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1) In 횫푨푩푪 the following relationship holds: 

푹
풓

+
풓
푹

+ ퟔ
풓풂ퟐ

풃풄
≥ ퟏퟔ 
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Solution 

We prove the following lemma: 

Lemma. 

2) In 횫푨푩푪 the following relationship holds: 

풓풂ퟐ

풃풄
=
ퟐ푹(ퟒ푹+ 풓)− 풔ퟐ

ퟐ푹풓
 

Proof. 

Using 푟 =  we obtain ∑ = ∑ ( ) = ∑
( )

= ( ) , which follows from  

∑
( )

= ( ) . 

Let’s get back to the main problem. 

Using Lemma the inequality from enunciation can be written: 

+ + 6 ⋅ ( ) ≥ 16 ⇔ 3푠 ≤ 25푅 − 10푅푟 + 푟  which follows from Gerreten’s 

inequality: 푠 ≤ 4푅 + 4푅푟 + 3푟 . It remains to prove that: 

3(4푅 + 4푅푟 + 3푟 ) ≤ 25푅 − 10푅푟 + 푟 ⇔ 13푅 − 22푅푟 − 8푟 ≥ 0 ⇔ 

⇔ (푅 − 2푟)(13푅 + 4푟) ≥ 0, obviously from Euler’s inequality 푅 ≥ 2푟. 

Equality holds if and only if the triangle is equilateral. 

Remark.We can develop the inequality: 

3) In 횫푨푩푪 the following inequality holds: 
푹
풓

+ 풓
푹

+ 풏∑ 풓풂ퟐ

풃풄
≥ ퟓ

ퟐ
+ ퟗ풏

ퟒ
, where 풏 ≥ ퟎ. 
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Solution 

We prove that: + ≥ , (1) and ∑ ≥  (2) 

Indeed + ≥ ⇔ 2푅 − 5푅푟 + 2푟 ≥ 0 ⇔ (푅 − 2푟)(2푅 + 푟) ≥ 0, obviously from 

Euler’s inequality 푅 ≥ 2푟.  

For the inequality  ∑ ≥  we use the following Lemma and we write the inequality: 

( ) ≥ ⇔ 2푠 ≤ 16푅 + 4푅푟 − 9푟 , which follows from Gerretsen’s inequality  

푠 ≤ 4푅 + 4푅푟 + 3푟 . It remains to prove that: 

2(4푅 + 4푅푟 + 3푟 ) ≤ 16푅 + 4푅푟 − 9푟 ⇔ 8푅 − 13푅푟 − 6푟 ≥ 0 ⇔ 

⇔ (푅 − 2푟)(8푅 + 3푟) ≥ 0, which follows from Euler’s inequality 푅 ≥ 2푟.  

From (1), (2) and the condition from hypothesis 푛 ≥ 0 it follows the conclusion: 

푅
푟 +

푟
푅 + 푛

푟
푏푐 ≥

5
2 +

9푛
4  

Equality holds if and only if the triangle is equilateral. 
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