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1) If ࢞,࢟, ࢠ > 1 then: 

࢞܏ܗܔ ቆ
࢟૞ + ૞ࢠ

࢟૜ + +૜ቇࢠ ࢟܏ܗܔ ቆ
૞ࢠ + ࢞૞

૜ࢠ + ࢞૜ቇ+ ࢠ܏ܗܔ ቆ
࢞૞ + ࢟૞

࢞૜ + ࢟૜ቇ ≥ ૟ 
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Solution. 

We prove the following lemma: 

Lemma 1. 

2) If ࢞,࢟ > 0 then: 

࢞૞ + ࢟૞

࢞૜ + ࢟૜ ≥ ࢞࢟ 

Solution. 

Inequality is equivalent with (ݔ − ସݔ)(ݕ − (ସݕ ≥ 0, true because the factors (ݔ −  and (ݕ

ସݔ) −  .ସ) have the same signݕ

Let’s get back to the main problem. 

Using Lemma 1 and the monotony of the logarithmic function in supraunitary base, we 

obtain: 

෍ log௫ ቆ
ହݕ + ହݖ

ଷݕ + ଷݖ
ቇ ≥෍ log௫(ݖݕ) = ෍(log௫ ݕ + log௫ (ݕ = 

= ෍൬log௫ ݕ +
1

log௫ ݕ
൰ ≥ ෍2 = 6 

Equality holds if and only if the ݔ = ݕ =  .ݖ

Remark. 

The inequality can be developed. 

3) If ࢞,࢟, ࢠ > 1 and ࢔ ∈  :then ࡺ

࢞܏ܗܔ ቆ
ା૛࢔࢟ + ା૛࢔ࢠ

࢔࢟ + ࢔ࢠ ቇ+ ࢟܏ܗܔ ቆ
ା૛࢔ࢠ + ା૛࢔࢞

࢔ࢠ + ࢔࢞ ቇ+ ࢠ܏ܗܔ ቆ
ା૛࢔࢞ + ା૛࢔࢟

࢔࢞ + ࢔࢟ ቇ ≥ ૟ 
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Solution. 

We prove the following lemma: 

Lemma 2. 

4) If ࢞,࢟ > 0 then: 

ା૛࢔࢞ + ା૛࢔࢟

࢔࢞ + ࢔࢟ ≥ ࢞࢟ 

Proof. 

The inequality is equivalent with (ݔ − ௡ାଵݔ)(ݕ − (௡ାଵݕ ≥ 0, true because the factors 

ݔ) − ௡ାଵݔ) and (ݕ −  .௡ାଵ) have the same signݕ

Let’s get back to the main problem: 

Using Lemma 2 and the monotony of the logarithmic function in supraunitary base, we 

obtain: 

෍ log௫ ቆ
௡ାଶݕ + ௡ାଶݖ

௡ݕ + ௡ݖ ቇ ≥෍ log௫(ݖݕ) = ෍(log௫ ݕ + log௫ (ݕ = 

= ෍൬log௫ ݕ +
1

log௫ ݕ
൰ ≥ ෍2 = 6 

Equality holds if and only if ݔ = ݕ =  .ݖ

Remark. 

The inequality can be generalized: 

5) If ࢞૚,࢞૛, … ,࢞࢑ > 1, ݇ ≥ 3 and ࢔ ∈ ℕ then: 

૚࢞܏ܗܔ ቆ
࢞૛࢔ା૛ + ࢞૜࢔ା૛

࢞૛࢔ + ࢞૜࢔
ቇ + ૛࢞܏ܗܔ ቆ

࢞૜࢔ା૛ + ࢞૝࢔ା૛

࢞૜࢔ + ࢞૝࢔
ቇ + ⋯+ ࢑࢞܏ܗܔ ቆ

࢞૚࢔ା૛ + ࢞૛࢔ା૛

࢞૚࢔ + ࢞૛࢔
ቇ ≥ ૟࢑ 
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Solution. 

Using Lemma 2 and the monotony of the logarithmic function in supraunitary base, we 

obtain: 

෍ log௫భ ቆ
ଶ௡ାଶݔ + ଷ௡ାଶݔ

ଶ௡ݔ + ଷ௡ݔ
ቇ ≥෍ log௫భ(ݔଶݔଷ) = ෍൫log௫భ ଶݔ + log௫భ ଷ൯ݔ ≥ 2݇ 

which follows from the means inequality applied to the 2݇ positive numbers. 
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Equality holds if and only if ݔଵ = ଶݔ = ⋯ =  .௞ݔ
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