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1) In AABC the following relationship holds:

2

a a3+ b3+ ¢3
6r < z <
T, +71, 4F
cyc

Proposed by Ertan Yildirim-lzmir-Turkey

Solution. Lemma. 2) In AABC the following relationship holds:
2

a
=2(2R —
ZT},"‘TC ( r)

cyc

Proof. Usingr, = ﬁ we get:

Zr,,cfrfz Fbcf _ =%za2(s_l;)(s_d=$Za(s—b)(s—c):

cyc cycg — s—c cyc cyc

= i 2sr(2R — r) = 2(2R — ), which follows from Ya(s — b)(s — ¢) = 2sr(2R — 1)
For RHS, using Lemma and Y a3 = 2s(s? — 3r%2 — 6Rr) inequality becomes as:

2s(s? — 3r?2 — 6Rr)
4sr
Which follows from s? > 16Rr — 5r?(Gerretsen) and R > 2r (Euler).

2@R-1) < & 4r(2R—71) < 5> —3r? —6Rr & s?> > 14Rr — r?

Equality holds if and only if triangle is equilateral. For LHS, using Lemma, we get:
2(2R —71) > 6r © R > 2r (Euler).

3) In AABC the following relationship holds:
2

a
6 Sz < 2(2R —
r h, = ( T)

cyc

Proposed by Marin Chirciu-Romania

Solution. Lemma. 4) In AABC the following relationship holds:
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z 4R(s —r2 —Rr)
h, + h, s2+ 12+ 2Rr
cyc

Proof. Using h, = E, we get:

z z z _abc a _ 4RF 2(s*—r?—Rr) _
h, + h, 2F 2F 2F b+c 2F Lub+c B

2F  sZ+7r2+2Rr
cyc cyc cyc cyc

—r2_ —_r2_
= 3BT 2RY) \hich follows from 3~ = 25°=""=R") | o5 get back to the main problem.
S4+14%+2Rr b+c S4+r<+2RT

For RHS, using Lemma and Ya® = 2s(s? — 3r2 — 6Rr)

4R(s*> —r®> —Rr) . L,
2+ 72+ 2Ry <2(2R-7r) © 2R(s* —r> —Rr) < (2R — r)(s* + r?> + 2Rr)

& s2 < 6R? + 2Rr — r?, which follows from s? < 4R? + 4Rr + 3r? (Gerretsen) and

R = 2r (Euler).Remains to prove that: 4R? + 4Rr + 3r2 < 6R?+2Rr —-r’

R?—Rr —2r? 20 & (R —2r)(R +r) = 0. Equality holds if and only if triangle is

equilateral. For LHS. Using Lemma, inequality becomes as:

4R(s*> — 1% —Rr)
2+ 12 + 2Rt >6r © 2R(s> —1r> —Rr) > 3r(s> +r>+ 2Rr) &

s%2(22R — 3r) = r(2R? + 8Rr + 3r?), which follows from s? > 16Rr — 512 (Gerretsen)
and R > 2r (Euler). Remains to prove that:
(16Rr —5r2)(2R —3r) >r(2R? + 8Rr + 3r?)
(16R—-5r)(2R—3r) > 2R*>+8Rr+3r? &
32R? — 48Rr — 10Rr + 1512 > 2R? + 8Rr + 3r? &
30R? —6Rr+12r? >0 5R* - 11Rr+2r’ >0 (R—2r)(BR—-1) >0
5)In AABC the foIIOWing relationship hods:

2

Dt S iy
hb+h Tb+7'

cyc cyc

Proposed by Marin Chirciu-Romania
Solution. Using Lemma’s we have:
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a? 4R(s?> —r% — Rr) a
Z = : =2(2R 1)
hy + h, s2+r2+2Rr T, + 1,
cyc cyc

4R(52—r2—Rr)
s2+7r2+42Rr

Inequality, becomes as: <2@2R-1) o
2R(s? —r? —Rr) < (2R — r)(s? +r? + 2Rr) & s%? < 6R? + 2Rr — r?, which follows
from s2 < 4R? + 4Rr + 3r? (Gerretsen) and R > 2r (Euler). Remains to prove that:
AR? +ARr +3r? <6R*+2Rr—r? © R*—Rr-2r’ 20 (R—-2r)(R+r) =0

Equality holds if and only if triangle is equilateral.

6) In AABC the following relationship holds:
6rsz < sz « sa3+b3+03
h, + h, r,t+r, 4F

cyc cyc

Solution. See up these inequalities. Equality holds if and only if triangle is equilateral.
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