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Theorem:( Cebyshev’s Inequality):
For f,g:[a,b] » R continuous function with same monotonicity and p: [a, b] - [0, )

integrable function. Then:

b b b b
( f p(x)dx> ( f p(x)f(x)g(x)dx> > ( f p(x)f(x)dx> ( f p(x)g(x)dx> (*)

In the case f and g different monotonicity:

b b b b
( j p(x)dx) ( f p(x)f(x)g(x)dx> < ( f p(x)f(x)dx> ( f p(x)g(x)dx>

a a a a
Proof:

If f and g are same monotonicity, p(x) > 0,Vx € [a, b] =
pPM(f) = f)(9(x) —g()) =2 0,,vx € [a,b] =
pp(y)f(x)g(x) — pgx)p(y)f g —ppf (g)g(y) +p@p(f(g(») =0
p®) [ PO @gCIdx —pFB) [ pEIgIx -

b b
—p(09W) [ POFEIAx +POIIGD) [ p@Idx 2 0 o

b b b b
( f p(x)dx) ( f p(x)f(x)g(x)dx> - ( f p(x)f(x)dx> ( f p(x)g(x)dx)

a a a a

b b
- ( | p(x)g(x)dx) ( | p(x)f(x)dx>
ab ¢ b
+ ( | p(x)f(x)g(x)dx> < | p(x)dx) >0 ()

a a
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Application.

If £:[0,1] - R, f —continuous and convex function such that

f(0)=0,f(1) =1, then:

1
) o log(v2)
J V1+x2 - log(1+x) - (f () 2 log(14+2)

Solution:

1 1
2. . ! 2 — 1 . . 2 2 2
b]-\/l +x2-log(1+x) - (f'(x)) dx J e log(1+x) - (1+x2)(f'(x)) dx

Applymg Chebyshev’s Inequality:
u(x) =log(1+x);v(x) = (1 +x3)(f’ (x))

u, v —increasing, we have:

)( Ny “log(1+x)-(1+ xz)(f’(x))2 dx> >
1 1

log(1+x) 1+ x? a2 B
Of ViTw )( T /@) d")‘

1
log(1+x) e 2 _
(j — )(J\/sz (F'@) dx>, ©

Let: p(x) =

I

0

Now,
1
log(1 + x) 5
f 1+x2 f1+ s V1+x2-log(1+x)dx
0 0
Let p1(x) = —;u;(x) = V1 + x2,v,(x) = log(1 + x); uy, vy —increasing.

7 dx 7 V1 + x? log(1+ x)
<f1+x2><f1+ s V14 x%- log(1+x)dx> (f T2 dx)(f 1122 dx)@
0 0

0 0
1 1
log(l + x) dx log(1 + x)
X = f f s—dx | &
0 V1 + x2 0\/1+x2 1+x

%j‘log(1+ X) x>log(1+\/§)<flog(1+x) >; @

1+ x2
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4
log(1 + x) tan f log(1 + tanu) du
0

1+ x2 "cos?u

cosu

[
[

T
4
sinu + cosu \/—COS _ - u)
log f log du =
0

Vi

n n

4 4

flog [cos ——u —flog(cosv)dv =v
0 0

log(1+ x) T
deX = §log2, (3)
0

Replacing (3) in (2), we get:

m log(1+x) T
— | =/—=dx > log(1++V2) -=log2 &
i = g( )-glog

l 1
ij)d >log(1+\/—)log(\/—) 4)

Now,

_ ) _ 1 ’ _ 1 1 P ~ 2 CBS
1=f(1)-f(0) Off(x)dx OW V1i+x2-(f() dx <

1 dx 2 1 , 2
S<O m) '(!\/1+x (') dx> =

= /log(l +\/§) (flm-(f’(x))zdx>2

Hence,

3
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1
j\/1 + x2- (f’(x))zdx >
0

1
log(l + \/E), )

Now, we get:

1 1
dx 1 . . 2 1 2
(Jm) (!m log(1+x) - (1+x2)(f'(x)) dx) >

1 1
log(1+ x) (et )
> (O o= dx) (b[\/1+x2 (f (x)) dx) >

(5)
>

@ 2 ,
> log(1+V2)log(¥2) (f Vi+x2-(f'(x) dx)

g log(1++2)-log(V2)- =log(v2) &

1
log(l +\/§)

log(1+ \/E) : f v1+x?-log(1+x)- (f’(x))2 dx = log(\/i)

Therefore,

1
fm log(1+x)- (f’(x))2 dx > M
J log(1++2)
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