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�(��, ��), �� =
�(���� + ����)

�����
, �� = −

�

�����
 

�� = ����
, ���

�, ���
=

���

�� + �� + ��
, ���

=
���

�� + �� + ��
 

����
=

���

���

=
�

�
= ��; (�) 

��� =
�� − ��

�� − ��
=

����� + ����� + �

−����� − ����� − �
= ��; (�) 

��� ⊥ �� → (�� + ��)���� + ���� + � = � →
(�,�)

 

(�� − ��)[(���� + ����)���� − �] = �; (� ≠ �) → 

(���� + ����)���� = � → ∠� = ��° 

�� = �� + �� − ��� ⋅ ���� → �� = �� + �� − ���√� 

[���] =
��

�
⋅ ���� →⏞

∠����°

  �[���] = �� + �� − �� 

�

�
=

�[���]

���
=

�� + �� − ��

���
 

Therefore, 

�

�
+

�

��
=

�

��
+

�

��
 

160. �, �, �, �, �, � −sides, � −circumradii in a bicentric hexagon. Prove that: 

������ ≤ �� 

Proposed by Daniel Sitaru-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
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Let � = ��, � = ��, � = ��, � = ��, � = ��, � = �� and � −be the circumcenter of 

������. 

��, ��, ��, ��, ��, �� −be the feet pf the perpendiculars from � to 

��, ��, ��, ��, ��, �� respectively. 

Let �� = �(����) = �(����), �� = �(����) = �(����) 

We define ��, ��, ��, �� as �� and ��. 

We have:  

� ��

�

���

= �, �� ∈ (�, �),    � = ����� ��(��� �������) 

������ = �(����� ��)

�

���

= (��)� � ��� ��

�

���

≤⏞
�����

(��)� �
�

�
� ��� ��

�

���

�

�

 

� → ��� � −is concave on (�, �), using Jensen, it follows that 

������ ≤ (��)� ���� �
�

�
� ��

�

���

��

�

= (��)���� �
�

�
� 

Therefore, 

������ ≤ �� 

161. �, �, �, �, �, � −sides, � −inradii in a bicentric hexagon. Prove that: 

�� + �� + �� + �� + �� + �� ≥ ��� 

Proposed by Daniel Sitaru-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
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Let � −be the incenter of ������. 

��, ��, ��, ��, ��, �� be the feet of the perpendiculars from � to ��, ��, ��, ��, ��, �� 

respectively. 

Let �� = ��� = ���, �� = ��� = ���, �� = ��� = ���, �� = ��� = ��� 

�� = ��� = ���, �� = ��� = ���. 

Let � −be the semiperimeter of ������, we have  

� =
�

�
� �

���

= � ��

�

���

 

We have: �� =
�

���
�

�

(��� �������) → � = � ∑
�

���
�

�

��� . 

Let �(�) =
�

��� �
, � ∈ (�, �), ��(�) = −

�

�����
, ���(�) =

�����

�����
≥ �. Using Jensen, it follows 

that: 

�
�

���
�
����

= � � �
�

�
�

���

≥ �� �
�

�
�

�

�
���

� =⏞
∑���

�� �
�

�
� = �√� → � ≥ �√�� 

→ � ��

���

≥⏞
��� �

�
�� �

���

�

�

=
�

�
�� ≥

�

�
��√���

�
= ��� 

162. �� −Nagel’s point of ���� 

� −incenter of ���� 

�� = � = ��, �� = � = �� 

�� = � = ��, 

�� = � = � 

�� ∈ ��, � −inradius of ����.  

Prove that: 

� ∈ ��, �� ∈ �(�, �) 

 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
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Solution by proposer 

�� ∈ �� →
�

�
⋅

� − �

�
+

�

�
⋅

� − �

�
= �; � =

� + � + �

�
 

��

��
⋅

�� + � − ��

�� + � + ��
+

��

�
⋅

−�� + � + ��

�� + � + ��
= � → � = ��. 

�
�

�
−

�

�
� + �

�

�
−

�

�
� =

�

��
↔ �

�

��
−

�

��
� + �

�

�
−

�

��
� =

��

�� ⋅ ��
↔

�

��
=

�

��
 

Hence, � ∈ ��. 

���� =
�� − �� + ��

���
=

�

�
→ ���� = ��°;   � =

��

� + � + �
���� → � = �√� 

Plagiogonal system: �� ≡ ��, �� ≡ ��, �(�, �), �(�, �), ��(��, ��) 

� =
��

� + � + �
= �, �� =

� − �

�
⋅ � → �� = �, �� =

� − �

�
⋅ � → �� = � 

���
� = (� − ��)� + (� − ��)� + �(� − ��)(� − ��)���� → 

���
� = �� → ��� = �√� → ��� = � → �� ∈ �(�, �) 

163. 

�� ���� ∶ 

�:" bc�4 cos2 B +4 cos2 C +1=3√3R2, 3a=π " and q: " a=µ(A), b=µ(B), c=µ(C) " 

����� ���� ∶ � ↔ �              

 Proposed by Daniel Sitaru-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

�������, �� ������ ���� � �� ����. 

bc�4 cos2 B +4 cos2 C +1=3√3R2  ↔  (�� ��� �). (�� ��� �)�4 cos2 B +4 cos2 C +1=3√3R2 

↔ � = (� ���� �)(� ���� �)(4 cos2 B +4 cos2 C +1) = �� 

��� �� ����, ���� �� − �� ∶  �

≤ �
(� ���� �) + (� ���� �) + (4 cos2 B +4 cos2 C +1)

�
�

�

= �� 

�������� ����� ���� ∶  � ���� � = � ���� � = 4 cos2 B +4 cos2 C +1  
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���� � = ���� � ↔ ��� � = ��� � (∴ ��� � , ��� � ≥ �)

↔ µ(B)=µ(C) (�� ���, µ(B)+µ(C)=π, contradiction) 

→ �(� − cos2 B) = � cos2 B +1 ↔ cos2 B =
�

�

↔ µ(B)=µ(C)=
�

�
 �� �µ(�) = µ(�) =

��

�
→ µ(�) + µ(�)>π� 

→ µ(B)=µ(C)=
�

�
→ µ(A)=

�

�
→ ���� �� �����������  

����� �=
�

�
→ � = � = � = µ(A)=µ(B)=µ(C)=

�

�
→ � �� ����. 

��� , �� ������ ���� � �� ���� →   
�

��� �
=

�

��� �
=

�

��� �
= �� 

��� �(�) =
�

��� �
, � ∈ (�, �) ��� �(�) = ��� � − � ��� � , � ∈ (�, �) 

�� ���� ∶  ��(�) =
�(�)

���� �
 ��� ��(�) = � ��� � > 0, ∀� ∈ (�, �) → � ↑ �� (�, �) 

→ �(�) > �(�) = �, ∀� ∈ (�, �) �� � �� �������� ���������� �� (�, �) 

→ � = � = � → � = � = � = µ(A)=µ(B)=µ(C)=
�

�
 ��� � =

�

�√�
 

→ bc�4 cos2 B +4 cos2 C +1= �
�

�
�

�

�4 cos2
�

�
+4 cos2

�

�
+1 =

��√�

�
= 3√3 �

�

�√�
�

�

= 3√3R2 
���� � → �. ���������, � ↔ �. 

164. � −circumcenter, � −incenter, � −circumradii in a bicentric 

quadrilateral ����. If ����� ⋅ ���� = � then find: � =
�

��
 

 

Proposed by Daniel Sitaru-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

Let � = ��, � = ��. We have: ���� =
�

��
 and ���� =

�

��
→ 

����� ⋅ ���� = � ⇔ ��� = ��� 
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We know that: �� = ���� + √�� + ���� → ���� + √�� + ���� = ��� 

⇔ ��� + √� + ��� = �� , where � = �
�

�
�

�

⇔ �√� + �� = �� − � 

⇔ �(� + ��) = ��� − ��� + � and � >
�

�
⇔ ��(� − ��) = � ⇔ � = �� →

�

�
= �√� 

From Fuss theorem, we have: �� = ��� + �� − �√��� + �� 

→ � =
�

��
= �� + �

�

�
�

�

−
�

�
�� + �

�

�
�

�

�

��

= =⏞
(�)

⎝

⎜
⎛

�� + �
�

�√�
�

�

−
�

�√�
⋅ �� + �

�

�√�
�

�

⎠

⎟
⎞

��

 

Therefore, 

� =
�

��
= √� 

165. If �, �, �, � −sides, �, � −diagonals, � −circumradii in a cyclic 
quadrilateral then: 

� ≥
�√����

� + �
 

Proposed by Daniel Sitaru-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 

 

Let � = ��, � = ��, � = ��, � = �� and � be the circumcenter of ����. 
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��, ��, ��, �� be the feet of the perpendiculars from  � to ��, ��, ��, �� respectively. 
Let �� = �(����) = �(����), �� = �(����) = �(����) 

(we define  ��, �� as �� and ��). We have: 

� ��

�

���

=
��

�
= �, �� ∈ (�, �), � = �� ⋅ �����(��� �������) 

→ ���� = �(�� ⋅ �����)

�

���

= (��)� � �����

�

���

≤⏞
�����

(��)� �
�

�
� ��

�

���

�

�

 

� → ���� is concave on (�, �), using Jensen’s inequality: 

→ ���� ≤ (��)� ���� �
�

�
� ��

�

���

��

�

= (��)� ���� �
�

�
��

�

 

→ ���� ≤ (��)� �
�

√�
�

�

= ��� → � ≥
√�

�
⋅ √����

�
; (�) 

���� is a cyclic quadrilateral, from Ptolemy’s theorem it follows that: 

�� = �� + �� ≥⏞
�����

�√���� 

� + � ≥⏞
�����

���� ≥ �√� ⋅ √����
�

; (�) 

From (�), (�) it follows that: 

�(� + �) ≥ �√���� → � ≥
�√����

� + �
 

166. �, �, �, �, �, � −sides, � −inradii in a tangential hexagon. Prove that: 

��

�
+

��

�
+

��

�
+

��

�
+

��

�
+

��

�
≥ �√�� 

Proposed by Daniel Sitaru-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 



 
www.ssmrmh.ro 

 �� RMM-GEOMETRY MARATHON 101-200 

 

��, ��, ��, ��, ��, �� be the feet of  the perpendiculars from � to ��, ��, ��, ��, ��, �� 
respectively. 

Let �� = ��� = ���, �� = ��� = ���, �� = ��� = ���, �� = ��� = ���, 
�� = ��� = ���, �� = ��� = ��� 

Let � −be the semiperimeter of ������, we have  

� =
�

�
� �

���

= � ��

�

���

 

We have: �� =
�

���
�

�

(��� �������) → � = � ∑
�

���
�

�

. 

Let �(�) =
�

����
, � ∈ ��,

�

�
�, we have: ��(�) = −

�

�����
 and ���(�) =

�����

�����
≥ �. 

Using Jensen inequality, we get: 

�
�

���
�
����

= � � �
�

�
�

���

≥ �� �
�

�
�

�

�
���

� ≥⏞
∑���

�� �
�

�
� = �√� → � ≥ �√�� 

��

�
+

��

�
+

��

�
+

��

�
+

��

�
+

��

�
≥⏞

��� (∑�)�

∑�
= � �

���

= �� = � ⋅ �√�� = �√�� 

Therefore, 

��

�
+

��

�
+

��

�
+

��

�
+

��

�
+

��

�
≥ �√�� 

167. � −area, � −circumradii, � −inradii, � −semiperimeter in a bicentric 

octagon.Prove that: 

��

� ⋅ ���
�
�

≤
�

�
≤

�� ⋅ ���� �
�

�
 

Proposed by Daniel Sitaru-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 
��� � �� ��� ������������ �� ����������������, ��� �� = ��������

(�),  
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∀� ∈ {�, �, … , �}  (�� = ��).��� �� = ������ ��� �� = µ(�����) = µ(�������),  

∀� ∈ {�, �, … , �}  (�� = ��).�� ���� ∶  �� = �� ��� �� , ∀� ∈ {�, �, … , �} ��� 

 � ��

�

���

=
��

�
= � 

�� ���� ���� � → ��� �  �� ������� �� ��,
�

�
� 

→ � =
�

�
� ��

�

���

= � � ��� ��

�

���

≤⏞
������

��. ��� �
�

�
� ��

�

���

� = �� ��� �
�

�
� → � ≤ �� ��� �

�

�
�  (�) 

 

��� � �� ��� �������� �� ���������������� ��� �� = ��������
(�),  

∀� ∈ {�, �, … , �}  (�� = ��).��� �� = ���� = ������,  

∀� ∈ {�, �, … , �}  (�� = ��), �� ���� ∶  �� =
�

���
��

�

, ∀� ∈ {�, �, … , �}, ��� � = � ��

�

���

 

��� �(�) =
�

��� �
, � ∈ ��,

�

�
� , �� ���� ∶  ��(�) = −

�

���� �
 ��� ���(�) =

� ��� �

���� �
≥ � 

→ � − ������ → � = � ��

�

���

= � �
�

���
��

�

�

���

= � � � �
��

�
�

�

���

≥⏞
������

��� �
�

�
�

��

�

�

���

� =⏞

∑ ������
���

��� �
��

�
� 
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=
��

��� �
��
� �

=
��

��� �
�
� −

�
��

= �� ��� �
�

�
� → � ≥ �� ��� �

�

�
�  (�) 

(�) ��� (�) → � ≤ � ���
�

�
→

��

� ���
�
�

≤ � =
�

�
 ��� 

�� ���� �
�

�
≥

��

�
= � =

�

�
 

Therefore, 

��

� ���
�
�

≤
�

�
≤

�� ���� �
�

�
. 

168. If ��, ��, … , ��, � ≥ � is a convex polygon, and � ∈ ���(���� … ��), 
with  

��������
� = �� ∈ [������], for any � ∈ {�, �, … , �}, ���� ≡ ��. 

Prove that : 

�
������

���

�

���

≥ �� ���
�

�
        

Proposed by D.M.Bătineţu-Giurgiu, Neculai Stanciu-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 

��� �� = µ(�����), �� = µ(�������), ∀� ∈ {�, �, … , �}, ���� ≡ ��,  

���� ����� ���� ∶  ��, �� ∈ ��,
�

�
�  ��� �(�� + ��)

�

���

= �� 

We have : 
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������

���
=

����

���
+

������

���
= ��� �� + ��� �� , ∀� ∈ {�, �, … , �}, ���� ≡ �� 

��� �(�) = ��� � , � ∈ ��,
�

�
� , �� ���� ∶  

��(�) =
�

���� �
 , ���(�) =

� ��� �

���� �
> � → � − ������ 

→⏞
����� ������

�
������

���

�

���

= �(��� �� + ��� ��)

�

���

≥ �� ��� �
�

��
�(�� + ��)

�

���

�

= �� ��� �
��

��
� = �� ��� �

�

�
� 

Therefore, 

�
������

���

�

���

≥ �� ���
�

�
 

Solution 2 by Adrian Popa-Romania 

������:  ∠�� = ��° → ∠����� < ��°;    ���
= ∠����� 

��������:   ∠�� = ��° → ∠������� < ��°;     ���
= ∠������� 

  

⎩
⎨

⎧ ������:   �������
� =

����

���

��������:   �������
� =

������

���

→ 

�������
� +  �������

� =
����

���
+

������

���
=

������

���
 

�
������

���

�

���

= � ��������
� +  �������

��

�

���

 

Let be the function: �(�) = ��� �, � ∈ ��,
�

�
� , ��(�) = � + ����� 

���(�) = � + ���� � ⋅ (� + �����) > � → � −convexe. 

From Jensen’s inequality, we get: 

���(���) + ���(���)+. . +���(���) + ���(���)

��
≥ 

≥ ��� �
��� + ��� + ⋯ + ��� + ���

��
� = ��� �

��

��
� = ��� �

�

�
� 
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Therefore, 

�
������

���

�

���

≥ �� ���
�

�
 

169. 

 

Given ����.  

∠��� = � ⋅ ∠��� 

 �� is internal bisector of �.Prove that: 

�

��
+

�

��
=

�

��
⇔ ∠��� = ��° 

Proposed by Juan Jose Isach Mayo-Spain 

 

Solution by Apostolis Manoloudis-Greece 

 

�

��
+

�

��
=

�

��
⇔ ∠��� = ��° 

��

��
+

��

��
= � ⇔

��

��
+

��

��
= � ⇔ �� = �� + �� 

Let �� = �� ⇔ �� = ��. 

But ���� = ���� ⇔ �� = ��. 

So, ∠��� = �� = ��° − �� ⇔ 

∠��� = ��° + �� ⇔ 

��° + �� + �� + �� = ���° ⇔ 

�� = ��° ⇔ ∠��� = ��° 
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170. 

�� = ��, �� = ��, �� = ��, 

��� = � 

� −circumcenter 

� −incenter 

� ∈ ���, � ∈ ��� 

Find:  ���� 

Find: exact value of area [���] 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 

Solution by proposer 

Is �, �, � collinear→ �
��

��
+

��

���
� − �

��

���
+

��

��
� ⋅ ���� = ������ 

→ �
��

��
+

��

�
� − �

��

�
+

��

��
� ⋅ ���� = ������ 

→
��

�
−

��

�
���� = ������ 

→ �� − ������ = �� − ������� → ���� =
�

�
→ ∠� = ��°. 

�� = �� + �� − ��� ⋅ ���� = ��� + ��� − � ⋅ �� ⋅ �� ⋅
�

�
→ �� = ��� → � = �� 

Is �, �, �� collinear → �
�

��
−

�

��
� + �

�

���
−

�

��
� =

��

��⋅��
 

→ �
�

��
−

�

��
� + �

�

���
−

�

��
� =

��

�� ⋅ ��
→ ��� =

��

�
 

���� = ��� − ��� =
��

�
− � → ���� =

�

�
 

Plagiogonal System: �� ≡ ��, �� ≡ ��, � =
�����

�
= �� 

�(�, �), � =
��

� + � + �
=

�� ⋅ ��

�� + �� + ��
→ � = � 

� = � ⋅ ���� → � = � ⋅ �����° → � = �√� 
�� = � − � = �� − �� → �� = �;  �� = �� − �� = �� − � → �� = � 

��� = �, �� = ��, ∠� = ��° → ∠���� = ��° → ∠���� = ��° = � 

�(��, �), ��(�, �), ����
= � = −

�

�
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Let �� ∥ ���, ��: (� − �) = �(� − �) →⏞
���

− � = −
�

�
(� − �) → � = �� = �� 

�� = �� − �� = �� − �� → �� = � 

���:
�

��
+

�

�
+ � = �, ���: � = � → � = � 

�(��, ��), �� = �, �� = � 

��� = (�� − �)� + (� − �)� + �(�� − �)(� − �) ⋅ �����° → �� = �√� 
Plagiogonal system: �� ≡ ��; ��� ≡ ��, � = ��° 

�(�, �), �(�, �), ��−�, �√��, �(�, �) 

�(�, �): (� + �)� + �� − �√��
�

+ �(� + �)�� − �√��
�

⋅ �����° → � = �√� 

→ � =
�

�
��√� − �√�— �� − �� + ��) = �(�) 

[���] = ���� ⋅ � �(�)��
�

�

=
�

�
�

�

�
��√� − �√�— �� − �� + �����

�

�

 

→ [���] = −���

�
−

�√��

�
+ �√� − �� + � ⋅ ����� �

�

√��
� ≈ �, �������������� 

171.  

� −circumcenter of ���� 

Prove that: �, �, � −collinear ⇔ 

�
��

��
+

��

��
� − �

��

��
+

��

��
� ⋅ ���� = � ⋅ ����� 

 

Proposed by Thanasis Gakopoulos-Farsala-

Greece 

Solution 1 by proposer 

Plagiogonal System: �� ≡ ��, �� ≡ �� 

�(�, �), �(�, �), �(�, �), �(�, �), �(�, �), �(��, ��) 

�� =
� − � ⋅ ����

������
, �� =

� − � ⋅ ����

������
 

�, �, � −collinear⇔ �

� � �
� �� �
� �� �

� = � 

⇔ �(� − � ⋅ ����) + �(� − � ⋅ ����) = ��� ⋅ ����� 
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�
�

�
+

�

�
� − �

�

�
+

�

�
� ⋅ ���� = ������ 

�
��

��
+

��

��
� − �

��

��
+

��

��
� ⋅ ���� = ������ 

Solution 2 by Jose Ferreira Queiroz-Olinda-Brazil 

 

��� = ��� =
�

�
, �� = �, �� = �, �� = �, �� = �, �� = � 

�� = �� = �����, �� = �� = �����, �� = � − �, �� = � 

�� = �����, �� = �����, ��� =
�� − �

�
 

In �����:   ��� = ���
� + ���� 

�� = �� +
��

�
, � = ������ →  � =

�

�����
 

��

������
= �� +

��

�
→ �� =

�� − �������

������
; (�) 

���� is similar �����:   ���� =
��

��
=

���

���
→

��

�������
=

�
����

�

 

��

� − �����
=

��

�� − �
→ � =

��(�� − �)

�(� − �����)
 

Now, ���� is similar ����:  
��

��
=

��

��
→

��

��
=

�

�
→ �� =

�

�
�� 

� =

�
� ��(�� − �)

�(� − �����)
=

���(�� − �)

��(� − �����)
=

������(�� − �)

��(� − �����)
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→ � =
�(�� − �)����

�(� − �����)
; (��) 

From (�), (��) we have: 

�� =
��(�� − �)������

�(� − �����)�
=

�� − �������

������
 

�� = �� + �� − ������� 

��(�� − �)������

(� − �����)�
=

�� + �� − ������� − ��(� − �����)

�����
 

��(�� − �)������ = (� − �����)�(� − �����)� 

��(�� − �)������ − (� − �����)�(� − �����)� = � 

[�(�� − �)����� − (� − �����)(� − �����)][�(�� − �)�����

+ (� − �����)(� − �����)] = � 

So, 

(�)   �(�� − �)����� − (� − �����)(� − �����) = � 

�(�� − �)����� − �� + ������ + ������ − ������� = � 

�������� = (�� + ��) − (�� + ��)���� 

�
��

��
+

��

��
� − �

��

��
+

��

��
� ⋅ ���� = ������ 

(��)   �(�� − �)����� + (� − �����)(� − �����) = � 

�
�

�
+

�

�
� ���� − �

�

�
+

�

�
� = � �� −

�

�
� �����, does not satisfy the problem. 

Therefore, 

�
��

��
+

��

��
� − �

��

��
+

��

��
� ⋅ ���� = ������ 

172.  
In acute ����, �� −radii of circle tangent simultaneous to �� in the middle 
of �� and circumcircle of ����(internal tangent). If ��, �� −are similarly 
defined then: 

�� + �� + �� = � −
�

�
 

 
Mehmet Şahin-Ankara-Turkey 
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Solution by Adrian Popa-Romania 
 

 

Let � be tangent point of these two circle. 

�� = �� + �� → � = �� + ��� 

�
∠��� = ���

∠� =
���

�

→ ∠��� = �∠�, �� ≡ �� = �, ���� −isoscelles, then ∠��� = ∠�. 

����(∠� = ��°):  ���� =
��

�
→ �� = � ⋅ ���� 

� = � ⋅ ���� + ��� → ��� = �(� − ����) = � ⋅ �����
�

�
 

�� = � ⋅ ����
�

�
 

�� + �� + �� = � �����
�

�
+ ����

�

�
+ ����

�

�
� = � �� −

�

��
� = � −

�

�
 

173.  

� −orthocenter of ���� 

Prove: 

�, �, � −collinear⇔ 



 
www.ssmrmh.ro 

 �� RMM-GEOMETRY MARATHON 101-200 

 

�
��

��
+

��

��
� − �

��

��
+

��

��
� ⋅ ���� = ���� ⋅ ���� 

Proposed by Thanasis Gakopoulos-Farsala-Greece 

Solution by Jose Ferreira Queiroz-Olinda-Brazil 

 

� = �� ⋅ ����, �� = �, �� = �, �� = �, �� = �, � = � 

��� = �� = � ⋅ ����, �� = �� = � ⋅ ����, ��� = � 

�� = � ⋅ ����, �� = �� = �� = �, �� = ��� − ��� = �� − � 

�� = ��, ��� = � ⋅ ���� 

The orthocentre of ���� is the circumcenter of ����, so 

(��)� = �� + (�� − �)�; (�) 

����� is similar to ����, so 
���

��
=

��

��
→

��

��
=

�

�
 

���� is similar to �����, so 

��

���
=

��

���
→

��

�
=

� − ��

� − ���
=

� − � ⋅ ����

� − � ⋅ ����
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� = �� ⋅
� − � ⋅ ����

� − � ⋅ ����
= � ⋅ ���� ⋅

� − � ⋅ ����

� − � ⋅ ����
→ � =

� ⋅ ���� ⋅ (� − � ⋅ ����)

� − � ⋅ ����
 

Now, 

�� − � = � ⋅ ���� − � = � ⋅ ���� −
� ⋅ ���� ⋅ (� − � ⋅ ����)

� − � ⋅ ����
 

�� − � =
� ⋅ ���� ⋅ (� − �)

� − � ⋅ ����
; (��) 

From (�), (��) we have: 
��

�����
= �� +

�� ⋅ ����� ⋅ (� − �)�

(� − � ⋅ ����)�
 

�� − �� ⋅ �����

�����
=

�� ⋅ ����� ⋅ (� − �)�

(� − � ⋅ ����)�
 

�� = �� + �� − ��� ⋅ ���� 
�� + �� − ��� ⋅ ���� − �� ⋅ �����

�����
=

�� ⋅ ����� ⋅ (� − �)�

(� − � ⋅ ����)�
 

�� + �� − ��� ⋅ ���� − ��(� − �����)

�����
=

�� ⋅ �����(� − �)�

(� − � ⋅ ����)�
 

(� − � ⋅ ����)�

�����
=

�� ⋅ ����� ⋅ (� − �)�

(� − � ⋅ ����)�
 

(� − � ⋅ ����)� ⋅ (� − � ⋅ ����)� − �� ⋅ ���� ⋅ (� − �)� = � 
[(� − � ⋅ ����) ⋅ (� − � ⋅ ����) − � ⋅ ����� ⋅ (� − �)]

⋅ [(� − � ⋅ ����) ⋅ (� − � ⋅ ����) + � ⋅ ����� ⋅ (� − �)] = � 
So, 

i) (� − � ⋅ ����) ⋅ (� − � ⋅ ����) − � ⋅ ����� ⋅ (� − �) = � 

�� − (�� + ��) ⋅ ���� + �� ⋅ ����� − (�� − ��) ⋅ ����� = � 
 

�� − (�� + ��) ⋅ ���� + �� ⋅ ����� − �� ⋅ ����� + �� ⋅ ����� = � 
 

(�� + ��) ⋅ ����� − (�� − ��) ⋅ ���� + �� ⋅ ����� = � 
 

(�� + ��) − (�� + ��) ⋅ ���� = �� ⋅ ���� ⋅ ���� 
 

Or,  

ii) (� − � ⋅ ����) ⋅ (� − � ⋅ ����) + � ⋅ ����� ⋅ (� − �) = � 
 

�� − (�� + ��) ⋅ ���� + �� ⋅ ����� + (�� − ��) ⋅ ����� = � 
 

�� − (�� + ��) ⋅ ���� + �� ⋅ ����� + �� ⋅ ����� − �� ⋅ ����� = � 
��� − (�� + ��) ⋅ ���� + (�� − ��) ⋅ ����� = �� ⋅ ����� 

��

�
− �

�

�
+

�

�
� ⋅ ���� + �

�

�
−

�

�
� ⋅ ����� = �����, does not satisfy the problem. 
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So, 
(�� + ��) − (�� + ��) ⋅ ���� = �� ⋅ ���� ⋅ ���� 

�
�

�
+

�

�
� − �

�

�
+

�

�
� ⋅ ���� = ���� ⋅ ���� 

Therefore,  

�
��

��
+

��

��
� − �

��

��
+

��

��
� ⋅ ���� = ���� ⋅ ���� 

174.  

���� = ����� 

���� = ����� 

Prove: � ∈ �� 

���� −area of ����. 

���� −perimeter of ����. 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 

Solution 1 by Jose Ferreira Queiroz-Olinda-Brazil 

 

�� = �, �� = �, �� = �, �� = �, �� = �, �� = �, �� = � − �, �� = � − � 

If � ∈ ��, so i) �� =
�

��
⋅ (� + �)�(�� + ��) − �(� + �)(� + �) 

ii) 
�

��
= �

�

�
−

�

�
� + �

�

�
−

�

�
� 

Now, ���� = �����; ���� = ���� − ���� → ����� = ���� 
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� ⋅
�

�
⋅ �� ⋅ ���� =

�

�
⋅ �� ⋅ ���� 

�� = ���; (�) →
��

��
=

�

�
 

���� = ����� → � + � + � = � + (� − �) + (� − �) + � 

�(� + �) = � + � + �; (�) → � = �(� + �) − (� + �) 

Replacing (�)in (�), we have: �� =
�

��
(� + �)�(��� + ��) − �(� + �)(� + �) 

�� = �(� + �)� − �(� + �)(� + �); (�) 

Being, �� = �� + �� − ��� ⋅ ����and �� = �� + �� − ��� ⋅ ����, so 

�� = �� + �� − ��� ⋅
�� + �� − ��

���
 

�� = �� + �� −
��

��
(�� + �� − ��) → �� = �� + �� −

�

�
(�� + �� − ��) 

→ �� = �� + �� −
�

�
��� + �� − ��(� + �) − (� + �)�

�
� 

�� = (� + �)� − ��� −
�

�
[�� + �� − �(� + �)� + �(� + �)(� + �) − (� + �)�] 

��� = �(� + �)� − ��� − �� − �� + �(� + �)� − �(� + �)(� + �) + (� + �)� 

��� = �(� + �)� − (� + �)� + �(� + �)� − �(� + �)(� + �) + (� + �)� 

��� = �(� + �)� − �(� + �)(� + �) 

�� = �(� + �)� − �(� + �)(� + �); (�) 

So, (�) = (�) 

Now, using the expression (�) it follows that: � = �� + �� − � − � 

�

��
= � ⋅

�

��
+ � ⋅

�

��
−

�

��
−

�

��
 

�

��
= � ⋅

�

���
+ � ⋅

�

���
−

�

�
−

�

�
 

�

��
= �

�

�
−

�

�
� + �

�

�
−

�

�
� ; (�) 

We conclude that conditions (�) and (��) are satisfied. 

Therefore, � ∈ �� 
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Solution 2 by Gheorghe Oniciuc-Romania 

 

���� = ����� → ���� =
�

�
���� →

�� ⋅ ��� �

�
=

�

�
⋅

�� ⋅ ��� �

�
→ �� =

��

�
; (�) 

���� = ����� → � + � = � + � + � − (� + �) → � + � = �; (�� = � + � + �) 

� ∈ ��������⃗ ⇔ ������⃗ = ��������⃗ + (� − �)��������⃗ , ��⃗ � = ���⃗  

��⃗ � =
���⃗ � + ���⃗ � + ���⃗ �

��
=

���⃗ � + ���⃗ �

��
 

��⃗ � =
�

�
��⃗ �, ��⃗ � =

�

�
��⃗ � 

So, � ∈ (��) ⇔ ∃� ∈ � such that: 

��

�
⋅ ��⃗ � +

(� − �)�

�
⋅ ��⃗ � =

�

��
⋅ ��⃗ � +

�

��
⋅ ��⃗ � 

⇔ �

��

�
=

�

��
(� − �)�

�
=

�

��

⇔

⎩
⎨

⎧ � =
��

���

� − � =
��

���

⇔
��

���
+

��

���
= � ⇔ 

�

�
+

�

�
=

��

��
⇔

� + �

��
=

��

��
⇔

�

��
�

=
��

��
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175.  

In ����, � ∈ ��, � ∈ ��, 

 �� = �, �� = � 

�� −N.P.C. 

�

�
+

�

�
=

�

� + �
 

Prove that: ∠��� = ��° 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution by Jose Ferreira Queiroz-Olinda-Brazil 

 

We know that �, � and � are collinear. So, 

�
��

��
+

��

��
� ���� − �

��

��
+

��

��
− �� ����� = �, �

�

�
+

�

�
� ���� − �

�

�
+

�

�
− �� ����� = � 

�� −
�

�
−

�

�
� ���� − �

�

�
+

�

�
− �� (������ − �) = � 

Replacing  
�

�
+

�

�
= �, so (� − �)���� − (� − �)(������ − �) = � 

(� − �)���� − �(� − �)����� + (� − �) = ��(� − �)����� − (� − �)���� + (� − �) = � 

����� =
�

�
→ �� = ��°, ����� =

� − �

� − �
=

� − �
�
�

+
�
�

�

�
�
�

+
�
�

� − �
 

Does not satisfy the problem. 
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176.  

 

 

 

 

 

 

 

�� −N.P.C. of ����.   Prove that: 

�, �, �� −collinear ⇔ �
��

��
+

��

��
� ���� − �

��

��
+

��

��
− �� ����� = � 

Proposed by Thanasis Gakopoulos-Farsala-Greece 

Solution by Jose Ferreira Queiroz-Olinda-Brazil 

 

��� = ��� =
�

�
, �� = �, �� = �, �� = �, �� = �, �� = � 

��� = ��� =
�

�
, �� = ��, ��� = ��, ��� = �, ��� = �� 



 
www.ssmrmh.ro 

 �� RMM-GEOMETRY MARATHON 101-200 

 

���� = ���� =
�

�
, ��� + ��� =

�

�
⋅ ����, � =

�

�
⋅ ���� − �� 

In ������: ����
� = ���� + ���� 

�
�

�
�

�

= �� + �
�

�
�

�

→ �
�

�
�

�

= �
�

�
���� − ���

�

+ �
�

�
�

�

; (�) 

In ������:  ����
� = ���� + ���

� 

��� = ��� − �� − �� =
�

�
−

�

�
−

�

�
⋅ ���� 

��� =
�

�
−

�

�
⋅ ���� → �

�

�
�

�

= ��
� + �

�

�
−

�

�
�����

�

; (��) 

So, (�) = (��) 

��
� + �

�

�
−

�

�
�����

�

= �
�

�
�

�

+ �
�

�
���� − ���

�

→ 

�� =
� ⋅ ����� + � ⋅ ���� − � ⋅ �����

�����
 

Now, 

���� =
��

��
=

���

��
→ �, �, �� −are collinear. 

��

� − �����
=

� ⋅ ����� + � ⋅ ���� − � ⋅ �����

(�� − � − �� ⋅ ����)����
 

� ⋅ ����� ⋅ (�� − � − �� ⋅ ����) − (� − � ⋅ ����)�� ⋅ ����� + � ⋅ ����� − � ⋅ ������ = � 

����� ⋅ (��� − ��) − ��� ⋅ ��������� − �� ⋅ ����� − �� ⋅ ���� + �� ⋅ ����� + 

+�� ⋅ ��������� + �� ⋅ ����� − �� ⋅ ��������� = � 

����� ⋅ (��� − �� − ��) − �� ⋅ ���� ⋅ ������ + ������ − �� ⋅ ���� + (�� + ��)����� = � 

����� ⋅ (��� − �� − ��) − (�� + ��)���� + (�� + ��)����� = � 

(�� + ��)���� − (�� + �� − ���)����� = ��� 

Therefore, 

�
��

��
+

��

��
� ���� − �

��

��
+

��

��
− �� ����� = � 
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177. �� ����, � − ������� �����, ��, ��, �� − ���������, ��, ��, �� −

����������� ��  ������, ������, ������. 

����� ���� ∶ ������� = ���    

Proposed by Mehmet Şahin-Ankara-Turkey 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 

��� � �� ��� ���� �� ��� ������������� ���� � �� ����. 

�� ���� ∶  µ(����) =
� − �

�
→ µ(����) =

�

�
− µ(����) =

�

�
 

������ �� ��������� → µ(�����) = � − �µ(����) = � − � ��� ��� =
����

�
 

→  ��� ����� =
���

���
=

����

�. ��
→ ���� = �� ���

�

�
       (��� = ��) 

�� ������, �� ���� ∶  ��� ����� =
����

���
→ �� =

����

� ��� �����
=

�� ���
�
�

� ���(� − �)
=

�� ���
�
�

� ��� �

= � ���
�

�
 

→ �� = � ���
�

�
 (��� �������) → ������ = �� � ���

�

�
= ��.

��

�
=

���

�
 

���������, ������� = ��� 
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178. In ����, �� −Nagel’s cevian, the following relationship holds: 

� �
�

�
− �� � ��

���

= �� + � + �
��

�

��
���

 

Proposed by Bogdan Fuştei-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

∵ ��
� = �� − �����; (��� �������) 

→ �
��

�

��
���

= �� �
�

��
���

− � ���

���

=
��

�
− � � ��

���

 

→ �� + � + �
��

�

��
���

=
(�� + �)� + ��

�
− � � ��

���

=
�� + �� + ���

�
− � � ��

���

= 

=
∑��

�
− � � ��

���

=
∑����

�
− � � ��

���

= � �
�

�
− �� � ��

���

 

Therefore, 

� �
�

�
− �� � ��

���

= �� + � + �
��

�

��
���

 

179. If � −Bevan' s point in ���� then :  

� ��� = ���� − �� − �� − ���  

 

Proposed by Mehmet Şahin-Ankara-Turkey 
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Solution 1 by Tran Hong-DongThap-Vietnam 

 

In ���� we have: 

��� =
���� + ���� − ���

�
=

���� + ���� − (���)�

�
=

��� + ���

�
− ��� 

⇒ ��� = ���� + ���� − ��� = ��� + �(�� − ���) − (�� + (� − �)�) 

Similarly: ��� = ��� − ��� − (�� + (� − �)�) 

��� = ��� − ��� − (�� + (� − �)�) 

⇒ ��� + ��� + ��� = ���� − ���� − ��� − (��� − �(� + � + �)� + �� + �� + ��) 

= ���� − ���� − ��� − (��� − ��� + ��� − ��� − ���) 

= ���� − ��� − �� − �� 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

��� � �� ��� ���� �� ��� ������������� ���� �� �� ��. 

�� ���� ���� ∶ � ∈ ���, �� = � − �, ��� = �� ��� ��� = ��� = ��� = �� 
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→ ��� = ��� + ��� = (� − �)� + (�� − ��)�  (��� �������) 

→ � ��� = �(� − �)� + �(�� − ��)�

= ��� − �� � � + � �� + ���� − �� � �� + � ��
� 

= ��� − ��� + �(�� − �� − ���) + ���� − ��(�� + �) + (�� + �)� − ��� 

���������, � ��� = ���� − �� − �� − ��� 

180.  

� ∈ �(�, �) 

�, �, � −are natural numbers 

� ≠ � ≠ � ≠ � 

����� −area of ����. 

Find:  ���{�����} 

 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution by proposer 

 

Let � < � < �. 

� ∈ �(�, �) → �(�� + �� + ��) = �(� + � + �)� 

From wolframalfa we have: 

If � = �, �, �, � then, the result is not acceptable. 

If � = � → (�, �, �) = (�, ��, ��) 

����� = ��(� − �)(� − �)(� − �); � =
� + � + �

�
→ ����� = �√�� 
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181.  

�� −Lemoine’s point of ���� 

�� = �, �� = � 

� −circumradius of ���� 

Prove that: 

�

�
+

�

�
≥

�

�
√� 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 

Solution by proposer 

Is: 
�

�
+

�

�
=

��������

��
 and 

��������

��
≥

�√��

��
=

�√�⋅
�

�
��⋅����

��
→ 

�

�
+

�

�
≥ �√� ⋅ ���� →

�

�
+

�

�
≥ �√� ⋅

�

��
 

→
�

�
+

�

�
≥

�

�
√� ��

�

�
+

�

�
≥

�

��
⋅ �√� 

182. � −Bevan’s point in ����, ��, ��, �� −excenters, �� ⊥ (����), 

� ∈ (����), �� ⊥ (����), � ∈ (����), �� ⊥ (����), � ∈ (����). Prove that : 

�

��. ���
+

�

��. ���
+

�

��. ���
=

�� + �� + ��

����
  

Proposed by Mehmet Șahin-Ankara-Turkey 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 


