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SOME APPLICATIONS ABOUT COMPLEX NUMBERS IN GEOMETRY

By Marian Ursarescu-Romania

Letbe z € C,z = a + bi, M(z) —corresponding point.
1. A(z,),B(zp) = AB = |Zz — z,]|.
2.1f z € C, |z| = r then the point M(z) € C(O, ).

3. If M —is the middle point of AB, then z,; = %

Zptzpt+zc

4. If G — is the centroid of the triangle ABC, then z; = 3

5. If H — is the orthocentre of the triangle ABC, then zy =z, + zp + Z,.

H . .e . b
6. If I — is the inradii of the triangle ABC, then z; = BzptZptere
a+b+c
7 |fK —i th Lemoin » lnt th nze = aZZA+bZZB+czzC
. s the Lemoine’s point, then zy = —————

zZ1+zy+z3

8. If () —is the center of the Euler’s circle, then z, = 3

sinZA - _ (ZB_ZC)Z
9.1f AABC c €(0,1), then ( “f‘-"z)g .
cos?A = 2B
4'ZBZC
Applications:

1. Let be z4, Z,, z3 € C*, different in pairs such that |z | = |z;| = |z3| = 1.

1 1 1
2+|z1+2;] 2+|z2+23| 2+|z3+24|

=1, A(z,), B(z,), C(z;) then AB = BC = CA.

By Marian Ursdrescu-Romania-R.M.M.

Solution: Let be A(z;), B(z,), C(z3),AABC < €(0,1)

1 1 1
|Zl +Zz| = |Zl +Zz +Z3 _Z3| = |ZH _ch = HC then 2T AH + 2+BH+ >+CH = 1, (1)

But AH = 2RcosA = 2cosA, (R = 1);(2)

1 1 1 1 1 1
From (1)’ (2) we have: 2+42cosA + 2+2cosB + 242cosC le 1+cosA + 1+cosB + 1+cosC 2o
1 1 1 1 1 1
2 B + =2 + B + C =4;(3)
2c08%5  2c0s?5  2co0s?+ c0s?%5 cos®*5  cos?+
2 2 2 2 2 2
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But —— + — IC=1+(4R+T);(4)

cos?=  cos?= cos?= S
2 2 2

From (3), (4) we have (g)z =3 & (4R + r)? = 3s® and with (4R + r)* = 3s? (Doucet

Inequality) we obtain equality when the triangle ABC is equilateral.
2. Let be z4, z,, z; € C*different in pairs |z4| = |z;| = |z3| = 1.

If |25 — (2, — 23)%| + |25 — (23 — 21)?| + |25 — (21 — 22)?| = 12,

A(z,),B(z;),C(z3) then AB = BC = CA.
By Marian Ursdrescu-Romania-R.M. M.
Solution: Let be A(z,), B(z,),C(z3), AABC c €(0,1). We have:
|22 — (25 — 23)%| = |21 + 25 — 23| " |21 — 2, + 23]; (1)

Z1+ 2z, + z3

= 2|z, —
2 |z3 — zq

|2y + 2, — 23| = |23 — 21 — 25| =223 — 2y — 2, — 23| = 2|23 —

= 2C0; (2)
From (1), (2) we have: |zZ — (2, — z3)?| = 4CH - BH and analogs.
The hypothesis of the problem, becomes: AQ-BQ + BQ-CQ+ CQ - AQ = 3;(3)

2(A0%2+AH?)-0H? _ 2(R?+4R?-a?)-9R%*+a’+b?+c?
4 - 4

From medians theorem, we have: AQ? = then

4b% 4 ¢? — a?
=T;(4)

3+a?+b?+c?
6]

AQ?

From (4) we get: AQ? + BQ? + CQ? =
But a? + b2 + ¢? < 9R? = 9, (R = 1) with equality if the triangle ABC is equilateral (6).
From (5), (6) we have: AQ? + BQ? + CO? < 3; (7).
But AQ-BQ + BQ-CQ+ COQ-AQ < AQ% + BO? + CO?; (8)
From (3), (7), (8) the inequality holds with equality when the triangle ABC is equilateral.
3. Let be z,, zg, z, € C* different in pairs, |z4| = |zg| = |z
Ifzgzc(b+c) =zczy(c+a) +z4zg(a+ b) =0, A(z,), B(z;,), C(z3) then
AB = BC = CA.
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Solution: Let |z4| = |zg| = |z¢| = R.

0

b+c c+a a+b
zpzc(b +¢) = zcz4(c +a) + zyzg(a+b) =0 & + + =
Zy Zp Zc

(b+c)%+(c+a)%+(a+b)%=0@(b+c)z:1+(c+a)5+(a+b)z:o@

b+c)zy+(c+a)zg+(a+b)zc=0= (a+b+c)(zy+25+2:) =azy+ bzg + cz,

azp+bzg+cze

S Zypt+zZgt+ 2z = athic

o zy =2z H =1 AABC is equilateral.

4. Let be z4, 25, z; € C" different in pairs |z1| = |z;| = |2z3]| = 1.

21(22+23)% | zp(z3+21)% | 2z3(21+22)*

= 32,2523, A(z4), B(23), C(z3) then:

|25 +23] |z3+24] |z1+23]
AB = BC = CA.
By Marian Ursdrescu-Romania-R.M. M.
Solution: Let be A(z,), B(z,),C(z3), AABC c C(0,1). We have:

(22 + 73)° (2 + 25)* (zs +22)* 3. (1)

47,73\2, + 23| 4zy23|z1 + 25| 4z12,|2, + 25| 4’

|z, + 23| = |21 + 25 + 253 — 21| = |zy — 24| = AH = 2RcosA = 2cosA4; (2) and
Zy + 23)?
M = cos?4; (3).
47,24

cos2A

From (1), (2), (3) we have: Y o Y cosA = %; (6).

2c0sA 4
But in any triangle ABC, ). cosA < % with equality when the triangle ABC is equilateral.
5. Let be z,, z,, z; € C” different in pairs |z;| = |z,| = |z3].
IfY 2,25 (|21 — z,|% + |21 — 23]%) = 0, A(z,), B(23), C(z3) then AB = BC = CA.
By Marian Ursdrescu-Romania-R.M. M.
Solution: Let |z;| = |z,| = |z3| = R then A(z,), B(z,),C(z3),AABC c C(0,R),

|z, — z,] = AB = c and analogs.
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The hypothesis, becomes: Y, z,z;(b?> + ¢?) = 0 & Y,

b?+c?

Z1

= 0; (1)

But |z,|2 = R? © z, - Z; = R%; (2).
From (1),2) 2 YXB?*+ )z =0 YXbB*+ )z, =0 X(a?>+b*+c?—a?)z; =0

a?z,+b%z,+c%z3
a2+b?+c?

e @+b?+c?)(zyt2z,+23) = ©zy=zx ©H=KABCis
equilateral.

6. Let be z4, z,, z; € C" different in pairs |z,| = |z,| = |z3| = 1.

_ 2
ify %2504 35 7,25 = 0,A(zy), B(2,), C(23) then AB = BC = CA.

|z1—22]"|z1—23|
By Marian Ursdrescu-Romania-R.M.M.
Solution: Let be A(z;), B(z,), C(z3), AABC c C(0,1). We have:

|2, — 23|(2, — 73)°
> 4312y = 2] 21 = 73] - 122 = 73] = 0; ().
Z3Z3

. ( — )2
|z, — z5| = b; (2) and sin?A = —%; (3)

From (1), (2), (3) we have: — Y, asin?4 + %abc = 0,abc = 4RS = 4S,(R = 1) then
Y asin?A = 3S; (4)

A= s(sz—3r2—6Rr); (5).

We have: Y} asin?
E 2R?

2_ 242 _
From (4), (5) we have: W = 48S; (6).

2

From Carlitz Inequality we have: s? > 12Rr + 372; (7).

From (5), (7) we get: Y, asin?4A > s - % = 3sr = 35; (8).

From (6), (8) we get: AABC is equilateral.
Proposed problems:
1. Let be z,, z,, z; € C" different in pairs |z;| = |z,| = |z3]| = 1.
If (24 — 25 — 23)(22 — 24 — 23)(23 — 21 — 2;| = 8,

A(Zl), B(Zz), C(Z3) then AB = BC = CA.
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2. Let be z4, 75, z3 € C" different in pairs |z{| = |z,| = |2z3]| = 1.
If |2y — 2z — 23| + |22 — 2y — 23| + |23 — 21 — 2| = 6, A(21), B(22), C(23) then AB =
BC = CA.

3. Let be z,4, zg, z, € C* different in pairs |z4| = |zg| = |z¢|.
If zgz¢c(b+c) +zczy(c+a) +z4zg(a+ b) =2(azgze + bzczy + czyzp),

then the triangle ABC is equilateral.

4. Let be z4, zg, z; € C*, different in pairs |z4| = |zg| = |z¢|.

f[1(b(z4 — zg) + c(z4 — 2¢) = (a+ b + ¢)3, then AB = BC = CA.

5. Let be z,, z,, z; € C* different in pairs |z;| = |z,| = |z3]| = 1.
If 21 (22 + 23)%12, + 21|% + 22(21 + 23)%|21 + 23]% + 23(21 + 22)%|21 + 23|? = 322,23,
A(z1),B(z3),C(z3) then AB = BC = CA.

6. Let be z4, z,, z; € C" different in pairs |z,| = |z,| = |z3| = 1.

—72)2 — 72 N2
If z1(22—23) + z2(21-23) + z3(21-23) + 3\/5212223 -0,
|z2-2z3| |z1-23| |z1-2>|

A(z,),B(z;),C(z3) then AB = BC = CA.

7. Letbe z,,2,,2z; € C* different in pairs |z,| = |z,| = |z3]| = 1.

21(z22+23)% | z3(2z3+21)? | z3(z1+22)?

If

=Z1Z->2Z
|z2+2z3] |z3+24] |z1+22] 1%243

A(z,), B(z;),C(z3) then AB = BC = CA.

8. Let be z4, 25, z3 € C" differentin pairs |z1| = |z,| = |z3]| = 1.

z1 Zy z3 1
> T 7 T 2
(z2-23) (z1-23) (z1-22) Z12273

A(zl),B(zg), C(z3) then AB = BC = CA.

=0,
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9. Let be z4, z,, z; € C* different in pairs |z{| = |zy| = |z3]| = 1.

Z12Z) _ l — —
|f2m = S,A(Zl),B(ZZ), C(Z3) then AB = BC = CA.
10. be z4, z,, z; € C* different in pairs different in pairs |z| = |z,| = |z3]| = 1.
_ 2
If Y, 2275 3./35. 7,25 = 0,A(z,), B(2,), C(z3) then AB = BC = CA.

|z2—23|

Note: All the problems are published by Marian Ursdrescu in Romanian Mathematical

Magazine www.ssmrmh.ro
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