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Here, I present evaluations to some amazing identities involving ∏ 𝒌𝒌
𝒔𝒏

𝒌=𝟏  proposed by Naren 

Bhandari and Sergio Esteban in the Romanian Mathematical magazine. 

1.1 

𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 

 ∏(𝐥𝐢𝐦
𝒏→∞

𝟏

√𝒏
𝒔+𝟏 (∏𝒌𝒌

𝒔

𝒏

𝒌=𝟏

)

𝟏
𝒏𝒔+𝟏

)

∞

𝒔=𝟎

=
𝟏

𝒆𝜻(𝟐)
 

𝒂𝒍𝒔𝒐 𝒇𝒐𝒓 𝒔 = 𝟏 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒔𝒑𝒆𝒄𝒊𝒂𝒍 𝒄𝒂𝒔𝒆 

𝐥𝐢𝐦
𝒏→∞

(

 
 √𝒆𝒏

𝟐𝟒

𝒏
𝟔𝒏𝟐+𝟔𝒏+𝟏

𝟏𝟐

((𝒏!)𝒏+𝟏∏(
𝒏
𝒌
)

𝒏−𝟏

𝒌=𝟏

)

𝟏
𝟐

)

 
 
= 𝐥𝐢𝐦
𝒏→∞

(
√𝒆𝒏

𝟐𝟒

𝒏
𝟔𝒏𝟐+𝟔𝒏+𝟏

𝟏𝟐

∏𝒌𝒌
𝒏

𝒌=𝟏

) = 𝑨 

𝒘𝒉𝒆𝒓𝒆 𝑨 𝒊𝒔 𝑮𝒍𝒂𝒊𝒔𝒉𝒆𝒓 𝑲𝒊𝒏𝒌𝒆𝒍𝒊𝒏 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕 

  1.2 

𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒇𝒐𝒓 𝒂𝒍𝒍 𝒎 ∈ ℝ 

 𝐥𝐢𝐦
𝒔→∞

(

 
 
𝟏 + 𝐥𝐢𝐦

𝒏→∞

𝟏

(𝒔 + 𝟏)𝒎𝒔
(

𝟏

√𝒏
𝒔+𝟏 (∏𝒌𝒌

𝒔

𝒏

𝒌=𝟏

)

𝟏
𝒏𝒔+𝟏

)

−𝟏

)

 
 

𝒔𝒎𝒔

= 𝒆𝒆
−𝒎

 

1.3 

𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕  

∏∏(𝐥𝐢𝐦
𝒏→∞

𝟏

√𝒏
𝒔+𝟏 (∏𝒌𝒌

𝒔

𝒏

𝒌=𝟏

)

𝟏
𝒏𝒔+𝟏𝒎𝟐

)

𝒎

𝒔=𝟏

∞

𝒎=𝟏

=
𝒆𝟑

𝒆𝜻
(𝟐)+

𝟕
𝟒
𝜻(𝟒)
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Considering 1.1  

𝑙𝑒𝑡 𝐽 =∏( lim
𝑛→∞

1

√𝑛
𝑠+1 (∏𝑘𝑘

𝑠

𝑛

𝑘=1

)

1
𝑛𝑠+1

)

∞

𝑠=0

 𝑎𝑛𝑑 𝐴(𝑚) =  lim
𝑛→∞

1

√𝑛
𝑠+1 (∏𝑘𝑘

𝑠

𝑛

𝑘=1

)

1
𝑛𝑠+1𝑚2

∴  𝐴(1) =  lim
𝑛→∞

1

√𝑛
𝑠+1 (∏𝑘𝑘

𝑠

𝑛

𝑘=1

)

1
𝑛𝑠+1

 

∴ 𝐽 =∏𝐴(1)

∞

𝑠=0

 

𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑖𝑛𝑔 𝐴(𝑚) =  lim
𝑛→∞

1

√𝑛
𝑠+1 (∏𝑘𝑘

𝑠

𝑛

𝑘=1

)

1
𝑛𝑠+1𝑚2

log(𝐴(𝑚)) =  lim
𝑛→∞

𝑙𝑜𝑔(
1

√𝑛
𝑠+1 (∏𝑘𝑘

𝑠

𝑛

𝑘=1

)

1
𝑛𝑠+1𝑚2

) 

= lim
𝑛→∞

(

 
 
𝑙𝑜𝑔 (

1

√𝑛
𝑠+1 ) + 𝑙𝑜𝑔((∏𝑘𝑘

𝑠

𝑛

𝑘=1

)

1
𝑛𝑠+1𝑚2

)

)

 
 
= lim

𝑛→∞
(−

log(𝑛)

𝑠 + 1
+
𝑙𝑜𝑔(∏ 𝑘𝑘

𝑠𝑛
𝑘=1 )

𝑛𝑠+1𝑚2 ) =  lim
𝑛→∞

(−
log(𝑛)

𝑠 + 1
+
∑ 𝑘𝑠𝑙𝑜𝑔(𝑘)𝑛
𝑘=1

𝑛𝑠+1𝑚2
) 

= lim
𝑛→∞

(−
log(𝑛)

𝑠 + 1
+
∑ (

𝑘
𝑛)

𝑠

𝑙𝑜𝑔 (
𝑘𝑛
𝑛 )

𝑛
𝑘=1

𝑛𝑚2 ) = lim
𝑛→∞

(−
log(𝑛)

𝑠 + 1
+
∑ (

𝑘
𝑛)

𝑠

(𝑙𝑜𝑔 (
𝑘
𝑛) + log (𝑛))

𝑛
𝑘=1

𝑛𝑚2 ) 

= lim
𝑛→∞

(−
log(𝑛)

𝑠 + 1
+
∑ (

𝑘
𝑛
)
𝑠

𝑙𝑜𝑔 (
𝑘
𝑛
)𝑛

𝑘=1 + ∑ (
𝑘
𝑛
)
𝑠

log (𝑛)𝑛
𝑘=1

𝑛𝑚2 ) = lim
𝑛→∞

(log(𝑛)(−
1

𝑠 + 1
+

1

𝑛𝑚2
∑(

𝑘

𝑛
)
𝑠𝑛

𝑘=1

) +
1

𝑛𝑚2
∑(

𝑘

𝑛
)
𝑠

𝑙𝑜𝑔 (
𝑘

𝑛
)

𝑛

𝑘=1

) 

= lim
𝑛→∞

(log(𝑛)(−
1

𝑠 + 1
+

1

𝑛𝑚2
∑(

𝑘

𝑛
)
𝑠𝑛

𝑘=1

))

⏟                          
𝐿1

+
1

𝑚2
lim
𝑛→∞

(
1

𝑛
∑(

𝑘

𝑛
)
𝑠

𝑙𝑜𝑔 (
𝑘

𝑛
)

𝑛

𝑘=1

)
⏟                

𝐿2

 

∴ 𝐥𝐨𝐠(𝑨(𝒎)) = 𝑳𝟏 +
𝟏

𝒎𝟐
𝑳𝟐  

𝑟𝑒𝑐𝑎𝑙𝑙 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑟𝑖𝑒𝑚𝑎𝑛𝑛 𝑠𝑢𝑚 𝑜𝑓 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 𝑟𝑒𝑙𝑎𝑡𝑒𝑑 𝑡𝑜 𝑡ℎ𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑎𝑠 𝑓𝑜𝑙𝑙𝑜𝑤𝑠: 

lim
𝑛→∞

∑𝑓(𝑐𝑘)Δ𝑥𝑘

𝑛

𝑘=1

= ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎

 

𝑤ℎ𝑒𝑟𝑒 Δ𝑥𝑘 =
𝑏 − 𝑎

𝑛
  

𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑡ℎ𝑎𝑡; 𝑓𝑜𝑟 𝑛 ∈ ℕ 𝑎𝑛𝑑 𝑡ℎ𝑎𝑡 1 < 𝑘 < 𝑛 



𝑖𝑓 
𝑘 − 1

𝑛
≤ 𝑥 ≤

𝑘

𝑛
 

𝑡ℎ𝑒𝑛 (
𝑘 − 1

𝑛
)
𝑠

≤ 𝑥𝑠 ≤ (
𝑘

𝑛
)
𝑠

𝑎𝑛𝑑 
1

𝑛𝑚2
(
𝑘 − 1

𝑛
)
𝑠

≤ ∫ 𝑥𝑠𝑑𝑥

𝑘
𝑛

𝑘−1
𝑛

≤
1

𝑛𝑚2
(
𝑘

𝑛
)
𝑠

 ℎ𝑒𝑛𝑐𝑒 
1

𝑛𝑚2
∑(

𝑘 − 1

𝑛
)
𝑠𝑛

𝑘=1

≤ ∫ 𝑥𝑠𝑑𝑥
1

0

≤
1

𝑛𝑚2
∑(

𝑘

𝑛
)
𝑠𝑛

𝑘=1

  

1

𝑛𝑚2
∑(

𝑘

𝑛
)
𝑠𝑛−1

𝑘=0

≤
1

𝑠 + 1
≤

1

𝑛𝑚2
∑(

𝑘

𝑛
)
𝑠𝑛

𝑘=1

= −
1

𝑛𝑚2
+

1

𝑛𝑚2
∑(

𝑘

𝑛
)
𝑠𝑛

𝑘=1

<
1

𝑠 + 1
<

1

𝑛𝑚2
∑(

𝑘

𝑛
)
𝑠𝑛

𝑘=1

= −
1

𝑛𝑚2
<

1

𝑠 + 1
−

1

𝑛𝑚2
∑(

𝑘

𝑛
)
𝑠𝑛

𝑘=1

< 0 

∴ 0 < −
1

𝑠 + 1
+

1

𝑛𝑚2
∑(

𝑘

𝑛
)
𝑠𝑛

𝑘=1

<
1

𝑛𝑚2
 

𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦𝑖𝑛𝑔 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑏𝑦 log (𝑛) 

0 < log (𝑛) (−
1

𝑠 + 1
+

1

𝑛𝑚2
∑(

𝑘

𝑛
)
𝑠𝑛

𝑘=1

) <
log (𝑛)

𝑛𝑚2
 

∴ 𝐿1 = lim
𝑛→∞

(log(𝑛)(−
1

𝑠 + 1
+

1

𝑛𝑚2
∑(

𝑘

𝑛
)
𝑠𝑛

𝑘=1

)) = 0 

𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑖𝑛𝑔 𝐿2 = lim
𝑛→∞

(
1

𝑛
∑(

𝑘

𝑛
)
𝑠

𝑙𝑜𝑔 (
𝑘

𝑛
)

𝑛

𝑘=1

) ; 𝑢𝑠𝑖𝑛𝑔 𝑡ℎ𝑎𝑡 lim
𝑛→∞

∑𝑓(𝑐𝑘) (
𝑏 − 𝑎

𝑛
)

𝑛

𝑘=1

= ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎

 

𝐿2 = lim
𝑛→∞

(
1

𝑛
∑ (

𝑘

𝑛
)
𝑠

𝑙𝑜𝑔 (
𝑘

𝑛
)

𝑛

𝑘=1

) = ∫𝑥𝑠log (𝑥)𝑑𝑥

1

0

= −
1

(𝑠 + 1)2
 ∴  𝐿2 = −

1

(𝑠 + 1)2
 

𝑟𝑒𝑐𝑎𝑙𝑙 log(𝐴(𝑚)) = 𝐿1 +
1

𝑚2
𝐿2   ; 𝐿1 = 0 𝑎𝑛𝑑 𝐿2 = −

1

(𝑠 + 1)2
 

∴ log(𝐴(𝑚)) = −
1

𝑚2(𝑠 + 1)2
 𝑎𝑛𝑑 𝑨(𝒎) = 𝒆

−(
𝟏

𝒎𝟐(𝒔+𝟏)𝟐
)

 

∴ 𝑨(𝒎) =  𝐥𝐢𝐦
𝒏→∞

𝟏

√𝒏
𝒔+𝟏 (∏𝒌𝒌

𝒔

𝒏

𝒌=𝟏

)

𝟏
𝒏𝒔+𝟏𝒎𝟐

= 𝒆
−(

𝟏
𝒎𝟐(𝒔+𝟏)𝟐

)
 

𝑟𝑒𝑐𝑎𝑙𝑙 𝑡ℎ𝑎𝑡 𝐽 =∏𝐴(1)

∞

𝑠=0

=∏𝑒
−(

1
(𝑠+1)2

)
∞

𝑠=0

= 𝑒
∑ −

1
(𝑠+1)2

∞
𝑠=0

= 𝑒−𝜁(2) =
1

𝒆𝜁(2)
 

∴  ∏(𝐥𝐢𝐦
𝒏→∞

𝟏

√𝒏
𝒔+𝟏 (∏𝒌𝒌

𝒔

𝒏

𝒌=𝟏

)

𝟏
𝒏𝒔+𝟏

)

∞

𝒔=𝟎

=
𝟏

𝒆𝜻(𝟐)
 



𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒔𝒑𝒆𝒄𝒊𝒂𝒍 𝒄𝒂𝒔𝒆 

𝐥𝐢𝐦
𝒏→∞

(

 
 √𝒆𝒏

𝟐𝟒

𝒏
𝟔𝒏𝟐+𝟔𝒏+𝟏

𝟏𝟐

((𝒏!)𝒏+𝟏∏(
𝒏
𝒌
)

𝒏−𝟏

𝒌=𝟏

)

𝟏
𝟐

)

 
 
= 𝐥𝐢𝐦
𝒏→∞

(
√𝒆𝒏

𝟐𝟒

𝒏
𝟔𝒏𝟐+𝟔𝒏+𝟏

𝟏𝟐

∏𝒌𝒌
𝒏

𝒌=𝟏

) = 𝑨 

𝒘𝒉𝒆𝒓𝒆 𝑨 𝒊𝒔 𝑮𝒍𝒂𝒊𝒔𝒉𝒆𝒓 𝑲𝒊𝒏𝒌𝒆𝒍𝒊𝒏 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕 

𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟; ∏(
𝑛
𝑘
)

𝑛−1

𝑘=1

= ; ∏
𝑛!

𝑘! (𝑛 − 𝑘)!

𝑛−1

𝑘=1

= 𝑒
∑ 𝑙𝑜𝑔(

𝑛!
𝑘!(𝑛−𝑘)!

)𝑛−1
𝑘=1 = 𝑒∑ 𝑙𝑜𝑔(𝑛!)𝑛−1

𝑘=1 −∑ 𝑙𝑜𝑔(𝑘!)−∑ 𝑙𝑜𝑔(𝑛−𝑘)!𝑛−1
𝑘=1

𝑛−1
𝑘=1  

= 𝑒(𝑛−1)𝑙𝑜𝑔(𝑛!)−log𝐺(𝑛+1)−log 𝐺(𝑛+1) = 𝑒(𝑛−1)𝑙𝑜𝑔(𝑛!)−2log𝐺(𝑛+1) 

= 𝑒𝑙𝑜𝑔(𝑛!)
(𝑛−1)−log𝐺(𝑛+1)2 = 𝑒

𝑙𝑜𝑔(
(𝑛!)(𝑛−1)

𝐺(𝑛+1)2
)
=
(𝑛!)(𝑛−1)

𝐺(𝑛 + 1)2
 

ℎ𝑒𝑛𝑐𝑒 (𝑛!)𝑛+1∏(
𝑛
𝑘
)

𝑛−1

𝑘=1

= 
(𝑛!)(2𝑛)

𝐺(𝑛 + 1)2
= (

(𝑛!)(𝑛)

𝐺(𝑛 + 1)
)

2

𝑎𝑛𝑑 ((𝑛!)𝑛+1∏(
𝑛
𝑘
)

𝑛−1

𝑘=1

)

1
2

=
(𝑛!)(𝑛)

𝐺(𝑛 + 1)
 

𝑟𝑒𝑐𝑎𝑙𝑙 𝑡ℎ𝑎𝑡 𝐻(𝑛) =∏𝑘𝑘
𝑛

𝑘=1

= 
(𝑛!)(𝑛)

𝐺(𝑛 + 1)
 

∴ ((𝑛!)𝑛+1∏(
𝑛
𝑘
)

𝑛−1

𝑘=1

)

1
2

=
(𝑛!)(𝑛)

𝐺(𝑛 + 1)
=  𝐻(𝑛) =∏𝑘𝑘

𝑛

𝑘=1

 

ℎ𝑒𝑛𝑐𝑒 lim
𝑛→∞

(
√𝑒𝑛

24

𝑛
6𝑛2+6𝑛+1

12

((𝑛!)𝑛+1∏(
𝑛
𝑘
)

𝑛−1

𝑘=1

)

1
2

) = lim
𝑛→∞

(
√𝑒𝑛

24

𝑛
6𝑛2+6𝑛+1

12

∏𝑘𝑘
𝑛

𝑘=1

) 

𝑟𝑒𝑐𝑎𝑙𝑙 𝑡ℎ𝑎𝑡 𝐴 = lim
𝑛→∞

𝐴𝑛 = lim
𝑛→∞

𝐻(𝑛)

𝑛
6𝑛2+6𝑛+1

12 𝑒−
𝑛2

4

 

∴ 𝐥𝐢𝐦
𝒏→∞

(

 
 √𝒆𝒏

𝟐𝟒

𝒏
𝟔𝒏𝟐+𝟔𝒏+𝟏

𝟏𝟐

((𝒏!)𝒏+𝟏∏(
𝒏
𝒌
)

𝒏−𝟏

𝒌=𝟏

)

𝟏
𝟐

)

 
 
= 𝐥𝐢𝐦
𝒏→∞

(
√𝒆𝒏

𝟐𝟒

𝒏
𝟔𝒏𝟐+𝟔𝒏+𝟏

𝟏𝟐

∏𝒌𝒌
𝒏

𝒌=𝟏

) = 𝐥𝐢𝐦
𝒏→∞

(
√𝒆𝒏

𝟐𝟒

𝒏
𝟔𝒏𝟐+𝟔𝒏+𝟏

𝟏𝟐

𝑯(𝒏)) = 𝑨  

𝒘𝒉𝒆𝒓𝒆 𝑨 𝒊𝒔 𝑮𝒍𝒂𝒊𝒔𝒉𝒆𝒓 𝑲𝒊𝒏𝒌𝒆𝒍𝒊𝒏 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕 

𝐺(𝑛 + 1) =∏𝑘!

𝑛−1

𝑘=1

 𝑖𝑠 𝑡ℎ𝑒 𝐵𝑎𝑟𝑛𝑒𝑠 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛  , 𝐻(𝑛) =∏𝑘𝑘
𝑛

𝑘=1

 𝑖𝑠 𝑡ℎ𝑒 ℎ𝑦𝑝𝑒𝑟𝑓𝑎𝑐𝑡𝑜𝑟𝑖𝑎𝑙 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 



Considering 1.2  

𝑙𝑒𝑡 𝛼 = lim
𝑠→∞

(

 1+ lim
𝑛→∞

1

(𝑠 + 1)𝑚𝑠
(

1

√𝑛
𝑠+1 (∏𝑘𝑘

𝑠

𝑛

𝑘=1

)

1
𝑛𝑠+1

)

−1

)

 

𝑠𝑚𝑠

  

𝑎𝑛𝑑 𝑟𝑒𝑐𝑎𝑙𝑙 𝑡ℎ𝑎𝑡 𝐴(𝑚) =  lim
𝑛→∞

1

√𝑛
𝑠+1 (∏𝑘𝑘

𝑠

𝑛

𝑘=1

)

1
𝑛𝑠+1𝑚2

= 𝑒
−(

1
𝑚2(𝑠+1)2

)
 

∴  𝛼 = lim
𝑠→∞

(1 +
1

(𝑠 + 1)𝑚𝑠
( 𝐴(1))−1)

𝑠𝑚𝑠

= lim
𝑠→∞

(1 +
1

(𝑠 + 1)𝑚𝑠
( 𝑒

−(
1

(𝑠+1)2
)
)

−1

)

𝑠𝑚𝑠

= lim
𝑠→∞

(1 +
𝑒

1
(𝑠+1)2

(𝑠 + 1)𝑚𝑠
)

𝑠𝑚𝑠

  

log(𝛼) = lim
𝑠→∞

𝑠𝑚𝑠𝑙𝑜𝑔(1 +
𝑒

1
(𝑠+1)2

(𝑠 + 1)𝑚𝑠
)~ lim

𝑠→∞
𝑠𝑚𝑠(

𝑒
1

(𝑠+1)2

(𝑠 + 1)𝑚𝑠
) 

lim
𝑠→∞

𝑠𝑚𝑠 (
𝑒

1
(𝑠+1)2

(𝑠 + 1)𝑚𝑠
) =  lim

𝑠→∞
𝑒

1
(𝑠+1)2 (

𝑠

𝑠 + 1
)

𝑚𝑠

 

𝑙𝑒𝑡 𝛽 = lim
𝑠→∞

𝑒
1

(𝑠+1)2 (
𝑠

𝑠 + 1
)

𝑚𝑠

∴ log(𝛼) = 𝛽 

𝑙𝑜𝑔(𝛽) = lim
𝑠→∞

𝑙𝑜𝑔 (𝑒
1

(𝑠+1)2 (
𝑠

𝑠 + 1
)

𝑚𝑠

) = lim
𝑠→∞

(
1

(𝑠 + 1)2
+ 𝑙𝑜𝑔 (

𝑠

𝑠 + 1
)
𝑚𝑠

) =  lim
𝑠→∞

(𝑙𝑜𝑔 (
𝑠

𝑠 + 1
)
𝑚𝑠

) =  lim
𝑠→∞

𝑚𝑠(𝑙𝑜𝑔 (1 −
1

𝑠 + 1
)) 

lim
𝑠→∞

𝑚𝑠(𝑙𝑜𝑔 (1 −
1

𝑠 + 1
))~lim

𝑠→∞
−
𝑚𝑠

𝑠 + 1
 

lim
𝑠→∞

−
𝑚𝑠

𝑠 + 1
= −𝑚lim

𝑠→∞
(1 −

1

𝑠 + 1
) = −𝑚 

∴ 𝑙𝑜𝑔(𝛽) = −𝑚 , 𝛽 = 𝑒−𝑚  

𝑟𝑒𝑐𝑎𝑙𝑙 𝑡ℎ𝑎𝑡 log(𝛼) = 𝛽 ∴ 𝛼 = 𝑒𝛽 = 𝑒𝑒
−𝑚

 

∴  𝜶 = 𝐥𝐢𝐦
𝒔→∞

(

 
 
𝟏+ 𝐥𝐢𝐦

𝒏→∞

𝟏

(𝒔 + 𝟏)𝒎𝒔
(

𝟏

√𝒏
𝒔+𝟏 (∏𝒌𝒌

𝒔

𝒏

𝒌=𝟏

)

𝟏
𝒏𝒔+𝟏

)

−𝟏

)

 
 

𝒔𝒎𝒔

= 𝒆𝒆
−𝒎

 

 

 



Considering 1.3  

𝑙𝑒𝑡 𝑃 = ∏∏(lim
𝑛→∞

1

√𝑛
𝑠+1 (∏𝑘𝑘

𝑠

𝑛

𝑘=1

)

1
𝑛𝑠+1𝑚2

)

𝑚

𝑠=1

∞

𝑚=1

 𝑎𝑛𝑑 𝑟𝑒𝑐𝑎𝑙𝑙 𝐴(𝑚) =  lim
𝑛→∞

1

√𝑛
𝑠+1 (∏𝑘𝑘

𝑠

𝑛

𝑘=1

)

1
𝑛𝑠+1𝑚2

= 𝑒
−(

1
𝑚2(𝑠+1)2

)
 

ℎ𝑒𝑛𝑐𝑒 𝑃 = ∏∏𝐴(𝑚)

𝑚

𝑠=1

∞

𝑚=1

= ∏∏𝑒
−(

1
𝑚2(𝑠+1)2

)
𝑚

𝑠=1

∞

𝑚=1

= 𝑒
∑ ∑ −

1
𝑚2(𝑠+1)2

𝑚
𝑠=1

∞
𝑚=1

= 𝑒
−∑ ∑

1
𝑚2(𝑠+1)2

𝑚
𝑠=1

∞
𝑚=1

 

𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑖𝑛𝑔 𝑡ℎ𝑒 𝑠𝑢𝑚 ∑∑
1

𝑚2(𝑠 + 1)2

𝑚

𝑠=1

∞

𝑚=1

= ∑
1

𝑚2
∑

1

(𝑠 + 1)2

𝑚

𝑠=1

∞

𝑚=1

 

𝑢𝑠𝑖𝑛𝑔 𝑡ℎ𝑎𝑡 ∑
1

(𝑠 + 1)𝑛
=

𝑚

𝑠=1

𝐻𝑚+1
(𝑛)

− 1 𝑡ℎ𝑒𝑛 ∑
1

(𝑠 + 1)2
=

𝑚

𝑠=1

𝐻𝑚+1
(2)

− 1  

∴ ∑
1

𝑚2
∑

1

(𝑠 + 1)2

𝑚

𝑠=1

∞

𝑚=1

= ∑
𝐻𝑚+1
(2)

− 1

𝑚2

∞

𝑚=1

= ∑
𝐻𝑚+1
(2)

𝑚2

∞

𝑚=1

− ∑
1

𝑚2

∞

𝑚=1

= ∑
𝐻𝑚+1
(2)

𝑚2

∞

𝑚=1

− 𝜁(2) 

𝑤𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡; 𝐻𝑚
(𝑟)
= 𝐻𝑚+1

(𝑟)
−

1

(𝑚 + 1)𝑟
  

∴ 𝐻𝑚+1
(2)

= 𝐻𝑚
(2)
−

1

(𝑚 + 1)2
 

∴ ∑
𝐻𝑚+1
(2)

𝑚2

∞

𝑚=1

− 𝜁(2) = ∑
𝐻𝑚
(2)

𝑚2

∞

𝑚=1⏟    
𝑆1

− ∑
1

𝑚2(𝑚 + 1)2

∞

𝑚=1⏟          
𝑆2

− 𝜁(2) 

∴ 𝑷 = 𝒆−(𝑺𝟏−𝑺𝟐−𝜻(𝟐))  

𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑆1 = ∑
𝐻𝑚
(2)

𝑚2

∞

𝑚=1

  

𝑓𝑟𝑜𝑚 𝑒𝑢𝑙𝑒𝑟 𝑠𝑢𝑚𝑠 𝑤𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 𝑠ℎ(𝑚, 𝑛) = ∑
𝐻𝑘
(𝑚)

𝑘𝑛

∞

𝑘=1

= 𝜎ℎ(𝑚, 𝑛) + 𝜁(𝑚 + 𝑛) 

𝑤ℎ𝑒𝑛 𝑚 = 𝑛 ; 𝜎ℎ(𝑛, 𝑛) =
1

2
[(𝜁(𝑛))2 − 𝜁(2𝑛)]  ∴  ∑

𝐻𝑘
(𝑛)

𝑘𝑛

∞

𝑘=1

= 
1

2
[(𝜁(𝑛))2 − 𝜁(2𝑛)] + 𝜁(2𝑛) 

∴  ∑
𝐻𝑘
(2)

𝑘2

∞

𝑘=1

= 
1

2
[(𝜁(2))2 − 𝜁(4)] + 𝜁(4) =  

1

2
[(
𝜋2

2
)

2

−
𝜋4

90
] +

𝜋4

90
=
1

2
[
𝜋4

36
−
𝜋4

90
] +

𝜋4

90
=
𝜋4

120
+
𝜋4

90
=
7𝜋4

360

90

90
=
7

4

𝜋4

90
=
7

4
𝜁(4) 

∴ 𝑺𝟏 = ∑
𝑯𝒎
(𝟐)

𝒎𝟐

∞

𝒎=𝟏

=
𝟕𝝅𝟒

𝟑𝟔𝟎
=
𝟕

𝟒
𝜻(𝟒) 



𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑆2 = ∑
1

𝑚2(𝑚 + 1)2

∞

𝑚=1

= ∑ (
1

𝑚2
+

1

(𝑚 + 1)2
+

2

(𝑚 + 1)
−
2

𝑚
)

∞

𝑚=1

= ∑
1

𝑚2

∞

𝑚=1

+ ∑
1

(𝑚 + 1)2

∞

𝑚=1

− 2 ∑ (
1

𝑚
−

1

𝑚 + 1
)

∞

𝑚=1

 

=  𝜁(2) + (𝜁(2) − 1) − 2 = 2 𝜁(2) − 3 

∴ 𝑺𝟐 = ∑
𝟏

𝒎𝟐(𝒎 + 𝟏)𝟐

∞

𝒎=𝟏

= 𝟐 𝜻(𝟐) − 𝟑 

𝑟𝑒𝑐𝑎𝑙𝑙 𝑡ℎ𝑎𝑡 𝑃 = 𝑒−(𝑆1−𝑆2−𝜁(2)) 

∴ 𝑃 = 𝑒−(𝑆1−𝑆2−𝜁(2)) = 𝑒
−(2 𝜁(2)−3+

7
4
𝜁(4)−𝜁(2))

= 𝑒
−(−3+𝜁(2)+

7
4
𝜁(4))

= 𝑒
(3−𝜁(2)−

7
4
𝜁(4))

= 𝑒3𝑒
−(𝜁(2)+

7
4
𝜁(4))

=
𝑒3

𝑒𝜁
(2)+

7
4
𝜁(4)

 

 𝑷 = ∏∏(𝐥𝐢𝐦
𝒏→∞

𝟏

√𝒏
𝒔+𝟏 (∏𝒌𝒌

𝒔

𝒏

𝒌=𝟏

)

𝟏
𝒏𝒔+𝟏𝒎𝟐

)

𝒎

𝒔=𝟏

∞

𝒎=𝟏

=
𝒆𝟑

𝒆𝜻
(𝟐)+

𝟕
𝟒
𝜻(𝟒)

 

 

 

 


