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1) In AABC, I —incenter,R,, R}, R. —circumradii of ABIC,ACIA, AAIB the

following relationship holds:

Proposed by Eldeniz Hesenov-Georgia
Solution by Marin Chirciu-Romania

Lemma 1. 2) In AABC, I —incenter, R, —circumradii of ABIC, then:
A
R, = ZRsmi

Proof. Using identity F = i—l;: in ABIC, we get:

IB-IC- BC IB-IC-a a _ZR-sinA_
o= = =
4F \1pc 4IB IC - sin(BIC) Zcosé Zcosﬂ
2 2 2
2R - Zsin%cos% A
Zcosi

Lemma 2. 3) In AABC, I —incenter, R, —circumradii of ABIC, then:

ey - 2 teost’

Proof. Using identity: R, = 2r - sin2 > we get:
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2 2 2
. A A

3|ra\? 3| 2RsinA 3| sinA 3| 2siny cos» 3 A
(—) = = = || —=5—=| = |4cos?
Rq 2Rsiné siné siné 2
2 2 2

s(s—a)
bc

Let’s get back to the main problem.

Using Lemma and AM-GM, we get:

>l - Zj: L3 fwetoaa

_3\'/_24(:03 +3+3_ i/_z:<2wS _+3)

2 (zz 2A+9) 2 (24R+r+9) 2 (13+7)
— cos* — = = —
319 2 339\ 2R 3V9 R

From R > 2r(Euler), we have:

2 1 3
ENMERE WA

Remark. Let’s find reverse inequality:

4) In AABC, I —incenter,R,, R}, R, —circumradii of ABIC,ACIA,AAIB

the following relationship holds:

) )+ ey =

Proposed by Marin Chirciu-Romania

Solution by proposer

Using Lemma and AM-GM inequality, we get:

2 () =2 o= o] oo =12 [ o3 =
Ra = cos 2= cos Z_ cos Z_
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Mitrinovic
123 S \2 s%227r? 123 2712 93 2r\2
(4R) - 16R? (R )

Equality holds if and only if triangle is equilateral.

5) In AABC, I —incenter,R,, Ry, R. —circumradii of ABIC,ACIA,AAIB

the following relationship holds:

Solution by proposer

Proposed by Marin Chirciu-Romania

For RHS, using Lemma and AM-GM inequality, we have:

N C zr 15 fustos:

_i/—zélcos +3+3_ ;{/_Z(Zcos _+3):

- 3%<22coszg+9) = 3:/6(24I;;r+9) = \/_(13+ )

Equality holds if and only if triangle is equilateral.

For LHS, using Lemma and AM-GM, we have:

D lG) = o 23 foa Jeost = 12 [ Jeost 5 -
Ra = coSs 2= coSs Z— cos Z—
Mitrinovic
123 s \2 s%227r? 123 27712 93 2r\2
(4R) - 16R? (R)

Equality holds if and only if triangle is equilateral.

Remark. In same class of problems.

5) In AABC, I —incenter,R,, Ry, R. —circumradii of ABIC,ACIA,AAIB

the following relationship holds:
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5[ a b ¢ 3V3
3 <<
4R=R, R, R.- 2

Proposed by Marin Chirciu-Romania
Solution by proposer
Lemma 1. 6) In AABC, I —incenter,R,, Ry, R, —circumradii of

ABIC,ACIA, AAIB the following relationship holds:

R, = 2rsin—
@ 2
Proof. Using identity F = ‘;—I:: in AIBC, we have:
_IB-IC-BC IB-IC-a a  2R-sinA
o= = =
4F z1pc 4IB IC - sin(BIC) Zcosé Zcosﬂ
2 2 2
2R - Zsin%cos% A
= = 2R sini
Zcosi

Lemma2. 7) In AABC, I —incenter,R,, R}, R, —circumradii of
ABIC,ACIA, AAIB the following relationship holds:

- + + zz
—+—+—= cos—
R,

Proposed by Marin Chirciu-Romania

Proof. Using a = 2RsinA,R, = ering, we have:

A A
a 2RsinA 2sin cos» _,
ZR_a_Z A ‘Z 4 Z“’S_

2Rsm7 sins >

Let’s get back to the main problem.

For RHS, using Lemma and Jensen inequality, we have:

A 3
TR IR YR
R, 2

For LHS, using Lemma and Jensen inequality, we have:
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Za_z: A>33 A_33$
Ra_ cosz_ cosz— ’4R

Equality holds if and only if triangle is equilateral.

8) In AABC, I —incenter,R,, R}, R, —circumradii of ABIC,ACIA,AAIB

the following relationship holds:

) @) @)=
R ~ \R, R, R, —
Proposed by Marin Chirciu-Romania
Solution by proposer
Lemma 1. 9) In AABC, I —incenter,R,, R}, R, —circumradii of
ABIC,ACIA, AAIB the following relationship holds:
R, = erinE

Proof. Using identity F = i—l;: in AIBC, we have:

_IB-IC-BC_ IB-IC-a _ a _ZR-sinA_
a - - . . 7 - - -
4F \1pc 4IB IC - sin(BIC) Zcosé Zcosﬂ
2 2 2
2R 2sin%cos% A
= =2R- sinE
ZCOSE

Lemma 2. 10) ) In AABC, I —incenter,R,, R}, R, —circumradii of
ABIC,ACIA, AAIB the following relationship holds:

@)+ @) + () -ae
R, R, R.) R

Proposed by Marin Chirciu-Romania

Proof. Using a = 2rsinA,R, = 2Rsin§, we get:
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() -5 (2o -5 () -3 ()

2Rsin7 sini sini

A T r 2r

—_— 2_: — frd — = —
—4Ecosz 4(2+2R) 4(2+2R) 8+

Let’s get back to the main problem.
For RHS, using Lemma and Euler inequality, we have:

a \?2 8 2rEuler8 1—9
—_— = —_— < =
D.(x) =8+% = 8+

a

For LHS, using Lemma and Euler inequality, we get:

z ( a )2 _2(4R+) Eu>ler 2(8r+r) 18r
R, R - R R
Equality holds if and only if triangle is equilateral.
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