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1) In AABC the following relationship holds:
AH? BH*? CH> R 2r 5

<_
b2+c2+c2+a2+b2+c2_r+R 2

Proposed by Eldeniz Hesenov-Georgia
Solution
Lemma 1. 2) In AABC the following relationship holds:
AH? = 4R?* — a*

Proof. Using AH = 2r|cosA|, we get

aZ
AH? = 4R?*cos*A = 4R?*(1 — sin%A) = 4R? (1 — W) 4R? — a?

Lemma 2. 3) In AABC the following relationship holds:

Z4R2 — a? B 4R? + 6Rr + 3r% — s?
bc 2Rr

Proof.

Z4R2—a2 _Ya(4R*-a?) 4R’Ya-Ya® 4R?-2s—2s(s?—3r>—6Rr)

bc abc abc N 4Rrs
R? — (s* —3r> - 6Rr) 4R?+ 6RT + 31%* — 5%
- - ;) a3 =2s(s®— 312 — 6R
2Rr 2Rr Z @’ =2s(s" =31 r)

Let’s get back to the main problem.
Using AM-GM: b? + ¢? > 2bc, we get:
AH? AH? 1< 4R? — a?
LHS = z Lemﬁta 1. Lemgw 2.
b2 + c2 2/. bc 2 bc

14R? + 6Rr + 31> — s>  4R* + 6Rr + 3r% — 57 Gerretsen
2 2Rr B 4Rr =
_4R® +6Rr + 31" — (16Rr —5r") _4R® —10Rr +8r® _
- 4Rr B 4Rr B
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_2RZ—5Rr+4r2_R+Zr 5—RHS
B 2Rr "r R 2 '

4) In AABC the following relationship holds:

AH? B 4R? + 6Rr + 3r% — s?

bc 2Rr
AH? Lemmal.  4R*-a* _ Ya(4R?-a?) 4R*Ya-Ya® _ 4R*2s-2s(s2-3r2—6Rr) _
Proof. Z bc a Z bc abc a abc o 4Rrs o
4R?* — (s* — 31> — 6RT) 4R?*+ 6RT + 31%* — 5%
— — 3 _ 2 2
= = ; a’> = 2s(s“ —3r“ — 6Rr
2Rr 2Rr z ( )

Equality holds if and only if triangle is equilateral.
5) In AABC the following relationship holds:
AH?> 2R A4r
<—+——-
bc r R

Proposed by Marin Chirciu-Romania

1<

Solution
Lemmal. 6) In AABC the following relationship holds:
AH? = 4R? — a?

Proof. Using AH = 2r|cosA|, we get
2

a
AH? = 4R?cos*A = 4R*(1 — sin*A) = 4R? (1 — W) = 4R? — q?

Lemma 2. 3) In AABC the following relationship holds:
AH? _4R* + 6Rr + 31% — 5*

bc 2Rr

Proof.
AH? Y a(4R?>—-a?) 4R?’Ya-Ya® 4R?%* -2s-2s(s*>—-3r%>—6Rr)
bc abc - abc - 4Rrs -
4R? — (s> —3r> —6Rr) 4R? + 6Rr + 31% — 5*
2Rt - 2Rr ‘
Let’s get back to the main problem. For RHS, we have:

z a3 = 2s(s*> — 3r? — 6Rr)
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AH? 4R? + 6Rr + 31 — 52 Gerretsen 4R? + 6Rr + 31> — (16Rr — 512)

bc 2Rr 2Rr

__4R®>—10Rr + 81> 2R®>—5Rr +41? L I L
B 2Rr B Rr ~r R B

AH? _ 4R%+6Rr+3r2—s? GETTELSEN 42 | 6Rr1 372 (4R2+4Rr+312) _ 2Rr
Fro LHS, we have: E = ) — = > = =
! ) bc 2Rr 2Rr 2Rr

1=LHS
Equality holds if and only if triangle is equilateral.

8) In AABC the following relationship holds:

3 AH\* R
-3y -
2R(4R + 1) bc 24713

Proposed by Marin Chirciu-Romania

Solution. Lemma 1. 9) In AABC the following relationship holds:
AH? = 4R* — a*

Proof. Using AH = 2r|cosA|, we get
2

a
AH? = 4R?*cos*A = 4R*(1 — sin*A) = 4R? <1 — m) = 4R? — a?

Lemma 2. 10) In AABC the following relationship holds:

z <AH)2 _ s%(4R* + 8Rr + 6% — s%) —r(4R + 1)(2R + 1)?

bc 8R2r2s2
Proof.
Z (AH)Z _N"4R*-a’> Ya’(4R®>-a®) 4R’Ya’-Ya* _
bc b?c? a?b?c? (abc)?
_4R?-2(s* —1? — 4Rr) — 2[s* — s>(8Rr + 6R*) + r*(4R +1)?] _
(4Rrs)?
4R? - (s> — 1% — 4Rr) — s* + s%(8Rr + 61%) — r?(4R + r)?
- 8R2r2s2 -
_ s%(4R* + |8Rr + 612 — s*) —r(4R + 1)(2R + 1)?
8R2r2s2
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z a’? = 2(s> —r%* — 4Rr; z a* = 2[s* — s*(8Rr + 61%) + r?(4R +1)?].

Let’s get back to the main problem. For RHS, we get:

Ee z (AH)2 _ s?(4R* +8Rr + 61> —5°) —r(4R+1)(2R+1)* _
— +o) = =

8R?r2s?
_ s?(4R* + 8Rr + 61> —s*) r(4R+1)(2R +1)? Gerretsen
8R?r2s? 8R?r2s? -
- 4R? + 8Rr + 61r? — (16RT — 51%) _T(4R+1)(2R+ r?
- 8R2r? SRZy2 R(4R + 1)?
2(2R—-1)
4R* — 8Rr + 111> r(2R—71)(2R+71)?
- 8R2r2 T T ARZ(AR+1)
1 (4R*-8Rr+11r* r(2R-1r)(2R+71)?
T 4R*? < 2 " R@R+71) ) B

1 (R(4R+7)(4R? — 8Rr + 11r*) — 2r(2R —1)(2R +1)?
"~ 4R2r2 2R(4R + 1)

_ 16R" — 44R°r + 28R’r* + 15RT* + 2r* _ R
B 8R3r3(4R + 1) 2473

3r(16R* — 44R3*r + 28R*r? + 15Rr3 + 2r*) < 2R*(4R+1) &
4R5 — 47R*r + 132R3r?2 — 84R*1r3 —45Rr*—-61r° >0 &
(R — 2r)(4R* — 39R3r + 54R?*1? + 24Rr3 + 31*) > 0 true from R > 2r(Euler).

=4

Equality holds if and only if triangle is equilateral.

2 2 2 2_¢2)_ 2
For LHS, we get: E = ¥ (%) _s (4R +8Rr+6r8R Zsrzszr(4R+r)(2R+r) _

s2(4R? + 8Rr + 612 —s%) (4R +71)(2R +1)? Gerretsen

8R?r?s? 8R2r%s?
- 4R* + 8Rr + 61> — (4R* + 4Rr + 3r®) T(4R+1)(2R+71)*
= 8R2r2 ooz T@AR+TZ
8RR+ T
_4Rr+3r*> (R+1)2R+71)> (4R+71)(4Rr +3r®) — (R+71)(2R +1)?
~ 8R2r2 8R2r2 B 8R2r2(4R + 1)
_ O4R® + 8R*r + 11Rr* + 27 Fuler 11Rr* +2r® _ 11R +2r Fuler
B 8RZr2(4R + 1) ~ 8R2r2(4R+r) 8R2(4R+71) ~
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11R+R 12R 3

< = =
~8R%2(4R+71r) 8R?(4R+71) 2R(4R+T)

Equality holds if and only if triangle is equilateral.

11) In AABC the following relationship holds:

AH\* R? 3R 3
DR
a r2 4r 2

Proposed by Marin Chirciu-Romania
Solution
Lemma 1. 12) In AABC the following relationship holds:
AH? = 4R* — a?

Proof. Using AH = 2r|cosA|, we get
2

a
AH? = 4R%cos*A = 4R%*(1 — sin*A) = 4R? (1 — W) = 4R? — q?

Lemma 2. 13) In AABC the following relationship holds:

Z (AH)Z _ s%(s>—10r* — 8Rr) + r*(4R + 1)?
B 41252

4R?’-a’ _ Y b2c%(4R*-a®) _ 4AR*Y b%*c?-3a’b%c? _
az a2b?c? o (abc)?

a

2
Proof. )’ (%) =)
_ 4R*[s* + s?(2r? — 8Rr) + r*(4R + 1)?] — 3 - 16R*r’s”
B (4Rrs)?
s%(s?> — 107r% — 8Rr) + r?(4R + r)?
= ( ) ( ) ; z a3 = 2s(s?> — 3r% — 6RY).
4r2s?

Let’s get back to the main problem. For RHS, we have:

£ Z (AH)Z _ s%(s® —10r> — 8Rr) + r* (4R +1)*
. —) = _

4r2s2
_ s2 —10r?> — 8Rr _ (4R + r)z Gerrétsen
472 4s2 -
- 4R?% + 4Rr + 31r* — 1071% — 8Rr N (4R +1)? _
- 472 4 r(4R + 1)?
R+r
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4R®> —4Rr—7r*> R+r 4R*-3Rr—6r> R®> 3R 3

— + ————== RHS.
412 4r 472 2 4r 2
o AH\2 _ sz(52—10r2—8R1ﬂ)+r2(4R+r)2 _ s2—-10r2-8Rr _ (4R+71)>2
Fro LHS, we have: E = ), (T) = i = o == 2
Gerretsen 16RT — 5r%> — 101> — 8Rr N (4R +1)%*
- 412 4 RUR +1)? B
2(2R-71)
_8Rr—15r2+2R—r_8R—15r+2R—r_R(8R—15r)+2(2R—r) B
42 2R Ar 2R 4Rr B
_8R*—11Rr —2r* 1 = RHS
B 4Rr -0 '

Equality holds if and only if triangle is equilateral.
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