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In ∆푨푩푪 the following relationship holds: 

풄풐풔
푨
ퟐ =

풔(풔 − 풂)
풃풄 =

풓풃풓풄
풃풄  

(풃+ 풄)ퟐ = 풃ퟐ + 풄ퟐ + ퟐ풃풄
(풃− 풄)ퟐ = 풃ퟐ + 풄ퟐ − ퟐ풃풄

⇒ (풃 + 풄)ퟐ + (풃 − 풄)ퟐ = ퟒ풃풄 

((풃 + 풄)ퟐ + (풃 − 풄)ퟐ)풄풐풔ퟐ
푨
ퟐ = ퟒ풃풄 ∙

풓풃풓풄
풃풄 = ퟒ풓풃풓풄; (ퟏ) 

풎풂
ퟐ =

ퟐ(풃ퟐ + 풄ퟐ)− 풂ퟐ

ퟒ ⇒ ퟒ풎풂
ퟐ = ퟐ(풃ퟐ + 풄ퟐ) − 풂ퟐ 

풓풃풓풄 = 풔(풔 − 풂) =
(풂+ 풃 + 풄)(풃+ 풄 − 풂)

ퟒ ⇒ ퟒ풓풃풓풄 = (풃 + 풄)ퟐ − 풂ퟐ 

ퟒ풓풃풓풄 + (풃− 풄)ퟐ = ퟐ(풃ퟐ + 풄ퟐ)− 풂ퟐ ⇒ ퟒ풎풂
ퟐ = ퟒ풓풃풓풄 + (풃− 풄)ퟐ; (ퟐ) 

From (1),(2) it follows that: 

ퟒ풎풂
ퟐ = (풃 + 풄)풄풐풔ퟐ

푨
ퟐ + (풃− 풄)ퟐ − (풃 − 풄)ퟐ풄풐풔ퟐ

푨
ퟐ 

Therefore, we get a new inequality: 

ퟒ풎풂
ퟐ = (풃 + 풄)ퟐ풄풐풔ퟐ

푨
ퟐ + (풃 − 풄)ퟐ풔풊풏ퟐ

푨
ퟐ 

Next, ퟒ풎풂
ퟐ ≥ (풃 + 풄)ퟐ풄풐풔ퟐ 푨

ퟐ
⇒풎풂 ≥

풃 풄
ퟐ
풄풐풔푨

ퟐ
 

풃풄 = 풓풃풓풄 + 풓풓풂(풂풏풅	풂풏풂풍풐품풔),풎풂품풂 ≥ 풎풂풘풂 ≥ 풓풃풓풄 

(풃− 풄)ퟐ = 풃ퟐ + 풄ퟐ − ퟐ풃풄 = 풏풂ퟐ + 품풂ퟐ − ퟐ풓풃풓풄, (풏풂 − 품풂)ퟐ = 풏풂ퟐ + 품풂ퟐ − ퟐ풏풂품풂 ⇒ 

|풃− 풄| ≥ 풏풂 −품풂. So, we get: 

ퟒ풎풂
ퟐ = (풃 + 풄)ퟐ풄풐풔ퟐ

푨
ퟐ

+ (풏풂 − 품풂)ퟐ풔풊풏ퟐ
푨
ퟐ

 

But 
ퟒ풎풂

ퟐ = 풏풂ퟐ + 품풂ퟐ + ퟐ풓풃풓풄
(풏풂 + 품풂)ퟐ = 풏풂ퟐ + 품풂ퟐ + ퟐ풏풂품풂

⇒ 풏풂 + 품풂 ≥ ퟐ풎풂(풂풏풅	풂풏풂풍풐품풔). 

Hence, 풏풂 − 품풂 ≥ ퟐ(풎풂 − 품풂), (풂풏풅	풂풏풂풍풐품풔). 



 
www.ssmrmh.ro 

2 RMM-AMAZING IDENTITIES AND INEQUALITIES WITH MEDIANS 
 

Therefore, we get a new inequality: 

ퟒ풎풂
ퟐ ≥ (풃 + 풄)ퟐ풄풐풔ퟐ

푨
ퟐ

+ ퟒ(풎풂 − 품풂)ퟐ풔풊풏ퟐ
푨
ퟐ

 

Next, 

품풂 ≤ 푨푰 + 풓,풘풂 = 푨푰 + 풘풂풓
풉풂

⇒ 품풂 ≤ 풘풂 ⇒ 풏풂 −품풂 ≥ ퟐ(풎풂 −풘풂), (풂풏풅	풂풏풂풍풐품풔). 

ퟒ풎풂
ퟐ ≥ (풃 + 풄)ퟐ풄풐풔ퟐ

푨
ퟐ + ퟒ(풎풂 −풘풂)ퟐ풔풊풏ퟐ

푨
ퟐ 

ퟒ풎풂
ퟐ ≥ (풃 + 풄)ퟐ풄풐풔ퟐ

푨
ퟐ + (풏풂 −풘풂)ퟐ풔풊풏ퟐ

푨
ퟐ 

We know that: ퟒ풎풂
ퟐ = (풃 + 풄)ퟐ풄풐풔ퟐ 푨

ퟐ
+ (풃− 풄)ퟐ풔풊풏ퟐ 푨

ퟐ
,	 

풙ퟐ + 풚ퟐ

ퟐ ≥
풙 + 풚
ퟐ ⇒ 풙ퟐ + 풚ퟐ ≥

ퟏ
√ퟐ

(풙 + 풚) 

Let us denote 풙 = (풃 + 풄)풄풐풔 푨
ퟐ

,풚 = |풃 풄|풔풊풏푨
ퟐ

, then we have: 

ퟐ풎풂 ≥
ퟏ
√ퟐ

(풃 + 풄)풄풐풔
푨
ퟐ +

|풃 − 풄|풔풊풏푨
ퟐ  

Therefore, we get a new inequality: 

풎풂 ≥
ퟏ

ퟐ√ퟐ
(풃 + 풄)풄풐풔

푨
ퟐ

+
|풃 − 풄|풔풊풏푨

ퟐ
 

풘풂 =
ퟐ풃풄
풃 + 풄 풄풐풔

푨
ퟐ ,풂 = ퟒ푹풔풊풏

푨
ퟐ 풄풐풔

푨
ퟐ 

풎풂풘풂 ≥
ퟏ
ퟐ√ퟐ

∙ ퟐ (풃+ 풄)풄풐풔ퟐ
푨
ퟐ ∙

풃풄
풃 + 풄 +

|풃 − 풄|풔풊풏푨
ퟐ ∙

풃풄
풃 + 풄 풄풐풔

푨
ퟐ  

풎풂풘풂 ≥
ퟏ
√ퟐ

풃풄풄풐풔ퟐ
푨
ퟐ +

|풃− 풄|
풃+ 풄 ∙ 풃풄 ∙

풂
ퟒ푹 ,풎풂풘풂 ≥

ퟏ
√ퟐ

풃풄 ∙
풔(풔 − 풂)

풃풄 +
|풃 − 풄|
풃 + 풄 ∙

풂풃풄
ퟒ푹  

풎풂풘풂 ≥
ퟏ
√ퟐ

풔(풔− 풂) +
|풃− 풄|
풃+ 풄 ∙ 푭  

Therefore, we get a new inequality: 
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풎풂풘풂
풄풚풄

≥
ퟏ
√ퟐ

풔ퟐ + 푭
|풃 − 풄|
풃 + 풄

풄풚풄

 

풔ퟐ = 풏풂ퟐ + ퟐ풓풂풉풂,ퟑ(풎풂풘풂 + 풎풃풘풃 +풎풄풘풄) ≥
ퟏ
√ퟐ

ퟑ풔ퟐ + ퟑ푭
|풃− 풄|
풃 + 풄

풄풚풄

 

Therefore, we get a new inequality: 

ퟑ(풎풂풘풂 + 풎풃풘풃 + 풎풄풘풄) ≥
ퟏ
√ퟐ

풏풂ퟐ
풄풚풄

+ ퟐ 풓풂풉풂
풄풚풄

+ ퟑ푭
|풃− 풄|
풃 + 풄

풄풚풄
 

But 풙ퟐ + 풚ퟐ + 풛ퟐ ≥ 풙풚 + 풚풛 + 풛풙,∀풙,풚, 풛 ∈ ℝ ⇒ 풏풂ퟐ + 풏풃ퟐ + 풏풄ퟐ ≥ 풏풂풏풃 + 풏풃풏풄 + 풏풄풏풂 

Hence, we get: 

ퟑ(풎풂풘풂 + 풎풃풘풃 + 풎풄풘풄) ≥
ퟏ
√ퟐ

풏풂풏풃
풄풚풄

+ ퟐ 풓풂풉풂
풄풚풄

+ ퟑ푭
|풃 − 풄|
풃 + 풄

풄풚풄

 

We known that: 푨푰 = 풓

풔풊풏푨ퟐ
= 풔 풂

풄풐풔푨ퟐ
(풂풏풅	풂풏풂풍풐품풔). 

풎풂 ∙ 푨푰 ≥
ퟏ
ퟐ√ퟐ

(풃 + 풄)풄풐풔
푨
ퟐ ∙

풔 − 풂

풄풐풔푨ퟐ
+

|풃 − 풄|풔풊풏푨
ퟐ ∙

풓

풔풊풏푨ퟐ
 

Therefore, we get a new inequality: 

풎풂 ∙ 푨푰 ≥
ퟏ

ퟐ√ퟐ
[(풃 + 풄)(풔 − 풂) + 풓|풃 − 풄|]	 

But (풃 + 풄)(풔 − 풂) = (풃 풄)(풃 풄 풂)
ퟐ

= (풃 풄)ퟐ 풂(풃 풄)
ퟐ

 

(풃 + 풄)(풔 − 풂)
풄풚풄

=
(풃 + 풄)ퟐ − 풂(풃 + 풄) + (풂 + 풄)ퟐ − 풃(풂+ 풄) + (풂+ 풃)ퟐ − 풄(풂+ 풃)

ퟐ

= 풂ퟐ + 풃ퟐ + 풄ퟐ 

Therefore, we get a new inequality: 

풎풂 ∙ 푨푰
풄풚풄

≥
ퟏ

ퟐ√ퟐ
풂ퟐ + 풃ퟐ + 풄ퟐ + 풓 |풃 − 풄|

풄풚풄
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푨푰ퟐ = 풃풄 − ퟒ푹풓,풃풄 = ퟐ푹풉풂, 푨푰ퟐ = ퟐ푹(풉풂 − ퟐ풓) ⇒ 푨푰 = ퟐ푹(풉풂 − ퟐ풓) 
Therefore, we get a new inequality: 

풎풂 ∙ 풉풂 − ퟐ풓
풄풚풄

≥
ퟏ

ퟒ√푹
풂ퟐ + 풃ퟐ + 풄ퟐ + 풓 |풃 − 풄|

풄풚풄

 

We prove it that: 

풎풂 ≥
ퟏ
ퟐ√ퟐ

(풃 + 풄)풄풐풔
푨
ퟐ +

|풃 − 풄|풔풊풏푨
ퟐ  

ퟐ풎풂 ≥
ퟏ
√ퟐ

(풃 + 풄)풄풐풔
푨
ퟐ +

|풃 − 풄|풔풊풏푨
ퟐ ,풏풂 + 품풂 ≥ ퟐ풎풂 

Therefore, we get a new inequality: 

풏풂품풂 ≥
ퟏ
√ퟐ

(풃 + 풄)풄풐풔
푨
ퟐ

+
|풃 − 풄|풔풊풏푨

ퟐ
 

But 풏풂품풂 ≥ 풎풂풘풂 ⇒
풏풂품풂
풘풂

≥ 풎풂.Therefore, we get a new inequality: 

풏풂품풂
풘풂

≥
ퟏ

ퟐ√ퟐ
(풃 + 풄)풄풐풔

푨
ퟐ

+
|풃 − 풄|풔풊풏푨

ퟐ
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