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1) In AABC the following relationship holds:

m§l+m,3,+m§23F\/m§l+m,2,+m§

Proposed by Adil Abdullayev-Baku-Azerbaijan

Solution. Lemma.. 2) In AABC the following relationship holds:

1
(m3+m} +m3)’ > §(m§, +m2 +m2)’

Proof. Using Power Means Inequality: If x4, x5, ..., x, >0 andr > s > 0 then:
1 1

T T \ 1 N S S\ s
s B T Y . T T M
= = YX1X5 .. X
n n

:/x{+x§+...+x;"l sx*lg+x§+...+x5

2\/ b >"xxy .. %y, T,SEN,T>5>2.
n n

We consider the particular case r = 3,s = 2,n = 3, then we have:

3
2 3
g+ md g e m (3 +mg 4 md\F_(md g+ m2
3 - 3 3 - 3

& md+md+md)? > g(mﬁ + m2 + m2)3.Let’s get back to the main problem.

3 [x3 413423 2492452 )
\]x = 2\/x >—=and putting x = mg,y = m,, z = m,, we get:

m3+m}+md > BF\]mé +mi +mZ o (md+m} +m)? = 9F2(m2 + m2 +m?2)
Which follows from Lemma and lonescu-Weitzenbock inequality:

(1)
LHS = (m3 + m3 + m2)? Zé(mﬁ +mZ +m?2)3 > 9F2(mZ + mZ + m?), where
1)  Em2)3 = 27F2 (X m2) & (X m?2)? = 27F2, which follows from

Ym? = %Z a? and Y, a? > 4+/3F, therefore

Ym2 = ZZ a? > Z4\/§F = 3V3F, and from Y, m2 > 3+/3F, we get (X m2)3 > 27F2.
Equality holds if and only if triangle is equilateral.
Remark. In same class of problems.
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3) In AABC the following relationship holds:

mg+mg+mé>32F 2 |m3+mj+m2k=>2

Proposed by Marin Chirciu-Romania

Solution. Lemma. 4) In AABC the following relationship holds:

1
(mk +m’l‘,"+m") > 25z 2(mf,+m,2,+m§)k,k22

Proof. Using Power Means Inequality: If x,, x5, ...,x, > 0andr > s > 0 then:
1

r r ™ \7 N S S\'s
x1+x2+...+xn1" x1+x2+...+xn5 n
= > Ux1xy ... Xy
n n
rx{+x§++x11fl sxi9+x§++x1§l .
> >Nx1Xy Xy, T, SENT>52>2.
n n

. k [mk+mKemk m2+m?+m?2
Puttlngx:ma,y:mb,z:mc,weget:J &b < 2\] 5 3” -

2 k
klmg +mp +me fmE+mp+mZ (mg +mp +me mg +mj +m¢
= = S|l &
3 3 3 3

(ma +mb +mc) >

p= (ma + m2 +m2)k. Let’s get back to the main problem.

k+1 k-1
mk+mk+mk >32F2 \]m§+m§+m§@

2 kt1 .
(mk +mf +mk)” > 32 Fk=1(m2 +m?2 + m2), which follows from Lemma and lonescu-
Weitzenbock inequality.

(1) k+1
L (mZ +m? +mc)k > 37z FF"Y(m2 + mi + m2) = RHS,

LHS = (ma+mb+mc) > =z

where (1) & e Z(ma+mb + m2)k >3 ) Fk m2 +mé +m?) o

(mczl+mb +mc)k >3 2 Fk 1(Tna_krnb +mc)<:> (ma+mb+mc)k ! =
(3\/§) "1 o > m2 > 3v3F, which follows from ¥ m2 = ZZa and

3 3
Zaz >4V3F,(I-W) > Zma ZZZaZ 224\/§F = 3V3F.

Equality holds if and only if triangle is equilateral.
Note. For k = 3, we get proposed problem by Adil Abdullayev-Baku-Azerbaijan-R.M.M.-

4/2020.
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5) In AABC the following relationship holds:

mZ,+m,7,+mZZ9F3\/m§,+mlz,+m§

Proposed by Marin Chirciu-Romania

Solution. Lemma. In AABC the following relationship holds:
1 7
m] +mj] +m] Zﬁ(m§+m,2,+m§)
Proof. Using Power Means Inequality: If x4, x5, ..., x, >0 andr > s > 0 then:
1

r r ™\ 7 S S S\s
x1+x2+...+xn T x1+x2+...+xn N n
= = YX1X5 .. X
n n
r r S S N
rix:s + x5 4+ -+ xT slxs +x5 + -+ x
1 2 n 1 2 n
\/ 2\/ > "Xy Xy, T,SEN,r>5>2.
n n

7x7_|_ 7_|_Z7 x2+ 2_|_ZZ
r=7,s=2,n=3:\/ Y 2\/ 4

3 3

m2+m2+m?
3

2 7
g +md wmz fmzemdemzmdemd+mI\ | (md+md +md
3 - 3 3 - 3

(ml +m] +ml)? > 3—15 (m2 +m? + m2)7. Let’s get back to the main problem.

. 7 7+ 7+ 7
Puttingx = m,,y =m,,z = m,, We get: \]m“ ";” mCZ\]

m? +m] +m? > 9F3\]m621 +m? +mZ & (m] +m] +ml)? = 81F°(m2 + mZ +m?2)
Which follows from Lemma and lonescu-Weitzenbock inequality:

(€Y
LHS = (m] +m] + m])? (m2 +mi +m2)” = 81F°(mZ + mj +m?2) = RHS,

=3
Qe ;—s(mﬁ +mi +m?2)” = 81F6(mZ + mi + m2) & (m2 + mi +m2)” >
39FS(m2 +m2 + m2) & (m2 +m? + m2)® > (3\/5)6F6 & Y'm2 > 3v3F, which follows
from
Ym2 = ZZaZ andY a? > 4V3F, (I —W) = Ym2 = Zzaz > %4\/§F = 3V3F.
Equality holds if and only if triangle is equilateral.
7) In AABC the following relationship holds:

3
mi1 + kol ikl > 3"F2"‘1\/m§, +mi +m? k> 1

Proposed by Marin Chirciu-Romania
Solution. Lemma. 8) In AABC the following relationship holds:

3 | RMM-ABOUT AN INEQUALITY BY ADIL ABDULLAYEV-X



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

(mak-1 4 k-1 4 e 1) 341 3(m2+m,2,+m2)4k_1,k2

S| W

Using Power Means Inequality: If x;, x5, ...,x, = 0andr > s > 0O then:

1 1
x{+x5+...+x£ r x15+x25+...+x1§L s
> > Nx1x5 . Xy
n n
rlx +xr + ..+ xT slxsS + x5+ -+ x5
1 2 n 1 2 n
\[ 2\[ >"x1% .. X0, ;T\ SEN T =5 >2.
n n

4k—-1 x4k—1 + y4k—1 + Z4k—1 x2 + yZ + ZZ
r=4k —-1,s=2,n=3: =

3 3
Putting x = m,,y = my, z = m,, we get:

e e o
>

3 3

2 4k-1
<mak 1y k=1 4 k= 1> ><mczl+mlz)+mg>

3 3

(mgk 1+m4k 1+mécl»k 1) >

34k—3 (mg +mj; + mg)*
Let’s get back to the main problem.

M1 4 k=1 4 k-1 > gk k- 1\/m2 +m2+mZ e

(mak=t + mpk=1 + mik- 1) > 32kF4=2(m2 + mZ + m2), which follows from Lemma and
lonescu-Weitzenbock (I-W):

LHS = (m4k 1+m4k 1+m4k 1) >

2 2 2\4k—-1
34— — (mg +mj; +mg) =

2 32k p4k=2(m2 + mZ + m2) = RHS
1) e = = (mZ +mg + m2)*-1 > 3ZkF*-2(m2 + mZ + m2) &

(mZ +mZ +m2)*=1 > 65k 3F*-2(m2 + mi + m?) &
2
(m2 + mg +m2)* -2 > 36k-3p4k-2 o (Z mﬁ) >27F* o Zmﬁ > 3V3F,
which follows from ¥, m2 = Z a?and Y a? > 4/3F,(I - W) =
zmg :Zza2 224\/_F=3\/_F.

Equality holds if and only if triangle is equilateral.
Note. For k = 1, we get proposed problem by Adil Abdullayev-Baku-Azerbaijan-R.M.M.-
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