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2301. In ઢ࡯࡮࡭ the following relationship holds: 

൬૚ +
૚
ࢇ
ܖ܉ܜ

࡭
૛
൰ ൬૚ +

૚
࢈
ܖ܉ܜ

࡮
૛
൰ ൬૚+

૚
ࢉ
ܖ܉ܜ

࡯
૛
൰ ≥ ൬૚ +

ૢ
૛
⋅
࢘
࢙૛
൰
૜

 

Proposed by Florică Anastase-Romania 
Solution 1 by Probal Chakraborty-India 

൬૚ +
૚
ࢇ ܖ܉ܜ

࡭
૛൰ ൬૚ +

૚
࢈ ܖ܉ܜ

࡮
૛൰ ൬૚ +

૚
ࢉ ܖ܉ܜ

࡯
૛൰ = 

= ൬૚ +
࢘

࢙)ࢇ − ൰(ࢇ ൬૚ +
࢘

࢙)࢈ − ൰൬૚(࢈ +
࢘

࢙(࢙ − ൰(ࢉ ≥ 

≥ ൬૚ +
ૢ࢘
૛࢙૛൰

૜

 

Note: − ࢇିࢉା࢈
૛

= ࢙ − ࢇ,ࢇ + ࢈ + ࢉ = ૛࢙, ࢙ ≥ ࢙ −  ࢇ

+ࢇ ࢈ + ࢉ ≥ ૜√ࢉ࢈ࢇ૜ → ࢙ ≥
૜
૛ ࢉ࢈ࢇ√

૜ ; 	 ૜ࢉ࢈ࢇ√ ≥ ૜࢈,ࢇ+ ࢉ > ܽ 

࢙ ≥
ૢ
૛ ࢇ →

૛࢙૛

ૢ ≥ ࢙)ࢇ − (ࢇ →
૚

࢙)ࢇ − (ࢇ ≥
ૢ
૛࢙૛ 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

By Holder inequality: 

ෑ൬૚ +
૚
ࢇ ࢔ࢇ࢚

࡭
૛൰

ࢉ࢟ࢉ

≥ ቌ૚ + ඨ
૚
࢔ࢇෑ࢚ࢉ࢈ࢇ

࡭
૛

ࢉ࢟ࢉ

૜ ቍ

૜

= 

= ቌ૚ + ඨ ૚
૝࢙࢘ࡾ ⋅

࢘
࢙	

૜
ቍ

૜

= ൬૚ +
૚

√૝࢙ࡾ૛૜ ൰
૜

≥⏞
(∗)

൬૚ +
ૢ࢘
૛࢙૛൰

૜

 

(∗) ⇔ ૛࢙૛ ≥ ૢ࢘ ⋅ √૝࢙ࡾ૛૜ ⇔ ૛࢙૝ ≥ ૢ૜࢘ࡾ૜, which is true, because 
૛࢙૛ ≥ ૛ૠ࢘ࡾ and ࢙૛ ≥ ૛ૠ࢘૛(ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ). 

Therefore, 

 ቀ૚ + ૚
ࢇ
ܖ܉ܜ ࡭

૛
ቁ ቀ૚ + ૚

࢈
ܖ܉ܜ ࡮

૛
ቁ ቀ૚ + ૚

ࢉ
ܖ܉ܜ ࡯

૛
ቁ ≥ ቀ૚ + ૢ

૛
⋅ ࢘
࢙૛
ቁ
૜
 

Solution 3 by proposer 

ࢇ ܜܗ܋
࡭
૛ + ܜܗ܋࢈

࡮
૛ + ࢉ ܜܗ܋

࡯
૛ ≤

૛࢙૛

૜࢘ ; (૚) 



 
www.ssmrmh.ro 

4 RMM-TRIANGLE MARATHON 2301-2400 
 

ࢇ ܜܗ܋
࡭
૛ = ඨࢇ

࢙(࢙ − (ࢇ
(࢙ − ࢙)(࢈ − (ࢉ =

࢙)࢙ࢇ − (ࢇ
ࡲ ⇒෍

࢙)࢙ࢇ − (ࢇ
ࡲ

ࢉ࢟ࢉ

≤
૛࢙૛

૜࢘ ⇔ 

෍
࢈)ࢇ + ࢉ − (ࢇ

૛
ࢉ࢟ࢉ

≤
૛(ࢇ+ ࢈ + ૛(ࢉ

૜ ⋅ ૝ ⇔෍࢈ࢇ
ࢉ࢟ࢉ

≤෍ࢇ૛
ࢉ࢟ࢉ

;  (ࢋ࢛࢚࢘)

෍
૚

࢞ + ࢇ ܜܗ܋ ࢉ࢟ࢉ૛࡭

≥
ࡿ࡯࡮ ૢ

૜࢞ + ܜܗ܋ࢇ∑ ૛࡭
≥
(૚) ૢ

૜࢞ + ૛࢙૛
૜࢘

=
૜

࢞ + ૛࢙૛
ૢ࢘

⇔ 

න ෍
૚

࢞ + ܜܗ܋ࢇ ࢉ࢟ࢉ૛࡭

૚

૙
࢞ࢊ ≥ ૜න

࢞ࢊ

࢞ + ૛࢙૛
ૢ࢘

૚

૙
⇔ 

෍܏ܗܔ൬࢞ + ࢚࢕ࢉࢇ
࡭
૛൰

ࢉ࢟ࢉ

ቮ

૙

૚

≥ ૜ ቆ࢞܏ܗܔ +
૛࢙૛

ૢ࢘ ቇቤ
૙

૚

⇔ 

෍܏ܗܔቌ૚ +
૚

ࢇ ܜܗ܋ ૛࡭
ቍ

ࢉ࢟ࢉ

≥ ૜ ܏ܗܔ ൬૚ +
ૢ࢘
૛࢙૛൰ ⇔ 

ቌෑ൬૚܏ܗܔ +
૚
ࢇ ܖ܉ܜ

࡭
૛൰

ࢉ࢟ࢉ

ቍ ≥ ܏ܗܔ ൬૚ +
ૢ࢘
૛࢙૛൰

૜

⇔ 

ෑ൬૚ +
૚
ܖ܉ܜࢇ

࡭
૛൰

ࢉ࢟ࢉ

≥ ൬૚ +
ૢ࢘
૛࢙૛൰

૜

 

 
2302. In	∆܉ܖ,۰۱ۯ −Nagel’s cevian, the following relationship holds: 

෍
܊ܖ૛܊ + ܋ܖ૛܋ − ࢇܖ૛ࢇ

܋ܡ܋܋ܖ܊ܖඥ܋܊

≤ ૜ 

Proposed by Bogdan Fuștei-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

	ܜ܍ۺ ࢇܖඥࢇ = ܊ܖඥ܊,࢞ = ܋ܖඥ܋	܌ܖࢇ	ܡ = ܢ 	܌ܖࢇ ∵ ܋ܖඥ܋,܊ܖඥ܊,ࢇܖඥࢇ > ૙

∴ ,ܡ,࢞ ܢ > 0 ෍	܌ܖࢇ
܊ܖ૛܊ + ܋ܖ૛܋ − ࢇܖ૛ࢇ

܋ܡ܋܋ܖ܊ܖඥ܋܊

− ૜ 

= ෍
૛ܡ + ૛ܢ − ࢞૛

ܢܡ
܋ܡ܋

− ૜ =
࢞൫ܡ૛ + ૛ܢ − ࢞૛൯+ ૛ܢ൫ܡ + ࢞૛ − ૛൯ܡ + ൫࢞૛ܢ + ૛ܡ − ૛൯ܢ − ૜࢞ܢܡ

ܢܡ࢞
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=
−૚
ܢܡ࢞

ቌ෍࢞૜
܋ܡ܋

+ ૜࢞ܢܡ −෍࢞૛࢟
܋ܡ܋

−෍࢞ܡ૛
܋ܡ܋

ቍ

≤ ૙	ቌ∵ ෍࢞૜
܋ܡ܋

+ ૜࢞ܢܡ −෍࢞૛࢟
܋ܡ܋

−෍࢞ܡ૛
܋ܡ܋

≥⏞
ܚܝܐ܋܁

૙	∀࢞,ܡ, ܢ > ܌ܖࢇ0 ∵ ܢܡ࢞ > 0ቍ 

⇒෍
܊ܖ૛܊ + ܋ܖ૛܋ ࢇܖ૛ࢇ−

܋ܡ܋܋ܖ܊ܖඥ܋܊

− ૜ ≤ ૙ ⇒෍
܊ܖ૛܊ + ܋ܖ૛܋ − ࢇܖ૛ࢇ

܋ܡ܋܋ܖ܊ܖඥ܋܊

≤ ૜(۳۲ۿ) 

 

2303. In ઢ࡯࡮࡭ the following relationship holds: 

ࢇ࢙) + ૜ࢉ(࢈࢙ + ࢈࢙) + ૜ࢇ(ࢉ࢙ + ࢉ࢙) + ૜࢈(ࢇ࢙ ≥ ૚૟√૜ࡲ૛ 

Proposed by D.M. Bătineţu-Giurgiu, Neculai Stanciu-Romania 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

We know that: ࢙ࢇ ≥  (࢙ࢍ࢕࢒ࢇ࢔ࢇ	ࢊ࢔ࢇ)ࢇࢎ

ࢇ࢙ + ࢈࢙ ≥ ࢇࢎ + ࢈ࢎ = ૛ࡲ ൬
૚
ࢇ +

૚
൰࢈ ≥⏞

ࡿ࡮࡯

૛ࡲ ⋅
૝

+ࢇ ࢈ =
ૡࡲ
ࢇ +  ࢈

Hence, 

෍(࢙ࢇ + ૜ࢉ(࢈࢙
ࢉ࢟ࢉ

≥ ૡࡲ෍
૜ࢉ

ࢇ + ࢈
ࢉ࢟ࢉ

≥⏞
࢘ࢋࢊ࢒࢕ࡴ

ૡࡲ ⋅
૜(ࢉ∑)

૜∑(ࢇ+ (࢈ =
૝ࡲ
૜

૛(ࢇ∑) = 

=
૚૟ࡲ
૜ ࢙૛ ≥⏞

ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ ૚૟ࡲ
૜ ⋅ ૜√૜࢙࢘ = ૚૟√૜ࡲ૛ 

Therefore, 

ࢇ࢙) + ૜ࢉ(࢈࢙ + ࢈࢙) + ૜ࢇ(ࢉ࢙ + ࢉ࢙) + ૜࢈(ࢇ࢙ ≥ ૚૟√૜ࡲ૛  

Solution 2 by Marian Ursărescu-Romania 

Because ࢙ࢇ ≥  :we must to show that (࢙ࢍ࢕࢒ࢇ࢔ࢇ	ࢊ࢔ࢇ)ࢇࢎ

෍(ࢇࢎ + ૜ࢉ(࢈ࢎ
ࢉ࢟ࢉ

≥ ૚૟√૜ࡲ૛; (૚) 

෍(ࢇࢎ + ૜ࢉ(࢈ࢎ
ࢉ࢟ࢉ

≥෍૛ඥࢉ࢈ࢎࢇࢎ૜
ࢉ࢟ࢉ

≥ ૜ඥૡࢉࢎ࢈ࢎࢇࢎ ⋅ ૜ࢉ૜࢈૜ࢇ
૜ = ૟ࢉ࢈ࢇඥࢉࢎ࢈ࢎࢇࢎ

૜ ; (૛) 
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ࢉࢎ࢈ࢎࢇࢎ =
૛࢙૛࢘૛

ࡾ ≥⏞
࢛࢏࢕࢚࢛࢘ࢀţăି࢏࢔ş࢕࡯ ૛ૠ࢘ࡾ ⋅ ࢘૛

ࡾ = ૛ૠ࢘૜; (૜) 

From (૛), (૜) we must to prove that:  

෍(ࢇࢎ + ૜ࢉ(࢈ࢎ
ࢉ࢟ࢉ

≥ ૚ૡ࢘ ⋅ ࢉ࢈ࢇ = ૚ૡ ⋅ ૝࢘ࡾ૛࢙; (૝) 

From (૚), (૝) we must show that: ૚ૡ ⋅ ૝࢘ࡾ૛࢙ ≥ ૚૟√૜࢘૛࢙૛ ⇔ 

ࡾૢ ≥ ૛√૜࢙ ⇔ ࢙ ≤
૜√૜
૛  (ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ)	ࡾ

2304. In ઢ࡯࡮࡭ the following relationship holds: 

ૢ࢘
૛
≤෍

ࢇ
࢈ + ࢉ

ࢇࢎ
ࢉ࢟ࢉ

≤
ࡾૢ
૝

 

Proposed by Marin Chirciu-Romania 
Solution by Mohammed Diai-Rabat-Morocco 
 

ૢ࢘
૛ ≤෍

ࢇ
࢈ + ࢉ ࢇࢎ

ࢉ࢟ࢉ

≤
ࡾૢ
૝ ; (૚) 

෍
ࢇ

࢈ + ࢇࢎࢉ
ࢉ࢟ࢉ

= ෍
ࢇ

࢈ + ࢉ ⋅
૛ࡲ
ࢇ

ࢉ࢟ࢉ

= ૛ࡲ෍
૚

࢈ + ࢉ
ࢉ࢟ࢉ

= ૛ࡲ෍
૚

૛࢙ − ࢇ
ࢉ࢟ࢉ

 

By Cauchy-Schwarz inequality: 

෍
૚

૛࢙ − ࢇ
ࢉ࢟ࢉ

≥
ૢ

∑(૛࢙ − (ࢇ =
ૢ
૝࢙ → ૝ࡲ෍

૚
૛࢙ − ࢇ

ࢉ࢟ࢉ

≥
૚ૡ࢙࢘
૝࢙ =

ૢ࢘
૛ ; (૛) 

By AM-GM inequality: 

෍
૚

࢈ + ࢉ
ࢉ࢟ࢉ

≤
૚
૛෍

૚
ࢉ࢟ࢉࢉ࢈√

=
ࢇ√∑
૛√૝ࡲࡾ

; 	෍√ࢇ
ࢉ࢟ࢉ

≤ ඨ૜෍ࢇ
ࢉ࢟ࢉ

= √૟࢙ 

૛ࡲ෍
૚

࢈ + ࢉ
ࢉ࢟ࢉ

≤
࢙
૛
ඨ૟࢘
ࡾ ≤

√૛
૛  (࢘ࢋ࢒࢛ࡱ)	࢙

૛ࡲ෍
૚

࢈ + ࢉ
ࢉ࢟ࢉ

≤
ࡾૢ
૝

;(ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ) (૜) 

From (૚), (૛), (૜) it follows that: 
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ૢ࢘
૛ ≤෍

ࢇ
࢈ + ࢉ ࢇࢎ

ࢉ࢟ࢉ

≤
ࡾૢ
૝  

2305. In ∆࡯࡮࡭ the following relationship holds: 

ࢇ) + ૜(࢈

૜ࢇ) + ૛ࢉ(૜࢈ +
࢈) + ૜(ࢉ

૜࢈) + ૛ࢇ(૜ࢉ +
ࢉ) + ૜(ࢇ

૜ࢉ) + ૛࢈(૜ࢇ ≤
૚
࢘૛ 

Proposed by George Apostolopoulos-Messolonghi-Greece 
Solution by Marian Ursărescu-Romania 
 

+ࢇ) ૜(࢈

૜ࢇ + ૜࢈ ≤ ૝ ⇔
+ࢇ) ૜(࢈

ࢇ) + ૛ࢇ)(࢈ − ࢈ࢇ + (૛࢈ ≤ ૝ ⇔
ࢇ) + ૛(࢈

૛ࢇ − ࢈ࢇ + ૛࢈ ≤ ૝ 

⇔ ૜ࢇ૛ − ૟࢈ࢇ + ૜࢈૛ ≥ ૙ ⇔ ૜(ࢇ − ૛(࢈ ≥ ૙, which is true. Hence, 

෍
+ࢇ) ૜(࢈

૜ࢇ) + ૛ࢉ(૜࢈
ࢉ࢟ࢉ

≤ ૝൬
૚
૛ࢇ +

૚
૛࢈ +

૚
૛൰ࢉ ; (૚) 

From (1) we must show that:  ૝ ቀ ૚
૛ࢇ

+ ૚
૛࢈

+ ૚
૛ࢉ
ቁ ≤ ૚

࢘૛
⇔ 

૚
૛ࢇ +

૚
૛࢈ +

૚
૛ࢉ ≤

૚
૝࢘૛ ; (૛) ⇔

૚
૛ࢇ +

૚
૛࢈ +

૚
૛ࢉ ≤

૚
૝ ⋅

࢙
(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ ; (૜) 

Now, let ࢙ − ࢇ = ࢞, ࢙ − ࢈ = ࢟,࢙ − ࢉ = ࢠ ⇒ ࢞ + ࢟ + ࢠ = ࢙	and	 

ࢇ = ࢟ + ࢈,ࢠ = ࢠ + ࢞, ࢉ = ࢞ + ࢟; (૝) 

From (3),(4) we must show that: 

૚
(࢞ + ࢟)૛ +

૚
(࢟ + ૛(ࢠ +

૚
+ࢠ) ࢞)૛ ≤

૚
૝ ⋅

࢞ + ࢠ࢟
ࢠ࢟࢞ ⇔ 

૚
(࢞+ ࢟)૛ +

૚
(࢟ + ૛(ࢠ +

૚
+ࢠ) ࢞)૛ ≤

૚
૝൬

૚
࢞࢟ +

૚
+ࢠ࢟

૚
൰࢞ࢠ ; (૞) 

But: (࢞ + ࢟)૛ ≥ ૝࢞࢟ ⇒ ૚
(࢞ା࢟)૛

≤ ૚
૝࢞࢟

⇒ ∑ ૚
(࢞ା࢟)૛ࢉ࢟ࢉ ≤ ૚

૝
∑ ૚

ࢉ࢟ࢉ࢟࢞ ⇒ (૞) is true. 

 

2306. In ઢ࡯࡮࡭ the following relationship holds: 

࢙૛ ≥ ૜√૜ࡲ +
૚
૟

ࢇ|) − ૛|࢈ + ࢈| − ૛|ࢉ + ࢉ| −  (૛|ࢇ

Proposed by D.M.Bătineţu-Giurgiu, Neculai Stanciu-Romania 
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Solution by Adrian Popa-Romania 
Applying Hadwinger-Finsler: ࢇ૛ + ૛࢈ + ૛ࢉ ≥ ૝√૜ࡲ+ ࢇ) − ૛(࢈ + ࢈) − ૛(ࢉ + ࢉ) −  ૛(ࢇ

→ ૛ࢇ + ૛࢈ + ૛ࢉ ≥ ૝√૜ࡲ + ૛ࢇ૛ + ૛࢈૛ + ૛ࢉ૛ − ૛࢈ࢇ − ૛ࢉ࢈ − ૛ࢇࢉ 

→ ૛࢈ࢇ+ ૛ࢉ࢈+ ૛ࢇࢉ − ૛ࢇ − ૛࢈ − ૛ࢉ ≥ ૝√૜ࡲ|:
૜
૝ 

→
૟࢈ࢇ + ૟ࢉ࢈+ ૟ࢇࢉ− ૜ࢇ૛ − ૜࢈૛ − ૜ࢉ૛

૝ ≥ ૜√૜ࡲ 

Now, we must to prove that: 
૛ࢇ + ૛࢈ + ૛ࢉ + ૛࢈ࢇ + ૛ࢉ࢈ + ૛ࢇࢉ

૝ ≥
૟࢈ࢇ + ૟ࢉ࢈+ ૟ࢇࢉ− ૜ࢇ૛ − ૜࢈૛ − ૜ࢉ૛

૝ + 

+
૛ࢇ૛ + ૛࢈૛ + ૛ࢉ૛ − ૛࢈ࢇ − ૛ࢉ࢈ − ૛ࢇࢉ

૟  

↔ ૡ(ࢇ૛ + ૛࢈ + (૛ࢉ ≥ ૡ(࢈ࢇ+ ࢉ࢈ +  (ࢇࢉ
↔ ૛ࢇ + ૛࢈ + ૛ࢉ ≥ +࢈ࢇ +ࢉ࢈ ,࢈,ࢇ∀ true ࢇࢉ ࢉ > 0. 

 

2307. In ઢ࡯࡮࡭ the following relationship holds: 

෍
࢈࢓࢈ + ࢉ࢓ࢉ − ࢇ࢓ࢇ

ඥࢉ࢈ ⋅ ࢉ࢟ࢉࢉ࢓࢈࢓

≤ ૜ 

Proposed by Bogdan Fuștei-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 

 
Let ࢞,࢟,  .respectively ࡯ and ࡮,࡭ be the complexe coordinates of points ࢠ

We have: ࢇ࢓ࢇ = |࢟ − |ࢠ ቚ࢟ାࢠ
૛
− ࢞ቚ → ࢇ࢓ࢇ = ૚

૛
ห࢟૛ − ૛ࢠ − ૛࢞࢟ + ૛࢞ࢠห 

Similarly, ࢈࢓࢈ = ૚
૛
หࢠ૛ − ࢞૛ − ૛࢟ࢠ + ૛࢟࢞ห and ࢉ࢓ࢉ = ૚

૛
ห࢟૛ − ࢞૛ − ૛࢟ࢠ + ૛࢞ࢠห → 
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ࢇ࢓ࢇ + ࢈࢓࢈ =
૚
૛ ห࢟

૛ − ૛ࢠ − ૛࢞࢟+ ૛࢞ࢠห +
૚
૛ หࢠ

૛ − ࢞૛ − ૛࢟ࢠ + ૛࢟࢞ห ≥ 

≥
૚
૛ ห࢟

૛ − ࢞૛ − ૛࢟ࢠ + ૛࢞ࢠห = ࢉ࢓ࢉ → 

ࢇ࢓ࢇ + ࢈࢓࢈ ≥  (࢙ࢍ࢕࢒ࢇ࢔ࢇ	ࢊ࢔ࢇ)ࢉ࢓ࢉ

,࢈࢓࢈,ࢇ࢓ࢇ ࢉ࢓ࢉ −can be the sides of a triangle. So, it is suffices to prove that: 

෍
࢈ + ࢉ − ࢇ
ࢉ࢟ࢉࢉ࢈√

≤ ૜; (∗) 

(∗) ⇔ ૛෍
࢙− ࢇ
ࢉ࢟ࢉࢉ࢈√

≤ ૜ ⇔෍ට
࢙ − ࢇ
ࢉ࢈

ࢉ࢟ࢉ

⋅ √࢙ − ࢇ ≤
૜
૛ 

By CBS inequality: 

෍ට
࢙ − ࢇ
ࢉ࢈

ࢉ࢟ࢉ

⋅ √࢙ − ࢇ ≤ ඩቌ෍
࢙ − ࢇ
ࢉ࢈

ࢉ࢟ࢉ

ቍቌ෍(࢙ − (ࢇ
ࢉ࢟ࢉ

ቍ = 

= ඩ
૚

૝࢙࢘ࡾ
ቌ࢙෍ࢇ

ࢉ࢟ࢉ

−෍ࢇ૛
ࢉ࢟ࢉ

ቍቌ૜࢙ −෍ࢇ
ࢉ࢟ࢉ

ቍ = ඨ૝ࡾ + ࢘
૛ࡾ ≤⏞

(૚)૜
૛ 

(૚) ⇔ ࡾ ≥ ૛࢘(࢘ࢋ࢒࢛ࡱ). 

Therefore, 

෍
࢈࢓࢈ + ࢉ࢓ࢉ − ࢇ࢓ࢇ

ඥࢉ࢈ ⋅ ࢉ࢟ࢉࢉ࢓࢈࢓

≤ ૜ 

 

2308. In ઢࢇ࢔,࡯࡮࡭ −Nagel’s cevian, the following relationship holds: 

૟√૜෍
ࢇ ⋅ ࢇ࢔
ࢉ࢈

ࢉ࢟ࢉ

≤෍
ࢇࢎ
ࢉ࢟ࢉࢇ࢔

⋅ ෍࢚࢕ࢉ૛
࡭
૛

ࢉ࢟ࢉ

 

Proposed by Bogdan Fuștei-Romania 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

Let’s prove that: ∑ ૛࢚࢕ࢉ ࡭
૛ࢉ࢟ࢉ ≥ ቀ∑ ࢇ࢔

ࢉ࢟ࢉࢇࢎ ቁ
૛

 



 
www.ssmrmh.ro 

10 RMM-TRIANGLE MARATHON 2301-2400 
 

ቌ෍
ࢇ࢔
ࢉ࢟ࢉࢇࢎ

ቍ

૛

≥⏞
ࡿ࡮࡯

ቌ෍
૛ࢇ࢔

ࢉ࢟ࢉࢇࢎ

ቍቌ෍
૚
ࢉ࢟ࢉࢇࢎ

ቍ =
૚
࢘෍

࢙૛ − ૛࢘ࢇࢎࢇ
ࢉ࢟ࢉࢇࢎ

=
࢙૛

࢘ ෍
૚
ࢉ࢟ࢉࢇࢎ

−
૛
࢘෍࢘ࢇ
ࢉ࢟ࢉ

 

→ ቌ෍
ࢇ࢔
ࢉ࢟ࢉࢇࢎ

ቍ

૛

≤
࢙૛ − ૡ࢘ࡾ − ૛࢘૛

࢘૛ ; (૚) 

෍࢚࢕ࢉ૛
࡭
૛

ࢉ࢟ࢉ

= ෍
࢙(࢙ − (ࢇ

(࢙ − ࢙)(࢈ − (ࢉ
ࢉ࢟ࢉ

= ෍
(࢙ − ૛(ࢇ

࢘૛
ࢉ࢟ࢉ

=
૜࢙૛ − ૛࢙∑ࢇ + ૛ࢇ∑

࢘૛ = 

=
૜࢙૛ − ૝࢙૛ + ૛(࢙૛ − ૞࢘ࡾ − ࢘૛)

࢘૛ =
࢙૛ − ૡ࢘ࡾ − ૛࢘૛

࢘૛  

→෍࢚࢕ࢉ૛
࡭
૛

ࢉ࢟ࢉ

≥⏞
(૚)

ቌ෍
ࢇ࢔
ࢉ࢟ࢉࢇࢎ

ቍ

૛

 

෍
ࢇࢎ
ࢉ࢟ࢉࢇ࢔

≥⏞
ࡿ࡮࡯ ૢ

ࢇࢎࢇ࢔∑
→ ቌ෍

ࢇࢎ
ࢉ࢟ࢉࢇ࢔

ቍቌ෍࢚࢕ࢉ૛
࡭
૛

ࢉ࢟ࢉ

ቍ ≥ ૢ෍
ࢇ࢔
ࢉ࢟ࢉࢇࢎ

;  (࢏)

If ࢇ ≥ ࢈ ≥ ૛ࢇ࢔ :we know that :ࢉ = ࢙(࢙ − (ࢇ + ૛(ࢉି࢈)

ࢇ
⋅ ࢙ → ૛

࢙
൫ࢇ૛ࢇ࢔૛ − ૛൯࢈࢔૛࢈ = 

= ૜࢈ − ૜ࢇ + ૛࢈ࢇ − ࢈૛ࢇ + ࢉ૛ࢇ + ૛ࢉࢇ૛ − ࢉ૛࢈ − ૛ࢉ࢈૛ = 
= −࢈) ࢇ)ࢇ](ࢇ − (ࢉ + −࢈)࢈ (ࢉ + ૛(࢈ࢇ− [(૛ࢉ ≤ ૙ 

→ ࢇ࢔ࢇ ≤ ࢈࢔࢈ ≤ and ૚ ࢉ࢔ࢉ
ࢉ࢈
≥ ૚

ࢇࢉ
≥ ૚

࢈ࢇ
. By Chebyshev’s inequality: 

෍
ࢇ࢔ࢇ
ࢉ࢈

ࢉ࢟ࢉ

≤
૚
૜
ቌ෍ࢇ࢔ࢇ
ࢉ࢟ࢉ

ቍቌ෍
૚
ࢉ࢈

ࢉ࢟ࢉ

ቍ 

→ ૟√૜෍
ࢇ࢔ࢇ
ࢉ࢈

ࢉ࢟ࢉ

≤ ૛√૜ቌ෍
ࢇ࢔
ࢉ࢟ࢉࢇࢎ

⋅ ૛࢙࢘ቍ ⋅
∑ ࢇ
ࢉ࢈ࢇ = ૛√૜ ⋅

࢙
෍ࡾ

ࢇ࢔
ࢉ࢟ࢉࢇࢎ

≤⏞
ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ

ૢ෍
ࢇ࢔
ࢉ࢟ࢉࢇࢎ

 

૟√૜෍
ࢇ࢔ࢇ
ࢉ࢈

ࢉ࢟ࢉ

≤⏞
(࢏)

ቌ෍
ࢇࢎ
ࢉ࢟ࢉࢇ࢔

ቍቌ෍࢚࢕ࢉ૛
࡭
૛

ࢉ࢟ࢉ

ቍ 

 Solution 2 by Soumava Chakraborty-Kolkata-India 

෍࢚࢕ࢉ૛
࡭
૛ = ෍

࢙૛

૛ࢇ࢘
=

࢙૛

࢙૝࢘૛
൭ቀ෍࢘࢈࢘ࢇቁ

૛
− ૛࢘ࢇ࢘)ࢉ࢘࢈࢘ࢇ + ࢈࢘ + ൱(ࢉ࢘

=
࢙૝ − ૛࢙࢘૛(૝ࡾ + ࢘)

࢙૛࢘૛ ⇒෍࢚࢕ࢉ૛
࡭
૛ =⏞

(࢏) ࢙૛ − ૡ࢘ࡾ − ૛࢘૛

࢘૛  

࢓ࢋ࢘࢕ࢋࢎ࢚	ᇱ࢙࢚࢘ࢇ࢝ࢋ࢚ࡿ ⇒ ࢙)૛࢈ − (ࢉ + −࢙)૛ࢉ (࢈ = ૛ࢇ࢔ࢇ + ࢙)ࢇ − ࢙)(࢈ −  (ࢉ
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⇒ ૛࢈)࢙ + −(૛ࢉ ૛࢙)ࢉ࢈ − (ࢇ = ૛ࢇ࢔ࢇ + ૛࢙)ࢇ − ࢙(૛࢙ − (ࢇ + (ࢉ࢈ ⇒ ૛࢈)࢙ + −(૛ࢉ ૛࢙ࢉ࢈

= ૛ࢇ࢔ࢇ + ࢙ࢇ)ࢇ − ࢙૛) 

⇒ ૛࢈)࢙ + ૛ࢉ − ૛ࢇ − ૛ࢉ࢈) = ૛ࢇ࢔ࢇ − ૛࢙ࢇ ⇒ ૛ࢇ࢔ࢇ = ૛࢙ࢇ + ࢙(૛࡭࢙࢕ࢉࢉ࢈ − ૛ࢉ࢈)

= ૛࢙ࢇ − ૝࢙࢔࢏࢙ࢉ࢈૛
࡭
૛ = ૛࢙ࢇ −

૝࢙ࢉ࢈(࢙ − ࢙)(࢈ − ࢙)(ࢉ − (ࢇ
࢙)ࢉ࢈ − (ࢇ  

= ૛࢙ࢇ −
૝∆૛

࢙ − ࢇ = ૛࢙ࢇ − ૛ࢇ൬
૛∆
ࢇ ൰ ൬

∆
࢙ − ൰ࢇ = ૛࢙ࢇ − ૛ࢇ࢘ࢇࢎࢇ ∴෍

ࢇ࢔
ࢇࢎ

= ෍ቆ
ࢇ࢔
ඥࢇࢎ

ቇቆ
૚
ඥࢇࢎ

ቇ ≤⏞
ࡿ࡮࡯

ඨ෍
૛ࢇ࢔

ࢇࢎ
ඨ෍

૚
ࢇࢎ

= ඨ෍
࢙૛ − ૛ࢇ࢘ࢇࢎ

ࢇࢎ
ඨ૚
࢘ 

= ඨ
࢙૛(૛࢙)
૛࢙࢘ − ૛(૝ࡾ + ࢘)

࢘ ⇒෍
ࢇ࢔
ࢇࢎ

≤
√࢙૛ − ૡ࢘ࡾ − ૛࢘૛

࢘ =⏞
(࢏)	ࢇ࢏࢜

ඨ෍࢚࢕ࢉ૛
࡭
૛

⇒ ൬෍
ࢇࢎ
ࢇ࢔
൰෍࢚࢕ࢉ૛

࡭
૛ ≥⏞

(࢏࢏)

൬෍
ࢇࢎ
ࢇ࢔
൰ ൬෍

ࢇ࢔
ࢇࢎ
൰
૛

 

૟√૜෍
ࢇ࢔ࢇ
ࢉ࢈ = ૟√૜෍

࡭࢔࢏࢙ࢇ࢔
ࢇࢎ

≤⏞
ࡿ࡮࡯

૟√૜ඨ෍൬
ࢇ࢔
ࢇࢎ
൰
૛
ට෍࢙࢔࢏૛࡭

= ૟√૜ඨ෍൬
ࢇ࢔
ࢇࢎ
൰
૛
ඨ
૛ࢇ∑

૝ࡾ૛ ≤⏞
ࢠ࢚࢏࢔࢈࢏ࢋࡸ

૟√૜ඨ෍൬
ࢇ࢔
ࢇࢎ
൰
૛
ඨૢࡾ

૛

૝ࡾ૛ 

∴ ૟√૜෍
ࢇ࢔ࢇ
ࢉ࢈ ≤⏞

(࢏࢏࢏)

ૢ√૜ඨ෍൬
ࢇ࢔
ࢇࢎ
൰
૛
∴ ,(࢏) (࢏࢏) ⇒ ࢋ࢜࢕࢘࢖	࢕࢚	࢙ࢋࢉ࢏ࢌࢌ࢛࢙	࢚࢏

∶ ൬෍
ࢇ࢔
ࢇࢎ
൰
૛
൬෍

ࢇࢎ
ࢇ࢔
൰ ≥ ૢ√૜ඨ෍൬

ࢇ࢔
ࢇࢎ
൰
૛

 

⇔ ቀ෍࢞ቁ
૝
൬෍

૚
࢞൰

૛

≥ ૛૝૜ ቀ෍࢞૛ቁ ൬࢝ࢋ࢘ࢋࢎ	࢞ =
ࢇ࢔
ࢇࢎ

,࢟ =
࢈࢔
࢈ࢎ

, ࢠ =
ࢉ࢔
ࢉࢎ
൰ 

⇔ ቀ෍࢞ቁ
૝
ቀ෍࢞࢟ቁ

૛
≥⏞

(ࢇ)

૛૝૜࢞૛࢟૛ࢠ૛ ቀ෍࢞૛ቁࢊ࢔ࢇ	࢚࢏	࢙ࢋࢉ࢏ࢌࢌ࢛࢙	࢕࢚	ࢋ࢜࢕࢘࢖	∀(ࢇ)	ࢠ,࢟,࢞	 > ૙ 

࢟	࢚ࢋࡸ + ࢠ = ,′ࢇ +ࢠ ࢞ = ࢞,′࢈ + ࢟ = ࢊ࢔ࢇ	′ࢉ ∵ ′ࢇ + ′࢈ > ܿ′,ܾ′ + ܿ′ > ܽ′,ܽ′ + ܾ′ > ܿ′

∴ ܽ′,ܾ′,  	݈݁݃݊ܽ݅ݎݐ	ܽ	݂݋	ݏ݁݀݅ݏ	݁ݎܽ	′ܿ
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࢙࢛࢏ࢊࢇ࢘࢔࢏	ࢊ࢔ࢇ	࢙࢛࢏ࢊࢇ࢘࢓࢛ࢉ࢘࢏ࢉ,࢘ࢋ࢚ࢋ࢓࢏࢘ࢋ࢖࢏࢓ࢋ࢙	ࢎ࢚࢏࢝ = (࢟ࢇ࢙)	࢟࢒ࢋ࢜࢏࢚ࢉࢋ࢖࢙ࢋ࢘	࢔,࢓,࢖

∴ ૛෍࢞ = ૛࢖ ∴ ࢞ = ࢖ − ࢟,′ࢇ = ࢖ − ,′࢈ ࢠ = ࢖ −  ′ࢉ

෍࢞࢟	ࢊ࢔ࢇ = ෍(࢖ − −࢖)(′ࢇ (′࢈ = ૝࢔࢓ + ෍࢞૛	ࢊ࢔ࢇ૛࢔ = ૛࢖) − ૛ࢇ࢖ᇱ + (૛(′ࢇ)

= ૜࢖૛ − ૝࢖૛ + ૛(࢖૛ − ૝࢔࢓−  (૛࢔

= ૛࢖ − ૡ࢔࢓− ૛࢔૛ ∴ (ࢇ) ⇔ +࢓૛(૝࢔૝࢖ ૛(࢔ ≥ ૛૝૜࢔૝࢖૛(࢖૛ − ૡ࢔࢓ − ૛࢔૛)

⇔ ࢓૛(૝࢖ + ૛(࢔ ≥⏞
(૚)

૛૝૜࢔૛(࢖૛ − ૡ࢔࢓− ૛࢔૛) 

࢓૛(૝࢖,࢝࢕ࡺ + ૛(࢔ ≥⏞
࢚ࢎࢉ࢛࢘ࢀ

૜࢖૝ ≥⏞
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

૜(૚૟࢔࢓ − ૞࢔૛)࢖૛≥⏞
?

૛૝૜࢔૛(࢖૛ − ૡ࢔࢓ − ૛࢔૛)

⇔ (ૡ࢓− ૝૜࢖(࢔૛ + ૡ૚࢔૛(૝࢓ + (࢔ ≥⏞
?

⏟
(૛)
૙ 

૚	ࢋ࢙ࢇ࡯ 	ૡ࢓ − ૝૜࢔ ≥ ૙	ࢊ࢔ࢇ	ࡿࡴࡸ,࢔ࢋࢎ࢚	ࢌ࢕	(૛) > 0 ⇒ (૛) ⇒ (૚)	࢙࢏	ࢋ࢛࢚࢘

∴ ቀ෍࢞ቁ
૝
ቀ෍࢞࢟ቁ

૛
> 243࢞૛࢟૛ࢠ૛ ቀ෍࢞૛ቁ 

૛	ࢋ࢙ࢇ࡯ 	ૡ࢓ − ૝૜࢔ < ,ℎ݁݊ݐ	݀݊ܽ	0 −࢔43 ૡ࢓ > 0	ܽ݊݀ ∵ (૛) ⇔ (૝૜࢔ − ૡ࢖(࢓૛

≤ ૡ૚࢔૛(૝࢓ + (࢔ ∴ ࢋ࢜࢕࢘࢖	࢕࢚	࢙ࢋࢉ࢏ࢌࢌ࢛࢙	࢚࢏ ∶ 
(૝૜࢔ − ૡ࢓)(૝࢓૛ + ૝࢔࢓ + ૜࢔૛)

≤ ૡ૚࢔૛(૝࢓ ∵ቌ(࢔+ (૝૜࢔ − ૡ࢖(࢓૛ ≤⏞
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

(૝૜࢔ −ૡ࢓)(૝࢓૛ + ૝࢔࢓ + ૜࢔૛)ቍ 

⇔ ૡ࢚૜ − ૜૞࢚૛ + ૝૝࢚ − ૚૛ ≥ ૙	 ቆ࢝ࢋ࢘ࢋࢎ	࢚ =
࢓
࢔ ≥⏞

࢘ࢋ࢒࢛ࡱ

૛ቇ ⇔ (ૡ࢚ − ૜)(࢚ − ૛)૛ ≥ ૙ → ࢋ࢛࢚࢘

∵ ࢚ ≥ ૛ ⇒ (૛) ⇒ (૚)	࢙࢏	ࢋ࢛࢚࢘ 

∴ ቀ෍࢞ቁ
૝
ቀ෍࢞࢟ቁ

૛

≥ ૛૝૜࢞૛࢟૛ࢠ૛ ቀ෍࢞૛ቁ ,(૚)	࢙ࢋ࢙ࢇࢉ	ࢍ࢔࢏࢔࢏࢈࢓࢕ࢉ	ࢊ࢔ࢇ (૛), ቀ෍࢞ቁ
૝
ቀ෍࢞࢟ቁ

૛

≥ ૛૝૜࢞૛࢟૛ࢠ૛ ቀ෍࢞૛ቁ ∀	࢞,࢟, 	ࢠ > ૙ 

⇒ ,࢟,࢞	∀	ࢋ࢛࢚࢘	࢙࢏	(ࢇ) 	ࢠ > ૙ ∴ ૟√૜෍
ࢇ࢔ࢇ
ࢉ࢈ ≤ ൬෍

ࢇࢎ
ࢇ࢔
൰෍࢚࢕ࢉ૛

࡭
૛	(ࡰࡱࡽ) 
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2309. In ઢ࡯࡮࡭ the following relationship holds: 

૛ૠ࢘૛

૛
≤෍

ࢇ
࢈ + ࢉ

ࢉ࢘࢈࢘
ࢉ࢟ࢉ

≤
૛ૠ࢘ࡾ
૝

 

Proposed by Marin Chiciu-Romania 
Solution by Marian Ursărescu-Romania 

෍
ࢇ

࢈ + ࢉ ࢉ࢘࢈࢘
ࢉ࢟ࢉ

= ෍
ࢇ

࢈ + ࢉ ⋅
࢙૛

(࢙ − ࢙)(࢈ − (ࢉ
ࢉ࢟ࢉ

= ࢙෍
࢙)ࢇ − (ࢇ
࢈ + ࢉ

ࢉ࢟ࢉ

= ࢙૛෍
ࢇ

+࢈ ࢉ
ࢉ࢟ࢉ

− ࢙෍
૛ࢇ

+࢈ ࢉ
ࢉ࢟ࢉ

; (૚) 

෍
ࢇ

࢈ + ࢉ
ࢉ࢟ࢉ

=
૛(࢙૛ − ࢘૛ (࢘ࡾ−
࢙૛ + ࢘૛ + ૛࢘ࡾ ; 			෍

૛ࢇ

࢈ + ࢉ
ࢉ࢟ࢉ

=
૛࢙(࢙૛ − ૜࢘૛ − ૝࢘ࡾ)

࢙૛ + ࢘૛ + ૛࢘ࡾ ; (૛) 

From (૚), (૛) it follows that: 

෍
ࢇ

࢈ + ࢉ ࢉ࢘࢈࢘
ࢉ࢟ࢉ

=
૛࢙૛(૛࢘૛ + ૜࢘ࡾ)
࢙૛ + ࢘૛ + ૛࢘ࡾ  

For LHS, we must to show that: 
૛ૠ࢘૛

૛ ≤
૛࢙૛(૛࢘૛ + ૜࢘ࡾ)
࢙૛ + ࢘૛ + ૛࢘ࡾ ⇔ ૝࢙૛(૜ࡾ+ ૛࢘) ≥ ૛ૠ࢘(࢙૛ + ࢘૛ + ૛࢘ࡾ) ⇔ 

࢙૛(૚૛ࡾ+ ૡ࢘ − ૛ૠ࢘) ≥ ૛ૠ࢘(࢘૛ + ૛࢘ࡾ) ⇔ 

࢙૛(૚૛ࡾ− ૚ૢ࢘) ≥ ૛ૠ࢘૛(૛ࡾ+ ࢘), but ࢙૛ ≥ ૛ૠ࢘૛(ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ) → 

૚૛ࡾ − ૚ૢ࢘ ≥ ૛ࡾ + ࢘ ⇔ ࡾ ≥ ૛࢘(࢘ࢋ࢒࢛ࡱ).For RHS, we must to show that: 

૛࢙૛(૛࢘૛ + ૜࢘ࡾ)
࢙૛ + ࢘૛ + ૛࢘ࡾ ≤

ૠ࢘ࡾ
૝ ⇔ ૡ࢙૛(૜ࡾ+ ૛࢘) ≤ ૛ૠࡾ(࢙૛ + ࢘૛ + ૛࢘ࡾ) 

⇔ ࢙૛(૚૟࢘− ૜ࡾ) ≤ ૛ૠ࢘ࡾ(૛ࡾ+ ࢘) but ࢙૛ ≤ ૛ૠࡾ૛

૝
 (ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ)

૚૟࢘ࡾ − ૜ࡾ૛ ≤ ૡ࢘ࡾ + ૝࢘૛ ⇔ ૜ࡾ૛ − ૡ࢘ࡾ+ ૝࢘૛ ≥ ૙ ⇔ 

ࡾ) − ૛࢘)(૜ࡾ− ૛࢘) ≥ ૙, true from ࡾ ≥ ૛࢘(࢘ࢋ࢒࢛ࡱ). 

 

2310. In ઢ࡯࡮࡭ the following relationship holds: 

૚૛࢘૛

૛ࡾ ≤
૛ࢇࢎ

ࢉ࢘࢈࢘
+

૛࢈ࢎ

ࢇ࢘ࢉ࢘
+

૛ࢉࢎ

࢈࢘ࢇ࢘
≤ ૜ 

Proposed by George Apostolopoulos-Messolonghi-Greece 
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Solution by Marian Ursărescu-Romania 
For the left side, applying AM-GM inequality: 

૛ࢇࢎ

ࢉ࢘࢈࢘
+

૛࢈ࢎ

ࢇ࢘ࢉ࢘
+

૛ࢉࢎ

࢈࢘ࢇ࢘
≥ ૜ඨ

૛ࢇࢎ

ࢉ࢘࢈࢘
⋅
૛࢈ࢎ

ࢇ࢘ࢉ࢘
⋅
૛ࢉࢎ

࢈࢘ࢇ࢘

૜
 

We must to prove that: 

૜ඨ൬
ࢉࢎ࢈ࢎࢇࢎ
ࢉ࢘࢈࢘ࢇ࢘

൰
૛૜

≥
૚૛࢘૛

૛ࡾ ⇔ ඨ
ࢉࢎ࢈ࢎࢇࢎ
ࢉ࢘࢈࢘ࢇ࢘

૜
≥
૛࢘
ࡾ ⇔

ࢉࢎ࢈ࢎࢇࢎ
ࢉ࢘࢈࢘ࢇ࢘

≥
ૡ࢘૜

૜ࡾ ; (૚) 

But: ࢉࢎ࢈ࢎࢇࢎ = ૛࢙૛࢘૛

ࡾ
; (૛) and ࢘ࢉ࢘࢈࢘ࢇ = ࢙૛࢘; (૜) 

 
From (1),(2),(3) we must show that: 

૛࢘
ࡾ ≥

ૡ࢘૜

૜ࡾ ⇔ ૚ ≥
૝࢘૛

૛ࡾ ⇔ ૛ࡾ ≥ ૝࢘૛ ⇔ ࡾ ≥ ૛࢘(࢘ࢋ࢒࢛ࡱ). 
 

For the right side: 

૛ࢇࢎ

ࢉ࢘࢈࢘
=

૝ࡲ૛
૛ࢇ
૛ࡲ

(࢙ − −࢙)(࢈ (ࢉ

=
૝(࢙− ࢙)(࢈ − (ࢉ

૛ࢇ ; (૝) 

But: ඥ(࢙ − ࢙)(࢈ − (ࢉ ≤ ࢉା࢙ି࢈ି࢙
૛

= ࢇ
૛
⇒ (࢙ − ࢙)(࢈ − (ࢉ ≤ ૛ࢇ

૝
; (૞) 

 

From (4),(5) it follows that: ࢇࢎ
૛

ࢉ࢘࢈࢘
≤ ૚ ⇒ ∑ ૛ࢇࢎ

ࢉ࢟ࢉࢉ࢘࢈࢘ ≤ ૜. 
 

2311.  

 

 

 

 

 

 

 

ቀ
ࢇ
࢞
ቁ
ା૚࢔

+ ൬
࢈
࢟
൰
ା૚࢔

+ ቀ
ࢉ
ࢠ
ቁ
ା૚࢔

≥ ૜ ⋅ ૛࢔ା૚, ࢔ ∈ ℕ 

Proposed by Florică Anastase-Romania 
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Solution 1 by Marian Ursărescu-Romania 

ቀ
ࢇ
࢞
ቁ
ା૚࢔

+ ൬
࢈
࢟൰

ା૚࢔

+ ቀ
ࢉ
ࢠ
ቁ
ା૚࢔

≥ ૜ ⋅ ඨ൬
ࢉ࢈ࢇ
൰ࢠ࢟࢞

ା૚૜࢔
 

We must to prove that: 

૜ ⋅ ඨ൬
ࢉ࢈ࢇ
൰ࢠ࢟࢞

ା૚૜࢔
≥ ૜ ⋅ ૛࢔ା૚ ⇔ ൬

ࢉ࢈ࢇ
൰ࢠ࢟࢞

ା૚࢔

≥ ૡ࢔ା૚ ⇔
ࢉ࢈ࢇ
ࢠ࢟࢞ ≥ ૡ; 			(૚) 

(ࡲࡰࡱ∠)ࣆ =
࣊
૛ −

࡭
૛ 

In ઢࡲࡱࡰ we have: ࢞ = ૛࢘ ⋅ ቀ࣊࢔࢏࢙
૛
− ࡭

૛
ቁ = ૛࢘

࢚࢕ࢊࢉ
࡭࢙࢕ࢉ

૛
 and ࢘ = ૝ࡾ ⋅ ࢔࢏࢙ ࡭

૛
࢔࢏࢙ ࡮

૛
࢔࢏࢙ ࡯

૛
 

࢞ = ૡࡾ ⋅ ࢔࢏࢙
࡭
૛ ࢔࢏࢙

࡮
૛ ࢔࢏࢙

࡯
૛ ࢙࢕ࢉ

࡭
૛ = ૝ࡾ ⋅ ࢔࢏࢙࡭࢔࢏࢙

࡮
૛ ࢔࢏࢙

࡯
૛ = ૛ࢇ ⋅ ࢔࢏࢙

࡮
૛ ࢔࢏࢙

࡯
૛ → 

࢞
ࢇ =

ࢇ

૛ࢇ ⋅ ૛࡮࢔࢏࢙ ࢔࢏࢙
࡯
૛

=
૚

૛࢙࡮࢔࢏૛ ࢔࢏࢙
࡯
૛

; ;(࢙ࢍ࢕࢒ࢇ࢔ࢇ	ࢊ࢔ࢇ) (૛) 

From (૚), (૛) we have: 

૚

ૡ࢙࢔࢏૛ ૛࡭ ࢔࢏࢙
૛ ࡮
૛ ࢔࢏࢙

૛ ࡯
૛
≥ ૡ ⇔ ࢔࢏࢙

࡭
૛ ࢔࢏࢙

࡮
૛ ࢔࢏࢙

࡯
૛ ≤

૚
ૡ 

Which is true because: 

࢔࢏࢙
࡭
૛ = ඨ

(࢙ − ࢙)(࢈ − (ࢉ
ࢉ࢈ ≤

૛
૛√ࢉ࢈

→ ࢔࢏࢙
࡭
૛ ࢔࢏࢙

࡮
૛ ࢔࢏࢙

࡯
૛ ≤

ࢉ࢈ࢇ
ૡࢉ࢈ࢇ =

૚
ૡ 

 Solution 2 by Marian Dincă-Romania 

ࡱࡲ = ࢞ = ඥ૛࢘૛ − ૛࢘૛࢙࢕ࢉ(࣊− (࡭ = ඥ૛࢘૛(૚+ (࡭࢙࢕ࢉ = ૛࢙࢘࢕ࢉ
࡭
૛ 

ࡰࡲ = ૛࢙࢘࢕ࢉ
࡮
૛ ࡱࡰ, = ૛࢙࢘࢕ࢉ

࡯
૛ 

ࢇ
࢞ =

૛࡭࢔࢏࢙ࡾ

૛࢘࡭࢙࢕ࢉ૛
= ૛

ࡾ
࢘ ࢔࢏࢙

࡭
૛ =

૛࡭࢔࢏࢙ࡾ૛
૝࡭࢔࢏࢙ࡾ૛ ࢔࢏࢙

࡮
૛ ࢔࢏࢙

࡯
૛

=
૚

૛࢙࡮࢔࢏૛ ࢔࢏࢙
࡯
૛
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෍ቀ
ࢇ
࢞
ቁ
࢔

ࢉ࢟ࢉ

= ෍ቌ
૚

૛࢙࡮࢔࢏૛ ࢔࢏࢙
࡯
૛
ቍ

࢔

ࢉ࢟ࢉ

=
૚
૛࢔෍

ቌ
૚

૛࡮࢔࢏࢙ ࢔࢏࢙
࡯
૛
ቍ

࢔

ࢉ࢟ࢉ

≥ 

≥
૚
૛࢔ ⋅ ඩ

૚

∏ቀ࢙࡮࢔࢏૛ ࢔࢏࢙
࡯
૛ቁ

࢔
૜ =

૜
૛࢔ ⋅

૚

ቀ࢙࡭࢔࢏૛ ࢔࢏࢙
࡮
૛ ࢔࢏࢙

࡯
૛ቁ

૛࢔
૜
≥

૜
૛࢔ ⋅

૚

ቀ૚ૡቁ
૛࢔
૜

= ૜ ⋅ ૛࢔ 

Because: ࢙࢔࢏ ࡭
૛
࢔࢏࢙ ࡮

૛
࢔࢏࢙ ࡯

૛
≤ ૚

ૡ
 

Solution 3 by proposer 

We have: (ࡰ࡮ࡲ∠)ࣆ = ࣊
૛
− ࡮

૛
(࡯ࡰࡱ∠)ࣆ, = ࣊

૛
− ࡯

૛
, so  

(ࡲࡰࡱ∠)ࣆ =
࣊
૛ −

࡭
૛ 

ࡲࡱ = ૛࢘ ⋅ ൬࢔࢏࢙
࣊
૛ −

࡭
૛൰ 

Let us denote: ࢻ = ࣊
૛
− ࡭

૛
ࢼ, = ࣊

૛
− ࡮

૛
ࢽ, = ࣊

૛
− ࡯

૛
 and we 

have: ࢻ + ࢼ + ࢽ = ࣊; ࢽ,ࢼ,ࢻ	 ∈ ቀ૙, ࣊
૛
ቁ 

Hence,  

ࢇ
࢞ =

૛࡭࢔࢏࢙ࡾ

૛࢘࡭࢙࢕ࢉ૛
=

૛࡭࢔࢏࢙ࡾ૛ ࢙࢕ࢉ
࡭
૛

૝࡭࢔࢏࢙ࡾ૛ ࢔࢏࢙
࡮
૛ ࢔࢏࢙

࡯
૛ ࢙࢕ࢉ

࡭
૛

=
૚

૛࡮࢔࢏ࢇ૛ ࢔࢏࢙
࡯
૛

 

෍
ࢇ
࢞

ࢉ࢟ࢉ

= ෍
૚

૛࢙࡮࢔࢏૛ ࢔࢏࢙
࡯
૛ࢉ࢟ࢉ

≥
૜
૛ ⋅ ඨ

૚

૛࢔࢏࢙ ૛࡭ ࢔࢏࢙
૛ ࡮
૛ ࢔࢏࢙

૛ ࡯
૛

 

∵ ࢔࢏࢙
࡭
૛ ࢔࢏࢙

࡮
૛ ࢔࢏࢙

࡯
૛ ≤

૚
ૡ ⇔ ૛࢘ ≤ (࢘ࢋ࢒࢛ࡱ)ࡾ ⇒

૚

૛࡭࢔࢏࢙ ࢔࢏࢙
࡮
૛ ࢔࢏࢙

࡯
૛
≥ ૡ ⇒ 

෍
ࢇ
࢞

ࢉ࢟ࢉ

≥ ૟; (૚) 

Now, we want to prove that:  

෍
࢞
ࢇ

ࢉ࢟ࢉ

≤
૜
૛ ; (૛) ⇔෍࢙࢔࢏

࡮
૛ ࢔࢏࢙

࡯
૛

ࢉ࢟ࢉ

≤
૜
૝ 
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࡭ࡵ =
࢘

࢔࢏࢙ ૛࡭
=
૝࡭࢔࢏࢙ࡾ૛ ࢔࢏࢙

࡮
૛ ࢔࢏࢙

࡯
૛

૛࡭࢔࢏࢙
= ૝࢔࢏࢙ࡾ

࡮
૛ ࢔࢏࢙

࡯
૛ 

෍࢙࢔࢏
࡮
૛ ࢔࢏࢙

࡯
૛

ࢉ࢟ࢉ

≤
૚
૜
ቌ෍࢙࢔࢏

࡭
૛

ࢉ࢟ࢉ

ቍ

૛

 

It is enough to prove that:   ∑ ࢔࢏࢙ ࡭
૛ࢉ࢟ࢉ ≤ ૜

૛
; (૜) 

෍࢙࢔࢏
࡭
૛

ࢉ࢟ࢉ

= ෍ࢻ࢙࢕ࢉ
ࢉ࢟ࢉ

= ૛࢙࢕ࢉ
ࢻ + ࢼ
૛ ࢙࢕ࢉ

ࢻ − ࢼ
૛ + ૚ − ૛࢙࢔࢏૛

ࢽ
૛ = 

=
૜
૛ + ૛࢙࢔࢏

ࢽ
૛ ࢙࢕ࢉ

ࢻ − ࢼ
૛ − ૛࢙࢔࢏૛

ࢽ
૛ −

૚
૛ =

૜
૛ −

૚
૛ ൬૝࢙࢔࢏

૛ ࢽ
૛ − ૝࢙࢔࢏

ࢽ
૛ ࢙࢕ࢉ

ࢻ − ࢼ
૛ + ૚൰ = 

=
૜
૛ −

૚
૛ ቈ൬૛࢙࢔࢏

ࢽ
૛ − ࢙࢕ࢉ

ࢻ − ࢼ
૛ ൰

૛

+ ૛࢔࢏࢙
ࢻ − ࢼ
૛ ቉ ≤

૜
૛ ⇒ 

෍࢙࢔࢏
࡭
૛

ࢉ࢟ࢉ

≤
૜
૛ ; (૜) ⇒෍࢙࢔࢏

࡮
૛ ࢔࢏࢙

࡯
૛

ࢉ࢟ࢉ

≤
૜
૝ ⇒෍

࢞
ࢇ

ࢉ࢟ࢉ

≤
૜
૛ ; (૛) 

From (1),(2) and Holder inequality, it follows that: 

෍ቀ
ࢇ
࢞
ቁ
ା૚࢔

ࢉ࢟ࢉ

= ෍
ቀ࢞ࢇቁ

࢔

࢞
ࢉ࢟ࢉࢇ

≥
࢘ࢋࢊ࢒࢕ࡴ ቀ࢞ࢇ + ࢈

࢟ + ࢉ
ቁࢠ

࢔

૜ି࢔૛ ቀ࢞ࢇ + ࢟
+࢈ ࢠ

ቁࢉ
≥

૟࢔

૜ି࢔૛ ⋅ ૜૛
=
૛ ⋅ ૛࢔ ⋅ ૜࢔

૜ି࢔૚ = ૜ ⋅ ૛࢔ା૚  

 

2312. In ઢࢇ࢔,࡯࡮࡭ −Nagel’s cevian, the following relationship holds: 

ࢇࢎ
࢘

࢈࢘| − |ࢉ࢘ ≥ ૛࢙࢕ࢉ
࡭
૛
ඥࢇ࢔૛ −  ૛ࢇࢎ

Proposed by Bogdan Fuștei-Romania 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

࢈࢘ − ࢉ࢘ =
࢙࢘
࢙ − ࢈ −

࢙࢘
࢙ − ࢉ =

࢈)࢙࢘ − (ࢉ
(࢙ − ࢙)(࢈ − (ࢉ =

−࢈)࢙࢘ ࢙)(ࢉ − (ࢇ
࢙࢘૛ = 

=
࢈) − ૛࡭࢙࢕ࢉࡾ૝(ࢉ ࢔࢏࢙

࡮
૛ ࢔࢏࢙

࡯
૛

૝࡭࢔࢏࢙ࡾ૛ ࢔࢏࢙
࡮
૛ ࢔࢏࢙

࡯
૛

=
࢈) − ૛࡭࢙࢕ࢉ(ࢉ

࢔࢏࢙ ૛࡭
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ࢇࢎ
࢘

࢈࢘| − |ࢉ࢘ ≥ ૛࢙࢕ࢉ
࡭
૛
ඥࢇ࢔૛ − ;૛ࢇࢎ (∗) ⇔

࢈| − |ࢉ

૛࡭࢔࢏࢙
≥
ࢇ
࢙
ඥࢇ࢔૛ − ૛ࢇࢎ ⇔ 

−࢈) ૛(ࢉ

૛࢔࢏࢙ ૛࡭
≥

૛ࢇ

࢙૛(ࢇ࢔૛ −  (૛ࢇࢎ

૛ࢇ࢔ = ࢙૛ − ૛࢘ࢇࢎࢇ → (∗) ⇔
࢈) − ૛(ࢉ

૛࢔࢏࢙ ૛࡭
≥ ૛ࢇ −

૝࢙࢘૛

࢙ − ࢇ ⇔ 

࢈) − ૛(ࢉ

૛࢔࢏࢙ ૛࡭
≥ ૛ࢇ −

૛࢘ࢇ
࢙ ൬

૛࢙࢘
࢙ − +ࢇ

૛࢙࢘
ࢇ ൰ = ૛ࢇ −

૝࢙࢘૛

࢙ − ࢇ ⇔ 

࢈) − ૛(ࢉ

૛࢔࢏࢙ ૛࡭
≥ ૛ࢇ − ૝࢘࢘ࢇ = ૛ࢇ + ૝࢘ࢉ࢘࢈ − ૝ࢉ࢈ ⇔ 

࢈) − ૛(ࢉ

૛࢔࢏࢙ ૛࡭
+ ૝ࢉ࢈ ≥ ૛ࢇ + ૝࢙(࢙ − (ࢇ = ૛ࢇ + +ࢇ) ࢈ + +ࢇ−)(ࢉ ࢈ + (ࢉ = ࢈) + ૛(ࢉ ⇔ 

࢈) − ૛(ࢉ

૛࢔࢏࢙ ૛࡭
≥ ࢈) − ,૛(ࢉ ࢔࢏࢙

࡭
૛ ≤ ૚ 

Solution 2 by Soumava Chakraborty-Kolkata-India 

 
ࡳ࡭	ࢊ࢔ࢇ࡯࡮࡭	∆	࢔࢏	࢙࢔ࢇ࢏࢜ࢋࢉ	࢒ࢋࢍࢇࡺ	ࢋࢎ࢚	ࢋ࢈	ࡲ࡯,ࡱ࡮,ࡰ࡭	࢚ࢋࡸ =  ࢇࢎ

ࡰ࡮ = ࢙ − ࡳ࡮	ࢊ࢔ࢇ	ࢉ = ࡮࢙࢕ࢉࢉ ⇒ ࡳࡰ = −࡮࢙࢕ࢉࢉ ࢙ + ࡰ࡯	ࢊ࢔ࢇ	ࢉ = ࢙ − ࡳ࡯	ࢊ࢔ࢇ	࢈

= ࡯࢙࢕ࢉ࢈ ⇒ ࡳࡰ = ࢙ − ࢈ −  ࡯࢙࢕ࢉ࢈
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∴ ૛ࡳࡰ = −࡮࢙࢕ࢉࢉ ࢙ + ࢉ + ࢙ − ࢈ − ࡯࢙࢕ࢉ࢈ = ࢉ − ࢈ + −࡮࢙࢕ࢉࢉ  ࡯࢙࢕ࢉ࢈

ࢉ	ࢋ࢘ࢋࡴ > ܾ	ℎ݁݊ݓ	ݎ݁݊݊ܽ݉	ݎ݈ܽ݅݉݅ݏ	ܽ	݊݅	݃݊݅݀݁݁ܿ݋ݎ݌	݀݊ܽ	ܾ > ݊݅ܽݐܾ݋	݈݀ݑ݋ݓ	݁݊݋,ܿ ∶ ࡳࡰ2

= ࢈ − ࢉ + ࡯࢙࢕ࢉ࢈ −  ࡮࢙࢕ࢉࢉ

∴ ૛ࡳࡰ = ࢈| − ࢉ + ࡯࢙࢕ࢉ࢈ − |࡮࢙࢕ࢉࢉ = ቤ࢈ − ࢉ + ቆ࢈
૛ࢇ + ૛࢈ − ૛ࢉ

૛࢈ࢇ ቇ − ቆࢉ
૛ࢉ + ૛ࢇ − ૛࢈

૛ࢇࢉ ቇቤ

= ቤ࢈ − ࢉ +
૛(࢈૛ − (૛ࢉ

૛ࢇ ቤ = ฬ
૛࢙
ࢇ

࢈) −  ฬ(ࢉ

⇒ ૛ࡳࡰ =
࢙૛(࢈− ૛(ࢉ

૛ࢇ ⇒ ૛ࡰ࡭ − ૛ࡳ࡭ =
࢙૛(࢈− ૛(ࢉ

૛ࢇ ⇒ ૛ࢇ࢔ − ૛ࢇࢎ =
࢙૛(࢈− ૛(ࢉ

૛ࢇ

⇒ ૛࢙࢕ࢉ
࡭
૛
ඥࢇ࢔૛ − ૛ࢇࢎ =⏞

૛࢙(࢏)
ࢇ ࢙࢕ࢉ

࡭
૛

࢈| −  |ࢉ

ࢇࢎ
࢘

࢈࢘| − |ࢉ࢘ =
૛࢘૛࢙૛|࢈− |ࢉ

࢙)࢘ࢇ − ࢙)(࢈ − (ࢉ =
૛࢙(࢙ − ࢙)(ࢇ − ࢙)(࢈ − ࢈|(ࢉ − |ࢉ

࢙)࢘ࢇ − ࢙)(࢈ − (ࢉ

=
૛࢙
ࢇ

−࢈| |ࢉ
૝࡭࢙࢕ࢉࡾ૛ ࢔࢏࢙

࡮
૛ ࢔࢏࢙

࡯
૛

૝࡭࢔࢏࢙ࡾ૛ ࢔࢏࢙
࡮
૛ ࢔࢏࢙

࡯
૛

=
૛࢙
ࢇ ࢙࢕ࢉ

࡭
૛

࢈| − .|ࢉ ࢉࢋ࢙࢕ࢉ
࡭
૛ 

≥⏞
ଵ૛࢙	૛வ࡭ࢉࢋ࢙࢕ࢉ

ࢇ ࢙࢕ࢉ
࡭
૛

−࢈| |ࢉ =⏞
(࢏)	ࢇ࢏࢜

૛࢙࢕ࢉ
࡭
૛
ඥࢇ࢔૛ −  (ࡰࡱࡽ)	૛ࢇࢎ

 

2313. In ઢ࡯࡮࡭ the following relationship holds: 

૝ࢇ

࢈࢘ࢇ࢘
+

૝࢈

ࢉ࢘࢈࢘
+

૝ࢉ

ࢇ࢘ࢉ࢘
≥
૚૟ࡲ
√૜

 

Proposed by D.M.Bătineţu-Giurgiu, Flaviu Cristian Verde-Romania 
Solution 1 by Marian Ursărescu-Romania 

We mut show that: 

૚
ࢉ࢘࢈࢘ࢇ࢘

ࢉ૝࢘ࢇ) + ࢇ૝࢘࢈ + (࢈૝࢘ࢉ ≥
૚૟ࡲ
√૜

⇔ 

૚
࢙࢘૛

൮
૝ࢇ
૚
ࢉ࢘

+
૝࢈
૚
ࢇ࢘

+
૝ࢉ
૚
࢈࢘

൲ ≥
૚૟ࡲ
√૜

; (૚) 
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૝ࢇ
૚
ࢉ࢘

+
૝࢈
૚
ࢇ࢘

+
૝ࢉ
૚
࢈࢘

≥⏞
࢘ࢋࢊ࢒࢕ࡴ ࢇ) + ࢈ + ૝(ࢉ

ૢ ቀ ૚࢘ࢇ
+ ૚
࢈࢘

+ ૚
ࢉ࢘
ቁ

=
૚૟࢙૝

ૢ ⋅ ૚࢘
; (૛) 

From (૚), (૛) we must show: 

૚
࢙૛࢘ ⋅

૚૟࢙૝

ૢ ⋅ ૚࢘
≥
૚૟࢙࢘
√૜

⇔ ࢙ ≥ ૜√૜࢘(ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ) 

Solution 2 by Avishek Mitra-West Bengal-India 

෍
૝ࢇ

ࢉ࢟ࢉ࢈࢘ࢇ࢘

≥⏞
ࡹࡳିࡹ࡭

૜ቆ
૝ࢉ૝࢈૝ࢇ

૛ࢉ૛࢘࢈૛࢘ࢇ࢘
ቇ

૚
૜

= ૜ቆ
(૝࢙࢘ࡾ)૝

(࢙࢘૛)૛ ቇ

૚
૜

= ૜ቆ
૛૞૟ࡾ૝࢘૝࢙૝

࢙૝࢘૛ ቇ

૚
૜

= ૜(૛૞૟ࡾ૝࢘૛)
૚
૜ 

Need to show: ૜(૛૞૟ࡾ૝࢘૛)
૚
૜ ≥ ૚૟ࡲ

√૜
 

→ ૛ૠ ⋅ ૛૞૟ࡾ૝࢘૛ ≥
૛૞૟ ⋅ ૚૟ ⋅ ࢘૜࢙૜

૜√૜
→ ૡ૚√૜ࡾ૝ ≥ ૚૟࢙࢘૜(࢚࢛࢘ࢋ) 

∵ ࡾ ≥ ૛࢘ → ૡ૚√૜ࡾ૜ ⋅ ࡾ ≥ ૛࢘ ⋅ ૡ࢙૜ 

∵ ૜√૜ࡾ ≥ ૛࢙ → ૡ૚√૜ࡾ૝ ≥ ૚૟࢙࢘૜ → ૡ૚√૜ࡾ૜ ≥ ૡ࢙૜ 

 Solution 3 by Alex Szoros-Romania 

෍࢘࢈࢘ࢇ
ࢉ࢟ࢉ

= ෍
࢙૛

(࢙ − ࢙)(ࢇ − (࢈
ࢉ࢟ࢉ

= ෍࢙(࢙ − (ࢉ
ࢉ࢟ࢉ

= ࢙෍(࢙ − (ࢉ
ࢉ࢟ࢉ

= ࢙૛ 

෍ࢇ૛
ࢉ࢟ࢉ

≥ ૝ࡲ√૜(࢑ࢉ࢕࢈࢔ࢋࢠ࢚࢏ࢋࢃ−࢛ࢉ࢙ࢋ࢔࢕ࡵ) 

૜෍ࢇ૛
ࢉ࢟ࢉ

≥ ቌ෍ࢇ
ࢉ࢟ࢉ

ቍ

૛

= ૝࢙૛ →෍ࢇ૛
ࢉ࢟ࢉ

≥
૝
૜ ࢙

૛ 

Applying Bergstrom inequality, we get: 

෍
૝ࢇ

ࢉ࢟ࢉ࢈࢘ࢇ࢘

= ෍
૛(૛ࢇ)

ࢉ࢟ࢉ࢈࢘ࢇ࢘

≥
૛(૛ࢇ∑)

ࢉ࢘࢈࢘∑
≥
૝ࡲ√૜ ⋅ ૝࢙૛

૜࢙૛ =
૚૟ࡲ
√૜

 

 
2314. In acute ઢ࡯࡮࡭ the following relationship holds: 

૚
ࢇ

+
૚
࢈

+
૚
ࢉ
≤
૛ࢇ + ૛࢈ + ૛ࢉ

૛ࢉ࢈ࢇ
+

ࢇ
૛࢈ + ૛ࢉ

+
࢈

૛ࢉ + ૛ࢇ
+

ࢉ
૛ࢇ + ૛࢈

 

Proposed by Alex Szoros-Romania 
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

෍
ࢇ

૛࢈ + ૛ࢉ
ࢉ࢟ࢉ

= ෍
૛ࢇ

૛࢈)ࢇ + (૛ࢉ
ࢉ࢟ࢉ

≥⏞
ࡿ࡮࡯ ૛(ࢇ∑)

૛࢈)ࢇ∑ + (૛ࢉ =
૝࢙૛

−(࢈ࢇ∑)(ࢇ∑) ૜ࢉ࢈ࢇ = 

=
૝࢙૛

૛࢙(࢙૛ + ࢘૛ + ૝࢘ࡾ) − ૜ ⋅ ૝࢙࢘ࡾ 

→෍
ࢇ

૛࢈ + ૛ࢉ
ࢉ࢟ࢉ

≥
૛࢙

࢙૛ + ࢘૛ − ૛࢘ࡾ ; (૚) 

෍
૚
ࢇ

ࢉ࢟ࢉ

−
૛ࢇ∑

૛ࢉ࢈ࢇ =
૛(∑࢈ࢇ) − ૛(ࢇ∑)

૛ࢉ࢈ࢇ =
૛(࢙૛ + ࢘૛ + ૝࢘ࡾ) − ૛(࢙૛ − ࢘૛ − ૝࢘ࡾ)

ૡ࢙࢘ࡾ =
૝ࡾ + ࢘
૛࢙ࡾ  

↔ ࢙૛ ≤ ૡࡾ૛ − ૛࢘ࡾ − ࢘૛ 

By Gerretsen, we have: ࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛ ≥⏞
(∗)

ૡࡾ૛ − ૛࢘ࡾ − ࢘૛ ↔ 

ࡾ) − ૛࢘)(૝ࡾ + ૛࢘) ≥ ૙, which is true from ࡾ ≥ ૛࢘(࢘ࢋ࢒࢛ࡱ). 

Therefore, 

෍
૚
ࢇ

ࢉ࢟ࢉ

−
૛ࢇ∑

૛ࢉ࢈ࢇ ≤
૛࢙

࢙૛ + ࢘૛ − ૛࢘ࡾ ≤
⏞

(૚)

෍
ࢇ

૛࢈ + ૛ࢉ
ࢉ࢟ࢉ

→ 

૚
ࢇ +

૚
࢈ +

૚
ࢉ ≤

૛ࢇ + ૛࢈ + ૛ࢉ

૛ࢉ࢈ࢇ +
ࢇ

૛࢈ + ૛ࢉ +
࢈

૛ࢉ + ૛ࢇ +
ࢉ

૛ࢇ +  ૛࢈

 

2315. In ઢ࡯࡮࡭ the following relationship holds: 

ࢇ࢓
૛࢈࢓

૛ + ࢈࢓
૛ࢉ࢓

૛ + ࢉ࢓
૛ࢇ࢓

૛

࢈࢓ࢇ࢓ + ࢉ࢓࢈࢓ + ࢇ࢓ࢉ࢓
≤
૛ࡾૢ

૝
 

Proposed by Marin Chirciu-Romania 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

෍ࢇ࢓
૛࢈࢓

૛

ࢉ࢟ࢉ

= ෍
૛࢈૛ + ૛ࢉ૛ − ૛ࢇ

૝ ⋅
૛ࢇ૛ + ૛ࢉ૛ − ૛࢈

૝
ࢉ࢟ࢉ

= 

=
૚
૚૟෍

(૝ࢇ૛࢈૛ + ૝࢈૛ࢉ૛ − ૛࢈૝ + ૝ࢉ૛ࢇ૛ + ૝ࢉ૝ − ૛࢈૛ࢉ૛ − ૛ࢇ૝ − ૛ࢉ૛ࢇ૛ + (૛ࢇ૛࢈
ࢉ࢟ࢉ
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→෍ࢇ࢓
૛࢈࢓

૛

ࢉ࢟ࢉ

=
ૢ
૚૟෍ࢇ૛࢈૛

ࢉ࢟ࢉ

; (૚) 

෍࢈࢓ࢇ࢓
ࢉ࢟ࢉ

≥⏞
࢔࢏ࢎ࢙ࢋ࢘ࢋࢀ

෍
૛࢈ + ૛ࢉ

૝ࡾ ⋅
૛ࢉ + ૛ࢇ

૝ࡾ
ࢉ࢟ࢉ

=
૚

૚૟ࡾ૛෍(ࢇ૛࢈૛ + ૛ࢉ૛࢈ + ૛ࢇ૛ࢉ + (૝ࢉ
ࢉ࢟ࢉ

= 

=
૚
૚૟

ቌ෍ࢇ૝
ࢉ࢟ࢉ

+ ૜෍ࢇ૛࢈૛
ࢉ࢟ࢉ

ቍ ≥⏞
∑࢞૛ஹ∑࢞࢟ ૚

૚૟ࡾ૛ ቌ෍ࢇ૛࢈૛
ࢉ࢟ࢉ

+ ૜෍ࢇ૛࢈૛
ࢉ࢟ࢉ

ቍ = 

=
૚
૝ࡾ૛෍ࢇ૛࢈૛

ࢉ࢟ࢉ

 

→෍࢈࢓ࢇ࢓
ࢉ࢟ࢉ

≥
૚
૝ࡾ૛෍ࢇ૛࢈૛

ࢉ࢟ࢉ

=⏞
(૚) ૝
ࢇ࢓૛෍ࡾૢ

૛࢈࢓
૛

ࢉ࢟ࢉ

 

Therefore, ∑ࢇ࢓
૛࢈࢓

૛

࢈࢓ࢇ࢓∑
≤ ૛ࡾૢ

૝
 

Solution 2 by Tran Hong-Dong Thap-Vietnam 

ࢇ࢓ ≥
૛࢈ + ૛ࢉ

૝ࡾ
(࢙ࢍ࢕࢒ࢇ࢔ࢇ	ࢊ࢔ࢇ) →෍࢈࢓ࢇ࢓

ࢉ࢟ࢉ

≥෍
૛࢈) + ૛ࢇ)(૛ࢉ + (૛ࢉ

૚૟ࡾ૛
ࢉ࢟ࢉ

= 

=
૜(ࢇ૛࢈૛ + ૛ࢉ૛࢈ + (૛ࢇ૛ࢉ + ૝ࢇ + ૝࢈ + (૝ࢉ

૚૟ࡾ૛  

෍ࢇ࢓
૛࢈࢓

૛

ࢉ࢟ࢉ

= ෍ቆ
૛࢈૛ + ૛ࢉ૛ − ૛ࢇ

૝ ቇቆ
૛ࢇ૛ + ૛ࢉ૛ − ૛࢈

૝ ቇ
ࢉ࢟ࢉ

= 

=
૚
૚૟෍

ቀ(૛࢈૛ + ૛ࢉ૛ − ૛ࢇ૛)(૛ࢇ + ૛ࢉ૛ − ૛)ቁ࢈
ࢉ࢟ࢉ

=
ૢ
૚૟

૛࢈૛ࢇ) + ૛ࢉ૛࢈ +  (૛ࢇ૛ࢉ

ࢇ࢓∑
૛࢈࢓

૛

࢈࢓ࢇ࢓∑
≤

ૢ
૚૟ ૛࢈૛ࢇ) + ૛ࢉ૛࢈ + (૛ࢇ૛ࢉ

૜(ࢇ૛࢈૛ + ૛ࢉ૛࢈ + (૛ࢇ૛ࢉ + ૝ࢇ + ૝࢈ + (૝ࢉ
૚૟ࡾ૛

=
૛ࡾૢ ૛࢈૛ࢇ∑

૜∑ࢇ૛࢈૛ +  ૝ࢇ∑

We need to prove that: 

૛࢈૛ࢇ∑૛ࡾૢ

૜∑ࢇ૛࢈૛ + ૝ࢇ∑ ≤
૛ࡾૢ

૝ ↔ ૝ࢇ∑ + ૜∑ࢇ૛࢈૛ ≥ ૝∑ࢇ૛࢈૛ 

↔ ૝ࢇ∑ ≥ ૛, which is true because: ∑࢞૛࢈૛ࢇ∑ ≥ ∑࢞࢟,࢞ = ૛ࢇ ,࢟ = ,૛࢈ ࢠ =  ૛ࢉ

→ ૝ࢇ∑ ≥  ૛࢈૛ࢇ∑
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2316. In ઢ࡯࡮࡭ the following relationship holds: 

૛૝࢘ࡾ ≤
૝ࢇ

ࢉࢎ࢈ࢎ
+

૝࢈

ࢇࢎࢉࢎ
+

૝ࢉ

࢈ࢎࢇࢎ
≤ ૝ࡾ૛ ൬

૛ࡾ
࢘
− ૚൰ 

Proposed by Marin Chirciu-Romania 
Solution by Alex Szoros-Romania 

૝ࢇ

ࢉࢎ࢈ࢎ
=
ࢉ࢈૝ࢇ
૝ࡲ૛ =

ࢉ࢈ࢇ ⋅ ૜ࢇ

૝࢘૛࢙૛ =
૝࢙࢘ࡾ
૝࢘૛࢙૛ ⋅ ࢇ

૜ → 

૝ࢇ

ࢉࢎ࢈ࢎ
=
ࡾ
࢙࢘ ⋅ ࢇ

૜ →෍
૝ࢇ

ࢉ࢟ࢉࢉࢎ࢈ࢎ

=
ࡾ
࢙࢘෍ࢇ૜

ࢉ࢟ࢉ

 

→෍
૝ࢇ

ࢉ࢟ࢉࢉࢎ࢈ࢎ

=
૛࢙ࡾ(࢙૛ − ૜࢘૛ − ૟࢘ࡾ)

࢙࢘ =
૛ࡾ
࢘

(࢙૛ − ૜࢘૛ − ૟࢘ࡾ) 

૛૝࢘ࡾ ≤෍
૝ࢇ

ࢉ࢟ࢉࢉࢎ࢈ࢎ

⇔ ૛૝࢘ࡾ ≤
૛ࡾ
࢘

(࢙૛ − ૜࢘૛ − ૟࢘ࡾ) ⇔ 

૚૛࢘૛ ≤ ࢙૛ − ૜࢘૛ − ૟࢘ࡾ ⇔ ૟࢘ࡾ + ૚૞࢘૛ ≤ ࢙૛; (૚) 

ࡾ ≥ ૛࢘(࢘ࢋ࢒࢛ࡱ) → ૛૙࢘૛ ≤ ૚૙࢘ࡾ → ૟࢘ࡾ+ ૚૞࢘૛ ≤ ૚૟࢘ࡾ − ૞࢘૛ ≤⏞
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

࢙૛ 

→ ૟࢘ࡾ+ ૚૞࢘૛ ≤ ࢙૛ → (૚) is true. 

෍
૝ࢇ

ࢉ࢟ࢉࢉࢎ࢈ࢎ

≤ ૝ࡾ૛ ൬
૛ࡾ
࢘ − ૚൰ ⇔

૛ࡾ
࢘

(࢙૛ − ૜࢘૛ − ૟࢘ࡾ) ≤
૝ࡾ૛

࢘
(૛ࡾ − ࢘) 

⇔ ࢙૛ − ૜࢘૛ − ૟࢘ࡾ ≤ ૛ࡾ(૛ࡾ − ࢘) ⇔ ࢙૛ ≤ ૝ࡾ૛ − ૛࢘ࡾ + ૟࢘ࡾ+ ૜࢘૛ ⇔ 

࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛(࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ). 

2317. In ઢ࡯࡮࡭ the following relationship holds: 

ࢇ࢓
૛

࢈
+
࢈࢓

૛

ࢉ
+
ࢉ࢓

૛

ࢇ
≥ ૟࢙ ቀ

࢘
ࡾ
ቁ
૛
 

Proposed by D.M. Bătineţu-Giurgiu, Flaviu Cristian Verde-Romania 
Solution by Marian Ursărescu-Romania 

ࢇ࢓
૛

࢈ +
࢈࢓

૛

ࢉ +
ࢉ࢓

૛

ࢇ ≥ ૜ඨ
൫ࢇ࢓

૛࢈࢓
૛ࢉ࢓

૛൯
૛

ࢉ࢈ࢇ

૜

 

We must show: 
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૜ඨ
൫ࢇ࢓

૛࢈࢓
૛ࢉ࢓

૛൯૛

ࢉ࢈ࢇ

૜

≥ ૟࢙ ቀ
࢘
ࡾ
ቁ
૛
⇔

൫ࢇ࢓
૛࢈࢓

૛ࢉ࢓
૛൯૛

ࢉ࢈ࢇ ≥ ૡ࢙૜ ቀ
࢘
ࡾ
ቁ
૟

; (૚) 

But ࢇ࢓ ≥ ඥ࢙(࢙ − (ࢇ → ૛(ࢉ࢓࢈࢓ࢇ࢓) ≥ ૛(ࡲ࢙) = (࢙૛࢘)૛ = ࢙૜࢘૛; (૛) 
ࢉ࢈ࢇ = ૝࢙࢘ࡾ; (૜) 

From (૚), (૛), (૜) we must show that: 
࢙૛࢘૛

૝࢙࢘ࡾ ≥ ૡ࢙૜ ቀ
࢘
ࡾ
ቁ
૟
⇔ ૞ࡾ ≥ ૜૛࢘૞ ⇔ ࡾ ≥ ૛࢘(࢘ࢋ࢒࢛ࡱ). 

 

2318. In ઢ࡯࡮࡭ the following relationship holds: 

૚૟
ૢ
෍ࢉ࢓࢈࢓
ࢉ࢟ࢉ

≤
૝ࢇ∑ + ૜∑࢈૛ࢉ૛

૛ࢇ∑
 

Proposed by Marin Chirciu-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

૚૟
ૢ ෍ࢉ࢓࢈࢓

ࢉ࢟ࢉ

≤
૝ࢇ∑ + ૜∑࢈૛ࢉ૛

૛ࢇ∑ ; (∗) 

∵෍ࢇ૛
ࢉ࢟ࢉ

=
૝
૜෍ࢇ࢓

૛

ࢉ࢟ࢉ

; ૚૟෍ࢇ࢓
૝

ࢉ࢟ࢉ

= ෍(૛࢈૛ + ૛ࢉ૛ − ૛)૛ࢇ
ࢉ࢟ࢉ

= ૢ෍ࢇ૝
ࢉ࢟ࢉ

 

૚૟෍ࢇ࢓
૛࢈࢓

૛

ࢉ࢟ࢉ

= ෍(૛࢈૛ + ૛ࢉ૛ − ૛࢈૛)(૛ࢇ + ૛ࢉ૛ − (૛ࢇ
ࢉ࢟ࢉ

= ૢ෍࢈૛ࢉ૛
ࢉ࢟ࢉ

 

(∗) ⇔
૚૟
ૢ
ቌ෍ࢉ࢓࢈࢓
ࢉ࢟ࢉ

ቍቌ
૝
૜෍ࢇ࢓

૛

ࢉ࢟ࢉ

ቍ ≤
૚૟
ૢ
ቌ෍ࢇ࢓

૝

ࢉ࢟ࢉ

+ ૜෍ࢇ࢓
૛࢈࢓

૛

ࢉ࢟ࢉ

ቍ 

⇔ ૝ቌ෍࢈࢓ࢇ࢓
ࢉ࢟ࢉ

ቍቌ෍ࢇ࢓
૛

ࢉ࢟ࢉ

ቍ ≤ ૜෍ࢇ࢓
૝

ࢉ࢟ࢉ

+ ૢ෍ࢇ࢓
૛࢈࢓

૛

ࢉ࢟ࢉ

 

ࢉ࢓,࢈࢓,ࢇ࢓ −can be the sides of a triangle, so it is suffices to prove that: 

૝෍࢈ࢇ
ࢉ࢟ࢉ

⋅෍ࢇ૛
ࢉ࢟ࢉ

≤⏞
(∗∗)

૜෍ࢇ૝
ࢉ࢟ࢉ

+ ૢ෍ࢇ૛࢈૛
ࢉ࢟ࢉ

;∀ઢ 
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(∗∗) ⇔ ૝෍࢈ࢇ
ࢉ࢟ࢉ

⋅෍ࢇ૛
ࢉ࢟ࢉ

≤ ૜ቌ෍ࢇ૝
ࢉ࢟ࢉ

− ૛෍ࢇ૛࢈૛
ࢉ࢟ࢉ

ቍ + ૚૞ ൦ቌ෍࢈ࢇ
ࢉ࢟ࢉ

ቍ

૛

− ૛ࢉ࢈ࢇ෍ࢇ
ࢉ࢟ࢉ

൪ 

⇔ ૜૙ࢉ࢈ࢇ෍ࢇ
ࢉ࢟ࢉ

≤ ૜(−૚૟ࡲ૛) + ቌ෍࢈ࢇ
ࢉ࢟ࢉ

ቍቌ૚૞෍࢈ࢇ
ࢉ࢟ࢉ

− ૝෍ࢇ૛
ࢉ࢟ࢉ

ቍ 

⇔ ૛૝૙࢙࢘ࡾ૛ + ૝ૡ࢘૛࢙૛ ≤ (࢙૛ + ࢘૛ + ૝࢘ࡾ)(ૠ࢙૛ + ૛૜࢘૛ + ૢ૛࢘ࡾ) 

(࢙)ࢌ = ࢙૛(૚૛૙࢘ࡾ+ ૚ૡ࢘૛ − ૠ࢙૛) ≤ ૛૜࢘૛(૝ࡾ + ࢘)૛  

(࢙)ᇱࢌ = ૛࢙(૚૛૙࢘ࡾ+ ૚ૡ࢘૛ − ૚૝࢙૛) ≤⏞
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

૛࢙(−૚૙૝࢘ࡾ+ ૡૡ࢘૛) ≤⏞
࢘ࢋ࢒࢛ࡱ

૙ 

→ ࢙૛ ≤⏞
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

࢘(૚૟ࡾ− ૞࢘) → (࢙)ࢌ ≤ ࢘૛(૚૟ࡾ− ૞࢘)(ૡࡾ + ૞૜࢘)≤⏞
?

૛૜࢘૛(૝ࡾ + ࢘)૛ 

⇔ ૚૞ࡾ૛ − ૜ૢ࢘ࡾ + ૚ૡ࢘૛ ≥ ૙ ⇔ ࡾ) − ૛࢘)(૚૞ࡾ − ૢ࢘) ≥ ૙ 

Which is true from ࡾ ≥ ૛࢘(࢘ࢋ࢒࢛ࡱ) → (∗∗) is true. 

Therefore, 

૚૟
ૢ ෍ࢉ࢓࢈࢓

ࢉ࢟ࢉ

≤
૝ࢇ∑ + ૜∑࢈૛ࢉ૛

૛ࢇ∑  

2319. Let ઢ be area of pedal triangle of first Brocard’s point in ઢ࡯࡮࡭. Prove 

that: 

૛ࡾઢ ≥  ࡲ࢘

Proposed by Daniel Sitaru-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 
 

Let ࡻ,ષ −be the circumcenter, the first Brocard’s point of ઢ࡯࡮࡭. 
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We know that: 

ષࡻ = ඥ૚ࡾ − ૝࢙࢔࢏૛࣓ = ඨ૚ࡾ − ૝ ⋅
૝ࡲ૛

૛(࢈ࢇ) + ૛(ࢉ࢈) +  ૛(ࢇࢉ)

Using the known identity: ઢ = ષ૛ࡻ૛ିࡾ

૝ࡾ૛
⋅  ࡲ

→ ઢ =
૚
૝ ቈ૚ − ቆ૚ −

૚૟ࡲ૛

૛(࢈ࢇ) + ૛(ࢉ࢈) + ૛ቇ቉(ࢇࢉ) ⋅ ࡲ =
૝ࡲ૛

૛(࢈ࢇ) + ૛(ࢉ࢈) + ૛(ࢇࢉ) ⋅  ࡲ

We have: 

෍(࢈ࢇ)૛
ࢉ࢟ࢉ

=
૚
૛෍

૛(࢈ࢇ)] + [૛(ࢇࢉ)
ࢉ࢟ࢉ

≥⏞
ࡹࡳିࡹ࡭ ૚

૛෍૛ࢇ૛ࢉ࢈
ࢉ࢟ࢉ

= ࢇ෍ࢉ࢈ࢇ
ࢉ࢟ࢉ

 

→෍(࢈ࢇ)૛
ࢉ࢟ࢉ

≥ ૡ࢙૛࢘ࡾ =
ૡࡲࡾ૛

࢘ → ઢ =
૝ࡲ૛

૛(࢈ࢇ) + ૛(ࢉ࢈) + ૛(ࢇࢉ) ⋅ ࡲ ≤
࢘
૛ࡾ ⋅  ࡲ

Therefore:  ૛ࡾઢ ≤  ࡲ࢘

2320. In ઢࢇࢍ,࡯࡮࡭ −Gergonne cevian, the following relationship holds: 

૝ࡾ
࢘
≥ ૞ + ෍

ࢇ࢓
૛࢝ࢇ

૛

ࢉ࢟ࢉࢇ࢘ࢇࢎ૛ࢇࢍ

 

Proposed by Bogdan Fuştei-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 

૛ࢇ࢔ = ࢙(࢙ − (ࢇ +
࢈) − ૛(ࢉ

ࢇ ⋅ ૛ࢇࢍ		;࢙ = ࢙(࢙ − (ࢇ −
࢈) − ࢙)૛(ࢉ − (ࢇ

ࢇ  

ࢇ࢓
૛࢝ࢇ

૛ =
࢈) + ૛(ࢉ + −࢈) ૛(ࢉ − ૛ࢇ

૝ ⋅
૝࢙ࢉ࢈(࢙ − (ࢇ

࢈) + ૛(ࢉ = 

= ࢙(࢙ − (ࢇ ቈࢉ࢈ +
࢈)]ࢉ࢈ − ૛(ࢉ − [૛ࢇ

࢈) + ૛(ࢉ ቉ 

⏞≤૛ࢇࢍࢇ࢔
?

ࢇ࢓
૛࢝ࢇ

૛ ⇔ ൭(࢙ − (ࢇ +
࢈) − ૛(ࢉ

ࢇ
൱ቆ࢙ −

࢈) − ૛(ࢉ

ࢇ ቇ ≥ ࢉ࢈ +
࢈))ࢉ࢈ − ૛(ࢉ − (૛ࢇ

࢈) + ૛(ࢉ  

⇔ ࢙(࢙ − (ࢇ +
࢈) − ૛(ࢉ

૛ࢇ
૛ࢇ) − −࢈) (૛(ࢉ ≥ ࢉ࢈ +

ࢉ࢈
࢈) + ૛(ࢉ ࢈)) − ૛(ࢉ −  (૛ࢇ
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⇔ ૝࢙(࢙ − (ࢇ − ૝ࢉ࢈+ ૝[ࢇ૛ − ࢈) − [૛(ࢉ ቈ
࢈) − ૛(ࢉ

૛ࢇ +
ࢉ࢈

࢈) + ૛቉(ࢉ ≥ ૙ 

⇔ ࢈) − ૛(ࢉ − ૛ࢇ + ૝(ࢇ૛ − ࢈) − ૛)ቆ(ࢉ
࢈) − ૛(ࢉ

૛ࢇ +
ࢉ࢈

+࢈) ૛ቇ(ࢉ ≥ ૙ 

⇔ ࢇ) − ࢈ + +ࢇ)(ࢉ ࢈ − ቆ(ࢉ
૝(࢈− ૛(ࢉ

૛ࢇ +
૝ࢉ࢈

࢈) + ૛(ࢉ − ૚ቇ ≥ ૙ 

⇔ −࢈) ૛(ࢉ ൬
૝
૛ࢇ −

૚
࢈) + ૛൰(ࢉ ≥ ૙ ⇔ ૛(࢈+ (ࢉ ≥ −ࢇ ࢋ࢛࢚࢘ → ࢇࢍࢇ࢔ ≥  ࢇ࢝ࢇ࢓

→ ૞ + ෍
ࢇ࢓

૛࢝ࢇ
૛

ࢉ࢟ࢉࢇ࢘ࢇࢎ૛ࢇࢍ

≤ ૞ + ෍
૛ࢇ࢔

ࢉ࢟ࢉࢇ࢘ࢇࢎ

= ૞ + ෍
࢙૛ − ૛࢘ࢇࢎࢇ

ࢉ࢟ࢉࢇ࢘ࢇࢎ

= 

= ࢙૛෍
૚

ࢉ࢟ࢉࢇ࢘ࢇࢎ

− ૚ =
૚
૛࢘૛෍ࢇ(࢙ − (ࢇ

ࢉ࢟ࢉ

− ૚ =
૛࢘(૝ࡾ+ ࢘)

૛࢘૛ − ૚ =
૝ࡾ
࢘  

Therefore, 

૝ࡾ
࢘ ≥ ૞ + ෍

ࢇ࢓
૛࢝ࢇ

૛

ࢉ࢟ࢉࢇ࢘ࢇࢎ૛ࢇࢍ

 

2321. In ઢࢇ࢔,࡯࡮࡭ −Nagel’s cevian, ࢇࢍ −Gergonne’s cevian, the following 

relationship holds: 

ࡾ
࢘ ≥

૞ࡾ − ࢘ + ࢇࢎࢇࢍࢇ࢔∑
ࢇࢎ + ࢈ࢎ + ࢉࢎ

≥
૞ࡾ − ࢘ + ࢇ࢝ࢇ࢓∑

ࢇࢎ
ࢇࢎ + ࢈ࢎ + ࢉࢎ

≥
ࡾૢ

ࢇࢎ + ࢈ࢎ + ࢉࢎ
≥
૛(࢘ࢇ + ࢈࢘ + (ࢉ࢘
ࢇࢎ + ࢈ࢎ + ࢉࢎ

≥ ૛ 

Proposed by Bogdan Fuştei-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 

෍ࢇࢎ
ࢉ࢟ࢉ

= ૛࢙࢘෍
૚
ࢇ

ࢉ࢟ࢉ

≥⏞
࢘ࢋࢍ࢘ࢋ࢈࢔ࢋ࢛ࢋࡸ

૛࢙࢘ ⋅
√૜
૛࢘ = √૜࢙ = ඨ૜෍࢘࢈࢘ࢇ

ࢉ࢟ࢉ

≤෍࢘ࢇ
ࢉ࢟ࢉ

 

→ ૛
ࢇ࢘∑
ࢇࢎ∑

≥ ૛ 

෍࢘ࢇ
ࢉ࢟ࢉ

= ૝ࡾ + ࢘ ≤⏞
࢘ࢋ࢒࢛ࡱ

૝ࡾ +
ࡾ
૛ =

ࡾૢ
૛  
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∵ ࢇ࢝ࢇ࢓ ≥ ࢙(࢙ − (ࢇ →෍
ࢇ࢝ࢇ࢓

ࢉ࢟ࢉࢇࢎ

≥෍
࢙(࢙ − (ࢇ

ࢉ࢟ࢉࢇࢎ

=
૚
૛࢘෍ࢇ(࢙ − (ࢇ

ࢉ࢟ࢉ

=
૛࢘(૝ࡾ + ࢘)

૛࢘  

→
૞ࡾ − ࢘+ ࢇ࢝ࢇ࢓∑

ࢇࢎ
ࢇࢎ + ࢈ࢎ + ࢉࢎ

≥
ࡾૢ

ࢇࢎ + ࢈ࢎ + ࢉࢎ
 

૛ࢇ࢔ = ࢙(࢙ − (ࢇ +
࢈) − ૛(ࢉ

ࢇ ⋅ ૛ࢇࢍ		;࢙ = ࢙(࢙ − (ࢇ −
࢈) − ࢙)૛(ࢉ − (ࢇ

ࢇ  

ࢇ࢓
૛࢝ࢇ

૛ =
࢈) + ૛(ࢉ + −࢈) ૛(ࢉ − ૛ࢇ

૝ ⋅
૝࢙ࢉ࢈(࢙ − (ࢇ

࢈) + ૛(ࢉ = 

= ࢙(࢙ − (ࢇ ቈࢉ࢈ +
࢈)]ࢉ࢈ − ૛(ࢉ − [૛ࢇ

࢈) + ૛(ࢉ ቉ 

⏞≤૛ࢇࢍࢇ࢔
?

ࢇ࢓
૛࢝ࢇ

૛ ⇔ ൭(࢙ − (ࢇ +
࢈) − ૛(ࢉ

ࢇ
൱ቆ࢙ −

࢈) − ૛(ࢉ

ࢇ ቇ ≥ ࢉ࢈ +
࢈))ࢉ࢈ − ૛(ࢉ − (૛ࢇ

࢈) + ૛(ࢉ  

⇔ ࢙(࢙ − (ࢇ +
࢈) − ૛(ࢉ

૛ࢇ
૛ࢇ) − −࢈) (૛(ࢉ ≥ ࢉ࢈ +

ࢉ࢈
࢈) + ૛(ࢉ ࢈)) − ૛(ࢉ −  (૛ࢇ

⇔ ૝࢙(࢙ − (ࢇ − ૝ࢉ࢈+ ૝[ࢇ૛ − ࢈) − [૛(ࢉ ቈ
࢈) − ૛(ࢉ

૛ࢇ +
ࢉ࢈

࢈) + ૛቉(ࢉ ≥ ૙ 

⇔ ࢈) − ૛(ࢉ − ૛ࢇ + ૝(ࢇ૛ − ࢈) − ૛)ቆ(ࢉ
࢈) − ૛(ࢉ

૛ࢇ +
ࢉ࢈

+࢈) ૛ቇ(ࢉ ≥ ૙ 

⇔ ࢇ) − ࢈ + +ࢇ)(ࢉ ࢈ − ቆ(ࢉ
૝(࢈− ૛(ࢉ

૛ࢇ +
૝ࢉ࢈

࢈) + ૛(ࢉ − ૚ቇ ≥ ૙ 

⇔ −࢈) ૛(ࢉ ൬
૝
૛ࢇ −

૚
࢈) + ૛൰(ࢉ ≥ ૙ ⇔ ૛(࢈+ (ࢉ ≥ −ࢇ ࢋ࢛࢚࢘ → ࢇࢍࢇ࢔ ≥  ࢇ࢝ࢇ࢓

→
૞ࡾ − ࢘ + ࢇࢎࢇࢍࢇ࢔∑
ࢇࢎ + ࢈ࢎ + ࢉࢎ

≥
૞ࡾ − ࢘ + ࢇ࢝ࢇ࢓∑

ࢇࢎ
ࢇࢎ + ࢈ࢎ + ࢉࢎ

 

∵ ૛ࢇ࢔	 = ࢙(࢙ − (ࢇ +
࢈) − ૛(ࢉ

ࢇ ⋅ ૛ࢇࢍ		;࢙ = ࢙(࢙ − (ࢇ −
−࢈) ࢙)૛(ࢉ − (ࢇ

ࢇ  

→ ૛ࢇ࢔ + ૛ࢇࢍ = ૛࢙(࢙ − (ࢇ + −࢈)  ૛(ࢉ

→෍
ࢇࢍࢇ࢔
ࢉ࢟ࢉࢇࢎ

≤⏞
ࡹࡳିࡹ࡭

෍
૛ࢇ࢔ + ૛ࢇࢍ

૛ࢉ࢟ࢉࢇࢎ

= ෍
૛࢙(࢙ − (ࢇ + ࢈) − ૛(ࢉ

૝࢙࢘
ࢉ࢟ࢉࢇ

= 
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=
૚
૛࢘෍ࢇ(࢙ − (ࢇ

ࢉ࢟ࢉ

+
૚
૝࢙࢘

ቌ෍ࢇ૛࢈
ࢉ࢟ࢉ

− ૟ࢉ࢈ࢇቍ = 

=
૛࢘(૝ࡾ + ࢘)

૛࢘ +
(࢈ࢇ∑)(ࢇ∑) − ࢉ࢈ࢇૢ

૝࢙࢘ = ૝ࡾ + ࢘ +
࢈ࢇ∑
૛࢘ − ࡾૢ = 

= ࢘ − ૞ࡾ +
∑૛ࢉࢎࡾ
૛࢘ = ࢘ − ૞ࡾ +

ࡾ
࢘෍ࢇࢎ

ࢉ࢟ࢉ

→
ࡾ
࢘ ≥

૞ࡾ − ࢘ + ࢇࢎࢇࢍࢇ࢔∑
ࢇࢎ + ࢈ࢎ + ࢉࢎ

 

Therefore, 

ࡾ
࢘ ≥

૞ࡾ − ࢘ + ࢇࢎࢇࢍࢇ࢔∑
ࢇࢎ + ࢈ࢎ + ࢉࢎ

≥
૞ࡾ − ࢘ + ࢇ࢝ࢇ࢓∑

ࢇࢎ
ࢇࢎ + ࢈ࢎ + ࢉࢎ

≥
ࡾૢ

ࢇࢎ + ࢈ࢎ + ࢉࢎ
≥
૛(࢘ࢇ + ࢈࢘ + (ࢉ࢘
ࢇࢎ + ࢈ࢎ + ࢉࢎ

≥ ૛ 

2322. In ઢ࡯࡮࡭ the following relationship holds: 

෍
ࢇ

࢈ + ࢉ
ࢉ࢟ࢉ

ࢉࢎ࢈ࢎ ≤
ࡾ
૛࢘

⋅෍
ࢇ

࢈ + ࢉ
ࢉ࢘࢈࢘

ࢉ࢟ࢉ

 

Proposed by Marin Chirciu-Romania 
Solution by Marian Ursărescu-Romania 
 

෍
ࢇ

+࢈ ࢉ
ࢉ࢟ࢉ

ࢉࢎ࢈ࢎ = ෍
ࢇ

࢈ + ࢉ
ࢉ࢟ࢉ

⋅
૝ࡲ૛

ࢉ࢈ =
૝ࡲ૛

ࢉ࢈ࢇ ⋅෍
૛ࢇ

࢈ + ࢉ
ࢉ࢟ࢉ

= 

=
૝࢙૛࢘૛

૝࢙࢘ࡾ ⋅෍
૛ࢇ

࢈ + ࢉ
ࢉ࢟ࢉ

=
࢙࢘
ࡾ ⋅

૛࢙(࢙૛ − ૜࢘૛ − ૝࢘ࡾ)
࢙૛ + ࢘૛ + ૛࢘ࡾ =

࢘
ࡾ ⋅

૛࢙૛(࢙૛ − ૜࢘૛ − ૝࢘ࡾ)
࢙૛ + ࢘૛ + ૛࢘ࡾ ; (૚) 

෍
ࢇ

࢈ + ࢉ ࢉ࢘࢈࢘
ࢉ࢟ࢉ

= ෍
ࢇ

+࢈ ࢉ
ࢉ࢟ࢉ

⋅
૛ࡲ

(࢙ − ࢙)(࢈ − (ࢉ = ࢙෍
࢙)ࢇ − (ࢇ
࢈ + ࢉ

ࢉ࢟ࢉ

= 

= ࢙૛෍
ࢇ

࢈ + ࢉ
ࢉ࢟ࢉ

− ࢙෍
૛ࢇ

࢈ + ࢉ
ࢉ࢟ࢉ

= ࢙૛ ⋅
૛(࢙૛ − ࢘૛ − (࢘ࡾ
࢙૛ + ࢘૛ + ૛࢘ࡾ − ࢙ ⋅

૛࢙(࢙૛ − ૜࢘૛ − ૝࢘ࡾ)
࢙૛ + ࢘૛ + ૛࢘ࡾ = 

=
૛࢙૛࢘(૜ࡾ+ ૛࢘)
࢙૛ + ࢘૛ + ૛࢘ࡾ ; (૛) 

From (૚), (૛) we must to prove: 

࢘
ࡾ ⋅

૛࢙૛(࢙૛ − ૜࢘૛ − ૝࢘ࡾ)
࢙૛ + ࢘૛ + ૛࢘ࡾ ≤

ࡾ
૛࢘ ⋅

૛࢙૛࢘(૜ࡾ+ ૛࢘)
࢙૛ + ࢘૛ + ૛࢘ࡾ ⇔ 
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૛࢘(࢙૛ − ૜࢘૟૛ − ૝࢘ࡾ) ≤ ࡾ૛(૜ࡾ + ૛࢘); (૜) 

But ࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛(࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ); (૝) 

From (૜), (૝) we must to prove that: 

 ૛࢘ ⋅ ૝ࡾ૛ ≤ +ࡾ૛(૜ࡾ ૛࢘) ⇔ ૡ࢘ ≤ ૜ࡾ + ૛࢘ ⇔ ૟࢘ ≤ ૜ࡾ ⇔ ૛࢘ ≤  .(࢘ࢋ࢒࢛ࡱ)ࡾ

 

2323. In ઢ࡯࡮࡭ the following relationship holds: 

ቌ෍
ࢇ࢓

ࢇ
ࢉ࢟ࢉ

ቍቌ෍
ࢇ࢓

૛ + ࢈࢓
૛

૛ࢉ
ࢉ࢟ࢉ

ቍ ≤
૛ૠ√૜
૜૛

൬
ࡾ
࢘
൰
૜

 

Proposed by Kostas Geronikolas-Greece 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 

We know that: 

෍ࢇ࢓
૛

ࢉ࢟ࢉ

=
૜
૝෍ࢇ૛
ࢉ࢟ࢉ

; 		෍
૚
૛ࢇ

ࢉ࢟ࢉ

≤
૚
૝࢘૛

 (ࢋ࢔࢕࢚࢙ࢊ࢒࢕ࡳ)

→෍
ࢇ࢓

ࢇ
ࢉ࢟ࢉ

≤⏞
ࡿ࡮࡯

ඨ෍ࢇ࢓
૛

ࢉ࢟ࢉ

⋅෍
૚
૛ࢇ

ࢉ࢟ࢉ

≤⏞
ࡿ࡮࡯

ඩ
૜
૝
ቌ෍ࢇ૛
ࢉ࢟ࢉ

ቍ ⋅
૚
૝࢘૛ ≤⏞

ࢠ࢏࢔࢈࢏ࢋࡸ ૚
૝࢘

ඥ૜ ⋅ ૛ࡾૢ =
૜√૜ࡾ
૝࢘ ; (૚) 

ࢇ ≥ ࢈ ≥ ࢉ → ࢇ࢓ ≤ ࢈࢓ ≤ ࢉ࢓ → ࢇ࢓
૛ + ࢈࢓

૛ ≤ ࢇ࢓
૛ + ࢉ࢓

૛ and ૚
૛ࢉ
≥ ૚

૛࢈
≥ ૚

૛ࢇ
 

→෍
ࢇ࢓

૛ + ࢈࢓
૛

૛ࢉ
ࢉ࢟ࢉ

≤⏞
ᇲ࢙࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯ ૚

૜
ቌ෍൫ࢇ࢓

૛ + ࢈࢓
૛൯

ࢉ࢟ࢉ

ቍቌ෍
૚
૛ࢉ

ࢉ࢟ࢉ

ቍ ≤⏞
ࢋ࢔࢕࢚࢙ࢊ࢒࢕ࡳ

 

≤
૛
૜
ቌ෍ࢇ࢓

૛

ࢉ࢟ࢉ

ቍ ⋅
૚
૝࢘૛ =

૚
૟࢘૛

ቌ
૜
૝෍ࢇ૛
ࢉ࢟ࢉ

ቍ ≤⏞
ࢠ࢏࢔࢈࢏ࢋࡸ ૚

ૡ࢘૛ ⋅ ࡾૢ
૛ →෍

ࢇ࢓
૛ + ࢈࢓

૛

૛ࢉ
ࢉ࢟ࢉ

≤
૛ࡾૢ

ૡ࢘૛ ; (૛) 

From (૚), (૛) it follows that: 

ቌ෍
ࢇ࢓

ࢇ
ࢉ࢟ࢉ

ቍቌ෍
ࢇ࢓

૛ + ࢈࢓
૛

૛ࢉ
ࢉ࢟ࢉ

ቍ ≤
૛ૠ√૜
૜૛ ൬

ࡾ
࢘൰

૜
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2324. In ઢ࡯࡮࡭ the following relationship holds: 

ቀ∑࢙࢔࢏૛ ૞ቁ࡭ ቀ∑࢙࢔࢏
૛࡭
ૠቁ ቀ∑࢙࢔࢏

૛࡭
ૢቁ

ቀ૚ − ૛࣊૚૞ቁቀ૚࢙࢕ࢉ − ૛࣊૛૚ቁቀ૚࢙࢕ࢉ − ૛࣊૛ૠቁ࢙࢕ࢉ
≥
૛ૠ
ૡ

 

Proposed by Daniel Sitaru-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

Let ࢌ(࢞) = ࢞,૛࢞࢔࢏࢙ ∈ ቀ૙, ࣊
૝
ቁ. We have: ࢌᇱ(࢞) = (࢞)ᇱᇱࢌ,૛࢞࢔࢏࢙ = ૛࢙࢕ࢉ૛࢞ ≥ ૙ → 

ࢌ −convex.  

Since ࡭
૞

, ࡭
ૠ

, ࡭
ૢ
∈ ቀ૙, ࣊

૝
ቁ	(and analogs). Using Jensen inequality, we have: 

෍࢙࢔࢏૛
࡭
૞

ࢉ࢟ࢉ

≥෍ࢌ൬
࡭
૞൰

ࢉ࢟ࢉ

= ૜ࢌቌ
૚
૜෍

࡭
૞

ࢉ࢟ࢉ

ቍ = ૜ࢌ ቀ
࣊
૚૞
ቁ = ૜࢙࢔࢏૛

࣊
૚૞ =

૜
૛ ൬૚ − ࢙࢕ࢉ

૛࣊
૚૞൰ 

Similarly: 

෍࢙࢔࢏૛
࡭
ૠ ≥

૜
૛

ࢉ࢟ࢉ

൬૚ − ࢙࢕ࢉ
૛࣊
૛૚൰ ,෍࢙࢔࢏૛

࡭
ૢ

ࢉ࢟ࢉ

≥
૜
૛ ൬૚ − ࢙࢕ࢉ

૛࣊
૛ૠ൰ 

Hence, 

ቌ෍࢙࢔࢏૛
࡭
૞

ࢉ࢟ࢉ

ቍቌ෍࢙࢔࢏૛
࡭
ૠ

ࢉ࢟ࢉ

ቍቌ෍࢙࢔࢏૛
࡭
ૢ

ࢉ࢟ࢉ

ቍ ≥ ൬
૜
૛
൰
૜

⋅ ൬૚ − ࢙࢕ࢉ
૛࣊
૚૞
൰൬૚ − ࢙࢕ࢉ

૛࣊
૛૚

൰൬૚ − ࢙࢕ࢉ
૛࣊
૛ૠ
൰ 

Therefore, 

ቀ∑࢙࢔࢏૛ ૞ቁ࡭ ቀ∑࢙࢔࢏
૛ ࡭
ૠቁ ቀ∑࢙࢔࢏

૛ ࡭
ૢቁ

ቀ૚ − ૛࣊૚૞ቁ࢙࢕ࢉ ቀ૚ − ૛࣊૛૚ቁ࢙࢕ࢉ ቀ૚ − ૛࣊૛ૠቁ࢙࢕ࢉ
≥
૛ૠ
ૡ  

 

2325. In ઢ࡯࡮࡭ the following relationship holds: 

૛࢘
ࢇࢎ

ቆ
૚
૛࢈ࢎ

+
૚
૛ࢉࢎ
ቇ ≤ ൬

ࡾ
൰ࡲ

૛

 

Proposed by George Apostolopoulos-Messolonghi-Greece 
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Solution by Marian Ursărescu-Romania 

We have: ࢘ = ࡲ
࢙

, ࢙ = ૛࢙ = ࢇ + +࢈ ࢇࢎ,ࢉ = ૛ࡲ
ࢇ

,	inequality can be write as:  
૛ࡲ
࢙
૛ࡲ
ࢇ
⋅ ࢈

૛ାࢉ૛

૝ࡲ૛
≤ ૛ࡾ

૛ࡲ
 

⇔
ࢇ
࢙ ⋅

૛࢈ + ૛ࢉ

૝ ≤ ૛ࡾ ⇔ ૛࢈)ࢇ + (૛ࢉ ≤ ૝࢙ࡾ૛; (૚) 

But in any ઢ࡯࡮࡭ we have: ࢈
ࢉ

+ ࢉ
࢈
≤ ࡾ

࢘
; (૛) ⇔ ૛࢈ + ૛ࢉ ≤ ࡾ

࢘
ࢉ࢈ ⇔ 

૛࢈)ࢇ + (૛ࢉ ≤ ࡾ
࢘
⋅ ;ࢉ࢈ࢇ (૜) and ࢉ࢈ࢇ = ૝࢙࢘ࡾ; (૝) 

From (3),(4) we have: 

૛࢈)ࢇ + (૛ࢉ ≤ ૝࢙ࡾ૛ ⇒ (૚) is true. 

(૛) ⇔
(࢞ + ࢟)(࢟ + +ࢠ)(ࢠ ࢞)

૝࢞࢟ࢠ ≥
࢞ + ࢠ
࢞ + ࢟ +

࢞ + ࢟
࢞ + ࢠ ⇔ 

࢟ + ࢠ
૝࢞࢟ࢠ ≥

૚
(࢞+ ࢟)૛ +

૚
(࢟ + ૛(ࢠ ; (૞) 

But ૚
(࢞ା࢟)૛

≤ ૚
૝࢞࢟

; (૟) ⇔ (࢞ − ࢟)૛ ≥ ૙ and ૚
(࢞ାࢠ)૛

≤ ૚
૝࢞ࢠ

; (ૠ) ⇔ (࢞ − ૛(ࢠ ≥ ૙ 

From (6),(7) it follows that (5) is true. 

2326. In ઢ࡯࡮࡭ the following relationship holds: 

൫ࢇ࢓
૛ + ࢈࢓

૛൯
૛

+ ൫࢈࢓
૛ + ࢉ࢓

૛൯
૛

+ ࢉ࢓)
૛ + ࢇ࢓

૛)૛

ࢇ࢓
૛ + ࢈࢓

૛ + ࢉ࢓
૛ ≤  ૛ࡾૢ

Proposed by Marin Chirciu – Romania  
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

∑൫ࢇ࢓
૛ + ࢈࢓

૛൯
૛

ࢇ࢓∑
૛ ≤  ૛ࡾૢ

෍ࢇ࢓
૛ ≥
࢔࢏ࢎ࢙ࢋ࢘ࢋࢀ

෍ቆ
૛࢈ + ૛ࢉ

૝ࡾ ቇ
૛

=
૚

૚૟ࡾ૛ ቀ૛෍ࢇ૝ + ૛෍(ࢉ࢈)૛ቁ

=
૚
ૡࡾ૛ ቀ෍ࢇ૝ + ෍(ࢉ࢈)૛ቁ 

We have: ૚૟∑ࢇ࢓
૝ = ∑(૛࢈૛ + ૛ࢉ૛ − ૛)૛ࢇ =  ૝ andࢇ∑ૢ

૚૟෍(࢈࢓ࢇ࢓)૛ = ෍(૛࢈૛ + ૛ࢉ૛ − ૛ࢉ૛)(૛ࢇ + ૛ࢇ૛ − (૛࢈ = ૢ෍(ࢉ࢈)૛ 

→෍ࢇ࢓
૛ ≥

૚
ૡࡾ૛ ൬

૚૟
ૢ ෍ࢇ࢓

૝ +
૚૟
ૢ ෍(࢈࢓ࢇ࢓)૛൰ =

૚
૛ࡾૢ ቀ૛෍ࢇ࢓

૝ + ૛෍(࢈࢓ࢇ࢓)૛ቁ 
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=
૚
ࢇ࢓૛෍൫ࡾૢ

૛ + ࢈࢓
૛൯

૛
 

Therefore, ∑൫ࢇ࢓૛ା࢈࢓
૛൯
૛

ࢇ࢓∑
૛ ≤  ૛ࡾૢ

2327. In ઢ࡯࡮࡭ the following relationship holds: 
ࢇࢍࢇ࢔
ࢇ࢙ࢇ࢝

+
࢈ࢍ࢈࢔
࢈࢙࢈࢝

+
ࢉࢍࢉ࢔
ࢉ࢙ࢉ࢝

≥ ૜ 

Proposed by D.M.Bătineţu-Giurgiu, Gabriel Tică-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 

Let us prove: ࢇࢍࢇ࢔ ≥  ࢇ࢝ࢇ࢓

૛ࢇ࢔ = ࢙(࢙ − (ࢇ +
࢈) − ૛(ࢉ

ࢇ ⋅ ૛ࢇࢍ		;࢙ = ࢙(࢙ − (ࢇ −
࢈) − ࢙)૛(ࢉ − (ࢇ

ࢇ  

ࢇ࢓
૛࢝ࢇ

૛ =
࢈) + ૛(ࢉ + −࢈) ૛(ࢉ − ૛ࢇ

૝ ⋅
૝࢙ࢉ࢈(࢙ − (ࢇ

࢈) + ૛(ࢉ = 

= ࢙(࢙ − (ࢇ ቈࢉ࢈ +
࢈)]ࢉ࢈ − ૛(ࢉ − [૛ࢇ

࢈) + ૛(ࢉ ቉ 

૝[ࢇ࢔૛ࢇࢍ૛ ࢇ࢓−
૛࢝ࢇ

૛] = 

= ࢙(࢙ − −࢙)ቆ૛(ࢇ (ࢇ +
૛(࢈− ૛(ࢉ

ࢇ ቇቆ૛࢙ −
૛(࢈ − ૛(ࢉ

ࢇ ቇ − ૝ ⋅
࢈) + ૛(ࢉ + ࢈) − ૛(ࢉ − ૛ࢇ

૝

⋅
૝࢙ࢉ࢈(࢙ − (ࢇ

+࢈) ૛(ࢉ = 

= ࢙(࢙ − (ࢇ ቈ(࢈+ ૛(ࢉ − ૛ࢇ + ૝(࢈− ૛(ࢉ −
૝(࢈− ૝(ࢉ

૛ࢇ − ૝ࢉ࢈ + ૝ࢉ࢈ ⋅
૛ࢇ − ࢈) − ૛(ࢉ

+࢈) ૛(ࢉ 	቉ = 

= ࢙(࢙ − (ࢇ ቈ(࢈ + ૛(ࢉ − ૝ࢉ࢈− ૛ࢇ +
૝(࢈− ૛ࢇ)૛(ࢉ − −࢈) (૛(ࢉ

૛ࢇ + ૝ࢉ࢈ ⋅
૛ࢇ − ࢈) − ૛(ࢉ

+࢈) ૛(ࢉ ቉ = 

= ࢙(࢙ − ૛ࢇ](ࢇ − −࢈) ૛]ቆ−૚(ࢉ +
૝(࢈ − ૛(ࢉ

૛ࢇ +
૝ࢉ࢈

+࢈) ૛ቇ(ࢉ = ૝ࡲ૛ ቆ
૝(࢈ − ૛(ࢉ

૛ࢇ −
࢈) − ૛(ࢉ

࢈) +  ૛ቇ(ࢉ

= ૝ࡲ૛(࢈ − ૛(ࢉ ⋅
(૛࢈ + ૛ࢉ − ࢈૛)(ࢇ + ૛ࢉ + (ࢇ

࢈)૛ࢇ + ૛(ࢉ ≥ ૙ 

→ ࢇࢍࢇ࢔ ≥  ࢇ࢝ࢇ࢓

We know that: ࢇ࢓ ≥ ࢇࢍࢇ࢔ and (࢙ࢍ࢕࢒ࢇ࢔ࢇ	ࢊ࢔ࢇ)ࢇ࢙ ≥  (࢙ࢍ࢕࢒ࢇ࢔ࢇ	ࢊ࢔ࢇ)ࢇ࢝ࢇ࢙
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Therefore, 
ࢇࢍࢇ࢔
ࢇ࢙ࢇ࢝

+
࢈ࢍ࢈࢔
࢈࢙࢈࢝

+
ࢉࢍࢉ࢔
ࢉ࢙ࢉ࢝

≥ ૜ 

2328. In ∆	࡯࡮࡭ the following relationship holds: 

ૠ૛࢙ࡾ૜࢘૛ ≤෍ࢇ૟࢚࢔ࢇ
࡭
૛
≤ ૚૟࢙ࡾ૛(૝ࡾ૜ − ૛૜࢘૜) 

Proposed by Marin Chirciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 

ࢌ࢕࢕࢘ࡼ ∶ ࢙	࢚ࢋࡸ − ࢇ = ࢞, ࢙ − ࢈ = ࢙	ࢊ࢔ࢇ	࢟ − ࢉ = ࢠ ∴෍(࢙ − ૛(ࢇ = ቀ෍࢞ቁ
૛
− ૛෍࢞࢟

= ࢙૛ − ૛(૝࢘ࡾ + ࢘૛) ⇒෍࢞૛ =⏞
(૚)

࢙૛ − ૡ࢘ࡾ − ૛࢘૛ 

࢙)෍,࢝࢕ࡺ − ૜(ࢇ = ቀ෍(࢙ − ቁ(ࢇ
૜
− ૜ෑ൫(࢙ − (ࢇ + (࢙ − ൯(࢈ = ࢙૜ − ૚૛࢙࢘ࡾ

⇒෍࢞૜ =⏞
(૛)

࢙૜ − ૚૛࢙࢘ࡾ	ࢊ࢔ࢇ 

෍(࢙ − ૝(ࢇ = ෍(࢙૝ + ૝ࢇ − ૝ࢇ૜࢙ − ૝࢙ࢇ૜ + ૟࢙૛ࢇ૛)

= ૜࢙૝ + ૛(࢙૛ + ૝࢘ࡾ+ ࢘૛)૛ − ૜૛࢙࢘ࡾ૛ − ૚૟࢙૛࢘૛ − ૡ࢙૛(࢙૛ − ૟࢘ࡾ − ૜࢘૛)
− ૡ࢙૝ 

+૚૛࢙૛(࢙૛ − ૝࢘ࡾ − ૝࢘૛) = ࢙૝ − ૚૟࢙࢘ࡾ૛ + ૛࢘૛(૝ࡾ+ ࢘)૛

⇒෍࢞૝ =⏞
(૜)

࢙૝ − ૚૟࢙࢘ࡾ૛ + ૛࢘૛(૝ࡾ + ࢘)૛ 

෍(࢙ − ࢙)૛(ࢇ − ૛(࢈ = ෍࢞૛࢟૛ = ቀ෍࢞࢟ቁ
૛
− ૛࢞࢟ࢠቀ෍࢞ቁ

= ቀ෍(࢙ − ࢙)(ࢇ − ቁ(࢈
૛
− ૛࢘૛࢙૛ ⇒෍࢞૛࢟૛ =⏞

(૝)

(૝࢘ࡾ+ ࢘૛)૛ − ૛࢘૛࢙૛ 

ቀ෍࢞૛ቁ ቀ෍࢞૜ቁ = ෍࢞૞ + ෍ቆ࢞૛࢟૛ ቀ෍࢞ − ቁቇࢠ

= ෍࢞૞ + ቀ෍࢞ቁ ቀ෍࢞૛࢟૛ቁ −  ෍࢞࢟ࢠ࢟࢞

⇒෍࢞૞ = ቀ෍࢞૛ቁ ቀ෍࢞૜ቁ − ቀ෍࢞ቁ ቀ෍࢞૛࢟૛ቁ +  ෍࢞࢟ࢠ࢟࢞

=⏞
(૝),(૛),(૚)	ࢇ࢏࢜

(࢙૛ − ૡ࢘ࡾ − ૛࢘૛)(࢙૜ − ૚૛࢙࢘ࡾ)− ࢙((૝࢘ࡾ+ ࢘૛)૛ − ૛࢘૛࢙૛) + ࢘૛࢙(૝࢘ࡾ+ ࢘૛)

⇒෍࢞૞ =⏞
(૞)

࢙[࢙૝ − ૛૙࢙࢘ࡾ૛ + ૛૙࢘ࡾ૛(૝ࡾ+ ࢘)] 
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෍ࢇ૟࢚࢔ࢇ
࡭
૛ = ࢘෍

ࢇ) − ࢙ + ࢙)૟

࢙ − ࢇ

= ࢘ ቈ෍(࢙ − ૞(ࢇ + ෍
࢙૟

࢙ − ࢇ − ૜࢙૞ − ૟࢙෍(࢙ − ૝(ࢇ + ૚૞࢙૛෍(࢙ − ૜(ࢇ

− ૛૙࢙૜෍(࢙ −  ૛൨(ࢇ

=⏞
(૞),(૜),(૛),(૚)	ࢇ࢏࢜

࢘ ቈ࢙[࢙૝ − ૛૙࢙࢘ࡾ૛ + ૛૙࢘ࡾ૛(૝ࡾ + ࢘)] +
࢙૟(૝࢘ࡾ+ ࢘૛)

࢘૛࢙ − ૜࢙૞

− ૟࢙[࢙૝ − ૚૟࢙࢘ࡾ૛ + ૛࢘૛(૝ࡾ + ࢘)૛] + ૚૞࢙૛(࢙૜ − ૚૛࢙࢘ࡾ)− ૛૙࢙૜(࢙૛ − ૡ࢘ࡾ − ૛࢘૛)൨

= ࢙[(૝ࡾ − ૚૛࢘)࢙૝ + ࢙૛࢘૛(૞૟ࡾ+ ૝૙࢘) − ࢘૜(૚૚૛ࡾ૛ + ૠ૟࢘ࡾ + ૚૛࢘૛)] =⏞
(࢒)

෍ࢇ૟࢚࢔ࢇ
࡭
૛  

(࢒) ⇒෍ࢇ૟࢚࢔ࢇ
࡭
૛ ≤ ૚૟࢙ࡾ૛(૝ࡾ૜ − ૛૜࢘૜)

⇔ ࡾ) − ૜࢘)࢙૝ + ࢙૛࢘૛(૚૝ࡾ+ ૚૙࢘)− ࢘૜(૛ૡࡾ૛ + ૚ૢ࢘ࡾ + ૜࢘૛)

− ૝ࡾ૛(૝ࡾ૜ − ૛૜࢘૜) ≤⏞
(࢏)

૙ 

ࢋࢎࢉ࢛࢕ࡾ,࢝࢕ࡺ ⇒ ࢙૛ − (࢔−࢓) ≥ ૙	ࢊ࢔ࢇ	࢙૛ − ࢓) + (࢔ ≤ ૙,࢝ࢋ࢘ࢋࢎ	࢓

= ૛ࡾ૛ + ૚૙࢘ࡾ − ࢘૛	ࢊ࢔ࢇ	࢔ = ૛(ࡾ − ૛࢘)ඥࡾ૛ − ૛࢘ࡾ 

∴ ቀ࢙૛ − ࢓) + ቁ(࢔ ቀ࢙૛ − ቁ(࢔−࢓) ≤ ૙ ⇒ ࢙૝ − ࢙૛(૛࢓) + ૛࢓ − ૛࢔ ≤ ૙

⇒ ࢙૝ − ࢙૛(૝ࡾ૛ + ૛૙࢘ࡾ − ૛࢘૛) + ࢘(૝ࡾ + ࢘)૜ ≤ ૙ 

⇒ ࡾ) − ૜࢘)࢙૝ − ࡾ) − ૜࢘)(૝ࡾ૛ + ૛૙࢘ࡾ − ૛࢘૛)࢙૛ + ࡾ)࢘ − ૜࢘)(૝ࡾ + ࢘)૜ ≤ ૙	ࢊ࢔ࢇ

∴ ,(ࢇ)	ࢋ࢜࢕࢘࢖	࢕࢚	࢘ࢋࢊ࢘࢕	࢔࢏ ࢋ࢜࢕࢘࢖	࢕࢚	࢙ࢋࢉ࢏ࢌࢌ࢛࢙	࢚࢏ ∶ 

−ࡾ) ૜࢘)࢙૝ + ࢙૛࢘૛(૚૝ࡾ + ૚૙࢘)− ࢘૜(૛ૡࡾ૛ + ૚ૢ࢘ࡾ+ ૜࢘૛) − ૝ࡾ૛(૝ࡾ૜ − ૛૜࢘૜) 

≤ −ࡾ) ૜࢘)࢙૝ − ࡾ) − ૜࢘)(૝ࡾ૛ + ૛૙࢘ࡾ − ૛࢘૛)࢙૛ + ࡾ)࢘ − ૜࢘)(૝ࡾ+ ࢘)૜ 

⇔ (૝ࡾ૜ − ૡࡾ૛࢘ + ૞࢘ࡾ૛ + ࢘૜)࢙૛ ≤⏞
(࢏࢏)

࢘૜(૛ૡࡾ૛ + ૚ૢ࢘ࡾ+ ૜࢘૛) + ૝ࡾ૛(૝ࡾ૜ − ૛૜࢘૜) 

(࢏࢏)	ࢌ࢕	ࡿࡴࡸ,࢝࢕ࡺ ≤⏞
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

(૝ࡾ૜ − ૡࡾ૛࢘ + ૞࢘ࡾ૛ + ࢘૜)(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛)≤⏞
?

࢘૜(૛ૡࡾ૛

+ ૚ૢ࢘ࡾ + ૜࢘૛) + ૝ࡾ૛(૝ࡾ૜ − ૛૜࢘૜) 
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⇔ ૚૟࢘ࡾ૛(ࡾ૛ − ૝࢘૛)≥⏞
?

૙ → ࢘ࢋ࢒࢛ࡱ	ࢇ࢏࢜	ࢋ࢛࢚࢘ ⇒ (࢏࢏) ⇒ ࢋ࢛࢚࢘	࢙࢏(࢏)

∴ ෍ࢇ૟࢚࢔ࢇ
࡭
૛ ≤ ૚૟࢙ࡾ૛(૝ࡾ૜ − ૛૜࢘૜)  

,࢔࢏ࢇࢍ࡭ (࢒) ⇒ ૠ૛࢙ࡾ૜࢘૛ ≤෍ࢇ૟࢚࢔ࢇ
࡭
૛

⇔ ࡾ) − ૜࢘)࢙૝ + ࢙૛࢘૛(૚૝ࡾ+ ૚૙࢘)− ࢘૜(૛ૡࡾ૛ + ૚ૢ࢘ࡾ + ૜࢘૛) − ૚ૡࡾ૜࢘૛

≥ ૙ 

⇔ −ࡾ) ૛࢘)࢙૝ − ࢙࢘૝ + ࢙૛࢘૛(૚૝ࡾ + ૚૙࢘)− ࢘૜(૛ૡࡾ૛ + ૚ૢ࢘ࡾ+ ૜࢘૛) − ૚ૡࡾ૜࢘૛ ≥⏞
(࢏࢏࢏)

૙ 

(࢏࢏࢏)	ࢌ࢕	ࡿࡴࡸ,࢝࢕ࡺ ≥⏞
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

ቀ(ࡾ − ૛࢘)(૚૟࢘ࡾ − ૞࢘૛) − ࢘(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛)

+ ࢘૛(૚૝ࡾ+ ૚૙࢘)൯࢙૛ − ࢘૜(૛ૡࡾ૛ + ૚ૢ࢘ࡾ+ ૜࢘૛) − ૚ૡࡾ૜࢘૛ 

= ࢘(૚૛ࡾ૛ − ૛ૠ࢘ࡾ+ ૚ૠ࢘૛)࢙૛ − ࢘૜(૛ૡࡾ૛ + ૚ૢ࢘ࡾ+ ૜࢘૛) − ૚ૡࡾ૜࢘૛ 

≥⏞
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

࢘൫૚૛ࡾ૛ − ૛ૠ࢘ࡾ+ ૚ૠ࢘૛൯൫૚૟࢘ࡾ − ૞࢘૛൯ − ࢘૜൫૛ૡࡾ૛ + ૚ૢ࢘ࡾ+ ૜࢘૛൯ − ૚ૡࡾ૜࢘૛≥⏞
?

૙ 

⇔ ૡૠ࢚૜ − ૛૟૙࢚૛ + ૚ૢ૝࢚ − ૝૝≥⏞
?

૙	 ൬࢝ࢋ࢘ࢋࢎ	࢚ =
ࡾ
࢘൰

⇔ (࢚ − ૛)൫(࢚ − ૛)(ૡૠ࢚ + ૡૡ) + ૚ૢૡ൯≥⏞
?

૙ → ࢋ࢛࢚࢘ ∵ ࢚ ≥⏞
࢘ࢋ࢒࢛ࡱ

૛

⇒  ࢋ࢛࢚࢘	࢙࢏(࢏࢏࢏)

∴ ૠ૛࢙ࡾ૜࢘૛ ≤෍ࢇ૟࢚࢔ࢇ
࡭
૛  (ࡰࡱࡽ)	

 

2329. For an acute ઢ࡯࡮࡭ and a positive integer ࢔, prove that: 

ቌ෍(࢙࡭࢔࢏ ⋅ ࡮࢔࢏࢙ ⋅ (࡯࢙࢕ࢉ
૚
࢔

ࢉ࢟ࢉ

ቍ

࢔

≤
૜࢔ା૚

ૡ
 

Proposed by George Apostolopoulos-Messolonghi-Greece 
Solution by Marian Ursărescu-Romania 

From Holder inequality, we have: 
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ቌ෍(࢙࡭࢔࢏ ⋅ ࡮࢔࢏࢙ ⋅ (࡯࢙࢕ࢉ
૚
࢔

ࢉ࢟ࢉ

ቍ

࢔

≥
൬∑ ࡭࢔࢏࢙) ⋅ ࡮࢔࢏࢙ ⋅ (࡯࢙࢕ࢉ

૚
ࢉ࢟ࢉ࢔ ൰

࢔

૜ି࢔૚ ⇔ 

ቌ෍(࢙࡭࢔࢏ ⋅ ࡮࢔࢏࢙ ⋅ (࡯࢙࢕ࢉ
૚
࢔

ࢉ࢟ࢉ

ቍ

࢔

≤ ૜ି࢔૚෍࢙࡭࢔࢏ ⋅ ࡮࢔࢏࢙ ⋅ ࡯࢙࢕ࢉ
ࢉ࢟ࢉ

 

We must show that: 

෍࡭࢔࢏ࢇ ⋅ ࡮࢔࢏࢙ ⋅ ࡯࢙࢕ࢉ
ࢉ࢟ࢉ

≤
ૢ
ૡ ; (૚) 

Now, ࢙࢕ࢉ૛࡭ + −࡮૛࢙࢕ࢉ ࡯૛࢙࢕ࢉ = ૛࡭)࢙࢕ࢉ+ (࡮−࡭)࢙࢕ࢉ(࡮ − ૛࢙࢕ࢉ૛࡯ + ૚ = 

= −૛࡭)࢙࢕ࢉ)࡯࢙࢕ࢉ − (࡮ + (࡯࢙࢕ࢉ + ૚ = ૚ − ૛࡯࢙࢕ࢉ ⋅ ࢙࢕ࢉ ൬
࡭ − ࡮ + ࡯

૛ ൰࢙࢕ࢉ ൬
࡭ − ࡮ − ࡯

૛ ൰ = 

= ૚ − ૝࢙࡭࢔࢏ ⋅ ࡮࢔࢏࢙ ⋅ ࡯࢙࢕ࢉ ⇒ 

࡭࢔࢏࢙ ⋅ ࡮࢔࢏࢙ ⋅ ࡯࢙࢕ࢉ =
૚
૝

(૚ − ࡭૛࢙࢕ࢉ − ࡮૛࢙࢕ࢉ + ;(࡯૛࢙࢕ࢉ (૛) 

From (1),(2) we must to show: 

૜ − ࡭૛࢙࢕ࢉ) + ࡮૛࢙࢕ࢉ + (࡯૛࢙࢕ࢉ
૝ ≤

ૢ
ૡ ; (૜) 

But: ࢙࢕ࢉ૛࡭ + ࡮૛࢙࢕ࢉ + ࡯૛࢙࢕ࢉ = −૚ − ૝࡭࢙࢕ࢉ ⋅ ࡮࢙࢕ࢉ ⋅ ;࡯࢙࢕ࢉ (૝) 

From (3),(4) we must to show: 

૚ + ࡭࢙࢕ࢉ ⋅ ࡮࢙࢕ࢉ ⋅ ࡯࢙࢕ࢉ ≤ ૢ
ૡ
⇔ ࡭࢙࢕ࢉ ⋅ ࡮࢙࢕ࢉ ⋅ ࡯࢙࢕ࢉ ≤ ૚

ૡ
, which is clearly true. 

2330. In ઢ࡯࡮࡭ the following relationship holds: 

ૢ√૜࢘
૜
૛ ≤ ࢇඥ࢝ࢇ࢓ + ࢈ඥ࢝࢈࢓ + ࢉඥ࢝ࢉ࢓ ≤

ૢ√૟
૝ ࡾ

૜
૛ 

Proposed by Marin Chirciu-Romania 
Solution by Marian Ursărescu-Romania 

For LHS, we have: 

෍ࢇ࢓ඥ࢝ࢇ
ࢉ࢟ࢉ

≥ ૜ටࢉ࢓࢈࢓ࢇ࢓ඥ࢝ࢉ࢝࢈࢝ࢇ
૜

 

We must show that:  ࢉ࢓࢈࢓ࢇ࢓ඥ࢝ࢉ࢝࢈࢝ࢇ ≥ ૡ૚√૜ ⋅ √࢘૜; (૚) 
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But ࢇ࢓ ≥ ඥ࢙(࢙ − (ࢇ ࢉ࢓࢈࢓ࢇ࢓→ ≥ ࡲ࢙ = ࢙૛࢘; (૛) 

From (1),(2) we must show that: 	࢙૛ඥ࢝ࢉ࢝࢈࢝ࢇ ≥ ૡ૚√૜ ⋅ ࢘૜√࢘; (૜) 

ࢇ࢝ ≥ ࢇࢎ → ඥ࢝ࢉ࢝࢈࢝ࢇ ≥ ඥࢉࢎ࢈ࢎࢇࢎ = ඨ૛࢙
૛࢘૛

ࡾ = ࢙࢘ඨ
૛
ࡾ ; (૝) 

From (૜), (૝) we must to prove that: 

࢙૛ ⋅ ࢙ට૛
ࡾ
≥ ૡ૚√૜ ⋅ ࢘૛√࢘; (૞) and ࢙ ≥ ૜√૜࢘(ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ); (૟) 

From (૞), (૟) we must to prove that: ࢙૛ට૛
ࡾ
≥ ૛ૠ࢘√࢘; (ૠ) 

࢙૛ ≥
૛ૠ࢘ࡾ
૛

ࢇ࢚࢏࢔࢙࢕࡯) − ;(࢛࢏࢕࢚࢛࢘ࢀ (ૡ) 

From (ૠ), (ૡ) we must to prove: ටࡾ
૛
≥ √࢘ ⇔ ࡾ ≥ ૛࢘(࢘ࢋ࢒࢛ࡱ). 

For RHS, we have: 

൫ࢇ࢓ඥ࢝ࢇ + ࢈ඥ࢝࢈࢓ + ൯ࢉඥ࢝ࢉ࢓
૛
≤
૛૝૜
ૡ ;૜ࡾ (ૢ) 

 From Cauchy inequality:  

൫ࢇ࢓ඥ࢝ࢇ + ࢈ඥ࢝࢈࢓ + ൯ࢉඥ࢝ࢉ࢓
૛
≤ ൫ࢇ࢓

૛ + ࢈࢓
૛ + ࢉ࢓

૛൯(࢝ࢇ + ࢈࢝ + ;(ࢉ࢝ (૚૙) 

From (ૢ), (૚૙) we must to show that: 

෍ࢇ࢓
૛

ࢉ࢟ࢉ

⋅෍࢝ࢇ
ࢉ࢟ࢉ

≤
૛૝૜
ૡ ;૜ࡾ (૚૚) 

෍ࢇ࢓
૛

ࢉ࢟ࢉ

=
૜
૝෍ࢇ૛
ࢉ࢟ࢉ

≤
૜
૝ ⋅ ࡾૢ

૛ =
૛ૠࡾ૛

૝ ; (૚૛) 

From (૚૚), (૚૛) we must to show: 

∑ ࢉ࢟ࢉࢇ࢝ ≤ ૢ
૛
ࢇ࢝ which is true, because ,ࡾ ≤  .ࢇ࢓

Remains to prove that: 

෍࢝ࢇ
ࢉ࢟ࢉ

≤෍ࢇ࢓
ࢉ࢟ࢉ

≤
ૢ
૛ࡾ ⇔ ቌ෍ࢇ࢓

ࢉ࢟ࢉ

ቍ ≤
ૡ૚ࡾ૛

૝  
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But ൫∑ ࢉ࢟ࢉࢇ࢓ ൯
૛
≤⏞
ࡿ࡮࡯

૜∑ ࢇ࢓
૛

ࢉ࢟ࢉ = ૢ
૝
∑ ࢉ࢟ࢉ૛ࢇ ≤ ૡ૚

૝
 ૛ࡾ

2331. In ઢ࡯࡮࡭ the following relationship holds: 

࢘
ࡾ
ቆ૝ −

ૠ࢘
૝ࡾ

−
࢘૛

૛ࡾ૛
ቇ ≤෍

૛ࢇࢎ

ࢉ࢟ࢉࢉ࢘࢈࢘

≤ ૛ +
૞࢘
ࡾ

+
૜࢘૛

૛ࡾ૛
 

Proposed by Marin Chirciu-Romania 
Solution by Tran Hong-DongThap-Vietnam 
 

 ∑(࢈૛ࢉ૛(࢖− ࢖)(࢈ − ((ࢉ = −(࢈ࢇ∑)࢖ࢉ࢈ࢇ ૛࢖(૛࢈૛ࢇ∑) + ૜ࢉ૜࢈∑ = ૝࢖࢘ࡾ૛(࢖૛ +
૝࢘ࡾ+࢘૛−࢖૝+૛࢘૛−ૡ࢖࢘ࡾ૛+૝࢘ࡾ+࢘૛૛࢖૛+࢖૟+૜࢘૛−૚૛࢖࢘ࡾ૝+૜࢘૝࢖૛+૝࢘ࡾ+࢘૛
૜=࢘૛࢖૝−૛૛࢘ࡾ૜−࢘૝࢖૛+૝࢘ࡾ+࢘૛૜=࢘૛࢖૝−૛૛࢘ࡾ−࢘૛࢖૛+࢘૝ࡾ+࢘૜; 

→෍
૚

࢖) − ૛ࢇ(ࢇ =
࢖)૛ࢉ૛࢈)∑ − −࢖)(࢈ ((ࢉ

࢖) − −࢖)(ࢇ −࢖)(࢈ ૛ࢉ૛࢈૛ࢇ(ࢉ

=
࢘૛(࢖૝ − ૛(૛࢘ࡾ − ࢘૛)࢖૛ + ࢘(૝ࡾ + ࢘)૜)

.૛࢘࢖ (૝࢖࢘ࡾ)૛

=
૝࢖) − ૛(૛࢘ࡾ − ࢘૛)࢖૛ + ࢘(૝ࡾ + ࢘)૜)

૚૟ࡾ૛࢘૛࢖૜  

Let 

	Ω = ∑ ૛ࢇࢎ

ࢉ࢘࢈࢘
= ૝ࡿ૜

ࢉ࢘࢈࢘ࢇ࢘
∑ ૚

૛ࢇ(ࢇି࢖)
= ૝࢖૜࢘૜

૛࢘࢖
. ൫࢖

૝ି૛൫૛࢘ି࢘ࡾ૛൯࢖૛ା࢘(૝ࡾା࢘)૜൯
૚૟ࡾ૛࢘૛࢖૜

= ૜(ା࢘ࡾ૝)૛ା࢘࢖૛൯࢘ି࢘ࡾ૝ି૛൫૛࢖

૝࢖૛ࡾ૛
; 

 Ω= ૜(ା࢘ࡾ૝)૛ା࢘࢖૛൯࢘ି࢘ࡾ૝ି૛൫૛࢖

૝࢖૛ࡾ૛
≤⏞
(૚)

૛ + ૞࢘
ࡾ

+ ૜࢘૛

૛ࡾ૛
; 

↔
૝࢖ − ૛(૛࢘ࡾ − ࢘૛)࢖૛ + ࢘(૝ࡾ + ࢘)૜

૝࢖૛ࡾ૛ ≤
૝ࡾ૛ + ૚૙࢘ࡾ+ ૜࢘૛

૛ࡾ૛ ; 

↔ ૝࢖ − ૛(૛࢘ࡾ − ࢘૛)࢖૛ + ࢘(૝ࡾ + ࢘)૜ ≤ ૛࢖૛(૝ࡾ૛ + ૚૙࢘ࡾ+ ૜࢘૛); 
↔ ૝࢖ − ૝(૛ࡾ૛ + ૟࢘ࡾ + ࢘૛)࢖૛ + ࢘(૝ࡾ + ࢘)૜ ≤ ૙; 
↔ ૝࢖ ≤ ૝(૛ࡾ૛ + ૟࢘ࡾ+ ࢘૛)࢖૛ − ࢘(૝ࡾ + ࢘)૜; (૛) 

But: 
ࢻ = ૛ࡾ૛ + ૚૙࢘ࡾ − ࢘૛ − ૛(ࡾ − ૛࢘)ඥࡾ)ࡾ − ૛࢘) ≤ ૛࢖ ≤ ࢼ

= ૛ࡾ૛ + ૚૙࢘ࡾ − ࢘૛ + ૛(ࡾ− ૛࢘)ඥࡾ)ࡾ− ૛࢘); 
→ ૛࢖) ૛࢖)(ࢻ− (ࢼ− ≤ ૙; 
→ ૝࢖ − ૛(૛ࡾ૛ + ૚૙࢘ࡾ− ࢘૛)࢖૛ + ࢘(૝ࡾ+ ࢘)૜ ≤ ૙; 
→ ૝࢖ ≤ ૛(૛ࡾ૛ + ૚૙࢘ࡾ − ࢘૛)࢖૛ − ࢘(૝ࡾ + ࢘)૜; (૜) 
From (2) & (3) we need to prove: 
૛(૛ࡾ૛ + ૚૙࢘ࡾ − ࢘૛)࢖૛ − ࢘(૝ࡾ+ ࢘)૜ ≤ ૝(૛ࡾ૛ + ૟࢘ࡾ + ࢘૛)࢖૛ − ࢘(૝ࡾ + ࢘)૜; 
↔ ૛(૛ࡾ૛ + ૛࢘ࡾ + ૜࢘૛)࢖૛ ≥ ૙; 
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( true because:  ࡾ, ࢖,࢘ > 0) 
→ (૛) → (૚)  is true. 

 Ω= ૜(ା࢘ࡾ૝)૛ା࢘࢖૛൯࢘ି࢘ࡾ૝ି૛൫૛࢖

૝࢖૛ࡾ૛
≥⏞
(૝)

࢘
ࡾ
ቀૠ − ૠ࢘

૝ࡾ
− ࢘૛

૛ࡾ૛
ቁ ; 

↔
૝࢖ − ૛(૛࢘ࡾ − ࢘૛)࢖૛ + ࢘(૝ࡾ+ ࢘)૜

૝࢖૛ࡾ૛ ≥
(૛ૡ࢘ࡾ૛ − ૠ࢘ࡾ૛ − ૛࢘૜)

૝ࡾ૜ ; 

↔ ૝࢖ࡾ + (−૜૛࢘ࡾ૛ + ૛࢘ࡾૢ + ૛࢘૜)࢖૛ + +ࡾ૝)࢘ࡾ ࢘)૜ ≥ ૙; 
↔ ૝࢖ࡾ − (૚૟࢘ࡾ૛ − ૞࢘ࡾ૛)࢖૛ − (૚૟࢘ࡾ૛ − ૝࢘ࡾ૛ − ૛࢘૛)࢖૛ + ࡾ૝)࢘ࡾ + ࢘)૜ ≥ ૙; 
↔ ቀ࢖ࡾ૛ − (૚૟࢘ࡾ૛ − ૞࢘ࡾ૛)ቁ ૛࢖ + ࡾ૝)࢘ࡾ + ࢘)૜ − (૚૟࢘ࡾ૛ − ૝࢘ࡾ૛ − ૛࢘૛)࢖૛ ≥ ૙; (૞) 
Because: 

 ࢖૛ ≥ ૚૟࢘ࡾ− ૞࢘૛ → ૛࢖ࡾ ≥ ૚૟࢘ࡾ૛ − ૞࢘ࡾ૛ → ૛࢖ࡾ − (૚૟࢘ࡾ૛ − ૞࢘ࡾ૛) ≥ ૙; (૟) 
 ࢘ࡾ(૝ࡾ+ ࢘)૜ − (૚૟࢘ࡾ૛ − ૝࢘ࡾ૛ − ૛࢘૛)࢖૛ ≥ ૙; (ૠ) 

↔ +ࡾ૝)࢘ࡾ ࢘)૜ ≥ (૚૟࢘ࡾ૛ − ૝࢘ࡾ૛ − ૛࢘૛)࢖૛; 
But:  
૛࢖ ≤ ૛ࡾ + ૚૙࢘ࡾ − ࢘૛ + ૛(ࡾ − ૛࢘)ඥࡾ)ࡾ− ૛࢘) → (૚૟࢘ࡾ૛ − ૝࢘ࡾ૛ − ૛࢘૛)࢖૛

≤ (૚૟࢘ࡾ૛ − ૝࢘ࡾ૛ − ૛࢘૛) ቀࡾ૛ + ૚૙࢘ࡾ − ࢘૛

+ ૛(ࡾ − ૛࢘)ඥࡾ)ࡾ− ૛࢘)൯ ≤⏞
(ૡ)

ࡾ૝)࢘ࡾ + ࢘)૜; 

	(ૡ) ↔ (૚૟࢚૛ − ૝࢚ − ૛) ቀ࢚૛ + ૚૙࢚ − ૚ + ૛(࢚ − ૛)ඥ࢚૛ − ૛࢚ቁ ≤ ࢚(૝࢚+ ૚)૜; ൬∴ ࢚ =
ࡾ
࢘ ≥ ૛൰ 

↔ (૚૟࢚૛ − ૝࢚ − ૛)(࢚૛ + ૚૙࢚ − ૚) + ૛(૚૟࢚૛ − ૝࢚ − ૛) ൬(࢚ − ૛)ඥ࢚૛ − ૛࢚൰ ≤ ࢚(૝࢚+ ૚)૜; 

	↔ ૛(૚૟࢚૛ − ૝࢚ − ૛)(࢚ − ૛)ඥ࢚૛ − ૛࢚ ≤ ࢚(૝࢚ + ૚)૜ − (૚૟࢚૛ − ૝࢚ − ૛)(࢚૛ + ૚૙࢚ − ૚); 
	↔ ૛(૚૟࢚૛ − ૝࢚ − ૛)(࢚ − ૛)ඥ࢚૛ − ૛࢚ ≤ (࢚ − ૛)(૝࢚+ ૚)(ૡ࢚૛ − ૚૛࢚ + ૚); 
↔ (࢚ − ૛) ൬(૝࢚ + ૚)(ૡ࢚૛ − ૚૛࢚ + ૚)− ૛(૚૟࢚૛ − ૝࢚ − ૛)ඥ࢚૛ − ૛࢚൰ ≥ ૙; 

Since: ࢚ ≥ ૛ → ࢚ − ૛ ≥ ૙. We need to prove that: 
(૝࢚ + ૚)(ૡ࢚૛ − ૚૛࢚ + ૚)− ૛(૚૟࢚૛ − ૝࢚ − ૛)ඥ࢚૛ − ૛࢚ > 0; 
 
↔ (૝࢚ + ૚)(ૡ࢚૛ − ૚૛࢚ + ૚) > 2(૚૟࢚૛ − ૝࢚ − ૛)√࢚૛ − ૛࢚; 
 

	↔ ቀ(૝࢚ + ૚)(ૡ࢚૛ − ૚૛࢚ + ૚)ቁ
૛

> 4(࢚૛ − ૛࢚)(૚૟࢚૛ − ૝࢚ − ૛)૛; 
 
↔ ૛૞૟࢚૝ + ૛૞૟࢚૜ + ૢ૟࢚૛ + ૚૟࢚ + ૚ > 0; 
↔ (૝࢚ + ૚)૝ > 0; ࢚	ܡ܊	܍ܝܚܜ	) ≥ ૛) 

→ (ૠ) is true →⏞
(ૠ)&(଺)

(૞) → (૝) is true. Proved. 
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2332. In acute ઢ࡯࡮࡭, ࡭࢘ −radii of circle tangent simultaneous  to ࡯࡮ in the 

middle of ࡯࡮ and circumcircle of ઢ࡯࡮࡭ (internal tangent). If ࢘࡮, ࡯࢘ −are 

similarly defined then: 

૝ ൬
૛
࢘
−
૚
ࡾ
൰ ≤

૚
࡭࢘

+
૚
࡮࢘

+
૚
࡯࢘

≤
૚
࢘૛

(૞ࡾ − ૝࢘) 

Proposed by Mehmet Şahin-Turkiye 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 

 

Let ࡹ be the midpoint of ࡯࡮, we have: (ࡹ࡮ࡻ)ࣆ = ࣊
૛
− ࡭ → 

(ࡹ࡮ࡻ)࢔ࢇ࢚ = ࢔ࢇ࢚ ቀ
࣊
૛ − ቁ࡭ =

૛ࡹࡻ
ࢇ  

→ ࡹࡻ =
ࢇ

૛࢚࡭࢔ࢇ =
૛࡭࢔࢏࢙ࡾ
૛࢚࡭࢔ࢇ =  ࡭࢙࢕ࢉࡾ

We have: ࡾ = ૛࢘࡭ + ࡹࡻ = ૛࢘࡭ +  ࡭࢙࢕ࢉࡾ

࡭࢘ = ࡾ ⋅
૚ − ࡭࢙࢕ࢉ

૛ = ૛࢔࢏࢙ࡾ
࡭
૛ 

෍
૚
ࢉ࢟ࢉ࡭࢘

=
૚
෍ࡾ

૚

૛࢔࢏࢙ ࢉ࢟ࢉ૛࡭

=
૚
෍ࡾ

ࢉ࢈
(࢙ − ࢙)(࢈ − (ࢉ

ࢉ࢟ࢉ

=
૚

࢙)ࢉ࢈૛࢙෍࢘ࡾ − (ࢇ
ࢉ࢟ࢉ

=
ࢉ࢈∑࢙ − ૜ࢉ࢈ࢇ

૛࢙࢘ࡾ = 

=
(࢙૛ + ࢘૛ + ૝࢘ࡾ) − ૚૛࢘ࡾ

૛࢘ࡾ =
࢙૛ + ࢘૛ − ૡ࢘ࡾ

૛࢘ࡾ  

By Gerretsen’s inequality, we have: 
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෍
૚
ࢉ࢟ࢉ࡭࢘

=
࢙૛ + ࢘૛ − ૡ࢘ࡾ

૛࢘ࡾ ≥
(૚૟࢘ࡾ− ૞࢘૛	) + ࢘૛ − ૡ࢘ࡾ

૛࢘ࡾ = 

=
ૡ࢘ࡾ − ૝࢘૛

૛࢘ࡾ = ૝൬
૛
࢘ −

૚
 ൰ࡾ

෍
૚
ࢉ࢟ࢉ࡭࢘

=
࢙૛ + ࢘૛ − ૡ࢘ࡾ

૛࢘ࡾ ≤
(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛) + ࢘૛ − ૡ࢘ࡾ

૛࢘ࡾ =
૝ࡾ૛ − ૝࢘ࡾ+ ૝࢘૛

૛࢘ࡾ ≤ 

≤⏞
࢘ࢋ࢒࢛ࡱ ૝ࡾ૛ − ૝࢘ࡾ + ૛ࡾ

૛࢘ࡾ =
૚
࢘૛

(૞ࡾ − ૝࢘) 

Therefore,  

૝ ൬
૛
࢘ −

૚
൰ࡾ ≤

૚
࡭࢘

+
૚
࡮࢘

+
૚
࡯࢘

≤
૚
࢘૛

(૞ࡾ − ૝࢘) 

2333. In ઢ࡯࡮࡭ the following relationship holds: 

૚૛࢘૛

૛ࡾ
≤

૛ࢇࢎ

ࢉ࢘࢈࢘
+

૛࢈ࢎ

ࢇ࢘ࢉ࢘
+

૛ࢉࢎ

࢈࢘ࢇ࢘
≤ ૜ 

Proposed by George Apostolopoulos-Messolonghi-Greece 
Solution by Marian Ursărescu-Romania 
 

For RHS, using AM-GM:  

૛ࢇࢎ

ࢉ࢘࢈࢘
+

૛࢈ࢎ

ࢇ࢘ࢉ࢘
+

૛ࢉࢎ

࢈࢘ࢇ࢘
≥ ૜ඨ

૛ࢉࢎ૛࢈ࢎ૛ࢇࢎ

૛ࢉ૛࢘࢈૛࢘ࢇ࢘
૜

 

We must to prove: ૜ටࢇࢎ૛࢈ࢎ
૛ࢉࢎ૛

࢈૛࢘ࢇ࢘
૛࢘ࢉ૛

૜
≥ ૚૛ ࢘૛

૛ࡾ
⇔ ටࢉࢎ࢈ࢎࢇࢎ

ࢉ࢘࢈࢘ࢇ࢘

૜ ≥ ૛ ࢘
ࡾ
⇔ ࢉࢎ࢈ࢎࢇࢎ

ࢉ࢘࢈࢘ࢇ࢘
≥ ૡ ࢘૜

૜ࡾ
; (૚) 

But: ࢉࢎ࢈ࢎࢇࢎ = ૛࢙૛࢘૛

ࡾ
; (૛) and ࢘ࢉ࢘࢈࢘ࢇ = ࢙૛࢘; (૜) 

From (1),(2),(3) we must show that: ૛ ࢘
ࡾ
≥ ૡ ࢘૜

૜ࡾ
⇔ ૚ ≥ ૝ ࢘૛

૛ࡾ
⇔ 

૛ࡾ ≥ ૛࢘૛ ⇔ ࡾ ≥ ૛࢘	(࢘ࢋ࢒࢛ࡱ). 

For LHS, we have: 

૛ࢇࢎ

ࢉ࢘࢈࢘
=

૝ࡲ૛
૛ࢇ
૛ࡲ

(࢙ − −࢙)(࢈ (ࢉ

=
૝(࢙− ࢙)(࢈ − (ࢉ

૛ࢇ ; (૝) 
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But: ඥ(࢙ − ࢙)(࢈ − (ࢉ ≤ ࢉା࢙ି࢈ି࢙
૛

= ࢇ
૛
⇒ (࢙ − ࢙)(࢈ − (ࢉ ≤ ૛ࢇ

૝
; (૞) 

From (4),(5) it follows that: ࢇࢎ
૛

ࢉ࢘࢈࢘
≤ ૚ ⇒ ∑ ૛ࢇࢎ

ࢉ࢟ࢉࢉ࢘࢈࢘ ≤ ૜ 

 

2334. In ઢ࡯࡮࡭ the following relationship holds: 

૛࢘(૝ࡾ + ࢘)૛

૜ࡾ૛࢙
≤
ࢇ࢘
ࢇ

+
࢈࢘
࢈

+
ࢉ࢘
ࢉ
≤

(૝ࡾ + ࢘)૛

૜࢙ࡾ
 

Proposed by Marin Chirciu-Romania 
Solution by Marian Ursărescu-Romania 
 

෍
ࢇ࢘
ࢇ

ࢉ࢟ࢉ

= ෍
ࡲ

࢙)ࢇ − (ࢇ
ࢉ࢟ࢉ

= ࢙࢘෍
૚

࢙)ࢇ − (ࢇ
ࢉ࢟ࢉ

= ࢙࢘ ⋅
࢙૛ + (૝ࡾ + ࢘)

૝ࡾ + ࢙૛ =
࢙૛ + (૝ࡾ+ ࢘)૛

૝࢙ࡾ  

For RHS, we have: 

࢙૛ + (૝ࡾ+ ࢘)૛

૝࢙ࡾ ≤
(૝ࡾ+ ࢘)૛

૜࢙ࡾ ⇔ ૜࢙૛ + ૜(૝ࡾ + ࢘)૛ ≤ ૝(૝ࡾ + ࢘)૛ 

⇔ ૜࢙૛ ≤ (૝ࡾ + ࢘)૛(࢚ࢋࢉ࢛࢕ࡰ) 

For LHS, we have: 

૛࢘(૝ࡾ+ ࢘)૛

૜ࡾ૛࢙ ≤
࢙૛ + (૝ࡾ + ࢘)૛

૝࢙ࡾ ⇔ ૡ࢘(૝ࡾ+ ࢘)૛ ≤ ૜࢙ࡾ૛ + ૜ࡾ(૝ࡾ + ࢘)૛; (૚) 

૜࢙૛ ≤ (૝ࡾ+ ࢘)૛(࢚ࢋࢉ࢛࢕ࡰ); (૛) 

From (૚), (૛) we must to prove that: 

૜࢙ࡾ૛ + ૛࢙ࡾૢ ≥ ૡ࢘(૝ࡾ + ࢘)૛ ⇔ ૚૛࢙ࡾ૛ ≥ ૡ࢘(૝ࡾ+ ࢘)૛ ⇔ ૜࢙ࡾ૛ ≥ ૛࢘(૝ࡾ+ ࢘)૛; (૜) 

Again from 	ૢ࢙૛ ≤ ૜(૝ࡾ + ࢘)૛(࢚ࢋࢉ࢛࢕ࡰ); (૝) 

From (૜), (૝) we must to show that: ૢ࢘ࡾ(૝ࡾ+ ࢘) ≥ ૛࢘(૝ࡾ+ ࢘)૛ 

⇔ ࡾૢ ≥ ૡࡾ + ૛࢘ ⇔ ࡾ ≥ ૛࢘(࢘ࢋ࢒࢛ࡱ). 

2335. In ઢ࡯࡮࡭ the following relationship holds: 

૜ࢇ

ࢇ࢓
+
૜࢈

࢈࢓
+
૜ࢉ

ࢉ࢓
≥ ૚૛√૜࢘ࡾ 

Proposed by Mehmet Şahin-Ankara-Turkiye 
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Solution 1 by Marian Ursărescu-Romania 

૜ࢇ

ࢇ࢓
+
૜࢈

࢈࢓
+
૜ࢉ

ࢉ࢓
≥⏞

࢘ࢋࢊ࢒࢕ࡴ +ࢇ) ࢈ + ૜(ࢉ

૜(ࢇ࢓ + ࢈࢓ + (ࢉ࢓ =
ૡ࢙૛

૜(ࢇ࢓ + ࢈࢓ +  (ࢉ࢓

We must show: ࢙૛

૜(ࢇ࢓ା࢈࢓ାࢉ࢓)
≥ ૜√૜࢘ࡾ; (૚) 

But ࢇ࢓ + ࢈࢓ + ࢉ࢓ ≤ ࢙√૜(࢔࢛ࡶ	࢙࢏ࡴ	ࢍ࢔ࢇ࢛ࡴ); (૛) 

From (૚), (૛) we must show that: ૛࢙
૜

૜√૜࢙
≥ ૜√૜࢘ࡾ ⇔ ૛࢙૛ ≥ ૛ૠࢇ࢚࢏࢔࢙࢕࡯)࢘ࡾ −  (࢛࢏࢕࢚࢛࢘ࢀ

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

෍ࢇ૛
ࢉ࢟ࢉ

= ૛ࢇ࢓
૛ +

૜
૛ࢇ

૛ ≥⏞
ࡹࡳିࡹ࡭

૛ඨ(૛ࢇ࢓
૛)൬

૜
૛ࢇ

૛൰ = ૛√૜ࢇ࢓ࢇ 

→ ࢇ࢓ࢇ ≤⏞
(૚) ૚
૛√૜

෍ࢇ૛
ࢉ࢟ࢉ

 (࢙ࢍ࢕࢒ࢇ࢔ࢇ	ࢊ࢔ࢇ)

→෍
૜ࢇ

ࢉ࢟ࢉࢇ࢓

= ෍
૝ࢇ

ࢉ࢟ࢉࢇ࢓ࢇ

≥⏞
ࡿ࡮࡯ ૛(૛ࢇ∑)

ࢇ࢓ࢇ∑
≥⏞
(૚) ૛(૛ࢇ∑)

૜
૛√૜

૛ࢇ∑
=
૛√૜
૜ ෍ࢇ૛

ࢉ࢟ࢉ

≥⏞
ࡿ࡮࡯

 

≥⏞
ࡿ࡮࡯ ૛√૜

ૢ
ቌ෍ࢇ૛
ࢉ࢟ࢉ

ቍ =
ૡ√૜
ૢ ࢙૛ ≥⏞

࢙૛ஹ૛ૠ࢘ࡾ૛ ૡ√૜
ૢ ⋅

૛ૠ࢘ࡾ
૛ = ૚૛√૜࢘ࡾ 

Therefore, 

૜ࢇ

ࢇ࢓
+
૜࢈

࢈࢓
+
૜ࢉ

ࢉ࢓
≥ ૚૛√૜࢘ࡾ 

Solution 3 by Tran Hong-Dong Thap-Vietnam 

ࢇ࢓ࢇ + ࢈࢓࢈ + ࢉ࢓ࢉ ≤⏞
ࡿ࡮࡯

ඨ෍ࢇ૛
ࢉ࢟ࢉ

⋅෍ࢇ࢓
૛

ࢉ࢟ࢉ

= ඨ෍ࢇ૛
ࢉ࢟ࢉ

⋅
૜
૝෍ࢇ૛
ࢉ࢟ࢉ

=
√૜
૛ ෍ࢇ૛

ࢉ࢟ࢉ

; (૚) 

૜ࢇ

ࢇ࢓
+
૜࢈

࢈࢓
+
૜ࢉ

ࢉ࢓
=

૛(૛ࢇ)

ࢇ࢓
+

૛(૛࢈)

࢈࢓
+

૛(૛ࢉ)

ࢉ࢓
≥⏞
ࡿ࡮࡯ ૛ࢇ) + ૛࢈ + ૛)૛ࢉ

ࢇ࢓ࢇ + ࢈࢓࢈ + ࢉ࢓ࢉ
≥⏞

(૚)	࢟࢈

 

≥
૛ࢇ) + ૛࢈ + ૛)૛ࢉ

√૜
૛ ૛ࢇ) + ૛࢈ + (૛ࢉ

=
૛√૜
૜

૛ࢇ) + ૛࢈ + (૛ࢉ =
૝√૜
૜

(࢙૛ − ૝࢘ࡾ − ࢘૛) ≥⏞
(૛)

૚૛√૜࢘ࡾ 
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(૛) ⇔ ࢙૛ − ૝࢘ࡾ− ࢘૛ ≥ ࢘ࡾૢ ⇔ ࢙૛ ≥ ૚૜࢘ࡾ+ ࢘૛ 

But: ࢙૛ ≥ ૚૟࢘ࡾ− ૞࢘૛(࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ). We need to prove that: 

૚૟࢘ࡾ − ૞࢘૛ ≥ ૚૜࢘ࡾ + ࢘૛ ⇔ ૜࢘ࡾ ≥ ૟࢘૛ ⇔ ࡾ ≥ ૛࢘(࢘ࢋ࢒࢛ࡱ) → (૛) is true. 

 

2336. In ઢ࡯࡮࡭ the following relationship holds: 

	ૢ࢘ ≤ ඥࢉ࢓࢈࢓ + ඥࢇ࢓ࢉ࢓ + ඥ࢈࢓ࢇ࢓ ≤
ࡾૢ
૛

 

Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution 1 by Avishek Mitra-West Bengal-India 

෍ඥࢉ࢓࢈࢓
ࢉ࢟ࢉ

≤⏞
ࡹࡳିࡹ࡭

෍
+࢈࢓ ࢉ࢓

૛
ࢉ࢟ࢉ

= ෍ࢇ࢓
ࢉ࢟ࢉ

≤⏞
ࡿ࡮࡯

ඩ(૚૛ + ૚૛ + ૚૛)ቌ෍ࢇ࢓
૛

ࢉ࢟ࢉ

ቍ = 

= ඨ૜ ⋅
૜
૝෍ࢇ૛
ࢉ࢟ࢉ

≤⏞
ࢠ࢏࢔࢈࢏ࢋࡸ

ඨૢ
૝ ⋅ ࡾૢ

૛ =
ࡾૢ
૛  

෍ඥࢉ࢓࢈࢓
ࢉ࢟ࢉ

≥⏞
ࡹࡳିࡹ࡭

૜ඥࢉ࢓࢈࢓ࢇ࢓
૜ = ૜ඨෑඥ࢙(࢙ − (ࢇ

ࢉ࢟ࢉ

૜ = ૜√࢙ࡲ૜ = ૜ඥ࢙૛࢘૜ ≥⏞
ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ

 

≥ ૜ට൫૜√૜࢘൯
૛
⋅ ࢘

૜
= ૢ࢘ 

Solution 2 by Samar Das-India  

ષ = ෍ඥࢉ࢓࢈࢓
ࢉ࢟ࢉ

≥⏞
ࡹࡳିࡹ࡭

૜ඥࢉ࢓࢈࢓ࢇ࢓
૜ =

૜
૝
ට૜√૜ࢉ࢈ࢇ
૜

=⏞
૜࢙࢘ࡾୀ૝ࢉ࢈ࢇ

૝ ⋅ √૜√૝࢙࢘ࡾ
૜ ≥ 

≥
૜√૜
૝ ⋅ ඩ૝ ⋅ ඨ࢘ࡾ

૛ૠ࢘ࡾ
૛

૜

=
૜√૜ ⋅ √૝૜

૝ ⋅ ඩ(࢘ࡾ)૛ඨ
૛ૠ
૛

૜

=
ૢ࢘
૛  

ષ = ෍ඥࢉ࢓࢈࢓
ࢉ࢟ࢉ

= ෍ඥ࢈࢓ ⋅ ඥࢉ࢓
ࢉ࢟ࢉ

≤ ඨ෍࢈࢓
ࢉ࢟ࢉ

⋅ ඨ෍ࢉ࢓
ࢉ࢟ࢉ

= ෍ࢇ࢓
ࢉ࢟ࢉ

= 
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= ෍ඨ૛࢈
૛ + ૛ࢉ૛ − ૛ࢇ

૝
ࢉ࢟ࢉ

=
√૜
૛

+ࢇ) ࢈ + (ࢉ = ࢙√૜ ≤⏞
࢙ஸ૜√૜૛ ࡾ

√૜ ⋅
૜√૜
૛ ࡾ =

ࡾૢ
૛  

2337.	ઢࡼࡺࡹ−the intouch triangle of ઢ࡯࡮࡭,ડ −Gergonne’s point. Prove 

that: 

૜
࢘૛࢙

൬
ࡹࢣ
࡭ࢣ

+
ࡺࢣ
࡮ࢣ

+
ࡼࢣ
࡯ࢣ

൰ ≤෍
૚
ࢇ

ࢉ࢟ࢉ

⋅෍
૚

(࢙ − ૛(ࢇ
ࢉ࢟ࢉ

 

Proposed by Daniel Sitaru-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 

 
From Van Aubel’s theorem, we have: 

࡭ࢣ
ࡹࢣ =

࡭ࡼ
࡮ࡼ +

࡭ࡺ
࡯ࡺ =

࢙ − ࢇ
࢙ − ࢈ +

࢙ − ࢇ
࢙ − ࢉ = (࢙ − (ࢇ ⋅

(࢙ − (࢈ + (࢙ − (ࢉ
(࢙ − ࢙)(࢈ − (ࢉ = 

=
࢙)ࢇ − (ࢇ

(࢙ − ࢙)(࢈ − (ࢉ =
࢙)ࢇ − ૛(ࢇ

(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ =
࢙)ࢇ − ૛(ࢇ

࢘૛࢙  

→
ࡹࢣ
࡭ࢣ

=
࢘૛࢙

࢙)ࢇ − ૛(ࢇ  (࢙ࢍ࢕࢒ࢇ࢔ࢇ	ࢊ࢔ࢇ)

→
૜
࢘૛࢙ ൬

ࡹࢣ
࡭ࢣ +

ࡺࢣ
࡮ࢣ +

ࡼࢣ
൰࡯ࢣ =

૜
࢘૛࢙෍

࢘૛࢙
࢙)ࢇ − ૛(ࢇ

ࢉ࢟ࢉ

= ૜෍
૚

࢙)ࢇ − ૛(ࢇ
ࢉ࢟ࢉ

 

ࢇ ≥ ࢈ ≥ ࢉ → ૚
ࢇ
≤ ૚

࢈
≤ ૚

ࢉ
 and ૚

૛(ࢇି࢙)
≥ ૚

૛(࢈ି࢙)
≥ ૚

૛(ࢉି࢙)
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→
૜
࢘૛࢙ ൬

ࡹࢣ
࡭ࢣ +

ࡺࢣ
࡮ࢣ +

ࡼࢣ
൰࡯ࢣ = ૜෍

૚
࢙(࢙ − ૛(ࢇ

ࢉ࢟ࢉ

≥⏞
ᇲ࢙࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯

ቌ෍
૚
ࢇ

ࢉ࢟ࢉ

ቍቌ෍
૚

(࢙ − ૛(ࢇ
ࢉ࢟ࢉ

ቍ 

 

2338. In ઢࢇ࢔,࡯࡮࡭ −Nagel’s cevian, the following relationship holds: 

ૡࢇ࢔ + ૡ࢈࢔ + ૡࢉ࢔ ≥ ૜ૢ ⋅ ࢘ૡ 

Proposed by Mehmet Şahin-Ankara-Turkiye 
Solution 1 by George Florin Şerban-Romania 

૛ࢇ࢔ = ࢙૛ − ૛࢘ࢇࢎࢇ →෍ࢇ࢔ૡ
ࢉ࢟ࢉ

= ෍(ࢇ࢔૛)૝
ࢉ࢟ࢉ

≥⏞
࢘ࢋࢊ࢒࢕ࡴ ૚

૜૜ ⋅
ቌ෍ࢇ࢔૛
ࢉ࢟ࢉ

ቍ

૝

≥⏞
?

૜ૢ ⋅ ࢘ૡ 

ቌ෍ࢇ࢔૛
ࢉ࢟ࢉ

ቍ

૝

≥⏞
?

૜૚૛ ⋅ ࢘ૡ ⇔෍ࢇ࢔૛
ࢉ࢟ࢉ

≥⏞
?

૜૜ ⋅ ࢘૛  

෍ࢇ࢔૛
ࢉ࢟ࢉ

= ෍(࢙૛ − ૛࢘ࢇࢎࢇ)
ࢉ࢟ࢉ

= ෍࢙૛
ࢉ࢟ࢉ

− ૛෍࢘ࢇࢎࢇ
ࢉ࢟ࢉ

= ૜࢙૛ − ૛෍
૛ࡲ
ࢇ ⋅

ࡲ
࢙ − ࢇ

ࢉ࢟ࢉ

= 

= ૜࢙૛ − ૝࢙૛࢘૛෍
૚

࢙)ࢇ − (ࢇ
ࢉ࢟ࢉ

= ૜࢙૛ − ૝࢘૛࢙૛ ⋅
࢙૛ + (૝ࡾ + ࢘)૛

૝࢙࢘ࡾ૛ = 

= ૜࢙૛ −
࢘
ࡾ ⋅

(࢙૛ + (૝ࡾ + ࢘)૛) ≥⏞
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

 

≥ ૜(૚૟࢘ࡾ − ૞࢘૛) −
࢘
ࡾ

(૝ࡾ૛ + ૝ࡾ+ ૜࢘૛ + ૚૟ࡾ૛ + ૡ࢘ࡾ + ࢘૛) = 

=
૝ૡࡾ૛࢘ − ૚૞࢘ࡾ૛ − ૛૙ࡾ૟૛	࢘ − ૚૛࢘ࡾ૛ − ૝࢘૜

ࡾ ≥⏞
?

૛ૠ࢘૛ 

⇔ ૛ૡࡾ૛࢘ − ૛ૠ࢘ࡾ૛ − ૝࢘૜ ≥ ૛ૠ࢘ࡾ૛ ⇔ ૛ૡࡾ૛࢘ − ૞૝࢘ࡾ૛ − ૝࢘૜ ≥ ૙൬∵ ࢚ =
ࡾ
࢘ ≥ ૛൰ → 

(࢚ − ૛)(૛ૡ࢚ + ૛) ≥ ૙, which is true from ࢚ ≥ ૛. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

∵෍
૚
ࢉ࢟ࢉࢇࢎ

=
૚
࢘ →෍ࢇࢎ

ࢉ࢟ࢉ

≥⏞
ࡿ࡮࡯ ૢ

∑ ૚
ࢇࢎ

= ૢ࢘; (૚) 
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෍ࢇ࢔ૡ
ࢉ࢟ࢉ

≥⏞
ࢇࢎஹࢇ࢔

෍ࢇࢎૡ
ࢉ࢟ࢉ

≥⏞
࢘ࢋࢊ࢒࢕ࡴ ૚

૜ૠ
ቌ෍ࢇࢎ
ࢉ࢟ࢉ

ቍ

ૡ

≥⏞
(૚) ૚
૜ૠ ⋅

(ૢ࢘)ૡ = ૜ૢ ⋅ ࢘ૡ 

Therefore, 

ૡࢇ࢔ + ૡ࢈࢔ + ૡࢉ࢔ ≥ ૜ૢ ⋅ ࢘ૡ 

Solution 3 by Tran Hong-Dong Thap-Vietnam 

ૡࢇ࢔ + ૡ࢈࢔ + ૡࢉ࢔ ≥⏞
ࡹࡳିࡹ࡭

૜ ⋅ ඥ(ࢉ࢔࢈࢔ࢇ࢔)ૡ૜ ≥⏞
ࢉ࢓࢈࢓ࢇ࢓ஹࢉ࢔࢈࢔ࢇ࢔

૜ ⋅ ඥ(ࢉ࢓࢈࢓ࢇ࢓)ૡ
૜ ≥⏞

ஹ࢙૛࢘ࢉ࢓࢈࢓ࢇ࢓

 

≥ ૜ ⋅ ඥ(࢙૛࢘)ૡ૜ ≥⏞
(૚)

૜ૢ ⋅ ࢘ૡ 

(૚) ⇔ ඥ(࢙૛࢘)ૡ૜ ≥ (૜࢘)ૡ ⇔ (࢙૛࢘)ૡ ≥ (૜࢘)૛૝ ⇔ ࢙૛࢘ ≥ (૜࢘)૜ ⇔ 

࢙૛ ≥ ૛ૠ࢘૛ ⇔ ࢙ ≥ ૜√૜࢘(ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ) → (૚) is true. 

 

2339. In ઢ࡯࡮࡭ the following relationship holds: 

ቌ෍
࢈૜ࢇ

ࢇ) + ૛(࢈
ࢉ࢟ࢉ

ቍ ⋅ ቌ෍
૛ࢇ

૛࢈ + ૛ࢉ
ࢉ࢟ࢉ

ቍ ≤
૛ࡾૢ

ૡ࢘
⋅ (૛ࡾ − ࢘) 

Proposed by Kostas Geronikolas-Greece 
Solution by Marian Ursărescu-Romania 

 

+ࢇ) ૛(࢈ ≥ ૝࢈ࢇ →
૚

+ࢇ) ૛(࢈ ≤
૚
૝࢈ࢇ →෍

࢈૜ࢇ
+ࢇ) ૛(࢈

ࢉ࢟ࢉ

≤
૚
૝෍ࢇ૛
ࢉ࢟ࢉ

≤
૛ࡾૢ

૝  

We must show that:  

෍
૛ࢇ

૛࢈ + ૛ࢉ
ࢉ࢟ࢉ

≤
૛ࡾ − ࢘
૛࢘ ; (૚) 

૛࢈ + ૛ࢉ ≥ ૛ࢉ࢈ →
૚

૛࢈ + ૛ࢉ ≤
૚
૛ࢉ࢈ →෍

૛ࢇ

૛࢈ + ૛ࢉ
ࢉ࢟ࢉ

≤
૚
૛෍

૛ࢇ

ࢉ࢈
ࢉ࢟ࢉ

; (૛) 

From (૚), (૛) we must show that: 
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෍
૛ࢇ

ࢉ࢈
ࢉ࢟ࢉ

≤
૛ࡾ − ࢘
࢘ ⇔

૜ࢇ + ૜࢈ + ૜ࢉ

ࢉ࢈ࢇ ≤
૛ࡾ− ࢘

࢘ ; (૜) 

૜ࢇ + ૜࢈ + ૜ࢉ = ૛࢙(࢙૛ − ૜࢘૛ − ૟࢘ࡾ) and ࢉ࢈ࢇ = ૝࢙࢘ࡾ; (૝) 

From (૜), (૝)we must show that: 

૛࢙(࢙૛ − ૜࢘૛ − ૟࢘ࡾ)
૝࢙࢘ࡾ ≤

૛ࡾ − ࢘
࢘ ⇔ ࢙૛ − ૜࢘૛ − ૟࢘ࡾ ≤ ૝ࡾ૛ − ૛࢘ࡾ 

⇔ ࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛(࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ) 

2340. In ઢ࡯࡮࡭ the following relationship holds: 

૛ࡲ
࢘

< ෍ቆࢇ࢓ +
૛ࢇ

૝ࢇ࢓
ቇ

ࢉ࢟ࢉ

≤ ૟ࡾ 

Proposed by Rajeev Rastogi-India 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

෍ቆࢇ࢓ +
૛ࢇ

૝ࢇ࢓
ቇ

ࢉ࢟ࢉ

≥⏞
ࡹࡳିࡹ࡭

෍૛ ⋅ ඨࢇ࢓ ⋅
૛ࢇ

૝ࢉ࢟ࢉࢇ࢓

= ෍ࢇ
ࢉ࢟ࢉ

= ૛࢙ =
૛ࡲ
࢘  

෍ቆࢇ࢓ +
૛ࢇ

૝ࢇ࢓
ቇ

ࢉ࢟ࢉ

= ෍
૝ࢇ࢓

૛ + ૛ࢇ

૝ࢉ࢟ࢉࢇ࢓

= ෍
(૛࢈૛ + ૛ࢉ૛ − (૛ࢇ + ૛ࢇ

૝ࢉ࢟ࢉࢇ࢓

= 

= ૛෍
૛࢈ + ૛ࢉ

૝ࢉ࢟ࢉࢇ࢓

≤⏞
࢔࢏ࢎ࢙ࢋ࢘ࢋࢀ

૛෍ࡾ
ࢉ࢟ࢉ

= ૟ࡾ 

Therefore, 

૛ࡲ
࢘ < ෍ቆࢇ࢓ +

૛ࢇ

૝ࢇ࢓
ቇ

ࢉ࢟ࢉ

≤ ૟ࡾ 

 

2341. In ઢ࡯࡮࡭ the following relationship holds: 

෍
ࢇࢎ) + ࢇࢎ)(࢈ࢎ + (ࢉࢎ

ࢉ࢟ࢉࢉࢎ࢈ࢎ

≥ ૚૛ 

Proposed by D.M.Bătineţu-Giurgiu, Flaviu Cristian Verde-Romania 
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Solution by George Florin Şerban-Romania 

෍
ࢇࢎ) + ࢇࢎ)(࢈ࢎ + (ࢉࢎ

ࢉ࢟ࢉࢉࢎ࢈ࢎ

= ෍
ቀ૛ࢇࡲ + ૛ࡲ

࢈ ቁቀ
૛ࡲ
ࢇ + ૛ࡲ

ࢉ ቁ
૛ࡲ
࢈ ⋅ ૛ࢉ࢟ࢉࢉࡲ

= 

= ෍
૝ࡲ૛(ࢇ + +ࢇ)(࢈ (ࢉ

ࢉ࢈૛ࢇ
ࢉ࢟ࢉ

⋅
ࢉ࢈
૝ࡲ૛ = ෍

ࢇ) + +ࢇ)(࢈ (ࢉ
૛ࢇ

ࢉ࢟ࢉ

= ෍൬૚ +
ࢉ
ࢇ +

࢈
+ࢇ

ࢉ࢈
૛൰ࢇ

ࢉ࢟ࢉ

= 

= ૚ + ૚ + ૚ +
ࢇ
࢈ +

࢈
ࢇ +

࢈
ࢉ +

ࢉ
࢈ +

ࢉ
+ࢇ

ࢇ
ࢉ +

࢈ࢇ
૛ࢉ +

ࢉ࢈
૛ࢇ +

ࢇࢉ
૛࢈ ≥⏞

ࡹࡳିࡹ࡭

 

≥ ૚૛ ⋅ ඨࢇ
૝࢈૝ࢉ૝

૝ࢉ૝࢈૝ࢇ
૚૛

= ૚૛ 

Therefore,  

෍
ࢇࢎ) + ࢇࢎ)(࢈ࢎ + (ࢉࢎ

ࢉ࢟ࢉࢉࢎ࢈ࢎ

≥ ૚૛ 

Solution 2 by Avishek Mitra-West Bengal-India 

෍
ࢇࢎ) + ࢇࢎ)(࢈ࢎ + (ࢉࢎ

ࢉ࢟ࢉࢉࢎ࢈ࢎ

≥⏞
ࡹࡳିࡹ࡭

෍
૛ඥ࢈ࢎࢇࢎ ⋅ ૛ඥࢉࢎࢇࢎ

ࢉ࢟ࢉࢉࢎ࢈ࢎ

= ૝෍
ࢉࢎ࢈ࢎඥࢇࢎ
ࢉ࢟ࢉࢉࢎ࢈ࢎ

= 

= ૝෍
ࢇࢎ

ඥࢉ࢟ࢉࢉࢎ࢈ࢎ

≥⏞
ࡹࡳିࡹ࡭

૝ ⋅ ૜ ⋅ ඨ
ࢇࢎ∏

∏ඥࢉࢎ࢈ࢎ

૜
= ૚૛ ⋅ ඨ

ࢇࢎ∏
ࢇࢎ∏

૜
= ૚૛ 

Therefore, 

෍
ࢇࢎ) + ࢇࢎ)(࢈ࢎ + (ࢉࢎ

ࢉ࢟ࢉࢉࢎ࢈ࢎ

≥ ૚૛ 

Solution 3 by Samar Das-India 

෍
ࢇࢎ) + ࢇࢎ)(࢈ࢎ + (ࢉࢎ

ࢉ࢟ࢉࢉࢎ࢈ࢎ

= 

=
ࢇࢎ) + ࢇࢎ)(࢈ࢎ + (ࢉࢎ

ࢉࢎ࢈ࢎ
+

࢈ࢎ) + ࢈ࢎ)(ࢇࢎ + (ࢉࢎ
ࢇࢎࢉࢎ

+
ࢉࢎ) + ࢉࢎ)(ࢇࢎ + (࢈ࢎ

࢈ࢎࢇࢎ
≥⏞

ࡹࡳିࡹ࡭

 

≥ ૜ ⋅ ඨ
൫(ࢇࢎ + ࢈ࢎ)(࢈ࢎ + ࢉࢎ)(ࢉࢎ + ൯(ࢇࢎ

૛

૛(ࢉࢎ࢈ࢎࢇࢎ)
૜

= 
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= ૜ ⋅ ඩ
૝ ⋅ ૝ ⋅ ૝ ൬ࢇࢎ + ࢈ࢎ

૛ ൰
૛
൬࢈ࢎ + ࢉࢎ

૛ ൰
૛
൬ࢉࢎ + ࢇࢎ

૛ ൰
૛

૛(ࢉࢎ࢈ࢎࢇࢎ)

૜

= ૚૛ 

Therefore, 

෍
ࢇࢎ) + ࢇࢎ)(࢈ࢎ + (ࢉࢎ

ࢉ࢟ࢉࢉࢎ࢈ࢎ

≥ ૚૛ 

2342. In acute ઢ࡯࡮࡭ the following relationship holds: 

࡭૞ܖܑܛ
࡮૜ܖܑܛ

+
࡮૞ܖܑܛ
૜ܖܑܛ ࡯

+
૞ܖܑܛ ࡯
૜ܖܑܛ ࡭

≥ ቀ૚+
࢘
ࡾ
ቁ
૛

 

Proposed by Marian Ursărescu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

૞ܖܑܛ ࡭
૜ܖܑܛ ࡮ +

૞ܖܑܛ ࡮
૜ܖܑܛ ࡯ +

૞ܖܑܛ ࡯
૜ܖܑܛ ࡭ =

૚
(૛ࡾ)૛෍

૞ࢇ

૜࢈ =
૚

(૛ࡾ)૛෍
૟ࢇ

(࢈ࢇ) ⋅ ૛࢈ ≥ 

≥
࢘ࢋࢊ࢒࢕ࡴ ૚

(૛ࡾ)૛ ⋅
૛ࢇ) + ૛࢈ + ૛)૜ࢉ

࢈ࢇ) + +ࢉ࢈ ૛ࢇ)(ࢇࢉ + ૛࢈ + (૛ࢉ ≥
∑ ૛ࢇ∑ஸ࢈ࢇ ૚

(૛ࡾ)૛ ⋅
૛ࢇ) + ૛࢈ + ૛)૛ࢉ

૛ࢇ + ૛࢈ + ૛ࢉ  

=
૛ࢇ + ૛࢈ + ૛ࢉ

(૛ࡾ)૛ ≥
࢘ࢋ࢑࢒ࢇࢃ ૝(ࡾ+ ࢘)૛

(૛ࡾ)૛ = ቀ૚ +
࢘
ࡾ
ቁ
૛

 

Therefore, ܖܑܛ
૞ ࡭

૜ܖܑܛ ࡮
+ ࡮૞ܖܑܛ

૜ܖܑܛ ࡯
+ ૞ܖܑܛ ࡯

૜ܖܑܛ ࡭
≥ ቀ૚ + ࢘

ࡾ
ቁ
૛
	 

 

2343. Prove that for any triangle ࡯࡮࡭ the inequality: 

ඥ(૚ + ૚)(࡭ܛܗ܋ + ૚)(࡮ܛܗ܋ + ૟(࡯ܛܗ܋ ≤
√૟
૝ૡ૟

ቆ
ૡ(ࢇ + ࢈ + ૜(ࢉ

ࢉ࢈ࢇ
+ ૛ૠቇ 

Proposed by Kunihiko Chikaya-Tokyo-Japan 

Solution 1 by Avishek Mitra-West Bengal-India 

ටෑ(૚ + ܛܗ܋ ૟(࡭
= ඨෑ૛ܛܗ܋૛

࡭
૛

૟
= 
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= ૡ
૚
૟ ൬ෑܛܗ܋

࡭
૛൰

૚
૜

= √૛ቌෑඨ࢙
(࢙ − (ࢇ
ࢉ࢈

ቍ

૚
૜

= √૛ ൬
ઢࡿ
൰ࢉ࢈ࢇ

૚
૜

= √૛൬
ઢࡿ
૝ࡾઢ൰

૚
૜
 

 

2344. In ઢ࡯࡮࡭ the following relationship holds: 

࡭૞ܛܗ܋
࡮૜ܛܗ܋

+
࡮૞ܛܗ܋
૜ܛܗ܋ ࡯

+
૞ܛܗ܋ ࡯
࡭૜ܛܗ܋

≥ ૚ − ቀ
࢘
ࡾ
ቁ
૛
 

Proposed by Marian Ursărescu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

Let ࢞ = ܛܗ܋ ࡭ ,࢟ = ܛܗ܋ ࡮ , ࢠ =  ࡯ܛܗ܋

૞ܛܗ܋ ࡭
૜ܛܗ܋ ࡮ +

૞ܛܗ܋ ࡮
૜ܛܗ܋ ࡯ +

૞ܛܗ܋ ࡯
૜ܛܗ܋ ࡭ = ෍

࢞૞

࢟૜ = ෍
࢞૟

(࢞࢟) ⋅ ࢟૛ ≥ 

≥
࢘ࢋࢊ࢒࢕ࡴ (࢞૛ + ࢟૛ + ૛)૜ࢠ

(࢞࢟ + ࢠ࢟ + ૛࢞)(࢞ࢠ + ࢟૛ + (૛ࢠ ≥
∑࢞࢟ஸ∑࢞૛

	
(࢞૛ + ࢟૛ + ૛)૛ࢠ

࢞૛ + ࢟૛ + ૛ࢠ  

= ࢞૛ + ࢟૛ + ૛ࢠ = ෍ܛܗ܋૛ ࡭ = ૚ − ૛ෑ࡭ܛܗ܋ = ૚ − ૛ ⋅
࢙૛ − (૛ࡾ+ ࢘)૛

૝ࡾ૛ ≥ 

≥
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

	૚ −
(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛) − (૛ࡾ + ࢘)૛

૛ࡾ૛ = ૚ − ቀ
࢘
ࡾ
ቁ
૛

 

Therefore, ܛܗ܋
૞ ࡭

૜ܛܗ܋ ࡮
+ ૞ܛܗ܋ ࡮

૜ܛܗ܋ ࡯
+ ૞ܛܗ܋ ࡯

૜ܛܗ܋ ࡭
≥ ૚− ቀ࢘

ࡾ
ቁ
૛

 

 

2345. In ઢ࡯࡮࡭ the following inequality holds: 

෍
૛ࢇࢎ

ࢉ࢘࢈࢘
≤෍

૛ࢇ࢘

ࢉࢎ࢈ࢎ
 

Proposed by Marin Chirciu-Romania 

Solution 1 by Marian Ursărescu-Romania 

∑ ૛ࢇࢎ

ࢉ࢘࢈࢘
= ∑

૝ࡿ૛

૛ࢇ
૛ࡿ

(࢙ష࢈)(࢙షࢉ)

= ૝∑ (ࢉି࢙)(࢈ି࢙)
૛ࢇ

  (1) 
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ඥ(࢙ − ࢙)(࢈ − (ࢉ ≤ ࢉା࢙ି࢈ି࢙
૛

= ࢇ
૛
⇒ (࢙ − ࢙)(࢈ − (ࢉ ≤ ૛ࢇ

૝
  (2) 

From (1)+(2)⇒ ∑ ૛ࢇࢎ

ࢉ࢘࢈࢘
≤ ૜ ⇒ we must show: ∑ ૛ࢇ࢘

ࢉࢎ࢈ࢎ
≥ ૜  (3) 

∑ ૛ࢇ࢘

ࢉࢎ࢈ࢎ
≥ ૜ට࢘ࢇ૛࢘࢈

૛࢘ࢉ૛

࢈ࢎ૛ࢇࢎ
૛ࢉࢎ

૜
    (4) 

From (3)+(4) we must show: 

૜ට࢘ࢇ૛࢘ࢉ࢘࢈૛

࢈ࢎ૛ࢇࢎ
૛ࢉࢎ

૜ ≥ ૜ ⇔ ࢉ࢘࢈࢘ࢇ࢘ ≥ ࢉࢎ࢈ࢎࢇࢎ ⇔ ࢙૛࢘ ≥ ૛࢙૛࢘૛

ࡾ
⇔ ࡾ ≥ ૛࢘   (True) 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

We know that: ૛
ࢇࢎ

= ૚
࢈࢘

+ ૚
ࢉ࢘

≥
ࡹࡳିࡹ࡭ ૛

ඥ࢘ࢉ࢘࢈
→ ૛ࢇࢎ

ࢉ࢘࢈࢘
≤ ૚ (and analogs)  (1) 

(1) → ∏ ૛ࢇࢎ

ࢉ࢘࢈࢘
≤ ૚ → ࢇࢎ∏ ≤  (2)   ࢇ࢘∏

(1) → ∑ ૛ࢇࢎ

ࢉ࢘࢈࢘
≤ ∑૚ = ૜ and ∑ ૛ࢇ࢘

ࢉࢎ࢈ࢎ
≥

ࡹࡳିࡹ࡭
૜ට∏ ૛ࢇ࢘

ࢉࢎ࢈ࢎ

૜
= ૜ට∏࢘ࢇ

ࢇࢎ∏

૜
૛

≥
(૛)

૜ 

Therefore, ∑ ૛ࢇࢎ

ࢉ࢘࢈࢘
≤ ૜ ≤ ∑ ૛ࢇ࢘

ࢉࢎ࢈ࢎ
 

 

2346. 

 
Prove:     

ࡳ࡭
ࡼࡳ

+
૜√ࡲ
૛ࢇࢎ

≥ ૛; ࡲ			 =  ࡯࡮࡭ࢇࢋ࢘࡭

Proposed by Thanasis Gakopoulos-Farsala-Greece 
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Solution  by Daniel Sitaru-Romania 

(ࡳ)࣋ =
ࢇ
૛ ∙

ࢇ
૛ = ࢇ࢓ ∙ ,ࡼࡹ {ࡹ} = ࡼ࡭ ∩ ࡼࡹ,࡯࡮ =

૛ࢇ

૝ࢇ࢓
 

ࡼࡳ =
ࢇ࢓

૜ +
૛ࢇ

૝ࢇ࢓
=
૝ࢇ࢓

૛ + ૜ࢇ૛

૚૛ࢇ࢓
=
૛ࢇ૛ + ૛࢈૛ + ૛ࢉ૛

૚૛ࢇ࢓
=
૛ࢇ + ૛࢈ + ૛ࢉ

૟ࢇ࢓
 

ࡳ࡭
+ࡼࡳ

૜√ࡲ
૛ࢇࢎ

=
૛
૜ࢇ࢓ ∙ ૟ࢇ࢓

૛ࢇ + ૛࢈ + ૛ࢉ +
૜√ࡲ
૛ࢇࢎ

≥⏞
ࡷ࡯ࡻ࡮ࡺࡱࢆࢀࡵࡱࢃିࢁ࡯ࡿࡱࡺࡻࡵ

 

≥
૝ࢇ࢓

૛

૛ࢇ + ૛࢈ + ૛ࢉ +
૛ࢇ + ૛࢈ + ૛ࢉ

૝ࢇࢎ૛
≥

૝ࢇࢎ૛

૛ࢇ + ૛࢈ + ૛ࢉ +
૛ࢇ + ૛࢈ + ૛ࢉ

૝ࢇࢎ૛
= 

= ቆ
૛ࢇࢎ

૛ࢇ√ + ૛࢈ + ૛ࢉ
−
૛ࢇ√ + ૛࢈ + ૛ࢉ

૛ࢇࢎ
ቇ
૛

+ ૛ ≥ ૛ 

Equality holds for: ࢇ = ࢈ =  .ࢉ

 

2347. In any	∆	۰۱ۯ the following relationship holds: 

૛ࢉ࢓࢈࢓ࢉ࢈

√ૡ࢈૛ࢉ૛ + ૛ࢇ૛࢈૛ + ૛ࢇ૛ࢉ૛ − ૛࢈૝ − ૛ࢉ૝ + ૝ࢇ
≥ ඨ

∏ ࢇ࢓ࢇ) + ࢈࢓࢈ − ࢉ࢟ࢉ(ࢉ࢓ࢉ

ࢇ࢓ࢇ + ࢈࢓࢈ + ࢉ࢓ࢉ
 

Proposed by Bogdan Fuştei-Romania 

Solution 1 by Soumava Chakraborty-Kolkata-India 

܎ܗܗܚ۾ ∶  
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+ۿ۰.۱ۯ,۱ۿ۰ۯ	ܔࢇܚ܍ܜࢇܔܑܚ܌ࢇܝܙ	ܖܗ	ܕ܍ܚܗ܍ܐܜ	ܛᇱܡܕ܍ܔܗܜ۾	ࢇܑ܄ ۿ۱.۰ۯ ≥ ۰۱.ۿۯ

⇒ .܋
૛܊ܕ

૜ + .܊
૛܋ܕ

૜ ≥
૝ࢇܕ

૜ ࢇ. ⇒ ܊ܕ܋ + ܋ܕ܊ ≥ ૛ࢇܕࢇ 

⇒⏞
ࢍܖܑܚࢇܝܙܛ	ܖܗܘܝ

܊ܕ૛܋
૛ + ܋ܕ૛܊

૛ + ૛܋ܕ܊ܕ܋܊ ≥ ૝ࢇ૛ࢇܕ
૛

⇒ ૡ܋ܕ܊ܕ܋܊ ≥⏞
(ܑ)

૚૟ࢇ૛ࢇܕ
૛ − ૝܋૛܊ܕ

૛ − ૝܊૛܋ܕ
૛ 

,ܟܗۼ (૛܊ܕ܊ + ૛܋ܕ܋)૛ − ૝ࢇ૛ࢇܕ
૛

= ૝܊૛܊ܕ
૛ + ૝܋૛܋ܕ

૛ + ૡ܋ܕ܊ܕ܋܊ − ૝ࢇ૛ࢇܕ
૛ ≥⏞
(ܑ)	ࢇܑܞ

૝܊૛܊ܕ
૛ + ૝܋૛܋ܕ

૛

+ ૚૛ࢇ૛ࢇܕ
૛ − ૝܋૛܊ܕ

૛ − ૝܊૛܋ܕ
૛ 

= ܊ܕ૛൫૝܊
૛ − ૝܋ܕ

૛൯ − ܊ܕ૛൫૝܋
૛ − ૝܋ܕ

૛൯ + ૚૛ࢇ૛ࢇܕ
૛

= ૛܊) − ૛܋૛)(૛܋ + ૛ࢇ૛ − ૛܊ − ૛ࢇ૛ − ૛܊૛ + (૛܋ + ૚૛ࢇ૛ࢇܕ
૛ 

= ૜(ࢇ૛.૝ࢇܕ
૛ − ૛܊) − (૛)૛܋ = ૜(ࢇ૛(૛܊૛ + ૛܋૛ − (૛ࢇ − ૝܊ − ૝܋ + ૛܊૛܋૛)

= ૜ ቀ૛෍ࢇ૛܊૛ −෍ࢇ૝ቁ = ૝ૡ۴૛ > 0 

⇒ (૛܊ܕ܊ + ૛܋ܕ܋)૛ > ૝ࢇ૛ࢇܕ
૛

⇒ ܊ܕ܊ + ܋ܕ܋ − ࢇܕࢇ > 	ܛࢍܗܔࢇܖࢇ	܌ܖܽ	0 ܊ܕ܊	ࢍܖܑܜܜܝܘ	܌ܖࢇ + ܋ܕ܋

− ࢇܕࢇ = ࢞, ܋ܕ܋ + ࢇܕࢇ − ܊ܕ܊ =  ܡ

ࢇܕࢇ	܌ܖࢇ + ܊ܕ܊ − ܋ܕ܋ = ܜ܍ࢍ	܍ܟ,ܢ ∶ ෍ࢇܕࢇ = ෍࢞ ⇒ ࢇܕࢇ =
ܡ + ܢ
૛ ܊ܕ܊,

=
ܢ + ࢞
૛ , ܋ܕ܋ =

࢞ + ܡ
૛ 	܍ܛܚܝܗ܋	܎ܗ	܌ܖࢇ	 ,ܡ,࢞ ܢ > 0  

܊ܕ૛܊ૡ,ܟܗۼ
૛ + ૡ܋૛܋ܕ

૛ − ૝ࢇ૛ࢇܕ
૛

= ૛܊૛(૛܋૛ + ૛ࢇ૛ − (૛܊ + ૛܋૛(૛ࢇ૛ + ૛܊૛ − (૛܋ − ૛܊૛(૛ࢇ + ૛܋૛ −  (૛ࢇ

= ૡ܊૛܋૛ + ૛ࢇ૛܊૛ + ૛ࢇ૛܋૛ − ૛܊૝ − ૛܋૝ + ૝ࢇ

⇒ ૡ܊૛܋૛ + ૛ࢇ૛܊૛ + ૛ࢇ૛܋૛ − ૛܊૝ − ૛܋૝ + ૝ࢇ =⏞
(ܑܑ)

૛(ܢ+ ࢞)૛ + ૛(࢞ + ૛(ܡ

− ܡ) + ૛(ܢ  

ܡܜܑܔࢇܝܙ܍ܖܑ	܌܍ܛܗܘܗܚܘ,܍ܞܗ܊ࢇ	܌܍ܖܗܑܜܖ܍ܕ	ܛܖܗܑܜܝܜܑܜܛ܊ܝܛ	܌ܖࢇ	(ܑܑ)	ࢇܑ܄

⇔
+ܢ) ࢞)(࢞ + (ܡ

૛ඥ૛(ܢ+ ࢞)૛ + ૛(࢞ + ૛(ܡ − ܡ) + ૛(ܢ
≥⏞
(࢒)

ඨ
ܢܡ࢞

࢞ + +ܡ  ܢ
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+ܡ	ܜ܍ۺ ܢ = ,૚ࢇ +ܢ ࢞ = ૚܊ +࢞	܌ܖࢇ	 ܡ = ܌ܖࢇ	૚܋ ∵ ૚ࢇ + ૚܊ > ૚܊,૚܋ + ૚܋
> ૚܋	܌ܖࢇ	૚ࢇ + ૚ࢇ > ૚܊ ∴ ,૚܊,૚ࢇ  ܍ܔࢍܖࢇܑܚܜ	ࢇ	܎ܗ	ܛ܍܌ܑܛ	܍ܚࢇ	૚܋

,ܛܝܑ܌ࢇܚܕܝ܋ܚܑ܋	ܐܜܑܟ ܚ܍ܜ܍ܕܑܚ܍ܘܑܕ܍ܛ	܌ܖ܉	ܛܝܑ܌ࢇܚܖܑ

= ,૚܀ ,૚ܚ  ܌ܖࢇ	(ܡࢇܛ)	ܡܔ܍ܞܑܜ܋܍ܘܛ܍ܚ૚ܛ

	૛෍࢞ = ૛ܛ૚ ⇔ ࢞ = ૚ܛ − ,૚ࢇ ܡ = ૚ܛ −  ૚܊

ܢ	܌ܖࢇ = ૚ܛ − ૚܋ ∴ (࢒) ⇔
૚܋૚܊

૛ට૛܊૚૛ + ૛܋૚૛ − ૚૛ࢇ
≥ ඨ

૚ܛ૚૛ܚ
૚ܛ

⇔

૚܋૚܊
૛܀૚
૝ࢇܕ૚

≥
૚ܚ
૛܀૚

⇔
૚ࢇܕ
૚ࢇܐ

≤
૚܀

૛ܚ૚

→ ܔܗܘܗܜܑࢇܖࢇ۾	ࢇܑܞ	܍ܝܚܜ ⇒  ܍ܝܚܜ	ܛܑ(࢒)

∴
૛܋ܕ܊ܕ܋܊

√ૡ܊૛܋૛ + ૛ࢇ૛܊૛ + ૛ࢇ૛܋૛ − ૛܊૝ − ૛܋૝ + ૝ࢇ
≥ ඨ

∏ ࢇܕࢇ) + ܊ܕ܊ − ܋ܡ܋(܋ܕ܋

ࢇܕࢇ + ܊ܕ܊ + ܋ܕ܋
 (۳۲ۿ)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

૛܋ܕ܊ܕ܋܊

√ૡ܊૛܋૛ + ૛ࢇ૛܊૛ + ૛ࢇ૛܋૛ − ૛܊૝ − ૛܋૝ + ૝ࢇ
≥ ඨ

∏ ࢇܕࢇ) + ܊ܕ܊ − ܋ܡ܋(܋ܕ܋

ࢇܕࢇ + ܊ܕ܊ + ܋ܕ܋
; (∗) 

 
Let ࢞,࢟,  .respectively ࡯ and ࡮,࡭ be the complexe coordinates of points ࢠ

We have: ࢇ࢓ࢇ = |࢟ − |ࢠ ቚ࢟ାࢠ
૛
− ࢞ቚ → ࢇ࢓ࢇ = ૚

૛
ห࢟૛ − ૛ࢠ − ૛࢞࢟ + ૛࢞ࢠห 

Similarly, ࢈࢓࢈ = ૚
૛
หࢠ૛ − ࢞૛ − ૛࢟ࢠ + ૛࢟࢞ห and ࢉ࢓ࢉ = ૚

૛
ห࢟૛ − ࢞૛ − ૛࢟ࢠ + ૛࢞ࢠห → 

ࢇ࢓ࢇ + ࢈࢓࢈ =
૚
૛ ห࢟

૛ − ૛ࢠ − ૛࢞࢟+ ૛࢞ࢠห +
૚
૛ หࢠ

૛ − ࢞૛ − ૛࢟ࢠ + ૛࢟࢞ห ≥ 
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≥
૚
૛ ห࢟

૛ − ࢞૛ − ૛࢟ࢠ + ૛࢞ࢠห = ࢉ࢓ࢉ → 

ࢇ࢓ࢇ + ࢈࢓࢈ ≥  (࢙ࢍ࢕࢒ࢇ࢔ࢇ	ࢊ࢔ࢇ)ࢉ࢓ࢉ

,࢈࢓࢈,ࢇ࢓ࢇ ࢉ࢓ࢉ −can be the sides of a triangle. Let ࢇ࢓ࢇ = ࢈࢓࢈,࢞ = ࢟, ࢉ࢓ࢉ =  ࢠ

ෑ(ࢇ࢓ࢇ + ࢈࢓࢈ − (ࢉ࢓ࢉ
ࢉ࢟ࢉ

= ૡ(࢙ − ࢞)(࢙ − ࢟)(࢙ − (ࢠ = ૡ࢙࢘૛ 

૛ࢇ૛࢈૛ + ૛ࢇ૛ࢉ૛ + ૡ࢈૛ࢉ૛ + ૝ࢇ − ૛࢈૝ − ૛ࢉ૝ = ૡ࢈૛ૡࢉ૛ࢉ࢓
૛ − ૝ࢇ૛ࢇ࢓

૛ = 

= ૝(૛࢟૛ + ૛ࢠ૛ − ࢞૛) = ૚૟࢞࢓
૛ 

(∗) ⇔
૛࢟ࢠ

ඥ૚૟࢞࢓
૛
≥ ඨૡ࢙࢘

૛

૛࢙ ⇔
ࢠ࢟
૛࢞࢓

≥ ૛࢘ 

࢞࢓⇔ ≤
ࢠ࢟
૝࢘ =

ࢠ࢟࢞
૝࢞࢘ =

૝࢙࢘ࡾ
૝࢞࢘ =

࢞ࢎࡾ
૛࢘ ;  (ᇱ࢙࢒࢕࢖࢕࢚࢏ࢇ࢔ࢇࡼ)

Therefore, 

૛ࢉ࢓࢈࢓ࢉ࢈

√ૡ࢈૛ࢉ૛ + ૛ࢇ૛࢈૛ + ૛ࢇ૛ࢉ૛ − ૛࢈૝ − ૛ࢉ૝ + ૝ࢇ
≥ ඨ

∏ ࢇ࢓ࢇ) + ࢈࢓࢈ − ࢉ࢟ࢉ(ࢉ࢓ࢉ

ࢇ࢓ࢇ + ࢈࢓࢈ + ࢉ࢓ࢉ
 

2348. In any	∆	࡯࡮࡭, the following relationship holds: 

෍
૚
૜ࢇ ࢔ࢇ࢚

࡭
૛ ≤

૚
૚૛࢘ࡾ૛ ≤

૚
૛૝࢘૜ 

Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

ࢌ࢕࢕࢘ࡼ ∶ ෍
૚
૜ࢇ ࢔ࢇ࢚

࡭
૛ = ෍൮

૚
૛ቌࢇ

࢔ࢇ࢚ ૛࡭
૝࢙࢕ࢉࡾ૛ ૛࡭ ࢔ࢇ࢚

࡭
૛
ቍ൲ =

૚
૝ࡾ෍ቆ

૚
૛ࢇ ൬૚ + ૛࢔ࢇ࢚

࡭
૛൰ቇ

=
૚
૝ࡾ

ቌ෍
૚
૛ࢇ + ෍

૛࢔ࢇ࢚ ૛࡭
૚૟ࡾ૛࢙࢕ࢉ૝࡭૛ ࢔ࢇ࢚

૛ ࡭
૛
ቍ 

=
૚
૝ࡾቆ

(࢙૛ + ૝࢘ࡾ+ ࢘૛)૛ − ૚૟࢙࢘ࡾ૛

૚૟ࡾ૛࢘૛࢙૛ +
૚

૚૟ࡾ૛෍൬૚ + ૛࢔ࢇ࢚
࡭
૛൰

૛

ቇ 

=
૚
૝ࡾቆ

(࢙૛ + ૝࢘ࡾ + ࢘૛)૛ − ૚૟࢙࢘ࡾ૛

૚૟ࡾ૛࢘૛࢙૛ +
૚

૚૟ࡾ૛෍൬૚ + ૝࢔ࢇ࢚
࡭
૛ + ૛࢚࢔ࢇ૛

࡭
૛൰ቇ 
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=
૚
૝ࡾ

ቌ
(࢙૛ + ૝࢘ࡾ+ ࢘૛)૛ − ૚૟࢙࢘ࡾ૛

૚૟ࡾ૛࢘૛࢙૛

+
૚

૚૟ࡾ૛ ൭૜ +
૚
࢙૝ ቆ

ቀ෍࢘ࢇ૛ቁ
૛
− ૛෍࢘ࢇ૛࢘࢈૛ቇ +

૛
࢙૛
ቀ෍࢘ࢇ૛ቁ൱ቍ 

=
૚
૝ࡾ

൭
(࢙૛ + ૝࢘ࡾ+ ࢘૛)૛ − ૚૟࢙࢘ࡾ૛

૚૟ࡾ૛࢘૛࢙૛

+
૚

૚૟ࡾ૛ ቆ૜ +
૚
࢙૝ ൬

((૝ࡾ + ࢘)૛ − ૛࢙૛)૛ − ૛ ቀ࢙૝ − ૛࢙࢘૛(૝ࡾ+ ࢘)ቁ൰

+
૛
࢙૛

((૝ࡾ + ࢘)૛ − ૛࢙૛)ቇ൱ 

=
(࢙૛ + ૝࢘ࡾ+ ࢘૛)૛ − ૚૟࢙࢘ࡾ૛

૟૝ࡾ૜࢘૛࢙૛

+
૜࢙૝ + ૛࢙૛(૝ࡾ + ࢘)૛ − ૝࢙૝ + (૝ࡾ + ࢘)૝ − ૝࢙૛(૝ࡾ + ࢘)૛ + ૝࢙૝ − ૛࢙૝ + ૝࢙࢘૛(૝ࡾ+ ࢘)

૟૝ࡾ૜࢙૝  

=
࢙૟ − (ૡ࢘ࡾ − ૜࢘૛)࢙૝ − ࢘૛࢙૛(૚૟ࡾ૛ − ૡ࢘ࡾ − ૜࢘૛) + ࢘૛(૝ࡾ + ࢘)૝

૟૝ࡾ૜࢘૛࢙૝ ≤
૚

૚૛࢘ࡾ૛ 

⇔ ૜࢙૟ − (૚૟ࡾ૛ + ૛૝࢘ࡾ − ૢ࢘૛)࢙૝ − ૜࢘૛࢙૛(૚૟ࡾ૛ − ૡ࢘ࡾ − ૜࢘૛) + ૜࢘૛(૝ࡾ+ ࢘)૝ ≤⏞
(࢏)

૙ 

ࢋࢎࢉ࢛࢕ࡾ,࢝࢕ࡺ ⇒ ࢙૛ − (࢔−࢓) ≥ ૙	ࢊ࢔ࢇ	࢙૛ − ࢓) + (࢔ ≤ ૙,࢝ࢋ࢘ࢋࢎ	࢓

= ૛ࡾ૛ + ૚૙࢘ࡾ − ࢘૛	ࢊ࢔ࢇ	࢔ = ૛(ࡾ − ૛࢘)ඥࡾ૛ − ૛࢘ࡾ 

∴ ቀ࢙૛ − ࢓) + ቁ(࢔ ቀ࢙૛ − ቁ(࢔−࢓) ≤ ૙ ⇒ ࢙૝ − ࢙૛(૛࢓) + ૛࢓ − ૛࢔ ≤ ૙

⇒ ࢙૝ − ࢙૛(૝ࡾ૛ + ૛૙࢘ࡾ − ૛࢘૛) + ࢘(૝ࡾ + ࢘)૜ ≤ ૙ 

⇔ ૜࢙૟ − ૜࢙૝(૝ࡾ૛ + ૛૙࢘ࡾ − ૛࢘૛) + ૜࢙࢘૛(૝ࡾ+ ࢘)૜ ≤ ૙

⇒ ,(࢏)	ࢋ࢜࢕࢘࢖	࢕࢚	࢘ࢋࢊ࢘࢕	࢔࢏ ࢋ࢜࢕࢘࢖	࢕࢚	࢙ࢋࢉ࢏ࢌࢌ࢛࢙	࢚࢏ ∶ 

૜࢙૟ − (૚૟ࡾ૛ + ૛૝࢘ࡾ− ૢ࢘૛)࢙૝ − ૜࢘૛࢙૛(૚૟ࡾ૛ − ૡ࢘ࡾ − ૜࢘૛) + ૜࢘૛(૝ࡾ + ࢘)૝

≤ ૜࢙૟ − ૜࢙૝(૝ࡾ૛ + ૛૙࢘ࡾ− ૛࢘૛) + ૜࢙࢘૛(૝ࡾ + ࢘)૜ 

⇔ (૝ࡾ૛ − ૜૟࢘ࡾ − ૜࢘૛)࢙૝ + ૜࢙࢘૛(૟૝ࡾ૜ + ૟૝ࡾ૛࢘ + ૝࢘ࡾ૛ − ૛࢘૜) − ૜࢘૛(૝ࡾ + ࢘)૝ ≥ ૙ 

⇔ ૝(ࡾ − ૛࢘)૛࢙૝ − (૛૙࢘ࡾ + ૚ૢ࢘૛)࢙૝ + ૜࢙࢘૛(૟૝ࡾ૜ + ૟૝ࡾ૛࢘+ ૝࢘ࡾ૛ − ૛࢘૜) −૜࢘૛(૝ࡾ + ࢘)૝ ≥⏞
(࢏࢏)

૙ 
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(࢏࢏)	ࢌ࢕	ࡿࡴࡸ,࢝࢕ࡺ ≥⏞
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

ቀ૝(૚૟࢘ࡾ− ૞࢘૛)(ࡾ− ૛࢘)૛

− (૛૙࢘ࡾ+ ૚ૢ࢘૛)(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛)

+ ૜࢘(૟૝ࡾ૜ + ૟૝ࡾ૛࢘ + ૝࢘ࡾ૛ − ૛࢘૜)൯࢙૛ 

−૜࢘૛(૝ࡾ + ࢘)૝ = ࢘(૚ૠ૟ࡾ૜ − ૛૝૙ࡾ૛࢘+ ૛૚૛࢘ࡾ૛ − ૚૝૜࢘૜)࢙૛ − ૜࢘૛(૝ࡾ+ ࢘)૝

= ࢘ ቀ(ࡾ − ૛࢘)(૚ૠ૟ࡾ૛ + ૚૚૛࢘ࡾ+ ૝૜૟࢘૛) + ૠ૛ૢ࢘૜ቁ ࢙૛ 

−૜࢘૛(૝ࡾ + ࢘)૝ ≥⏞
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

࢘ቀ(ࡾ− ૛࢘)(૚ૠ૟ࡾ૛ + ૚૚૛࢘ࡾ + ૝૜૟࢘૛) + ૠ૛ૢ࢘૜ቁ(૚૟࢘ࡾ − ૞࢘૛) − ૜࢘૛(૝ࡾ + ࢘)૝ 

⇔ ૞૚૛࢚૝ − ૚૜ૠ૛࢚૜ + ૚૙ૠ૟࢚૛ − ૡ૝ૢ࢚+ ૚ૠૡ≥⏞
?

૙	 ൬࢝ࢋ࢘ࢋࢎ	࢚ =
ࡾ
࢘൰

⇔ (࢚ − ૛) ቀ(࢚ − ૛)(૞૚૛࢚૛ + ૟ૠ૟࢚+ ૚ૠ૜૛) + ૜૜ૠ૞ቁ≥⏞
?

૙ →  ࢋ࢛࢚࢘

∵ ࢚ ≥⏞
࢘ࢋ࢒࢛ࡱ

૛ ⇒ (࢏࢏) ⇒ ࢋ࢛࢚࢘	࢙࢏(࢏) ∴෍
૚
૜ࢇ ࢔ࢇ࢚

࡭
૛ ≤

૚
૚૛࢘ࡾ૛ ≤⏞

࢘ࢋ࢒࢛ࡱ ૚
૛૝࢘૜  (ࡰࡱࡽ)	

2349. If	࡯࡮࡭	is an acute triangle with the circumradius	ࡾ	and the 

inradius	࢘,	then prove that : 

	෍
࡭ܛܗ܋ . ࡮૛ܛܗ܋

૛ܛܗ܋ ࡯
≥

ࡾૢ
૝(ࡾ + ࢘).			 

Proposed by D.M.Bătineţu-Giurgiu, Neculai Stanciu-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

→is an acute triangle	࡯࡮࡭ ࡭ܛܗ܋ , ܛܗ܋ ࡮ , ࡯ܛܗ܋ > 0. 

෍
࡭ܛܗ܋ . ૛ܛܗ܋ ࡮

૛ܛܗ܋ ࡯ .෍࡭ܛܗ܋ ≥⏞
ࡿ࡮࡯

൬෍
࡭ܛܗ܋ . ܛܗ܋ ࡮

ܛܗ܋ ࡯ ൰
૛

→෍
ܛܗ܋ ࡭ . ૛ܛܗ܋ ࡮

૛ܛܗ܋ ࡯

≥
ࡾ

ࡾ + ࢘ ൬෍
ܛܗ܋ ࡭ . ܛܗ܋ ࡮

࡯ܛܗ܋ ൰
૛

 

܍ܞܗܚܘ	ܗܜ	܌܍܍ܖ	܍ܟ,ܗ܁ ∶ 			෍
࡭ܛܗ܋ . ܛܗ܋ ࡮

࡯ܛܗ܋ 		 ≥⏞
(∗)

		
૜
૛  .܍ܜܝ܋܉	࡯࡮࡭ࢤ∀,

Using the substitutions : 

࡭ =
࣊− ࢄ
૛ ࡮, =

࣊ − ࢅ
૛ ࡯, =

࣊ − ࢆ
૛ ࢆ,ࢅ,ࢄ, ∈ (૙,࣊),෍ࢄ = ࣊ 
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→ (∗) ↔෍
૛ࢄܖܑܛ . ૛ࢅܖܑܛ

૛ࢆܖܑܛ
≥
૜
૛ ࢆࢅࢄࢤ∀, ↔ ൬ෑܖܑܛ

ࢄ
૛൰෍

૚

૛ܖܑܛ ૛ࢆ
	≥ 	

૜
૛ 

We know that : 

	ෑܖܑܛ
ࢄ
૛ =

࢘
૝ࡾ ෍	ࢊ࢔ࢇ	

૚

૛ܖܑܛ ૛ࢄ
=
࢙૛ + ࢘૛ − ૡ࢘ࡾ

࢘૛  

→ (∗) ↔
࢙૛ + ࢘૛ − ૡ࢘ࡾ

૝࢘ࡾ ≥
૜
૛ ↔ ࢙૛ ≥ ૚૝࢘ࡾ − ࢘૛ 

Which is true from Gerretsen,		࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛≥⏞
?

૚૝࢘ࡾ− ࢘૛ ↔ ࡾ ≥ ૛࢘	(࢘ࢋ࢒࢛ࡱ) 

→ ࢋ࢛࢚࢘	࢙࢏(∗) →෍
ܛܗ܋ ࡭ . ૛ܛܗ܋ ࡮

૛ܛܗ܋ ࡯ ≥
ࡾૢ

૝(ࡾ + ࢘). 

Solution 2 by Mohammed Diai-Rabat-Morocco 

෍
࡭࢙࢕ࢉ . ࡮૛࢙࢕ࢉ

࡯૛࢙࢕ࢉ ≥
ࡾૢ

૝(ࡾ + ࢘) ; (∗)( 

We know that: ∑࡭࢙࢕ࢉ = ૚ + ࢘
ࡾ

= ା࢘ࡾ
ࡾ

 then	(∗) ⇔ ∑ ࢙࢕ࢉ ࡮૛࢙࢕ࢉ.࡭
૛࢙࢕ࢉ ࡯

⋅ ࡭	࢙࢕ࢉ∑ ≥ ૢ
૝
 

By CBS inequality: ∑ ࡮૛࢙࢕ࢉ.࡭࢙࢕ࢉ
૛࢙࢕ࢉ ࡯

⋅ ࡭࢙࢕ࢉ∑ ≥ ቀ∑ ࡮	࢙࢕ࢉ⋅࡭	࢙࢕ࢉ
࡯࢙࢕ࢉ

ቁ
૛
 

To prove (∗) we need to prove that: ∑ ࡮	࢙࢕ࢉ⋅࡭	࢙࢕ࢉ
࡯࢙࢕ࢉ

≥ ૜
૛

; (∗∗) 

෍
࡭	࢙࢕ࢉ ⋅ ࡮	࢙࢕ࢉ

࡯࢙࢕ࢉ = ෍
࡭	࢙࢕ࢉ ⋅ ࡮	࢙࢕ࢉ
࡭)࢙࢕ࢉ− + (࡮ = ෍

࡭	࢙࢕ࢉ ⋅ ࡮	࢙࢕ࢉ
࡭	࢔࢏࢙ ⋅ ࡮	࢔࢏࢙ − ࡭	࢙࢕ࢉ ⋅ ࡮	࢙࢕ࢉ = 

= ෍
࡭	࢚࢕ࢉ ⋅ ࡮	࢚࢕ࢉ

૚ − ࡭	࢚࢕ࢉ ⋅ ࡮	࢚࢕ࢉ
= ෍

૚
૚− ࡭	࢚࢕ࢉ ⋅ ࡮	࢚࢕ࢉ

− ૜ 

Therefore, (∗∗) ⇔ ∑ ૚
૚ି࢚࢕ࢉ	࢚࢕ࢉ⋅࡭	࡮

≥ ૢ
૛
 

By CBS inequality: ∑ ૚
૚ି࢚࢕ࢉ	࢚࢕ࢉ⋅࡭	࡮

≥ ૢ
∑(૚ି࢚࢕ࢉ	࢚࢕ࢉ⋅࡭	࡮)

= ૢ
૛
 

2350. In any ∆	۰۱ۯ, the following relationship holds: 

૜
૝ ≤෍

૛ࢇ

܊) + ૛(܋ ≤
܀
૛ܚ −

૚
૝ 

Proposed by Marin Chirciu-Romania 
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Solution by Soumava Chakraborty-Kolkata-India 

܎ܗܗܚ۾ ∶ ෍
૛ࢇ

+܊) ૛(܋ = ቀ෍
ࢇ

܊ + ܋
ቁ
૛
− ૛෍

܊ࢇ
܊) + ܋)(܋ + (ࢇ

=
૚

૝ܛ૛(ܛ૛ + ૛ܚ܀+ ૛)૛ܚ ቀ෍܋)ࢇ + +ࢇ)(ࢇ ቁ(܊
૛
−

૛∑܊ࢇ(૛ܛ − (܋
૛ܛ)ܛ૛ + ૛ܚ܀ +  (૛ܚ

=
૚

૝ܛ૛(ܛ૛ + ૛ܚ܀ + ૛)૛ܚ ቀ෍ࢇቀ෍܊ࢇ+ ૛ቁቁࢇ
૛
−
૛ܛ)ܛ૛ + ૝ܚ܀+ (૛ܚ − ૚૛ܛܚ܀

૛ܛ)ܛ + ૛ܚ܀ + (૛ܚ  

=
ቀ૛ܛ)ܛ૛ + ૝ܚ܀ + (૛ܚ + ૛ܛ)ܛ૛ − ૟ܚ܀ − ૜ܚ૛)ቁ

૛

૝ܛ૛(ܛ૛ + ૛ܚ܀ + ૛)૛ܚ −
૛(ܛ૛ − ૛ܚ܀+ (૛ܚ
૛ܛ + ૛ܚ܀+ ૛ܚ

⇒෍
૛ࢇ

܊) + ૛(܋ =⏞
(ܑ)૛ ቀܛ૝ − ૛ܛ૛(૛ܚ܀+ ૜ܚ૛) + ૛܀૛(૟ܚ + ૝ܚ܀ + ૛)ቁܚ

૛ܛ) + ૛ܚ܀ + ૛)૛ܚ  

෍
૛ࢇ

+܊) ૛(܋ ≤
܀
૛ܚ −

૚
૝ ⇔ฏ
૛(ܑ)	ࢇܑܞ ቀܛ૝ − ૛ܛ૛(૛ܚ܀ + ૜ܚ૛) + ૛܀૛(૟ܚ + ૝ܚ܀ + ૛)ቁܚ

૛ܛ) + ૛ܚ܀ + ૛)૛ܚ ≤
૛܀ − ܚ
૝ܚ  

⇔ (૛܀− ૝ܛ(ܚૢ + ૛܀૛(ૡܛܚ + ૜૛ܚ܀ + ૝૟ܚ૛) + ૜܀૛(ૡܚ − ૝૝܀૛ܚ − ૜૝ܚ܀૛ − (૜ܚૢ ≥ ૙ 

⇔ (૛܀ − ૝ܛ(ܚ૝ + ૛܀૛൫ૡܛܚ + ૜૛ܚ܀ + ૝૟ܚ૛൯+ ૜܀૛൫ૡܚ − ૝૝܀૛ܚ − ૜૝ܚ܀૛ − ૜൯ܚૢ − ૞ܛܚ૝ ≥⏞
(ࢇ)

૙ 

(ࢇ)	܎ܗ	܁۶ۺ,ܟܗۼ ≥⏞
ܖ܍ܛܜ܍ܚܚ܍۵

(૛܀ − ૝ܚ)൫૚૟ܚ܀ − ૞ܚ૛൯ܛ૛ + ૛܀૛൫ૡܛܚ + ૜૛ܚ܀+ ૝૟ܚ૛൯

+ ૜܀૛൫ૡܚ − ૝૝܀૛ܚ − ૜૝ܚ܀૛ −  ૜൯ܚૢ

−૞ܚ൫૝܀૛ + ૝ܚ܀ + ૜ܚ૛൯ܛ૛

= ቀ(܀ − ૛ܚ)(૛૙܀ − ૛૛ܚ) + ૠܚ૛ቁ ૛ܛ + ૜܀൫ૡܚ − ૝૝܀૛ܚ − ૜૝ܚ܀૛ − ૜൯ܚૢ ≥⏞
ܖ܍ܛܜ܍ܚܚ܍۵

 

ቀ(܀ − ૛ܚ)(૛૙܀− ૛૛ܚ) + ૠܚ૛ቁ (૚૟ܚ܀ − ૞ܚ૛) + ૜܀ૡ)ܚ − ૝૝܀૛ܚ − ૜૝ܚ܀૛ − ⏞≤(૜ܚૢ
?

૙

⇔ ૡ૛ܜ૜ − ૛ૡ૝ܜ૛ + ૛ૠ૜ܜ − ૟૟ ≥
?
૙	 ൬܍ܚ܍ܐܟ	ܜ =

܀
 ൰ܚ

⇔ ܜ) − ૛)൫(ܜ − ૛)(ૡ૛ܜ + ૝૝) + ૚૛૚൯ ≥
?
૙ → ܍ܝܚܜ ∵ ܜ ≥⏞

ܚ܍ܔܝ۳

૛ ⇒ ܍ܝܚܜ	ܛܑ(ࢇ)

⇒෍
૛ࢇ

܊) + ૛(܋ ≤
܀
૛ܚ −

૚
૝ ෍	܌ܖࢇ	

૛ࢇ

+܊) ૛(܋ ≥
૚
૜
ቀ෍

ࢇ
܊ + ܋

ቁ
૛

 

≥⏞
ܜܜܑ܊ܛ܍ۼ ૚

૜ .
ૢ
૝ ⇒

૜
૝ ≤෍

૛ࢇ

܊) + ૛(܋  (۳۲ۿ)	
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2351. In ઢ࡯࡮࡭ the following relationship holds: 

෍ඨ
ࢇ࢓

ࢉ࢟ࢉࢉࢎ࢈ࢎࢇ࢝

≥
૚
࢘

 

Proposed by Bogdan Fuştei-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

∵ ࢇ࢓ ≥
࢈ + ࢉ
૛ ࢙࢕ࢉ

࡭
૛ →

ࢇ࢓

ࢇ࢝
≥

࢈) + ૛(ࢉ

૝ࢉ࢈  

→
ࢇ࢓

ࢉࢎ࢈ࢎࢇ࢝
≥

࢈) + ૛(ࢉ

૝ࢉ࢈ ⋅ ૝࢙
૛࢘૛
ࢉ࢈

= ൬
࢈ + ࢉ
૝࢙࢘ ൰

૛

;  (࢙ࢍ࢕࢒ࢇ࢔ࢇ	ࢊ࢔ࢇ)

→෍ඨ
ࢇ࢓

ࢉ࢟ࢉࢉࢎ࢈ࢎࢇ࢝

≥෍
࢈ + ࢉ
૝࢙࢘

ࢉ࢟ࢉ

=
૝࢙
૝࢙࢘ =

૚
࢘ 

Therefore, 

෍ඨ
ࢇ࢓

ࢉ࢟ࢉࢉࢎ࢈ࢎࢇ࢝

≥
૚
࢘ 

Solution 2 by Ertan Yildirim-Izmir-Turkiye 

∵
ࢇ࢓

ࢇ࢝
≥

+࢈) ૛(ࢉ

૝ࢉ࢈  

෍ඨ
ࢇ࢓

ࢉ࢟ࢉࢉࢎ࢈ࢎࢇ࢝

≥෍ඩ
+࢈) ૛(ࢉ

૝ࢉ࢈ ⋅
૚

ࢉࢇ
૛ࡾ ⋅ ࢉ࢟ࢉࡾ૛࢈ࢇ

= ෍
+࢈ ࢉ
ࢉ࢈ࢇ ⋅ ࡾ

ࢉ࢟ࢉ

 

→෍
+࢈)ࡾ (ࢉ
ࢉ࢈ࢇ

ࢉ࢟ࢉ

=
ࡾ
ࢉ࢈ࢇ

⋅෍(࢈ + (ࢉ
ࢉ࢟ࢉ

=
ࡾ

૝࢙࢘ࡾ
⋅ ૛(ࢇ+ +࢈ (ࢉ =

ࡾ ⋅ ૝࢙
࢘ࡾ ⋅ ૝࢙

=
૚
࢘

 

Therefore, 

෍ඨ
ࢇ࢓

ࢉ࢟ࢉࢉࢎ࢈ࢎࢇ࢝

≥
૚
࢘

 

2352. In ઢ࡯࡮࡭ the following relationship holds: 
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෍ࢇ૛ ൬
૚
ࢇ࢓

૛ +
૚

ࢉࢎ࢈ࢎ
+

૚
ࢉ࢘࢈࢘

൰
ࢉ࢟ࢉ

≥ ૚૛ 

Proposed by D.M.Bătineţu-Giurgiu, Neculai Stanciu-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

We know that : 

ࢉࢎ࢈ࢎ	 ≤⏞
ࢇ࢓ஸࢇࢎ

ࢉ࢓࢈࢓ ≤⏞
࢈࢓ࡹࡳିࡹ࡭

૛ + ࢉ࢓
૛

૛ ࢉ࢘࢈࢘	ࢊ࢔ࢇ = ࢙(࢙ − (ࢇ ≤ ࢇ࢓
૛ 

→ ࢇ࢓
૛ + ࢉࢎ࢈ࢎ + ࢉ࢘࢈࢘ ≤ ૛ࢇ࢓

૛ +
࢈࢓

૛ + ࢉ࢓
૛

૛ = 

=
૝(૛࢈૛ + ૛ࢉ૛ − (૛ࢇ + (૛ࢉ૛ + ૛ࢇ૛ − (૛࢈ + (૛ࢇ૛ + ૛࢈૛ − (૛ࢉ

ૡ  

→ ࢇ࢓
૛ + ࢉࢎ࢈ࢎ + ࢉ࢘࢈࢘ ≤

ૢ
ૡ

૛࢈) +  (૚)				(࢙ࢍ࢕࢒ࢇ࢔ࢇ	ࢊ࢔ࢇ)					(૛ࢉ

→෍ࢇ૛ ൬
૚

ࢇ࢓
૛ +

૚
ࢉࢎ࢈ࢎ

+
૚

ࢉ࢘࢈࢘
൰ ≥⏞
ࡿ࡮࡯

 

෍ࢇ૛.
ૢ

ࢇ࢓
૛ + ࢉࢎ࢈ࢎ + ࢉ࢘࢈࢘

≥⏞
(૚)

ૡ෍
૛ࢇ

૛࢈ + ૛ࢉ ≥⏞
࢚࢚࢏࢈࢙ࢋࡺ

ૡ.
૜
૛ = ૚૛ 

Therefore, 

෍ࢇ૛ ൬
૚

ࢇ࢓
૛ +

૚
ࢉࢎ࢈ࢎ

+
૚

ࢉ࢘࢈࢘
൰ ≥ ૚૛			 

 Solution 2 by Marian Ursărescu-Romania 

We must show: 

෍
૛ࢇ

ࢇ࢓
૛

ࢉ࢟ࢉ

+ ෍
૛ࢇ

ࢉ࢟ࢉࢉࢎ࢈ࢎ

+ ෍
૛ࢇ

ࢉ࢟ࢉࢉ࢘࢈࢘

≥ ૚૛; (૚) 

෍
૛ࢇ

ࢉ࢟ࢉࢉ࢘࢈࢘

≥⏞
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ࢇ) + +࢈ ૛(ࢉ

࢈࢘ࢇ࢘ + ࢉ࢘࢈࢘ + ࢇ࢘ࢉ࢘
=
૝࢙૛

࢙૛ = ૝; (૛) 

෍
૛ࢇ

ࢉ࢟ࢉࢉࢎ࢈ࢎ

≥⏞
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ +ࢇ) ࢈ + ૛(ࢉ

࢈ࢎࢇࢎ + ࢉࢎ࢈ࢎ + ࢇࢎࢉࢎ
=

૝࢙૛

૛࢙૛࢘
ࡾ

=
૛ࡾ
࢘ ≥ ૝; (૜) 
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∵෍
૛ࢇ

૛࢈૛ + ૛ࢉ૛ − 	૛ࢇ
ࢉ࢟ࢉ

≥ ૚ →෍
૛ࢇ

ࢇ࢓
૛

ࢉ࢟ࢉ

≥ ૝; (૝) 

From (૛), (૜), (૝) it follows that (૚) its true. 

Therefore, 

෍ࢇ૛ ൬
૚
ࢇ࢓

૛ +
૚

ࢉࢎ࢈ࢎ
+

૚
ࢉ࢘࢈࢘

൰
ࢉ࢟ࢉ

≥ ૚૛ 

2353. Let	࡯࡮࡭	be an equilateral triangle of side length √૜,	let P be a point 

inside	࡯࡮࡭ࢤ and	ࢆ,ࢅ,ࢄ	be the feet of perpendiculars of ࡼ	on 

sides	࡮࡭,࡭࡯,࡯࡮	respectively. Then prove: 

෍
૚ + ૛ࢄࡼ

ࢅࡼ + ࢆࡼ
≥
૚૞
૝

 

Proposed by Rajeev Rastogi-India 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 
Let ࡲ	be the area of	࡯࡮࡭ࢤ. 

We have : 

ࡲ =
૚
૛ .√૜

૛
. ܖܑܛ

࣊
૜ =

૜√૜
૝ = [࡮ࡼ࡭] + [࡯ࡼ࡮] + [࡭ࡼ࡯] =

√૜
૛ ࢆࡼ +

√૜
૛ ࢄࡼ +

√૜
૛  ࢅࡼ

→ ࢄࡼ + ࢅࡼ + ࢆࡼ =
૜
૛			

(૚) 

෍
૚ + ૛ࢄࡼ

ࢅࡼ + ࢆࡼ = ෍
૚

ࢅࡼ + ࢆࡼ + ෍
૛ࢄࡼ

ࢅࡼ + ࢆࡼ ≥⏞
ࡿ࡮࡯ ૢ

૛(ࢄࡼ + ࢅࡼ + (ࢆࡼ +
ࢄࡼ) + ࢅࡼ + ૛(ࢆࡼ

૛(ࢄࡼ + ࢅࡼ +  (ࢆࡼ
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Therefore, 

෍
૚ + ૛ࢄࡼ

ࢅࡼ + ࢆࡼ ≥⏞
(૚)

૜ +
૜
૝ =

૚૞
૝ . 

Solution 2 by Abdul Aziz-Semarang-Indonesia 

ࡲ =
૚
૛ ⋅ √૜

ࢄࡼ) + ࢅࡼ + (ࢆࡼ ⇔ ࢄࡼ + ࢅࡼ + ࢆࡼ =
૜
૛ 

෍
૚ + ૛ࢄࡼ

ࢅࡼ + ࢆࡼ
ࢉ࢟ࢉ

=
૜
૝෍

૚
ࢅࡼ + ࢆࡼ

ࢉ࢟ࢉ

+ ෍
૚
૝ + ૛ࢄࡼ

ࢅࡼ + ࢆࡼ
ࢉ࢟ࢉ

≥⏞
ࡹࡳିࡹ࡭ ૜

૝෍
૚

ࢅࡼ + ࢆࡼ
ࢉ࢟ࢉ

+ ෍
ࢄࡼ

ࢅࡼ + ࢆࡼ
ࢉ࢟ࢉ

≥ 

≥⏞
૜ࡿ࡮࡯

૝ ⋅
ૢ

૛∑ࢄࡼ +
૛(ࢄࡼ∑)

૛(∑ࢄࡼ ⋅ (ࢅࡼ ≥
ૢ
૝ +

૜
૛ ⋅

ࢄࡼ)∑ ⋅ (ࢅࡼ	
ࢄࡼ)∑ ⋅ (ࢅࡼ =

૚૞
૝  

Equality holds when ࢄࡼ = ࢅࡼ = ࢆࡼ = ૚
૛

. 

 

2354. In ઢࢇ࢔,࡯࡮࡭ −Nagel’s cevian, ࢇࢍ −Gergonne’s cevian, ࣓−Brocard’s 

point, the following relationship holds: 

૝ ൬૚ +
૚

૛࢙࢔࢏૛࣓
൰ ≤෍

૛ࢇ࢔ + ૛ࢇࢍ + ૛ࢇ࢝ࢇ࢓

ࢉ࢟ࢉ૛ࢇࢎ

 

Proposed by Bogdan Fuştei-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

Let ࡹ be the midpoint of ࡱ,࡯࡮ the foot of the angle bisector at ࡭. 

ࢇ࢝ࢇ࢓ = หࡹ࡭ሬሬሬሬሬሬሬ⃗ หหࡰ࡭ሬሬሬሬሬሬ⃗ ห = ቤ
ሬሬሬሬሬሬ⃗࡮࡭ + ሬሬሬሬሬ⃗࡯࡭

૛ ቤ ቤ
࢈ ⋅ ሬሬሬሬሬሬ⃗࡮࡭ + ࢉ ⋅ ሬሬሬሬሬ⃗࡯࡭

࢈ + ࢉ ቤ ≥
ሬሬሬሬሬሬ⃗࡮࡭ + ሬሬሬሬሬ⃗࡯࡭

૛ ⋅
࢈ ⋅ ሬሬሬሬሬሬ⃗࡮࡭ + ࢉ ⋅ ሬሬሬሬሬ⃗࡯࡭

࢈ + ࢉ = 

=
࢈)ࢉ࢈ + (ࢉ + ࢈) + (ࢉ ⋅ ሬሬሬሬሬሬ⃗࡮࡭ ⋅ ሬሬሬሬሬ⃗࡯࡭

૛(࢈ + (ࢉ =
࢈)ࢉ࢈ + (ࢉ + ࢈ + ࢉ

૛ ૛࢈) + ૛ࢉ − (૛ࢇ
૛(࢈+ (ࢉ  

=
࢈) + ૛(ࢉ − ૛ࢇ

૝ = ࢙(࢙ −  (ࢇ

→ ࢇ࢝ࢇ࢓ ≥ ࢙(࢙ − ;(ࢇ  (࢙ࢍ࢕࢒ࢇ࢔ࢇ	ࢊ࢔ࢇ)
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෍
૛ࢇ࢔ + ૛ࢇࢍ + ૛ࢇ࢝ࢇ࢓

ࢉ࢟ࢉ૛ࢇࢎ

≥෍
૛ࢇ࢔ + ૛ࢇࢍ + ૛࢙(࢙ − (ࢇ

ࢉ࢟ࢉ૛ࢇࢎ

 

We know that: ࢇ࢔૛ + ૛ࢇࢍ + ૛࢙(࢙ − (ࢇ = ૝ࢇ࢓
૛ 

→෍
૛ࢇ࢔ + ૛ࢇࢍ + ૛ࢇ࢝ࢇ࢓

ࢉ࢟ࢉ૛ࢇࢎ

≥෍
૝ࢇ࢓

૛

ࢉ࢟ࢉ૛ࢇࢎ

=
૚
૝ࡲ૛෍

(૛࢈૛ + ૛ࢉ૛ − (૛ࢇ
ࢉ࢟ࢉ

= 

=
૚
૝ࡲ૛

൮૛෍ࢇ૛࢈૛
ࢉ࢟ࢉ

+ ቌ૛෍ࢇ૛࢈૛
ࢉ࢟ࢉ

−෍ࢇ૝
ࢉ࢟ࢉ

ቍ൲ =
૚
૝ࡲ૛

ቌ૛෍ࢇ૛࢈૛
ࢉ࢟ࢉ

+ ૚૟ࡲ૛ቍ = 

=
૛࢈૛ࢇ∑

૛ࡲ૛ + ૝ = ૝൬૚ +
૚

૛࢙࢔࢏૛࣓൰ 

Therefore, 

૝ ൬૚ +
૚

૛࢙࢔࢏૛࣓൰ ≤෍
૛ࢇ࢔ + ૛ࢇࢍ + ૛ࢇ࢝ࢇ࢓

ࢉ࢟ࢉ૛ࢇࢎ

 

 Solution 2 by Alex Szoros-Romania 

૝ ൬૚ +
૚

૛࢙࢔࢏૛࣓൰ = ૝ +
૛

૛࣓࢔࢏࢙ = ૝ + ૛(૚ + (૛࣓࢔ࢇ࢚ = ૟ + ૛ቆ
૛ࢇ + ૟૛࢈ + ૛ࢉ

૝ࡲ ቇ
૛

= 

= ૟ +
૛(૛ࢇ∑)

ૡࡲ૛ ; (૚) 

From Stewart theorem, we have:  

ቊࢇ࢔ࢇ
૛ = ࢙)૛࢈ − (ࢉ + ࢙)૛ࢉ − −(࢈ ࢙)ࢇ − ࢙)(࢈ − (ࢉ

૛ࢇࢍࢇ = ࢙)૛࢈ − (࢈ + ࢙)૛ࢉ − −(ࢉ ࢙)ࢇ − ࢙)(࢈ − (ࢉ → 

૛ࢇ࢔)ࢇ + (૛ࢇࢍ = ૛࢈ࢇ + ૛ࢉࢇ − ૛ࢇ(࢙ − ࢙)(࢈ −  (ࢉ

→ ૛ࢇ࢔ + ૛ࢇࢍ = ૛࢈ + ૛ࢉ − ૛(࢙ − ࢙)(࢈ − ;(ࢉ (૛) 

On the other hand, ࢇ࢝ࢇ࢓ ≥ ࢙(࢙ − ;(ࢇ (૜) 

From (૛), (૜) it follows tha: 
૛ࢇ࢔ + ૛ࢇࢍ + ૛ࢇ࢓	ࢇ࢝ ≥ ૛࢈ + ૛ࢉ − ૛(࢙ − ࢙)(࢈ − (ࢉ + ૛࢙(࢙ − (ࢇ = ૝ࢇ࢓

૛ 

→
૛ࢇ࢔ + ૛ࢇࢍ + ૛ࢇ࢝ࢇ࢓

૛ࢇࢎ
≥
૝ࢇ࢓

૛

૛ࢇࢎ
 

෍
૛ࢇ࢔ + ૛ࢇࢍ + ૛ࢇ࢝ࢇ࢓

ࢉ࢟ࢉ૛ࢇࢎ

≥ ૝෍
ࢇ࢓

૛

ࢉ࢟ࢉ૛ࢇࢎ

; (૝) 
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૝෍
ࢇ࢓

૛

ࢉ࢟ࢉ૛ࢇࢎ

= ૝෍
ࢇ࢓૛ࢇ

૛

૝ࡲ૛
ࢉ࢟ࢉ

=
૚
ࢇ࢓૛ࢇ૛෍ࡲ

૛

ࢉ࢟ࢉ

=
૚
૝ࡲ૛෍ࢇ૛(૛࢈૛ + ૛ࢉ૛ − (૛ࢇ

ࢉ࢟ࢉ

= 

=
૛∑ࢇ૛࢈૛ + ૛∑ࢇ૛ࢉ૛ ૝ࢇ∑−

૝ࡲ૛ =
૛∑ࢇ૛࢈૛ + ૚૟ࡲ૛

૝ࡲ૛ =
૛࢈૛ࢇ∑

૛ࡲ૛ + ૝; (૞) 

We want to prove that: 

૟ +
૛(૛ࢇ∑)

ૡࡲ૛ = ૝ +
૛࢈૛ࢇ∑

૛ࡲ૛ ; (૟) ⇔ 

૛ +
૛(૛ࢇ∑)

ૡࡲ૛ =
૛࢈૛ࢇ∑

૛ࡲ૛ ⇔ ૛∑ࢇ૛࢈૛ − ૝ࢇ∑ + ૝ࢇ∑ + ૛∑ࢇ૛࢈૛ = ૝∑ࢇ૛࢈૛ 

So, 

૝ ൬૚ +
૚

૛࢙࢔࢏૛࣓൰ = ૟ +
૛(૛ࢇ∑)

ૡࡲ૛ = ૝ +
૛࢈૛ࢇ∑

૛ࡲ૛ = ૝෍
ࢇ࢓

૛

ࢉ࢟ࢉ૛ࢇࢎ

≤෍
૛ࢇ࢔ + ૛ࢇࢍ + ૛ࢇ࢝ࢇ࢓

ࢉ࢟ࢉ૛ࢇࢎ

 

Therefore, 

૝ ൬૚ +
૚

૛࢙࢔࢏૛࣓൰ ≤෍
૛ࢇ࢔ + ૛ࢇࢍ + ૛ࢇ࢝ࢇ࢓

ࢉ࢟ࢉ૛ࢇࢎ

 

2355. Prove that : 

෍
ࡳ࡭
ࡼࡳ

+
૜√ࡿ
૝

൬
૚
࢘૛

+ ෍
૚
૛ࢇ࢘

൰ ≥ ૟ 

Proposed by Thanasis Gakopoulos-Farsala-Greece 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 

࢚ࢇࢎ࢚	࢝࢕࢔࢑	ࢋ࢝,࡯࡮	ࢌ࢕	࢚࢔࢏࢕࢖ࢊ࢏࢓	ࢋࢎ࢚	ࢋ࢈	ࡹ	࢚ࢋࡸ ∶ ࡳ࡭ =
૛
૜ࢇ࢓	ࢊ࢔ࢇ	ࡹࡳ =

૚
૜ࢇ࢓. 

ࢋ࢜ࢇࢎ	ࢋࢃ ∶ 	μ(ࡹ࡯ࡼ) = μ(ࡹ࡭࡮)	ࢊ࢔ࢇ	μ(࡯ࡼࡹ) = μ(࡯࡮࡭) →  ࡭࡮ࡹࢤ	~	࡯ࡼࡹࢤ

→ ࡼࡹ =
࡯ࡹ.࡮ࡹ
࡭ࡹ =

૛ࢇ

૝ࢇ࢓
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→ ࡼࡳ = ࡹࡳ + ࡼࡹ =
૚
૜ࢇ࢓ +

૛ࢇ

૝ࢇ࢓
=
૝ࢇ࢓

૛ + ૜ࢇ૛

૚૛ࢇ࢓
=
૛࢈૛ + ૛ࢉ૛ − ૛ࢇ + ૜ࢇ૛

૚૛ࢇ࢓

=
૛ࢇ + ૛࢈ + ૛ࢉ

૟ࢇ࢓
 

→
ࡳ࡭
ࡼࡳ =

૛
૜ࢇ࢓.

૟ࢇ࢓

૛ࢇ + ૛࢈ + ૛ࢉ =
૝ࢇ࢓

૛

૛ࢇ + ૛࢈ + ૛ࢉ 		
 (࢙ࢍ࢕࢒ࢇ࢔ࢇ	ࢊ࢔ࢇ)

→෍
ࡳ࡭
ࡼࡳ = ෍

૝ࢇ࢓
૛

૛ࢇ + ૛࢈ + ૛ࢉ =
૜(ࢇ૛ + ૛࢈ + (૛ࢉ
૛ࢇ + ૛࢈ + ૛ࢉ = ૜					(૚) 

࢚ࢇࢎ࢚	࢝࢕࢔࢑	ࢋࢃ ∶ 	෍
૚
ࢇ࢘

=
૚
࢘ →෍

૚
૛ࢇ࢘

		 ≥⏞
ࡿ࡮࡯

		
૚
૜൬෍

૚
ࢇ࢘
൰
૛

=
૚
૜࢘૛  

→
૜√ࡿ
૝ ൬

૚
࢘૛ + ෍

૚
૛ࢇ࢘

൰ ≥
૜√࢘࢖
૝ ൬

૚
࢘૛ +

૚
૜࢘૛൰ =

૜√࢖
૜࢘ 			 ≥⏞

ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ

		
൫૜√૜࢘൯.√૜

૜࢘ = ૜		(૛) 

(૚)	ࢊ࢔ࢇ	(૛) 		→ 		෍
ࡳ࡭
+ࡼࡳ

૜√ࡿ
૝ ൬

૚
࢘૛ + ෍

૚
૛ࢇ࢘

൰ ≥ ૟ 

2356. In ઢ࡯࡮࡭ the following relationship holds: 

૛࢘
ࢇࢎ

ቆ
૚
૛࢈ࢎ

+
૚
૛ࢉࢎ
ቇ ≤ ൬

ࡾ
ࡲ
൰
૛

 

Proposed by George Apostolopoulos-Messolonghi-Greece 
Solution by Marian Ursărescu-Romania 
 

Using: ࢇࢎ = ૛ࡲ
ࢇ

, inequality becomes as: 

૛ࡲ
࢙
૛ࡲ
ࢇ

⋅
૛࢈ + ૛ࢉ

૝ࡲ૛ ≤
૛ࡾ

૛ࡲ ⇔
ࢇ
࢙ ⋅

૛࢈ + ૛ࢉ

૝ ≤ ૛ࡾ ⇔ ૛࢈)ࢇ + (૛ࢉ ≤ ૝࢙ࡾ૛; (૚) 

But in any ઢ࡯࡮࡭:		 ࢈
ࢉ

+ ࢉ
࢈
≤ ࡾ

࢘
; (૛) ⇔ ૛࢈ + ૛ࢉ ≤ ࡾ

࢘
ࢉ࢈ ⇔ 

૛࢈)ࢇ + (૛ࢉ ≤ ࡾ
࢘
⋅ ;ࢉ࢈ࢇ (૜) and ࢉ࢈ࢇ = ૝࢙࢘ࡾ; (૝). 

From (3),(4) it follows that: ࢈)ࢇ૛ + (૛ࢉ ≤ ૝ࡾ૛࢙ ⇒ (૚) is true. 

Note: 

(૛) ⇔
(࢞ + ࢟)(࢟ + +ࢠ)(ࢠ ࢞)

૝࢞࢟ࢠ ≥
࢞ + ࢠ
࢞ + ࢟ +

࢞ + ࢟
࢞ + ࢠ ⇔ 
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࢟ + ࢠ
૝࢞࢟ࢠ ≥

૚
(࢞ + ࢟)૛ +

૚
(࢞ + ૛(ࢠ ; (૞) 

But: ૚
(࢞ା࢟)૛

≤ ૚
૝࢞࢟

; (૟) ⇔ (࢞ − ࢟)૛ ≥ ૙ and ૚
(࢞ାࢠ)૛

≤ ૚
૝࢞ࢠ

; (ૠ) 

From (6),(7) it follows that (5) is true. 

2357. In ઢ࡯࡮࡭ the following relationship holds: 

૛෍ቌࢇࢎ ⋅ ඨ
ࢉ࢓

࢈ࢎࢇࢎࢇ࢝
ቍ

ࢉ࢟ࢉ

≥ ૜ +
ࢇ
ࢉ

+
࢈
ࢇ

+
ࢉ
࢈

 

Proposed by Bogdan Fuştei-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

∵ ࢉ࢓ ≥
ࢇ + ࢈
૛ ࢙࢕ࢉ

࡯
૛ →

ࢉ࢓

ࢉ࢝
≥
+ࢇ ࢈
૛ ࢙࢕ࢉ

࡯
૛ ⋅

+ࢇ ࢈

૛࢈ࢇ ⋅ ૛࡯࢙࢕ࢉ
=

+ࢇ) ૛(࢈

૝࢈ࢇ  

→ ࢇࢎ ⋅ ඨ
ࢉ࢓

࢈ࢎࢇࢎࢇ࢝
≥
૛࢙࢘
ࢇ ⋅ ඨ

+ࢇ) ૛(࢈

૝࢈ࢇ ⋅
࢈ࢇ

(૛࢙࢘)૛ =
+ࢇ ࢈
૛ࢇ  

૛෍ቌࢇࢎ ⋅ ඨ
ࢉ࢓

࢈ࢎࢇࢎࢇ࢝
ቍ

ࢉ࢟ࢉ

≥෍
ࢇ + ࢈
ࢇ

ࢉ࢟ࢉ

= ૜ + ෍
࢈
ࢇ

ࢉ࢟ࢉ

 

2358. In	࡯࡮࡭ࢤ the following relationship holds: 

		෍
ࢇ
࢈

.
࢈) + ૜(ࢉ

૜࢈ + ૜ࢉ
≤

૝࢖૛

࢘(૝ࡾ + ࢘)										 

Proposed by Marin Chirciu-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

ࢋ࢜ࢇࢎ	ࢋࢃ ∶ 	 ࢈) + ૜(ࢉ ≤⏞
࢘ࢋࢊ࢒öࡴ

૝(࢈૜ + (૜ࢉ →
૚
૝෍

ࢇ
࢈ .

+࢈) ૜(ࢉ

૜࢈ + ૜ࢉ 	≤ 	෍
ࢇ
		࢈ ≤

⏞
(∗)

		
૛࢖

࢘(૝ࡾ + ࢘) 

ࢋ࢜ࢇࢎ	ࢋ࢝,	࢚࢟࢏࢒ࢇ࢛ࢗࢋ࢔࢏	ᇱ࢙࢓࢏ࢋࢎ࢔ࢋ࢖࢖ࡻ	࢓࢕࢘ࡲ ∶ 

	෍ࢇ૛࢞ ≥ ૝࢈,ࢇ)ࡲ, ට෍࢞࢟.(ࢉ ,∀࢞,࢟, ࢠ > 0 

,࢈,ࢇ)ࡲ	ࢋ࢘ࢋࢎࢃ ,࢈,ࢇ	࢙ࢋࢊ࢏࢙	ࢎ࢚࢏࢝	ࢋ࢒ࢍ࢔ࢇ࢏࢚	ࢌ࢕	ࢇࢋ࢘ࢇ	ࢋࢎ࢚	࢙࢏	(ࢉ  .ࢉ
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ࢉ√,࢈√,ࢇ√	࢙ࢋࢊ࢏࢙	ࢎ࢚࢏࢝	ࢋ࢒ࢍ࢔ࢇ࢏࢚	ࢇ	࢘࢕ࢌ	࢚࢟࢏࢒ࢇ࢛ࢗࢋ࢔࢏	࢙࢏ࢎ࢚	ࢍ࢔࢏࢟࢏࢒࢖࢖࡭ 	

→෍√ࢇ
૛
࢞ ≥⏞

(૚)

૝ࡲ൫√ࢉ√,࢈√,ࢇ൯.ට෍࢞࢟ 

ࢋ࢜ࢇࢎ	ࢋࢃ ∶ ૚૟ࡲ൫√ࢉ√,࢈√,ࢇ൯
૛

= ૛෍൫√࢈√ࢇ൯
૛
−෍√ࢇ

૝
= ૛෍࢈ࢇ −෍ࢇ૛

= ૝࢘(૝ࡾ+ ࢘) 

→ ൯ࢉ√,࢈√,ࢇ√൫ࡲ =
૚
૛ඥ࢘

(૝ࡾ + ࢘) → (૚) ↔෍࢞ࢇ ≥ ૛ට࢘(૝ࡾ + ࢘)෍࢞࢟ ,∀࢞,࢟, ࢠ > 0 

࢞	࢚ࢋࡸ =
࢈
ࢇ ,࢟ =

ࢉ
࢈ , ࢠ =

ࢇ
ࢉ →෍ࢇ.

࢈
ࢇ ≥ ૛ඨ࢘(૝ࡾ+ ࢘)෍

࢈
ࢇ .
ࢉ
࢈ ↔෍࢈

≥ ૛ට࢘(૝ࡾ + ࢘)෍
ࢉ
 ࢇ

↔ ࢖ ≥ ට࢘(૝ࡾ + ࢘)෍
ࢇ
࢈ 	↔෍

ࢇ
≥		࢈ 		

૛࢖

࢘(૝ࡾ + ࢘) →  .ࢋ࢛࢚࢘	࢙࢏	(∗)

,ࢋ࢘࢕ࢌࢋ࢘ࢋࢎࢀ ෍
ࢇ
࢈ .

࢈) + ૜(ࢉ

૜࢈ + ૜ࢉ ≤
૝࢖૛

࢘(૝ࡾ + ࢘) 

 

2359. Let ࢉ,࢈,ࢇ be the lengths of the sides of a triangle with inradius ࢘, 

circumradius ࡾ. Let ࢘ࢇ, ,࢈࢘  :be the exradii of triangle. Prove that ࢉ࢘

૚ૠ૛ૡ࢘૞ ≤
૟ࢇ

ࢇ࢘
+
૟࢈

࢈࢘
+
૟ࢉ

ࢉ࢘
≤ ૚૙ૡࡾ૝(ࡾ − ࢘) 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution by Marian Ursărescu-Romania 

૟ࢇ

ࢇ࢘
+
૟࢈

࢈࢘
+
૟ࢉ

ࢉ࢘
≥ ૜ඨ

૟(ࢉ࢈ࢇ)

ࢉ࢘࢈࢘ࢇ࢘

૜
⇒ ૜ඨ

૟(ࢉ࢈ࢇ)

ࢉ࢘࢈࢘ࢇ࢘

૜
≥ ૛૟ ⋅ ૜૜ ⋅ ࢘૞ 

૟(ࢉ࢈ࢇ)

ࢉ࢘࢈࢘ࢇ࢘
≥ ૛૚ૡ ⋅ ૜૟ ⋅ ࢘૚૞; (૚) 

But: ࢉ࢈ࢇ = ૝࢙࢘ࡾ and ࢘ࢉ࢘࢈࢘ࢇ = ࢙૛࢘; (૛). From (1),(2) we must to prove: 
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૛૚૛ ⋅ ࢙૟ࡾ૟࢘૟

࢙૛࢘ ≥ ૛૚ૡ ⋅ ૜૟ ⋅ ࢘૚૞ ⇔ ૟࢙૝ࡾ ≥ ૟૟ ⋅ ࢘૚૙ ⇔ ૜࢙૛ࡾ ≥ ૟૜ ⋅ ࢘૞; (૜) 

But: ࡾ ≥ ૛࢘ ⇒ ૜ࡾ ≥ ૡ࢘૜ and ࢙૛ ≥ ૛ૠ࢘૛, then ࡾ૜࢙૛ ≥ ૟૜ ⋅ ࢘૞ ⇒ (૜) is true. 

Now, use Schur’s inequality: 

ࢇ)૞ࢇ − ࢇ)(࢈ − (ࢉ + ࢈)૞࢈ − −࢈)(ࢉ (ࢇ + ࢉ)૞ࢉ − ࢉ)(ࢇ − (࢈ ≥ ૙ 

૛ࢇ)૞ࢇ − ࢈ࢇ − ࢉࢇ + (ࢉ࢈ + ૛࢈)૞࢈ − ࢈ࢇ − +ࢉ࢈ (ࢉࢇ + ૛ࢉ)૞ࢉ − ࢉ࢈ − ࢉࢇ + (࢈ࢇ ≥ ૙ 

ࢇ)૟ࢇ − ࢈ − (ࢉ + ࢈)૟࢈ − ࢉ − (ࢇ + ࢉ)૟ࢉ − ࢇ − (࢈ + ࢉ࢈૞ࢇ + +ࢉ૞࢈ࢇ ૞ࢉ࢈ࢇ ≥ ૙ ⇔ 

+࢈)૟ࢇ ࢉ − (ࢇ + ࢉ)૟࢈ + ࢇ − (࢈ + +ࢇ)૟ࢉ ࢈ − (ࢉ ≤ +ࢇ)ࢉ࢈ࢇ ࢈ + (ࢉ ⇔ 

૛ࢇ૟(࢙ − (ࢇ + ૛࢈૟(࢙ − (࢈ + ૛ࢉ૟(࢙ − (ࢉ ≤ +ࢇ)ࢉ࢈ࢇ ࢈ +  (ࢉ

But: ࢘ࢇ = ࡲ
ࢇି࢙

⇒ ࢙− ࢇ = ࡲ
ࢇ࢘
⇒ 

૛ࡲቆ
૟ࢇ

ࢇ࢘
+
૟࢈

࢈࢘
+
૟ࢉ

ࢉ࢘
ቇ ≤ ૝ࢇ)ࢉ࢈ࢇ + ૝࢈ + ;(૝ࢉ (૝) 

But: ࡲ = ࢉ࢈ࢇ
૝ࡾ

; (૞). From (4),(5) it follows that: 

૟ࢇ

ࢇ࢘
+
૟࢈

࢈࢘
+
૟ࢉ

ࢉ࢘
≤ ૛ࢇ)ࡾ૝ + ૝࢈ + ;(૝ࢉ (૟) 

We must show: ૛ࢇ)ࡾ૝ + ૝࢈ + (૝ࢉ ≤ ૚૙ૡࡾ૝(ࡾ− ࢘) ⇔ 

૝ࢇ + ૝࢈ + ૝ࢉ ≤ ૞૝ࡾ૜(ࡾ − ࢘); (ૠ) 

But: ࢇ૝ + ૝࢈ + ૝ࢉ = ૛(࢙૝ − ૛࢙૛(૝࢘ࡾ+ ૜࢘૛) + ࢘૛(૝ࡾ + ࢘)૛); (ૡ) 

From (7), (8) we must to prove that: 

࢙૝ − ૛࢙૛(૝࢘ࡾ+ ૜࢘૛) + ࢘૛(૝ࡾ+ ࢘)૛ − ૛ૠࡾ૜(ࡾ − ࢘) ≤ ૙; (ૢ) 

Now, let ࢌ(࢖૛) = ૛࢖) − ࢞૚)(࢖૛ − ࢞૛); (ૢ) ⇔ 

ቂ࢙૛ − ࢘(૝ࡾ + ૜࢘) −ඥૡ࢘૜(૛ࡾ + ࢘) + ૛ૠࡾ૜(ࡾ− ࢘)ቃ

⋅ ቂ࢙૛ − ࢘(૝ࡾ + ૜࢘) + ඥૡ࢘૜(૛ࡾ + ࢘) + ૛ૠࡾ૜(ࡾ− ࢘)ቃ ≤ ૙; (૚૙) 

(10) is true if ࢞૚ ≤ ࢙ ≤ ࢞૛; ࢞૚,࢞૛ −square, then we must show that: 

࢙૛ − ࢘(૝ࡾ + ૜࢘)− ඥૡ࢘૜(૛ࡾ + ࢘) + ૛ૠࡾ૜(ࡾ − ࢘) ≤ ࢙૛; (૚૚) and  

 ࢙૛ − ࢘(૝ࡾ + ૜࢘) + ඥૡ࢘૜(૛ࡾ + ࢘) + ૛ૠࡾ૜(ࡾ− ࢘) ≥ ࢙૛; (૚૛) 

For (11) using Gerretsen inequality ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛ it follows that: 
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૝࢘ࡾ+ ૜࢘૛ −ඥૡ࢘૜(૛ࡾ + ࢘) + ૛ૠࡾ૜	(ࡾ − ࢘) ≤ ૚૟࢘ࡾ − ૞࢘૛ ⇔ 

ૡ࢘૛ − ૚૛࢘ࡾ ≤ ඥૡ࢘૜(૛ࡾ + ࢘) + ૛ૠࡾ૜	(ࡾ− ࢘) ⇔ 

(ૡ࢘૛ − ૚૛࢘ࡾ)૛ ≤ ૡ࢘૜(૛ࡾ + ࢘) + ૛ૠࡾ૜(ࡾ− ࢘) ⇔ ࡾ ≥ ૛࢘(࢘ࢋ࢒࢛ࡱ). 

For (12) using Gerretsen inequality ࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛ it follows that: 

૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛ ≤ ࢘(૝ࡾ+ ૜࢘) −ඥૡ࢘૜(૛ࡾ+ ࢘) + ૛ૠࡾ૜	(ࡾ− ࢘) ⇔ 

ૡ࢘૝ + ૚૟࢘ࡾ૜ − ૛ૠࡾ૜࢘+ ૚૚ࡾ૝ ≥ ૙ 

Let ࢞ = ࡾ
૛࢘
≥ ૚(࢘ࢋ࢒࢛ࡱ), we must show that: ૛૛࢞૝ − ૛ૠ࢞૜ + ૝࢞ + ૚ ≥ ૙ and with Horner 

and Rolle sequence, it follows that: (࢞ − ૚) ቀ૚૚࢞૜ + (࢞− ૚)(૚૚࢞૛ + ૟࢞ + ૚)ቁ ≥ ૙ 

 

2360. If ࢓ ∈ [૙,∞), ,ࢠ,࢟,࢞ ࢚ ∈ (૙,∞), then in any triangle ࡯࡮࡭, with usual 

notations holds 

෍
૛ࢇ࢞) + ା૚࢓(૛࢈࢓࢟

ࢉ࢝ࢠ)
૛ + ࢇ࢚࢝

૛)࢓
ࢉ࢏࢒ࢉ࢟ࢉ

≥
(૝࢞ + ૜࢟)࢓ା૚

૜ି࢓
૚
૛(ࢠ + ࢓(࢚

 ࡿ

Proposed by D.M Bătinețu-Giurgiu, Neculai Stanciu – Romania  

Solution by Tran Hong-DongThap-Vietnam 

෍
൫࢞ࢇ૛ + ࢈࢓࢟

૛൯
ା૚࢓

ࢉ࢝ࢠ)
૛ + ࢇ࢚࢝

૛)࢓ ≥
࢘ࢋࢊ࢒࢕ࡴ ൫࢞ࢇ૛ + ࢈࢓࢟

૛ + ૛࢈࢞ + ࢉ࢓࢟
૛ + ૛ࢉ࢞ + ࢇ࢓࢟

૛൯
ା૚࢓

൫ࢉ࢝ࢠ
૛ + ࢇ࢚࢝

૛ + ࢇ࢝ࢠ
૛ + ࢈࢚࢝

૛ + ࢈࢝ࢠ
૛ + ࢉ࢚࢝

૛൯
࢓  

=
ቀ࢞(ࢇ૛ + ૛࢈ + (૛ࢉ + ࢟൫ࢇ࢓

૛ + ࢈࢓
૛ + ࢉ࢓

૛൯ቁ
ା૚࢓

+ࢠ) ࢇ൫࢝࢓(࢚
૛ + ࢈࢝

૛ + ࢉ࢝
૛൯

࢓ = 

=
ቆ૝࢞૜ ൫ࢇ࢓

૛ + ࢈࢓
૛ + ࢉ࢓

૛൯ + ࢟൫ࢇ࢓
૛ + ࢈࢓

૛ + ࢉ࢓
૛൯ቇ

ା૚࢓

+ࢠ) ࢇ൫࢝࢓(࢚
૛ + ࢈࢝

૛ + ࢉ࢝
૛൯

࢓  

=
(૝࢞ + ૜࢟)࢓ା૚൫ࢇ࢓

૛ + ࢈࢓
૛ + ࢉ࢓

૛൯
ା૚࢓

૜࢓ା૚(ࢠ+ ࢇ൫࢝࢓(࢚
૛ + ࢈࢝

૛ + ࢉ࢝
૛൯

࢓ ≥
(࢙ࢍ࢕࢒ࢇ࢔ࢇ)ࢇஹ࢝ࢇ࢓

	
(࢞ + ା૚࢓(࢟

+ࢠ) ࢓(࢚ ⋅ ൫ࢇ࢓
૛ + ࢈࢓

૛ + ࢉ࢓
૛൯ = 

=
(࢞ + ା૚࢓(࢟

૜࢓ା૚(ࢠ+ ࢓(࢚ ⋅
૜
૝ ⋅

૛ࢇ) + ૛࢈ +  (૛ࢉ
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≥
࢘ࢋࢍ࢔࢏࢝ࢊࢇࡴି࢘ࢋ࢒࢙࢔࢏ࡲ (࢞ + ା૚࢓(࢟

૜࢓ା૚(ࢠ+ ࢓(࢚ ⋅
૜
૝ ⋅ ૝√૜ ⋅ ࡿ =

(࢞ + ା૚࢓(࢟

૜ି࢓૚૛(ࢠା࢚)࢓
⋅  ࡿ

2361. In ઢ࡯࡮࡭, ࡵ −incenter, ࢇࡾ ࢉࡾ,࢈ࡾ, −circumradii of  

ઢ࡯࡮ࡵ,ઢ࡭࡯ࡵ,ઢ࡮࡭ࡵ. Prove that: 

૛ࢇ ⋅ ૜ࢉࡾ૜࢈ࡾ

ࢇࡾ
+
૛࢈ ⋅ ૜ࢇࡾ૜ࢉࡾ

࢈ࡾ
+
૛ࢉ ⋅ ૜࢈ࡾ૜ࢇࡾ

ࢉࡾ
≥
૚૟ࡾ૜ࡲ૛

૜
 

Proposed by Florică Anastase-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

We have that: (࡯ࡵ࡮)ࣆ = ࣊ − ࡯ା࡮
૛

= ࣊
૛

+ ࡭
૛
→ ቀ࣊࢔࢏࢙

૛
+ ࡭

૛
ቁ = (࡯ࡵ࡮)࢔࢏࢙ = ࢇ

૛ࢇࡾ
 

ࢇࡾ =
ࢇ

૛࡭࢙࢕ࢉ૛
= ૛ࡾ ⋅ ࢔࢏࢙

࡭
૛ ;  (࢙ࢍ࢕࢒ࢇ࢔ࢇ	ࢊ࢔ࢇ)

→෍
૛ࢇ ⋅ ࢈ࡾ

૜ࢉࡾ
૜

ࢉ࢟ࢉࢇࡾ

= (૛ࡾ)૞෍
૛ࢇ ⋅ ૜࢔࢏࢙ ૛࡮ ⋅ ࢔࢏࢙

૜ ࡯
૛

࢔࢏࢙ ࢉ࢟ࢉ૛࡭

= 

= (૛ࡾ)૞෍
ቀ૝ࡾ ⋅ ૛࡭࢙࢕ࢉ ⋅ ࢔࢏࢙

࡭
૛ቁ

૛
⋅ ૜࢔࢏࢙ ૛࡮ ࢔࢏࢙

૜ ࡯
૛

ࢉ࢟ࢉ૛࡭࢔࢏࢙

= 

= ૡࡾ૝෍ቌ૝ࡾෑ࢙࢔࢏
࡭
૛

ࢉ࢟ࢉ

ቍ
ࢉ࢟ࢉ

൬૝ࡾ ⋅ ࢙࢕ࢉ
࡭
૛ ࢔࢏࢙

࡮
૛ ࢔࢏࢙

࡯
૛൰

૛

= ૡࡾ૝෍࢘(࢙ − ૛(ࢇ
ࢉ࢟ࢉ

≥⏞
ࡿ࡮࡯

 

≥ ૡࡾ૝࢘ ⋅
૚
૜
ቌ෍(࢙ − (ࢇ
ࢉ࢟ࢉ

ቍ

૛

=
ૡࡾ૝࢙࢘૛

૜  

→෍
૛ࢇ ⋅ ࢈ࡾ

૜ࢉࡾ
૜

ࢉ࢟ࢉࢇࡾ

≥
ૡࡾ૝࢙࢘૛

૜ ≥⏞
૜(࢙࢘)૛ࡾ૚૟ࡾࡱࡸࢁࡱ

૜ =
૚૟ࡾ૜ࡲ૛

૜  

Therefore, 

૛ࢇ ⋅ ࢈ࡾ
૜ࢉࡾ૜

ࢇࡾ
+
૛࢈ ⋅ ࢉࡾ

૜ࢇࡾ
૜

࢈ࡾ
+
૛ࢉ ⋅ ࢇࡾ

૜࢈ࡾ
૜

ࢉࡾ
≥
૚૟ࡾ૜ࡲ૛

૜  

 Solution 2 by proposer 
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∵ ࢉࡾ࢈ࡾࢇࡾ = ૛ࡾ૛࢘; (૚) 

(࡯ࡵ࡮∠)ࣆ = ࣊ −
࡮ + ࡯
૛ =

࣊
૛ −

࡭
૛ 

૛ࢇࡾ =
ࢇ

࢔࢏࢙ ቀ࣊૛ + ࡭
૛ቁ

=
૛ࡾ ⋅ ࡭࢔࢏࢙

࢙࢕ࢉ ૛࡭
= ૝ࡾ ⋅ ࢔࢏࢙

࡭
૛ ⇒ ࢇࡾ = ૛ࡾ ⋅ ࢔࢏࢙

࡭
૛ 

ࢉࡾ࢈ࡾࢇࡾ = ૡࡾ૜ ⋅ ࢔࢏࢙
࡭
૛ ࢔࢏࢙

࡮
૛ ࢔࢏࢙

࡯
૛ = ૛ࡾ૛࢘ 

∵෍ࢇ ⋅ ࢈ࡾ
૛ࢉࡾ

૛

ࢉ࢟ࢉ

= ૛ࡾ ⋅ ;ࢉ࢈ࢇ (૛) 

෍ࢇ ⋅ ࢈ࡾ
૛ࢉࡾ

૛

ࢉ࢟ࢉ

= ૜૛ࡾ૞ ⋅෍࢙࡭࢔࢏ ⋅ ૛࢔࢏࢙
࡮
૛ ⋅ ࢔࢏࢙

૛ ࡯
૛

ࢉ࢟ࢉ

= 

= ૟૝ࡾ૞ ⋅ ࢔࢏࢙
࡭
૛ ࢔࢏࢙

࡮
૛ ࢔࢏࢙

࡯
૛
ቌ෍࢙࢔࢏

࡮
૛ ࢔࢏࢙

࡯
૛ ࢙࢕ࢉ

࡭
૛

ࢉ࢟ࢉ

ቍ 

But, 

෍࢙࢔࢏
࡮
૛ ࢔࢏࢙

࡯
૛ ࢙࢕ࢉ

࡭
૛

ࢉ࢟ࢉ

= ࢔࢏࢙
࡭
૛ ൬࢙࢔࢏

࡮
૛ ࢔࢏࢙

࡯
૛ + ࢔࢏࢙

࡯
૛ ࢔࢏࢙

࡮
૛൰ + ࢔࢏࢙

࡮
૛ ࢔࢏࢙

࡯
૛ ࢙࢕ࢉ

࡭
૛ = 

= ࢔࢏࢙
࡭
૛ ࢔࢏࢙

࡮ + ࡯
૛ + ࢔࢏࢙

࡮
૛ ࢔࢏࢙

࡯
૛ ࢙࢕ࢉ

࡭
૛ = ࢙࢕ࢉ

࡭
૛ ൬࢙࢕ࢉ

࡮ + ࡯
૛ + ࢔࢏࢙

࡮
૛ ࢔࢏࢙

࡯
૛൰ = 

= ࢙࢕ࢉ
࡭
૛ ࢙࢕ࢉ

࡮
૛ ࢙࢕ࢉ

࡯
૛ 

Hence, 

෍ࢇ ⋅ ࢈ࡾ
૛ࢉࡾ

૛

ࢉ࢟ࢉ

= ૡࡾ૞ ⋅ ࡯࢔࢏࢙࡮࢔࢏࢙࡭࢔࢏࢙ = ૝ࡾ૜ࡲ =
૝ࡾ૜ ⋅ ࢉ࢈ࢇ

૝ࡾ = ૛ࡾ ⋅  ࢉ࢈ࢇ

૛ࢇ ⋅ ࢈ࡾ
૜ࢉࡾ

૜

ࢇࡾ
+
૛࢈ ⋅ ࢇࡾ૜ࢉࡾ

૜

࢈ࡾ
+
૛ࢉ ⋅ ࢇࡾ

૜࢈ࡾ
૜

ࢉࡾ
=
૛ࢇ ⋅ ࢈ࡾ

૝ࢉࡾ
૝

ࢉࡾ࢈ࡾࢇࡾ
+
૛࢈ ⋅ ࢇࡾ૝ࢉࡾ

૛

ࢉࡾ࢈ࡾࢇࡾ
+
૛ࢉ ⋅ ࢇࡾ

૝࢈ࡾ
૝

ࢉࡾ࢈ࡾࢇࡾ
= 

=
൫ࢇ ⋅ ࢈ࡾ

૛ࢉࡾ
૛൯

૛

ࢉࡾ࢈ࡾࢇࡾ
+

࢈) ⋅ ࢉࡾ
૛ࢇࡾ

૛)૛

ࢉࡾ࢈ࡾࢇࡾ
+
൫ࢉ ⋅ ࢈ࡾ૛ࢇࡾ

૛൯
૛

ࢉࡾ࢈ࡾࢇࡾ
≥⏞

࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮

 

≥
൫ࢇ ⋅ ࢈ࡾ

૛ࢉࡾ
૛ + ࢈ ⋅ ࢉࡾ

૛ࢇࡾ
૛ + ࢉ ⋅ ࢈ࡾ૛ࢇࡾ

૛൯
૛

૜ࢉࡾ࢈ࡾࢇࡾ
=⏞

(૚),(૛) ૛ࡾ) ⋅ ૛(ࢉ࢈ࢇ

૜ ⋅ ૛ࡾ૛࢘ =
૛ࡾ ⋅ ૛(ࢉ࢈ࢇ)

૟࢘ = 
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=
ૡࡾ૝ࡲ૛

૜࢘ ≥⏞
૛ࡲ૜ࡾ૚૟࢘ࢋ࢒࢛ࡱ

૜  

2362. In	࡯࡮࡭ࢤ	 the following relationship holds: 

෍
૝ࢇ

ࢉࢎ࢈ࢎ
≤෍

૝ࢇ

ࢉ࢘࢈࢘
 

Proposed by Marin Chirciu-Romania 

Solution 1 by Tran Hong-Dong Thap-Vietnam 

૛
ࢇࢎ

=
૚
࢈࢘

+
૚
ࢉ࢘

≥⏞
ࡹࡳିࡹ࡭ ૛

ඥ࢘ࢉ࢘࢈
→

૛
ࢇࢎ

≥
૛

ඥ࢘ࢉ࢘࢈
→

૚
ࢉ࢘࢈࢘

≤
૚
૛ࢇࢎ

;  (࢙ࢍ࢕࢒ࢇ࢔ࢇ	ࢊ࢔ࢇ)

෍
૝ࢇ

ࢉ࢟ࢉࢉ࢘࢈࢘

≤෍
૝ࢇ

ࢉ࢟ࢉ૛ࢇࢎ

=
૚
૝ࡲ૛෍ࢇ૟

ࢉ࢟ࢉ

=
૟ࢇ + ૟࢈ + ૟ࢉ

૝ࡲ૛ ; (૚) 

෍
૝ࢇ

ࢉ࢟ࢉࢉࢎ࢈ࢎ

= ෍
૝ࢇ

૛ࡲ
࢈ ⋅ ૛ࢉ࢟ࢉࢉࡲ

=
૚
૝ࡲ૛෍ࢇࢉ࢈૝

ࢉ࢟ࢉ

=
૜ࢇ)ࢉ࢈ࢇ + ૜࢈ + (૜ࢉ

૝ࡲ૝ ; (૛) 

From (૚), (૛) we need to prove that: 

૟ࢇ + ૟࢈ + ૟ࢉ

૝ࡲ૛ ≥
૜ࢇ)ࢉ࢈ࢇ + ૜࢈ + (૜ࢉ

૝ࡲ૝ ⇔ ૛(૜ࢇ) + ૛(૜࢈) + ૛(૜ࢉ) ≥ ૜ࢇ)ࢉ࢈ࢇ + ૜࢈ + ;(૜ࢉ (૛) 

Because: 

ࢉ࢈ࢇ ≤⏞
ࡹࡳିࡹ࡭ ૜ࢇ + ૜࢈ + ૜ࢉ

૜ → ૜ࢇ)ࢉ࢈ࢇ + ૜࢈ + (૜ࢉ ≤ 

≤
૜ࢇ) + ૜࢈ + ૜)૛ࢉ

૜ ≤⏞
(૜)

૛(૜ࢇ) + ૛(૜࢈) +  ૛(૜ࢉ)

(૜) ⇔ ૜(࢞૛ + ࢟૛ + (૛ࢠ ≥ (࢞+ ࢟ + ;૛(ࢠ (࢞ = ૜ࢇ ,࢟ = ࢠ,૜࢈ = (૜ࢉ ⇔ 

࢞૛ + ࢟૛ + ૛ࢠ ≥ ࢞࢟ + ࢠ࢟ + ;࢞ࢠ (ࢋ࢛࢚࢘) → (૜) → (૛) is true. Proved. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

෍
૝ࢇ

ࢉࢎ࢈ࢎ
≤෍

૝ࢇ

ࢉ࢘࢈࢘
(∗) 

(∗) ↔
૚
૝෍ࢇ૝ࢉ࢈ ≤෍ࢇ૝(࢙ − ࢙)(࢈ − (ࢉ ↔෍ࢇ૝[(ࢇ − ࢈ + +ࢇ)(ࢉ ࢈ − (ࢉ − [ࢉ࢈ ≥ ૙ 

↔෍ࢇ૝[(ࢇ − ࢇ)(࢈ − (ࢉ + −࢈ࢇ ૛࢈ + ࢉࢇ − [૛ࢉ ≥ ૙ 
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↔෍ࢇ૝ ࢇ) − ࢇ)(࢈ − (ࢉ + ෍ࢇ૝ࢇ)࢈ − (࢈ −෍ࢇ૝ࢉ)ࢉ − (ࢇ ≥ ૙ 

ࢋ࢜ࢇࢎ	ࢋ࢝,࢚࢟࢏࢒ࢇ࢛ࢗࢋ࢔࢏	ᇱ࢙࢛࢘ࢎࢉࡿ	࢓࢕࢘ࡲ ∶ ෍ࢇ૝ ࢇ) − ࢇ)(࢈ − (ࢉ ≥ ૙ 

,࢕ࡿ ࢋ࢜࢕࢘࢖	࢕࢚	࢙ࢋࢉ࢏ࢌࢌ࢛࢙	࢙࢏	࢚࢏ ∶ 	෍ࢇ૝ࢇ)࢈− (࢈ −෍ࢇ૝ࢉ)ࢉ − (ࢇ ≥ ૙ 

↔෍ࢇ૝ࢇ)࢈ − ࢇ)ࢇ૝࢈෍−(࢈ − (࢈ ≥ ૙ ↔෍ࢇ)࢈ࢇ − ૜ࢇ)(࢈ − (૜࢈ ≥ ૙ 

↔෍ࢇ)࢈ࢇ − ૛ࢇ)૛(࢈ + ࢈ࢇ + (૛࢈ ≥ ૙,࢝ࢎࢉ࢏ࢎ	࢙࢏	ࢋ࢛࢚࢘. 

,ࢋ࢘࢕ࢌࢋ࢘ࢋࢎࢀ ෍
૝ࢇ

ࢉࢎ࢈ࢎ
≤෍

૝ࢇ

ࢉ࢘࢈࢘
 

 

2363. In ઢ࡯࡮࡭ the following relationship holds: 

૚૛࢘૛

ࡾ
≤

૛ࢇ

࢈࢓ + ࢉ࢓
+

૛࢈

ࢉ࢓ + ࢇ࢓
+

૛ࢉ

ࢇ࢓ + ࢈࢓
<  ࡾ4

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution by Marian Ursărescu-Romania 

From Bergstrom inequality we have: 

૛ࢇ

࢈࢓ + ࢉ࢓
+

૛࢈

ࢉ࢓ + ࢇ࢓
+

૛ࢉ

ࢇ࢓ + ࢈࢓
≥

ࢇ) + +࢈ ૛(ࢉ

૛(ࢇ࢓ + ࢈࢓ + (ࢉ࢓ =
૛࢙૛

ࢇ࢓ + ࢈࢓ + ࢉ࢓
; (૚) 

From (1) we must to prove: ૛࢙૛

ࢉ࢓ା࢈࢓ାࢇ࢓
≥ ૚૛࢘૛

ࡾ
⇔ ࢙૛

ࢉ࢓ା࢈࢓ାࢇ࢓
≥ ૟࢘૛

ࡾ
; (૛) 

But: ࢇ࢓ + ࢈࢓ + ࢉ࢓ ≤
ࡾૢ
૛

; (૜). From (2),(3) we must to show: 

૛࢙૛

ࡾૢ
≥ ૟࢘૛

ࡾ
⇔ ࢙૛ ≥ ૛ૠ࢘૛, which is true from Mitrinovic. 

In ઢ:࡯࡮࡭		ࢇ࢓ ≥
૛ࢉ૛ା࢈

૝ࡾ
࢈࢓⇒ + ࢉ࢓ ≥

૛ࢇ૛ା࢈૛ାࢉ૛

૝ࡾ
⇒ 

૛ࢇ

࢈࢓ ࢉ࢓+
+

૛࢈

ࢉ࢓ ࢇ࢓+
+

૛ࢉ

ࢇ࢓ + ࢈࢓
≥ ૝ࡾቆ

૛ࢇ

૛ࢇ૛ + ૛࢈ + ૛ࢉ
+

૛࢈

૛ࢇ + ૛࢈૛ + ૛ࢉ
+

૛ࢉ

૛ࢇ + ૛࢈ + ૛ࢉ૛
ቇ 

⇔෍
૛ࢇ

૛ࢇ૛ + ૛࢈ + ૛ࢉ
ࢉ࢟ࢉ

< 1; (૝) 
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But: ࢇ૛

૛ࢇ૛ା࢈૛ାࢉ૛
< ૛ࢇ

૛ࢉ૛ା࢈૛ାࢇ
⇒ ∑ ૛ࢇ

૛ࢇ૛+࢈૛+ࢉ૛ࢉ࢟ࢉ < ∑ ૛ࢇ

ࢉ࢟ࢉ૛ࢉ+૛࢈+૛ࢇ = ૚. 

 

2364. In ઢ࡯࡮࡭	 the following relationship holds: 

૝√૜
࢘
ࡾ ≤

ࢇ
ඥࢉ࢓࢈࢓

+
࢈

ඥࢇ࢓ࢉ࢓
+

ࢉ
ඥ࢈࢓ࢇ࢓

≤ √૜
ࡾ
࢘  

Proposed by George Apostolopoulos-Messolonghi-Greece 
Solution by Marian Ursărescu-Romania 
 

For LHS, using AM-GM: ࢇ
ඥࢉ࢓࢈࢓

+ ࢈
ඥࢇ࢓ࢉ࢓

+ ࢉ
ඥ࢈࢓ࢇ࢓

≥ ૜ට ࢉ࢈ࢇ
ࢉ࢓࢈࢓ࢇ࢓

૜ .  

We must to prove that: ૜ට ࢉ࢈ࢇ
ࢉ࢓࢈࢓ࢇ࢓

૜ ≥ 	૝√૜ ࢘
ࡾ

; (૚) 

But: ࢉ࢈ࢇ ≥ ૛૝√૜࢘૜; (૛). From (1),(2) it is suffices to prove that: 

૜ ⋅ ૛√૜࢘
ඥࢉ࢓࢈࢓ࢇ࢓
૜ ≥ ૝√૜

࢘
ࡾ ⇔

૚
ඥࢉ࢓࢈࢓ࢇ࢓
૜ ≥

૛
૜ࡾ ⇔ ඥࢉ࢓࢈࢓ࢇ࢓

૜ ≤
૜
૛ࡾ; (૜) 

But: ඥࢉ࢓࢈࢓ࢇ࢓
૜ ≤ ࢉ࢓ା࢈࢓ାࢇ࢓

૜
−ࡹ࡭) ;(ࡹࡳ (૝) 

From (3),(4) it follows that: ࢇ࢓ + ࢈࢓ + ࢉ࢓ ≤
ૢ
૛
 .which is clearly true ,ࡾ

For RHS, we have: ࢇ࢓ ≥
૛ࢉ૛ା࢈

૝ࡾ
≥ ࢉ࢈

૛ࡾ
࢈࢓ࢇ࢓⇒ ≥

૛ࢉ࢈ࢇ

૝ࡾ૛
⇒ ૚

ඥ࢈࢓ࢇ࢓
≤ ૛ࡾ

ඥࢉ࢈ࢇ૛
⇒ ࢉ

ඥ࢈࢓ࢇ࢓
≤ ૛ࡾ

࢈ࢇ√
 

ࢇ
ඥࢉ࢓࢈࢓

+
࢈

ඥࢇ࢓ࢉ࢓
+

ࢉ
ඥ࢈࢓ࢇ࢓

≤ ૛ࡾ൬
૚

࢈ࢇ√
+

૚
ࢉ࢈√

+
૚
ࢇࢉ√

൰ 

It remains to prove that: ૛ࡾ ቀ ૚
࢈ࢇ√

+ ૚
ࢉ࢈√

+ ૚
ࢇࢉ√

ቁ ≤ √૜ ࡾ
࢘
⇔ ૚

࢈ࢇ√
+ ૚

ࢉ࢈√
+ ૚

ࢇࢉ√
≤ √૜

૛࢘
; (૞) 

From BCS inequality: ૚
࢈ࢇ√

+ ૚
ࢉ࢈√

+ ૚
ࢇࢉ√

≤ ට૜ ቀ ૚
࢈ࢇ

+ ૚
ࢉ࢈

+ ૚
ࢇࢉ
ቁ ; (૟) 

But: ૚
࢈ࢇ

+ ૚
ࢉ࢈

+ ૚ࢇࢉ ≤ ૚
૝࢘૛

; (ૠ). From (6),(7) it follows that: 

૚
࢈ࢇ√

+ ૚
ࢉ࢈√

+ ૚
ࢇࢉ√

≤ √૜
૛࢘
⇒ (૞) is true. 

2365. In ઢ࡯࡮࡭ the following relationship holds: 
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෍
࢈࢘) + ૛(ࢉ࢘

૛࢈ + ૛ࢉ
ࢉ࢟ࢉ

≤
ࡾૢ
૝࢘  

Proposed by Marin Chirciu-Romania 
Solution 1 by Soumava Chakraborty-Kolkata-India 
 

࢈࢘ + ࢉ࢘ = ࢙ቌ
૛࡮࢔࢏࢙
૛࡮࢙࢕ࢉ

+
૛࡯࢔࢏࢙
૛࡯࢙࢕ࢉ

ቍ =
࡮ቀ࢔࢏࢙࢙ + ࡯

૛ ቁ࡭࢙࢕ࢉ૛
૛࡭࢙࢕ࢉ ࢙࢕ࢉ

࡮
૛ ࢙࢕ࢉ

࡯
૛

=
૛࢙࢕ࢉ࢙ ૛࡭
ቀ ࢙૝ࡾቁ

= ૝࢙࢕ࢉࡾ૛
࡭
૛

∴ ࢈࢘ + ࢉ࢘ =⏞
(࢏)

૝࢙࢕ࢉࡾ૛
࡭
૛ 

,࢝࢕ࡺ ࢈) + ૛(ࢉ ≥ ૜૛࢙࢕ࢉ࢘ࡾ૛
࡭
૛ =⏞
(࢏)	࢟࢈

ૡ࢘(࢘࢈ + (ࢉ࢘ = ૡ࢘૛࢙ ൬
૚

࢙ − ࢈ +
૚

࢙ − ൰ࢉ

= ૡ(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ
ࢇ

(࢙ − ࢙)(࢈ − (ࢉ = ૝࢈)ࢇ+ ࢉ −  (ࢇ

⇔ ࢈) + ૛(ࢉ + ૝ࢇ૛ − ૝࢈)ࢇ + (ࢉ ≥ ૙ ⇔ ࢈) + ࢉ − ૛ࢇ)૛ ≥ ૙ → ࢋ࢛࢚࢘ ∴ ૛࢈ + ૛ࢉ ≥
࢈) + ૛(ࢉ

૛

≥ ૚૟࢙࢕ࢉ࢘ࡾ૛
࡭
૛ ⇒

࢈࢘) + ૛(ࢉ࢘

૛࢈ + ૛ࢉ ≤
࢈࢘) + ૛(ࢉ࢘

૚૟࢙࢕ࢉ࢘ࡾ૛ ૛࡭
 

=⏞
૝࢙࢕ࢉ૛ࡾ૚૟(࢏)	ࢇ࢏࢜ ૛࡭

૚૟࢙࢕ࢉ࢘ࡾ૛࡭૛
=

ࡾ
૛࢘

(૚ + (࡭࢙࢕ࢉ ⇒
࢈࢘) + ૛(ࢉ࢘

૛࢈ + ૛ࢉ

≤
ࡾ
૛࢘

(૚ + ࢙ࢍ࢕࢒ࢇ࢔ࢇ	ࢊ࢔ࢇ(࡭࢙࢕ࢉ ⇒⏞
࢖࢛	ࢍ࢔࢏࢓࢓࢛࢙

෍
࢈࢘) + ૛(ࢉ࢘

૛࢈ + ૛ࢉ

≤
ࡾ
૛࢘

ቀ૜ + ૚ +
࢘
ࡾ
ቁ =

ૡࡾ + ૛࢘
૝࢘  

≤⏞
࢘ࢋ࢒࢛ࡱ ૡࡾ + ࡾ

૝࢘ ∴ ෍
࢈࢘) + ૛(ࢉ࢘

૛࢈ + ૛ࢉ ≤
ࡾૢ
૝࢘  (ࡰࡱࡽ)

Solution 2 by Tran Hong-Dong Thap-Vietnam 

෍
࢈࢘) + ૛(ࢉ࢘

૛࢈ + ૛ࢉ
ࢉ࢟ࢉ

= ෍
ቀ ࡲ
࢙ − ࢈ + ࡲ

࢙ − ቁࢉ
૛

૛࢈ + ૛ࢉ
ࢉ࢟ࢉ

= ૛෍ࡲ
૛ࢇ

((࢙ − ࢙)(࢈ − ૛࢈)૛((ࢉ + (૛ࢉ
ࢉ࢟ࢉ

≤⏞

૚
૛ࢉ૛ା࢈

ஸ ૚
૛ࢉ࢈
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≤
૛ࡲ

૛ ෍
૛ࢇ

࢙)൫ࢉ࢈ − ࢙)(࢈ − ࢉ࢟ࢉ൯૛(ࢉ

=
૛ࡲ

૛ ⋅
࢙)૜ࢇ∑ − ૛(ࢇ

࢙)൫ࢉ࢈ࢇ − ࢙)(ࢇ − ࢙)(࢈ − ൯૛(ࢉ
= ષ 

࢙)૜ࢇ∑ − ૛(ࢇ = ૜(࢙૛ࢇ∑ − ૛࢙ࢇ + (૛ࢇ = ૛࢙(૜ࢇ∑) − ૛(∑ࢇ૝)࢙ + ૞ࢇ∑ = 

= (૛࢙૜ − (૚૛࢘ࡾ+ ૟࢘૛)࢙)࢙૛ − ૛(૛࢙૝ − (૚૟࢘ࡾ + ૚૛࢘૛)࢙૛ + ૛(૝࢘ࡾ+ ࢘૛)૛)࢙ + 

+૛࢙૞ − (૛૙࢘ࡾ+ ૛૙࢘૛)࢙૜ + (ૡ૙ࡾ૛࢘૛ + ૟૙࢘ࡾ૜ + ૚૙࢘૝)࢙ = 

= ࢙(−(૚૛࢘ࡾ+ ૟࢘૛)࢙૛ + ૛(૚૟࢘ࡾ+ ૚૛࢘૛)࢙૛ − ૝(૝࢘ࡾ+ ࢘૛)૛ − 

−(૛૙࢘ࡾ+ ૛૙࢘૛)࢙૛ + ૡ૙ࡾ૛࢘૛ + ૟૙࢘ࡾ૜ + ૚૙࢘૝ = 

= ࢙(−૛࢘૛࢙૛ + ૚૟ࡾ૛࢘૛ + ૛ૡ࢘ࡾ૜ + ૟࢘૝) = ૛࢙࢘૛(−࢙૛ + ૡࡾ૟ + ૚૝࢘ࡾ + ૜࢘૛) 

෍
࢈࢘) + ૛(ࢉ࢘

૛࢈ + ૛ࢉ
ࢉ࢟ࢉ

≤ ષ =
࢙૛࢘૛

૛ ⋅
૛࢙࢘૛(−࢙૛ + ૡࡾ૛ + ૚૝࢘ࡾ+ ૜࢘૛)

૝࢙࢘ࡾ(࢙࢘૛)૛ = 

=
−࢙૛ + ૡࡾ૟૛ + ૚૝࢘ࡾ + ૜࢘૛

૝࢘ࡾ ≤⏞
(૚)ૢࡾ
૝࢘  

(૚) ⇔ −࢙૛ + ૡࡾ૛ + ૚૝࢘ࡾ+ ૜࢘૛ ≤ ૛ࡾૢ 	⇔ ࢙૛ + ૛ࡾ ≥ ૚૝࢘ࡾ+ ૜࢘૛ 

But ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛(࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ) → ࢙૛ + ૛ࡾ ≥ ૚૟࢘ࡾ − ૞࢘૛ + ૛ࡾ ≥⏞
(૛)

૚૝࢘ࡾ+ ૜࢘૛ 

(૛) ⇔ ૛ࡾ + ૛࢘ࡾ − ૡ࢘૛ ≥ ૙ ⇔ ࡾ) − ૛࢘)(ࡾ + ૝࢘) ≥ ૙	൫࢚࢛࢘ࢋ	ࡾ࢟࢈ ≥ ૛࢘(࢘ࢋ࢒࢛ࡱ)൯ 

→ (૛) → (૚) is true. Proved. 

2366. In ઢࢇ࢔,࡯࡮࡭ −Nagel’s cevian, the following relationship holds: 

ෑቌඨ
૛࢘ࢇ࢔)ࢇ + (ࢇࢎ

ࢇ࢝
૛ − ૚ቍ

ࢉ࢟ࢉ

≤
ࡾ
૛࢘ 

Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tager-Morocco 

Let’s to prove: ࢇ࢔
ࢇࢎ
≤ ࡾ

࢘
− ૚ 

૛ࢇ࢔

૛ࢇࢎ
=
࢙૛ − ૛࢘ࢇࢎࢇ

૛ࢇࢎ
=

૛ࢇ

૝࢘૛ −
ࢇ

࢙ − ࢇ =
૛ࢇ

૝࢘૛ −
࢙

࢙ − ࢇ + ૚ = 

=
࢙)૛ࢇ − (ࢇ − ૝࢙࢘૛

૝࢘૛(࢙ − (ࢇ + ૚ =
࢙)૛ࢇ − (ࢇ − ૝(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ

૝࢘૛(࢙ − (ࢇ + ૚ = 
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=
૛ࢇ − ࢇ) − +࢈ +ࢇ)(ࢉ ࢈ − (ࢉ

૝࢘૛ + ૚ ≤
࢈) − ૛(ࢉ

૝࢘૛ + ૚ 

→
૛ࢇ࢔

૛ࢇࢎ
=
࡮࢔࢏࢙)૛ࡾ − ૛(࡯࢔࢏࢙

࢘૛ + ૚≤⏞
?

൬
ࡾ
࢘ − ૚൰

૛

=
૛ࡾ

࢘૛ ൬૚ −
૛࢘
ࡾ ൰+ ૚ 

൬૛࢙࢔࢏
࡮ − ࡯
૛ ࢙࢕ࢉ

࡮ + ࡯
૛ ൰

૛

≤ ૚− ૡෑ࢙࢔࢏
࡭
૛

ࢉ࢟ࢉ

= ૚ − ૝࢙࢔࢏
࡭
૛ ൬૛࢙࢔࢏

࡮
૛ ࢔࢏࢙

࡯
૛൰ 

૝࢙࢔࢏૛
࡭
૛ ൬૚ − ૛࢙࢕ࢉ

−࡮ ࡯
૛ ൰ ≤ ૚ − ૝࢙࢔࢏

࡭
૛ ൬࢙࢕ࢉ

࡮ − ࡯
૛ − ࢙࢕ࢉ

࡮ + ࡯
૛ ൰ 

૝࢙࢔࢏૛
࡭
૛ − ૝࢙࢔࢏૛

࡭
૛ ࢙࢕ࢉ

૛࡮− ࡯
૛ ≤ ૚ − ૝࢙࢔࢏

࡭
૛ ࢙࢕ࢉ

࡮ − ࡯
૛ + ૝࢙࢔࢏૛

࡭
૛ 

൬૛࢙࢔࢏
࡭
૛ ࢙࢕ࢉ

࡮ − ࡯
૛ − ૚൰

૛

≥ ૙ −  .ࢋ࢛࢚࢘

→
ࢇ࢔
ࢇࢎ

≤⏞
(૚)ࡾ

࢘ − ૚;  (࢙ࢍ࢕࢒ࢇ࢔ࢇ	ࢊ࢔ࢇ)

૛࢘ࢇ࢔)ࢇ + (ࢇࢎ
ࢇ࢝
૛ =

૛࢙࢘
࢙ − ࢇ ⋅

+࢈) ࢇ࢔)૛(ࢉ + (ࢇࢎ
૝ࢉ࢈ ⋅ ࢙(࢙ − (ࢇ = 

=
࢈)࢘ + ࢇ࢔)૛(ࢉ + (ࢇࢎ
૛(࢙ − ૛(ࢇ ⋅ ૛ࢇࢎࡾ

=
+࢈)࢘ ૛(ࢉ

૝ࡾ(࢙ − ૛(ࢇ ⋅ ൬
ࢇ࢔
ࢇࢎ

+ ૚൰ ≤⏞
(૚) ࢈)࢘ + ૛(ࢉ

૝ࡾ(࢙ − ૛(ࢇ ⋅
ࡾ
࢘ =

࢈) + ૛(ࢉ

૝(࢙ −  ૛(ࢇ

→ෑቌඨ
૛࢘ࢇ࢔)ࢇ + (ࢇࢎ

ࢇ࢝
૛ − ૚ቍ

ࢉ࢟ࢉ

≤ෑ൬
࢈ + ࢉ

૛(࢙ − (ࢇ − ૚൰
ࢉ࢟ࢉ

= ෑ
ࢇ

૛(࢙ − (ࢇ
ࢉ࢟ࢉ

= 

=
૝࢙࢘ࡾ
ૡ࢙࢘૛ =

ࡾ
૛࢘ 

Therefore, 

ෑቌඨ
૛࢘ࢇ࢔)ࢇ + (ࢇࢎ

ࢇ࢝
૛ − ૚ቍ

ࢉ࢟ࢉ

≤
ࡾ
૛࢘ 

2367. In ઢࢇ࢔,࡯࡮࡭ −Nagel’s cevian, the following relationship holds: 

ෑቌඨ
૛࢘ࢇ࢔)ࢇ + (ࢇࢎ

ࢇ࢝
૛ − ૚ቍ

ࢉ࢟ࢉ

≤
ࡾ
૛࢘ 

Proposed by Bogdan Fuştei-Romania 
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Solution by Mohamed Amine Ben Ajiba-Tager-Morocco 

Let’s to prove: ࢇ࢔
ࢇࢎ
≤ ࡾ

࢘
− ૚ 

૛ࢇ࢔

૛ࢇࢎ
=
࢙૛ − ૛࢘ࢇࢎࢇ

૛ࢇࢎ
=

૛ࢇ

૝࢘૛ −
ࢇ

࢙ − ࢇ =
૛ࢇ

૝࢘૛ −
࢙

࢙ − ࢇ + ૚ = 

=
࢙)૛ࢇ − (ࢇ − ૝࢙࢘૛

૝࢘૛(࢙ − (ࢇ + ૚ =
࢙)૛ࢇ − (ࢇ − ૝(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ

૝࢘૛(࢙ − (ࢇ + ૚ = 

=
૛ࢇ − ࢇ) − +࢈ +ࢇ)(ࢉ ࢈ − (ࢉ

૝࢘૛ + ૚ ≤
࢈) − ૛(ࢉ

૝࢘૛ + ૚ 

→
૛ࢇ࢔

૛ࢇࢎ
=
࡮࢔࢏࢙)૛ࡾ − ૛(࡯࢔࢏࢙

࢘૛ + ૚≤⏞
?

൬
ࡾ
࢘ − ૚൰

૛

=
૛ࡾ

࢘૛ ൬૚ −
૛࢘
ࡾ ൰+ ૚ 

൬૛࢙࢔࢏
࡮ − ࡯
૛ ࢙࢕ࢉ

࡮ + ࡯
૛ ൰

૛

≤ ૚− ૡෑ࢙࢔࢏
࡭
૛

ࢉ࢟ࢉ

= ૚ − ૝࢙࢔࢏
࡭
૛ ൬૛࢙࢔࢏

࡮
૛ ࢔࢏࢙

࡯
૛൰ 

૝࢙࢔࢏૛
࡭
૛ ൬૚ − ૛࢙࢕ࢉ

−࡮ ࡯
૛ ൰ ≤ ૚ − ૝࢙࢔࢏

࡭
૛ ൬࢙࢕ࢉ

࡮ − ࡯
૛ − ࢙࢕ࢉ

࡮ + ࡯
૛ ൰ 

૝࢙࢔࢏૛
࡭
૛ − ૝࢙࢔࢏૛

࡭
૛ ࢙࢕ࢉ

૛࡮− ࡯
૛ ≤ ૚ − ૝࢙࢔࢏

࡭
૛ ࢙࢕ࢉ

࡮ − ࡯
૛ + ૝࢙࢔࢏૛

࡭
૛ 

൬૛࢙࢔࢏
࡭
૛ ࢙࢕ࢉ

࡮ − ࡯
૛ − ૚൰

૛

≥ ૙ −  .ࢋ࢛࢚࢘

→
ࢇ࢔
ࢇࢎ

≤⏞
(૚)ࡾ

࢘ − ૚;  (࢙ࢍ࢕࢒ࢇ࢔ࢇ	ࢊ࢔ࢇ)

૛࢘ࢇ࢔)ࢇ + (ࢇࢎ
ࢇ࢝
૛ =

૛࢙࢘
࢙ − ࢇ ⋅

+࢈) ࢇ࢔)૛(ࢉ + (ࢇࢎ
૝ࢉ࢈ ⋅ ࢙(࢙ − (ࢇ = 

=
࢈)࢘ + ࢇ࢔)૛(ࢉ + (ࢇࢎ
૛(࢙ − ૛(ࢇ ⋅ ૛ࢇࢎࡾ

=
+࢈)࢘ ૛(ࢉ

૝ࡾ(࢙ − ૛(ࢇ ⋅ ൬
ࢇ࢔
ࢇࢎ

+ ૚൰ ≤⏞
(૚) ࢈)࢘ + ૛(ࢉ

૝ࡾ(࢙ − ૛(ࢇ ⋅
ࡾ
࢘ =

࢈) + ૛(ࢉ

૝(࢙ −  ૛(ࢇ

→ෑቌඨ
૛࢘ࢇ࢔)ࢇ + (ࢇࢎ

ࢇ࢝
૛ − ૚ቍ

ࢉ࢟ࢉ

≤ෑ൬
࢈ + ࢉ

૛(࢙ − (ࢇ − ૚൰
ࢉ࢟ࢉ

= ෑ
ࢇ

૛(࢙ − (ࢇ
ࢉ࢟ࢉ

=
૝࢙࢘ࡾ
ૡ࢙࢘૛ =

ࡾ
૛࢘ 

Therefore, 

ෑቌඨ
૛࢘ࢇ࢔)ࢇ + (ࢇࢎ

ࢇ࢝
૛ − ૚ቍ

ࢉ࢟ࢉ

≤
ࡾ
૛࢘ 
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2368. In any scalene 	࡯࡮࡭ࢤ	 the following relationship holds: 

ࡿ	 =
૚)ࢉ࢈ + (૛ࢇ

࢈)ࢇ − ࢉ)(ࢇ − (ࢇ +
૚)ࢇࢉ + (૛࢈

ࢇ)࢈ − ࢉ)(࢈ − (࢈ +
૚)࢈ࢇ + (૛ࢉ

ࢉ)ࢉ − ࢉ)(ࢇ − (࢈ >
√૜
ࡾ
		 

Proposed by Daniel Sitaru-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

We have : 

	
૚

−࢈) ࢉ)(ࢇ − (ࢇ =
−૚
ࢉ − ൬࢈

૚
ࢇ − +࢈

૚
ࢉ −  ൰ࢇ

→ ࡿ = ቆ−
૚)ࢉ࢈ + (૛ࢇ

ࢇ)ࢇ − ࢉ)(࢈ − (࢈ +
+૚)ࢇࢉ (૛࢈

−ࢇ)࢈ ࢉ)(࢈ − ቇ(࢈

+ ቆ−
+૚)ࢉ࢈ (૛ࢇ

ࢉ)ࢇ − ࢉ)(ࢇ − (࢈ +
૚)࢈ࢇ + (૛ࢉ

ࢉ)ࢉ − ࢉ)(ࢇ −  ቇ(࢈

= .ࢉ
૛(૚࢈− + (૛ࢇ + ૛(૚ࢇ + (૛࢈

−ࢇ)࢈ࢇ ࢉ)(࢈ − (࢈ + .࢈
૛(૚ࢉ− + (૛ࢇ + ૛(૚ࢇ + (૛ࢉ

ࢉ)ࢉࢇ − ࢉ)(ࢇ − (࢈

=
ࢇ)ࢉ − +ࢇ)(࢈ (࢈
ࢇ)࢈ࢇ − ࢉ)(࢈ − (࢈ +

ࢇ)࢈ − ࢇ)(ࢉ + (ࢉ
ࢉ)ࢉࢇ − ࢉ)(ࢇ −  (࢈

=
+ࢇ)ࢉ (࢈
ࢉ)࢈ࢇ − −(࢈

ࢇ)࢈ + (ࢉ
ࢉ)ࢉࢇ − (࢈ =

ࢇ)૛ࢉ + (࢈ − +ࢇ)૛࢈ (ࢉ
ࢉ)ࢉ࢈ࢇ − (࢈ =

ࢉ)ࢇ − +ࢉ)(࢈ (࢈ + ࢉ)ࢉ࢈ − (࢈
ࢉ)ࢉ࢈ࢇ − (࢈

=
+࢈ࢇ +ࢉ࢈ ࢇࢉ

ࢉ࢈ࢇ  

→ ࡿ = ෍
૚
		ࢇ >⏞

ࡿ࡮࡯

		
ૢ
ࢇ∑ =

ૢ
૛࢙		 >⏞

ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ

		
ૢ

૜√૜ࡾ
=
√૜
ࡾ  (ࢋ࢔ࢋ࢒ࢇࢉ࢙	࢙࢏	࡯࡮࡭ࢤ)		

Therefore, 

૚)ࢉ࢈ + (૛ࢇ
࢈)ࢇ − ࢉ)(ࢇ − (ࢇ +

૚)ࢇࢉ + (૛࢈
ࢇ)࢈ − ࢉ)(࢈ − (࢈ +

૚)࢈ࢇ + (૛ࢉ
ࢉ)ࢉ − ࢉ)(ࢇ − (࢈ >

√૜
ࡾ  

2369. In	࡯࡮࡭ࢤ the following relationship holds: 

	
૟ࡾ
࢘
≤ ෍

ࢇ࢘) + ࢇ࢘)(࢈࢘ + (ࢉ࢘
ࢉ࢘࢈࢘

≤
૜
૛
൬
ࡾ
࢘
൰
૜

					 

  Proposed by Marin Chirciu-Romania 
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

We have : 

	෍
ࢇ࢘) + ࢇ࢘)(࢈࢘ + (ࢉ࢘

ࢉ࢘࢈࢘
=
ࢇ࢘)∏ + (࢈࢘
ࢉ࢘࢈࢘ࢇ࢘

.෍
ࢇ࢘

࢈࢘ + ࢉ࢘
=
૝࢙ࡾ૛

࢙࢘૛ ෍
ࢇ࢘

࢈࢘ + ࢉ࢘
≥⏞

࢚࢚࢏࢈࢙ࢋࡺ

	
૝ࡾ
࢘ .

૜
૛ =

૟ࡾ
࢘  

Now,   

෍
ࢇ࢘) + ࢇ࢘)(࢈࢘ + (ࢉ࢘

ࢉ࢘࢈࢘
=
૝ࡾ
࢘ ෍

ࢇ࢘
࢈࢘ + ࢉ࢘

=
૝ࡾ
࢘ ෍

࢈࢘)ࢇ࢘ + (ࢉ࢘
࢈࢘) + ૛(ࢉ࢘ 	 ≤⏞

ࡹࡳିࡹ࡭

	
૝ࡾ
࢘ ෍

࢈࢘)ࢇ࢘ + (ࢉ࢘
૝࢘ࢉ࢘࢈

 

=
ࡾ

ࢉ࢘࢈࢘ࢇ࢘࢘
෍࢘ࢇ૛(࢘࢈ + (ࢉ࢘ =

ࡾ
࢘૛࢙૛

ቂቀ෍࢘ࢇቁ ቀ෍࢘࢈࢘ࢇቁ − ૜࢘ࢉ࢘࢈࢘ࢇቃ

=
ࡾ
࢘૛࢙૛

[(૝ࡾ + ࢘)࢙૛ − ૜࢙࢘૛] 

→෍
ࢇ࢘) + ࢇ࢘)(࢈࢘ + (ࢉ࢘

ࢉ࢘࢈࢘
≤
૛ࡾ(૛ࡾ − ࢘)

࢘૛ 			≤⏞
?

		
૜
૛ ൬

ࡾ
࢘൰

૜

 

↔ ૜ࡾ૛ − ૡ࢘ࡾ + ૝࢘૛ ≥ ૙ 

↔ ࡾ) − ૛࢘)൫૛ࡾ + ࡾ) − ૛࢘)൯ ≥ ૙,	which is true from Euler	(ࡾ ≥ ૛࢘). 

Therefore,	 

	
૟ࡾ
࢘ ≤෍

ࢇ࢘) + ࢇ࢘)(࢈࢘ + (ࢉ࢘
ࢉ࢘࢈࢘

≤
૜
૛൬

ࡾ
࢘൰

૜

 

Solution 2 by Tran Hong-Dong Thap-Vietnam 

෍࢘ࢇ૜
ࢉ࢟ࢉ

= (૝ࡾ+ ࢘)૛ − ૚૛࢙૛ࡾ;	෍࢘࢈࢘)ࢉ࢘࢈ + (ࢉ࢘
ࢉ࢟ࢉ

= (૝ࡾ− ૛࢘)࢙૛;			࢘ࢉ࢘࢈࢘ࢇ = ࢙૛࢘ 

ષ	࢚ࢋࡸ = ෍
ࢇ࢘) + ࢇ࢘)(࢈࢘ + (ࢉ࢘

ࢉ࢟ࢉࢉ࢘࢈࢘

=
ࢇ࢘)ࢇ࢘∑ + ࢇ࢘)(࢈࢘ + (ࢉ࢘

ࢉ࢘࢈࢘ࢇ࢘
= 

=
࢘∑ 	࢈࢘)ࢉ࢘࢈࢘∑+ + ૜(ࢉ࢘

ࢇ + ૜࢘ࢉ࢘࢈࢘ࢇ
ࢉ࢘࢈࢘ࢇ࢘

=
(૝ࡾ + ࢘)૜ − ૚૛࢙૛ࡾ+ (૝ࡾ − ૛࢘)࢙૛ + ૜࢙૛࢘

࢙૛࢘ = 

=
(૝ࡾ+ ࢘)૜ + (࢘ − ૡࡾ)࢙૛

࢙૛࢘  

ષ ≤⏞
(૚)૜
૛ ൬

ࡾ
࢘൰

૜

⇔
(૝ࡾ + ࢘)૜ + (࢘ − ૡࡾ)࢙૛

࢙૛࢘ ≤
૜
૛ ൬

ࡾ
࢘൰

૜

⇔ 

૛࢘૛[(૝ࡾ + ࢘)૜ + (࢘ − ૡࡾ)࢙૛] ≤ ૜ࡾ૜࢙૛ ⇔ ૛࢘૛(૝ࡾ + ࢘)૛ + (૛࢘૜ − ૚૟࢘ࡾ૛)࢙૛ ≤ ૜ࡾ૜࢙૛ 
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(૜ࡾ૜ + ૚૟࢘ࡾ૛ − ૛࢘૜)࢙૛ ≥ ૛࢘૛(૝ࡾ + ࢘)૜ 

But ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛(࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ); 	૜ࡾ૜ + ૚૟࢘ࡾ૛ − ૛࢘૜ > ૜ࡾ3 − ૛࢘૜ ≥⏞
࢘ࢋ࢒࢛ࡱ

૛૛࢘૜ > 0 

→ (૜ࡾ૜ + ૚૟࢘ࡾ૛ − ૛࢘૜)࢙૛ ≥ (૜ࡾ૜ + ૚૟࢘ࡾ૛ − ૛࢘૜)(૚૟࢘ࡾ − ૞࢘૛) ≥⏞
(૛)

૛࢘૛(૝ࡾ + ࢘)૜ 

(૛)
࢚ୀ
ࡾ
࢘
ஹ૛

ሯልልሰ (૜࢚૜ + ૚૟࢚ − ૛)(૚૟࢚ − ૛) ≥ ૛(૝࢚ + ૚)૜ 

⇔ ૝ૡ࢚૝ − ૚૝૜࢚૜ + ૚૟૙࢚૛ − ૚૜૟࢚ + ૡ ≥ ૙ ⇔ (࢚ − ૛)(࢚૛(૝ૡ࢚ − ૝ૠ) + ૟૟࢚ − ૝) ≥ ૙ 

True because ࢚ ≥ ૛ → ࢚ − ૛ ≥ ૙ → ࢚૛(૝ૡ࢚ − ૝ૠ) + ૟૟࢚ − ૝ ≥ ૜૛૝ > 0 

→ (૛) → (૚) is true. 

ષ ≥⏞
(૜)૟ࡾ

࢘ ; 		(૜) ⇔
(૝ࡾ + ࢘)૜ + (࢘ − ૡࡾ)࢙૛

࢙૛࢘ ≥
૟ࡾ
࢘ ⇔ (૝ࡾ + ࢘)૜ + (࢘ − ૡࡾ)࢙૛ ≥ ૟࢙ࡾ૛	 

⇔ (૝ࡾ + ࢘)૜ ≥ (૚૝ࡾ − ࢘)࢙૛ 

But ࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛(࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ) → 

(૚૝࢘ࡾ − ࢘)࢙૛૛ ≤ (૚૝ࡾ − ࢘)(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) ≤⏞
(૝)

(૝ࡾ + ࢘)૜ 

(૝)
࢚ୀ
ࡾ
࢘
ஹ૛

ሯልልሰ (૚૝࢚ − ૚)(૝࢚૛ + ૝࢚ + ૜) ≤ (૝࢚ + ૚)૜ ⇔ ૡ࢚૜ − ૝࢚૛ − ૛૟࢚ + ૝ ≥ ૙ 

⇔ ૛(࢚ − ૛)(૝࢚૛ + ૟࢚ − ૚) ≥ ૙, which is true because ࢚ ≥ ૛ → ࢚ − ૛ ≥ ૙,	 

૝࢚૛ + ૟࢚ − ૚ > 6࢚ − ૚ > 11 > 0 → (૝) → (૜) is true. Proved. 

2370. In ઢ࡯࡮࡭ the following relationship holds: 

ࢇ࢘࢘
ࢉ࢘࢈࢘

+
࢈࢘࢘
ࢇ࢘ࢉ࢘

+
ࢉ࢘࢘
࢈࢘ࢇ࢘

≤
૛ࡾ

૛࢘૛
− ૚ 

Proposed by Kostas Geronikolas-Greece  

Solution by Marian Ursărescu-Romania 

࢘෍
ࢇ࢘

࢈࢘ + ࢉ࢟ࢉࢉ࢘

= ࢘ ⋅
૛ࢇ࢘∑

ࢉ࢘࢈࢘ࢇ࢘
; (૚) 

૛ࢇ࢘ + ૛࢈࢘ + ૛ࢉ࢘ = (૝ࡾ + ࢘)૛ − ૛࢙૛; (૛);		࢘ࢉ࢘࢈࢘ࢇ = ࢙૛࢘; (૜) 

From (૚), (૛), (૜) we must to prove that: 
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࢘[(૝ࡾ + ࢘)૛ − ૛࢙૛]
࢙૛࢘ ≤

૛ࡾ − ૛࢘૛

૛࢘૛ ⇔ ૛࢘૛(૝ࡾ + ࢘)૛ − ૝࢙૛࢘૛ ≤ ࢙૛ࡾ૛ − ૛࢙૛࢘૛ 

⇔ ૛࢘૛(૝ࡾ + ࢘)૛ ≤ ࢙૛(ࡾ૛ + ૛࢘૛); (૝) 

From ૜࢘(૝ࡾ + ࢘) ≤ ࢙૛(࢚ࢋࢉ࢛࢕ࡰ); (૞). From (૝), (૞) we must to show that: 

૜(ࡾ૛ + ૛࢘૛) ≥ ૛࢘(૝ࡾ + ࢘) ⇔ ૜ࡾ૛ + ૟࢘૛ ≥ ૡ࢘ࡾ + ૛࢘૛ ⇔ 

૜ࡾ૛ − ૡ࢘ࡾ+ ૝࢘૛ ≥ ૙ ⇔ ࡾ) − ૛࢘)(૜ࡾ− ૛࢘) ≥ ૙, which is true from ࡾ ≥ ૛࢘(࢘ࢋ࢒࢛ࡱ). 

 

2371. In any	∆	࡯࡮࡭ the following relationship holds: 

ࢇࢎ + ࢈ࢎ + ࢉࢎ
૛࢘

≥ ෍
−ࢉ࢘࢈ඥ࢘ࢇ࢔ ࢘૛

ࢇ࢓
૛  

  Proposed by Bogdan Fuştei-Romania 
Solution by Soumava-Chakraborty-Kolkata-India 
 

࢓ࢋ࢘࢕ࢋࢎ࢚	ᇱ࢙࢚࢘ࢇ࢝ࢋ࢚ࡿ ⇒ ࢙)૛࢈ − (ࢉ + −࢙)૛ࢉ (࢈ = ૛ࢇ࢔ࢇ + ࢙)ࢇ − ࢙)(࢈ −  (ࢉ

⇒ ૛࢈)࢙ + −(૛ࢉ ૛࢙)ࢉ࢈ − (ࢇ = ૛ࢇ࢔ࢇ + ૛࢙)ࢇ − ࢙(૛࢙ − (ࢇ + (ࢉ࢈ ⇒ ૛࢈)࢙ + −(૛ࢉ ૛࢙ࢉ࢈

= ૛ࢇ࢔ࢇ + ࢙ࢇ)ࢇ − ࢙૛) 

⇒ ૛࢈)࢙ + ૛ࢉ − ૛ࢇ − ૛ࢉ࢈) = ૛ࢇ࢔ࢇ − ૛࢙ࢇ ⇒ ૛ࢇ࢔ࢇ = ૛࢙ࢇ + ࢙(૛࡭࢙࢕ࢉࢉ࢈ − ૛ࢉ࢈)

= ૛࢙ࢇ − ૝࢙࢔࢏࢙ࢉ࢈૛
࡭
૛ = ૛࢙ࢇ − ૝࢙(࢙ − ࢙)(࢈ −  (ࢉ

⇒ ૛ࢇ࢔૛ࢇ = ૛࢙૛ࢇ − ૛ࢇ]ࢇ࢙ − ࢈) − [૛(ࢉ ∴ ૛ࢇ࢔૛ࢇ =⏞
(࢏)

࢙)ࢇ]ࢇ࢙ − (ࢇ + −࢈)  [૛(ࢉ

ࢉ࢘࢈࢘,࢔࢏ࢇࢍ࡭ − ࢘૛ = ࢙(࢙ − (ࢇ −
࢙(࢙− ࢙)(࢈ − ࢙)(ࢉ − (ࢇ

࢙૛ = ࢙(࢙ − (ࢇ ቈ૚ −
૛ࢇ − ࢈) − ૛(ࢉ

૝࢙૛ ቉

∴ ࢉ࢘࢈࢘ − ࢘૛ =⏞
(࢏࢏)

࢙(࢙ − (ࢇ ቈ
૝࢙૛ − ૛ࢇ + ࢈) − ૛(ࢉ

૝࢙૛ ቉ 

,࢝࢕ࡺ
ࢇࢎ
૛࢘ ≥

ࢉ࢘࢈ඥ࢘ࢇ࢔ − ࢘૛

ࢇ࢓
૛ ⇔

࢙૛

૛ࢇ ≥
ࢉ࢘࢈࢘)૛ࢇ࢔ − ࢘૛)

ࢇ࢓
૝  

⇔ฏ
(࢏࢏)	ࢊ࢔ࢇ	(࢏)	ࢇ࢏࢜ ࢙૛[૝࢙(࢙ − (ࢇ + ࢈) − ૛]૛(ࢉ

૚૟

≥ ࢙)ࢇ]ࢇ࢙ − (ࢇ + −࢈) .[૛(ࢉ ࢙(࢙ − (ࢇ ቈ
૝࢙૛ − ૛ࢇ + ࢈) − ૛(ࢉ

૝࢙૛ ቉ 
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⇔ ࢙૛[(࢈ − ૝(ࢉ + ૚૟࢙૛(࢙− ૛(ࢇ + ૡ࢙(࢙ − ࢈)(ࢇ − [૛(ࢉ

≥ [૝ࢇ૛(࢙ − ૛(ࢇ + ૝ࢇ(࢙ − ࢈)(ࢇ − ૛][૝࢙૛(ࢉ − ૛ࢇ + −࢈)  [૛(ࢉ
⇔ ࢙૛[(࢈ − ૝(ࢉ + ૚૟࢙૛(࢙ − ૛(ࢇ + ૡ࢙(࢙ − ࢈)(ࢇ − [૛(ࢉ

≥ ૚૟࢙૛ࢇ૛(࢙ − ૛(ࢇ + ૚૟࢙૛ࢇ(࢙ − ࢈)(ࢇ − ૛(ࢉ − ૝ࢇ૝(࢙ − ૛(ࢇ − ૝ࢇ૜(࢙ − ࢈)(ࢇ −  ૛(ࢉ

+૝ࢇ૛(࢙ − ࢈)૛(ࢇ − ૛(ࢉ + ૝ࢇ(࢙ − ࢈)(ࢇ −  ૝(ࢉ

⇔ ࢈) − ૝(࢙૛(ࢉ − ૝࢙ࢇ+ ૝ࢇ૛) + ૝(࢙ − ૛(૝࢙૝(ࢇ − ૝࢙૛ࢇ૛ + (૝ࢇ

+ ૝(࢙ − ࢈)(ࢇ − ૛[૛࢙૜(ࢉ − ૝࢙૛ࢇ+ ૜ࢇ − ࢙)૛ࢇ − [(ࢇ ≥ ૙ 

⇔ ࢈) − ࢙)૝(ࢉ − ૛ࢇ)૛ + ૝(࢙ − ૛൫૛࢙૛(ࢇ − ૛൯ࢇ
૛

+ ૝(࢙ − ࢙)(ࢇ − ૛ࢇ)൫૛࢙૛ − ࢈)૛൯ࢇ − ૛(ࢉ ≥ ૙ 

⇔ [(࢙ − ૛࢈)(ࢇ− ૛(ࢉ + ૛(࢙ − ૛࢙૛)(ࢇ − ૛)]૛ࢇ ≥ ૙ → ࢋ࢛࢚࢘ ∴
ࢇࢎ
૛࢘

≥
ࢉ࢘࢈ඥ࢘ࢇ࢔ − ࢘૛

ࢇ࢓
૛ ⇒⏞

ࢇࢎ࢖࢛	ࢍ࢔࢏࢓࢓࢛࢙ + ࢈ࢎ + ࢉࢎ
૛࢘ ≥෍

ࢉ࢘࢈ඥ࢘ࢇ࢔ − ࢘૛

ࢇ࢓
૛  (ࡰࡱࡽ)	

2372. In ઢ࡯࡮࡭ the following relationship holds: 

෍
ࢇ࢓

ࢉ࢟ࢉࢇࢎ

≥෍ඨ
࢈࢓ࢇ࢓

ࢉ࢟ࢉ࢈࢘ࢇ࢘

 

Proposed by Bogdan Fuştei-Romania 
Solution by Tran Hong-Dong Thap-Vietnam 

:ࢋࢉ࢔࢏ࡿ
૛
ࢇࢎ

=
૚
࢈࢘

+
૚
ࢉ࢘
→

૚
ࢇࢎ

=
૚
૛
൬
૚
࢈࢘

+
૚
ࢉ࢘
൰ →

ࢇ࢓

ࢇࢎ
=
૚
૛
൬
ࢇ࢓

࢈࢘
+
ࢇ࢓

ࢉ࢘
൰ ;  (࢙ࢍ࢕࢒ࢇ࢔ࢇ	ࢊ࢔ࢇ)

→෍
ࢇ࢓

ࢉ࢟ࢉࢇࢎ

=
૚
૛ ൬

ࢇ࢓

࢈࢘
+
ࢇ࢓

ࢉ࢘
+
࢈࢓

ࢉ࢘
+
࢈࢓

ࢇ࢘
+
ࢉ࢓

ࢇ࢘
+
ࢉ࢓

࢈࢘
൰ = 

=
૚
૛ ൬

ࢇ࢓

࢈࢘
+
࢈࢓

ࢇ࢘
൰+

૚
૛൬

ࢇ࢓

ࢉ࢘
+
ࢉ࢓

ࢇ࢘
൰+

૚
૛ ൬

࢈࢓

ࢉ࢘
+
ࢉ࢓

࢈࢘
൰ ≥⏞
ࡹࡳିࡹ࡭ ૚

૛ ⋅ ૛෍ඨ
࢈࢓ࢇ࢓

ࢉ࢟ࢉ࢈࢘ࢇ࢘

= ෍ඨ
࢈࢓ࢇ࢓

ࢉ࢟ࢉ࢈࢘ࢇ࢘

 

 

2373. In ઢ࡯࡮࡭ the following relationship holds: 

෍
ࢇ࢓

ࢉ࢟ࢉࢇࢎ

≥
૚
૛
෍ඨ൬

࢈
ࢉ

+
ࢉ
࢈
൰ ൬
࢈࢓

ࢉ࢓
+
ࢉ࢓

࢈࢓
൰

ࢉ࢟ࢉ

 

Proposed by Bogdan Fuştei-Romania 
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Solution by Alex Szoros-Romania 

ࢇࢎ =
૛ࡲ
ࢇ =

ࢉ࢈ ⋅ ࡭	࢔࢏࢙
ࢇ =

ࢉ࢈
૛ࡾ 

ࢇ࢓	:࢓࢕࢘ࡲ ≥
૛࢈ + ૛ࢉ

૝ࡾ ࢇ࢓→ ≥
ࢉ࢈
૛ࡾ ⋅

૛࢈ + ૛ࢉ

૛ࢉ࢈ → ࢇ࢓ ≥ ࢇࢎ ⋅
૛࢈ + ૛ࢉ

૛ࢉ࢈ → 

ࢇ࢓

ࢇࢎ
≥
૚
૛൬

࢈
ࢉ +

ࢉ
൰࢈ ; (૚) 

On the other hand, in any ઢ࡯࡮࡭ we have: 

ࢇ࢓

ࢇࢎ
≥
૚
૛൬

࢈࢓

ࢉ࢓
+
ࢉ࢓

࢈࢓
൰ ; ;(࢜ࢋ࢟ࢇ࢒࢒࢛ࢊ࢈࡭	࢒࢏ࢊ࡭) (૛) 

From (૚), (૛) it follows that: 

൬
ࢇ࢓

ࢇࢎ
൰
૛
≥
૚
૝൬

࢈
ࢉ +

ࢉ
൰൬࢈

࢈࢓

ࢉ࢓
+
ࢉ࢓

࢈࢓
൰ →

ࢇ࢓

ࢇࢎ
≥
૚
૛
ඨ൬

࢈
ࢉ +

ࢉ
൰࢈ ൬

࢈࢓

ࢉ࢓
+
ࢉ࢓

࢈࢓
൰ 

Therefore,  

෍
ࢇ࢓

ࢉ࢟ࢉࢇࢎ

≥
૚
૛෍

ඨ൬
࢈
ࢉ +

ࢉ
൰࢈ ൬

࢈࢓

ࢉ࢓
+
ࢉ࢓

࢈࢓
൰

ࢉ࢟ࢉ

 

2374. In ઢ࡯࡮࡭ the following relationship holds: 

૛૝࢘૛

ࡾ
≤
૛ࢇ

ࢇ࢓
+
૛࢈

࢈࢓
+
૛ࢉ

ࢉ࢓
≤
૝ࡾ૛ − ૛࢘ࡾ

࢘
 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution by Marian Ursărescu-Romania 

૛ࢇ

ࢇ࢓
+
૛࢈

࢈࢓
+
૛ࢉ

ࢉ࢓
≥⏞

࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ࢇ) + ࢈ + ૛(ࢉ

ࢇ࢓ + ࢈࢓ + ࢉ࢓
=

૝࢙૛

ࢇ࢓ + ࢈࢓ + ࢉ࢓
; (૚) 

But: ࢇ࢓ + ࢈࢓ + ࢉ࢓ ≤
૛ࡾૢ

૛
; (૛). From (1),(2) it follows that: 

૛ࢇ

ࢇ࢓
+
૛࢈

࢈࢓
+
૛ࢉ

ࢉ࢓
≥
ૡ࢙૛

ࡾૢ ; (૜) 

Now, we must to prove that:  ࢇ
૛

ࢇ࢓
+ ૛࢈

࢈࢓
+ ૛ࢉ

ࢉ࢓
≤ ૝ࡾ૛ି૛࢘ࡾ

࢘
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We know that: ࢇ࢓ ≥
૛ࢉ૛ା࢈

૝ࡾ
≥ ࢉ࢈

૛ࡾ
⇒ ૚

ࢇ࢓
≤ ૛ࡾ

ࢉ࢈
⇒ 

૛ࢇ

ࢇ࢓
+
૛࢈

࢈࢓
+
૛ࢉ

ࢉ࢓
≤ ૛ࡾቆ

૛ࢇ

+ࢉ࢈
૛࢈

ࢇࢉ +
૛ࢉ

ቇ࢈ࢇ ; (૝) 

૛ࡾቆ
૛ࢇ

ࢉ࢈ +
૛࢈

ࢇࢉ +
૛ࢉ

ቇ࢈ࢇ ≤
૝ࡾ૛ − ૛࢘ࡾ

࢘ ⇔
૜ࢇ + ૜࢈ + ૜ࢉ

ࢉ࢈ࢇ ≤
૛ࡾ − ࢘
࢘ ; (૞) 

But: ࢇ૜ + ૜࢈ + ૜ࢉ = ૛(࢙૛ − ૜࢘૛ − ૟࢘ࡾ) and ࢉ࢈ࢇ = ૝࢙࢘ࡾ; (૟) 

From (5),(6) we must show that: 

૛࢙(࢙૛ − ૜࢘૛ − ૟࢘ࡾ)
૝࢙࢘ࡾ

≤
૛ࡾ − ࢘
࢘

⇔ ࢙૛ − ૜࢘૛ − ૟࢘ࡾ ≤ ૝ࡾ૛ − ૛࢘ࡾ ⇔ 

࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛(࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ). 

 

2375. If ࢔,࢓ ∈ ℝା
∗ , then prove in any triangle ࡯࡮࡭ is true the following 

relationship holds: 

૛ࢇ࢓ + ૛࢈࢔

ࢇ) + ࢈ − (ࢉ ⋅ ࢉ
+

૛࢈࢓ + ૛ࢉ࢔

࢈) + ࢉ − (ࢇ ⋅ ࢇ
+

૛ࢉ࢓ + ૛ࢇ࢔

ࢉ) + ࢇ − (࢈ ⋅ ࢈
≥ ૜(࢓ +  (࢔

Proposed by D.M. Bătineţu-Giurgiu, Neculai Stanciu-Romania 

Solution 1 by Ruxandra Daniela Tonilă-Romania 

૛ࢇ࢓ + ૛࢈࢔

+ࢇ) ࢈ − (ࢉ ⋅ ࢉ +
૛࢈࢓ + ૛ࢉ࢔

+࢈) ࢉ − (ࢇ ⋅ ࢇ +
૛ࢉ࢓) + (૛ࢇ࢔

ࢉ) + ࢇ − (࢈ ⋅ ࢈ = 

= ቆ࢓
૛ࢇ

ࢇ) + ࢈ − (ࢉ ⋅ ࢉ +
૛࢈

࢈) + ࢉ − (ࢇ ⋅ +ࢇ
૛ࢉ

ࢉ) + ࢇ − (࢈ ⋅ ቇ࢈ + 

࢔+ ቆ
૛ࢇ

+ࢇ) ࢈ − (ࢉ ⋅ ࢉ +
૛࢈

+࢈) ࢉ − (ࢇ ⋅ ࢇ +
૛ࢉ

ࢉ) + ࢇ − (࢈ ⋅ ቇ࢈ ≥⏞
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮

 

≥
࢓ ⋅ ૛(ࢇ∑)

+ࢇ)∑ ࢈ − (ࢉ ⋅ ࢉ +
࢔ ⋅ ૛(ࢇ∑)

ࢇ)∑ + ࢈ − (ࢉ ⋅ ࢉ = ࢓) + (࢔ ⋅
૛(ࢇ∑)

+ࢇ)∑ ࢈ − (ࢉ ⋅ ࢉ = 

= +࢓) (࢔ ⋅
૛(ࢇ∑)

࢈ࢇ∑ ≥ ૜(࢓ +  (࢔

∵ ࢇ) + ࢈ + ૛(ࢉ ≥ ૜(࢈ࢇ + ࢉ࢈ + ,࢈,ࢇ∀,(ࢇࢉ ࢉ ∈  ࡾ
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 Solution 2 by Avishek Mitra-West Bengal-India 

෍
૛ࢇ࢓ + ૛࢈࢔

+ࢇ) ࢈ − (ࢉ ⋅ ࢉ
ࢉ࢟ࢉ

= ෍࢓
૛ࢇ

ࢇ) + ࢈ − (ࢉ ⋅ ࢉ
ࢉ࢟ࢉ

+ ෍࢓
૛࢈

+ࢇ) ࢈ − (ࢉ ⋅ ࢉ
ࢉ࢟ࢉ

≥⏞
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮

 

≥ ࢓ ⋅
૛(ࢇ∑)

ࢉࢇ)∑ + ࢉ࢈ − (૛ࢉ + ࢔ ⋅
૛(࢈∑)

ࢉࢇ)∑ + ࢉ࢈ − (૛ࢉ ≥ 

≥ ࢓) + (࢔ ⋅
(૛࢙)૛

૛∑࢈ࢇ − ૛ࢇ∑ = +࢓) (࢔ ⋅
૝࢙૛

(૛࢙૛ + ૛࢘૛ + ૡ࢘ࡾ − ૛࢙૛ + ૡ࢘ࡾ + ૛࢘૛	) = 

= ࢓) + (࢔ ⋅
૝࢙૛

૚૟࢘ࡾ+ ૝࢘૛ 

࢓)	:࢝࢕ࢎ࢙	࢕࢚	ࢊࢋࢋࡺ + (࢔ ⋅
૝࢙૛

૚૟࢘ࡾ + ૝࢘૛ ≥ ૜(࢓ + (࢔ → ૝࢙૛ ≥ ૝ૡ࢘ࡾ+ ૚૛࢘૛ 

:࢚࢛࡮ ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛	(࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ),  :࢝࢕ࢎ࢙	࢕࢚	ࢊࢋࢋ࢔	࢔ࢋࢎ࢚

૟૝࢘ࡾ − ૛૙࢘૛ ≥ ૝ૡ࢘ࡾ + ૚૛࢘૛ → 

૚૟࢘ࡾ ≥ ૜૛࢘૛ → ࡾ ≥ ૛࢘	(࢘ࢋ࢒࢛ࡱ)࢚࢛࢘ࢋ. 

 Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand 

૛ࢇ࢓ + ૛࢈࢔

+ࢇ) ࢈ − (ࢉ ⋅ ࢉ +
૛࢈࢓ + ૛ࢉ࢔

࢈) + ࢉ − (ࢇ ⋅ +ࢇ
૛ࢉ࢓ + ૛ࢇ࢔

ࢉ) + ࢇ − (࢈ ⋅ ࢈ ≥ ૜(࢓ +  (࢔

ቆ࢓
૛ࢇ

ࢇ) + −࢈ (ࢉ ⋅ ࢉ +
૛࢈

+࢈) ࢉ − (ࢇ ⋅ ࢇ +
૛ࢉ

ࢉ) + ࢇ − (࢈ ⋅ ቇ࢈ + 

ቆ࢔+
૛ࢇ

+ࢇ) −࢈ (ࢉ ⋅ ࢉ +
૛࢈

࢈) + ࢉ − (ࢇ ⋅ ࢇ +
૛ࢉ

+ࢉ) ࢇ − (࢈ ⋅ ቇ࢈ ≥ ૜(࢓ +  (࢔

࢞	࢚ࢋࡸ = ࢇ + ࢈ − ࢟,ࢉ = ࢈ + ࢉ − ,ࢇ ࢠ = ࢉ + ࢇ −  ࢋࢉ࢔ࢋࢎ,࢈

ቆ࢓
૛ࢇ

ࢇ) + ࢈ − (ࢉ ⋅ ࢉ +
૛࢈

࢈) + ࢉ − (ࢇ ⋅ ࢇ +
૛ࢉ

ࢉ) + ࢇ − (࢈ ⋅ ቇ࢈ = 

= ቆ࢓
(࢞ + ૛(ࢠ

૛࢞(࢟ + (ࢠ +
(࢞ + ࢟)૛

+ࢠ)࢟ ࢞) +
(࢟ + ૛(ࢠ

࢞)ࢠ + ࢟)ቇ ≥ ૜࢓ 

ࢌࢌࡵ
(࢞ + ࢟ + ࢟ + ࢠ + ࢠ + ࢞)૛

࢞(࢟ + (ࢠ + +ࢠ)࢟ ࢞) + ࢞)ࢠ + ࢟) =
૝ ቀ࢞૛ + ࢟૛ + ૛ࢠ + ૛(࢞࢟ + +ࢠ࢟ ቁ(࢞ࢠ

૛(࢞࢟+ +ࢠ࢟ (࢞ࢠ ≥ ૟ 

૛ ቀ࢞૛ + ࢟૛ + ૛ࢠ + ૛(࢞࢟ + ࢠ࢟ + ቁ(࢞ࢠ ≥ ૟(࢞࢟+ +ࢠ࢟  .ࢋ࢛࢚࢘	࢙࢏	ࢎࢉ࢏ࢎ࢝	(࢞ࢠ
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࢔,࢟࢒࢘ࢇ࢒࢏࢓࢏ࡿ ቆ
(࢞ + ૛(ࢠ

૛࢞(࢟ + (ࢠ +
(࢞ + ࢟)૛

+ࢠ)࢟ ࢞) +
(࢟ + ૛(ࢠ

࢞)ࢠ + ࢟)ቇ ≥ ૜࢔ 

2376. In any  ∆	۰۱ۯ the following relationship holds: 

૚૟܀૛ܛܚ૜ ≤෍܊૜܋૜ܜܗ܋
ۯ
૛
≤
૜ܛ૟܀

૜ܚ
 

Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

܎ܗܗܚ۾ ∶ ૚૟܀૛ܛܚ૜ ≤෍܊૜܋૜ܜܗ܋
ۯ
૛ ≤

૜ܛ૟܀

૜ܚ ⇔
૚

૝ܚ܀૛ ≤෍
૚
૜ࢇ ܜܗ܋

ۯ
૛ ≤

૜܀

૟૝ܚ૟  

෍,ܟܗۼ
૚
૜ࢇ ܜܗ܋

ۯ
૛ = ෍ቆܛ

૚
૜ࢇ
ቀ
ܛ − ࢇ
ܛܚ

ቁቇ

=
૚
ܚ ቆ

ܛ
૟૝܀૜ܚ૜ܛ૜

൭ቀ෍܊ࢇቁ
૜
− ૜.૝ܛܚ܀.૛ܛ)ܛ૛ + ૛ܚ܀+ ૛)൱ܚ

−
૛ܛ) + ૝ܚ܀ + ૛)૛ܚ − ૚૟ܛܚ܀૛

૚૟܀૛ܚ૛ܛ૛ ቇ 

=
૛ܛ) + ૝ܚ܀ + ૛)૜ܚ − ૛૝ܛܚ܀૛(ܛ૛ + ૛ܚ܀ + (૛ܚ − ૝ܛ))ܚ܀૛ + ૝ܚ܀ + ૛)૛ܚ − ૚૟ܛܚ܀૛)

૟૝܀૜ܚ૝ܛ૛  

=
૟ܛ − (૚૟ܚ܀ − ૜ܚ૛)ܛ૝ + ૛܀૛(૜૛ܛ૛ܚ − ૡܚ܀ + ૜ܚ૛) + ܀૝(૝ܚ + ૛(ܚ

૟૝܀૜ܚ૝ܛ૛ =⏞
(ܑ)

෍
૚
૜ࢇ ܜܗ܋

ۯ
૛ ∴

(ܑ)

⇒
૚

૝ܚ܀૛ ≤෍
૚
૜ࢇ ܜܗ܋

ۯ
૛ 

⇔
૟ܛ − (૚૟ܚ܀ − ૜ܚ૛)ܛ૝ + ૛܀૛(૜૛ܛ૛ܚ − ૡܚ܀ + ૜ܚ૛) + ܀૝(૝ܚ + ૛(ܚ

૟૝܀૜ܚ૝ܛ૛ ≥
૚

૝ܚ܀૛ 

⇔ ૟ܛ − (૚૟ܚ܀ − ૜ܚ૛)ܛ૝ + ૛܀૛(૚૟ܛ૛ܚ − ૡܚ܀ + ૜ܚ૛) + ܀૝(૝ܚ + ૛(ܚ ≥⏞
(ࢇ)

૙ 

,ܟܗۼ (ࢇ)	܎ܗ	܁۶ۺ ≥⏞
ܖ܍ܛܜ܍ܚܚ܍۵

− ૛ܚ૛ܛ૝ + ૛܀૛(૚૟ܛ૛ܚ − ૡܚ܀ + ૜ܚ૛) + ܀૝(૝ܚ +  ૛(ܚ

≥⏞
ܖ܍ܛܜ܍ܚܚ܍۵

૛ܛ૛ܚ ቀ−૛(૝܀૛ + ૝ܚ܀ + ૜ܚ૛) + (૚૟܀૛ − ૡܚ܀ + ૜ܚ૛)ቁ + ܀૝(૝ܚ + ૛(ܚ

= ૛܀૛(ૡܛ૛ܚ − ૚૟ܚ܀ − ૜ܚ૛) + ܀૝(૝ܚ + ⏞≤૛(ܚ
?

૙ 
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⇔ ૛܀૛(ૡܛ − ૚૟ܚ܀ − ૜ܚ૛) + ܀૛(૝ܚ + ૛(ܚ ≥⏞
?

⏟
(܊)
૙ 

૚	܍ܛࢇ۱ ૡ܀૛ − ૚૟ܚ܀ − ૜ܚ૛ ≥ ૙	܌ܖࢇ	܁۶ۺ,ܖ܍ܐܜ	܎ܗ	(܊) > ૙ ⇒ (܊) ⇒ ܍ܝܚܜ	ܛܑ(ࢇ) ∴
૚

૝ܚ܀૛

< ෍
૚
૜ࢇ ܜܗ܋

ۯ
૛ 

૛	܍ܛࢇ۱ ૡ܀૛ − ૚૟ܚ܀ − ૜ܚ૛ < (܊)	܎ܗ	܁۶ۺ,ܖ܍ܐܜ	܌ܖܽ	0

= ૛ܛ− ቀ−(ૡ܀૛ − ૚૟ܚ܀ − ૜ܚ૛)ቁ + ܀૛(૝ܚ +  ૛(ܚ

≥⏞
ܖ܍ܛܜ܍ܚܚ܍۵

− (૝܀૛ + ૝ܚ܀ + ૜ܚ૛) ቀ−(ૡ܀૛ − ૚૟ܚ܀ − ૜ܚ૛)ቁ + ܀૛(૝ܚ + ⏞≤૛(ܚ
?

૙

⇔ ૡܜ૝ − ૡܜ૜ − ૛ܜૢ − ૚૜ܜ − ૛≥⏞
?

૙	 ൬܍ܚ܍ܐܟ	ܜ =
܀
 ൰ܚ

⇔ ܜ) − ૛)(ૡܜ૜ + ૡܜ૛ + ૠܜ + ૚)≥⏞
?

૙ → ܍ܝܚܜ ∵ ܜ ≥⏞
ܚ܍ܔܝ۳

૛ ⇒ (܊) ⇒ ܍ܝܚܜ	ܛܑ(ࢇ) ∴
૚

૝ܚ܀૛

≤෍
૚
૜ࢇ ܜܗ܋

ۯ
૛ ܌ܖࢇ	 ∴  ,૚,૛	ܛ܍ܛࢇ܋	ࢍܖܑܖܑ܊ܕܗ܋

,۰۱ۯ	∆	ܡܖࢇ	ܖܑ
૚

૝ܚ܀૛ ≤෍
૚
૜ࢇ ܜܗ܋

ۯ
૛ ⇒ ૚૟܀૛ܛܚ૜ ≤෍܊૜܋૜ܜܗ܋

ۯ
૛  ,ܖܑࢇࢍࢇ	܌ܖࢇ	

෍,(ܑ)	ࢇܑܞ
૚
૜ࢇ ܜܗ܋

ۯ
૛ ≤

૜܀

૟૝ܚ૟ 

⇔
૟ܛ − (૚૟ܚ܀ − ૜ܚ૛)ܛ૝ + ૛܀૛(૜૛ܛ૛ܚ − ૡܚ܀ + ૜ܚ૛) + ܀૝(૝ܚ + ૛(ܚ

૟૝܀૜ܚ૝ܛ૛ ≤
૜܀

૟૝ܚ૟  

⇔ ૟ܛ૛ܚ − ܚ܀૛(૚૟ܚ − ૜ܚ૛)ܛ૝ + ૛܀૛(૜૛ܛ૝ܚ − ૡܚ܀+ ૜ܚ૛) + ܀૟(૝ܚ + ૛(ܚ − ૛ܛ૟܀ ≤⏞
(૚)

૙ 

܍ܐ܋ܝܗ܀,ܟܗۼ ⇒ ૛ܛ − (ܖ−ܕ) ≥ ૙	܌ܖ܉	ܛ૛ − ܕ) + (ܖ ≤ ૙,܍ܚ܍ܐܟ	ܕ

= ૛܀૛ + ૚૙ܚ܀ − ૛ܚ ܖ	܌ܖ܉	 = ૛(܀ − ૛ܚ)ඥ܀૛ − ૛ܚ܀ 

∴ ቀܛ૛ − +ܕ) ቁ(ܖ ቀܛ૛ − ቁ(ܖ−ܕ) ≤ ૙ ⇒ ૝ܛ − (ܕ૛)૛ܛ + ૛ܕ − ૛ܖ ≤ ૙

⇒ ૝ܛ − ૛܀૛(૝ܛ + ૛૙ܚ܀ − ૛ܚ૛) + +܀૝)ܚ ૜(ܚ ≤⏞
(࢒)

૙ 

⇒ ૟ܛ૛ܚ − ૛܀૝(૝ܛ૛ܚ + ૛૙ܚ܀ − ૛ܚ૛) + ܀૛(૝ܛ૜ܚ + ૜(ܚ ≤⏞
(ܕ)

૙ ∴ (ܕ)

⇒ ,(૚)	܍ܞܗܚܘ	ܗܜ	ܚ܍܌ܚܗܖܑ ܍ܞܗܚܘ	ܗܜ	ܛ܍܋ܑ܎܎ܝܛ	ܜܑ ∶ 
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૟ܛ૛ܚ − ܚ܀૛(૚૟ܚ − ૜ܚ૛)ܛ૝ + ૛܀૛(૜૛ܛ૝ܚ − ૡܚ܀ + ૜ܚ૛) + ܀૟(૝ܚ + ૛(ܚ ૛ܛ૟܀−

≤ ૟ܛ૛ܚ − ૛܀૝(૝ܛ૛ܚ + ૛૙ܚ܀ − ૛ܚ૛) + +܀૛(૝ܛ૜ܚ  ૜(ܚ

⇔ ૛܀૝(૝ܛ૛ܚ + ૝ܚ܀ + (૛ܚ + ૟܀−)૛ܛ + ૛܀૝(૜૛ܚ − ૡܚ܀ + ૜ܚ૛)− ܀૜(૝ܚ + (૜(ܚ

+ ܀૟(૝ܚ + ૛(ܚ ≤⏞
(૛)

૙ 

,ܖܑࢇࢍۯ (࢒) ⇒ ૛܀૛(૝ܚ + ૝ܚ܀ + ૝ܛ(૛ܚ − ૛܀૛(૝ܚ૛ܛ + ૝ܚ܀ + ૛܀૛)(૝ܚ + ૛૙ܚ܀ − ૛ܚ૛)

+ ܀૜(૝ܚ + ૛܀૜(૝(ܚ + ૝ܚ܀ + (૛ܚ ≤⏞
(ܖ)

૙ ∴ (ܖ) ⇒ 

,(૛)	܍ܞܗܚܘ	ܗܜ	ܚ܍܌ܚܗܖܑ ܍ܞܗܚܘ	ܗܜ	ܛ܍܋ܑ܎܎ܝܛ	ܜܑ

∶ ૛܀૝(૝ܛ૛ܚ + ૝ܚ܀ + (૛ܚ

+ ૟܀−)૛ܛ + ૛܀૝(૜૛ܚ − ૡܚ܀+ ૜ܚ૛) − ܀૜(૝ܚ + (૜(ܚ + ܀૟(૝ܚ + ૛(ܚ  

≤ ૛܀૛(૝ܚ + ૝ܚ܀+ ૝ܛ(૛ܚ − ૛܀૛(૝ܚ૛ܛ + ૝ܚ܀ + ૛܀૛)(૝ܚ + ૛૙ܚ܀ − ૛ܚ૛)

+ ܀૜(૝ܚ + ૛܀૜(૝(ܚ + ૝ܚ܀ +  (૛ܚ

⇔ ൫܀૞ − ૚૟܀૜ܚ૛ − ૜૛܀૛ܚ૜ − ૟૙ܚ܀૝ + ૡܚ૞൯ܛ૛

+ ૛܀૜(૚૟ܚ + ૛૙ܚ܀ + ૡܚ૛)(૝܀ + ૛(ܚ ≥⏞
(૜)

૙ 

ܑ	܍ܛࢇ۱ ૞܀ − ૚૟܀૜ܚ૛ − ૜૛܀૛ܚ૜ − ૟૙ܚ܀૝ + ૡܚ૞ ≥ ૙	܌ܖࢇ	܁۶ۺ,ܖ܍ܐܜ	܎ܗ	(૜) > ૙ ⇒ (૜)

⇒ (૛) ⇒ (૚)	ܑܛ	܍ܝܚܜ ∴෍
૚
૜ࢇ ܜܗ܋

ۯ
૛ <

૜܀

૟૝ܚ૟  

ܑܑ	܍ܛࢇ۱ ૞܀ − ૚૟܀૜ܚ૛ − ૜૛܀૛ܚ૜ − ૟૙ܚ܀૝ + ૡܚ૞ < (૜)	܎ܗ	܁۶ۺ,ܖ܍ܐܜ	܌ܖܽ	0

= ૛ܛ− ቀ−൫܀૞ − ૚૟܀૜ܚ૛ − ૜૛܀૛ܚ૜ − ૟૙ܚ܀૝ + ૡܚ૞൯ቁ 

૛܀૜(૚૟ܚ+ + ૛૙ܚ܀ + ૡܚ૛)(૝܀ + ૛(ܚ ≥⏞
ܖ܍ܛܜ܍ܚܚ܍۵

− (૝܀૛ + ૝ܚ܀ + ૜ܚ૛) ቀ−൫܀૞ − ૚૟܀૜ܚ૛ − ૜૛܀૛ܚ૜ − ૟૙ܚ܀૝ + ૡܚ૞൯ቁ 

૛܀૜(૚૟ܚ+ + ૛૙ܚ܀ + ૡܚ૛)(૝܀ + ⏞≤૛(ܚ
?

૙

⇔ ૝ܜૠ + ૝ܜ૟ − ૟૚ܜ૞ + ૟૝ܜ૝ + ૜૛ܜ૜ − ૟૝ܜ + ૜૛≥⏞
?

૙	 ൬܍ܚ܍ܐܟ	ܜ =
܀
 ൰ܚ

⇔ ܜ) − ૛) ቀ(ܜ − ૛)൫૝ܜ૞ + ૛૙ܜ૝ + ૜ܜ + ૛ܜ૛(ܜ − ૛) + ૝ܜ + ૜૛൯ + ૝ૡቁ≥⏞
?

૙ → ܍ܝܚܜ

∵ ܜ ≥⏞
ܚ܍ܔܝ۳

૛ ⇒ (૜) ⇒ (૛) ⇒ (૚)	ܑܛ	܍ܝܚܜ 
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∴ ෍
૚
૜ࢇ ܜܗ܋

ۯ
૛ ≤

૜܀

૟૝ܚ૟ ܌ܖࢇ	

∴ ,ܑ	ܛ܍ܛࢇ܋	ࢍܖܑܖܑ܊ܕܗ܋ ܑܑ, ෍,۰۱ۯ	∆	ܡܖࢇ	ܖܑ
૚
૜ࢇ ܜܗ܋

ۯ
૛ ≤

૜܀

૟૝ܚ૟ ⇒෍܊૜܋૜ܜܗ܋
ۯ
૛ ≤

૜ܛ૟܀

૜ܚ  (۳۲ۿ)	

2377. In ઢ࡯࡮࡭ the following relationship holds: 

૚
૛ࡾ૜

≤
ࢇ࢘
૝ࢇ

+
࢈࢘
૝࢈

+
ࢉ࢘
૝ࢉ

≤
૚

૚૟࢘૜
 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution by Marian Ursărescu-Romania 

ࢇ࢘
૝ࢇ +

࢈࢘
૝࢈ +

ࢉ࢘
૝ࢉ ≥⏞

ࡹࡳିࡹ࡭

૜ඨ
ࢉ࢘࢈࢘ࢇ࢘
૝(ࢉ࢈ࢇ)

૜
 

ඨ
ࢉ࢘࢈࢘ࢇ࢘
૝(ࢉ࢈ࢇ)

૜
≥

૚
૛ࡾ૜ ⇔

ࢉ࢘࢈࢘ࢇ࢘
૝(ࢉ࢈ࢇ) ≥

૚
ૡ ⋅ ૛ૠ ⋅ ૢࡾ ; (૚) 

But: ࢉ࢈ࢇ = ૝࢙࢘ࡾ and ࢘ࢉ࢘࢈࢘ࢇ = ࢙૛࢘; (૛) 

From (1),(2) we must show that: ࢙૛࢘
૛૞૟ࡾ૝࢘૝࢙૝

≥ ૚
ૡ⋅૛ૠૢࡾ

⇔ ૞ࡾ ≥ ૜૛
૛ૠ
࢙૛࢘૜; (૜) 

From Euler: ࡾ ≥ ૛࢘ ⇒ ૜ࡾ ≥ ૡ࢘૜ and from ࡾ૛ ≥ ૝
૛ૠ
࢙૛ ⇒૞≥ ૜૛

૛ૠ
࢙૛࢘૜. 

ࢇ࢘
૝ࢇ +

࢈࢘
૝࢈ +

ࢉ࢘
૝ࢉ ≤

૚
૚૟࢘૜ ⇔

ࡲ
࢙)૝ࢇ − (ࢇ +

ࡲ
࢙)૝࢈ − (࢈ +

ࡲ
࢙)૝ࢉ − (ࢉ ≤

૚

૚૟ࡲ
૜

࢙૜
⇔ 

ࡲ
࢙)૝ࢇ − (ࢇ +

ࡲ
࢙)૝࢈ − (࢈ +

ࡲ
࢙)૝ࢉ − (ࢉ ≤

࢙૜

૚૟ࡲ૝ ; (૝) 

Let:  ࢞ = ࢙ − ࢟;ࢇ = ࢙ − ࢠ;࢈ = ࢙ − ࢉ ⇒ ࢞ + ࢟ + ࢠ = ૛࢙ and 

ࢇ = ࢟ + ࢈;ࢠ = ࢞ + ;ࢠ ࢉ = ࢞ + ࢟; ࡲ	 = ඥ(࢞ + ࢟ + ;ࢠ࢟࢞(ࢠ (૞) 

From (4),(5) we must show that: ૚
࢞(࢟ାࢠ)૝

+ ૚
࢟(࢞ାࢠ)૝

+ ૚
૝(ା࢟࢞)ࢠ

≤ ࢞ା࢟ାࢠ
૚૟࢞૛࢟૛ࢠ૛

; (૟). 

࢟ + ࢠ ≥ ૛ඥ࢟ࢠ ⇒ (࢟ + ૝(ࢠ ≥ ૚૟࢟૛ࢠ૛ ⇒
૚

(࢟ + ૛(ࢠ ≤
૚

૚૟࢟૛ࢠ૛ ⇒ 

૚
࢞(࢟ + ૝(ࢠ +

૚
࢟(࢞ + ૝(ࢠ +

૚
࢞)ࢠ + ࢟)૝ ≤

૚
૚૟ ൬

૚
࢞࢟૛ࢠ૛ +

૚
࢞૛࢟ࢠ૛ +

૚
࢞૛࢟૛ࢠ	൰ ; (ૠ) 
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From (6),(7) we must show that: 
૚

૚૟࢞࢟ࢠ
ቀ ૚
ࢠ࢟

+ ૚
ࢠ࢞

+ ૚
࢞࢟
ቁ ≤ ࢞ା࢟ାࢠ

૚૟࢞૛࢟૛ࢠ૛
⇔ ࢞ା࢟ାࢠ

ࢠ࢟࢞
≤ ࢞ା࢟ାࢠ

ࢠ࢟࢞
, which is true. 

2378. In any	∆	࡯࡮࡭, the following relationship holds: 

෍
ࢇ

ඥࢇࢎ − ૛࢘
≥ ෍ࡾ√

ࢇ࢔
ࢇࢎ

+
ࢇ࢘ + ࢈࢘ + ࢉ࢘
ࢇ࢓ + ࢈࢓ + ࢉ࢓

෍ඥ૛(࢘ࢇ − ࢘) 

  Proposed by Bogdan Fuştei-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

ࢌ࢕࢕࢘ࡼ ∶ ࢈ + ࢉ − ࢇ = ૝࢙࢕ࢉࡾ
࡭
૛ ࢙࢕ࢉ

࡮ − ࡯
૛ − ૝࢔࢏࢙ࡾ

࡭
૛ ࢙࢕ࢉ

࡭
૛

= ૝࢙࢕ࢉࡾ
࡭
૛ ൬࢙࢕ࢉ

࡮ − ࡯
૛ − ࢙࢕ࢉ

࡮ + ࡯
૛ ൰ = ૡ࢙࢕ࢉࡾ

࡭
૛ ࢔࢏࢙

࡮
૛ ࢔࢏࢙

࡯
૛ 

⇒ ࢙ − ࢇ =⏞
(૚)

૝࢙࢕ࢉࡾ
࡭
૛ ࢔࢏࢙

࡮
૛ ࢔࢏࢙

࡯
૛ 

ࢇ
ඥࢇࢎ − ૛࢘

=
ࢇ

ට૛࢙࢘ࢇ − ૛࢘
=

ࢇ
√૛࢘

ට
ࢇ

࢙ − ࢇ =⏞
(૚)	ࢇ࢏࢜ ࢇ

√૛࢘
ඩ

૝࡭࢙࢕ࢉࡾ૛ ࢔࢏࢙
૛ ࡭
૛

૝࡭࢙࢕ࢉࡾ૛ ࢔࢏࢙
࡭
૛ ࢔࢏࢙

࡮
૛ ࢔࢏࢙

࡯
૛

=
૛࡭࢔࢏࢙ࢇ
√૛࢘

ඨ૝ࡾ
࢘ =

√૛ࡾ
࢘ ࢔࢏࢙ࢇ

࡭
૛ ࢙ࢍ࢕࢒ࢇ࢔ࢇ	ࢊ࢔ࢇ	 ⇒⏞

࢖࢛	ࢍ࢔࢏࢓࢓࢛࢙

 

෍
ࢇ

ඥࢇࢎ − ૛࢘
=
√૛ࡾ
࢘ ෍࢔࢏࢙ࢇ

࡭
૛ ≥

࢙√૛ࡾ
࢘ ⇔෍࢙࢕ࢉ

࡭
૛ ࢔࢏࢙

૛ ࡭
૛

≥ ࢙࢕ࢉ
࡭
૛ ࢙࢕ࢉ

࡮
૛ ࢙࢕ࢉ

࡯
૛ ࣊	࢙ࢋ࢒ࢍ࢔ࢇ	ࢎ࢚࢏࢝	ࢋ࢒ࢍ࢔ࢇ࢏࢚࢘	ࢇ	࢔࢕	ࢎࢉ࢏ࢎ࢝	ࢍ࢔࢏࢟࢒࢖࢖ࢇ	

− ૛࡭, 

࣊− ૛࡮,࣊ − ૛ࢋ࢝,࡯	࢚ࢋࢍ ∶ ෍࢙࢕ࢉ
࣊ − ૛࡭

૛ ૛࢔࢏࢙
࣊− ૛࡭

૛

≥ ࢙࢕ࢉ
࣊ − ૛࡭

૛ ࢙࢕ࢉ
࣊ − ૛࡮

૛ ࢙࢕ࢉ
࣊ − ૛࡮

૛ ⇔෍࢙࢙࢕ࢉ࡭࢔࢏૛࡭

≥  ࡯࢔࢏࢙࡮࢔࢏࢙࡭࢔࢏࢙
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⇔෍࢙࡭࢔࢏(૚ − (࡭૛࢔࢏࢙ ≥
૝࢙࢘ࡾ
ૡࡾ૜ ⇔෍

ࢇ
૛ࡾ−෍

૜ࢇ

ૡࡾ૜ ≥
૝࢙࢘ࡾ
ૡࡾ૜

⇔
࢙
ࡾ −

૛࢙(࢙૛ − ૟࢘ࡾ − ૜࢘૛)
ૡࡾ૜ −

૝࢙࢘ࡾ
ૡࡾ૜ ≥ ૙ 

⇔
ૡࡾ૛ − ૛(࢙૛ − ૟࢘ࡾ − ૜࢘૛) − ૝࢘ࡾ

ૡࡾ૜ ≥ ૙⇔ ࢙૛ ≤ ૝ࡾ૛ + ૡ࢘ࡾ+ ૜࢘૛

→ (࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ)	ࢋ࢛࢚࢘ ∴෍
ࢇ

ඥࢇࢎ − ૛࢘
≥⏞
(ࢇ) ࢙√૛ࡾ

࢘  

࢈࢘ + ࢉ࢘ = ࢙ቌ
૛࡮࢔࢏࢙
૛࡮࢙࢕ࢉ

+
૛࡯࢔࢏࢙
૛࡯࢙࢕ࢉ

ቍ =
࡮ቀ࢔࢏࢙࢙ + ࡯

૛ ቁ࡭࢙࢕ࢉ૛
૛࡭࢙࢕ࢉ ࢙࢕ࢉ

࡮
૛ ࢙࢕ࢉ

࡯
૛

=
૛࢙࢕ࢉ࢙ ૛࡭
ቀ ࢙૝ࡾቁ

= ૝࢙࢕ࢉࡾ૛
࡭
૛

∴ ࢈࢘ + ࢉ࢘ =⏞
(࢏)

૝࢙࢕ࢉࡾ૛
࡭
૛ 

,࢝࢕ࡺ ࢈) + ૛(ࢉ ≥ ૜૛࢙࢕ࢉ࢘ࡾ૛
࡭
૛ =⏞
(࢏)	࢟࢈

ૡ࢘(࢘࢈ + (ࢉ࢘ = ૡ࢘૛࢙ ൬
૚

࢙ − ࢈ +
૚

࢙ − ൰ࢉ

= ૡ(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ
ࢇ

(࢙ − ࢙)(࢈ − (ࢉ = ૝࢈)ࢇ+ ࢉ −  (ࢇ

⇔ ࢈) + ૛(ࢉ + ૝ࢇ૛ − ૝࢈)ࢇ + (ࢉ ≥ ૙ ⇔ +࢈) ࢉ − ૛ࢇ)૛ ≥ ૙ → ࢋ࢛࢚࢘ ∴ ࢈ + ࢉ

≥ ૝√૛࢙࢕ࢉ࢘ࡾ
࡭
૛ ࢙ࢍ࢕࢒ࢇ࢔ࢇ	ࢊ࢔ࢇ ⇒	෍ࢇ࢓ ≥⏞

࢛ࢉ࢙࢕ࡵ

෍
࢈ + ࢉ
૛ ࢙࢕ࢉ

࡭
૛ 

≥ √૛࢘ࡾ෍൬૛࢙࢕ࢉ૛
࡭
૛൰ = √૛࢘ࡾ෍(૚ + (࡭࢙࢕ࢉ = √૛࢘ࡾ ൬

૝ࡾ + ࢘
ࡾ ൰ = ඨ૛࢘

ࡾ
(૝ࡾ + ࢘)

⇒
ࢇ࢘ + ࢈࢘ + ࢉ࢘
ࢇ࢓ + ࢈࢓ + ࢉ࢓

෍ඥ૛(࢘ࢇ − ࢘) 

≤ ඨ ࡾ
૛࢘

෍ට૛ ቀ
࢙࢘

࢙ − ࢇ −
࢙࢘
࢙
ቁ = ෍ටࡾ√

ࢇ
࢙ − ࢇ = ෍ඩࡾ√

૝࢙࢕ࢉࡾ ૛࡭ ࢔࢏࢙
૛ ࡭
૛

૝࢙࢕ࢉࡾ ૛࡭ ࢔࢏࢙
࡭
૛ ࢔࢏࢙

࡮
૛ ࢔࢏࢙

࡯
૛

= ඨ૝ࡾ
૛

࢘
෍࢙࢔࢏

࡭
૛ 

⇒
ࢇ࢘ + ࢈࢘ + ࢉ࢘
ࢇ࢓ + ࢈࢓ + ࢉ࢓

෍ඥ૛(࢘ࢇ − ࢘) ≤⏞
ࡾ૛(࢈)
√࢘

෍࢙࢔࢏
࡭
૛ 

,࢝࢕ࡺ ࢓ࢋ࢘࢕ࢋࢎ࢚	ᇱ࢙࢚࢘ࢇ࢝ࢋ࢚ࡿ ⇒ 	࢙)૛࢈ − (ࢉ	 + 	࢙)૛ࢉ − (࢈	 = ૛ࢇ࢔ࢇ + 	࢙)ࢇ − 	࢙)(࢈	 −  (ࢉ

⇒ ૛࢈)࢙ + −(૛ࢉ ૛࢙)ࢉ࢈ − (ࢇ = ૛ࢇ࢔ࢇ + ૛࢙)ࢇ − ࢙(૛࢙ − (ࢇ + (ࢉ࢈ ⇒ ૛࢈)࢙ + −(૛ࢉ ૛࢙ࢉ࢈

= ૛ࢇ࢔ࢇ + ࢙ࢇ)ࢇ − ࢙૛) 
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⇒ ૛࢈)࢙ + ૛ࢉ − ૛ࢇ − ૛ࢉ࢈) = ૛ࢇ࢔ࢇ − ૛࢙ࢇ ⇒ ૛ࢇ࢔ࢇ = ૛࢙ࢇ + ࢙(૛࡭࢙࢕ࢉࢉ࢈ − ૛ࢉ࢈)

= ૛࢙ࢇ − ૝࢙࢔࢏࢙ࢉ࢈૛
࡭
૛

= ૛࢙ࢇ −
૝࢙ࢉ࢈(࢙ − ࢙)(࢈ − ࢙)(ࢉ − (ࢇ

࢙)ࢉ࢈ − (ࢇ  

= ૛࢙ࢇ −
૝∆૛

࢙ − ࢇ = ૛࢙ࢇ − ૛ࢇ൬
૛∆
ࢇ ൰൬

∆
࢙ − ൰ࢇ = ૛࢙ࢇ − ૛ࢇ࢘ࢇࢎࢇ

⇒ ૛ࢇ࢔ =⏞
(࢏࢏)

࢙૛ − ૛ࢊ࢔ࢇࢇ࢘ࢇࢎ	࢙ࢍ࢕࢒ࢇ࢔ࢇ 

∴ ෍ࡾ√
ࢇ࢔
ࢇࢎ

+
ࢇ࢘ + ࢈࢘ + ࢉ࢘
ࢇ࢓ + ࢈࢓ + ࢉ࢓

෍ඥ૛(࢘ࢇ − ࢘) ≤⏞
(࢈)	ࢇ࢏࢜

෍ࡾ√
ࢇ࢔
ࢇࢎ

+
૛ࡾ
√࢘

෍࢙࢔࢏
࡭
૛

= ෍ቌࡾ√
ࢇ࢔
ࢇࢎ

+ ૛ඨ
ࡾ
࢘ ࢔࢏࢙

࡭
૛
ቍ 

≤⏞
࢙ࢍ࢕࢒ࢇ࢔ࢇ	ࢊ࢔ࢇ(࢏࢏)	ࢊ࢔ࢇ	ࡿ࡮࡯	ࢇ࢏࢜

√૛ࡾ෍ඨ
࢙૛ − ૛ࢇ࢘ࢇࢎ

૛ࢇࢎ
+
૝ࡾ
࢘ ૛࢔࢏࢙

࡭
૛

= √૛ࡾඨ
࢙૛

૛ࢇࢎ
−
ૡ࡭࢙࢕ࢉࡾ૛ ࢔࢏࢙

࡭
૛ ࢔ࢇ࢚࢙

࡭
૛

૛࢙࢘ +
૝ࡾ
࢘ ૛࢔࢏࢙

࡭
૛ 

= √૛ࡾ෍ඨ
࢙૛

૛ࢇࢎ
−
૝ࡾ
࢘ ૛࢔࢏࢙

࡭
૛ +

૝ࡾ
࢘ ૛࢔࢏࢙

࡭
૛ = ࢙√૛ࡾ෍

૚
ࢇࢎ

=
࢙√૛ࡾ
࢘ ≤⏞

(ࢇ)	ࢇ࢏࢜

෍
ࢇ

ඥࢇࢎ − ૛࢘
 (ࡰࡱࡽ)

 

2379. In ઢ࡯࡮࡭ the following relationship holds: 

૚૟࢘࢖(૛ࡾ− ࢘)૛ ≤෍࢈૛ࢉ૛ ܜܗ܋
࡭
૛ ≤

૚૟࢖
࢘

૝ࡾ) − ૠ࢘૝) 

Proposed by Marin Chirciu-Romania 

Solution by Tran Hong-Dong Thap-Vietnam 

࢘ = ࢖) − (ࢇ ܖ܉ܜ ࡭
૛
⇒ ܜܗ܋ ࡭

૛
= ࢇି࢖

࢘
  (analogs) 

⇒ ષ = ෍࢈૛ࢉ૛ ܜܗ܋
࡭
૛ =

૚
࢘෍࢈૛ࢉ૛ ࢖) − (ࢇ =

૚
࢘
ቀ࢖෍࢈૛ࢉ૛ −  ቁࢉ࢈෍ࢉ࢈ࢇ
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=
૚
࢘

૝࢖)࢖) + (૛࢘૛ − ૡ࢖(࢘ࡾ૛ + (૝࢘ࡾ+ ࢘૛)૛) − ૝࢖)࢖࢘ࡾ૛ + ૝࢘ࡾ+ ࢘૛))	 

=
૞࢖ + (૛࢘૛ − ૡ࢖(࢘ࡾ૜ + (૝࢘ࡾ+ ࢘૛)૛࢖ − ૝࢖࢘ࡾ૜ − (૚૟ࡾ૛࢘૛ + ૝࢘ࡾ૜)࢖

࢘  

=
૞࢖ + (૛࢘૛ − ૚૛࢖(࢘ࡾ૜ + (૝࢘ࡾ૜ + ࢘૝)࢖

࢘ =
࢖ ቀ࢖૝ + (૛࢘૛ − ૚૛࢖(࢘ࡾ૛ + (૝࢘ࡾ૜ + ࢘૝)ቁ

࢘  

ષ ≥
(૚)

૚૟࢘࢖(૛ࡾ − ࢘)૛ 

⇔ ૝࢖ + (૛࢘૛ − ૚૛࢖(࢘ࡾ૛ + (૝࢘ࡾ૜ + ࢘૝) ≥ ૚૟࢘૛(૛ࡾ − ࢘)૛ 

⇔ ૝࢖ + (૛࢘૛ − ૚૛࢖(࢘ࡾ૛ + ૝࢘ࡾ૜ + ࢘૝ − ૟૝ࡾ૛࢘૛ + ૟૝࢘ࡾ૜ − ૚૟࢘૝ ≥ ૙ 

⇔ ૝࢖ + (૛࢘૛ − ૚૛࢖(࢘ࡾ૛ + ૟ૡ࢘ࡾ૜ − ૟૝ࡾ૛࢘૛ − ૚૞࢘૝ ≥ ૙ 

Let: ࣐(࢛) = ࢛૛ + (૛࢘૛ − ૚૛࢘ࡾ)࢛ + ૟ૡ࢘ࡾ૜ − ૟૝ࡾ૛࢘૛ − ૚૞࢘૝ 

(where: ૚૟࢘ࡾ− ૞࢘૛ ≤ ࢛ = ૛࢖ ≤ ૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛)	 

⇒ ࣐ᇱ(࢛) = ૛࢛ − ૚૛࢘ࡾ+ ૛࢘૛ ≥
࢛ஹ૚૟ି࢘ࡾ૞࢘૛

૛૙࢘ࡾ − ૡ࢘૛ ≥
ஹ૛࢘ࡾ

૜૛࢘૛ > 0 

⇒ ࣐(࢛) ↑ [૚૟࢘ࡾ − ૞࢘૛,૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛] 

⇒ ࣐(࢛) ≥ ࣐(૚૟࢘ࡾ − ૞࢘૛) =
(૛)

૙ 

(2) ⇔ (૚૟࢘ࡾ − ૞࢘૛)૛ + (૛࢘૛ − ૚૛࢘ࡾ)(૚૟࢘ࡾ − ૞࢘૛) + ૟ૡ࢘ࡾ૜ − ૟૝ࡾ૛࢘૛ − ૚૞࢘૝ = ૙ 

⇔ ૟૝ࡾ૛࢘૛ − ૟ૡ࢘ࡾ૜ + ૚૞࢘૝ + ૟ૡ࢘ࡾ૜ − ૟૝ࡾ૛࢘૛ − ૚૞࢘૝ = ૙ 

⇔ ૙ = ૙ (true)⇒ (2) ⇒ (1) is true. 

ષ ≤
(૜) ૚૟࢖

࢘
૝ࡾ) − ૠ࢘૝) 

(3) ⇔ ૝࢖ + (૛࢘૛ − ૚૛࢖(࢘ࡾ૛ + ૝࢘ࡾ૜ + ࢘૝ ≤ ૚૟ࡾ૝ − ૚૚૛࢘૝ 

⇔ ૝࢖ + (૛࢘૛ − ૚૛࢖(࢘ࡾ૛ + ૝࢘ࡾ૜ − ૚૟ࡾ૝ + ૚૚૜࢘૝ ≤ ૙ 

Let ࣐(࢚) = ࢚૛ + (૛࢘૛ − ૚૛࢘ࡾ)࢚ + ૝࢘ࡾ૜ − ૚૟ࡾ૝ + ૚૚૜࢘૝ 

(Where: ૚૟࢘ࡾ − ૞࢘૛ ≤ ࢚ = ૛࢖ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)	 

⇒ ࣐ᇱ(࢚) = ૛࢚ − ૚૛࢘ࡾ+ ૛࢘૛ ≥
࢚ஹ૚૟ି࢘ࡾ૞࢘૛

૛૙࢘ࡾ − ૡ࢘૛ ≥
ஹ૛࢘ࡾ

૜૛࢘૛ > 0 

⇒ ࣐(࢚) ↑ [૚૟࢘ࡾ − ૞࢘૛,૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛] ⇒ ࣐(࢚) ≤ ࣐(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) ≤
(૝)

૙ 

(4) ⇔ (૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛)૛ + (૛࢘૛ − ૚૛࢘ࡾ)(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛) + ૝࢘ࡾ૜ − ૚૟ࡾ૝ +

૚૚૜࢘૝ ≤ ૙ 
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⇔ ૚૟ࡾ૝ − ૚૟ࡾ૜࢘ − ૝࢘ࡾ૜ + ૚૞࢘૝ + ૝࢘ࡾ૜ − ૚૟ࡾ૝ + ૚૚૜࢘૝ ≤ ૙ 

⇔ ૚૟ࡾ૜࢘ ≥ ૚૛ૡ࢘૝ࡾ૜ ≥ ૡ࢘૜ ⇔ ࡾ ≥ ૛࢘ (Euler)⇒ (4) ⇒ (3) is true. Proved. 

 

2380. In ઢ࡯࡮࡭ the following relationship holds: 

૛√૛
૜ ෍ࢇ࢓

ࢉ࢟ࢉ

≤෍
૛ࢇ࢔ + ૛ࢇࢍ + ૛࢘࢘ࢇ
ඥ૝ࢉ࢓࢈࢓ + ૜ࢉ࢟ࢉࢉ࢈

 

Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

૛ࢇ࢔ = ࢙(࢙ − (ࢇ +
࢈) − ૛(ࢉ

ࢇ ⋅ ૛ࢇࢍ	ࢊ࢔ࢇ	࢙ = ࢙(࢙ − (ࢇ −
࢈) − ૛(ࢉ

ࢇ ⋅ (࢙ −  (ࢇ

→ ૛ࢇ࢔ + ૛ࢇࢍ = ૛࢙(࢙ − (ࢇ + −࢈) ૛(ࢉ = ૛࢈ + ૛ࢉ − (૛ࢉ࢈ − ૛࢘ࢉ࢘࢈) 

૛ࢉ࢈ − ૛࢘ࢉ࢘࢈ = ૛࢘࢘ࢇ → ૛ࢇ࢔ + ૛ࢇࢍ + ૛࢘࢘ࢇ = ૛࢈ + ;૛ࢉ (૚) 

૝ࢉ࢓࢈࢓ + ૜ࢉ࢈ ≤⏞
ࡹࡳିࡹ࡭

૛൫࢈࢓
૛ + ࢉ࢓

૛൯ +
૜(࢈૛ + (૛ࢉ

૛ = 

=
૛(ࢉ૛ + (૛ࢇ − ૛࢈

૝ +
૛(ࢇ૛ + −(૛࢈ ૛ࢉ

૝ +
૜(࢈૛ + (૛ࢉ

૛  

→ ૝ࢉ࢓࢈࢓ + ૜ࢉ࢈ ≤ ૛෍ࢇ૛
ࢉ࢟ࢉ

; (૛) 

→෍
૛ࢇ࢔ + ૛ࢇࢍ + ૛࢘࢘ࢇ
ඥ૝ࢉ࢓࢈࢓ + ૜ࢉ࢟ࢉࢉ࢈

≥⏞
(૚),(૛)

෍
૛࢈ + ૛ࢉ

ඥ૛∑ࢇ૛ࢉ࢟ࢉ

= √૛ ⋅ ඥ∑ࢇ૛ = √૛ ⋅ ඨ
૝
૜෍ࢇ࢓

૛

ࢉ࢟ࢉ

≥⏞
૛√૛ࡿ࡮࡯

૜ ෍ࢇ࢓
ࢉ࢟ࢉ

 

Therefore, 

૛√૛
૜ ෍ࢇ࢓

ࢉ࢟ࢉ

≤෍
૛ࢇ࢔ + ૛ࢇࢍ + ૛࢘࢘ࢇ
ඥ૝ࢉ࢓࢈࢓ + ૜ࢉ࢟ࢉࢉ࢈

 

2381. In ࡯࡮࡭ࢤ the following relationship holds: 

	൬
࢈ࢇ
ࢇ + ࢈

൰
૛

+ ൬
ࢉ࢈
࢈ + ࢉ

൰
૛

+ ቀ
ࢇࢉ
ࢉ + ࢇ

ቁ
૛
≥ ૢ࢘૛ 

Proposed by D.M.Bătineţu-Giurgiu, Neculai Stanciu-Romania 



 
www.ssmrmh.ro 

99 RMM-TRIANGLE MARATHON 2301-2400 
 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

෍൬
࢈ࢇ
+ࢇ ൰࢈

૛

		 ≥⏞
ࡿ࡮࡯

		
૚
૜ ൬෍

࢈ࢇ
+ࢇ ൰࢈

૛

	≥⏞
?

	ૢ࢘૛ 	↔ 	෍
࢈ࢇ
ࢇ + 	࢈ ≥

⏞
(∗)

	૜√૜࢘. 

෍
࢈ࢇ
ࢇ + ࢈ = ෍

૚
૚
+ࢇ ૚

࢈
≥⏞
ࡿ࡮࡯ ૢ

∑ ቀ૚ࢇ + ૚
ቁ࢈

=
ࢉ࢈ࢇૢ
૛∑࢈ࢇ		 ≥⏞

૜∑࢈ࢇஸ(∑ࢇ)૛

		
૛ૠࢉ࢈ࢇ
૛(∑ࢇ)૛ = 

=
૛ૠ.૝࢙࢘ࡾ
૛. (૛࢙)૛ =

૛ૠࡾ
૛࢙ .࢘ ≥⏞

ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ ૛ૠ.૛
૛.૜√૜

. ࢘ = ૜√૜࢘ 

→ 	ࢋ࢛࢚࢘	࢙࢏	(∗) →෍൬
࢈ࢇ
+ࢇ ൰࢈

૛

≥ ૢ࢘૛ 

Solution 2 by Avishek Mitra-West Bengal-India 

෍൬
࢈ࢇ
+ࢇ ൰࢈

૛

ࢉ࢟ࢉ

≥⏞
࢓࢕࢚࢙࢘ࢍ࢘ࢋ࡮ ૛(࢈ࢇ∑)

+ࢇ)∑ ૛(࢈ ≥⏞
࢔ࢇࢋࡹ	࢘ࢋ࢝࢕ࡼ ૛(࢈ࢇ∑)

૛∑(ࢇ૛ + (૛࢈ =
૛(࢈ࢇ∑)

૝∑ࢇ૛ ≥⏞
ࢠ࢏࢔࢈࢏ࢋࡸ ૛(࢈ࢇ∑)

૝ ⋅ ࡾૢ

= ൬
࢈ࢇ∑
૟ࡾ ൰

૛

 

	:࢝࢕ࢎ࢙	࢕࢚	ࢊࢋࢋࡺ ൬
࢈ࢇ∑
૟ࡾ ൰

૛

≥ ૢ࢘૛ → ࢙૛ ≥ ૚૝࢘ࡾ − ࢘૛ 

૛࢙	࢚࢛࡮ ≥ ૚૟࢘ࡾ− ૞࢘૛(࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ) → ૚૟࢘ࡾ − ૞࢘૛ ≥ ૚૝࢘ࡾ − ࢘૛ → 

૛࢘ࡾ ≥ ૝࢘૛ → ࡾ ≥ ૛࢘(࢘ࢋ࢒࢛ࡱ) 

 Solution 3 by Tran Hong-Dong Thap-Vietnam 

൬
࢈ࢇ
+ࢇ ൰࢈

૛

+ ൬
ࢉ࢈
+࢈ ൰ࢉ

૛

+ ቀ
ࢇࢉ
ࢉ + ࢇ

ቁ
૛

≥⏞
ࡹࡳିࡹ࡭

૜ ⋅ ඨ
૝(ࢉ࢈ࢇ)

൫(ࢇ+ +࢈)(࢈ +ࢉ)(ࢉ ൯૛(ࢇ
૜ = 

=
૜ඥ(ࢉ࢈ࢇ)૝૜

ቀඥ(ࢇ+ +࢈)(࢈ +ࢉ)(ࢉ ૜(ࢇ ቁ
૛ ≥⏞
ࡹࡳିࡹ࡭

	
૜ඥ(ࢉ࢈ࢇ)૝૜

ቀࢇ+ +࢈ ࢈ + ࢉ + +ࢉ ࢇ
૜ ቁ

૛ = 

=
૛ૠඥ(૝࢙࢘ࡾ)૝૜

૚૟࢙૛ ≥⏞
(૚)

ૢ࢘૛ 

(૚) ⇔ ૜ඥ(૝࢙࢘ࡾ)૝૛ ≥ ૝૛࢘૛࢙૛ ⇔ ૛ૠ(૝࢙࢘ࡾ)૝ ≥ ૝૟࢘૟࢙૟ ⇔ ૛ૠࡾ૝ ≥ ૝૛࢘૛࢙૛ 

૜√૜ࡾ૛ ≥ ૝࢙࢘	࢚࢛࢘ࢋ	࢟࢈	࢙ ≤
૜√૜
૛ ૛࢘,(ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ)	ࡾ ≤ (࢘ࢋ࢒࢛ࡱ)	ࡾ → 
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૛࢙࢘ ≤
૜√૜
૛ ࡾ ⋅ ࡾ ⇔ ૝࢙࢘ ≤ ૜√૜ࡾ૛ → (૚)࢙࢏	ࢊࢋ࢜࢕࢘ࡼ.ࢋ࢛࢚࢘. 

2382. In	࡯࡮࡭ࢤ	the following relationship holds: 

	
૜࢘૛

૛ࡾ૛
≤෍

ࢇ࢘࢘
૛࢈ + ૛ࢉ

≤
૛ࡾ − ࢘
ૡ࢘

	 

Proposed by Kostas Geronikolas-Greece 

Solurion 1 by Marian Ursărescu-Romania 

For LHS: ࢘࢘ࢇ ≤
૛ࢇ

૛
. We must show: 

૛ࢇ

૛࢈ + ૛ࢉ +
૛࢈

૛ࢇ + ૛ࢉ +
૛ࢉ

૛ࢇ + ૛࢈ ≤
૛ࡾ − ࢘
૛࢘ ; (૚) 

૛ࢇ + ૛࢈ ≥ ૛࢈ࢇ; ૛࢈	 + ૛ࢉ ≥ ૛ࢉ࢈, ૛ࢉ + ૛ࢇ ≥ ૛ࢇࢉ; (૛) 

From (૚), (૛) we must to show that: 

૛ࢇ

ࢉ࢈ +
૛࢈

ࢉࢇ +
૛ࢉ

࢈ࢇ ≤
૛ࡾ − ࢘
࢘ ⇔

૜ࢇ + ૜࢈ + ૜ࢉ

ࢉ࢈ࢇ ≤
૛ࡾ − ࢘

࢘  

⇔
૛࢙(࢙૛ − ૜࢘૛ − ૟࢘ࡾ)

૝࢙࢘ࡾ ≤
૛ࡾ − ࢘
࢘ ⇔ ࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛(࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ) 

෍	:ࡿࡴࡾ	࢘࢕ࡲ
ࢇ࢘

૛࢈ + ૛ࢉ
ࢉ࢟ࢉ

≥ ૜ඨ
ࢉ࢘࢈࢘ࢇ࢘

૛࢈) + ૛ࢉ)(૛ࢉ + ૛ࢇ)(૛ࢇ + (૛࢈
૜

 :࢚ࢇࢎ࢚	࢝࢕ࢎ࢙	࢚࢙࢛࢓	ࢋࢃ.

ඨ
ࢉ࢘࢈࢘ࢇ࢘

૛࢈) + ૛ࢉ)(૛ࢉ + ૛ࢇ)(૛ࢇ + (૛࢈
૜

≥
࢘
૛ࡾ૛ ⇔ ඥ(ࢇ૛ + ૛࢈)(૛࢈ + ૛ࢉ)(૛ࢉ + ૛)૜ࢇ

≤
૛ࡾ૛

࢘ ⋅ ඥ࢘ࢉ࢘࢈࢘ࢇ૜ ; (૜) 

ඥ࢘ࢉ࢘࢈࢘ࢇ૜ = ඥ࢙૛࢘૜ ≥⏞
ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ

ඥ૛ૠ࢘૜૜ = ૜࢘; (૝) 

From (૜), (૝) we must to prove that: 

ඥ(ࢇ૛ + ૛࢈)(૛࢈ + ૛ࢉ)(૛ࢉ + ૛)૜ࢇ ≤ ૛ ⋅ ૜ࡾ૛; (૞) 

From (૝), (૞) we must show that: 

ඥ(ࢇ૛ + ૛࢈)(૛࢈ + ૛ࢉ)(૛ࢉ + ૛)૜ࢇ ≤
૛(ࢇ૛ + ૛࢈ + (૛ࢉ

૜ ⇔ ૛ࢇ + ૛࢈ + ૛ࢉ ≤  .ࢋ࢛࢚࢘	૛ࡾૢ



 
www.ssmrmh.ro 

101 RMM-TRIANGLE MARATHON 2301-2400 
 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

ࢇ ≥ ࢈ ≥ ࢉ → ࢇ࢘ ≥ ࢈࢘ ≥ 	ࢊ࢔ࢇ	ࢉ࢘
૚

૛࢈ + ૛ࢉ ≥
૚

૛ࢇ + ૛ࢉ ≥
૚

૛࢈ + ૛ࢇ →⏞
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯	ࢍ࢔࢏࢙ࢁ

 

෍
ࢇ࢘࢘

૛࢈ + ૛ࢉ
≥
࢘
૜
ቀ෍࢘ࢇቁ ൬෍

૚
૛࢈ + ૛ࢉ

൰	 ≥⏞
ࡿ࡮࡯

	
࢘
૜

(૝ࡾ+ ࢘).
ૢ

૛∑ࢇ૛
≥⏞

࢘ࢋ࢒࢛ࡱ
ࢠ࢏࢔࢈࢏ࢋࡸ

	
࢘
૜

(૝.૛࢘ + ࢘).
ૢ

૛.ૢࡾ૛
=
૜࢘૛

૛ࡾ૛
 

,࢝࢕ࡺ ෍
ࢇ࢘࢘

૛࢈ + ૛ࢉ ≤⏞
ࡹࡳିࡹ࡭

෍
ࢇ࢘࢘
૛ࢉ࢈ =

࢘
૛ࢉ࢈ࢇ෍ࢇ࢘ࢇ =

࢘. ࢙࢘
૛.૝࢙࢘ࡾ෍

ࢇ
࢙ − ࢇ

=
࢘
ૡࡾ෍

ቀ
࢙

࢙ − ࢇ − ૚ቁ = 

=
૚
ૡࡾ෍࢘ࢇ −

૜࢘
ૡࡾ =

(૝ࡾ+ ࢘)− ૜࢘
ૡࡾ =

૛ࡾ − ࢘
૝ࡾ 	 ≤⏞

࢘ࢋ࢒࢛ࡱ

	
૛ࡾ − ࢘
ૡ࢘  

,ࢋ࢘࢕ࢌࢋ࢘ࢋࢎࢀ
૜࢘૛

૛ࡾ૛ ≤෍
ࢇ࢘࢘

૛࢈ + ૛ࢉ ≤
૛ࡾ − ࢘
ૡ࢘  

2383. In acute	࡯࡮࡭ࢤ	the following relationship holds: 

	෍
ା૚࢔૛ܛܗ܋ ࡭
࡮૚ି࢔૛ܛܗ܋

≥ ૚ − ቀ
࢘
ࡾ
ቁ
૛

࢔, ∈ ℕ∗ 

 Proposed by Marin Chirciu-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

࢞	࢚ࢋࡸ = ܛܗ܋ ࡭ ,࢟ = ࡮ܛܗ܋ , ࢠ = ࡯ܛܗ܋ 	ࢋ࢚࢛ࢉࢇ	࢙࢏	࡯࡮࡭ࢤ			. → ࢞,࢟, ࢠ > ܱ 

 

෍
࢞૛࢔ା૚

࢟૛ି࢔૚ = ෍
(࢞૛)࢔ା૚

(࢞࢟)(࢟૛)ି࢔૚ ≥⏞
࢘ࢋࢊ࢒öࡴ (∑࢞૛)࢔ା૚

(∑࢞࢟)(∑࢟૛)ି࢔૚ =
(∑࢞૛)૛

∑࢞࢟ 		 ≥⏞
∑࢞࢟ஸ∑࢞૛

		෍࢞૛ 

→෍
ା૚࢔૛ܛܗ܋ ࡭
࡮૚ି࢔૛ܛܗ܋ ≥෍ܛܗ܋૛ ࡭ = ૚ − ૛ෑܛܗ܋ ࡭ = ૚ − ૛.

࢙૛ − (૛ࡾ+ ࢘)૛

૝ࡾ૛ ≥ 

≥⏞
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

૚ −
(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) − (૛ࡾ + ࢘)૛

૛ࡾ૛ = ૚ − ቀ
࢘
ࡾ
ቁ
૛

 

Therefore,   

෍
ା૚࢔૛ܛܗ܋ ࡭
࡮૚ି࢔૛ܛܗ܋ ≥ ૚ − ቀ

࢘
ࡾ
ቁ
૛

࢔∀, ∈ ℕ∗ 
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2384. In ઢ࡯࡮࡭ the following relationship holds: 

૜෍(ࢉ࢈)૜࢚࢔ࢇ
࡭
૛

ࢉ࢟ࢉ

≤෍(ࢉ࢈)૜

ࢉ࢟ࢉ

࢚࢕ࢉ
࡭
૛

 

Proposed by Marin Chirciu-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

૜෍(ࢉ࢈)૜࢚࢔ࢇ
࡭
૛

ࢉ࢟ࢉ

≤෍(ࢉ࢈)૜
ࢉ࢟ࢉ

࢚࢕ࢉ
࡭
૛ ; (∗) ⇔෍(ࢉ࢈)૜ ቌ

૛࡭࢙࢕ࢉ
૛࡭࢔࢏࢙

−
૜࢙࡭࢔࢏૛
૛࡭࢙࢕ࢉ

ቍ
ࢉ࢟ࢉ

≥ ૙ 

⇔෍
૜(ࢉ࢈)

ࢇ ൬࢙࢕ࢉ૛
࡭
૛ − ૛࢔࢏࢙

࡭
૛൰

ࢉ࢟ࢉ

≥ ૙ ⇔
૚
෍ࢉ࢈ࢇ

૝(ࢉ࢈) ൬
૚ + ࡭࢙࢕ࢉ

૛ − ૜ ⋅
૚ − ࡭࢙࢕ࢉ

૛ ൰
ࢉ࢟ࢉ

≥ ૙ 

⇔෍(ࢉ࢈)૝ ቆ
૛࢈ + ૛ࢉ − ૛ࢇ

ࢉ࢈ − ૚ቇ
ࢉ࢟ࢉ

≥ ૙ ⇔෍(ࢉ࢈)૝(૛࡭࢙࢕ࢉ− ૚) ≥ ૙
ࢉ࢟ࢉ

 

෍࢈૞ࢉ૜
ࢉ࢟ࢉ

+ ෍࢈૜ࢉ૞
ࢉ࢟ࢉ

≥෍ࢇ૛(ࢉ࢈)૜
ࢉ࢟ࢉ

+ ෍(ࢉ࢈)૝
ࢉ࢟ࢉ

; (∗∗) 

૜ࢉ૞࢈෍	:ࢋ࢜ࢇࢎ	ࢋࢃ
ࢉ࢟ࢉ

+ ෍࢈૜ࢉ૞
ࢉ࢟ࢉ

= ෍(ࢉ࢈)૜(࢈૛ + (૛ࢉ
ࢉ࢟ࢉ

≥⏞
(ࡹࡳିࡹ࡭)

૛෍(ࢉ࢈)૝; (૚)
ࢉ࢟ࢉ

	 

૜ࢇ૞࢈෍	ࢊ࢔ࢇ
ࢉ࢟ࢉ

+ ෍ࢇ૜ࢉ૞
ࢉ࢟ࢉ

+ ෍(ࢉ࢈)૝
ࢉ࢟ࢉ

= ෍൫࢈૞ࢇ૜ + ૞ࢉ૜ࢇ + ૝൯(ࢉ࢈)
ࢉ࢟ࢉ

≥⏞
ࡹࡳିࡹ࡭

≥ ૜෍ࢇ૛(ࢉ࢈)૜
ࢉ࢟ࢉ

; (૛) 

From (૚), (૛) → (∗∗) 

Therefore, 

૜෍(ࢉ࢈)૜࢚࢔ࢇ
࡭
૛

ࢉ࢟ࢉ

≤෍(ࢉ࢈)૜
ࢉ࢟ࢉ

࢚࢕ࢉ
࡭
૛ 

Solution 2 by Soumava Chakraborty-Kolkata-India 

૜෍࢈૜ࢉ૜࢚࢔ࢇ
࡭
૛ ≤෍࢈૜ࢉ૜࢚࢕ࢉ

࡭
૛ ⇔෍

૚
૜ࢇ ࢔ࢇ࢚

࡭
૛ ≤෍

૚
૜ࢇ ࢚࢕ࢉ

࡭
૛ 



 
www.ssmrmh.ro 

103 RMM-TRIANGLE MARATHON 2301-2400 
 

෍,࢝࢕ࡺ
૚
૜ࢇ ࢚࢕ࢉ

࡭
૛ = ࢙෍ቆ

૚
૜ࢇ
ቀ
࢙ − ࢇ
࢙࢘

ቁቇ

=
૚
࢘ ቆ

࢙
૟૝ࡾ૜࢘૜࢙૜

൭ቀ෍࢈ࢇቁ
૜
− ૜.૝࢙࢘ࡾ.૛࢙(࢙૛ + ૛࢘ࡾ+ ࢘૛)൱

−
(࢙૛ + ૝࢘ࡾ + ࢘૛)૛ − ૚૟࢙࢘ࡾ૛

૚૟ࡾ૛࢘૛࢙૛ ቇ 

=
(࢙૛ + ૝࢘ࡾ+ ࢘૛)૜ − ૛૝࢙࢘ࡾ૛(࢙૛ + ૛࢘ࡾ + ࢘૛) − ૝࢘ࡾ((࢙૛ + ૝࢘ࡾ+ ࢘૛)૛ − ૚૟࢙࢘ࡾ૛)

૟૝ࡾ૜࢘૝࢙૛  

=
࢙૟ − (૚૟࢘ࡾ − ૜࢘૛)࢙૝ + ࢘૛࢙૛(૜૛ࡾ૛ − ૡ࢘ࡾ+ ૜࢘૛) + ࢘૝(૝ࡾ + ࢘)૛

૟૝ࡾ૜࢘૝࢙૛ =⏞
(࢏)

෍
૚
૜ࢇ ࢚࢕ࢉ

࡭
૛ 

෍
૚
૜ࢇ ࢔ࢇ࢚

࡭
૛ = ෍൮

૚
૛ࢇ
ቌ

࢔ࢇ࢚ ૛࡭
૝࢙࢕ࢉࡾ૛ ૛࡭ ࢔ࢇ࢚

࡭
૛
ቍ൲ =

૚
૝ࡾ෍ቆ

૚
૛ࢇ ൬૚ + ૛࢔ࢇ࢚

࡭
૛൰ቇ

=
૚
૝ࡾ

ቌ෍
૚
૛ࢇ + ෍

૛࢔ࢇ࢚ ૛࡭
૚૟ࡾ૛࢙࢕ࢉ૝࡭૛ ࢔ࢇ࢚

૛ ࡭
૛
ቍ 

=
૚
૝ࡾቆ

(࢙૛ + ૝࢘ࡾ+ ࢘૛)૛ − ૚૟࢙࢘ࡾ૛

૚૟ࡾ૛࢘૛࢙૛ +
૚

૚૟ࡾ૛෍൬૚ + ૛࢔ࢇ࢚
࡭
૛൰

૛

ቇ 

=
૚
૝ࡾቆ

(࢙૛ + ૝࢘ࡾ + ࢘૛)૛ − ૚૟࢙࢘ࡾ૛

૚૟ࡾ૛࢘૛࢙૛ +
૚

૚૟ࡾ૛෍൬૚ + ૝࢔ࢇ࢚
࡭
૛ + ૛࢚࢔ࢇ૛

࡭
૛൰ቇ 

=
૚
૝ࡾ

ቌ
(࢙૛ + ૝࢘ࡾ+ ࢘૛)૛ − ૚૟࢙࢘ࡾ૛

૚૟ࡾ૛࢘૛࢙૛

+
૚

૚૟ࡾ૛ ൭૜ +
૚
࢙૝ ቆ

ቀ෍࢘ࢇ૛ቁ
૛
− ૛෍࢘ࢇ૛࢘࢈૛ቇ +

૛
࢙૛
ቀ෍࢘ࢇ૛ቁ൱ቍ 

=
૚
૝ࡾ

൭
(࢙૛ + ૝࢘ࡾ+ ࢘૛)૛ − ૚૟࢙࢘ࡾ૛

૚૟ࡾ૛࢘૛࢙૛

+
૚

૚૟ࡾ૛ ቆ૜ +
૚
࢙૝ ൬

((૝ࡾ + ࢘)૛ − ૛࢙૛)૛ − ૛ ቀ࢙૝ − ૛࢙࢘૛(૝ࡾ+ ࢘)ቁ൰

+
૛
࢙૛

((૝ࡾ + ࢘)૛ − ૛࢙૛)ቇ൱ 
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=
(࢙૛ + ૝࢘ࡾ+ ࢘૛)૛ − ૚૟࢙࢘ࡾ૛

૟૝ࡾ૜࢘૛࢙૛

+
૜࢙૝ + ૛࢙૛(૝ࡾ + ࢘)૛ − ૝࢙૝ + (૝ࡾ + ࢘)૝ − ૝࢙૛(૝ࡾ + ࢘)૛ + ૝࢙૝ − ૛࢙૝ + ૝࢙࢘૛(૝ࡾ+ ࢘)

૟૝ࡾ૜࢙૝  

=
࢙૟ − (ૡ࢘ࡾ− ૜࢘૛)࢙૝ − ࢘૛࢙૛(૚૟ࡾ૛ − ૡ࢘ࡾ − ૜࢘૛) + ࢘૛(૝ࡾ + ࢘)૝

૟૝ࡾ૜࢘૛࢙૝ =⏞
(࢏࢏)

෍
૚
૜ࢇ ࢔ࢇ࢚

࡭
૛

∴ ,(࢏) (࢏࢏) ⇒ ૜෍
૚
૜ࢇ ࢔ࢇ࢚

࡭
૛ ≤෍

૚
૜ࢇ ࢚࢕ࢉ

࡭
૛ 

⇔
૜࢙૟ − ૜(ૡ࢘ࡾ − ૜࢘૛)࢙૝ − ૜࢘૛࢙૛(૚૟ࡾ૛ − ૡ࢘ࡾ − ૜࢘૛) + ૜࢘૛(૝ࡾ + ࢘)૝

૟૝ࡾ૜࢘૛࢙૝  

≤
࢙૟ − (૚૟࢘ࡾ− ૜࢘૛)࢙૝ + ࢘૛࢙૛(૜૛ࡾ૛ − ૡ࢘ࡾ + ૜࢘૛) + ࢘૝(૝ࡾ + ࢘)૛

૟૝ࡾ૜࢘૝࢙૛  

⇔ ࢙ૡ − ૚૟࢙࢘ࡾ૟ + (૜૛ࡾ૛ + ૚૟࢘ࡾ− ૟࢘૛)࢘૛࢙૝ + ࢘૝(૟૝ࡾ૛ − ૚૟࢘ࡾ − ૡ࢘૛)࢙૛

− ૜࢘૝(૝ࡾ + ࢘)૝ ≥⏞
(૚)

૙ 

,࢝࢕ࡺ (૚)	ࢌ࢕	ࡿࡴࡸ ≥⏞
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

− ૞࢘૛࢙૟ + (૜૛ࡾ૛ + ૚૟࢘ࡾ − ૟࢘૛)࢘૛࢙૝

+ ࢘૝(૟૝ࡾ૛ − ૚૟࢘ࡾ − ૡ࢘૛)࢙૛ − ૜࢘૝(૝ࡾ + ࢘)૝ 

≥⏞
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

࢘૛࢙૝ ቀ૜૛ࡾ૛ + ૚૟࢘ࡾ − ૟࢘૛ − ૞(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)ቁ

+ ࢘૝(૟૝ࡾ૛ − ૚૟࢘ࡾ − ૡ࢘૛)࢙૛ − ૜࢘૝(૝ࡾ + ࢘)૝ 

≥⏞
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

࢘૛࢙૛ ቀ(૚૛ࡾ૛ − ૝࢘ࡾ − ૛૚࢘૛)(૚૟࢘ࡾ − ૞࢘૛) + ࢘૛(૟૝ࡾ૛ − ૚૟࢘ࡾ − ૡ࢘૛)ቁ

− ૜࢘૝(૝ࡾ + ࢘)૝ 

= ࢘૜࢙૛(૚ૢ૛ࡾ૜ − ૟૙ࡾ૛࢘ − ૜૜૛࢘ࡾ૛ + ૢૠ࢘૜)

− ૜࢘૝(૝ࡾ + ࢘)૝ ≥⏞
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

࢘૝ ቀ(૚ૢ૛ࡾ૜ − ૟૙ࡾ૛࢘ − ૜૜૛࢘ࡾ૛ + ૢૠ࢘૜)(૚૟ࡾ

− ૞࢘) − ૜(૝ࡾ + ࢘)૝൯ 

≥⏞
?

૙ ⇔ ૞ૠ૟࢚૝ − ૟ૠ૛࢚૜ − ૚૜૛૞࢚૛ + ૠૢ૚࢚ − ૚૛૛≥⏞
?

૙	 ൬࢝ࢋ࢘ࢋࢎ	࢚ =
ࡾ
࢘൰

⇔ (࢚ − ૛)(૞ૠ૟࢚૜ + ૝ૡ૙࢚૛ − ૜૟૞࢚ + ૟૚)≥⏞
?

૙ → ࢋ࢛࢚࢘ ∵ ࢚ ≥⏞
࢘ࢋ࢒࢛ࡱ

૛ 
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⇒ (૚)࢙࢏	ࢋ࢛࢚࢘ ∴ ૜෍
૚
૜ࢇ ࢔ࢇ࢚

࡭
૛ ≤෍

૚
૜ࢇ ࢚࢕ࢉ

࡭
૛ ⇒ ૜෍࢈૜ࢉ૜࢚࢔ࢇ

࡭
૛

≤෍࢈૜ࢉ૜࢚࢕ࢉ
࡭
૛  (ࡰࡱࡽ)	

 

2385. In any ઢ࡯࡮࡭ holds: 

૜෍ࢇ૞ܖࢇܜ
ۯ
૛
≥෍ࢇ૞ܜܗ܋

ۯ
૛

 

Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

෍(ܛ − ૜(ࢇ = ቀ෍(ܛ − ቁ(ࢇ
૜
− ૜ෑ൫(ܛ − (ࢇ + ܛ) − ൯(܊ = ૜ܛ − ૚૛ܛܚ܀

⇒෍(ܛ − ૜(ࢇ =⏞
(ܑ)

૜ܛ − ૚૛ܛܚ܀	܌ܖࢇ 

෍(ܛ − ૝(ࢇ = ෍(ܛ૝ + ૝ࢇ − ૝ࢇ૜ܛ − ૝ܛࢇ૜ + ૟ܛ૛ࢇ૛)

= ૜ܛ૝ + ૛(ܛ૛ + ૝ܚ܀ + ૛)૛ܚ − ૜૛ܛܚ܀૛ − ૚૟ܛ૛ܚ૛ − ૡܛ૛(ܛ૛ − ૟ܚ܀ − ૜ܚ૛)

− ૡܛ૝  

+૚૛ܛ૛(ܛ૛ − ૝ܚ܀ − ૝ܚ૛) = ૝ܛ − ૚૟ܛܚ܀૛ + ૛ܚ૛(૝܀ + ૛(ܚ

⇒෍(ܛ − ૝(ࢇ =⏞
(ܑܑ)

૝ܛ − ૚૟ܛܚ܀૛ + ૛ܚ૛(૝܀ +  ૛(ܚ

෍ࢇ૞ܖࢇܜ
ۯ
૛ = ෍ܚ

ࢇ) − +ܛ ૞(ܛ

ܛ − ࢇ

= ܚ ቈ−෍(ܛ − ૝(ࢇ + ෍
૞ܛ

ܛ − ࢇ − ૚૞ܛ૝ + ૞ܛ෍(ܛ − ૜(ࢇ

+ ૚૙ܛ૛෍ܛ)ࢇ −  ൨(ࢇ

=⏞
(ܑܑ)	܌ܖࢇ	(ܑ)	ࢇܑܞ

ܚ ቈ−{ܛ૝ − ૚૟ܛܚ܀૛ + ૛ܚ૛(૝܀ + {૛(ܚ +
܀૝)ܚ૞ܛ + (ܚ

ܛ૛ܚ − ૚૞ܛ૝

+ ૞ܛ)ܛ૜ − ૚૛ܛܚ܀) + ૚૙ܛ૛{ܛ(૛ܛ) − ૛ܛ૛(ܛ૛ − ૝ܚ܀ − ૝ܚ૛)}൨ 
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= (૝܀ − ૚૙ܛ(ܚ૝ + ܀૛(૜૟ܚ૛ܛ + ૛૙ܚ) − ૛ܚ૜(૝܀ + ૛(ܚ =⏞
(૚)

෍ࢇ૞ܖࢇܜ
ۯ
૛ 

෍ࢇ૞ܜܗ܋
ۯ
૛ = ෍ܛ

૞ࢇ

ࢇܚ
= ෍

ܛ)૞ࢇ − (ࢇ
ܚ =

૚
૛ܚ
ቀ૛ܛ෍ࢇ૞ − ૛෍ࢇ૟ቁ =⏞

(ܑܑܑ)

෍ࢇ૞ܜܗ܋
ۯ
૛ 

,ܟܗۼ ቀ෍ࢇቁ ቀ෍ࢇ૞ቁ = ෍ࢇ૟ + ෍ࢇ)܊ࢇ૝ + (૝܊ ⇒ ૛ܛ෍ࢇ૞ −෍ࢇ૟

= ෍ቄ܊ࢇቀ෍ࢇ૝ − ૝ቁቅ܋ =⏞
(ܕ)

ቀ෍ࢇ૝ቁ ቀ෍܊ࢇቁ −  ૜ࢇ෍܋܊ࢇ

,ܟܗۼ ቀ෍ࢇ૛ቁ ቀ෍ࢇ૝ቁ = ෍ࢇ૟ + ෍ቄࢇ૛܊૛ ቀ෍ࢇ૛ − ૛ቁቅ܋

= ቀ෍ࢇ૛ቁ ቀ෍ࢇ૛܊૛ቁ + ෍ࢇ૟ − ૜ࢇ૛܊૛܋૛ 

⇒ −෍ࢇ૟ =⏞
(ܖ)

ቀ෍ࢇ૛ቁ ቀ෍ࢇ૛܊૛ቁ − ቀ෍ࢇ૛ቁ ቀ෍ࢇ૝ቁ − ૜ࢇ૛܊૛܋૛ 

(ܕ) + (ܖ) ⇒ ૛ܛ෍ࢇ૞ − ૛෍ࢇ૟

= ቀ෍ࢇ૝ቁ ቀ෍܊ࢇቁ + ቀ෍ࢇ૛ቁ ቀ෍ࢇ૛܊૛ቁ − ቀ෍ࢇ૛ቁ ቀ෍ࢇ૝ቁ

− ૜ࢇ෍܋܊ࢇ − ૜ࢇ૛܊૛܋૛ 

= ቀ෍ࢇ૛ቁ ቀ෍ࢇ૛܊૛ − ૛෍ࢇ૛܊૛ + ૚૟ܚ૛ܛ૛ቁ + ቀ૛෍ࢇ૛܊૛ − ૚૟ܚ૛ܛ૛ቁ ቀ෍܊ࢇቁ

− ૛ܛ)ܛ૛)܋܊ࢇ − ૟ܚ܀ − ૜ܚ૛) + ૚૛ܛܚ܀) 

= ૚૟ܚ૛ܛ૛ ቀ෍ࢇ૛ −෍܊ࢇቁ + ቀ෍ࢇ૛܊૛ቁ ቀ૛෍܊ࢇ −෍ࢇ૛ቁ − ૡܛܚ܀૛(ܛ૛ − ૜ܚ૛) 

= ૚૟ܚ૛ܛ૛(ܛ૛ − ૚૛ܚ܀ − ૜ܚ૛) + ૛ܛ)) + ૝ܚ܀ + ૛)૛ܚ − ૚૟ܛܚ܀૛)(૚૟ܚ܀+ ૝ܚ૛)

− ૡܛܚ܀૛(ܛ૛ − ૜ܚ૛) 

⇒
૚
૛ܚ
ቀ૛ܛ෍ࢇ૞ − ૛෍ࢇ૟ቁ

=
૚૟ܚ૛ܛ૛(ܛ૛ − ૚૛ܚ܀ − ૜ܚ૛) + ૛ܛ)) + ૝ܚ܀+ ૛)૛ܚ − ૚૟ܛܚ܀૛)(૚૟ܚ܀+ ૝ܚ૛) − ૡܛܚ܀૛(ܛ૛ − ૜ܚ૛)

૛ܚ  

= (૝܀ + ૚૙ܛ(ܚ૝ − ૛ܛܚ૛(૜૛܀૛ + ૝૛ܚ܀+ ૚૙ܚ૛) + ૛ܚ૛(૝܀ +  ૜(ܚ
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⇒⏞
(ܑܑܑ)	ࢇܑܞ

෍ࢇ૞ܜܗ܋
ۯ
૛ =⏞

(૛)

(૝܀+ ૚૙ܛ(ܚ૝ − ૛ܛܚ૛(૜૛܀૛ + ૝૛ܚ܀ + ૚૙ܚ૛) + ૛ܚ૛(૝܀ + ૜(ܚ

∴ (૚), (૛) ⇒ ૜෍ࢇ૞ܖࢇܜ
ۯ
૛ ≥෍ࢇ૞ܜܗ܋

ۯ
૛ 

⇔ ૜(૝܀ − ૚૙ܛ(ܚ૝ + ܀૛(૜૟ܚ૛ܛ + ૛૙ܚ) − ૛ܚ૜(૝܀ + ૛(ܚ

≥ (૝܀ + ૚૙ܛ(ܚ૝ − ૛ܛܚ૛(૜૛܀૛ + ૝૛ܚ܀ + ૚૙ܚ૛) + ૛ܚ૛(૝܀ +  ૜(ܚ

⇔ (ૡ܀ − ૚૟ܛ(ܚ૝ − ૛૝ܛܚ૝ + ૜ܛ૛ܚ૛(૜૟܀ + ૛૙ܚ)

+ ૛ܛܚ૛(૜૛܀૛ + ૝૛ܚ܀ + ૚૙ܚ૛) ≥⏞
(࢒)

૟ܚ૜(૝܀ + ૛(ܚ + +૛ܚ૛(૝܀ +  ૜(ܚ

,ܟܗۼ (࢒)܎ܗ	܁۶ۺ ≥⏞
ܖ܍ܛܜ܍ܚܚ܍۵

(ૡ܀ − ૚૟ܚ)(૚૟ܚ܀ − ૞ܚ૛)ܛ૛ − ૛૝ܚ(૝܀૛ + ૝ܚ܀ + ૜ܚ૛)ܛ૛

+ ૜ܛ૛ܚ૛(૜૟܀ + ૛૙ܚ) + ૛ܛܚ૛(૜૛܀૛ + ૝૛ܚ܀+ ૚૙ܚ૛) 

≥⏞
?

૟ܚ૜(૝܀ + ૛(ܚ + ૛ܚ૛(૝܀ + ૜(ܚ

⇔ ቀ(૝ૡ܀ − ૝܀)(ܚ − ૛ܚ) + ૜૟ܚ૛ቁ ⏞≤૛ܛ
?

܀૝)ܚ + ૜(ܚ + ૜ܚ૛(૝܀ +  ܌ܖࢇ	૛(ܚ

∵ ቀ(૝ૡ܀− ૝܀)(ܚ − ૛ܚ) + ૜૟ܚ૛ቁ ૛ܛ ≥⏞
ܖ܍ܛܜ܍ܚܚ܍۵

ቀ(૝ૡ܀ − ૝܀)(ܚ − ૛ܚ) + ૜૟ܚ૛ቁ (૚૟ܚ܀

− ૞ܚ૛) ∴ ܍ܞܗܚܘ	ܗܜ	ܛ܍܋ܑ܎܎ܝܛ	ܜܑ ∶ 

ቀ(૝ૡ܀ − ૝܀)(ܚ − ૛ܚ) + ૜૟ܚ૛ቁ (૚૟ܚ܀ − ૞ܚ૛)≥⏞
?

܀૝)ܚ + ૜(ܚ + ૜ܚ૛(૝܀ + ૛(ܚ

⇔ ૝૝ܜ૜ − ૚૛૚ܜ૛ + ૠ૜ܜ − ૚૝≥⏞
?

૙	 ൬܍ܚ܍ܐܟ	ܜ =
܀
 ൰ܚ

⇔ ܜ) − ૛)(૝૝ܜ૛ − ૜૜ܜ + ૠ)≥⏞
?

૙ → ܍ܝܚܜ ∵ ܜ ≥⏞
ܚ܍ܔܝ۳

૛ ⇒ ܍ܝܚܜ	ܛܑ(࢒) ∴ ૜෍ࢇ૞ܖࢇܜ
ۯ
૛

≥෍ࢇ૞ܜܗ܋
ۯ
૛  (۳۲ۿ)	

 

2386. In ઢ࡯࡮࡭ the following relationship holds: 

ඨ
ࢇ࢘
ࢇࢎ

૝
+ ඨ

࢈࢘
࢈ࢎ

૝
+ ඨ

ࢉ࢘
ࢉࢎ

૝
≤ ඨ૛ૠ(ࡾ૛ − ࢘૛)

࢘૛
૝

 

Proposed by Kostas Geronikolas-Greece 
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Solution by Adrian Popa-Romania 

ቌඨ
ࢇ࢘
ࢇࢎ

૝
+ ඨ

࢈࢘
࢈ࢎ

૝
+ ඨ

ࢉ࢘
ࢉࢎ

૝
ቍ

૝

= ቌ૚ ⋅ ૚ ⋅ ૚ ⋅ ඨ
ࢇ࢘
ࢇࢎ

૝
+ ૚ ⋅ ૚ ⋅ ૚ ⋅ ඨ

࢈࢘
࢈ࢎ

૝
+ ૚ ⋅ ૚ ⋅ ૚ ⋅ ඨ

ࢉ࢘
ࢉࢎ

૝
ቍ

૝

≤⏞
࢘ࢋࢊ࢒࢕ࡴ

 

≤ (૚ + ૚ + ૚)(૚ + ૚ + ૚)(૚+ ૚ + ૚) ൬
ࢇ࢘
ࢇࢎ

+
࢈࢘
࢈ࢎ

+
ࢉ࢘
ࢉࢎ
൰ = ૛ૠ ൬

ࢇ࢘
ࢇࢎ

+
࢈࢘
࢈ࢎ

+
ࢉ࢘
ࢉࢎ
൰ 

∵
ࢇ࢘
ࢇࢎ

=
ࡲ

࢙ − ࢇ
૛ࡲ
ࢇ

=
ࢇ

૛(࢙ − (ࢇ →෍
ࢇ࢘
ࢉ࢟ࢉࢇࢎ

=
૚
૛෍

ࢇ
࢙ − ࢇ

ࢉ࢟ࢉ

=
૚
૛ ⋅

૛(૛ࡾ − ࢘)
࢘ =

૛ࡾ − ࢘
࢘  

Now, we must to prove that: 

૛ૠ ⋅
૛ࡾ − ࢘
࢘ ≤

૛ૠ(ࡾ૛ − ࢘૛)
࢘૛ ⇔ ૛࢘ࡾ − ࢘૛ ≤ ૛ࡾ − ࢘૛ ⇔ ࡾ ≥ ૛࢘	(࢘ࢋ࢒࢛ࡱ) 

Therefore,  

ඨ
ࢇ࢘
ࢇࢎ

૝
+ ඨ

࢈࢘
࢈ࢎ

૝
+ ඨ

ࢉ࢘
ࢉࢎ

૝
≤ ඨ૛ૠ(ࡾ૛ − ࢘૛)

࢘૛
૝

 

2387. Prove that in any acute	࡯࡮࡭ࢤ holds: 

෍ቈ൬
࡭ܖܑܛ ࡮ܖܑܛ

ܖܑܛ ࡯ ൰
૛

+ ൬
࡭ܛܗ܋ ࡮ܛܗ܋

࡯ܛܗ܋ ൰
૛

቉ ≥ ૜		 

 Proposed by D.M.Bătineţu-Giurgiu, Neculai Stanciu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

	ࢋ࢒ࢍ࢔ࢇ࢏࢚࢘	ࢋ࢚࢛ࢉࢇ	࢔ࢇ	࢙࢏	࡯࡮࡭ → ࡭ܛܗ܋ , ܛܗ܋ ࡮ , ࡯ܛܗ܋ > 0 

ࢋ࢜ࢇࢎ	ࢋࢃ ∶ 	෍൬
ܖܑܛ ࡮ܖܑܛ࡭

ܖܑܛ ࡯ ൰
૛

≥⏞
∑࢞૛ஹ∑࢞࢟

෍
ܖܑܛ ࡭ ܖܑܛ ࡮

࡯ܖܑܛ .
࡭ܖܑܛ ܖܑܛ ࡯
ܖܑܛ ࡮ = ෍ܖܑܛ૛  (૚)		࡭

ࢊ࢔ࢇ ∶ 	෍൬
࡭ܛܗ܋ ࡮ܛܗ܋

ܛܗ܋ ࡯ ൰
૛

≥⏞
∑࢞૛ஹ∑࢞࢟

෍
࡮ܛܗ܋࡭ܛܗ܋

ܛܗ܋ ࡯ .
࡭ܛܗ܋ ܛܗ܋ ࡯
ܛܗ܋ ࡮ = ෍ܛܗ܋૛  (૛)		࡭

(૚), (૛) →෍ቈ൬
࡭ܖܑܛ ࡮ܖܑܛ

ܖܑܛ ࡯ ൰
૛

+ ൬
ܛܗ܋࡭ܛܗ܋ ࡮

ܛܗ܋ ࡯ ൰
૛

቉ ≥෍(ܖܑܛ૛ ࡭ + ૛ܛܗ܋ (࡭ = ෍૚ = ૜ 

,ࢋ࢘࢕ࢌࢋ࢘ࢋࢎࢀ ෍ቈ൬
ܖܑܛ ࡭ ܖܑܛ ࡮

࡯ܖܑܛ ൰
૛

+ ൬
࡭ܛܗ܋ ܛܗ܋ ࡮

ܛܗ܋ ࡯ ൰
૛

቉ ≥ ૜ 
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2388. In any	∆	۰۱ۯ the following relationship holds: 

૜ ≥෍ඨ
૛ܚ

܊ܚ + ܋ܚ
+ ෍

ࢇܕ + ඥࢇࢍ൫ඥࢇܖ − ඥࢇࢍ൯
૛√ܛ

 

Proposed by Bogdan Fuştei-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

܎ܗܗܚ۾ ∶ ܊ܚ + ܋ܚ = ቌܛ
ܖܑܛ ۰૛
ܛܗ܋ ۰૛

+
ܖܑܛ ۱૛
ܛܗ܋ ۱૛

ቍ =
ܖܑܛܛ ቀ۰+ ۱

૛ ቁ ૛ۯܛܗ܋
૛ۯܛܗ܋ ܛܗ܋

۰
૛ ܛܗ܋

۱
૛

=
૛ܛܗ܋ܛ ૛ۯ
ቀ ቁ܀૝ܛ

= ૝ܛܗ܋܀૛
ۯ
૛

∴ ܊ܚ + ܋ܚ =⏞
(ܑ)

૝ܛܗ܋܀૛
ۯ
૛ 

ܕ܍ܚܗ܍ܐܜ	ܛᇱܜܚࢇܟ܍ܜ܁,ܟܗۼ ⇒ 	ܛ)૛܊ − (܋	 + 	ܛ)૛܋ − (܊	 = ૛ࢇܖࢇ + 	ܛ)ࢇ − 	ܛ)(܊	 −  (܋

⇒ ૛܊)ܛ + −(૛܋ ܛ૛)܋܊ − (ࢇ = ૛ࢇܖࢇ + ૛ܛ)ࢇ − ܛ૛)ܛ − (ࢇ + (܋܊ ⇒ ૛܊)ܛ + (૛܋ − ૛܋܊ܛ

= ૛ࢇܖࢇ + ܛࢇ)ࢇ −  (૛ܛ

⇒ ૛܊)ܛ + ૛܋ − ૛ࢇ − ૛܋܊) = ૛ࢇܖࢇ − ૛ܛࢇ ⇒ ૛ࢇܖࢇ = ૛ܛࢇ + ۯܛܗ܋܋܊૛)ܛ − ૛܋܊)

= ૛ܛࢇ − ૝ܖܑܛ܋܊ܛ૛
ۯ
૛ = ૛ܛࢇ −

૝ܛ)܋܊ܛ − ܛ)(܊ − ܛ)(܋ − (ࢇ
ܛ)܋܊ − (ࢇ  

= ૛ܛࢇ −
૝∆૛

ܛ − ࢇ = ૛ܛࢇ − ૛ࢇ൬
૛∆
ࢇ ൰ ൬

∆
ܛ − ൰ࢇ = ૛ܛࢇ − ૛ࢇܚࢇܐࢇ ⇒ ૛ࢇܖ =⏞

(࢒)

૛ܛ − ૛ࢇܚࢇܐ 

૛ࢇܖࢇ ૛ࢇࢍࢇ. ≥ ܛ)૛ܛ૛ࢇ − ૛(ࢇ

⇔ ܛ)૛܊} − (܋ + ܛ)૛܋ − (܊ − ܛ)ࢇ − ܛ)(܊ − ܛ)૛܊}{(܋ − (܊ + ܛ)૛܋ − (܋

− ܛ)ࢇ − ܛ)(܊ − {(܋ ≥⏞
(ࢇ)

ܛ)૛ܛ૛ࢇ −  ૛(ࢇ

ܛ	ܜ܍ۺ − ࢇ = ࢞, ܛ − ܊ = ܛ	܌ܖࢇ	ܡ − ܋ = ܢ ∴ ࢙ = ࢞ + ܡ + ܢ ⇒ ࢇ = +ܡ ܊,ܢ = ܢ + ܋܌ܖࢇ	࢞

= ࢞ +  ,ܛܖܗܑܜܝܜܑܜܛ܊ܝܛ	܍ܛ܍ܐܜ	ࢇܑܞ	܌ܖࢇ	ܡ

(ࢇ) ⇔ +ܢ)ܢ} ࢞)૛ + +࢞)ܡ ૛(ܡ − ܡ)ܢܡ + +ܢ)ܡ}{(ܢ ࢞)૛ + ࢞)ܢ + ૛(ܡ − ܡ)ܢܡ + {(ܢ

≥ ࢞૛(ܡ + ࢞)૛(ܢ + ܡ +  ૛(ܢ

⇔ ૛ܡ࢞ + ૛ܢ࢞ + ૜ܡ + ૜ܢ ≥ ૛࢞ܢܡ+ ܡ)ܢܡ + (ܢ ⇔ ܡ)࢞ − ૛(ܢ + +ܡ) ܡ)(ܢ − ૛(ܢ ≥ ૙ → ܍ܝܚܜ

⇒ ܍ܝܚܜ	ܛܑ	(ࢇ) ⇒ ࢇࢍࢇܖ ≥⏞
(܊)

ܛ)ܛ −  (ࢇ
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ܕ܍ܚܗ܍ܐܜ	ܛ′ܜܚࢇܟ܍ܜ܁,ܖܑࢇࢍۯ

⇒ ܛ)૛܊ − (܋ + ܛ)૛܋ − (܊ =⏞
(ܕ)

૛ࢇܖࢇ + ܛ)ࢇ − ܛ)(܊ − ܛ)૛܊܌ܖࢇ	(܋ − (܊

+ ܛ)૛܋ − (܋ =⏞
(ܖ)

૛ࢇࢍࢇ + ܛ)ࢇ − ܛ)(܊ −  (܋

(ܕ)܌ܖࢇ + (ܖ) ⇒ ૛܊) + ܛ૛)(૛܋ − −܊ (܋ = ૛ࢇܖࢇ + ૛ࢇࢍࢇ + ૛ܛ)ࢇ − ܛ)(܊ − (܋

⇒ ૛܊)ࢇ૛ + (૛܋ = ૛ࢇܖ)ࢇ૛ + (૛ࢇࢍ + ࢇ)ࢇ + ܊ − ܋)(܋ + ࢇ −  (܊

⇒ ૛(܊૛ + (૛܋ = ૛(ࢇܖ૛ + (૛ࢇࢍ + ૛ࢇ − ܊) − ૛(܋ ⇒ ૛(܊૛ + (૛܋ − ૛ࢇ + ܊) − ૛(܋

= ૛(ࢇܖ૛ + (૛ࢇࢍ ⇒ ૝ࢇܕ
૛ + ܊) − ૛(܋ = ૛(ࢇܖ૛ +  (૛ࢇࢍ

⇒ ૛(܊ − ૛(܋ + ૝ܛ)ܛ − (ࢇ = ૛(ࢇܖ૛ + (૛ࢇࢍ ⇒ ૛ࢇܖ + ૛ࢇࢍ = −࢈) ૛(ࢉ + ૛࢙(࢙ − (ࢇ

⇒ ૛ࢇܖ + ૛ࢇࢍ + ૛ࢇࢍࢇܖ ≥⏞
(܊)	ࢇܑܞ

܊) − ૛(܋ + ૝ܛ)ܛ −  (ࢇ

⇒ ࢇܖ) + ૛(ࢇࢍ ≥ ૝ࢇܕ
૛ ⇒ ૛ࢇܕ ≤ ࢇܖ + ࢇࢍ

⇒
ࢇܕ + ඥࢇࢍ൫ඥࢇܖ −ඥࢇࢍ൯

૛√ܛ
≤⏞
ࢇܕ۵ିۯ − ࢇࢍ

૛√ܛ
+
ࢇܖ + ࢇࢍ
૛√૛ܛ

=
૛ࢇܕ − ૛ࢇࢍ + ࢇܖ + ࢇࢍ

૛√૛ܛ
 

≤
ࢇܖ + ࢇࢍ + ࢇܖ − ࢇࢍ

૛√૛ܛ
=

ࢇܖ
√૛ܛ

⇒ ඨ
૛ܚ

܊ܚ + ܋ܚ
+
ࢇܕ + ඥࢇࢍ൫ඥࢇܖ − ඥࢇࢍ൯

૛√ܛ
≤⏞

(ܑ)	ࢇܑܞ	܌ܖࢇ	܁۱۰

 

√૛ඩ
૛ܚ

૝ܛܗ܋܀૛ ૛ۯ
+
૛ࢇܖ

૛ܛ૛ =⏞
(࢒)	ࢇܑܞ

ඩ
ܚ

૛ܛܗ܋܀ ૛ۯ
+
૛ܛ − ૛ࢇܚࢇܐ

૛ܛ  

= ඩ૚ +
ܚ

૛ܛܗ܋܀ ૛ۯ
−

૝ܛܚ૛ۯܖࢇܜ૛
૝ܛ܀૛ۯܖࢇܜ૛ ܛܗ܋

૛ ۯ
૛
⇒ ඨ

૛ܚ
܊ܚ + ܋ܚ

+
ࢇܕ + ඥࢇࢍ൫ඥࢇܖ − ඥࢇࢍ൯

૛√ܛ

≤ ૚	܌ܖࢇ	ܛࢍܗܔࢇܖࢇ 

⇒⏞
ܘܝ	ࢍܖܑܕܕܝܛ

૜ ≥෍ඨ
૛ܚ

܊ܚ + ܋ܚ
+ ෍

ࢇܕ + ඥࢇࢍ൫ඥࢇܖ −ඥࢇࢍ൯
૛√ܛ

 (۳۲ۿ)	
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2389. In ࡯࡮࡭ࢤ the following relationship holds: 

૛ૠ࢘૛ ≤ ࢇ࢘ࢇࢎ + ࢈࢘࢈ࢎ + ࢉ࢘ࢉࢎ ≤
૛ૠࡾ૜

ૡ࢘
 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution by Marian Ursărescu-Romania  

For LHS: ࢇ࢘ࢇࢎ + ࢈࢘࢈ࢎ + ࢉ࢘ࢉࢎ ≥ ૛ૠ࢘૛ 

૛ࡲ૛ ൬
૚

࢙)ࢇ − (ࢇ +
૚

࢙)࢈ − (࢈ +
૚

࢙)ࢉ − ൰(ࢉ ≥ ૛ૠ࢘૛; (૚) 

෍	࢚࢛࡮
૚

࢙)ࢇ − (ࢇ
ࢉ࢟ࢉ

=
࢙૛ + (૝ࡾ + ࢘)૛

૝࢙࢘ࡾ૛ ; (૛) 

From (૚), (૛) we must to prove that: 

૛࢙૛࢘૛ ⋅
࢙૛ + (૝ࡾ + ࢘)૛

૝࢙࢘ࡾ૛ ≥ ૛ૠ࢘૛ ⇔ ࢙૛ + (૝ࡾ + ࢘)૛ ≥ ૞૝࢘ࡾ 

⇔ ࢙૛ + ૚૟ࡾ૛ + ૡ࢘ࡾ + ࢘૛ ≥ ૞૝࢘ࡾ; (૜) 

From ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛	(࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ); (૝) 

From (૜), (૝) we must to prove that: 

૚૟ࡾ૛ + ૛૝࢘ࡾ − ૝࢘૟૛ ≥ ૞૝࢘ࡾ ⇔ ૚૟ࡾ૛ ≥ ૜૙࢘ࡾ + ૝࢘૛ 

⇔ ૡࡾ૛ ≥ ૚૞࢘ࡾ+ ૛࢘૛; (૞) 

From ࡾ ≥ ૛࢘	(࢘ࢋ࢒࢛ࡱ) → ࢘ ≤ ࡾ
࢘
→ ૚૞࢘ࡾ+ ૝࢘૛ ≤ ૚૞ࡾ૛

૛
+ ૛ࡾ

૛
= ૚૟ࡾ૛

૛
= ૡࡾ૛ → (૞) is true. 

For RHS, we have: ࢇ࢘ࢇࢎ + ࢈࢘࢈ࢎ + ࢉ࢘ࢉࢎ ≤
૛ૠࡾ૜

ૡ࢘
; (૟) 

Let ࢇ ≤ ࢈ ≤ ࢉ → ࢇࢎ ≥ ࢈ࢎ ≥ ࢇ࢘	ࢊ࢔ࢇ	ࢉࢎ ≤ ࢈࢘ ≤  :From Chebyshev’s inequality, we have .ࢉ࢘

ࢇ࢘ࢇࢎ + ࢈࢘࢈ࢎ + ࢉ࢘ࢉࢎ ≤
૚
૜

ࢇࢎ) + ࢈ࢎ + ࢇ࢘)(ࢉࢎ + ࢈࢘ + ;(ࢉ࢘ (ૠ) 

From (૟), (ૠ) ewe must show that: 

ࢇࢎ) + ࢈ࢎ + ࢇ࢘)(ࢉࢎ + ࢈࢘ + (ࢉ࢘ ≤
ૡ૚ࡾ૜

ૡ࢘ ; (ૡ) 

But ࢇࢎ + ࢈ࢎ + ࢉࢎ = ࢙૛ା࢘૛ା૝࢘ࡾ
૛ࡾ

ࢇ࢘	ࢊ࢔ࢇ	 + ࢈࢘ + ࢉ࢘ = ૝ࡾ + ࢘; (ૢ) 

From (ૡ), (ૢ) we must to prove: 
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࢙૛ + ࢘૛ + ૝࢘ࡾ
૛ࡾ ⋅ (૝ࡾ+ ࢘) ≤

ૡ૚ࡾ૜

ૡ࢘ ⇔ (࢙૛ + ࢘૛ + ૝࢘ࡾ)(૝ࡾ + ࢘) ≤
૚૟૛ࡾ૝

ૡ࢘ ; (૚૙) 

From Gerretsen inequality we have: ࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛; (૚૚) 

From (૚૙), (૚૚) we must show that: 

૝(ࡾ + ࢘)૛(૝ࡾ + ࢘) ≤
૚૟૛ࡾ૝

ૡ࢘ ⇔ ૛࢘(ࡾ + ࢘)૛(૝ࡾ+ ࢘) ≤
ૡ૚ࡾ૝

ૡ ; (૚૛) 

࢘	࢚࢛࡮ ≤
ࡾ
૛ → ૛࢘ ⋅

ૢ
૝ ࡾ

૛ ⋅
ૢ
૛ࡾ ≤

ૡ૚ࡾ૝

ૡ ⇔ ࡾ ≥ ૛࢘	(࢘ࢋ࢒࢛ࡱ). 

 

ࢂ .2390 −Bevan point in ઢࢉࡾ࢈ࡾ,ࢇࡾ,࡯࡮࡭ −circumradii in 

ઢࢉࡵ࢈ࡵࢂ,ઢࢇࡵࢉࡵࢂ,ઢ࢈ࡵࢇࡵࢂ. Prove that :    					 

	
ࢇ࢝

ࢇࡾ
+
࢈࢝

࢈ࡾ
+
ࢉ࢝

ࢉࡾ
≥	

ૢ࢘
૛ࡾ	 

Proposed by Mehmet Șahin-Ankara-Turkiye 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 

ࢋ࢜ࢇࢎ	ࢋࢃ ∶ 	μ(࡯࡭࢈ࡵ) =
࣊ − ࡭
૛ → μ(ࢂ࢈ࡵࢉࡵ) =

࣊
૛ − μ(࡯࡭࢈ࡵ) =

࡭
૛ ࢂࢉࡵ	ࢊ࢔ࢇ	 = ૛ࡾ. 

ࢋ࢜ࢇࢎ	ࢋ࢝,ࢉࡵ࢈ࡵࢂࢤ	࢔ࡵ ∶ 	 ܖܑܛ ࢂ࢈ࡵࢉࡵ =
ࢂࢉࡵ
૛ࢇࡾ

→ ࢇࡾ = ܋ܛ܋ࡾ
࡭
૛ 	

 (࢙ࢍ࢕࢒ࢇ࢔ࢇ	ࢊ࢔ࢇ)
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෍
ࢇ࢝

ࢇࡾ
=
૚
෍ࡾ

૛ࢉ࢈
࢈ + ࢉ ܛܗ܋

࡭
૛ . ܖܑܛ

࡭
૛ =

૚
෍ࡾ

ࢉ࢈
࢈ + ࢉ .

ࢇ
૛ࡾ =

ࢉ࢈ࢇ
૛ࡾ૛෍

૚
࢈ + ࢉ ≥⏞

ࡿ࡮࡯ ૝࢙࢘ࡾ
૛ࡾ૛ .

ૢ
૛∑ࢇ

=
ૢ࢘
૛ࡾ 

,ࢋ࢘࢕ࢌࢋ࢘ࢋࢎࢀ ෍
ࢇ࢝

ࢇࡾ
	≥ 	

ૢ࢘
૛ࡾ

. 

2391. In any	∆	࡯࡮࡭	the following relationship holds: 

૜෍ࢇ૟࢚࢔ࢇ
࡭
૛
≥෍ࢇ૟࢚࢕ࢉ

࡭
૛

 

Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

ࢌ࢕࢕࢘ࡼ ∶ ࢙	࢚ࢋࡸ − ࢇ = ࢞, ࢙ − ࢈ = ࢙	ࢊ࢔ࢇ	࢟ − ࢉ = ࢠ ∴෍(࢙ − ૛(ࢇ = ቀ෍࢞ቁ
૛
− ૛෍࢞࢟

= ࢙૛ − ૛(૝࢘ࡾ + ࢘૛) ⇒෍࢞૛ =⏞
(૚)

࢙૛ − ૡ࢘ࡾ − ૛࢘૛ 

࢙)෍,࢝࢕ࡺ − ૜(ࢇ = ቀ෍(࢙ − ቁ(ࢇ
૜
− ૜ෑ൫(࢙ − (ࢇ + (࢙ − ൯(࢈ = ࢙૜ − ૚૛࢙࢘ࡾ

⇒෍࢞૜ =⏞
(૛)

࢙૜ − ૚૛࢙࢘ࡾ	ࢊ࢔ࢇ 

෍(࢙ − ૝(ࢇ = ෍൫࢙૝ + ૝ࢇ − ૝ࢇ૜࢙ − ૝࢙ࢇ૜ + ૟࢙૛ࢇ૛൯

= ૜࢙૝ + ૛൫࢙૛ + ૝࢘ࡾ+ ࢘૛൯
૛
− ૜૛࢙࢘ࡾ૛ − ૚૟࢙૛࢘૛ − ૡ࢙૛൫࢙૛ − ૟࢘ࡾ − ૜࢘૛൯ − ૡ࢙૝ 

+૚૛࢙૛൫࢙૛ − ૝࢘ࡾ − ૝࢘૛൯ = ࢙૝ − ૚૟࢙࢘ࡾ૛ + ૛࢘૛(૝ࡾ+ ࢘)૛

⇒෍࢞૝ =⏞
(૜)

࢙૝ − ૚૟࢙࢘ࡾ૛ + ૛࢘૛(૝ࡾ+ ࢘)૛ 

෍(࢙ − ࢙)૛(ࢇ − ૛(࢈ = ෍࢞૛࢟૛ = ቀ෍࢞࢟ቁ
૛
− ૛࢞࢟ࢠቀ෍࢞ቁ

= ቀ෍(࢙ − ࢙)(ࢇ − ቁ(࢈
૛
− ૛࢘૛࢙૛ ⇒෍࢞૛࢟૛ =⏞

(૝)

(૝࢘ࡾ+ ࢘૛)૛ − ૛࢘૛࢙૛ 

ቀ෍࢞૛ቁ ቀ෍࢞૜ቁ = ෍࢞૞ + ෍ቆ࢞૛࢟૛ ቀ෍࢞ − ቁቇࢠ

= ෍࢞૞ + ቀ෍࢞ቁ ቀ෍࢞૛࢟૛ቁ −  ෍࢞࢟ࢠ࢟࢞
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⇒෍࢞૞ = ቀ෍࢞૛ቁ ቀ෍࢞૜ቁ − ቀ෍࢞ቁ ቀ෍࢞૛࢟૛ቁ +  ෍࢞࢟ࢠ࢟࢞

=⏞
(૝),(૛),(૚)	ࢇ࢏࢜

(࢙૛ − ૡ࢘ࡾ − ૛࢘૛)(࢙૜ − ૚૛࢙࢘ࡾ)− ࢙((૝࢘ࡾ+ ࢘૛)૛ − ૛࢘૛࢙૛) + ࢘૛࢙(૝࢘ࡾ+ ࢘૛)

⇒෍࢞૞ =⏞
(૞)

࢙[࢙૝ − ૛૙࢙࢘ࡾ૛ + ૛૙࢘ࡾ૛(૝ࡾ+ ࢘)] 

෍ࢇ૟࢚࢔ࢇ
࡭
૛ = ࢘෍

ࢇ) − ࢙ + ࢙)૟

࢙ − ࢇ

= ࢘ ቈ෍(࢙ − ૞(ࢇ + ෍
࢙૟

࢙ − ࢇ − ૜࢙૞ − ૟࢙෍(࢙ − ૝(ࢇ + ૚૞࢙૛෍(࢙ − ૜(ࢇ

− ૛૙࢙૜෍(࢙ −  ૛൨(ࢇ

=⏞
(૞),(૜),(૛),(૚)	ࢇ࢏࢜

࢘ ቈ࢙[࢙૝ − ૛૙࢙࢘ࡾ૛ + ૛૙࢘ࡾ૛(૝ࡾ + ࢘)] +
࢙૟(૝࢘ࡾ+ ࢘૛)

࢘૛࢙ − ૜࢙૞

− ૟࢙[࢙૝ − ૚૟࢙࢘ࡾ૛ + ૛࢘૛(૝ࡾ + ࢘)૛] + ૚૞࢙૛(࢙૜ − ૚૛࢙࢘ࡾ)− ૛૙࢙૜(࢙૛ − ૡ࢘ࡾ − ૛࢘૛)൨

= ૝࢙[(ࡾ − ૜࢘)࢙૝ + ࢙૛࢘૛(૚૝ࡾ+ ૚૙࢘) − ࢘૜(૛ૡࡾ૛ + ૚ૢ࢘ࡾ+ ૜࢘૛)] =⏞
(࢒)

෍ࢇ૟࢚࢔ࢇ
࡭
૛  

෍ࢇ૟࢚࢕ࢉ
࡭
૛ = ࢙෍

૟ࢇ

ࢇ࢘
= ෍

࢙)૟ࢇ − (ࢇ
࢘ =

૚
࢘
ቀ࢙෍ࢇ૟ −෍ࢇૠቁ =⏞

(ࢇ)

෍ࢇ૟࢚࢕ࢉ
࡭
૛ 

ቀ෍ࢇ૛ቁ ቀ෍ࢇ૝ቁ = ෍ࢇ૟ + ቀ෍ࢇ૛ቁ ቀ෍ࢇ૛࢈૛ቁ − ૜ࢇ૛࢈૛ࢉ૛ ⇒ ࢙෍ࢇ૟

= ࢙ ቀ෍ࢇ૛ቁ ቀ૛෍ࢇ૛࢈૛ − ૚૟࢙૛࢘૛ −෍ࢇ૛࢈૛ቁ + ૝ૡࡾ૛࢘૛࢙૜ 

⇒ ࢙෍ࢇ૟ =⏞
(࢏)

࢙ ቀ෍ࢇ૛ቁ [(࢙૛ + ૝࢘ࡾ+ ࢘૛)૛ − ૚૟࢙࢘ࡾ૛ − ૚૟࢙૛࢘૛] + ૝ૡࡾ૛࢘૛࢙૜ 

ቀ෍ࢇ૜ቁ ቀ෍ࢇ૝ቁ = ෍ࢇૠ + ૛࢙ ቀ෍ࢇ૜࢈૜ቁ − ૛ቁ࢈૛ࢇቀ෍ࢉ࢈ࢇ ⇒ −෍ࢇૠ

= − ቀ෍ࢇ૜ቁ ቀ૛෍ࢇ૛࢈૛ − ૚૟࢙૛࢘૛ቁ −  ૛ቁ࢈૛ࢇቀ෍ࢉ࢈ࢇ

+૛࢙[(࢙૛ + ૝࢘ࡾ+ ࢘૛)૜ − ૜.૝࢙࢘ࡾ.૛࢙(࢙૛ + ૛࢘ࡾ + ࢘૛)] = ૜૛࢘૛࢙૜(࢙૛ − ૟࢘ࡾ − ૜࢘૛) 

−[(࢙૛ + ૝࢘ࡾ + ࢘૛)૛ − ૚૟࢙࢘ࡾ૛] ቀ૝࢙࢘ࡾ + ૝࢙(࢙૛ − ૟࢘ࡾ − ૜࢘૛)ቁ + ૛࢙(࢙૛ + ૝࢘ࡾ+ ࢘૛)૜

− ૝ૡ࢙࢘ࡾ૜(࢙૛ + ૛࢘ࡾ+ ࢘૛) 
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⇒ −෍ࢇૠ =⏞
(࢏࢏)

૜૛࢘૛࢙૜(࢙૛ − ૟࢘ࡾ − ૜࢘૛)

− [(࢙૛ + ૝࢘ࡾ+ ࢘૛)૛ − ૚૟࢙࢘ࡾ૛] ቀ૝࢙࢘ࡾ + ૝࢙(࢙૛ − ૟࢘ࡾ − ૜࢘૛)ቁ

+ ૛࢙(࢙૛ + ૝࢘ࡾ+ ࢘૛)૜ − ૝ૡ࢙࢘ࡾ૜(࢙૛ + ૛࢘ࡾ+ ࢘૛) 

,(࢏) (࢏࢏) ⇒ ࢙෍ࢇ૟ −෍ࢇૠ 

= ࢙ ቀ෍ࢇ૛ቁ [(࢙૛ + ૝࢘ࡾ + ࢘૛)૛ − ૚૟࢙࢘ࡾ૛ − ૚૟࢙૛࢘૛] + ૝ૡࡾ૛࢘૛࢙૜

+ ૜૛࢘૛࢙૜(࢙૛ − ૟࢘ࡾ − ૜࢘૛)

− [(࢙૛ + ૝࢘ࡾ+ ࢘૛)૛ − ૚૟࢙࢘ࡾ૛] ቀ૝࢙࢘ࡾ + ૝࢙(࢙૛ − ૟࢘ࡾ − ૜࢘૛)ቁ

+ ૛࢙(࢙૛ + ૝࢘ࡾ+ ࢘૛)૜ − ૝ૡ࢙࢘ࡾ૜(࢙૛ + ૛࢘ࡾ+ ࢘૛) 

= ૝࢙࢘[(ࡾ+ ૜࢘)࢙૝ − ࢙࢘૛(૛૙ࡾ૛ + ૜૝࢘ࡾ+ ૚૙࢘૛) + ࢘૛(ૡ૙ࡾ૜ + ૡૡࡾ૛࢘ + ૛ૢ࢘ࡾ૛ + ૜࢘૜)] 

⇒⏞
(ࢇ)	ࢇ࢏࢜

෍ࢇ૟࢚࢕ࢉ
࡭
૛

=⏞
(࢓)

૝࢙ൣ(ࡾ + ૜࢘)࢙૝ − ࢙࢘૛൫૛૙ࡾ૛ + ૜૝࢘ࡾ+ ૚૙࢘૛൯ + ࢘૛൫ૡ૙ࡾ૜ + ૡૡࡾ૛࢘+ ૛ૢ࢘ࡾ૛ + ૜࢘૜൯൧  

,(࢒) (࢓) ⇒ ૜෍ࢇ૟࢚࢔ࢇ
࡭
૛ ≥෍ࢇ૟࢚࢕ࢉ

࡭
૛

⇔ ૜(ࡾ − ૜࢘)࢙૝ + ૜࢙૛࢘૛(૚૝ࡾ+ ૚૙࢘) − ૜࢘૜(૛ૡࡾ૛ + ૚ૢ࢘ࡾ+ ૜࢘૛) 

≥ +ࡾ) ૜࢘)࢙૝ − ࢙࢘૛(૛૙ࡾ૛ + ૜૝࢘ࡾ+ ૚૙࢘૛) + ࢘૛(ૡ૙ࡾ૜ + ૡૡࡾ૛࢘+ ૛ૢ࢘ࡾ૛ + ૜࢘૜) 

⇔ (૛ࡾ − ૝࢘)࢙૝ − ૡ࢙࢘૝ + ૜࢙૛࢘૛(૚૝ࡾ+ ૚૙࢘)

+ ࢙࢘૛(૛૙ࡾ૛ + ૜૝࢘ࡾ+ ૚૙࢘૛) ≥⏞
(࢏࢏࢏)

૜࢘૜(૛ૡࡾ૛ + ૚ૢ࢘ࡾ + ૜࢘૛)

+ ࢘૛(ૡ૙ࡾ૜ + ૡૡࡾ૛࢘+ ૛ૢ࢘ࡾ૛ + ૜࢘૜) 

,࢝࢕ࡺ (࢏࢏࢏)	ࢌ࢕	ࡿࡴࡸ ≥⏞
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

࢙࢘૛[(૛ࡾ − ૝࢘)(૚૟ࡾ− ૞࢘)− ૡ(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)

+ ૜࢘(૚૝ࡾ + ૚૙࢘) + ૛૙ࡾ૛ + ૜૝࢘ࡾ+ ૚૙࢘૛] 

= ࢙࢘૛(૛૙ࡾ૛ − ૜૙࢘ࡾ + ૜૟࢘૛) ≥⏞
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

࢘૛(૛૙ࡾ૛ − ૜૙࢘ࡾ+ ૜૟࢘૛)(૚૟ࡾ− ૞࢘) 

≥⏞
?

૜࢘૜(૛ૡࡾ૛ + ૚ૢ࢘ࡾ+ ૜࢘૛) + ࢘૛(ૡ૙ࡾ૜ + ૡૡࡾ૛࢘+ ૛ૢ࢘ࡾ૛ + ૜࢘૜)

⇔ ૚૞࢚૜ − ૝ૠ࢚૛ + ૝૙࢚ − ૚૛≥⏞
?

૙	 ൬࢝ࢋ࢘ࢋࢎ	࢚ =
ࡾ
࢘൰ 
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⇔ (࢚ − ૛)൫(࢚ − ૛)(૚૞࢚ + ૚૜) + ૜૛൯≥⏞
?

૙ → ࢋ࢛࢚࢘ ∵ ࢚ ≥⏞
࢘ࢋ࢒࢛ࡱ

૛ ⇒ ࢋ࢛࢚࢘	࢙࢏(࢏࢏࢏)

∴ ૜෍ࢇ૟࢚࢔ࢇ
࡭
૛ ≥෍ࢇ૟࢚࢕ࢉ

࡭
૛	(ࡰࡱࡽ) 

2392. In ࡯࡮࡭ࢤ the following relationship holds: 

૛࢘
૛ࡾ

≤
ඥ࢘࢈࢘ࢇ

ࢇ࢓
૛ + ࢈࢓

૛ +
ඥ࢘ࢉ࢘࢈

࢈࢓
૛ + ࢉ࢓

૛ +
ඥ࢘ࢇ࢘ࢉ

ࢉ࢓
૛ + ࢇ࢓

૛ ≤
૛ࡾ

ૡ࢘૜
 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution by Marian Ursărescu-Romania 

෍	:ࡿࡴࡸ	࢘࢕ࡲ
ඥ࢘࢈࢘ࢇ
ࢇ࢓

૛ + ࢈࢓
૛

ࢉ࢟ࢉ

≥ ૜ඨ
ࢉ࢘࢈࢘ࢇ࢘

൫ࢇ࢓
૛ + ࢈࢓

૛൯൫࢈࢓
૛ + ࢉ࢓

૛൯(ࢉ࢓
૛ + ࢇ࢓

૛)
૜ ; (૚) 

ට൫ࢇ࢓
૛ + ࢈࢓

૛൯൫࢈࢓
૛ + ࢉ࢓

૛൯(ࢉ࢓
૛ + ࢇ࢓

૛)૜ ≤
૛൫ࢇ࢓

૛ + ࢈࢓
૛ + ࢉ࢓

૛൯
૜ =

૛ࢇ + ૛࢈ + ૛ࢉ

૛ ; (૛) 

From (૚), (૛) we have: 

෍
ඥ࢘࢈࢘ࢇ
ࢇ࢓

૛ + ࢈࢓
૛

ࢉ࢟ࢉ

≥
૟ඥ࢘ࢉ࢘࢈࢘ࢇ૜

૛ࢇ + ૛࢈ + ૛ࢉ ; (૜) 

ࢉ࢘࢈࢘ࢇ࢘	࢚࢛࡮ = ࢙࢘૛	ࢊ࢔ࢇ	࢙૛ ≥ ૛ૠ࢘૛ → ࢉ࢘࢈࢘ࢇ࢘ ≥ ૛ૠ࢘૜; (૝) 

,(૝)	࢓࢕࢘ࡲ (૞)࢚࢏	࢙࢝࢕࢒࢒࢕ࢌ	෍
ඥ࢘࢈࢘ࢇ
ࢇ࢓

૛ + ࢈࢓
૛

ࢉ࢟ࢉ

≥
૚ૡ࢘

૛ࢇ + ૛࢈ + ૛ࢉ ; (૞) 

But	ࢇ૛ + ૛࢈ + ૛ࢉ = ૛(࢙૛ − ࢘૛ − ૝࢘ࡾ); (૟). From (૞), (૟) we must to prove that: 

෍
ඥ࢘࢈࢘ࢇ
ࢇ࢓

૛ + ࢈࢓
૛

ࢉ࢟ࢉ

≥
ૢ࢘

࢙૛ − ࢘૛ − ૝࢘ࡾ ; (ૠ) 

From (ૠ) we must to prove: 

ૢ࢘
࢙૛ − ࢘૛ − ૝࢘ࡾ ≥

૛࢘
૛ࡾ ⇔ ૛ࡾૢ ≥ ૛(࢙૛ − ࢘૛ − ૝࢘ࡾ); (ૡ) 

From Gerretsen inequality we have: ࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛; (ૢ) 

From (ૡ), (ૢ) we must to show that: 

૛ࡾૢ ≥ ૛(૝ࡾ૛ + ૛࢘૛	) ⇔ ૛ࡾૢ ≥ ૡࡾ૛ + ૝࢘૛ ⇔ ૛ࡾ ≥ ૝࢘૛ ⇔ ࡾ ≥ ૛࢘	(࢘ࢋ࢒࢛ࡱ). 
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ࢇ࢓:ࢋ࢙࢛,ࡿࡴࡾ	࢘࢕ࡲ ≥
࢈ + ࢉ
૛ ࢙࢕ࢉ

࡭
૛  :ࢋ࢜ࢇࢎ	ࢋ࢝,

ࢇ࢓
૛ + ࢈࢓

૛ ≥ ૛࢈࢓ࢇ࢓ ≥ ૛ ⋅
࢈ + ࢉ
૛ ࢙࢕ࢉ

࡭
૛ ⋅

+ࢇ ࢉ
૛ ࢙࢕ࢉ

࡮
૛ ≥ ૛√࢙࢕ࢉࢉ࢈

࡭
૛ ⋅ ࢙࢕ࢉࢉࢇ√

࡮
૛ = 

= ૛√࢈ࢇ ⋅ ࢉ ⋅ ඨ
࢙(࢙ − (ࢇ

ࢉ࢈ ⋅ ඨ
࢙(࢙ − (࢈

ࢉࢇ = ૛࢙ඥ(࢙ − ࢙)(ࢇ − (࢈ → 

૚
ࢇ࢓

૛ + ࢈࢓
૛ ≤

૚
૛࢙ඥ(࢙− ࢙)(ࢇ − (࢈

→
ඥ࢘࢈࢘ࢇ
ࢇ࢓

૛ + ࢈࢓
૛ <=

ඨ ૛ࡲ
(࢙ − ࢙)(ࢇ − (࢈

૛࢙ඥ(࢙ − ࢙)(ࢇ − (࢈
 

→
ඥ࢘࢈࢘ࢇ
ࢇ࢓

૛ + ࢈࢓
૛ ≤

ࡲ
૛࢙ඥ(࢙− ࢙)(ࢇ − (࢈

 

We must show that: 

ࡲ
૛࢙ ⋅෍

૚
(࢙ − ࢙)(ࢇ − (࢈

ࢉ࢟ࢉ

≤
૛ࡾ

ૡ࢘૜ ⇔
࢙࢘
࢙ ⋅෍

૚
(࢙ − ࢙)(ࢇ − (࢈

ࢉ࢟ࢉ

≤
૜ࡾ

૝࢘૜ 

૝࢘૝ ⋅෍
૚

(࢙ − ࢙)(ࢇ − (࢈
ࢉ࢟ࢉ

≤ ;૛ࡾ (૚૙) 

෍	࢚࢛࡮
૚

(࢙ − ࢙)(ࢇ − (࢈
ࢉ࢟ࢉ

=
૚
࢘૛ ; (૚૚).࢓࢕࢘ࡲ	(૚૙), (૚૚)࢝ࢋ	࢚࢙࢛࢓	࢝࢕ࢎ࢙: 

૝࢘૛ ≤ ૛ࡾ ⇔ ૛࢘ ≤  .(࢘ࢋ࢒࢛ࡱ)	ࡾ

2393. In acute	࡯࡮࡭ࢤ	the following relationship holds: 

	෍
૞ܖ܉ܜ ࡭
࡮૜ܖ܉ܜ

≥
૚
૜
ቀ
࢖
࢘
ቁ
૛
			 

 Proposed by Marin Chirciu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

ࢋ࢒ࢍ࢔ࢇ࢏࢚࢘	ࢋ࢚࢛ࢉࢇ	࢙࢏	࡯࡮࡭ࢤ → ࡭ܖ܉ܜ , ࡮ܖ܉ܜ , ࡯ܖ܉ܜ > 0 

ቆ෍
૞ܖ܉ܜ ࡭
ቇ࡮૜ܖ܉ܜ

ቀ෍࡮ܖ܉ܜቁ
૜
ቀ෍૚ቁ ≥⏞

࢘ࢋࢊ࢒öࡴ

ቀ෍࡭ܖ܉ܜቁ
૞
→෍

૞ܖ܉ܜ ࡭
࡮૜ܖ܉ܜ ≥

૚
૜
ቀ෍࡭ܖ܉ܜቁ

૛
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ࢋ࢜ࢇࢎ	ࢋࢃ ∶ ෍࡭ܖ܉ܜ = ෑ࡭ܖ܉ܜ =
ܖܑܛ∏ ࡭
࡭ܛܗ܋∏ =

࢘࢖
૛ࡾ૛ .

૝ࡾ૛

૛࢖ − (૛ࡾ + ࢘)૛ =
૛࢘࢖

૛࢖ − (૛ࡾ + ࢘)૛

≥ 

≥⏞
࢔ࢋ࢚࢙ࢋ࢘࢘ࢋࡳ ૛࢘࢖

(૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛) − (૛ࡾ+ ࢘)૛ =
૛࢘࢖
૛࢘૛ =

࢖
࢘ 

,ࢋ࢘࢕ࢌࢋ࢘ࢋࢎࢀ ෍
૞ܖ܉ܜ ࡭
૜ܖ܉ܜ ࡮ ≥

૚
૜
ቀ
࢖
࢘
ቁ
૛

 

 

2394. In acute	࡯࡮࡭ࢤ the following relationship holds: 

෍࡭ܛܗ܋൬
࡮ܛܗ܋
࡯ܛܗ܋

൰
૜

≥
૛ૠ
ૡ
൬

ࡾ
ࡾ + ࢘

൰
૛

 

  Proposed by Marin Chirciu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

ࢋ࢒ࢍ࢔ࢇ࢏࢚࢘	ࢋ࢚࢛ࢉࢇ	࢔ࢇ	࢙࢏	࡯࡮࡭ → ܛܗ܋ ࡭ , ࡮ܛܗ܋ , ܛܗ܋ ࡯ > 0. 

෍࡭ܛܗ܋൬
࡮ܛܗ܋
ܛܗ܋ ൰࡯

૜

. ቀ෍ܛܗ܋ ቁ࡭
૛
	 ≥⏞
࢘ࢋࢊ࢒öࡴ

	൬෍
࡭ܛܗ܋ . ܛܗ܋ ࡮

࡯ܛܗ܋ ൰
૜

→෍࡭ܛܗ܋ ൬
ܛܗ܋ ࡮
൰࡯ܛܗ܋

૜

≥ ൬
ࡾ

ࡾ + ࢘൰
૛

൬෍
࡭ܛܗ܋ . ࡮ܛܗ܋

࡯ܛܗ܋ ൰
૜

 

ࢋ࢜࢕࢘࢖	࢕࢚	ࢊࢋࢋ࢔	ࢋ࢝,࢕ࡿ ∶ 			෍
࡭ܛܗ܋ . ࡮ܛܗ܋

࡯ܛܗ܋ 		 ≥⏞
(∗)

		
૜
૛  .ࢋ࢚࢛ࢉࢇ	࡯࡮࡭ࢤ∀,

࢙࢔࢕࢏࢚࢛࢚࢏࢚࢙࢈࢛࢙	ࢋࢎ࢚	ࢍ࢔࢏࢙ࢁ ∶ ࡭ =
࣊ ࢄ−
૛

࡮, =
࣊ − ࢅ
૛

࡯, =
࣊ − ࢆ
૛

ࢆ,ࢅ,ࢄ, ∈ (૙,࣊),෍ࢄ = ࣊ 

→ (∗) ↔෍
૛ࢄܖܑܛ . ܖܑܛ ૛ࢅ

૛ࢆܖܑܛ
≥
૜
૛ 									ࢆࢅࢄࢤ∀, ↔ ൬ෑܖܑܛ

ࢄ
૛൰෍

૚

૛ܖܑܛ ૛ࢆ
	≥ 	

૜
૛ 

࢚ࢇࢎ࢚	࢝࢕࢔࢑	ࢋࢃ ∶ 	ෑܖܑܛ
ࢄ
૛ =

࢘
૝ࡾ ෍	ࢊ࢔ࢇ	

૚

૛ܖܑܛ ૛ࢄ
=
࢙૛ + ࢘૛ − ૡ࢘ࡾ

࢘૛  

→ (∗) ↔
࢙૛ + ࢘૛ − ૡ࢘ࡾ

૝࢘ࡾ ≥
૜
૛ ↔ ࢙૛ ≥ ૚૝࢘ࡾ − ࢘૛ 

,࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ	࢓࢕࢘ࢌ	ࢋ࢛࢚࢘	࢙࢏	ࢎࢉ࢏ࢎࢃ ࢙૛ ≥ ૚૟࢘ࡾ − ૞࢘૛≥⏞
?

૚૝࢘ࡾ − ࢘૛ ↔ ࡾ ≥ ૛࢘	(࢘ࢋ࢒࢛ࡱ) 
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→ ࢋ࢛࢚࢘	࢙࢏(∗) →෍࡭ܛܗ܋ ൬
ܛܗ܋ ࡮
൰࡯ܛܗ܋

૜

≥
૛ૠ
ૡ ൬

ࡾ
ࡾ + ࢘൰

૛

. 

 :ܛ܌ܔܗܐ	۰۱ۯ	∆	ܡܖࢇ	ܖ۷ .2395

૜૛ܚ૜(૝܀ + ૛(ܚ ≤෍ࢇ૞ܜܗ܋
ۯ
૛
≤
૛܀૝

ܚ
(૝܀ +  ૛(ܚ

Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

܎ܗܗܚ۾ ∶ ෍ࢇ૞ܜܗ܋
ۯ
૛ = ෍ܛ

૞ࢇ

ࢇܚ
= ෍

ܛ)૞ࢇ − (ࢇ
ܚ

=
૚
૛ܚ

ቀ૛ܛ෍ࢇ૞ − ૛෍ࢇ૟ቁ =⏞
(૚)

෍ࢇ૞ܜܗ܋
ۯ
૛ 

,ܟܗۼ ቀ෍ࢇቁ ቀ෍ࢇ૞ቁ = ෍ࢇ૟ + ෍ࢇ)܊ࢇ૝ + (૝܊ ⇒ ૛ܛ෍ࢇ૞ −෍ࢇ૟

= ෍ቄ܊ࢇቀ෍ࢇ૝ − ⏞=૝ቁቅ܋
(ܑ)

ቀ෍ࢇ૝ቁ ቀ෍܊ࢇቁ −  ૜ࢇ෍܋܊ࢇ

,ܟܗۼ ቀ෍ࢇ૛ቁ ቀ෍ࢇ૝ቁ = ෍ࢇ૟ + ෍ቄࢇ૛܊૛ ቀ෍ࢇ૛ − ૛ቁቅ܋

= ቀ෍ࢇ૛ቁ ቀ෍ࢇ૛܊૛ቁ + ෍ࢇ૟ − ૜ࢇ૛܊૛܋૛ 

⇒ −෍ࢇ૟ =⏞
(ܑܑ)

ቀ෍ࢇ૛ቁ ቀ෍ࢇ૛܊૛ቁ − ቀ෍ࢇ૛ቁ ቀ෍ࢇ૝ቁ − ૜ࢇ૛܊૛܋૛ 

(ܑ) + (ܑܑ) ⇒ ૛ܛ෍ࢇ૞ − ૛෍ࢇ૟

= ቀ෍ࢇ૝ቁ ቀ෍܊ࢇቁ + ቀ෍ࢇ૛ቁ ቀ෍ࢇ૛܊૛ቁ − ቀ෍ࢇ૛ቁ ቀ෍ࢇ૝ቁ

− ૜ࢇ෍܋܊ࢇ − ૜ࢇ૛܊૛܋૛ 

= ቀ෍ࢇ૛ቁ ቀ෍ࢇ૛܊૛ − ૛෍ࢇ૛܊૛ + ૚૟ܚ૛ܛ૛ቁ + ቀ૛෍ࢇ૛܊૛ − ૚૟ܚ૛ܛ૛ቁ ቀ෍܊ࢇቁ

− ૛ܛ)ܛ૛)܋܊ࢇ − ૟ܚ܀ − ૜ܚ૛) + ૚૛ܛܚ܀) 

= ૚૟ܚ૛ܛ૛ ቀ෍ࢇ૛ −෍܊ࢇቁ + ቀ෍ࢇ૛܊૛ቁ ቀ૛෍܊ࢇ −෍ࢇ૛ቁ − ૡܛܚ܀૛(ܛ૛ − ૜ܚ૛) 

= ૚૟ܚ૛ܛ૛(ܛ૛ − ૚૛ܚ܀ − ૜ܚ૛) + ૛ܛ)) + ૝ܚ܀ + ૛)૛ܚ − ૚૟ܛܚ܀૛)(૚૟ܚ܀+ ૝ܚ૛)

− ૡܛܚ܀૛(ܛ૛ − ૜ܚ૛) 
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⇒
૚
૛ܚ
ቀ૛ܛ෍ࢇ૞ − ૛෍ࢇ૟ቁ

=
૚૟ܚ૛ܛ૛(ܛ૛ − ૚૛ܚ܀ − ૜ܚ૛) + ૛ܛ)) + ૝ܚ܀+ ૛)૛ܚ − ૚૟ܛܚ܀૛)(૚૟ܚ܀+ ૝ܚ૛) − ૡܛܚ܀૛(ܛ૛ − ૜ܚ૛)

૛ܚ  

= (૝܀ + ૚૙ܛ(ܚ૝ − ૛ܛܚ૛(૜૛܀૛ + ૝૛ܚ܀+ ૚૙ܚ૛) + ૛ܚ૛(૝܀ +  ૜(ܚ

⇒⏞
(૚)	ࢇܑܞ

෍ࢇ૞ܜܗ܋
ۯ
૛ =⏞

(ࢇ)

(૝܀+ ૚૙ܛ(ܚ૝ − ૛ܛܚ૛(૜૛܀૛ + ૝૛ܚ܀ + ૚૙ܚ૛) + ૛ܚ૛(૝܀ + ૜(ܚ ∴ (ࢇ)

⇒෍ࢇ૞ܜܗ܋
ۯ
૛ ≤

૛܀૝

ܚ
(૝܀+ ૛(ܚ  

⇔ ܀૛)ܚ + ૞ܛ(ܚ૝ − ૛܀૛(૜૛ܛ૛ܚ + ૝૛ܚ܀ + ૚૙ܚ૛) + ܀૜(૝ܚ + ૜(ܚ ≤⏞
(ܑܑܑ)

܀૝(૝܀ +  ૛(ܚ

(ܑܑܑ)	܎ܗ	܁۶ۺ,ܟܗۼ ≤⏞
ܖ܍ܛܜ܍ܚܚ܍۵

૛ܛܚ ቀ(૛܀ + ૞ܚ)(૝܀૛ + ૝ܚ܀ + ૜ܚ૛)

− ૛܀૜૛)ܚ + ૝૛ܚ܀+ ૚૙ܚ૛)൯ + +܀૜(૝ܚ  ૜(ܚ

= ૛ܛܚ ቀ(܀ − ૛ܚ)(ૡ܀૛ + ૚૛ܚ܀+ ૡܚ૛) + ૛૚ܚ૜ቁ + ܀૜(૝ܚ +  ૜(ܚ

≤⏞
ܖ܍ܛܜ܍ܚܚ܍۵

ܚ ቀ(܀ − ૛ܚ)(ૡ܀૛ + ૚૛ܚ܀ + ૡܚ૛) + ૛૚ܚ૜ቁ (૝܀૛ + ૝ܚ܀ + ૜ܚ૛)

+ ܀૜(૝ܚ + ⏞≥૜(ܚ
?

܀૝(૝܀ +  ૛(ܚ

⇔ ૚૟ܜ૟ − ૛૝ܜ૞ − ૚૞ܜ૝ − ૡܜ૜ + ૡܜ૛ + ૚૟ܜ − ૚૟≥⏞
?

૙	 ൬܍ܚ܍ܐܟ	ܜ =
܀
 ൰ܚ

⇔ ܜ) − ૛) ቀ(ܜ − ૛)(૚૟ܜ૝ + ૝૙ܜ૜ + ૡ૚ܜ૛ + ૚૞૟ܜ + ૜૙ૡ) + ૟૛૝ቁ≥⏞
?

૙ → ܍ܝܚܜ ∵ ܜ ≥⏞
ܚ܍ܔܝ۳

૛

⇒ ܍ܝܚܜ	ܛܑ(ܑܑܑ) ∴෍ࢇ૞ܜܗ܋
ۯ
૛ ≤

૛܀૝

ܚ
(૝܀+  ૛(ܚ

૛ܛ૛,ܟܗۼ ≥⏞
ܖ܍ܛܜ܍ܚܚ܍۵

૛ૠܚ܀+ ૞܀)ܚ − ૛ܚ) ≥⏞
ܚ܍ܔܝ۳

૛ૠܚ܀ ⇒ ૛ܛ૛ ≥⏞
(∗)

૛ૠܚ܀ 

ܜܗ܋૞ࢇ෍,ܖܑࢇࢍۯ
ۯ
૛

= ෍ܛ
૝ࢇ

ቀࢇࢇܚቁ
≥⏞

ܕܗܚܜܛࢍܚ܍۰ ૝ܛ൫ܛ૛ − ૝ܚ܀− ૛൯૛ܚ

∑ቌ
૛ۯܖࢇܜܛ

૝ۯܖࢇܜ܀૛ ܛܗ܋
૛ ۯ
૛
ቍ

≥
ܖ܍ܛܜ܍ܚܚ܍۵ ૚૟ܛ܀૛൫૚૛ܚ܀ − ૟ܚ૛൯૛

૛ܛ + (૝܀+ ૛(ܚ ≥⏞
ܜܐ܋ܝܚ܂ ૚૟ܛ܀૛൫૚૛ܚ܀ − ૟ܚ૛൯૛

૝
૜ (૝܀+ ૛(ܚ
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≥⏞
?

૜૛ܚ૜(૝܀ + ૛(ܚ ⇔ ૛ૠ܀(૛܀ − ⏞≤(૛ܛ૛)૛(ܚ
?

૝ܚ(૝܀ + ܌ܖࢇ	૝(ܚ ∵ ૛ܛ૛ ≥⏞
(∗)	ࢇܑܞ

૛ૠܚ܀

∴ ܍ܞܗܚܘ	ܗܜ	ܛ܍܋ܑ܎܎ܝܛ	ܜܑ ∶ 

૛ૠ܀(૛܀− ⏞≤(ܚ܀૛ૠ)(૛ܛ૛)૛(ܚ
?

૝ܚ(૝܀+ ૝(ܚ ⇔ ૛ૠ܀(૛܀ − ⏞≤(ܚ
?

૛(૝܀ + ૛(ܚ

⇔ ૛૛܀૛ − ૝૜ܚ܀ − ૛ܚ૛≥⏞
?

૙ ⇔ ܀) − ૛ܚ)(૛૛܀ + ⏞≤(ܚ
?

૙ →  ܍ܝܚܜ

∴ ૜૛ܚ૜(૝܀+ ૛(ܚ ≤෍ࢇ૞ܜܗ܋
ۯ
૛  (۳۲ۿ)	

2396. In ઢ۰۱ۯ the following relationship holds: 

૚૛࢘ ≤
ࢇ࢘

࡭૛࢔࢏࢙ +
࢈࢘

࡮૛࢔࢏࢙ +
ࢉ࢘

࡯૛࢔࢏࢙ ≤
૜ࡾ૛

࢘  

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution by Marian Ursărescu-Romania 

	:ࢋ࢜ࢇࢎ	ࢋࢃ
ࢇ࢘

࡭૛࢔࢏࢙ +
࢈࢘

࡮૛࢔࢏࢙ +
ࢉ࢘

࡯૛࢔࢏࢙ ≥ ૜ට
ࢉ࢘࢈࢘ࢇ࢘

࡯૛࢔࢏࢙࡮૛࢔࢏࢙࡭૛࢔࢏࢙
૜

→ 

ට	:࢚ࢇࢎ࢚	࢝࢕ࢎ࢙	࢚࢙࢛࢓	ࢋࢃ
ࢉ࢘࢈࢘ࢇ࢘

࡯૛࢔࢏࢙࡮૛࢔࢏࢙࡭૛࢔࢏࢙
૜

≥ ૝࢘; (૚) 

ࢉ࢘࢈࢘ࢇ࢘	࢚࢛࡮ = ࢙૛࢘	ࢊ࢔ࢇ	࡯࢔࢏࢙࡮࢔࢏࢙࡭࢔࢏࢙ =
࢙࢘
૛ࡾ૛ ; (૛) 

From (૚), (૛) we must to prove that: 

ඨ૝ࡾ
૝

࢘
૜

≥ ૝࢘ ⇔ ૝ࡾ૝ ≥ ૟૝࢘૝ ⇔ ࡾ ≥ ૛࢘	(࢘ࢋ࢒࢛ࡱ). 

ࢇ࢘ =
ࡲ

࢙ − ࢇ ࡭࢔࢏࢙	ࢊ࢔ࢇ	 =
ࢇ
૛ࡾ →  :࢝࢕ࢎ࢙	࢕࢚	࢚࢙࢛࢓	ࢋ࢝

૝ࡾ૛ࡲ൬
૚

࢙)૛ࢇ − (ࢇ +
૚

࢙)૛࢈ − (࢈ +
૚

࢙)૛ࢉ − ൰(ࢉ ≤
૜ࡾ૛

࢘ ⇔෍
૚

࢙)૛ࢇ − (ࢇ
ࢉ࢟ࢉ

≤
૜

૝࢙૛࢘ ; (૜) 

෍
−࢙)૛ࢉ૛࢈ ࢙)(࢈ − (ࢉ

࢙)૛ࢉ૛࢈૛ࢇ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ
ࢉ࢟ࢉ

≤
૝

૝࢙૛࢘ ; (૝) 

࢙)ඥ:࢚࢛࡮ − ࢙)(࢈ − (ࢉ ≤
࢙ − +࢈ ࢙ − ࢉ

૛ → (࢙ − ࢙ૢ(࢈ − (ࢉ ≤
૛ࢇ

૝ ; (૞) 
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From (૝), (૞) we must to prove: 

෍
૛ࢉ૛࢈૛ࢇ

૝ࢇ૛࢈૛ࢉ૛(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ
ࢉ࢟ࢉ

≤
૜

૝࢘૛࢙ ⇔
૜

(࢙ − ࢙)(ࢇ − −࢙)(࢈ (ࢉ ≤
૜
࢙࢘૛ 

⇔ (࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ = ࢙࢘૛ 

2397. In acute ࡯࡮࡭ࢤ the following relationship holds: 

ૡ
૜ࡾૢ

≤
૚
ࢇ࢓

૜ +
૚
࢈࢓

૜ +
૚
ࢉ࢓

૜ ≤
૛ࡾ૛ − ࢘ࡾ
૞૝࢘૞

 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution by Marian Ursărescu-Romania 

ࢇ࢓:ࢋ࢜ࢇࢎ	ࢋ࢝,࡯࡮࡭ઢ	ࢋ࢚࢛ࢉࢇ	࢔ࡵ ≤ ૛ࡾ ⋅ ૛࢙࢕ࢉ
࡭
૛ →

૚
ࢇ࢓

૜ ≥
૚

ૡࡾ૜ ⋅ ૟࢙࢕ࢉ ૛࡭
→ 

૚
ࢇ࢓

૜ +
૚
࢈࢓

૜ +
૚
ࢉ࢓

૜ ≥
૚
ૡࡾ૜ ቌ

૚

૛࡭૟࢙࢕ࢉ
+

૚

૛࡮૟࢙࢕ࢉ
+

૚

૟࢙࢕ࢉ ૛࡯
ቍ  :࢚ࢇࢎ࢚	࢝࢕ࢎ࢙	࢚࢙࢛࢓	ࢋࢃ.

૚
ૡࡾ૜ቌ

૚

૟࢙࢕ࢉ ૛࡭
+

૚

૛࡮૟࢙࢕ࢉ
+

૚

૟࢙࢕ࢉ ૛࡯
ቍ ≥

ૡ
૜ࡾૢ ⇔

૚

૟࢙࢕ࢉ ૛࡭
+

૚

૛࡮૟࢙࢕ࢉ
+

૚

૟࢙࢕ࢉ ૛࡯
≥
૟૝
ૢ ; (૚) 

	:࢚࢛࡮
૚

૛࡭૟࢙࢕ࢉ
+

૚

૟࢙࢕ࢉ ૛࡮
+

૚

૛࡯૟࢙࢕ࢉ
≥ ૜ඨ

૚

૟࢙࢕ࢉ ૛࡭ ࢙࢕ࢉ
૟࡮
૛ ࢙࢕ࢉ

૟࡯
૛

૜ ; (૛) 

From (૚), (૛) we must to prove that: 

૚

૛࡭૛࢙࢕ࢉ ࢙࢕ࢉ
૛࡮
૛ ࢙࢕ࢉ

૛ ࡯
૛
≥
૟૝
૛ૠ

⇔ ࢙࢕ࢉ
࡭
૛
࢙࢕ࢉ

࡮
૛
࢙࢕ࢉ

࡯
૛
≤
૜√૜
ૡ

 :ࢋ࢙࢛ࢇࢉࢋ࢈	ࢋ࢛࢚࢘	࢙࢏	ࢎࢉ࢏ࢎ࢝,

࢙࢕ࢉ
࡭
૛ ࢙࢕ࢉ

࡮
૛ ࢙࢕ࢉ

࡯
૛ =

࢙
૝ࡾ ≤

૜√૜
ૡ ⇔ ࢙ ≤

૜√૜
૛  .ࢋ࢛࢚࢘	࢙࢏	ࢎࢉ࢏ࢎ࢝,	ࡾ

ࢇ࢓,࢝࢕ࡺ ≥ ඥ࢙(࢙ − (ࢇ →
૚
ࢇ࢓

૜ ≤
૚

ඥ࢙૜(࢙ − ૜(ࢇ
→ 

૚
ࢇ࢓

૜ +
૚
࢈࢓

૜ +
૚
ࢉ࢓

૜ ≤
૚
√࢙૜

ቆ
૚

ඥ(࢙ − ૜(ࢇ
+

૚
ඥ(࢙ − ૜(࢈

+
૚

ඥ(࢙ − ૜(ࢉ
ቇ ⇔ 
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૚
ࢇ࢓

૜ +
૚
࢈࢓

૜ +
૚
ࢉ࢓

૜ ≤
૚
√࢙૜

⋅
∑ ቀඥ(࢙ − ࢙)(ࢇ − ቁ(࢈

૜

ቀඥ(࢙ − ࢙)(ࢇ − ࢙)(࢈ − ቁ(ࢉ
૜ ; (૜) 

࢙)ඥ:࢚࢛࡮ − ࢙)(ࢇ − (࢈ ≤
࢙ − +ࢇ ࢙ − ࢈

૛ =
ࢉ
૛ →

ቀඥ(࢙ − ࢙)(ࢇ − ቁ(࢈
૜
≤
૜ࢉ

ૡ ; (૝) 

,(૜)	࢓࢕࢘ࡲ (૝) →
૚
ࢇ࢓

૜ +
૚
࢈࢓

૜ +
૚
ࢉ࢓

૜ ≤
૚
√࢙૜

⋅
૜ࢇ + ૜࢈ + ૜ࢉ

ૡ ቀඥ(࢙ − ࢙)(ࢇ − ࢙)(࢈ − ቁ(ࢉ
૜ ; (૞) 

૜ࢇ:࢚࢛࡮ + ૜࢈ + ૜ࢉ = ૛࢙(࢙૛ − ૜࢘૛ − ૟࢘ࡾ); (૟)	ࢊ࢔ࢇ	(࢙ − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ = ࢙࢘૛; (ૠ) 

From	(૞), (૟), (ૠ)	we must to prove:	 

૚
ࢇ࢓

૜ +
૚
࢈࢓

૜ +
૚
ࢉ࢓

૜ ≤
૛࢙(࢙૛ − ૜࢘૛ − ૟࢘ࡾ)

ૡ√࢙૜૜ ⋅ √࢙૜࢘૟
=
࢙૛ − ૜࢘૛ − ૟࢘ࡾ

૝࢙૛࢘૜ ; (ૡ) 

From (ૡ) we must show that: 

࢙૛ − ૜࢘૛ − ૟࢘ࡾ
૝࢙૛࢘૜ ≤

૛ࡾ૛ − ࢘ࡾ
૞૝࢘૞ ⇔

࢙૛ − ૜࢘૛ − ૟࢘ࡾ
࢙૛ ≤

૛(૛ࡾ૛ (࢘ࡾ−
૛ૠ࢘૛ ; (ૢ) 

:࢚࢛࡮ ࢙૛ ≥ ૛ૠ࢘૛ →
૚
࢙૛ ≤

૚
૛ૠ࢘૛ ; (૚૙) 

From (ૢ), (૚૙) we must to prove that: 

࢙૛ − ૜࢘૛ − ૟࢘ࡾ ≤ ૝ࡾ૛ − ૛࢘ࡾ ⇔ ࢙૛ ≤ ૝ࡾ૛ + ૝࢘ࡾ+ ૜࢘૛	(࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ). 

 

2398. In ࡯࡮࡭ࢤ the following relationship holds: 

࢈)෍ࡾ ܖܑܛ ૜࡯ − ࢉ (࡮૜ܖܑܛ ≥ ૚૛√૜࢘૛෍࡮)ܖܑܛ −  	(࡯

Proposed by Daniel Sitaru-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

ܖܑܛ࢈)෍ࡾ ૜࡯ − ࢉ ܖܑܛ ૜࡮) = ૛ࡾ૛෍(ܖܑܛ ܖܑܛ࡮ ૜࡯ − ࡯ܖܑܛ ܖܑܛ ૜࡮) 

= ૛ࡾ૛෍[ܖܑܛ ࡮ (૜ ܖܑܛ ࡯ − ૝ ૜ܖܑܛ (࡯ − ܖܑܛ ࡯ (૜ ܖܑܛ ࡮ − ૝ ૜ܖܑܛ [(࡮ = 

= ૡࡾ૛෍࡮ܖܑܛ ܖܑܛ ࡯ ૛ܖܑܛ) −࡮ ૛ܖܑܛ (࡯

= ૡࡾ૛෍࡮ܖܑܛ ܖܑܛ ࡯ ࡮ܖܑܛ) + ܖܑܛ ܖܑܛ)(࡯ ࡮ −  (࡯ܖܑܛ
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= ૡࡾ૛෍࡮ܖܑܛ ܖܑܛ ࡯ ൬૛ ܖܑܛ
࡮ + ࡯
૛ ܛܗ܋

࡮ − ࡯
૛ ൰ ൬૛ ܖܑܛ

࡮ − ࡯
૛ ܛܗ܋

࡮ + ࡯
૛ ൰ = 

= ૡࡾ૛෍ܖܑܛ࡮ܖܑܛ ࡮)ܖܑܛ࡯ + (࡯ −࡮)ܖܑܛ (࡯ = ૡࡾ૛ ቀෑ࡭ܖܑܛቁ ቀ෍࡮)ܖܑܛ− ቁ(࡯ = 

= ૡࡾ૛.
࢙࢘
૛ࡾ૛෍࡮)ܖܑܛ− (࡯ = ૝࢙࢘෍࡮)ܖܑܛ− (࡯ ≥⏞

ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ

૝.૜√૜࢘૛෍࡮)ܖܑܛ−  (࡯

,ࢋ࢘࢕ࢌࢋ࢘ࢋࢎࢀ ࢈)෍ࡾ ܖܑܛ ૜࡯ − ܖܑܛࢉ ૜࡮) ≥ ૚૛√૜࢘૛෍࡮)ܖܑܛ −  (࡯

2399. In ઢ࡯࡮࡭ the following relationship holds: 

૜෍
૚
૜ࢇ

ܖ܉ܜ
࡭
૛
≤෍

૚
૜ࢇ

ܜܗ܋
࡭
૛

ࢉ࢟ࢉࢉ࢟ࢉ

 

Proposed by Marin Chirciu-Romania 

Solution 1 by Soumava Chakraborty-Kolkata-India 

෍
૚
૜ࢇ ࢚࢕ࢉ

࡭
૛ = ࢙෍ቆ

૚
૜ࢇ

ቀ
࢙ − ࢇ
࢙࢘

ቁቇ

=
૚
࢘ ቆ

࢙
૟૝ࡾ૜࢘૜࢙૜

൭ቀ෍࢈ࢇቁ
૜
− ૜.૝࢙࢘ࡾ.૛࢙(࢙૛ + ૛࢘ࡾ+ ࢘૛)൱

−
(࢙૛ + ૝࢘ࡾ + ࢘૛)૛ − ૚૟࢙࢘ࡾ૛

૚૟ࡾ૛࢘૛࢙૛ ቇ 

=
(࢙૛ + ૝࢘ࡾ+ ࢘૛)૜ − ૛૝࢙࢘ࡾ૛(࢙૛ + ૛࢘ࡾ + ࢘૛) − ૝࢘ࡾ((࢙૛ + ૝࢘ࡾ+ ࢘૛)૛ − ૚૟࢙࢘ࡾ૛)

૟૝ࡾ૜࢘૝࢙૛  

=
࢙૟ − (૚૟࢘ࡾ − ૜࢘૛)࢙૝ + ࢘૛࢙૛(૜૛ࡾ૛ − ૡ࢘ࡾ+ ૜࢘૛) + ࢘૝(૝ࡾ + ࢘)૛

૟૝ࡾ૜࢘૝࢙૛ =⏞
(࢏)

෍
૚
૜ࢇ ࢚࢕ࢉ

࡭
૛ 

෍
૚
૜ࢇ ࢔ࢇ࢚

࡭
૛ = ෍൮

૚
૛ࢇ
ቌ

࢔ࢇ࢚ ૛࡭
૝࢙࢕ࢉࡾ૛ ૛࡭ ࢔ࢇ࢚

࡭
૛
ቍ൲ =

૚
૝ࡾ෍ቆ

૚
૛ࢇ ൬૚ + ૛࢔ࢇ࢚

࡭
૛൰ቇ

=
૚
૝ࡾ

ቌ෍
૚
૛ࢇ + ෍

૛࢔ࢇ࢚ ૛࡭
૚૟ࡾ૛࢙࢕ࢉ૝࡭૛ ࢔ࢇ࢚

૛ ࡭
૛
ቍ 

=
૚
૝ࡾቆ

(࢙૛ + ૝࢘ࡾ+ ࢘૛)૛ − ૚૟࢙࢘ࡾ૛

૚૟ࡾ૛࢘૛࢙૛ +
૚

૚૟ࡾ૛෍൬૚ + ૛࢔ࢇ࢚
࡭
૛൰

૛

ቇ 
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=
૚
૝ࡾቆ

(࢙૛ + ૝࢘ࡾ + ࢘૛)૛ − ૚૟࢙࢘ࡾ૛

૚૟ࡾ૛࢘૛࢙૛ +
૚

૚૟ࡾ૛෍൬૚ + ૝࢔ࢇ࢚
࡭
૛ + ૛࢚࢔ࢇ૛

࡭
૛൰ቇ 

=
૚
૝ࡾ

ቌ
(࢙૛ + ૝࢘ࡾ+ ࢘૛)૛ − ૚૟࢙࢘ࡾ૛

૚૟ࡾ૛࢘૛࢙૛

+
૚

૚૟ࡾ૛ ൭૜ +
૚
࢙૝ ቆ

ቀ෍࢘ࢇ૛ቁ
૛
− ૛෍࢘ࢇ૛࢘࢈૛ቇ +

૛
࢙૛
ቀ෍࢘ࢇ૛ቁ൱ቍ 

=
૚
૝ࡾ

൭
(࢙૛ + ૝࢘ࡾ+ ࢘૛)૛ − ૚૟࢙࢘ࡾ૛

૚૟ࡾ૛࢘૛࢙૛

+
૚

૚૟ࡾ૛ ቆ૜ +
૚
࢙૝ ൬

((૝ࡾ + ࢘)૛ − ૛࢙૛)૛ − ૛ ቀ࢙૝ − ૛࢙࢘૛(૝ࡾ+ ࢘)ቁ൰

+
૛
࢙૛

((૝ࡾ + ࢘)૛ − ૛࢙૛)ቇ൱ 

=
(࢙૛ + ૝࢘ࡾ+ ࢘૛)૛ − ૚૟࢙࢘ࡾ૛

૟૝ࡾ૜࢘૛࢙૛

+
૜࢙૝ + ૛࢙૛(૝ࡾ + ࢘)૛ − ૝࢙૝ + (૝ࡾ + ࢘)૝ − ૝࢙૛(૝ࡾ + ࢘)૛ + ૝࢙૝ − ૛࢙૝ + ૝࢙࢘૛(૝ࡾ+ ࢘)

૟૝ࡾ૜࢙૝  

=
࢙૟ − (ૡ࢘ࡾ− ૜࢘૛)࢙૝ − ࢘૛࢙૛(૚૟ࡾ૛ − ૡ࢘ࡾ − ૜࢘૛) + ࢘૛(૝ࡾ + ࢘)૝

૟૝ࡾ૜࢘૛࢙૛ =⏞
(࢏࢏)

෍
૚
૜ࢇ ࢔ࢇ࢚

࡭
૛

∴ ,(࢏) (࢏࢏) ⇒ ૜෍
૚
૜ࢇ ࢔ࢇ࢚

࡭
૛ ≤෍

૚
૜ࢇ ࢚࢕ࢉ

࡭
૛ 

⇔
૜࢙૟ − ૜(ૡ࢘ࡾ − ૜࢘૛)࢙૝ − ૜࢘૛࢙૛(૚૟ࡾ૛ − ૡ࢘ࡾ − ૜࢘૛) + ૜࢘૛(૝ࡾ + ࢘)૝

૟૝ࡾ૜࢘૛࢙૛  

≤
࢙૟ − (૚૟࢘ࡾ− ૜࢘૛)࢙૝ + ࢘૛࢙૛(૜૛ࡾ૛ − ૡ࢘ࡾ + ૜࢘૛) + ࢘૝(૝ࡾ + ࢘)૛

૟૝ࡾ૜࢘૝࢙૛  

⇔ ࢙ૡ − ૚૟࢙࢘ࡾ૟ + (૜૛ࡾ૛ + ૚૟࢘ࡾ− ૟࢘૛)࢘૛࢙૝ + ࢘૝(૟૝ࡾ૛ − ૚૟࢘ࡾ − ૡ࢘૛)࢙૛

− ૜࢘૝(૝ࡾ + ࢘)૝ ≥⏞
(૚)

૙ 

,࢝࢕ࡺ (૚)	ࢌ࢕	ࡿࡴࡸ ≥⏞
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

− ૞࢘૛࢙૟ + (૜૛ࡾ૛ + ૚૟࢘ࡾ − ૟࢘૛)࢘૛࢙૝

+ ࢘૝(૟૝ࡾ૛ − ૚૟࢘ࡾ − ૡ࢘૛)࢙૛ − ૜࢘૝(૝ࡾ + ࢘)૝ 
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≥⏞
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

࢘૛࢙૝ ቀ૜૛ࡾ૛ + ૚૟࢘ࡾ − ૟࢘૛ − ૞(૝ࡾ૛ + ૝࢘ࡾ + ૜࢘૛)ቁ

+ ࢘૝(૟૝ࡾ૛ − ૚૟࢘ࡾ − ૡ࢘૛)࢙૛ − ૜࢘૝(૝ࡾ + ࢘)૝ 

≥⏞
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

࢘૛࢙૛ ቀ(૚૛ࡾ૛ − ૝࢘ࡾ − ૛૚࢘૛)(૚૟࢘ࡾ − ૞࢘૛) + ࢘૛(૟૝ࡾ૛ − ૚૟࢘ࡾ − ૡ࢘૛)ቁ

− ૜࢘૝(૝ࡾ + ࢘)૝ 

= ࢘૜࢙૛(૚ૢ૛ࡾ૜ − ૟૙ࡾ૛࢘ − ૜૜૛࢘ࡾ૛ + ૢૠ࢘૜)

− ૜࢘૝(૝ࡾ + ࢘)૝ ≥⏞
࢔ࢋ࢙࢚ࢋ࢘࢘ࢋࡳ

࢘૝ ቀ(૚ૢ૛ࡾ૜ − ૟૙ࡾ૛࢘ − ૜૜૛࢘ࡾ૛ + ૢૠ࢘૜)(૚૟ࡾ

− ૞࢘) − ૜(૝ࡾ + ࢘)૝൯ 

≥⏞
?

૙ ⇔ ૞ૠ૟࢚૝ − ૟ૠ૛࢚૜ − ૚૜૛૞࢚૛ + ૠૢ૚࢚ − ૚૛૛≥⏞
?

૙	 ൬࢝ࢋ࢘ࢋࢎ	࢚ =
ࡾ
࢘൰

⇔ (࢚ − ૛)(૞ૠ૟࢚૜ + ૝ૡ૙࢚૛ − ૜૟૞࢚ + ૟૚)≥⏞
?

૙ → ࢋ࢛࢚࢘ ∵ ࢚ ≥⏞
࢘ࢋ࢒࢛ࡱ

૛ 

⇒ (૚)࢙࢏	ࢋ࢛࢚࢘ ∴ ૜෍
૚
૜ࢇ ࢔ࢇ࢚

࡭
૛ ≤෍

૚
૜ࢇ ࢚࢕ࢉ

࡭
૛  (ࡰࡱࡽ)	

 Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

૜෍
૚
૜ࢇ ܖ܉ܜ

࡭
૛ ≤෍

૚
૜ࢇ ܜܗ܋

࡭
૛

ࢉ࢟ࢉࢉ࢟ࢉ

; (∗) 

(∗) ⇔෍(ࢉ࢈)૜ ቌ
૛࡭ܛܗ܋
ܖܑܛ ૛࡭

−
૜ ܖܑܛ ૛࡭
૛࡭ܛܗ܋

ቍ
ࢉ࢟ࢉ

≥ ૙ ⇔ ૝ࡾ෍
૜(ࢉ࢈)

ࢇ ൬ܛܗ܋૛
࡭
૛ − ૛ ૛ܖܑܛ

࡭
૛൰

ࢉ࢟ࢉ

≥ ૙ 

⇔
૚
෍ࢉ࢈ࢇ

૝(ࢉ࢈) ൬
૚ + ࡭ܛܗ܋

૛ − ૜ ⋅
૚ − ܛܗ܋ ࡭

૛ ൰
ࢉ࢟ࢉ

≥ ૙ ⇔෍(ࢉ࢈)૝(૛࡭ܛܗ܋ − ૚)
ࢉ࢟ࢉ

≥ ૙ 

⇔෍(ࢉ࢈)૝ ቆ
૛࢈ + ૛ࢉ − ૛ࢇ

ࢉ࢈ − ૚ቇ
ࢉ࢟ࢉ

≥ ૙ ⇔෍(ࢉ࢈)૜(࢈૛ + ૛ࢇ૛૙ࢉ − (ࢉ࢈
ࢉ࢟ࢉ

≥ ૙ 

⇔෍࢈૞ࢉ૜
ࢉ࢟ࢉ

+ ෍࢈૜ࢉ૞
ࢉ࢟ࢉ

≥෍ࢇ૛(ࢉ࢈)૜
ࢉ࢟ࢉ

+ ෍(ࢉ࢈)૝
ࢉ࢟ࢉ

; (∗∗) 

૜ࢉ૞࢈෍	:ࢋ࢜ࢇࢎ	ࢋࢃ
ࢉ࢟ࢉ

+ ෍࢈૜ࢉ૞
ࢉ࢟ࢉ

= ෍(ࢉ࢈)૜(࢈૛ + (૛ࢉ
ࢉ࢟ࢉ

≥⏞
ࡹࡳିࡹ࡭

૛෍(ࢉ࢈)૝
ࢉ࢟ࢉ

; (૚) 
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૜ࢉ૞࢈෍	ࢊ࢔ࢇ
ࢉ࢟ࢉ

+ ෍ࢇ૜ࢉ૞
ࢉ࢟ࢉ

+ ෍(ࢉ࢈)૝
ࢉ࢟ࢉ

= 

= ෍൫࢈૞ࢉ૜ + ૞ࢉ૜ࢇ + ૝൯(ࢉ࢈)
ࢉ࢟ࢉ

≥⏞
ࡹࡳିࡹ࡭

૜෍ࢇ૛(ࢉ࢈)૜
ࢉ࢟ࢉ

; (૛) 

૛	࢓࢕࢘ࡲ ⋅ (૚) + (૛) → (∗∗) 

Therefore, 

૜෍
૚
૜ࢇ ܖ܉ܜ

࡭
૛ ≤෍

૚
૜ࢇ ܜܗ܋

࡭
૛

ࢉ࢟ࢉࢉ࢟ࢉ

 

 

2400. In any scalene ઢ࡯࡮࡭ the following relationship holds: 

(૛࢙ + ࢉ࢈(ࢇ
ࢇ) − ࢇ)(࢈ − (ࢉ +

(૛࢙ + ࢇࢉ(࢈
࢈) − ࢈)(ࢇ − (ࢉ +

(૛࢙ + ࢈ࢇ(ࢉ
ࢉ) − ࢉ)(ࢇ − (࢈ > 6√૜࢘ 

Proposed by Daniel Sitaru-Romania 

Solution by George Florin Şerban-Romania 

෍
(૛࢙ + ࢉ࢈(ࢇ

ࢇ) − ࢇ)(࢈ − (ࢉ
ࢉ࢟ࢉ

= ෍
૛࢙ࢉ࢈

ࢇ) − ࢇ)(࢈ − (ࢉ
ࢉ࢟ࢉ

+ ෍
ࢉ࢈ࢇ

ࢇ) − ࢇ)(࢈ − (ࢉ
ࢉ࢟ࢉ

= 

= ૛࢙෍
ࢉ࢈

−ࢇ) ࢇ)(࢈ − (ࢉ
ࢉ࢟ࢉ

+ ෍ࢉ࢈ࢇ
૚

ࢇ) − ࢇ)(࢈ − (ࢉ
ࢉ࢟ࢉ

 

෍
૚

ࢇ) − −ࢇ)(࢈ (ࢉ
ࢉ࢟ࢉ

=
૚

ࢇ) − −ࢇ)(࢈ (ࢉ +
૚

−࢈) −࢈)(ࢇ (ࢉ +
૚

ࢉ) − ࢉ)(ࢇ − (࢈ = 

= −
૚

ࢇ) − ࢉ)(࢈ − (ࢇ −
૚

ࢇ) − ࢈)(࢈ − (ࢉ −
૚

ࢉ) − −࢈)(ࢇ (ࢉ =
࢈− + ࢉ − ࢉ + ࢇ − +ࢇ ࢈
ࢇ) − −࢈)(࢈ ࢉ)(ࢉ − (ࢇ = ૙ 

෍
ࢉ࢈

ࢇ) − ࢇ)(࢈ − (ࢉ
ࢉ࢟ࢉ

=
ࢉ࢈

ࢇ) − ࢉ)(࢈ − (ࢇ +
ࢇࢉ

ࢇ) − −࢈)(࢈ (ࢉ +
࢈ࢇ

ࢉ) − ࢈)(ࢇ −  (ࢉ

= −
ࢉ࢈

ࢇ) − ࢉ)(࢈ − (ࢇ −
ࢇࢉ

−ࢇ) −࢈)(࢈ −(ࢉ
࢈ࢇ

ࢉ) − ࢈)(ࢇ − (ࢉ = 

=
−࢈)ࢉ࢈− −(ࢉ ࢉ)ࢉࢇ − (ࢇ − ࢇ)࢈ࢇ − (࢈

ࢇ) − ࢈)(࢈ − ࢉ)(ࢉ − (ࢇ = 
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=
ࢉ૛࢈− + ૛ࢉ࢈ − ૛ࢉࢇ + ࢉ૛ࢇ − ࢈૛ࢇ + ૛࢈ࢇ

ࢇ) − ࢉ࢈)(࢈ − ࢈ࢇ − ૛ࢉ + (ࢉࢇ = 

=
ࢉ૛࢈− + ૛ࢉ࢈ − ૛ࢉࢇ + ࢉ૛ࢇ − +࢈૛ࢇ ૛࢈ࢇ

ࢉ࢈ࢇ − ࢉ૛࢈ + ૛ࢉ࢈ − ૛ࢉࢇ + ࢉ૛ࢇ − ࢈૛ࢇ + ૛࢈ࢇ − ࢉ࢈ࢇ = ૚ 

→෍
(૛࢙ + ࢉ࢈(ࢇ

ࢇ) − −ࢇ)(࢈ (ࢉ
ࢉ࢟ࢉ

= ૛࢙෍
ࢉ࢈

ࢇ) − ࢇ)(࢈ − (ࢉ
ࢉ࢟ࢉ

+ ෍ࢉ࢈ࢇ
૚

ࢇ) − ࢇ)(࢈ − (ࢉ
ࢉ࢟ࢉ

= ૛࢙ > 

>⏞
ࢉ࢏࢜࢕࢔࢏࢚࢘࢏ࡹ

૛ ⋅ ૜√૜ = ૟√૜࢘ 

Therefore, 

(૛࢙+ ࢉ࢈(ࢇ
ࢇ) − ࢇ)(࢈ − (ࢉ +

(૛࢙ + ࢇࢉ(࢈
࢈) − −࢈)(ࢇ (ࢉ +

(૛࢙ + ࢈ࢇ(ࢉ
ࢉ) − ࢉ)(ࢇ − (࢈ > 6√૜࢘ 
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It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 
 

 

 

 


