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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

� �
�

� + �
���

≥ � ⋅ �� +
���

∏(� + �)
⇔ �

�

� + �
���

+ � � �
��

(� + �)(� + �)
���

≥ � +
����

∏(� + �)
 

� �(� + �)(� + �)

���

+ � �(� + �)���(� + �)(� + �)

���

≥ � �(� + �)

���

+ ���� ⇔ 

� ��

���

+ � �(� + �)�(�� + ��)(�� + ��)

���

≥ � � ���

���

+ ���� 

By Schur’s inequality: ∑ �� ≥ ∑ ��� − ���� 

By BCS inequality: � ∑(� + �)�(�� + ��)(�� + ��) ≥ � ∑(� + �)��� + �√��� = 

= � � ��� + � �(� + �)�√�� ≥
�����

� � ��� + � � �√�� ⋅ �√�� = 

= � � ��� + ����� → 

� ��

���

+ � �(� + �)�(�� + ��)(�� + ��)

���

≥ � � ���

���

+ ���� → �(����). 

� �
�

� + �
���

≤
���

�� �
�

� + �
���

≤
(∗)

�
�(� + ��)

��
⇔ 

�� � �(� + �)(� + �)

���

≤ (� + ��) �(� + �)

���

⇔ 

�� ��� ��

���

� ⋅ �� �

���

� + ����� ≤ (� + ��) ��� �

���

� ⋅ �� ��

���

� − ���� ⇔ 

���(�� − �� − ��� + ���) ≤ ��(� + ��)(�� + �� + ��� − ���) ⇔ 

��(�� − �� − ��) ≤ (� + ��)(�� + �� + ���) ⇔ 

−��(�� + ��) ≤ ��� + (� + ��)(�� + ���), which is true because 

−��(�� + ��) < � < ��� + (� + ��)(�� + ���) → (∗)(����). 

Therefore, 

�
�(� + ��)

��
≥ �

�

� + �
+ �

�

� + �
+ �

�

� + �
≥ � ⋅ �� +

���

(� + �)(� + �)(� + �)
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2166. Prove that for any ��, ��, �� −cevians in ∆��� holds: 

��� + ��� + ���

�� + �� + ��
≤ �

�

�� �
�
�

+
�
�

+
�
��

 

Proposed by Radu Diaconu-Romania 

Solution by Adrian Popa-Romania 

��� = �� → � =
��

��
→

�

�
=

��

��
 

�� �
�

�
+

�

�
+

�

�
� = �� �

��

��
+

��

��
+

��

��
� = �� + �� + �� ≤ �� + �� + �� → 

�
�

�� �
�
� +

�
�

+
�
��

≥ �
�

�� + �� + ��
 

We must to prove that: 

��� + ��� + ���

�� + �� + ��
≤ �

�

�� + �� + ��
→ �

��� + ��� + ���

�� + �� + ��
�

�

≤
�

�� + �� + ��
→ 

���� + ��� + ����
�

≤ �(�� + �� + ��) true from BCS inequality. 

2167. In ∆��� the following relationship holds: 

����

��
≤

��� + ��� + ���

� + � + �
≤

��

�� + �
 

Proposed by Marin Chirciu-Romania 

Solution by Tran Hong-Dong Thap-Vietnam 

� =
��� + ��� + ���

� + � + �
=

��

��
�

�

�
+

�

�
+

�

�
� = � �

�

�
+

�

�
+

�

�
� ≤

(�) ��

�� + �
 

(�) ↔
�

�
+

�

�
+

�

�
≤

��

�� + �
=

��

(� − �)(� − �) + (� − �)(� − �) + (� − �)(� − �)
 

��� � = � − �; � = � − �; � = � − � → � + � + � = �; � = � + �; � = � + �; � = � + � 
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↔
� + �

� + �
+

� + �

� + �
+

� + �

� + �
≤

(� + � + �)�

�� + �� + ��
 

↔ (�� + �� + ��)[(� + �)�(� + �) + (� + �)�(� + �) + (� + �)�(� + �)] ≤ 

≤ (� + �)(� + �)(� + �)(� + � + �)� 

↔ ���� + ���� + ���� − ���(�� + �� + ��) ≥ �; which is true because 

���� + ���� + ���� =
(��)�

�
�

+
(��)�

�
�

+
(��)�

�
�

≥
��� (�� + �� + ��)�

�
� +

�
� +

�
�

= 

=
���(�� + �� + ��)�

�� + �� + ��
= ���(�� + �� + ��) → (�)�� ����. 

� =
��� + ��� + ���

� + � + �
= � �

�

�
+

�

�
+

�

�
� ≥

�����
�� ≥

(�) ����

��
 

(�) ↔ �� ≥ ��� ↔ � ≥ ��(�����). 

2168. In ∆��� the following relationship holds: 

� ≤
�

��
�

+ ∑ ���� �
�

≤ �
�

��
�

�
�

 

Proposed by Marin Chirciu-Romania 

Solution by Marian Ursărescu-Romania 

For the left side we must show that: �
�

�
+ ∑ ���� �

�
≤ � ↔

�

�
+ ∑ ���� �

�
≤ � ↔ 

� ����
�

�
���

≤
�

�
; (�) 

� ����
�

�
���

= � +
�

��
; (�) 

From (1),(2) we must show that: � +
�

��
≤

�

�
↔

�

��
≤

�

�
↔ �� ≤ �(�����). 

For the right side, we must show that: 
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��
� + ∑ ���� �

�

�
≥ ��

��

�
�

�

↔
�

�
+ � ����

�

�
���

≥ � �
��

�
�

�

↔ 

�

�
+ � +

�

��
≥ � �

��

�
�

�

↔ � �
��

�
�

�

−
�

�
⋅

��

�
−

��

�
≤ �; (�) 

Let � =
��

�
≤ �(�����); (�) 

From (3),(4) we must show that: ��� −
�

�
−

��

�
≤ � ↔ ���� − � − �� ≤ � ↔ 

(� − �)(���� + ��� + ��) ≤ �, which is true because � ≤ � and ���� + ��� + �� > �. 

 

2169. In ∆��� the following relationship holds: 

��
��� + ��

��� + ��
��� ≥ ����(�� − �) 

Proposed by Marian Ursărescu-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

We know that: ∑ ��� ≥ ��� ∑ � , ∀�, �, � > � 

� ��� = � �
�

�
��� +

�

�
��� +

�

�
���� ≥

�����
� ���� 

� ��
���

���

≥ ������ � ��

���

 

We know that: �� ≥ ��(� − �)(��� �������) 

� ��

���

≥ ��� ≥
����

�
⋅ � =

��

�
���; (�) 

We know that: �� ≥
�����

��
(��������) → 

� ��

���

≥
∑��

��
=

�� − �� − ���

�
≥

��������� (���� − ���) − �� − ���

�
→  

� ��

���

≥
��(�� − �)

�
; (��) 

From (�), (��) it follows that: 
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��
��� + ��

��� + ��
��� ≥ ����(�� − �) 

 Solution 2 by Tran Hong-Dong Thap-Vietnam 

��
��� + ��

��� + ��
��� ≥

�����
��(������)��

≥⏞
�����������������

��(���)��
 

We need to prove: �(���)��
≥ ����(�� − �) ↔ (���)� ≥ �����(�� − �)� ↔ 

(��)� ≥ �����(�� − �)�; (�) 

But �� ≥ ���� − ���(���������) → (��)� ≥ (���� − ���)� ≥
(�)

�����(�� − �)� 

(�) ↔ (��� − �)� ≥ ���(�� − �)�; �� =
�

�
≥ �� ↔ 

�(� − �)[��(������ − �����) + ������ − ����] ≥ � true, because 

� ≥ � → �(� − �) ≥ � and ��(������ − �����) + ������ − ���� > � 

→ (�) → (�) is true. 

2170. In ∆��� the following relationship holds: 

��

�
+

��

�
+

��

�
≥

��(�� − ��� − ���)

�� − �� − ���
 

Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

��

�
+

��

�
+

��

�
≥

��(�� − ��� − ���)

�� − �� − ���
=

�∑��

∑��
; (∗) 

It is suffices to prove that: ∑
��

�
≥

�∑��

∑�� ; (�) 

(�) ↔ �
��

�
− � � � + � � � ≥

�∑��

∑��
− � � =

∑ ��� + �� + �� − �(�� + �� + ��)�

∑ ��
 

�
�� − ��� + ��

�
≥

∑ ���(� − �) − ��(� − �)�

∑ ��
↔ 

�� ��� ��
(� − �)�

�
� ≥ � ��(� − �) − � ��(� − �) = �(� + �)(� − �)� ↔ 

� �
�� + �� + ��

�
− (� + �)� (� − �)� ≥ � ↔ 
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�(�� − �� + ��)��(� − �)� ≥ � ↔ � ��(� − �)� ≥ � 

∵ �� = ��(�� − �� + ��), �� = ��(�� − �� + ��), �� = ��(�� − �� + ��) 

� �� = � ��(�� − �� + ��) = � ��� − � ���� ≥ � ���� ≥ � → � �� ≥ �. 

� ���� = � ����(�� − �� + ��)(�� − �� + ��) = 

= ��� �� �� − � ��� + � ���� − � � ���� + � � ������ 

By AM-GM: �� + ���� ≥ ���� and ��� + ����� ≥ ����� → 

� �� − � ��� + � ���� − � � ���� + � � ����� ≥ � ����� ≥ � → 

� ���� ≥ � → � ��(� − �)� ≥ � → 

��

�
+

��

�
+

��

�
≥

�∑��

∑��
=

��(�� − ��� − ���)

�� − �� − ���
 

 

2171. In ∆���, �� −Gergonne cevian,  the following relationship holds: 

� ��� + �� + �� + √��

���

≤ � ⋅ √��� + �� 

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

� ��� + �� + �� + √��

���

≤ � ⋅ √��� + ��; (∗) 

We know that: ���{��, ��, ��, ��} ≤ ��(��� �������) 

��� ≤ � ���� + √��

���

≤
���

�� ����� + √���

���

= �� � ��

���

+ �√�� 

We know that: ∑ �� ≤ �� + � and √�� ≤ �� + � ↔ � ∑ ���� ≤ (∑ ��)� is true. 

→ � � ��

���

+ �√�� ≤ �(�� + �) + �(�� + �) = �(��� + ��) 
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Therefore, 

� ��� + �� + �� + √��

���

≤ � ⋅ √��� + �� 

2172. In ∆��� the following relationship holds: 

��
��� + ��

��� + ��
��� ≥

����(�� − �)

�
 

Proposed by Marian Ursărescu-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

We know that: ∑ ��� ≥ ���∑�, ∀�, �, � > � 

∵ � ��� = � �
�

�
��� +

�

�
��� +

�

�
���� ≥

�����
� ���� → 

� ��
���

���

≥ ������ �� ��

���

� 

� ��

���

= �
���

�
���

=
�����

�
≥

����

�
⋅

���

�
= ����; (�) 

� ��

���

= ��� �
�

�
���

=
�

��
� ��

���

=
�� + �� + ���

��
 

→ � ��

���

≥
��������� ���� − ��� + �� + ���

��
=

��(�� − �)

�
; (��) 

From (�), (��) it follows that: 

��
��� + ��

��� + ��
��� ≥

����(�� − �)

�
 

 Solution 2 by Tran Hong-Dong Thap-Vietnam 

� ��
���

���

= �
��

�

�
��

���

≥
������ (∑ ��)�

� ∑
�

��

=
(∑ ��)�

� ⋅
�
�

=
�∑

��
� �

�

� ⋅
�
�

=
�

�
�

�� + �� + ���

��
�

�

≥ 

≥
��������� �

�
⋅ �

���� − ���

��
�

�

=
��

�
�

��� − ��

�
�

�

≥
(�) ����(�� − �)

�
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(�) ↔ (��� − ��)� ≥ ����� − ������; �∵ � =
�

�
≥ �� 

↔ (��� − �)� ≥ ����� − ����� ↔ ����� − ����� + ���� − � ≥ � ↔ 

�(� − �)(�� − �)(��� − �) ≥ � , which is true by:  

� ≥ � → �(� − �) ≥ �; �� − � ≥ � > �; ��� − � ≥ �� > � → (�) is true. 

2173. In ∆��� the following relationship holds: 

�
��

�
�

�
�

≤
�

�� + ∑���� �
�

≤ � 

Proposed by Marin Chirciu-Romania 

Solution by Marian Ursărescu-Romania 

For RHS, we must show that: �� + ∑���� �

�
≥ � ⇔ ∑���� �

�
≥ �; (�) 

But ∑���� �

�
=

(����)�

�� − �; (�). Form (1),(2) we must show: 

(�� + �)�

��
− � ≥ � ⇔ (�� + �)� ≥ ��(������) 

For LHS, we must show that: 

�� + ∑���� �
�

�
≤ ��

�

��
�

�

⇔ � + ∑����
�

�
≤ � �

�

��
�

�

⇔ � +
(�� + �)�

��
≤ � �

�

��
�

�

; (�) 

�� ≥ ��(�� + �)(������); (�).  

From (3),(4) we must show that: 

� +
(�� + �)�

��
≤ � �

�

��
�

�

⇔ � +
��

��
+

�

�
≤ � �

�

��
�

�

⇔ 

� �
�

��
�

�

−
�

�
�

�

��
� −

��

�
≥ �. ���

�

��
= � ≥ �(�����) 

We must show that: ��� −
�

�
� −

��

�
≥ � ⇔ ���� − �� − �� ≥ � ⇔ 

(� − �)(���� + ��� + ��) ≥ � ���� ∀� ≥ �. 
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2174. If in ∆���, � − first Brocard point then: 

��� + ��� + ��� ≥
���� + ���� + ����

�� + �� + ��
 

Proposed by Daniel Sitaru-Romania 

Solution by Adrian Popa-Romania 

∆���:
��

����
=

��

���(���)
 

∠��� = ���� − � − (� − �) = 

= ���� − � ⇒
��

����
=

�

����
 

�� =
�����

����
=

�

�
������ 

�� =
�

�
������; �� =

�

�
������ 

Hence, ��� + ��� + ��� =

�������� �
��

�� +
��

�� +
��

��� 

����� =
���

���� + ���� + ����
 

We must to prove that: ��� ⋅
���

��������������
⋅

��������������

������
≥

��������������

��������
 

���� + ���� + ����

���� + ���� + ����
≥

���� + ���� + ����

�� + �� + ��
⇔ 

(���� + ���� + ����)(�� + �� + ��) ≥ (���� + ���� + ����)�(���) 

2175. In ���� 

� ����
�

�
���

�

�
≥

�

��
�

�√�

�
+

�

��
� 

Proposed by Marin Chirciu – Romania 

Solution by Tran Hong-DongThap-Vietnam 

Lemma:  In any triangle ��� ∶ 
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���
�

�
+ ���

�

�
+ ���

�

�
≥

�√�

�
+

�

��
;  (�) 

Proof: 

Let  �(�) = ��� � , (� < � < �) → ���(�) = − ��� � < �, ∀� ∈ (�; �) 

By Popoviciu’s inequality: 

�(�) + �(�) + �(�) + �� �
� + � + �

�
� ≤ �� �

� + �

�
� + �� �

� + �

�
� + �� �

� + �

�
� ; 

↔ ��� � + ��� � + ��� � + � ���
�

�
≤ � ���� �

� + �

�
� + ��� �

� + �

�
� + ��� �

� + �

�
�� ; 

↔
�

�
+

�√�

�
≤ � ����

�

�
+ ���

�

�
+ ���

�

�
� ; 

↔
�

��
+

�√�

�
≤ ���

�

�
+ ���

�

�
+ ���

�

�
; 

→ (�) is  true. Now, 

� ����
�

�
���

�

�
= �

����
�
��

�

�

���
�
� ���

�
�

≥⏞
���

  
�∑ ���

�
��

�

�

����
�
� ���

�
� ���

�
��

∑ ���
�
�

 

= ����
�

�
���

�

�
���

�

�
� ∑ ���

�

�
=

�

��
∑ ���

�

�
≥⏞

�� (�)
�

��
�

�√�

�
+

�

��
�. Proved. 

2176. If � −ortocenter in acute ���� then: 

� = ��� �� +
�

��
, � +

�

��
, � +

�

��
� ≥

���(�� + �)

�(�� − ��)
 

Proposed by Radu Diaconu-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

���� is acute:  ��� �, ��� �, ��� � > � ⇒ �� = �� ⋅ ��� �(��� �������) 

� ��� �

���

≤
�����

�
�

�
� ��� �

���

�

�

= �
�

�
�� +

�

�
��

�

≤
����� �

�
⇒ � ��

���

≤ ��; (�) 
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� ≥ �� �� +
�

��
�

���

� ≥
������

� +
�

√��
� ≥

(�)

� +
�

�
≥
(∗) ���(�� + �)

�(�� − ��)
 

(∗) ⇔ ��� − ��� − ���� + ��(� − ��) ≥ � ⇔ (� − ��)(�� + ��� + ��) ≥ �, 

which is true from � ≥ �� (�����). 

Therefore, 

� = ��� �� +
�

��
, � +

�

��
, � +

�

��
� ≥

���(�� + �)

�(�� − ��)
 

2177. In ∆��� the following relationship holds: 

� ����
�

�
���

�

�
���

≥
��√�

�
≥

��

�
 

Proposed by Marin Chirciu-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

�� ���

���

� �� ����

���

� ≥
���

�� ����

���

� , ∀�, �, � > � 

⇒ � ���

���

≥ ��� �� �

���

� , ∀�, �, � > � 

⇒ � ����
�

�
���

�

�
���

≥ � ���
�

�
���

� ���
�

�
���

 

� ���
�

�
���

= � �
��

�(� − �)
���

=
����

���
=

��

�
  

� → ���� is convexe on ��,
�

�
�, then: 

� ���
�

�
���

≥
������ 

����
�

�
=

�

√�
= �√� 

⇒ � ����
�

�
���

�

�
���

≥
��√�

�
≥

���������� �√� ⋅ �

�√�
=

��

�
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 Solution 2 by Tran Hong-Dong Thap-Vietnam 

 ∑ ����� �

�
���

�

�
� = ∑

�

�����

�
���

�

�

= ∑
�

�

���
�
�

�

�

���
�

�

  ≥⏞
������

 

�∑
�

���
�
�

�

�

� ∑ ���
�

�

 

≥⏞
�����

 

��.  �
�

���
�
� ���

�
� ���

�
�

� �

�

� ∑ ���
�
�

= 

=
�

����
�
� ���

�
� ���

�
�� ∑ ���

�
�

≥⏞

∑ ���
�
�

�
�√�

�

  
�

�
�� .

�√�
�

=
�√��

�
; 

 
�√��

�
≥

��

�
↔ �√�� ≥ �� ↔ � ≤

�√�

�
� (∴ ���� �� ����������) 

  

2178. In ∆��� the following relationship holds: 

� ��
���

���

≥ ����� 

Proposed by Marin Chirciu-Romania 

Solution by Tran Hong-Dong Thap-Vietnam 

� ��
���

���

≥
�����

� ��
���

���

≥
�����

��(������)��
= ���

�����

�
�

�
�

 

We need to prove: ���
�����

�
�

��

≥ ����� ⇔ �
�����

�
�

�

≥ ���(��)� ⇔ 

�
�����

�
�

�

≥ (�� ⋅ ��)� ⇔ ��� ≥ ����; (�) 

Other, �� ≥ ���� − ���(���������) → ��� ≥ �(���� − ���) ≥
(�)

���� 

 

(�) ⇔ ��� ≥ ���� ⇔ � ≥ ��(�����) → (�) → (�) is true. 



 
www.ssmrmh.ro 

 ��� RMM-TRIANGLE MARATHON 2101-2200 

 

2179. In ∆��� the following relationship holds: 

� ��
���

���

≥ ���(�� + �)� 

Proposed by Marin Chirciu-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

�� ��
���

���

� �� ������
�

���

� ≥
���

�� ��
�����

���

�

�

 

� ��
���

���

≥ ������ � ��

���

= ���(�� + �) 

� ��
���

���

≥
������

���(�� + �)� 

 Solution 2 by Tran Hong-Dong Thap-Vietnam 

� ��
���

���

= �
��

�

�
��

���

≥
������ (∑��)�

� ∑
�
��

=
(�� + �)�

� ⋅
�
�

=
�(�� + �)�

�
≥
(�)

���(�� + �)� 

(�) ⇔ �� + � ≥ �� ⇔ �� ≥ �� ⇔ � ≥ ��(�����). 

2180. In acute ∆��� the following relationship holds: 

�
�

�� + �� − ��

���

≥
�

��
�

���

��
+

�

�
− �� 

Proposed by Marin Chirciu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

Lemma: ∑
�

����
=

���������

���(����)� ;   ∑ ���� = � +
�

�
 

�
�

�� + �� − ��

���

= �
�

��� ⋅ ����
���

=
�

����
�

��

����
���

=
�

����
�

(������)�

����
���

= 

=
�

���
�

� − �����

����
���

=
�

���
�

�

����
���

−
�

���
� ����

���

= 
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=
�

���
�

��� + ��� − ���

�� − (�� + �)�
− (� + �)� =

�

��
⋅

��� + ��� + �� − ��

�� − ��� − ��� − ��
≥

���������
 

≥
�

��
⋅

��� + ��� + �� − (��� + ��� + ���)

(��� + ��� + ���) − ��� − ��� − ��
=

�

��
�

���

��
+

�

�
− �� 

Therefore, 

�
�

�� + �� − ��

���

≥
�

��
�

���

��
+

�

�
− �� 

2181. In acute ∆��� the following relationship holds: 

�
�

�� + �� − ��

���

≥
��

��
 

Proposed by Marin Chirciu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

∆��� −acute⇒ �� + �� − �� > �(��� �������) 

�
�

�� + �� − ��

���

= �
��

���� + ���� − ��

���

≥
������ (∑�)�

�∑(���� + ���� − ��)
= 

=
(��)�

�(�∑���� − ∑��)
=

���

� ⋅ ����
=

�� ⋅ �

����
≥

���
����

�
����

�
���

=
��

��
 

Therefore, 

�
�

�� + �� − ��

���

≥
��

��
 

2182. In ∆��� the following relationship holds: 

�
���� + ����

�
���

≤
�

��
�

���� + ����

�
���

 

Proposed by Marin Chirciu-Romania 

Solution by Marian Ursărescu-Romania 

�
���� + ����

�
���

=
�

��
�

� + �

�
���

=
�

��
� �

�

�
+

�

�
�

���

≥
�

��
⋅ � =

�

�
 

We must show that: 
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�
���� + ����

�
���

≤
�

���
; (�) 

�
���� + ����

�
���

= �
���� + ���� + ���� − ����

�
���

= 

= (���� + ���� + ����) �
�

�
+

�

�
+

�

�
� − �

����

�
���

= 

= (���� + ���� + ����) �
�

�
+

�

�
+

�

�
� − �

�� + �� − ��

����
���

= 

= (���� + ���� + ����) �
�

�
+

�

�
+

�

�
� −

�

����
(�� + �� + ��); (�) 

But ���� + ���� + ���� =
���

�
>

�

�
+

�

�
+

�

�
=

���������

����
 and  

�� + �� + �� = �(�� − �� − ���); (�) 

From (2),(3) we get: 

�
���� + ����

�
���

=
��� + ��� + �� + ��

����
; (�) 

From (3),(4) we must to show: 

��� + ��� + �� + ��

����
≤

�

���
⇔ ��(��� + ��� + �� + ��) ≤ ����; (�) 

But �� ≥
����

�
(������� − �������); (�) 

From (5),(6) we must to show: 

��(��� + ��� + �� + ��) ≤ �� ⋅
����

�
⇔ 

��� + ��� + �� + �� ≤ ���� ⇔ �� ≤ ���� − ��� − ��; (�) 

�� ≤ ��� + ��� + ���(���������); (�) 

From (7),(8) we must to show: 

��� + ��� + ��� ≤ ���� − ��� − �� ⇔ ���� + ��� ≤ ��� ⇔ 

��� + ��� ≤ ���, true because ��� + ��� ≤
���

�
+

��

�
= ���. 
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2183. In ∆��� the following relationship holds: 

� ����
�

�
���

�

�
���

≥
�(�� + �)

��
≥

��

��
 

Proposed by Marin Chirciu-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

�� ���

���

� �� ����

���

� ≥
���

�� ����

���

�

�

, ∀�, �, � ≥ � 

� ���

���

≥ ��� � �

���

→ � ����
�

�
���

�

�
���

≥ � ���
�

�
�� ���

�

�
���

�

���

 

� ���
�

�
���

= � �
(� − �)(� − �)

�(� − �)
���

= � �
�

� − �
���

=
�� + �

�
 

� ���
�

�
���

= � �
(� − �)(� − �)

�(� − �)
���

=
�

�
 

 � ����
�

�
���

�

�
���

≥
�(�� + �)

��
≥

������ ��(�� + �)

(�� + �)�
=

��

�� + �
≥

����� ��

�� +
�
�

 

Therefore, 

� ����
�

�
���

�

�
���

≥
�(�� + �)

��
≥

��

��
 

 Solution 2 by Tran Hong-Dong Thap-Vietnam 

 ∑ ����� �

�
���

�

�
� = ∑

�����

�
�

���
�
�

 ≥⏞
������

�∑ ���
�

�
�

�

� ∑
�

���
�
�

=
�

����

�
�

�

�.
�

�

=
�(����)�

���  ≥⏞
(�)

�(����)

�� ; 

(�) ↔ (�� + �)� ≥ ��� ↔ (�� + �� + ��)� ≥ �(���� + ���� + ����); 

↔ ��
� + ��

� + ��
� ≥ ���� + ���� + ����; (∴ ����) 

→ (�) is true. 
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 
�(����)

�� ≥⏞
(�)

��

��
; 

↔ ��(�� + �) ≥ ��� ↔ ���� + ��� ≥ ���; But: 

�� ≤ ��� + ��� + ��� ↔ ��� ≤ ��� + ��� + ��� ≤⏞
(�)

���� + ���; 

(�) ↔ ��� − ��� + ��� ≥ � ↔ (� − ��)(�� − ��) ≥ �; 

Which is true by: � ≥ �� ↔ � − �� ≥ �;  �� − �� ≥ �� > �. 

→ (�) → (�) is true. 

2184. � −Lemoine’s point of ∆���;  � −distance of � from  ��. 

Prove that: � ≥ �√� ⋅ � 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

�� = ��, �� = ��, �(�, �), �(�, �), �(�, �), �(��, ��) 

� −is the barycentre of (�, ��), (�, ��), (�, ��) → 

�� =
���

�� + �� + ��
→ � = ������ =

�

��
⋅

����

�� + �� + ��
→ 

�

�
= �� ⋅

�� + �� + ��

���
≥

����� ��(���)��

���
=

��(����)��

���
 

∵ � ≥ ��(�����), � ≥
�√��

�
(����������) 

�

�
≥

�������� ⋅ �� ⋅
�√�

� �
�

���
= �√� 



 
www.ssmrmh.ro 

 ��� RMM-TRIANGLE MARATHON 2101-2200 

 

 Solution 2 by proposer 

�� = ��, �� = ��, �(�, �), �(��, ��), �� =
���

�� + �� + ��
 

� = �� ⋅ ���� =
� ⋅ � ⋅ � ⋅ ����

�� + �� + ��
=

���

�� + �� + ��
→ 

�� + �� + �� =
���

�
; (�) 

�� + �� + �� ≥ �√��
(�)
��

���

�
≥ �√�� → � ≥ �√� ⋅ �  

2185. In acute ∆��� the following relationship holds: 

� ���������

���

≥ �� 

Proposed by Marin Chirciu-Romania 

Solution by Marian Ursărescu-Romania 

In acute ∆���: ����, ����, ���� > � → 

� ���������

���

= ������������ �
�����

����
���

≥
���������

 

≥ ������������ ⋅
(���� + ���� + ����)�

���� + ���� + ����
→ 

� ���������

���

≥ ������������(���� + ���� + ����) 

We must show that: 

�

������������
�

�

����
+

�

����
+

�

����
� ≥ �� ⇔ 

�

����
+

�

����
+

�

����
≥ ��������������; (�) 

But ������������ ≤
�

�
; (�) 

From (1),(2) we must show that: 

�

����
+

�

����
+

�

����
≥ �; (�) 



 
www.ssmrmh.ro 

 ��� RMM-TRIANGLE MARATHON 2101-2200 

 

�

����
+

�

����
+

�

����
≥

������ �

���� + ���� + ����
; (�) 

From (3),(4) we must show: 

�

��������������
≥ � ⇔ ���� + ���� + ���� ≤

�

�
 which is true. 

2186. In acute ∆��� the following relationship holds: 

� ���������

���

≥
�

�
�

��

��
+

��

�
− �� 

Proposed by Marin Chirciu-Romania 

Solution by Mohammed Amine Ben Ajiba-Tanger-Morocco 

�� ���

���

� �� ����

���

� ≥
���

�� ����

���

� , ∀�, �, � > � 

⇒ � ���

���

≥ ��� �� �

���

� , ∀�, �, � > � 

��� is acute triangle, then ����, ����, ���� > � 

� ���������

���

≥ �� ����

���

� �� ����

���

� 

� ����

���

≥
������

����
�

�
= √� 

 � ����

���

=
�� − (�� + �)�

���
⋅

���

��
=

�� − (�� + �)�

���
≥

������,�����
����������

 

≥
��� + ��� + ��� − (�� + �)�

� ⋅
�√��

� ⋅
�
�

=
�

�√�
�

��

��
+

��

�
− �� 

Therefore, 

� ���������

���

≥
�

�
�

��

��
+

��

�
− �� 
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2187. In acute ∆��� the following relationship holds: 

� ���������

���

≥
�

�
�

��

��
+

���

��
+

�

�
− �� 

Proposed by Marin Chirciu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

�� ���

���

� �� ����

���

� ≥
���

�� ����

���

� , ∀�, �, � > 0 

⇒ � ���

���

≥ ��� �� �

���

� , ∀�, �, � > 0 

��� is acute triangle, then ����, ����, ���� > 0 

� ���������

���

≥ �� ����

���

� �� ����

���

� 

� ����

���

= � +
�

�
, � ����

���

=
�� − (�� + �)�

���
 

� ����

���

≥
������ ��� + ��� + ��� − (�� + �)�

���
=

−�� + ��� + ��

���
 

� ���������

���

≥
�

�
�−� +

��

�
+

��

��
� �� +

�

�
� =

�

�
�

��

��
+

���

��
+

�

�
− �� 

� ���������

���

≥
�

�
�

��

��
+

���

��
+

�

�
− �� 

 

2188. In ∆��� the following relationship holds: 

�

�
≤

�

�� + ��
+

�

�� + ��
+

�

�� + ��
≤

�

��
 

Proposed by Marin Chirciu-Romania 
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Solution by Marian Ursărescu-Romania 

�
�

�� + ��
���

= �
�

��
� +

��
����

=
�

���
�

��

� + �
���

→ 

For the right side we have: 

�

���
�

��

� + �
���

≤
�

��
⇔ �

��

� + �
���

≤ �; (�) 

But 
���

���
≤

���

�
→

��

���
≤

���

�
→ 

�
��

� + �
���

≤
�

�
�(� + �)

���

=
� + � + �

�
= � → (�)�� ����. 

For the left side: 
�

�����
+

�

�����
+

�

�����
≥

������
�

�(��������)
 

We must show that: 
�

�(��������)
≥

�

�
; (�) 

But �� + �� + �� =
���������

��
; (�). From (2),(3) we must show that: 

��

�� + �� + ���
≥

�

�
⇔ ��� ≥ �� + �� + ���; (�) 

From Gerretsen: �� ≤ ��� + ��� + ���; (�) 

From (4),(5) we must show: 

��� ≥ ��� + ��� + ��� ⇔ ��� ≥ �(� + �)� ⇔ �� ≥ �(� + �) ⇔ � ≥ ��(�����). 

2189. In acute ∆��� the following relationship holds: 

� ���������

���

≥
��

��
≥

���

�
− � 

Proposed by Marin Chirciu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

�� ���

���

� �� ����

���

� ≥
���

�� ����

���

� , ∀�, �, � > 0 
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⇒ � ���

���

≥ ��� �� �

���

� , ∀�, �, � > 0 

��� is acute triangle, then ����, ����, ���� > � 

� ���������

���

≥ �� ����

���

� �� ����

���

� = �� ����

���

�

�

= 

= �
��

���
⋅

���

�� − (�� + �)�
�

�

≥
���������

�
���

��� + ��� + ��� − (�� + �)�
�

�

=
��

��
 

Therefore, 

� ���������

���

≥
��

��
≥

���

�
− � 

2190. In ∆��� the following relationship holds: 

(�� + �� + ��) �
�

�� + ��
+

�

�� + ��
+

�

�� + ��
� ≥

��

�
�� −

�

�
� 

Proposed by Marin Chirciu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

�� ��

���

� ��
�

�� + ��
���

� =
�

�
��(�� + ��)

���

� �� �/(�� + ��)

���

� ≥
��� �

�
≥
(�) ��

�
�� −

�

�
� 

⇔ ��� ≥ ��(�� − �) ⇔ (� − ��)(�� − ��) ≥ �, which is true because � ≥ ��(�����). 

 

2191. In ∆��� the following relationship holds: 

�
�

�� + ��
���

≥ �
�

�� + ��
���

 

Proposed by Marin Chirciu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
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�
�

�� + ��
���

=
∑(�� + ��)(�� + ��)

∏(�� + ��)
=

(∑ ��)� + ∑ ����

∏(�� + ��)
 

�
�

�� + ��
���

=
(�� + �)� + ��

����
 

�
�

�� + ��
���

=
�

���
�

��

� + �
���

= �� �
�

�(� + �)
���

=
�

�
� �

�

�
+

�

� + �
�

���

= 

=
�

�
��

�

�
���

+ �
�

� + �
���

� ≥
��� �

�
�

�

∑ �
+

�

∑(� + �)
� ⇒ 

�
�

�� + ��
���

≥
���

���
≥
(�) (�� + �)� + ��

����
= �

�

�� + ��
���

 

(�) ⇔ �� ≤ ���� − ��� − �� 

By Gerretsen: �� ≤ ��� + ��� + ��� ≤ ���� − ��� − �� ⇔ 

��� − ���� − ��� ≥ � ⇔ (� − ��)(�� + ��) ≥ � , which is true from � ≥ ��(�����). 

 

2192. In ∆��� the following relationship holds: 

��

�
≤

(�� + ��)(�� + ��)(�� + ��)

������
≤

���

��
 

Proposed by Marin Chirciu-Romania 

Solution by Marian Ursărescu-Romania 

�� + �� =
��

�
+

�

� − �
=

�(�� − �� + �)

�(� − �)
=

�(� + �)

�(� − �)
 

(�� + ��)(�� + ��)(�� + ��)

������
=

��(� + �)(� + �)(� + �)

�(� − �)(� − �)(� − �)
=

��(�� + �� + ���)

����
= 

=
�� + �� + ���

���
 

We must show that: 
��

�
≤

���������

��� ≤
���

��  

For LHS, we have: �� + �� + ��� ≥ ���� ⇔ �� ≥ ���� − ��; (�) 
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By Gerretsen: �� ≥ ���� − ���; (�) 

From (1),(2) we must show that: ���� − ��� ≥ ���� − �� ⇔ 

��� ≥ ��� ⇔ � ≥ ��(�����). 

For RHS, we have: �� + �� + ��� ≤ ��� ⇔ �� ≤ ��� − ��� − ��; (�) 

By Gerretsen: �� ≤ ��� + ��� + ���; (�) 

From (3),(4) we must show that: ��� + ��� + ��� ≤ ��� − ��� − �� ⇔ 

��� + ��� ≤ ���, which is true because ��� + ��� ≤ ��� + �� = ���. 

2193. In ∆��� the following relationship holds: 

� ≤
(�� + ��)(�� + ��)(�� + ��)

������
≤

��

�
 

Proposed by Marin Chirciu-Romania 

Solution by Marian Ursărescu-Romania 

�� + �� =
��

�
+

�

� − �
=

�(�� − �� + �)

�(� − �)
=

�(� + �)

�(� − �)
 

(�� + ��)(�� + ��)(�� + ��)

������
=

��(� + �)(� + �)(� + �)

���(� − �)(� − �)(� − �) ⋅
��

(� − �)(� − �)(� − �)

= 

=
(� + �)(� + �)(� + �)

���
=

��(�� + �� + ���)

����
=

�� + �� + ���

���
 

We must show that: � ≤
���������

���
≤

��

�
 

For LHS, we have: �� + �� + ��� ≥ ���� ⇔ �� ≥ ���� − ��; (�) 

By Gerretsen: �� ≥ ���� − ���; (�) 

From (1),(2) we must show that: ���� − ��� ≥ ���� − �� ⇔ 

��� ≥ ��� ⇔ � ≥ ��(�����). 

For RHS, we have: �� + �� + ��� ≤ ��� ⇔ �� ≤ ��� − ��� − ��; (�) 

By Gerretsen: �� ≤ ��� + ��� + ���; (�) 

From (3),(4) we must show that: ��� + ��� + ��� ≤ ��� − ��� − �� ⇔ 

��� + ��� ≤ ���, which is true because ��� + ��� ≤ ��� + �� = ���. 
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2194. In ∆��� the following relationship holds: 

� ���������

���

≥
��

�
 

Proposed by Marin Chirciu-Romania 

Solution by Sohini Mondal-India 

� ���������

���

= �
�

���������
���

≥
�����

��
�

(������������)�

�

≥ 

≥ �
�

�

�
�

�� ⋅
�

�� ⋅
�

���
�

� =
� ⋅ �� ⋅ ��

�(���)��
 

We need to show that: 
�⋅��⋅��

�(���)�� ≥
��

�
⇔ ���� ≥ �(���)��

⇔ ����� ≥ (���)� ⇔ 

�√��� ≥ ��� ⇔ �� ≥ �� ⋅
�

�√�
� true. 

� ≥ ��(�����) and � ≥
�

�√�
�(����������) 

Therefore, 

� ���������

���

≥
��

�
 

2195. In ∆��� the following relationship holds: 

��

���
≤ �

��

��
⋅ ����

�

�
���

≤
�

���
 

Proposed by Ertan Yildirim-Turkey 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

�
��

��
⋅ ����

�

�
���

= �
��

��(� − �)
⋅

�(� − �)

��
���

=
���

��������
� ��

���

→ 

�
��

��
⋅ ����

�

�
���

=
∑��

�����
=

�� − �� − ���

����
 



 
www.ssmrmh.ro 

 ��� RMM-TRIANGLE MARATHON 2101-2200 

 

�� �������: �
��

��
⋅ ����

�

�
���

≤
���

�����
=

�

���
 

�� ���������: �
��

��
⋅ ����

�

�
���

≥
(���� − ���) − �� − ���

����
  

�
��

��
⋅ ����

�

�
���

≥
�� − ��

���
≥

����� ��� − ��

���
=

��

���
 

Solution 2 by Marian Ursărescu-Romania 

�
��

��
⋅ ����

�

�
���

= �
�

(� − �)��
⋅

�(� − �)

��
���

= ��� �
�

����

���

=
���

������
� ��

���

= 

=
�

�����
� ��

���

≤
������� �

�����
⋅ ��� =

�

���
= ��� 

�
��

��
⋅ ����

�

�
���

≥ ��
������

������
⋅ ����

�

�
����

�

�
����

�

�

�

; (�) 

������ = ���, ��� = ����, ����
�

�
����

�

�
����

�

�
=

��

����
; (�) 

From (1),(2) we get: 

�
��

��
⋅ ����

�

�
���

≥ ��
��� ⋅ ��

�������� ⋅ ����

�

 

We must show that: 

�
��

�����

�

≥
��

���
⇔

��

�����
≥

����

����
⇔ ���� ≥ � ⋅ � + �� ���� �������  

�� ≥ ���� and �� ≥ ��� . 

2196. In ∆��� the following relationship holds: 

���

�
≤

(�� + ��)(�� + ��)(�� + ��)

������
≤

��

��
 

Proposed by Marin Chirciu-Romania 

Solution by Marian Ursărescu-Romania 
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(�� + ��)(�� + ��)(�� + ��) =
��(� + �)(� + �)(� + �)

���(� − �)(� − �)(� − �)
=

���� ⋅ ��(�� + �� + ���)

���� ⋅ ���
= 

=
�������������

��
, we must show that: 

���

�
≤

��(�� + �� + ���)

��������
≤

��

��
 

For LHS:   ������ ≤≤ ������ ≤
���

�
, we must show that: 

���

�
≤

��(�� + �� + ���)

�� ⋅
���

�

⇔ �� + �� + ��� ≥ ���� ⇔ �� ≥ ���� − ��; (�) 

From Gerretsen: �� ≥ ���� − ���; (�) 

From (1),(2) we must show that: ���� − ��� ≥ ���� − �� ⇔ 

��� ≥ ��� ⇔ � ≥ ��(�����). 

For RHS:  ������ ≥ ������ =
���

���
=

�����

����
=

�����

�
. We must show that: 

�� + �� + ���

���
≤

��

��
⇔ �(�� + �� + ���) ≤ ���; (� ≥ ��) ⇔ 

�� + �� + ��� ≤ ��� ⇔ �� ≤ ��� − ��� − ��; (�) 

From Gerretsen: �� ≤ ��� + ��� + ���; (�) 

From (3),(4) we must to show: ��� + ��� + ��� ≤ ��� − ��� − �� ⇔ 

��� + ��� ≤ ��� true. 

2197. In ∆��� the following relationship holds: 

� ≤
(�� + ��)(�� + ��)(�� + ��)

������
≤

���

��
 

Proposed by Marin Chirciu-Romania 

Solution by Marian Ursărescu-Romania 

�� +
����

�
+

�

� − �
= � �

�� − �� + �

�(� − �)
� =

�(� + �)

�(� − �)
 

(�� + ��)(�� + ��)(�� + ��) =
��(� + �)(� + �)(� + �)

���(� − �)(� − �)(� − �)
=

���� ⋅ ��(�� + �� + ���)

���� ⋅ ���
= 
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=
�������������

��
, we must show that: 

� ≤
��(�� + �� + ���)

��������
≤

���

��
 

For LHS:   �� ≤ ��(� − �) → ������ ≤ �� = ���, we must show that: 

� ≤
��(�� + �� + ���)

�� ⋅ ���
⇔ �� + �� + ��� ≥ ���� ⇔ �� ≥ ���� − ��; (�) 

From Gerretsen: �� ≥ ���� − ���; (�) 

From (1),(2) we must show that: ���� − ��� ≥ ���� − �� ⇔ 

��� ≥ ��� ⇔ � ≥ ��(�����). 

For RHS:  ������ ≥ ������ =
���

���
=

�����

����
=

�����

�
. We must show that: 

�� + �� + ���

���
≤

���

��
⇔ �� + �� + ��� ≤ ��� ⇔ �� ≤ ��� − ��� − ��; (�) 

From Gerretsen: �� ≤ ��� + ��� + ���; (�) 

From (3),(4) we must to show: ��� + ��� + ��� ≤ ��� − ��� − �� ⇔ 

��� + ��� ≤ ��� ⇔ � ≥ ��(�����).  

2198. In ∆��� the following relationship holds: 

�
�� + ��

�
+ �

�� + ��

�
+ �

�� + ��

�
≤ �(��� − ��� + ��) 

Proposed by Marian Ursărescu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

Lemma: �
�����

�
≤ �� − �� + ��, ∀�, � > �; (�) 

Proof. (�) ⇔ �(�� − �� + ��)� ≥ �� + �� ⇔ (� − �)� ≥ � is true. 

� �
�� + ��

�
≤
(�)

���

�(�� − �� + ��)

���

= � � ��

���

− � ��

���

= 

= ��� − ��� − ���� − �� − �� − ��� = ��� − ���� − ��� ≤
��������

 

≤ �(��� + ��� + ���) − ���� − ��� = �(��� − ��� + ��) 
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Therefore, �
�����

�
+ ������

�
+ �

�����

�
≤ �(��� − ��� + ��) 

 

2199. In ∆��� the following relationship holds: 

�
��

� + ��
�

�
+ �

��
� + ��

�

�
+ �

��
� + ��

�

�
≤ �� − �� 

Proposed by Marian Ursărescu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

� �
��

� + ��
�

�
���

≤
���

�� �
��

� + ��
�

�
���

= �� � ��
�

���

= √� ⋅ �(�� + �)� − ��� ≤
���������

 

≤ √� ⋅ �(�� + �)� − �(���� − ���) = √� ⋅ ����� − ���� + ���� ≤
(�)

�� − �� ⇔ 

�(���� − ���� + ����) ≤ ���� − ����� + ���� ⇔ 

���� − ���� + ���� ≥ � ⇔ �(� − ��)(�� − �) ≥ �, which is true from  

� ≥ ��(�����). Therefore, 

�
��

� + ��
�

�
+ �

��
� + ��

�

�
+ �

��
� + ��

�

�
≤ �� − �� 

2200. In ∆��� the following relationship holds: 

�� �� +
�

��
+

�

��
�

���

�
≥

∑(� + �)���
�
�

∑����
�
�

> 1 +
�

�
 

Proposed by Florică Anastase-Romania 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
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Ptolemy’s inequality in ����:  � ⋅
�

�
+

�

�
⋅

�

�
≥ ���� ⇒ 

���� ≤
(�) �

�
(��� + ��)(��� �������) 

∑(� + �)���
�
�

∑����
�
�

= � +
�∑��� 

�
�

∑ ���� 
�
�

 

� ≥ � ≥ � ⇒ ��� 
�

�
≥ ��� 

�

�
≥ ��� 

�

�
. By Chebyshev’s inequality: 

� � ⋅ ��� 
�

�
���

≥
�

�
�� �

���

� �� ��� 
�

�
���

� ⇒
∑(� + �)���

�
�

∑����
�
�

≤ � +
�

�
 

�� �� +
�

��
+

�

��
�

���

�
≥

�����

�� �� +
�

�����

�

���

�
≥
(�)

��(� +
�

√��� + ��
���

�
≥

������
 

≥ � + ��
�

√��� + ��
���

�
= � +

�

�∏ (��� + ��)���
�

≥
(∗)

� +
�

�
 

(∗) ⇔ ���� ≥ ���(��� + ��)

���

�  

���(��� + ��)

���

� ≤
�����

�(��� + ��

���

) = � � ��

���

+ � ��

���

 

⇒ ���(��� + ��)

���

� ≤ � � ��

���

+ � � ��

���

= ���� − ��� − ���� ⇒ 
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���� ≥ ���(��� + ��)

���

�  

⇒ �� �� +
�

��
+

�

��
�

���

�
≥

∑(� + �)��� 
�
�

∑����
�
�

 

∑(� + �)���
�
�

∑����
�
�

= � +
� ∑ ��� 

�
�

∑ � ⋅ ��� 
�
�

>
���

� +
� ∑ ��� 

�
�

� ⋅ ∑ ��� 
�
�

⇒ 

∑(� + �)���
�
�

∑����
�
�

> 1 +
�

�
 

Therefore, 

�� �� +
�

��
+

�

��
�

���

�
≥

∑(� + �)���
�
�

∑����
�
�

> 1 +
�

�
 

 Solution 2 by proposer 

∵ �(�� + ��)

�

���

�
����

�� + ��

�

���

≤ �� ��

�

���

� �� ��

�

���

� (������� ����. � = �) 

�(�� + ��)

���

� �
����

�� + ��
�

���

≤ �� ��

���

� �� ��

���

� ⇒ 

� �
����

�� + ��
�

���

≥
(∑��)�

�∑��
⇒ � �

����

�� + ��
�

���

≤
�

�
� ��

���

≤
�

�
�

� + �

�
���

=
��

�
= � 

∵ �� ≤
� + �

�
, �� ≤

� + �

�
, �� ≤

� + �

�
  

�
�

� +
����

�� + ��
���

≥
��� �

�� + ∑
����

�� + ��

≥
�

�� + �
=

�

� +
�
�

⇒ 

� �
�

� +
����

�� + ��
���

��
�

�

≥ �
�

� +
�
�

��
�

�

⇒ 
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� ��� �� +
�� + ��

����
�

���

≥ ���� �� +
�

�
� ⇒ �� �� +

�

��
+

�

��
�

���

�
≥ � +

�

�
; (�) 

Now,  

(� + � + �) ����
�

�
+ ���

�

�
+ ���

�

�
� ≤

�����������

�����
�

�
+ �����

�

�
+ �����

�

�
 

⇔ �(� − �) ����
�

�
− ���

�

�
�

���

≥ �, (�) 

On the other hand, 

�(� + � − �)���
�

�
> 0

���

, (�) 

From (2),(3) it follows that: 

�

�
⋅

�

�
≥

���
�
� + ���

�
� + ���

�
�

����
�
� + ����

�
� + ����

�
�

>
�

�
; (�) 

From (1),(4) it follows that: 

�� �� +
�

��
+

�

��
�

���

�
≥ � +

�

�
≥ � +

�∑���
�
�

∑����
�
�

=
∑(� + �)���

�
�

∑����
�
�

> 1 +
�

�
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It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 

 

 

 

 


