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1) In AABC the following relationship holds:

2 (R —1,)? - 13r% — 3R?
h, - T

Proposed by Mehmet Sahin — Turkey

Solution
We prove the following lemma:
Lemma.
2) In AABC the following relationship holds:
z(R— 2)?>  5R®+4Rr —s?
h, r
Proof.

Using v, = ﬁ and h, = % we obtain:
z (R-1)* XY hyh.(R—1,)*> 5R?+4Rr —s?
he Th, - r
Which follows from:

)2 = 2T 2 — «2)e2 _2rs? _2r _ 2
Yhpyh.(R—1,) R(SR + 4Rr — s%)s%, Y hph, p , D Tahphe R(ZR r)s%,

2r2s?
R

Y 1r2hyh, = %r (8R? + 2Rr —s?)s?and[] h, =
Let’s get back to the main problem:
Using the Lemma we write the inequality:
5R? 4+ 4Rr — s? - 13r2 — 3R?
r r
which follows from Gerretsen’s inequality: s> < 4R? + 4Rr + 3r2,

& 5?2 < 8R? + 4Rr — 1312

It remains to prove that:
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4R? + 4Rr + 3r < 8R? + 4Rr — 1372 & R? > 412, obviously from Euler’s inequality

R = 2r.
Equality holds if and only if the triangle is equilateral.

Remark.
The inequality can be strengthened:
3) In AABC the following inequality holds:
(R-r,)? R?-3r?
Z h, = r
Solution

Using the Lemma we write the inequality:

2 2 2 a2
SREHARTZS” > B3 5 §2 < 4R? + 4Ry + 372 (Gerretsen’s inequality)

T T

Equality holds if and only if the triangle is equilateral.

Remark.
Inequality 3) is stronger than inequality 1):
4) In AABC the following relationship holds:
(R-r,)? R?-3r? 13r?-3R?
z h, = r = r
Solution
See inequality 3) and Euler’s inequality R = 2r
Equality holds if and only if the triangle is equilateral.
Remark.
Let’s emphasize and inequality having an opposite sense:
5) In AABC the following relationship holds:
Z (R —r1,)? _ 5R? — 19r?
h, - r
Solution.

Using the Lemma we write the inequality:
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5R? + 4Rr — s? - 5R? — 1912

< & 52 > ARr + 1912
r r

which follows from Gerretsen’s inequality: s* = 16Rr — 512
It remains to prove that:
16Rr — 572 > 4Rr + 1912 & 12Rr > 2412, obviously from Euler’s inequality R = 2r.
Equality holds if and only if the triangle is equilateral.

Remark.
We can write the double inequality:
6) In AABC the following inequality holds:
R? — 3r? (R-r,)* 5R?-19r?
— <l w S
Proposed by Marin Chirciu — Romania
Solution
See inequalities 3) and 5).
Equality holds if and only if the triangle is equilateral.
Remark.
In the same way we propose:
7) In AABC the following relationship holds:
rSZ(R_ra)Z SRZ—3r2
I, r
Proposed by Marin Chirciu — Romania
Solution
We prove the following lemma:
Lemma

8) In AABC the following relationship holds:

Z(R—ry_(k—r)z

Iy r
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Proof.

. s .
Using v, = —we obtain:

Z(R Ta)” _ 2TpTeR7Ta)” _ (RZ1)7 | opich follows from:
Tq [I7a

Y. (R—71)%?=5s*(R—71)%Xnr.=5s%Y1r,=4R +rand[][r, = rs?
Let’s get back to the main problem:
Using Lemma and Euler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.
Remark.

(R—1g)? (R-1¢)? . . .
Between the sums: Y, — and Y. —.—wecan write the relationship:
a

a

9) In AABC the following relationship holds:
z(R_ a)ZSZ(R_ a)z
ra ha

Using the identities 2) and 8) we write the inequality:

(R-1)%2 _ 5R%?4+4Rr—s?
<
r - r

Solution

& s? < 4R? + 6Rr — r?, which follows from Gerretsen’s inequality:

s? < 4R? + 4Rr + 3r? and Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

Remark.
We can write the following sequences of inequalities:

10) In AABC the following relationship holds:

rSZ(R—ra)2 s R? — 3r? Sz(R—ra)z B 5R? — 19r?
r, r h, r

Proposed by Marin Chirciu — Romania
Solution
See inequalities 6) and 7)
Equality holds if and only if the triangle is equilateral.
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11) In AABC the following inequality holds:

z (R —h,)? _ 25R* — 384r*
I, - 4R?r

Proposed by Marin Chirciu — Romania
Solution
We prove the following lemma:
Lemma

12) In AABC the following relationship holds:

Z (R—h,)? s*+s5%(2r? — 12Rr — 4R?) + (4R* + 32R°r — 4R’r? + 4Rr> + %)
r, 4R2r

Proof.
. 25 s .
Using h, = - andr, = o We obtain:

3 (R-hg)? _ Yrprc(R-hg)? _ s*+s?(2r?—12Rr—4R%)+(4R*+32R3r—4R%*r2+4Rr3+r?)
Ta Mra 4R?r ’

which follows from:

s?[s*+s2(2r2—12Rr—4R?)+(4R*+32R3r—4R?r2+4Rr3+1*)]
4R?

Zrbrc (R - ha)z =

7’

s?(s> +1r? —8Rr) 5 s?[s* + s2(2r? — 12Rr) + r3(4R + 1)]
Z "pTelta = 2R Z haryr = 4R?

and [[r, = rs?
Let’s get back to the main problem:
Using the Lemma, we write the inequality:
s* +52(2r? — 12Rr — 4R?) + (4R* + 32R3r — 4R?*r? + 4Rr3 + %) - 25R* — 384r*
4R%r - 4R%r
& s%(s? 4+ 2r? — 12Rr — 4R?) + (4R* + 32R3r — 4R?r? + 4Rr3 + r*) < 25R* — 3841,
which follows from Gerretsen’s inequality 16Rr — 512 < s? < 4R? + 4Rr + 3r? and the

observation that (s* + 2r? — 12Rr — 4R?) < 0.
It remains to prove that:
(16Rr — 57%)(4R? + 4Rr + 3r%2 + 2r?> — 12Rr — 4R?) +
+(4R* + 32R3r — 4R?*r? + 4Rr3 + r*) < 25R* - 384rt &
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& 21R* — 32R3r + 132R?*r? — 124R1r3 - 360r* >0 &

& (R — 2r)(21R3 + 10R?r + 152Rr? + 180r3) = 0, obviously from Euler’s inequality
R = 2r.
Equality holds if and only if the triangle is equilateral.
13) In AABC the following inequality holds:

R =

18r? — 4R? Z (R—h,)* R?-3r?
—_—< <
h, r

Proposed by Marin Chirciu — Romania

Solution
We prove the following lemma:
Lemma:
14) In AABC the following relationship holds:
z (R—hy,)?*  rs?+2R? - 12R°r + 4Rr? +r?
h, 2Rr
Proof.

. 28 .
Using h, = — we obtain:

3 (R—hg)? _ Y hphc(R—hg)? _ rs2+2R3-12R%r+4Rr2+r3

I Py , which follows from:

Ng
hpyh. (r —h 2_——2 rs? + 2R3 —12R?*r + 4Rr? + 13
b'tc ( a) R2 ( );

_ s24r2+4Rr

2rs?
Ejilb}lc = _7;_"§:}la = ————5;;————c1nc1]f[i1a =

2r2s?

Let’s get back to the main problem.
Using the Lemma, Gerretsen’s inequality 16Rr — 51 < s? < 4R? 4+ 4Rr + 3r? and Euler’s
inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

Remark.

(R_ha)z (R_ra)z . . .
Between the sums ). h—and » —. —wecan write the relationship:

a a
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15) In AABC the following relationship holds:

Z (R —h:Ia)Z - Z (R ;a 2)?

Using the identities 8) and 14) we write the inequality:
rs? + 2R3 — 12R?*r + 4Rr? + 13 - 5R? + 4Rr — s?
2Rr - r
© s2(2R +1) < 8R3 + 20R?r — 4Rr? — r3, which follows from Gerretsen’s inequality:

Solution

=4

s? < 4R? + 4Rr + 3r?. It remains to prove that:
(4R? + 4Rr + 3r2)(2R +7) < 8R3 + 20R*r —4Rr?> — 13 © 4R> —JRr —2r2 >0 &
S (R —2r)(4R + 1) = 0, obviously from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.
Remark.

We can write the sequence of inequalities:

16) In AABC the following inequality holds:

18R? — 4R? _ z (R —h,)? _ R? — 3r? _ Z (R—r,)?2 _ 5R? — 19r?
R - h, - r - h, - r

Proposed by Marin Chirciu — Romania

Solution
See inequalities 6) and 13).
Equality holds if and only if the triangle is equilateral.

Refference:
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