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ABOUT SOME SPECIAL CLASS OF TRIANGLES 

By Andrei Mihalcea Ștefan-Romania 

Abstract: In this paper are presented some applications for a special class of 

triangles with diameter of circumcircle 1 

૛ࡾ = ૚ ↔ ൝
ࢇ = ܖܑܛ ࡭
࢈ = ܖܑܛ ࡮
ࢉ = ܖܑܛ ࡯

 

࡭)ܖܑܛ + (࡮ = ࣊)ܖܑܛ − (࡯ = ܖܑܛ ࡭ܛܗ܋ and ࡯ = √૚ − ,૛ࢇ ࡮ܛܗ܋ = √૚ −  ૛ ( using the fact࢈

that ∆࡯࡮࡭ is acute).  

Hence:  ࢉ = ૚√ࢇ − ૛࢈ + −૚√࢈  .૛  and analogousࢇ

Let be ࢌ: (૙,૚) → ℝ, (࢞)ࢌ = √૚− (࢞)ᇱᇱࢌ ,૛࢞ < 0 → ݂ −  ݁ݒܽܿ݊݋ܿ

૝ࢇ࢓
૛ = ૛൫(ࢉ)ࢌࢇ + ൯(ࢇ)ࢌࢉ

૛
+ ૛൫(࢈)ࢌࢇ + ൯(ࢇ)ࢌ࢈

૛
− ൫ࢉ√૚ − ૛࢈ + ૚√࢈ − ૛൯ࢉ

૛
   (*) 

(ࢉ)ࢌࢇ + (ࢇ)ࢌࢉ ≤ +ࢇ) ࢌ(ࢉ ቀ૛ࢉࢇ
ࢉାࢇ

ቁ ↔ (ࢉ)ࢌࢇ + (ࢇ)ࢌࢉ ≤ ඥ(ࢇ+ ૛(ࢉ − ૝ࢇ૛ࢉ૛  (1) 

By  Jensen’s inequality: 

ඥ(૚ࢉ − ૚)(࢈ + (࢈ + ඥ(૚࢈ − +૚)(ࢉ (ࢉ ≥⏞
ࡹࡳିࡹ࡭

૛࢈൫૚ିࢉ૛൯
૛

+ ૛ࢉ൫૚ି࢈૛൯
૛

= +࢈) ૚)(ࢉ −  ,(2) (ࢉ࢈

By (1), (2), (*): 

 

૝∑ࢇ࢓
૛ ≤ ૝∑(ࢇ+ ૛(࢈ − ૡ∑ࢇ૛(࢈૛ + −(૛ࢉ +ࢇ)∑ −૛(૚(࢈  .૛    (3)(࢈ࢇ

 

૛࢈ + ૛ࢉ ≥ ૛ࢉ࢈ → −ૡ∑ࢇ૛(࢈૛ + (૛ࢉ ≤ −૚૟∑ࢇ૛ࢉ࢈ = −૚૟(4)   ࢇ∑ࢉ࢈ࢇ. 

 

From  ൜ ૝∑ࢇ࢓
૛ = ૜∑ࢇ૛

૝∑(ࢇ+ ૛(࢈ = ૡ∑ࢇ૛ + ૡ∑࢈ࢇ
 we have: 
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૝∑(ࢇ + ૛(࢈ − ૝∑ࢇ࢓

૛ = ૝(∑ࢇ)૛ + ૞ࢇ∑ 	   (5) 

 

Using (4), (5) in (3) → +ࢇ)∑ ૛(࢈ (૚ − ૛(࢈ࢇ ≤ ૛ࢇ∑ + ૝(∑ࢇ)(∑ࢇ − ૝ࢉ࢈ࢇ). 

 

Another proof for last inequality: 

By (2) → ૛ࢇ ≥ +࢈) −૛(૚(ࢉ ૛(ࢉ࢈ → +ࢇ)∑ ૛(૚(࢈ − ૛(࢈ࢇ ≤  .૛ࢇ∑

Remains to prove: ૝(∑ࢇ)(∑ࢇ− ૝ࢉ࢈ࢇ) ≥ ૙ ↔ ૝ࢉ࢈ࢇ ≤  .ࢇ∑

ࢇ∑ ≥ ૜√ࢉ࢈ࢇ૜  by AM-GM. 

૜√ࢉ࢈ࢇ૜ ≥ ૝ࢉ࢈ࢇ ↔ ࢉ࢈ࢇ ≤ ૜√૜
ૡ
↔ ܖܑܛ ࡭ ܖܑܛ ࡯ܖܑܛ࡮ ≤ ૜√૜

ૡ
. 

Let be  ࢍ: ቀ૙, ࣊
૛
ቁ → ℝ,(࢞)ࢍ = ܖܔ ܖܑܛ (࢞)ᇱᇱࢍ ,࢞ = ૛

ܛܗ܋ ૛ି࢞૚
< 0 −  ݁ݒܽܿ݊݋ܿ	݃

By Jensen’s inequality: 

∑ ܖܑܛܖܔ ࡭ ≤ ૜ ܖܔ ܖܑܛ ࣊
૜
↔ ܖܑܛ ࡭ ࡮ܖܑܛ ܖܑܛ ࡯ ≤ ૜√૜

ૡ
   . 

By (1) → ૛ࢉ + ૝ࢇ૛࢈૛ ≤ ૛ࢇ + ૛࢈ + ૛࢈ࢇ → ૝∑ࢇ૛࢈૛ ≤ ૛ࢇ∑ + ૛∑࢈ࢇ, 

Hence: √ࢇ૛࢈૛ + ૛ࢉ૛࢈ + ૛ࢇ૛ࢉ ≤  ࢙

By (2) → ૛∑ࢇ࢓
૛ ≥ ૝ࢇ∑ +  .૛࢈૛ࢇ∑

 

Proposed problems: 

 

If ࡾ = ૚
૛
࢔ࢋࢎ࢚	 ∶ ቐ

+ࢇ)∑ −૛(૚(࢈ ૛(࢈ࢇ ≤ ૛ࢇ∑ + ૝(∑ࢇ)(∑ࢇ− ૝ࢉ࢈ࢇ)
૛࢈૛ࢇ√ + ૛ࢉ૛࢈ + ૛ࢇ૛ࢉ ≤ ࢙
૛∑ࢇ࢓

૛ ≥ ૝ࢇ∑ + ૛࢈૛ࢇ∑
. 

 

 

 


