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1) In AABC the following inequality holds:
4 N b* . c* _ 16F
Talp Tpl'c Tcla 3
D.M. Bdtinetu-Giurgiu, Flaviu Cristian Verde

Solution:
We have
a? 1 1 a®* Holder 1 a)?
RHS:Z _ 204%: a” Hol _2.(2 ) _
TaTp TapTc TatpTe l rp 9 Z l
Te Ta

_ 1 (@p* _ 16p® @ 16pr _ 16F _ L .
= 9% == > N Md, where (1) © p = 3r/3, (Mitrinovic inequality)
Equality holds if and only if the triangle is equilateral.

Remark:In the same way:
2) In AABC the following relationship holds:

4

at b* c

481r?% < + +
rpTre rerq rqTp

16
< T(Rs - 51'3)
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Solution: We prove:

Lemma:
3) In AABC the following relationship holds:
at 4 )
Erbrc = ~[p*(R—2r) +T2(SR + 21)]
Proof:

I JCEL RIS

——— T35 —5:2,5'C s—c¢) =
s—bp—c

~4rp?[p?(R —2r) + r2(5R + 2r)] =

212
= g[sz(R — 2r) + r%(5R + 2r)], which follows from
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z a*(s—b)(s —c) = 4rp?[p?*(R — 2r) + r%(5R + 21r)]
Back to the main problem.
RHS inequality.

4 Gerretsen

a 4
z = Z[p2(R —2r) + 2R +21)] | <
e T

4
< - [(4R? + 4Rr + 3r®)(R — 2r) + r?>(5R + 2r)] =

4 16 Euler 16
== (4R3 — 4R?*r — 4r3) = — (RR—R*’r—r3) < T(R3 —513)
Equality holds if and only if the triangle is equilateral.
LHS inequality

4 Gerretsen

a 4
z = Z[p2(R —2r) + 2SR +21)] >
e T

4
> " [(16Rr —5r%)(R — 2r) +r?(5R + 2r)] =

ule

Euler
= 4(16R? — 32Rr + 12r?) > 48r?
Equality holds if and only if the triangle is equilateral.
Remark: In the same way:

4) In AABC the following relationship holds:

a4- b4- 4

C
24Rr <
"= hoh. hohy | hahy

2R
< 4R? <— — 1)
r
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Solution: We prove

Lemma:
5) In AABC the following relationship holds:
at* 2R , _
zhbhc = T(p — 3r“ — 6RY)
Proof:

a* B a* 1 ipe = 1 . .
Zhbhc_ZEE_mza C—4p2r2-a02a B

b c

= prcmch 4Rrp - 2p(p%? — 3r? — 6Rr) =

= %(p2 — 372 — 6Rr), which follows from Y. a® = 2p(p? — 3r% — 6Rr)
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Back to the main problem.
RHS inequality

Gerretsen 2R
ZT(S —3r2—6Rr) < —(4R2+4Rr+3r —3r2 —6Rr) =

hb
2R 4R? 2R
=T(4R2 —ZRT') =T(2R —T) = 4R2 (T— 1)

Equality holds if and only if the triangle is equilateral.
LHS inequality
Gerretsen 2R

=—(p —3r2—6Rr) = —(16Rr—5r —3r%2 —6Rr) =

hb
2R Euler
= —(10Rr —8r2) =4R(5R —4r) > 24Rr
Equality holds if and only |f the triangle is equilateral.

4 4
Remark: Between the sums Zha—h and ), ra—rthe following relationship holds:
b'tc b'c

6) In AABC the following relationship holds:

a4

<
hb hc rb rc
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Solution:

2R
—(

p? — 3r? — 6Rr) and Z% = g[pz(R —2r) +r%(5R + 21)],
b'c

the inequality can be written:
2R

—(p —3r2—6Rr) < - i [p (R-2r)+r?(5R+21)] &

1:) R(p?—3r?2—6Rr) < 2[p (R-2r)+r?(5R+21)] &

© p?(R—4r)+1(6R?> + 13Rr +41r%) = 0

We distinguish the following cases:
Case 1). If (R — 4r) = 0, the inequality is obvious.
Case 2). If (R — 4r) < 0, the inequality can be rewritten:
7(6R? + 13Rr + 412) = p?(4r — R), which follows from Gerretsen’s inequality:
p? < 4R? + 4Rr + 3712

4
Using the sums Zha—h =
b'tc

It remains to prove that:
7(6R?> + 13Rr + 4r%) > (4R*> + 4Rr + 3r*)(4r —R) ©® 2R3 —3R*r—-4r3 >0 &
& (R —2r)(2R? + Rr + 2r?) = 0, obviously from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.
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