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ABOUT AN INEQUALITY BY RAHIM SHAHBAZOV-II
By Marin Chirciu — Romania

1) In AABC the following relationship holds:

2 2 2 2r
cot“ A + cot“ B + cot C+F22

Proposed by Rahim Shahbazov-Azerbaijan

Solution We prove the following lemma:

Lemma.

2) In AABC the following relationship holds:

s* — s2(8Rr + 107?) + r%(4R + r)?
z cot’ A =
45272

Proof.

2 —cin2
WehaveZCOt2A=ZCOSA_Zl SmA:Z( 1 _1)=2 1 _3=

sin2A sinZ A sinZ A sinZ A
_ s*+52(2r2—8Rr)+7r?(4R+1)? _3= s*—s2(8Rr+1072)+7r2(4R+1)?
45272 45272
1 s* +5s2(2r? —8Rr) + r%(4R +1)?
Z sin24 45212

Let’s get back to the main problem. Using the identity

. Where

s*—s?(8Rr+1072)+r2(4R+1)?

Y cot?A = P we write the inequality:
s* —s?2(8Rr +10r?) + r2(4R +1r)? 2r
+—2=22
45212 R
s* —s2(8Rr + 10r?) +r? N 2r -
— S
45212 R —

Rs* —s?r(8R?> + 18Rr — 8r?) + Rr?2(4R+1)* >0 &
s?[Rs?> —r(8R%* + 18Rr — 8r2)] + Rr?(4R +1)* =0
We distinguish the following cases:
Case 1). If[Rs? — r(8R? + 18Rr — 8r?)] = 0, the inequality is obvious.
Case 2). If[Rs? — r(8R? + 18Rr — 8r?)] < 0, we write the inequality:
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Rr2(4R +1)? > s?[r(8r? + 18Rr — 8r?2) — Rs?], which follows from Blundon-Gerretsen’s

R(4R+1)?

. . — 2 2
inequality 16Rr — 5r° < 5* < 2(2R-T)

It remains to prove that:

R(4R +1)?
Rr?(4R +7)% > ﬁ [r(87% + 18Rr — 8r?) — R(16Rr — 57%)]

© 8R? —19Rr + 612 > 0 © (R — 2r)(8R — 3r) = 0, obviously from Euler R > 2r.
Equality holds if and only if the triangle is equilateral.
Remark. Let’s find and inequality having an opposite sense:
3) In AABC the following relationship holds:

2

R
cot?A+cot’?B+cot’C+3 < <7>

Proposed by Marin Chirciu - Romania

s*—s2(8Rr+1072)+12(4R+1)?
45272

Solution Using the identity Y, cot? A = we write the inequality:

s*—s%(8Rr+1072)+12(4R+1)?

2
+3< 1:_2 which follows from Gerretsen’s inequality:

45212
r(4R +1)?
(R—Jrr) < 16Rr — 5r? < s < 4R? + 4Rr + 3r?
4_ o2 2 2 2 9 2
We obtain =R AR %[52 — (8Rr + 10r2) + B ] <
4sr Ar s

2 2 2 _ap_re2 R2=31% L2
< —|4R? + 4Rr + 3r% — (8Rr + 10r2) + (4R+7) l — 4R%-3Rr—6r® BT R

r(4R+7)2 472 Tz O
R+1

r2

Equality holds if and only if the triangle is equilateral.
Remark. We write the double inequality:
4) In AABC the following relationship holds:
2

2r ) ) 5 R
Z—KScot A + cot“ B + cot CS(;) -3

Solution See inequalities 2) and 3).Equality holds if and only if the triangle is equilateral.

Reference:

Romanian Mathematical Magazine-www.ssmrmh.ro

2 RMM-ABOUT AN INEQUALITY BY RAHIM SHAHBAZOV-II




