A GEOMETRICAL APPROACH
OF THE CONSTANTS 7. e, ¢

Mathematical constant 7 = 3.1415926535...
Euler’s number e = 2.7182818284...
Golden ratio ¢ = Y31 = 1.6180339887...
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Introduction

During my research ”Plagiogonal System” it occured to me the idea of calculating the transformation
equations of a point’s coordinates from one initial system to another that happens from rotation of one
system or another or both of them.

Applications of this idea are the approach of the mathematical constant @ , e , ¢ with one single
geometrical shape; characteristic of which does not contain circle but ratio of areas of parallelograms.
What’s impressive is that the angles of the parallelogram are 30°, 45°, 60° and the approach of the
constants is done in such way that the ratio of approach is of order 1.00 to 1.000.



Chapter 1

Plagiogonal canonical system

1.1. Transformation Equations of coordinates of point into pla-
giogonal canonical system (x@y, ) rotating Oz with an an-

gle p
(20y,0) : M(z,y)
(xO0y, 0 +p) : M(X,Y)
OA1 =M OAQ = M1
OB1 = My OB2 = MQ
A
o MB1B2 : B'IBQ — MB1 N B'IBQ — ma
sinp  sin (6 + p) sinp  sin (6 + p)
sin p
BiBy=my - ——
P = sin (60 4 p)
OB2 :OBl+B1B2:>M2:m2+m1 ﬂ
sin (6 + p)
sin p
Y — el
~ YT 0+ p)
4 OA2 OA1 Ml mq
OA A, : = = -
* Y2 6ing  sin(0+p)  sinf sin (0 + p)
sin 0
Mi=my ———
A= sin (0 + p)
X —a. sin 6
sin (6 + p)
sin 6 sin p
H X=x-—— Y = —.
ence X Sn(0 1 ) and y +x Sin(0 + p)
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1.2. TRANSFORMATION EQUATIONS OF COORDINATES OF POINT INTO PLAGIOGONAL CANONICA

Transformation Equations of coordinates of point into pla-

1.2.
giogonal canonical system (zOy, f) rotating Oy with an an-
gle ¢

(20y,0) : M(z,y)
(20y,0 + ¢) : M(X,Y)
OA1 =my OAQ = M1
OB1 = My OBQ = M2
L
X
VAN A1A2 MA1 A1A2 ma
MA A, : = =
* Y2 sing  sin (6 + ¢) - sing  sin (0 + ¢)
sin ¢
= A1Ay =my - m
OAg = OAy + AyAy = My =y +my -~
2 = 1 1432 1= M1 T M sin (0 + o)
sin ¢
X = ek A
IR ey prpny
A OB, OB, M, ma
BiB;: = =
* OBiB; sin ¢ sin(0+¢):>sin0 sin (6 + ¢)

M sin ¢
272 n (0 + ¢)
sin 6
Y g
~ Y sin (6 + ¢)

sin ¢ sin 6
Hence |X — S0 |y —y.—2f |
nee\ A =Xy Gn+ )| " Y Sn6+9)




6 CHAPTER 1. PLAGIOGONAL CANONICAL SYSTEM

1.3. Transformation Equations of coordinates of point into pla-

giogonal canonical system (az@y, ) rotating Oz with an an-
gle p and Oy with an angle ¢

(20y,0) : M(z,y)

(XOY,0+6+p) : M(X,Y)
x OAlzml,OA’lzm’l s OAQZMl
” OBlzmz,OBlgzMé,OBQZMQ

Applyig successively the rotation of Oy with an angle ¢ and Ox with an angle p and using the equations
of the paragraphs (1.1) , (1.2) we get:

;L _ sin ;L . sin 6
A sin (6 + ¢) My =ma sin (6 + ¢)
B sin ¢ sin (0 + ¢)
Ml_(m1+m2 sin(é’—i—gb)) sin (6 + ¢ + p)

B sin (6 + ¢) sin ¢
_ml'sin(é’%—gzﬂ—p) +m2'sin(9+¢+p)

Hence:

_ . _sin(6+¢) Ly sin ¢
- sin (0 + ¢ + p) Y sin (0 + ¢ + p)

Similarly , we get:

sin p sin (6 + p)

Y =x- :
* sin (0 + ¢ + p) Y sin (0 + ¢ + p)

Hence:

X:x-sin(0+¢)+y-sin¢ ! Y:X-Sinp+y-sin(9+p)

sin (0 4+ ¢ + p) / sin (0 4+ ¢ + p)




Chapter 2

Ratio of areas of parallelograms

AECF
Calculation of ratio of areas of parallelograms % of the following figure in relation of the sizes
a, b,
F
AB=a,BC=10
BAD = 2BAE = 2DAF =0
C
[AECF|
— - = b, 0) =7
ApcD] ! (a,,6)
A
A ‘
E
e We have:
AE — a sin (9 + g) + bsing _ asin%e + bsing
sin (9 + g + g) sin 260
(1)
AF — asing + bsin (0 + g) B asing + bsin%e
B sin (0 + g + g) N sin 260
e We have:



CHAPTER 2. RATIO OF AREAS OF PARALLELOGRAMS

2 2 3 9 : 39 . 20 . 230
+b 4 30 b 0
[AEOF]:AE'AF-siHQQ(Q(a ?SIH2SID2 +a (Sln 2 sin _2)
sin 26 sin 260

[ABCD] = AB - AD -sinf = absin 6

Hence:

[AECF] (% + g) sin % sin 37‘9 + sin? % sin? 376 (B1)
[ABCD] sin 6 sin 26 _




Chapter 3

Applications

3.1. Approach of 7
ABCD parallelogram

AECF parallelogram

BAD = 2BAE = 2DAF = 0 = 45°

[AECF] AB
= =m
[ABCD] AD
Calculate the ratio. .
T
AECF
From equation (B — 1) we have % = —[[ABCD]] =m , 0§ = 45° hence:
L) 5in 22.5°sin 67.5° 4 sin? 67.5° + sin? 22.5° ,,
o (m+m)sm 51‘n ‘—l— sin + sin >0 343 314
sin 45° sin 90°
73
AECF
Conversely | if | w = % = m , hence:

7+ 1) sin ¢ sin 2 4 sin? € 4 sin? ¥
(7 + ) sin g sin 5 2 2 - [0 ~ 44.92688122°

B-1)=nr=

sin @ sin 20



10 CHAPTER 3. APPLICATIONS

3.2. Approach of ¢ ( Euler )

ABCD parallelogram

AFECF parallelogram
c

BAD = 2BAE = 2DAE = 6 = 30°
AB a 3

AD b 1

e
Calculate the ratio —.
m

From equation (B — 1) we have:

[AECF] (24 1) sin15°sin45° + sin® 15° + sin? 45° _ 21 + 23
- m —= —————

[ABCD] sin 30° sin 60° 9

e
and |— ~ 1.0000|.
m

Conversely , if m = e then:

3 1 1) qin @ ain 30 a2 0 : 12 36
>+ 3)singsin < +sin” 5 + sin” <
e= (i +5)sinsin 2 2 — |0 = 30.00296497°

sin 6 sin 20




3.3. APPROACH OF ¢ ( GOLDEN RATIO )

3.3. Approach of ¢ ( golden ratio )

F
ABCD parallelogram

AECF parallelogram
BAD =2BAE = 2DAF = 0 = 6(°

D C [AECF) 5+ 25
—_— =N =
0/ b [ABCD] 3

A Calculate the ratio. %.

From equation (B — 1) we have:

AECF] 5+ 25 2 4 b)gin 30° sin 90° + sin? 30 + sin® 90°
_ b a

a VHh+1
[ABCD] 3 sin 60° sin 120° 7 2

q a a 1
ence | — = or|— = —|
! rb Y

11



	Introduction
	Plagiogonal canonical system
	Transformation Equations of coordinates of point into plagiogonal canonical system (xy, ) rotating Ox with an angle  
	Transformation Equations of coordinates of point into plagiogonal canonical system (xy, ) rotating Oy with an angle 
	Transformation Equations of coordinates of point into plagiogonal canonical system (xy, ) rotating Ox with an angle  and Oy with an angle 

	Ratio of areas of parallelograms
	Applications
	Approach of 
	Approach of e ( Euler )
	Approach of  ( golden ratio )


