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401. Prove that in any triangle ABC,

(a+b+c)'F:a'cosLAOI+b'c0s4301+c'c0s4601

Proposed by Nguyen Viet Hung — Hanoi — Vietham

Solution by Kevin Soto Palacios — Huarmey — Peru

Siendo 0 - circuncentro e I — incentro. Probar en un triangulo ABC

ol
(a+b+c)- i a cos(2A0I) + b cos(z BOI) + ccos(4COI)

Tener en cuenta lo siguiente
abc = 4pRr,I1A* = bc — 4Rr,IB* = ca — 4Rr,IC?> = ab — 4Rr
& alA? + bIB? + cIC? = a(bc — 4Rr) + b(ca — 4Rr) + c(ab — 4Rr) =
= 3abc —4Rr(a+ b + ¢)
& alA% + bIB? + cIC? = 12pRr — 9pRr = 4pRr = 2(a+ b + c)Rr
OI> = R* - 2Rr,0A=0B=0C=R
Aplicando ley de Cosenos en los AOIA,AOIB,AOIC se obtiene
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cos(zA40I) = 04" + O — 14° ,cos(#BOI) = 0B’ + O IBZ,
204 - 01 20B - 01
cos(#C€0I) = OCt+oI* —IC?
20C - 01
S cos(zA401) = RE+or 14 ,cos(#BOI) = RE+ oI — IBZ,
2R - 01 2R - 01
cos(zCOI) = R*+or —Ict
2R - 01
Por lo tanto

a cos(4A0I) + b cos(£BOI) + c cos(4C0I) =

_(a+b+c)R*+(a+b+c)OI* — alA* — bIB* — cIC?
B 2R - 01

(a+b+c)(R%2+0I>-2Rr) _

a cos(ﬁ_AOI) +b COS(ﬁ-BOI) +c COS(ACOI) = 2R-01

_(a+b+c)'2012_( t b+ o) oI
- 2R - O1 =\ "R

402.1fin A ABC: A4, A, € (BC),B4, B, € (AC),C4,C, € (AB),

BAy _ CBi _AC; _ CA; _ ABy _ BC; .\ .
CA, AB; BC; BA, CB, AC, '

AA% + BB% + CC? = AA% + BB + CC3
Proposed by Daniel Sitaru — Romania
Solution 1 by Khanh Hung Vu-Ho Chi Minh-Vietnam, Solution 2 by Ravi
Prakash-New Delhi-India, Solution 3 by Geanina Tudose-Romania
Solution 1 by Khanh Hung Vu-Ho Chi Minh-Vietnam
Ifin A ABC,A,,A, € BC,B,,B, € AC,C4,C, € AB,

BA;, CB, AC; CA; AB, BC,
CA;, AB; BC, BA; CB,; AC,

Prove that AA% + BB% + CC% = AA5 + BB3 + CC3
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BA, _CB, _ AC; _ CA, _ AB; _ BC,

We put A, _ AB, _BC, BA, B, 4G, = kandBC=a,CA=b,AB=c
k bk k
= BA;=CAy=— CB; = AB, =-—and AC; = BC; = —

By Cosin’s law of triangle ABA; and ACA,, we have:
AA% — AA3 = AB% + BA2 — 2AB - BA, - cos B — (AC* + CA5 — 2AC - CA, - cos C) =
= AB? — AC? — 2AB - BA, - cos B+ 2AC - A,C - cos C

AAZ AAZ 2 bZ 2 ak a2+cz_b2+2b ak a2+bZ—CZ
= — = — — . . . . —
! 2= ¢ k1 2ab k+1 2ab
2 2
=c?—-p? +M
k+1
2_ 2.
Similarly, we have BB? — BB2 = a? — ¢ + % and
2(a? - b?) -k
CCP—CCi=p2—q2+2 7%
1 * k+1
2_2).
Similarly, we have BB? — BBZ = a2 — ¢2 + 290k gpg

k+1
2(a? — b?) - k

k+1
= AA} — AA5 + BB — BBS + CC; — CC5 = 0 = AA} + BB} + CC} =

CC>—CC2=b>—a®+

= AA5 + BB3 + CC3
(QED)
Solution 2 by Ravi Prakash-New Delhi-India

A(mla yl)

O
B(zz2,y2) A A, C(z3,ys3)

BA, _CB; _AC, _ CA, _AB, _ BC,

Letk = = = = = =
CA, AB; BC, BA, CB, AC,
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Coordinates of A4
(xz + kx3 y; "'kYB)
k+1 ' k+1

2 2
2 — _xz__kx3) +( _L’%)
Ad; (x1 k+1 1 k+1

(k+1)2 [(xg — 2x2) + ke(xq — x3)]* + (k+1)2 [(y1 = y2) + k(yy — y3)I?

1 [(x1 —x3)% + >y, — YZ)Z + k*{(xy — x3)* + 1 — YB)Z} +]
(k (k+1)2 +2k(xq — x2)(xq — x3) + 2k(y1 —y2)(y1 — ¥3)

[AB? + kK2AC? + 2k(xq — x5) (x4 — x3) + 2k(y1 — ¥2)(¥1 — ¥3)]

= ler 1)2

. AA} + BB% + CC} =

1 [ (k% +1)(AB? + BC? + AC?) + ]
(k+1)2 +2k(x§ + x5+ x5+ Y+ Y+ Y XXy — XaX3 — X3Xq — Y1Y2 — V2¥3 — }’33’1)
= E (say)
Similarly

AA% + BB% + CC3 =
.. AA%? + BB? + CC? = AA% + BB% + CC3

Solution 3 by Geanina Tudose-Romania

BA, _CB, _ AC, _ CAy _ AB, _ BC
Let 1 — 1 — 1 — 2 — 2 — 2 — k
CA, AB; BC; BA, CB; AC,

we have A4, = k-lnﬁ + k’;ﬁ

A 1 k
AAf =AA[ AA{ = (—AB + — _AC)-(—— 4B+ —AC

+1 k+1 k+1 k+1
2 4 K2 2 4 _ 1 2 k2 2 2k . .
(k+1)2AB (k+1)2AC o 1)ZAB AC = G2 +(k+1)2b + e bc-cosA
Similarly:
1 k? 2k
BB} = - BC*+————BA?+———BC-BA=

(k+1)? (k +1)? (k+1)?
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1 2, k? 2, _ 2k
T2 T 2 T (kv 1)?
CC? = ! b? + l 2, 2K bcosC
O N O AR ) Chata

Adding then up we have:

(k2+1)+ 2k

(k+1)?% (k+1

+ac - cosB +ab - cos C)

-ac-cosB

Sy =(a?+b*+c?)-

)2 (bccosA +

1 k?*

similarly 44, = ——AC + -5 AB = AA} = —— AC? + = AB? +
+W-AC-AB'COSA
BB2=—AB*>+ —ZBCZ +iAB BC - cos B

(k +1)2 (k +1)2 k+1
CC? :;CBZ+k—ZCAZ +iCB-CA—cosC
(k +1)2 (k +1)2 k+1

Hence S, = (a? + b? + ¢?) -@+£(bc-cosA + ac- cos B + ab cos C)
2 (k+1)2  k+1

Therefore §; = 8,

403.In A ABC

s+r
max(4,B,C) =135° —— =+/2
R+1r

Proposed by Mehmet $ahin — Ankara — Turkey

Solution by Daniel Sitaru — Romania

a a2 1 . V2bc
2sind 2 ,S—Ebcsm135 =2

a’? = b% + ¢ +V2bc

m(«A4) =135° >R =
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;:ZZﬁHSZ\/ER+r(\/E—1)<—>s:a+r(\/i—1)
2b
a+b+c:2a+2r(\/i—1)<—>b+c—a:(\/i—l)ocsc

(a+b+c)(b+c—a)=(2—-v2)bco (b+c)?—a®=(2—-+2)bc
(b+c)2—b?—c2—V2bc=(2—-V2)bc o (2—V2)bc=(2-+V2)bc

404.1fin A ABC acute, a > b > ¢, H — orthocenter, G - centroid
m(xHAG) = a, m(xHBG) = B, m(xHCG) = 0 then:

tanf =tana +tan@

=
& s o

Proposed by Mehmet Sahin-Ankara-Turkey
Solution by Khanh Hung Vu-Ho Chi Minh-Vietnam
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Ifin A ABC - acute, a > b > ¢, H - orthocenter, G - centroid,

¢tHAG = a,2HBG = 3,£HCG = ythentanf = tana + tany

Z(aZb2 +b2c2 42 az)—(a4+b4+c4)

Wehavehb:§=>hlz,:4bi22:4 5 _
_ 2(a’b? + b*c* + c*a®) — (a* + b* + ¢*)
- 4 b?
W ML Jmczl—hlz, J2“2+ifz—b2 2(a2b2+b2c2+:2b6122)_(a4+b4+c4)
e havetanf = o= = . _

b

\/(Zaz +2c% — b?) - b? — 2(a?b? + b%c? + c%a?) + (a* + b* + ¢*)

4b?
zs
b
at+ct—2a2c2 a2 -2
— 4p2 _ 2 _ a’=¢? ;
= tanf = = =T (1) (Since a > ¢)
b b
R . Z_CZ aZ_bZ
Similarly, we have tana = 5 andtany = 5

aZ_CZ
S tana+tany = —— 2

(Dand (2) > tanB =tana + tany

405. If 24,2, - Brocard’s pointin 4 ABC then:
A.Ql . B.Ql . C.Ql = A.QZ . B.QZ . C.QZ

P

Proposed by Ali Can Gullu-Izmir-Turkey
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Solution by Mehmet Sahin-Ankara-Turkey

A

BQ'
- =2R. = BQ2' = 2R, sinw
sin w
cQ’
- =2R, > CN' = 2R, -sinw
sin w
A
- = 2R, > AQ' = 2R}, - sinw
sinw

AQ' -BQ' - CQ' = 8R,R,R, - sin® w = 8R3 - sin® w = (2R sinw)3® (1)

A

BQ(Z)

— _ =2R!, = BN@ =2R, - sinw
Sln w
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CQ(Z)
—— =2R; = cN® = 2R, - sinw
A.(Z(Z)
= 2R.= AN®@ =2R. -sinw

A0® - B® - c® =8R, R}, R sin® w =8 R* sin’ w
= (2Rsinw)?® (2)
From (1) and (2)
AQ -BQ -CcQ' = A0® . B0o®@ . co@

as desired

406.In 4 ABC — N - ninepoint center

12r% < AN? + BN? + CN? < 3R?

Proposed by Adil Abdullayev-Baku-Azerbaidian
Solution 1 by Kevin Soto Palacios — Huarmey — Peru
Solution 2 by Mehmet Sahin-Ankara-Turkey
Solution 1 by Kevin Soto Palacios — Huarmey — Peru
Siendo N — nine point center. Probar enun 4 ABC
12r%2 < NA%2 + NB? + NC? < 3R?;
Teorema Leibniz
Para cualquier punto P en el plano de triangulo ABC teniendo centroide
G, se cumple

9PG? + a? + b? + ¢2 = 3(PA%? + PB%? + PC?);: Sea P = N, donde

1 1
NGZEOHZE\/9RZ—(aZ+bZ+CZ)20@9R22a2+b2+c2

= 9NG? + a? + b%? + ¢?> = 3(NA% + NB? + N(C?)

= 3(NA2 + NB2+ NC?) =9NG?* +a?> +b*+c?>>a’*+b*+c* >
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> ab + bc + ca > 18Rr > 3612

= NA? + NB% + NC? > 12r?: Por ultimo
1
3(NA?2 + NB2+ NC?») =9 £(9R2 — (a? + b?* + cZ)) + a? + b? + ¢?
9R? + 3(a? + b? + ¢?) - 9R* + 27R* _
4 = 4 B
= NA%? + NB? + NC? < 3R? (LQQD)

= 3(NA%? + NB?2+ NC?) = R?

Solution 2 by Mehmet Sahin-Ankara-Turkey

H: Orthocenter, O: circumcenter
In triangle 0 and H are isogonal conjugate points.
|AH| = 2R - cosA,|OH| =R
In triangle AHO, [AN] is a median, where N is ninepoint of ABC

AN? = |AH|? + |AO|? B |OH|? The following equality well
2 4 known:

|BN|2:|BH|Z+|BO|Z_|0H|Z . (a® + b? + c?)
2 4 |OH|* = R — 5

CN? = |CH|? + |C0|? B |OH|?

2 4
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|AH|?+|BH|*+|CH|?>+|A0|*>+|BO|*+|COI> 3 |0H|?
4

|AN|? + |BN|? + |CN|? = .

T
2 2 2 2 2 2 2
T = (2R cos A)*+(2R cos B)“+(2R cos €)*+3R _ E(RZ _a +b%+c )
2 4 9
I = 2R% - (cos? A+ cos? B + 2C)+3R2 3R* a’+b’+c?
= - (cos cos cos -
2 4 12
3R* a*+b*+c?
T = 2R?*[3 — (sin? A + sin? B + sin? C)] + i 7
r—op2(3 a®+ b%+c%\ 3R* a%+b%+c?
= - + +
4.R? 4 12
27R? a*+b% +c? a?+ b?+c?
= — +
4 2 12
_27R 5 . 9 12 2\ (%
T=———-5 (a®+b*+c*) (¥
2 2 2
a“ + b° +c
3612 < a® + b? +c%2 <9R? > R? > 5 =
27 (a* + b?% + ¢? S
= 4( 9 ) 12(@ <)
a’? +b%+c% 36r?
>T> > = 1272
3 3
27R* S ) ) 2 )
T < ——36r“=>T<3R* < —15r“ o 2r <R
4 12
407.In A ABC:
cosz'é1 coszB
r, r, r > 5>
L LA 2, 2
v Tc Ta cos’z  cos’z

Proposed by Adil Abdullayev-Baku-Azerbaidian



ROMANIAN MATHEMATICAL MAGAZINE
Solution by Kevin Soto Palacios — Huarmey — Peru

Probar enun 4 ABC

24 2B

E+Q+Ezl+cos 7+COS g

"™ Tec Ta cos?3  cos’3
Recordar las siguientes identidades en un 4 ABC
A B C
ra:ptani, rb:ptani, rC:ptanE,

tan—tanE + tanEtan— + t:lll£t2111é =1
2 2 2 2

¢ 2A 1 (t A ¢ B)(t A ¢ C)
a — f— — — — —
S n2+ = an2+ an2 an2+ an2,

¢ , B 1 (t B ¢ A)(t B ¢ C)
an [— o [— —_— [— —_—
2+ = am2+am2 an2+an2

) A B c
Siendo x = tan; >0,y= tan; >0,z= tanz >0

La desigualdad propuesta es equivalente

X y z yr+1 x*+1
—+=+—>1+
y z x x2+1 y2+1
+ + + +
oX Y, 2, U0t (k+a)xty)
y z x x+2z)(x+y) (+x)(y+2)
<:>£+X+521+y+z+x+z
y z x xX+z y+x
X y z (y +2)?
—(y+2)+=(y+2)+—-(y+x)>y+z+—"+x+
@y(y z) Z(y z) x(y x)=y+z <17 TXtZ
2 2 + 7)2
<:>x+E+y—+y+Q+z—22z+x+y+u
y z X x x+z
xz yz y* Zz* (y + z)?

&S —+—+—+—>2z+
y Xx z X x+z
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Aplicando la desigualdad de MA > MG y Cauchy

—+—>2 A
” z (A
2

y sz (y+Z) (B)

z

Sumando (A)+(B)

yz ¥ (y+Z)
=>7+x+z+—>2 z+ (LQQD)

408. In any A4 ABC with [[(a? — bc) # 0:

9(a?® + b% + ¢* — ab — bc — ca) 1 1
Y(a? — bc)? z a? + bc = 4Rr
Proposed by Daniel Sitaru — Romania
Solution by Kevin Soto Palacios — Huarmey — Peru
Probar en totdo triangulo ABC, de tal manera que
(a? — bc)(b? — ca)(c? —ab) #0

9(a?+b%*+c?-ab—bc—ca) 1 1 1 1
+ <

(a2-bc)2+(b%2-ca)?+(c2—ab)?  a?+bc b%+ca c*+ab  ARr

De la condicion se puede afirmar que
a? # bc, b% # ca, c2+ab @a+b+*c

Ademas
2 2, .2 1 2. 1 2. 1 2
a“ +b“+c —ab—bc—cazi(a—b) +E(b—c) +E(c—a) >0

Como a # b # c; Aplicando la desigualdad de Cauchy

1 1 1 9
+ + >
a’?+bc b 2+ca c:+ab a?+bc+b2+ca+c2+ab

Por dltimo

9 9(a?+b?+c?—ab—bc—ca)

a?+b2+c2+ab+bc+ca  (a2+b2+c2+ab+bc+ca)(a?+b2+c2—ab—bc—ca)
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a“—ab
= Jeisgr (LQD)

donde - (a? + b% + ¢2 — ab — bc — ca)(a? + b? + ¢?> + ab + bc + ca) =
= (a? + b%? + ¢?)?> — (ab + bc + ca)? = z:(aZ — bc)?

Como a, b, c son lados de un 4 ABC se cumple
1 1 1 1
—_t—t—=—
ab bc ca 2Rr
Es necesario probar
1 1 1 1 1 1
+ + < + +
a’?+bc b:+ca c: +ab 2ab 2bc 2ca
Aplicando MA > MG
1 1 1 1 1 1

+ + < + + <
a’+bc b?>+ca c? +ab 2q\bc 2bJVca 2cVab
1,1 1 1,1 1 1,1 1 1 1

< (—+—)+—-|—+—|+—(—+—)= _ =
4(ab ac) 4(bc ba) 4(ca c ) ZZab 4Rr

409. In AABC:

<ma LM mc> <ara N br, N crc> . sV3
ar, br, cr.,/\m, m, m, r
Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution by Soumava Chakraborty-Kolkata-India
a b
_ > 2 4 2 > bZ 4 2
i (4m§) = b*(4m2)
o a?(2c¢? + 2a? — b?) > b*(2b% + 2¢? — a?)
& 2c¢%(a? — b?) + 2(a®? + b*)(a®> —b?) >0

€)
& (@2 -b%)(a?+b2+c?)>0Sa>h
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Similarly, >~ >~ o b>c (2)
m, m

(o

WLOG, we may assumea = b > c
a b c
Then, (1), (2) > e Also,r, =1, > 1,

a b c
STy t— rpt+— 1,
mg, my m.

Chebyshev 1 / q b C
—(—+—+—)(r +71r,+71,.)

>
3\m, m, m,

(4R + r) a? b? c?
= + +
3 am, bm, cm,

Bergstrom (4_R + 1') (a+b+ C)Z
2 .
& 3 (amy, + bmy + cm,)
Again izizi, ﬂsﬂsﬁ
m, my m, a b c

Chebyshev

3r

2 2 2 2
1 (ma + my + m. >Bergstrom 1 (ma +my, + mc)

2 R
< 3r (amg,+ bmy+cm,)

am, bm, cm, e

l

& (4R+1) (a+b+c)2(my+my+m,)?
(|)X(|I) = LHS = ( ) (amy+bmy+cm,)?
Now,~a=b =>c

Chebyshev 1
samg+bmy+cm, < 3 (a+b+c)(my+my+m,)

-Mm, <my <m,

2 _ (a+ b+ c)*(m, + my, + m,)?

= (am, + bmy + cm,) 9
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(amy+bmy+cm,)? = (a+b+c)2(my+my+m,)? (IV)
(iii), (iv) = LHS
4R + 71 9
2 2,
2( or )(a+b+c) (m, +m, +m,) (a+ b+ c)2(m, +my +m,)>?

__ 4R+r

r

> % (Trucht) (Proved)

410.In 4 ABC, I - incentre:

Vabc(ava + bVb + ¢/c)
z\/E-IAZZ NN

Proposed by Daniel Sitaru — Romania

Solution 1 by Kevin Soto Palacios — Huarmey — Peru
Solution 2 by Khanh Hung Vu-Ho Chi Minh-Vietnam
Solution 1 by Kevin Soto Palacios — Huarmey — Peru
KLAMKIN INERTIAL MOMENT
Siendo a, b, c los lados de un triangulo ABCy PA, PB, PC son las
distancias de un punto P en en plano ABC
Se cumple para todos los numeros R “x,y, z” se tiene lo siguiente:
(x +y + z)(xPA? + yPB? + zP(C?) > yza® + zxb? + xyc? ... (A
continuacion lo demostraremos)
La manera clasica es de la siguiente forma:
(xPA~” + yPB~ +zPC>)? > 0
= x?PA? + y?PB? + z>PC? + 2xyPA”PB~ + 2yzPB~PC~ + 2zxPA”PC~ > 0 ... (B)
Desde que: 2PA”PB~ = PA%* + PB? — ¢? 2PB”PC~ = PB? + PC? - a?,
2PA”PC™ = PA? + PC? — b?

Tenemosen ... (B)
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= x*PA? + y?PB? + z?PC? + xy(PA? + PB? — ¢?) + yz(PB? + PC* — a?) +

+zx(PA%2+ PC2 - b%) >0
= (x*PA? + xyPA? + xzPA?) + (y*PB? + yxPB? + yzPB?) + (z*PC* + zxPC? + zyP(C?) >
> yza? + zxb? + xyc?
= (x +y + z)(xPA? + yPB? + zP(C?) > yza? + zxb? + xyc? (LQQD)
Sea P = I (Incentro),x =va>0,y=vb>0,z=+/c>0
& (Va+ Vb ++/c)(ValA? + VbIB? + \cIC?) > a*Vbc + b*Vca + c?Vab

Vabc(ava+bvVb+cvc)
2 2 2
& valA“ ++VbIB* ++/cIC* > NI (LQQD)

Solution 2 by Khanh Hung Vu-Ho Chi Minh-Vietnam

Vabc(ava+bVb+cvVc)
Va+Vb+/c

We have V a, b, ¢ > 0, we have only one point S satisfy:
Va-SA+Vb-SB++c-SC=0
Applying Jacobi’s theorem for I is the incenter of triangle ABC, we have:
va - 142 +Vb - IB? +\c-I1¢* = (Va+Vb +c) - IS? +
1
+
Va+b ++c
= va-1A* +Vb - IB* +c-1¢* = (Va+ Vb +c) - IS? +
1
+
Va+b ++e

=>+a-1A2+\Vb-IB% ++/c-IC? >

In A ABC, prove that Va - IA?> + Vb - IB?> ++/c - IC? >

(Va-AB? +bc - BC? ++/ca - CA?)

(Vab - ¢* + Vbc - a® +vca - b?)

. 2 . 2 12 Vabc(ava+bVb+cyc)
=a-14 +Vb-IB e Ict 2 Va+vVb++c (QED)

TheequalityoccurswhensEI:?:%:g:a:b =c
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411.In A ABC:

z (a® + b%)(a® + b°) - 43S

a’b%(a + b)?
Proposed by D.M. Bdtinetu Giurgiu, Neculai Stanciu — Romania
Solution 1 by Ravi Prakash-New Delhi-India, Solution 2 by Rozeta Atanasova-
Skopje, Solution 3 by Sanong Hauerai-Nakon Pathom-Thailand
Solution 4 by Seyran Ibrahimov-Maasilli-Azerbaidian
Solution 1 by Ravi Prakash-New Delhi-India
For a,b > 0, consider
2(a® + b3)(a® + b°) — a?b*(a + b)*(a? + b?)
= 2(a® + a3b® + a®b® + b®) — a?b?(a® + b? + 2ab)(a® + b?)
= 2(a® + a3b® + a®b3 + b®) — a’b%(a* + b* + 2a%b? + 2a3b + 2ab3)
= 2(a® + a®b® + a®b3 + b®) — a®b? — a®b® — 2a*b* — 2a°b3 — 2a3H°
= (a® + b® — 2a*p*) + a®(a? — b?) — b°(a?® — b?)
= (a* - b*)%? + (a® — b®)(a® — b?) = 0
3 4 B3Y(5 + 5
“ anr,,bz ()a(i ,;;Zb ) > %(a2 + b?)
_ Z (@ +b3)(a®+b°) 1

(2 4+ h2 2, .2 2 4 2
Zh%(a + D) 22[(a +b*) + (b* + c*) + (c* + a”)]
3+b3)(a>+b5)
a?b?(a+b)?

=>Z(a

> E where E = a? + b? + ¢2

1
=>E—4\/§S:a2+b2+cz—4\/§{iabsinc}
= a%+ b%+ a?+ b%? —2abcosc — 2\V3absinc

T
= 2(a? + b?) — 4ab sin (§+ c)
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> 2(a? +b%2—-2ab) =2(a—b)2>0=E > 4V/3S

Thus, ¥ @)@+ o 4 3¢

a’b2(a+b)?

Solution 2 by Rozeta Atanasova-Skopje

3[a3+p3 M32MD) oy +b)3
[T ey 2 & ()

5’ 5455 Ms2M1) o4y +b)>
a2 S aT=>a5+b52(“2_4)m(2)

1 1 AM-GM 24—

22~ Gy = @O
From (1), (2) and (3) =

a + b2 1 1 1
LHS > E (—) 2ab+ac+bc:25(. +— + — )
2 sinC sinB sin4

Jensen 1
> 2§-3-—==4V3S=RHS
sin§

Solution 3 by Sanong Hauerai-Nakon Pathom-Thailand
(aS + bS)(aS + bS) N (b3 + c3)(b5 + CS) N (03 + a3)(05 + aS)
a’b%(a + b)? b%c%(b + c)? c2a?(c + a)?
(a* + b%)? (b* + c*)2 (c* + a%)?
= a’b2(a + b)? + b2c2(b + c)? + c2az(c + a)?
2a?b?(a* + b*) 2b%2c2(b* +¢*) 2c2a?(c* + a?)
a’b%(a + b)? + b2c2(b + c)? + c2a?(c + a)?
_ 2(a? + b?)? . 2(b? + c2)? . 2(c? + a?)?
2(a + b)? 2(b + ¢)? 2(c + a)?
(a+b)*(a®+b%) (b+c)(b*+c?) (c+a)’(c’ +a?)
2(a + b)? 2(b + ¢)? 2(b + c)?

(a+ b + c)?
3

=—a?+b%+c2> > 4+/3S
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Solution 4 by Seyran Ibrahimov-Maasilli-Azerbaidian

lonescu — Weizenbock Lemma 1: a? + b? + ¢% > 4+/3S

Lemma2: a® + b3 > %(a + b)(a? + b?)

Lemma 2: a® + b° > l(a + b)>

1 (a+b)*(a? +p?)M M —1
LHS = Z far B - Z;(a2+b2)24\/§s

a?b?

Proved

412.In A ABC:

(Va+ Vb + ) R? > Vabc(ava + bVb + cvc)
Proposed by Daniel Sitaru — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru,
Solution 2 by Khanh Hung Vu-Ho Chi Minh-Vietnam
Solution 1 by Kevin Soto Palacios — Huarmey — Peru
KLAMKIN INERTIAL MOMENT
Siendo a, b, c los lados de un triangulo ABCy PA, PB, PC son las
distancias de un punto P en en plano ABC
Se cumple para todos los nUmeros R “,y, z “ se tiene lo siguiente:
(x + y + z)(xPA? + yPB? + zP(C?) > yza® + zxb* + xyc? .. (A
continuacion lo demostraremos)
La manera clasica es de la siguiente forma:
(xPA” + yPB™ + zPC™)?> >0
= x2PA% + y PB? + z2PC? + 2xyPA”PB™ + 2yzPB”PC” + 2zxPA”PC~ > 0 ... (B)
Desde que: 2PA”PB~ = PA* + PB? — c*
2PB”PC” = PB? + PC? — a%,2PA”PC~ = PA%* + PC* — b
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Tenemosen ... (B)

= x2PA? + y*PB% + 22 PC* + xy(PA% + PB? — ¢%) + yz(PB%? + PC? — a?) + zx(PA2 + PC> — b%?) = 0
= (x?PA? + xyPA? + xzPA?) + (y*PB? + yxPB? + yzPB?) + (z*PC? + zxPC? + zyP(C?) >
> yza® + zxb? + xyc?

= (x+y+2z)(xPA? + yPB? + zP(C?) > yza® + zxb? + xyc?> .. (LQQD)
Siendo P = 0 (Circuncentro) © OA = 0B = 0C =R,

x=va>0y=vb>0,z=+vc>0
& (Va+ Vb +c)(VaoB? +VbOB? +\c0C?) > a?>Vbc + b?Vca + c*Vab

& (Va+ Vb ++c) R? = Vabe(ava + bVb + cVc)
(LQQD)

Solution 2 by Khanh Hung Vu-Ho Chi Minh-Vietnam
In 4 ABC, prove that (Va + Vb + \/E)Z. R? > Vabc(ava + bVb + ¢\c)

We have V a, b, ¢ > 0, we have only one point S satisfy:
Va-SA++\Vb-SB++c-SC=0

Applying Jacobi’s theorem for 0 is the circumcenter of triangle ABC, we

have:
va-04%* +Vb-0B? ++c-0¢* = (Va+Vb++c) 05*+
1
+ Vab - AB? +bc - BC* ++/ca - CA*
\/E+\/E+\/E( )
= va- 042 ++b-0B%++c-0C* = (Va+Vb++c) 0S*+
1
+ Vab - ¢ +Vbc - a? +/ca - b?
\/E+\/E+\/E( )

= (Va+Vb++c) -R? = (Va+Vb+c) -05%+abc(ava +bVb + cyc)
> vabc(ava+ b\Vb + c/c) (QED)
The equality occurswhenS=0=a=b=c
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413.In A ABC,I — incentre, R,, R,, R, — circumradiiin A BIC,A CIA,A AIB

R§,+R,2,+R§< r2+ 712+ r?

+ 2

R? T U Ty T T T,

Proposed by Adil Abdullayev-Baku-Azerbaidian
Solution 1 by Kevin Soto Palacios — Huarmey — Peru, Solution 2 by Hoang Le
Nhat Tung-Hanoi-Vietnam, Solution 3 by Soumitra Mandal-Chandar Nagore-
India
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Siendo I — Incentro, R,, Ry, R, circunradio en los triangulos
BIC,CIA,AIB. Probar en un triangulo ABC

2 2 2 2 2 2
Ra+Rb+Rc< Tg+ry+re

+2

R? IR % R % R O

Tener en cuenta las siguientes identidades

R 2R'AR 2R'BR 2R'C

= sin—, = sin —, = sin—

@ 2'h 2 ¢ 2

) A B c

Talp T TpT+ T rg =p°1T,= ptani,rb = ptani,rc = ptani

Ademas

2 2 2 — _ .. A __ . B _ _ .C

m-+n“+p“+2mnp =1,dondem = sin_,n = sin_,p = sin;
Comom,n,p > 0; Aplicando MA > MG

1
1=m?+n?+p?+2mnp > 42m3n3p3 © mnp < 3
Lo cual implica
R2 + R} + R? 1
= R;’ = = 4(m? +n? + p?) = 4(1 — 2mnp) 24(1—1) =3

En el RHS es equivalente
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4(sin2é+ sinZE+ sinZE)<tan2é+tan25+tan2£+2
2 2 2/ 2 2 2
A B _C LA B ¢
@4(1—251nismismi)Stan E+tan E+tan E+2
<:>tan2é+tanZE+tan2£+85inésinEsin£>2
2 2 2 2 2 2
LEMMA

Siendo x,y,z = 0, se cumple la siguiente desigualdad

xX2+y%+z% 8xyz

>2 (A

xy+yz+zx  (x+y)(y+z)(z+x) —

Realizamos los siguientes cambios de variables
A B C
X = tanE> 0,y = tanE> 0,z= tani> 0
Reemplazando en (A) se obtiene
= tan?2 + tan?Z + tan2 < + 8 sin2sin 2 sin < > 2
2 2 2 2 2 2

(LQQD)

Solution 2 by Hoang Le Nhat Tung-Hanoi-Vietham

2, p2, p2 24,22
Ra+Rb+RC< rg+ry+re
R2

Prove that: 3 < +2

T T rprpre T,
) RZ+R%+R?
We prove: 3 < — (1)
Let BC = a;CA = b; AB = c;S = areaof triangle
ac(a+c—b) ab(a+b —c) a-r
IB = IC = ;SBIC:—

a+b+c a+b+c 2

_IB-IC-BC_\[ a+b+c a+b+c

=> R
“ 4Spic

ac(a+c—b). ab(a+b—c).
2

ar
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a’bc(a+c—b)(a+b—-c) a’bc(a+c—b)(a+b—c)
2 _ (a+ b +c)? _ (a+ b+ c)?
= Ra= 472 - 1652
(a+ b+ c)?

, _a*bcla+c—b)a+b—c)
" [b+c—a)-Ca)
, a’bc(a+c—b)(a+b—-c) ( bY@+ b— o)
Ry [I(b+c—a)- - a) _ a(a+c— a+b—c
zZﬁ_z (abc)? _Z abc
Ea)]l(b+c—a)

Therefore: 3 <

<SR

R%+R2+R?
RZ

ala+c—b)(a+b—c
<:>3SZ ( ) )@Za(az—(b—C)Z)ZBabc
abc
@Za3+3ab022ab(a+b)
o Ya(a—b)(a—c) =0 (True because Schur) = (1) True
JXRZ _ X
We prove: = = Srorm +2 (3

Yalb+a-c)a+c—-b) (r,)?
=4 <

abc D o
2s 2
LZabra—c)la+tc—b) (Zm)
abc - 2s 2s

Xe¥a-b brc—a
a(b+a—c)(a+c—-b) [ (b+c—a)(c+a-b)]?
< Z abc s Ca)[l(b+c—a) (2)

b+c—a=2x a=y+z
Let{ {

cta-b=2ysib=z+x
a+b—c=2z c=x+y

(y+2)-4yz _ (X xy)?
<
@) =2 [Tx+y) = xyzXx
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o Exy? o 4Xyzy+2)

xJ'ZZx — Jllx+y)

o Z(x — y)? (zz : :j(x +y) — 2xyz? (Z x)) >0
|( s, = F-(x +y) — 2xyz? (Z x)
4sa = n(x+y) 2x xyz(z )
o [ oo zmve(5)

Suppose: x>y =>z>0

S, =y? [r(x +y) — 2xz (Z x)]

Sy = yZ . [xZ(y _ Z) + x(yz — ZZ) + yZZ +yZZ] >0

Similar:§,>0=>S$,+S5,>0

sp+Se= | [@+n 07+ -2392() %) 0+ 2)

> F:(x+y) - 2yz — nyz(z x) -(y +2)

=(y+2) 2yz yz=2y*2*(y +2) >0
Therefore: §, > 0,5, +S. > 0;5, + S, > 0By SOS = QED

Y R% < Y3
2 XTalp

Then (1), (2), (3) = 3 < 222 +2

Solution 3 by Soumitra Mandal-Chandar Nagore-India

A B C A —b —-C
Ra:2RsinE,Rb:2RsinE,RC:2RsinE,sinE:\/(p ;((:p )

sin2= [@9@-2 _ {sin& = /(p—a)(p—b)
2 ca 2 ab
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1 p—a)p— 4
. 2 — — _ _
N RZZR“ 42 ab abcza(p a)(p — b)

cyc cyc cyc
1 2(2Rr — 1r?)
=—Q2p3 - 2p(P* +r*+ 4Rr) + 12Rrp) = ———
Rrp( p’ —2p(p*+r T) Tp) o

> 3[R =>2r]

2 2 2 2
re+ri+r 1 2(2Rr —r
a b c > z RZ ( )

rary+rpyr.+r.r, R? o @ Rr

2+

A 2
(chc m) 2(2Rr —12) _2(2R—-7)
5 A2 = Rr B R
Y(—-a)(p—b)

=4

2

1 2(2R—-71)
= —a)(p—-»b > —
p(p—a)(p —b)(p - c) Z(p )(p - b) R
cyc
R(r+4R)? 2 .
2GR—1) = P , Which is true
414.In A ABC:
a?sin? A b% sin’ B cZsin? C 5
> 36r

+ + >
sinBsinC sinCsinA sinAsinB
Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru, Solution 2 by Hoang Le
Nhat Tung-Hanoi-Vietnam, Solution 3 by Myagmarsuren Yadamsuren-
Darkhan-Mongolia
Solution 1 by Kevin Soto Palacios — Huarmey — Peru
Probar en un triangulo ABC
a’sin?A4  b%*sin?B  c¢?sin?C
+ + > 3612
sinBsinC sinCsinA sinAsinB
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La desigualdad propuesta es equivalente

2

2 2 2 C
a‘ - — b — c¢* —
4 R? 4 R? 4R? 2
=S be + ca + b > 36r
4RZ 4R? 4R?Z
at bt 4

Aplicando la desigualdad de Cauchyy MA > MG

at* p* ¢*\,/1 1 1 a2 b2 2\’
—_—t—+— (—+—+—)2 —+—+—] >09
bc ca ab/\bc ca ab bc ca ab

a4+b4+c4 (1) - a4+b4+04>18R - 36
> —+—+ — &S —+ —+ —
bc ca ab/\2Rr bc ca ab r r*

(Valido por la desigualdad de Euler)
Solution 2 by Hoang Le Nhat Tung-Hanoi-Vietham

a?sinZ A b2sin? B cZsin2 C

In A ABC. Prove that: > 3612

sin B sin C sinCsin A sin A sin B

2( @ 2 2
= Zﬂ > 36 - (L) (S = areaof ABC)

L a+b+c
2R 2R
Z 1652 0 (a+b+)][(b+c—a)
= " -—9.
bc — (a+b+c)2 (a+ b+ c)?
9H(b+c a)
< Z_ a+b+c ( )

C(b+c-a))3 _C a)?
27 27

By AM-GM: [[(b + ¢ — a) <

9[I(b+c—a) _ 9 a)3 G a) 2
= Ya S 27%a S Z (2)

Zje (22‘223 22— e (3)

2,3)= Z — @ = (1) true = QED
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Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

a? - sin’ A B c CBS
a’-sin"4 oL 5
Z sinB - sin C (sinB -sinC) =
2 1 2
i — . 2 _ 2)2 -
> (Za smA) 1R? (Z a ) 4R2 - (p*> —4Rr —1%)? >
GERRETSEN 1 3612
> (16Rr — 51> — 4Rr — %)% = =T (2R —1)?

2
%r;# > 36r2-Y(sind-sinB) (ASSURE)
(2R — 1)?
RZ
4-(2R—-71r)*>ab+ bc+ ca=p?+4Rr +1r?

1
ZZsmA-smB:m-(ab+bc+ca)

16R? — 20Rr + 312 > p?

Euler

16R%? —20Rr +3r% > 4R?+ 24Rr — 20Rr +3r% =
= 4R? + 4Rr + 3r? > p* (GERRETSEN)

415.1fin A ABC,I - incentre, R,, Ry, R — circumradii of A BIC,A CIA,A AIB

R, R, R, R
2< 2+ 24+ <
Ty T, T, T

Proposed by Adil Abdullayev-Baku-Azerbaidian
Solution 1 by Kevin Soto Palacios — Huarmey — Peru, Solution 2 by George
Apostolopoulos-Messolonghi-Greece, Solution 3 by Soumava Chakraborty-
Kolkata-India
Solution 1 by Kevin Soto Palacios — Huarmey — Peru
Enun 4 ABC,siendo I — Incentro, R,, Ry, R, 10s circunradios de los
trinangulos A BIC,A CIA, A AIB

Probar que
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2<—+—”+R—<5
r, T, T, T

Siendo I —incentro, tener en cuenta las siguientes identidades
A B C
Ra:2RsinE, Rb:2RsinE, RC:2RsinE

Ademas en un 4 ABC se cumple las siguientes identidades y

desigualdades

A B C
ra=ptani, rb=ptani, rC=ptanE
P A B C
> — = — — - =
p= 3\/§1‘,R 4cos2 cos2 cos2
A B cC 33

=sinA+sinB+sinC <cos—+cos—+cos—< —
2 2 2 2

El RHS es equivalente

R,

B [
Tq Tp re P tanE tanE tanE P

A . B . C
R R 2R [ SInZ sin- sin; 2R A B Cc
+—”+—“:—< 24+ —2 + 2):—(cosg+cos;+cosE)S
2R 3V3 _R
3\/_1' 2 1'

El LHS es equivalente

Ra  Rp R 2R 2R A B C_ 2R
B (cos +cos + cos- )>—-4cos—cos—cos—=—-£=2
P P 2 2 2 P R

(LQQD)

Solution 2 by George Apostolopoulos-Messolonghi-Greece

It is well-known that R,R, R, = 2R?r,
. A . B . C
R, = 2R smE,Rb = 2R smE,RC = 2R smi

. A _ B _ C A 3V3
sm—-sm—-sm——4— andcosz+cosz+cosz<7
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A +b+
AlsoRa:s-tan;,...andra-rb-rC:r-s2 (s:%)

So, by AM — GM Inequality, we get

Ra ,, R, 3R Ry Ry - R, 32R2 32R2>
ra r ‘T T, rosz s2

3/ 8
= — =2
27
R 2R siné 2R
Also, we have —¢ = Z=".cos-< CcoS—
S0, We have T, sin% s 2~ 3V3r 2
S Y|
C087
So a R + < 2R (cosA+cos + cos )
Ta Th 3\/— 3\/—1' Z
R R
Namely 2 < e 4 8o | R _ R
Tq Th T r

Equality holds when the triangle ABC is equilateral.
Solution 3 by Soumava Chakraborty-Kolkata-India

A

C
@R, R, R.DR
ZS_a+_b+_CS_
e Tp T r
Al = r o T . cl = r
I_-_ﬂ’ BI—'—_, I—'£
Sln2 Sln2 Sln2
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. . roduct of sides
- circumradius of 4 =2 f

area

r r
—~ B . Cc ¢
. BI-CI- BC _smi smf
~R, = =
4 area (A BIC) 4%area
B rla B r
o 2 . E . g 2 si E . g
areasin > sin > sin > sin >
A
. Ra _ Tr _ TCOSE
L Zsingsin%stan% Zssin%-sing-sin%
R rcosé R rcos£
1 1 _b o 2 _C o —2
Slmllarly’ Ty 2s sinésingsin£ and’ L 2s sinésingsin£

2 2 2

Sy (Sed)

yesinAcinBoin €
SSlIlZSanSln2

_r bc ca ab A
" 25 G-bD)Gs-0 |[G-0G—-a) (s—a)(s—b)'zc"si
r abc A
:Z'(s—a)(s—b)(s—c)'zc"si

r 4Rrs? A @ 2R A

=25 122 'Z“’SE = T(Z“’SE)

A-G2R 3 A B C
> — -3 [coS—coS—CcoS—
S 2 2

2 2 2

2

_6R3 s(s—a) |s(s—b) |[s(s—¢)
T s bc ca ab
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6R3[ s 6R 216R3 s ? 22
— >8o 27R? > 4s
4Rrs 4R

S 2s < 3V3R & s < % — true, by Mitrinovic = (a) is true

R 2R A\ C- B S 2R A
(1):2—“2—(Zcos ) \/_ Zcosz—
T, s 2 2

2R3

\/1+cosA+1+cosB+1+cosC

f, r 2Rj§4R+r?

4 3 4R+r ? 1

<
s2 2 R ~ r2

o s’R 2 61°(4R + 1) (2)
?
Gerretsen = LHS of (2) > R(16Rr — 51%) > 61r*(4R + 1)
?
< R(16R — 5r) > 6r(4R + 1)

? ?
& 16R? —29Rr—6r*>0< (R-2r)(16R+31r) >0

— true by Euler = (2) is true = (b) is true

416.1f t € (0, ™) thenin A ABC:

aJa N b%\Vb N c\c
Vbsin2 t ++/ccos2t +/csin2t++acos2t +/asin?t++/bcos?t
Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

> 4+/3§

Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietnam, Solution 2 by Nirapada

Pal-Jhargram-India
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Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietham

2
Ift € (0,m), then in 4 ABC: ¥ ———" Va5 43S

t+VJc-cos?t —

By Cauchy — Schwarz:
a*vVa a’

Z\/Esinzt+\/z-coszt:Z\/E-sinzt+\/%-cosZtZ
(SVa®)' (S

= Y Vab(sin? t + cos2 t) B Y vab

2
(2Va?)
We prove: “o—=- > 435§

o (3va)' = (3vab) 3G b +c—-a) (1)
By Holder: (Y Va3)(ZVa3) - (1+1+1) = (T a)?
3 , 2 :
R (Z‘/E)Z > (Z:) > (Zml Ca) > (Zml 3Xab

= (Z\/ﬁ)z > (XVab) -y/3abc(X a) = (X Vab)/3E a)[1(b + c — a)

a*va
= (1) true =), Vb sin? t+vc cos? t =4V3:-5§

Solution 2 by Nirapada Pal-Jhargram-India
2

3
i ()
Z\/Esinzt+\/zcoszt_ vab sin? t ++ac cos?t

3\ 2
Bergstorm > —
S <Z az) AMZEM (3vabe)® _ oabc _ 9-4Rs
- Y(Vabsin? t+Vaccos2t) Yvab = Ya 25 =
Curry
> 28 =4v3S.AsYa?>Tab 2 43S

2
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417.In A ABC:

2 2 SECE'SECE § r

Proposed by George Apostolopoulos — Messolonghi — Greece
Solution 1 by Daniel Sitaru — Romania , Solution 2 by Myagmarsuren
Yadamsuren-Darkhan-Mongolia

16 A B\? B C\? C A\ 4 /R\?
?S<sec5-sec5> +<sec—-sec—) +< ) < ( )

Solution 1 by Daniel Sitaru — Romania

,A ,B 8R(4R+r1)
ZSGC ESGC e T

2 s2
16 8R(4R+r
—s¥<—> 25> < 3R(4R + 1)
3 S
GERRETSEN
2 ”~
2s <

2(4R? + 4Rr + 31r%) < 12R?> + 3Rr &
(R-2r)(4R+3r)>0 (1)

8R(4R+71) 4R? 612
< o st >24r%2 + —
s2 3r2

GERRETSEN
2 ~
S =

3
16Rr — 512 2 24r% + = & (R— 2r)(16R + 31) 2 0 (2)
Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

16<Z ,A B _4 (R)Z
3 = sec 2 sec 7 =3 2

Ysegrsecty= Y|
sec—--sec’—=
2 2 A




R M M

ROMANIAN MATHEMATICAL MAGAZINE

A-B_a+b _C\_, 1
(COS 2 - c -smz)— Z C

sinzg-(1+a_:b)2

C
C 1 c-2cos§
—4-2—6—?2 C cl| =
2

sinE-Z . cosi

1 C
=—- 16R? -Zcosz—
P 2

,C 4R+1\ 16R> 4R+r 8R-(4R+7)
ez = )= -

pZ 2r pZ
B 8R-(4R+1)
e O

16 8R-(4R+71)
LHS — < >
3 14

24
) sec 5 sec

& 2p?<3R-(4R+7)

GERRETSEN
2p? < 8R*+8Rr+6r> < 3R-(4R+r)

ASSURE
4R? — 5Rr — 61% > 0;
(R-2r)-(4R+3r)>0
Euler (LHS)

: (g)2 (ASSURE)

:8R-(4R+r) < 4

RHS:——"" <
P 3

6r>-(4R+71) <R - p?

Euler

>R-p* > 2r-p*=>6r*-(4R+r)
p? = 3r(4R + 1)
p? = 12Rr + 3r? (RHS)
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418.1fin4 ABC,x,y,z € (0,1) then:

a® b° c®
+ + > 6
x(1-x%) y(1-y*) z(1-2z%)" 677631

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietnam
Solution 2 by Soumitra Mandal-Chandar Nagore-India

Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietham
B Ly L3 2o
By AM-GM: x +«/ﬁ+«/ﬁ23 \[;—x
3 - 2 Z a® - Z a® \/272 6
> X — — _— _—
r—xr = V27 x(1—x%) L 2 2 @
V29

6
We prove: %_72 a® > 6776v3r°  3Y a® > 13552r° = 13552 - (%)

1669 (165%)° 1669 (X a)*[I(b + ¢ — a)?
23(0¢) > Sage =8 T a)®

o 24 (Z at) (Z a)3 > 1669 n(b +c—a)’

By AM-GM: ¥ a® > 3a?b?c?; (3 a)? > 27abc

= 24 (Z a®) (Z a)3 > 1944(abc)? > 1669 n(b +c—a)’

Solution 2 by Soumitra Mandal-Chandar Nagore-India

Let f(x) = x(1 — x?) for all x € (0, 1) then

f'(x) =1-3x*forall x € (0,1), for f'(x¢) =0 = x¢ = %

Now, f"(x,) = —2v/3 < 0, f attains maximum at x = x, SO

2 a® 3vV3
G = flx) = S ;x(l e

cyc
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3v3 1 6+b6+c6>(a+b+0)6]

> +b+c)°
_235(abc) 3 3

3V3 15 (6v37)° = 65V3r = 777631

419.In A ABC:

r, Tp r;ZJ1+(a+bXb+cXc+a)

L i
r, T, T abc

Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution by Kevin Soto Palacios — Huarmey — Peru

Probarenun A ABC =2 + 2 4+ ¢ - \/1 4 (atb)(b+o)(c+a)

r, T¢ abc
Realizamos los siguientes cambios de variables
x=s—a>0, y=s—-b>0, z=5s—-c>0¢&

eox+y=cy+z=az+x=D>b

La desigualdad propuesta es equivalente

+ + >
s—a s—b s-c

s—b s-c s—a>J1+wMa+w+bdb+®+cMc+®+2Mw
abc

b +b | btc | c+ 11
i—+iﬁ+——>J3+i—+—f+%3 Jm+b+fﬂi+b+)

s—a s—b s—c c a c

x 'y x+y y+z z+x

(:)X+E+fz\/(x+y+z)( 2 + 2 + 2 )
z

Lemma

Siendo x,y,z > 0 se cumple la siguiente desigualdad
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X+E+£2\/(x+y+z)(1+l+1)
VA X Yy z

Es necesario probar lo siguiente
1 1 1 2 2 2
—+—+—> + +

Xy z x+y y+z z+x

Aplicando la desigualdad de Cauchy

1 1 4

1 1 4

; + Z = }E (B),

1 1 4

vz ©

Sumando (A) + (B) + (C)
2 2 2 4 4 4
S —4+—+—> + + o

X 'y z x+y y+z z+x
1 1 1 2 2 2
e + +
X y z x+y y+z z+x

420.In A ABC,I — incentre, R,, Ry, R, — circumradii of A BIC,A AIC,A BIA.:
R2 + R% + R? > 2R - min(m,, my, m,)
Proposed by Daniel Sitaru — Romania
Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietnam, Solution 2 by
Myagmarsuren Yadamsuren-Darkhan-Mongolia, Solution 3 by Soumitra

Mandal-Chandar Nagore-India

Solution 1 by Hoang Le Nhat Tung-Hanoi-Vietham
3
Prove that: 3 + r} + 13 + 24rs? < (97R) (1)

Let S = area of triangle ABC
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W (ED 2 () < ()

a+b+c

b+c—a
8s3 Z( ! )3+125( +b+ )<(9wbc)3
@ .
b+c—a a €)= 8S

3

1
@84'56'Z(b+c—a) +83%.125%(a + b + ¢) < 93(abc)3

o (1652)3 - Z (b — :: — a)3 + 24(1652)2 (Z a) < 93(abc)3

& Z (1652 gy z — a)3 +24 (Z a)3 : n(b + ¢ — a)? < 93(abc)3

eY@a+b+c)d - (c+ta—-b)3a+b—-c)®+24Ca) [[(b+c—a)? <
< 93(abc)?
e Qa)P Dc+a-b)3(a+b—-c)+24T](b+c — a)?] < 93(abc)?

- Because:x3 +y3+z3 +24xyz < (x +y + z)3

=>Z(c+a—b)3(a+b—c)3+241_[(b+c—a)2S
< [Z(cﬁual—b)(ahub—c)]3
=>(Za)3.[Z(c+a—b)3(a+b—c)3+z41_[(b+c—a)2] <
< (Za)g.[Z(c+a—b)(a+b—c)r

We prove: (3 a)3 - [X(c +a— b)(a+ b —c)]® < 93(abc)?

o (Z a)- [Z(a2 — (b - )| < 9abc

o Ya3+3abc>Yab(a+b) © Y(a—b)(a—c) =0 (true)
= Q.E.D.

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

R%2 + R + R? > 2R - [min(im,, m;,, m,)]
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Z R? = 4R? Z sin? > = 2R [min(m,; m,; m,)]

If a>b=>c }(*)

A
ZR§:4RZ-ZsinZEZZR-ma

2R - Y sin? —>m **)

2R - Zsm —=2R- Z(p b)(P—C) j: a(p—b)(p—-c) =

4p Rr [Zap —ZZab p+3abc]

3 _ Z(p2 + 4Rr + rz)p +12p - Rr] =

2p-r

E[p —D _4Rr_r2+6Rr]:%'[2RT—T2]:ZR—r (***)

;. (**)=>2R-r>m, & (2-(2R—r))2 >2b*+c)-a’ o
©4-(A4R? —4Rr+1%)>2 - (a>+b*+c?) -3a’ &

©3a2>2-Ya?* —4(4R — 4Rr +1?) = 4(p? — 4Rr — 1?) — 4(4R?> — 4Rr +1?) =

()

3a? > a? + b% + c? = 4p* — 16R? — 8r*?

= 2p? — 8Rr — 2r% > 4p? — 16R? — 8r*?
2p? < 16R? — 8Rr + 612

p% < 8R? — 4Rr + 312

GERRETSEN
p? < 4R% +4Rr + 3r? < 8R? — 4Rr + 317

8Rr < 8R? — 4R? = 2r < R (Euler)
Solution 3 by Soumitra Mandal-Chandar Nagore-India

Let min(m,, my, m;) = mgandr + 4R = ¥..,c m, = 3m,
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r+ 4R A
3 > ma,Z(p —a)(p—b)=r(r+4R),R, = 2R sini,

=

cyc

B C
Rb—ZRsm R, —2Rsm2 sm—

sm /(p C)(p— )and sm /(p a)(p -b)

we need to prove, chc R? > 2Rm, <:> (chc a(p — b)(p —¢)) = 2Rm,

A j(p L)

= Z(Zp —2p(p? +1r* + 4Rr) + 12Rrp) = 2Rm,

R
e 2rp2R—71) > 2Rm, © (2R —1)? > m?2

we need to show, 9(2R — r)% > (r + 4R)?
& (6R—31r%) —(r+4R)?* > 0 © 4(R - 2r)(5R — r) = 0, which is true

421.In A ABC:

JWaSal'q + \/WpSpTp + \|WeScTe < S /S\/§

Proposed by Daniel Sitaru — Romania

Solution by Khanh Hung Vu-Ho Chi Minh-Vietnam

bc\/Zb2+Zc2 a? < bcy2b2+2¢2—a? _ V2b2+2¢2—a?
bZ%+c2 - 2bc 2

v2a2+2cZ-b2
2

By AM-GM we have s,

v2a2+2b%-c2
2

Similarly, we have s, < ands, <

V2b% + 2¢2 — a% +V2a? + 2¢2 — b? +V2a? + 2b% — c?
2
On the other hand, by BCS we have

S S, tspts.<

\/sz+Zc2—a2+\/2a2+2c2—b2+\/2a2+2b2—cz \/3(2b2+ZC2—a2+2a2+ZC2—b2+Za2+2b2—c2)
<
2 - 2
3vVa? + b? + c?
2

=

S S tspts.<

By BCS we have Wor, = ch(b+c;:_12(a+b+c) . % . \](a+b+c)(::z:2)(a+b—c) —
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_m-\/(a+c—a)(a+b—c)-(a+b+c) a+b+c
- 2(b + ) s—3 Ve -b-o

. b b
Similarly, we have wyr), < a+4+c b2 —(a-c)?andw,r, < a+2+c- Je2 — (a — b)?

= WoTg +Wyry, +W,r, s%’m(\/az —(b—c)2+b2—(a—c)?+c? —(a—b)z)

On the other hand, by BCD we have

%b_l_c(\/az —(b—c)2+b2—(a—c)?++c?— (a—b)z) <
S%MJB[CIZ—(b—c)2+b2—(a—c)2+c2—(a—b)2] =
= %M\/B[Z(ab + bc + ca) — a? — b2 — ¢?]
S Wary, + Wty + Wer, < %M\/B[Z(ab + bc + ca) — a? — b?% — ¢?]

By BCS, we have:

\/wasara + \/wasara + \/wasara < \/(sb +5s5p+ sc)(wara +wpry + wcrc) <

3vVa2+b%+c? a+b+
<\/ a C _a c

< 5 " -\/3[2(ab + bc + ca) — a? — b2 — 2] (1)

By AM-GM we have

2,52, 2 2_p2_ .2
a“+b“+c“+2(ab+bc+ca)—-a“-b*—c
VaZz +bZ+c?-\/2(ab+bc+ca)—a%—b%—c? < ( 3 ) =

=ab + bc+ ca (2)

3v3(a+b b+b
(1), 2) = JWaSaTa + WaSaTq + (WaSaTg < \/ (a+ ”13(“ thetca)
+b+c)?
3\/§(a+b+c)% \/§(a+b+c)3
= 8 = 3 =5 [sV3

(QED). The equality occurswhena = b = c.

1_|_8mambmc2 ﬁ+ r N L
hahbhc Tp c Tq

Proposed by Adil Abdullayev-Baku-Azerbaidian

422.In A ABC:

ﬁlc-
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Solution by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo ABC

8
1 + 2MalMpMe m,ympym, _+ _b _C
h hyh. T T, T,

Recordar las siguientes identidades y desigualdades conocidas en un
A ABC

b 28 b 28 b 28 hohyh, 853 8s3 2s2
= = — = — = =
a ' b ¢ b™c ™ abc ~ 4RS R

a
m, =>+/s(s —a), > \/s(s — m,>.s(s—c)e

s s?
esmamm . =Sp=8§-—=—
r r
SZ
mompym - R 1 1 1 1
b > L == r,tTp+r,=4R+T, —+ —+—==
hohph, 25 2r Tq Tp T¢ T

R

Aplicando la desigualdad de Cauchy

r
—+ by —<\/(r +rb+r)(
,’Tb ’ ’
4R +1r _ 4R 8m,mym,
= = 1+—=< |1+ ———F—
r r h,hyh,

423.In A ABC:
a b c

@@ Q) smm

Proposed by Daniel Sitaru — Romania

v
[l

Solution 1 by Kevin Soto Palacios — Huarmey — Peru, Solution 2 by Hoang Le

Nhat Tung-Hanoi-Vietnam, Solution 3 by Soumitra Mandal-Chandar Nagore-

India



R M M

ROMANIAN MATHEMATICAL MAGAZINE
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Siendo s semiperimetro. Probar en un triangulo ABC

a b c
1\s /1\s /1\s 1
-] =) - [=] <
(a) (b) (c) ~ 1272
Tener en cuenta la siguiente desigualdad en un 4 ABC
s > 3+/3 (Mitrinovic)
Aplicando la desigualdad ponderada MA > MG

1

a

1 b 1

1 b, 1 c gl a b
bt |GG
+ a b [

b
s

vl

w|Q| 4

s
+

wmia| +

) a b c a b 4
3 1\s /1\s /1\s 1\s /1\s /1\s 9 9 1
252G G &) =G G @) <w<izm-
2s a/ \b/ \c a/ \b/ \c 452~ 4-27r2  12r2

Solution 2 by Hoang Le Nhat Tung-Hanoi-Vietham

a b c

Prove that: G); : (%)s ) (%)s = 121r2

2a 2b 2c

1\a+b+c 1\a+b+c 1\ a+b+c 1
o | — | — R - S
(a) (b) (c) 1272
2a 2b 2c

1 1\a+b+c 1\ a+b+c 1\ a+b+c 1 1
Z B = <
e ()G Q)T ) sm(ze)

2a-lna+ 2binb N 2clInc
a+b+c a+b+c a+b+c

alna (3 H(b+c—a)) (1)

2 In a+b+c
Popose:a+b+c=3,(1) EZ alna =Y In(3 —2a) (2)

> In(1212%)

s 2

a+b+c —

We prove: galna —In(3 — 2a) > g(a -1)
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f’(“)zg(ln“+1)+3—2a_2

ffla)=0=a=1

0 1 3
— 0 +
— ‘ 0

f(a)Min ca=1

2 8
=>§alna—ln(3 —2a) Zi(a— 1)

zzgalnaZZln(B—a)+§(Za—3)
0

= EZ alna > Y In(3 — 2a) = (2) true = QED

Solution 3 by Soumitra Mandal-Chandar Nagore-India

Applying Weighted AM = G.M;
1

a (z)+b (5)+c () N {(1) , (1)” . (1)}T

a+b+c a b [

2 a

3 1\»
= | ——m > —_
(a+b+c) _n(a)
cyc
a

a
= 1@ =1 w2 [ 1)
> -——> Z) == > -
4p? a 4 2712 a

cyc cyc

a b c

1 (1)5 (1)5 (1)5
= > (=) (=] (=
12712 a b c

(proved)
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424. In A ABC:
R? 4
=
ms? +nr2+tRr 27m+n+ 2t

mnt>0

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu — Romania
Solution 1 by Seyran Ibrahimov-Maasilli-Azerbaidian, Solution 2 by SK Rejuan-
West Bengal-India
Solution 1 by Seyran Ibrahimov-Maasilli-Azerbaidian

27mR? + nR? + 2tR? > 4mS? + 4nr? + 4tRr

27mR? > 4ms?,  nR?> > 4nr?,  2tR* = 4tRr
27R? > 45? (from Lemma), r > 2r (Euler),R*> > 2Rr = (R—2r) >0
(Euler)

Solution 2 by SK Rejuan-West Bengal-India

R? 4
=
ms2+nr2+tRr — 27m+n+2t

A ABC:

& 27mR? + nR? + 2R%*t > 4mS? + 4nr? + 4trR
& (27mR? + 4mr?) + (nR? — 4nr?) + (2R*t — 4tnr) > 0 (A)
R >2r = 2R?*t > 4rRt [t> 0] = (2R*t—4Rrt) >0 (1)

R>2r=>nR?>4nr’=> (nR?> —4nr>) >0 (2)

) R 2
Again, 35% < (r +4R)? < (E + 4R)

1/9R\* 27R? ) )
(—) = = 4s° < 27R

s <—
72 =372 4
= 27mR? > 4ms? = (27mR? —4ms?) >0 (3)

= Adding (1), (2), (3) we get the result (A)
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425. In any scalene A ABC:

(1 + sin* A)3 (1 + cos* A)3
+

> 03
sin® A cos® A

Proposed by Daniel Sitaru — Romania

Solution by Hoang Le Nhat Tung-Hanoi-Vietnam

ind
By AM-GM: 1 + sin* 4 = sin* 4 +%+% >3’ S"; 4
3
3° sin* A
Z (1 + sin* 4)3 Z \/—4 27 1
=z > =27
sin® 4 sin® A 4 /.sin*A
(rsinta)” 27 o 5[ 1
=L sin® A4 = 4 3 [IsinZ A (1)
in4)° (ﬁ)g V3

27 - 27 8

(1), )= gL 8 ST 57 (3)

(1+cos4A)3 > 81 3 1

*Similar: Y i———m2 o (4)

Other: [Tcos 4 < 3, (4) » g L) 05 81 (5)

(3),(5) = gL g (reos'a) 5 57 g9 5 935 QED.

426.In A ABC:

2Tnarnbrnc > (ra + Trp + rc)z

h,hyh, T T rptrpr.tr.oo,
Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution by Kevin Soto Palacios — Huarmey — Peru
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i3 2 +1p+1,)?
Probar en triangulo ABC; ==& 4+ 1 > (ra+7p+7c)
a’tbtc Talp+rprctrery

Se demostro anteriormente que
m,mym, N R 2m,mym, N R
h,hyh, ~2r h,hyh, r

(rg+rp+r.)?

Es sufieciente probar que § +1=>

Talp+TrpTe+Tcry
Realizamos los siguientes cambios de variables
x=1,>0,y=1r,>0,z=r.>0
Se verifica lo siguiente
(x+y)(y+2)(z+x) =4p*R, xyz =Sp =p*r

(x+y)(y+2z)(z+x) 1> (x+y+2)?
4xyz Xy+yz+zx

La desigualdad propuesta es equivalente

Ahorabien

+Y)(y+2)(z+ + + + 1
(x+y)(y+2)(z x)+1:xy+yz+u+_+1:
4xyz 4z 4x 4y 2

1/x y 1/y =z 1/z «x 3
=—-\-+=)+-|=+-)+—-(-"+-)+ -
4\y «x 4\z y 4\x z 2

Aplicando la desigualdad de Cauchy

24082 24,2 2 4 a2
(x+y)(y+Z)(z+x)+1:x ty? yiHzt tx +§2
4xyz 4xy 4yz 4zx 2
2
(\/xz_,_yz_,_\/yz_,_zz_,_\/zz_,_xz) 1
+ —-—=
- 4(xy + yz + zx) 2
2(x2+y2+z2)+22(\/x2+y2)(\/x2+zz) 3
= +—>
4(xy + yz + zx) 2~
22x2+22(x2+yz)+3_4Zx2+22xy+3
4(xy + yz + zx) 2 4y xy 2
2 + v+ 7)2
_rx ,_(x+y+2)

Xy Xy +yz+zx
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427. In acute A ABC:

sinZ A
+ +
Z tan A+(tan B+tan C) cos2 A (COtA cotB + cot C)

Proposed by Daniel Sitaru — Romania

Solution by Hoang Le Nhat Tung-Hanoi-Vietham
1

cot24+1 lz
< _
Z 1 1 1 cotzd _=2/.0t4

cotd T (cotB * ot C) ‘cot2A+1

i 5.
<_
Zl xz2 T2 x

z) x2+1

(x:cotA;y:cotB;z:cotC:ny: 1)
1

o Z x2+1 lz X
yz(x2 + 1) + x3(y + z) = 2
xyz(x% + 1)

Z xXyz < 1
@ J—
yz(x*+ 1) +x3(y+2) ~ 2

Xyz xyz
g yz+x2(xy+xz+yz) ~ _Z +2 iyt = —Z x (1)
Because; by AM-GM: ) ;‘izz < xyz _ -Z\/ﬁ -Zx

= (1) true = Q.ED.
428. Prove that in any triangle ABC,
1 1 1 1
a(s—a)+b(s—b)+c(s—c) Zﬁ

where s denotes the semi-perimeter.

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
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Solution by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo ABC
1 1 1 1
a(s—a)+b(s—b)+c(s—c) Zﬁ
Siendo a, b, c los lados de un triangulo se cumple lo siguiente
1 1 1 a+b+c_2p 1

—t —+—= = =
ab bc ca abc 4pRr 2Rr

La desigualdad propuesta es equivalente

1 N 1 N 1 - 2 +2+2
a(s—a) b(s—b) c(s—c) ab bc ca
bc ca ab
o + + >2(a+b+c)

s—a s—b s-—c
Realizamos las siguientes sustituciones algebraicas
x=s—-a>0y=s—-b>0z=s—-c>0ex+y=cy+z=az+x=b

x+2)(x+y) (+x)(y+z) (z+y)(z+x)
=3 + + "

>4(x+y+2z)

X Yy
Xy +yz+zx Xy +yz+ zx Xy +vyz+ zx
(:)(x+yy )+(y+yy )+(Z+J’y ):
X y z
1 1 1
_x+y+z+(xy+yz+zx)<;+;+;)_

B Xy +yz+xz\ (xy + yz + zx)?
—x+y+z+(xy+yz+zx)<T)—x+y+z+ xyz >
>x+y+z+3(x+y+z)=4(x+y+z)(LQQD)

429.In A ABC:
a?cos(B—C) b%*cos(C—A) c*cos(A—-B)
- + - + - < 4sR
sinA sin B sinC

Proposed by Daniel Sitaru, Marin Chirciu — Romania
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Solution 1 by Kevin Soto Palacios — Huarmey — Peru, Solution 2 by Nirapada

Pal-Jhargram-India, Solution 3 by Ravi Prakash-New Delhi-India, Solution 4 by
Myagmarsuren Yadamsuren-Darkhan-Mongolia
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

a? cos(B — C) N b?% cos(C — A) N c? cos(4 — B)
sin A sin B sin C

< 4sR

Tener en cuenta lo siguiente
a=2RsinA, b =2RsinB, c =2RsinC
a b c

S — = 2R, — =2R
sin A sin B

, =2R
sinC

En la desigualdad propuesta

o a? cos(B—C)_|_b2cos(C—A)_|_c2 cos(A-B) < a? + b? c? —
sin A sin B sinC sin A sin B sinC

=2R(a+b+c) =4sR
Solution 2 by Nirapada Pal-Jhargram-India

acos(B—C) =2Rsin{m — (B+ C)}cos(B— C) = 2Rsin(B + C) cos(B — 0)
= R(sin 2B + sin2C) = R(2sinBcosB + 2sinCcosC) = bcos B + ccos C

2 —
SOZ%(ZC): 2RY acos(B—C) =2RY.(bcosB + ccos ()

<2RY(b+c) as cosB<1cosC<1
= 2R % 2s = 4sR
Solution 3 by Ravi Prakash-New Delhi-India
a? cos(B — C) N b?% cos(C — A) N c? cos(4 — B)
sinA sin B sinC

LHS = 4R?*[sin A cos(B — C) + sin B cos(C — A) + sin C cos(4 — B)]

< 4sR

= 4R?[sin(B + C) cos(B — C) + sin(C + A) cos(C — A) + sin(4 + B) cos(4 — B)]
= 2R?[(sin 2B + sin 2C) + (sin 2C + sin 24) + (sin 24 + sin 2B)]
= 4R?*(sin 2A + sin 2B + sin 2C) = 16R? sin A sin B sin C



R M M

ROMANIAN MATHEMATICAL MAGAZINE
= 16R? (ZR) (i) (L) = %(abc) = %(4er) =4s(2r) < 4sR [~ 2r <R]

2R/ \2R
Solution 4 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

a? cos(B — () N b?% cos(C — A) N c?cos(4 — B)
sinA sin B sin C

< 4pR

b+(:2 .. 24
1) cos(B — C) = 2 cos? 7—1—2 (a) - sin 5—1

. . A A
2)sinA=2- sin_ - cos >

r

3) tan =

C)Z . ZA
Zaz.cos(B_C) Z [2 - sin 7—1]_
sin A smA B
2. 24 2 2, 24 2
ZZ-(b+C) -sin“5 —a _ZZ-(b+C) -sin” 5 Z a

sin A B A A sin A
2 2

:Z(b+c)2-tan%—Z%ZZ(ZP—a)Z'p%a—Zza

B (p+p—a)’ _ p2+2p(p—a)+(p—a)
—r-z —4pR =71"
p—a —-a

2 -sins - cos

2
p

= = E +2p+p—al— =

4pR =71 (p p 2p+p a> 4pR

=r. |p?. ARr + 1 +6p+3p—2p|—4pR =
TP\ o-o@-bp-co) PP TP TIPES

3

:r-[p—-(4Rr+r2)+7p]—4pR:r-

2 E

;-(4R+r)+7p]—4rp:

=p(AR+1r)+7pr—4Rp = p(4R+r+7r —4R) = 8pr < 4pR

Euler
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430.In A ABC:

27R?
4

Proposed by Daniel Sitaru — Romania

maw, cos(x(m,,w,)) + mpyw, cos(x(my, wy,)) + mew, cos(x(m.,w,)) <

Solution 1 by Ravi Prakash-New Delhi-India,
Solution 2 by Mehmet Sahin-Ankara-Turkey
Solution 1 by Ravi Prakash-New Delhi-India

A
Af2 A2
b
w,
B ¥ ab C
D b+ c
2 2 ab 2
A _b +Wa_(_b+c) b A — b2 42 (ab)?
cos (2) - 2bw, = 2BWq €OS (E) 0 T Wa T o)z

A a2¢c?
Also 2¢cw,, ¢ (—) =cZ+w2—
S0 aCos(;) =" +wg -

2
Substracting, we get 2(b — ¢c)w, cos (g) = b% - % - (bjc)z (b? — ¢?)

A) b a? b% +c? —a?+2bc 2bc(1+ cosA)
_ c _ _

=>2wacos(§ = _(b+c)_ (b +c) - b+ c

A\ bc-2cos? (%) 2bc A
:wacos(i): e =>wa:b+ccos(i)
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A

B D D'

2mgaw, cos 0 = m2 + w? — (DD')?

1 2bc A (a ab\*
:E(b2+cz—2a2)+( ) cosz——(—— )

b+c 2 2 b+c
1 4b?c? A (a? a’b? a’b
o2+ —2a2) + 0 & o2 1% _
2( ¢ a’) (b+c)2cosz u (b+c)2 b+c
1 4b*c? A a’b
:E(b2+cz—a2)+mcoszi—m{b—(b+c)}
1 4b?c? A a’bc
R b" e oS S o2
4bc a’bc 1
__aoc _abc 1o, 2 2
_(b+c)zs(s a)+(b+c)2+2(b +ct—a’)
bc
(b+ )2{(a+b+c)(b+c—a)+a2}+ (b2 + c2 — a?)
bc
m{(b+c)2 a? +a?}+ bccosA

A
= bc(1 + cos A) = 2bc cos? (E) =2s(s—a) > m,w,cos0 = s(s — a)

Now,

E =m,w, cos(zm,,w,) + myw, cos(zm,, wy) + m.w,cos(zm,, w,)



ROMANIAN MATHEMATICAL MAGAZINE

:S(S—a)+S(S—b)+S(S—C):S(3S—ZS):SZS(?R)

E<27R2
ﬁ —
= 4

Solution 2 by Mehmet Sahin-Ankara-Turkey

B

Let ABC be a triangle and [AD] is bisector [AE] is median.
If m(DAE) = 0 then w,m, - cos 8 = s(s — a)
where s is semiperimeter of ABC

Proof:

Let’s use the sine theorem in the triangle AFC.
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_ 2-m,
sin (g - 0) sin (g + 0) sm(180° - 4)
c+b 2-m, c+b 2-my,
= — = =
sin(g—0)+sin(g+0) sin A Zsin%-cose Zsin%-cosf

b A
ﬁma'COSOZ%-COSE (1)

In triangle ABC: |AD|? = |AB| - |AC| — |BD| - |DC]
a-c ab
b+c b+c
a? ]_ (b+c—a)(b+c+a)

w2=c-b-—

(b+c)?| (b + c)?

4bc

:m'S(S—a)

w, = Zb\ib—cc- s(s—a) (2
From (1) and (2)

b+c ’s(s—a) 2\/_
mgow, - cosf = 5 he P s(s—a)=s(s—a) -

my - wg - cos(x(mgy,w,)) + muwy, - wo(x(mp, wy)) + mew, - cos(x(m,, wy))

w§:bc[1—

wa

s(s—a)+s(s—b)+s(s—c)
3s2 —s(a+ b +c) =3s%?— 252 =52

27R2
2s<3V3R=>T=s2< .

431.In A ABC:
3R

3r < 3mymym, < >

Proposed by Adil Abdullayev-Baku-Azerbaidian
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Solution by Kevin Soto Palacios — Huarmey — Peru

Probar en en triangulo ABC
3R

3r <3mymym, < >

Utilizando las siguientes identidades y desigualdades conocidas en un
A ABC

3
S=sr=ys(s—a)(s—b)(s—c), mi:+mi+m?= Z(aZ + b% + ¢?)

s > 3v3r,a%? + b%* + c2 <9R? m, > /s(s — a),m, < /s(s — b),
m, <.s(s—c)

Ahorabien

Smomym, > S\/s\/(s —a)(s—b)(s —c) = Vs2r = Y27r3 = 3r

(LQQD)
Por ultimo: Aplicando MA > MG y Cauchy

m,+m,+m 1
3 a b c 2 2 2\ —
3Simamym, < 3 SE-\/B(ma+mb+mc)—

1 |9 1 9R 3R
=—. [ (a2 +b2+c)< - —= —
3 j4(a <35 =3

(LQQD)

4R+T1
r

h h h
432. (r_a+r_b+i)(_a+_b+_c) >
hq hp h¢ Tq Tp Tc

Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia
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Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo ABC

+
(E_FQ_FE)(E_FE_F&)Z‘]-R 7':4-_R+1
h, h, hJ\r, r, 1, r r
Tener en cuenta las siguientes identidades enun 4 ABC
S S S 28 28 28
r, = r,=——,r. = h,=— hy,=— h.=

a' P b ¢
La desigualdad propuesta s equivalente
a b c 2(s—a) 2(s—b) 2(s—rc)
(Z(S—a)+2(s—b)+2(s—c))< a + b + c >
abc
“G-0G-bhG-0o *

Siendo a, b, c los lados de triangulo ABC, realizamos los siguientes

s—a' P " s—b s—c

cambios de variables
x=5s—-a>0y=s5s—-b>0,z=s5s—-c>0¢&
Sy+z=a, z+x=Db, x+y=c

o (y_+z 42 x+_LV) (Z_x + 2 ﬁ) s GiNG+2E+x) | 4
2x 2y 2z y+z z+x  x+y xXyz

X+ +z zZ+x
= y+y + +3
z x y

Como —» 2= + 2~ + 2% > 3 (Inequality Nesbit). Es suficiente probar que
y+z z+x  x+y

+ + +
=>3(y z z+x X y)zz

x y z

+ + +
(x y ytz z x+3)@
z x y

@ﬂ+"—”+z+7x26(VélidoporMA2MG)

VA X

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

re=22 (1)

ha_ r
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h, _ p*-8Rr+r?

ro=—r— (2

Ta 2Rr

1.32)=

2R-r (p?-8Rr+r? 4R+r
() = ZF (ASSURE) &

r

312 \ GERRETSEN
—r

& p? 2r<12R+2r+2R

5 ) 31?2
p“ = 16Rr —5r“ >r-|12R+ 2r +
2R —r

2
& (4R -7r) - 2r —r) = 3r?

Euler

(4R - 7r)(2R —71) = (8r — 7r)(4R — 1) = 312

3r
=>4R—7r22

433.In A ABC:

6r? m2+m%+m? 3R .
— <2t < <= m,m,,m, medians
R mg+mp+m, 2

Proposed by George Apostolopoulos — Messolonghi — Greece

Solution by Kevin Soto Palacios — Huarmey — Peru

. . 612 Zimi+m? _ 3R
Probar en un triangulo ABC: % < ZaTT e <

my+mp+m, — 2
Recordar las siguientes identidades y desigualdades conocidas en un

triangulo ABC

3
S =sr=+/s(s —a)(s — b)(s — ¢), m% + m% + m? :Z(a2+b2+cz)

m, = +/s(s —a),my > +/s(s —b), m,>+/s(s—c),s >3V3r,R > 2r

Aplicando la desigualdad de Cauchyy MA > MG

3
> ymomym, >

m§+m,2,+m§>ma+mb+mc

m,+my,+m, 3
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6
> S\/s\/s(s —a)(s—=b)(s—c)=str=>Y27r3=3r> %

L, b2+c2 cZ+a? aZ+b?
Ademéas=>m, > —— my > m. >
demas a= 4p b= 4p TC=4p

b2+c%2 c2+a* c? +a* a?*+ b%+c?

SMrmytme 2 — et e " T4R ~ 2R
em,+m,+m >2(m§+m,2,+m§)@m§+m,2,+m§<3_R
@ b €~ 3R m,+my,+m, " 2

434.In A ABC,AA',BB’',CC' - bisectors, AA"",BB",CC" - symedians:
a? area (A"B"'C") 1 a+b
8] | < <3| 1)
b2 + c2 area (A’'B'C') ~— 8 c

Proposed by Daniel Sitaru — Romania

Solution by Kevin Soto Palacios — Huarmey — Peru

En un tridngulo ABC, siendo AA’,BB’,CC’ - biscetricesy AA"",BB",C" -

simedians
a? b? c? |[A”B"'C"| _ 1 (a+b\ (b+c) (c+a
8 (b2+c2) (c2+a2) (a2+b2) s [A’B'C’'] s 8( c )( a )( b )
Ahorabien
[A'B'cC'] _ 1+xyz [A"B'"c"] _ 1+mnp
B0~ n(ey@is' B~ Wem@emysyy JoNde

_AB _BC (A

= = = A" € BC,B'€CAC € AB
*“ac?Y " Bra’ " ca ’ ’
= A"B = B¢ = A A" e BC,B" € CA,C" € AB
m_Anc’n_BnA’p_CnB’ ! !

Para bisecrices y simedianas

_A’B_AB_c _B’C_a _C’A_b _ 4
“AC AC bV T BA ¢ TCOB aTME=

X
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A'B_AB* ¢*  B'C _d* C'A _ b®

= = === n=—=—,p= = — =1
m A'C Acz bZ n B''A CZ p C'B aZ mnp
[A'B'C'] _ 2abc [A"B"C'"] _ 2a2b2c?
[ABC] ~ (a+b)(b+c)(c+a) [ABC] ~ (a?+b2)(b%+c2)(c+a?)
Por lo tanto
|A"B"C"| _ a’b?c? (a+ b)(b +c)(c+ a) -
[A'B'C'l ~ (a? + b2)(b? + ¢c2)(c? + a?) abc -
8aZb2¢2 -
2 E) )t (Valido por MA = MG)
|A"B"C"| _ a’b?c? (a+ b)(b +c)(c+a) -
[A'B'C'] ~ (a? + b2)(b? + c2)(c? + a?) abc -
< @OHACD  (y4lido por MA > MG)

435.In A ABC:

mamyme abc + a3 + b3 + ¢3
h,hyh, — 4abc
Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution by Kevin Soto Palacios — Huarmey — Peru

aMpm, abc+a3+b3+c3

. . m,
Probar en un triangulo ABC: hohph, = rabe

Recordar las siguientes identidades en un triangulo ABC
a+b+c=2s, abc = 4sRr, ab + bc + ca = s* +r% + 4Rr,
a? + b% +c% =2(s*> —r%2 —4Rvr)
>al+b3+c3=(a+b+c)a®?+b?+c%—ab— bc—ca)+3abc =

= 2s(s? —3r2 —12Rr) + 12sRr = a® + b® + ¢ = 2s(s®> — 3r% — 6RYr)

. R
Se demostro anteriormente que Z%2e >
hahphe = 2r

Es suficiente demostrar
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R a®+b3+c2+abc R 2s(s*—3r%—4Rr)

— = S —2
2r 4abc 2r 16sRr
& s% < 4R? + 3r? + 4Rr (Gerretsen’s inequality)

436.In A ABC:

9R\3
r3+r3+rd+24rs? < <7>

Proposed by Daniel Sitaru — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru, Solution 2 by Soumitra
Mandal-Chandar Nagore-India, Solution 3 by Francisco Javier Garcia Capitan-
Spain

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

3
, 9R
Probar en un triangulo ABC: r3 + r3 + r2 + 24rs? < (—2 )

Recordar la siguiente identidad y desigualdad en un 4 ABC
ra+rb+rC:4R+rS4R+E:97R, T rpr. = Ss = s*r
Es suficiente probar x3 + y3 + z3 + 24xyz < (x + y + z)3, donde
x=1r,>0,y=1r,>0,z=r.>0
ox3+y3+8 +24xyz<x3+y3+ 22 +3(x +y)(y + 2)(z + x)
& 24xyz < 3(x + y)(y + z)(z + x) (Valido por MA = MG)

Solution 2 by Soumitra Mandal-Chandar Nagore-India

T, :pATa'rb :ﬁ,rC:ﬁand 2r <R
we know, (x + y + z)3 > x3 + y3 + 23 + 24xyz. Now,
A3 pA3
1_[ ““o-a@-bp-c pp-ap-b{E-o

cyc
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3
:%:rpZ.Puttingx:rl,y:rb,z:rc
3 3
3 A
.'.Zra+24rarbrcs Zra = Zp—a
cyc cyc cyc
3
5+ 247 4 (- @)p - b)
= Ty + 24rp° < Z —a)(p—>b
D R R PR
cyc cyc
3 43 3 3
_pa 3_P 3 3 _ 3 (2R
= °(r + 4R) =37 (r +4R)° = (r + 4R) S(T)

Solution 3 by Francisco Javier Garcia Capitan-Spain
rg+rp,+r.=4R+r

TpTe+ T T, + 71,1y = s>

rorpTe = s*r and the identity

By + 2 =(+y+2)3-3(x+y+2z)(yz+zx +xy)+3xyz

3
9R
we getr3 + 13 + 13 + 245%r < (7)
3

S yg+r,+r )3 =30, +r,+1r)ayr.+r.r +1,1p) + 31,7, +245%r < (7)

9R\3
© (4R+1)3 —3(AR +1)s? +27s*r < (T)

9R\?
& (4R +71)3 — (T) < 3(4R + r)s? - 27s*r

1
PR —g(R —27r)(4r? + 50Rr + 217R?) < 12(R — 2s)s?,

which is true.
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437.1fin A ABC,m(<A) = 90° then: h,V2bc < 2sR(~Z — 1)
Proposed by Daniel Sitaru — Romania

Solution 1 by Seyran Ibrahimov-Maasilli-Azerbaidian
Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia
Solution 1 by Seyran Ibrahimov-Maasilli-Azerbaidian

R = (V2 +1)r - Lemma

haV2bc = 2sr, h,\/2bc < 28, \2bc < a, 2bc < a?
a’ = b% + ¢ > 2bc (Proved)

r= b+c—a a>(\/—+1)(b+ca)

=2
R=2
2(\/_+1)(a sinb+a-cosbh— a)

V2 —-1>sinb+cosb—1, V2 >sinb+ cosbh
sin2b < 1 (Proved)

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

A
|
r
B o C
a® = b? + 2
a>+2bc (*)
ol >r

o012 = R? —2Rr}=> R% — 2Rr > r?
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A
R R

r 2 r

(E+1) <22<VZ-1 (")
Prove that: h, - Vbc < 2p - R(vV2 — 1)

ha-\/ZbcSha-azj-aZZSZZpTZZp-E-R < 2pR(V2-1)

438.In A ABC:

Proposed by Adil Abdullayev-Baku-Azerbaidian
Solution 1 by Kevin Soto Palacios — Huarmey — Peru, Solution 2 by Soumitra
Mandal-Chandar Nagore-India

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

. hg  hy , h, 2
Probar en un triangulo ABC: =%+ 2 + =< + % >4

Tq Tp re
Recordar la siguientes identidades en un triangulo ABC

, .25, 28 28 s S S
o= g Ty e T e T T s T T T s ¢

La desigualdad propuesta es equivalente

2s—a) 2(s—b) 2(s—c¢) 8(s—a)(s—b)(s—r0c)
+ + + > 4
a b c abc

s—a s—-b s—c 4(s—a)(s—b)(s—c)
+ + + > 2
a b c abc

Como a, b, c son lados de un triangulo ABC, realizamos las siguientes
sustituciones
x=s—a>0y=s—-b>0,z=s—c>0x+y=c,y+z=a,z+x =c,

x+y+z=s
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X N y N z 4xyz -
TY+z z+x x+y @+ +)E+n) -

exx+y)x+z)+y(y+2z)(y+x)+z(z+x)(z+y) +4xyz >

> 2(x +y)(y + z)(z + x)

oxX3+x2(y+2)+y3+y*(z+x)+ 22+ 22 (x +y) + Txyz >

> 2x%(y+z) + 2y%*(z + x) + 2z*(x + y) + 4xyz
ox3+y3+23 —x*(y+2z)—y*(z+x)—2*(z+x) + 3xyz =
=x(x—y)(x—2)+y(y—2z)(y —x) +z(z— x)(z—y) = 0 (Schur)
Solution 2 by Soumitra Mandal-Chandar Nagore-India
2A

h, 2r a 2r p—a 1
Z_+_24.(:)Z +—24-(:)Z +—=>2
re R 4 R a R

cyc cyc p—a cyc

1 LA p(ab+bc+ca)+r>5 pz+r2+4Rr+r>5
J— J— J— @— J—
=P Za R~ it abc R~ 4Rr R~
cyc
& p? > 16Rr — 51%, which is true

h, 2r

—+—2=>4

ra

cyc

439. Let ABC be a triangle. Prove that:

>

C A B
2(ab + bc + ca) — (a? + b%? + ¢?) > 2 (absin5+bcsin5+ casmE>

3(4R
> 6S /72 45\3

Proposed by Vasile Jiglau — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru,

Solution 2 by Soumitra Mandal-Chandar Nagore-India
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Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Siendo ABC un triangulo. Probar que

>

C A B
2(ab + bc + ca) — (a? + b%> + ¢?) > 2 (ab sini + bc sinE+ casinE)

3[4R
> 6S /?z 45\3

Tener en cuenta las siguientes identidades y desigualdades en triangulo
ABC
ab =2S5cscC,bc =25cscA,ca = 2ScscB,
a? + b? + ¢? = 4S(cot A + cot B + cot C)

4R A B C A B B C C A

— =sec—Ssec—sec—,tan—tan—+ tan—tan—+ tan—tan— = 1,
P 2 2 2 2 2 2 2 2 2
1-cosA Zsinzg A
2p < 3V3R;cscA — cotA = — = —— = tan—,
sin A 2sin; cos; 2

B
cscB — cotB = tanE,cscC —cotC = tani

Ahora bien probaremos

2 2, .2 . C A B
2(ab + bc + ca) — (a“ + b* + ¢ )ZZ(absmE+bcsmE+casmE)

< 4S(cscA — cotA) +4S(cscB — cotB) +4S(cscC — cotC) >

A B C
=>4ScscA sinE+ 4S cscB sinE+ 4ScscCsinE

45t +4St +4S5t > 28 + 2§ + 2§
@ [— [— f— [— [— f—
an2 an 2 4 .sm2 = sec2 sec2 sec2

2tan—-+2tan—-+2tan- > —+ —+ =
&
an2 an2 .sm2 = sec2 sec2 sec2

i A B C
Slendox:tang,y:tan;,z:tan5> Ocxy+yz+zx=1
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xX’+1=x*+xy+yz+zx=(x+y)(x+2),y*+1=(y+z)(y +x),

2 +1=(z+y)(z+x)

La desigualdad propuesta es equivalente

20+ y+2z) 2VaZ+1+Jy2 + 1+ 22+ 1=

=J(x+)x+2)+/(y+2)(y+x)+/(z+x)(z+y)
Como x,y,z > 0; Aplicando MA > MG

(x+y) + (x+2) = 2/(x+y)(x + 2),
(y+2z)+ @y +x)=2/(y+2)(y+x),
(z+x)+(z+y)=2/(@z+x)(z+y)

Sumando y simplificando las desigualdades se obtiene

52(x+y+2)2Jx+Yx+2)+J/y+2)(y+x)+/(Z+x)(z+y)
(LQQD)

Nuevamente por MA > MG

28 bcsin§+ 28 casin§+ 2S ab sing = ZSsec§+ ZSsec§+ 28 sec

N

=

653\/sec§sec§secg = 65° 28 (LQQD)

3[4R _ 38R 3| 8R __
:65\[;—65\[;265 /—MR_ALS\E(LQQD)

Solution 2 by Soumitra Mandal-Chandar Nagore-India

ZZabsm——Zz \/(p—a)(p b)—ZZ\/(ap—aZ)(bp b?)

cyc cyc cyc

s§<2m>z <Zx>2 23 xy

cyc cyc cyc
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2
SZZ(ap—az) '.-Bsz Z\/E

cyc cyc cyc
= 2p(a+b+c)—22:a2 = ZZab—ZaZ
cyc cyc cyc
C
Zab —Zaz > ZZabsin—
cyc cyc cyc 2

CAMz6M i
Zz ab sini S 2. i/(abc)zl_[sini = 63\/abc n(p —a) = 63/4RA - pr?

cyc cyc

3 [4Rpr? 3 [4R . C 3 [4R
=64 / A”Zr :6A\[;. So,ZchcabsmEz&I\[;

we need to prove,

6"3\/% > 4443 o 33\[% > 2v3 & 23R > p, which is true

C 3|4R
:-22ab—2a2 EZZabsinEEMI /?24\/541

cyc cyc cyc

cyc

440. The incircle of a right triangle touch the hypotenuse in N and one of the

sides of triangle in M. If c is the hypotenuse then:

2v/3
MN < TC

Proposed by Boris Colakovic-Belgrade-Serbia
Solution 1 by Khanh Hung Vu-Ho Chi Minh-Vietnam
Solution 2 by Ravi Prakash-New Delhi-India
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Solution 1 by Khanh Hung Vu-Ho Chi Minh-Vietnam

B

c M b

The incircle of a right triangle touch the hypotenuse in N and one of the

sides of triangle in M. If c is the hypotenuse then MN < %gc

b+c—-a
2

We put the length of the edges as shown on the left = MA = NA =

We have MN%2 = MA%? + NA%2 —2MA - NA-cos A

MN? (b+(:—a)2_|_(b+c—a)2 2(b+c—a)(b+c—a) b
= = — - | - . —
2 2 2 2 c

b+c—a\’ b (b +c—a)*(c—b)
= mn=2(=——) (1-7) = Mn* = 2¢ >
Lz - (e =V =) (e~ b)
2c
b = (b+c—VeZ—b2) (c - b)
2c
%f(b) _ %((b+c—\/c22—cb2) (c—b)) _ %%[(b+ c _m)z(c B b)]

ﬁf(b)=i- (%[(b"'C—\/CZ—bz)z])'(c—b)+(b+c—\/cz—bz)z-(ﬁ(c—b))] =

dc
1 2b ,
25[2(1+2 CZ_bz)(b+c—M)(c—b)—(b+c—M)]
b+c—VE—BZ[2(c - b)(b + VT = B?)
2¢ [ Ny —(b+c—Ver-p?)| =

d
=>Ef(b) =
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_b+c—VcZ—p? [Z(C—b)(b+\/cz—bz)—(b+c)\/cz—b2+cz—bzl
B 2c

Ve — b?
- d ) _b+c—~c2—b?|(=3b+c)Vc? —b? —3b%* +2bc +c*|
ap’ P = 2c Ny B
_(b+c)(=3b + c)VcZ — b% — (=3b + c)(c? — b?) + (b + ¢)(=3b? + 2bc + ¢?) — (—3b* + 2bc + c?)VcZ — b?
- 2¢V 2 — b2
d b) —4bcVc? — b+ 6b(c* — b?) _ b(6Vc% — b% — 4c)
= — = =
dbf 2cVc? — b? 2c
b(6+c2-b%2-4
We have == (b) = 0 :%: 0= 6VcZ—b%=4c=

V5
= 36¢% —36b%2 =16¢% = 36b*=20c: > b = =€

We have f(b) < %cz = MN? s%cz = MN < %c (QED).

The equality occurs when a = gc andb = ‘;—gc

Solution 2 by Ravi Prakash-New Delhi-India
B (0,csin®)

o) A
r M (ccos 6,0)

c?cosf@sin® _ ccos@sin@

T
Let0 <O <—-1r= - = -
2 ccos 0+csin0+c cos 0+sin 6+1

Equaltion of ABisxsecO +ycscO = ¢
r(cos0 +sin0 + 1)

cosOsin0

= xsecO +ycsch =

> (x—r)sin@+(y—r)cos8=r (1)
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slope of IN cot@,itseqnisy —r = Z’;Z (x—-1)

> (x—1r)cos@—(y—1r)sin0=0 (2)
For coordinates of N, we solve (1), (2) to obtain
X—r=rsin@,y—r=rcosf =N = (r(l +sin@),r(1+ cose))
coordinates of M = (r,0)
~MN?=((r+rsin@ —r)?+ (r +rcos0)? = r2{sin? @ + (1 + cos 0)?}

2¢%(1 + cos 0) cos? O sin? 0
(1 + cos 0 + sin )2
_ 2¢*(1 + cosB) cos?Osin* 0 _ c*(1 — sin® 6) sin* @
2(1+ cos0)(1 + sin Q) 1+ sin@
= c?(1 — sin 0) sin? 8 = c?(sin? @ — sin3 0) = £(0) (say)
£'(0) = c*(2sin@ — 3 sin? 0) cos @ = c*(2 — 3 sin ) sin O cos O

=2r2(1+cos @) =

2
(@) =0 =>sin0:§

£'(6) > 0if 0 <6 <sin™? (§) < Qifsin~! (%) <o<Z

- max”(MN) = \/f (sin‘1 (E)) = 2¢v3 + MN < th;/g

0<9<7 3 9

441.In A ABC — N — ninepoint center

12r%2 < AN? + BN? + CN? < 3R?
Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Solution 2 by Ravi Prakash-New Delhi-India

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Siendo N - nine point center. Probar enun 4 ABC
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1212 < NA? + NB%? + NC? < 3R?

Teorema Leibniz
Para cualquier punto P en el plano de triangulo ABC teniendo centroide
G, se cumple

9PG? + a® + b? + ¢? = 3(PA? + PB? + P(?)

Sea P = N,donde NG = zOH = /9R* — (a2 + B> + ) 2 0 &
< 9R? > a? + b? + ¢?
= 9NG? + a? + b%? + ¢> = 3(NA% + NB%? + N(C?)
= 3(NA2 + NB2+ NC?) =9NG?* +a’> +b*+c?>>a’* +b*>+c* >
> ab + bc + ca > 18Rr > 36712

= NA? + NB? + NC? > 12r?. Por Gltimo
1
3(NA?2 + NB2+ NC?») =9 £(9R2 — (a? + b?* + cz)) + a? + b? + ¢?
9R? + 3(a? + b? + ¢?) - 9R* + 27R* _
4 = 4 B
= NA? + NB% + NC? < 3R? (LQQD)

= 3(NA% + NB%2 + NC?) = 9R?

Solution 2 by Ravi Prakash-New Delhi-India
Let’s take 0, the circumcentre as origin.
Let points 4, B, C be z,, z,, z; respectively, then orthocentre of 4 ABC is
H(z, + 2z, + z3)
Also, N is the mid-point of OH, i.e. affix of N is % (zy + 2, + 23)
Note that |z4]| = |z,| = |z3] = R
|2

1 1
WehaveAN2:|E(Zl+Zz+23)—Zl :Z|ZZ+23—21|2

1 1
BN? = lel +z3 — z,|> and CN? = lel + 2 — 73|°

Now, AN? + BN%? + CN? =



ROMANIAN MATHEMATICAL MAGAZINE
|24 |? + |21 + | 231 + 2,75 + 2323 — 21Z; — 212, — 2123 — Z123 +
2 +|z4|? + |2, |* + |23|* + 2,73 + 2523 — 2923 — 2423 — 2,23 — Z523 +

+|z9|% + |21% + |23|% + 2125 + 712y, — 7123 — 2173 — 2,735 — 7323

=2(1z1? + |2,)? + |2312) — 3 Fizz + 2475 + 7123 + 2155 + Tgz3 + 2273) (1)
1
= Z(3RZ) + Z(|Z1|2 + |25)% + |z3]* — |24 + 25 + 23]%)
1
= 3R? —lzi+zy + z3]?> < 3R?. Also, AN?> + BN? + CN? =

1
= Z(|Z1|2 + |Zz|2 + |Z3|2) +z(|Zz - 23|2 +|z3 — Z1|2 + |z4 — Zz|2)

3 1
= ZRZ +Z(a2 + b% + ¢?)
wherea = BC,b = CA,c = AB
3

1
=—R’+—(a+b+ Z + b2 + ¢?
4R 8S(a b + ¢)(a* + b* + ¢*)

3,2, 1 1 2
Z—R +—3(abc)3(abc)3 (€))

%(2r)2+—(9)(abc)—3r (9) abe 4

2) 44 s
=3r2+ E(R)r > 3r2 + E(Zr)r = 12r?

Thus, 12r%2 < AN? + BN? + CN? < 3R?

442.1n A ABC, 2 — first Brocard point, w — Brocard’s angle:

1 1 a’b? + b%c? + c%a?
(2.24) (X 5ia) 2 sinzas
sin2 A sin? w a? + b?% + c2

Proposed by Daniel Sitaru — Romania

Solution by Kevin Soto Palacios — Huarmey — Peru

Siendo 2 primer punto de Brocard y w el angulo de Brocard. Probar en

un triangulo ABC
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a?b?+b%c%+c2a?
(RA4% + QB2 + 0C?)(csc?2 A+ csc2B + csc2 () > csc’ w - N
a C

Como w es el angulo de Brocard, se verifica lo siguiente

cotw = cotA + cot B + cotC © cot? w = (cotA + cotB + cot C)?
& cot? w = cot? A + cot? B + cot? C + 2(cot Acot B + cot B cot C + cot C cot A)
& cot’?w =cot?A+cot? B+cot’C+2 &
©S1+cot?w=1+cot?A4+1+cot?B+1+cot’C
& csc? w = csc? A + csc? B + csc? C Es necesario probar lo siguiente

a’b? + b%c? + c%a?

2 2 2>
QA + OB* + 0C* > ——

Theorem Leibniz: Siendo P un punto interior en el plano de 4ABC se cumple

a?+b%+c? a?+b%+c?

PA% + PB% + PC? > .

seaP =0 o NA%+ QB? + QC% >

Es necesario probar lo siguiente
a? +b%?+c* a?b?+ b*c? + c%a?
=
3 a? + b? + c?

(Lo cual es cierto)

& (a? + b? + ¢2)? = 3(a’b? + b%c? + c?a?)

443.In A ABC:

m,mym, a® + b? +c2\*
h,hyh, — \ab+ bc + ca
Proposed by Adil Abdullayev-Baku-Azerbaidian
Solution by Kevin Soto Palacios — Huarmey — Peru

Lemma: En un triangulo ABC se cumple la siguiente desigualdad

R (az+b2+c2>2

— =
2r ab + bc + ca
Como a, b, c son los lados de un triangulo ABC, realizamos los siguientes

cambios de variables

x=s—-a>0y=5s-b>0,z=s5s—c>0x+y=c,y+z=a,z+x=b
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R abc _(x+y)y+2z)(z+x)
zﬂ_ 8(s—a)(s—b)(s—c) 8xyz B
_x+y) O+2) (z+x) 1
8z 8x 8y 4
a’?+b*+c* (x+y)* +(y+2)* + (z +x)?

ab+bcrca (x+YG+2)+ Y+ +0)+E+0x+y)
_ 22+ y*+z2F + xy +yz + zx)
~ x2+y2+z2 + 3xy +3yz+ 3zx

La desigualdad propuesta es equivalente

(X+y)+(y+z)+(z+x)+1> 202 +y2 + 22 + xy + yz + zx) \
8z 8x 8y 4 \x2+y2+ 2722+ 3xy+3yz+3zx

Ahora bien por la desigualdad de Cauchy

+ + +
(x y)+(y z)+(z x):(i+l)+(l+i)+(i+i):
8z 8x 8y 8y 8x 8z 8y 8x 8z
2 2 2 2 2 2
_x +y +y +2z +z +x
8xy 8yz 8zx

2
+y? Pz 2P (\/x2+y2+\/y2+z2+\/z2+x2)
+ + =
8xy 8yz 8zx 8(xy + yz + zx)

B 2(x2 _|_y2 + ZZ) + 22\/(x2 + y2)(x2 + ZZ) -
B 8(xy + yz + zx) -

> 2(2+y*+z2)+2 X(x%+yz) _ 4(x%+y*+z2)+2(xy+yz+zx) _  x*+y?+z2
- 8(xy+yz+zx) o 8(xy+yz+zx) o 2(xy+yz+zx)

1
+ =
4

2 2 2
Por transitividad &2 + 92 ; &0 1 H4yi+z 1

8z 8x 8y 4 — 2(xy+yz+zx) 2

Por Ultimo demostraremos

x% + y? + 22 L1 202 +y2+ 22 +xy +yz+2x)
2(xy+yz+2zx) 2 \x2+y2+2z2+3xy+3yz+ 3zx
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2(x2+y2+zz)

2024 ,2 2,024 ,2

x“+y“+z 1 x“+y“+z

Y +o> 222 | donde-m="2">1>0
2 xXC+y“tz Xy+yz+zx

xy+yz+zx

2(xy+yz+zx)

=4

m+1><2(m+1)

2
2
5 3 > os(m+3)“=>8(m+1) e

o (m+3)2-8(m+ 1) = (m—1)* > 0 (Lo cual es cierto)
2

., 24b24c2
Probar en un triangulo ABC; =2t > (a . )

h hph, ab+bc+ca

Recordar las siguientes identidades y desigualdades conocidas en un

A ABC.
b 28 b 28 b 28 — 8s3 853 2s%
= — = — =— & = = =
a a’ b= p ¢ ¢ a®™b™c " abc~ 4RS R

s 2

m, = ./s(s—a)my, >.s(s—b)m.=>s(s—c)emmym.=Sp=S- o
2

5 a?+b%+c?

ab+bc+ca

m,mym - R
Lue O#EL:_Z(
9 hyhph, 2%2 2r

) (LoeD)

444.In A ABC:
2712 < mow, + mywy, + mw, < 3r> + 6R?
Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia
27r% < Zma -w, < 3r% + 6R?

lLm,=zw, (*)
. wg=h, (%)
N.Y h, =97 (***)

()
1-Zma'wa = ngzzzaz =
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3 p2<4R?+4Rr+3r?
:Z-Z-(p2—4Rr—r2) <
<2.(4R?+4Rr +3r% —4Rr — %) =2 (4R? +2r%) = 6R* + 312 RHS

(xx) (x%)
2.%mg wy = TwE>1 (Bw,)? 2

(***)
>2(Lhy)? 2 ;- 81r% =27r% LHS

445. In acute A ABC:

1+ (z tanA) (Z tan A tan? C) > ZZtanAtanC

Proposed by Gheorghe Alexe, Serban George — Florin — Romania
Solution by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo acutangulo ABC

1+ (Z tanA) (Z tan A tan? C) > ZZtanAtanC

Como es un triangulo acutangulo < tanA,tanB,tanC >0

Tener en cuenta lo siguiente

tan B+tan C tan C+tan 4 tanA+tan B
tand=——> O,tanB = —,tanC e E——
tanBtan C-1 tanCtanA4-1 tanAtan B—-1

>0
Lo cual implica —»
—>tanBtanC—-1>0,tanCtanA—-1>0,tanAtanB—-1>0
Sumando las desigualdades se obtiene
tanAtanC+tanBtanC +tanAtanB > 3

Aplicando la desigualdad de Cauchy

1+ (Z tanA) (Z tan A tan? C) >1+ (Z tan A tan C)

Es suficiente probar 1 + (X tanAtan €)? > 2Y tanAtanC &

2
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& (tanAtanC +tanBtanC +tanAtanB —1)? >4 >0

(Lo cual es cierto)

446.In A ABC:

r_13 a3 cosBcosC > 16 (z sin A) (Z cos? A)

Proposed by Daniel Sitaru — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru
Solution 2 by Soumava Chakraborty-Kolkata-India
Solution 1 by Kevin Soto Palacios — Huarmey — Peru
En un triangulo ABC. Probar que:

T%Z a3 cos B cosC > 16(3 sin A)(3 cos? 4) - r (Inradio)

3
r_3(8 sin® A cos B cos € + 8 sin® B cos A cos C + 8sin3 C cos A cos B) >

> 16(sin A4 + sin B + sin C)(cos? A + cos? B + cos? ()
Tener presente en un triangulo ABC:
1) sin4A + sin4B + sin4C = —4 sin 2Asin 2B sin 2C

2) cos? A+ cos?B + cos’C=1—-2cosAcosBcosC
3) % = 4sin§sin§sin§

4) sin(B + C) = sinA A5)sin(2B + 2C) = —sin 24
T, =8sin3 Acos BcosC - T, = (2sin? A)(2sin 4)(cos(B + C) + cos(B — C))

T, = (1 —cos24)(2sin(B + C))(cos(B + C) cos(B — (C))

T, = (1 —cos2A)(sin(2B + 2C) + sin 2B + sin 2(C)
T; = (—sin2A4 +sin 2B + sin 2C) — sin 2B cos 24 — sin 2 cos 24 + (0,5)2 sin 24 cos 24
T, = 8sin3 B cosAcosC —

- T, = (—2sin2B + sin 24 + sin 2C) — sin 24 cos 2B — sin 2C cos 2B + (0.5)2 sin 2B cos 2B

T; = 8sin® CcosAcosB -
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- T3 =(—sin2C+sin2A4+ sin2B) —sin 24 cos 2C — sin2B cos 2C + (0,5)2 sin 2C cos 2C

T{+T,+T3=2(sin2A+sin2B + sin 2C) — 2 sin 2Asin 2B sin 2C
T{+T,+T3=2(4sinAsinBsinC)(1—2cosAcosBcosC) >

A
> 16(sin A + sin B + sin C)(cos? A + cos? B + cos? C) (4 sinEsin—sin—

BC)3
272

2

8'A'B'C>16(4 4 B C)(Z'A'B'C)8x4('A'B'C)
sinAsinBsinC = coszcoszcos2 smzsmzsm2 smzsmzsm2

5L > (sinfsinZsing) -2 > sinfsinZsing (LQQD)
Solution 2 by Soumava Chakraborty-Kolkata-India
a3 cos B cos C = R3(8sin3® A cos B cos C)
8 sin3 A cos B cosC = (2 sin? A)(4 sin A cos B cos C)
= (1 -cos24)(2cosC)(2sinAcosB)
= (1 -cos24)(2cos C){sin(4 + B) +sin(4 — B)}
= (1 -cos24){2cosCsinC — 2 cos(4 + B) sin(4 — B)}
= (1 - cos2A4){sin2C — (sin24 — sin 2B)}
= (1 — cos2A4)(sin2B + sin 2C — sin 24)
= sin 2B + sin 2C — sin 24 — cos 2Asin 2B — cos 2Asin 2C + cos 2Asin24 (1)
Similarly, 8 sin3 B cos C cos A = (1 — cos 2B)(sin 2C + sin 24 — sin 2B)
=sin2C + sin2A4 — sin2B — cos 2B sin 2C — cos 2B sin 24 + sin 2B cos 2B (2)

and 8sin® C cos Acos B = (1 — cos 2C)(sin 24 + sin 2B — sin 2C)
= sin 2A + sin 2B — sin 2C — cos 2Csin 24 — cos 2Csin 2B + sin 2Ccos 2C (3)

QL+2)+QR)=> :—32 a3 cos B cosC

R3
=5 ((sin24 + sin 2B + sin 2¢) — sin 2C (cos 24 + cos 2B)

—sin2B (cos 2C + cos 2A4) — sin 24 (cos 2B + cos 2C) + cos 2Asin 24
+ cos 2B sin 2B + cos 2C sin 2C — sin 2C (cos 24 + cos 2B)) =
= —sin2C{2 cos(4A+ B) cos(A— B)} = —2sin C cos C (-2 cos C cos(4 — B))
= 4 cos? Csin(4 + B) cos(4 — B) = 2 cos? C (sin 24 + sin 2B)
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= (1 + cos 2C)(sin 24 + sin 2B)

= (sin 24 + sin 2B) + cos 2C (sin 24 + sin 2B) (4)
Similarly, — sin 2B (cos 2C + cos 24)
= (sin 2C + sin 24) + cos 2B (sin 2C + sin 24) (5)
and-sin 24 (cos 2B + cos 2C)
= (sin 2B + sin 2C) + cos 2A (sin 2B + sin 2C) (6)

1
~— ) a*cosBcosC
T
R3
= F{B z sin 24 + (cos 24 + cos 2B + cos 2C) (z sin ZA)}

= I:_;:: (z sin ZA) {(1 + cos24) + (1 + cos2B) + (1 + cos 2C)}

= ‘j—i (X sin24) (2)(X cos?® 4) = er33 (T sin 24)(X cos? 4) (A)

z sin24 = sin 24 + sin 2B + sin 2C = 2 sin(4 + B) cos(A — B) + 2 sin C cos C

= 2sinC{cos(A— B) —cos(A+ B)} =2sinC-2sinAsinB = 4sin Asin BsinC
B C A B C

=4. 8smEsmEsmEcosEcosEcosE

. A . B . C A B c
= (8 sin=sin —sin —) (4 COS = COS —COS —) )
2 272 2 2 2

. . . . A+B A-B . C c
Now, sin4 +sinB +sin C = ZsmTcosT+ ZsmEcosE

_> C( A—B+ A+B)_4 A B C
=2cos{cos—; Cos—— ) = 4 0S5 COS COS

~(7) > Y sin 24 = 8 sin g singsin g (X sinA)

(s=b)(s—c) (—)(—)(—)(—b)z.
:8\/s bcs c\/s ccas a\/s aabs ( smA)
8(—)(—b)(—)z. 8422.

- — asflbc - c( smA):<sabc>( smA)

A="2and A =rs, . A% = I
4R 4R

z sin 24 = %(z sinA) = ZRTT(Z sinA)
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-~ (A) > rlg(z a3 cosBcosC) = (Zrig) (% (X sin A)) (X cos? A)

—4 <f—:> (z sin) (z cos? 4) = 4(2?) (z sinA) (z cos?A) ( R > 2r)

= 16(3 sin 4) (3 cos? A) (Hence proved)

447.In A ABC:
A B C s

S
—<coS—+coSs—+cos— < —
R 2 2 2 2r

Proposed by Adil Abdullayev-Baku-Azerbaidian
Solution 1 by Kevin Soto Palacios — Huarmey — Peru, Solution 2 by Rozeta
Atanasova-Skopje, Solution 3 by Soumitra Mandal-Chandar Nagore-India,
Solution 4 by Soumava Chakraborty-Kolkata-India

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

. A B C
Probar en un triangulo ABC: % < €os_ +€os_ +€os, < Z—Sr

Recordar las siguientes identidades y desigualdades en un triangulo
ABC
s _a+b+c s A

=sinA + sinB + sin C,= = cot tB tC>3\/§
R— 2R = Ssin sin sin ,r—COZCOZCOZ_

) . . c B—C C
Ahorabien sin4 +sinB = 2 €os; Ccos (T) < 2cos >

. . A . . B
sinB +sinC < 2cos;, sinC +sinAd < 2cos;

Sumando dichas desigualdades se obtiene

A B C
= sinA +sinB +sinC < cosE+ cosE+ cosi

) A B C _3V3 _ s
Por ultimo cos=+ cos—+ cos-<— < —
2 2 2 2 2r

Solution 2 by Rozeta Atanasova-Skopje-Macedonia
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s a+b+c

LHSzﬁzT:sinA+sinB+sinC
A A . B B A C
2 (smicosi + smEcosE + smicosz)
Chebyshev ) A ) B ) C A B C
< - (smi + smE + smi) (cosi + cosE + cos E)
Jensen 2 . A+B+C A B C
< E-BSlnT(cosE+cosE+cosE)
2 1 A B C
:§-3-E(cos—+cos—+cos—)
Jensen A+B+C 3\/_ Jensen 1 A B C
< 3cos 6 > < 2(cot2+cot2+cot2)
1 s 2
=2y 2y RHS

Solution 3 by Soumitra Mandal-Chandar Nagore-India

C auchy—Schwarz

D W Y Y )

cyc cyc cyc cyc

/— a+b+c /—
- abc 4Rrp 2Rp [Where R= 27']
A p—a MM Y@ —-a)(p—b)(p—-c)
Z COSZ p Z bc = 3Jp abc
cyc cyc

3

P

PZ 3
‘/_ 4Rr 4R\/_ 4R

Now we need to prove, 3° R> o = R2 > p? @TRzp,

P

L A
P~ 4 <
which is true 2 =< Xeyecosy < -



R M M

ROMANIAN MATHEMATICAL MAGAZINE

Solution 4 by Soumava Chakraborty-Kolkata-India

s (D AQ@ g
< <
R—ZCOSZ—Zr

A (€-B-$) A 3 A
ZCOSE < ﬁchosZE:jEZ(Zcoszi)

O . Q)
) <-—o Rs*> 6r’(4R+r) (3)

— 4r2

rretse

Ge n
Now,LHSof (3) =  R(16Rr — 512)
C))
~ in order to prove (2) and hence (3), it suffices to prove:
R(16Rr — 51%) > 61r%(4R + 1) (using (3), (4))
& 16R%Z —29Rr — 612> 0 © (R — 2r)(16R + 37r) > 0 — true,
“ R = 2r (Euler) . (2)istrue*

A abc,/s(s—a)
Now, (1) & X (R cos 5) 25 GG D -0pe = °

4Rrs
>
4./bc(s—b)(s—c) — s er

>

1 (5)
Jbe(s—b)(s—c)

Bergstrom 9RT
LHS of (5) % 3 Jbc(s—b)(s—0)
C

Now, ¥ VBG —b) - c(s—0) < J3BG — b)) VSlc(s — o))
= Z{a(s —a)} =2s% - Z a? = 2s2 —2(s? — 4Rr — r?) = 2(4Rr + r?)

1 @) 1
= =
> /bc(s — b)(s — c) 2(4Rr +12)
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?

1
(6),(7) > LHS of (5) = 2@Rr12) >1

@) @)
& Rr > 2r? © R > 2r - true (Euler) = (5) is true = (1) is true *

448.In A ABC:

[ o+ m)e < 2] [(ws+wf)
Proposed by Daniel Sitaru — Romania
Solution 1 by Nguyen Ngoc Tu-Ha Giang-Vietnam
Solution 2 by Seyran Ibrahimov-Maasilli-Azerbaidian
Solution 1 by Nguyen Ngoc Tu-Ha Giang-Vietham
We have (h§ + h$)(1 + 1)5 > (h, + h;)®
= (hS + h§)(h§ + he)(he + h§)(25)" = (hq + hp)S(hy + B (R, + he)®

= 215(w§ + hg) (wh + hE)(We + w8) = (h, + hy)®(hy + h)O(h, + h,)®

Solution 2 by Seyran Ibrahimov-Maasilli-Azerbaidian
Lemma l: w, = h,
Lemma 2: 2" 1(h" + h}) = (h, + hp)"
25(h + h§) = (h, + hy)® then:

n(ha + hy)® < 215 n(wg +w)

449. Prove that in any triangle ABC the following inequality holds:

JTpTe . JTeTq N JTalb _ i+ 1
bc ca ab Rr 4R?

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
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Solution by Kevin Soto Palacios — Huarmey — Peru

r,r 1 1
+\/“”§ —+—
ab Rr  4R2

-, TpT r.r
Probar en un triangulo ABC: */b”c © + \/C;“

Tener en cuenta las siguientes identidades enun 4 ABC

r 1 1 1 1
cosA+cosB+cosC=1+ - —+—+—=——
R ab bc ca 2Rr

A B C . B A C
ra:4Rsmicosicosi,rb:4Rsmicos§cosi,rc
A A B

= 4R smicosicosi

C
r,7p = (2R sin A)(2R sin B) (cos2 E) =N
ab bc ca
S r,ry = 7(1 +cosC),rpr, = 7(1 + cosA),r.r, = 7(1 + cos B)

r
TaTp rbrc+rcra_1+cosC 1+ cos4 1+cosB_4+§

= + + + = =
ab bc ca 2 2 2 2
4R +r r
= =2+ —
2R 2R

Aplicando la desigualdad de Cauchy

JTTe N JTeTg N JTalb - \/(rbrc LTela rarb) ( 1 1 1 ) B
c

< —_ 4 —
bc a ab bc ca ab bc ca ab
—_ (2 + L) (L) —_ l + i
B 2R/ \2Rr/  |Rr 4RZ2

450.1f m = 0,x,y > 0 thenin 4 ABC:

am+2 bm+2 Cm+2 4\/§S
+ + >
(xb+yc)™ (xc+ya)™ (xa+yb)™  (x+y)m™

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania
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Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

Solution 2 by Soumitra Mandal-Chandar Nagore-India

Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

a>b>ce
am+1 > bm+1 > C.m+1

1 1 1
(b +y)™ = (xc + ya)™ - (xa + yb)™
amtl Chebyshev 1 (a+ b+ c)m*?
Zm-a RA%ON 5.(a+b+c).(a+b+c)m-(x+y)m:
_(a+b+c)* 4p? >4p-3\/§r_ 4+/35
3x+y)™  3(x+y)m 3(x+y)m (x+y)m

Solution 2 by Soumitra Mandal-Chandar Nagore-India

m+2 2m+2

a B a
Z (bx + cy)™ Z (abx + acy)™
cyc cyc

RADON'SINEQUALITY
N Q (a2 + b? + c2)m+1 a? + b2 + c2 434

> > >
(x+y)™(ab + bc+ca)™~ ((x+y)m ~— (x+y)m

451.In A ABC:

m,m,m m m m m m m
abc<( a+ c)(b a)( c+ b)

abc [ a

a b b c
Proposed by Daniel Sitaru — Romania

Solution by Kevin Soto Palacios — Huarmey — Peru
-, . Mampm, mg me\ (my Mg\ (M mp
Probar en un triangulo ABC: = — < ( i ) ( . T ) ( PR )

Comom, my,m.a,b,c > 0. Aplicando MA > MG

Ma | T o [Mallc (A);ﬂ+ﬁ22
c a ca a b

m

pMg .mc mp mgmyp
ab (B)’ b * c = 2 bc (C)

Multiplicando (A), (B), (C)



R M M

ROMANIAN MATHEMATICAL MAGAZINE
m, N ﬁ) (ﬂ+ &) (ﬂ+ mb) - 8m ym,m, - m,mym,
=>( c a a b b c/ abc abc

452.In A ABC:

Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution by Kevin Soto Palacios — Huarmey — Peru

., mg, m, M 1 8mgmpm,
e ek e
Probar en un triangulo ABC h,  hy | h, =3 3hohyh.

Se demostro anteriormente que

R . .
Ta™e > ~ m, + my + m, < 4R + r (Bottema inequality)
hohyh, = 2r

ES%+§_R:4§+T
r r

Es suficiente demostrar lo siguiente =% + =2 +
ha hb hc

Supongamos sin pérdida de generalidad

1 1 1
aSbSC@mazmbzmc,h—gh_gh_
a b c

Aplicando la desigualdad de Chebyshev

1 1 1 1 +my+ 4R+
ﬂ-'—ﬂ_'_ﬁsg(ma_'_mb_'_mc)(__'___'__):ma 1:b mc< 3T
r r

ha hb hc ha hb hc

=

453. I1fin AABC,a + b + ¢ = 1 then:

3 rz
I A+bB+cC)=>3 |[—
sin(a cC) > T

Proposed by Daniel Sitaru — Romania
Solution 1 by Soumitra Mandal-Chandar Nagore-India

Solution 2 by Geanina Tudose-Romania
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Solution 1 by Soumitra Mandal-Chandar Nagore-India
(sinx)" = —sinx < O for all x € (0, ), so sin x is concave

anda + b + ¢ = 1 hencesin(ad + bB + ¢C) > asinA + bsinB + csinC

- 2R = ZrVv\aber= 8R3 R °.|2R
1

v p =

2
Solution 2 by Geanina Tudose-Romania
For A,B,C € (0, ) sin isaconcave functiona+b+c=1
= sin(aA + bB + ¢cC) > asinA + bsinB + csinC

>
aZ bZ CZ AM’:‘GM 3,

=—+—+— > —+/a?b?c?
2R 2R 2R = 2pYV*7C
bc
s =2 = abc = 4RS
We have 4R . = abc = 4R - = 2Rr
S=s-r=7 2

2.2 2
Therefore sin(ad + bB + ¢C) = 3~ | X — = 3’|
\ B8R NET:

454.In A ABC:

45S* 32m,mym,

=
(nla_'_nlb_'_nlc)2 mg+my, +me

(ma + my + mc)z +

Proposed by Adil Abdullayev-Baku-Azerbaidian
Solution 1 by Kevin Soto Palacios — Huarmey — Peru
Solution 2 by Soumava Chakraborty-Kolkata-India
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar en un tridngulo ABC:
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45S5? 32m,mym,

(my +my +m)%  m,+my+m,

(ma + my + mc)z +

Siendo m,, my, m, los lados de un triangulo ABC se cumple lo siguiente
952 = (ma +my + mc)(mb +m, — ma)(mc +mg — mb)(ma +my — mc)

La desigualdad propuesta es equivalente

5(mp+m.—mgy)(m.+my—my)(m,+my—m,) . 32m,mym,

2
m,+m,+m +
( a b C) (mg+my+m,) — mg+my+m,

& (m, +my +m,)* + 5(my, + m, — m,)(m, + m, —my)(m, + m, —m) >
> 32m,m,m,

Realizamos los siguientes cambios de variables
x=my+m.—m,;>0,y=m.+m;,—m, >0z=m,+my—m.>0
Sx+tyt+tz=m,+my+m,x+y=2m,y+z=2m,z+x=2m,

= (x+y+2)° +5xyz 2 4(x + y)(y + 2)(z + x)

ox3+y3+22+3(x+y)(y+2)(z+x)+5xyz >
> 4(x +y)(y + z)(z + x)
ox}+y3+2+5xyz>(x+y)y+2)(z+x) ©
ox3+y3+z23+5xyz>xy(x +y) + yz(y + z) + zx(z + x) + 2xyz
ox3+y3+23+3xyz—xy(x+y)—yz(y+2z)—zx(z+x) =
=x(x—y)(x—2)+y(y—x)(y—2z)+2z(z— x)(z—y) = 0 (Schur)
Solution 2 by Soumava Chakraborty-Kolkata-India
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InA BGD', the sides are = ma,zmb,

. . 6]
Semi-perimeter s’ = 2™

, @ s . )
= ,and circumradius
rmg,

, @) 2Zmymym,
B 9s
Applying Gerretsen’s inequality on A BGD', s'* > 16R'r’ — 51’2
(Z 7na)2 > 2m,mpym, S 5 52
29 9§ 2. mg (X m,)?

32m,mym, 4552

(using (1), (2). (3))= (Zma)? = = = — =

2 458  32m,m,m,
+ >
= (2,m) Cm)?~  3m,

455.In A ABC:

a(ma + Wa) 4+ b(mb + Wb) 4+ C(mc + Wc)

> 4+/3

hawq hywp how,
Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu — Romania
Solution 1 by Kevin Soto Palacios — Huarmey — Peru,
Solution 2 by Soumitra Mandal-Chandar Nagore-India

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

a(mg+wy) + b(mb+wb) cmq+w,) > 4\/_
aWa hpwy hew,

Recordar las siguientes identidades y desigualdades enun 4 ABC

hazg,hb——h—zs 0= Wa, My > wp,m, > w,,a? + b+ c? > 43S

(Inequality Weizenbock) Por lo tanto
(ama+wa)+b(mb+Wb)+c(mc+wc) 22_(14_&_'_2:
hawa hbwb hcwc ha hb hc

Probar en un triangulo ABC:

2 2 2
a“+ b” +c
= S > 44/3
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Solution 2 by Soumitra Mandal-Chandar Nagore-India

m,=>w,=>h,,my,>w,>h,andm,>w, > h,

Za(ma+wa)>za(wa+wa Z _a +b2+C > 4v3
- h,

hawa awa
cyc cyc cyc

456.In A ABC:

sin 4 ’ sin B ’ si1;1C£ =203
2 2 2
Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam
Solution 1 by Adil Abdullayev-Baku-Azerbaidian
Solution 2 by Soumitra Mandal-Chandar Nagore-India

Solution 1 by Adil Abdullayev-Baku-Azerbaidian
Lemma l.r, = 4R sin 4 cos B cos ¢ ,Tp = 4R sin B cosS 4 cosS E,
2 2 2 2 2 2
Cc A B

r. = 4R sini cosicosi

A B C
Lemma 2. Cos 7 cos— cos = =2 27R? > 452

2 2 4R
LHS—4R( B cosE+ cosacos= + cos B)>
- COSZ COSZ COSZCOSZ COSZCOS

3 A B C°_ s? 3 )
= 4R - 3 (cosicosicosi) —12R- 16R2_2$ o 27R? > 452

Solution 2 by Soumitra Mandal-Chandar Nagore-India

Z-r—aﬂzzptan Z pA ‘/_Z p—a

Cyc Sln 2 Cyc Sln Cyc COS Cyc
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P-a@-bp-c

AM=GM abc 4Rrp
S 3\/57 ] =3/p \/_

4Rp

We need to prove, 33/4Rp? > 2v/3p < 108Rp? > 24+/3p3

S iR > p, which is true

Z >2\/_p

457.In A ABC:

108Rr? < J(sz +712)(s% +12)(s?2 +12) < 27R3

Proposed by Adil Abdullayev-Baku-Azerbaidian

Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia
Solution 2 by Soumitra Mandal-Chandar Nagore-India

Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

108Rr? < \/(sz +712)(s?2+12)(s2+712) <27R® (1)

A B I
IIl. cosZ-cos=-cos= =+ (**%)
2 2 2 4R

2
(1) = Iz + 12 ® \/1'[ (pz + (pi)z) =p3. \/1‘[ <1 + (L)) =

A 1 P
— 3. 27\ = ,3.
- [t [T
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=45 =p 4R (2)

(1), (2)> 108R - r* < p?> - 4R < 27R®

p=33r

LHSp?-4R = (33 r)Z 4R = 108r2R (LHS); RHS:p <3

2

Solution 2 by Soumitra Mandal-Chandar Nagore-India

A B C
ro=ptanz,r, =ptan: andr, = ptan:,

A
108Rr? < jl_[(pz +12) < 27R® © 108Rr? < p? nseci <427

cyc cyc

3 3
abc
P < 27R3 © 108Rr? < P
cosfcosfcosi

& 108Rr? < < 27R3

27
& 108Rr? < 4Rp? < 27R® © 27r? < p* < TRZ &
©3/3r<p< %ER (proved)
458.1n A ABC,AD = h,, AM = m,,BR = w,,D,M € (BC),R € (AC),
{P} = BRn AD,{Q} = AM n BR. If AP = AQ then:

2
slapQl _ (V2-1)
S[ABC] = 2
When equality holds?

Proposed by Nica Nicolae — Romania
Solution by Khanh Hung Vu-Ho Chi Minh-Vietnam
Put AL L PQ (L € PQ). We have
AP = AQ = «PAQ = 22PAL = 2.PBD = £ABC >
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P 1gcoAD _BD_h, BD . ch,
= CO0S L = CcoSs . = = = = = -_ =
¢ AM AB m, c m,
We have BR is the bisector of triangle APD = AP _4B 4P _ _4B
PD BD AD AB+BD
. AQ _ AB
Similarly, we have — = ———. (2)
AM _ AB+BM __ h, _ C+% my _ 2cta  mg
(1)’ (2) =z E B AB+BD = mg N C+::—a = h, N 2 C(ma+ha) =
m,+h, 2c+a h, 2c 2c
= = = = ha =— -my;=>
h, 2c m, a a
2
= BD =2 andfe =2
a Cc Cc
1 2c

1
WehaveSABC:E-a-ha:—-a

2 ';'mazc'ma (3)

By Pitago theorem of triangle ADM, we have AD? + DM? = AM? >

2 2
4.c? ) a 2c? ) a’ — 4c?2 a? — 4c2 )
>5— mi+|———| =m?2 > = -m? =
a 2 a a

a? a 2a a?
L2 a? —4c?
m; =———
@ 4
AQ c 2cmg,
Ontheother hand,wehave (2) > —=—=24Q="=
mg, ct+y 2c+a

1 1
= Sapg :E-AP-AQ-sinLPAQ :E-AQZ-sinLABC:

1 (Zc-ma)z h, 1 (Zc-ma)z 2m, _ 4c2m3 @)
T2 2c+a c 2 2c+a a  a(2c+a)?
4c2-m3 ) Pt
SapQ _ a2e+a)2 _ 4cmiy _ Ae—F— _ c(a-20c)
(3)and(4) = = = ~ = _ = (5)
SaBC cmg a(2c+a) a(2c+a) a(a+2c)

c(a-2c) < (\/5—1)2
a(a+2c) — 2

We need to prove that (6)
= 2ac—4c* < (3-2v2)-a%? +6(6 — 4/2)ac >

= (3-2v2) - a®>+ (4-4V2)ac+4c* > 0=

(1)
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= [(V2-1)a—2c]|" = 0 (True) = (6) true

x/i—l)z
o

(5) and (6) = 3472 <
SaBc

The equality occurs when (V2 —1)-a—2c=0=a = (2 +2v2)c

459.In A ABC:

r2 r: r? 3

r§l+sz+rlz,+s2+r§+s2 =3
Proposed by Adil Abdullayev-Baku-Azerbaidian
Solution 1 by Kevin Soto Palacios — Huarmey — Peru, Solution 2 by Soumava
Chakraborty-Kolkata-India, Solution 3 by Soumitra Mandal-Chandar Nagore-
India
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

2 2
rp re

2
. . R
Probar en un triangulo ABC: st T iieet Vet 2

3
4
Recordar la siguiente identidad algebraica
(x+y)(y+2)(z+x) =x*(y +2) + y*(z + x) + 22 (x + y) + 2xyz
Siendox=1,>0,y=1r,>0,z=r,> 0 xy +yz+zx = s*

La desigualdad propuesta es equivalente
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x? y? z? 3
+ + >
xX2+xy+yz+zx yi+xy+yz+zx zP+xy+yz+zx 4

2 y?2 22
& + + =
(x+y)x+2) (y+x)(y+2) (z+y)(z+x)
x*(y+2) +y*(z+x) + 22(x +y) 2xyz

(x+y)(y +2)(z + x) T x++2)(E+x) =

. (LQQD)

=4

>1——:

W

Solution 2 by Soumava Chakraborty-Kolkata-India

_ A < = sztanzg

re = stan, etc, . LHS = Zm

tan? é A 3
=X 2,, =Y sin? 5 =7 (well—known)(*) (Proved)

se

2
* . ZA 3 3
(*) Proof of }’ sin 72,9 < Y(1—-cosA) > >

3 Rir

@ZcosA<2<:>1+ < —<;<:>R22r—>true(Euler)

R

N

Solution 3 by Soumitra Mandal-Chandar Nagore-India

2

rﬁ B (ptang)
Zr§+p2_z A\? Z

Z
2

cyc cyc (p tan 7) + p cyc secZ
(p—a)p—b) 1
B Z ab " abc Z c(p—-a)(p—b)
cyc cyc
1 12Rrp — 2p(r? + 4Rr
= pZZa—ZpZab+3abc = P — 2p( ):
abc 4Rrp
cyc cyc
__ 4Rrp-2pr* _ 2R-r ZR—E _3
= a4k 2R > = (Proved)

2R



