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.. 1 1
similarly, ( —) — 0,asn - oo, SO,

=3 - 0,asn - o
n n

(n+1)!

- 0,asn - o —0,asn > o«

1
"((m+))?

Hence, our limitis, 2 = 1 (Answer)

((n+1))

165. Find:
1 n—-1 n
2=lm5) |m > p
m=1 p=m+1

Proposed by Daniel Sitaru — Romania
Solution 1 by Nirapada Pal-Jhargram-India, Solution 2 by Ravi Prakash-New
Delhi-India, Solution 3 by Shivam Sharma-New Delhi-India, Solution 4 by
Madan Beniwal-India

Solution 1 by Nirapada Pal-Jhargram-India

1 n-1 n 1 n-1 n m
a=lim) (m ) p)=tm) (m )= p
m=1 p=m+1 m=1 p=1 p=1
n—-1
i 1 nn+1) m@m+1)
pEaY Z ™T 2 T 2
m=1
n—-1 n—-1 n-1
1 1 3 9
=—lim — n(n+1)2m— m’ — m
2 n>oont
m=1 m=1 m=1

1. (nn+1nn-1) n*(n-1)>
__'m< 2 T 4 >

: 1 gn-1 2 —
As llmn—mg megm- =
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1.1, 1 1 3y 1
= glim e’ - D+ 3) = ghim (1) (1+7) =5
Solution 2 by Ravi Prakash-New Delhi-India
n 1 1
=—(m-m{n+m+1}==(n? -m*(n-m
27 > (n—m){ b=5( (n—m))
n 1 1 1 n-1 n
on 3 pedutsin o 5w 3
p=m+1 m+1 p=m+1
1 n-1 ln—l 1n—1
=g am ) g ) miog ) m?
m=1 m=1 m=1
:%(n2+n);(n—1)n—%-%(n—1)2n2—%(n—l)(n)(Zn—l)
ERN C 1 1 1
i) \m 2 p)=5-505
m=1 p=m+1

Solution 3 by Shivam Sharma-New Delhi-India

n-1
1 1 1
= limjz [m(—(éln2 +4n+1)—-C2m+ 1)2)]
n-oon 8 8
m=1
n-1
1 1, 1
=>11m—42 [m(—(4n +4n+1)——(4m +1+4m)]
n-oon 8 8
m=1
n-1 2 3 2
o1 [4mn +4mn+m—4m°®> — 4m —m]
=>11m—4
n-on 8
m=1
n-1 2 3 2
liml mn +mn m_élm _m _m
=Y 2 2 8 8 2 8
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n—-1

. (7)

m:

l(n(n 1)) ‘ -

. 1 ‘'mn? L mn m3  m?]
7 et 2 2 2 2
m=1"- -
. 1 & [mn? +mn — m3 — m?
7 et 2
m=1"-
. 1 & mnn+1)\ m3® m?
7 ot 2 “2 2
m=1
. 1 5 /m(n? +n) . 1 ¢ i 1
i d (M) S () -
m=1 m=
n-1 2
- 1im L Z (n* +n)(n - 1)(n)
n—-oo 2114 ) 2 n—>oo n4
m=
im n-1)MR2MnNn-1)+1)
n—oo n4 12
W +n)n*-n)] 1 2
:rltl—>002n4[ 2 i e (- ]
_1im L (n? —n)(2n-1)
n—oo n4 12
1 [n*—n3+n3—n? 1
= lim — lim — [n*(n? + 1 - 2n)] -
n-oo 2% 2 n-oo 8n#

1

. 2n3-3n2+n
—limy o = |=——

12
Solution 4 by Madan Beniwal-Indi

1

4

a

1 2-1 _1
i 0= e (OR) 2 = 5 (Answer)

Z p=[m+1)+@m+2)+--+m+m-—m-1)+n]

p=m+1



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

m-m-1)(n-m-1+1)

=m(n-m+1)+ > +n
2m+n—m
=(n—m- )[ ]
zn: mn—-m+1(m+n) mn+n® —-m?-mn—-m-n
= +n= +n
2 2
p=m+1
n
Z n*-m*-m-n+2n_(m*-m?*-m+n
2 B 2
Then mZp Cmel = (mn — m3 — m? + nm). Now
n—-1 n 1n—1
m Z p :EZ(ng—m3—m2+nm)
m=1 p=m+1 m=1
_1] , nn-1) m@-1° @-D®mEr-1) n@®-1n
s 2 2 6 2
. A 17 41\ (1\ 4  (2)_3 =2
Then llm"‘)°°n4 z[n (2) (4)" (6)" +0]_
166. Find:

nmnh+1)n+2)-..-2n-2) arctan%
2 = lim
n—oo 1'3'5'...'(211—3)
Proposed by Daniel Sitaru — Romania
Solution 1 by Yen Tung Chung-Taichung-Taiwan, Solution 2 by Abdelhak

Maoukouf-Casablanca-Morocco, Solution 3 by Ravi Prakash-New Delhi-India
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Solution 1 by Yen Tung Chung-Taichung-Taiwan

nn+1)@n+2)-2n—2)tan 1 %

Q2 = lim 2"
_n—>oo 1-3:5-..-2n—-3
_ (2-4-6-...-(2n—2))(n(n+1)(n+2)---(2n—2))tan—1%
= lim
n—o 1-3-5-..-2n-3)(2:4-6-..-(2n—2))
2"‘1(2n—2)!tan_1% 1 T 1 tan~ !t
. 1. ym_ 1. tan"'mt
= (2n - 2)! BE e R TR T S
1
lett=2—n
w
_1_ 1+1‘l’2t2_1 T
SimT =3 mEg

L' Hospital Rule
Solution 2 by Abdelhak Maoukouf-Casablanca-Morocco

T T
_ n(n+1)-...-(2n-2) arctanzy; n(n+1)-...-(2n-2) arctanc;

no 13:5-..-(2n-3) - Gn=2)
246-..-(2n-2)
_ nn+1)-..-(2n-2) arctan%
B (2n — 2)!
2n—1(1 2. -(n—- 1))
~ 2n-1.1.2. oon—-1) - nn+1)- ---'(Zn—Z)arctan%
- (Zn - 2)!
-1 —((Zn — 2))! arctan - = 2n-1 arctan -
T
2 = lim An = lim Zn_l arctan—
n—+oo n—+oo 2n
U3 /4
m atansgy m atansy g
= lim - ——==lim - - —*— ==
note2 o 202 I 2
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Solution 3 by Ravi Prakash-New Delhi-India
nnh+1)n+2) -..-2n-2) T
re(s5)

M D 3)G) . 2n=3) 2"

2)@)6):-..-2n-2)n(n+1)-..-2n-2)

= lim

n-oo 1)@)3)-..-(2n-3)2n-2)
T
o 2m1(2n - 2)! T o (T arc (ﬁ) T T
i gy e () T2 () 2 g0
167. Find:

n " [Valda

2 =1lim,_
" lax

, [*] - great integer function

Proposed by Daniel Sitaru — Romania

Solution by Francis Fregeau-Quebec-Canada
Let B be anatural number. g2 <x < (B+1)* = [Vx|=p+1
Let n be a perfect square, and 1 < x < n? Divide the interval (1,n?) into
the partition: (1,4] U (4,9]1U ..U (k? (k+1)?]1U ..U ((n — 1)% n?)
Now: fjgi+1)2[\/§] dx = fj(2i+1)2(j +1)dx=(2j+1)(j+1)=2j2+3j+1

flnz[\/;] dx = ij(zjﬂ)z[\/;] dx;1<j<n—-1letn—-1=m

; 2
m G+1) m

2m3 + 3m? + 3 +1
> WRlax =)z esie1 =T R mm D) m
1 j2 1

3 2

B 4m3 + 15m? +17m
B 6
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2 3 2 _1)3 _1)2 _
nfln [\/;-l dx = (m + 1) . 4m +15;n +17m _ n. 4(n-1) +15(n6 1)%417(n-1)

But n3 is also a perfect square since n is a perfect square.

3

n
3
=>f[ﬁ]dx:22j2+3j+1;13j3n7—1
1

n: flnz [Vx]|dx _
5 Valdz

[ = ()()()

S = lim,,_

n (4(n —1)3+15(n—1)2+17(n — 1))
= lim
noeo 3 \3 3 2 3
4(112 — 1) + 15(n2 — 1) + 17(n2 — 1)

Applying De I'Hopital’s rule four times yields:

n2
: d i
lim,_, n{}s[—\/}]x = 0 when n is a perfect square.
[ Valax
But for every real number R, there exists a perfect square n such that
R2 n2
- d - d
R<n. limR—)OO w = limn_)oo w =0
fy Waxldx i Wxldx
168. Find:
n
0 =li !
B nl—>lg> 3n+1 KKk

k=2
Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution 1 by Soumitra Mandal-Chandar Nagore-India;
Solution 2 by Ravi Prakash-New Delhi-India

Solution 1 by Soumitra Mandal-Chandar Nagore-India
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W - Cauchy— DmAlembert ' (n+ 1)! n"
lim — = lim = lim —— —
nn

n-o N n—-o n-owo (n + 1)7t1 nl

1 1
zii'?o(n21)' " e

(1+7)

Zn+1 1 Zn L
02 =li Z R kzzw—ll' !
T ale3n+1 ’{/_ n—>oo 3n+4-3n—-1  3noo (@ + 1)

e i

e
—l —lim =0
3n \n+1 "+1/(n+1)|/ gam-
n+1
Solution 2 by Ravi Prakash-New Delhi-India
1 1
lim,,_,o, (%)" =lim,_,, =2 = lim,_, ni = 0. Let € > 0, there exists
1 1
m € Ns.t. (1)"—0‘ <e€ Vn>m=>0<(1) <e Vn>m
n! n!
1 n>m
n 1 m 1 1 n 1
1\k k 1\k 1\k
>E =Y @Y () :°<Z(a) <a+(n-mye
k=1 k=1 k=m+1 k=1
§ n m
>0<3 Z ( )
£t 3n+ 1 3n+ 1

1

Taking limitasn —» o, we get 0 < limy,_ e — +1Zk 1( ) S§

This is true foreach e > 0
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n

'n—>003n+ Z( )%_

k=1

169. Find:

e i (£+V2) (e V3) .- (e+VR)
w2 (V2 (w3 ()
Proposed by Daniel Sitaru — Romania
Solution 1 by Carlos Suarez-Quito-Ecuador
Solution 2 by Boris Colakovic-Belgrade-Serbia

Solution 1 by Carlos Suarez-Quito-Ecuador

"<@+vv> i Tla(e D)

2 = lim

we L I\@ VD)) TR TG
n \/; 1_3
2 = lim <3+—( ")
n—)OO. T \/E"'Tl'
i=1
- e - e 1
a=lim| |(z)+him| [(1-7) || =0
i= i=

Vi
Solution 2 by Boris Colakovic-Belgrade-Serbia

(e+v2)(e+v3)-.-(e+Vn)
17 (m+V2)(m+V3)-.(mHvn)

In2 = lim In(e++v2)" +In(e ++3)" + -+ In(e +Vn)" _

n- n

ln(n + \/f)n + ]n(n- + \/§)n F o ln(n + \/ﬁ)nStolz—ﬂgesaro
m =

n—oo n

Find 2 = lim
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= lim ]n(e+\/_) — lim ln(n+\/_) _1!11—{2]“(161':://_5)

n—-oo n—-oo
e++Vn
In o+ ) L Hospital
= lim 1 =
n—>0oo -
n
T+n T—e
+Vn 2 3
. e+t vn 2vn(m++n) m-e. n2
= lim = — im
n—oo _12 2 n—>00(e+\/_)(1t+\/_)
n
1
m—e 3 n2

-—lim

-2 2noed —%(n+\/—)+ nz(e+\/_)

= @)l "—3< ) lim —— =
- T\Te nl—>lg1t+e+2\/ﬁ__2 T-e n1—>123 1 1
Z'ETLZ
1
—=0
e

3
——E(n—e)lim\/ﬁ:—oo=>ln_(2:—oo=>__(2:
n—0o

170.1fa,b,c,x,y,z>0,a+b+c=1

2(a) =limn <an

n—->oo

then: 2(ax + by + cz) > 2(x%y?z¢)
Proposed by Daniel Sitaru — Romania

Solution 1 by Khanh Hung Vu-Ho Chi Minh-Vietnam, Solution 2 by Abdelhak

Maoukouf-Casablanca-Morocco
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Solution 1 by Khanh Hung Vu-Ho Chi Minh-Vietnam

nf 1.1 1
Ifa’b’c’x’Z>O’a+b+Czl'ﬂ(a):limn_)ooTl(a L R R 1_1>

then 2(ax + by + cz) = 2(x"y"z%). We have

(1+3) =1 4+n. Ly ne) ()7, noD0od) (17, (1)

n n 2 3!

n n
:>(1+1) <1+l+l+...+l:>"1+l+l+...+l_1>1=>n a
n 1 2! n! 1 2! n! n

1 1 1
Lemma:1+—+—+---+—<e
11 2! n!

n

n

On the other hand, using the lemma, we have 1 + % + % + o+ % <e=

n 1 1 1
= "J1+ll+%+---+$—1 <%e-1 =>n<axll+ﬁ+i+'“+m‘1_1> >n(a\/z‘1 _1) )

n 1 1 1
(and (2)=n(a¥'-1)<n ( e 1) <n(a) @

On the other hand, we have

Ina
1 na

+)lim,,_,,n (a; —_ 1) = lim,_,, en —1

Ina

‘Ina=1Ina (4)

+) lim n(a% - 1)
n—>0oo
Putx = Ye—1=n=In(x + 1) and lim,_,., x = 0. We have
r—1 a* -1 X
i %— =1 a—: i . =
Tlll—g})n(a 1) !}_1)1(} In(x +1) !}_1)1(} x In(x +1)
=Ilna-1=Ina (5

(3),(4) and (5) = 2(a) =Ina
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By Becnuli inequality, we have x® < e2(*x~1
Similarly, we have y? < €01 and ¢? < e¢(z-1
o xAyber < QD HhO-Dre-1) o yayhze < garthyrert o In(xiybz) < ax+ by + cz 1 (6)
By Becnulli inequality, we have e®*bY+¢Z > qx + by + cz +1 (7)
(6) and (7) = QED
Solution 2 by Abdelhak Maoukouf-Casablanca-Morocco

nlon l_ . n 1
2(a) = lim n(a\JZ’F"h! 1—1) = lim (a\/U_n—l—l); Un:z:m
h=0

n—-+oo n—-+oo

lim,, U, =e;onpose,V,=U, —e;lim,,,,V,=0

1
(Uﬁ—l) Ina
e -1

1
2(a) = lim n(e(rV”_"‘l) Ina _ 1) = lJirm T -n(Uﬁ — 1> Ina
( >lna

n—+oo =
n __
ur -1

<(Vn+e)%—1> Ina In(V,,+e)
e —1 e n -1
= lim . ‘In(V,, +e) -Ina

o) 1 +
+ ((Vn+e)n_1)lna w

In(Vp+e)
<e n —1) Ina In(V,+e)
e —1 e n -1

" notoo [ In(Vyte) "In(V, +e
e (e n —l)lna %

‘In(V,,+e) -Ina

=1 x1 XIlne-lna=Ina

In(V,+e) . In(V,+e) e —1
((lime n —el™ n =e0= 1>> : (lim = 1)

+00 x—0 n

Q@) =lna.ifx>y>z
* f(x,y,2z) =In(ax + by + cz) — (alnx+blny+ clnz)

+gx) =f(x,y,2)
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a a (x— (ax+by+cz)>
=a

g(x):ax+by+cz_;_ x(ax + by + cz)

_ (la+b+c)x—(ax+ by +cz)\ _a(b(x—y)+c(x-3))
- a( x(ax + by + cz) >_ x(ax + by + cz)

Vx>y>z9'(x) 20> g(x) 2 g(2) & f(x,y.2) = f(z,y,2)

b b b(y—(az+by+cz)>

*h(y):f(z,y,Z), h(y):az+by+CZ_;: y(az+by+CZ)

 YA-B-r@re)_by-Dare
=P y(az+by+CZ) _y(aZ+by+cz)’Vy>Z1h(Y)>o

=> h(y) = h(z) © f(z,y,z) > f(z,2,z) > f(x,y,2) = f(z,2 2)
f(z,z,z)=In((a+b+c)z)—((a+b+c)lnz)=Inz—Inz=0

= f(x,y,z) 20 © In(ax + by +cz) > (alnx+ blny + cln z)
© In(ax + by + cz) 2 In(x"y"z¢) © Q(ax + by + cz) = 2(x°y"z)

ifx>y>z

171. Find:

' 1+6+11+16+ -+ (10k — 9)
2 = lim

n—oo 2k -1
k=1

Proposed by Daniel Sitaru — Romania
Solution 1 by Subhajit Chattopadhyay-Bolpur-India, Solution 2 by Abdelhak
Maoukouf-Casablanca-Morocco, Solution 3 by Seyran Ibrahimov-Maasilli-
Azerbaidian

Solution 1 by Subhajit Chattopadhyay-Bolpur-India
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n
1+6+11+16+ -+ (10k —9)

2 = lim 2k — 1
k=1
= (2k —1)(2 + 10(k — 1)) -
= 2 x (2k—1) =lim ) (5k-4)
~ 5n%-3n
= lim =
n—oo 2

Solution 2 by Abdelhak Maoukouf-Casablanca-Morocco

n

—~1+6+--+(10k—9) Y25 (5p + 1)
= am Z 2k — 1

2= nl—l:l-noo 2k —1 n-+oo

n  @2R=2)Ch-1), o, 4 n
= lim ZS 2 @R+ )=lim (Z%(zn-z)n)

n-+oo 2h—1 n—+oo
h=1

n

= lim sk—4=1lim s—————4n =
n—+oo h—l n—-+oo 2

= lim n(%(n+ 1)—1) = +00

n—-+oo

Solution 3 by Seyran Ibrahimov-Maasilli-Azerbaidian

n

] 1+6+11+--+(10k—9)
lim =

n—oo 2k —1
k=1

+a, 1+5n-4  (5n-3)n
2 T 2 nmT
a,=a;+dn—-1)=1+5n-5=5n—4

a
1+6+11+ -+ (10k — 9) = —

(5n-3n S—5 5
n n?
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172. Find:

s i3 z k!
Proposed by Adil Abdullayev-Baku-Azerbaidian
Solution 1 by Kays Tomy-Nador-Tunisia, Solution 2 by Rozeta Atanasova-
Skopje, Solution 3 by Soumitra Mandal-Chandar Nagore-India

Solution 1 by Kays Tomy-Nador-Tunisia

k
—3 Zk 2% Jnom e. Let us recall Stirling’s formula In(n!) ~nln(n) — n

then we have 7= '%/— = exp (ln (4/—)) —exp (ln(") - ln(:!))

~exp(In(n) — In(n) + 1) -, e. Let us Apply Cesaro lemma

k nZZkZIV—

Now we get. L — e. Finally we get

n — —
n+3 Zk:z ki n+3  n-2
J,oo

1

> €
+ z :",/ ®
n+ 34 Vk!

Solution 2 by Rozeta Atanasova-Skopje

L‘,'l:'aHgZ:V—_ fim 5 ,'ggnZk :

w|

Cauchy _ 1 1
= lim =

n—-o o nl lim en(ln +ln +1n—+ +ln—)
nn n—oo
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1 1
= = —e
efollnxdx el

Solution 3 by Soumitra Mandal-Chandar Nagore-India

li W li n|in! Cauchy li (n + 1)' n"
noe m nos nt | noe (n+ 1)1 ql

n 1 1

= lim = | ==

SRR A

Zn+1L_zn L
lim Z k Cesaro_ Stolz li k=2 W k=2 W

m
noon + 3 n-oo n+4—(n+3)

n+1
=lim————=c¢

w2+ 1)1

173. Find:

= lim — Z k* arctan ( )
n-on

Proposed by Daniel Sitaru — Romania

Solution by Abdelhak Maoukouf-Casablanca-Morocco

n 4
1 k k
02 = lim —Z k*arctan ( ): lim — (H) arctan’® (H)

n—+oo n5 n-+oon

1 5 1 x5
N 5 _|* 5
= | x*arctan® xdx = |— - arctan® x —o %
5 x +1
0 0



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
1 1

m f x° P 1 Lo 1|] T In2
—20 Jx0+1"% 720 [10 ™ s 20 10
0

174. Find:

n

2 = lim z ( )Zp'(1+p2)
" m=1
Proposed by Daniel Sitaru — Romania
Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco,
Solution 2 by Abdallah Almalih-Damascus-Syria

Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco

p!(1+p?) =p((p+Dp+2)-3@+1)+2)=[p+2)! - (p+1)1]-2[@p~+1)!-pl]
Zp! (1+p?) = Z[(p+z)! -(@+D1-2[@+1)!-pl=
p=1 p=1
= [(m+2)! — 211 - 2[(m + 1)! — 1]] = (m + 2)! — 2(m + 1)!

(1 +1) ((m+2)1—2(m+1)!) = (n+ 1)(m + 1)! = (m + 2)! — (m + 1)!

Z(1+ )((m+2)' 2(m+1)!) = Z(m+2)' (m+1)!=(n+2)! -2

m=1

n n

n

1 n

0 = lim E ((1 +E) E p'(1 +p2)> =lim Y(n+2)! -2 = lim \/(n +2)! =

n—->oo n—oo n—oo
m=1 p=1

n

n| n n
= lim Vn!Y(n+1)(n +2) = lim Vn! = lim (;) V2n ~ lim— - o
n—-o n—oo n—oo

n-o e

Solution 2 by Abdallah Almalih-Damascus-Syria
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Find lim,,_, o, "\/Z’,;l:l (1 + %) Z;,":l(p! (1 +p?))
First let's compute the sum Y7t (p! (1+ pz))

p(1+p*)=pllp+2)p+1)-3(@+1)+2]
=(@+2)-3(p+1)+2p!
=lp+2)-(+1D1-2[(p+1)-pl]

D A +p) =) [+ 2! - @+ D=2 ) [+ D! pl
p=1 p=1 p=1

=m+2)-2-2((m+1)!-1)=(m+2)-2-2(m+1)! +2
=(m+2)-2m+D)=(m+1)!'[m+2-2]=m@m+1)!

1
Leta, = Ym-1 (1 + ;) peap! (1 +p?).

Thena, = ¥, (1+ ) (m(m + 1))

= Z m+1)  m+1) = Z(m+1)(m+1)!
m=1

m

m=1
= Z[(m+2)!—(m+1)!]:(n+2)!—2!:(n+2)!—2
m=1

We want to compute lim,,_,, y/a,

- T an+1 = T An+1
We know that lim,,_,, Y/ a,, = lim,,_, Z—n So lim,,_,, Y/ a, = lim,_ Zn

2

n—)OO(n—l'Z)'—Z n—oo 1— 2
(n+2)!

175. Find:
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@ 1 3n 1 2.3n
2= []( 0"+ @)
e e
n=0

Proposed by Daniel Sitaru — Romania
Solution 1 by Subhajit Chattopadhyay-Bolpur-India

Solution 2 by Anisoara Dudu-Romania

Solution 1 by Subhajit Chattopadhyay-Bolpur-India

2 = [In=o [1 + (1)3n + (%)2'311]. Note, 1 + x,, + x2 = 1%

e 1-x,

- ( —e‘3"+1) 1-e3 1-e~°
- ﬂ = l_[n=0 (1_8_311) - 1_e_1 X 1—8_3 (1)

e
e—1

[ e ® = 0] =

Solution 2 by Anisoara Dudu-Romania

3_
% = a (not) 2 = lim,,_, ]‘[’,:zo[l +a3" + (a2)3"] 14+ x+a2 =21

x—1
2= 1 ooa3"+1—1_l_ at-1 a®°-1 -1
el | Te T TR a1 @-1 7 @ -1

k=0

i 3 _1 0-1 1 1 e

n»o a—1 -1 1—a 1_1 e—1

e
1 1
176.x1:2'm:1+m

Find the closed form and lim,,_, » x,,

Proposed by Maria Elena Panaitopol-Romania
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Solution 1 by Avishek Mitra-Kolkata-India, Solution 2 by Ravi Prakash-New
Delhi-India, Solution 3 by Kunihiko Chikaya-Tokyo-Japan, Solution 4 by

Abdelhak Maoukouf-Casablanca-Morocco

Solution 1 by Avishek Mitra-Kolkata-India

2
1 1 3
X =2- =1+-2=2 22, =(3)
;-1 2-1 2
3
1 1 64 4
3 =1+5;—=3 ,.,x3:—;:(—)
x3—1 51 27 3
4
1 1 625 _ (5
=14+ —=4 . x :—:(—)
-1 i1 47 256~ \a

1

=~ Closed form x,, = (1 + %)n s~ lim, (1 + ;)n =e

Solution 2 by Ravi Prakash-New Delhi-India
Leth, = ——=—,thenb; = — = 1.Als0,b,,; — b, =1 Vn
(@p)n—1 -1
=><b, > isanAP.withd=1=>b,=b;+(n—1)(1)=n

n

1 1 1\"
:(an)n—lzgzan:(1+z) 1111_>I?oa":e

Solution 3 by Kunihiko Chikaya-Tokyo-Japan

L =1+ 1_ . Find lim,,_,», x,,

X1 = 2 n+1/—xn+1_1 n\/x—H 1

1 ). i : : :
The sequence {W} is an arithmetic progression with common

. 1 1
difference 1 - T e

ct1-(n-1)=n
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n 1 1 " =
@,/xn:1+£:.xn:(1+g) (nZI);,lll_)ngn:e
Solution 4 by Abdelhak Maoukouf-Casablanca-Morocco
1 1

Vke N ——= —_
h+1 xh+1_1 h xh_l

n—-1

Al

=(n—-1)+ S x, = (1 + —)
‘/ -1 = ( ) x1—1 n
1n(1+%)
1 1
lim x, = lim e"ln(Hﬁ) =lime n =e
n-+oo n—-+oo 1

177. Find:

n
oot 3
i=0
Proposed by Daniel Sitaru — Romania

Solution 1 by Carlos Suarez-Quito-Ecuador, Solution 2 by Abdelhak Maoukouf-
Casablanca-Morocco, Solution 3 by Rozeta Atanasova-Skopje, Solution 4 by
Shivam Sharma-New Delhi-India
Solution 1 by Carlos Suarez-Quito-Ecuador

TP w I

; limy, o

= o)
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Solution 2 by Abdelhak Maoukouf-Casablanca-Morocco

S

7".

i n

N AL I

Y VTEi=5y("2] =5 =

i=0 \N° "7\ _4 "7\ _q
5 5

7
In=
2 2
0N = llm \/ 7i57—i = lim . 7" =
n-owon n-oo z In% In7—-1In5
im In -
5 emn —

n-oon n-oon
i=0 i=0

i 1
.
n = llm \/7‘5" i = llm ( )n 5f
0

1 711

1_
lnz In7—1In5
0 51,

Solution 3 by Rozeta Atanasova-Skopje

i

- astim s G) =5 ) =

i 5 (7);"_1
I @=lim,,, 550 () = lim g, > - =

2

Z n_ ln%
(5)" -1

Solution 4 by Shivam Sharma-New Delhi-India

N E

=5(2- 1)1
=5(5-1)lm
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, i
i n =

51 (7 51 T\
=>stim > |(5) =stim > (5]

i=0 i=0
. . - i 1 /7\*
Applying Reimann sum or limit as a sum, we get, -=x> 5 fo (g) dx

xq1 ,

Asweknow,faxdx:%+c=>5[%]0 :5[%] (OR)Q:@

n 5
(Answer)
178.2, € [1,0),n > 1,lim,, 2, =N €R
Find:

lim e V1+In2)(1+n22)-..-(1+1In 2,)-1
n— oo
Proposed by Daniel Sitaru — Romania
Solution 1 by Anas Adlany-El Zemamra-Morocco, Solution 2 by Abdelhak
Maoukouf-Casablanca-Morocco, Solution 3 by Abdallah Almalih-Damascus-
Syria

Solution 1 by Anas Adlany-El Zemamra-Morocco

Let a, = V/IIk.;(1 + In(2,)), then
In(a,) = %Z In[1 + In(2,)] - lim(n[1 + In(2,,)]) = In(1 + In(2))
k=1

Hence; e% 1 - 0
Solution 2 by Abdelhak Maoukouf-Casablanca-Morocco

lim2,=2< limln2, =InN

n—>oo n—>oo

n—-oo

n n n
n 1 1
lim | |(1 +1In{2;) = lim enln | |(1 +1n £2;) = lim en E In(1 +In £2y)
n—oo n—co
k=1 k=1 k=1
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Cesaro nl_n _
2 lim eln(1+ln!2k) =1+In2 = lim ew’nkzl(l"'l“ﬂk) 1_ eltnf-1 —

n—oo n—-oo

Solution 3 by Abdallah Almalih-Damascus-Syria
2, €[1,00[n=>11lim, .2, =2 € Rfind lim,,_,, eVl=1+n2k)-1
Sol. Leta,, = [[3-1(1 + In(24)) so a1 = [1 +In(2,,41)] — a,

- —1: Ani1
We know lim,,_,,, V/ a,, = lim,,_,, Z—

n

so lim,,_o, /@, = lim,_ o~ = lim,_[1 + In(2,,1)]
an
from continuance of In function
=2 1+ In(Q)

from continuance of exp function

solim,,_ . eVan-1 = eltin(@-1 — o

179. Find:

[0¢]

n dx
@ = f P
o (x2+3)
Proposed by Daniel Sitaru — Romania
Solution 1 by Shivam Sharma-New Delhi-India, Solution 2 by Ravi Prakash-
New Delhi-India, Solution 3 by Abdelhak Maoukouf-Casablanca-Morocco,
Solution 4 by Nirapada Pal-Jhargram-India, Solution 5 by Soumitra Mandal-
Chandar Nagore-India

Solution 1 by Shivam Sharma-New Delhi-India

& letx=~tan@: dx = ~sec20d0
2 2

Let, I = fo ()
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z
1 sec? 0d0 4n+1 )
= Ef = 5 cos-"(0) do
0

S —— i

Let, 4 = F cos?™(0) dO. Let, cos @ = u,sin0dO = du

1 u2n 1 1 1_1
= J, \/_du Let, u? =y=>u= )z, du=3yz dy

2

ﬁ —_—
2 rn+1) n!

1[r()r (22 )]

Jar (,H%)]

n! n! 2 |2n(n!)2

1[Vr@n-DVr] =#[@n-! = 2n)!
-3l =2 = 2]

(OR) 4= 51z ] v > 0 OR) 1 =25 [ (G55
1
1

(OR)I =2|m ((Z’I‘))Z)].Now,'\‘/i 27T (Efl’!‘))z')

n
As, we know, the Stirling’s formula, we get, n! = (g) V27N, So,

02 =1lim(Dn = lim 2n tn
n—oo n—oco ((n n

1
1 11 (zg)znﬁr

Now, applying Ratio Test, we get,
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And many terms are cancelling, we get, our limit 2 = 4 (Answer)

Solution 2 by Ravi Prakash-New Delhi-India

Letl, = [~ dxl - Putx:%tane,dx :%seczede

™ n
2 (f) sec’0do 2

I, = f = 22"“] cos’" 0 de
0 ( 0

n+1
%) secZn+2 g

2n—1 2n—-3 1

2n)! m_ (@2n)m
2n 2n-2 2

(Zn(n!))z E B n!'n!
| S 2n+2)In n'n!

1
1) = li = Ii -
(Ln = lim = = = lim o S+ Dl @n)in

— 22n+1 . — 22n+1 .

4
2

oy G2y (2+%)(2+%)
S D@D (1 (5 )

=4

Solution 3 by Abdelhak Maoukouf-Casablanca-Morocco

- 1dx I
X 4 +1
= |- 1n+f 4 1n+1n+1 2 In T:l_
24 1 24 =
Zn(x +4 0 Zn(x +4)
1.4 2n—-1 711l T72k-1 2k
i ﬁﬂ I _1_[ Kk ©
n k=1 K k=1
Inia (211)'
14 (n!)?
I f S R I (2u)
1= —1: atan xO =1 - n+1:11.'(7
24 = n!)
0 (x +4)
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S C )L
o, J e ()
0= 1111_)1210 i1 = Tlll_f?o J 22n(nl)2 Tlll—)lg 11'(2 n)!

(n!)?2

2n+2)2n+1)
= lim =

n—oo (n+1)2
Solution 4 by Nirapada PaI-Jhargram-India

Let | ——7 =
f (x +4)n+1 xn

1
So we have to find lim,,_,, x*
1

Butlim,,_, xi = limn_)oo aike (When the limits exists)

co dx .
Now, x,, = fo W =22np (n,z) after putting x = Etan 0
4
22n+2g(n 43
So 2 =lim,,_, x; = lim,,_, W(nl)z) =lim,,_, 22 ﬁ =22=4
n 2

2
Solution 5 by Soumitra Mandal-Chandar Nagore-India

. dx tan0 secZ 0
02 =lim,_, " |——5 Letx =>dx =

df.Whenx =0,0 = 0;

10 T sec20de

2 0 sec20n+1_
()

T . 00 d .
when x - 0,0 = 7 2= lim, " fo — = lim,,_,, "

~—
=
N
+
| - =

n

T
2
= lim 22"+1fc052"0d0
0

n—>oo
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i 1 1
MR )
1
= lim |22". (n—l)!I‘(z)
n—oo (211—1)! \/—
22n-1(p _ 1)1 V7
Y SO (C e V1) O O {(n—1)'}?
_lll?ojﬂ . (Zn—1)! _ii'?ojﬂ 1'(2n—1)(2n—2)...3-2-1
ALY (n-1)! B
_1115?0]24 1'2n—1(2n—1)(2n—3)-...-3-1_
e o m-1)(n-2)-..-3-2-1
_li'?ojzg 1'(2n—1)(2n—3)-...-3-1
1 2 n—3 n—2 n—1
o aHED (S-S -5

e-DE-D -5

1
= lim,,_, 27w =14 (Ans:)

180. Find:
2
. m(@n))
a=lmn =50
Proposed by Daniel Sitaru — Romania

Solution by Abdelhak Maoukouf-Casablanca-Morocco
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C(@mw® | (2n)
2= 1!11_)11;71 (Zn)' N n—oo (Zn)'
n 2
(2n (B vz i
= limn (( (e) nn) =limn_[VaAn - o«

(B )

181. Find:

1
2 = lim fxzn\/(l — x2)2n+1 gy

n—>oo

0

Proposed by Daniel Sitaru — Romania
Solution 1 by Soumitra Mandal-Chandar Nagore-India, Solution 2 by Ravi
Prakash-New Delhi-India, Solution 3 by Abdelhak Maoukouf-Casablanca-
Morocco, Solution 4 by Geanina Tudose-Romania

Solution 1 by Soumitra Mandal-Chandar Nagore-India

Letx =sin@ = dx = cos0dO,whenx=0,0=0;x = 1,0:§

1

n

Y5
2

2 = lim fxzn\/(l — x%)?n*1 dx = lim f sin?" 0 cos?"*2 0 do
0

n—->oo n—>oo

0
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_ lim B(n n+1)= l n |1 . r(m)rn+1) cavcuy- D'ALEMBERT
T oo 2 r2n+1)

= lim

n—>oo

rm+1Drn+2) r@2n+1)
( rn+3) r(mr(n+ 1))

= n(n+1)
= limy,.,., ((2n+1)(2n+2)) (Ans:)

Solution 2 by Ravi Prakash-New Delhi-India

(2n+1)

Leta, = fol x*" (1 —x2) 2z dx.Putx? =t sothat

1
1 2n-1 (2n+1)
a, = Ef t 2 (1 — t) 2 dt

1
1 3
= ft"* (1-e)™2 dt = ﬂ(n+—,n+i)
0
p(n+3n+3)
-1 2 2
n—>ooa _n—l;?o 1 3
p(n+zn+3z)

el s (eh)
n—oo (Zn +3)(2n+2) 4now (

Solution 3 by Abdelhak Maoukouf-Casablanca-Morocco
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e

1

= fxzn\/(l x2)2n+1 7 sint

sin?" t /(1 — sin? t)2"*1 cos t dt

(=]

sin®® t x cos?™t (1 — sin? t)dt

O\’l\-ﬂﬂ OY——

n

2

fs n?"t x cos®™*2tdt
0

T T

2 2

f sin?*t x cos?™tdt — f sin?™*2 ¢t x cos®™ tdt
0 0

T T
I g 2 2
= —fst" 2t dt — fcosz'”zu x sin?™ u du
22n
0 0
T T T
2 2 2
21—l in?" 2t dt = 1 ngdt = 1 in?" t dt
-2l = | sin = oni sin = onz | sin
0 0 0
T
1 f 1 (2n)! (2n)!
T n)! n)!
_ 2 _
- I= on—1 f sin“ tdt = 2712 2Zn(p)Z — - 24 (n1)2
0
(2n + 2)!

T - 2
(211)' ' 24—n+4—((n + 1)|)
= Jim 3T = lim m e @0
T 2an(n1)2

- 2n+2)2n+1) 1
= lim =—
n—oo 16(n + 1)2 4

Solution 4 by Geanina Tudose-Romania

Consider fol x?. /(1 — x2)3n+ldx Letx = sinx, x=0=sin0 =0
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(4
dx=cosadx x=1>a=—

n n
Z Z

= f sin? x - /(1 — sin3 a)3"*1 cos a dx f sin*® a - cos®™*1 g cos x dx
0 0

n n
7 Z
= f sin’® a cos*"*3 a da = f(sin2 acos?a)" - cos’ada
0 0

T
2
B sin32a\" cos2a+1
—f E . > da
0

T T
2 2
n2n2 2ada + 1 n’"2ad
, sin a-cos2ada W sin aada
0 0

22n+1
11 IZ
T
2
1 2
22nﬂfsm "2a-cos2ada
0
1 1 n
_ = 2n+1 _
= . sin 2|12 =0
2n+1 .
24n 2n+1)-2 0

I, = 22n+1 fzsmzn 2ada = 22n+2f sinxdx; x =2a = da = 2da
(s \ :
z - z x
1 | | 1
= 22n+2| fsinZ"adafsin xdx | = STz fsinZ"xdx+fcosZ"xdx
2
T
Yy=x—o
— (Zein2 (5 @n-1)! = 1 (2n-1)!
But I, = [Zsin’ xdx = [? cos* xdx = G g Hencel =1, =22 8. 200
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@ = lim,, .., 11/221+2 ' (Z(;l;)l,,)" - 1. Using Cauchy D’Alembert lim,, ., "f(z('z‘;)lu)” =

_ 5 a1 .. Cn+1)! @)t 2n+1_1
Tatea, ne@n+2)l Cn-1I noe2n+2

n n _— 1
Thus.Q:limn_,m\/ ! -\/‘Z" S

22n+2 2n)!!

182. Find:

- 13-25-37-..-(12n-11)
02 = lim
noco 7-19-31-..-(12n—-75)

Proposed by Daniel Sitaru — Romania

Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco, Solution 2 by Shivam
Sharma-New Delhi-India

Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco

U, = Ilk-1 (1122’;(__151) we have 0 < U, <1;Sowe putlimU, =1
12n-11
Un=—"7-5 Un1® (12(n+1)-11)U, - (12n—-11)U,,_, = 6U,,

= > (12k+1) - 1)U, — (12k - 11)U;_4) = ) 6U;

n
o (12(n+1) — 11)U, + 50U, = 62 U,
k=1

U, +5U, 1%
o120, +—2""1-¢ —Zuk
n n
k=1
Cesaro's Lemma

"= 121+0=6l1=0-1limU, = 0

Solution 2 by Shivam Sharma-New Delhi-India
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. [13 .25-37-..-(12n - 11)] . [Hz=z(12k — 11)]
2 = lim lim

7-9-31-..-(12n—5) n_(12k — 5)
(1271 (n+%)_
= lim I"(% F(l M 1
(e )| e ) ()
7
r(sz)

Now, applying Ratio test, we get, 2 = 0

(Answer)
183. Find:

n
X
_ - - _ 2_
ﬂ—il_l)t(}(rllll?ol |(1 tan 2k)>

k=1
Proposed by Hung Nguyen Viet-Hanoi-Vietnam

Solution 1 by Daniel Sitaru-Romania, Solution 2 by Mehmet Sahin-Ankara-

Turkey
Solution 1 by Daniel Sitaru-Romania
X . 9 X
n X n coszﬁ—smzﬁ
2 =1lim| lim 1_[ (1 — tan? —k) = lim|( lim 1_[ =
x-0 \ noo 2 x-0 | noo cos2 =
k=1 k=1 2k
X
. 1/ cos 2k—1 ] . cosx 1
=lim| lim 1_[ — =lim| lim i ~ | =
x-0 | nooo ool cos? oK x-0 | nooo COS 57 [T, €OS o7
. . Ccosx 1
= lim| lim . =

X X
x-0 \ no n
COS 57 [I;-, cos ot
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X
n
COS X 2% sin5y
= lm(} lim . * | =
X— n—->oo n -
COS 57 2 smznl_[k 1€0S 5%
. X
COS X Slnﬁ X
=lim| lim T - — =1
2 sin x

x—-0\ noo
COS 557 o ﬁ

Solution 2 by Mehmet Sahin-Ankara-Turkey
2

X ) X sinfx cos?x —sin’x cos2x
—tan?x=1- = =
cosZ x cosZ x cos? x

x->=Z 2 X write. Inthis case

2'22'24" 7 " 2n

(l—tan —)( — tan Zz ( — tan? ) (l—tan %)

X X X X
cos2-= co0S2-— €0S2:'5 COS2: =
— 2. 4 8 2" _
- X X X X
2 2 2 2
COS“% COS“= cos*3 COS“% 5=

2 4 8 2n

X X
COSX - COS5 - COS;...COS 5,7
2 4 2n-1

X X X
2 2 2 2
COS“ 5 - COS“ % - COS“ 5 ... COS

2 4 8 2n

Cos X

COSZ - COSY - COSL ... COS = - COS2
2 4 8" 2n-1 2n

X X L X . X X

COS X - smf . Slnz . 51n§... SIHF . smz—n

X X X X X X X X X
(smi - COS E) : (Slnz - COS Z) : (sm§ - COS 8) (sm on-1 - COS on- 1) (sm on - COS 2_11) : COSZ—n

2" . cosx - sin£ . sin£ -sins ... Sin—— - sin==
2 4 8" 2n-1 2n

sin x sinx sinx sinx .sin - sin—— d (cos )
2 4 5" 2n-— n-2 n-— 1 2n

X . X . X
n COS X smz n smﬁ SN 53 1
= x—Z -cotx - ¥ — cotx — X -
sin x
COS - COS - — cos
2n AL AL 2
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Sin m 1
=Xx-cotx X X
ﬁ COSﬁ
X
smﬁ 1

lim(x - cotx)

n—>oo

X =Xx-cotx -
ﬁ COSﬁ

. — [ s x . _
lim,_,x - cotx = (llmx_)o m) -(lim,_4cosx) = 1.

as desired .-

184. Solve over the set of real numbers the following system of equations
written on base — 42 numeral system:

a?+ai+ai+--+adg =4 (97a; — 1)

al+ai+ai+--+ady5=4 (97a,—1)

a?+ai+ai+-+adyg =4 (97a; — 1)

ai +aj + a3+ -+ ajy; = 4-(97a3013 — 1)
Proposed by Koczinger Eva and Kovacs Béla — Romania

Solution by Koczinger Eva and Kovacs Béla — Romania
20174, =2 -423+ 42 +7 = 148225 = 3852 = (9-42 + 7)? = (97,,)>

Taking into account: 20174, = (974,)?, adding the equations;
2018 2018
2(2017ai—4-97ak+4) =0 2(972-ai—4-97ak+4) =0
k=1 k=1

2018 2
= Z(97ak—2)2:0@a1=a2 :'":azmszﬁ
k=1
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So, the solution to the equation system is: (92—7,92—7 : 92—7, 92—7)
Or, rewriting the equations into decimal numeral system:
a3 + a3 + aj + -+ ajsg6 = 4 (385a; — 1)
ai +aj+aj + -+ ajsg =4 (385a; — 1)

2 2 2

ai +aj +aj+ - +ajsgne =4 (385a3 — 1)

aj +aj + a3 + -+ afygry5 = 4 (385a14g226 — 1)
Adding then, we get:

148226 148226

z (148225a% — 4 -385a;, +4) =0 & z (3852 -aj —4-385aq,+4) =0 <

k=1 k=1
148226 9
385a;, - 2)’=0ea;=a, = =a = —
Z ( k ) 1 2 148226 ~ 3g&
k=1
So, the solution to the equation system is: (385 385385 385).

185. Solve for real numbers:

( 2 2

A

4 25 16 ,
2 2

| ,.2 2:x_ Yy

v =(5%)

Proposed by Daniel Sitaru — Romania
Solution 1 by Seyran Ibrahimov-Maasilli-Azerbaidian, Solution 2 by Shahlar

Maharramov-Jebrail-Azerbaidian, Solution 3 by Uche Eliezer Okeke-Anambra-

Nigeria, Solution 4 by Boris Colakovic-Belgrade-Serbia, Solution 5 by Kunihiko
Chikaya-Tokyo-Japan
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Solution 1 by Seyran Ibrahimov-Maasilli-Azerbaidian
2 2

x y
:_+_ =
Solve for real numbers 7= ' 16 1

2

2y
x2+y2:<?+7> =x>=a y*=b; 16a+ 25b =400

_a? N b* Lab_ 16a* + 25b* + 40ab _ (4a + 5b)>
25 16 10 400 T 400
400(a + b) = (4a + 5b)?; (16a + 25b)(a + b) = (4a + 5b)?

16a% + 16ab + 25ab + 25b% = 16a? + 25b% + 40ab

a+b

ab=0>=
>a=0 x=0=25b=400 b=16 y==x4answer (0;4)and
(0; —4)
>b=0y=0=16a =400 a=25 x==x5 answer (5;0)
and (—5;-0)

Solution 2 by Shahlar Maharramov-Jebrail-Azerbaidian
x = 5sint,y = 4 cost, put these in second equation =
= 25sin’t + 16 cos®’t = (5sin®t + 4 cos’t)? =
= 25sin?t (1 — sin?t) + 16 cos?t (1 — cos?t) = 40 sin? t cos? t
cos2t sin? t
=2 2 1 =2 - A
= sin“ t cos t:O=>Esm 2t20:51n2t20=>2t:nk=>t25
k = 0,1, 2,3 after these it repeated
Dk=0x=5sin0=0,y=4
2)k=1,x= 55in§: 5y=0
k=2x=0y=—4
k=3 x=-5y=0
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Solution 3 by Uche Eliezer Okeke-Anambra-Nigeria

x2

Y _

2 yzz

2 402 —
2ry=(5+%) @
Setx =5sin@ (3),y=cos6 (4)

Transformation of (2) gives

(5 sin 0)? N (4 cos 6)2\°
5 4

& (5sin0)? + (4 cos 0)? = (
& 25sin? 0 + 16 cos? 0 = (5 sin? 0 + 4 cos? 6)?
& 25(1 — cos?0) + 16 cos? 0 = (5(1 — cos? ) + 4 cos? 9)?

cosd=0=>y=4cos0=4(0)=0 }

2 _ 2 =
& c0s20 — cos? 0 O@COSO:iI:y:i‘l'cosO:i‘l-(l):i‘l-

cos?0 =0 © sin?0 = 1—02:0<:>sin0ZilﬁxZiSSinBZiS(l)ZiS}
cosf=1<cosf=+1-12=0<x=5sin0=5(0)=0
Solution (x,y) = (£5,0)(0,+4)
Solution 4 by Boris Colakovic-Belgrade-Serbia
{ w+vt =1 (1)
25u? + 16v? = (5u? + 4v?)?% (2)
From (2) = 25(1 —v?) +16v* = (5 —v?)? © 25 - 9v?> =25 - 10v? +v* &

Substitutionsg = u;% —po

e -1)=02v=0 Vv ==+1.
Forv=0=u==+1Forv==1= u=0.Solutions are (%5, 0); (0, +4)
Solution 5 by Kunihiko Chikaya-Tokyo-Japan
larb=(C+2)
5 4
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a = x?>0; b = y* > 0; Cauchy — Schwarz

(L) ) (D o

2

:(g) &(x) o ab=0&(x) o

(x,¥) = (=5,0),(0,+4)
(a,b) = (25,0),(0,16)
186.Find A,B,C € (0,),A + B + C = m such that:

cosA|cosB|+ cosB|cosA| =1+ cos2C
cosB |cosC|+ cosC|cosB| =1+ cos24
cosC|cosA|+ cosA|cosC| =1+ cos2B

Proposed by Daniel Sitaru — Romania

a b 2 .
(E+Z) < 1 (a+ b). Equality:

S elg

Ans

Solution 1 by Boris Colakovic-Belgrade-Serbia, Solution 2 by Seyran

Ibrahimov-Maasilli-Azerbaidian, Solution 3 by Ravi Prakash-New Delhi-India

Solution 1 by Boris Colakovic-Belgrade-Serbia

cosA|cosB|+ cosB|cosA| =1+ cos2C.. (1)
cosB|cosC|+ cosC|cosB| =1+ cos24.. (2)
cosC|cosA| +cosA|cosC| =1+ cos2B...(3)

From (1) = cos A|cos B| + cos B [cos A| =2 cos? C >0 = cosA > 0,cosB >0
From (2) = cos B|cosC| + cos C|cos B| = 2 c0s? 4> 0= cosB>0,cosC>0

From (3) = cos C|cos A| + cos A|cosC| = 2cos* B >0 = cosA>0,cosC >0

= AB,Ce€ (o,g)

cos BcosC = cos?A ... (5)
cos AcosC =cos’B... (6)

(5)—(4) > cosA(cosA—cosB) =cosC(cosB —cosC()..(7)

{cosAcosB =cos2C.. (4)
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(6) —(5) > cosB(cosB —cosC) =cosA(cosC—cosA)..(8)
(6) —(4) > cosB(cosB —cosA) =cosC(cosA—cosC)..(9)
(7) +(8) = (cosB —cosC)(cosB + cosC) =

=cosA(cosC —cosB) = (cosB —cosC) (cosA+ cosB+cosC) =0
>0

=>cosB=cosC=>B=C

From (9) = cos C (cos C — cos A) = cos C(cos A— cosC) > 2(cosC— cosA)cosC=0=>

cosC=cosA=>A=C cosC+0 becausece (Og)

A=B=C=2
- 73

Solution 2 by Seyran Ibrahimov-Maasilli-Azerbaidian
IfcosA=a, cosB=b,cosC =cthena,b,c+0

a|b| + bla| = 2¢?
b|c| + c|b| = 2a>
cla| + alc| = 2b?

1) ab,c>0-ab>0, bc>0, ac > 0must

2)a,b,c<0 = abc+0
not true because
1 =b=c t
ab = c2 )a c true
bc:a2=>2 a§b>zc
>
ac = b? ) a®>b

bc > ac - b > 0 not true

1
answera:b:c,cosA:cosB:cosC:E;A:B:C:§

Solution 3 by Ravi Prakash-New Delhi-India
cosA|cosB|+cosB|cosA| =1+ cos2C (1)
cosB|cosC|+cosC|cosB| =1+ cos24 (2)
cosC|cosA| +cosA|cosC| =1+ cos2B (3)

Assume C is obtuse, then |cos C| = — cos C, (2) becomes 0 = 2 cos? 4
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Not possible. If C = g then (2) become 0 = 2 cos? A. Not possible.

Thus, 4, B, € must be all acute angles. From (1)
2cosAcosB =2cos?C = 2cos?C = cos(A+ B)+ cos(4 — B)

=2cos’C+cosC<1=(2cosC—1)(cosC+1)<0
=>0< cosCS%:%S C<§.Simi|ar|y, from (2), (3)
S<SAB<ZAsA+B+C=my and7<AB,C<,

WegetA=B=C=§

187. Solve for real numbers:

27%+2 =371
27Y +2 =31
277 +2 =3*1

Proposed by Seyran Ibrahimov-Maasilli-Azerbaidian

Solution 1 by Boris Colakovic-Belgrade-Serbia, Solution 2 by Rustem Zeynalov-
Baku-Azerbaidian

Solution 1 by Boris Colakovic-Belgrade-Serbia

33* + 2 = 37+1 a®+2=3bp
33y + 2 = 3%*+1 Substitutions3* = a;3Y = b,3”? =c; {b3 + 2 = 3¢
33z + 2 = 3x+1 c3+2=3a
AM-GM
a+1+1 S 3¥Ya3=3a
AM-GM
pBP+1+1 S 33b3=3b
AM-GM
A+1+1 = 33;/5:30,

Equality holdsfora=1;b=1;c =1
3*=1=>x=03*"=1=2>y=03*=1=z=0
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Solution 2 by Rustem Zeynalov-Baku-Azerbaidian

27%+2 =371
27Y +2 = 37+1, Symetricx =y =2z;27*+2=3*1:3*=¢
277 +2 =31

a®+2=3a; a®*-3a+2=0a>-1-3a+3=0
(a-1D(@*+a+1)-3(a-1)=0; (a—1D(@*+a-2)=0
a-1=0a*+a-2=0,a;,=1a,=-2,a;=1

3¥=-20;3*=1,x=0,x=y=2=0

188. Solve for real numbers:

[tan x] - (cotx — [cotx]) = (tanx — [tan x]) - [cot x]

[«x] — great integer function
Proposed by Rovsen Pirgulyev-Sumgait-Azerbaidian

Solution by Ravi Prakash-New Delhi-India

[tan x](cotx — [cot x]) = (tan x — [tan x])[cotx] (1)

For0<x< E,O <tanx < 1, [tanx] = 0 and [cotx] > 1
Now (1) becomes 0 = (tan x)[cotx] # O

=~ (1) has no solution for 0 < x < g.

Forx = g, (1) becomes 1(1 — 1) = (1 — 1)(1) which is clearly holds.
Forg <x< g [tan x] > 1 and [cot x] = 0. Now (1) becomes
[tanx] cotx = 0.i.e. 0 = [tanx] cotx = 0
= (1) has no solution for %< x < g Next, let —g <x <0,

[tan x] = —1,[cotx] < —2. Write (1) as
(—1)(cotx — [cotx]) = (tanx + 1)[cotx] = — cotx = (tan x)[cotx] (2)



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Let [cotx] = k,then k < —2 and cotx < k LHS of (2) > —k
and RHS of (2) < —k. Thus, (1) has not solution for —g <x<0.

For x = —g, (1) is satisfied.
Similarly, (1) has no solution for —g <x< —%

As tan x and cot x are periodic with period m, we get solution set to be

2k + 1) g where k is an integer.

189. Prove that:

,Im _Sm T _71r+_251r_1r_3
1g Singg —sin"rg-sintg+sin® 2 sint2 = -

Proposed by George Apostolopoulos — Messolonghi — Greece

sin

Solution by Kevin Soto Palacios — Huarmey — Peru

Evaluar la siguiente expresion
7T Y14 (4 7T 5wt V(4
Z__.sin— — sin? — - sin— + sin? — - sin—
18 18 18 18 18 18

Tener en cuenta las siguientes identidades

E = sin

X+ X —
Zsinzx:1—cost,sinx+siny:25in( y)cos( y),

2
X — x+
sinx—sinyZZSin( Zy)cos( Zy)

sin10° + sin50° = 2sin 30°cos 20 ° = sin 70° © sin 10° + sin 50° — sin 70° = 0

Lo pedido es equivalente
4F = 4sin? 70° - sin 50° — 4 sin% 10° - sin 70° + 4 sin? 50° - sin 10°
4FE = 2(1 — cos 140°) sin 50° — 2(1 — cos 20°) sin 70° + 2(1 — cos 100°) sin 10°

4E = 2(1 + cos40°) sin 50° — 2(1 — c0s 20°) sin 70° + 2(1 + cos 80°) sin 10 °
E = 2(sin 10° + sin 50° — sin 70°) + 2 sin 50 ° cos 40 ° + 2 sin 70° cos 20° + 2 sin 10° cos 80 °
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4E = 2(sin10° + sin 50° — sin 70 °) + (sin 90° + sin 10°) + (sin 90° + sin 50°) +
+(sin90° — sin 70 °)
4F = 3(sin10° +sin50° — sin70°) + 3sin90°

3
4E:35in90°:3<:>E:Z

190. %71 (Gryrms) > 228 (Gompes)

Proposed by Uche Eliezer Okeke-Anambra-Nigeria

Solution by Ravi Prakash-New Delhi-India

S1= Z ((4n—;)2 _1) :%;[4711—3_4711— 1]

k=1
1 1 1 1 11 11d
X
= (14— 4+...)== —x2 4yt _ 464 .. )=C
2(1 35 7 ) 2f(1 T ) 2_[1+x2
0 0

=1 =1 n=1
1 1
2\*T2737 1 2 XX T Y R
0 0
1 1
s g 1 1 1 p 1 x(1—x) i >0
ToLT 2_2](1+x2_1+x) x_zf(1+x2)(1+x) x
0 0
=5 >,
191. Find:
b

/4
N = ftan(arccos(sin(arctan x)))dx,0<a<b< >
a

Proposed by Daniel Sitaru — Romania
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Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco, Solution 2 by Anas
Adlany-El Zemamra-Morocco, Solution 3 by Rozeta Atanasova-Skopje

Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco
b
0= ftan(arccos(sin(arctan(x)))) dx

a
b
4 4
= f tan (— — arcsin(sin(arctan(x)))) dx - arctanx € ]O; —[
2 2
a

b b b
1
f tan —— arctan(x)) dx = f tan (arctan f ;dx
a a

a

Solution 2 by Anas Adlany-El Zemamra-Morocco
We prove that tan(arccos(sin(arctan(x)))) = %

First, let t = arctan(x) then

1 _1

tan(t) T x

Hence 2 = f tan(arccos(sin(arctan(x)))) dx = b ‘ix In (Z)

tan(arccos(sin(t))) = tan (arccos (cos (E — t))) = tan (— — t)

Solution 3 by Rozeta Atanasova-Skopje

] 14
arccos(sinx) = 5 x=

b b
4
0= f tan(arccos(sin(arctanx))) dx = f tan (E — arctan x) dx =

a a
b b

dx b

= f cot(arctanx)dx = | — =1In—

x a

a a
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192. Ifmn,p = 2

2(n) =41 (1 + \/%) (1 + %) dx

N H“‘ N

then:
2(n)2(m)2(p) = 643 /mnp

Proposed by Daniel Sitaru — Romania

Solution by Ravi Prakash-New Delhi-India

3 3
LetIn:f12<1+ll><1+ 11>dx=f12[1+11+ 11+ ! 7| dx
2 xn (2-x)n 2 an (2-x)n  [x(2-x)]n

Alsoll+ 112 2 randx(2-x)=1-(1-x)*<1
2n (2—x)n [x(2—x)]2n

'-11+;12 2 and —~ : = 1. Thus,

xn (2-x)n [x(2—x)]n

I,> | udx=4=0Mn) >4"lu=4"

N _— Nl 0o

1 1
Now, 2(n)2(m)2(p) = 4™+P > 43mnp)3 — g4(mnp)3

193.1fa € R, f:[a,a+ 2] > R, f € C*([a,a+2]),6 < f'(x) < 12, then:

a+2

1+f(a+1)$%f f(X)dx <2+ f(a+1)

Proposed by Daniel Sitaru — Romania

Solution by Soumitra Mandal-Chandar Nagore-India
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Let p(x) = f(x) —3x%forallx € [a,a+2],¢"(x) = f"'"(x)—6 >0

hence ¢ is convex. By Hermite Hadamard inequality
a+2 a+2 a+2

¢(a+1)£%f (p(x)dx:>f(a+1)—3(a+1)ZS%f f(x)dx—%f x? dx

a

=1+ f(a+1) <3 [ f(x) dx. Let 6(x) = 6x* — f(x) for all
x€la,a+2].6"(x) =12 - f"(x) = 0forall x € [a,a + 2] hence G is

convex. By Hermite Hadamard inequality

a+2 a+2 a+2
%f a(x)dxza(a+1):>gf dex—%f f(x)dx > 6(a+1)? — f(a+ 1)

a

a+2 a+2

:>2+f(a+1)2%f f(x)dx.'.2+f(a+1)2%f fydx =1+ fla+1)

194. If a, b > O then:

vab a b
2[ exln(x+1)dx$fexln(x+1)dx+fexln(x+1)dx
0 0 0

Proposed by Daniel Sitaru — Romania
Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco, Solution 2 by Anunoy
Chakraborty-India, Solution 3 by Geanina Tudose-Romania, Solution 4 by
Soumitra Mandal-Chandar Nagore-India
Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco
vx > 0: f(x) = e*In(x + 1) & F(x) his primitive function.
So, F"'(x) = f'(x) = (%+ In(x + 1)) e* > 0.

So, F is a convex function = F (‘“Zfb) < F(a);rF(b)
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a+b

Vab 2
AM-GM
I=2 f fydx < f f)dx - f(x) =0
0 0

a+b a+b

a 2 b 2
=0ff(x)dx+1 f(x)dx+0ff(x)dx+bf f(x) dx

= f f(x)dx + f f(x)dx + 2F (%b) — F(a) — F(b)
0 0

a b
< | f)dx+ | f(x)dx
[
Vab a b
-2 e€ln(x+1)< | e*ln(x+1)dx+ | e*In(x+ 1)dx
/ / /

Solution 2 by Anunoy Chakraborty-India
Let f(n) = fon e"(1+Inx)dn;f'(n) =e"(1 +1nn)

n

e
f"(n) :;+e"(1 +Inn)>0;f'(n)>0;vn>0

By Jensen’s inequality, f(a) + f(b) > 2f (%b)

(a+b)
a b 2
f e"(1+Inn)dn + f e"(1+Inn)dn > 2 f e"(1+Inn)dn
0 0 0

a+b

2[ 2 e"(1+Inn)dn > 2 [ e"(1 + Inn) dn [By AM-GM Inequality]
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a b vab
.'.fe"(1+lnn)dn+fe"(1+lnn)dn2Zf e"(1+Inn)dn
0 0 0

Solution 3 by Geanina Tudose-Romania
Let f:[0,+x) - R, f(x) = e*In(x + 1) continuous and let F be an

antiderivative. Since f(x) = 0, (V) x € [0, +) = F is strictly increasing

X

f'(x) =e*In(x +1) +

= x(l (x+1)+ 1 )>0=>
x+1_e mx x+1

F a convexe function

vab a b
Zf exln(x+1)dxsfexln(x+1)dx+fexln(x+l)dx
0 0 0

& 2F(Vab) — 2F(0) < F(a) — F(0) + F(b) — F(0) & F(~ab) < w

. a+b
SinceVab < T] N F(\/E) < F(

F increasing

a-+ b) Iefze" F(a) + F(b)
- 2

Solution 4 by Soumitra Mandal-Chandar Nagore-India
Let f(t) = fotex In(x+1)dxforallt >0

f'(t) =et (ln(t +1)+ i) > 0 forall t > 0. Hence f is convex

~fora,b >0, f(a)+ f(b) = 2f (%b)

a+b
a b 2
fexln(1+x)dx+fexln(1+x)dx22f e*In(1+ x)dx >
0 0 0
vab

22[ e*In(1 + x) dx
0
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195. Find:
xV1+2xﬁu+3x—1dx
2 =lim X
woxV1+3x\M+2x—1
Jo p” dx

Proposed by Daniel Sitaru — Romania
Solutions 1,2 by Abdelhak Maoukouf-Casablanca-Morocco, Solution 3 by
Serban George Florin-Romania, Solution 4 by Lazaros Zachariadis-
Thessaloniki-Greece

Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco

Vi+ze Yi+3t-1 _ Y1+2e- Yi+3t-VI+3t+¥1+30-1 _

f@© = - = :
SAFar_(t2t-) | (143t-1)
Vie3t(Vir2e-1)+(Viv3t-1) R Y 5.k
= — shoo(Ymez) 5h_o(Yrene)
= ; _ . _
231+ 3t 3
= +
k k
2 3 4 5
Zk=0(\/1 + Zt) k=0(‘/1 + 3t)
3 5 5
1+3t-Y1+2t-1 33172t 2
g(t) = = 3 T -+ . 7 By the same Way
t Z,ZFO( 1+3t) ZLO( \/1+Zt)
N 2313t 3 o
. 0 kT %
N =1lim 0 M Hosgltal im 0 lec=o(3\/1+2t) Zt:o(s ’—1+3t)
X—> x>
g®dt - )
fO k= % dt
ZIZC=0(3 1+3t) Zt=0(sv 1+2t)
2¥iv3x
. fe? 2 3
Hosgltal lim 212c=0(3 1+2x) Zk 0 1+3x <Zk ol Zk ol ) _ E _19
x-0 =3=
35@ | < ) §+§
k=01 Z3k =01

k'
s o(¥Fm) ke s
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Solution 2 by Abdelhak Maoukouf-Casablanca-Morocco

xNT+2t-Y1+3t—-1 VIi+2x-Y1+3x-1
. 0 t dtHospital . X
02 =lim—; = = lim5 z
=0 431+ 3t-Y1+2t—1 ~031T+3x-Y1+2x—1
Jo . dt
X
o Vi+2x-Y1+3x-1_  exp(In(¥1+2x-Y1+3x))—-1

lim = lim
=0T+3x-YT+2x—1 »0exp(In(¥1+3x-Y1+2x))-1
exp (ln(l + 2x) N In(1 + 3x)) _q

= lim 3 >
x—0 exp (ln(l;— 3x) N ln(1;— 2x)) _q
xp (ln(l;— 2x) N ln(1;— 3x)) _q
In(1+2x)  In(1+ 3x) In(1+2x)  In(1+ 3x)
_ 3§ 3§
= lim (ln(l +3x)  In(1+ 2x)) ‘In(1 +3x) _ In(1 + 2x)
exp + -1 +
3 5 3 5
In(1+3x)  In(1+2x)
+
3 5
-1
In(1+2x)  In(1+ 3x) 2x 3x 2 3
— 1 3 + 5 1n(1+gx)~ax . 3 + 5 _ 3 + 5 _ 19
_xl—%ln(1+3x)+ln(1+2x) x—0 xl—l>1(}3_x+2_x_§+g_21
3 5 3 5 3 5
Solution 3 by Serban George Florin-Romania
olH. YT+ 2x-Y1+3x—1 X
£ = lim "3 = =
x-0 X V1+3x31+2x—1

V1 +2x-Y1+3x-1
lm3 5
x>031+3x-V1+2x—1

llele
—
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2 4
LH %(1+2x)_§.2.51+3x+%(1+3x)—§,3m

2= %9 2 1 i
* §(1+3x)_§-3-5\/1+2x+§(1+2x)_§-2-3\/1+3x
2 3
ﬂ_§+§_19 5_19
1+§ 15 7 21

Solution 4 by Lazaros Zachariadis-Thessaloniki-Greece

3 5
V1i+2t-3/1+3t—-1 0
_Jo t dt () YT+2x-YT+3x-1
lim —; = = lims =
x>0 x3\/1+3t-3/1+2t—1 , DLHx~03/1+3x-31+2x—1
Jo n dt
3 5% 5/ 3% 2x  3x
frx+1 e?* . YJe3* —1 i e3-es5 —1
= im =lim————
when x—0 x—0 3\/637{-5\/627{—1 x—0 ex-ez3_x—1
19x 19x
. el -1 . q5
= lim Zix =limoo =51
e -1 15
196. Find:

1!+J2!+\/3!+\/4!...\/m
£ = lim

n—oo n

Proposed by Daniel Sitaru — Romania
Solution by Ravi Prakash-New Delhi-India

We first show that n! < 22" vn>1.Forn=1n!'=1'=1and

22' =22 = 4 - 11 < 22", Assume k! < 22, for some k € N. Now,
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k+1<2% = kl(k+1) <22 .22 =22 & (k+ 1)1 < 22"
nl <22 vn>1
n et (Zn)(l) 1
Now, forn = 1,n! < 22" = ynl < (22")2 =243 = 227" >

>m—-1)+Vnl <27 + 22" = (2)27" ' >

S -ty v < vz 22 < 2(22)

= (n—2)! +\/(n — 1! ++Vnl < 3(22"_2) =

= \/(n —2)! +\/(n — 1! ++Vnl < \/5(22"‘3) < (3)(22"-3)

Continuing in this way we get

1!+j2!+\/3!+---+\/ﬁ!<(\/ﬁ)zz"‘":z\/ﬁ

J1!+\/2!+\/3!+---+\/ﬁ

2vn 2
=>0< < = —
n n JVn
5 j1!+ /2!+\/3!+---+x/m
As lim,,_, ., = =0,weget =lim,_, - =0

197. 0 = lim,_.,

3
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Solution by Ravi Prakash-New Delhi-India

Forn > 2, leta, = 2]3 /4\/5...\/ﬁ=>a,21: J3 /4 5..vn=>

2
= (a2)2 =22.3 ,4 /5__.\/ﬁ=>(a1212) —22.32 .4 /5\/5
2
> (a2) =22 .37 .42.5 [6..vn

arzln—l — 221’1—2 . 321’1—3 . 421’1—4 (n . l)zn
L (@) @ (3)2"‘3 (2 1)2 2l o2
n n n "\ n nn \n

2
ﬁﬂS\F:0<ﬂs\/g Vn22.Aslimn_)oo\/§=0,weget
n n n n n

. a,
lim—=20
n-oco N

2n—2 on-2

198. Find:

r = lim(2(n) - 2(n + 1)), 2(n) = fﬁ,n e N’
1

Proposed by Daniel Sitaru — Romania
Solution by Ravi Prakash-New Delhi-India

e e

ﬂ(n):szlf 3x?

———d
x(1+x3)n 3 ) x3(1+a3)n x
1 1
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3 _ 2 _ ) _1 1+e3 dt
Putl+x3 =t 3x dx—dt..ﬂ(n)—3f2 Py Forn > 2
1 1 1 Y1 o
—t
) —-Nn—-1)=— — = - dt = — . dt =
(n) (n ) 3f t—l(t" tn—l) 3f t—1 tn
2 2

1+e3
1+e3 _

1 n e 1 s 1 1 1
__Ezf t dt__s(—n+1)[t I _3(n—1)[(1+e3)"‘1_2"‘1]

o= rlli_)ngo[ﬂ(n) - 2n-1)]=0

Forn>21<x<e=>2<1+x3<1+e3=22"<(@+x13)"<(1+e3"

1 1 1

n < 3\n < 3\n < < —
= 2" <x(1+x°)" < e(1+e°) P e+ ) S x(A )y =2n
e-1 e dx e-1 . e-1 _ . _ .. e-1

e(redm < fl 2 < BT As lim,,_, ., ez 0 =lim,_,, o

113?01 AT oy =02 lim 2(n) = 0 = lim(2(n) - 2(n-1)) =0

199. Find:
P (Ynl+n)"
N nl—>12> (2n)!

Proposed by Daniel Sitaru — Romania
Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco, Solution 2 by Ravi
Prakash-New Delhi-India, Solution 3 by Geanina Tudose-Romania, Solution 4

by Su Tanaya-India
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Solution 1 by Abdelhak Maoukouf-Casablanca-Morocco,

n

n [\
0 = lim (Vnl+n)" seirlling | ( (E) * n> i (n(e‘1 + 1))
n—oo (Zn)! n—oo 2n 2n n—00 2n 2n
(%) (%)

i (PO " NGRT) " i (€2 +e) "
T amz ¢ ) T2\ am ~ s\ an

nln(@)
= lime ) —e =0

n—>oo

Solution 2 by Ravi Prakash-New Delhi-India

1 1\ n
Forn>1,n'<n"=>n)<n=> (n + (n!)ﬁ) <2n)"=

<n+(n!)%> 2n)"
=0s< o S b, (say) (1)

b, _ (@n)" . 2n+2)! 1
b1 (2n) (n+2)ntl (1+2)

Now, - (2n+1) > oasn - «

LetR > 1,then3Im € Ns.t.

b b b b, _
" SRVAa>Sm=o_—m Tmil Tl premoyp sy
n+1 bm+1 bm+2 bn
R™b,,
=>0<b, < R7 vn>m

As,%aOasn—>oo,wegetbn—>0asn—>oo.From (1), we get

1 n
<n+(n!)ﬁ>

@D - 0asn - o
Solution 3 by Geanina Tudose-Romania

(Vnl+n)"
(2n)!

0, =lim,_, we have Vn! < nsince n! < n".
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(n+m)™ _ 2n)" _

Hence 2, <

n= ) @n)l "
a1 2@m+1)" @n) @n+2)mt! 1
a, (2n+2)! @n)" @En+1)2n+2) 2n)*
1 2n +2\" 1 1\"
sevr ) =gy (143 =
2n+1 2n 2n+1 n
i lim a,=0
Ant+1 n-oo Un - —
Since o -0<1= 0<0,<a, }=>11mﬂn—0
Solution 4 by Su Tanaya-India
n n n
(Ynl +n) Yl n 1 1
0< 2n)! == ' + - ' < T+ 1
| Vet VeV \(qr1)..@n)t @)
n
2 |\ _2". . 2 _ (Val+n)" _
S ((n!)%> = o MM = 0 iy = 5 =
By Sandwich theorem
200. Find

S

9
Q=i t ( )
1mk arctan 9T GKE5)(Gk T 8)

Proposed by Daniel Sitaru — Romania
Solution 1 by Soumitra Mandal-Chandar Nagore-India, Solution 2 by Serban
George Florin-Romania

Solution 1 by Soumitra Mandal-Chandar Nagore-India
n

9
Q= li —1( )
woo Ly " \9+ 3k + 5)(3k + 8)
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. En -1 8 -1 5
= lim (tan (k + —) — tan (k + —))

8 8 T 8
= lim (tam‘1 (n + 5) —tan~1 —) =—_—tan 1=

n—>oo 3

Solution 2 by Serban George Florin-Romania

X—=y
arctan x — arctany = arctan
1+xy
9 _ 1 _
arctan9+(3k+5)(3k+8)—arctan 3k+5 3k+r8
1+ .
3 3
3k+8 3k+5
. 3 - 3 . 3k+ 8 3k+5
= arctan 3k+5 3k+8_ arctan — arctan
1+—3——3

9
9+(3k+5)(3k+8)

3k+8 3k+5
) = Yk=1 (arctanTJr — arctan ( 3+ ))

3n+8
3

Yr—q1arctan (

11 8 14 11
= arctan ? — arctan 5 + arctan ? - arctan? + ---+ arctan

3n+5 3n+8 8
— arctan( ) = arctan( ) — arctan—

3 3 3
n
a=1m ) aretan (2 )=
Tae LN 0 G+ 5Bk +8))
3n+8 8 (4 8
=0 =lim (arctan( ) — arctan —) = ——arctan—
n-oo 3 2 3



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Its nice to be important but more important its to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru



