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1) In AABC the following relationship holds:
1 1 1 1 R

< + + <
R rg+ry, rp+r, r.+r,  4r?

Proposed by George Apostolopoulos — Greece

Solution
We prove the following identity:

Lemma.

2) In AABC the following relatinship holds:

1 1 1 s + (4R + 1)?

ra+rb+rb+rc+rc+ra: 4Rs?

Proof.
Using the formular, = ﬁ we obtain:

B = Doy = RO L U] S8 i) s rom he

y (s=b)(s—c) _ r[s?+(4R+71)?]
a

known inequality in triangle: TRs

Let’s get back to the main problem.
LHS inequality.

Using the Lemma can be written:

2 2
s“+(4R+r 1
# > —

4Rrs? R

S (4R +1)? = 3s?, (Doucet’s inequality), which follows from Gerretsen’s

inequality s> < 4R? + 4Rr + 3r2. It remains to prove that:

(4R +71)> =2 3(4R*+4Rr +3r’) © R*—Rr-2r’>20 (R-2r)(R+1) =0,

obviously from Euler’s inequality R = 2r. Equality holds if and only if the AABC is
equilateral.

RHS inequality.

Using the Lemma the inequality holds:
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2 2
SHURMT)” < R o s2(R2 —12) 2 r2(4R +1)?, which follows from Gerretsen’s inequality

4Rs? — 4r2
2 2
s> > 16Rr — 512 > %. It remains to prove that: %(R2 —12)>71r%2(4R +1)?

© R = 2r. (Euler’s inequality). Equality holds if and only if the triangle is equilateral.

Remark.
Inequality 1) can be strenghtened:
3) In AABC the following relationship holds:
1 2r 1 1 1 1
=(5-7) < ¥ ¥ <—
4R R Teat+Ty, Tp+r, T.+T, 21
Proposed by Marin Chirciu - Romania
Solution

Using the Lemma the inequality can be written:

524+ (4R+7)? i( _Z_r) 2 _ R(4R+71)? i , . .
arez =R 5 =) es S—Z(ZR_T) (Blundon-Gerretsen’s inequality)

Equality holds if and only if the triangle is equilateral.
RHS inequality.

Using Lemma the inequality can be written:

r(4R+1)?

2 2
STHURIT o L , which follows from Gerretsen’s inequality

<—os?>
4Rs? 2r 2R-7r

R 2 . R 2 R 2
s2 > 16Rr — 52 > & 1t remains to prove that: "R~ > TERD
R+r R+r 2R-1

S R>2r

(Euler’s inequality). Equality holds if and only if the triangle is equilateral.

Remark.
Inequality 3) is stronger than inequality 1).
4) In AABC the following inequality holds:
1 1 2r 1 1 1 1 R
—S—(S—_>S + + S——<—
R~ 4R R Ta+r, Tpt+r, r.t+r,” 2r " 4r?
Solution

See 3) and Euler’s inequality R = 2r. Equality holds if and only the AABC is equilateral.
Remark.

If we replace 1, with h, we propose:
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5) In AABC the following relationship holds:

1 1 1 1 1

—< <
R h,+h, hy+h, h +h,—2r

Proposed by Marin Chirciu - Romania

Solution
We prove the followign lemma:
Lemma.
6) In AABC the following relationship holds:
1 1 1 s* + s2(16Rr + 21r%?) + r*(4R + 1r)?
hothy hy+he h,th, 47s2(s% + 212 + 2Rr)
Proof.

Using the formula h, = § we obtain:

Z 1 Z 1 1 bc 1 s*+ s?(16Rr + 2r?) + r?(4R + 1)? B
h, +h, 4£u2S N 25 25Lub+c  2rs 2s(s? + 2r2 + 2Rr) B
b c

4+52(16Rr+272)+12(4R+1)2 , , . ,
— st+sP(16Rr+2rR) +r2 (4R+T) , which follows from the known identity in triangle:

41rs2(s24+2r2+2R1)
bc  s*+5s*(16Rr + 2r?) + r*(4R + 1)?
b+c 2s(s% + 2r2 + 2Rr)

Let’s get back to the main problem.
LHS
Using the Lemma we write the inequality:

s*+s2(16Rr + 2r2) + r?2(4R +1)* 1
4rs2(s? + 2r2 + 2Rr) ~R

© s%[s?(R — 4r) + r(16R? — 6Rr — 4r?)] + R?(4R+1r)? =0

We distinguish the following cases:
Case 1). If [s*(R — 4r) + r(16R? — 6Rr — 41%)] = 0, the inequality is obviously.
Case 2). If [s*(R — 4r) + r(16R? — 6Rr — 41%)] < 0, we write the inequality:
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Rr2(4R + 1r)? = s?[s?(4r — R) —r(16R? — 6Rr — 4r?)], which follows from Blundon -

2
RGRHT" — AR? + 4Rr + 372. It remains to prove that:

J_ s . 2
<
Gerretsen’s inequality s* < 2R =

R(4R +1)?
Rr2(4R+7)2 > — 7
TR+ 1) 2 S

& 4R3 + 4R?*r — 15Rr?2 — 18r3 > 0 & (R — 2r)(2R + r)? = 0, obviously from Euler’s

[(4R? + 4Rr + 3r%)(4r — R) — r(16R? — 6Rr — 41?)] ©

inequality R > 2r. Equality holds if and only if AABC is equilateral.
RHS inequality
Using the Lemma the inequality holds:

s*+s2(16Rr+272)+12(4R+1)?
4rs2(s2+421r2+2Rr)

= % & s2(s? — 12Rr) = r2(4R + r)?, which follows from

2
Gerretsen’s inequality s> > 16Rr — 512 > %. It remains to prove that:

T(4R+T)2 2 2 2 ) . .
T(16Rr —5r2 —12Rr) = r*(4R + r)* © R = 2r (Euler’s inequality)

Equality holds if and only if AABC is equilateral.

Remark.
1 1 . . .
Between the sums ), —— and ), P— the following inequality holds:
7) In AABC the following relationship holds:
1 1
Qe s Lt
rp + r. hb + hC
Proposed by Marin Chirciu - Romania
Solution

Using the following Lemma the above inequality holds:

s+ (4R +1)? - s* + s2(16Rr + 2r%) + r2(4R + 1)?
4Rs? - 4rs2(s? + 2r2 4+ 2Rr)

& s?[s?(R—1) —2r*(4R + )] = r?(4R + 1)?(R + 1), which follows from Gerretsen’s

2
inequality s* > 16Rr — 5r% > %. It remains to prove that:

7(4R + 1)?

[(16Rr —572)(R—1) = 2r?(4R+1)] = 7?2(4R+71)*(R+71) ©
R+r
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© 15R? = 31Rr +2r2 > 0 © (R — 2r)(15R —r) = 0, obviously from Euler’s inequality

R = 2r. Equality holds if and only if the triangle is equilateral.

Remark.
We can write the inequalities:
8) In AABC the following relationship holds:
1 1 1 1
RS D LS
Solution
See inequalities 1), 7) and 5).
Equality holds if and only if ABC triangle is equilateral.
Reference:
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