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ABOUT SOME SPECIAL CLASS OF TRIANGLES
By Andrei Mihalcea Stefan-Romania

Abstract: In this paper are presented some applications for a special class of

triangles with diameter of circumcircle 1

a=sinA
2R=1< ib =sinB
c=sinC

sin(4 + B) = sin(m — €) = sin C and cos A = V1 — a2, cos B = V1 — bZ (using the fact
that AABC is acute).

Hence: ¢ = av1 — b%? + bVv1 — a? and analogous.
Letbe f:(0,1) - R, f(x) =vV1—x2, f"(x) <0 - f — concave

am? = 2(af(c) + cf(@))" + 2(af(b) + bf(@)” - (VI-B2 +bVI—c2) (¥)

af(c) +cf(a) < (a+o)f (g) o af(c)+cf(a) < \/(a +¢)2 —4a%cz (1)

By Jensen’sinequality:

AM-GM 2 2
JA-BA+b)+b/A-)A+e) S 2D 2 = b+ )1 -bo) @)

By (1), (2), (*):

4Ym?%2<4Y(a+b)?-8Ya*(b?+c?)-Y(a+ b)*(1—ab)? (3).
b%+ ¢? > 2bc > —8Y a*(b? + ¢?) < —16 Y a’bc = —16abc Y a (4).

4Ym? =3Ya?

From {42((1+b)Z =8Ya*+8Yab

we have:
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4Y(a+b)*—4Ymi=4Ta)*+Xa*> (5)
Using (4), (5)in (3) » X(a + b)? (1 — ab)? < Y a? + 4(3 a)(¥ a — 4abc).

Another proof for last inequality:
By (2) » a? > (b+ ¢)*(1 — bc)? - Y(a+ b)>(1 —ab)? < Y a®.
Remains to prove: 4(¥ a)3 a — 4abc) > 0 < 4abc < Y a.

Y a > 33abc by AM-GM.

33/abc > 4abc < abc < % & sin Asin Bsin C < %.

2
cos 2x—1

Letbe g: (05) - R,g(x) =Insinx, g"(x) = < 0 — g concave
By Jensen’s inequality:

YInsinA4 < 31nsin§<—>sinAsinBsinCS% .

By (1) » ¢? + 4a%b? < a®? + b> + 2ab - 4Y a’b* < Y a? + 2Y ab,

Hence: Va2b? + b%2¢c?2 + c2a2 < s

By (2) » 2y m% > Y a*+ Y a’b?.
Proposed problems:

Y(a+ b)’(1 —ab)? <Y a?+ 4(Xa)(3 a— 4abc)
IfR = % then : vVazb? + b2¢2 + c2a2 < s
2Ym2 >y a*+ Y a’b?




