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1) In AABC the following relationship holds:

3R
Z,/raham < (4R +71) >

Proposed by Nguyen Van Canh-Ben Tre-Vietnam

Solution by Marin Chirciu-Romania

Using inequality h, < m,, we get:

CBS
LHS = Zﬂrahama S Z‘\lramama = Zma\/r_a S \/zmﬁ .Zra =

3 e ,BR
=\/ZZa2-(4R+r) < (4R+71) 7=RHD

Where (1) © \/%Z a?-(4R+1r) < (4R +r)\/¥ =

3 3R
ZZaﬁ-(zuur)s(4R+r)27<:>Zaz <2R(4R+7) &

2(s* = 1% —4Rr) < 2R(4R + 1) © s? < 4R? + 5Rr + r?, which follows from
s? < 4R? + 4Rr + 3r%*(Gerretsen).
It remains to prove that:
4R? + 4Rr + 31r* < 4R? + 5Rr + r* © R > 2r(Euler).
Equality holds if and only if triangle ids equilateral.

Remark. In same class of the problem.

2) In AABC the following relationship holds:

3R
Z AV TaWasMg < (4R + T') 7
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Proposed by Marin Chirciu-Romania

Solution by proposer

Using inequality w, < m,, we get:

CBS
LHS = z [r,w,m, < z Jromem, = z My T, < \/z m3 - z T, =

3 e ,BR
=\/ZZa2-(4R+r) < (4R+71) 7=RHD

Where (1) & \/%Z a’?-(4R+r) < (4R +r)\/¥ &

3 3R
ZZaZ-(4R+r)S(4R+r)27=)Za2 <2R(4R+71) &

2(s* =12 —4Rr) < 2R(4R + 1) © s? < 4R? + 5Rr + r?, which follows from
s? < 4R? + 4Rr + 3r%*(Gerretsen).
It remains to prove that:
4R? + 4Rr + 31r* < 4R? + 5Rr + r* © R > 2r(Euler).

Equality holds if and only if triangle ids equilateral.

3) In AABC the following relationship holds:

3R
Z,/rasama < (4R + T') 7

Proposed by Nguyen Van Canh-Vietnam
Solution by Marin Chirciu-Romania
2bc

Using inequality s, = 320z Ma < m,, we get:

CBS
LHS = z [1,8am, < Zw/ramama = Zma,/ra < \/Z m} - Zra =

3 @) 3R
= ZZaZ-(4R+r)S(4R+r) TZRHD

Where (1) © \/%Z a’-(4R+r1) < (4R +r)\/¥ =
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3 3R
ZZaZ-(4R+r)S(4R+r)27<:)Za2 <2R(4R+71) &

2(s*> —r? —4Rr) < 2R(4R + 1) © s* < 4R? + 5Rr + r?, which follows from
s? < 4R? + 4Rr + 3r*(Gerretsen).
It remains to prove that:
4R? + 4Rr + 31r* < 4R? + 5Rr + r* © R > 2r(Euler).

Equality holds if and only if triangle ids equilateral.

4) In AABC the following relationship holds:

3R
Zma\/r—a < (4R + 1) >

Proposed by Marin Chirciu-Romania

Solution by proposer

Using CBS inequality, we have:

CBS 3 (€]
s =Y mn® (Yot Sra= By e
mg,./r, m3 r, n a? - ( T)

M 3R
< (4R+1) 7=RHD

(1)@\/%Zaz-(4R+r)S(4R+r)\/§@

3 3R
ZZaz-(4R+r) < (4R+r)27=>2a2 <2R(4R+1) &

2(s2 — 12 —4Rr) < 2R(4R + 1) © s% < 4R? + 5Rr + r2, which follows
from s> < 4R? + 4Rr + 3r*(Gerretsen).
Remains to prove that:
4R% + 4Rt + 31> < 4R* + 5Rr + r* © R > 2r(Euler).

Equality if and only if triangle is equilateral.

5) In AABC the following relationship holds:
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Z a,/r, < (4R +1r)V2R
Proposed by Marin Chirciu-Romania

Solution by proposer

Using CBS inequality, we have:

CBS @®
LHS:Za re < JZaz-Zra:JZaz-(4R+r)s

€]
< (4R+1r)Y2R=RHD

(1)@\/Za2-(4R+r)S(4R+r)\/ﬁ@

Z“Z (4R +71) < (4R +1)*2R @Zaz <2R(4R+1) o
2(s* =12 —4Rr) < 2R(4R + 1) © s? < 4R? + 5Rr + r?, which follows
from s < 4R? + 4Rr + 3r*(Gerretsen).
Remains to prove that:
4R? + 4Rr + 31r* < 4R? + 5Rr + r?> © R > 2r(Euler).
Equality if and only if triangle is equilateral.
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