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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

z a 9. |14 abc @z a +ZZ ab >4+ 4abc
b+c— [[(a+ b) b+c (b+c)(c+a) ™ [[(a + b)
cyc cyc cyc

Za(a+ b)(a+c) + 22(a+ b)\/ab(b +c)(c+a) = 41_[(a+ b) + 4abc &

cyc cyc cyc

Z a® + ZZ(a + b)+/(b? + bc)(a? + ac) = SZ a’b + 9abc

cyc cyc cyc

By Schur’s inequality: Y. a® > Y a?b — 3abc

By BCS inequality: 2 Y,(a + b)+/ (b2 + bc)(a? + ac) =2 Y.(a + b)(ab + cVab) =
= ZZaZb +22(a+b)C\/EAM;MZZaZb +ZZZ\/E- cvab =

= ZZaZb + 12abc -

z a®+2 Z(a + b)y/(b? + bc)(a? + ac) = 3 Z a’b + 9abc - 1(true).

cyc cyc cyc

Z a BES 32 a (2 3(R + 4r)

/ &
b+c b+c ™ 2r

cyc cyc

Zrz a(a+b)(a+c) <(R+4r) l_l(a+b) =3

cyc cyc

) (o) el (2) -

8rs(s®> —r>—4Rr + 3Rr) < 2s(R+4r)(s> +r?> + 4Rr — 2Rr)
4r(s*—1*—Rr) < (R+41r)(s* +r* + 2Rr) ©

< (R +41)

—4r(r? + Rr) < Rs? + (R + 47)(r? + 2Rr), which is true because
—4r(r* + Rr) < 0 < Rs? + (R + 4r)(1* + 2Rr) - (*)(true).

Therefore,

/3(R+4r) , / ,
b+c c+a a-+ = \/1+(a+b)(b+c)(c+a)
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2166. Prove that for any c,, ¢}, ¢, —cevians in AABC holds:

Jatfatia_ [ 3

wFate” Lr{Tge)

Proposed by Radu Diaconu-Romania

Solution by Adrian Popa-Romania

F 1 h,
e AT
1 1 1 h, h, h,
ZF(E+E+;>=2F(ﬁ+ﬁ+ﬁ)=ha+hb+hcsca+cb+cc_)

3 - 3
1 1. 1\° /c tcptc
2F(z+5+¢g) N ‘

We must to prove that:

2
,/ca+,/cb+,/cc< 3 A€o+ +JCp+4/Ce < 3
- -
Caotcept+c, — Jcgt+cptc, CqtcCp+c. T Cqtcptc,

(\/c_a + \/c_b + \/c_c)z < 3(cq4 + cp + c.) true from BCS inequality.
2167. In AABC the following relationship holds:
1273 _ ahy, + bh, + ch, _ s?
Rz — a+b+c 4R +r

Proposed by Marin Chirciu-Romania

Solution by Tran Hong-Dong Thap-Vietnam

2

Q ahy + bh, + ch, ZF(a b C) <a b C)(l) s
= = —_— —_— :r— — J—

_ = — <
a+b+c 2s\b ¢ a b ¢ a/ 4R+
0 a_l_b_l_c< s? s2
(_)_ — — =
b ¢ a 4R+r (s—a)s—-b)+(s—b)(s—c)+(s—c)(s—a)

Letx=s—a;y=s—b;z=s—c->x+y+z=s;a=y+zb=z+x;c=x+Yy
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+z x+z x+ x+y+2z)?
AN N yS( y+2z)
x+z x+y y+z xy+yz+zx

oytyz+zo)[(y+2)*(x+yY)+(x+2)2(y+2)+ (x +y)?(x +2)] <
<(x+yy+2)(z+x)(x+y+2)?
o x3z% + x?y3 + y*23 — xyz(xy + yz + zx) > 0; which is true because

xy)?  (xy)? 2 Bcs (xy + yz + zx)*
s »)”  Gy)” | Oz)” Bes (y +yz + zx)”

3,2 4 22,3 4 A2
x3z% + x*y3 + y*z 1 1 T 21,11
x y z x y'z

_ xyz(xy + yz + zx)*

Xy +yz+zx xyz(xy +yz + zx) - (1)is true.

ah, + bh, + ch, a b c\aM-6Mm 2 1273
= =r (— +—-+ —) > 3r =
a+b+c b c R?

(2) & R? > 4r? & R > 2r(Euler).
2168. In AABC the following relationship holds:

a

3

2 R\2
1< < (&)
\]7 A 2r

L 24
4+Zcos >

Proposed by Marin Chirciu-Romania

Solution by Marian Ursarescu-Romania

For the left side we must show that: / +ZcosZ§S2<—>%+Zcoszgs4<—>
2A<9 %0
E cos*— < —;
274
E cosZA—2+ ’ :(2)
2 ° 2R’

From (1),(2) we must show that: 2 + é < % © é < % o 2r < R(Euler).

»

For the right side, we must show that:
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\f +ZCOS /Zr L7 +ZCO A (Zt‘)s(_)

2
cyc

7+2+ r 4<Zr>3 4(Zr) 1 2r 15<0 3)
— — — (—) — — — 0 — — — "
4 2R — R R 4 R 4 —

Let x = % < 1(Euler); (4)
From (3),(4) we must show that: 4x3 -2 < 0-16x3—x—-15<0¢o

(x — 1)(16x? + 16x + 15) < 0, which is true because x < 1 and 16x2? + 16x + 15 > 0.

2169. In AABC the following relationship holds:
mim, + mym, + m3m, > 81r3(2R — 1)
Proposed by Marian Ursarescu-Romania

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We know that: Y, x3y > xyz ), x,Vx,y,z > 0
4 1 2 AM-GM
3., — 3y 23,023 - Z 2
ny Z<7xy+7yz+7zx) > x’yz
ZmﬁmemammeEma

cyc cyc

We know that: m, > /s(s — a)(and analogs)

27Rr 27
nma >str >~ —-r="2-Rr% ()

cyc

b2+c? ,
We know that: m, > % (Tereshin) —

Ya* s*—1r?— 4Rr Gerretsen (16Rr — 51%) — r?> — 4Rr
Z MaZ SR = R = R ”

cyc

Zma > w; (ii)

cyc

From (i), (ii) it follows that:
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mimy, + mym, + m3m, > 81r3(2R — 1)

Solution 2 by Tran Hong-Dong Thap-Vietnam

—q2
MMM 2T TpT =S“T
AM-GM abe=aTblc

m3m, + mim,+ mdm, > 33/(mymym.)* > 33/(s2r)*
We need to prove: 3/(s2r)* = 27r3(2R — 1) & (s*r)* = 273r°(2R - 1)? &
(s®)* > 273r5(2R - 1)3; (1)
But s2 > 16Rr — 5r%(Gerretsen) - (s>)* > (16Rr — 5r?)* (g 273r°(2R —1)?
(2) & (16t — 5)* = 273 (2t — 1)3; <t = 2 > 2) o
2(t—2)[t?*(32768t — 54156) + 28986t — 5077] > 0 true, because
t>2-2(t—2)>0andt?*(32768t — 54156) + 28986t — 5077 > 0

- (2) - (1) is true.
2170. In AABC the following relationship holds:

a’? b?> c¢* 3s(s*-3r?>—6Rr)
—b—t—>
b ¢ a s2 —1r2 —4Rr

Proposed by Nguyen Van Canh-BenTre-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

a’? b? c? - 3s(s? —3r> — 6Rr) _ 3Za3_

e e = ;
b ¢ a s2 —1r2 —4Rr Y a? ()
. . v 3xdd
It is suffices to prove that: ) =2 aZ (1)

2 3 23+b3+3—(2+b2+2)
(1)92%—22a+22b23§; _za: (@ Cza‘z”‘ )
a* - 2ab+b> _2(c*(c—a)-b*(a-b))

Z b = Y aZ <

(z az) <z (a —bb)2> > Zaz(a— b) — sz(a —b) = Z(a +b)(a—b)? o

2 2 2
z<$—(a+b)>(a—b)220<—>
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Z:(a2 —ab+ c»acla-b)?*>0o Z sc(a—b)?>0

= ac(a®? — ab + ¢*),s, = ba(b? — bc + a?), s, = cb(c* — ca + b?)
Zsa z:ab(b2 bc + a?) —Z a3h — 2 2bc>z: a’bc > 0—>Zsa > 0.
Z SaSp = Z a’bc(b? — bc + a*)(a®? — ab + ¢?) =
= abc (Z a’® — Z a*b + Z a3b? — ZZ asbc + Zz azbzc)
By AM-GM: a® + a®b? > 2a*b and a*® + a’bc? > 2a3bc -
Zas —Za4b+2a3b2 —22a3bc+22a2b2022a2b202 0-
Zsasb > 0—>Z:sc(a—b)2 >0-

a’? b* c? S 3¥a® 3s(s>—3r? — 6Rr)

—t— =
b Y a? s2 —r2 —4Rr

2171.In AABC, g, —Gergonne cevian, the following relationship holds:

z\/ma+ha+ga+\/§a32-\/12R+3r
yc

C

Proposed by Nguyen Van Canh-Ben Tre-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Z\/ma+ha+ga+\/§as2-\/12R+3r;(*)

cyc

We know that: max{h,, g, w,, S} < m,(and analogs)

LHSSZ f3ma+\/§a8és\/32(3ma+\/§a)=\/9Zma+6\/§s

cyc cyc cyc

We know that: Y m, < 4R +randV3s <4R+r o 33X r,rp, < (X 1,)? is true.

5 9Zma +6vV3s < 9(4R + 1) + 6(4R + 1) = 3(20R + 57)

cyc
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Therefore,

z\/ma+ha+ga+\/§asz-\/12R+3r

cyc
2172. In AABC the following relationship holds:
54r*(5R —
- r*(5R—1)
R

Proposed by Marian Ursarescu-Romania

h3h, + h3h. + h3h,

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We know that: Y x3y > xyzYx,Vx,y,z > 0

D y= ey gyeesen) "2 Y e

. = —_ —_ —_ b d
x3y SXy+oyizorx) 2 x*yz
Z h3hy > hyhyh, (Z ha>

cyc cyc

Hh _HZSr 2s%r >27Rr 21”2_2,7 -
R -2 & O

cyc cyc
Z h, =2 Z Z s + 12 + 4Rr
ST a 2R
cyc cyc cyc

Gerretsen 16Rr — 51 + 1> + 4Rr 2r(5R-71) .
- Z h > = ; (i)
2R R
cyc

From (i), (ii) it follows that:

54r*(5R — 1)
R

h3hy + h3h, + h3h, >

Solution 2 by Tran Hong-Dong Thap-Vietnam

25\3
Z heh, = h3 Hol>der o ha)3 T hy)® (Z 7) r(s%+ 1%+ 4Rr\’ -
b Bl 32_ 3.1 - 3.1 3 2R B
cye cye h P T T

Gerretsen 1 (ZORr — 4R2>3
> -

rt <10R - 2r)3 (;) 54r*(5R — 1)
= 3 2R 3 R = R
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R
(1) & (10R — 27)3 > 810R? — 162rR?; ( t=—2 2)

o (10t —2)3 > 810R3 — 162t% & 190t> —438t2 + 120t —8>0 <
2(t—2)(5t—1)(19t — 2) = 0, which is true by:
t>2-52(t—2)=>0;5t—1>9>0;19t— 2> 36 > 0 - (1) is true.

2173. In AABC the following relationship holds:

3
21r\2 3
B ey
Jo+ peants
8 + )tan >

Proposed by Marin Chirciu-Romania

Solution by Marian Ursarescu-Romania

For RHS, we must show that: f8 + Ztanzg >3 Ztanzg >1;(1)

2
But Ztanzg = MR;;” — 2;(2). Form (1),(2) we must show:
4R +1)?
(s—z) —2>1< (4R +1)? > s*(Doucet)

For LHS, we must show that:

A
2
(B4 2tanty (Z) worprant <o(R) 64 BRI o(B)
3 T4 \2r 2 - \2r/ "’

2r s2

s? > 3r(4R + r)(Doucet); (4).

From (3),(4) we must show that:
3

6+(4R+r)2<9(R>3 6+4R+1<9<R)
_— — e —+ = — e
s2 - T \2r 3r 37 " \2r

9<R)3 S(r) 19 0Let X = > 1(Euler)
2r) T 3\2p) T3 = Uity T X =Rluler

We must show that: 9x3 —gx—?z 0027x3-8x-19>0&

(x —1)(27x% +27x + 19) > 0 true Vx > 1.
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2174. If in AABC, Q — first Brocard point then:

a’b? + b%c? + c%a?
a? + b? + ¢2

Proposed by Daniel Sitaru-Romania

QA% + QB? + QC? >

Solution by Adrian Popa-Romania

AQC: AL - _AC
sinw sin(AQC) A

LAQC=180°—w— (A— @) =
AQ b

=180° -4 > — = —
sinw sinA

bsimw b
= — =—2Rsinw
sinA

C
b
Hence, QA% + QB? 4+ QC? =

a
BQ = —-2Rsinw; CQ = EZRsinw

2 2 2
2¢in?w (= + S+ %
4R*sin"w (az toat Cz)

B
sin‘w = 4F C
a?b? + b%c? + ca?
We must to prove that: ARZ . ' 4F2 ' b*c?+c*a?+atb? > a?b?+b2c2+c2q?
a?b2+b%c%+c2a? a?b?c? a%+b2+c?
b*c? + c*a? + a*b?® a’b? + b*c? + c*a?
a’b? + b%c? + cta? —  a%?+ b% +c?

(b*c? + c*a? + a*b?)(a? + b? + ¢?) = (a?b? + b%c? + c*a?)?*(BCS)
2175.In AABC

A B p/(3/3 p
3 _ - >
ZCOS ZCOSZ_4R< 4 +2R>

Proposed by Marin Chirciu — Romania

Solution by Tran Hong-DongThap-Vietnam

Lemma: In any triangle ABC :
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A B C_3V3 p
COSE+COSE+COSE_T+_ (D

Proof:
Let ¢(x) =sinx,(0<x<m) - @"(x) =—sinx < 0,Vx € (0;m)

By Popoviciu’s inequality:

() + 9(B) + 9(0) +39 () <20 (57 ) + 20 (5 ) + 20 (5 )

3 2
. . . 4 . (A+B . (B+C . (C+A
<—>smA+smB+smC+35m—S2(sm( )+sm( )+sm< ))
3 2 2 2
p+3\/§<2( A+ B+ (:)
B 2v2 i i Z).
R > = cosZ cos2 cosZ ;
P +3\/_ A+ B+ C
2R 2 cos2 cosZ cosZ
- (1) is true. Now,
2 2
1 5 (eosd) o (zeost)
2cos3—cos—:z >
2 2 1 1 ZcosA
C 2

Jed  [cosfeosFeon])
C0S 5 COS 5 C0S 5 COS— COS 5
By (1)

A B c A p A > p (3\/§ p)
=(cos-cos—cos-)). cos—=-—) cos- = -—|(— +-—). Proved.
( 2 2 2)2 2 4RZ 2 T 4R\ 4 +2R oved

2176. If H —ortocenter in acute AABC then:

V= (1+s 1+S 1+s)>12r(2r+s)
— M\ T Am T T BH T T cH) = R(7R - 21)

Proposed by Radu Diaconu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

AABC is acute: cos A,cos B,cos C > 0 > AH = 2R - cos A(and analogs)

3
AM-GM [ 1 1 Euler 1
ncosA < §ZCOSA = 3(1+ l_IAH<R3 (D

cyc cyc cyc
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s S \ Holder s @ s ®12r(2r +s)
o [Tr ) e 1§y 2 Q12 0

1+57— 2
AH NAH R — R(7R - 2r)

cyc
(*) ©7R* —2Rr —241*+ 7s(R—-2r) >0 < (R—2r)(7R + 12r + 7s) > 0,

which is true from R > 2r (Euler).

Therefore,
M (1+ s 14 s 1+ s)>12r(2r+s)
= max —_—, —, — ) >
AH BH CH R(7R — 2r)

2177. In AABC the following relationship holds:
2 ,A B 8R\/_ 16

—sec— >
sec’— sec S 3

cyc
Proposed by Marin Chirciu-Romania

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

BCS
Zx3y Z:xyz2 > szyz VX, y,2> 0
cyc cyc cyc
= Zx3y > xyz(Z x),Vx,y,z >0

cyc cyc

:>Zsec —sec— | |sec225ec—

cyc cyc cyc

1—[ A bc 4Rrs
sec > = S(s = =
cyc cyc

X — Secx is convexe on ( ) then:

A Jensen T 6 \/_
— > 3sec—=-—==2V3
z SeC2 = sec 3 \/§
cyc

B 8R\/§ Mitrinovic 8\/_ 2 16
- Z >

s - 33 3

sec —sec—

cyc
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Solution 2 by Tran Hong-Dong Thap-Vietnam

3 3
( 1A> Holder (Z 1A>
COSE ~ COSE

R 3 é E = 1 = =
. Z (sec 2 sec 2) Z cos3%cosg Z cosg - 32“)53
3
1
3
3. A_B__C
Am;Gm COoS 2 COS 7 cos 2
= A -
3 cos>
A_33
Y, COS5<—5—
) 9 é 2 9  8V3R
A _B_C A4 = 33 p
(cosicos > COS )Z cos > 41;

Sf" >1° ¢ 3V3R > 2p & p < 22R (- true by Mitrinovic)

R/
A X4

R/
£ %4

2178. In AABC the following relationship holds:

z wiw, > 243r*

cyc
Proposed by Marin Chirciu-Romania

Solution by Tran Hong-Dong Thap-Vietnam

252r2>4

Wqzhg AM—-GM 3
szw,, > Zhghb > 33 (hhyh)* = 3 ( i

cyc cyc

3 2
We need to prove: 3 (zer ) >243r* o (Zer ) >813(r1*)3 &

25272\ *
( m ) > (3% . r3)* o 25?2 > 27Rr; (1)

Other, s > 16Rr — 5r%(Gerretsen) — 2s* > 2(16Rr — 51%) > 27Rr

(2) © 5rr > 10r? © R > 2r(Euler) - (2) > (1) is true.
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2179. In AABC the following relationship holds:

Z rar, > 3r%(4R + 1r)?
cyc
Proposed by Marin Chirciu-Romania

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

2
BCS

er’;rb Zrarbrg > Zrﬁrbrc

cyc cyc cyc

Z rir, > rarbrcz r,=Ss*r(4R + 1)

cyc cyc
3 Doucet 2 2
Z rary, = 3r“(4R+71)
cyc

Solution 2 by Tran Hong-Dong Thap-Vietnam

r3 Holder r)3 (4R+71)° r(AR+1)*®
zrarb z 2 Qra3 _( )»*_r( ) 2 3r2(aR + 12
1 1 3.1 3
cyc cye T
(1) S 4R +1r > 9r © 4R = 8r © R > 2r(Euler).

2180. In acute AABC the following relationship holds:

z 1 2R2+R X
172+c2—a2 2s\ r2 ' r

cyc

Proposed by Marin Chirciu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

2_ 2
LemmaZ TP AR ZcosA=1+£

cosA  s2—(2R+r)2’

Z a _Z a 1 2 a®> 1 z(ZRsinA)Z_
b2+ c2—a? L.2bc-cosA 2abcl.cosA  8sRr cosA

cyc cyc cyc cyc
R z 1—cos?A R z 1 R z "
= = — COSA =
2sr cosA 2sr cosA 2sr
cyc cyc cyc
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1 8R? + 6Rr + 1% — s? Gerretsen
~(R+7) ~ 25 s2—4R? — 4Rr — 12 =
1 8R2+6Rr+r2—(4R2+4Rr+3r2)_1<2R2 R )

1 (s’R+Rr? - 4R®
~ 2sr\ s2—(2R+1)?

% 2s (ARZ+ 4Rr +312) —4RZ —4Rr — 12 2s T2ty
Therefore,
Z+>L<Z_RZ+E_1>
b2+c¢2—a%?  2s\r¢? r

cyc

2181. In acute AABC the following relationship holds:

z a >9R
b% + c2 —a% ~ 4F

cyc

Proposed by Marin Chirciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

AABC —acute= b? + ¢* — a® > 0(and analogs)

a a3 Holder (Za)3
_—_— — > =
z b? + c% — a? z a’b? + a’c? —a* — 3Y(a%b?+ a’c? —a*)
cyc cyc
2.27Rr 27RT
(2s)3 8s3 s2.s%% 2 —5—

= = = > = —
3(2Ya?b? —Ya*) 3-16F?> 6rsF 6rF 4F
Therefore,

z a >9R
b% + c2 —a? ~ 4F

cyc

2182. In AABC the following relationship holds:

z cosB + cosC S z sinB + sinC

S_
a Or

a
cyc cyc

Proposed by Marin Chirciu-Romania
Solution by Marian Ursdrescu-Romania

zsinB+sinC_1zb+c_lz(a+b)>1 6_3
a " 2R a 2R b a/ 2R

cyc cyc cyc

We must show that:
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Z cosB + cosC < S

a ~ 3Rr

; (1)

cyc

z cosB + cosC z cosA + cosB + cosC — cosA _

a
cyc cyc

a

1 1 1 cosA
= (cosA + cosB + cosC) (— +—+ —) — Z —
a b c a

cyc

1 1 1 b? + ¢% — a?
= (cosA + cosB + cosC() (E+_+E)_Z—=

b 2abc
cyc
(cosA + cosB + C)<1+1+1) (a? + b? + ¢); (2)
= (cos cos cosC)[—+—+—)— a c?);
a b c 2abc
2 2
But cosA + cosB + cosC =851 1 1 _ st AR
R a b c 4Rrs

a’ + b? + ¢® = 2(s> —r?> — 4R71); (3)

From (2),(3) we get:

cosB + cosC 8R? + 6Rr + 1% + s?
Z a - 4R?%s ;(4)

cyc
From (3),(4) we must to show:

8R? + 6Rr + 12 + s?
& 31(8R? + 6Rr + 1% + s%) < 45?R; (5)

<
4R%s 3Rr

But s? > @ (Cosnita — Turtoiu); (6)

From (5),(6) we must to show:
27Rr

3r(8R%* + 6Rr + s> +r?) < 4R - N

8R? + 6Rr +1* + s2 < 18R? & s®2 < 10R? — 6Rr — 1%, (7)
s? < 4R? + 4Rr + 3r*(Gerretsen); (8)
From (7),(8) we must to show:

4R% + 4Rr + 3r* < 10R? —6Rr — r?> © 10Rr + 41> < 6R?> &

2 2
5Rr + 2r? < 3R?, true because 5Rr + 2r? < 5% + RT = 3RZ.

120

RMM-TRIANGLE MARATHON 2101-2200



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro
2183. In AABC the following relationship holds:
. 3At B>r(4R+r) - 2r
2 gt =" “3R

cyc

Proposed by Marin Chirciu-Romania

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

2
BCS
Zx3y Z:xyz2 > szyz VX, y,2>0
cyc

cyc cyc

x3y>xyz ) x tan® 4 tanB > tanA tanA

_) — — — —

2: y= yzf 2: 2 z—l[ 2 2: 2
cyc cyc

cyc cyc cyc

1 4R+r

P

cyc cyc

A (s—b)(s—c) r
1;[tan§=1;[\/ s(s—a) ~ s

B _r(4R + 1) Doucet 3r(4R+ 1)

3r Euler 3r

A
Z tan® —tan—>———~= > = >
> 5 > 5 >
T 2 2 s (4R + 1) 4R +r 4R+§
Therefore,
zt 3At B>r(4R+r)>2r
MMM =T T3R

cyc

Solution 2 by Tran Hong-Dong Thap-Vietnam
®

3
34 Holder a3 4R+1
oo 34 B\ _ s o (Ztani) _( » ) r(4R+1)3 < r(4R+1) |
» Y (tan’-tan-) =) — > == — T =
2 2 5 3Y—; 3.; 3p P
tani tanE

(Do @R+ 223p%2 0 (rg+1,+71)2 =23 rp +1p7e +1.7);

S T2+ 1+ 12 > 1,1 + 11 + Ty (- true)

— (1) is true.
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2)
& r(4R+71) ; E
p2 T 3R’
© 3R(4R + 1) = 2p? & 12R? + 3Rr > 2p?; But:
3)

p? < 4R% + 4Rr + 3r% o 2p? < 8R% + 8Rr + 612 < 12R? + 3Rr;

(3) ©4R?> —5Rr+ 61> >0 (R—2r)(4R - 31) > 0;
Whichistrueby:R >2r o R—2r>0; 4R—3r > 5r > 0.
- (3) = (2)is true.

2184. L —Lemoine’s point of AABC; d —distance of L from BC.
Prove that: a > 2V3 - d

Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco
BC = Bx,BA = By,B(0,0),C(a,0),A(0,c),L(14,1,)
L —is the barycentre of (4, a?), (B, b?), (C,c*) -
a’bc

l ac d = LsinB
= — = e Y
27 a+b% + c? 2B TR a2 + b2 + &2

a? + b? + ¢? AM_GM 33/(abc)? B 33/(4Rrs)?
- 2sr  2sr

a—ZR
d abc

2/3s ..
“ R > 2r(Euler),R > T(Mltrmomc)

a 33\/1652r2 - 2r -%Es 3
d> 2sr = 2V3
RMM-TRIANGLE MARATHON 2101-2200
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Solution 2 by proposer

a’c
a’ + b? + c2
a-a-c-sinB 2aF
a2 +b2+c2  aZ+bitcd

BC = Bx,BA = By, B(0,0),L(ly,1,),1, =

d=1, sinB =

2aF
a’ + b? + c? = ; (1)

1) 2aF
a2+b2+c224\/§F(—)>Tz4\/§F—>a22\/§-d

2185. In acute AABC the following relationship holds:

Z sec®AsecB > 48

cyc
Proposed by Marin Chirciu-Romania
Solution by Marian Ursarescu-Romania

In acute AABC: secA, secB,secC > 0 -

seciA Berg;trom

z sec®AsecB = secAsecBsecC z

cyc cyc

secC

(secA + secB + secC)?
secA + secB + secC

> secAsecBsecC -

Z sec’AsecB > secAsecBsecC(secA + secB + secC)

cyc

We must show that:

1 ( 1 1 1
cosAcosBcosC

! + ! +
cosdA cosB cosC

> S
cosA + cosB + cosC) =48

> 48cosAcosBcosC; (1)

But cosAcosBcosC < %; (2)

From (1),(2) we must show that:

1 1
> .
cosA + cosB + cosC — 6;(3)
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1 1 1 Cauchy 9

+ + = ;
cosA cosB cosC cosA + cosB + cosC

(4)

From (3),(4) we must show:

9
cosA+cosB+cosC

2186. In acute AABC the following relationship holds:

2
zcot3AcotB >f r—+z—1
— 3\R? R

cyc

> 6 & cosA + cosB + cosC < %which is true.

Proposed by Marin Chirciu-Romania

Solution by Mohammed Amine Ben Ajiba-Tanger-Morocco

BCS
Zx3y Z:xyz2 > szyz VX, y,2> 0

cyc cyc cyc

:Zﬂy > xyz Zx ,Vx,y,2>0
cyc cyc

ABC is acute triangle, then cotA, cotB, cotC > 0

z cot3AcotB > 1_[ cotA z cotA

cyc cyc cyc

Jensen T
Z cotA = 3cot§ =43

cyc
Walker,Euler
1—[ A s> —(2R+1)*> 2R*> s*—(2R+r)? Mitrinovic
co = . = >
4R? ST 2sr

cyc

2R*> +8Rr +3r’— 2R+1)* 4 (rz N 2r 1)
- 3V3R R 3V3\R> R
2 . 2Von X
2 2
Therefore,

z t3A tB>4 r2+2r 1
co co =3 RZ R

cyc
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2187. In acute AABC the following relationship holds:

Z *AcosB > & r3+3r2+r 1
cos’Acos —|=+—+-=-
—2\R® R?2 R
cyc
Proposed by Marin Chirciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

L -

cyc cyc cyc

= Zx3y > xyz(Zx),Vx,y,z >0

cyc cyc

ABC is acute triangle, then cosA, cosB, cosC > 0

S coscosn = (ﬂ A> (z A>

cyc cyc cyc

r s2 — (2R +1)?
ZcosA = 1+E'HCOSA =

4R?
cyc cyc
Walker 2R? + 8Rr + 312 — (2R +1r)? —R%* + 2Rr + 1
1_[ CosA = =
4R? 2R?

cyc
z 34 B>1 1+Zr+r2 (1+r)—1 r3+3r2+r 1
cos=Acost =5 R " R? R 2\ " RZ "R

cyc
3 1/ 3r2 r
ZCOS AcosBZE —+—=+-=-1

cyc

2188. In AABC the following relationship holds:
1 1 1 1 1

—_< <
RSh,th, hy+h, h th,—2r

Proposed by Marin Chirciu-Romania
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Solution by Marian Ursarescu-Romania

1 z z ab
ﬁ
h, + h, E_}_ZF 2srZuia+b
cyc cye Tq cyc

For the right side we have:

1 Z ab < 1 2 ab 1
2sr a+b  2r a+b_s()

cyc cyc

2ab +b b +b
a+b 2 a+b 4

Z ab 1 ( +b)_a+b+c
atb -2, 2

cyc cyc

=s - (1)is true.

Cauchy

1 1 1 9
For the left side: _
hg+hy + hp+he + he+thg = 2(hg+hp+he)

9

We must show that: m == (2)

s24+1r2+4Rr

Buth +hb+h = 2R

; (3). From (2),(3) we must show that:

oR 1 9R% > s + 1?2 + 4Rr; (4)
—
s241r2 4 4Rr R s*+rt T

From Gerretsen: s* < 4R? + 4Rr + 31%; (5)
From (4),(5) we must show:
9R? > 4R?> + 8Rr+ 41> ©9R?* > 4(R+1r)> © 3R> 2(R +1r) © R > 2r(Euler).
2189. In acute AABC the following relationship holds:

s> 16R
z tan®AtanB > —>——5

7' r
cyc

Proposed by Marin Chirciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

BCS
Zx3y Z:xyz2 > szyz ,Vx,y,2> 0

cyc cyc cyc
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= Zx3y > xyz(Zx),Vx,y,z >0

cyc cyc

ABC is acute triangle, then tanA, tanB, tanC > 0

S canscans (1_[ A> (z A> i (n A> i

cyc cyc cyc cyc

ST 4R? Gerretsen 2sr S
2R? sz — (2R +1)? (4R2 + 4Rr + 3r2 — (2R + r)z) r?

Therefore,

3 s _16R
Ztan AtanBZ—ZZ——S
r r
cyc

2190. In AABC the following relationship holds:

(h, + h +h)( r .t 1 )>2r(5 r)
at T T \h,+hy, h,+h. h.+h,) R R

Proposed by Marin Chirciu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

(30 (k)3T (S ) 2325 e

cyc

< 9R? > 4r(5R—1) © (R —2r)(9R — 2r) > 0, which is true because R > 2r(Euler).

2191. In AABC the following relationship holds:

1 1
DRz,
hb+hc rb+rc

cyc cyc

Proposed by Marin Chirciu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
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1 _ Z(ra + rb)(ra + rc) _ (Z ra)z + Z rqTp
z ry + re B H(ra + rb) B H(ra + rb)

z 1 (4R+1)°+5s?

ryt+re 4Rs?
cyc
1 1 bc 1 R 1 1
it e Y Y g ey (i)
h,+h, 2sriub+c a(b+c) s a b+c
cyc cyc cyc cyc
R Z 1 4 Z 1 B§S R( 9 N 9 )
e e— —_— —_— =>
s a b+c|] — s\Ya >b+c)
cyc cyc
z 1 >27R(;)(4R+r)2+sz_z 1
h,+h.~ 4s2 = 4Rs? CLrptr,
cyc cyc

(1) © s? < 11R? — 8Rr — 1?2
By Gerretsen: s> < 4R?> + 4Rr + 3r>* <11R* - 8Rr - r* &
7R? —12Rr — 4r* > 0 © (R — 2r)(7R + 2r) = 0, which is true from R > 2r(Euler).

2192. In AABC the following relationship holds:

4R - (hq + 1ro)(hy + 1) (he + 1) _ 2R?
r = h,h,h, - or?

Proposed by Marin Chirciu-Romania

Solution by Marian Ursarescu-Romania

o+ _2F+ F _F(Zs—2a+a)_F(b+c)
atla= 0 Ts a” as—a)  a(s—a)

(hg +1)(hy +1p)(he+1)  F(a+b)(b+c)(c+a) 2s(s*>+1?>+2Rr)
h,h,h, -~ 8(s—a)(s—b)(s—c) 8sr? B
_ s> +12+2Rr
B 4r?

4R _ s®’+r%2+2Rr _ 2R?
We must show that: — < ——— < —-
r 4r r

For LHS, we have: s + 1% + 2Rr > 16Rr © s*> > 14Rr —r%; (1)
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By Gerretsen: s> > 16Rr — 51%; (2)

From (1),(2) we must show that: 16Rr — 51> > 14Rr — r* &
2Rr > 4r? © R > 2r(Euler).
For RHS, we have: s + 1?2 + 2Rr < 8R? & s? < 8R? — 2Rr — r%;(3)
By Gerretsen: s> < 4R? + 4Rr + 37%; (4)

From (3),(4) we must show that: 4R? + 4Rr + 3r2 < 8R?> - 2Rr - r*

6RT + 41% < 4R?, which is true because 6Rr + 4r?> < 3R? + R? = 4R>.
2193. In AABC the following relationship holds:
- (hq +14)(hy +1p)(he + 1) - 4R

Yarpr,. r

8

Proposed by Marin Chirciu-Romania

Solution by Marian Ursarescu-Romania

o+ _2F+ F _F(Zs—2a+a)_F(b+c)
atla= " Ts a” as—a)  a(s—a)

(hg +1)(hy +1p)(he + 1) F}(a+b)(b+c)(c+a)
T rpTe B F3
abc(s—a)(s—b)(s—c) - G-0G-bGE -0
_(a+b)(b+c)(c+a) 2s(s>+1?+2Rr) s®>+r*+2Rr
B abc B 4sRr B 2Rr

24r242R 4R
We must show that: 8 < 2 = < =%

2Rr r

For LHS, we have: s + 1% + 2Rr > 16Rr © s?> > 14Rr —r%; (1)

By Gerretsen: s> > 16Rr — 51%; (2)
From (1),(2) we must show that: 16Rr — 512> > 14Rr — r* &
2Rr > 4r? © R > 2r(Euler).
For RHS, we have: s + 1% + 2Rr < 8R? © s? < 8R? — 2Rr —r%;(3)
By Gerretsen: s> < 4R? + 4Rr + 31%; (4)
From (3),(4) we must show that: 4R? + 4Rr + 3r>? < 8R?> - 2Rr - r* &
6Rr + 41> < 4R?, which is true because 6Rr + 41> < 3R? + R* = 4R>.
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2194. In AABC the following relationship holds:

3 16
Z csc’AcscB > 3
cyc
Proposed by Marin Chirciu-Romania

Solution by Sohini Mondal-India

3 AcscB 1 aM_GH 3 1 .
Z cscracseE = Z sin34sinB ~ (sinAsinBsinC)* ~

cyc cyc
s 1 3.2% . R*
>3 7=
(1 b =) V(abo)*
2R 2R 2R
3:2*-R* 2 p4 1 6p12 4 o
We need to show that: w 3 1o 32R* > 3/(abc)* & 35R1%2 > (4FR)* &
3V3R? > 4rs © R? > 2r - s true.

\/_

R > 2r(Euler)and R > ﬁs(Mitrinovic)

Therefore,

16
Z csc3AcscB > EY

cyc

2195. In AABC the foIIowing relationship holds:
9
4R2 = Z be €% 2= Ter
cyc
Proposed by Ertan Yildirim-Turkey
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

T, s(s —a) s*r )
E — E E -
bc - cos® bc(s —a) bc  16R%*r%s? a

cyc cyc cyc

Zra 2 A Ya? sz—r — 4Rr
— . cos
b 2  16R?*r 8R%r
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Bv Leibni zra 2A< 9R? _9
yLewnmz: 7 ve °° 2=16r?r 161

cyc

BY G (16Rr — 51%) —r?> — 4Rr
y Gerretsen: z — - cos? E = SRZr
cyc
T, A _6R—3r Euler 12r —3r  9r
be 2% TaRz 2 TaRE TRl

Solution 2 by Marian Ursdrescu-Romania

r, z s(s — a) z z -
bc - cos® (s — a)bc bc b2c? azbzc2 @ =

cyc cyc cyc cyc

1 ) Leibniz 1 9R2 9 RHS
=—— < : - -
16R2rz @ = TeRrer 161

cyc

r A 3|1, T A B C
—a cos? >3\/a;bgcg-cosZEcoszicoszi;(l)

= s?r,abc = 4R 24 0528 o2 C o 5 1 (2)
TaVp¥, = S°T,anc = rs,cos ZCOS 2C'OS 2_16R2'

From (1),(2) we get:

3 s%r - s?
— — > 3
Z - cos® 16R?12s2 - 16R?

cyc

We must show that:

3| s2 9r s2 333

2p2 4
44R4r24R2®44R4r243R6®S R >4 -2 + r* true because

s2>27r?and R? > 4r?%.
2196. In AABC the following relationship holds:

(h 1)y + 1) (he + 1) _
R S4SpS, r3

Proposed by Marin Chirciu-Romania

Solution by Marian Ursdrescu-Romania
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FP(a+b)(b+c)(c+a) s°r® 2s(s®> +1r*+2Rr)
abc(s—a)(s—b)(s—c¢) 4Rrs - sr? B
_ s%(s%+1%+2Rr)
o 2R

(hg +ro)(hy +1p)(he + 1) =

, we must show that:

16r s*(s*+1r%>+2Rr) R3
< < —

R ~ 2Rs,S)pS, .

Rs?
For LHS: s,;sps. <s<mymym, < —» We must show that:

1671 - s2(s®* + 1% + 2Rr)
R ~ Rs?
2R

From Gerretsen: s> > 16Rr — 512; (2)

& s2+1r24+2Rr > 16Rr © s2 > 14Rr — %, (1)

From (1),(2) we must show that: 16Rr — 512> > 14Rr — r* &

2Rr > 41> © R > 2r(Euler).

8F3 8s3r3 25212
For RHS: s,spS. = hhyh, = T aRs T R We must show that:

2, .2 3
s“+1r“+2Rr R
v <3® r(s?+1r*+2Rr) <4R3,(R=22r) &

s2 4+ 12+ 2Rr <8R? & s> <8R?> —2Rr —1%,(3)

From Gerretsen: s> < 4R? + 4Rr + 313; (4)
From (3),(4) we must to show: 4R? + 4Rr + 3r* < 8R* - 2Rr —-r* &
6RT + 41> < 4R? true.
2197. In AABC the following relationship holds:

g < at 1)y +7)(he+70) 2R
W WyW, r?

Proposed by Marin Chirciu-Romania

Solution by Marian Ursdrescu-Romania

r 2F F 2s—2a+a\ F(b+c)
[ . F( ) =
a s—a a(s —a) a(s —a)
F3(a+b)(b+c)(c+a) s3r3-2s(s®>+1r?%+2Rr)
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_ s?(s?+r%+2Rr)
- 2R

s?(s* +r* + 2Rr) - 2R?

2Rw,wyw, ~ 1%

, we must show that:

For LHS: w, < ./s(s — a) » ww,w, < sF = s*r, we must show that:

s?(s* + 1% + 2Rr)
<
2R - s%r

o s2 4124+ 2Rr > 16Rr © s?> > 14Rr — r%; (1)

From Gerretsen: s> > 16Rr — 51%; (2)
From (1),(2) we must show that: 16Rr — 512 > 14Rr — r* &

2Rr > 41* © R > 2r(Euler).

8F3 _ 8s3r3 2522
For RHS: w,wyw, > h,hyh, = — = = . We must show that:
abc 4Rrs R

s2+1r2+2Rr 2R?
<
412 r2

From Gerretsen: s> < 4R? + 4Rr + 313; (4)

& 5?2+ 1%+ 2Rr < 8R? & s2 < 8R?* — 2Rr —r%;(3)

From (3),(4) we must to show: 4R?> + 4Rr + 3r>? < 8R* - 2Rr -r* &
6RT + 41% < 4R?> & R > 2r(Euler).
2198. In AABC the following relationship holds:

a* + b* b* + c* ct + at

< 2 _ 2
> + > + 3 < 4(3R*“ — 2Rr +r*)

Proposed by Marian Ursarescu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

4 4
Lemma: ’% <x?—xy+y%vx,y>0;(1)

Proof. (1) © 2(x2 —xy +y?*)? > x* +y* © (x — y)* > Ois true.

a4 + b* (1)
Z(a — ab + b?) —ZZa —Zab =
cyc cyc cyc cyc

Gerresen

=452 — 4r2 —16Rr — s> —r2 —4Rr = 35> —20Rr — 5r* <
< 3(4R%* + 4Rr + 31r%) — 20Rr — 57%> = 4(3R* — 2Rr +1?)
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4 4 4 4 4 4
Therefore, \/a ;b + \/b AL \/c ;a < 4(3R? — 2Rr +1?)

2

2199. In AABC the following relationship holds:

2 + r? rZ + r2 2 4 r2
\/“2 ”+\/”2 C+\/“2 ®<8R-T7r

Proposed by Marian Ursarescu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Gerretsen

rZ +12 BCS r2 +12
Z b b_ 3Zr2—\/— VAR +1r)2—-2s2 <
cyc cyc cyc

€)
<+v3-\J(4R+1)2 —2(16Rr — 5r2) =3 -/16R2 — 24Rr + 1112 < 8R—Tr &

3(16R? — 24Rr + 117%) < 64R? — 112Rr + 491 &
16R%? — 40Rr + 1612 > 0 © 8(R — 2r)(2R — r) = 0, which is true from
R > 2r(Euler). Therefore,

ri+r: |ri+r:  |rZ+rl
J“z ”+\/”2 C+ch “<8R-Tr

2200. In AABC the following relationship holds:

5 1 1 Z(a+2)sin'% 2
| | <1 + + ) = >1+—=
m, m, . A s

cyc Z asin 2

Proposed by Florica Anastase-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco
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B a/2 D a/2 C

Ptolemy’s inequality in ABDE: c - - + g . g =>m,m, >

1
mymy < o (2¢? + ab)(and analogs)

Y(a+ Z)sin%
=1+
. A . A
Zasmi Y asin >

. A
2Y'sin >

, A . B . C . .
a=>b=c>sin 2 = sin > = sin 7 By ChebysheV’s inequality:

. A
A 1 A\ X(a+2)siny 3
Za-sm—>— Za ZSmE = Y <1+-—

cyc 23 cyc cyc Y.asin 7 $
3 1 1 1 AM;GM 3 1 2 (;) 3 1 4 Hogler
[[ormm) = ) 2 ) " ctab
cyc cyc a’™b cyc
>1+31_[_4 =1+ * (;)1+3
— 2 - — -
cyc 2c® +ab ﬁ\/Hcyc(Zcz + ab)

cyc

33\/1_[(2c2 + ab) AM;GM Z(ZCZ + ab) = ZZ a’ + 2 ab

(+) & 1652 > 97“(2@ + ab)

cyc cyc cyc cyc
= 9° 1_[(2c2 + ab) < 62 a’ + SZab = 155> — 9r% — 36Rr =
cyc cyc cyc
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16s2 > 91/1_[(2c2 + ab)

cyc

,:/ 1 1 Z(a+2)sin%
= | |<1+—+—)2
m, m, . A

cyc Zasmi
Y(a+ Z)Sin% ZZsing a<s ZZsin%
1T = 1+—= > 1+ —4>

Zasini Ya-sin > s-Y.sin 5

Y(a+ 2)sin% 2

>1+4+ ;

Zasmi
Therefore,
, A

s 1 1 Y(a+ Z)smi 2
[[(14-+--)=2 2142

Solution 2 by proposer
2 2
(Z al> (Z bi) (Milne's ineq.n = 2)

Z(al+b 2.\ 2,
2<ma+mb>z<ma:'",;,,> (zma)(zmb):

cyc cyc cyc cyc
m,m, Tm,)? m,m,, b+c 2s
D) T D i) 20 ma <30, 7 =g =
m, +m, 2ym, m, +m, 2
cyc cyc cyc cyc
b+c c+a a+b
T mg < , My < 2 ,ym; < 2

Z 1 Bﬁs 9 - 9 3
= =
_mgm, — MMy — 3x +s s
cycx+ma+mb 3x-l_zma+mb x+3

1

3
xzf sdx =
fzx+ LAL ox+§

cyc m, +m,
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m, +m, 3 3 1 1 3
Zlog(l+—>23[og<1+—)=> 1_[<1+—+—)21+—;(1)

cyc cyc

Now,
. A . B . C\ Chebyshev's . A . B . C
(a+b+c) <sm§ + smE + smi) < 3asm2 + 3bsm§ + 3csm§
A B
o Z(a —b) (sinE - sin5> >0,(2)
cyc

On the other hand,

Cc
Z(a +b— c)sini >0,(3)
cyc
From (2),(3) it follows that:
siné+sing+sin£ 1
2 2 2 )
in A+ bsin® + csinC
asin sino + csin

From (1),(4) it follows that:

s 1 1 3 ZZsiné Y(a+ Z)Sin% 2
1_[<1+—+—)21+—21+ = T2+

cyc Zasin% Zasini
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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