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1) In ∆ the following relationship holds: 

ࢇ
 + ࢈

 + ࢉ
 ≥ ࡲටࢇ

 + ࢈
 + ࢉ

 

Proposed by Adil Abdullayev-Baku-Azerbaijan 

Solution. Lemma . 2) In ∆ the following relationship holds: 

൫ࢇ
 + ࢈

 + ࢉ
൯ ≥



൫ࢇ

 + ࢈
 ࢉ+

൯ 

Proof. Using Power Means Inequality: If ݔଵ,ݔଶ, … ݔ, > 0 and ݎ ≥ ݏ > 0 then: 

ቆ
ଵݔ + ଶݔ + ⋯+ ݔ

݊ ቇ

ଵ

≥ ቆ

ଵ௦ݔ + ଶ௦ݔ + ⋯+ ௦ݔ

݊ ቇ

ଵ
௦
≥ ඥݔଵݔଶ … ݔ  

ඨݔଵ
 + ଶݔ + ⋯+ ݔ

݊
ೝ

≥ ඨݔଵ
௦ + ଶ௦ݔ + ⋯+ ௦ݔ

݊
ೞ

≥ ඥݔଵݔଶ … ݔ , ; ,ݎ ݏ ∈ ℕ, ݎ ≥ ݏ ≥ 2. 

We consider the particular case ݎ = 3, ݏ = 2, ݊ = 3, then we have: 

ට௫యା௬యା௭య

ଷ

య
≥ ට௫మା௬మା௭మ

ଷ
 and putting ݔ = ݉ , ݕ = ݉ , ݖ = ݉ , we get: 

ඨ݉
ଷ + ݉

ଷ + ݉
ଷ

3
య

≥ ඨ݉
ଶ + ݉

ଶ + ݉
ଶ

3 ⇔ ቆ
݉
ଷ + ݉

ଷ + ݉
ଷ

3 ቇ
ଶ

≥ ቆ
݉
ଶ + ݉

ଶ + ݉
ଶ

3 ቇ
ଷ

 

⇔ (݉
ଷ + ݉

ଷ + ݉
ଷ)ଶ ≥ ଵ

ଷ
(݉

ଶ + ݉
ଶ + ݉

ଶ)ଷ.Let’s get back to the main problem. 

݉
ଷ + ݉

ଷ + ݉
ଷ ≥ ට݉ܨ3

ଶ + ݉
ଶ + ݉

ଶ ⇔ (݉
ଷ + ݉

ଷ + ݉
ଷ)ଶ ≥ ଶ(݉ܨ9

ଶ + ݉
ଶ + ݉

ଶ) 

Which follows from Lemma and Ionescu-Weitzenbock inequality: 

ܵܪܮ = (݉
ଷ + ݉

ଷ + ݉
ଷ)ଶ ≥ ଵ

ଷ
(݉

ଶ + ݉
ଶ + ݉

ଶ)ଷ ≥
(ଵ)

ଶ(݉ܨ9
ଶ + ݉

ଶ + ݉
ଶ), where 

(1) ⇔ (∑݉
ଶ)ଷ ≥ ଶ(∑݉ܨ27

ଶ) ⇔ (∑݉
ଶ)ଶ ≥  ଶ, which follows fromܨ27

∑݉
ଶ = ଷ

ସ
∑ܽଶ and ∑ܽଶ ≥  therefore ,ܨ3√4

∑݉
ଶ = ଷ

ସ
∑ܽଶ ≥ ଷ

ସ
ܨ3√4 = and from ∑݉ ,ܨ3√3

ଶ ≥ we get  (∑݉ ,ܨ3√3
ଶ)ଷ ≥  .ଶܨ27

Equality holds if and only if triangle is equilateral. 
Remark. In same class of problems. 
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3) In ∆ the following relationship holds: 

ࢇ
 + ࢈

 + ࢉ
 ≥ 

ା
 ࡲ

ି
 ටࢇ

 + ࢈
 + ࢉ

, ≥  

Proposed by Marin Chirciu-Romania 

Solution. Lemma. 4) In ∆ the following relationship holds: 

൫ࢇ
 ࢈+

 + ࢉ
൯


≥


ି

൫ࢇ
 + ࢈

 + ࢉ
൯, ≥  

Proof. Using Power Means Inequality: If ݔଵ,ݔଶ, … ݔ, > 0 and ݎ ≥ ݏ > 0 then: 

ቆ
ଵݔ + ଶݔ + ⋯+ ݔ

݊ ቇ

ଵ

≥ ቆ

ଵ௦ݔ + ଶ௦ݔ + ⋯+ ௦ݔ

݊ ቇ

ଵ
௦
≥ ඥݔଵݔଶ … ݔ  

ඨݔଵ
 + ଶݔ + ⋯+ ݔ

݊
ೝ

≥ ඨݔଵ
௦ + ଶ௦ݔ + ⋯+ ௦ݔ

݊
ೞ

≥ ඥݔଵݔଶ … ݔ , ; ,ݎ ݏ ∈ ℕ, ݎ ≥ ݏ ≥ 2. 

Putting ݔ = ݉ , ݕ = ݉ , ݖ = ݉ , we get: ටೌ
ೖା್

ೖା
ೖ

ଷ

ೖ
≥ ටೌ

మା್
మା

మ

ଷ
. 

ඨ݉
 + ݉

 + ݉


3

ೖ

≥ ඨ݉
ଶ + ݉

ଶ + ݉
ଶ

3 ⇔ ቆ
݉
 + ݉

 + ݉


3 ቇ
ଶ

≥ ቆ
݉
ଶ + ݉

ଶ + ݉
ଶ

3 ቇ


⇔ 

൫݉
 + ݉

 + ݉
൯

ଶ
≥ ଵ

ଷೖషమ
(݉

ଶ + ݉
ଶ + ݉

ଶ). Let’s get back to the main problem. 

݉
 + ݉

 + ݉
 ≥ 3

ାଵ
ଶ ܨ

ିଵ
ଶ ට݉

ଶ + ݉
ଶ + ݉

ଶ ⇔ 

൫݉
 + ݉

 + ݉
൯

ଶ
≥ 3

ೖశభ
మ ିଵ(݉ܨ

ଶ + ݉
ଶ + ݉

ଶ), which follows from Lemma and Ionescu-
Weitzenbock inequality. 

ܵܪܮ = ൫݉
 + ݉

 + ݉
൯

ଶ
≥ ଵ

ଷೖషమ
(݉

ଶ + ݉
ଶ + ݉

ଶ) ≥
(ଵ)

3
ೖశభ
మ ିଵ(݉ܨ

ଶ + ݉
ଶ + ݉

ଶ) =  ,ܵܪܴ

where (1) ⇔ ଵ
ଷೖషమ

(݉
ଶ + ݉

ଶ + ݉
ଶ) ≥ 3

ೖశభ
మ ିଵ(݉ܨ

ଶ + ݉
ଶ + ݉

ଶ) ⇔ 

(݉
ଶ + ݉

ଶ + ݉
ଶ) ≥ 3

యೖషయ
మ ିଵ(݉ܨ

ଶ + ݉
ଶ + ݉

ଶ) ⇔ (݉
ଶ + ݉

ଶ + ݉
ଶ)ିଵ ≥

൫3√3൯
ିଵ

ିଵܨ ⇔ ∑݉
ଶ ≥ which follows from ∑݉ ,ܨ3√3

ଶ = ଷ
ସ
∑ܽଶ and  

ܽଶ ≥ ,ܨ3√4 ܫ) − ܹ) ⇒	݉
ଶ =

3
4ܽଶ ≥

3
4 ܨ3√4 =  .ܨ3√3

Equality holds if and only if triangle is equilateral. 
Note. For ݇ = 3, we get proposed problem by Adil Abdullayev-Baku-Azerbaijan-R.M.M.-

4/2020.  
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5) In ∆ the following relationship holds: 

ࢇ
ૠ + ࢈

ૠ ࢉ+
ૠ ≥ ࢇටࡲૢ

 + ࢈
 + ࢉ

 

Proposed by Marin Chirciu-Romania 
Solution. Lemma. In ∆ the following relationship holds: 

ࢇ
ૠ + ࢈

ૠ + ࢉ
ૠ ≥




൫ࢇ
 + ࢈

 + ࢉ
൯

ૠ
 

Proof. Using Power Means Inequality: If ݔଵ,ݔଶ, … ݔ, > 0 and ݎ ≥ ݏ > 0 then: 

ቆ
ଵݔ + ଶݔ + ⋯+ ݔ

݊ ቇ

ଵ

≥ ቆ

ଵ௦ݔ + ଶ௦ݔ + ⋯+ ௦ݔ

݊ ቇ

ଵ
௦
≥ ඥݔଵݔଶ … ݔ  

ඨݔଵ
 + ଶݔ + ⋯+ ݔ

݊
ೝ

≥ ඨݔଵ
௦ + ଶ௦ݔ + ⋯+ ௦ݔ

݊
ೞ

≥ ඥݔଵݔଶ … ݔ , ; ,ݎ ݏ ∈ ℕ, ݎ ≥ ݏ ≥ 2. 

ݎ = 7, ݏ = 2,݊ = 3:		ඨ
ݔ + ݕ + ݖ

3
ళ

≥ ඨݔ
ଶ + ଶݕ + ଶݖ

3  

Putting ݔ = ݉ ݕ, = ݉ , ݖ = ݉ , we get: ටೌ
ళା್

ళା
ళ

ଷ

ళ
≥ ටೌ

మା್
మା

మ

ଷ
. 

ඨ݉
 + ݉

 + ݉


3
ళ

≥ ඨ݉
ଶ + ݉

ଶ + ݉
ଶ

3 ⇔ ቆ
݉
 + ݉

 + ݉


3 ቇ
ଶ

≥ ቆ
݉
ଶ + ݉

ଶ + ݉
ଶ

3 ቇ


⇔ 

(݉
 + ݉

 + ݉
)ଶ ≥ ଵ

ଷఱ
(݉

ଶ + ݉
ଶ + ݉

ଶ). Let’s get back to the main problem. 

݉
 + ݉

 + ݉
 ≥ ଷට݉ܨ9

ଶ + ݉
ଶ + ݉

ଶ ⇔ (݉
 + ݉

 + ݉
)ଶ ≥ (݉ܨ81

ଶ + ݉
ଶ + ݉

ଶ) 

Which follows from Lemma and Ionescu-Weitzenbock inequality: 

ܵܪܮ = (݉
 + ݉

 + ݉
)ଶ ≥

1
3ହ

(݉
ଶ + ݉

ଶ + ݉
ଶ) ≥

(ଵ)
(݉ܨ81	

ଶ + ݉
ଶ + ݉

ଶ) =  ,ܵܪܴ

(1) ⇔ ଵ
ଷఱ

(݉
ଶ + ݉

ଶ + ݉
ଶ) ≥ (݉ܨ81	

ଶ + ݉
ଶ + ݉

ଶ) ⇔ (݉
ଶ + ݉

ଶ + ݉
ଶ) ≥

3ଽܨ(݉
ଶ + ݉

ଶ + ݉
ଶ) ⇔ (݉

ଶ + ݉
ଶ + ݉

ଶ) ≥ ൫3√3൯

ܨ ⇔ ∑݉

ଶ ≥  which follows ,ܨ3√3
from 

∑݉
ଶ = ଷ

ସ
∑ܽଶ and ∑ܽଶ ≥ ,ܨ3√4 ܫ) −ܹ) ⇒	∑݉

ଶ = ଷ
ସ
∑ܽଶ ≥ ଷ

ସ
ܨ3√4 =  .ܨ3√3

Equality holds if and only if triangle is equilateral. 
7) In ∆ the following relationship holds: 

ࢇ
ି + ࢈

ି ࢉ+
ି ≥ ࡲିටࢇ

 + ࢈
 + ࢉ

, ≥

 

Proposed by Marin Chirciu-Romania 
Solution. Lemma. 8) In ∆ the following relationship holds: 
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൫ࢇ
ି + ࢈

ି ࢉ+
ି൯


≥


ି

൫ࢇ
 + ࢈

 + ࢉ
൯ି, ≥




. 

Using Power Means Inequality: If ݔଵ,ݔଶ, … , ݔ > 0 and ݎ ≥ ݏ > 0 then: 

ቆ
ଵݔ + ଶݔ + ⋯+ ݔ

݊ ቇ

ଵ

≥ ቆ

ଵ௦ݔ + ଶ௦ݔ + ⋯+ ௦ݔ

݊ ቇ

ଵ
௦
≥ ඥݔଵݔଶ … ݔ  

ඨݔଵ
 + ଶݔ + ⋯+ ݔ

݊
ೝ

≥ ඨݔଵ
௦ + ଶ௦ݔ + ⋯+ ௦ݔ

݊
ೞ

≥ ඥݔଵݔଶ … ݔ , ; ,ݎ ݏ ∈ ℕ, ݎ ≥ ݏ ≥ 2. 

ݎ = 4݇ − 1, ݏ = 2, ݊ = 3:	 ඨݔ
ସିଵ + ସିଵݕ + ସିଵݖ

3
రೖషభ

≥ ඨݔ
ଶ + ଶݕ + ଶݖ

3  

Putting ݔ = ݉ , ݕ = ݉ , ݖ = ݉ , we get: 

ඨ݉
ସିଵ + ݉

ସିଵ + ݉
ସିଵ

3

రೖషభ

≥ ඨ݉
ଶ + ݉

ଶ + ݉
ଶ

3 ⇔ 

ቆ
݉
ସିଵ + ݉

ସିଵ + ݉
ସିଵ

3 ቇ
ଶ

≥ ቆ
݉
ଶ + ݉

ଶ + ݉
ଶ

3 ቇ
ସିଵ

 

൫݉
ସିଵ + ݉

ସିଵ + ݉
ସିଵ൯

ଶ
≥

1
3ସିଷ

(݉
ଶ + ݉

ଶ + ݉
ଶ)ସିଵ 

Let’s get back to the main problem. 

݉
ସିଵ + ݉

ସିଵ + ݉
ସିଵ ≥ 3ܨଶିଵට݉

ଶ + ݉
ଶ + ݉

ଶ ⇔ 

൫݉
ସିଵ + ݉

ସିଵ + ݉
ସିଵ൯

ଶ
≥ 3ଶܨସିଶ(݉

ଶ + ݉
ଶ + ݉

ଶ), which follows from Lemma and 
Ionescu-Weitzenbock (I-W): 

ܵܪܮ = ൫݉
ସିଵ + ݉

ସିଵ + ݉
ସିଵ൯

ଶ
≥

1
3ସିଷ

(݉
ଶ + ݉

ଶ + ݉
ଶ)ସିଵ ≥

(ଵ)
 

≥
(ଵ)

3ଶܨସିଶ(݉
ଶ + ݉

ଶ + ݉
ଶ) =  ܵܪܴ

(1) ⇔
1

3ସିଷ
(݉

ଶ + ݉
ଶ + ݉

ଶ)ସିଵ ≥ 3ଶܨସିଶ(݉
ଶ + ݉

ଶ + ݉
ଶ) ⇔ 

(݉
ଶ + ݉

ଶ + ݉
ଶ)ସିଵ ≥ 6ିଷܨସିଶ(݉

ଶ + ݉
ଶ + ݉

ଶ) ⇔ 

(݉
ଶ + ݉

ଶ + ݉
ଶ)ସିଶ ≥ 3ିଷܨସିଶ ⇔ ቀ݉

ଶቁ
ଶ
≥ ଶܨ27 ⇔݉

ଶ ≥  ,ܨ3√3

which follows from ∑݉
ଶ = ଷ

ସ
∑ܽଶ and ∑ܽଶ ≥ ,ܨ3√4 ܫ) −ܹ) ⇒ 

	݉
ଶ =

3
4ܽଶ ≥

3
4 ܨ3√4 =  .ܨ3√3

Equality holds if and only if triangle is equilateral. 
Note. For ݇ = 1, we get proposed problem by Adil Abdullayev-Baku-Azerbaijan-R.M.M.-

4/2020. Reference: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro. 


