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1. Let ABC be a triangle, hg, hp, h, denote the lengths of altitudes,
la,lp, . denote the lengths of inner bisectors, and r,, 7y, 7. be its exradii.
Prove that:
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Proof.
We prove the following lemma:
Lemma.
2) In AABC:
hara n hory  here 8R? + 8Rr +3r2 — 52
12 12 2z 4Ry
Proof.
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Using h, = 7,7“,1 == b+cc cos 5,0082 2= S(Sbc a); we obtain:
Zhara_z ¥.s§a _ 252 Z(b+c)2_
2 (szbi cos 4)2 ~ dabcs (s—a)?
T 2(8R? +8Rr +3r* —s?)  8R?+8Rr+3r? — 52
-8R 72 B 4Rr

Let’s return to the main problem:

S8R? + 8Rr + 3r2 — 52
4Rr

which follows from Gerretsen’s inequality: s> < 4R* + 4Rr + 3r>

The inequality we have to prove: >3 < 5?2 <8R?—4Rr+3r?

It remains to prove that:

4R? +4ARr + 3r* < 8R?* —4Rr + 3r® & 4R* > 8Rr < R > 2r (Euler’s inequality).
O
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Remark.

The inequality can be strengthened.
3) In AABC':
hore  hpry  here - R
>—+1
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Proof.

Using Lemma and Gerretsen’s inequality: s*> < 4R* + 4Rr + 3r® we obtain:

Z hata SR?>+8Rr+3r2 —s2 S SR?2 + 8Rr + 3r2 —AR? — 4Rr — 312

12 4Rr 4Rr
4R? +4Rr R
4Rr r
Equality holds if and only if the triangle is equilateral.
O
Remark.
Inequality 3) is stronger than inequality 1):
4) In AABC:
hara hbrb hCTC R
>—+1>3.
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Proof.
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See inequality 8) is — + 1> 3 < R > 2r (Euler’s inequality).
r
Equality holds if and only if the triangle is equilateral.
([l

Remark.

Let’s emphasises an inequality having an opposite sense:

5) In AABC':

hara hyry here < (E _ L)
lg lg lg - 2 R
Proof.

Using Lemma and Gerretsen’s inequality: s*> > 16Rr — 5r% we obtain:

Z hata  8R?+8Rr+3r? — 2 - 8R2 4+ 8Rr + 3r2 — 16Rr + 512

12 4Rr 4Rr

_ 8R?*—8Rr+8r? 2(R?>— Rr+1r?) - 2(R? —r?) 72<§7 ﬁ)
N 4Rr N Rr - Rr N
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Equality holds if and only if the triangle is equilateral.
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Remark.
We can write the double inequality:

6) In AABC:

R hara  hory  here R r

fos S(2-5)
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Proof.

See inequalities 3) and 5).
Equality holds if and only if the triangle is equilateral.
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