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1) In ∆࡯࡮࡭ the following relationship holds: 

ඨࢇ
૛√ࢉ࢈ + ࢇࢉ√૛࢈ + ࢈ࢇ√૛ࢉ
࡭࢙࢕ࢉࢇ + ࡮࢙࢕ࢉ࢈ + ࡯࢙࢕ࢉࢉ ≥ √૟ࡾ 

Proposed by Haxverdiyev Taverdi-Azerbaijan 

Solution. Using well-known identity in triangle: ∑ܽ	ܿܣݏ݋ = ଶ௥௦
ோ

, inequality can be written: 

ܽଶ√ܾܿ + ܾଶ√ܿܽ + ܿଶ√ܾܽ
ܣݏ݋ܿܽ + ܤݏ݋ܾܿ + ܥݏ݋ܿܿ ≥ 6ܴଶ ⇔ ܽଶ√ܾܿ + ܾଶ√ܿܽ + ܿଶ√ܾܽ ≥ 6ܴଶ ∙

ݏݎ2
ܴ ⇔ 

ܽଶ√ܾܿ + ܾଶ√ܿܽ + ܿଶ√ܾܽ ≥ ܾܿܽ which follows from AM-GM inequality and ,ݏݎ12ܴ =  .ݏݎ4ܴ
Equality holds if and only if triangle is equilateral. 

Remark. Let’s find an reverse inequality. 

2) In ∆࡯࡮࡭ the following relationship holds: 

ඨࢇ
૛√ࢉ࢈ + ࢇࢉ√૛࢈ + ࢈ࢇ√૛ࢉ
࡭࢙࢕ࢉࢇ + ࡮࢙࢕ࢉ࢈ + ࡯࢙࢕ࢉࢉ

≤ ඨ૜
૛
∙
૛ࡾ

࢘
 

Proposed by Marin Chirciu-Romania 

Solution. Using well-known identity in triangle: ∑ܽ	ܿܣݏ݋ = ଶ௥௦
ோ

, inequality can be written: 

ܽଶ√ܾܿ + ܾଶ√ܿܽ + ܿଶ√ܾܽ
ܣݏ݋ܿܽ + ܤݏ݋ܾܿ + ܥݏ݋ܿܿ ≤

3ܴସ

ଶݎ2 ⇔ ܽଶ√ܾܿ + ܾଶ√ܿܽ + ܿଶ√ܾܽ ≤
3ܴସ

ଶݎ2 ∙
ݏݎ2
ܴ ⇔ 

ܽଶ√ܾܿ + ܾଶ√ܿܽ + ܿଶ√ܾܽ ≤ ଷோయ௦
௥

, which follows from AM-GM inequality. 

We get: ∑ܽଶ√ܾܿ ≤ ∑ܽଶ ௕ା௖
ଶ

= ଵ
ଶ
∑ܽଶ(ܾ + ܿ) = ଵ

ଶ
ଶݏ)ݏ2 + ଶݎ − (ݎ2ܴ = 

= ଶݏ)ݏ + ଶݎ − ܾ)which follows from ∑ܽଶ ,(ݎ2ܴ + ܿ) = ଶݏ)ݏ2 + ଶݎ −  .(ݎ2ܴ

Next, we must show that: 

ଶݏ)ݏ2 + ଶݎ − (ݎ2ܴ ≤ ଷோమ௦
௥

⇔ ଶݏ)ݎ + ଶݎ − (ݎ2ܴ ≤ 3ܴଷ , which follows from  

ଶݏ ≤ 4ܴଶ + ݎ4ܴ +  :Remains to prove .(݊݁ݏݐ݁ݎݎ݁ܩ)ଶݎ3
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4ܴଶ)ݎ + ݎ4ܴ + ଶݎ3 + ଶݎ − (ݎ2ܴ ≤ 3ܴଷ ⇔ 3ܴଷ − 4ܴଶݎ − ଶݎ2ܴ − ଷݎ4 ≥ 0 ⇔ 

(ܴ − 3ܴଶ)(ݎ2 + ݎ2ܴ + (ଶݎ2 ≥ 0, which is true from ܴ ≥  .(ݎ݈݁ݑܧ)ݎ2

Equality holds if and only if triangle is equilateral. 

3) In ∆࡯࡮࡭ the following relationship holds: 

√૟ࡾ ≤ ඨࢇ
૛√ࢉ࢈ + ࢇࢉ√૛࢈ + ࢈ࢇ√૛ࢉ
࡭࢙࢕ࢉࢇ + ࡮࢙࢕ࢉ࢈ + ࡯࢙࢕ࢉࢉ

≤ ඨ૜
૛
∙
૛ࡾ

࢘
 

Proposed by Marin Chirciu-Romania 

Solution. See inequalities 1) and 2). 

Equality holds if and only if triangle is equilateral. 
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