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1) In ઢ࡯࡮࡭ the following relationship holds: 

૟࢘ ≤ ෍
૛ࢇ

࢈࢘ + ࢉ࢟ࢉࢉ࢘

≤
૜ࢇ + ૜࢈ + ૜ࢉ

૝ࡲ
 

Proposed by Ertan Yildirim-Izmir-Turkey 

Solution. Lemma. 2) In ઢ࡯࡮࡭ the following relationship holds: 

෍
૛ࢇ

࢈࢘ + ࢉ࢟ࢉࢉ࢘

= ૛(૛ࡾ− ࢘) 

Proof. Using ݎ௔ = ி
௦ି௔

, we get: 

෍
ܽଶ

௕ݎ + ௖௖௬௖ݎ

= ෍
ܽଶ

ܨ
ݏ − ܾ + ܨ

ݏ − ܿ௖௬௖

=
1
෍ܨ

ܽଶ(ݏ − ݏ)(ܾ − ܿ)
ܽ

௖௬௖

=
1
ݏ)෍ܽݎݏ − ݏ)(ܾ − ܿ)

௖௬௖

= 

= ଵ
௦௥
⋅ 2ܴ)ݎݏ2 − (ݎ = 2(2ܴ − ݏ)ܽ∑ which follows from	,(ݎ − ݏ)(ܾ − ܿ) = 2ܴ)ݎݏ2 −  (ݎ

For RHS, using Lemma and ∑ܽଷ = ଶݏ)ݏ2 − ଶݎ3 −  :inequality becomes as (ݎ6ܴ

2(2ܴ − (ݎ ≤
ଶݏ)ݏ2 − ଶݎ3 − (ݎ6ܴ

ݎݏ4 ⇔ 2ܴ)ݎ4 − (ݎ ≤ ଶݏ − ଶݎ3 − ݎ6ܴ ⇔ ଶݏ ≥ ݎ14ܴ − ଶݎ  

Which follows from ݏଶ ≥ ݎ16ܴ − ܴ and (݊݁ݏݐ݁ݎݎ݁ܩ)ଶݎ5 ≥  .(ݎ݈݁ݑܧ)	ݎ2

Equality holds if and only if triangle is equilateral. For LHS, using Lemma, we get: 

2(2ܴ − (ݎ ≥ ݎ6 ⇔ ܴ ≥   .(ݎ݈݁ݑܧ)	ݎ2

3) In ઢ࡯࡮࡭ the following relationship holds: 

૟࢘ ≤෍
૛ࢇ

࢈ࢎ + ࢉ࢟ࢉࢉࢎ

≤ ૛(૛ࡾ − ࢘) 

Proposed by Marin Chirciu-Romania 

Solution. Lemma. 4) In ઢ࡯࡮࡭ the following relationship holds: 
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෍
૛ࢇ

࢈ࢎ + ࢉ࢟ࢉࢉࢎ

=
૝ࡾ(࢙૛ − ࢘૛ − (࢘ࡾ
࢙૛ + ࢘૛ + ૛࢘ࡾ  

Proof. Using ℎ௔ = ଶி
௔

, we get: 

෍
ܽଶ

ℎ௕ + ℎ௖௖௬௖

= ෍
ܽଶ

ܨ2
ܾ + ܨ2

ܿ௖௬௖

=
1

෍ܨ2
ܽଶܾܿ
ܾ + ܿ

௖௬௖

=
ܾܽܿ
ܨ2 ෍

ܽ
ܾ + ܿ

௖௬௖

=
ܨ4ܴ
ܨ2 ⋅

ଶݏ)2 − ଶݎ − (ݎܴ
ଶݏ + ଶݎ + ݎ2ܴ = 

= ସோ൫௦మି௥మିோ௥൯
௦మା௥మାଶோ௥

,	which follows from ∑ ௔
௕ା௖

= ଶ൫௦మି௥మିோ௥൯
௦మା௥మାଶோ௥

. Let’s get back to the main problem. 

For RHS, using Lemma and ∑ܽଷ = ଶݏ)ݏ2 − ଶݎ3 −  (ݎ6ܴ

ଶݏ)4ܴ − ଶݎ − (ݎܴ
ଶݏ + ଶݎ + ݎ2ܴ ≤ 2(2ܴ − (ݎ ⇔ ଶݏ)2ܴ − ଶݎ − (ݎܴ ≤ (2ܴ − ଶݏ)(ݎ + ଶݎ +  (ݎ2ܴ

⇔ ଶݏ ≤ 6ܴଶ + ݎ2ܴ − ଶݏ ଶ, which follows fromݎ ≤ 4ܴଶ + ݎ4ܴ +  and (݊݁ݏݐ݁ݎݎ݁ܩ)	ଶݎ3

ܴ ≥ Remains to prove that: 4ܴଶ .(ݎ݈݁ݑܧ)	ݎ2 + ݎ4ܴ + ଶݎ3 ≤ 6ܴଶ + ݎ2ܴ − ଶݎ ⇔ 

ܴଶ − ݎܴ − ଶݎ2 ≥ 0 ⇔ (ܴ − ܴ)(ݎ2 + (ݎ ≥ 0. Equality holds if and only if triangle is 

equilateral. For LHS. Using Lemma, inequality becomes as: 

ଶݏ)4ܴ − ଶݎ − (ݎܴ
ଶݏ + ଶݎ + ݎ2ܴ ≥ ݎ6 ⇔ ଶݏ)2ܴ − ଶݎ − (ݎܴ ≥ ଶݏ)ݎ3 + ଶݎ + (ݎ2ܴ ⇔ 

ଶ(22ܴݏ − (ݎ3 ≥ 2ܴଶ)ݎ + ݎ8ܴ + ଶݏ ଶ), which follows fromݎ3 ≥ ݎ16ܴ −  (݊݁ݏݐ݁ݎݎ݁ܩ)	ଶݎ5

and ܴ ≥  :Remains to prove that .(ݎ݈݁ݑܧ)	ݎ2

ݎ16ܴ) − ଶ)(2ܴݎ5 − (ݎ3 ≥ 2ܴଶ)ݎ + ݎ8ܴ + (ଶݎ3 ⇔ 

(16ܴ − 2ܴ)(ݎ5 − (ݎ3 ≥ 2ܴଶ + ݎ8ܴ + ଶݎ3 ⇔ 

32ܴଶ − ݎ48ܴ − ݎ10ܴ + ଶݎ15 ≥ 2ܴଶ + ݎ8ܴ + ଶݎ3 ⇔ 

30ܴଶ − ݎ6ܴ + ଶݎ12 ≥ 0 ⇔ 5ܴଶ − ݎ11ܴ + ଶݎ2 ≥ 0 ⇔ (ܴ − 5ܴ)(ݎ2 − (ݎ ≥ 0 

5) In ઢ࡯࡮࡭ the following relationship hods: 

෍
૛ࢇ

࢈ࢎ + ࢉ࢟ࢉࢉࢎ

≤෍
૛ࢇ

࢈࢘ + ࢉ࢟ࢉࢉ࢘

 

Proposed by Marin Chirciu-Romania 

Solution. Using Lemma’s we have: 
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෍
ܽଶ

ℎ௕ + ℎ௖௖௬௖

=
ଶݏ)4ܴ − ଶݎ − (ݎܴ
ଶݏ + ଶݎ + ݎ2ܴ ; 	෍

ܽଶ

௕ݎ + ௖௖௬௖ݎ

= 2(2ܴ −  (ݎ

Inequality, becomes as: ସோ൫௦
మି௥మିோ௥൯

௦మା௥మାଶோ௥
≤ 2(2ܴ − (ݎ ⇔ 

ଶݏ)2ܴ − ଶݎ − (ݎܴ ≤ (2ܴ − ଶݏ)(ݎ + ଶݎ + (ݎ2ܴ ⇔ ଶݏ ≤ 6ܴଶ + ݎ2ܴ − ଶݎ , which follows 

from ݏଶ ≤ 4ܴଶ + ݎ4ܴ + ଶݎ3 ܴ and (݊݁ݏݐ݁ݎݎ݁ܩ)	 ≥  :Remains to prove that .(ݎ݈݁ݑܧ)	ݎ2

4ܴଶ + ݎ4ܴ + ଶݎ3 ≤ 6ܴଶ + ݎ2ܴ − ଶݎ ⇔ ܴଶ − ݎܴ − ଶݎ2 ≥ 0 ⇔ (ܴ − ܴ)(ݎ2 + (ݎ ≥ 0 

Equality holds if and only if triangle is equilateral. 

6) In ઢ࡯࡮࡭ the following relationship holds: 

૟࢘ ≤෍
૛ࢇ

࢈ࢎ + ࢉ࢟ࢉࢉࢎ

≤෍
૛ࢇ

࢈࢘ + ࢉ࢟ࢉࢉ࢘

≤
૜ࢇ + ૜࢈ + ૜ࢉ

૝ࡲ  

Solution. See up these inequalities. Equality holds if and only if triangle is equilateral. 
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