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ABOUT NAGEL’S AND GERGONNE’S CEVIANS (II)

By Bogdan Fustei-Romania

Note by Editor: The article is written as a story of discovery triangle inequalities. The
author give us a detailed mind process of these discoveries. | consider it an innovative and
outstanding method to show results to readers.

Let AABC be any triangle. We've proved that: b? + ¢? —n2 — g,% = 2r,r (and the
analogs), so we have:
b? + c2 =n2 + g2 + 2r,r (and the analogs);

n¢21+g¢21+2rar

2 2
But fromm, > % (Tereshin’s inequality) we will obtain: m, > o

(and the
analogs);
We will prove the identity:
2@ +b*+c?)=ni+nj+ni+gi+gp+gi+2r(n+n,+1)
a? =2R h}’i—:C (and the analogs);

Z hphe _ n¢21+n12,+n§+g¢21+g12,+g§+2r(4R+r)_
ha 4R !

Using the inequality for x, y, z real numbers, we have: x? + y2 + z2 > xy + xz + yz and we

will obtain:

1
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az + b2 + CZ 2 Z(nanb + gagb + rra)

We know that: 4R? + 16Rr — 3r> —4(R — 2r)y/R(R — 2r) < a?+ b*> + % <
< 4R? + 16Rr — 3r2 + 4(R — 2r){/R(R — 2r). Taking into account all the above:

8R2 + 2r(12R — 1) — 672 — 8(R — 2r)JR(R — 2r <Z(n +g2) <

<8R?>+2r(12R—-r) —6r2 +8(R — 2r){/R(R — 271);

(b- C)

n2 = s(s — a) + —=s (and the analogs); a®> — 4rr, = (b — ¢)? (and the analogs);

n2 =s?— 4T—“Tp; 2 = 2—: (and the analogs) because 25 = h, x a = 2sr

a
nZ = s? — 2r, h, (and the analogs);

b*e — Ta*ha (3nd the analogs);

a Ta

__2sr __ (a+b+c) b+c
hy = 2L = (@tbt9)

1+ —) r (and the analogs);

a a
=2+ ? (and the analogs)= 1,h, = (21, + hg)r (and the analogs);

T,1,T. = Ss = sr

TpTe = M (and the analogs);

$2 = rTa ha(T127+Tc) _ (2ra2+Tha)T (r, +1.) = %(ZTa + hy) (1, + 1) (and the analogs);

So we will obtain: §(2Ta +h,)(r, + 1) =nZ+2r(2r, + hy).

rp+1c

Finally we will remember that: n2 = (2r, + h,) ( Zr) (and the analogs)

z i _4p—s
2r +h, r

In any acute-angled triangle we have: T”Zﬂ > m,, (and the analogs) because

A
2Rcos? 52 Mg

Tb +1"C

if the triangle is acute-angled and cos2 (and the analogs)

So, we will have: n2 > (2r, + h,)(m, — 2r) if trlangle ABC is acute-angled.

nlzl ma—21

> e

if triangle ABC is acute-angled.

Taha
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x Zrnjh > m, + m, + m, — 6r for any acute-angled ABC triangle.
HT"Z > [122=2 for any acute-angled ABC triangle.
Ta R R
h_a = Z = Talple = Zhahbhc

So, if AABC is acute — angled triangle we have:

=
hZz — 2r T ’

2— = Te (Panaltopol inequality);

2 w2 Ma=2" (and the analogs).

Summing we have the following:

I

_2 R
>3 31 Ty, 4 for any acute-triangle.
a

ﬁnl‘vlﬁN

cosBz;C > %T (and the analogs); cos% = % (and the analogs) we will obtain the

following inequality:

2 2 .
h—z >- H a2y % for any acute — angled triangle;
a

We've proved that nZ = s2 — 2, h, (and the analogs). Using the inequality between

squared means and arithmetic means we will have: sv2 > n, + \/r,h, (and the analogs)

3sv2>=Yn, + Y./ 2r,h, ? (and the analogs); S = sr
s? 2 Ta 2 a? nlzl Ta . a?
i nZ <+ 2h =8t =gt 2h— , SO we will remember that PRty (and the
analogs);
. A Ta—T _ rra
sin> = |©x = (and the analogs); bc = 2Rh, (and the analogs);
'ZA 4R+r3r__ Ta r_azﬁ_ .
2. sin s Rl ==L
2 2 2 2
So % = Z% + g —2;a? + b2 + c? = 2(s? — r? — 4Rr); after calculating we will
have Z =3

21
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The triangle’s fundamental inequality:

2R2 + 10Rr — 12 = 2(R = 2r)\/R(R — 2r) < s? <

< 2R?+ 10Rr —r?> + 2(R — 2r)/R(R — 27)
Hence: 1+ (B) — B — ®=2WRGR=2r) _ somg _ 4 (R)* _R | (R-2r)/R(R=2r)
r r? htzl r r r2

r
__ 2rpre __ 2rgTpTe 2Ss 2s%r

hy = e, (and the analogs); h,1, = et e = i (and the analogs);

2h 1, = 2s ﬁ (and the analogs);

2r

rp+1e

(and the analogs); so we will obtain: s (1 - ) > 3—% (and the

sV2 > ng, +2s / .
rp+1e

analogs)

1—[ 1 2r > NgNpN, ;
T+ 1 2+/2s3
m, + wy, + w, < sv3 (Lessel - Pelling inequality) (and the analogs);

sV2 = ng + /21,h, (and the analogs). Summing we will obtain:

Ng+Mmg+wp+we+,/2rqhg
+ >
V2++3 2> .

(and the analogs);

Ng+mg+wp+we+,/2rahg
s

Som, < n, (and the analogs) = v2 + /3 > (and the analogs);

But m, < n, (and the analogs) = v2 + V3 > Zm“+w”+VSVC+V 2rala (and the analogs);

2 2
mg = % (Tereshin’s inequality) summing we will have the following:

a®+ b? +¢?

m, +m, +m, = >R

R 4R n32 .
ﬁ(ma_l_mb +me) 27"‘2,1—2—2,

R (ma+mb+mc
2r

—4)22’;—2—2;

T
SVZ = ng +/273h, (and the analogs); ¥ — = % — = =

svV2 n
> 114
ha ha ha

21q

(and the analogs); Summing we will have the following:



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
N 1 Ng
>y 24
r \/Ezha Z

N2> lay Zrﬁ (and the analogs). Summing we will have the following:

Ta Ta a
5 iz Ma z ha ;
r \/E ra ra
2 2
= = % + 2;—“ (and the analogs); We apply the inequality between squared means and

472

arithmetic means and we will obtain:

~=12 (Z—“ + fzhr“) (and the analogs);

1_[>2\/_1_[n“\/£

s < 2R+ (3V3—4)r (Blundon - Klamkin’s inequality). So we will obtain:

We’ve proved that:
s? = n2 + 2r,h, (and the analogs);
2r,h, = 2r(r, + h,) (and the analogs);
2(ry+1, +1.) =8R+2r = 3s2 =n2 +n? +n2+2r(8R +2r + hy + hy + h,);

s2+4Rr+12 __ 4R(4R+T1).

2R

hy +h, +h, = " 8R+2r =

After calculating we will obtain the following:

s?(3R-1)-1(4R+1)? .
R L

n+ni+ni=

ab+bc+ac

4+/38

We will prove that: > \/g; We know that: ab + bc + ac = s?> + 4Rr + r?;S = sr.

s24+4Rr+12 2

Squaring we will obtain: ( o3 ) > % = (s?2 +4Rr +1r2)2 > 24Rrs* &

5
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& s%(s? —16Rr +57r2) +r2((4R +1)? — 3s%) > 0;

s? > 16Rr — 5r% (Gerretsen’s Inequality);
4R +71 = sV3;

So the inequality is proved. bc = 2Rh, (and the analogs). After some simplifications from
the proved inequality we will obtain: \/ZET (hg + hy + h.) = sV3;
mg + wp, + w, < svV3 (Lessel Pelling inequality) (and the analogs)
From the above we will obtain: \/§ > TZZ::—;M (and the analogs);

We’ve proved that = %Z + \/7 Using the inequality between arithmetic means and

geometric means we will have: ), \/;7—“ Using the inequality between arithmetic means and

3
geometric means we will have: }; \/;7—“ >3 / fl'[;—“ = 36\/ZET; taking into account the above

we have a new inequality, namely: f %Z Za 4 3(

2r

s zs mg +wp +we

s h, + hy, + h,

_ rz_crc (and the analogs); bc = 1,7 + r7, (and the analogs);

A

COSE
2
1 :rbrc+rra:1+rra:> s :SZ+Szrra:
cOS2 4 TpTe e cos2% TpTe
2 2
=s%+ @ = s%2 +r2 (and the analogs); 1, 1,7, = Ss = s2r
b'c
2
* =s2+r2 (and the analogs) = cos— = —— (and the analogs);
cosz2 s2+1Z

cos? % + sin? %’ =1=sinf= (and the analogs); r, = s tan% (and the analogs);

24712

A . A 1 .
tan= =sin= - — (and the analogs); r, = s sm— A >l =2 (and the analogs);
2 2 cos> co siny: cosy
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o =./s2+ 12 (and the analogs);

Sin—
2

But s? = n2 + 2, h, (and the analogs), so we can write the following:

A
c0s= = —————(and the analogs);
2 /n¢21+2raha+r£

Ta

/n¢21+2raha+r§

n2 +1r2 > 2n,1, (and the analogs);

sin” = (and the analogs);

Replacing the above we have the following:

Ta

. A .
sin- < YT (and the analogs);
A .
COS_ < —— «W (and the analogs);

Ta

From the above we will obtain the following: ), sm <y

Z(na+ha)

A N
HP ) Y —

Z cos 2 Z J2ra(ng+hy)’

From sm - = ——=——(and the analogs). Using the inequality between the squared
/na+2raha+ra
means and the arithmetic means we will have:
n2+2rghg+18 > Ng+7g+,/21ghg N Sln A _ 1aV3
3 3 ,na+2Taha+Ta Ng+rq+ ZTaha

Ta\/_
nb+2rbhb+ra Mp+raty 2rphp’

. A
Analogous, we have: sin= =

. A 3
sin-= 4 < T“‘/—Z = and the analogous;
/n§+2rchc+r¢% NetTat+y2rche
. A A Ta 1 2Rs
= - —_-< = = .
a =4Rsin 5 C0S— < 4RrS\]2(na+ha)2Ta(na+ha) 4Rs CRTR T (and the analogous);

a = 2R sin A (and the analogous) sine theorem = sin 4 < Sh (and the analogous);

a

Summing we will obtain: SiiA > DatMp*hethathothe. () 4+ b)) < 2Rs (and the analogs);

N

25 = ah, = bhy, = ch, = 2sr = an, + 2sr < 2sR = an, < 2s(R — r) (and the analogs);
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Summing we will prove a new inequality, namely:

ang +bn, +cn, < 6s(R —r);

(and the analogs);

a

hbhc

= 2R—— (and the analogs);

From the above we will obtain a new inequality:

ng r z h,
< I
Z =R L

But = + S+5<— +2» SO, we will have a new inequality:

2 = 4

z:na<2r(__1)

a

s < 2R + (3v3 — 4)r (Blundon-Klamkin's inequality) = ZT;—“ < G - 1) (T

We know that (s — b)(s — ¢) = rr, (and the analogs). Using the inequality between

arithmetic means and geometric means we will obtain:

J—b)(s—c)<itsc -2 :> Jrm, <2 ~ > 7, < (and the analogs) :>

N

Summing we will obtain: Z <

N

Taking into account the above inequality we have: Y, —=—* Ta'la o ; =

ana%“ < 2s(R - 2r) f—r = ngr, < aS(R ") (and the analogs):

Summing we have a new inequality, namely: Y, n,7, < s? G - 1)

Nglaq+NpTp+ncre < R_q:

a

y tala < %S (5 - 1)-We know that Y, r,7, = s?

Talp+TpTctrglc — T
2s(R-r, n R
g =2 < - 1,

hq hg — 1

ang < 2s(R—1) :>Z—Za <

Ny 2s(R—-r) n, R

< - S e AN S
an, < 2s(R r):>haa_ h :>ha_r 1

3
R R L . ,
(— - 1) N % (Euler’s inequality refinement)

r ~ hahphc r allpfc
R-r na _, _ 1,
— > — > — (and the analogs) Z — ==
r ha Nng r

Summing we will obtain the following (R — r) Zn— > = 1=) -
a a b C

8

<
4r
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R +h R
e (and the analogs)
r hq na+ha

Summing we will obtain a new inequality: —h > %

1 1 1
< =

> > <—>=
> h, (and the analogs) e S o Zna+ha <5

-1
So finally we have a new inequality: 2r < (Z " 1h ) <R

, inA +2rghg+
We've proved that sin= = / ’;“ = Rl "% and the analogs
2 nZ+2rghq+12 2R a 2raha

R _ n¢21+r¢%

- —1=—--2 (and the analogs)
r 2rqhg

3
. . . R + + +
We will prove a new identity: 8 (— - 1) = (na+rd) (i 41p)(né+12).
r TaTpTchahphe
_ R
TaTpTe = Zhahbhc

Taking into account the above we have the following:

4R (_ _ 1)3 _ G+ i)} + 1) (n +12)
r \r h2h2h2

r /R 3 _ (na + ra)(nb + 7"b)(nc + 7”cz)
R( ) B

r 16721772

+ R +h
R_q=na+d ~ (and the analogs); ng+rd = 20,1, > -2 % =
a

2rgh

>

R e;/(na+ha)(nb+hb)(nc+hc).
- >

hghphc '

= ZR% (and the analogs); 25 = h,a = hyb = hyc

a;R = hyh, = hyh. = (and the analogs); 7,1,7, = Ss
Y hyh, = B = %Tarzﬂ’c; ihahbhc = 1,17, SO we will obtain the following:
hohph, r(h hy + hyh, + h,h.)
TaTpTe = E (hahb + hbhc + hahc)

Taking into account the above we have the following:
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R_3 > (na + ha)(nb + hb)(nc + hc)
I hqhy, + hyh, + hyh,
But h2 + h2 + h? > h hy, + hyh, + hg h, we will have the following inequality:
R_3 > (na + ha)(nb + hb)(nc + hc)
rz h2 + h2 + h2

But s, > h, and the analogs we will obtain a weaker inequality:

R3 > (na + ha)(nb + hb)(nc + hc)

rz = SqSp + SpS. + S48,
R_3 > (na + ha)(nb + hb)(nc + hc)
r2 s+ sE +s?

n, = m, (and the analogs) we will have the following:

R3 (ma + ha)(mb + hb)(mc + hc)

— >
r2 = hohy, + hyhe + hah,

R_3 > (ma + ha)(mb + hb)(mc + hc)
r2 hZ + h2 + h?2

R3 > (ma + ha)(mb + hb)(mc + hc)

rz = SqSp + SpS. + S48,
R_3 > (ma + ha)(mb + hb)(mc + hc) i
r2 SZ + 52 + 52 ’

We've prove that

ﬂ > 3 (na + ha)(nb + hb)(nc + hc) i
2r — 8h hph, ’
S - 1 Ny . 3| R
r \J24Lah, 2r
We know that cos% > %T (and the analogs). But cosBz;C = % (and the analogs) so we

will have: 6\/:% > 3\/% (and the analogs);

R mgq . . .
P e (Panaitopol inequality)
So we will have the following:

10
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i 1 ma 6 mb 6[Mc
2) r \/— \’ hqa \] hb \J he

s o 1, 19 [(athe) (ip+hy) (ne+ho) B/ma 3/wa
Bz Lyt \] o) (and the analogs)
4)5 ylha i/meerc B/m“ 3/“’“ (and the analogs)

r hg+hp+hc

so 1 na 18 |(ng+hg)(np+hp)(ncthe) | 6[mg | 3|wg
5) \/_ + \] P + fha + /ha (and the analogs)

, R 6|R 3 sV3
We’ve proved that /; (hg + hy + h.) = svV3s0 we have /; = /m

We will have the following:

6): > —Zn“ + 1i/("“+h“)("”+h”)("c+hc) + \] R 3[% (and the analogs)

r V2 hg 8hghphc hq+hp+he

s 1 n 18 [(ng+hg)(np+hp)(nc+he) 3 svV3 6 |mg
S>>y -4+ a4 + + =
7 r = V2% h, \/ 8hahphe ha+hp+he ha (and the analogs)

\/ZET > - (and the analogs); w, > —cos (and the analogs); m, > ;’C cos% (and the

analogous); s(s — a) = 7. (and the analogs); h, = fr%:c (and the analogs). Taking into
bTTc
account the above we can write that:

myw, = s(s — a) = r,7, (and the analogs) (Panaitopol)

So we will have ™2~ > T"THC (and the analogs); \/§ > 7 (and the analogs)

R
= m, /— > Ma%a (3nd the analogs)
2r hq

R +
Mg [>- = =% > 2 (and the analogs)
a

R
So (mg + my, + m,) /2—22%27}1"'77, +1.,=4R+7r
r a
+1p+
Finally: / —a—ThTTc .
~ mg+mp+m,’

11
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So we can write;

N 1 n 3| Tqtrp+r
8) ->—=yY2+3 _am'bTc
r V2% h, mg+mp+m
N 1 n 3| Tqtrp+r 3 |w 6 |m
9) 2> _Z a _'am™'pTlic Ya ta
r V2 hg Mma+mp+me

LZE + ?;/ sv3 + 18\/(na+ha)(nb+hb)(nc+hc) + 3\/ Ta+Tp+7c

V2= hgy hq+hp+h, 8hghph, mg+mp+me

10)° >

We've showed that\/zzr > Ja¥ThTe_ang \/§ (hy + hy,+h,) >sV3=

Mmg+mp+me

/R
= Z(Tna+7an+7/nc+ha+hb+hc)2 7/'a+7ﬂb+rc+s\/§

so finally we will have the following inequality:

R> T, +1,+1r.+5V3
2r  mg+my +m,+ h, +h, ++h,

11)5 > —ZE + 3 Ta+Tp+1c+5V3 4 18 [(ng+hg)(np+hp)(ne+he) 43 mg+wp+w, (and the
r V2

ma+mb+mc+ha+hb++hc 8hahbhc ha+hb+hc
analogs)
R +wp+ : : ;
-~ > M™% (and the analogs). Summing we will have the following:
2r hag+hp+he

’R
3 Z(ha+hb+hc)Zma+mb+mc+2(wa+wb+wc)

1 ma+mb+mc+2(wa+wb+wc)
3 hy, +hy ++h,

R
2r

N 1 Ng Ta N 1 Ng hq . .
We've proved that = FZ e + e and = EZ " + ) \/T:a and summing we will prove

2, Ly (et P f, fhe
r 2\/§ ha Ta ha Ta

12

a new inequality:
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R R
\/;(ha+hb+hc)25\/§:> g(ha+hb+hc)25

V2+4/3 2> n“+m“+w"zW6+“ 2rala (and the analogs) =
s(V2++3) = n, + my + w, +w, +/21,h, (and the analogs)

i i 1, 1) Ry s(V2+V3) 41 R
We will obtain that (ﬁ + ﬁ)\/; > Gt hmthe) = (ﬁ + ﬁ)\/: =

Ng+Mmag+wp+we+,/275hg
hg+hp+he

EZ T, +1,+71,
2r — mg, +my +m,

Summing the two inequalities we will obtain a new result.

(and the analogs)

1 (1 + 1 )R > (rg+rp+ro)(ng+ma+wp+we+,/2r5hg)
VZ2N2 V3l r T (mg+mp+me)(hg+hp+hc)

(and the analogs)
ma\/zzr > rsz (and the analogs) = \/ZET > TZ"T”C (and the analogs)
ZE + i]rb+rc + ?,\]ra+rc + ?,\]ra+rb
hq 2mg 2my 2m.
R 1+ R 1 n +T,
3 — > _z b c = |—>= b c
2r — 2 my, 2r — 6 mg

N 1 n 3|9 @ Tp+T,
2> —_yYIa 4 22y lbTc
13)r_ﬁzha ZZ mg

-

14)S> Lylay i]rb”c + i]m““’”wﬁ + %[22 (and the analogs)
r 2" hg 2mg hg+hp+hc hq

Practically any expression smaller than Zir can be used in the following inequality:

1

N n 6|R . . . .
2> Yo, T
-2 ﬁZ ™ /ZT in order to obtain a new inequality.

There are limitless possibilities, butf =), cot%, replacing in the above obtained inequalities
it will follow a new series of inequalities.

1A (and the analogs)
e

A A
COS— = COS—-
2 2

si

13
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a =,/(r, +1.)(r, — ) (and the analogs)

sing = /T“ ” (and the analogs)

COS% — rb+rc

(and the analogs)
From the above we have the following: cot% = f”’”c (and the analogs);

=Yy [e= f replacing in this expression in the above inequities we will obtain a series of

equivalent inequalities.

cot‘% — \]rb+1’c — \](rb+rc)(rb+rc) — Tb;'rc (and the analogs)

Ta—T (ra-7)(rp+7¢)

Tb+1"c _

So we will obtain a new identity and namely: ), 2—=< (This identity can be found as a

proposed problem by Prof. Mehmet Sahin)

A
We will remember that ¥ 25 = ¥° % =Y cot> = 5
—

We've proved that >1 + (and the analogs); 1 + > 2 f Z“ \/?

(the inequalities between arithmetic means and geometric means) = :;T > \/? (and the

analogs)

, ab+bc+ac R ab+bc+ac 4 |Nng
> — - >
We’ve proved that wms SNz D anms 2 f (and the analogs)

= 3(ab + bc +ac) > 4V/35Y * Z—“ ybc = 2Rh, (and the analogs), so we will have

243 S
bty +h > \/_zwta

hq (1 + E) r (and the analogs)

b+c a+c b+a
+ + r=

ha+hb+hcz(3+ . b -

14
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=3+

b+c a+c b+a 2\/§ s +Ng
+ + z

a b c

b+c TgtT

But— = (and the analogs) so we will obtain a new inequality:

3+Zﬂ_2\/— 524 na

Tq—T

b+ +h h
£ =Ta""a — 1 + 2 (and the analogs)
a Tc Ta

So we will obtain a new inequality, namely:

6 + Z ha > 23 Z\f s Z 4 na
b+c _ « hp+he hb+hc zf S 4 na
But ZT = Z g =3+ Z Z

mg =

Ma b%2+c? _ b%4c? _ 1 (b
4Rh, 2bc 2

2 2+ %) (and the analogs)

o> Z e ZZm“ > Z—/+3 so we can write that:

3+22ma>2\f 524 na

We know that w, er/s(s — a) (and the analogs); v/s(s — a) = \/r,7. (and the

analogs);

b+c ,/rbrc
Wq

(and the analogs); squaring we will obtain the following:

1 1 b 1ob . .
o= ot Z( . ) (and the analogs) = %232 TbTe — E + ZZ]%; we can write the following:

e 3 \/§ s 4ng

wz 2276 R h,

cosu = (b”) sm £ (and and analogs);

cosu = h“ (and the analogs);

. A r Ta .
sinz = \/%\/h:a (and the analogs);
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z_zz\/;\/;:z(%) (and the analogs);

We will obtain: E = \/% . % ? (and the analogs); taking into account the above we

[

obtain the following:

st o fr(e2y E_ )

We proved that: 4m2 = nZ + g2 + 2r,r. (and the analogs);
b? + ¢?2 =n2 + g2 + 2r,r (and the analogs);
bc = 1, + r1, (and the analogs);
We will obtain the following identities, namely:
(b + ¢)? = 4(m2 + r,r) (and the analogs);
(b +c)? =n? + g% + 2r,7, + 4r,r (and the analogs);
Using the inequality between the squared means and arithmetic means:
b+c> i(na + gq + /21y, + 2\/1,7) (and the analogs);
We also know that: 2v3m, > n, + g, + /21,7, (and the analogs);
Summing we obtain: b + ¢ + m,V3 = n, + g, + /21,7, + /1,7 (and the analogs);

Taking into account the above we will have the inequality:

$2 2 (n+ go + 27 + 2,f77)
a(b +c) = 2R(h, + h.) (and the analogs); a = 2R sin A (sine theorem)
2R5|nA(n +9a+\/m+2\/_) & 2(hy +h,) =
> sin(n, + g, + /21,1, + 2,/1,7) (and the analogs); summing we will obtain the following:

1
h, +hy, +h,> Zz sinA (na + g, +./2n,1. + 2,/rar)
2 - Ng+ga+y2rprc+2,[rqr

2R(hb + hc) =

(and the analogs);

sind — hp+h,
. . 2 + +./2 +2,/
Summing we have the following: ¥ —— > fa?% . :’;lrc "a”  (and the analogs)
b c

16
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. . 2 Ng+ga+ 2rpTc+2,/ 1T
Summing we have the following: ¥ — > ¥, Zerdamvole 72V al,
sin A hp+hc

We know that a(b + ¢) = (1, + r)(r, +1.) (and the analogs)

(e + 1)y +12) 2 S (g + g+ 27 + 2,/77)

rp+7re > 1 . Ng+ga+2TpTc+2,Tqr,
a ~ 2 Ta+r !

Z rp+7e > lzna+ga+,/2rbrc+2 Tal,

a 2 Ta+T !

+ + A 1 ng+gat2rpre+2,/rar
Z%ZE;%—CM (and the analogs) = cot > > —- = JaTVETbTeTNTT (and the

Ta+r

analogs)

A 1@ Natgat+y2rprc+21ar
Yeoto > -y Ja - +ch 2 = stan— (and the analogs);
a

A 1 .
tan = = —; so we will have:
2 cot>

+ 1 Ng+gat+2rpre+2,/rqr
7 = — (and the analogs) = <= > ~- == JaTVTbTeTNTAT (and the analogs);
cot> a
2

N

b+c a+c¢c b+a a+b+c a+b+c a+b+c
+ + = + + =
a b c a b

C
~Grrro (i)

3+

(a+b+c)( + = +C) 2‘/—524"“'

b+c>1na+ga+ 2rp1. + 2,/ 1,1
a “2

1zb+c>lzna+ga+ 2ry1. + 2,/1,r
2 a 4 a

z:ma > Zﬂ N Z mq > Z b+c %Z Ng+ga++2rpre+21qr

hg a !

1(b h, 2
Ba > - (— + 5) (and the analogs); =2 = Za . Ya- 2a > ’—T (and the analogs);
ha 2\¢c b ha wq hg  wqg R

Mg __ Mg

R . .
»e=Tala T ’— (and the analogs). From the above we will write:
hq wq hg wq 2r

17
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me R 1 (2 + s);
Wq 2r 2 \c b

mq r (b c .
wa 2 |5 (Z + ;) (and the analogs);

a b

1n+ +2rr+2rrb+ 2Rh
We've proved that: %< a*faty2roret2yTaT  bte / —a f“

We will obtain the following:

’ (na+ga+,/2rbrc+2,/rar)wa

. b+ a+c +b Ng+9a+ 2rr+2 T,
Summlngwehave:Z%Z /5(—C+—+a :>Zm“> / y tatfa V2ryret2yTar
a

(and the analogs)

sinZ /(S b;is 2 /TT“ ¢ =2Rh, (and the analogs);

1 +ga+2ZrpTe+2
— = (na*a+/2ry7et2/ar)Wa (and the analogs); AI = — (and the analogs);
sin EN sinz
+gat+2rpre+2y Al +gat+2rpre+2./
Al > (na da TpTc TaT)Wa >4 > Na+Jda TpTc Tal (and the analogS);
4s Wq 4s

— 2 — Ng + gg + /21,1, + 2/1,T
w, 452( a Ya \/ blc \/ a )

We know that s, < w, (and the analogs) = Z:ﬂ > iZ(na + g, +./2n,1. + 2«/7’a7’);
But Al = /2R(h, — 2r) (and the analogs) =
Jha-2
= Zw—ar = 45%2(7% + go + 217 + 2\/Ta7”);

We easily prove that: b + ¢ = 4R cos’zicosBz;C (and the analogs);

= 8R cos% > :—Z (ng + gq + /21,7 + 2,/27,7) (and the analogs);

cos% = T”+Tc (and the analogs) = 8R cos— =4 /R(r, +17);

4/R(rp+71¢) > Ng+ga+2rprc+2,1qr

Wqa hq

z,/rb+rc> 1 zna+ga+ 2rp1, + 2,/ 1,1
" 4R

a

(and the analogs);

18
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It is known that AI? = (r, — r) (1. — r) (and the analogs); applying the inequality between

the arithmetic means and geometric means we obtain:

rp+1¢

T_ZT > Al (and the analogs);

Al Ng+gat2rprc+2,/1ar
— > da -~ (and the analogs)
a

rp+re—2r > Nag+ga+2rprc+2,/1qT

Wq 2s

We will remind that:

(and the analogs);

Summing we will obtain two new inequalities:

n+r.—2r 1
zb; = zZ(na + Ya + vV 27/'brc + 2\/rar)

Wqa

z r, +1.—2r >Wa+Wb+WC
Mg+ ga+2nr+2\fr,r — 25
We’ve prove that:
s? =n2 + 2r,h, (and the analogs);
2r,h, = 2r(h, + h,) (and the analogs);

R— 2, .2 R— 2, .2 2.2
=L =71 (and the analogs) = — = -8 = R —y = 41

T 2rahyg = 2r2rathy) 2@riny (and the analogs);

Summing we have:

NaTaq .

2.2
6(R—T):Z M IZ(R_T)(ZTa_Fha):nch_FTaZZznaraﬁR_TZZT +h'

(2rg+hy)’

Summing we have:

2 2
3R-1r)=) % But n, = m, (and the analogs) we will obtain:

6(R—1) 2 X IETE 3R — 1) 2 ¥ e

2rq+hy’

Ng

R-1 Ng 1
> 5 -
Tat+hg

1 . . R-—
— — =~ we will obtain: — > 3,

Tq  2rq+hg Tq r

Using the inequality between squared means and arithmetic means:

2_|_ 2 + \/z
’na . T2 S na2 Ty :>\/2(R -1 (2r, + hy) 27(na+ra)

\/(R -r)@2r, +hy) = %(na +1,) (and the analogs), summing we will obtain a new

inequality:
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1
\/R—rz\/Zra+haZE(ra+rb+rC+na+nb+nC)

We will finish with the following:
2R? + 10Rr —r?> — 2(R — ZT)M < s?
<2R?>+10Rr —r?> + 2(R — ZT)\/M
s2 =nZ +2r(r, + h,) (and the analogs)
We will obtain:
2R? +2r(5R — 21, — hg) =12 —2(R — 21)JR(R — 2r) <n2 <
< 2R? +2r(5R — 21, — hy) — %+ 2(R — 2r)y/R(R — 2r) (and as always, the analogs).
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