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ABOUT AN INEQUALITY IN TRIANGLE FROM RMM-2019 

By Marin Chirciu – Romania  

1) In 횫푨푩푪,푮 – centroid and 푹풂 ,푹풃,푹풄 – circumradii 횫푩푪푮,횫푪푨푮,횫푨푩푮 

respectively. Prove that: 

푹풂
풂 +

푹풃
풃 +

푹풄
풄 ≤ 퐜퐨퐭푨 + 퐜퐨퐭푩 + 퐜퐨퐭푪 

Proposed by Marian Ursărescu – Romania  

Solution 

We prove the following lemma: 

Lemma. 

2) In 횫푨푩푪,푮 – centroid and 푹풂,푹풃,푹풄 – circumradii 횫푩푪푮,횫푪푨푮,횫푨푩푮 

respectively. Prove that: 
푹풂
풂 +

푹풃
풃 +

푹풄
풄 =

풎풂풎풃 + 풎풃풎풄 + 풎풄풎풂

ퟑ푺  

Expressing the area of 횫푩푪푮 in two ways, we obtain: 

[푩푪푮] = 푺
ퟑ
 and [푩푪푮] = 푩푪⋅푩푮⋅푪푮

ퟒ푹풂
=

풂⋅ퟐퟑ풎풃⋅
ퟐ
ퟑ풎풄

ퟒ푹풂
= 풂풎풃풎풄

ퟗ푹풂
, wherefrom 풂풎풃풎풄

ퟗ푹풂
= 푺

ퟑ
 

It follows 푹풂 = 풂풎풃풎풄
ퟑ풓풔

 and from here 푹풂
풂

= 풎풃풎풄
ퟑ풓풔

 

We have: 푹풂
풂

+ 푹풃
풃

+ 푹풄
풄

= 풎풃풎풄
ퟑ풓풔

+ 풎풄풎풂
ퟑ풓풔

+ 풎풂풎풃
ퟑ풓풔

 

Let’s get back to the main problem: 

Using the Lemma and inequality ퟒ풎풃풎풄 ≤ ퟐ풂ퟐ + 풃풄 we obtain: 

푹풂

풂 =
풎풃풎풄

ퟑ풓풔 ≤
ퟐ풂ퟐ + 풃풄
ퟑ풓풔 =

ퟐ∑풂ퟐ + ∑풃풄
ퟏퟐ풓풔 = 

= ퟐ⋅ퟐ 풔ퟐ 풓ퟐ ퟒ푹풓 풔ퟐ 풓ퟐ ퟒ푹풓
ퟏퟐ풓풔

= ퟓ풔ퟐ ퟑ풓ퟐ ퟏퟐ푹풓
ퟏퟐ풓풔

, so, ∑ 푹풂
풂
≤ ퟓ풔ퟐ ퟑ풓ퟐ ퟏퟐ푹풓

ퟏퟐ풓풔
 

Using the known identity in triangle 퐜퐨퐭 푨 + 퐜퐨퐭푩 + 퐜퐨퐭 푪 = 풔ퟐ 풓ퟐ ퟒ푹풓
ퟐ풓풔

. 

In order to prove the inequality from the enunciation, it suffices to prove that: 
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ퟓ풔ퟐ ퟑ풓ퟐ ퟏퟐ푹풓
ퟏퟐ푹풓풔

≤ 풔ퟐ 풓ퟐ ퟒ푹풓
ퟐ풓풔

⇔ 풔ퟐ ≥ ퟏퟐ푹풓 + ퟑ풓ퟐ, which follows from Gerretsen’s 

inequality: 

풔ퟐ ≥ ퟏퟔ푹풓 − ퟓ풓ퟐ. It suffices to prove that: 

ퟏퟔ푹풓 − ퟓ풓ퟐ ≥ ퟏퟐ푹풓+ ퟑ풓ퟐ ⇔ 푹 ≥ ퟐ풓 (Euler’s inequality) 

Equality holds if and only if the triangle is equilateral. 

Remark. 

Let’s find an inequality having an opposite sense: 

3) In 횫푨푩푪,푮 – centroid and 푹풂,푹풃,푹풄 – circumradii 횫푩푪푮,횫푪푨푮,횫푨푩푮 

respectively. Prove that: 
푹풂
풂

+
푹풃
풃

+
푹풄
풄
≥
ퟐ풓
푹

퐭퐚퐧
푨
ퟐ

+ 퐭퐚퐧
푩
ퟐ

+ 퐭퐚퐧
푪
ퟐ

 

Proposed by Marin Chirciu – Romania  

Solution: 

Using the Lemma and Tereshin’s inequality 풎풂 ≥
풃ퟐ 풄ퟐ

ퟒ푹
, we obtain: 

푹풂

풂 =
풎풃풎풄

ퟑ풓풔 ≥
풄ퟐ + 풂ퟐ
ퟒ푹 ⋅ 풂

ퟐ + 풃ퟐ
ퟒ푹

ퟑ풓풔 =
∑(풂ퟐ + 풃ퟐ)(풂ퟐ + 풄ퟐ)

ퟒퟖ푹ퟐ풓풔 = 

= ퟓ풔ퟒ 풔ퟐ ퟒퟎ푹풓 ퟔ풓ퟐ ퟓ풓ퟐ(ퟒ푹 풓)ퟐ

ퟒퟖ푹ퟐ풓풔
, which follows from  

∑(풂ퟐ + 풃ퟐ) (풂ퟐ + 풃ퟐ) = ퟓ풔ퟒ − 풔ퟐ(ퟒퟎ푹풓+ ퟔ풓ퟐ) + ퟓ풓ퟐ(ퟒ푹 + 풓)ퟐ, so 

푹풂

풂 ≥
ퟓ풔ퟒ − 풔ퟐ(ퟒퟎ푹풓+ ퟔ풓ퟐ) + ퟓ풓ퟐ(ퟒ푹 + 풓)ퟐ

ퟒퟖ푹ퟐ풓풔  

Using the known identity in triangle: 퐭퐚퐧 푨
ퟐ

+ 퐭퐚퐧푩
ퟐ

+ 퐭퐚퐧 푪
ퟐ

= ퟒ푹 풓
풔

. 

In order to prove the inequality from enunciation it suffices to prove that: 

ퟓ풔ퟒ − 풔ퟐ(ퟒퟎ푹풓+ ퟔ풓ퟐ) + ퟓ풓ퟐ(ퟒ푹 + 풓)ퟐ

ퟒퟖ푹ퟐ풓풔 ≥
ퟐ풓
푹 ⋅

ퟒ푹 + 풓
풔 ⇔ 

⇔ 풔ퟐ(ퟓ풔ퟐ − ퟔ풓ퟐ − ퟒퟎ푹풓) ≥ 풓ퟐ(ퟒ푹+ 풓)ퟐ(ퟕퟔ푹 − ퟓ풓), which follows from Gerretsen’s 

inequality 풔ퟐ ≥ ퟏퟔ푹풓 − ퟓ풓ퟐ ≥ 풓(ퟒ푹 풓)ퟐ

푹 풓
. It suffices to prove that: 

풓(ퟒ푹+ 풓)ퟐ

푹 + 풓
(ퟓ(ퟏퟔ푹풓− ퟓ풓ퟐ) − ퟔ풓ퟐ − ퟒퟎ푹풓) ≥ 풓ퟐ(ퟒ푹+ 풓)ퟐ(ퟕퟔ푹− ퟓ풓) ⇔ 
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⇔ ퟖퟒ푹ퟐ − ퟏퟓퟓ푹풓 − ퟐퟔ풓ퟐ ≥ ퟎ ⇔ (푹− ퟐ풓)(ퟖퟒ푹 + ퟏퟑ풓) ≥ ퟎ, true from Euler’s 

inequality 푹 ≥ ퟐ풓. Equality holds if and only if the triangle is equilateral. 

Remark. 

The double inequality can be written: 

4) In 횫푨푩푪,푮 – centroid and 푹풂,푹풃,푹풄 – circumradii 횫푩푪푮,횫푪푨푮,횫푨푩푮 

respectively. Prove that: 
ퟐ풓
푹 퐭퐚퐧

푨
ퟐ + 퐭퐚퐧

푩
ퟐ + 퐭퐚퐧

푪
ퟐ ≤

푹풂
풂 +

푹풃
풃 +

푹풄
풄 ≤ 퐜퐨퐭푨 + 퐜퐨퐭푩 + 퐜퐨퐭푪 

Solution 

See inequalities 1) and 3). 

Equality holds if and only if the triangle is equilateral. 
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