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PROPERTIES OF THE EIGENVALUES OF SOME CLASSES OF 

REAL MATRICES 

By Marian Ursărescu – Romania  

In this article we will prove some interesting properties about the eigenvalues of some real 

matrices, followed by applications. For start, we will remember some of the classic results 

from matrices theory and their determinants. 

Definition:  

Let be ࡭ ∈ ࢄ and (ℝ)࢔ࡹ ∈ ࣅ ૚(ℝ). If it exists,࢔ࡹ ∈ ℂ such that ࢄ࡭ =  is called ࢄ then ,ࢄࣅ

own vector, and ࣅ eigenvalue for the matrix ࡭. 

Observation:  

The matricial equation (࡭ − ࢄ(࢔ࡵࣅ =  :is equivalent with the system ࢔ࡻ

(1) ൞

૚૚ࢇ) − ૚࢞(ࣅ + ૛࢞૚૛ࢇ + ⋯+ ࢔࢞࢔૚ࢇ = ૙
૚࢞૛૚ࢇ + ૛૛ࢇ) − ૛࢞(ࣅ + ⋯+ ࢔࢞࢔૛ࢇ = ૙
… … … … … … … … … … … … … … … … … .
૚࢞૚࢔ࢇ + ૛࢞૛࢔ࢇ + ⋯+ ࢔࢔ࢇ) − ࢔࢞(ࣅ = ૙

 

The system (1) has nonzero solutions ⇔ ࡭)ܜ܍܌ − (࢔ࡵࣅ = ૙. 

Definition: 

 The polynom (࢞)ࣅ࢖ = ࡭)ܜ܍܌ −  and ,࡭ is called characteristic polynom of the matrix (࢔ࡵࣅ

the equation (࢞)ࣅ࢖ = ࡭)ܜ܍܌ − (࢔ࡵࣅ = ૙ is called characteristic equation of the matrix ࡭. 

Observation. The eigenvalues of matrix ࡭ are the solutions of the characteristic equation. 

Theorem: 

 The characteristic polynom has the expression (࢞)ࣅ࢖ = ࢔ࣅ − ઢ૚ି࢔ࣅ૚ + ઢ૛ି࢔ࣅ૛ + ⋯+

(−૚)࢔ઢ࢔, where ઢ࢏ represents the sum of the principal minors having the order ࢏ of the 

matrix ࡭ −  .࢔ࡵࣅ

Observation: 

૛ࣅ૚ࣅ .1 ࢔ࣅ… = ܜ܍܌  ࡭

૚ࣅ .2 + ૛ࣅ + ⋯+ ࢔ࣅ =  ࡭	࢘ࢀ

૛ࣅ૚ࣅ .3 + ૜ࣅ૚ࣅ + ⋯+ ࢔ࣅ૚ି࢔ࣅ =  ∗࡭	࢘ࢀ
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Cayley – Hamilton Theorem. 

If (࢞)ࣅ࢖ is the characteristic polynom of matrix ࡭, then (࡭)ࣅ࢖ =  .࢔ࡻ

Definitions: 

Let be ࡭ ∈  	(ℝ)࢔ࡹ

1. Matrix ࡭ is called symmetric if: ࢀ࡭ =  ࡭

2. Matrix ࡭ is called antisymmetric if ࢀ࡭ =  .࡭−

3. Matrix ࡭ is called orthogonal if: ࡭ ⋅ ࢀ࡭ = ࢀ࡭ we have denoted) ࢔ࡵ = transposed matrix). 

Theorem 1: 

The eigenvalues of some real symmetric matrix are real. 

Proof: 

Let be ࡭ ∈ ࢀ࡭ with (ℝ)࢔ࡹ =  :such that ࣅ Let’s suppose that it exists an eigenvalue .࡭

ࣅ ∈ ℂ ⇒ ࢄ࡭ =  (1)  ࢄࣅ

We multiply to the left relation (1) with ࢄഥࢀ ࢄ࡭ࢀഥࢄ ⇒ = ࢀഥࢄࣅ ⋅  (2)   ࢄ

We conjugate relation (1) ⇒ ഥࢄ࡭ = ഥࢄതࣅ   (3)  ൫࡭ ∈  ൯(ℝ)࢔ࡹ

We multiply to the left relationship (3) with ࢀࢄ ⇒ ഥࢄ࡭ࢀࢄ = ࢀࢄതࣅ ⋅ ഥࢄ ⇒ 

⇒ ࢀ(ഥࢄ࡭ࢀࢄ) = ࢀࢄ)തࣅ ⋅ ࢀ(ഥࢄ ⇒ 

ࢄ࡭ࢀഥࢄ = ࢀഥࢄതࣅ ⋅  (4)   ࢄ

From (2) and (4) ⇒ ࢀഥࢄതࣅ ⋅ ࢄ = ࢀഥࢄࣅ ⋅ ࢄ ⇒ 

൫ࣅത − ࢀഥࢄ)൯ࣅ ⋅ (ࢄ = ࢔ࡻ

ࢀഥࢄ	࢚࢛࡮ ⋅ ࢄ = ૚തതതതࢄ ⋅ ૚ࢄ + ૛ࢄ૛തതതതࢄ + ⋯+ തതതത࢔ࢄ ⋅ ࢔ࢄ = ૛(૚࢞) + ૛(૛࢞) + ⋯+ ૛(࢔࢞) > ૙
ቋ ⇒ 

⇒ തࣅ − ࣅ = ૙ ⇒ തࣅ = ࣅ ⇒ ࣅ ∈ ℝ. 

Theorem 2: 

The eigenvalues of some real antisymmetric matrix are or nonzero or purely imaginary. 

Proof: 

Let ࡭ ∈ ࢀ࡭with (ℝ)࢔ࡹ =  .For start let’s prove that the only eigenvalues are nonzero .࡭−

Let ࣅ ∈ ℝ be an eigenvalue ⇒ ࢄ࡭ = ࢄࣅ ⇒ by multiplying to the left with ࢀࢄ ⇒ 

ࢄ࡭ࢀࢄ =  (1) ࢄࢀࢄࣅ

⇒ ࢀ(ࢄ࡭ࢀࢄ) = ࢀ(ࢄࢀࢄ)ࣅ ⇒ ࢄ࡭ࢀࢄ− =  (2)  ࢄࢀࢄࣅ
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From (1)+(2)⇒ ࢄࢀࢄࣅ = ࢄࢀࢄࣅ− ⇒ ૛ࢀࢄࣅ ⋅ ᇣᇤᇥࢄ
வ૙

= ૙ ⇒ ࣅ = ૙ 

Let ࣅ ∈ ℂ be an eigenvalue ⇒ ࢄ࡭ = ࢄࣅ ⇒ ࢄ࡭ࢀഥࢄ = ⇒ (3) ࢄࢀഥࢄࣅ തതതതതതതതࢄ࡭ࢀഥࢄ = തതതതതതതതࢄࢀഥࢄࣅ ⇒ 

ഥࢄ࡭ࢀഥࢄ = ࢀࢄതࣅ ⋅ ഥࢄ ⇒ ࢀ(ഥࢄ࡭ࢀࢄ) = ࢀࢄ)തࣅ ⋅ ࢀ(ഥࢄ ⇒ 

ࢄ࡭ࢀഥࢄ− = ࢀഥࢄതࣅ ⋅  (4)   ࢄ

From (3)+(4)⇒ ࢀഥࢄࣅ ⋅ ࢄ = ࢀഥࢄതࣅ− ⋅ ࢄ ⇒ 

൫ࣅ + ࢀഥࢄത൯ࣅ ⋅ ᇣᇤᇥࢄ
வ૙

= ૙ ⇒ ࣅ + തࣅ = ૙ ⇒ തࣅ = ࣅ− ⇒ ࣅ is purely imaginary, namely ࣅ =  ࢏࢈

Theorem 3: 

The eigenvalues of an orthogonal real matrix have an absolute value equal with ૚. 

Proof: 

Let be ࡭ ∈ ࢀ࡭࡭ with (ℝ)࢔ࡹ = ⇒ be an eigenvalue ࣅ Let .࢔ࡵ ࢄ࡭ = ࢄࣅ ⇒ by multiplying to 

the left with ࢄഥࢀ ⇒ ࢄ࡭ࢀഥࢄ =  (1) ࢄࢀഥࢄࣅ

ࢄ࡭ = ࢄࣅ ⇒ തതതതࢄ࡭ = തതതതࢄࣅ ⇒ ഥࢄ࡭ = ഥࢄതࣅ ⇒ 

by multiplying to the left with ࢀࢄ ⇒ ഥࢄ࡭ࢀࢄ = ഥࢄࢀࢄതࣅ ⇒ ࢀ(ഥࢄ࡭ࢀࢄ) = ࢀࢄ)തࣅ ⋅ ࢀ(ഥࢄ ⇒ 

⇒ ࢄࢀ࡭ࢀഥࢄ = ࢀഥࢄതࣅ ⋅  (2)  ࢞

(૚)	࢓࢕࢘ࡲ + (૛) ⇒ ࢄ࡭ࢀഥࢄ ⋅ ࢀഥࢄ ⋅ ࢀ࡭ ⋅ ࢄ = ૛|ࣅ| ⋅ ࢀഥࢄ) ⋅ ૛(ࢄ

ࢀഥࢄࢄ	࢚࢛࡮ = ૚|૛ࢄ| + ૛|૛ࢄ| + ⋯+ ૛|࢔ࢄ| ൠ ⇒ 

⇒ ࢄ ⋅ ࡭ࢀഥࢄࢀഥࢄ ⋅ ࢀ࡭ = ࢄ = ࢀഥࢄ)૛|ࣅ| ⋅ ૛(ࢄ ⇒ 

ࢄ) ⋅ ૛(ࢀഥࢄ = ࢀഥࢄ)૛|ࣅ| ⋅ ૛(ࢄ ⇒ ૛|ࣅ| = ૚ ⇒ |ࣅ| = ૚ 

Applications: 

1. Let ࡭ ∈  an antisymmetric matrix (ℝ)࢔ࡹ

a) If ࢔ is odd, then ܜ܍܌ ࡭ = ૙ 

b) If ࢔ is even, then ࡭ܜ܍܌ is a perfect square. 

Proof: 

a) ࢔ = ૛࢑ + ૚ ⇒  has an odd number of pairs ⇒ at least one is real ⇒ from theorem (࢞)࡭࢖

2 ⇒ the real root is ⇒ ࡭ܜ܍܌ = ૛ࣅ૚ࣅ ࢔ࣅ… = ૙. 
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b) ࢔ = ૛࢑ ⇒ (ࢄ)࡭࢖ ,has an even number of pairs (࢞)࡭࢖ ∈ ℝ[ࢄ] ⇒ the roots are complex 

conjugate, from theorem 2 ⇒ ૚ࣅ = ૚തതതࣅ and ࢏૚࢈ = ૛ࣅ,࢏૚࢈− = ૛തതതࣅ and ࢏૛࢈ = ࢏૛࢈− ࢑ࣅ… =

തതത࢑ࣅ and ࢏࢑࢈ = ࢏࢑࢈− ⇒ ࡭ܜ܍܌ = ૛ࣅ૚ࣅ … ࢔ࣅ = ૚࢈) ⋅ ૛࢈ … ૛(࢑࢈ > ૙ 

2. Let ࡭ ∈ ࢀ࡭࡭ ૜(ℝ) such thatࡹ = ࡭࢘ࢀ ૜ andࡵ = ૙. Prove that: |࢘ࢀ	࡭| = ૜ 

(Mathematical Gazette)  

Proof: 

Let ࣅ૚, ,૛ࣅ ⇒ from theorem 3 ࡭ ૜ be the eigenvalues of matrixࣅ |૚ࣅ| = |૛ࣅ| = |૜ࣅ| = ૚ 

࡭	࢘ࢀ = ૙ ⇔ ૚ࣅ + ૛ࣅ + ૜ࣅ = ૙ ⇒ ૚૜ࣅ + ૛૜ࣅ + ૜૜ࣅ = ૜ࣅ૚ࣅ૛ࣅ૜ (known identity)⇒ 

หࣅ૚૜ + ૛૜ࣅ + ૜૜หࣅ = ૜|ࣅ૚||ࣅ૛||ࣅ૜| ⇒ (૜࡭	࢘ࢀ) = ૜ 

3) Let be ࡭ ∈ ࡭ ૜(ℝ). Ifࡹ ⋅ ࢀ࡭ = ૛࡭	࢘ࢀ ૜ andࡵ = ૙ ⇒ ࡭	࢘ࢀ ∈ {−૛,૙,૛} 

 (Mathematical Gazette)  

Proof: 

Let be ࣅ૚ ૛ࣅ, ⇒From theorem 3 .࡭ ૜ the eigenvalues of matrixࣅ, |૚ࣅ| = |૛ࣅ| = |૜ࣅ| = ૚ 

࡭	࢘ࢀ = ૚ࣅ + ૛ࣅ + ૜ࣅ ૛࡭	࢘ࢀ, = ૚૛ࣅ + ૛૛ࣅ + ૜૛ࣅ = ૙ 

࡭)ܜ܍܌ ⋅ (ࢀ࡭ = ૜ࡵܜ܍܌ ⇒ ૛(࡭ܜ܍܌) = ૚ ⇒ ࡭ܜ܍܌ = ±૚ 

૚૛ࣅ + ૛૛ࣅ + ૜૛ࣅ = ૙ ⇒ ૚ࣅ) + ૛ࣅ + ૜)૛ࣅ = ૛(ࣅ૚ࣅ૛ + ૜ࣅ૚ࣅ + (૜ࣅ૛ࣅ
૛|࢏ࣅ|	࢚࢛࢈ = ૚ ⇒ ૚ࣅ ⋅ ଙഥࣅ = ૚, ࢏ = ૚,૜തതതതത ቋ ⇒ 

૚ࣅ) + ૛ࣅ + ૜)૛ࣅ = ૛ࣅ૚ࣅ૛ࣅ૜ ൬
૚
૜ࣅ

+
૚
૛ࣅ

+
૚
૚ࣅ
൰ ⇒ 

૚ࣅ) + ૛ࣅ + ૜)૛ࣅ = ૛ࣅ૚ࣅ૛ࣅ૜൫ࣅ૚ + ૛ࣅ + ૜തതതതതതതതതതതതതതതതത൯ࣅ ⇒ 

૛(࡭	࢘ࢀ) = ૛࡭ܜ܍܌ ࡭	࢘ࢀ;തതതതതത࡭	࢘ࢀ ∈ ℝ ⇒ തതതതതത࡭	࢘ࢀ =  ࡭	࢘ࢀ

⇒ ࡭	࢘ࢀ)࡭	࢘ࢀ − ૛࡭ܜ܍܌) = ૙ ⇒ ࡭	࢘ࢀ or ࡭	࢘ࢀ = ±૛ 

 

 

 

 


