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1. Let ABC be a triangle. Prove that:
> ra(hs + he)® > 12s8.
Proposed by Mehmet Sahin - Ankara - Turkey

Proof.
We prove the following lemma:
Lemma 1. 5 .
2) In AABC : Y rq(hy + he)? = 2870,
Proof.

S 28
Using rq = and h, = — we obtain:
s—a a

Zra(hb+hc)2:z 5 (?4'%)2:4532@(()4_76)2:47“333'@:

s—a c (s —a) 4sRr3

_ s2(s% — 3r?)

R
b 2 2 _ 9.2

In the above equality we’ve used: Z bZ( 2?_ ) ] = 84 R?)Z , which follows from:
c(s—a sRr

ZaQ(b +¢)%(s = b)(s — ¢) = 45> Rr(s*> — 3r?), abc = 4Rrs and H(s —a) =72s.
([

Let’s get back to the main problem:

Using Lemma 1 the inequality can be written:
52(s% — 3r?)

7 > 12rs% < 52 > 12Rr+3r2, which follows from Gerretsen’s inequality

s2 > 16Rr — 5r? and Euler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.

Remark.

Let’s emphasises an inequality having an opposite sense.
3) In AABC : Y r4(hy + h.)? < 6Rs?
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Proof.
Using Lemma 1 we write the inequality:

s2(s* = 3r?) 2 2 2 2 . re s :
——— < 6Rs” & s* < 6R* + 3r*, which follows from Gerretsen’s inequality

R
5?2 < 4R% + 4Rr + 3r% and Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.
O
Remark.
We can write the double inequality:
4) In AABC : 12rs®> < Y rq(hy + he)? < 6Rs2.
Proof.
See inequalities 1) and 3).
Equality holds if and only if the triangle is equilateral.
|
Remark.

Changing r, with hy we can build inequalities similar to those above.
5) In AABC : Y ho(re + 1c)% > 1288
Proposed by Marin Chirciu - Romania
Proof.
We prove the following lemma:
Lemma 2.

6) In AABC : Y hg(rp +7.)% = 452(2R — 7).
Proof.

S 28
Using rq = and h, = — we obtain:
s—a a

s 28/ S 5\ a —
Yohatrotr? =3 (T4 ) = e

_ 933 22R—r)

= 45*(2R —r)

a ~_ 2(2R-—r)
s—0)2(s—c)2 sr3

which follows from: Z a(s —a)? =2sr(2R — ) and H(s —a) =r%s.

In the above inequality we’ve used: Z (

Let’s get back to the main problem:
Using Lemma 2 we write the inequality:
482(2R —r)> 12rs®> < R > 2r (Euler’s inequality R > 2r).
Equality holds if and only if the triangle is equilateral.
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Remark.

Let’s emphasises an inequality having an opposite sense.

7) In AABC : Y ho(ry +70)? < 2R(4R + 7)2.

Proposed by Marin Chirciu - Romania

Proof.
Using Lemma 2 we write the inequality:
R(4R 2
45%(2R—r) < 2R(4R+7)? & 5% < 2((2R+7°))7 which is Blundon-Gerretsen’s inequality.
—r
Equality holds if and only if the triangle is equilateral.
O
Remark.
We can write the double inequality:
8) In AABC : 12rs? < > ha(rp + 7c)2 < 2R(4R + 1r)2.
Proof.
See inequalities 5) and 7).
Equality holds if and only if the triangle is equilateral.
O

9) In AABC : 32413 < Y ra(rp + 7.)? < Slz—Rs
Proposed by Marin Chirciu - Romania
Proof.
We prove the following lemma:

Lemma 3.
10) In AABC : > ro(rp +7c)% = 4s2(R + 7).

Proof.

S
Using r, = —— we obtain:

S S S 2 1 a2
Zra(rb+rc)2zzs_a(s_b+S_C) :S3zs_a'(s_b)2(s—c)2 -

S3 a? r3s3 4R+ ) 2
e P . = 4 .
H(S—G)Z(S—b)(s_c) r2g T s“(R+r)
2
In the above inequalily we’ve used: Z = b()l(s =0 = 4(R:— 0

which follows from: Z a2(s —a)=2sr(R+7r) and H(s —a)= r’s.
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Let’s get back to the main problem:

Using Lemma 3 the double inequality can be written:

3

81R
324r® < 4s*(R+7r) < , which follows from Gerretsen’s inequality:

16Rr — 5r% < s < 4R% + 4Rr + 372 and Euler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.

11) In AABC : 4852 - T < Y hg(hy + he)? < 12527

Proposed by Marin Chirciu - Romania

Proof.

We prove the following lemma:
Lemma 4.
12) In AABC : Y ho(hy + he)? = §z - s?(s®> +r? + 10Rr).
Proof.

28
Using h, = — we obtain:
a

S halhythot =30 25 (25 28y gy L0 S5 s (b el

b a b2c? ‘abc be

8r3s%  s? + 1?2 + 10Rr r
= 1Rrs SRy :?~82(52+T2+10R7‘).

b 2 24+ 724+ 10R
In the above equality we’ve used: Z ( ZCC) -2 T2RJ; :

which follows from: Z a(b+c)? = 2s(s> + r*> + 10Rr) and abc = 4Rrs.

Let’s get back to the main problem:

Using Lemma 4 the double inequality can be written:
3
4852-% < %~52(52+7‘2+10R7’) < 12s%r, which follows from Gerretsen’s inequality
16Rr — 512 < s> < 4R? 4+ ARr + 3r% and Euler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.

13) In AABC : )" r2(hy + h.)? > 3652

Proposed by Marin Chirciu - Romania
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Proof.
With means inequality we have:
8r
1) D 12 +he)> = vl dhyhe =4 r2hyh, = = s*(8R* + 2Rr — s?)
2
which follows from: Z r2hphe = ET - 5%(8R? + 2Rr — s?), because:

S \2 28 28 1
Zrihbh022(87a) .7-7:4S4Zm’

1 ~ Ya(s—b)*(s —c¢)?
Z be(s —a)2  abe[[(s —a)
Za(s —b)2(s —¢)? = 2sr*(8R? 4+ 2Rr — 5°), abc = 4Rrs, H(s —a) = sr.

In order to prove Zrz(hb + he)? > 3652 using (1) it suffices to prove that:
8r

R
Gerretsen’s inequality s> < 4R? 4+ 4Rr + 3r* and Euler’s inequality R > 2r.

-52(8R? + 2Rr — s°) > 365% & 2s? < 16R? — 5Rr, true from

Equality holds if and only if the triangle is equilateral.
O

14) In AABC : Y h2(rp + r.)? > 3652

Proposed by Marin Chirciu - Romania

Proof.
With means inequality we have:

(1)
2
Z h2 (ry4re)? > Z h2-4ryr, = 4 Z hiryr. = %-[84+82(2r2—12Rr)+T3(4RT+7‘)]
2

which follows from: Z hiryr. = 4S—RQ - [s* +5%(2r® — 12Rr) + r* (4R +7)], because

25\2 S S 1
Zh?ﬂ‘b""c:z<;) 'S_b's_c:4542m’
Z 1 S b%c?(s — a)

a?(

s—b)(s—c) (abc)?[](s—a)’
Z b2c?(s—a) = s[s* +5%(2r — 12Rr) +r3(4Rr + 1)), abc = 4Rrs, H(s —a) = sr?.

In order to prove Z h2(ry 4 7.)?* > 3652 using (1) it suffices to prove that:
2

% [+ s%(2r — 12Rr) + 3 (4R + 1)) > 365% <

s+ s%(2R? — 12Rr) +r3(4R + 1) > 36R*r?, true from Gerretsen’s inequality
s2 > 16Rr — 512 and Euler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.

15) In AABC : Y r2(rp, + r.)? > 365712,
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Proof.
With means inequality we have:
Zri(rb—&—rc)Q > Zr§~4rbrc = A4r,rpre Zru = 4~32r(4R—|—r) > 4-8%r-9r = 36572,
Equality holds if and only if the triangle is equilateral.
O

2
10 10 AABC 5+ 1 2 (55

Proof.

With means inequality we have:
s2r?  s24+r2 +4Rr .

2 2 2 _ _
D halho+he)? = Y he - Ahphe = dhahphe Y ha =4 — " >
2r2 3602 B 144852%r2 _(125r)2
R 2R R \ R '
Equality holds if and only if the triangle is equilateral.
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