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PROBLEMS FOR JUNIORS

JP.316. If z € R} = (0,00);a,b, c - are the lengths of the sides of

A ABC whith area F, altitudes hg, hp, hc, then:
6x—1 /2 1 1 _ V3
Go-li(2 ).l 1lsV8

hz 3x hz ~ hZ F
Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu - Romania

JP.317. In AABC the following relationship holds:
a b c 273
(a3—|—b3—l—c3)( + + >Z

4582 — a2 452 — b2 482 — 2 32

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu - Romania

F

JP.318. If z,y,z € Rj_ = (0,00),a,b,c - are the lengths of the
sides of AABC with area F', altitudes h,, hy, h., then:

a? b2 c2? 2/3

+ + >
(ax + by + cz)hy  (bx + cy + az)hy (cx + ay + bz)h, r+y+z
Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu - Romania

JP.319. If a,b,z,y,z € R* = (0,00), then:
$2+y2 y2+z2 + Z2+m2 6
a(y+2)2+bxz a(z4+x)2+byz alx+y)2+bzy " 4a+b
Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu - Romania

JP.320. If in AABC,D € (BC),E € (CA),F € (AB) such that
ADNBENCF = {M}, then:
MD? ME? MF?
8 8 8 2
(3742 * 3 + MC2)(a b7+ 2 645
where S - area of AABC.
Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru - Romania

JP.321. Let x, y, z be positive real numbers with % +y? 422 < 12.
Prove that:

@+ D@P+1) (8 +1) < 27

Proposed by George Apostolopoulos-Greece
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JP.322. Let a,b,c be positive real numbers with a + b + ¢ = 6.
Prove that:

a2 b2 2
+ +
vVad+1 Vb3 +1 Ve +1

Proposed by George Apostolopoulos-Greece

(a3+b3+c3—|—12)< )2144

JP.323. Let a, b, c be positive real numbers with a? +b% +c? = 12.
Prove that:

a? b ct
+ + > 16
vad+1 Vb3+1 VeB+1
Proposed by George Apostolopoulos-Greece

JP.324. Let x, vy, z be positive real numbers such that
x* + y4 + z% = 3. Find the maximum value of the expression:

Ty
P = +
\/7—2$C \/7—2y 7 — 2z

Proposed by Hoang Le Nhat Tung - Vietnam

JP.325. Let be the triangle ABC, A’, B’,C’" the middles of the
arches BC, AC, AB (made with the circumcircle). Prove that:

oA < (5D P T

Proposed by Marian Ursarescu - Romania
JP.326. In AABC,AD,BE,CF- altitudes and H - othocenter.

Prove that:
HA+HB+HC>2 (R)2 1
HD HE HF — r

Proposed by Marian Ursarescu - Romania

JP.327. Let ABC be a triangle with inradius r and circumradius
R. Prove that:
sin? A - cosE—i—sm B . cos——|—sm C . cosé < 3\/_<— — T3>
2 2 R3
Pmposed by George Apostolopoulos-Greece

JP.328. Let ABC be a triangle with inradius r and circumradius
R. Prove that:
A B 2, C 2R
4§sec —|—sec—+sec E<—
r
Pmposed by George Apostolopoulos-Greece
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JP.329. Suppose that a triangle in the plane has inradius r, cir-
cumradius R, angles A, B, C, and corresponding medians ma, mp, mc.
Prove:

cos & cos 5 cos 5 2

m m m 3v6 R
6v3r < — o 4 —0 4 < Vop, /B
r
2
Proposed by George Apostolopoulos-Greece

JP.330. Let a,b,c be positive real numbers such that abc = 1.
Find the maximum value of the expression:

p_ ab n be n ca
~ \a®+b3—2a+6 b> +¢c3 —2b+6 \/c5+a3—2c—|—6

Proposed by Hoang Le Nhat Tung - Vietnam

PROBLEMS FOR SENIORS

SP.316. If m € N, s - is semiperimeter of AABC, then:

\/(s i a>m+1+\/<s i b>m+1+\/(s i c)m—i_1-|—3m. > 3(m—|—1)\/§

Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru - Romania

SP.317. If a,b,c,d,e € R} = (0,00) and a? + b% + c2 + d? = €2,
then:

(a+c)(b+d) < e
Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru - Romania

SP.318. If z,y € R} = (0,00) and in AABC - are the lengths of
the sides, hq, hyp, he - are the lengths of the altitudes, then:

2x — 2y — x)yb
(2z — y)za + (2y — =)y LY S 9By
ha hs he

Proposed by D.M. Batinefu-Giurgiu, Daniel Sitaru - Romania

SP.319. If (Hyp)n>1, Hn = Y j_, 7, then find:

lim e~

n Hy,
Ha . §° e
k
n—oo !
1 VK!

Proposed by D.M. Batinetu-Giurgiu - Romania
©Daniel Sitaru, ISSN-L 2501-0099 3
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SP.320. If z € R = (0,00) and in AABC,a,b, c -are lengths of
the sides, hq, hp, h - are lengths of the altitudes, then:

(6 — 1)a N 2 —1)b
hg hy
Proposed by D.M. Batinetu-Giurgiu - Romania

+ % >2v3
h¢

SP.321. Let a,b,c be the lengths of the sides of a triangle with
circumradius R and iradius r. Prove that:

a? b2 c2? a? + b2 b2 + 2 c? + a2 R\2
—4 12( — >3
(b2—|—cz+c2—|—a2+a2—|—b2)+ <2r) -
Proposed by George Apostolopoulos-Greece

SP.322. Let a,b,c be the lengths of the sides of a triangle with
circumradius R and iradius r. Prove that:

2r a? b2 c? R?
R — b2 2 T 2 2 T 2 2 S 5.3
R b? + bec + ¢ ct+ca—+a a’+ab-+b 2r

Proposed by George Apostolopoulos-Greece

—1

SP.323. Let be z4,2p,2c € C* different in pairs such that
|za| = |zB| = |zc| = 1. If |z4 — 2B — z¢| + |z2B — 2c — zA| +
+ |zc — z4 — zB| = 6, then AABC is an equilateral triangle.

Proposed by Marian Ursarescu - Romania

SP.324. Find all functions f : (0,00) — R such that:
f(zy) < zf(x) +yf(y) < log(xy),Va,y > 0

Proposed by Marian Ursarescu - Romania

SP.325. If A, B € M3(C) are such that:
det[(I — B)A 4+ (A — I3)B] = det(A — B), then find:
Q= (AB - BA)",n € N*

Proposed by Florica Anastase - Romania

SP.326. Let x,y,z be positive real numbers such that xyz = 1.
Find the minimum value of:

3 3

y 23

xTr

xy +yz + zx

P =
(2y?2 —yz + 2z2)2+ (222 — zx + 23:2)2+ (222 — zy + 2y2)?

Proposed by Hoang Le Nhat Tung - Vietnam
4 ©Daniel Sitaru, ISSN-L 2501-0099
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SP.327. Let x,y, z be positive real numbers such that
ab + bc + ca = 3. Find the minimum value of expression:

1 1
T atby (bt op | (etap

Proposed by Hoang Le Nhat Tung - Vietnam

SP.328. Let a,b,c € [1,3] and such that a + b + ¢ = 6. Find the
maximum value of the expression:

P=a%+b%4+c8
Proposed by Hoang Le Nhat Tung - Vietnam

SP.329. Find:

. (-1)k (Z)
eZk:l I

k
lim
n—oo

n

n!
Proposed by Marian Ursarescu - Romania

SP.330. Let ABC be a triangle with iradius r and circumradius
R. Prove that:

48r < (sec% + sec% + sec %)3 < 12R
R — tan%+tan§+tan% - r

Proposed by George Apostolopoulos-Greece

UNDERGRADUATE
PROBLEMS

UP.316. If (Hp)p>1,Hpn = > 1 % is the armonic sequence, find:

lim e™2Hr . %" {/(2k — 1)!!
k=2

n—oo

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu - Romania

UP.317. If a,b € R, find:

lim ("R (n+ 1) (@n+ 1)) — {fna- (20— 111)?)

n—>00

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu - Romania
©Daniel Sitaru, ISSN-L 2501-0099 5)
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UP.318. Find:

. n—+1 n
Jim, v 1) )

Proposed by D.M. Batinetu-Giurgiu - Romania

UP.319. If (Hp)p>1,Hn = > 3, %,(an)nz;l is sequence of real
numbers strictly positive such that:

. Ap41
lim
n—oo n2 s

=a € R} = (0,00),

n

then find:
lim e 3H~ . Z ¥ay

n—oo
k=2

Proposed by D.M. Batinetu-Giurgiu - Romania

UP.320. If a,b,c € R, z,, = n!,y, = (2n — 1)!!,Vn € N*, then find:

nh_{]go< " \1/(n + 1. wqu+1 “Ypt1 — N zb, - y’fl,)

Proposed by D.M. Batinetu-Giurgiu - Romania

UP.321. Let AgA;1...A, be an Euclidean n-simplex. We will use
the following notations:

- 0,V, R, r the centre if its circumscribed hypersphere, its volume,
its circumradius and its inradius, respectively.

-0;, R; the centre and the radius of the hypersphere tangent to
the circumscribed sphere of Ag, A1,... A, in the vertex A; and to
the hyperplane Agp, A;...A;_1A;+1...A, simultaneously. With
the above notations, the following identity holds:

Z": 1 n + 1
o R; R r
Proposed by Vasile Jiglau - Romania

UP.322. Find:

{0070

Proposed by Marian Ursarescu - Romania

UP.323. If S, = ) ;;_, log(cos 55z ), then find:
Q= lim (¥Yn.S,) k=stani
n—oo

Proposed by Florica Anastase - Romania
6 ©Daniel Sitaru, ISSN-L 2501-0099
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UP.324. For n € N*,n > 2, P, = [[?_}sin &~

k—1 Sin 7=, find:

n 2 cos 3z
Q= lim 2-Pn-/ d

- T
n—o0 = sin"x
6

Proposed by Florica Anastase - Romania

UP.325. Let be (an)n>1; (fr(x))n>15m €Nyn > 7,2 > 1
n 2 m2
n
an — H <k) 7fn(33) - /
k=1 z 1

. 1
Q= Jim fo(x) and @ = lim (= lim fu(x))

Proposed by Florica Anastase - Romania

1
dt
og V't
Then find:

UP.326. Find:

Q= lim(

e reyo(log(@te)
> . efo log( 22 e )dx
n—oo

logn

Proposed by Florica Anastase - Romania

UP.327. If (xn)n>1,Tn € R%,Vn € N* satisfy
limy, oo (Tn+1 — Tn) = € R%, then compute:

lim (:En+1 "+\1/ n+1— Ly %)
n—00

Proposed by D.M. Batinetu - Giurgiu, Neculai Stanciu - Romania

UP.328. Let {vn}n>1,7n = —Ilnn+ >3, %, with limp_seo ¥ = 7
(v is Euler - Mascheroni constant), then find:

lim (sin~, — sinvy) Vn!
n— 00

Proposed by D.M. Batinetu - Giurgiu, Neculai Stanciu - Romania

UP.329. If (an)n>1 is a sequence of real positive numbers such
that:

. Ap41
lim

n—oon an

lim 1 an—i—an—i—l o anF,
n—roo (2n 4+ 1)!! (2n — 1)

Proposed by D.M. Batinetu - Giurgiu, Neculai Stanciu - Romania
©Daniel Sitaru, ISSN-L 2501-0099
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then find:
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UP.330. For n € N,n > 2, F,, - Fibonacci numbers, prove that:
F2 F2 2+4 F2 F2 F2 2++ 2 F2 F2 F2 2 Z
3(Ff + F3) (Ff + F5 + Fy) (n+2)(FY +F5 +...+ n+1)
(Frt2 — F1)?

o Fﬁ+2(nFn+2 + Fy)
Proposed by Florica Anastase - Romania

MATHEMATICS DEPARTMENT, ”THEODOR COSTESCU” NATIONAL EcoNowmic, COL-
LEGE DROBETA TURNU - SEVERIN, ROMANTIA
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