 by Ravi Prakash-New Delhi-India 
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Solution 1 by Yen Tung Chung-Taichung-Taiwan 

ࢹ = ܕܑܔ
ஶ→࢔

࢔)࢔ + ૚)(࢔ + ૛)⋯ (૛࢔ − ૛) ૚ିܖ܉ܜ ࢔૛࣊
૚ ⋅ ૜ ⋅ ૞ ⋅ … ⋅ ૛࢔ − ૜

 

= ܕܑܔ
ஶ→࢔

൫૛ ⋅ ૝ ⋅ ૟ ⋅ … ⋅ (૛࢔ − ૛)൯൫࢔)࢔ + ૚)(࢔ + ૛)⋯ (૛࢔ − ૛)൯ ૚ିܖ܉ܜ ࢔૛࣊
(૚ ⋅ ૜ ⋅ ૞ ⋅ … ⋅ ૛࢔ − ૜)൫૛ ⋅ ૝ ⋅ ૟ ⋅ … ⋅ (૛࢔ − ૛)൯

 

= ܕܑܔ
ஶ→࢔

૛ି࢔૚(૛࢔ − ૛)! ૚ିܖ܉ܜ ࢔૛࣊
(૛࢔ − ૛)!	 =

૚
૛ ஶ→࢔ܕܑܔ

૛࢔ ૚ିܖ܉ܜ
࣊
૛࢔ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ

ୀ࢚	࢚ࢋ࢒ ૚
૛࢔

=
૚
૛ ܕܑܔ
૙శ→࢔

૚ିܖ܉ܜ ࢚࣊
࢚  

=
૚
૛
ܕܑܔ
૙శ→࢚

࣊
૚ + ૛࢚૛࣊

૚ᇣᇧᇧᇧᇤᇧᇧᇧᇥ
ࢋ࢒࢛ࡾ	࢒ࢇ࢚࢏࢖࢙࢕ࡴᇲࡸ

=
૚
૛
⋅ ࣊ =

࣊
૛

 

Solution 2 by Abdelhak Maoukouf-Casablanca-Morocco 

࢔࡭ =
(૛ି࢔૛)⋅…⋅(ା૚࢔)࢔ ܖ܉ܜ܋ܚ܉ ࣊

૛࢔

૚⋅૜⋅૞⋅…⋅(૛ି࢔૜) =
(૛ି࢔૛)⋅…⋅(ା૚࢔)࢔ ܖ܉ܜ܋ܚ܉ ࣊

૛࢔
(૛࢔ష૛)!

૛⋅૝⋅૟⋅…⋅(૛࢔ష૛)

  

=
࢔)࢔ + ૚) ⋅ … ⋅ (૛࢔ − ૛)ܖ܉ܜ܋ܚ܉ ࣊

૛࢔
(૛࢔ − ૛)!

૛ି࢔૚൫૚ ⋅ ૛ ⋅ … ⋅ ࢔) − ૚)൯

 

=
૛ି࢔૚ ⋅ ૚ ⋅ ૛ ⋅ … ⋅ ࢔) − ૚) ⋅ ࢔)࢔ + ૚) ⋅ … ⋅ (૛࢔ − ૛) ܖ܉ܜ܋ܚ܉ ࣊

૛࢔
(૛࢔ − ૛)!	  

= ૛ି࢔૚
(૛࢔ − ૛)!	
(૛࢔ − ૛)! ܖ܉ܜ܋ܚ܉

࣊
૛࢔ = ૛ି࢔૚ ܖ܉ܜ܋ܚ܉

࣊
૛࢔ 

ࢹ = ܕܑܔ
ାஶ→࢔

࢔࡭ = ܕܑܔ
ାஶ→࢔

૛ି࢔૚ ܖ܉ܜ܋ܚ܉
࣊
૛࢔

 

= ܕܑܔ
ାஶ→࢔

࣊
૛
⋅
ࢇ ܖ܉ܜ ࣊

૛࢔
࣊
૛࢔

= ࣊ܕܑܔ
૛࢔→૙

࣊
૛
⋅
ࢇ ܖ܉ܜ ࣊

૛࢔
࣊
૛࢔

=
࣊
૛
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Solution 3 by Ravi Prakash-New Delhi-India 

ܕܑܔ
ஶ→࢔

࢔)࢔ + ૚)(࢔ + ૛) ⋅ … ⋅ (૛࢔ − ૛)
(૚)(૜)(૞) … (૛࢔ − ૜) ࢉ࢘ࢇ	 ቀ

࣊
૛࢔
ቁ 

= ܕܑܔ
ஶ→࢔

(૛)(૝)(૟) ⋅ … ⋅ (૛࢔ − ૛)࢔)࢔ + ૚) ⋅ … ⋅ (૛࢔ − ૛)
(૚)(૛)(૜) ⋅ … ⋅ (૛࢔ − ૜)(૛࢔ − ૛)  

= ܕܑܔ
ஶ→࢔

૛ି࢔૚(૛࢔ − ૛)!
(૛࢔ − ૛)!

ቀ	ࢉ࢘ࢇ
࣊
૛࢔
ቁ = ܕܑܔ

ஶ→࢔
૛ି࢔૚ ቀ

࣊
૛࢔
ቁ 	×

	ࢉ࢘ࢇ ቀ ቁ࢔૛࣊
࣊
૛࢔

=
࣊
૛

(૚) =
࣊
૛

 

 

167. Find: 

ࢹ = ஶ→࢔ܕܑܔ
∫࢔ ૛࢔൧࢞√ൣ

૚ ࢞ࢊ

∫ ൧࢞√ൣ
૜࢔
૚ ࢞ࢊ

, [∗] - great integer function 

Proposed by Daniel Sitaru – Romania  

Solution by Francis Fregeau-Quebec-Canada 

Let ࢼ be a natural number. ࢼ૛ < ݔ ≤ ࢼ) + ૚)૛ ⇒ ඃ√࢞ඇ = ࢼ + ૚ 

Let ࢔ be a perfect square, and ૚ ≤ ࢞ ≤  into (૛࢔,૚) ૛. Divide the interval࢔

the partition: (૚,૝] ∪ (૝,ૢ] ∪ …∪ ,૛࢑) ࢑) + ૚)૛] ∪ …∪ ࢔)) − ૚)૛,࢔૛) 

Now: ∫ ඃ√࢞ඇ
૛(ା૚࢐)

૛࢐ ࢞ࢊ = ∫ ࢐) + ૚)(࢐ା૚)૛

૛࢐ ࢞ࢊ = (૛࢐ + ૚)(࢐ + ૚) = ૛࢐૛ + ૜࢐ + ૚ 

∴ ∫ ඃ√࢞ඇ࢔૛

૚ ࢞ࢊ = ∑∫ ඃ√࢞ඇ
૛(ା૚࢐)

૛࢐ ૚;࢞ࢊ ≤ ࢐ ≤ ࢔ − ૚. Let ࢔ − ૚ =  ࢓

෍ න ඃ√࢞ඇ

૛(ା૚࢐)

૛࢐

࢓

૚

࢞ࢊ = ෍૛࢐૛ + ૜࢐ + ૚
࢓

૚

=
૛࢓૜ + ૜࢓૛ + ࢓

૜
+
૜࢓)࢓ + ૚)

૛
+  ࢓

=
૝࢓૜ + ૚૞࢓૛ + ૚ૠ࢓

૟  
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∴ ∫࢔ ඃ√࢞ඇ
૛࢔

૚ ࢞ࢊ = ࢓) + ૚) ⋅ ૝࢓
૜ା૚૞࢓૛ା૚ૠ࢓

૟
= ࢔ ⋅ ૝(ି࢔૚)૜ା૚૞(ି࢔૚)૛ା૚ૠ(ି࢔૚)

૟
  

But ࢔૜ is also a perfect square since ࢔ is a perfect square. 

⇒ න ඃ√࢞ඇ
૜࢔

૚

࢞ࢊ = ෍૛࢐૛ + ૜࢐+ ૚;૚ ≤ ࢐ ≤ ࢔
૜
૛ − ૚ 

∴ ∫ ඃ√࢞ඇ࢔૜

૚ ࢞ࢊ =
૝ቆ࢔

૜
૛ି૚ቇ

૜

ା૚૞ቆ࢔
૜
૛ି૚ቇ

૛

ା૚ૠቆ࢔
૜
૛ି૚ቇ

૟
⇒ ஶ→࢔ܕܑܔ

∫⋅࢔ ඃ√࢞ඇ
૛࢔

૚ ࢞ࢊ

∫ ඃ√࢞ඇ
૜࢔
૚ ࢞ࢊ

=  

= ܕܑܔ
ஶ→࢔

࢔)ቀ૝࢔ − ૚)૜ + ૚૞(࢔ − ૚)૛ + ૚ૠ(࢔ − ૚)ቁ

૝൬࢔
૜
૛ − ૚൰

૜
+ ૚૞ ൬࢔

૜
૛ − ૚൰

૛
+ ૚ૠ൬࢔

૜
૛ − ૚൰

 

Applying De l’Hôpital’s rule four times yields: 

ஶ→࢔ܕܑܔ
∫⋅࢔ ඃ√࢞ඇ࢞ࢊ

૛࢔

૚

∫ ඃ√࢞ඇ࢔࢞ࢊ૜
૚

= ૙ when ࢔ is a perfect square. 

But for every real number ࡾ, there exists a perfect square ࢔ such that 

ࡾ < ݊ ∴ ஶ→ࡾܕܑܔ
∫⋅ࡾ ඃ√࢞ඇࡾ૛

૚ ࢞ࢊ

∫ ඃ√࢞ඇ࢞ࢊ
૜ࡾ
૚

= ஶ→࢔ܕܑܔ
∫⋅࢔ ඃ√࢞ඇ࢔࢞ࢊ૛

૚

∫ ඃ√࢞ඇ࢞ࢊ
૜࢔
૚

= ૙ 

168. Find: 

ࢹ = ܕܑܔ
ஶ→࢔

૚
૜࢔ + ૚෍

૚
࢑!࢑√

࢔

ୀ૛࢑

 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution 1 by Soumitra Mandal-Chandar Nagore-India;  

Solution 2 by Ravi Prakash-New Delhi-India 

Solution 1 by Soumitra Mandal-Chandar Nagore-India 



 
www.ssmrmh.ro 

 

ܕܑܔ
ஶ→࢔

࢔!࢔√

࢔
= ܕܑܔ

ஶ→࢔
ඨ࢔!
࢔࢔

࢔

	 =⏞
	࢚࢘ࢋ࢈࢓ࢋ࢒࡭ᇲࡰି࢟ࢎࢉ࢛ࢇ࡯

ܕܑܔ
ஶ→࢔

࢔) + ૚)!
࢔) + ૚)࢔ା૚ ⋅

࢔࢔

!࢔
 

= ܕܑܔ
ஶ→࢔

ቀ
࢔

࢔ + ૚
ቁ ⋅

૚

ቀ૚ + ૚
ቁ࢔

࢔ =
૚
ࢋ

 

ࢹ = ܕܑܔ
ஶ→࢔

૚
૜࢔ + ૚

෍
૚
࢑!࢑√

࢔

ୀ૛࢑

= ܕܑܔ
ஶ→࢔

∑ ૚
࢑!࢑√

ା૚࢔
ୀ૛࢑ − ∑ ૚

࢑!࢑√
࢔
ୀ૛࢑

૜࢔ + ૝ − ૜࢔ − ૚
=
૚
૜
ܕܑܔ
ஶ→࢔

૚
ඥ(࢔ + ૚)!࢔శ૚  

=
૚
૜
ܕܑܔ
ஶ→࢔

⎝

⎛ ૚
࢔ + ૚

⋅
૚

ඥ(࢔ + ૚)!࢔శ૚

࢔ + ૚ ⎠

⎞ =
ࢋ
૜
ܕܑܔ
ஶ→࢔

૚
࢔ + ૚

= ૙ 

Solution 2 by Ravi Prakash-New Delhi-India 

ஶ→࢔ܕܑܔ ቀ
૚
!࢔
ቁ
૚
࢔ = ஶ→࢔ܕܑܔ

૚
!(శ૚࢔)
૚
!࢔

= ஶ→࢔ܕܑܔ
૚

ା૚࢔
= ૙. Let ࣕ > 0, there exists 

࢓ ∈ ℕ s.t.  ቤቀ૚
!࢔
ቁ
૚
࢔ − ૙ቤ < ߳				∀݊ > ݉ ⇒ 0 < ቀ ૚

!࢔
ቁ
૚
࢔ < ߳				∀		݊ > ݉ 

Let ࢇ = ∑ ቀ૚
!࢑
ቁ
૚
࢓࢑

ୀ૚࢑ . For ࢔வ௠
࢔

 

෍൬
૚
!࢑
൰
૚
࢑

࢔

ୀ૚࢑

= ෍൬
૚
!࢑
൰
૚
࢑

࢓

ୀ૚࢑

+ ෍ ൬
૚
!࢑
൰
૚
࢑

࢔

ା૚࢓ୀ࢑

⇒ ૙ < ෍൬
૚
!࢑
൰
૚
࢑

࢔

ୀ૚࢑

< ܽ + ࢔) −  ࣕ(࢓

⇒ ૙ <
૚

૜࢔ + ૚෍൬
૚
൰!࢑

૚
࢑

࢔

ୀ૚࢑

<
ࢇ

૜࢔ + ૚+
࢔ ࢓−
૜࢔ + ૚ ࣕ 

Taking limit as ࢔ → ∞, we get ૙ ≤ ஶ→࢔ܕܑܔ
૚

૜࢔ା૚
∑ ቀ૚

!࢑
ቁ
૚
࢔࢑

ୀ૚࢑ ≤ ࣕ
૜
 

This is true for each ࣕ > 0  
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∴ ܕܑܔ
ஶ→࢔

૚
૜࢔ + ૚

෍൬
૚
!࢑
൰
૚
࢑

࢔

ୀ૚࢑

= ૙ 

169. Find: 

ࢹ = ܕܑܔ
ஶ→࢔

൫ࢋ+ √૛൯ ⋅ ൫ࢋ+ √૜൯ ⋅ … ⋅ ൫ࢋ+ ൯࢔√
൫࣊+ √૛൯ ⋅ ൫࣊ + √૜൯ ⋅ … ⋅ ൫࣊ + ൯࢔√

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Carlos Suarez-Quito-Ecuador 

Solution 2 by Boris Colakovic-Belgrade-Serbia 

Solution 1 by Carlos Suarez-Quito-Ecuador 

ࢹ = ܕܑܔ
ஶ→࢔

ෑቆ
൫ࢋ+ ൯࢏√
൫࣊ + ൯࢏√

ቇ
࢔

ୀ૚࢏

= ܕܑܔ
ஶ→࢔

∏ ൫ࢋ+ ࢔൯࢏√
ୀ૚࢏

∏ ൫࣊ + ࢔൯࢏√
ୀ૚࢏

 

ࢹ = ܕܑܔ
ஶ→࢔

ෑቌ
ࢋ
࣊

+
࢏√ ቀ૚ − ࢋ

ቁ࣊

+࢏√ ࣊
ቍ

࢔

ୀ૚࢏

 

ࢹ = ܕܑܔ
ஶ→࢔

ෑቀ
ࢋ
ቁ࣊

࢔

ୀ૚࢏

+ ܕܑܔ
ஶ→࢔

ෑቀ૚−
ࢋ
ቁ࣊

൦
૚

૚ + ࣊
࢏√

൪
࢔

ୀ૚࢏

= ૙ 

Solution 2 by Boris Colakovic-Belgrade-Serbia 

Find ࢹ = ஶ→࢔ܕܑܔ
൫ࢋା√૛൯൫ࢋା√૜൯⋅…⋅൫ࢋା√࢔൯
൫࣊ା√૛൯൫࣊ା√૜൯⋅…⋅൫࣊ା√࢔൯

 

ࢹܖܔ = ܕܑܔ
→࢔

+ࢋ൫ܖܔ √૛൯
࢔

+ ࢋ൫ܖܔ + √૜൯
࢔

+ ⋯+ ࢋ൫ܖܔ + ൯࢔√
࢔

࢔
− 

− ܕܑܔ
ஶ→࢔

࣊൫ܖܔ + √૛൯
࢔

+ ࣊൫ܖܔ + √૜൯
࢔

+⋯+ ࣊൫ܖܔ + ൯࢔√
࢔

࢔ =⏞
࢕࢘ࢇ࢙ࢋ࡯ିࢠ࢒࢕࢚ࡿ
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= ܕܑܔ
ஶ→࢔

+ࢋ൫ܖܔ ൯࢔√
࢔
− ܕܑܔ

ஶ→࢔
࣊൫ܖܔ + ൯࢔√

࢔
= ܕܑܔ

ஶ→࢔
ܖܔ ቆ

+ࢋ ࢔√
࣊ + ࢔√

ቇ
࢔

= 

= ܕܑܔ
ஶ→࢔

ܖܔ ቆࢋ+ ࢔√
࣊ + ࢔√

ቇ

૚
࢔

=⏞
࢒ࢇ࢚࢏࢖࢙࢕ࡴᇲࡸ

 

= ܕܑܔ
ஶ→࢔

࣊ + ࢔√
ࢋ + ࢔√

⋅ ࣊ − ࢋ
૛√࢔൫࣊ + ൯࢔√

૛

− ૚
૛࢔

= −
࣊ − ࢋ
૛

ܕܑܔ
ஶ→࢔

࢔
૜
૛

൫ࢋ+ ࣊൯൫࢔√ + ൯࢔√
= 

= −
࣊ − ࢋ
૛ ⋅

૜
૛ ஶ→࢔ܕܑܔ

࢔
૚
૛

૚
૛࢔

ି૚૛൫࣊ + ൯࢔√ + ૚
૛࢔

ି૚૛൫ࢋ+ ൯࢔√
= 

= −
૜
૛

࣊) − (ࢋ ܕܑܔ
ஶ→࢔

࢔
࣊ + ࢋ + ૛√࢔

= −
૜
૛

࣊) − (ࢋ ܕܑܔ
ஶ→࢔

૚

૛ ⋅ ૚૛ ࢔
ି૚૛

= 

= −
૜
૛

࣊) − (ࢋ ܕܑܔ
ஶ→࢔

࢔√ = −∞ ⇒ ࢹܖܔ = −∞ ⇒ ࢹ− =
૚
ஶࢋ

= ૙ 

 

170. If ࢈,ࢇ, ,࢟,࢞,ࢉ ࢠ > 0,ܽ + ܾ + ܿ = 1 

(ࢇ)ࢹ = ܕܑܔ
ஶ→࢔

ࢇቆ࢔
ට૚ା૚૚!ା

૚
૛!ା⋯ା

૚
!࢔

࢔
ି૚ − ૚ቇ 

then: ࢞ࢇ)ࢹ + ࢟࢈ + (ࢠࢉ ≥  ൯ࢉࢠ࢈࢟ࢇ࢞൫ࢹ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Khanh Hung Vu-Ho Chi Minh-Vietnam, Solution 2 by Abdelhak 

Maoukouf-Casablanca-Morocco 
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Solution 1 by Khanh Hung Vu-Ho Chi Minh-Vietnam 

If ࢈,ࢇ, ,ࢉ ࢠ,࢞ > 0, ܽ + ܾ + ܿ = (ࢇ)ߗ.1 = ஶ→࢔ܕܑܔ ࢇቆ࢔
ට૚ା૚

૚!ା
૚
૛!ା⋯ା

૚
!࢔

࢔
ି૚ − ૚ቇ 

then ࢞ࢇ)ࢹ + ࢟࢈ + (ࢠࢉ ≥  ൯. We haveࢉࢠ࢈࢟ࢇ࢞൫ࢹ

 ቀ૚ + ૚
࢔
ቁ
࢔

= ૚ + ࢔ ⋅ ૚
࢔

+ (૚ି࢔)࢔
૛

⋅ ቀ૚
࢔
ቁ
૛

+ (૛ି࢔)(૚ି࢔)࢔
૜!

⋅ ቀ૚
࢔
ቁ
૜

+ ⋯+ ቀ૚
࢔
ቁ
࢔

 

⇒ ቀ૚+ ૚
࢔
ቁ
࢔

< 1 + ૚
૚!

+ ૚
૛!

+⋯+ ૚
!࢔
⇒ ට૚ + ૚

૚!
+ ૚

૛!
+⋯+ ૚

!࢔
࢔ − ૚ > ૚

࢔
⇒ ට૚ା૚ࢇ൭࢔

૚!ା
૚
૛!ା⋯ା

૚
!࢔

࢔
ି૚ − ૚൱ < ࢇ൬࢔

૚
  ష૚൰ (1)࢔

Lemma: ૚ + ૚
૚!

+ ૚
૛!

+⋯+ ૚
!࢔

< ݁ 

On the other hand, using the lemma, we have ૚ + ૚
૚!

+ ૚
૛!

+ ⋯+ ૚
!࢔

< ݁ ⇒ 

⇒ ට૚ + ૚
૚!

+ ૚
૛!

+⋯+ ૚
!࢔

࢔ − ૚ < ࢔ࢋ√ − ૚ ⇒ ࢇቆ࢔ ට૚ା૚૚!ା
૚
૛!ା⋯ା

૚
!࢔

࢔
ି૚ − ૚ቇ > ݊ቀࢇ ࢔ࢋ√ ି૚ −૚ቁ   (2) 

(1) and (2) ⇒ ࢇ൫࢔ ࢔ࢋ√ ି૚ − ૚൯ < ݊ ቆࢇ
ට૚ା૚

૚!ା
૚
૛!ା⋯ା

૚
!࢔

࢔
ି૚ − ૚ቇ < ݊ ቀࢇ

૚
 ૚ቁ  (3)ି࢔

On the other hand, we have 

+) ஶ→࢔ܕܑܔ ࢔ ቀࢇ
૚
࢔ − ૚ቁ = ஶ→࢔ܕܑܔ

ࢋ
ܖܔ ࢇ
࢔ ି૚
ܖܔ ࢇ
࢔

⋅ ܖܔ ࢇ = ܖܔ  (4)   ࢇ

+) ܕܑܔ
ஶ→࢔

ࢇ൫࢔ ࢔ࢋ√
− ૚൯ 

Put ࢞ = ࢔ࢋ√ − ૚ ⇒ ࢔ = ࢞)ܖܔ + ૚) and ࢔ܕܑܔ→ஶ ࢞ = ૙. We have 

ܕܑܔ
ஶ→࢔

ࢇ൫࢔ ࢔ࢋ√
− ૚൯ = ܕܑܔ

૙→࢞

࢞ࢇ − ૚
࢞)ܖܔ + ૚) = ܕܑܔ

૙→࢞

࢞ࢇ − ૚
࢞

⋅
࢞

࢞)ܖܔ + ૚) = 

= ࢇܖܔ ⋅ ૚ = ܖܔ  (5)  ࢇ

(3), (4) and (5) ⇒ (ࢇ)ࢹ = ܖܔ  ࢇ
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By Becnuli inequality, we have ࢇ࢞ <  (૚ି࢞)ࢇࢋ

Similarly, we have ࢈࢟ < ࢠࢉ and (૚ି࢟)࢈ࢋ <  (૚ିࢠ)ࢉࢋ
⇒ ࢠࢉ࢈࢟ࢇ࢞ < (૚ିࢠ)ࢉା(૚ି࢟)࢈ା(૚ି࢞)ࢇࢋ ⇒ ࢉࢠ࢈࢟ࢇ࢞ < ૚ିࢠࢉା࢟࢈ା࢞ࢇࢋ ⇒ ൯ࢉࢠ࢈࢟ࢇ࢞൫ܖܔ < ݔܽ + ݕܾ + ݖܿ − 1   (6)  

By Becnulli inequality, we have ࢞ࢇࢋା࢟࢈ାࢠࢉ ≥ ࢞ࢇ + ࢟࢈ + ࢠࢉ + ૚   (7) 

(6) and (7) ⇒  QED 

Solution 2 by Abdelhak Maoukouf-Casablanca-Morocco 

(ࢇ)ࢹ = ܕܑܔ
ାஶ→࢔

ࢇቆ࢔
ට∑ ૚

!ࢎ
࢔
స૙ࢎ

࢔
ି૚ − ૚ቇ = ܕܑܔ

ାஶ→࢔
ቀࢇ ඥ࢔࢔ࢁ ି૚ − ૚ቁ ; ࢔ࢁ	 = ෍

૚
!ࢎ

࢔

ୀ૙ࢎ

 

࢔ࢁାஶܕܑܔ = ࢔ࢂ ,on pose ; ࢋ = ࢔ࢁ − ;ࢋ ାஶ→࢔ܕܑܔ ࢔ࢂ = ૙ 

(ࢇ)ࢹ = ܕܑܔ
ାஶ→࢔

൫ࢋቀ࢔ ඥ࢔ࢁ
࢔ ି૚൯ ࢇܖܔ − ૚ቁ = ܕܑܔ

ାஶ

ࢋ
൭࢔ࢁ

૚
૚൱ି࢔ ࢇܖܔ

− ૚

ቆ࢔ࢁ

૚
࢔ − ૚ቇ ࢇܖܔ

⋅ ࢔ ቆ࢔ࢁ

૚
࢔ − ૚ቇ  ࢇܖܔ

= ܕܑܔ
ାஶ

ࢋ
ቆ(࢔ࢂାࢋ)

૚
૚ቇି࢔ ࢇܖܔ

− ૚

൬(࢔ࢂ + (ࢋ
૚
࢔ − ૚൰ ࢇܖܔ

⋅
ࢋ
(ࢋା࢔ࢂ)ܖܔ

࢔ − ૚
࢔ࢂ)ܖܔ + (ࢋ

࢔

⋅ ࢔ࢂ)ܖܔ + (ࢋ ⋅ ܖܔ  ࢇ

= ܕܑܔ
ାஶ→࢔

ࢋ
ቆࢋ

(ࢋశ࢔ࢂ)ܖܔ
࢔ ି૚ቇ ࢇܖܔ

− ૚

൬ࢋ
(ࢋା࢔ࢂ)ܖܔ

࢔ − ૚൰ ࢇܖܔ
⋅
ࢋ
(ࢋା࢔ࢂ)ܖܔ

࢔ − ૚
࢔ࢂ)ܖܔ + (ࢋ

࢔

⋅ ࢔ࢂ)ܖܔ + (ࢋ ⋅  ࢇܖܔ

= ૚	 × 	૚	 × ܖܔ ࢋ ⋅ ࢇܖܔ = ܖܔ  ࢇ

൭ቆܕܑܔ
ାஶ

ࢋ
(ࢋା࢔ࢂ)ܖܔ

࢔ = శಮܕܑܔࢋ
(ࢋା࢔ࢂ)ܖܔ

࢔ = ૙ࢋ = ૚ቇ൱ ; ൬ܕܑܔ
૙→࢞

࢔ࢋ − ૚
࢔ = ૚൰ 

(ࢇ)ࢹ = ܖܔ ࢞ :if .ࢇ ≥ ࢟ ≥  ࢠ

∗ ,࢟,࢞)ࢌ (ࢠ = ࢞ࢇ)ܖܔ + ࢟࢈ + (ࢠࢉ − ࢇ) ܖܔ ࢞ + ࢈ ܖܔ ࢟ + ࢉ ܖܔ  (ࢠ

∗ (࢞)ࢍ = ,࢟,࢞)ࢌ  (ࢠ
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(࢞)ᇱࢍ =
ࢇ

࢞ࢇ + ࢟࢈ + ࢠࢉ
−
ࢇ
࢞

= ቆࢇ
࢞ − ࢞ࢇ) + ࢟࢈ + (ࢠࢉ
࢞ࢇ)࢞ + ࢟࢈ + (ࢠࢉ ቇ 

= ቆࢇ
ࢇ) + ࢈ + ࢞(ࢉ − ࢞ࢇ) + ࢟࢈ + (ࢠࢉ

࢞ࢇ)࢞ + ࢟࢈ + (ࢠࢉ ቇ =
࢞)࢈൫ࢇ − (࢟ + ࢞)ࢉ − ૜)൯

࢞ࢇ)࢞ + ࢟࢈ + (ࢠࢉ  

࢞∀ > ݕ > (࢞)ᇱࢍ;ݖ ≥ ૙ ⇒ (࢞)ࢍ ≥ (ࢠ)ࢍ ⇔ ,࢞)ࢌ ,࢟ (ࢠ ≥ ,࢟,ࢠ)ࢌ  (ࢠ

∗ (࢟)ࢎ = ,ࢠ)ࢌ ,࢟ ;(ࢠ (࢟)ᇱࢎ	 =
࢈

ࢠࢇ + ࢟࢈ + ࢠࢉ −
࢈
࢟ = ࢈ ቆ

࢟ − ࢠࢇ) + ࢟࢈ + (ࢠࢉ
ࢠࢇ)࢟ + ࢟࢈ + (ࢠࢉ ቇ 

= ࢈
૚)࢟ − (࢈ − ࢇ)ࢠ + (ࢉ
ࢠࢇ)࢟ + ࢟࢈ + (ࢠࢉ =

࢟)࢈ − ࢇ)(ࢠ + (ࢉ
ࢠࢇ)࢟ + ࢟࢈ + (ࢠࢉ ; ࢟	∀	 > (࢟)ᇱࢎ;ݖ > 0 

⇒ (࢟)ࢎ ≥ (ࢠ)ࢎ ⇔ ,࢟,ࢠ)ࢌ (ࢠ ≥ ,ࢠ)ࢌ ,ࢠ (ࢠ ⇒ ,࢞)ࢌ ,࢟ (ࢠ ≥ ,ࢠ)ࢌ ,ࢠ  (ࢠ

(ࢠ,ࢠ,ࢠ)ࢌ = ࢇ)൫ܖܔ + ࢈ + ൯ࢠ(ࢉ − ൫(ࢇ+ ࢈ + (ࢉ ܖܔ ൯ࢠ = ܖܔ ࢠ − ܖܔ ࢠ = ૙ 

⇒ ,࢟,࢞)ࢌ (ࢠ ≥ ૙ ⇔ ࢞ࢇ)ܖܔ + ࢟࢈ + (ࢠࢉ ≥ ࢇ) ܖܔ ࢞ + ࢈ ܖܔ ࢟ + ࢉ ܖܔ  (ࢠ

⇔ ࢞ࢇ)ܖܔ + ࢟࢈ + (ࢠࢉ ≥ ൯ࢉࢠ࢈࢟ࢇ࢞൫ܖܔ ⇔ ࢞ࢇ)ࢹ + ࢟࢈ + (ࢠࢉ ≥  ൯ࢉࢠ࢈࢟ࢇ࢞൫ࢹ

if ࢞ ≥ ࢟ ≥  ࢠ

 

171. Find: 

ࢹ = ܕܑܔ
ஶ→࢔

෍
૚ + ૟ + ૚૚ + ૚૟ + ⋯+ (૚૙࢑ − ૢ)

૛࢑ − ૚

࢔

ୀ૚࢑

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Subhajit Chattopadhyay-Bolpur-India, Solution 2 by Abdelhak 

Maoukouf-Casablanca-Morocco, Solution 3 by Seyran Ibrahimov-Maasilli-

Azerbaidian 

Solution 1 by Subhajit Chattopadhyay-Bolpur-India 
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ࢹ = ܕܑܔ
ஶ→࢔

෍
૚ + ૟ + ૚૚ + ૚૟ + ⋯+ (૚૙࢑ − ૢ)

૛࢑ − ૚

࢔

ୀ૚࢑

 

= ܕܑܔ
ஶ→࢔

෍
(૛࢑ − ૚)൫૛+ ૚૙(࢑ − ૚)൯

૛	 × 	 (૛࢑ − ૚)

࢔

ୀ૚࢑

= ܕܑܔ
ஶ→࢔

෍(૞࢑ − ૝)
࢔

ୀ૚࢑

 

= ܕܑܔ
ஶ→࢔

૞࢔૛ − ૜࢔
૛

= ∞ 

Solution 2 by Abdelhak Maoukouf-Casablanca-Morocco 

ࢹ = ܕܑܔ
ାஶ→࢔

෍
૚ + ૟ + ⋯+ (૚૙࢑ − ૢ)

૛࢑ − ૚

࢔

ୀ૚ࢎ

= ܕܑܔ
ାஶ→࢔

෍
∑ (૞࢖ + ૚)૛ିࢎ૛
ୀ૙࢖

૛࢑ − ૚

࢔

ୀ૚ࢎ

 

= ܕܑܔ
ାஶ→࢔

෍
࢙ ⋅ (૛ࢎ − ૛)(૛ࢎ − ૚)

૛ + (૛ࢎ + ૚)

૛ࢎ − ૚

࢔

ୀ૚ࢎ

= ܕܑܔ
ାஶ→࢔

൭෍
࢙
૛

࢔

ୀ૚ࢎ

(૛ࢎ − ૛) + ૚൱ 

= ܕܑܔ
ାஶ→࢔

෍࢑࢙− ૝
࢔

ୀ૚ࢎ

= ܕܑܔ
ାஶ→࢔

࢙
࢔)࢔ + ૚)

૛
− ૝࢔ = 

= ܕܑܔ
ାஶ→࢔

ቀ࢔
࢙
૛

࢔) + ૚) − ૚ቁ = +∞ 

Solution 3 by Seyran Ibrahimov-Maasilli-Azerbaidian 

ܕܑܔ
ஶ→࢔

෍
૚ + ૟+ ૚૚ +⋯+ (૚૙࢑ − ૢ)

૛࢑ − ૚

࢔

ୀ૚࢑

= 

૚ + ૟ + ૚૚ + ⋯+ (૚૙࢑ − ૢ) =
૚ࢇ + ࢔ࢇ

૛
࢔ =

૚ + ૞࢔ − ૝
૛

⋅ ࢔ =
(૞࢔ − ૜)࢔

૛
 

࢔ࢇ = ૚ࢇ + ࢔)ࢊ − ૚) = ૚ + ૞࢔ − ૞ = ૞࢔ − ૝ 

ܕܑܔ
ஶ→࢔

(૞࢔ − ૜)࢔
૛࢔ − ૚

= ܕܑܔ
ஶ→࢔

૞ − ૜
࢔

૛
࢔ −

૚
૛࢔

= ܕܑܔ
ஶ→࢔

૞
૙

=  ࢻ

ࢹ =  ࢻ
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172. Find: 

ࢹ = ܕܑܔ
ஶ→࢔

૚
࢔ + ૜෍

࢑
࢑!࢑√

࢔

ୀ૛࢑

 

Proposed by Adil Abdullayev-Baku-Azerbaidian 

Solution 1 by Kays Tomy-Nador-Tunisia, Solution 2 by Rozeta Atanasova-

Skopje, Solution 3 by Soumitra Mandal-Chandar Nagore-India 

Solution 1 by Kays Tomy-Nador-Tunisia 
૚

ା૜࢔
∑ ࢑

࢑!࢑√
࢔
ୀ૛࢑ ஶ→࢔→ (!࢔)ܖܔ Let us recall Stirling’s formula .ࢋ ࢔~ (࢔)ܖܔ −  ࢔

then we have ࢔
࢔!࢔√ = ܘܠ܍ ቀܖܔ ቀ ࢔

࢔!࢔√ ቁቁ~ܘܠ܍ ቀ(࢔)ܖܔ − (!࢔)ܖܔ
࢔
ቁ 

~ (࢔)ܖܔ)ܘܠ܍ − (࢔)ܖܔ + ૚) →ஶ   Let us Apply Cesaro lemma .ࢋ

Now we get. ૚
ା૜࢔

∑ ࢑

࢑!࢑√
࢔
ୀ૛࢑ = ૛ି࢔

ା૜ด࢔
↓ஶ
૚

⋅
∑ ࢑

࢑!࢑√
࢔
స૛࢑

૛ି࢔
→   Finally we get .ࢋ

૚
࢔ + ૜෍

࢑
࢑!࢑√

࢔

ୀ૛࢑

→ஶ  ࢋ

Solution 2 by Rozeta Atanasova-Skopje 

ࡸ = ܕܑܔ
ஶ→࢔

૚
࢔ + ૜෍

࢑
࢑!࢑√

࢔

ୀ૛࢑

= ܕܑܔ
ஶ→࢔

࢔
࢔ + ૜ ⋅ ஶ→࢔ܕܑܔ

૚
෍࢔

૚

ට࢑!
࢑࢑

࢑

࢔

ୀ૛࢑

 

=
࢟ࢎࢉ࢛ࢇ࡯

ܕܑܔ
ஶ→࢔

૚

ට࢔!
࢔࢔

࢔
=

૚

ܕܑܔ
ஶ→࢔

ࢋ
૚
ܖܔቀ࢔

૚
ܖܔା࢔

૛
ܖܔା࢔

૜
ܖܔା⋯ା࢔

࢔
ቁ࢔
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=
૚

∫ࢋ ૚࢞ࢊ࢞ܖܔ
૙

=
૚
૚ିࢋ =  ࢋ

Solution 3 by Soumitra Mandal-Chandar Nagore-India 

ܕܑܔ
ஶ→࢔

࢔!࢔√

࢔
= ܕܑܔ

ஶ→࢔
ඨ࢔!
࢔࢔

࢔

=
࢟ࢎࢉ࢛ࢇ࡯

ܕܑܔ
ஶ→࢔

ቆ
࢔) + ૚)!

࢔) + ૚)࢔ା૚ ⋅
࢔࢔

!࢔
ቇ 

= ܕܑܔ
ஶ→࢔

൮
࢔

࢔ + ૚ ⋅
૚

ቀ૚+ ૚
ቁ࢔

൲࢔ =
૚
 ࢋ

ܕܑܔ
ஶ→࢔

૚
࢔ + ૜

෍
࢑
࢑!࢑√

࢔

ୀ૛࢑

ࢠ࢒࢕࢚ࡿି࢕࢘ࢇ࢙ࢋ࡯= ܕܑܔ
ஶ→࢔

∑ ࢑
࢑!࢑√

ା૚࢔
ୀ૛࢑ − ∑ ࢑

࢑!࢑√
࢔
ୀ૛࢑

࢔ + ૝ − ࢔) + ૜)  

= ܕܑܔ
ஶ→࢔

࢔ + ૚
ඥ(࢔ + ૚)!࢔శ૚ =  ࢋ

 

173. Find: 

ࢹ = ܕܑܔ
ஶ→࢔

૚
૞࢔

෍࢑૝
࢔

ୀ૚࢑

൬ܖ܉ܜ܋ܚ܉
࢑
࢔
൰
૞

 

Proposed by Daniel Sitaru – Romania  

Solution by Abdelhak Maoukouf-Casablanca-Morocco 

ࢹ = ܕܑܔ
ାஶ→࢔

૚
૝࢑૞෍࢔

࢔

ୀ૚࢑

૞ܖ܉ܜ܋ܚ܉ ൬
࢑
൰࢔ = ܕܑܔ

ାஶ→࢔

૚
෍൬࢔

࢑
൰࢔

૝࢔

ୀ૚࢑

૞ܖ܉ܜ܋ܚ܉ ൬
࢑
 ൰࢔

= න࢞૝ ૞ܖ܉ܜ܋ܚ܉ ࢞ࢊ࢞
૚

૙

= ቈ
૞࢞

૞
⋅ ૞ܖ܉ܜ܋ܚ܉ ቉࢞

૙

૚

−න
૞࢞

૞

૚

૙

⋅
૞࢞૝

૚૙࢞ + ૚
 ࢞ࢊ
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=
࣊
૛૙

− න
ૢ࢞

૚૙࢞ + ૚

૚

૙

࢞ࢊ =
࣊
૛૙

− ൤
૚
૚૙

૚૙࢞หܖܔ + ૚ห൨
૙

૚

=
࣊
૛૙

−
૛ܖܔ
૚૙

 

174. Find: 

ࢹ = ܕܑܔ
ஶ→࢔

ඪ෍ ൮൬૚ +
૚
࢓
൰෍࢖!

࢓

ୀ૚࢖

(૚ + ૛)൲࢖
࢔

ୀ૚࢓

࢔

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco,  

Solution 2 by Abdallah Almalih-Damascus-Syria 

Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco 

!࢖ ൫૚ + ૛൯࢖ = !࢖ ൫(࢖ + ૚)(࢖ + ૛)− ૜(࢖ + ૚) + ૛൯ = ࢖)] + ૛)! − ࢖) + ૚)!]− ૛[(࢖ + ૚)!−  [!࢖

෍࢖!
࢓

ୀ૚࢖

൫૚ + ૛൯࢖ = ෍[(࢖ + ૛)! − ࢖) + ૚)!]
࢔

ୀ૚࢖

− ૛[(࢖ + ૚)!− [!࢖ = 

= ࢓)] + ૛)! − ૛!]− ૛[(࢓+ ૚)! − ૚!] = +࢓) ૛)! − ૛(࢓+ ૚)! 

൬૚ +
૚
࢓
൰ ൫(࢓ + ૛)!− ૛(࢓+ ૚)!൯ = ࢓) + ૚)(࢓+ ૚)! = +࢓) ૛)! − ࢓) + ૚)! 

෍ ൬૚ +
૚
࢓
൰൫(࢓+ ૛)!− ૛(࢓+ ૚)!൯

࢔

ୀ૚࢓

= ෍ ࢓) + ૛)!
࢔

ୀ૚࢓

− +࢓) ૚)! = ࢔) + ૛)!− ૛! 

ࢹ = ܕܑܔ
ஶ→࢔

ඪ෍ ൮൬૚ +
૚
࢓
൰෍࢖!

࢔

ୀ૚࢖

(૚ + ૛)൲࢖
࢔

ୀ૚࢓

࢔

= ܕܑܔ
ஶ→࢔

ඥ(࢔+ ૛)! − ૛࢔ ≈ ܕܑܔ
ஶ→࢔

ඥ(࢔+ ૛)!࢔ = 

= ܕܑܔ
ஶ→࢔

࢔!࢔√ ඥ(࢔+ ૚)(࢔ + ૛)࢔ ≈ ܕܑܔ
ஶ→࢔

࢔!࢔√ ≈ ܕܑܔ
ஶ→࢔

ඨቀ
࢔
ࢋ
ቁ
࢔
√૛࢔࣊

࢔
≈ ܕܑܔ

ஶ→࢔

࢔
ࢋ
→ ∞ 

Solution 2 by Abdallah Almalih-Damascus-Syria 
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Find ࢔ܕܑܔ→ஶ ට∑ ቀ૚ + ૚
࢓
ቁ࢔

ୀ૚࢓ ∑ ൫࢖! (૚ + ࢓૛)൯࢖
ୀ૚࢖

࢔
 

First let’s compute the sum ∑ ቀ࢖! (૚ + ࢓૛)ቁ࢖
ୀ૚࢖  

!࢖ (૚ + (૛࢖ = !࢖ ࢖)] + ૛)(࢖ + ૚) − ૜(࢖ + ૚) + ૛] 

= ࢖) + ૛)!− ૜(࢖ + ૚)! + ૛࢖! 

= ࢖)] + ૛)! − ࢖) + ૚)!] − ૛[(࢖ + ૚)! −  [!࢖

෍࢖! (૚ + (૛࢖
࢓

ୀ૚࢖

= ෍[(࢖ + ૛)! − ࢖) + ૚)!]
࢓

ୀ૚࢖

− ૛෍[(࢖ + ૚)! − [!࢖
࢓

ୀ૚࢖

 

= ࢓) + ૛)!− ૛!− ૛൫(࢓ + ૚)! − ૚!൯ = ࢓) + ૛)!− ૛ − ૛(࢓ + ૚)! + ૛ 

= ࢓) + ૛)!− ૛(࢓ + ૚)! = ࢓) + ૚)! ࢓] + ૛ − ૛] = ࢓)࢓ + ૚)! 

Let ࢔ࢇ = ∑ ቀ૚+ ૚
࢓
ቁ࢔

ୀ૚࢓ ∑ ࢓!࢖
ୀ૚࢖ (૚ +   .(૛࢖

Then ࢔ࢇ = ∑ ቀ૚+ ૚
࢓
ቁ࢔

ୀ૚࢓ ࢓)࢓) + ૚)!) 

= ෍
࢓) + ૚)

࢓

࢔

ୀ૚࢓

࢓)	࢓ + ૚)! = ෍ ࢓) + ૚)(࢓ + ૚)!
࢔

ୀ૚࢓

 

= ෍ ࢓)] + ૛)!− ࢓) + ૚)!]
࢔

ୀ૚࢓

= ࢔) + ૛)! − ૛! = ࢔) + ૛)!− ૛ 

We want to compute ࢔ܕܑܔ→ஶ ඥ࢔࢔ࢇ  

We know that ࢔ܕܑܔ→ஶ ඥ࢔࢔ࢇ = ஶ→࢔ܕܑܔ
శ૚࢔ࢇ
࢔ࢇ

. So ࢔ܕܑܔ→ஶ ඥ࢔࢔ࢇ = ஶ→࢔ܕܑܔ
శ૚࢔ࢇ
࢔ࢇ

 

= ܕܑܔ
ஶ→࢔

࢔) + ૜)!− ૛
࢔) + ૛)!− ૛

= ܕܑܔ
ஶ→࢔

࢔ + ૜ − ૛
࢔) + ૛)!

૚ − ૛
࢔) + ૛)!

= ∞ 

175. Find: 
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ࢹ = ෑቆ૚ + ൬
૚
ࢋ
൰
૜࢔

+ ൬
૚
ࢋ
൰
૛⋅૜࢔

ቇ
ஶ

ୀ૙࢔

 

Proposed by Daniel Sitaru – Romania 

Solution 1 by Subhajit Chattopadhyay-Bolpur-India 

Solution 2 by Anisoara Dudu-Romania 

Solution 1 by Subhajit Chattopadhyay-Bolpur-India 

ࢹ = ∏ ൤૚ + ቀ૚
ࢋ
ቁ
૜࢔

+ ቀ૚
ࢋ
ቁ
૛⋅૜࢔

൨ஶ
ୀ૙࢔ . Note, ૚ + ࢔࢞ + ૛࢔࢞ = ૚ି࢔࢞૜

૚ି࢔࢞
 

∴ ࢹ = ∏
ቀ૚ିࢋష૜࢔శ૚ቁ

൫૚ିࢋష૜࢔൯
ஶ
ୀ૙࢔ = ૚ିࢋష૜

૚ିࢋష૚
	× ૚ିࢋషૢ

૚ିࢋష૜
     (1) 

[∵ ஶିࢋ = ૙] =
ࢋ

ࢋ − ૚
 

Solution 2 by Anisoara Dudu-Romania 

૚
ࢋ

= ࢹ (not) ࢇ = ∏૙→࢔ܕܑܔ ቂ૚ + ࢑૜ࢇ + ࢔ቃ࢑૜(૛ࢇ)
ୀ૙࢑ ; 	૚+ ࢞ + ૛࢞ = ૜ି૚࢞

૚ି࢞
 

ࢹ = ܕܑܔ
ஶ→࢔

ෑ
ା૚࢑૜ࢇ − ૚
૚ି࢑૜ࢇ

ஶ

ୀ૙࢑

= ܕܑܔ
ஶ→࢔

૜ࢇ − ૚
ࢇ − ૚

⋅
ૢࢇ − ૚
૜ࢇ − ૚

⋅ … ⋅
శ૚࢔૜ࢇ − ૚
࢔૜ࢇ − ૚

 

= ܕܑܔ
ஶ→࢔

శ૚࢔૜ࢇ − ૚
ࢇ − ૚

=
૙ − ૚
ࢇ − ૚

=
૚

૚ − ࢇ
=

૚

૚ − ૚
ࢋ

=
ࢋ

ࢋ − ૚
 

 

૚࢞ .176 = ૛, ૚
ඥ࢔࢞శ૚࢔శ૚ ି૚

= ૚ + ૚
ඥ࢔࢔࢞ ି૚

 

Find the closed form and ࢔ܕܑܔ→∞  ࢔࢞

Proposed by Maria Elena Panaitopol-Romania 
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Solution 1 by Avishek Mitra-Kolkata-India, Solution 2 by Ravi Prakash-New 

Delhi-India, Solution 3 by Kunihiko Chikaya-Tokyo-Japan, Solution 4 by 

Abdelhak Maoukouf-Casablanca-Morocco 

 

 

Solution 1 by Avishek Mitra-Kolkata-India 

૚࢞ = ૛ ∴ ૚

૛ି૚࢞√
= ૚ + ૚

૛ି૚
= ૛   ∴ ૛࢞ = ቀ૜

૛
ቁ
૛

 

∴ ૚
ඥ࢞૜ି૚
૜ = ૚ + ૚

૜
૛ି૚

= ૜   ∴ ૜࢞ = ૟૝
૛ૠ

; = ቀ૝
૜
ቁ
૜

 

∴ ૚

૝૝࢞√ ି૚
= ૚+ ૚

૝
૜ି૚

= ૝   ∴ ૝࢞ = ૟૛૞
૛૞૟

= ቀ૞
૝
ቁ
૝

 

∴ Closed form ࢔࢞ = ቀ૚+ ૚
࢔
ቁ
࢔

 ∴ ஶ→࢔ܕܑܔ ቀ૚ + ૚
࢔
ቁ
࢔

=  ࢋ

Solution 2 by Ravi Prakash-New Delhi-India 

Let ࢔࢈ = ૚

(࢔ࢇ)
૚
૚ି࢔

 , then ࢈૚ = ૚
૛ି૚

= ૚. Also, ࢔࢈ା૚ − ࢔࢈ = ૚		∀࢔ 

⇒< ࢔࢈ >	 is an A.P. with ࢊ = ૚ ⇒ ࢔࢈ = ૚࢈ + ࢔) − ૚)(૚) =  ࢔

⇒ (࢔ࢇ)
૚
࢔ − ૚ =

૚
࢔ ⇒ ࢔ࢇ = ൬૚ +

૚
൰࢔

࢔

ܕܑܔ
ஶ→࢔

࢔ࢇ =  ࢋ

Solution 3 by Kunihiko Chikaya-Tokyo-Japan 

૚࢞ = ૛		 ૚
ඥ࢔࢞శ૚ି૚

శ૚࢔ = ૚ + ૚
ඥ࢔࢔࢞ ି૚

 . Find ࢔ܕܑܔ→ஶ  ࢔࢞

The sequence ൜ ૚
ඥ࢔࢔࢞ ି૚

ൠ is an arithmetic progression with common 

difference 1 ∴ ૚
ඥ࢔࢔࢞ ି૚

= ૚
૚ି૚࢞

+ ૚ ⋅ ࢔) − ૚) =  ࢔



 
www.ssmrmh.ro 

 

⇔ ඥ࢔࢔࢞ = ૚ +
૚
࢔
	∴ ࢔࢞ = ൬૚+

૚
࢔
൰
࢔

࢔)		 ≥ ૚); 	 ܕܑܔ
ஶ→࢔

࢔࢞ =  ࢋ

Solution 4 by Abdelhak Maoukouf-Casablanca-Morocco 

࢑∀ ∈ ℕ∗ 		
૚

ඥࢎ࢞ା૚
శ૚ࢎ − ૚

= ૚ +
૚

ඥࢎࢎ࢞ − ૚
 

⇒ ෍
૚

ඥࢎ࢞ା૚ࢎశ૚ − ૚

૚ି࢔

ୀ૚ࢎ

= ෍ቆ૚+
૚

ඥࢎࢎ࢞ − ૚
ቇ

૚ି࢔

ୀ૚ࢎ

 

⇔
૚

ඥ࢔࢔࢞ − ૚
= ࢔) − ૚) +

૚
૚࢞ − ૚

⇔ ࢔࢞ = ൬૚ +
૚
࢔
൰
࢔

 

ܕܑܔ
ାஶ→࢔

࢔࢞ = ܕܑܔ
ାஶ→࢔

࢔ࢋ ቀ૚ାܖܔ
૚
ቁ࢔ = ܕܑܔ

૚
૙→࢔

ࢋ

ቁ࢔ቀ૚ା૚ܖܔ
૚
࢔ =  ࢋ

 

177. Find: 

ࢹ = ܕܑܔ
ஶ→࢔

૚
࢔
෍ ඥૠ࢏ ⋅ ૞࢔࢏ି࢔
࢔

ୀ૙࢏

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Carlos Suarez-Quito-Ecuador, Solution 2 by Abdelhak Maoukouf-

Casablanca-Morocco, Solution 3 by Rozeta Atanasova-Skopje, Solution 4 by 

Shivam Sharma-New Delhi-India 

Solution 1 by Carlos Suarez-Quito-Ecuador 

∑ ቀૠ
૞
ቁ
࢑
࢔࢔

ୀ૙࢑ =
ቀૠ૞ቁ

૚
శ૚࢔

ቀૠ
૞
ቁ
૚
૚ି࢔

; 	 ஶ→࢔ܕܑܔ

૞൭ି૚ାቀૠ૞ቁ
૚శ૚࢔൱

൭ି૚ାቀૠ૞ቁ࢔
૚
൱࢔

= ૛

ቀૠ૞ቁ܏ܗܔ
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Solution 2 by Abdelhak Maoukouf-Casablanca-Morocco 

෍ඥૠ࢏૞࢔࢏ି࢔
࢔

ୀ૙࢏

= ૞෍ቌඨ
ૠ
૞

࢔

ቍ

࢔࢏

ୀ૙࢏

= ૞
ቆටૠ૞
࢔

ቇ
࢔

− ૚

ቆටૠ૞
࢔

ቇ− ૚
=

૛

ቆටૠ૞
࢔

ቇ − ૚
 

ࢹ = ܕܑܔ
ஶ→࢔

૚
෍࢔

ඥૠ࢏૞࢔࢏ି࢔
࢔

ୀ૙࢏

= ܕܑܔ
ஶ→࢔

૛

ܖܔ ૠ૞
⋅

ܖܔ ૠ૞
࢔

ࢋ
ૠ૞ܖܔ
࢔ − ૚

=
૛

ૠܖܔ −  ૞ܖܔ

ࢹ = ܕܑܔ
ஶ→࢔

૚
࢔
෍ ඥૠ࢏૞࢔࢏ି࢔
࢔

ୀ૙࢏

= ܕܑܔ
ஶ→࢔

૞
࢔
෍൬

ૠ
૞
൰
࢏
࢔

࢔

ୀ૙࢏

= ૞න ൬
ૠ
૞
൰
࢞

࢞ࢊ
૚

૙

= 

= ૞න࢞ࢋ ܖܔ
ૠ
૞

૚

૙

࢞ࢊ = ૞ ቎
࢞ࢋ ܖܔ

ૠ
૞

ૠ૞ܖܔ
቏

૙

૚

=
૛

ܖܔ ૠ − ܖܔ ૞
 

Solution 3 by Rozeta Atanasova-Skopje 

I. ࢹ = ஶ→࢔ܕܑܔ
૚
࢔
૞∑ ቀૠ

૞
ቁ
࢏
࢔࢔

ୀ૙࢏ = ૞∫ ቀૠ
૞
ቁ
૚࢞

૙ ࢞ࢊ = ૛

ૠ૞ܖܔ
 

II. ࢹ = ஶ→࢔ܕܑܔ
૚
࢔
⋅ ૞ ∑ ቀૠ

૞
ቁ
࢏
࢔࢔

ୀ૙࢏ = ஶ→࢔ܕܑܔ
૞
࢔
⋅
ቀૠ
૞
ቁ
૚
૚ି࢔⋅࢔

ቀૠ
૞
ቁ
૚
૚ି࢔

 

= ૞ ൬
ૠ
૞ − ૚൰ ܕܑܔ

∞→࢔

૚
࢔

ቀૠ૞ቁ
૚
࢔
− ૚

=
૛

ܖܔ ૠ૞
 

Solution 4 by Shivam Sharma-New Delhi-India 
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⇒ ૞ ܕܑܔ
ஶ→࢔

෍ඨ൬
ૠ
૞൰

࢔࢏
࢔

ୀ૙࢏

⇒ ૞ ܕܑܔ
ஶ→࢔

෍൬
ૠ
૞൰

࢏
࢔

࢔

ୀ૙࢏

 

Applying Reimann sum or limit as a sum, we get, ࢏
࢔

= ࢞ ⇒ ૞∫ ቀૠ
૞
ቁ
૚࢞

૙  ࢞ࢊ

As we know, ∫ ࢞ࢊ࢞ࢇ = ࢞ࢇ

(ࢇ)ܖܔ + ࢉ ⇒ ૞ ቈ
ቀૠ૞ቁ

࢞

ቀૠ૞ቁܖܔ
቉
૙

૚

⇒ ૞ ቈ
ቀૠ૞ି૚ቁ

ቀૠ૞ቁܖܔ
቉ (OR) ࢹ = ૛

ቀૠ૞ቁܖܔ
 

(Answer) 

࢔ࢹ .178 ∈ [૚,∞),࢔ ≥ ૚, ࢔ࢹஶ→࢔ܕܑܔ = ࢹ ∈ ℝ 

Find: 

ܕܑܔ
∞→࢔

ࢋ ඥ(૚ାࢹܖܔ૚)(૚ାࢹܖܔ૛)⋅…⋅(૚ା࢔ࢹܖܔ)࢔ ି૚ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Anas Adlany-El Zemamra-Morocco, Solution 2 by Abdelhak 

Maoukouf-Casablanca-Morocco, Solution 3 by Abdallah Almalih-Damascus-

Syria 

Solution 1 by Anas Adlany-El Zemamra-Morocco 

Let ࢔ࢇ = ඥ∏ (૚ + ࢔((࢑ࢹ)ܖܔ
ୀ૚࢑

࢔ , then 

(࢔ࢇ)ܖܔ =
૚
࢔
෍ ૚]ܖܔ + [(࢑ࢹ)ܖܔ
࢔

ୀ૚࢑

→ ૚]ܖܔ)ܕܑܔ + ([(࢔ࢹ)ܖܔ = ૚)ܖܔ +  ((ࢹ)ܖܔ

Hence; ି࢔ࢇࢋ૚ →  ࢹ

Solution 2 by Abdelhak Maoukouf-Casablanca-Morocco 

ܕܑܔ
ஶ→࢔

࢔ࢹ = ࢹ ⇔ ܕܑܔ
ஶ→࢔

࢔ࢹܖܔ =  ࢹܖܔ

ܕܑܔ
ஶ→࢔

ඩෑ(૚ + (࢑ࢹܖܔ
࢔

ୀ૚࢑

࢔

= ܕܑܔ
ஶ→࢔

ࢋ
૚
࢔ ෑ(૚ܖܔ + (࢑ࢹܖܔ

࢔

ୀ૚࢑

= ܕܑܔ
ஶ→࢔

ࢋ
૚
૚)ܖܔ෍࢔ + (࢑ࢹܖܔ

࢔

ୀ૚࢑
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=⏞
࢕࢘ࢇ࢙ࢋ࡯

ܕܑܔ
ஶ→࢔

൯࢑ࢹܖܔ൫૚ାܖܔࢋ = ૚ + ࢹܖܔ ⇒ ܕܑܔ
ஶ→࢔

ࢋ
ට∏ ൫૚ା࢑ࢹܖܔ൯࢔

స૚࢑
࢔ ି૚ = ૚ିࢹܖܔ૚ାࢋ =  ࢹ

Solution 3 by Abdallah Almalih-Damascus-Syria 

࢔ࢹ ∈ [૚,∞[,࢔ ≥ ૚, ࢔ࢹஶ→࢔ܕܑܔ = ࢹ ∈ ℝ find ࢔ܕܑܔ→ஶ ∏ඥࢋ (૚+ܖܔ ࢔(࢑ࢹ
૚=࢑

࢔ −૚ 

Sol. Let ࢔ࢇ = ∏ (૚ + ࢔((࢑ࢹ)ܖܔ
ୀ૚࢑  so ࢔ࢇା૚ = [૚ + [(ା૚࢔ࢹ)ܖܔ −  ࢔ࢇ

We know ࢔ܕܑܔ→ஶ ඥ࢔࢔ࢇ = ஶ→࢔ܕܑܔ
శ૚࢔ࢇ
࢔ࢇ

 

so ࢔ܕܑܔ→ஶ ඥ࢔࢔ࢇ = ஶ→࢔ܕܑܔ
శ૚࢔ࢇ
࢔ࢇ

= ஶ[૚→࢔ܕܑܔ +  [(ା૚࢔ࢹ)ܖܔ

=⏞
ࢌ࢕	ࢋࢉ࢔ࢇ࢛࢔࢏࢚࢔࢕ࢉ	࢓࢕࢘ࢌ ܖܔ ࢔࢕࢏࢚ࢉ࢔࢛ࢌ	

૚ +  (ࢹ)ܖܔ

so ࢔ܕܑܔ→ஶ ࢋ ඥ࢔࢔ࢇ ି૚ =⏞
ܘܠ܍ࢌ࢕	ࢋࢉ࢔ࢇ࢛࢔࢏࢚࢔࢕ࢉ	࢓࢕࢘ࢌ ࢔࢕࢏࢚ࢉ࢔࢛ࢌ	

૚ି(ࢹ)ܖܔ૚ାࢋ =  ࢹ

 

179. Find: 

ࢹ = ܕܑܔ
ஶ→࢔ ඩන

࢞ࢊ

ቀ࢞૛ + ૚
૝ቁ

ା૚࢔

ஶ

૙

࢔
 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Shivam Sharma-New Delhi-India, Solution 2 by Ravi Prakash-

New Delhi-India, Solution 3 by Abdelhak Maoukouf-Casablanca-Morocco, 

Solution 4 by Nirapada Pal-Jhargram-India, Solution 5 by Soumitra Mandal-

Chandar Nagore-India 

Solution 1 by Shivam Sharma-New Delhi-India 

Let, ࡵ = ∫ ࢞ࢊ

ቀ࢞૛ା૚૝ቁ
శ૚࢔

ஶ
૙ . Let,࢞ = ૚

૛
ࣂܖ܉ܜ ; ࢞ࢊ	 = ૚

૛
૛܋܍ܛ  ࣂࢊࣂ
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⇒
૚
૛
න

૛܋܍ܛ ࣂࢊࣂ

ቀ૚૝ቁ
ା૚࢔

ା૛࢔૛܋܍ܛ 	

࣊
૛

૙

⇒
૝࢔ା૚

૛
න (ࣂ)࢔૛ܛܗ܋

࣊
૛

૙

 ࣂࢊ

Let, ࡭ = ∫ (ࣂ)࢔૛ܛܗ܋
࣊
૛
૙ ܛܗ܋ ,Let .ࣂࢊ ࣂ = ,࢛ ࣂࢊࣂܖܑܛ =  ࢛ࢊ

⇒ ∫ ࢔૛࢛

ඥ૚ି࢛૛
૚
૙ ૛࢛ ,Let .࢛ࢊ = ⇒ ࢟ ࢛ = (࢟)

૚
૛ ; ࢛ࢊ = ૚

૛
࢟
૚
૛ି૚࢟ࢊ 

⇒
૚
૛
න

࢔࢟

ඥ૚− ࢟

૚

૙

࢟
૚
૛ି૚࢟ࢊ 

⇒
૚
૛
න࢟

૛࢔ା૚
૛ ି૚

૚

૙

	(૚ − (࢟
૚
૛ି૚࢟ࢊ ⇒

૚
૛
൬࡮

૛࢔ + ૚
૛

,
૚
૛
൰ 

⇒
૚
૛
቎
ࢣ ቀ૚૛ቁࢣ ቀ

૛࢔ + ૚
૛ ቁ

࢔)ࢣ + ૚) ቏ ⇒
૚
૛
቎
ࢣ࣊√ ቀ࢔ + ૚

૛ቁ

!࢔
቏ 

⇒
૚
૛
ቈ
࢔૛)࣊√ − ૚)‼ ࣊√

!࢔
቉ ⇒

࣊
૛
ቈ
(૛࢔ − ૚)‼

!࢔
቉ ⇒

࣊
૛
ቈ

(૛࢔)!
૛(!࢔)࢔૛

቉ 

(OR) ࡭ = ࣊
૛࢔శ૚

ቂ(૛࢔)!
૛(!࢔)

ቃ ࢔∀, > 0 (OR) ࡵ = ૝࢔శ૚

૛
ቂ ࣊
૛࢔శ૚

ቀ(૛࢔)!
૛(!࢔)

ቁቃ  

(OR) ࡵ = ૛ ቂ࣊ ቀ(૛࢔)!
૛(!࢔)

ቁቃ. Now, √࢔ࡵ = ૛
૚
࣊࢔

૚
࢔ ቀ(૛࢔)!

૛(!࢔)
ቁ
૚
 ࢔

As, we know, the Stirling’s formula, we get, ࢔! = ቀ࢔
ࢋ
ቁ
࢔
	√૛࢔࣊, so, 

ࢹ = ܕܑܔ
ஶ→࢔

(ࡵ)
૚
࢔ ⇒ ܕܑܔ

ஶ→࢔
૛
૚
࢔ ࣊

૚
࢔ ൦

ቀ૛ࢋ࢔ ቁ
૛࢔
√૛࢔࣊

ቀቀࢋ࢔ቁ
࢔
√૛࢔࣊ቁ

૛൪

૚
࢔

 

Now, applying Ratio Test, we get, 
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And many terms are cancelling, we get, our limit ࢹ = ૝ (Answer) 

Solution 2 by Ravi Prakash-New Delhi-India 

Let ࢔ࡵ = ∫ ࢞ࢊ

ቀ࢞૛ା૚૝ቁ
࢔

ஶ
૙ . Put ࢞ = ૚

૛
ܖ܉ܜ ࣂ ࢞ࢊ, = ૚

૛
૛܋܍ܛ  ࣂࢊࣂ

࢔ࡵ = න
ቀ૚૛ቁ܋܍ܛ

૛ ࣂࢊࣂ

ቀ૚૝ቁ
ା૚࢔

ା૛࢔૛܋܍ܛ ࣂ

࣊
૛

૙

= ૛૛࢔ା૚න ࢔૛ܛܗ܋ ࣂ

࣊
૛

૙

 ࣂࢊ

= ૛૛࢔ା૚ ⋅
૛࢔ − ૚
૛࢔

⋅
૛࢔ − ૜
૛࢔ − ૛

⋅ … ⋅
૚
૛
⋅
࣊
૛

= ૛૛࢔ା૚ ⋅
(૛࢔)!

൫૛(!࢔)࢔൯
૛ ⋅
࣊
૛

=
(૛࢔)!࣊
!࢔!࢔

 

(࢔ࡵ)
૚
࢔ = ܕܑܔ

ஶ→࢔

ା૚࢔ࡵ
࢔ࡵ

= ܕܑܔ
ஶ→࢔

(૛࢔ + ૛)!࣊
࢔) + ૚)! ࢔) + ૚)!

⋅
!࢔!࢔

(૛࢔)!࣊
 

= ܕܑܔ
ஶ→࢔

(૛࢔ + ૛)(૛࢔ + ૚)
࢔) + ૚)(࢔ + ૚) = ܕܑܔ

ஶ→࢔

ቀ૛ + ૛
ቁ࢔ ቀ૛+ ૚

ቁ࢔

ቀ૚ + ૚
ቁ࢔ ቀ૚+ ૚

ቁ࢔
= ૝ 

Solution 3 by Abdelhak Maoukouf-Casablanca-Morocco 

࢔ࡵ = න
࢞ࢊ

ቀ࢞૛ + ૚
૝ቁ

࢔

ஶ

૙

= න
࢞ࢊ૛࢞

ቀ࢞૛ + ૚
૝ቁ

ା૚࢔

ஶ

૙

+ න
૚
૝࢞ࢊ

ቀ࢞૛ + ૚
૝ቁ

ା૚࢔

ஶ

૙

 

= ൦−
࢞

૛࢔ ቀ࢞૛ + ૚
૝ቁ

൪࢔ + න
૚
૝࢞ࢊ

૛࢔ቀ࢞૛ + ૚
૝ቁ

࢔

ஶ

૙

+ ା૚࢔ࡵ =
૚
૛࢔

࢔ࡵ +
ା૚࢔ࡵ
૝

 

→
ା૚࢔ࡵ
࢔ࡵ

= ૛ ⋅
૛࢔ − ૚
࢔

⇒ෑ
ା૚࢑ࡵ
࢑ࡵ

࢔

ୀ૚࢑

= ෑ
૛࢑− ૚
࢑

࢔

ୀ૚࢑

	×
૛࢑
࢑
⇔ 

⇔
ା૚࢔ࡵ
૚ࡵ

=
(૛࢔)!
૛(!࢔)

 

૚ࡵ = න
࢞ࢊ

ቀ࢞૛ + ૚
૝ቁ

ஶ

૙

= [૛ࢇ ૙ஶ[࢞૛ܖ܉ܜ = ࣊ → ା૚࢔ࡵ = ࣊
(૛࢔)!
૛(!࢔)  
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ࢹ = ܕܑܔ
ஶ→࢔

ඥ࢔ࡵା૚
࢔ = ܕܑܔ

ஶ→࢔
ඨෑ

(૛࢔)!
૛૛(!࢔)࢔૛

࢔
= ܕܑܔ

ஶ→࢔

࣊ (૛࢔ + ૛)!
൫(࢔ + ૚)!൯

૛

࣊ (૛࢔)!
૛(!࢔)

 

= ܕܑܔ
ஶ→࢔

(૛࢔ + ૛)(૛࢔ + ૚)
࢔) + ૚)૛ = ૝ 

Solution 4 by Nirapada Pal-Jhargram-India 

Let ∫ ࢞ࢊ

ቀ࢞૛ା૚૝ቁ
శ૚࢔

ஶ
૙ =  ࢔࢞

So we have to find ࢔ܕܑܔ→ஶ ࢔࢞
૚
࢔  

But ࢔ܕܑܔ→ஶ ࢔࢞
૚
࢔ = ஶ→࢔ܕܑܔ

శ૚࢔࢞
࢔࢞

 (when the limits exists) 

Now, ࢔࢞ = ∫ ࢞ࢊ

ቀ࢞૛ା૚૝ቁ
శ૚࢔

ஶ
૙ = ૛૛࡮࢔ቀ࢔, ૚

૛
ቁ after putting ࢞ = ૚

૛
 ࣂܖ܉ܜ

So ࢹ = ஶ→࢔ܕܑܔ
శ૚࢔࢞
࢔࢞

= ஶ→࢔ܕܑܔ
૛૛࢔శ૛࡮ቀ࢔ା૜૛ቁ

૛૛࡮࢔ቀ࢔,૚૛ቁ
= ஶ→࢔ܕܑܔ ૛૛

࢔

ା૚૛࢔
= ૛૛ = ૝ 

Solution 5 by Soumitra Mandal-Chandar Nagore-India 

ࢹ = ஶ→࢔ܕܑܔ ඨ
࢞ࢊ

ቀ࢞૛ା૚૝ቁ
శ૚࢔

࢔ . Let ࢞ = ܖ܉ܜ ࣂ
૛

⇒ ࢞ࢊ = ૛܋܍ܛ ࣂ
૛

࢞ When .ࣂࢊ = ૙,ࣂ = ૙; 

when ࢞ → ࣂ,∞ = ࣊
૛

ࢹ .  = ஶ→࢔ܕܑܔ ඨ∫
࢞ࢊ

ቀ࢞૛ା૚૝ቁ
శ૚࢔

ஶ
૙

࢔ = ஶ→࢔ܕܑܔ ඨ
૚
૛∫

૛܋܍ܛ ࣂࢊࣂ

൬܋܍ܛ
૛ ࣂ
૝

൰
శ૚࢔

࣊
૛
૙

࢔ = 

= ܕܑܔ
ஶ→࢔

ඩ૛૛࢔ା૚නܛܗ܋૛࢔ ࣂ

࣊
૛

૙

ࣂࢊ
࢔
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= ܕܑܔ
ஶ→࢔

ඨ૛૛࢔ା૚ ⋅
ࢼ ቀ࢔,૚૛ቁ

૛

࢔

= ܕܑܔ
ஶ→࢔

ඩ૛૛࢔ ⋅
ࢣ(࢔)ࢣ ቀ૚૛ቁ

࢔ቀࢣ + ૚
૛ቁ

࢔

= 

= ܕܑܔ
ஶ→࢔

ඩ૛૛࢔ ⋅
࢔) − ૚)!ࢣ ቀ૚૛ቁ
(૛࢔ − ૚)!

૛૛ି࢔૚(࢔ − ૚)!√࣊
 

= ܕܑܔ
ஶ→࢔

ඨ૛૝ି࢔૚ ⋅
࢔)} − ૚)!}૛

(૛࢔ − ૚)!
࢔

= ܕܑܔ
ஶ→࢔

ඨ૛૝ି࢔૚ ⋅
࢔)} − ૚)!}૛

(૛࢔ − ૚)(૛࢔ − ૛) … ૜ ⋅ ૛ ⋅ ૚
࢔

 

= ܕܑܔ
ஶ→࢔

ඨ૛૝ି࢔૚ ⋅
࢔) − ૚)!

૛ି࢔૚(૛࢔ − ૚)(૛࢔ − ૜) ⋅ … ⋅ ૜ ⋅ ૚
࢔

= 

= ܕܑܔ
ஶ→࢔

ඨ૛૜ି࢔૚ ⋅
࢔) − ૚)(࢔ − ૛) ⋅ … ⋅ ૜ ⋅ ૛ ⋅ ૚
(૛࢔ − ૚)(૛࢔ − ૜) ⋅ … ⋅ ૜ ⋅ ૚

࢔
 

= ܕܑܔ
ஶ→࢔

ඩ૛૜ି࢔૚ ⋅
ቀ૚ − ૚

ቁ࢔ ቀ૚ −
૛
ቁ࢔ ⋅ … ⋅ ቀ૚ − ࢔ − ૜

࢔ ቁ ቀ૚ − ࢔ − ૛
࢔ ቁ ቀ૚ − ࢔ − ૚

࢔ ቁ

ቀ૛ − ૚
ቁ࢔ ቀ૛ −

૜
…ቁ࢔ ቀ૛ − ࢔ − ૛

࢔ ቁ ቀ૛ − ࢔ − ૚
࢔ ቁ

࢔

 

= ஶ→࢔ܕܑܔ ૛
૛ି૚࢔ = ૝ (Ans :) 

 

180. Find: 

ࢹ = ܕܑܔ
ஶ→࢔

ඨ࢔
൫(૛࢔)‼൯

૛

(૛࢔)!

࢔

 

Proposed by Daniel Sitaru – Romania  

Solution by Abdelhak Maoukouf-Casablanca-Morocco 
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ࢹ = ܕܑܔ
ஶ→࢔

ඨ࢔
൫(૛࢔)‼൯

૛

(૛࢔)!

࢔

= ܕܑܔ
ஶ→࢔

ඨ࢔
൫૛(!࢔)࢔൯

૛

(૛࢔)!

࢔

 

= ܕܑܔ
ஶ→࢔

ඪ࢔
ቀ(૛࢔ ቀࢋ࢔ቁ

࢔
√૛࢔࣊ቁ

૛

ቆቀ૛ࢋ࢔ ቁ
૛࢔
√૝࢔࣊ቇ

࢔
= ܕܑܔ

ஶ→࢔
࢔࣊√ට࢔

࢔
→ ∞ 

 

 

 

181. Find: 

ࢹ = ܕܑܔ
ஶ→࢔

ඩන࢞૛࢔ඥ(૚ − ା૚࢔૛)૛࢞
૚

૙

࢔

 ࢞ࢊ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Soumitra Mandal-Chandar Nagore-India, Solution 2 by Ravi 

Prakash-New Delhi-India, Solution 3 by Abdelhak Maoukouf-Casablanca-

Morocco, Solution 4 by Geanina Tudose-Romania 

Solution 1 by Soumitra Mandal-Chandar Nagore-India 

Let ࢞ = ࣂܖܑܛ ⇒ ࢞ࢊ = ࣂܛܗ܋ ࢞ when ,ࣂࢊ = ૙,ࣂ = ૙;࢞ = ૚,ࣂ = ࣊
૛

 

ࢹ = ܕܑܔ
ஶ→࢔

ඩන࢞૛࢔ඥ(૚ − ା૚࢔૛)૛࢞
૚

૙

࢔

࢞ࢊ = ܕܑܔ
ஶ→࢔

ඩනܖܑܛ૛࢔ ࣂ ା૛࢔૛ܛܗ܋ ࣂࢊࣂ

࣊
૛

૙

࢔
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= ܕܑܔ
ஶ→࢔

ඨ૚
૛
࢔,࢔)ࢼ + ૚)

࢔

= ܕܑܔ
ஶ→࢔

ඨ
૚
૛
⋅
࢔)ࢣ(࢔)ࢣ + ૚)
࢔૛)ࢣ + ૚)

࢔
	  ࢀࡾࡱ࡮ࡹࡱࡸ࡭ᇲࡰିࢅࡴ࡯ࢁ࡭࡯=

= ܕܑܔ
ஶ→࢔

ቆ
࢔)ࢣ + ૚)࢔)ࢣ + ૛)

࢔૛)ࢣ + ૜) ⋅
࢔૛)ࢣ + ૚)

࢔)ࢣ(࢔)ࢣ + ૚)ቇ 

= ஶ→࢔ܕܑܔ ቀ
(ା૚࢔)࢔

(૛࢔ା૚)(૛࢔ା૛)ቁ = ૚
૝

   (Ans:) 

Solution 2 by Ravi Prakash-New Delhi-India 

Let ࢔ࢇ = ∫ ૚࢔૛࢞
૙ (૚ − (૛࢞

(૛࢔శ૚)
૛ ૛࢞ Put .࢞ࢊ =  so that ,࢚

࢔ࢇ =
૚
૛
න࢚

૛ି࢔૚
૛

૚

૙

(૚ − (࢚
(૛࢔ା૚)

૛  ࢚ࢊ

=
૚
૛
න ା࢔࢚

૚
૛ି૚

૚

૙

(૚ − ା࢔(࢚
૜
૛ି૚࢚ࢊ =

૚
૛
ࢼ ൬࢔ +

૚
૛

࢔, +
૜
૛
൰ 

ܕܑܔ
ஶ→࢔

(࢔ࢇ)
૚
࢔ = ܕܑܔ

ஶ→࢔

ା૚࢔ࢇ
࢔ࢇ

= ܕܑܔ
ஶ→࢔

ࢼ ቀ࢔ + ૜
૛ ࢔, + ૞

૛ቁ

ࢼ ቀ࢔ + ૚
૛ ࢔, + ૜

૛ቁ
 

= ܕܑܔ
ஶ→࢔

ට࢔ + ૜
૛ට࢔ + ૞

૛	

√૛࢔ + ૝
⋅

√૛࢔ + ૛

ට࢔ + ૚
૛	ට࢔ + ૜

૛

 

= ܕܑܔ
ஶ→࢔

ቀ࢔ + ૜
૛ቁ ቀ࢔ + ૚

૛ቁ
(૛࢔ + ૜)(૛࢔ + ૛) =

૚
૝ ஶ→࢔ܕܑܔ

ቀ૚ + ૚
૛࢔ቁ

ቀ૚+ ૚
ቁ࢔

=
૚
૝ 

Solution 3 by Abdelhak Maoukouf-Casablanca-Morocco 
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࢔ࡵ = න࢞૛࢔ඥ(૚ − ା૚࢔૛)૛࢞
૚

૙

ܖܑܛୀ࢞= ࢚ න ࢔૛ܖܑܛ ඥ(૚࢚ − ૛ܖܑܛ ା૚࢔૛(࢚

࣊
૛

૙

ܛܗ܋ ࢚  ࢚ࢊ

= නܖܑܛ૛࢔ ࢚

࣊
૛

૙

	× ା૛࢔૛ܛܗ܋ ࢚ ࢚ࢊ = න ࢔૛ܖܑܛ ࢚

࣊
૛

૙

	× ࢔૛ܛܗ܋ ࢚ (૚ − ૛ܖܑܛ  ࢚ࢊ(࢚

= න ࢔૛ܖܑܛ ࢚

࣊
૛

૙

	× ࢔૛ܛܗ܋ ࢚ ࢚ࢊ − න ା૛࢔૛ܖܑܛ ࢚ 	×

࣊
૛

૙

࢔૛ܛܗ܋ ࢚  ࢚ࢊ

=
࢛૛ି࣊ୀ࢚ ૚

૛૛࢔න ࢔૛ܖܑܛ ૛࢚

࣊
૛

૙

࢚ࢊ − න ା૛࢔૛ܛܗ܋ ࢛

࣊
૛

૙

	× ࢔૛ܖܑܛ  ࢛ࢊ࢛

→ ૛ࡵ =
૚
૛࢔න ࢔૛ܖܑܛ ૛࢚

࣊
૛

૙

࢚ࢊ =
૚

૛ି࢔૚නܖܑܛ૛࢔ ࢚

࣊
૛

૙

࢚ࢊ =
૚

૛ି࢔૛න ࢔૛ܖܑܛ ࢚

࣊
૛

૙

 ࢚ࢊ

→ ࡵ =
૚

૛ି࢔૚න ࢔૛ܖܑܛ ࢚

࣊
૛

૙

࢚ࢊ =
૚

૛ି࢔૚ ⋅
࣊
૛ ⋅

(૛࢔)!
૛૛(!࢔)࢔૛ = ࣊ ⋅

(૛࢔)!
૛૝(!࢔)࢔૛ 

ࢹ = ܕܑܔ
ஶ→࢔

ඥ࢔ࡵ
࢔ = ܕܑܔ

ஶ→࢔
ඨ࣊ ⋅

(૛࢔)!
૛૝(!࢔)࢔૛

࢔
= ܕܑܔ

ஶ→࢔

࣊ ⋅ (૛࢔ + ૛)!
૛૝࢔ା૝൫(࢔ + ૚)!൯

૛
	

࣊ ⋅ (૛࢔)!
૛૝(!࢔)࢔૛

 

= ܕܑܔ
ஶ→࢔

(૛࢔ + ૛)(૛࢔ + ૚)
૚૟(࢔ + ૚)૛ =

૚
૝ 

Solution 4 by Geanina Tudose-Romania 

Consider ∫ ඥ(૚࢔૛࢞ − ା૚૚࢔૛)૜࢞
૙ ࢞ Let .࢞ࢊ = ܖܑܛ ࢞ ࢞			, = ૙ ⇒ ܖܑܛ ૙ = ૙ 
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࢞ࢊ = ࢻܛܗ܋ ࢞			࢞ࢊ	 = ૚ ⇒ ࢻ =
࣊
૛

 

= න ࢔૛ܖܑܛ ࢞

࣊
૛

૙

⋅ ඥ(૚ − ૜ܖܑܛ ା૚࢔૜(ࢻ ࢞ࢊࢻܛܗ܋ = න ࢔૛ܖܑܛ ࢻ

࣊
૛

૙

⋅ ࢻା૚࢔૛ܛܗ܋ ܛܗ܋  ࢞ࢊ࢞

= නܖܑܛ૛࢔ ࢻ

࣊
૛

૙

ା૜࢔૛ܛܗ܋ ࢻࢊࢻ = න(ܖܑܛ૛ ࢻ ࢔(ࢻ૛ܛܗ܋

࣊
૛

૙

⋅  ࢻࢊࢻ૛ܛܗ܋

= නቆ
૜ܖܑܛ ૛ࢻ
૛૜ ቇ

࢔
࣊
૛

૙

⋅
ܛܗ܋ ૛ࢻ + ૚

૛  ࢻࢊ

=
૚

૛૛࢔ା૚
,න ࢔૛ܖܑܛ ૛ࢻ ⋅ ܛܗ܋ ૛ࢻ

࣊
૛

૙

ࢻࢊ
ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ

૚ࡵ

+
૚

૛૛࢔ା૚
නܖܑܛ૛࢔ ૛ࢻ

࣊
૛

૙ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ
૛ࡵ

 ࢻࢊ

૚ࡵ =
૚

૛૛࢔ା૚
නܖܑܛ૛࢔ ૛ࢻ

࣊
૛

૙

⋅ ܛܗ܋ ૛ࢻࢊࢻ 

=
૚

૛૛࢔ା૚
⋅

૚
(૛࢔ + ૚) ⋅ ૛

ା૚࢔૛ܖܑܛ ૛ࢻ ቤ
࣊
૛
૙

= ૙ 

૛ࡵ = ૚
૛૛࢔శ૚ ∫ ࢔૛ܖܑܛ ૛ࢻ

࣊
૛
૙ ࢻࢊ = ૚

૛૛࢔శ૛ ∫ ࢔૛ܖܑܛ ࣊࢞
૙ ;࢞ࢊ ࢞	 = ૛ࢻ ⇒ ࢻࢊ = ૛ࢻࢊ  

=
૚

૛૛࢔ା૛

⎝

⎜
⎜
⎜
⎛
න ࢔૛ܖܑܛ ࢻࢊࢻ

࣊
૛

૙

න ࢔૛ܖܑܛ ࢞ࢊ࢞
࣊

࣊
૛ᇣᇧᇧᇧᇤᇧᇧᇧᇥ

૛࣊ି࢞ୀ࢟ ⎠

⎟
⎟
⎟
⎞

=
૚

૛૛࢔ା૛
⎝

⎛නܖܑܛ૛࢔ ࢞

࣊
૛

૙

࢞ࢊ + න ࢔૛ܛܗ܋ ࢞

࣊
૛

૙

࢞ࢊ

⎠

⎞ 

But ࡵ૛࢔ = ∫ ૛ܖܑܛ ࢞
࣊
૛
૙ ࢞ࢊ = ∫ ࢞ࢊ࢞࢔૛ܛܗ܋

࣊
૛
૙ = (૛ି࢔૚)‼

(૛࢔)‼
⋅ ࣊
૛

 . Hence ࡵ = ૛ࡵ = ૚
૛࢔శࢻ

  ૡ ⋅ (૛ି࢔૚)‼
(૛࢔)‼

⋅  ࣊
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ࢹ = ஶ→࢔ܕܑܔ ට ૚
૛૛࢔శ૛

⋅ (૛ି࢔૚)‼
(૛࢔)‼

⋅ ࢔࣊ . Using Cauchy D’Alembert ࢔ܕܑܔ→ஶ ට(૛ି࢔૚)‼
(૛࢔)‼

࢔ = 

= ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ
࢔ࢇ

= ܕܑܔ
ஶ→࢔

(૛࢔+ ૚)‼
(૛࢔+ ૛)‼ ⋅

(૛࢔)‼
(૛࢔ − ૚)‼ = ܕܑܔ

ஶ→࢔

૛࢔ + ૚
૛࢔ + ૛ = ૚ 

Thus ࢹ = ஶ→࢔ܕܑܔ ට ૚
૛૛࢔శ૛

࢔ ⋅ ට(૛ି࢔૚)‼
(૛࢔)‼

࢔ ⋅ ࣊
૚
࢔ = ૚

૝
 

182. Find: 

ࢹ = ܕܑܔ
ஶ→࢔

૚૜ ⋅ ૛૞ ⋅ ૜ૠ ⋅ … ⋅ (૚૛࢔ − ૚૚)
ૠ ⋅ ૚ૢ ⋅ ૜૚ ⋅ … ⋅ (૚૛࢔ − ૞)  

Proposed by Daniel Sitaru – Romania  

Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco, Solution 2 by Shivam 

Sharma-New Delhi-India 

Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco 

࢔ࢁ = ∏ ቀ૚૛ି࢑૚૚
૚૛ି࢑૞

ቁ࢔
ୀ૚࢑  we have ૙ < ࢔ࢁ < 1; So we put ࢔ࢁܕܑܔ =  ࢒

࢔ࢁ =
૚૛࢔ − ૚૚
૚૛ − ૞ ૚ି࢔ࢁ ⇔ (૚૛(࢔ + ૚) − ૚૚)࢔ࢁ − (૚૛࢔ − ૚૚)ି࢔ࢁ૚ = ૟࢔ࢁ 

⇒෍൫(૚૛(࢑ + ૚) − ૚૚)࢑ࢁ − (૚૛࢑ − ૚૚)ି࢑ࢁ૚൯
࢔

ୀ૛࢑

= ෍૟࢑ࢁ

࢔

ୀ૛࢑

 

⇔ (૚૛(࢔ + ૚) − ૚૚)࢔ࢁ + ૞ࢁ૚ = ૟෍࢑ࢁ

࢔

ୀ૚࢑

 

⇔ ૚૛࢔ࢁ +
࢔ࢁ + ૞ࢁ૚

࢔
= ૟

૚
࢔
෍࢑ࢁ

࢔

ୀ૚ᇣᇧᇤᇧᇥ࢑
	ࢇ࢓࢓ࢋࡸ	࢙ᇲ࢕࢘ࢇ࢙ࢋ࡯

 

⟹
ஶ→࢔

૚૛࢒ + ૙ = ૟࢒ ⇔ ࢒ = ૙ → ࢔ࢁܕܑܔ = ૙ 

Solution 2 by Shivam Sharma-New Delhi-India 
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ࢹ = ܕܑܔ
ஶ→࢔

ቈ
૚૜ ⋅ ૛૞ ⋅ ૜ૠ ⋅ … ⋅ (૚૛࢔ − ૚૚)
ૠ ⋅ ૢ ⋅ ૜૚ ⋅ … ⋅ (૚૛࢔ − ૞) ቉ ⇒ ܕܑܔ

ஶ→࢔
ቈ
∏ (૚૛࢑ − ૚૚)࢔
ୀ૛࢑
∏ (૚૛࢑ − ૞)࢔
ୀ૚࢑

቉ 

⇒ ܕܑܔ
ஶ→࢔

⎣
⎢
⎢
⎢
⎢
⎢
⎡૚૛ࢣ࢔ ቀ࢔ + ૚

૚૛ቁ

ࢣ ቀ ૚૚૛ቁ

૚૛ࢣ࢔ ቀ࢔ + ૠ
૚૛ቁ

ࢣ ቀ ૠ૚૛ቁ ⎦
⎥
⎥
⎥
⎥
⎥
⎤

⇒ ܕܑܔ
ஶ→࢔

቎
ࢣ ቀ૚ + ૚

૚૛ቁࢣ ቀ
ૠ
ቁ࢔

ࢣ ቀ࢔ + ૠ
૚૛ቁࢣ ቀ

૚
૚૛ቁ

቏ 

Now, applying Ratio test, we get, ࢹ = ૙ 

(Answer) 

183. Find: 

ࢹ = ܕܑܔ
૙→࢞

൭ܕܑܔ
ஶ→࢔

ෑቀ૚− ૛ܖ܉ܜ
࢞
૛࢑ቁ

࢔

ୀ૚࢑

൱ 

Proposed by Hung Nguyen Viet-Hanoi-Vietnam 

Solution 1 by Daniel Sitaru-Romania, Solution 2 by Mehmet Sahin-Ankara-

Turkey 

Solution 1 by Daniel Sitaru-Romania 

ࢹ = ܕܑܔ
૙→࢞

൭ܕܑܔ
ஶ→࢔

ෑቀ૚ − ૛ܖ܉ܜ
࢞
૛࢑
ቁ

࢔

ୀ૚࢑

൱ = ܕܑܔ
૙→࢞

ቌܕܑܔ
ஶ→࢔

ෑቌ
૛ܛܗ܋ ࢑૛࢞ − ૛ܖܑܛ ࢑૛࢞

૛ܛܗ܋ ࢑૛࢞
ቍ

࢔

ୀ૚࢑

ቍ 

= ܕܑܔ
૙→࢞

ቌܕܑܔ
ஶ→࢔

ෑቌ
ܛܗ܋ ࢞

૛ି࢑૚

૛ܛܗ܋ ࢑૛࢞
ቍ

࢔

ୀ૚࢑

ቍ = ܕܑܔ
૙→࢞

ቌܕܑܔ
ஶ→࢔

ܛܗ܋ ࢞

ܛܗ܋ ࢔૛࢞
⋅

૚

∏ ܛܗ܋ ࢑૛࢞
࢔
ୀ૚࢑

ቍ = 

= ܕܑܔ
૙→࢞

ቌܕܑܔ
ஶ→࢔

࢞ܛܗ܋

ܛܗ܋ ࢔૛࢞
⋅

૚

∏ ܛܗ܋ ࢑૛࢞
࢔
ୀ૚࢑

ቍ = 
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= ܕܑܔ
૙→࢞

ቌܕܑܔ
ஶ→࢔

ܛܗ܋ ࢞

ܛܗ܋ ࢔૛࢞
⋅

૛࢔ ܖܑܛ ࢞
૛࢔

૛࢔ ܖܑܛ ࢞
૛࢔∏ ܛܗ܋ ࢑૛࢞

࢔
ୀ૚࢑

ቍ = 

= ܕܑܔ
૙→࢞

ቌܕܑܔ
ஶ→࢔

࢞ܛܗ܋

ܛܗ܋ ࢔૛࢞
⋅
ܖܑܛ ࢞

૛࢔
૛
૛࢔

⋅
࢞

ܖܑܛ ቍ࢞
= ૚ 

Solution 2 by Mehmet Sahin-Ankara-Turkey 

૚ − ૛ܖ܉ܜ ࢞ = ૚ −
૛ܖܑܛ ࢞
૛ܛܗ܋ ࢞

=
૛ܛܗ܋ ࢞ − ૛ܖܑܛ ࢞

૛ܛܗ܋ ࢞
=
ܛܗ܋ ૛࢞
૛ܛܗ܋ ࢞

 

࢞ → ࢞
૛

, ࢞
૛૛

, ࢞
૛૝

, … , ࢞
૛࢔

   write. In this case 

ቀ૚ − ૛ܖ܉ܜ
࢞
૛
ቁ ቀ૚ − ૛ܖ܉ܜ

࢞
૝
ቁ ቀ૚ − ૛ܖ܉ܜ

࢞
ૡ
ቁ… ቀ૚ − ૛ܖ܉ܜ

࢞
૛࢔
ቁ 

=
૛ܛܗ܋ ⋅ ૛࢞
૛ܛܗ܋ ૛࢞

⋅
૛ܛܗ܋ ⋅ ૝࢞
૛ܛܗ܋ ૝࢞

⋅
ܛܗ܋ ૛ ⋅ ૡ࢞
૛ܛܗ܋ ૡ࢞

…
ܛܗ܋ ૛ ⋅ ࢔૛࢞

૛ܛܗ܋ ࢔૛࢞
= 

=
ܛܗ܋ ࢞ ⋅ ܛܗ܋ ૛࢞ ⋅ ܛܗ܋

࢞
૝… ܛܗ܋ ࢞

૛ି࢔૚

૛ܛܗ܋ ૛࢞ ⋅ ܛܗ܋
૛ ࢞
૝ ⋅ ܛܗ܋

૛ ࢞
ૡ… ૛ܛܗ܋ ࢔૛࢞

 

=
ܛܗ܋ ࢞

ܛܗ܋ ૛࢞ ⋅ ܛܗ܋
࢞
૝ ⋅ ܛܗ܋

࢞
ૡ… ܛܗ܋ ࢞

૛ି࢔૚ ⋅ ܛܗ܋
૛ ࢞
૛࢔

 

=
࢞ܛܗ܋ ⋅ ܖܑܛ ૛࢞ ⋅ ܖܑܛ

࢞
૝ ⋅ ܖܑܛ

࢞
ૡ… ܖܑܛ ࢞

૛ି࢔૚ ⋅ ܖܑܛ
࢞
૛࢔

ቀܖܑܛ ૛࢞ ⋅ ܛܗ܋
࢞
૛ቁ ⋅ ቀܖܑܛ

࢞
૝ ⋅ ܛܗ܋

࢞
૝ቁ ⋅ ቀܖܑܛ

࢞
ૡ ⋅ ܛܗ܋

࢞
ૡቁ… ቀܖܑܛ ࢞

૛ି࢔૚ ⋅ ܛܗ܋
࢞

૛ି࢔૚ቁ ⋅ ቀܖܑܛ
࢞
૛࢔ ⋅ ܛܗ܋

࢞
૛࢔ቁ ⋅ ܛܗ܋

࢞
૛࢔

 

=
૛࢔ ⋅ ࢞ܛܗ܋ ⋅ ܖܑܛ ૛࢞ ⋅ ܖܑܛ

࢞
૝ ⋅ ܖܑܛ

࢞
ૡ… ܖܑܛ ࢞

૛ି࢔૚ ⋅ ܖܑܛ
࢞
૛࢔

ܖܑܛ ࢞ ⋅ ܖܑܛ ૛࢞ ⋅ ܖܑܛ
࢞
૝ ⋅ ܖܑܛ

࢞
૞… ܖܑܛ ࢞

૛ି࢔૛ ⋅ ܖܑܛ
࢞

૛ି࢔૚ ⋅ ቀܛܗ܋
࢞
૛࢔ቁ

 

= ૛࢔ ⋅
࢞ܛܗ܋
ܖܑܛ ࢞ ⋅

ܖܑܛ ࢞
૛࢔

ܛܗ܋ ࢔૛࢞
= ૛࢔ ⋅ ܜܗ܋ ࢞ ⋅

ܖܑܛ ࢞
૛࢔

ܛܗ܋ ࢔૛࢞
= ࢞ܜܗ܋ ⋅

ܖܑܛ ࢞
૛࢔
࢞
૛࢔

⋅ ࢞ ⋅
૚

ܛܗ܋ ࢔૛࢞
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= ࢞ ⋅ ࢞ܜܗ܋ ⋅
ܖܑܛ ࢞

૛࢔
࢞
૛࢔

⋅
૚

ܛܗ܋ ࢔૛࢞
 

ܕܑܔ
ஶ→࢔

࢞) ⋅ ቌ(࢞ܜܗ܋
ܖܑܛ ࢞

૛࢔
࢞
૛࢔

⋅
૚

ܛܗ܋ ࢔૛࢞
ቍ = ࢞ ⋅ ࢞ܜܗ܋ ∴ 

૙→࢞ܕܑܔ ࢞ ⋅ ࢞ܜܗ܋ = ቀ࢞ܕܑܔ→૙
࢞

ܖܑܛ ࢞
ቁ ⋅ ૙→࢞ܕܑܔ) ܛܗ܋ (࢞ = ૚.  

as desired ∴ 

 

184. Solve over the set of real numbers the following system of equations 

written on base – 42 numeral system: 

૛ࢇࢇ + ૜૛ࢇ + ૝૛ࢇ + ⋯+ ૛૙૚ૡ૛ࢇ = ૝ ⋅ (ૢૠࢇ૚ − ૚) 

૚૛ࢇ + ૜૛ࢇ + ૝૛ࢇ + ⋯+ ૛૙૚ૡ૛ࢇ = ૝ ⋅ (ૢૠࢇ૛ − ૚) 

૚૛ࢇ + ૛૛ࢇ + ૝૛ࢇ + ⋯+ ૛૙૚ૡ૛ࢇ = ૝ ⋅ (ૢૠࢇ૜ − ૚) 

… … … … … … … … … … … … … … … … … … … …. 

૚૛ࢇ + ૛૛ࢇ + ૜૛ࢇ + ⋯+ ૛૙૚ૠ૛ࢇ = ૝ ⋅ (ૢૠࢇ૛૙૚ૡ − ૚) 

Proposed by Koczinger Éva and Kovács Béla – Romania 

Solution by Koczinger Éva and Kovács Béla – Romania 

૛૙૚ૠ૝૛ = ૛ ⋅ ૝૛૜ + ૝૛ + ૠ = ૚૝ૡ૛૛૞ = ૜ૡ૞૛ = (ૢ ⋅ ૝૛ + ૠ)૛ = (ૢૠ૝૛)૛ 

Taking into account: ૛૙૚ૠ૝૛ = (ૢૠ૝૛)૛, adding the equations;  

෍൫૛૙૚ૠ࢑ࢇ૛ − ૝ ⋅ ૢૠ࢑ࢇ + ૝൯
૛૙૚ૡ

ୀ૚࢑

= ૙ ⇔ ෍൫ૢૠ૛ ⋅ ૛࢑ࢇ − ૝ ⋅ ૢૠ࢑ࢇ + ૝൯
૛૙૚ૡ

ୀ૚࢑

= ૙ ⇔ 

⇔ ෍ (ૢૠ࢑ࢇ − ૛)૛
૛૙૚ૡ

ୀ૚࢑

= ૙ ⇔ ૚ࢇ = ૛ࢇ = ⋯ = ૛૙૚ૡࢇ =
૛
ૢૠ 
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So, the solution to the equation system is: ቀ ૛
ૢૠ

, ૛
ૢૠ

, ૛
ૢૠ

, … , ૛
ૢૠ
ቁ. 

Or, rewriting the equations into decimal numeral system: 

૛૛ࢇ + ૜૛ࢇ + ૝૛ࢇ +⋯+ ૚૝ૡ૛૛૟૛ࢇ = ૝ ⋅ (૜ૡ૞ࢇ૚ − ૚) 

૚૛ࢇ + ૜૛ࢇ + ૝૛ࢇ +⋯+ ૚૝ૡ૛૛૟૛ࢇ = ૝ ⋅ (૜ૡ૞ࢇ૛ − ૚) 

૚૛ࢇ + ૛૛ࢇ + ૝૛ࢇ +⋯+ ૚૝ૡ૛૛૟૛ࢇ = ૝ ⋅ (૜ૡ૞ࢇ૜ − ૚) 

… … … … … … … … … … … … … … … … … … … … … .. 

૚૛ࢇ + ૛૛ࢇ + ૜૛ࢇ + ⋯+ ૚૝ૡ૛૛૞૛ࢇ = ૝ ⋅ (૜ૡ૞ࢇ૚૝ૡ૛૛૟ − ૚) 

Adding then, we get: 

෍ ൫૚૝ૡ૛૛૞࢑ࢇ૛ − ૝ ⋅ ૜ૡ૞࢑ࢇ + ૝൯
૚૝ૡ૛૛૟

ୀ૚࢑

= ૙ ⇔ ෍ ൫૜ૡ૞૛ ⋅ ૛࢑ࢇ − ૝ ⋅ ૜ૡ૞࢑ࢇ + ૝൯
૚૝ૡ૛૛૟

ୀ૚࢑

= ૙ ⇔ 

෍ (૜ૡ૞࢑ࢇ − ૛)૛
૚૝ૡ૛૛૟

ୀ૚࢑

= ૙ ⇔ ૚ࢇ = ૛ࢇ = ⋯ = ૚૝ૡ૛૛૟ࢇ =
૛
૜ૡ૞ 

So, the solution to the equation system is: ቀ ૛
૜ૡ૞

, ૛
૜ૡ૞

, ૛
૜ૡ૞

, … , ૛
૜ૡ૞

ቁ. 

 

185. Solve for real numbers: 

⎩
⎪
⎨

⎪
⎧ ૛࢞

૛૞
+
૛࢟

૚૟
= ૚

૛࢞ + ૛࢟ = ቆ
૛࢞

૞
+
૛࢟

૝
ቇ
૛ 

Proposed by Daniel Sitaru – Romania 

Solution 1 by Seyran Ibrahimov-Maasilli-Azerbaidian, Solution 2 by Shahlar 

Maharramov-Jebrail-Azerbaidian, Solution 3 by Uche Eliezer Okeke-Anambra-

Nigeria, Solution 4 by Boris Colakovic-Belgrade-Serbia, Solution 5 by Kunihiko 

Chikaya-Tokyo-Japan 
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Solution 1 by Seyran Ibrahimov-Maasilli-Azerbaidian 

Solve for real numbers: ࢞
૛

૛૞
+ ૛࢟

૚૟
= ૚ 

૛࢞ + ૛࢟ = ቆ
૛࢞

૞ +
૛࢟

૝ ቇ
૛

⇒ ૛࢞ = ૛࢟				ࢇ = ;࢈ 	૚૟ࢇ + ૛૞࢈ = ૝૙૙ 

ࢇ + ࢈ =
૛ࢇ

૛૞
+
૛࢈

૚૟
+
࢈ࢇ
૚૙

=
૚૟ࢇ૛ + ૛૞࢈૛ + ૝૙࢈ࢇ

૝૙૙
=

(૝ࢇ + ૞࢈)૛

૝૙૙
 

૝૙૙(ࢇ + (࢈ = (૝ࢇ + ૞࢈)૛; 	(૚૟ࢇ + ૛૞ࢇ)(࢈ + (࢈ = (૝ࢇ + ૞࢈)૛ 

૚૟ࢇ૛ + ૚૟࢈ࢇ + ૛૞࢈ࢇ + ૛૞࢈૛ = ૚૟ࢇ૛ + ૛૞࢈૛ + ૝૙࢈ࢇ 

࢈ࢇ = ૙ ⇒ 

⇒ ࢇ = ૙			࢞ = ૙ ⇒ ૛૞࢈ = ૝૙૙				࢈ = ૚૟			࢟ = ±૝ answer (૙;૝) and 

(૙; 	−૝) 

⇒ ࢈ = ૙		࢟ = ૙ ⇒ ૚૟ࢇ = ૝૙૙			ࢇ = ૛૞			࢞ = ±૞  answer  (૞;૙) 

and	(−૞;−૙)  

Solution 2 by Shahlar Maharramov-Jebrail-Azerbaidian 

࢞ = ૞ܖܑܛ ࢚ , ࢟ = ૝ܛܗ܋  ⇒ put these in second equation ,࢚

⇒ ૛૞ܖܑܛ૛ ࢚ + ૚૟ ૛ܛܗ܋ ࢚ = (૞ ૛ܖܑܛ ࢚ + ૝ ૛ܛܗ܋ ૛(࢚ ⇒ 

⇒ ૛૞ܖܑܛ૛ ࢚ (૚ − ૛ܖܑܛ ᇣᇧᇧᇧᇤᇧᇧᇧᇥ(࢚
૛ܛܗ܋ ࢚

+ ૚૟ܛܗ܋૛ ࢚ (૚ − ૛ܛܗ܋ ᇣᇧᇧᇧᇤᇧᇧᇧᇥ(࢚
૛ܖܑܛ ࢚

= ૝૙ܖܑܛ૛ ࢚ ૛ܛܗ܋  ࢚

⇒ ૛ܖܑܛ ࢚ ૛ܛܗ܋ ࢚ = ૙ ⇒
૚
૛
૛ܖܑܛ ૛࢚ = ૙ ⇒ ܖܑܛ ૛࢚ = ૙ ⇒ ૛࢚ = ࢑࣊ ⇒ ࢚ =

࣊
૛
 ࢑

࢑ = ૙,૚, ૛,૜ after these it repeated 

࢑ (1 = ૙,࢞ = ૞ ܖܑܛ ૙ = ૙,࢟ = ૝ 

࢑ (2 = ૚,࢞ = ૞ ܖܑܛ ࣊
૛

= ૞,࢟ = ૙ 

࢑ (3 = ૛,࢞ = ૙,࢟ = −૝ 

࢑ (4 = ૜, ࢞ = −૞,࢟ = ૙ 
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Solution 3 by Uche Eliezer Okeke-Anambra-Nigeria 

૛࢞

૛૞
+ ૛࢟

૚૟
= ૚    (1) 

૛࢞ + ૛࢟ = ቀ࢞
૛

૞
+ ૛࢟

૝
ቁ
૛

    (2) 

Set ࢞ = ૞ ࢟ ,(3)    ࣂܖܑܛ = ܛܗ܋  (4)    ࣂ

Transformation of (2) gives 

⇔ (૞ ૛(ࣂܖܑܛ + (૝ ૛(ࣂܛܗ܋ = ቆ
(૞ ૛(ࣂܖܑܛ

૞ +
(૝ ૛(ࣂܛܗ܋

૝ ቇ
૛

 

⇔ ૛૞ܖܑܛ૛ ࣂ + ૚૟ܛܗ܋૛ ࣂ = (૞ ૛ܖܑܛ ࣂ + ૝ ૛ܛܗ܋  ૛(ࣂ

⇔ ૛૞(૚ − (ࣂ૛ܛܗ܋ + ૚૟ܛܗ܋૛ ࣂ = (૞(૚ − (ࣂ૛ܛܗ܋ + ૝ ૛ܛܗ܋  ૛(ࣂ

⇔ ૛ܛܗ܋ ࣂ − ૛ܛܗ܋ ࣂ = ૙ ⇔ ࣂܛܗ܋ = ૙ ⇒ ࢟ = ૝ ࣂܛܗ܋ = ૝(૙) = ૙
ࣂܛܗ܋ = ±૚ ⇒ ࢟ = ±૝ ࣂܛܗ܋ = ±૝(૚) = ±૝ൠ 

⇒ ૛ܛܗ܋ ࣂ = ૙ ⇔ ૛ܖܑܛ ࣂ = ඥ૚− ૙૛ = ૙ ⇔ ܖܑܛ ࣂ = ±૚ ⇔ ࢞ = ±૞ܖܑܛ ࣂ = ±૞(૚) = ±૞
ܛܗ܋ ࣂ = ૚ ⇔ ܛܗ܋ ࣂ = ඥ૚ − ૚૛ = ૙ ⇔ ࢞ = ૞ ࣂܖܑܛ = ૞(૙) = ૙

ൡ 

Solution (࢞, (࢟ = (±૞,૙)(૙, ±૝)	 

Solution 4 by Boris Colakovic-Belgrade-Serbia 

Substitutions ࢞
૞

= ;࢛ ࢟
૝

= ࢜ ⇒⇒ ൜ ૛࢛ + ૛࢜ = ૚									(૚)
૛૞࢛૛ + ૚૟࢜૛ = (૞࢛૛ + ૝࢜૛)૛				(૛)

 

From (2) ⇒ ૛૞(૚ − (૛࢜ + ૚૟࢜૛ = (૞ − ૛)૛࢜ ⇔ ૛૞ − ૛࢜ૢ = ૛૞ − ૚૙࢜૛ + ૝࢜ ⇔ 

⇔ ૛࢜)૛࢜ − ૚) = ૙ ⇔ ࢜ = ૙	 ∨ ࢜ = ±૚.	 

For ࢜ = ૙ ⇒ ࢛ = ±૚ For ࢜ = ±૚ ⇒ ࢛ = ૙. Solutions are (±૞, ૙); (૙, ±૝) 

Solution 5 by Kunihiko Chikaya-Tokyo-Japan 

⎩
⎨

⎧
ࢇ
૛૞

+
࢈
૚૟

= ૚					(∗)

ࢇ + ࢈ = ൬
ࢇ
૞

+
࢈
૝
൰
૛  
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ࢇ = ૛࢞ ≥ ૙; ࢈ = ૛࢟ ≥ ૙; Cauchy – Schwarz  

ቆ
ࢇ√
૞ ࢇ√ +

࢈√
૝
ቇ࢈√

૛

≤ ൝ቆ
ࢇ√
૞
ቇ
૛

+ ቆ
࢈√
૝
ቇ
૛

ൡ ቄ൫√ࢇ൯
૛

+ ൫√࢈൯
૛
ቅ 

∴ ቀࢇ
૞

+ ࢈
૝
ቁ
૛
≤ ૚ ⋅ ࢇ) + Equality: ቌ .(࢈

ࢇ√
૞
࢈√
૝

ቍ = ൬√ࢇ
࢈√

൰ 	&	(∗) ⇔ ࢈ࢇ = ૙	&	(∗) ⇔ 

Ans 
(࢟,࢞) = (±૞,૙), (૙, ±૝)
(࢈,ࢇ) = (૛૞,૙), (૙, ૚૟)  

186. Find ࡯,࡮,࡭ ∈ (૙,࣊),࡭ + ࡮ + ࡯ =  :such that ࣊

൝
࡭ܛܗ܋ |࡮ܛܗ܋| + ࡮ܛܗ܋ |࡭ܛܗ܋| = ૚ + ࡯૛ܛܗ܋
࡮ܛܗ܋ |࡯ܛܗ܋| + ࡯ܛܗ܋ |࡮ܛܗ܋| = ૚ + ࡭૛ܛܗ܋
࡯ܛܗ܋ |࡭ܛܗ܋| + ࡭ܛܗ܋ |࡯ܛܗ܋| = ૚ + ܛܗ܋ ૛࡮

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Boris Colakovic-Belgrade-Serbia, Solution 2 by Seyran 

Ibrahimov-Maasilli-Azerbaidian, Solution 3 by Ravi Prakash-New Delhi-India 

Solution 1 by Boris Colakovic-Belgrade-Serbia 

ቐ
࡭ܛܗ܋ |࡮ܛܗ܋| + ࡮ܛܗ܋ |࡭ܛܗ܋| = ૚ + ܛܗ܋ ૛࡯… (૚)
࡮ܛܗ܋ |࡯ܛܗ܋| + ࡯ܛܗ܋ |࡮ܛܗ܋| = ૚ + …࡭૛ܛܗ܋ 	(૛)
࡯ܛܗ܋ |࡭ܛܗ܋| + ࡭ܛܗ܋ |࡯ܛܗ܋| = ૚ + …࡮૛ܛܗ܋ (૜)

 

From (1) ⇒ ܛܗ܋ ࡭ |࡮ܛܗ܋| + ࡮ܛܗ܋ |࡭ܛܗ܋| = ૛ ૛ܛܗ܋ ࡯ > 0 ⇒ ࡭ܛܗ܋ > ࡮ܛܗ܋,0 > 0 

From (2) ⇒ ࡮ܛܗ܋ |࡯ܛܗ܋| + ܛܗ܋ ࡯ ܛܗ܋| |࡮ = ૛ ૛ܛܗ܋ ࡭ > 0 ⇒ ࡮ܛܗ܋ > 0, ܛܗ܋ ࡯ > 0 

From (3) ⇒ ܛܗ܋ ࡯ ܛܗ܋| |࡭ + ܛܗ܋ ࡭ |࡯ܛܗ܋| = ૛ ૛ܛܗ܋ ࡮ > 0 ⇒ ࡭ܛܗ܋ > 0, ࡯ܛܗ܋ > 0 

⇒ ࡯,࡮,࡭ ∈ ቀ૙,
࣊
૛
ቁ 

ቐ
ܛܗ܋ ࡮ܛܗ܋࡭ = ૛ܛܗ܋ (૝)	…࡯
ܛܗ܋ ࡯ܛܗ܋࡮ = ૛ܛܗ܋ (૞)	…࡭
ܛܗ܋ ࡯ܛܗ܋࡭ = ૛ܛܗ܋ (૟)	…࡮

 

(૞)− (૝) ⇒ ܛܗ܋ ࡭ ࡭ܛܗ܋) − (࡮ܛܗ܋ = ܛܗ܋ ࡯ ܛܗ܋) ࡮ − ܛܗ܋ (࡯ … (ૠ) 
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(૟)− (૞) ⇒ ࡮ܛܗ܋ ࡮ܛܗ܋) − (࡯ܛܗ܋ = ࡭ܛܗ܋ ܛܗ܋) ࡯ − (࡭ܛܗ܋ … (ૡ) 

(૟)− (૝) ⇒ ࡮ܛܗ܋ ࡮ܛܗ܋) − (࡭ܛܗ܋ = ܛܗ܋ ࡯ ܛܗ܋) ࡭ − ܛܗ܋ (࡯ … (ૢ) 

(ૠ) + (ૡ) ⇒ ࡮ܛܗ܋) − ࡮ܛܗ܋)(࡯ܛܗ܋ + ܛܗ܋ (࡯ = 

= ࡭ܛܗ܋ ࡯ܛܗ܋) − (࡮ܛܗ܋ ⇒ ࡮ܛܗ܋) − ܛܗ܋ (࡯ ࡭ܛܗ܋) + ࡮ܛܗ܋ + ᇣᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇥ(࡯ܛܗ܋
வ଴

= ૙ 

⇒ ࡮ܛܗ܋ = ࡯ܛܗ܋ ⇒ ࡮ =  ࡯

From (9) ⇒ ࡯ܛܗ܋ ܛܗ܋) ࡯ − (࡭ܛܗ܋ = ܛܗ܋ ࡯ ܛܗ܋) −࡭ (࡯ܛܗ܋ ⇒ ૛(ܛܗ܋ −࡯ ࡯ܛܗ܋(࡭ܛܗ܋ = ૙ ⇒ 

࡯ܛܗ܋ = ࡭ܛܗ܋ ⇒ ࡭ = 			࡯ ܛܗ܋ ࡯ ≠ ૙   because ࢉ ∈ ቀ૙, ࣊
૛
ቁ 

࡭ = ࡮ = ࡯ =
࣊
૜ 

Solution 2 by Seyran Ibrahimov-Maasilli-Azerbaidian 

If ࡭ܛܗ܋ = ,ࢇ ࡮ܛܗ܋ = ,࢈ ࡯ܛܗ܋ = ,࢈,ࢇ then ࢉ ࢉ ≠ ૙ 

ቐ
|࢈|ࢇ + |ࢇ|࢈ = ૛ࢉ૛

|ࢉ|࢈ + |࢈|ࢉ = ૛ࢇ૛

|ࢇ|ࢉ + |ࢉ|ࢇ = ૛࢈૛
 

,࢈,ࢇ (1 ࢉ > 0 → ܾܽ > 0, ܾܿ > 0, ܽܿ > 0 must 

,࢈,ࢇ (2 ࢉ < 0 ⇒⏟
ࢋ࢙࢛ࢇࢉࢋ࢈	ࢋ࢛࢚࢘	࢚࢕࢔

,࢈,ࢇ ࢉ ≠ ૙ 

൞
࢈ࢇ = ૛ࢉ
ࢉ࢈ = ૛ࢇ
ࢉࢇ = ૛࢈

⇒

૚)	ࢇ = ࢈ = ࢋ࢛࢚࢘			ࢉ

૛)	
ࢇ > ܾ > ܿ
૛ࢇ > ૛࢈

ࢉ࢈ > ܽܿ → ࢈ > ݁ݑݎݐ	ݐ݋݊	0

 

answer ࢇ = ࢈ = ,ࢉ ࡭ܛܗ܋ = ࡮ܛܗ܋ = ࡯ܛܗ܋ = ૚
૛

; ࡭	 = ࡮ = ࡯ = ࣊
૜

 

Solution 3 by Ravi Prakash-New Delhi-India 

࡭ܛܗ܋ |࡮ܛܗ܋| + ࡮ܛܗ܋ |࡭ܛܗ܋| = ૚ + ܛܗ܋ ૛(1)    ࡯ 

࡮ܛܗ܋ |࡯ܛܗ܋| + ࡯ܛܗ܋ |࡮ܛܗ܋| = ૚ + ܛܗ܋ ૛(2)    ࡭ 

࡯ܛܗ܋ |࡭ܛܗ܋| + ࡭ܛܗ܋ |࡯ܛܗ܋| = ૚+  (3)    ࡮૛ܛܗ܋

Assume ࡯ is obtuse, then |࡯ܛܗ܋| = becomes ૙ (2) ,࡯ܛܗ܋− = ૛  ࡭૛ܛܗ܋
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Not possible. If ࡯ = ࣊

૛
, then (2) become ૙ = ૛  .Not possible .࡭૛ܛܗ܋

Thus, ࡯,࡮,࡭ must be all acute angles. From (1) 

૛ ࡭ܛܗ܋ ࡮ܛܗ܋ = ૛ ૛ܛܗ܋ ࡯ ⇒ ૛ ૛ܛܗ܋ ࡯ = ࡭)ܛܗ܋ + (࡮ + ࡭)ܛܗ܋ −  (࡮

⇒ ૛ܛܗ܋૛ ࡯ + ࡯ܛܗ܋ ≤ ૚ ⇒ (૛࡯ܛܗ܋ − ૚)(࡯ܛܗ܋ + ૚) ≤ ૙ 

⇒ ૙ < ࡯ܛܗ܋ ≤ ૚
૛
⇒ ࣊

૜
≤ ࡯ < ࣊

૛
. Similarly, from (2), (3) 

࣊
૜
≤ ࡮,࡭ < ࣊

૛
. As ࡭ + ࡮ + ࡯ = ࣊ and  ࣘ࣊

૜
≤ ࡯,࡮,࡭ < ࣊

૛
, 

we get ࡭ = ࡮ = ࡯ = ࣊
૜

 

187. Solve for real numbers: 

൝
૛ૠ࢞ + ૛ = ૜࢟ା૚
૛ૠ࢟ + ૛ = ૜ࢠା૚
૛ૠࢠ + ૛ = ૜࢞ା૚

 

Proposed by Seyran Ibrahimov-Maasilli-Azerbaidian 

Solution 1 by Boris Colakovic-Belgrade-Serbia, Solution 2 by Rustem Zeynalov-

Baku-Azerbaidian 

Solution 1 by Boris Colakovic-Belgrade-Serbia 

൝
૜૜࢞ + ૛ = ૜࢟ା૚
૜૜࢟ + ૛ = ૜ࢠା૚
૜૜ࢠ + ૛ = ૜࢞ା૚

. Substitutions ૜࢞ = ࢟૜;ࢇ = ,࢈ ૜ࢠ = ൝ ;ࢉ
૜ࢇ + ૛ = ૜࢈
૜࢈ + ૛ = ૜ࢉ
૜ࢉ + ૛ = ૜ࢇ

 

૜ࢇ + ૚ + ૚ ≥⏞
ࡹࡳିࡹ࡭

૜ඥࢇ૜૜ = ૜ࢇ 

૜࢈ + ૚+ ૚ ≥⏞
ࡹࡳିࡹ࡭

૜ඥ࢈૜૜ = ૜࢈ 

૜ࢉ + ૚ + ૚ ≥⏞
ࡹࡳିࡹ࡭

૜ඥࢉ૜૜ = ૜ࢇ 

Equality holds for ࢇ = ૚;࢈ = ૚; ࢉ = ૚ 

૜࢞ = ૚ ⇒ ࢞ = ૙, ૜࢞ = ૚ ⇒ ࢟ = ૙,૜ࢠ = ૚ ⇒ ࢠ = ૙ 
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Solution 2 by Rustem Zeynalov-Baku-Azerbaidian 

൝
૛ૠ࢞ + ૛ = ૜࢟ା૚
૛ૠ࢟ + ૛ = ૜ࢠା૚
૛ૠࢠ + ૛ = ૜࢞ା૚

. Symetric࢞ = ࢟ = ࢞૛ૠ ;ࢠ + ૛ = ૜࢞ା૚; 	૜࢞ =  ࢇ

૜ࢇ + ૛ = ૜ࢇ; ૜ࢇ	 − ૜ࢇ + ૛ = ૙; ૜ࢇ	 − ૚− ૜ࢇ + ૜ = ૙ 

ࢇ) − ૚)(ࢇ૛ + ࢇ + ૚) − ૜(ࢇ − ૚) = ૙; ࢇ)	 − ૚)(ࢇ૛ + ࢇ − ૛) = ૙ 

ࢇ − ૚ = ૙,ࢇ૛ + ࢇ − ૛ = ૙;ࢇ૚ = ૚;ࢇ૛ = −૛; ૜ࢇ	 = ૚ 

૜࢞ = −૛		∅; 	૜࢞ = ૚; ࢞	 = ૙; ࢞	 = ࢟ = ࢠ = ૙ 

 

188. Solve for real numbers: 

ܖ܉ܜ] [࢞ ⋅ ࢞ܜܗ܋) − ([࢞ܜܗ܋] = ܖ܉ܜ) ࢞ − ܖ܉ܜ] ([࢞ ⋅  [࢞ܜܗ܋]

[∗] − great integer function 

Proposed by Rovsen Pirgulyev-Sumgait-Azerbaidian 

Solution by Ravi Prakash-New Delhi-India 

ܖ܉ܜ] ࢞ܜܗ܋)[࢞ − ܜܗ܋] ([࢞ = ܖ܉ܜ) ࢞ − ܖ܉ܜ]  (1)   [࢞ܜܗ܋]([࢞

For ૙ < ݔ < ࣊
૝

,૙ < ܖ܉ܜ ࢞ < 1, ܖ܉ܜ] [࢞ = ૙ and [࢞ܜܗ܋] ≥ ૚ 

Now (1) becomes ૙ = ܖ܉ܜ) [࢞ܜܗ܋](࢞ ≠ ૙ 

∴ (1) has no solution for ૙ < ݔ < ࣊
૝

. 

For ࢞ = ࣊
૝

, (1) becomes ૚(૚ − ૚) = (૚ − ૚)(૚) which is clearly holds. 

For ࣊
૝

< ݔ < ࣊
૛

, ܖ܉ܜ] [࢞ ≥ ૚ and [࢞ܜܗ܋] = ૙. Now (1) becomes 

ܖ܉ܜ] [࢞ ࢞ܜܗ܋ = ૙. i.e. ૙ = ܖ܉ܜ] [࢞ ࢞ܜܗ܋ ≠ ૙ 

∴ (1) has no solution for  ࣊
૝

< ݔ < ࣊
૛

. Next, let − ࣊
૝

< ݔ < 0, 

ܖ܉ܜ] [࢞ = −૚, [࢞ܜܗ܋] ≤ −૛. Write (1) as 

(−૚)(ܜܗ܋ ࢞ − ([࢞ܜܗ܋] = ܖ܉ܜ) ࢞ + ૚)[࢞ܜܗ܋] ⇒ ࢞ܜܗ܋− = ܖ܉ܜ)  (2)   [࢞ܜܗ܋](࢞
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Let [࢞ܜܗ܋] = ࢑ then ,࢑ ≤ −૛ and ࢞ܜܗ܋ ≤ ≤ of (2) ࡿࡴࡸ ࢑   ࢑−

and ࡿࡴࡾ of (2) < −݇. Thus, (1) has not solution for − ࣊
૝

< ݔ < 0. 

For ࢞ = − ࣊
૝

, (1) is satisfied.  

Similarly, (1) has no solution for − ࣊
૛

< ݔ < − ࣊
૝

 

As ܖ܉ܜ ܜܗ܋ and ࢞  we get solution set to be ,࣊ are periodic with period ࢞

(૛࢑ + ૚) ࣊
૝

 where ࢑ is an integer. 

 

189. Prove that: 

૛ܖܑܛ
ૠ࣊
૚ૡ ⋅ ܖܑܛ

૞࣊
૚ૡ − ૛ܖܑܛ

࣊
૚ૡ ⋅ ܖܑܛ

ૠ࣊
૚ૡ + ૛ܖܑܛ

૞࣊
૚ૡ ⋅ ܖܑܛ

࣊
૚ૡ =

૜
૝ 

Proposed by George Apostolopoulos – Messolonghi – Greece  

Solution by Kevin Soto Palacios – Huarmey – Peru  

Evaluar la siguiente expresión 

ࡱ = ૛ܖܑܛ
ૠ࣊
૚ૡ ⋅ ܖܑܛ

૞࣊
૚ૡ − ૛ܖܑܛ

࣊
૚ૡ ⋅ ܖܑܛ

ૠ࣊
૚ૡ + ૛ܖܑܛ

૞࣊
૚ૡ ⋅ ܖܑܛ

࣊
૚ૡ 

Tener en cuenta las siguientes identidades 

૛ܖܑܛ૛ ࢞ = ૚ − ܛܗ܋ ૛࢞ , ܖܑܛ ࢞ + ܖܑܛ ࢟ = ૛ ܖܑܛ ൬
࢞ + ࢟
૛

൰ ቀܛܗ܋
࢞ − ࢟
૛

ቁ, 

࢞ܖܑܛ − ܖܑܛ ࢟ = ૛ ܖܑܛ ቀ
࢞ − ࢟
૛

ቁܛܗ܋ ൬
࢞ + ࢟
૛

൰ 

ܖܑܛ ૚૙° + ܖܑܛ ૞૙° = ૛ܖܑܛ ૜૙° ܛܗ܋ ૛૙ ° = ܖܑܛ ૠ૙° ⇔ ܖܑܛ ૚૙° + ܖܑܛ ૞૙° − ܖܑܛ ૠ૙° = ૙ 

Lo pedido es equivalente 

૝ࡱ = ૝ܖܑܛ૛ ૠ૙° ⋅ ܖܑܛ ૞૙° − ૝ ૛ܖܑܛ ૚૙° ⋅ ܖܑܛ ૠ૙° + ૝ܖܑܛ૛ ૞૙° ⋅ ܖܑܛ ૚૙° 
૝ࡱ = ૛(૚− ૚૝૙ܛܗ܋ °) ܖܑܛ ૞૙° − ૛(૚ − (°૛૙ܛܗ܋ ܖܑܛ ૠ૙° + ૛(૚ − (°૚૙૙ܛܗ܋ ܖܑܛ ૚૙° 

૝ࡱ = ૛(૚ + ܛܗ܋ ૝૙ °) ܖܑܛ ૞૙° − ૛(૚ − (°૛૙ܛܗ܋ ܖܑܛ ૠ૙° + ૛(૚ + ܛܗ܋ ૡ૙°) ܖܑܛ ૚૙ ° 
ࡱ = ૛(ܖܑܛ ૚૙° + ܖܑܛ ૞૙° − ܖܑܛ ૠ૙°) + ૛ ૞૙ܖܑܛ ° ܛܗ܋ ૝૙ ° + ૛ܖܑܛ ૠ૙° ܛܗ܋ ૛૙° + ૛ ܖܑܛ ૚૙° ૡ૙ܛܗ܋ ° 
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૝ࡱ = ૛(ܖܑܛ ૚૙° + ܖܑܛ ૞૙° − ૠ૙ܖܑܛ °) + ܖܑܛ) ૢ૙° + ܖܑܛ ૚૙°) + ܖܑܛ) ૢ૙° + ܖܑܛ ૞૙°) + 

ܖܑܛ)+ ૢ૙ ° − ૠ૙ܖܑܛ °) 

૝ࡱ = ૜(ܖܑܛ ૚૙ ° + ܖܑܛ ૞૙ ° − ૠ૙ܖܑܛ °) + ૜ ܖܑܛ ૢ૙ ° 

૝ࡱ = ૜ ૙ૢܖܑܛ ° = ૜ ⇔ ࡱ =
૜
૝ 

190. ∑ ቀ ૚
(૝ି࢔૛)૛ି૚

ቁஶ
ୀ૚࢑ > 2∑ ቀ ૚

(૝ି࢔૚)૛ି૚
ቁஶ

ୀ૚࢑ .  

Proposed by Uche Eliezer Okeke-Anambra-Nigeria 

Solution by Ravi Prakash-New Delhi-India 

ܵଵ = ෍൬
1

(4݊ − 2)ଶ − 1൰
ஶ

௞ୀଵ

=
1
2 ෍൤

1
4݊ − 3 −

1
4݊ − 1൨

ஶ

௡ୀଵ

 

=
1
2
൬1 −

1
3

+
1
5
−

1
7

+⋯൰ =
1
2
න(1 − ଶݔ + ସݔ − ଺ݔ + ⋯ )
ଵ

଴

=
1
2
න

ݔ݀
1 + ଶݔ

ଵ

଴

 

ܵଶ = 2 ෍
1

(4݊ − 1)ଶ − 1

ஶ

௡ୀଵ

= ෍൬
1

4݊ − 2 −
1

4݊൰
ஶ

௡ୀଵ

=
1
2 ෍൬

1
2݊ − 1 −

1
2݊൰

ஶ

௡ୀଵ

 

=
1
2
൬1 −

1
2

+
1
3
−

1
4

+ ⋯൰ =
1
2
න(1 − ݔ + ଶݔ − ଷݔ + ⋯ )
ଵ

଴

ݔ݀ =
1
2
න

ݔ݀
1 + ݔ

ଵ

଴

 

∴ ܵଵ − ܵଶ =
1
2න൬

1
1 + ଶݔ −

1
1 + ൰ݔ

ଵ

଴

ݔ݀ =
1
2න

1)ݔ − (ݔ
(1 + ଶ)(1ݔ + (ݔ

ଵ

଴

ݔ݀ > 0 

⇒ ܵଵ > ܵଶ 

191. Find: 

ࢹ = නܖ܉ܜ܋ܚ܉)ܖܑܛ)ܛܗ܋܋ܚ܉)ܖ܉ܜ (((࢞
࢈

ࢇ

૙,࢞ࢊ < ܽ < ܾ <
࣊
૛

 

Proposed by Daniel Sitaru – Romania  
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Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco, Solution 2 by Anas 

Adlany-El Zemamra-Morocco, Solution 3 by Rozeta Atanasova-Skopje 

Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco 

ࢹ = න ((((࢞)ܖ܉ܜ܋ܚ܉)ܖܑܛ)ܛܗ܋܋ܚ܉)ܖ܉ܜ
࢈

ࢇ

 ࢞ࢊ

= න ܖ܉ܜ ቀ
࣊
૛
− ቁ(((࢞)ܖ܉ܜ܋ܚ܉)ܖܑܛ)ܖܑܛ܋ܚ܉

࢈

ࢇ

࢞ࢊ ∵ ࢞ܖ܉ܜ܋ܚ܉ ∈ ቃ૙;
࣊
૛
ቂ 

= න ܖ܉ܜ ቀ
࣊
૛
− ቁ(࢞)ܖ܉ܜ܋ܚ܉

࢈

ࢇ

࢞ࢊ = නܖ܉ܜ ൬ܖ܉ܜ܋ܚ܉൬
૚
࢞
൰൰

࢈

ࢇ

࢞ࢊ = න
૚
࢞
࢞ࢊ

࢈

ࢇ

= ܖܔ ൬
࢈
ࢇ
൰ 

Solution 2 by Anas Adlany-El Zemamra-Morocco 

We prove that ((((࢞)ܖ܉ܜ܋ܚ܉)ܖܑܛ)ܛܗ܋܋ܚ܉)ܖ܉ܜ = ૚
࢞
. 

First, let ࢚ =  then (࢞)ܖ܉ܜ܋ܚ܉

(((࢚)ܖܑܛ)ܛܗ܋܋ܚ܉)ܖ܉ܜ = ܛܗ܋܋ܚ܉ቀܖ܉ܜ ቀܛܗ܋ ቀ࣊
૛
− ቁቁቁ࢚ = ࣊ቀܖ܉ܜ

૛
− ቁ࢚ = ૚

(࢚)ܖ܉ܜ
= ૚

࢞
     

Hence ࢹ = ∫ ࢈((((࢞)ܖ܉ܜ܋ܚ܉)ܖܑܛ)ܛܗ܋܋ܚ܉)ܖ܉ܜ
ࢇ ࢞ࢊ = ∫ ࢞ࢊ

࢞
࢈
ࢇ = ܖܔ ቀ࢈

ࢇ
ቁ 

Solution 3 by Rozeta Atanasova-Skopje 

ܖܑܛ)ܛܗ܋܋ܚ܉ (࢞ =
࣊
૛
− ࢞ ⇒ 

ࢹ = නܖ܉ܜ܋ܚ܉)ܖܑܛ)ܛܗ܋܋ܚ܉)ܖ܉ܜ (((࢞
࢈

ࢇ

࢞ࢊ = නܖ܉ܜ ቀ
࣊
૛
− ቁ࢞ܖ܉ܜ܋ܚ܉

࢈

ࢇ

࢞ࢊ = 

= න(࢞ܖ܉ܜ܋ܚ܉)ܜܗ܋
࢈

ࢇ

࢞ࢊ = න
࢞ࢊ
࢞

࢈

ࢇ

= ܖܔ
࢈
ࢇ
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192. If ࢖,࢔,࢓ ≥ ૛ 

(࢔)ࢹ = ૝ି࢔૚න൬૚ +
૚

√૛ − 	࢞ ൰ ൬૚+
૚
࢔࢞√ ൰

૜
૛

૚
૛

 ࢞ࢊ

then: 

(࢖)ࢹ(࢓)ࢹ(࢔)ࢹ ≥ ૟૝ඥ࢖࢔࢓૜  

Proposed by Daniel Sitaru – Romania  

Solution by Ravi Prakash-New Delhi-India 

Let ࢔ࡵ = ∫ ቆ૚+ ૚

࢞
૚
࢔
ቇቆ૚ + ૚

(૛ି࢞)
૚
࢔
ቇ

૜
૛
૚
૛

࢞ࢊ = ∫ ቈ૚ + ૚

࢞
૚
࢔

+ ૚

(૛ି࢞)
૚
࢔

+ ૚

[(࢞૛ି)࢞]
૚
࢔
቉࢞ࢊ

૜
૛
૚
૛

 

Also ૚
૛
૚
࢔

+ ૚

(૛ି࢞)
૚
࢔
≥ ૛

[(࢞૛ି)࢞]
૚
૛࢔

 and ࢞(૛ − (࢞ = ૚ − (૚ − ૛(࢞ ≤ ૚ 

∴ ૚

࢞
૚
࢔

+ ૚

(૛ି࢞)
૚
࢔
≥ ૛ and ૚

[(࢞૛ି)࢞]
૚
࢔
≥ ૚. Thus,  

࢔ࡵ ≥ න࢛	࢞ࢊ = ૝

૜
૛

૚
૛

⇒ (࢔)ࢹ ≥ ૝ି࢔૚࢛ = ૝࢔ 

Now, (࢖)ࢹ(࢓)ࢹ(࢔)ࢹ ≥ ૝࢓ା࢔ା࢖ ≥ ૝૜(࢖࢔࢓)
૚
૜ = ૟૝(࢖࢔࢓)

૚
૜  

 

193. If ࢇ ∈ ℝ,ࢌ: ࢇ,ࢇ] + ૛] → ℝ, ࢌ ∈ ࢇ,ࢇ])૛࡯ + ૛]),૟ ≤ (࢞)ᇱᇱࢌ ≤ ૚૛, then: 

૚ + ࢇ)ࢌ + ૚) ≤
૚
૛
න ࢞ࢊ(࢞)ࢌ
ା૛ࢇ

ࢇ

≤ ૛ + ࢇ)ࢌ + ૚) 

Proposed by Daniel Sitaru – Romania  

Solution by Soumitra Mandal-Chandar Nagore-India 



 
www.ssmrmh.ro 

 
Let (࢞)࣐ = (࢞)ࢌ − ૜࢞૛ for all ࢞ ∈ ࢇ,ࢇ] + ૛],࣐ᇱᇱ(࢞) = −(࢞)ᇱᇱࢌ ૟ ≥ ૙  

hence ࣐ is convex. By Hermite Hadamard inequality 

+ࢇ)࣐ ૚) ≤
૚
૛ න (࢞)࣐
ା૛ࢇ

ࢇ

࢞ࢊ ⇒ ࢇ)ࢌ + ૚) − ૜(ࢇ + ૚)૛ ≤
૚
૛ න (࢞)ࢌ
ା૛ࢇ

ࢇ

࢞ࢊ −
૜
૛ න ૛࢞
ା૛ࢇ

ࢇ

 ࢞ࢊ

⇒ ૚ + ࢇ)ࢌ + ૚) ≤ ૚
૛∫ ା૛ࢇ(࢞)ࢌ

ࢇ (࢞)ࡳ Let .࢞ࢊ = ૟࢞૛ −   for all (࢞)ࢌ

࢞ ∈ ࢇ,ࢇ] + ૛]. ࡳᇱᇱ(࢞) = ૚૛ − (࢞)ᇱᇱࢌ ≥ ૙ for all ࢞ ∈ ࢇ,ࢇ] + ૛] hence ࡳ is 

convex. By Hermite Hadamard inequality 

૚
૛ න (࢞)ࡳ
ା૛ࢇ

ࢇ

࢞ࢊ ≥ +ࢇ)ࡳ ૚) ⇒
૟
૛ න ࢞ࢊ૛࢞
ା૛ࢇ

ࢇ

−
૚
૛ න (࢞)ࢌ
ା૛ࢇ

ࢇ

࢞ࢊ ≥ ૟(ࢇ + ૚)૛ − +ࢇ)ࢌ ૚) 

⇒ ૛ + ࢇ)ࢌ + ૚) ≥
૚
૛ න (࢞)ࢌ
૛+ࢇ

ࢇ
࢞ࢊ ∴ ૛+ +ࢇ)ࢌ ૚) ≥ ૚

૛ න (࢞)ࢌ
૛+ࢇ

ࢇ
࢞ࢊ ≥ ૚+ +ࢇ)ࢌ ૚) 

 

194. If ࢈,ࢇ > 0 then: 

૛ න ࢞ࢋ ࢞)ܖܔ + ૚)
࢈ࢇ√

૙

࢞ࢊ ≤ න࢞ࢋ ࢞)ܖܔ + ૚)࢞ࢊ
ࢇ

૙

+ න࢞ࢋ ࢞)ܖܔ + ૚)
࢈

૙

 ࢞ࢊ

Proposed by Daniel Sitaru – Romania  

Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco, Solution 2 by Anunoy 

Chakraborty-India, Solution 3 by Geanina Tudose-Romania, Solution 4 by 

Soumitra Mandal-Chandar Nagore-India 

Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco 

࢞∀ > 0: (࢞)݂ = ࢞ࢋ ࢞)ܖܔ + ૚)  .his primitive function (࢞)ܨ	&

So, ࡲᇱᇱ(࢞) = (࢞)ᇱࢌ = ቀ ૚
ା૚࢞

+ ࢞)ܖܔ + ૚)ቁ ࢞ࢋ > 0. 

So, ࡲ is a convex function ⇒ ࢈ାࢇቀࡲ
૛
ቁ ≤ (࢈)ࡲା(ࢇ)ࡲ

૛
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ࡵ = ૛ න (࢞)ࢌ
࢈ࢇ√

૙

࢞ࢊ ≤
ࡹࡳିࡹ࡭

න (࢞)ࢌ

࢈ାࢇ
૛

૙

		࢞ࢊ ∴ (࢞)ࢌ ≥ ૙ 

= න(࢞)ࢌ
ࢇ

૙

࢞ࢊ + න (࢞)ࢌ

࢈ାࢇ
૛

ࢇ

࢞ࢊ + න(࢞)ࢌ
࢈

૙

࢞ࢊ + න (࢞)ࢌ

࢈ାࢇ
૛

࢈

 ࢞ࢊ

= න(࢞)ࢌ
ࢇ

૙

࢞ࢊ + න(࢞)ࢌ
࢈

૙

࢞ࢊ + ૛ࡲ ൬
ࢇ + ࢈
૛

൰ − (ࢇ)ࡲ −  (࢈)ࡲ

≤ න(࢞)ࢌ
ࢇ

૙

࢞ࢊ + න(࢞)ࢌ
࢈

૙

 ࢞ࢊ

→ ૛ න ࢞ࢋ ࢞)ܖܔ + ૚)
࢈ࢇ√

૙

≤ න࢞ࢋ
ࢇ

૙

࢞)ܖܔ + ૚)࢞ࢊ + න࢞ࢋ ࢞)ܖܔ + ૚)
࢈

૙

 ࢞ࢊ

Solution 2 by Anunoy Chakraborty-India 

Let (࢔)ࢌ = ∫ ૚)࢔ࢋ + ܖܔ ࢔࢔ࢊ(࢞
૙ (࢔)ᇱࢌ; = ૚)࢔ࢋ + ܖܔ  (࢔

(࢔)ᇱᇱࢌ =
࢔ࢋ

࢔
+ ૚)࢔ࢋ + ܖܔ (࢔ > (࢔)ᇱᇱࢌ;0 > 0	;∀	݊ > 0 

By Jensen’s inequality, (ࢇ)ࢌ + (࢈)ࢌ ≥ ૛ࢌቀࢇା࢈
૛
ቁ 

∴ න࢔ࢋ
ࢇ

૙

(૚ + ܖܔ ࢔ࢊ(࢔ + න࢔ࢋ(૚ + ܖܔ ࢔ࢊ(࢔
࢈

૙

≥ ૛ න ૚)࢔ࢋ + (࢔ܖܔ

(࢈ାࢇ)
૛

૙

 ࢔ࢊ

૛∫ ૚)࢔ࢋ + ܖܔ ࢔ࢊ(࢔
࢈శࢇ
૛

૙ ≥ ૛∫ ૚)࢔ࢋ + ܖܔ ࢈ࢇ√(࢔
૙  [By AM-GM Inequality]  ࢔ࢊ
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∴ න࢔ࢋ(૚ + ܖܔ (࢔
ࢇ

૙

࢔ࢊ + න࢔ࢋ(૚ + ܖܔ (࢔
࢈

૙

࢔ࢊ ≥ ૛ න ૚)࢔ࢋ + ܖܔ (࢔
࢈ࢇ√

૙

 ࢔ࢊ

Solution 3 by Geanina Tudose-Romania 

Let ࢌ: [૙, +∞) → ℝ,(࢞)ࢌ = ࢞ࢋ ࢞)ܖܔ + ૚) continuous and let ࡲ be an 

antiderivative. Since (࢞)ࢌ ≥ ૙, ࢞	(∀) ∈ [૙, +∞) ⇒  is strictly increasing ࡲ

(࢞)ᇱࢌ = ࢞ࢋ ࢞)ܖܔ + ૚) +
࢞ࢋ

࢞ + ૚
= ࢞ࢋ ൬࢞)ܖܔ + ૚) +

૚
࢞ + ૚

൰ > 0 ⇒ 

 a convexe function ࡲ

૛ න ࢞ࢋ ࢞)ܖܔ + ૚)
࢈ࢇ√

૙

࢞ࢊ ≤ න࢞ࢋ ࢞)ܖܔ + ૚)࢞ࢊ
ࢇ

૙

+ න࢞ࢋ ࢞)ܖܔ + ૚)
࢈

૙

 ࢞ࢊ

⇔ ૛ࡲ൫√࢈ࢇ൯ − ૛ࡲ(૙) ≤ −(ࢇ)ࡲ (૙)ࡲ + −(࢈)ࡲ (૙)ࡲ ⇔ ൯࢈ࢇ√൫ࡲ ≤
(ࢇ)ࡲ + (࢈)ࡲ

૛  

࢈ࢇ√	ࢋࢉ࢔࢏ࡿ ≤
ࢇ + ࢈
૛

ࢍ࢔࢏࢙ࢇࢋ࢘ࢉ࢔࢏	ࡲ
ൡ ⇒ ൯࢈ࢇ√൫ࡲ ≤ ࡲ ൬

ࢇ + ࢈
૛

൰ ≤
࢔ࢋ࢙࢔ࢋࡶ (ࢇ)ࡲ + (࢈)ࡲ

૛
 

Solution 4 by Soumitra Mandal-Chandar Nagore-India 

Let (࢚)ࢌ = ∫ ࢞ࢋ ࢞)ܖܔ + ૚)࢚࢞ࢊ
૙  for all ࢚ ≥ ૙ 

(࢚)ᇱᇱࢌ = ࢚ࢋ ቀ࢚)ܖܔ + ૚) + ૚
ା૚࢚

ቁ > 0 for all ࢚ ≥ ૙. Hence ࢌ is convex 

∴ for ࢈,ࢇ ≥ ૙, (ࢇ)ࢌ + (࢈)ࢌ ≥ ૛ࢌ ቀࢇା࢈
૛
ቁ 

න࢞ࢋ ૚)ܖܔ + (࢞
ࢇ

૙

࢞ࢊ + න࢞ࢋ
࢈

૙

૚)ܖܔ + ࢞ࢊ(࢞ ≥ ૛ න ࢞ࢋ ૚)ܖܔ + (࢞

࢈ାࢇ
૛

૙

࢞ࢊ ≥ 

≥ ૛ න ࢞ࢋ
࢈ࢇ√

૙

૚)ܖܔ +  ࢞ࢊ(࢞



 
www.ssmrmh.ro 

 
195. Find: 

ࢹ = ܕܑܔ
૙→࢞

∫ √૚ + ૛࢞૜ ⋅ √૚ + ૜࢞૞ − ૚
࢞ ࢞࢞ࢊ

૙

∫ √૚ + ૜࢞૜ ⋅ √૚ + ૛࢞૞ − ૚
࢞

࢞
૙ ࢞ࢊ

 

Proposed by Daniel Sitaru – Romania  

Solutions 1,2 by Abdelhak Maoukouf-Casablanca-Morocco, Solution 3 by 

Serban George Florin-Romania, Solution 4 by Lazaros Zachariadis-

Thessaloniki-Greece 

Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco 

(࢚)ࢌ = √૚ା૛࢚૜ ⋅ √૚ା૜࢚૞ ି૚
࢚

= √૚ା૛࢚૜ ⋅ √૚ା૜࢚૞ ି √૚ା૜࢚૞ ା √૚ା૜࢚૞ ି૚
࢚

=  

=
√૚ା૜࢚૞ ቀ √૚ା૛࢚૜ ି૚ቁାቀ √૚ା૜࢚૞ ି૚ቁ

࢚
=

√૚ା૜࢚૞ (૚శ૛࢚ష૚)

∑ ቀ √૚శ૛࢚૜ ቁ
૛࢑

స૙࢑

ା (૚శ૜࢚ష૚)

∑ ቀ √૚శ૜࢚૞ ቁ
૝࢑

స૙࢑

࢚
=  

=
૛√૚ + ૜࢚૞

∑ ൫√૚+ ૛࢚૜ ൯
૛࢑

ୀ૙࢑

+
૜

∑ ൫√૚ + ૜࢚૞ ൯
૝࢑

ୀ૙࢑

 

(࢚)ࢍ = √૚ା૜࢚૜ ⋅ √૚ା૛࢚૞ ି૚
࢚

= ૜ √૚ା૛࢚૞

∑ ቀ √૚ା૜࢚૜ ቁ
࢑

૛
స૙࢑

+ ૛

∑ ቀ √૚ା૛࢚૞ ቁ
࢑

૝
స૙࢑

∵ By the same way 

ࢹ = ૙→࢞ܕܑܔ
∫ ࢞(࢚)ࢌ
૙ ࢚ࢊ
࢚ࢊ(࢚)ࢍ

=
࢒ࢇ࢚࢏࢖࢙࢕ࡴ

૙→࢞ܕܑܔ

∫ ቌ ૛ √૚శ૜࢚૞

∑ ቀ √૚శ૛࢚૜ ቁ
૛࢑

స૙࢑

ା ૜

∑ ቀ √૚శ૜࢚૞ ቁ
૝࢑

స૙࢑

ቍ࢞
૙ ࢚ࢊ

∫ ቌ ૜ √૚శ૛࢚૞

∑ ቀ √૚శ૜࢚૜ ቁ
૛࢑

స૙࢑

ା ૛

∑ ቀ √૚శ૛࢚૞ ቁ
૝࢑

స૙࢑

ቍ࢞
૙ ࢚ࢊ

  

=
࢒ࢇ࢚࢏࢖࢙࢕ࡴ

૙→࢞ܕܑܔ

ቌ ૛ √૚శ૜࢞૞

∑ ቀ √૚శ૛࢞૜ ቁ
૛࢑

స૙࢑

ା ૜

∑ ቀ √૚శ૜࢞૞ ቁ
૝࢑

స૙࢑

ቍ

ቌ ૜ √૚శ૛࢞૞

∑ ቀ √૚శ૜࢞૜ ቁ
૛࢑

స૙࢑

ା ૛
∑ (૚శ૛࢞)࢑૝
స૙࢑

ቍ

=
ቆ ૛
∑ ૚૛
స૙࢑

ା ૜
∑ ૚૝
స૙࢑

ቇ

ቆ ૜
∑ ૚૛
స૙࢑

ା ૛
∑ ૚૝
స૙࢑

ቇ
=

૛
૜ା

૜
૞

૜
૜ା

૛
૞

= ૚ૢ
૛૚
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Solution 2 by Abdelhak Maoukouf-Casablanca-Morocco 

ࢹ = ܕܑܔ
૙→࢞

∫ √૚+ ૛࢚૜ ⋅ √૚+ ૜࢚૞ − ૚
࢚ ࢚࢞ࢊ

૙

∫ √૚+ ૜࢚૜ ⋅ √૚+ ૛࢚૞ − ૚
࢚ ࢚࢞ࢊ

૙

=
࢒ࢇ࢚࢏࢖࢙࢕ࡴ

ܕܑܔ
૙→࢞

√૚ + ૛࢞૜ ⋅ √૚ + ૜࢞૞ − ૚
࢞

√૚ + ૜࢞૜ ⋅ √૚ + ૛࢞૞ − ૚
࢞

 

= ܕܑܔ
૙→࢞

√૚ + ૛࢞૜ ⋅ √૚ + ૜࢞૞ − ૚
√૚ + ૜࢞૜ ⋅ √૚ + ૛࢞૞ − ૚

= ܕܑܔ
૙→࢞

൫√૚ܖܔ൫ܘܠ܍ + ૛࢞૜ ⋅ √૚ + ૜࢞૞ ൯൯ − ૚
൫√૚ܖܔ൫ܘܠ܍ + ૜࢞૜ ⋅ √૚ + ૛࢞૞ ൯൯ − ૚

 

= ܕܑܔ
૙→࢞

ܘܠ܍ ൬ܖܔ(૚ + ૛࢞)
૜ + ૚)ܖܔ + ૜࢞)

૞ ൰ − ૚

૚)ܖܔ൬ܘܠ܍ + ૜࢞)
૜ + ૚)ܖܔ + ૛࢞)

૞ ൰ − ૚
 

= ܕܑܔ
૙→࢞

ܘܠ܍ ൬ܖܔ(૚ + ૛࢞)
૜ + ૚)ܖܔ + ૜࢞)

૞ ൰ − ૚
૚)ܖܔ + ૛࢞)

૜ + ૚)ܖܔ + ૜࢞)
૞

૚)ܖܔ൬ܘܠ܍ + ૜࢞)
૜ + ૚)ܖܔ + ૛࢞)

૞ ൰ − ૚
૚)ܖܔ + ૜࢞)

૜ + ૚)ܖܔ + ૛࢞)
૞ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ

→૚

⋅
૚)ܖܔ + ૛࢞)

૜ + ૚)ܖܔ + ૜࢞)
૞

૚)ܖܔ + ૜࢞)
૜ + ૚)ܖܔ + ૛࢞)

૞

 

= ܕܑܔ
૙→࢞

૚)ܖܔ + ૛࢞)
૜ + ૚)ܖܔ + ૜࢞)

૞
૚)ܖܔ + ૜࢞)

૜ + ૚)ܖܔ + ૛࢞)
૞

=
૙→࢞

࢞ࢇ~(࢞ࢇ૚ା)ܖܔ
ܕܑܔ
૙→࢞

૛࢞
૜ + ૜࢞

૞
૜࢞
૜ + ૛࢞

૞
=
૛
૜ + ૜

૞
૜
૜ + ૛

૞
=
૚ૢ
૛૚ 

Solution 3 by Serban George Florin-Romania 

ࢹ =
૙
૙	ࡴ.ࡸ,

ܕܑܔ
૙→࢞

√૚+ ૛࢞૜ ⋅ √૚+ ૜࢞૞ − ૚
࢞

⋅
࢞

√૚ + ૜࢞૜ √૚+ ૛࢞૞ − ૚
= 

ࢹ =
૙
૙ ܕܑܔ
૙→࢞

√૚+ ૛࢞૜ ⋅ √૚ + ૜࢞૞ − ૚
√૚+ ૜࢞૜ ⋅ √૚ + ૛࢞૞ − ૚
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ࢹ .ࡴ.ࡸ= ܕܑܔ
૙→࢞

૚
૜ (૚ + ૛࢞)ି

૛
૜ ⋅ ૛ ⋅ √૚ + ૜࢞૞ + ૚

૞ (૚ + ૜࢞)ି
૝
૞ ⋅ ૜√૚+ ૛࢞૜

૚
૜ (૚ + ૜࢞)ି

૛
૜ ⋅ ૜ ⋅ √૚ + ૛࢞૞ + ૚

૞ (૚ + ૛࢞)ି
૝
૞ ⋅ ૛ ⋅ √૚+ ૜࢞૜

 

ࢹ =
૛
૜ + ૜

૞
૚ + ૛

૞
=
૚ૢ
૚૞ ⋅

૞
ૠ =

૚ૢ
૛૚ 

Solution 4 by Lazaros Zachariadis-Thessaloniki-Greece 

ܕܑܔ
૙→࢞

∫ √૚ + ૛࢚૜ ⋅ √૚ + ૜࢚૞ − ૚
࢚

࢞
૙ ࢚ࢊ

∫ √૚ + ૜࢚૜ ⋅ √૚ + ૛࢚૞ − ૚
࢚ ࢚࢞ࢊ

૙

=
ࡴࡸࡰ

ቀ૙૙ቁ ܕܑܔ
૙→࢞

√૚ + ૛࢞૜ ⋅ √૚ + ૜࢞૞ − ૚
√૚ + ૜࢞૜ ⋅ √૚ + ૛࢞૞ − ૚

 

=
૙→࢞	࢔ࢋࢎ࢝

ା૚࢞≈࢞ࢋ ܕܑܔ
૙→࢞

૜࢞૛ࢋ√ ⋅ ૞࢞૜ࢋ√ − ૚
૜࢞૜ࢋ√ ⋅ ૞࢞૛ࢋ√ − ૚

= ܕܑܔ
૙→࢞

ࢋ
૛࢞
૜ ⋅ ࢋ

૜࢞
૞ − ૚

࢞ࢋ ⋅ ࢋ
૛࢞
૜ − ૚

 

= ܕܑܔ
૙→࢞

ࢋ
૚ૢ࢞
૚૞ − ૚

ࢋ
૛૚࢞
૚૞ − ૚

= ܕܑܔ
૙→࢞

૚ૢ࢞
૚૞
૛૚࢞
૚૞

=
૚ૢ
૛૚ 

 

196. Find: 

ࢹ = ܕܑܔ
ஶ→࢔

ඩ૚! + ඨ૛! + ට૜! + ඥ૝! !࢔√…

࢔
 

Proposed by Daniel Sitaru – Romania  

Solution by Ravi Prakash-New Delhi-India 

We first show that ࢔! < ૛૛࢔ ࢔∀		 ≥ ૚. For ࢔ = ૚,࢔! = ૚! = ૚ and  

૛૛૚ = ૛૛ = ૝ ∴ ૚! < ૛૛૚. Assume ࢑! < ૛૛࢑ , for some ࢑ ∈ ℕ. Now,  
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࢑ + ૚ < ૛૛࢑ ⇒ !࢑ ࢑) + ૚) < ૛૛࢑ ⋅ ૛૛࢑ = ૛૛࢑శ૚ ⇒ ࢑) + ૚)! < ૛૛࢑శ૚ 

∴ !࢔ < ૛૛࢔ ࢔∀			 ≥ ૚ 

Now, for ࢔ ≥ ૚,࢔! < ૛૛࢔ ⇒ !࢔√ < ൫૛૛࢔൯
૚
૛ = ૛(૛࢔)ቀ૚૛ቁ = ૛૛࢔ష૚ ⇒ 

⇒ ࢔) − ૚)! + !࢔√ < ૛૛࢔ష૚ + ૛૛࢔ష૚ = (૛)૛૛࢔ష૚ ⇒ 

⇒ ට(࢔ − ૚)! + !࢔√ < √૛ ⋅ ૛૛࢔ష૛ < 2൫૛૛࢔ష૛൯ ⇒ 

⇒ ࢔) − ૛)! + ට(࢔ − ૚)! + !࢔√ < 3൫૛૛࢔ష૛൯ ⇒ 

⇒ ඨ(࢔ − ૛)! + ට(࢔ − ૚)! + !࢔√ < √૜൫૛૛࢔ష૜൯ < (૜)൫૛૛࢔ష૜൯ 

Continuing in this way we get  

ඩ૚! + ඨ૛! + ට૜! + ⋯+ !࢔√ < ൫√࢔൯૛૛
࢔ష࢔ = ૛√࢔ 

⇒ ૙ <

ඨ૚! + ට૛! + ඥ૜! + ⋯+ !࢔√

࢔
<
૛√࢔
࢔

=
૛
࢔√

 

As ࢔ܕܑܔ→ஶ
૛
࢔√

= ૙, we get ࢹ = ஶ→࢔ܕܑܔ

ඨ૚!ାට૛!ାඥ૜!ା⋯ା√࢔!

࢔
= ૙ 

 

ࢹ .197 = ஶ→࢔ܕܑܔ

ඩ૛ඨ૜ට૝ඥ૞…√࢔

࢔
 

Proposed by Daniel Sitaru – Romania  
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Solution by Ravi Prakash-New Delhi-India 

For ࢔ ≥ ૛, let ࢔ࢇ = ඩ૛ඨ૜ට૝ඥ૞…√࢔ ⇒ ૛࢔ࢇ = ૛ඨ૜ට૝ඥ૞…√࢔ ⇒ 

⇒ ૛(૛࢔ࢇ) = ૛૛ ⋅ ૜ඨ૝ට૞…√࢔ ⇒ ൫࢔ࢇ૛
૛൯
૛

= ૛૛ ⋅ ૜૛ ⋅ ૝ට૞…√࢔ 

⇒ ൫࢔ࢇ૛
૜൯
૛

= ૛૛૜ ⋅ ૜૛૛ ⋅ ૝૛ ⋅ ૞ට૟…√࢔ 

… … … … … … … … … … … … … … … … … .. 

૛࢔ࢇ
ష૚࢔ = ૛૛࢔ష૛ ⋅ ૜૛࢔ష૜ ⋅ ૝૛࢔ష૝ … ࢔) − ૚)૛࢔ 

⇒ ቀ
࢔ࢇ
࢔
ቁ
૛࢔ష૚

= ൬
૛
࢔
൰
૛࢔ష૛

൬
૜
࢔
൰
૛࢔ష૜

… ൬
࢔ − ૚
࢔

൰
૛

⋅
࢔
࢔
⋅
૚
࢔
≤ ൬

૛
࢔
൰
૛࢔ష૛

 

⇒ ࢔ࢇ
࢔
≤ ට૛

࢔
⇒ ૙ < ࢔ࢇ

࢔
≤ ට૛

࢔
࢔	∀		 ≥ ૛. As ࢔ܕܑܔ→ஶට

૛
࢔

= ૙, we get  

ܕܑܔ
ஶ→࢔

࢔ࢇ
࢔

= ૙ 

 

198. Find: 

ࢣ = ܕܑܔ
ஶ→࢔

൫(࢔)ࢹ− ࢔)ࢹ + ૚)൯ (࢔)ࢹ, = න
࢞ࢊ

૚)࢞ + ࢔(૜࢞

ࢋ

૚

࢔, ∈ ℕ∗ 

Proposed by Daniel Sitaru – Romania  

Solution by Ravi Prakash-New Delhi-India 

(࢔)ࢹ = න
࢞ࢊ

૚)࢞ + ࢔(૜࢞

ࢋ

૚

=
૚
૜
න

૜࢞૛

૜(૚࢞ + ࢔(૜࢞

ࢋ

૚

 ࢞ࢊ
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Put ૚ + ૜࢞ = ,࢚ ૜࢞૛࢞ࢊ = ࢚ࢊ ∴ (࢔)ࢹ = ૚
૜∫

࢚ࢊ
࢔࢚(૚ି࢚)

૚ାࢋ૜

૛ . For ࢔ ≥ ૛ 

−(࢔)ࢹ ࢔)ࢹ − ૚) =
૚
૜
න

૚
࢚ − ૚

૚ାࢋ૜

૛

൬
૚
࢔࢚
−

૚
૚ି࢔࢚

൰࢚ࢊ =
૚
૜
න

૚
࢚ − ૚

૚ାࢋ૜

૛

⋅
(૚ − (࢚
࢔࢚

࢚ࢊ = 

= −
૚
૜ න ࢔ି࢚
૚ାࢋ૜

૛

࢚ࢊ = −
૚

૜(−࢔ + ૚) ࢋ૛૚ା[ା૚࢔ି࢚]
૜ =

૚
૜(࢔− ૚) ൤

૚
(૚ + ૚ି࢔(૜ࢋ −

૚
૛ି࢔૚൨ 

∴ ࢣ = ܕܑܔ
ஶ→࢔

(࢔)ࢹ] − ࢔)ࢹ − ૚)] = ૙ 

For ࢔ ≥ ૛,૚ ≤ ࢞ ≤ ࢋ ⇒ ૛ ≤ ૚ + ૜࢞ ≤ ૚ + ૜ࢋ ⇒ ૛࢔ ≤ (૚ + ࢔(૜࢞ ≤ (૚ +  ࢔(૜ࢋ

⇒ ૛࢔ ≤ ૚)࢞ + ࢔(૜࢞ ≤ ૚)ࢋ + ࢔(૜ࢋ ⇒
૚

૚)ࢋ + ࢔(૜ࢋ ≤
૚

૚)࢞ + ࢔(૜࢞ ≤
૚
૛࢔ ⇒ 

⇒ ૚ିࢋ
	࢔(૜ࢋ૚ା)ࢋ

≤ ∫ ࢞ࢊ
࢔(૜࢞૚ା)࢞

ࢋ
૚ ≤ ૚ିࢋ

૛࢔
. As ࢔ܕܑܔ→ஶ

૚ିࢋ
࢔(૜ࢋ૚ା)ࢋ = ૙ = ஶ→࢔ܕܑܔ

૚ିࢋ
૛࢔

 

∴ ܕܑܔ
ஶ→࢔

න
૚

૚)࢞ + ࢔(૜࢞

ࢋ

૚

࢞ࢊ = ૙ ⇒ ܕܑܔ
ஶ→࢔

(࢔)ࢹ = ૙ ⇒ ܕܑܔ
ஶ→࢔

൫(࢔)ࢹ −࢔)ࢹ− ૚)൯ = ૙ 

 

199. Find: 

ࢹ = ܕܑܔ
ஶ→࢔

൫√࢔!࢔ + ൯࢔
࢔

(૛࢔)!
 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco, Solution 2 by Ravi 

Prakash-New Delhi-India, Solution 3 by Geanina Tudose-Romania, Solution 4 

by Su Tanaya-India 
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Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco,  

ࢹ = ܕܑܔ
ஶ→࢔

൫√࢔!࢔ + ൯࢔
࢔

(૛࢔)!
=

ࢍ࢔࢏࢒࢒࢘࢏࢚ࡿ
ܕܑܔ
ஶ→࢔

ቆටቀࢋ࢔ቁ
࢔࢔

+ ቇ࢔
࢔

ቀ૛ࢋ࢔ ቁ
૛࢔ = ܕܑܔ

ஶ→࢔

ቀିࢋ)࢔૚ + ૚)ቁ
࢔

ቀ૛ࢋ࢔ ቁ
૛࢔  

= ܕܑܔ
ஶ→࢔

ቆ
+૚)࢔ (૚ିࢋ

૝࢔૛ ૛ቇࢋ
࢔

= ܕܑܔ
ஶ→࢔

ቆ
૛ࢋ) + (ࢋ
૝࢔ ቇ

࢔

= ܕܑܔ
ஶ→࢔

ቆ
૛ࢋ) + (ࢋ
૝࢔ ቇ

࢔

 

= ܕܑܔ
ஶ→࢔

ࢋ
࢔ ቆܖܔ

൫ࢋ૛ାࢋ൯
૝࢔ ቇ

= ஶିࢋ = ૙ 

Solution 2 by Ravi Prakash-New Delhi-India 

For ࢔ ≥ ૚,࢔! ≤ ࢔࢔ ⇒ (!࢔)
૚
࢔ ≤ ࢔ ⇒ ቀ࢔ + (!࢔)

૚
ቁ࢔
࢔
≤ (૛࢔)࢔ ⇒ 

⇒ ૙ <
ቆ࢔ା(࢔!)

૚
ቇ࢔

࢔

(૛࢔)!
≤ (૛࢔)࢔

(૛࢔)!
=   (1)    (say) 	࢔࢈

Now, ࢔࢈
శ૚࢔࢈

= (૛࢔)࢔

(૛࢔!)
⋅ (૛࢔ା૛)!

(૛࢔ା૛)࢔శ૚ = ૚

ቀ૚ା૚࢔ቁ
࢔ ⋅ (૛࢔ + ૚) → ∞ as ࢔ → ∞ 

Let ࡾ > 1, then ∃	࢓ ∈ ℕ s.t. 
࢔࢈
ା૚࢔࢈

> ܴ		∀݊ ≥ ݉ ⇒
࢓࢈
ା૚࢓࢈

⋅
ା૚࢓࢈
ା૛࢓࢈

⋅ … ⋅
૚ି࢔࢈
࢔࢈

> ࢔∀		࢓ି࢔ࡾ > ݉ 

⇒ ૙ < ࢔࢈ <
࢓࢈࢓ࡾ
࢔ࡾ ࢔	∀			 > ݉ 

As, ૚
࢔ࡾ
→ ૙ as ࢔ → ∞, we get ࢔࢈ → ૙ as ࢔ → ∞. From (1), we get 

ቆ࢔ା(࢔!)
૚
ቇ࢔

࢔

(૛࢔!)
→ ૙ as ࢔ → ∞ 

Solution 3 by Geanina Tudose-Romania 

࢔ࢹ = ஶ→࢔ܕܑܔ
൫ ࢔!࢔√ ା࢔൯

࢔

(૛࢔)!
 we have √࢔!࢔ ≤ !࢔ since ࢔ ≤  .࢔࢔
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Hence ࢔ࢹ ≤
࢔(࢔ା࢔)

(૛࢔)!
= (૛࢔)࢔

(૛࢔)!
=  ࢔ࢇ

ା૚࢔ࢇ
࢔ࢇ

=
൫૛(࢔ + ૚)൯

ା૚࢔

(૛࢔ + ૛)!
⋅

(૛࢔)!
(૛࢔)࢔ =

(૛࢔ + ૛)࢔ା૚

(૛࢔ + ૚)(૛࢔ + ૛) ⋅
૚

(૛࢔)࢔ = 

=
૚

૛࢔ + ૚
⋅ ൬
૛࢔ + ૛
૛࢔

൰
࢔

=
૚

૛࢔ + ૚
⋅ ൬૚ +

૚
࢔
൰
࢔

→ ૙ 

Since ࢔ࢇశ૚
࢔ࢇ

→ ૙ < 1 ⇒ ஶ→࢔ܕܑܔ ࢔ࢇ = ૙
૙ ≤ ࢔ࢹ ≤ ࢔ࢇ

ൠ ⇒ ܖષܕܑܔ = ૙ 

Solution 4 by Su Tanaya-India 

૙ <
൫√࢔!࢔ + ൯࢔

࢔

(૛࢔)! = ቆ
࢔!࢔√

ඥ(૛࢔)!࢔ +
࢔

ඥ(૛࢔)!࢔ ቇ
࢔

< ቌ
૚

൫(࢔ + ૚) … (૛࢔)൯
૚
࢔

+
૚

(!࢔)
૚
࢔
ቍ

࢔

 

< ቆ ૛

(!࢔)
૚
࢔
ቇ
࢔

= ૛࢔

!࢔
 ∵ ஶ→࢔ܕܑܔ

૛࢔

!࢔
= ૙, ஶ→࢔ܕܑܔ

൫ ࢔!࢔√ ା࢔൯
࢔

(૛࢔)!
= ૙ 

By Sandwich theorem 

 

200. Find 

ࢹ = ܕܑܔ
ஶ→࢔

෍ܖ܉ܜ܋ܚ܉൬
ૢ

ૢ + (૜࢑ + ૞)(૜࢑ + ૡ)൰
࢔

ୀ૚࢑

 

Proposed by Daniel Sitaru – Romania 

Solution 1 by Soumitra Mandal-Chandar Nagore-India, Solution 2 by Serban 

George Florin-Romania 

Solution 1 by Soumitra Mandal-Chandar Nagore-India 

ષ = ܕܑܔ
ஶ→࢔

෍ିܖ܉ܜ૚ ൬
ૢ

ૢ + (૜࢑ + ૞)(૜࢑ + ૡ)൰
࢔

ୀ૚࢑
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= ܕܑܔ
ஶ→࢔

෍൬ିܖ܉ܜ૚ ൬࢑ +
ૡ
૜
൰ − ૚ିܖ܉ܜ ൬࢑ +

૞
૜
൰൰

࢔

ୀ૚࢑

 

= ܕܑܔ
ஶ→࢔

൬ିܖ܉ܜ૚ ൬࢔ +
ૡ
૜
൰ − ૚ିܖ܉ܜ

ૡ
૜
൰ =

࣊
૛
− ૚ିܖ܉ܜ

ૡ
૜

 

Solution 2 by Serban George Florin-Romania 

࢞ܖ܉ܜ܋ܚ܉ − ܖ܉ܜ܋ܚ܉ ࢟ = ܖ܉ܜ܋ܚ܉
࢞ − ࢟
૚ + ࢟࢞

 

ܖ܉ܜ܋ܚ܉
ૢ

ૢ + (૜࢑ + ૞)(૜࢑ + ૡ) = ܖ܉ܜ܋ܚ܉
૚

૚ + ૜࢑ + ૞
૜ ⋅ ૜࢑ + ૡ

૜

= 

= ܖ܉ܜ܋ܚ܉
૜࢑ + ૡ
૜ − ૜࢑ + ૞

૜
૚ + ૜࢑ + ૞

૜ ⋅ ૜࢑ + ૡ
૜

= ܖ܉ܜ܋ܚ܉
૜࢑ + ૡ
૜

− ܖ܉ܜ܋ܚ܉
૜࢑ + ૞
૜

 

∑ ቀܖ܉ܜ܋ܚ܉ ૢ
ૢା(૜࢑ା૞)(૜࢑ାૡ)ቁ

࢔
ୀ૚࢑ = ∑ ቀܖ܉ܜ܋ܚ܉ ૜࢑ାૡ

૜
− ܖ܉ܜ܋ܚ܉ ቀ૜࢑ା૞

૜
ቁቁ࢔

ୀ૚࢑   

= ܖ܉ܜ܋ܚ܉ ૚૚
૜
− ܖ܉ܜ܋ܚ܉ ૡ

૜
+ ܖ܉ܜ܋ܚ܉ ૚૝

૜
− ܖ܉ܜ܋ܚ܉ ૚૚

૜
+ ⋯+ ାૡ࢔ቀ૜ܖ܉ܜ܋ܚ܉

૜
ቁ −  

൬ܖ܉ܜ܋ܚ܉−
૜࢔ + ૞
૜ ൰ = ൬ܖ܉ܜ܋ܚ܉

૜࢔ + ૡ
૜ ൰ − ܖ܉ܜ܋ܚ܉

ૡ
૜ 

ࢹ = ܕܑܔ
ஶ→࢔

෍ܖ܉ܜ܋ܚ܉ ൬
ૢ

ૢ+ (૜࢑ + ૞)(૜࢑ + ૡ)൰
࢔

ୀ૚࢑

= 

= ࢹ = ܕܑܔ
ஶ→࢔

൬ܖ܉ܜ܋ܚ܉ ൬
૜࢔ + ૡ
૜

൰ − ܖ܉ܜ܋ܚ܉
ૡ
૜
൰ =

࣊
૛
− ܖ܉ܜ܋ܚ܉

ૡ
૜
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Its nice to be important but more important its to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 

 


