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1) In AABC the following relationship holds:
4 Z m, < z

Proposed by Bogdan Fustei — Romania

2
sin
2

Solution
We prove the following lemma:
Lemma.

2) In AABC the following relationship holds:

z r, s? +r% + 4Rr
sin? % r
Proof.

S
Usingr, = — =X G-b)(5-0) b)(s o =

S24+r24+4Rr

TS (2 2 —
s a)Z c= S(s + 7%+ 4Rr) =

Let’s get back to the main problem.

Using the known inequality ), m, < 4R + r and the Lema it suffices to prove that:

s241r244Rr

4(4R+ 1) < & s% = 12Rr + 3r?, which follows from Gerretsen’s inequality

s? = 16Rr — 5r% and Euler’s inequality R = 2r.

Equality holds if and only if the triangle is equilateral.

Remark.

For the sum Y, — A we can write the relationship:

sin2=
2
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3) In AABC the following relationship holds:

r 4(R +r)?
4(5R—r)SZ o< ( )
sin? r

N >

Solution

2 2 2
Using Lemma, the inequality can be written: 4(5R —r) <> +TT+4RT < )

-
which follows from Gerretsen’s inequality: 16Rr — 5r? < s2 < 4R? 4+ 4Rr + 3r?
Equality holds if and only if the triangle is equilateral.
Remark.
If we replace r, with h, we propose:
4) In AABC the following relationship holds:

h,
4zmasz A

02
sin‘ =
2

Proposed by Marin Chirciu - Romania
Solution
We prove the following lemma:
Lemma.

5) In AABC the following relationship holds:

Z h,  s*+s%(2r?-12Rr) + r’(4Rr +r)

. 2 A 2
smz a 2Rr
2
Proof.
Using h, = 2> and sin? 2 = G=DS29 e obtain:
a 2 bc
28
) S SR L
AT Li(s—=b)(s—c) a(s—=b)(s—c)
sin
2 bc
s*+s2(2r2 —12Rr) +r3(4R+71r) s*+s2(2r> —12Rr) +r3(4R + 1)
= 2rs - =
4Rr3s 2Rr?
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Let’s get back to the main problem.

Using Y. m, < 4R + r and Lemma it suffices to prove that:
s* +s2(2r? = 12Rr) +r3(4R + 1)
=3
2Rr?
& s2(s? + 2r?2 —12Rr) > r2(32R? + 4Rr — r?), which follows from Gerretsen’s

4(4R +71) <

inequality s* = 16Rr — 5r2. It remains to prove that:
(16Rr — 572)(16Rr — 57% + 2r? — 12Rr) > r?>(32R?> + 4Rr —1?) &
© 4R? —9Rr + 2r2 = 0 © (R — 2r)(4R — 1) = 0, obiviously from Euler’s inequality

R = 2r. Equality holds if and only if the triangle is equilateral.

Remark.

h . . . .
. a the following relationship can be written:

2

6) In AABC the following relationship holds:

8(2R — r)? _ z h, _ 8(R* — 7rH)

- 2

For the sum .

sin

Proposed by Marin Chirciu - Romania
Solution

Using the Lemma the inequality can be written:

8(2R —1)? - s* +s2(2r2 = 12Rr) +r3(4R + 1) - 8(R* —7r%)
R - 2Rr? - Rr?
Which follows from Gerretsen’s inequality: 16Rr — 512 < s? < 4R? + 4Rr + 372

Equality holds if and only if the triangle is equilateral.

Remark.

ha

. oA
2
sin
2

and ¥ —© the following relationship holds:

. oA
2
Sin
2

Between the sums ).

7) In AABC the following relationship holds:

ha ra
Z AZZ A

in2 in2
sin“ 5 sin“ &
2 2
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Solution

, .. .. h s*+52(2r2—12Rr)+r3(4R+71) T, s2+r2+4Rr
Using the following identities ), —%z = ( 2) and ), —%5 =
sin?> 2RT sin?Z r

the inequality can be written:
s* +s2(2r? = 12Rr) +r3(4R + 1) - s2+ 12+ 4Rr

2R7r? r
& s2(s? 4+ 2r? — 14Rr) = r2(8R? — 2Rr — r2), which follows from Gerretsen’s inequality

=4

s? > 16Rr — 5r2. It remains to prove that:
(16Rr — 57?)(16Rr — 51r? + 2r2 — 14Rr) > r*(8R?> —2Rr —r?) &
3R? —7Rr +2r?2 >0 & (R — 2r)(3R — 1) = 0, obviously form Euler’s inequalty R = 2r.
Remark.

We can write the following sequence of inequalities:

8) In AABC the following relationship holds:

o _ Z h, _ 8(R* — 7rH)

= p
sin? % Rr

36r <4(5R—-r) < z
sin? A
2
Proposed by Marin Chirciu - Romania
Solution
See inequalities 7), 6) and 3)
Equality holds if and only if the triangle is equilateral.
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