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1) Let x,y,z > 0, such that x + y + z = 48. Prove that:
1 1 1 3
—\/§+8—\/;+8—\/EZZ
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Solution
We prove the following lemma:
Lemma.
1 +16
If0 < x < 64 then—— >~
8—vx 128
Proof.
We are looking for an inequality having the form —— \/_ > ax + b, having the property that
the polynomial attached equation to the double root x = 16.
1
. (64a+4b =1 S x+16
Weobtam{16a_b:0<:){b: s\/’ 128<:>\/_(\/_ 4) > 0, with
128
equality for x = 16. Let’s get back to the main problem. Using the Lemma it follows:
Z 1 x+ 16 x+y+z+16-3 48+48 96 3
8 — \/_ 128 128 128 128 4

Equality holds ifand only if x =y = z = 16.
Remark.

Inequality 1) can be developed.

2)Letx,y,z,n>0,suchthatx +y+z = 3n?. Prove that:
1 N 1 N 1 - 3
—Vx 2n—-\Jy 2n-+vz n
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Solution
We prove the following lemma.
Lemma.
2 1 x+16
>
If0 < x < 4n“ then T
Proof.

We are looking an inequality having the form ﬁ > ax + b, having the property that the

polynomial attached equation to have double root x = n%. We obtain

nda+nb=1 az% 1 x+n? 2 .
{nza =0 < - w2 It follows from Py > e \/9?(\/;_ n) > 0, with
2n3

equality for x = n?. Let’s get back to the main problem.

Using the Lemma it follows:

Z 1 x+n2=x+y+z+nz-3=3nz+3n2=6n2 3
2n—+x 2n3 2n3 2n3 2n3 n
Equality ifand only if x =y = z = n?.
Note.
For n = 4 we obtain the proposed by problem by George Apostolopoulos, RMM 8/2019.
Remark.
Inequality 2) can be generalized.
3) Let x4, X3, ..., Xp, . > 0, such that x; + x5 + -+ + x;, = kn?. Prove that:
1 1 k

1
+ +t—>—
2n —+/xq; 2n—+/xy 2n — /xk n
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Solution
We prove the following lemma:
Lemma.
2 1 x+16
If0 < x < 4n” then a2 23
Proof.
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We are looking an inequality having theform = ax + b, having the property that the

\/_

polynomial attached equation to have double root x = n?.
1
a =

= 3
We obtain {n aa-l-_r;)b = 01 . Zni It followsZni =2 x;nr; e V(v - n) > 0, with

2n3

equality for x = n?. Let’s get back to the main problem. Using the Lemma it follows:

Z 1 <zx1+n2_x1+x2+---+xk+n2k_kn2+kn2_2kn2 k
2n —+/x;

2n3 2n3 - 2n8 2n3  n
Equality holds if and only if x; = x, = - = x;, = n?.
Note.
Forn = 4 and k = 3 we obtain the proposed problem by George Apostolopoulos — Greece -
RMM 8/2019
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