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1) In AABC the following relationship holds:

1 R
B NI S
sin? A + sin B sin C 2r

Proposed by George Apostolopoulos — Greece

2

Solution

LHS inequality. Using Bergstrom’s inequality, we obtain:

1 9 9
> = =
ZsinzA +sinB +sinC ~ ).(sin24A+sinBsinC) ) sin2A+ Y sinBsinC

1)

9 9 36R? (

- 52—r2—4Rr+52+r2+4Rr T 352-12-4Rr T 35242 4Ry > 2, where [1) A
2R? 4R2 4R?

& 18R? > 352 — 1% — 4Rr, it follows from Gerretsen’s inequality s*> < 4R? + 4Rr + 312,
It remains to prove that:
© 18R? > 3(4R?>+ 4Rr+312) —1r? —4Rr © 3R’ —4Rr—4r’ >0 &
& (R —2r)(3R + 2r) = 0, obviously from Euler’s inequality R > 2.

Above we've used the known inequalities in triangle:

s24+1244Rr

. s2—r2—4Rr . .
Y sin? A =———and . sinBsinC =
R2 4R?

2

Equality holds if and only if the triangle is equileral.
RHS inequality.

Using means inequalities: sin? A + sin B sin C > 2+/sin? A sin B sin C, we obtain:

1 1 1 1 @ _/R\?
ey ) - 2= @)
sin“ A +sin Bsin € 2Vsin? AsinBsinC 2./ sin A4~ Vsin A 2r

2
where (1) & ﬁz \/ﬁ < (g) , Which follows from:

s24+r24+4Rr
2rs g

CBS inequality: ),

1 , . 1
< —_ =
< 13X - and the identites Y, ——

1 . s
Sind = —
Vsin A IT 2R?

2 2
, 1 1 1  S?4T2+4Rr _ R 2 2 R
We obtain nsinAZ sinAS\/Tsz /3 - _‘rs\/3(s +12+4Rr) < (r) , where (2)
2R
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© 1/3(s2 + 12 + 4Rr) < sR © 3r2(s> + r2 + 4Rr) < s’R* &

& s2(R? — 3r2) = 3r3(4R + r), which follows from Gerretsen’s inequality
s? > 16Rr — 5r2. It remains to prove:
(16Rr — 5r2)(R? — 3r2) = 3r3(4R + 1) © 16R3 — 5R?*r — 60Rr2 + 1213 > 0 &
& (R —2r)(16R? + 27Rr — 612) = 0, obviously from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

Remark.
We propose in the same way:
2) In AABC the following relationship holds:
1 12r
ZcoszA + cos Bcos C = R
Proposed by Marin Chirciu - Romania
Solution

Using Bergstrom’s inequality we obtain:

1 9 9
> = =
ZcoszA + cosBcosC ~ Y.(cos?2A+ cosBcosC) Y. cos2A+ Y cosBcosC

1)

9 9 36R? @ 15

" 6R%+4Rr+12-s® s2+r2—4R*? T 8R%+8Rr+3r?-s® = gR248Rr+3r2—s2 = R where (1) <
2R2 " 4Rr2 4R2

& 36R3 = 96R?*r + 96Rr? + 3613 — 12s%r, which follows from Gerretsen’s inequality
s? > 16Rr — 5r2. It remains to prove that:
36R3 > 96R?*r + 96Rr? + 3613 — 12r(16Rr — 57%) &
& 3R —8R?*r + 8Rr?2 —8r3 >0 < (R —2r)(3R? — 2Rr + 41?) = 0, obviously Euler’s

inequality. Above we have used the known inequalities in triangle:

6R%Z4+4Rr41%-5

2 2 2 2
s“+r“—4R
YT and ), cos B cosC = ———.

2 —
2. C0s* A = e

Equality holds if and only if the triangle is equilateral.
3) In AABC the following relationship holds:

1 <Z 1 _ 1
2R? — a? + bc ~— 8r?

LHS inequality. Using Bergstrém’s inequality, we obtain:
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1 9 9 9
> = = =
Za2+bc_2(a2+bc) a2+ Y. bc 2(s2—12—4Rr)+s?2+r2+4Rr

s @

> %} where (1) & 18R? > 3s? — r? — 4Rr, which follows from Gerrtsen’s

= 352—r2-aRr
inequality s> < 4R? + 4Rr + 3r2. It remains to prove that:
18R? > 3(4R? + 4Rr + 3r2) — 12 —4Rr © 3R> —4Rr — 412 > 0 &
S (R —2r)(3R + 2r) = 0, obviously from Euler’s inequality R = 2.
Above we have used the known inequalities in triangle:
Ya?=2(s?—1r?—4Rr)and Y, bc = s> +r? + 4Rr.
The equality holds if and only if the triangle is equilateral.

RHS inequality. Using the means inequality: a*> + bc > 2V a?bc, we obtain:

Z 1 <Z 1 _ 1 1 (2 1
a?+bc ~ 2\/a2bc_2\/l_[a Va ~ 8r?

2
where (1) & \/%Z\/% < (%) , which follows from CBS inequality Y, \/ia < ’32 i and the

2 2
identities ¥~ = " ***" 114 = 4Rrs. We obtain
a 4RTS
1 Zi < 1 s247244Rr 1 \/3(52 T 4RD (i) (i)z where (2)
JIla“~+va = VaRrs 4Rrs  A4Rrs - \2r/’

& 14/3(s2 + 12 + 4Rr) < sR © 3r2(s? +r? + 4Rr) < s’R* &
& s?2(R? — 3r?) = 3r3(4R + r), which follows from Gerretsen’s inequality
s? > 16Rr — 5r2. It remains to prove that:
(16Rr — 51r%)(R?> —3r?) > 3r3(4R+ 1) © 16R® —5R*’r —60Rr* + 12r3 >0
& (R —2r)(16R? 4+ 27Rr — 612) = 0, obviously from Euler’s inequality R = 2.
Equality holds if and only if the triangle is equilateral.

4) In AABC the following inequality holds:

91‘<Z 1 <9R
R~ 24 B, C~ 4r
tan®> + tan > tan

Proposed by Marin Chirciu - Romania
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Solution

LHS inequality. Using Bergstrom’s inequality we obtain:

1 . 9 9 _
Z A B, C= 4 B, C B, C_
2

22° = 2" = 2
tan? 5 + tan > tan Z(tan 2+tan2tan2) Y tan +Ztan2tan2

9 9 (1)

- (4R+r)22—252+1 (4R+1)2- 52 -
N

= Where (1) © s?(R + 1) = r(4R + r)?, which follows

r(4R+71)?

from Gerretsen’s inequality s> < 16Rr — 512 > —

Above we've used the known inequaity in triangle:
) tan2 4 M and Y, tan tan— =1

Equality holds if and only if the triangle is equilateral.

RHS inequality. Using the means inequality: tan? % + tangtang > 2\[tan2 %tan gtan g, we
(1)

. 1 1 1
obtain: Z W < Z
tan®>+tan; tan; 2 \/tanz tan—tan— \/]’[ tan— \/tan

=N ;Z; < ﬁ, which follows from CBS inequalit: Y, L_< ’3 » 1A and the
\/HTang tang 2r ,tang tan>

) 4
identiteszt 1A = %,Htan% - We obtain 2=l \/_ < R Where

an— ,]'[ tan— \/; \[ T

(2) s < RT\E (Mitrinovic’s inequality)

Wh ere (1)

Equality holds if and only if the triangle is equilateral.

5) In AABC the following inequality holds:

(@) <Y T
R/~ cot2%+cotg t% 4r

Proposed by Marin Chirciu - Romania

Solution

LHS inequality. Using Bergstrém’s inequality obtain:
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1 9 9
> = =
Z A B Cc~— A B C A B C
cot? 5 * cotz cot 2 (cot2 > +cot> COtf) 2. cot? 5t 2 cot>cot>

(€Y) o2

9 9r2

- 52—2r2—8Rr+4—R+‘r T s2_42_4pr
r2 T

2 < 9R? + 8Rr + 212, which follows

from Gerretsen’s inequality s> < 4R? + 4Rr + 3r2. It remains to prove:
2(4R? + 4Rr + 3r%) < 9R? + 8Rr + 2r? & R? > 472, obviously from Euler’s inequality

R = 2r. Above we've used the known inequalities in triangle:

2 02
Y. cot? % = S22 2R nd ¥ cotg cotg = @. Equality holds if and only if the triangle is

r2

equilateral.

RHS inequality. Using the means inequality cot? % + cotg cot% > 2\/cot2 gcotg cotg we

1 1 1 1 ) R
obtain that: ). <) = Z\/ = < ;Where (1)

A B___C
24 B ot A B _.C A
cot®5Feot; coty ZJcotZEcotEcotE 2\/]’[ cot=

2

e —L_y 1 E , which follows from CBS inequality Y, < ’3 2 LA and the
’coté cot

ot
QO
j
N
l\.)

identites ), % = 4RS+T IT cot2 = % We obtain

2

r(4R+71) (2)

J“‘Tt— JE [J R T

& s2R? > 12r3(4R + r), which follows from Gerretsen’s inequality s> > 16Rr — 512, It

-, where (2)

remains to prove that:
(16Rr — 5r2)R? > 12r3(4R + 1) © 16R® — 5R*r —48Rr? — 12r3 &
& (R —2r)(16R? 4+ 27Rr + 61%) = 0, obviously from Euler’s inequality R = 2r. Equality
holds if and only if the triangle is equilateral.
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