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2301. In AABC the following relationship holds:

<1+1t A><1+1t B><1+1t C>><1+9 r>3
aanz banz Canz =

Proposed by Floricd Anastase-Romania
Solution 1 by Probal Chakraborty-India

o+ 2o+ ) 1+ Fn)
= (“ﬁ)(“ﬁ)(“ﬁ)z

- (1 N 9r )3
- 252

b+c-a

Note: —

=s—aa+b+c=2s,s>s—a

3
a+b+c233\/abc—>s253\/abc; 3\/abc23a,b+c>a

>9 2s2> ( ) 1 - 9
$=34 g =454 a(s —a) — 2s?

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

By Holder inequality:

3

(1+1t A>> 143 1 ¢ A\
]l aanZ - abcllanz N
cyc cyc

3
- 31 1\ (1 . 1 )3 (:\)
B 4Rrs s | Y4Rs2

S (1 . or )3
- 2s2
(x) © 252 > 9r - V4Rs? & 2s* > 93Rr3, which is true, because

2s% > 27Rr and s? > 27r*(Mitrinovic).
Therefore,

Cutonan (1+2tang) (1+ean?) (1+ Heand) = (143 2)°
olution 3 by proposer

tA+b tB+ t—< sz'l
acot; cot CCOZ_Sr’()
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A s(s —a) as(s —a) as(s—a) 2s?
acoty = /(s—b)(s—c) F ﬁ; F ~3r "

za(b+2c—a)_2(a+b+C)Z@zab<za (true)

cyc cyc cyc
1 BCS 9 1) 9 3
> > = S
A~ A~ 252 2s2
cye X + acotzx 3x+Zacot7 3x+3- x+go
f z >3 fl dx o
2
Cycx+acot 0x+29ir

=1

ZIOg(x+acot )

2s2\|"
= 3log <x + 9—>
cyc 0

0

ZIOg 1+ A z) =3
cyc acoti

1 1+—t 4 >1 1+

08 1_[( a anz) - og( Zsz) <

cyc

[1(1+3ng)=(1+55)
aa“z - 252

cyc

2302. In AABC, n, —Nagel’s cevian, the following relationship holds:

z b%n, + c?n, — a’n, .
e bc,/nyn,

Proposed by Bogdan Fustei-Romania
Solution by Soumava Chakraborty-Kolkata-India

Let|a,/n, = x,b,/n, =y and c\/n_c =zland - a,/ng b,/ny, c./n >0

_Zy2+z — x? 3_x(y + z2 —x2)+y(z +x% —y?) +z(x? +y? —z%) — 3xyz
XyzZ
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m(zx NP N zxy>

cyc cyc cyc
Schur
<0 Zx +3xyz—2xy ny S 0Vx,y,z > 0and "~ xyz > 0
cyc cyc cyc
b%n, + c?n, — a’n b%n, + c?n. — a’n
Z b c “—3<o:>z b ¢~ % Ma _ 3(QED)
bc,/nyn, =T bc nbn

cyc

2303. In AABC the following relationship holds:
(sq+ sp)c3 + (s, + s.)a® + (s, + s,)b? > 16V/3F?
Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We know that: s, > h,(and analogs)

+ >h,+ h, = 2F +1 CESZF 4 = 8F
Sa™ Sp=Ta™ My = (E E)“ ‘a+b a+b

Hence
Holder
Q)3 4F 5
Z(sa_l_sb)c = 32(a+b) _?(Za) -
cyc cyc
16F Mltr'l:\wmc 16F
:TSZ = —_— 3\/—57'_ 16\/—FZ
Therefore,

(sq+ sp)c + (s, +s.)a’ + (s, + s,)b® > 16V3F?

Solution 2 by Marian Ursdrescu-Romania
Because s, = h,(and analogs) we must to show that:

Z(ha + hy)c® > 16V3F2 (1)

cyc
Z(ha +hy)ed > z 2 [hahyc® > 33/8h hyh, - a3b3¢3 = 6abc’ [hyhyh,: (2)

cyc

cyc
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ZSZTZ Cosnitd—Turtoiu 27Ry - TZ
hahphe == > —— =277%03)

From (2), (3) we must to prove that:

Z(ha + h,)c® > 18r - abc = 18 - 4R1%s; (4)

cyc

From (1), (4) we must show that: 18 - 4Rr2s > 16v/31r2s%? &

3V3
9R>2\V3s o s < T\/_R (Mitrinovic)
2304. In AABC the following relationship holds:

9r<z a n <9R
2 b+c *~ 4

cyc

Proposed by Marin Chirciu-Romania
Solution by Mohammed Diai-Rabat-Morocco

Zb+c “__ (1)

cyc

1
Zb+c Zb+c a Zb+ =2F 2s—a

cyc cyc cyc cyc

By Cauchy—Schwarz inequality:

z 4Fz 18sr _9r )
2s—a Z(Zs—a) 4s 2s—a 4s 2’

cyc cyc

By AM-GM inequality:

zZﬁ z\/ﬁ Z‘/—< /32“_‘/—

CJ’C cyc
/6 \/i
=< —=
ZFZ P < > < —s (Euler)
cyc
ZFZ —_— < — (Mltrmovlc) (3)

cyc

From (1), (2), (3) it follows that:
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9r<z a h <9R
2 - b+c * 4

cyc

2305. In AABC the following relationship holds:
(a+ b)3 (b +c¢)3 (c +a)3 1

+ + —
(a3 +b3)c2 (b3+c3)a? (c3+a3)b?2 ~ r?
Proposed by George Apostolopoulos-Messolonghi-Greece
Solution by Marian Ursdrescu-Romania

(a+b)3< (a+b)3 <4 (a + b)? <4
a3+ b3 — (a + b)(a? — ab + b2%) — a? —ab + b%~
& 3a? — 6ab + 3b% > 0 < 3(a— b)? > 0, which is true. Hence,
(a + b)3 1 1
(a3 + b3)c? = 4(?+ﬁ+ﬁ> (1)
cyc
. 1.1 1 1
From (1) we must show that: 4 (a_l + c2) =S5e
1 1 1 1 1 1 1 1 s

;(2)@?4‘ :(3)

< — <.
a2 b?2 27 4r2 b2 ¢c2 4 (s—a)(s—b)(s—c)
Now, lets—a=x,s—-b=y,s—c=z=>x+y+z=sand
a=y+zb=z+xc=x+7y,(4)

From (3),(4) we must show that:

1 . 1 1 < 1 x+yz
(x+y)* (y+2)? (z +x)%2 7 xyz
1 1 1 <1(1+1+ >(5)
x+y)2 -+ Z)Z (z + x)? Xy yz zx
But: (x + y)Z = 4'xy = (x +y)2 < 4xy chc (x+y)2 = chc = (5) Is true.

2306. In AABC the following relationship holds:
1
st > 3\/§F+E(Ia—b|2 +|b—c|*+|c— al?)

Proposed by D.M.Badtinetu-Giurgiu, Neculai Stanciu-Romania
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Solution by Adrian Popa-Romania
Applying Hadwinger-Finsler: a? + b? + ¢ > 4V3F + (a — b)? + (b — ¢)? + (c — a)?
— a? + b% + ¢% > 4V/3F + 2a? + 2b* + 2¢% — 2ab — 2bc — 2ca

3
— 2ab + 2bc + 2ca — a? — b? — ¢? 24\/§F|:Z

6ab + 6bc + 6¢ca — 3a%? — 3b% — 3¢?
- 2 > 3V3F

Now, we must to prove that:
a? + b? + c¢? +2ab +2bc+2ca 6ab + 6bc+ 6ca— 3a* — 3b% — 3¢?
4 = 4
. 2a% + 2b? + 2c¢* — 2ab — 2bc — 2ca
6
< 8(a? + b? + ¢%?) > 8(ab + bc + ca)
o a?+b?>+c?>ab+ bc+catrueva,b,c> 0.

2307. In AABC the following relationship holds:

bm, +cm,.—am
z b c a<3

e Jbc-mym,

Proposed by Bogdan Fustei-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

A(zx)

By) D(r + N) C(z)

Let x, y, z be the complexe coordinates of points 4, B and C respectively.
We have: am, = |y — 2| |yT+z — x| - am, = % |y? — 2% — 2xy + 2xz]

Similarly, bmy, = % |22 — x? — 2zy + 2yx| and cm, = % |y? — x% — 2zy + 2xz| -
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_1 o 1 2 .2
ama+bmb—i|y -z —2xy+2xz|+i|z —Xx —Zzy+2yx|2
1
22|y2—x2—22y+2xz|=cmc—>

am, + bm, > cm.(and analogs)
am,, bm,, cm, —can be the sides of a triangle. So, it is suffices to prove that:

b+c—a

Vbc

cyc

s—a s—a 3
(*)(:)ZZ SS@Z’ ‘Ws—a<-—
vbc bc 2

cyc cyc

By CBS inequality:

Z\/T'\/S——“S (Zsb_c“> (Z(S—a)) _

cyc cyc cyc

_ 1 Z Z ) 3 Z _ 4R+r(é)3
= |aRrs\ ¢ a s )= 2R =2
cyc cyc cyc

(1) © R = 2r(Euler).

Therefore,

< 3;(%)

bm, +cm,— am
Z b c a<3

T Jbc-mym,

2308. In AABC,n, —Nagel’s cevian, the following relationship holds:

a-n h A
6\/52 aSZ—“-ZcotZ—
bc n, 2

cyc cyc cyc

Proposed by Bogdan Fustei-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

2
’ . 24 ng
Let’s prove that: ¥, cot” - = (chc h—a)
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2

zna C,ES n2 zl _1zs2—2raha sZ 1 Zz
h,| = h, h,| 7 h, h, rl."e
cyc cyc cyc cyc cyc cyc
2
2 2
n, s“—8Rr —2r
2| < ‘(1
- z h,| — r? (1)
cyc
z 2 A s(s—a) z (s — a)Z 3s? —2sYa+Ya*
ot = (s —b)(s—¢) T2 B
cyc cyc
_3 —4s*+2(s* —5Rr —r*) _s*—8Rr—2r?
B r2 B r2
) ?
A n
222 Ra
- o35 )
cyc cyc
h,% 9 h A
— > T z—a Zartz— 29ZE;(i)
n, y-a n, 2 h,
cyc ha cyc cyc cyc
Ifa > b > c: we know that: n2 = s(s —a) + —= (b C) s = (a —b’n}) =

= b3 — a® + ab? — a’b + a? c+2ac -b c—2bcZ =
=(—-a)a(a—c)+bb—-c)+2(ab—c?)]<0
- an, < bn, < cn, and i > i > ﬁ. By Chebyshev’s inequality:

ana<1 z z 1
bc ~ 3 At bc

cyc cyc cyc
Z a Mltrmovlc
6v3 ) T ey =2 2 92—
26V3) e he =" ) abc ‘/_
cyc cyc cyc cyc
@@
an = h A
a2 ) (Sr)
n, 2
cyc cyc cyc

Solution 2 by Soumava Chakraborty-Kolkata-India

2 SZ

A s 2
§ 24 _ _
cot* 5 = 7 = 5i2 <( E rar,,) =21 (rg + 1y + rc)>

s* —2rs?(4R + 1) ZA(‘) 2 _8Rr — 2r?
= :>ZC t

s2r2 T2

Stewart's theorem = b%*(s — c¢) + c¢? (s —b) =an? +a(s—b)(s —c)
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= s(b? + c?) — bc(2s — a) = an? + a(s?> — s(2s — a) + bc) = s(b? + ¢?) — 2sbc

= an? + a(as — s?)
= s(b? + c? — a? — 2bc) = an? — as? = an? = as? + s(2bccosA — 2bc)

4sbc(s —b)(s —c)(s — a)

= as? — 4sbcsin? 5= as? — bes —a)
4N 2A A n
= as? — = as? - 2a (—) ( ) = as? — 2ah,r, - Z—“
s—a a/\s—a h,

cBs 2
YR E [ [T e
21s _r z % < Vs — Bfr —2r2 ""“E(i) z cotzg
(i) )
> (D)2 () (R
6\/52 abT;a = 6\/52 nasmA ] \/_ ’ na / stA
_ 6\/_\/72\[¥Lelbnuz 6\/_\/72@

6\/—2 Na ﬁ z (—a> . (), (ii) = it suffices to prove

() =05 NG
(X (Y > 243(Y #7) (where x =10 y =7 ;=)

(®
o (Z x)4 (Z xy)2 g 243x%y?z? (Z xz) and it suffices to prove (a)V x,y,z > 0

Lety+z=a',z+x=b'x+y=c'and~a +b' > b'+c" >a,a+b >

~a'\ b’ c" are sides of a triangle

11 RMM-TRIANGLE MARATHON 2301-2400
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with semiperimeter,circumradius and inradius = p, m,nrespectively (say)

£2) x=2p.x=p-ay=p-bz=p-c

and ny = Z(p —a')(p—b') =4mn + n’and z x? = (p? — 2pa’ + (a')?)
= 3p? — 4p? + 2(p? — 4mn — n?)
= p? — 8mn — 2n? - (a) © p*n?(4m + n)? > 243n*p?(p? — 8mn — 2n?)
1
& p2(4m +n)? S 243n2(p? — 8mn — 2n?)
Trucht Gerretsen ?
Now,p!(dm+n)?2 3 3p* = 3(16mn—5n2)p? 3 243n2(p? — 8mn — 2n?)
2

& (8m — 43n)p? + 81n%(4m + n) % 0
)

8m — 43n > 0 and then, LHS of (2) > 0= (2) = (1) is true

4 2
(z x) (z xy) > 243x%y?z? (z xz)

8m — 43n < 0 and then,43n — 8m > O and = (2) © (43n — 8m)p?
< 81n%(4m +n) .. it suffices to prove :

(43n — 8m)(4m? + 4mn + 3n?)

Gerretsen

< 81n%(4m +n) ( (43n — 8m)p? 2 (43n-8m)@m? + 4mn + 3n2)>

Euler

<8t —35t2+44t—-12>0 <where t= S 2> e (8t—3)(t—2)% >0 - true

S8

wt>2=2)=(1)is true

SO Qw)
> 243x2y%7? (z x%) and combining cases (1), (2), (z x)4 (z xy)

> 243x?y*z> (z xz) Vxy,z>0

2

an

= (a) istruev x,y,z >0 .. 6\/§Z bca < (Z %) z cotzg (QED)

a

12 | RMM-TRIANGLE MARATHON 2301-2400
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2309. In AABC the following relationship holds:

27r2<z a <27Rr
< r,r, <
2 b+c P'¢ 4

cyc

Proposed by Marin Chiciu-Romania
Solution by Marian Ursdrescu-Romania

z a _z a s2 B a(s —a)
b+c e~ Lb+e (s—b)(s—c)_s b+c

cyc cyc cyc
2
a a
b+c b+c
cyc cyc

z a 2(s*-—r>—Rr) z a? _Zs(s2—3r2—4Rr)_(2)
b+c s +1r2+2Rr’ b+c  s2+r2+2Rr '
cyc cyc

From (1), (2) it follows that:

a 252(2r? + 3Rr)
Tpre =
Zb+c s2+ 12+ 2Rr

cyc

For LHS, we must to show that:

27r%?  2s%(2r? + 3Rr)
<

2 S22+ 12+ 2Rr

s2(12R+ 8r —27r) > 27r(r* + 2Rr) &

s2(12R — 19r) > 27r%(2R + r), but s? > 27r?(Mitrinovic) -

& 4s?2(BR+2r) > 27r(s? +1r? + 2Rr) &

12R — 197 > 2R + r © R > 2r(Euler).For RHS, we must to show that:

252(2r? + 3Rr) - 7Rr

2 < 2 2
SZ+ 12+ 2Rr — 4 © 85%(3R + 2r) < 27R(s* + r* + 2Rr)

2
& s2(16r — 3R) < 27Rr(2R + 1) buts? < % (Mitrinovic)

16Rr —3R2<8Rr+4r? < 3R2—8Rr+4r* >0
(R-2r)(3R — 2r) > 0, true from R > 2r(Euler).

2310. In AABC the following relationship holds:
12r2  h:  hZ  h?
<2+ P4 < <3
RZ ~ryr, r.or, Tr.r

Proposed by George Apostolopoulos-Messolonghi-Greece

13 | RMM-TRIANGLE MARATHON 2301-2400
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Solution by Marian Ursdrescu-Romania
For the left side, applying AM-GM inequality:
LA 237h§.h§.h§
rpre rerq Tqlp
We must to prove that:

h hb 3lh hbh 27' a b c 8
I3 SaBTCY)
rarbrc arbrc rarbrc R

But: h hyh, (2) and r,r,r,. = s*r;(3)

rpre T'clg Tolp

From (1),(2),(3) we must show that:

2r>8r3<:>1>4r2<:>R2>4 2 & R > 2r(Euler)
R_R3 _RZ = ar = ar\cuter).
For the right side:
4F?
hZ o 4(s—b)(s—c) @
ryr. F? a?
(s —b)(s—c)

s—b+s—c

But: /(s —b)(s —¢) < ——:>(s—b)(s—C)S§;(5)

From (4),(5) it follows that: rh‘z‘

b"c

hZ
<1= chcrb—: <3.
c

2311.

n €N

Proposed by Floricd Anastase-Romania
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Solution 1 by Marian Ursdrescu-Romania

a n+1 p\"t1 c\nt1 3| rabe\™1
CRRO RO RS
x y z xyz
We must to prove that:
3 b n+1 b n+1 b
3. (ﬂ) 23-2"+1@(£) >gmlo 258 (1)
xyz xyz xyz
Tt A
2EDF)=-——~
n( )=5-35

, A 2 A . A . B . C
In ADEF we have: x = 2r - sm(E ——) =L cosZandr = 4R - sinZsin-sin-
2 2 cdot 2 2 2 2

A B C B C B C
x=8R- sinisinisinicosi = 4R sinAsinEsin— =2a-sin—sin- -

X a 1

C (and analogs); (2)
2a- sinfsini Zsinfsini

From (1), (2) we have:

1 - g0 sinPoinB cin®
@ — J— —
= smz Sln2 Sln2

<1

Y. , =8
2 2 2
8sin 5 Sin‘ 5 sin® 5

Which is true because:

A (s—b)(s—c)< 2 A B C< abc 1
—_= e — — - = —=
sin be SN singsinosing <o =g

Solution 2 by Marian Dincd-Romania

A
FE = x = /2r% — 2r2cos(m — A) = \/2r2(1 + cosA) = ZrcosE

B C
FD = 2rcos—,DE = 2rcos—

2 2
, . A
a 2RsinA 2R A 2Rsinz 1
—_ = = —Ssin—= =
r 2 .A . B . C . B . C
Zrcosi 4Rsm75m7sm7 Zsmfsmi

15 RMM-TRIANGLE MARATHON 2301-2400
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n n

a\n _ 1 3 1 1 g
Z (;) B z v B . C| ~ 2_"2 — 5 ¢l =
cyc cye \2Sin5 siny cye \Sin sin

1 3 1 3 1 3 1 .
H(sinfsini) ( . A . B . g) 3 (1) 3
siny sin siny 3
Because: sin-sin smg < %

Solution 3 by proposer

We have: u(«FBD) = g - g,ﬂ(LEDC) = g— g SO
T A
u(LEDF) = = —

2 2
EF =2 (n’ A)
= 2r-sin 5732

letusdenote:a =Z—2 8=2-2 y=Z_Sandwe
2 2 2 2 2 2
have:a+B+y=m, a B,y € (O,E)
Hence,

a 2RsinA _ 2Rsin%cos% B 1

2rcos% 4Rsin%sin§sin%cos% Zaingsing

Z Z 3 1
=2 sin? A sin2 B

cye cyc 2sm sm EsmZ 7 sin? g
'A'B'C< 2r < R(Euler) >8>
—sin—sin-<-©& =
sing sing sing < o r< uler C =

sinfsinfsini
z 4 >6:(1
L261)
cyc
Now, we want to prove that:
B c 3

x<3 2) <
— - o —
257 Esmzsmz_4

16 | RMM-TRIANGLE MARATHON 2301-2400
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. A . B .
r 4Rsm7sm7sm7 B
1A = y = = 4Rsin5sini
siny siny
2
z . B C<1 z A
smzsm2 =3 sm2
cyc cyc
Itis enough to prove that: chcsing < ;; (3)
A a+p a-p Y
P — + — in2_ —
ZSlnz ZCOSLI 2cos > cos > 1 - 2sin >
cyc cyc
3 — 1 3 1 a—
=E+2sin§cos 5 —Zsng—i—E—E(4sinzg—4singcos 5 +1)=
3 1 (2 a- )Z+ ,x=B| _3
=——— - — —_ — =
273 sm2 cos > sin > =3
z < _(3):)z C<3:>zx<3(2)
smz_z, smzsmz_4 257
cyc cyc

From (1),(2) and Holder inequality, it follows that:

(g)" Holder (%_Fg_'_g)n 6" . 2'2"'3"23.2n+1

an+1
Z(;) =Z"z = 3n_z(§+%+z)23n_z,%‘ gn-1

cyc cyc a c

2312.In AABC,n, —Nagel’s cevian, the following relationship holds:
h, A — >
" |ry — 7| = 2C0$Ew/na — h2
Proposed by Bogdan Fustei-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco
_sr sr _ sr(b—c) _sr(b-c)(s—a) _
rb_rc_s—b_s—c_(s—b)(s—c)_ sr B

B (b — c)4Rcos%sin%sing B (b — c)cosi

. A . B . .
4Rsm7sm7sm7 siny
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h A b—c| a
Talrb—rclZZCOSE\/nE—hE;(*)@l A'Z; n: —ho
sinz
2

(b —c)? a?

— ¢2(n2 — p2
sinzg s?(nf — h%)

b —c)? 4sr?
nﬁst—Zraha%(*)@( 31 > a?—
. 24 s—a
sin?5
(b —c)? 5 Zra(Zsr Zsr) , 4sr?
—>a%- + =a%— =3
sin?’ s \s—a a s—a

(b —c)?

in2
sin® %
2

>a’—4rr,=a*+4r,r.—4bc o
(b - c)?

+4bc>a’*+4s(s—a)=a’*+(a+b+c)(—a+b+c)=(b+c)’ &
sin2%
2

(b — ¢)?

A
>(b- c)z,sini <1
sinzi

Solution 2 by Soumava Chakraborty-Kolkata-India

B

D : G C
Let AD,BE, CF be the Nagel cevians in A ABCand AG = h,

BD =s—cand BG = ccosB = DG = ccosB—s+cand CD =s— b and CG
= bcosC = DG =s— b — bcosC

18|
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~2DG =ccosB—s+c+s—b—bcosC=c— b+ ccosB— bcosC

Here ¢ > b and proceeding in a similar manner when b > c,one would obtain : 2DG

=b—c+ bcosC —ccosB

a? + b? — ¢? c? +a? - b?
~2DG=|b—c+bcosC—ccosB|=|b—c+b|———— | —c|—————

2ab 2ca
2 bz—c
=lpb—c+——"2 ( |—(b—c)|
2 2 2 2 2 2
ﬁDGzzﬂﬁADZ_AGZ:s(b;C) ng—héZS(b;c)
a a a

A M2
= Zcosiw/ — h2 fzcos b — ¢l

2r’s’lb—c| _ 2s(s—a)(s—b)(s— )b —cl
ar(s—b)(s—c¢) ar(s—b)(s — ¢)

_alrb _rcl =
r

A . B . C
4Rcos7sm7sm2 2s A A
=—|b—c| =—cos— |b—c| cosec—
, . B . C qa 2

4Rsm7sm7sm2

A
cosec> 1

’*\Z 25 via (i)

A
= —cosy Ib—cl = ZcosE\/nﬁ—hﬁ(QED)

2313. In AABC the following relationship holds:

4 b* c* 16F
+ + >

Talp TpTe TTqg \/§

Proposed by D.M.Badtinetu-Giurgiu, Flaviu Cristian Verde-Romania
Solution 1 by Marian Ursdrescu-Romania

a

We mut show that:

16F
(a*r.+b*r, +c'ry) >— o
Talp 73
1 [a* b* c* >16F 1
U W W ) R R
r., r T
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at bt Pl (g4 p+c)t _ 16s*
- —t——+—=— > ;(2)
ERA N TS WS NS § RO

r., T, T r, 1, T,

From (1), (2) we must show:

1 16s* 16rs
— =

& s > 3V/3r(Mitrinovic)
s2r 9_% V3

Solution 2 by Avishek Mitra-West Bengal-India

1 1 1

z at AMﬂ;\GM3 a*b*c*t\3 3 (4Rrs)*\3 _ 3 256R™risT\3 _ 3(256R* Z)%
Ty rzrirz) T\ (rs2)?2 ) str ) '

cyc

Need to show: 3(256R4r2)3 > %

256 -16 - i3s3
— 27 - 256R*r? > 373 — 81V3R* > 16rs3(true)

“R>2r - 81V3R3-R > 2r - 8s3
- 3v3R > 2s - 81V3R* > 16rs3 - 81V/3R3 > 8s3

Solution 3 by Alex Szoros-Romania

Zrarb Z(s—a)(s—b) ZS(S c)—SZ(s—c)—s

cyc cyc cyc

z a? > 4F\3(Ionescu — Weitzenbock)

cyc

2
4
32(122(2(1) =4s2—>2a22§s2

cyc cyc cyc
Applying Bergstrom inequality, we get:
z at O (a?)? - (Ca?)? - 4F\3 - 4s? __16F

TaTp cye TaTp B Zrbrc B 3s? \/§

cyc

2314. In acute AABC the following relationship holds:

1 1 1<a2+b2+c2 a b c
S+ =< + + +
a b c 2abc b2+ c%2 c2+a? a?+ b?

Proposed by Alex Szoros-Romania
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

a a? CES Ca)? 452 B
;bz +c2 gc:a(bZ +c2) ~ Ya(b?+c2) (Ya)(Cab) —3abc
452

- 2s(s2+1r2+4Rr) — 3 -4Rrs

a - 2s (1
92b2+c2_s2+r2—2Rr’()
cyc
z 1 Ya* 2(Zab)— (Fa)* 2(s*+r?+4Rr)—2(s*—r*—4Rr) 4R+

a 2abc 2abc 8Rrs 2Rs
cyc

< s2 < 8R? —2Rr —r?

©)
By Gerretsen, we have: s2 < 4R% + 4Rr + 3r2 S 8R? — 2Rr — r* &

(R —2r)(4R + 2r) > 0, which is true from R > 2r(Euler).

Therefore,
z 1 Ya? 2s (i\)z a
=— < 2y ——-
a 2abc” s?+1r?—-2Rr b2 + ¢?
cyc cyc
1 1 1 a*+b*+c? a b c
4+ < + + +
a b ¢ 2abc b2+c¢2 c2+a? a2+ b2

2315. In AABC the following relationship holds:

m2m? + mim? + m?*m?2 _ 9R?

mom,+mym,+mm, 4

Proposed by Marin Chirciu-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

5 2b% + 2¢%2 — a? 2a?* + 2c? — b?
Z Mally = Z 4 ' 4 -

cyc cyc

1
= EZ(‘l'aZbZ + 4'bZCZ —_ 2b4' =+ 4.c2a2 + 4_c4- — ZbZCZ _ 2a4. _ ZCZaZ + bzaz)

cyc
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9
- z mimj = Ez a’b?;(1)

cyc cyc
Tereshin 2 2 2
- b?+c% c¢*+a?
zmamb > . ZZ(aZbZ+chZ+cZaZ+c4)=
L e 4R 4R 16R L
1 ZxZEny 1
_ 4 2h2 Q< 2h2 212 | —
=— Za +32ab > Zab +32ab =
2
16 cyc cyc 16R cyc cyc

1
= mZasz

cyc
(1) 4
4-R " 9R?
cyc cyc cyc
> mﬁmlz, 9R?

Therefore, ST——

Solution 2 by Tran Hong-Dong Thap-Vietnam
+ c2)(a? + c?) B

bZ + c? (b?
(and analogs) — z momy > z T6R2

ma
cyc cyc
16R?

2b% + 2¢% — a2> <2aZ +2¢% — b2> B

Zmﬁmﬁ:ﬂ 4 4

cyc
= iz ((sz +2¢? — a®)(2a* + 2¢% - bz)) = i(azbZ + b%c? + c?a?)
16 16
cyc
Ymim? < 16 (azbz b?%c? + c?a?) 9R2Y a’h?
Ym,m, ~ 3(a?b? + b%c? + c?a?) + a* + b* + c4) 3Y a?b? +Y a*
16R?

We need to prove that:

9R?Y a’b* 9R?
< 44 2p2 > 2p2
Y2 St S 4 o Ya*+3Ya*b” = 4Ya“b
o Ya* > Ya?b?, which is true because: Yx* > Yxy,x = a%?,y = b% z = ¢?

- Ya* > Ya?b?
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2316. In AABC the following relationship holds:
a* b* c*

24Rr < + < 4R? (ZR 1)
r — —
~ hyh, hcha hoh, ~ r

Proposed by Marin Chirciu-Romania

Solution by Alex Szoros-Romania
a* a*bc abc-a® A4Rrs
= = = . a3 -
hbh 4F? 4r?s?2  4ris?

hyh, hb T rs

cyc cyc

ZRs s? — 312 — 6Rr 2R
_>Z (s* )——(Z 3r% — 6RT)
hyh, ST

cyc

4
a 2R
24Rr < Z © 24Rr <— (s> - 31?2 —6Rr) ©
hbh r
cyc
12r? < s2 — 31?2 — 6Rr © 6Rr + 151% < s2%;(1)
Gerretsen

R > 2r(Euler) -» 201 < 10Rr » 6Rr + 151> < 16Rr —5r2 < 2

— 6RT + 151% < 5% > (1) is true.

2R 4R?
Zh <4RZ(T—1><:>—(S — 372 —6Rr)<—(2R—r)
ph

cyc

& s2—3r2—6Rr <2R(2R—-r1) © s> <4R?> - 2Rr + 6Rr + 3r* &
s? < 4R? + 4Rr + 3r*(Gerretsen).
2317. In AABC the following relationship holds:

2 2 2 2
m m m r
A A C26s(—)
b [ a R

Proposed by D.M. Bdtinetu-Giurgiu, Flaviu Cristian Verde-Romania
Solution by Marian Ursdrescu-Romania

2
2 2 2 3 2222202
m m m mim:im
_a_l__b_'__czg M
b c a abc

We must show:
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3’(m§mlz,m§)z r\2 (mﬁm,z,mﬁ)z 5 (T

Butm, > ./s(s — a) » (m;mym,)? > (sF)? = (s*r)? = s3r%;(2)
abc = 4Rrs; (3)
From (1), (2), (3) we must show that:

SZTZ 6

T
3(r 5 5
ARTs >8s (R) & R® > 32r° © R > 2r(Euler).

2318. In AABC the following relationship holds:

162 _ Ya* + 3Yb?c?
9 MpTite = Y a?

cyc

Proposed by Marin Chirciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

16 a* + 3y b?%c?
?z mym, < Qi (*)

Ya?
cyc
. _% 2. 4 — 2 2 _ 2)2 — 4
Za —§Zma,162ma —Z(Zb +2c% —a%)* = 92(1
cyc cyc cyc cyc cyc
162 m2m? Z(sz + 2c¢%2 — a?)(2b% + 2c¢? — a?) = 92 b?c?
cyc cyc cyc
2 16 4 2,02
(*)(:)— Zmbm Zma S? Zma+32mamb
cyc cyc cyc cyc
o4 Zmamb Zmﬁ S32m§+92mﬁm§
cyc cyc cyc cyc

m,, my, m, —can be the sides of a triangle, so it is suffices to prove that:
(%)

4zab-za2 2 3za4+9za2b2;\m

cyc cyc cyc cyc

24 | RMM-TRIANGLE MARATHON 2301-2400



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

2
(**)@4Zab-2az s3<za4—zza2b2>+15 (Zab) —ZabCZa

cyc cyc cyc cyc cyc cyc

=3 30abcz a < 3(-16F?) + (Z ab) (152 ab — 42 a2>

cye cyc cyc cyc
& 240Rrs? + 4812s? < (s% + 12 + 4Rr)(7s% + 2312 + 92Rr)
f(s) = s2(120Rr + 18r% — 7s2) < 23r2(4R + 1)?

Gerretsen Euler
f'(s) = 2s(120Rr + 1812 — 14s?) < 2s(—104Rr+88r%) 2 0

Gerretsen ?

>s2 2 r(16R-57r) - f(s) < r2(16R — 5r)(8R + 53r) 2 2371%2(4R + 1)?
& 15R?2 —39Rr +18r2 >0 < (R—-2r)(15R—-9r) >0
Which is true from R > 2r(Euler) — (*x) is true.
Therefore,

16 Ya* + 3Yb?%c?
?z mym, < —Zaz

cyc
2319. Let A be area of pedal triangle of first Brocard’s point in AABC. Prove
that:
2RA > T1F

Proposed by Daniel Sitaru-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Cy

Let 0, Q —be the circumcenter, the first Brocard’s point of AABC.
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We know that:

4F?2
(ab)? + (bc)? + (ca)?

0Q =R 1—4sin2w=R\/1—4-

R%-002

Using the known identity: A = am F
A 1 1 1 16F? F 4F? F
- e — —_ —_ . = .
4 (ab)2 + (bc)2 + (ca)? (ab)2 + (bc)? + (ca)?
We have:

1 AM—GM 4

Z:(ab)Z = EZ:[(ab)Z +(ca)?] S Ez 2a’bc = abcz a

cyc cyc cyc cyc

z( b)? > 8s2R 8RF? A 4F? e r
- =— > A= . —
ab) =85 Rr=—0 (ab)? + (bo)? + (ca)? = — 2R

cyc

-F

Therefore: 2RA <rF

2320. In AABC, g, —Gergonne cevian, the following relationship holds:

4R m2w?

—>5+ > a g

r gahara
cyc

Proposed by Bogdan Fustei-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

nﬁzs(s—a)+(b;c)z-s; gﬁ:s(s—a)—(b_c):l(s_a)

(b+c)>*+(b—-c)>—a? 4bcs(s—a)
ZwZ = =

aWa 2 . b+ o7
be[(b — ¢)* — a?]
=s(s—a) [bc+ ¢ (b:c)z a ]
nag2Smiw? & ((s —a)+ ®-o" ;C)Z> <s _ ;C)Z> > be+ bC((’Zb—:)CZ)Z— a?)
(b—c)? bc
o s(s—a)+ (a2—=(b-1¢)2) =>bc+——=((b—-c)?—a?)

a? (b + ¢)?
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o 4-S(S _ a) — 4bc + 4-[(12 _ (b _ C)Z] [(b ;ZC)Z + (b :’_CC)Z] >0

(b—c)z+ bc ) 0

>
a? (b+c¢)?2)—

4(b —¢)? 4bc
+ -11=0
a? (b +c)?

@(b—c)z—a2+4(az—(b—0)z)<

@(a—b+c)(a+b—c)<

(4 1
e (b-c) (?—m>20@2(b+c)2a—true—>naga2mawa
Zra
—>5+Z +Z _5+Z
ara ara
cyc cyc cyc
2r(4R + 1) 4R
N e N R
cyc cyc

Therefore,

mw
L
ara

cyc

2321.In AABC,n, —Nagel’s cevian, g, —Gergonne’s cevian, the following

relationship holds:

n,g m,w
R 5R—r+zf SR—1+), e 9R 2(rg+1rp+ 1)
—-= = = = =2
r~ h,+h,+h, h, +h, + h, h,+h,+h,~ hy,+h,+h,

Proposed by Bogdan Fustei-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Leuenberger

1 -
Zha=2srzz = 2sr- —= SZrarb Zra

cyc cyc cyc cyc

.2

a

Euler R 9R
Zra=4R+r < 4R+E:7

>2

cyc
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“mgw, > s(s—a)

MmWa _ s(s—a) 1 ( )_Zr(4R+r)
h, —Z h, _ZZ‘”_“—
cyc

2r
cyc

9R
=
c ha+hb+hc

s g2 = s(s— a)_(b—c)z(s—a)

a
, 5 _(b+c)+(b—c)’>—a®> 4bcs(s—a)
Matla = 4 T (b+0)?
bel(b — c)? — a?]
=s(s—a) [bc+ ¢ @ :c)z a
nagﬁgmﬁwﬁ el(s-a)+ (b — ) s — (b—c)* > bc+bc((b —c)?—a?)
a a

(b +c)?
o s(s—a)+ (b ;ZC)Z (a? —(b—c)?) = bc+ ( )z (b —c)? — a?)

& 4s(s —a) — 4bc + 4[a? — (b — ¢)?] [(b -,

bc
T+ c)Z] =0
& (b—c)? —a?+4(a? - (b-c)?) <(b _ZC) bc

+(b+c)2>20
@(a—b+c)(a+b—c)<4(b_c)z 4bc

P +(b+c)2—1>20

4 1
P V- P — —
s (b—c) (az (b+c)2)20 o 2(b+c)=a—true - n,g, = m,w

5R—T+Z Ngga T+Z awa

ha+h,,+h

m+m+m
b — c)?
nﬁzs(s—a)+( )

s g2=s(s— )_(b—c)z(s—a)

a
>ni+g2=2s(s—a)+(b—c)?
_)znagaAMQGM i+ ga_ S 2s(s —a) + (b —¢)* _
he, — 2h, 4sr
cyc cyc cyc a

28 |

RMM-TRIANGLE MARATHON 2301-2400



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

—12:( )+ — > a%h - 6abc | =
_Zr a\s a dsr a apc | =

cyc cyc
2r(4R +1r a)ab) —9abc ab
_2r(4R+7) _(Sa)(Zab) D . S
2r 4sr 2r
n,g
= —_— = — J— —_ —
r 2r r T ® r~ hg+h,+h,
cyc
Therefore,
n,g m,w
R SR—r+) = ® SR—r+)—p = 9R J2ra*rpre)

> > >
r~ hy,+h,+h, = h,+h,+h, ~“h,+h,+h.,~ hy+h,+h, =
2322. In AABC the following relationship holds:

z a hh <R z a
b+c ?°¢~ 2r b+crbrc

cyc cyc

Proposed by Marin Chirciu-Romania
Solution by Marian Ursdrescu-Romania

z a hh—z a 4F* 4F*? z a?
b+c P ¢ b+c¢ bc abc b+c

cyc cyc cyc

_ 4s*r? z a* rs 2s(s*—3r>—4Rr) _r 2s5*(s*—3r*—4Rr)
D e . —_.

= = (1
4Rrs R S22+ 12+ 2Rr R s2+ 12+ 2Rr M

cyc

z a _z a F? B a(s—a) _
b+c bt " Lb+c (s—b)(s—c)_s b+c

cyc cyc cyc

5 z a z a? , 2(s*—1*—Rr) 2s(s? — 3r%2 — 4Rr)
=s -5 —s- =
b+c

=s%. s
b+c s2+ 12+ 2Rr s2+r2+ 2Rr
cyc cyc

_ 25s*r(3R+2r)
"~ s2+7r2+2Rr’

(2)

From (1), (2) we must to prove:

r 2s%(s®?—3r%2—4Rr) - R 2s*’r(3R+2r)
R s2+ 12+ 2Rr ~2r S +7r2+2Rr
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2r(s? — 3162 — 4Rr) < R*(3R + 21);(3)

But s < 4R? + 4Rr + 3r*(Gerretsen); (4)
From (3), (4) we must to prove that:
2r-4R?> < R?’(3R+ 2r) © 8r < 3R+ 2r © 61 < 3R © 2r < R(Euler).

2323. In AABC the following relationship holds:

zma zm3+m,2, <27\/§<R>3
a c? - 32 \r

cyc cyc

Proposed by Kostas Geronikolas-Greece
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We know that:

z m? = 2 z z — < F (Goldstone)

cyc cyc cyc
CBS CBS Leibniz
mg 8 155 |3 1 lLeibniz 4 3v3R
22 Z-E—< > E 2. — 2 —3.9rz=""":(1
_)Za_ zma a? — 4( a>4r2 - 4r 4r 1)
cyc cyc cyc cyc

1
a2b2c—>maSmbSmc—>mﬁ+m,Z,Smﬁ+mcandc—>

Chebyshev' s Goldst
ma + mlz, s ) ) 1 0 ﬂsﬂone
- s 3 (m2 +mj) = <

cyc cyc cyc

2 113 felinuiz m2+m} _9R?
< — 2| =___ _z 2 _ 2 z b 2
= 3(2 m“) 42 6r2 (4 a ) 8r2 OR" = =gz @

cyc cyc cyc

From (1), (2) it follows that:

(2] (it <Ry

cyc cyc
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2324. In AABC the following relationship holds:

(Zsm A) (Zsm2 A) (Zsm g) y 27

(1 cos i’st) (1 — cosg—q) (1 — cosg—g) - 8

Proposed by Daniel Sitaru-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let f(x) = sin’x,x € (0,%). We have: f'(x) = sin2x, f"'(x) = 2cos2x > 0 -
f —convex.

€ (OE) (and analogs). Using Jensen inequality, we have:

WA R Y B CARE VL SE (R

cyc cyc cyc
Similarly:
Z ZA>3(1 211')2 ZA>3(1 211')
sin® = 25 cosor), ) sinfg =g coso—
cyc cyc
Hence
Drsin g (3 s (3 s ) = () (1= cos ) (1 - cos) (1- os3)
sin 5 sin - sin 9]=\2 cos 15 COS21 COS27
cyc cyc cyc
Therefore,
2 A A A
(Zsm ) (Zsm ) (Z]smZ 9) N 27
~ 8

(1 - cosi—’sr) (1 - cos%—l) (1 - cos%—’.;)

2325. In AABC the following relationship holds:

2r/1 1 R\?
— | =+—=|< (=
ho\hZ h2 (F)

Proposed by George Apostolopoulos-Messolonghi-Greece
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Solution by Marian Ursdrescu-Romania

L _F _ _ __2F . - - . b?>+c%2 _ R?
We have.r-;,s-Zs—a+b+c,ha—7,|nequalltycan be write as: -7 - . S

=|-n|‘”|'-§

a b?+c?

S

< R?> & a(b* + ¢*) <4sR%* (1)

But in any AABC we have: g +§ <= 2Q)eb*+ct<=- bc =3
a(b? +c?) < g -abc; (3) and abc = 4Rrs; (4)

From (3),(4) we have:
a(b? + c?) < 4sR? = (1) is true.
x+y)+2)(z+x) x+z x+y

4xyz Tx+y x+2z

;(5)

=1

2) e

y+z> 1 N 1
4xyz — (x+y)? (y+z)Z

— (MNe(x-2)?2%=>0

(+)2_4-xz

But jy)z < -i(6) & (x~y)? > 0and

From (6),(7) it follows that (5) is true.

2326. In AABC the following relationship holds:

(mfl + mlz,)z + (mlz7 + m%)z + (m? + m2)?

2

> > < 9R?
mg +my +mg

Proposed by Marin Chirciu — Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

¥ (m2 +m2)*
L

2 Tereshin bz =+ CZ Z
zm“ = Z 4R 16RZ Z“ ”Z(”C)
8RZ Z at+ Z(W

We have: 16 Y m} = ¥ (2b? + 2¢* — a?)? =9 a* and
16 Z(m my)? = Z(sz +2¢% — a?)(2¢ + 2a2 _b?) = 9Z(bc)2

*Zma—siz(mz 4+_z(m“m”)) 9RZ Zma+zz(mamb>
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1
= 5z ). (ma+ )’

E(mimd)” _ g p2
Therefore, T ymZ <9R

a

2327. In AABC the following relationship holds:

n n n
aga+ bgb+ c.gc2

WaSq WpSh WeSc

3

Proposed by D.M.Bdtinetu-Giurgiu, Gabriel Ticd-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let us prove: n,g, = m,w,

(b—C)Z_s; gﬁ:s(s_a)_(b—C)Z(s—a)

n2=s(s—a)+

a
, 5 _(b+c)+(b—c)’>—a* 4bcs(s—a)
W, — . =
aWa 4 (b T C)Z
bc[(b — ¢)? — a?]
=s(s—a) [bc+ b+ o7

4lnZgi —miwil =

2(b - ¢)? 2(b — ¢)? (b+c)2+(b—-c)?—a?
)

=s(s—a) <2(s— a) +

a 4
4bcs(s —a)
ECEN
=s(s—a) [(b +¢)2 —4bc—a% + 4(b - C)Z(‘iz_ (b—c)?) + abe. W} _
b— z b b — 2 b— 2
=sG-ala - (b= <_1 " ® a? 2 * (b4+ 2)2> =4 <4( a? 2 h Eb + 32>
(2b+2c—a)(2b + 2c + a)
= 4P b — o) az(b + c)? =0

- naga 2 mawa

We know that: m, > s,(and analogs) andn,g, = s,w,(and analogs)
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Therefore,

n n n
aga+ bgb+ cgc>3

WaSa WpSh WeSc N

2328. In A ABC the following relationship holds:

A
72sR31r2 < z a6tan5 < 16sR*(4R3® — 2313

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

2
Proof:Lets—azx,s—bzyands—c=z.'.z:(s—a)Z Z(Zx) —Zny

(1)
=52 —2(4Rr +1?) :sz = §2 — 8Rr — 2r?

Now,Z(s —a)d = (Z(s - a))3 -3 n((s —a)+(s—b))=s®—12Rrs

2)
= z x3 2 s3 —12Rrsand

Z(s —a)t= Z:(s4 + a* — 4a3s — 4as?® + 6s%a?)
= 3s* + 2(s? + 4Rr + 1%)? — 32Rrs?* — 16s%r?> — 8s%(s? — 6Rr — 31?)
— 8s*
+1252%(s2 — 4Rr — 41%) = s* — 16Rrs? + 2r?(4R + 1)?

3)
= z x* = s* — 16Rrs? + 2r2(4R + 1)?

Z(s —a)X(s—b)? = z x2y? = (z xy)Z _2xyz (z x)

2 “®
= (Z(s —a)(s— b)) —2r’s? = z x*y? 2 (4Rr + r?)? — 2r%s?

D) Xw) =2+ 3 (2 (2 x-1))
=S x4 (Y x) (O xy?) —xyz Y xy
- Y= (V) () - () (xtr) +xv . ay

via (1),(2).(4)
= (s2 — 8Rr — 21r?)(s® — 12Rrs) — s((4Rr + r?)? — 2r?s?) + r?s(4Rr + 1?)

(5)
= z x5 2 s[s* — 20Rrs? + 20Rr%(4R + )]
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=r [Z(s —a)’+ zss_ﬁa —3s° — 6sZ(s —a)*+ 15s22(s —a)3
—20s3 Z(s - a)z]

via (1),(2).(3).(5)
= r [s[s4 — 20Rrs? + 20Rr%(4R + 1)] +

s®(4Rr + 1?)

3s°
r’s

— 6s[s* — 16Rrs? + 2r2(4R + r)?] + 155%(s® — 12Rrs) — 20s3(s?> — 8Rr — ZrZ)]

@ p
=||s[(4R — 127r)s* + s?r2(56R + 40r) — r3(112R? + 76Rr + 121r?)] = z aﬁtani

A
) = z aStanZ < 16sR2(4R° — 231%)

& (R -3r)s* +s2r2(14R + 10r) — r3(28R?% + 19Rr + 312)
®
— 4R?(4R3 - 23r3) 20
Now,Rouche = s> —(m —n) > 0and s> — (m+n) < 0,wherem
=2R*+ 10Rr —r* and n = 2(R — 2r)V R? — 2Rr
(sz—(m+n))(s2—(m—n)) <0=>st—s22m)+m?-n?<0
= s* — s2(4R* + 20Rr — 2r*) +r(4R+1)3 <0
= (R—-3r)s*— (R —-3r)(4R? + 20Rr — 21%)s’ +r(R - 3r)(4R+1r)3 < 0 and
. in order to prove (a), it suffices to prove :
(R - 3r)s* + s2r2(14R + 10r) — r3(28R? + 19Rr + 31%) — 4R*(4R?® — 2313)
<(R-3r)s*—(R—-3r)(4R? + 20Rr — 21*)s’ +r(R — 3r)(4R + )3
(i)
& (4R® — 8R%*r + 5Rr? + r3)s? < r3(28R? + 19Rr + 3r2) + 4R%(4R3 — 23r3)

Gerretsen ?

Now,LHS of (ii) < (4R® — 8R?r + 5Rr? + r3)(4R% + 4Rr + 3r2) S r3(28R?

+ 19Rr + 312) + 4R%(4R3 — 2313)

35 | RMM-TRIANGLE MARATHON 2301-2400



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
2

& 16rR%2(R? — 412) S0 - true via Euler = (ii) = (i)is true

A
- z aﬁtani < 16sR?*(4R3 — 23r3)

A
Again, (I) > 72sR3*r? < z aﬁtani

< (R - 3r)s* + s2r?(14R + 10r) — r3(28R? + 19Rr + 31%) — 18R3*r?

>0

(iii)
& (R - 2r)s* —rs* + s2r2(14R + 107) — r3(28R% + 19Rr + 3r2) — 18R3r% 5 0
Gerretsen
Now,LHS of (iii) 3 ((R — 2r)(16Rr — 512) — r(4R? + 4Rr + 312)
+r2(14R + 107))s? — r3(28R? + 19Rr + 3r%) — 18R3r?
=1r(12R? — 27Rr + 17r?)s? — r3(28R? + 19Rr + 31r2) — 18R3r?

Ger1;e-\tsen :1
> 1r(12R*-27Rr +17r?)(16Rr — 5r%) —r3(28R% + 19Rr + 3r2) — 18R3r2 > 0
?

- R
o 87t3 —260t% + 194t —44>0 (where t= 7)

? Euler

o (t-2)((t—2)(87t+88) +198) S0 > true ~t S 2

= (iii)is true

A
. |72sR3r% < z aﬁtani (QED)

2329. For an acute AABC and a positive integer n, prove that:

n
3n+1

8

1
Z(sinA -sinB - cosC)n | <
cyc

Proposed by George Apostolopoulos-Messolonghi-Greece

Solution by Marian Ursdrescu-Romania
From Holder inequality, we have:

36 | RMM-TRIANGLE MARATHON 2301-2400



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro

1 n
i (chc(sinA - sinB - cosC)H)

1
Z(sinA -sinB - cosC)n | > 31 =

cyc

n
1
Z(sinA -sinB - cosC)n | <3™1 z sinA - sinB - cosC
cyc cyc
We must show that:
9
z ainA - sinB - cosC < g (1)
cyc
Now, cos2A + cos2B — cos2C = 2cos(A+ B)cos(A — B) — 2cos?’C+ 1 =

A—B—C)_
5 =

A—B+C
= —2cosC(cos(A—B) +cosC)+1=1—2cosC- cos( 2 )cos(
=1 —4sinA - sinB - cosC >
1
sinA - sinB - cosC = 2 (1 — cos24 — cos2B + co0s2C); (2)

From (1),(2) we must to show:

3 — (cos2A + cos2B + cos2C) 9
2 < gi (3)

But: cos2A4 + cos2B + cos2C = —1 — 4cosA - cosB - cosC;(4)

From (3),(4) we must to show:

9 1 L
1+ cosA-cosB - cosC < i cosA - cosB - cosC < p which is clearly true.

2330. In AABC the following relationship holds:

3 9V6 3
9\/§T2 Sma,/wa+mb,/wb+mc,/w STRZ

Proposed by Marin Chirciu-Romania

Solution by Marian Ursdrescu-Romania
For LHS, we have:

3
z mg,/wy = BJmambmc,/wawbwc

cyc

We must show that: m mym./wwyw, > 81v3 - Vr3; (1)
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Butm, > /s(s — a) > m,;mym, > sF = sr;(2)
From (1),(2) we must show that: s*,/w,w,w, > 81V3 - r3yr; (3)

2s rZ
> h, = \Jw,wpw, = \/hhyh, = ’ f (4)

From (3), (4) we must to prove that:

sZ. s\/% > 813 - r2yr; (5) and s > 3/3r(Mitrinovic); (6)

From (5), (6) we must to prove that: s f > 27rVr;(7)

27Rr
s? > — (Cosnita — Turtoiu); (8)

From (7), (8) we must to prove: \/g >+\r © R > 2r(Euler).

For RHS, we have:
243

(1 Wa + My, + mefwe)” < =R (9)
From Cauchy inequality:

2
(Mo Jwa + mpfwy, + mfw,)” < (M2 +mi + m2)(w, + wy, +w,.); (10)
From (9), (10) we must to show that:

243
zmg-zwa < 5o R%(11)

cyc cyc

27RZ
> 3:42 2<— oR? =27 (12)

cyc cyc

From (11),(12) we must to show:
YicyeWa < ER, which is true, because w, < m,,.
Remains to prove that:

9 81R?
S Y= gre T ) <2
cyc

cyc cyc
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CBS

But (ZCJ’C mﬂ)z 2 3 chcmé = %chc a? < TRZ
2331. In AABC the following relationship holds:

r 7r r? h? 5r 3r
(4 sz <2+
R 4R 2R?

cyc

Proposed by Marin Chirciu-Romania
Solution by Tran Hong-DongThap-Vietnam

o X(b*c*(p— b)(p — ©)) = abep(T ab) — (X a?b?)p* + XL b3c® = 4Rrp*(p* +
ARr+12—p4+21r2—-8Rrp2+4Rr+1r22p2+p6+3r2—12Rrp4+3r4p2+4Rr+r2
3=r2p4—-22Rr3—r4p2+4Rr+1r23=r2p4—-22Rr—r2p2+r4R+r3;

B Y NN (R ICRT))
(p—a)a®?  (p—a)(p—b)(p - c)a?b?c?
_ r*(p* - 2(2Rr — r®)p* +r(4R +1)3)
B pr2. (4Rrp)?
_ (p*-2QRr —r*)p* +r(4R +1)3)

16R*r?p3
Let
0= Z h3 _ 453 1 _ 4p3r3 (p4—Z(ZRr—r2)p2+r(4R+r)3) _ p4—Z(ZRr—r2)p2+r(4R+r)3.
- Tpre - rarpre <~ (p—-a)a? - p*r 16R%r2p3 - 4p2R2 !
(1)
e 0= p“—Z(ZRr—rz)pz+r(4R+r)3 2 2 + z + ﬁ
4p?R? - R  2R%’
p* — 2(2Rr — r*)p? + r(4R + 1)3 - 4R? + 10Rr + 3712
N .
4p?R? = 2R? !

o p*—2(2Rr — r2)p? +r(4R + )3 < 2p%(4R? + 10Rr + 312);
o p*—4Q2R*+6Rr +r¥)p* +r(4R+1)? < 0;
o p* <4(2R* + 6Rr + r*)p* —r(4R +1)3; (2)
But:
a=2R?+10Rr —r2 —2(R-2r)JR(R-2r)<p?* < B
= 2R% + 10Rr — r* + 2(R — 2r)/R(R - 2r);
- (p? —a)(p*-P) < 0;
- p*—22R%2+ 10Rr —r¥)p?2 +r(4R+1)3 < 0;
— p* < 2(2R?> + 10Rr — r?)p?> —r(4R +1)3;(3)
From (2) & (3) we need to prove:
2(2R? + 10Rr — r?)p? —r(4R +1)3 < 4(2R?> + 6RT + r?)p? —r(4R +1)3,;
& 2(2R? + 2Rr + 3r*)p? > 0;
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(true because: R, r,p > 0)
- (2) = (1) istrue.
p“—Z(ZRr—rz)pz+r(4R+r)3 (é) ﬁ( 7r r2 ) .
4p2R2 R !
o p* —2(2Rr — r*)p?* + r(4R + 1)3 - (28rR* — 7Rr* —2r3)
4p?R? = 4R3 !
& Rp*+ (=32rR? + 9Rr? + 2r3)p?> + Rr(4R +1)? > 0;
< Rp* — (16rR? — 5Rr*)p? — (16T7R? — 4Rr? — 21%)p? + Rr(4R +1)3 > 0;
o (sz — (161R?% — 5Rr2)) p? + Rr(4R +1)3 — (16TR? — 4R7? — 21%)p? > 0; (5)
Because:
e p?>16Rr—5r% > Rp? > 16rR? — 5Rr?> - Rp? — (167R?> — 5R1?) > 0;(6)
e Rr(4R+71)? — (16rR? — 4Rr? — 2r?%)p? > 0;(7)
o Rr(4R +1r)3 > (167R? — 4R7? — 21%)p?;
But:
p%> < R? + 10Rr — r%2 + 2(R — 2r)/R(R — 2r) — (16TR? — 4Rr? — 212)p?
< (167R* — 4Rr?* — 2r2) (R? + 10Rr — 17
(8)
+2(R - 2r)R(R — 21)) < Rr(4R +1)3;

(8) & (16t% — 4t —2) (tZ +10t —1+2(t—2)/t% — Zt) < t(4t+1)3; ( t= g > 2)
o (16t2 —4t—2)(t> +10t — 1) + 2(16t% — 4t — 2) ((t —2)/t2 — Zt) < t(4t+1)3;

o 2(16t% — 4t — 2)(t — 2)\/t2 — 2t < t(4t + 1)3 — (16t% — 4t — 2)(£% + 10t — 1);
o 2(16t%2 — 4t —2)(t—2)Jt2 -2t < (t — 2)(4t + 1)(8t> — 12t + 1);

o (t—2) ((4: +1)(882 — 12t + 1) — 2(16£% — 4t — 2/ — zt) > 0;

Since:t > 2 - t—2 > 0. We need to prove that:

(4t + 1)(8t% — 12t + 1) — 2(16¢2 — 4t — 2)\/t2 — 2t > O;

e QO=

o (4t +1)(8t* — 12t + 1) > 2(16t% — 4t — 2)Vt? — 2t;

o ((4t +1)(8t% — 12t + 1))Z > 4(t2 — 2t) (162 — 4t — 2)2:

o 256t* + 25613 + 96t%2 + 16t +1 > 0:
o (4t +1)* > 0;(true by t > 2)
(7)&(6)

~

- (7)istrue = (5) - (4)istrue. Proved.
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2332. In acute AABC,r 4 —radii of circle tangent simultaneous to BC in the

middle of BC and circumcircle of AABC (internal tangent). If rg, r —are

similarly defined then:

Proposed by Mehmet $ahin-Turkiye
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let M be the midpoint of BC, we have: u(OBM) = g —-A-

i 20M
tan(OBM) = tan (— — A) =
2 a
a 2RsinA
- OM = = = RcosA

2tanA  2tanA
We have: R = 2r, + OM = 2r, + RcosA

_ 1—cosA_R ., A
rs.=R- > =Rsin”;
1 1 1 1 bc 1 sYbc — 3abc
YA -iT T e Lo - T
ran Riig..4 R (s—b)(s—c) Rris Rris
cyc cyc 2 cyc cyc

_(s*+71r?2+4Rr) - 12Rr _s*+1r?—8Rr
B Rr? B Rr?
By Gerretsen’s inequality, we have:
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1 s?2+1r? —8Rr> (16Rr —5r%) +r* —8Rr _

T4 Rr2 - Rr?
cyc

8Rr — 412 2 1
)

Rr? r R
1 s2+r2—8Rr<(4RZ+4Rr+3rZ)+rZ—8Rr_4RZ—4Rr+4rZ<

T4 Rr? - Rr? B Rr? -

FUeT AR —4Rr + R* 1
S Rr2 - ﬁ (5R - 4-1')

Therefore,
2 1 1 1 1

4(——— <—+—+—<—5R 4
(r R) Ty Tp T¢ ( r)

2333. In AABC the following relationship holds:
1212 _ h? N h2 N h?

7 S <3
R Tpre TTq Talp

Proposed by George Apostolopoulos-Messolonghi-Greece
Solution by Marian Ursdrescu-Romania

For RHS, using AM-GM:

h? h? h? 3|h2 h? h?
a + b + c 23 t; g Zc
Trpre rerg L rarbrc

h2 hzhz 3 [hghph, h hahph,
We must to prove: 3’ 2y 12, 2 > /rarbrc > 2 e > R3 : (1)
But: h,hyh, = (2) and r,rpr. = s%r;(3)

2
From (1),(2),(3) we must show that: 2 - > 8;—3 o124,

R? > 2r? & R > 2r (Euler).

For LHS, we have:

4F?
hZ a2 4(s —b)(s—c)
ryre F2 a? ()
(s—b)(s—c)
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s—b+s—c __

But: (s—b)(s—c)sT—gﬁ(S—b)(S—C)S§;(5)

hi

TpTe

2
h, <3

—a
Tpre

From (4),(5) it follows that: <1 Yoy

2334. In AABC the following relationship holds:

2r4R+1)* 1,

r. (4R + r)?
S -
3R%s

rp
+—+—=<
b [ 3Rs

Proposed by Marin Chirciu-Romania

a

Solution by Marian Ursdrescu-Romania

zra_z F z 1 B s+ (4R+7r) s*+(4R+1)?
a ZLia(s—a) ST a(s —a) - ST 4R +s2 4Rs

cyc cyc cyc

For RHS, we have:

s+ (4R +1)? - (4R +1r)?
4Rs - 3Rs

& 352 < (4R +r)?(Doucet)

& 3s2+34R+1)? <4(4R +71)?

For LHS, we have:

2r(4R + 1r)? - s+ (4R +1)?
3R2%s - 4Rs

3s% < (4R + r)*(Doucet); (2)

& 8r(4R +1)? < 3Rs?> +3R(4R +1)?%;(1)

From (1), (2) we must to prove that:
3Rs?> +9Rs? > 8r(4R +1)? © 12Rs? > 8r(4R +r)? © 3Rs? > 2r(4R +1r)?; (3)
Again from 9s? < 3(4R + r)*(Doucet); (4)
From (3), (4) we must to show that: 9Rr(4R + 1) > 2r(4R + r)?
< 9R > 8R + 2r & R > 2r(Euler).
2335. In AABC the following relationship holds:

3 3 3
a b [

— +—+—2> 12V3Rr
m, m, m,

Proposed by Mehmet $ahin-Ankara-Turkiye
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Solution 1 by Marian Ursdrescu-Romania

Hold
ad b* 278" (a+b+c)? 8s?

—_—t—+— > =
m, my m, 3(ma + my + mc) 3(ma + my + mc)

2
We must show: ———— > 3v3Rr; (1)

3(mg+mp+me) —

Butm, + m, + m, < svV3(Jun His Huang); (2)

3
From (1), (2) we must show that: 32_\/555 > 3v/3Rr © 2s% > 27Rr(Cosnita — Turtoiu)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

3 AM_GM 3
z a? =2m? +EaZ > 2 |(2m2) (Eaz) = 2V3am,

cyc

2 1 2 (and logs)
- am, s —— a”ana anaitogs
“ 7 2V3 g
cyc
3 4 CBS 2v2 (1) 272 CBS
_)za_:z at g (Xa®) 2 (Xa*) :Zﬁzaz 2
m, am, — Yam, 3 Ta? 3
cyc cyc 2\/§ cyc
(25 27RT
CBS -2
2223 8V3 > 8V3 27Rr
SNulia 2| =""52 & 2. = 12v3R
=9 Z“ 9 ¥ = T9 T2 V3Rr
cyc
Therefore,
3 b3 3

a C
— +—+— > 12V/3Rr
m, my m,

Solution 3 by Tran Hong-Dong Thap-Vietnam

CBS
- 3 V3
amg +bmy +eme 2 ) @t ) mi= ) a3 at=) ati()
cyc cyc cyc cyc cyc

a3 b3 3 (aZ)Z (bZ)Z (cz)z CE\S (a2+b2+c2)2 by'*(\l)
-+ = + + > =

4 —_—
m, m, m, m, m, m,  amg,+bmy+cm,
a?+b2+c?)?  2V3 43 @

> ( > 5 (@ +b2+ct)=—= (s? —4Rr — %) = 12V3Rr

Ts(aZ + b2 + c2)
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(2) ©s2—4Rr —r? > 9Rr © s> > 13Rr + r?

But: s2 > 16Rr — 5r%(Gerretsen). We need to prove that:

16Rr — 512 > 13Rr + 1?2 & 3Rr > 612 & R > 2r(Euler) - (2) is true.

2336. In AABC the following relationship holds:
9R

9r < - - < —

r < /mym,+,/mmm, +,/m;m, 5
Proposed by Nguyen Van Canh-BenTre-Vietnam

Solution 1 by Avishek Mitra-West Bengal-India

AM-GM

P mb+m cBs
Z:,/mbmc < Z 5 CZZma < (12+12+12)<Zm§>=
cyc

cyc cyc cyc

Leibniz
ey /9 9R
aZ < —.9 RZ -
- 4 2
Mitrinovic

AM—GM
Z\/mbmc S 33m.mym, =3 n\/S(S—a) =33sF =3Vs?r =

cyc

= 33/(3\/§r)2 ‘r=9r

Solution 2 by Samar Das-India

cyc

abc=4Rrs

AM':\GM 33 3
= 3vV3abc 2= Z-\/§3\/4Rrs2

sz,/mbmc > 33 m,mym, =
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s<ﬂR
2b2+2c2—a? 3 2 3V3_ 9R
:Z\/ T Ta Z\/——(a+b+c)=sx/§ < \/§-£R=—
4 2 2 2
cyc
2337. AMNP —the intouch triangle of AABC, T —Gergonne’s point. Prove
that:
3 (I"M I'N I"P) 1 1
LYY L
r2s\T'A TIB TIC a (s — a)?
cyc cyc

Proposed by Daniel Sitaru-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

B sb M S-C C
From Van Aubel’s theorem, we have:
I‘A_PA+NA_s—a+s—a_( ) (s—b)+(s—c) _
'M_PB NC s—-b s—c o (s—-b)(s—¢c)
_a(s—a) a(s — a)? _a(s—a)?
" (s—b)(s—¢c) (s—-a)(s—b)(s—c)  1rs
M r’s

S TAT aG —a)? (and analogs)

3 (I‘M+I‘N+I‘P> 3 Z r’s 32 1
- — — _— | = — _ = JE—
r2s\F'A T'B TC) 1r?slZua(s—a)? a(s — a)?
cyc cyc

1 1 1

azbzc- G-a)2 = b2 = (s-0)2

Q|m

<1<
c

and

1
b
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3 (I‘M+I‘N+I‘P> 32 1 Chebyéheus zl z 1
—_a—— 4 — 4 — ) = e — [
r2s\lT'A TB TIC s(s —a)? - a (s —a)?

cyc cyc cyc

2338. In AABC,n, —Nagel’s cevian, the following relationship holds:

8

nS+nd+n>3%.+8

Proposed by Mehmet $ahin-Ankara-Turkiye
Solution 1 by George Florin Serban-Romania

4
Holder 1 ?
- T
nﬁst—ZrahaAZnaZZ(nﬁ)“ z 33 Znﬁ >3%.r8
cyc cyc cyc

cyc

2F F
ZnﬁZZ(SZ—Zraha)ZZSZ—ZZraha=3s2—2 —s=a-

4
? ?
< <

nﬁ) 2312_1.8(:)2115233_1.2

cyc

cyc cyc cyc cyc cyc
1 s2+ (4R +71)?
=3 2 _ 4 2 Zz =3 2 _ 4 2o2 —
s sr a(s — a) s s 4Rrs?

cyc

Gerretsen

r o
=3sZ—E-(sZ+(4R+r)Z) >

r
> 3(16Rr — 51%) — R (4R?> + 4R+ 31r?> + 16R?> + 8Rr +1?%) =

48R%r — 15Rr? — 20R62 1 — 12Rr? — 413 [,
= R >27r?

R
& 28R%*r — 27Rr? — 413 > 27Rr? & 28R*r — 54Rr* — 413 >0 ( t= - > 2) -
(t —2)(28t + 2) > 0, which is true from t > 2.

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
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Hok\ier 1 (i\) 1 . .
Zn_ZaZ?ZhaZ -(9r)8=3°.
cyc cyc
Therefore,

nd+nd+nd>3% 18

Solution 3 by Tran Hong-Dong Thap-Vietnam

AM—-GM ngnpnezmgampme mgmpme2s*r
I 3 I 3 I
ng + ng + ng = ’ (nanbnc)8 = (rnarnbrnc)8 =

(1)
>3.3/(s2r)8 5 3% . 18

(1) © 3/(s21r)8 > (3r)8 & (s2r)8 > (3r)%* & s2r > (3r)3

2>27r* & s > 3V3r(Mitrinovic) - (1) is true

2339. In AABC the following relationship holds

RZ
(a+b)2 z:b2+c2 = (2ZR=T)
cyc

cyc

Proposed by Kostas Geronikolas-Greece
Solution by Marian Ursdrescu-Romania

9R?
- DICONE) P
(a+b)* 2 4ab - b)z 2ab (@ b)z <2

cyc cyc

We must show that:

a? 2R—1r
Zb2+czs ; (1)

2r
cyc

1 1
b?% + ¢? > 2bc —

I QRN -
b2+ c%2~ 2bc Z:b2+cZ ZZ 1 (2)

cyc cyc

From (1), (2) we must show that:
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a2 2R—-r a*+b3>+c® 2R-r
ZE< & < ;(3)

r abc r

cyc
a® + b3+ ¢ =2s(s? — 3r%2 — 6Rr) and abc = 4Rrs; (4)
From (3), (4)we must show that:

2s(s? — 3r%2 — 6RY) - 2R—r
4Rrs

& s? < 4R? + 4Rr + 3r?(Gerretsen)

2340. In AABC the following relationship holds:

2F a?
—< Z m, + < 6R
r 4m,

cyc

& s2 —3r2 — 6Rr < 4R? — 2Rr

Proposed by Rajeev Rastogi-India
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

D (i) = 22 g = a2

cyc cyc cyc

2

Z( a > Z4ma+a Z(Zb2+2c Z)+a
m, + =) —F—-=
¢ 4m,

cyc

bz + CZ Tereshm
=2 am S 2 Z R =6R
cyc a cyc

Therefore,

2F< + a* < 6R
Ma dm,)

cyc

2341. In AABC the following relationship holds:

(ha + hb)(ha + hc) > 12
hbhc

cyc

Proposed by D.M.Badtinetu-Giurgiu, Flaviu Cristian Verde-Romania
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Solution by George Florin Serban-Romania

2F 2F\(2F A 2F
Z(ha+hb)(ha+hc)_Z(T“LT)(?*T)_
hyh, - 2F 2F =
cye cye D ¢
4F?’(a+ b)(a+c) bc (a+b)(a+c) c b bc
3) - YRR
a’bc 4F? a? a a a?
cyc cyc

cyc

a b b ¢ ¢ a ab bc ca™ ™M
=14+14+1+—4+—+—+—+—

+—+—+— >
a ¢ b a ¢ ¢ a? b2

12 a4-b4-c4- _

Therefore,

(ha + hb) (ha + hc) >
hyh, =

cyc

Solution 2 by Avishek Mitra-West Bengal-India

(ha+hb)(ha+hc)“”§”z 2hehy - 2/hehe _ " hay/Pohe _
hbhc - hbhc hbhc
cyc cyc cyc
h AM;\GM h h
:42 P A 1 L LT
o Jhyph, N [The
Therefore,
(ha + hb)(ha + hc) > 12
hbhc
cyc
Solution 3 by Samar Das-India
(ha + hb) (ha + hc) —

hyh,

cyc

— (ha + hb)(ha + hc) + (hb + ha)(hb + hc) + (hc + ha) (hc + hb) AMéGM
hth hcha hahb B

>3. 3 ((ha + hb)(hb + hc)(hc + ha))z _
B (hahbhc)Z B

RMM-TRIANGLE MARATHON 2301-2400
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3 h, + hy\? (hy + h\® (h, + h,\*
4_.4_.4_(a2 )( > c)(cz a)

(hahb hc) 2

=3 =12

Therefore,

(ha + hb)(ha + hc) > 12
hbhc

cyc

2342. In acute AABC the following relationship holds:

- + = + — >(1+—
sin3B  sin3C sin34 R

Proposed by Marian Ursdrescu-Romania

sin>4 sin®B sin®C ( r)z

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

sin5A+sinSB+sinSC: 1 Za_sz 1 Z a® -

sin3B sin3C sin3A (2R)2Z.b3® (2R)?2.Z.(ab)- b%z —
Holder 1 (a? + b? + ¢?)3 Tabsya® 1 (a? + b? + c?)?
= (2R)2 (ab + bc + ca)(a? + b2 + ¢2) = (2R)2 a? + b + c2

a? + b? + c% walker 4(R + 1)? 2
e o)
(2R)? (2R)? R

.5 .5 .5 2
Therefore,sm A+sm B+sm c > (1 +£)

sin3 B sin3C  sin34 —

2343. Prove that for any triangle ABC the inequality:

V6 (8(a+b + c)3
+ 27
486 abc

V(@1 + cosA)(1 + cos B)(1 + cosC) <

Proposed by Kunihiko Chikaya-Tokyo-Japan
Solution 1 by Avishek Mitra-West Bengal-India

6\/1_[(1+cosA) = 6’1_[2(:05222
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1 1
3 3

b ([ Jeos?) = ﬁ(]‘[ (o~ “>>3 =2 (zge) =2 (ma)

2344. In AABC the following relationship holds:

R
Proposed by Marian Ursdrescu-Romania

cos®’A cos’B cos®C r\2
sp T 3¢ T 34 = _( )
cos°B cos’C cos’A

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
Letx =cosA,y =cosB,z=cosC
cos®>A cos®B cos®C Z x> Z x6
+ + =) ==) —~——=
cos3B cos3C cos34 y3 (xy) - y?
Holder (x% + y* + z%)3 Txy<Ea? (x2 + y2 + z2)2
(xy +yz + zx)(x%2 + y2 +2z%2) — x2 + y2 + 72
s2— (2R +1r)?
= x% + Z+Z:Z ZA=1—21_[ A=1-2- >
X2 +y*+z cos cos ARZ >
Gerretsen 4R? + 4Rr + 31%) — (2R + 1)? r\2
s DRy
2R

5 5 5 2
cos” A cos” B cos” C r
+ + >1-—- ( )
cos3 B cos3 C cos3 A

Therefore,

2345. In AABC the following inequality holds:

2 2
h; - z L
rpre hbhc

Proposed by Marin Chirciu-Romania

Solution 1 by Marian Ursdrescu-Romania

452

hﬁ _ aZ _ (s—b)(s—c)
e it Dl ()
(s—b)(s—c)
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JG—B) -0 <=5 (s—b)(s—c) <& (2

2 2
From (1)+(2)= X, ri':c < 3 = we must show: Zhb‘;lc >3 (3)

ri 3 r,zlrlz,r%
) hph 23 hZhZh, ()
From (3)+(4) we must show:

2 2 2,2
33/}:2;’12’; >3 & rrpre = hohph, © s?r > ZSTr & R > 2r (True)
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

r

AM-GM 2
2 1 1 2 h
We know that: Pt + = - —=

>
a Tp Tc VTbTc TpTc

< 1 (and analogs) (1)

2
O-T7=<1-Th<Ir. 2
2
2 _ 2 AM-GM 3 2 3re @
-Z - <¥1=3and3="">" 3 /thhc =3 /nha > 3
hZ r2
Therefore, Zrbrc <3<y Tk

2346.

Prove:

AG FV3
ﬁ+ nZ > 2, F=Areaypc

Proposed by Thanasis Gakopoulos-Farsala-Greece
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Solution by Daniel Sitaru-Romania

@) =2-%=m, - MP.{M}= 4P n BC.MP = -
PAE) =5 g = Ma BT = T amy
cp=Ma, a* 4am}+3a®  2a®+2b*+2c¢*  a®+ b*+c?
3 4m, 12m, 12m, B 6m,

IONESCU-WEITZENBOCK
Fv3 S

2
AG F\/§_ §ma'6ma
GP h: a?+b%2+c? h2 =

- 4m?2 az+b2+c2> 4hZ a? +b*+c*
~a?+ b?%+c? 4h2 ~a?+ b? +c? 4h2 B
2
2h, va? + b% + c?
= - +22>2
va? + b? + c? 2h,
Equality holds for:a = b = c.

2347. In any A ABC the following relationship holds:

2bcmym, - [leyc(am, + bmy, — cm,)
V8bZc2 + 2a2b? + 2a%c? — 2b* — 2c¢* + at am, + bmy + cm,

Proposed by Bogdan Fustei-Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

Proof : I
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Via Ptolemy’s theorem on quadrilateral ABQC,AB.CQ + AC.BQ > AQ.BC

2my 2m, 4m,
= C +b. > .a=>cmy +bm, > 2am,
3 3 3
upon squaring
3 c¢Zm? + b?m? + 2bcmpm, > 4a’m?
®
)
= 8bcmpm, > 16a’m?2 — 4c’m? — 4b?m?

Now, (2bm,, + 2cm_)? — 4a*m?
via (i)
= 4b?m? + 4c?m? + 8bcmym, — 4a’m2 > 4b*m? + 4c2m?
+ 12a’m? — 4c?mi — 4b?m?
= b%(4mi — 4m?) — c?(4m{ — 4m?) + 12a’m?
= (b? — c2?)(2c¢? + 2a? — b? — 2a® — 2b? + ¢?) + 12a’m?

= 3(a%. 4m2 — (b? — c?)?) = 3(a?(2b? + 2¢% — a?) — b* — c* + 2b%c?)

:3(zza2b2—za4):48F2>o

= (2bmy, + 2cm.)? > 4a’*m?

= [bm;, + cm, — am, > 0 and analogs |and putting bm,, + cm_

—am, = x,cm;,+am, —bmy =y
y+z

and am, + bmy, — cm, = z,weget:ZamaZZx: am, ZT,bmb

x +
= Ty and of course

Now, 8b?m? + 8c?m? — 4a’*m?
= 2b%(2c? + 2a? — b?) + 2c¢?(2a? + 2b? — c?) — a?(2b? + 2c% — a?)
= 8b%c? + 2a?b? + 2a*c? — 2b* — 2¢* + a*

(i)
= 8b%c? + 2a?b? + 2a®c? — 2b* — 2¢* + a* 2 2(z + x)? + 2(x + y)?

—(y+2)?

Via (ii) and substitutions mentioned above, proposed inequality

z+x
2 e

~
~
~

z+x)(x+y)

XYZ
{—4
2\/2(z+x? +2(x+y)2—(y+2z)? [X+tYy+z

IV}
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Lety+z=a;,Zz+x=bjandx+y=cyand v a; +b; >¢c{,b; + ¢4

> a4 and ¢; + a; > by . a,bq, cq are sides of a triangle
with circumradius, inradius and semiperimeter

= R4, 1y, s;respectively (say) and

ZZxZZSlc)x:sl—al,y:sl—bl

2 by
2\]2b§ +2¢f — af St Amg, 2Ry hg, 21

- true via Panaitopol = (l)is true

Zbemy me > [Heyelamq + bmy — cmo) o
V8b2c2 + 2a2b? + 2a%c? — 2b* — 2¢* + a* am, +bm;, + cm,
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
2bcmym, - [leyc(am, + bmy, — cm,) )
Sk
V8b2c? + 2a%b? + 2a%c? — 2b* — 2c* + at am, +bmy, +cm,

Alx)

B(y) p& + ! C(z)

Let x, y, z be the complexe coordinates of points 4, B and C respectively.
We have: am, = |y — 2| |yT+z — x| - am, = % |y? — 2% — 2xy + 2xz]

Similarly, bmy, = % |22 — x? — 2zy + 2yx| and cm, = % |y? — x% — 2zy + 2xz| -

1.2 2 1 2 .2
ama+bmb=E|y -z —2xy+2xz|+i|z —Xx —Zzy+2yx|2
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2|y -X —Zzy+2xz| =cm, -
am, + bm, > cm.(and analogs)
am,, bm,, cm —can be the sides of a triangle. Letam, = x,bm, = y,cm, =z
n(ama + bm, — cm,) = 8(s — x)(s — y)(s — z) = 8sr?

cyc
2a’b? + 2a*c? + 8b%*c? + a* — 2b* — 2¢* = 8b%8c*m? — 4a’m? =

= 4(2y% + 22* — x?) = 16m?

2 yz 8srZ yz

) & < > 2r
J1i6m 2m,
yz xyz 4srR _ Rh, ,
& m, 4r A= e - 2r ;(Panaitopol's)
Therefore,

2bcmym,

Hcyc(ama + bmb - cmc)
V8b2c? + 2a%b? + 2a?c? — 2b* — 2¢* + a* am, + bmy, + cm,

2348. In any A ABC, the following relationship holds:

z 1 A 1 1
2 = 12Rr2 2413

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

1. A 1 tan% A
Proof : ) stanz =) | = A =m0 (a1 tant)

24
4Rcos > tan >

- Y

16R2c0s4 tanZ g

_ 1 ((s®+4Rr+77)? —16Rrs> 1 2(1” ZA)Z
T 4R 16R2r2s? 16R? a7

1 (s2+4Rr+r2)2—16RrsZ+ 1 Z(1+t 4A+2t ZA)
=R an' 2 an’

16R2r2s2 16R?
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_ 1 [(s*+4Rr +1*)% — 16Rrs*
" 4R 16R2r2s?2

N 161RZ <3 N s_14<(z rﬁ)z ~2 z rér%) "’ % (z ré))

1 <(sZ + 4Rr + 1r?)? — 16Rrs?

- 4R 16R21r2s2

+

16R? <3 + s_14 (((4R +17r)? —2s%2)2 -2 (s4 —2rs?(4R + r)))

+ SZ—Z ((4R +1)% - 2s2)>>

_ (s?+4Rr +1r*)*> — 16Rrs?

64R3r2s?
. 3s* +2s2(4R +1)?> —4s*+ (4R +1r)* — 4s?>(4R + 1)? + 4s* — 2s* + 4rs?(4R + 1)
64R3s*
_ s®— (8Rr —3r*)s* —r?s*(16R* — 8Rr — 3r%) + r*(4R + r)* - 1
64R3r2s* ~ 12Rr?

()
& 3s% — (16R? + 24Rr — 91%)s* — 3r2s2(16R? — 8Rr — 31%) + 3r2(4R +1)* 20

Now,Rouche = s> —(m —n) > 0and s> — (m+n) < 0,wherem
=2R*+ 10Rr —r*and n = 2(R — z:«)M
(sz—(m+n))(s2—(m—n)) <0=2>s*—s22m)+m?—-n?<0
= s* — s2(4R*+ 20Rr — 2r*) +r(4R+1)3 <0
& 356 —35*(4R? + 20Rr — 2r%) + 3rs?(4R+1)3 <0
= in order to prove (i),it suffices to prove :
3s% — (16R? + 24Rr — 91%)s* — 31r25%(16R? — 8Rr — 31%) + 3r2(4R + 1r)*
< 3s% — 35*(4R? + 20Rr — 21%) + 3rs?(4R +1)3

& (4R? — 36Rr — 31%)s* + 3rs?(64R3 + 64R*r + 4Rr?> — 2r3) — 3r2(4R+1)* > 0

(ii)
& 4(R — 2r)%s* — (20Rr + 1972)s* + 3rs2(64R3 + 64R%r + 4R — 21r3) —3r2(4R +1)* S 0
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Gerretsen

Now,LHSof (i) 2 (4(16Rr — 5r%)(R — 2r)?
— (20R7r + 1972)(4R? + 4Rr + 31?)
+ 3r(64R® + 64R*r + 4Rr? — 213))s?
—37r2(4R + r)* = r(176R3 — 240R?*r + 212R1? — 14313)s? — 3r2(4R + r)*

=r ((R — 2r)(176R? + 112Rr + 43612) + 729r3) 52
Gerretsen
_3r2(4R+1)* 3 r((R — 2r)(176R? + 112Rr + 43612) + 729r3)(16Rr —5r2) — 3r2(4R + 1)*
”

2 R
o 512t* —1372¢t3 + 1076t%2 — 849t + 178> 0 (where t= 7)

”
& (t—2) ((t— 2)(512¢% + 676t + 1732) + 3375) 20 - true

Euler Euler
vt S 2= (i) = (ist 'zlt 4 2 ED
S to2> ii i)is true - an2 S12RZ = 22,3 (QED)

2349. If ABC is an acute triangle with the circumradius R and the

inradius r, then prove that :

z cosA.cos’B - 9R
cos’C ~4(R+71)
Proposed by D.M.Badtinetu-Giurgiu, Neculai Stanciu-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

ABC is an acute triangle— cos A, cos B,cos C > 0.

cosA.cos’B CBS cos A .cos B\* cosA.cos’B
z cos? C 'ZCOSA = (z cosC ) _)z cos? C
- R (z cos A.cos B)Z
“"R+r cosC
()

cosA.cosB . 3
_ > 2 ,VAABC acute.

So,we need to prove : z
P cosC

Using the substitutions :

m—X m—-Y T —
A= B = 2 ,C——XYZE(OTL’)ZX T
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sz sm}ZI 3 X 1 3
S oy —L 22 vaxyzo (ﬂsi"i)z z 3

2Z
sinz sin
2 2

We know that :

s + 1% — 8Rr
nsm—z andz 5
r

smZ

s2+1r%2 — 8Rr
4Rr

- (%) &

3
ZE<—>s2214Rr—rZ

2
Which is true from Gerretsen, s? > 16Rr — 52 > 14Rr — r? & R > 2r (Euler)

cos A.cos’B 9R
= .
cos2C 4R +1)

- (%)is true - z

Solution 2 by Mohammed Diai-Rabat-Morocco

cosA.cos*B 9R
z . > » () (
cos%C 4R+ 1)
2
We know that: Y cosA4 = 1 + s H then (x) & ¥ wsc':':;z . ycosA > %

2
cosA cos’B cos A-cos B
—_— ZCOSA = (Z —)

cosC

By CBS inequality: ),

cos A-cos B
cosC

zcosA-cosB_zcosA-cosB_z cosA-cosB _
cosC B —cos(A+B) L.sinA-sinB—cosA-cosB

_z cotA-cotB _ 1
B 1—cotA -cotB 1—cotA-cotB
9

N S
Therefore, (++) & ¥ —-—"—>~

To prove (x) we need to prove that: Y, > ;; (*%)

By CBS inequality: Y. 1 > k4 =2

1-cotA-cot B > (1—-cot A-cot B) 2

2350. In any A ABC, the following relationship holds:

3<z a? <R 1
4~ Li(b+0c)2 " 2r 4

Proposed by Marin Chirciu-Romania
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Solution by Soumava Chakraborty-Kolkata-India

ab
Proof : Z(b+c)2 Zb+c sz

2Y ab(2s—c¢)
~ 4s? (s2 + 2Rr + r2)2 (z a(c+a)(a+ b)) "~ 2s(s? + 2Rr + r2)

B 1 (z (z b+ Z))Z 2s(s? + 4Rr + r?) — 12Rrs
" 4s2(s2 + 2Rr + r2)?2 a ab~a s(s2 + 2Rr +r?)

2
(Zs(sZ + 4Rr + r?) + 2s(s? — 6Rr — 3r2)) 2(s% — 2Rr + r?)

4s2(s2 + 2Rr + r?)2 "~ s2 + 2Rr +r2

a? (') 2 s4 2s2(2Rr + 3r?) + r?(6R? + 4Rr + rz))
= Z b+02

(s%Z + 2Rr +r?)2

a> R 1'ie®2 (54 — 2s?(2Rr + 3r?) + r?(6R? + 4Rr + rz)) 2R —r
Yt :
(b + )2 r 4 (s% + 2Rr + r2)2 4r
& (2R — 9r)s* + rs?(8R? + 32Rr + 46r?) + r?(8R3 — 44R?r — 34Rr? — 9r3) > 0

@
& (2R — 4r)s* + rs?(8R? + 32Rr + 461r2) + r2(8R3 — 44R?r — 34Rr? — 9r3) — 5rs* > 0

Gerretsen

Now,LHSof (@) = (2R —4r)(16Rr — 5r2)s? + rs2(8R? + 32Rr + 46r2)
+r?(8R® — 44R%r — 34Rr? — 9r?)
—5r(4R? + 4Rr + 3r?)s?

Gerretsen

= ((R —2r)(20R — 22r) + 7r?) s? + r(8R? — 44R?r — 34Rr? — 9r3) 2

?

((R — 2r)(20R — 22r) + 7r2) (16Rr — 5r2) + r(8R3 — 44R%r — 34Rr? — 9r3) S 0

? R
o 82t3 —284t2+273t—66 >0 (where t= ;)

Euler

? o
o (t— 2)((t —2)(82t+44) + 121) >0-true-t > 2= (a)istrue

2Z(b+c)2_2r andZ(b+c)Z_3 Zb+c

Nesbltt 19

a
= 3 fﬁz—(bﬂ)z (QED)

| W
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2351. In AABC the following relationship holds:

z 1
Wahb 1"

cyc

Proposed by Bogdan Fustei-Romania

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

b+c A ma>(b+C)Z
_%_
2 %2 7 Ww. = abc

a

o0 ma 2

m, (b + ¢)? b +c\2 (and l0gs)
- > = :(and analogs
wohyh 4522 ( 4sr )
a ¢ 4bc- be

Z b+c
w, hb 4sr 4sr

Therefore,

et

2_
w hyh, — r
cyc

Solution 2 by Ertan Yildirim-lzmir-Turkiye

B (b + c)?
“w, = 4be
Z Z (b + c)Z 1 Z b+ c
wahb "ac _ab abc
cyc cyc ZR ZR cyc
R(b + ¢) R R R-4s 1
= . =+ = - =+ =+ = = —
- Z abc abc Z(b ©) 4Rrs 2(a+b+c) Rr-4s r
cyc cyc
Therefore,

2352. In AABC the following relationship holds:
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S (R )=
“ m%l hbhc rpre B

cyc

Proposed by D.M.Badtinetu-Giurgiu, Neculai Stanciu-Romania

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We know that :

haima AM':\GMm 2 + ch
hyh, < mym, < Tand rpr. = s(s —a) < m,?
my? +m.?
- 7naZ + hbhc +rpre = Zmaz + ° 2 —=
_ 4(2b* + 2¢? — a®) + (2¢* + 2a® — b?) + (2a* + 2b* — ¢?)
B 8
- my%+ hyh, +1r,r, (bZ +c?) (andanalogs) (1)
1 \CBS
X ( E
m,>2 hbh rbrc
(1) Nesbitt 3
2, > 8-=12
Z“ m2+hbh + 1T, sz - 2
Therefore,

ZZ(1+ 1 +1>>12
* 7naZ hbhc rpTre N

Solution 2 by Marian Ursdrescu-Romania

We must show:

mZ hb ryre
cyc

cyc

az Berg:\trom (a +b+ C)Z 4-SZ
z = =—=4;(2)
Trpre rarp T 1rpr, +r. 1, S
cyc
Z Bergstrom (a +b+ C)Z 4-SZ 2R
> 2
hyh, hohy + hyh, + h.h,  2s’r
cyc R
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a
".22b2+2c2—a2 _1_)2—>4 (4)

cyc cyc

From (2), (3), (4) it follows that (1) its true.

Therefore,

ZZ(1+ 1 + 1>>12
“ mé hbhc rprc -

cyc

2353. Let ABC be an equilateral triangle of side length v/3, let P be a point

inside AABC and X, Y, Z be the feet of perpendiculars of P on
sides BC,CA, AB respectively. Then prove:

1+ PX? 15
PY +PZ 4
Proposed by Rajeev Rastogi-India

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

A
Y zZ
P
C b e B
Let F be the area of AABC.
We have :

1 T 3V3 V3 V3 V3
= E.\/§Z. sing = — == [APB] + [BPC] + [CPA] = ~-PZ +—-PX +—PY

3
%PX+PY+PZ=E (D

Z 1+ PX? Z Z PX? C,Bf 9 (PX+PY+PZ)Z
PY + PZ PY + PZ PY + PZ = 2(PX +PY + PZ) 2(PX+PY+PZ)
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Therefore,

1+Px2(,;)3+3 15
PY+pPz-""2" &

Solution 2 by Abdul Aziz-Semarang-Indonesia

1 3
=—-\/§(PX+PY+PZ)<:>PX+PY+PZ:E

1+ PXZ _+PX2 AM GM
ZPY+PZ 4ZPY+PZ ZPY+PZ = 4ZPY+PZ ZPY+PZ
cyc cyc cyc cyc cyc
853 9 (3PX)? 9 3 Y(PX- PY) 15

> —- + —_—t - =
= 4 2yPX 2(3PX-PY)“4 2 Y(PX-PY) 4

Equality holds when PX = PY = PZ = %

2354. In AABC,n, —Nagel’s cevian, g, —Gergonne’s cevian, @ —Brocard’s

point, the following relationship holds:

1 n2 + g% + 2m,w
4 1+ )Sz a a a a
( 2sin’w h2

cyc
Proposed by Bogdan Fustei-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let M be the midpoint of BC, E the foot of the angle bisector at A.

_ %[5 = AB + AC||b-AB + ¢ - AC >A_§+R" b-AB+c-AC _
m,w, = |AM||AD| = 2 b+c 2 b+c B

2(b+c) - 2(b+c)

_(b+c)*—a?
B 4

- m,w, = s(s — a); (and analogs)

=s(s—a)
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zna+ga+2mawa zna+ga+zs(s_a)

cyc cyc
We know that: n% + g2 + 2s(s — a) = 4m?
nz + ga + Zmawa 4mi 1 5 s o

cyc cyc cyc

1
- § a’b? + § 2p2 _ § § 2p2 4 2 | =
iF? 2 b 2 b 4-FZ 2 ) a*b” + 16F

cyc cyc cyc cyc
Zaz Z ( 1 )
==—+4=4(1+
2F? 2sin?w
Therefore,

1 n; + ga +2m,w,
1o )<Y
( 2sin2w) h2

cyc

Solution 2 by Alex Szoros-Romania

a’ + b62 + c2>2

=4+2(1 +tan*w) =6+ 2
( an’*w) < AF

4(1+ =4+
( 2sin2w) sinw

2)\2
=6+ _(Zg;ﬂ) (1)

From Stewart theorem, we have:
{anﬁ =b%*(s—c)+c*(s—b)—a(s—b)(s—c)
ag?=b*(s—b)+c*(s—c)—a(s—b)(s—c)
a(n? + g%) = ab? + ac? — 2a(s — b)(s — ¢)
- ni+g;i=b*+c*—2(s-b)(s—¢);(2)
On the other hand, m,w, > s(s — a); (3)

From (2), (3) it follows tha:
nz+g%:+2m,w, >b*+c?*—-2(s—b)(s —c)+ 2s(s —a) = 4m?
wE+ i+ 2mwg _ 4m?

hZ

Z hz
nz +ga+2mw
2.~ 243 T

cyc cyc
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2 2.2
zma_ ama_lzzz_lzz 2 2 N
4 h—é—‘l- F—ﬁ ama—m a(Zb + 2c¢ —a)—

cyc cyc cyc cyc
_ 2Ya*b*+2Ya*c? —Ya* 2Ya*b*+16F* Ya*b*
B 4F2 B 4F2 =5 TH0)
We want to prove that:
(ZaZ)Z ZaZbZ
+ =4+ :
. 262 T TR
a a“b
2+ (ZEI;FZ) — ZZFZ o ZZaZbZ _ Za4 + Za4 + ZZaZbZ — 4-Za2b2
So,
4(1+ 1 ):6 (Ta Z)Z_ Ya’b? 42 znﬁ+gﬁ+2mawa
2sin’w 8F2 2F? h? = h?
cyc cyc
Therefore,
1 nZ + g%+ 2m,w
4 1 + S z a a a'"a
( Zsinzw) h2

cyc

2355. Prove that :

AG s\/_ 1
St )=
GP ' 4 \;2 T2

Proposed by Thanasis Gakopoulos-Farsala-Greece
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

A

P

2 1
Let M be the midpoint of BC,we know that : AG = §ma and GM = §ma.

We have : n(PCM) = w(BAM) and p(MPC) = p(ABC) - AMPC ~ AMBA

MB.MC _ a?

MP = =
- MA _ 4m,
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a*  4m,*+3a*  2b*+2c* —a® +3a®

1
>GP=GM+MP=-m, +

3 4'ma 12ma B 12ma
a’ + b? + c?
B 6m,
AG 2 6m, _ 4m,>
BT R Y R il s (and analogs)
AG 4m,>? _3(az+b2+c2)_3 1
E_Za2+b2+c2_ az+b2+c2 1)
1 ¥ 1\ 1
We know that : — ——> z > §(Zr_a) =3,2
S\/— 1 pr\/'— 1 \/'— Mltrmomc (3\/'—7') \/'—
( +Z ) = ( + ) =3 (2)
4 \r? R 4 \rz2 3r2 3r

AG s\/— 1
(1) and (2) - z (r2+2?)26

2356. In AABC the following relationship holds:

2r( 1 1 (R)Z

— | =+—=|<(=

ho\h% h? F

Proposed by George Apostolopoulos-Messolonghi-Greece

Solution by Marian Ursdrescu-Romania

Using: h, = % inequality becomes as:

b2+c¢* R* a b*+c?
s

—F S 1 < R? & a(b? + ¢?) < 4sR?;(1)

SIS

Butinany AABC: §+§ < %; 2)e b?+c?< gbc o
a(b? +c?) < g- abc; (3) and abc = 4Rrs; (4).
From (3),(4) it follows that: a(b? + ¢2) < 4R%s = (1) is true.

Note:

x+y)+2)(z+x) x+z x+y
4xyz Tx+y x+2z

2) e
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y+z 1 1

S .
axyz= @ +y)? &+

(5)

1 1. _ )2 1 1,
(x+y)? = 4xy’ (6) & (x y) 2 0and (x+2)2 s 4xz’ (7)

From (6),(7) it follows that (5) is true.
2357. In AABC the following relationship holds:

But:

Proposed by Bogdan Fustei-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

>a+b C mc>a+b C a+b (a + b)?

- —. =

Me="g 27w, 5z P2, T C 4ab
2

A m. 2sr |(a+b)2 ab a+b
% . . . =
* |wahshy ~ a 4ab  (2sr)? 2a
ZZ n m, >za+b_3+zb
* |wgyhyhy | ~ a a
cyc cyc cyc

2358. In AABC the following relationship holds:

a(b+c)  4p*
b b3+c¢3 " r(4R+ 1)

Proposed by Marin Chirciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Hoélder %
ld 1va (b+c¢)3 a - p>
: (b+¢)® 2 3+ -~ ) . = s
Wehave: (b+c)* = 4b°+c) =) 49503 = 25 = rar+r)

From Oppenheim's inequality ,we have :

Za2x24F(a,b,c). ny,Vx,y,z> 0

Where F(a,b,c) is the area of tiangle with sides a, b, c.
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Appliying this inequality for a tiangle with sides va,Vb,/c

= \/sz(é) 4F(va,Vb,\c). /z xy
We have : 16F(\/E,\/I;,\/E)Z =2 Z(\/E\/I;)Z - z \/E4 =2 z ab — z a?

=4r(4R+ 1)

ap(ﬁ,ﬁ,ﬁ) :%,/r(4R+r) - (1) <—>Zax2 2\]r(4R+r)ny,Vx,y,z> 0

reex=2y=5 2222 S a2 haren Y20 Y
= — = — =— > — RN
etx=—y=,z2=— a—=2|r T =D
c
22\]r(4R+r)Z—
a
2

a a
<—>p2\]r(4R+r)zB HZE < m%(*)istrue.

a(b+c)3< 4p?
b b3+c¢3 " r(4R+71)

Therefore,

2359. Let a, b, c be the lengths of the sides of a triangle with inradius r,

circumradius R. Let r,, rp, r. be the exradii of triangle. Prove that:
. _a® b® c° A
1728r° < —+—+—<108R*(R - 1)
Tq Tp re
Proposed by George Apostolopoulos-Messolonghi-Greece

Solution by Marian Ursdrescu-Romania

6 6 .6
a_+b_+c_ > 33\/(ab6)6 = 33\/(abc)6 >26.33.p5

rq ry re LA raTpTe
6
(abc)
>218.36.715,(1)
LA

But: abc = 4Rrs and r,rpr, = s%r;(2). From (1),(2) we must to prove:
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212 . (6 p6,.6
s2r

But: R > 2r = R3 > 8r% and s? > 27r%, then R3s% > 63 - r> = (3) is true.

>218.36.715 & R6s* > 6% - 110 © R3s2 > 63 - 15, (3)

Now, use Schur’s inequality:
a’(a—b)a—-c)+b3(b—c)(b—a)+c*(c—a)(c—b)>0
a’(a? —ab — ac + bc) + b5(b%? — ab — bc + ac) + ¢3(c2 — bc —ac+ab) > 0
a(a—b—c)+b®(b—-c—a)+c®(c—a—->b)+a’bc+ab’c+abc® >0
a®(b+c—a)+b®(c+a—b)+c®(a+b—-c)<abcla+b+c) e
2a%(s —a) + 2b%(s — b) + 2c®(s —¢) < abc(a+ b + )

F F
But:razn:s—azr—:
- a

a5 bb b
2F <— +—+ —> < abc(a* + b* + ¢*); (4)

rq L re

But: F = '1—’:; (5). From (4),(5) it follows that:

:—:+i—:+i—js 2R(a* + b* + c*); (6)
We must show: 2R(a* + b* + ¢*) < 108R*(R-1) &
a* +b*+ c* <54R3(R —1);(7)
But: a* + b* + ¢* = 2(s* — 2s2(4Rr + 3r%) + r?(4R +1)?); (8)
From (7), (8) we must to prove that:
st —2s2(4Rr + 31r?) +r?(4R+1)>* — 27R3(R—-1) < 0:(9)
Now, let f(p?) = (p* — x1)(P* — x2);(9) &

[sz —r(4R +3r) —/8r3(2R + 1) + 27R3(R — r)]

[s* = r@R + 3r) + B3 @R+ 1) + 27R3(R— 1) < 0; (10)

(10) istrue if x; < s < x5; x1, X, —Square, then we must show that:

s2—r(4R + 3r) — /8r3(2R + 1) + 27R3(R — 1) < s%;(11) and

s2 —r(4R + 3r) + /8r3(2R + 1) + 27R3(R — 1) = 5%, (12)

For (11) using Gerretsen inequality s> > 16Rr — 52 it follows that:
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4Rr + 312 —\/8r3(2R+71) + 27R3 (R—71) < 16Rr — 512 &

8r2 —12Rr </8r3(2R+71) +27R3(R—1) &
(8r> —12Rr)? < 8r3(2R+ 1)+ 27R*(R—1) © R = 2r(Euler).

For (12) using Gerretsen inequality s* < 4R? + 4Rr + 3r? it follows that:

4R? + 4Rr + 312 < r(4R+3r) — \/8r3(2R+ 1)+ 27R3(R—71) &
8r* + 16Rr3 — 27R3r + 11R* > 0

Letx = % > 1(Euler), we must show that: 22x* — 27x3 + 4x + 1 > 0 and with Horner

and Rolle sequence, it follows that: (x — 1) (11x3 + (x—1)(11x% + 6x + 1)) >0

2360. Ifm € [0,x),x,y,2,t € (0, ), then in any triangle ABC, with usual

notations holds

S

z (xa? + ymb?)™m*1 - (4x + 3y)m+1
2 2\ym = 1

cyclic (ZW w ) 3m_7(Z +t)m

Proposed by D.M Bdtinetu-Giurgiu, Neculai Stanciu — Romania

Solution by Tran Hong-DongThap-Vietnam

)m+1

m+1
z (xa? + ym3) Holder (xa? + ym? + xb? + ym? + xc? + ym?

2 2\ym -
(zw? + tw?) (zw2 + tw2 + zw2 + tw? + zw? + tw%)

m+1
(x(aZ +b%+c%) +y(mi+mi + m%))

(z+O)m(w2 +w? + w%)m

4 m+1
(%5 o -+ 2) + y (o i+ )

(z+t)m(w2 +w? + w%)m
_ (4x+ 3y)m+1(mg +m?Z + mc) ! mgzwq(analogs) (x +y)m*1
3m+l(z + t)ym(w2 + w2 +w2)" B (z+0)™

3m+1(z + t)m

(2 +m} +m?) =

-—-(a®+ b?*+ c?)
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Finsler—Hadwinger (x + y)m+1 3 (x + y)m+1

= 77 T .43.5=
3mtl(z+ )™ 4 V3 gm-3(z+)™

2361. In AABC,I —incenter, R,, Ry, R, —circumradii of
AIBC,AICA,AIAB. Prove that:
a’? - R3R3 N b? - R3R3 N c?-R3R} . 16R3F?
R, R, R, 3

Proposed by Floricd Anastase-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

. _ B+C _mw™ A . T A\ _ . . a
We have that: u(BIC) = — — =3 t3osin (E + E) = sin(BIC) = R
a A
R, = i~ 2R - smi; (and analogs)
Zcosi

B C

2. R3R3 a? - sin35 - sin3 -

N a b*™c — (ZR)S 2 2
Z R, Z A

cyc cyc Sin 7

2
(4R . cos% . sing) - sin3 gsin3§
= @RS )

. A
cyc sinz

A A B 7 cBs
= 8R4Z 4R | | sin— (4R . cos—sm—sm—) = 8R4Zr(s -a) >
2 2 2 2
cyc cyc
2
1 8R*rs?
> 8R*r - §<Z(S - a)) =—3

cyc

cyc

a?-R3R® 8R*rs2tUFR16R3(sr)?  16R3F2
- Z = = =
R, 3 3 3
cyc
Therefore,
a’ - RiR? . b% - R3R3 . ¢ R3R} - 16R3F?
R, R, R, ~ 3

Solution 2 by proposer
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“ R RyR. = 2R*r; (1)
(LBIC) = B+C m A
B T T T2 2

a 2R - sinA A .
= = R-smE:>Ra=2R-smE

2Ra = =
, (m A A
sm(7+7) COSE
A B C

R,R,R. = 8R3 - sinisinisini = 2R%*r

z a-RiR? = R? - abc;(2)
cyc

B C
Za-RﬁRE=32R5-2sinA-sinZE-sinZE=
cyc cyc
. _A_B_Cz_B_C A
= sin sin— sin sin— sin cos3
cyc
But,
z_B_C A__A(_B_C+_C_B)+_B_C A
sinzsingcoss = sing (sing sing + singsinz | + sin- sinz cos 5 =
cyc
__A_B+C+_B_C A A( B+C+_B_C)_
= sino sin— sin sinz cos5 = cos—|(cos— sin— sing ) =
A B ¢
= coscos— coso
Hence,
4R3 - abc

z a- RZR? = 8R® - sinAsinBsinC = 4R3F = —R - R? - abc

cyc
aZ-R2R§+bZ-R§R3 c?-R3R; a®’-R;R* b*-R'R: c*-RiIR}

+ = + +
Ra Rb Rc RaRbRc RaRbRc RaRbRc
2 2B t
_(a-RiRZ)" (b -RIRE)* (c-RER}) "“’;“’m
RaRbRc RaRbRc RaRbRc N

. (a-RZR?+b-R?R%+c- RﬁRﬁ)Z DB (R?2.abc)?  R?- (abc)?
- 3R,R,R, 3-2R?%r 6r
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8R*F2 E‘i>’fr 16 R3F2
3r 3

2362. In AABC the following relationship holds:

<
hbhc rpTre
Proposed by Marin Chirciu-Romania

Solution 1 by Tran Hong-Dong Thap-Vietnam

cyc cyc cyc
_abc(a® + b® + c3)
Ny =LY beat = @)
hyh, 2F 2F 42 4F*
cyc cyc b T cyc

From (1), (2) we need to prove that:

a® + p® + c° - abc(a® + b3® + ¢3)

17 > 1 & (a®)? + (b3)? + (c?)? = abc(a® + b® + ¢3); (2)

Because:

AM GM 3+b3+c

S -
3

a®+ b3 +¢3)2 Y
S( d )

B)e3x?+y*+z2)>(x+y+2?*%x=ad,y=bp3z=c%) o

abc - abc(a®+ b3 +c?) <

(a3)2 + (b3)2 + (c3)2

x%2 +y% + 722 > xy + yz + zx, (true) - (3) — (2) is true. Proved.

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

4
(+)

<
hbhc rpre

(*)H%Za‘*bcszw‘(s—b)(s—c)<—>Za4[(a—b+c)(a+b—c)—bc]20

<—>Za4[(a—b)(a—c)+ab—b2+ac—c2]20
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<—>Za4(a—b)(a—c)+2a4b(a—b)—Za“c(c—a) >0
From Schur's inequality,we have : z a*(a-—b)(a—-c)=>0
So,itis suffices to prove : z a*b(a—-b) — z a*c(c—a)=>0
<—>Za4b(a—b)—2b4a(a—b) >0 <—>Zab(a—b)(a3 —-b3)>0

o z ab(a — b)?(a? + ab + b?) > 0,which is true.
a* a*
<

2363. In AABC the following relationship holds:

12r2 a? b? c?
< + + < 4R
R my,+m, m.+m, mg+m,

Proposed by George Apostolopoulos-Messolonghi-Greece

Solution by Marian Ursdrescu-Romania

From Bergstrom inequality we have:

a? b? c? (a+b+c)* 2s?

+ + > = (1)
mb+mc mc+ma ma+mb Z(ma+mb+mc) ma+mb+mc
252 1272 2 612
From (1) we must to prove: ————— > —— & —— >==;(2)
mg+mp+m, R me+mp+m, R
9R
But:m, + m, + m; < - (3). From (2),(3) we must to show:
252 6r? 2 2 . . .. .
9k > = S > 27r+=, which is true from Mitrinovic.
b2 +c2 2a2%+b% +c?
INnAABC: m, > 22> = m, +m, > 22
4R 4R
a? . b? . c? - a? . b? . c?
my+m, m.+m, mg+m, 2a2+ b2+ c2 a%+2b%2+c2 a2+ b%+ 2c?

a? _
@22a2+b2+c2<1’(4)

cyc

76 | RMM-TRIANGLE MARATHON 2301-2400



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
2 2 2

But: 2az+ab2+c2 < aZ+b?%+c? chc 2a2+b%+c2 chc ¢12+‘IIJZ+C2 1
2364. In AABC the following relationship holds:
a b c R
43— + <V3—
R \/mbm \/m m, mgm, r

Proposed by George Apostolopoulos-Messolonghi-Greece
Solution by Marian Ursdrescu-Romania

For LHS, using AM-GM: —2— + 2 _ 4 £ _ > 3°|_2%¢

Jmpme  Jmemg  Jmgmp — mgmpm,

We must to prove that: 3 f p— 4\/§£ (1)

But: abc > 24+/373; (2). From (1),(2) it is suffices to prove that:

3-2V3r T 1 2 3
———>4f8- ———>— & fmmm <> R(3)
Smomym, R Ymymym, 3R .

But: 3/m m,m, < " (AM — GM); (4)

From (3),(4) it follows that: m, + my, + m, < R which is clearly true.

b2 +c? bc abc? 1 2R c 2R
=2 —>mm,=-—>= < = < =
4R 2R 4R Jmemy = fabc? Jmgmy, — Vab

1 1 1
SZR(\/E_F\/E_FM)

R 1 1 1 V3,
)<V e Gt et S O

For RHS, we have: m, >

a b c

+ +
\/mbmc \/mcma \/mamb

It remains to prove that: 2R (F + o=t \/i_

1 11 1),
From BCS inequality: _+\/T+ES\]3 (E+E+E)’(6)

But. — + —+1ca< = (7). From (6),(7) it follows that:

1 1 1 V3
ﬁ+ﬁ+ﬁ<_:>(5) is true.

2365. In AABC the following relationship holds:
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(r, +1.)? _ 9R
bz +c%2 ~ 4r
cyc

Proposed by Marin Chirciu-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

B . C _(B+C\ A , A
siny sing\ ssin (T) cosy scos’; A
r,+1r.=Ss 5+ cl= B ¢ - 7S = 4Rcos?*—
cosz cosy C0S% C0S% COS7 (ﬁ)
@
o1y + 7.2 4Rcos? >
by (i)
Now, (b + ¢)? > 32Rrcos*= = 8r(r,+1r.) = 8r2s( ! + ! )
' - 2 b le s—b s-—c

= 8(s—a)(s—b)(s—c)m= 4a(b+c—a)

2 2 2 . h2 2 (b+c)2
s (b+c)*+4a*—4a(b+c)=20< (b+c—2a)*=>0- true .. b +c* >

> 16Rrcos? 4 = (ry +7e)" _ (y +re)”

24 2 —
2 b*+c 16chos2g
via()) 16R%*cos*S R 4 7)2
= —fl = 2—(1 + cosA) = —(bbz " ‘Z)
16Rrcos?3 r c
R summﬂing up (Tb + rc)z
<—(1+
<50 (1 + cosA)and analogs = St
< R (3+1+r)_8R+2r
- 2r R/ 4r
FET8R+R N (rp 41t 9 D
- 4r b2 + c2 _4-r(Q )
Solution 2 by Tran Hong-Dong Thap-Vietnam
F F \? 21 25%
(rb+rc)zzz(m+m) ZFZZ a? b +cg c
b2 + 2 b2 + 2 (s —b)(s —c)2(b2 +¢c2) —
cyc cyc cyc
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F? a? _F? Ya3(s — a)?

<= = )
2 e bc((s —b)(s— c))Z

2 abc((s —a)(s—b)(s— c))Z -
Yai(s —a)? =Ya3(s? — 2as + a?) = Fa?)s? —2(Xa*)s + Ya® =
= (253 — (12Rr + 61?)s)s* — 2(2s* — (16Rr + 12r?)s? + 2(4Rr + r?)?)s +
+25% — (20Rr + 201%)s3 + (80R%1r% + 60RT3 + 101r*)s =
= s(—(12Rr + 61?)s? + 2(16Rr + 121r?)s?> — 4(4Rr + r?)? —
—(20Rr + 2071?%)s? + 80R?*r? + 60RY3 + 101* =
= s(—21r%s%2 + 16R?*r? + 28Rr3 + 61*) = 25r?(—s? + 8R® + 14Rr + 31?)

(rp +1.)? <q= s?r? 2sr*(—s*+ 8R* + 14Rr + 3r?) _
b2+¢2 —° 2 4Rrs(sr?)? B

cyc

_ —s? +8R62 +14Rr + 317 DR
B 4Rr ~ 4r
(1) © —s?> + 8R? + 14Rr + 3r?> < 9R? < s? + R?> > 14Rr + 3r?

(2)
But s2 > 16Rr — 5r%(Gerretsen) — s* + R > 16Rr — 5r% + R? S 14Rr + 372

(2) © R* +2Rr —8r* > 0 © (R — 2r)(R + 41) = 0 (true byR > 2r(Euler))
- (2) - (1) is true. Proved.

2366. In AABC,n, —Nagel’s cevian, the following relationship holds:

1—[ era(na2+ ha) 1) < R
w4 2r

cyc

Proposed by Bogdan Fustei-Romania
Solution by Mohamed Amine Ben Ajiba-Tager-Morocco
Let's to prove: -* < g -1

2 2

n:2 s*-2r,h, a a a s
- = = — = — +1=
h? h? 42 s—a 4r? s—a
a’(s — a) — 4sr? a’(s—a)—4(s—a)(s—b)(s —¢)
— — +1=
4r2(s — a) 4r2(s — a)
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_a (a—b+c)(a+b c)+1s(b c) 41
472 472
nﬁ_RZ(sinB—sinC)Z_Flé(R 1)2 R? (1 Zr)_l_1
hz r? “\r r2 R
(Z'B_C B+C)Z<1 g _A_1 4'A(2'B'C)
sin——cos— < sino = sin—(2sino sinz
cyc
4-2‘4(1 ZB—C)<1 4si A( B-C B+C)
sin® 2 cos < sin(cos— cos—
_ A _B-C A4 B-C A
4sin? >~ 4sin? EcosZ <1- 4sm§ cos + 4sin? —
A B-C 2
(Zsm—cos —1) >0 — true.
2 2
na(ﬂlh\)

— < ——
- hST 1; (and analogs)

Zra(na + ha) _ 2sr (b + C)Z(na + ha) _
w2 T s—a 4bc-s(s—a) B

_r(b+c)*m,+h,) rb+c) (n, 1 ,*\ r(b+c)> R_ (b+c)?
~ 2(s—a)®2-2Rh, 4R(s-— a)? . (h_a ) 4R(s—a)? T 4(s— a)?

*ﬂ( W”)ﬂ;{(zgtio ) nz(s—a)

cyc

_ 4Rrs _ R
© 8sr2  2r
Therefore,

1—[ Zra(na+ha)_1 sﬂ
w2 2r

cyc

2367. In AABC,n, —Nagel’s cevian, the following relationship holds:

1—[ JZra(na; ha) 1) < R
w4 2r

cyc

Proposed by Bogdan Fustei-Romania
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Solution by Mohamed Amine Ben Ajiba-Tager-Morocco

Let’s to prove: “<;—1

n: s*-2r,h, a? a a? s
— = = — = — +1=
h? h? 412 s—a 4r? s—a
a’(s — a) — 4sr? a’(s—a)—4(s—a)(s—b)(s — c)
= +1= =
4r2(s — a) 4r2(s — a)
2—(a—b+ +b— b —c)?
_a (a c)(a c)+1s( c) 41
472 472
n? _ R*(sinB — sinC)? N 121 (R 1)2 R? (1 Zr) ‘1
hz r? “\r r2 R
(Z'B_C B+CZ<1 g _A_1 4'A(2'B'C)
sin——cos— < sinz = sinz(2sin sin
cyc
LA B-C B+C
4sin? — ( - cosZ <1-4sin— (cos —cos )
2 2 2
A ,B-C A B-C A
4sin? — — 4sin* —cos? <1 —4sin—cos + 4sin? —
2 2 2 2
A B-C 2
(Zsmicos > 1) >0 — true.

n, Y
a ™
—_ < —_—
- hST 1; (and analogs)

zra(na + ha) _ 2sr (b + C)Z(na + ha) _
w2 T s—a 4bc-s(s—a) B

_r(b+c)*m,+h,) rb+c) (n, 1 ,*\ r(b+c)> R_ (b+c)?
~ "2(s—a)?-2Rh, ‘4R(s—a)2'(h_a ) 4R(s—a)? r  4(s—a)?

1—[ 2r,(n, + hy) 1) < 1—[ ( b+c ) 1—[ _4Rrs R
- - -/ o - —_-
w2 - 2(s—a) 2(s—a) 8sr? 2r

cyc

cyc

Therefore,
1—[ 2ra(na + ha) _R
w2 2r

cyc
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2368. In any scalene AABC the following relationship holds:

_ bc(1+a?) ca(1 + b?) ab(1 + c?) V3
“alb—a)c—a) bla—b)c—b) clc—a)c—b) R

Proposed by Daniel Sitaru-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :

1 11 1
(b—a)(c—a)_c—b(a—b+c—a>
L _< bc(1 + a?) ca(1+ b?) >

“\"ala—p)c=b) " bla=b)c=b)
< bc(1+ a?) ab(1 + ¢?) )

+ _a(c—a)(c—b)+c(c—a)(c—b)
—b%(1 + a?) + a®>(1 + b?) —c2(1+a?)+a*(1+c?)
ab(a— b)(c — b) + o ac(c—a)(c—b)
_cla-b)(a+b) bla—c)(a+c)
_ab(a—b)(c—b)+ac(c—a)(c—b)

_cla+b) bla+c) c*(a+b)—b*(a+c) al(c—b)(c+b)+bc(c—b)

“ab(c—b) aclc—b) " abc(c — b) B abc(c — b)

_ab+bc+ca

B abc

1 CBS 9 9 Mitrinovic 9 \/§
= - > o =— > _— 1
-S . Sa = 2s 3V3R R (AABC is scalene)
Therefore,
bc(1 + a?) ca(1+ b?) ab(1 + ¢?) V3

alb-a)c—a) bla-b)(c—b) clc—a)c—b) R
2369. In AABC the following relationship holds:
3

r

6_R < z (ra + rb)(ra + rc) < E<R>
r T 2

Proposed by Marin Chirciu-Romania
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :
5 (ra+7)(a+1e) _MGa+7s) N Ta _ 4RS’ y_te Yo" 4R 3 _6R
T, rorpr, Lar,+r, rs? r,+r.  r 2 r
Now,

(ro+mry)(r,+r,) 4R T AR~ 1 (ry +1,.) MM 4R
z a b a c __z a _ =M a\" b c xn
L r rpy+r. r (rp +1.)?

ra(rb + rc)
T
R

= T Z r(ry+r.) = riz [(Z ra) (Z rarb) - 3rarbrc]

=25 [(4R + 1)s? — 3rs?]

4ryr,

(ro+ry)(r,+r,) - 2R(2R—71) ,é 3 (R)
T - r? -2
< 3R?—8Rr+41>>0
& (R —2r)(2R + (R — 2r)) = 0, which is true from Euler (R > 2r).

Therefore,

6_R < z (ra + rb)(ra + rc) <
r Ty

()
T, ~2\r

Solution 2 by Tran Hong-Dong Thap-Vietnam

z r3 = (4R +1r)? — 125°R; z rpr.(r, +1.) = (4R — 21)s?%; r, rpr. = s*r
cyc

cyc

Te

Let Q = Z (ro +1p)(ra +1c) _ Tra(rg +rp)(re +1c) _
Tp
cyc

raTrpr,

rXy+yryr (r, +r.) +3r,rpr, (4R +71)? —125*R+ (4R — 2r)s* + 3s*r _
B TaTpTe B B

s2r
_ (4R +1)? + (r — 8R)s?
N s2r

D3 /R\*> @R+71)*+(r—8R)s> 3R\
W22y - SR
2\r s2r 2\r
2r2[(4R +1)3 + (r — 8R)s?%] < 3R3s? & 2r2(4R + 1r)? + (213 — 16Rr?)s? < 3R3s?
83|
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(BR3® + 16Rr? — 213)s%? > 2r?(4R + 1)3

Euler

But s2 > 16Rr — 5r2(Gerretsen): 3R + 16Rr? —2r3 >3R3 — 213 S 22r3>0
(2)

— (3R? + 16Rr? — 21r3)s? > (3R? + 16Rr? — 2r3)(16Rr — 51r2) S 2r2(4R + r)3

R
t=—22

(2) == (B3 +16t—2)(16t—2) > 2(4t +1)3
& 48t* — 14383 + 160t2 — 136t +8 > 0 < (t — 2)(t2(48t — 47) + 66t —4) > 0
True because t >2 - t—2>0 - t2(48t —47) + 66t —4 > 324> 0

- (2) - (1) is true.

3) 3 2
— 6R 4R +1r)°> + (r—8R)s 6R
QZT; (3)@( )SZ: ) 27<:>(4R+r)3+(r—8R)sZ26RsZ

< (4R +71)% > (14R —1)s?
But s2 < 4R? + 4Rr + 3r?(Gerretsen) —
(4)
—1)s?2 < (14R —r)(4R?> + 4Rr + 31r*) < (4R + )3
=222
A== 14t—-1)4t2+4t+3) < (4t+1)3 o 8t3 —4t2 —26t+4 >0
o 2(t—2)(4t*> + 6t — 1) > 0, whichis true because t >2 -t —2 > 0,

4t2+6t—1>6t—1>11>0 - (4) - (3) istrue. Proved.

2370. In AABC the following relationship holds:

2
rr rr rr R
a ., b + c < - — 1
e Tlq Tal'p 2T

Proposed by Kostas Geronikolas-Greece

Solution by Marian Ursdrescu-Romania
2
rz Ta  _ .. Xra (1)

L + re raTplc ,

cyc
r2+712+712 = (4R +1)? — 25%;(2); 1.rpr, = s*1;(3)

From (1), (2), (3) we must to prove that:
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r[(4R +1)? — 2s?] R? —2r?
<
s2r 272

& 2r2(4R + 1)? < s2(R% + 21?%); (4)

© 2r2(4R + 1)? — 45%1r? < s?R? — 25%1?

From 3r(4R + r) < s?(Doucet); (5). From (4), (5) we must to show that:
3(R2+2r2) >2r(4R+1r) © 3R + 612 > 8Rr + 21’ &
3R?2—8Rr +41r2 >0 < (R—-2r)(3R — 2r) = 0, which is true from R > 2r(Euler).

2371. Inany A ABC the following relationship holds:

h, +hb+h z w/rbr —r2

Proposed by Bogdan Fustei-Romania
Solution by Soumava-Chakraborty-Kolkata-India

Stewart's theorem = b%*(s — c¢) + ¢*(s— b) = an? + a(s — b)(s — ¢)
= s(b? + c?) — bc(2s — a) = an? + a(s?> — s(2s — a) + bc) = s(b? + ¢?) — 2sbc
= an? + a(as — s?)

= s(b%? + c? — a? — 2bc) = an? — as? = an? = as? + s(2bccosA — 2bc)

A
= as? — 4sbcsin? 5= as? —4s(s—b)(s—c¢)

()
= a*n? = a%s? — sa[a? — (b — ¢)?] - a®>n% = sala(s — a) + (b — ¢)?]

) s(s—=b)(s—c)(s—a) _ a’? — (b —c)?
Again,ryr. —r* =s(s—a) — 2 =s(s—a) 1—T
(o 4s? —a? + (b —c)?
arpre—1r?2 2 s(s—a)
Now h, - Ng\JTpTe — 12 o s_Z - n2(rpr, —1?)
2r m2 az — m
via (l')ré%nd (ii) SZ[4S(S _ a) + (b _ C)Z]Z
16
4s? —a® + (b — ¢)?
> sala(s —a) + (b—c)?].s(s—a) [ 452( ) ]
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& s2[(b - c)* + 16s%(s — a)? + 8s(s — a)(b — ¢)?]

> [4a?*(s — a)? + 4a(s — a)(b — ¢)?][4s%? —a? + (b — ¢)?]
o s2[(b - c)* +165%(s — a)? + 8s(s — a)(b — c)?]
> 16s%a%(s — a)? + 16s%a(s — a)(b — ¢)? — 4a*(s — a)? — 4a®(s — a) (b — ¢)?
+4a%(s — a)*(b — ¢)? + 4a(s — a)(b — c)*
& (b—c)*(s? —4sa+ 4a?) + 4(s — a)?(4s* — 4s%a? + a*)
+4(s—a)(b-c)?[2s® —4s?a+a® —a’(s—a)] =0

& (b—c)*(s — 2a)? + 4(s — a)?(2s? - az)2 +4(s—a)(s—2a)(2s*—a?)(b—c)? =0

e [(s—2a)(b—c)?+2(s — a)(2s%? — a?)]* > 0 - true - 2—;

N/ TpT, — 1? summing “Ph, + hb + h, ,/rbr —
> — 5 2 2 <> (QED)
a

2372. In AABC the following relationshlp holds:

mg, > z m,my
Tal'p
cyc

Proposed by Bogdan Fustei-Romania

cyc

Solution by Tran Hong-Dong Thap-Vietnam
2_1,1 1 1(1+1)—>ﬂ:1(ﬂ+ﬂ);(andanalogs)

Since.—=—+—-> —=—
a Tp To¢ ha 2\r, r, h, 2\r, 71,

m, m, m, m, m

rc re L L Tp

cyc
1/m, m, 1/m, m, 1 /m, M~ GMl m,m, m,m,
=——+—+=—+—)+= —+— S Z.2 =

2\r, 71, 2\r, 1, 2\r, TaTp TaTp

2373. In AABC the following relationship holds:

ey ()

cyc cyc

Proposed by Bogdan Fustei-Romania
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Solution by Alex Szoros-Romania
_2F _bc-sinA _ bc
=%~ a 2R
b% + ¢? bc b? + c? b? + c?
From:m, > iR %mazﬁ- 2be -m,=h,: 2be

m, 1/b ¢
— = —(—+—);(1)

h, 2\c b

On the other hand, in any AABC we have:

1
1 (ﬂ + ﬁ)  (Adil Abdullayev); (2)

“2\m, m,

\

m,
h,

From (1), (2) it follows that:

my\2 1/b c\/m, m, m, 1 |/b c\/m, m,
—) >+ —+—) > —>=>= [[-+=)[—+—
(ha ) 4 (c b) (mc mb) h, 2 (c b) (mc mb)

Therefore,

m, 1 b c\/m, m,
ych—aZE;\/(E+E)(E+m—b)
2374. In AABC the following relationship holds:

24r%2  a? . b? . c? _ 4R?%? — 2Rr

<
R m, m, m, r
Proposed by George Apostolopoulos-Messolonghi-Greece

Solution by Marian Ursdrescu-Romania

Bergstrom
a’> b?* c? - (a+b+c)? 452
—+—+— 3 = (1)
m, m, mg m, +m,+m, m, +m,+m,

2
But: m, + my + m, < %; (2).From (1),(2) it follows that:

2 b? 2 4R%*-2R
Now, we must to prove that: L+l + 5 < %

mq mp me
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a? b*? c? a? b? c?
— 4+ —+—<2R[—+—+—];:(4)
bc ca ab

We know that: m, >

—_— t— 4+ — o <
bc ca ab r abc r

(5)

<a2 b? c2> 4R? —2Rr a*+b3®+c® 2R-r
< < ;

But: a® + b3 + ¢3 = 2(s? — 3r2 — 6Rr) and abc = 4Rrs; (6)
From (5),(6) we must show that:

2s(s? — 3r%2 — 6RY) - 2R—r
4Rrs - r

s? < 4R? + 4Rr + 3r*(Gerretsen).

& s2 —3r2 —6Rr <4R? — 2Rr &

2375. If m,n € R, then prove in any triangle ABC is true the following

relationship holds:

ma? + nb? mb? + nc? mc? + na®

(a+b—c)-c+(b+c—a)-a+(c+a—b)-b

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu-Romania

> 3(m +n)

Solution 1 by Ruxandra Daniela Tonil@-Romania

ma? + nb? . mb? + nc? . (mc* +na?)
(a+b-c¢)-¢c (b+c—a)-a (c+a—-b)-b

a? b? c?
_m<(a+b—c)-c+(b+c—a)-a+(c+a—b)-b>+

aZ bz CZ Berg'itrom
+n<(a+b—c)-c+(b+c—a)-a+(c+a—b)-b> =
Lo mGa? | mGwP G
“Ya+b-c)-c Y(a+b-c)-c m-n Y@a+b—-c)-c
=(m+n)-(§zzzzs(m+n)

“(a+b+c)>>3(ab+bc+ca)Va,b,c€R
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Solution 2 by Avishek Mitra-West Bengal-India

ma 4+ nbz z z bz Berg:\trom
+m —V =
(a+b-c) ¢ (a+b—c) c (a+b-c)-c
cyc cyc
(Za)Z (Xb)?
=Z2m:- +n- =
Y (ac + bc — c?) Y (ac+ bc — c?)
(2s)? 452
> + — = +n)- =
= (m+n) 2Yab — Y a? (m +n) (252 + 2r%2 + 8Rr — 252 + 8Rr + 212)
4s?
= +  —
(m+n) - 6Rr + 412
. 4s 2
Need to show: (m +n) - TeRr +ar2 > > 3(m+n) - 4s?> > 48Rr + 1212

But: s> > 16Rr — 5r% (Gerretsen),then need to show:
64Rr — 20r% > 48Rr + 12r% >
16Rr > 32r? > R > 2r (Euler)true.
Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand

ma? + nb? mb? + nc? mc? + na?

(a+b_c)'c+(b+6—a)-a+(c+a—b)-b23(m+n)

a? b? c?
m((a+b—c)-c+(b+c—a)-a+(c+a—b)-b>+

a? b? c?
n((a+b—c)-c+(b+c—a)-a+(c+a—b)-b

>23(m+n)

Letx=a+b—-c,y=b+c—a,z=c+a— b, hence

a? b? c?
m((a+b—c)-c+(b+c—a)-a+(c+a—b)-b>_

B (x+2)?  (x+y)* (y+2)?
B m<2x(y+2)+y(2+x)+2(x+y)> = 3m

(x+y+y+z+z+2x)? _4(x2+y2+zz+2(xy+yz+zx))

x(y+z)+y(z+x)+z(x+y) 2(xy + yz + zx)

Iff

2 (xz +y?+ 22+ 2(xy+yz + zx)) > 6(xy + yz + zx) which is true.
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2 2 2
(x +2) +(x+y) +(y+Z) > 3n
2x(y+z) y(z+x) z(x+y)

2376. Inany A ABC the following relationship holds:

Similarly,n <

A RS%s3
16R%rs3 < z b3c3c0t5 <

1'3
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

A Rés3 Re

Proof : 16R2rs3<2b3c3c0t2< 3 = 4Rr2_z_mt§_64r6
1 /s—a

Nowz cot——sZ(ag( s )>

1 s 3
~ T \64R°r3s3 (z “b) — 3.4Rrs. 2s(s? + 2Rr + r?)

(s? + 4Rr + r?)? — 16Rrs?
16R?r2s2

_ (s> +4Rr +r?)? — 24Rrs*(s? + 2Rr + r?) — 4Rr((s? + 4Rr + r?)?> — 16Rrs?)

64R3r*s2
_ s®—(16Rr — 3r?)s* + r2s*(32R* — 8Rr + 3r%) + r*(4R +r)% ! ®
B 64R3r*s2 z _COt_ - ()
R 1 < z 1 tA
4Rr?z — a3 co 2
s® — (16Rr — 3r?)s* + r?s?(32R? — 8Rr + 3r2) + r*(4R +r)? 1
e >
64R3r4s? 4Rr?

(a)
& s6 — (16Rr — 3r2)s* + r2s2(16R% — 8Rr + 3r2) + r*(4R+1r)2 S 0
Gerretsen
Now,LHSof (@) S —2r%s*+ r2s2(16R? — 8Rr + 3r2) + r*(4R + r)?
Gerretsen
S r?s?(—2(4R? + 4Rr + 3r%) + (16R* — 8Rr + 31%) ) + r* (4R +1)?
2

= r2s2(8R2 — 16Rr — 3r%) + r*(4R + )23 0
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?

& s2(8R? — 16Rr — 3r2) + r?(4R +r)? % 0
(b)

[Case 1]8R? — 16Rr — 3r? > 0 and then, LHS of (b) > 0 = (b) = (a)is true -

4Rr?
- z 1 tA
a3 co 2
[Case 2]8R% — 16Rr — 3r2 < 0 and then, LHS of (b)
= —s? (—(8RZ — 16Rr — 3r2)) +r2(4R +r)?
Gerretsen ?
S — (4RZ + 4Rr + 3r2) (—(8RZ —16Rr — 3r2)) +r2(4R+1)230
2
- R
o 8tt—8t3 —9t2 - 13t—2>0 (wheretz F)
? Euler
o (t-2)Bt3+8t2+7t+1)S0->true~t = 2= (b) = (a)is true - ARe2

1 A
< z ECOtE and . combining cases 1, 2,

in any A ABC,

< i té:>16RZ 3 < b3c3 té d .
ARz = PE co 2 rs° < c’co 2 and again,

R3

via (i), Z—co 0 < oare

s® — (16Rr — 3r?)s* + r?s?(32R? — 8Rr + 3r2) + r*(4R +r)? - R3
64R3r4s? ~ 64r¢

=1

(1)
& r?s® — r2(16Rr — 3r2)s* + r*s?(32R% — 8Rr + 3r2) + r(4R+r)2 — R6s2 2 0

Now, Rouche = s> — (m —n) > 0 and s> — (m + n) < 0,where m
=2R?+ 10Rr —r? and n = 2(R — 2r)yR2 — 2Rr
(sz—(m+n))(sz—(m—n))s 0=>s*—s2(2m)+m2—-n2<0

o
= s* — s2(4R% + 20Rr — 2r2) + r(4R+1)3 20
(m)
= r?s® — r?s*(4R? + 20Rr — 2r?) + r3s?(4R+r)? < 0 . (m)

= inorder to prove (1), it suffices to prove :
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r?’s® — r2(16Rr — 3r?)s* + r*s?2(32R? — 8Rr + 3r?) + r®(4R + r)? — R%s?

<r?s® —r?s*(4R? + 20Rr — 2r?) + r3s2(4R +r)3
& r?s*(4R? + 4Rr + r?) + s2(—R® + r*(32R? — 8Rr + 3r2) — r3(4R +1r)3)

(2)
+1r°(4R+1)220

Again, (1) = r?(4R? + 4Rr + r?)s* — s?r?(4R? + 4Rr + r?)(4R? + 20Rr — 2r?)

(n)
+r3(4R+1r)3(4R2 +4Rr+1r2) 20 - (n) =

inorder to prove (2), it suffices to prove
: r2s*(4R? + 4Rr + r?)
+ s2(—R® + r*(32R? — 8Rr + 3r?) —r3(4R +r)3) + r°(4R + r)?
< r?(4R? + 4Rr + r?)s* — s2r?(4R? + 4Rr + r2)(4R? + 20Rr — 2r?)
+ r3(4R + r)3(4R? + 4Rr +r?)
& (R® — 16R3r? — 32R?r® — 60Rr* + 8r5)s?
®)
+r3(16R? + 20Rr + 8r2)(4R +1)2 3 0
[Case i]R5 — 16R?*r? — 32R?r? — 60Rr* + 8r° > 0 and then, LHS of (3) > 0 = (3)
3
= (2) = (1) is true - z %cot% < %
[Case ii|R® — 16R3r? — 32R?r® — 60Rr* + 8r° < 0 and then, LHS of (3)
= —s2 (—(R® — 16R%r* — 32Rr® — 60Rr* + 8r°))
Gerl":tsen
+r3(16R% + 20Rr + 8r2)(4R+r)2 >
— (4R? + 4Rr + 3r2) (—(R® — 16R*r? — 32R’r® — 60Rr* + 8r°) )
2
+r3(16R? + 20Rr + 8r2)(4R + )23 0

?

- R
S 417 +41° — 61t° + 64t* + 32t — 64t +32>0 (where t= F)

?

& (t—2) ((t—2)(4t5 + 20t* + £ + 2t%(t — 2) + 4t + 32) + 48) 20 > true

Euler

“t 3 2=3) = (@)= (1)istrue
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. z 1 tA R3 q
KX co > < 6456 an

b. i i ii y A ABC E t 5 E Q
o =3 I’ ‘)l E ] '

2377. In AABC the following relationship holds:
1 Tg Tp T 1
—— < —+—+—<
2R3 " a* b* c¢*” 1673
Proposed by George Apostolopoulos-Messolonghi-Greece

Solution by Marian Ursdrescu-Romania

AM-GM
Ta  Th , Tc' o 31T,
+-£ 5 3| ebe
a4 bt ¢t (abc)*

3T TpT, 1 T, TpT, 1
> > (1
(abc)* — 2R3 < (abc)* — 8-27-R%’ (1)

But: abc = 4Rrs and r rpr, = s*r;(2)

) sr 1 5 E 2.3.
From (1),(2) we must show that: ——-—— > —5 < R> > = s°1%,(3)

2..3

4 32
From Euler: R = 2r = R3 > 8r3 and from R% > ESZ =5> s,

ry, T, T, 1 F F F 1

—+-L< <
a4+b4+c4_ 16r3(:)a‘*(s—a)+b4(s—b)+c4(s—c)_16F_3
$3

=1

F_,_F _F <s3.(4)
a*(s—a) b*(s—b) c*(s—c)” 16F*’

lett x=s—a,y=s—b;z=s—c=>x+y+z=2sand

a=y+z,b=x+2z,c=x+Yy, F=\/(x+y+z)xyz;(5)
1 1 1 x+y+z
x(y+z)* + y(x+z)* + z(x+y)* — 16x2y2z2’ ( )

1 1
+z7> + ) > 2,2
y+z>2/yz= (y+z)*>16y%z ( " z)Z T6y222 =
1 . 1 . 1 < 1 ( 1 . 1 . 1
x(y+2)* y(x+2)* z(x+y)*~ 16\xy?zZ x2yzz2 x%y2z

From (4),(5) we must show that:

):
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From (6),(7) we must show that:

1 x+y+z x+y+z
—+—+)<
16xyz \yz xz xy 16x2y2z2 xyz

2378. Inany A ABC, the following relationship holds:
a n Tea+r,+1,
L Ry e, T S 2. -
z,/ha—Zr ha mg, +my, +m, ¢

Proposed by Bogdan Fustei-Romania

+y+
S;\cyz
xyz

, which is true.

Solution by Soumava Chakraborty-Kolkata-India

B-C .. A A
2 SlTlZCOS2
B-C B+C) A B ¢

2 — CO0S =8Rcos5sm5smi

A
Proof :b+c—a= 4RcosEcos

A
= 4Rcos§ (cos

@ A B C
:>s—a—4RcosEsmEsmE

a a a \/T"i‘ifl) a 4Rcos%sin2%
Jhe —2r \]z;«s T V2ris—a ~ \2r A_.A_B

2r a a D g
LA, P 4Rcos 5 Singy siny siny

asing 4R 2R A Summ,i"g “w
= — —asm2 and analogs =

V2r r r

V2R A sV2R A LA
z z asm = = z cosSsin”
Ve — Zr r 2 2
A B Cc
= cosi cosi cosE applying which on a triangle with angles
— 24,
m—2A m—2A

n—ZB,n—ZC,weget:Zcos 5 sin? 5

w—2A w—2B m—2B .
> cos 5 C0s———cos— o z sinAcos?A

> sinAsinBsinC
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. . 4Rrs 4Rrs
‘:’ZS"'A“—S'" RN TE @22 28R3_ 8R3

s 2s(s>—6Rr —31r%) 4Rrs

Z_ — >
R 8R3 8R3 — 0
8R? — 2(s*> — 6Rr — 3r%) — 4Rr
o TE >0 s2<4R%? + 8Rr + 31?

t (¢ tsen) - z () 2R
- true erretsen
g —2r r

. sing ssin (B—_FC) cosé scos?*% A
Z Z )= Z Z Z = 4Rcos? =

rp+r.=s B + cl= Y B i 3 = >
cos» COsy €055 C0S5 COSH (ﬁ)
@ A

. Ty + 1. = 4Rcos? >

Now, (b +c)? = 32chosZE = 8r(r, +r,) = 8r2s (s e

AbJ’(i) 1 1 )

= 8(s—a)(s—b)(s—c)m= 4a(b+c—a)

o (b+c)+4a’—4ab+c)=20 (b+c—2a)’ =>0->true-b+c

A et b+c A
=>4y 2chosiand analogs = z m, = 2 cosE

> \/mz <2cosZ g) = WZ(l + cosA) = \/W(LLRR_F r) = \/%(4R +7)

r,+r,+r
a b c z lz(ra_r)

m,+m,+m,

A A
4Rcos 5 sin? 4 R2
A B
4—Rcos sin sin+ sm
2 2
A

atTTrptr
= b ¢ zw/Z(r -r sinE

m, +m, +m,

Now, Stewart's theorem = b%*(s — ¢) + c*(s — b) =an?+a(s — b)(s —¢)

= s(b? + ¢?) — bc(2s — a) = an? + a(s?> — s(2s — a) + bc) = s(b? + ¢?) — 2sbc

= an? + a(as — s?)
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= s(b? + c? — a? — 2bc) = an? — as? = an? = as? + s(2bccosA — 2bc)

A 4sbc(s—b)(s—c)(s—a
= as? — 4sbcsin®— = as? — ( ) )( )

bc(s — a)
42 2A A
= as? - = as? - 2a (—) ( ) = as? —2ah,r,
s—a a/\s—a
(ii)
= n2 =2 s? — 2h,r and analogs
via (b)

n r,+r,+r ~ n 2R A
\/EZ—“+ a b ¢ Zw/z(ra—r) < \/I_RZ—a+— sin—
h, h, r 2

m, +m, +m, T

_\/_z<—+2\Fsmg>

via CBS and (ii)and analogs

P 2h,r, 4R A
< \/ZRZ\/—+—sinZE

r

= - — +—sin? ~

52 8Rc0s';l sm';l stan';l 4R A
=+V2R
h2 2rs r 2

s?2 4R A 4R A 1
ZVZRZ\/———sinZ +—sin2—=sv2RZ—

hz r 2 r 2 h,
2Rm<(a)z = (QED)
r B Jhg —2r

2379. In AABC the following relationship holds:
A 16
16pr(2R —1r)?* < z b%c? cot7 < Tp(R4 —7r%)
Proposed by Marin Chirciu-Romania
Solution by Tran Hong-Dong Thap-Vietnam
r=({p-a) tang > cotg = pr;a (analogs)

A 1 1
___§ 2.2 (n _ ) = = § 2.2 _ §
2= b%c*(p a)—r(p b*c? — abc bc)

=>0= z b?%c? cot
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1
== (p(p* + (2r% — 8RT)p? + (4Rr + 1r?)?) — 4RTp(p? + 4RT + 12))

_ p® +(2r? —8Rr)p3 + (4Rr + r*)?’p — 4Rrp3 — (16R*r? + 4R13)p
r

_p*+Q@r:—12Rr)p>*+ (4Rr®*+r*)p P (p4 +(2r® — 12Rr)p* + (4R1> + 7'4))

r r

Q (é) 16pr(2R — r)?
o p*+ (2r* — 12Rr)p? + (4Rr3 +1*) > 161*(2R —1r)?
o p* + (2r? — 12Rr)p? + 4Rr3 + 1r* — 64R?*r? + 64R1r3 — 161* > 0
& p* + (2r? — 12Rr)p? + 68R1r3 — 64R*1?> — 151 > 0
Let: @(u) = u? + (2r%2 — 12Rr)u + 68Rr3 — 64R*r? — 151*
(where: 16Rr — 512 < u = p? < 4R? + 4Rr + 371?%)

u=16Rr-5r?% R>2r
= ¢'(u) =2u— 12Rr + 212 > 20Rr—8r? > 32r2>0

= ¢@(u) T [16Rr — 51% 4R? + 4Rr + 31?]

= @(u) > ¢(16Rr — 51) @ 0
(2) © (16Rr — 5r?)%? + (2r? — 12Rr)(16Rr — 57%) + 68RT3 — 64R*r* — 151r* =0
& 64R%*r? — 68Rr3 + 151* + 68Rr3 — 64R*r?2 —15r* =0
< 0 =0 (true)= (2) = (1) is true.

3) 16
Q< TP(R4 —7r%)

(3) © p* + (2r2 — 12Rr)p? + 4Rr3 + r* < 16R* — 1121
& p* + (2r2 — 12Rr)p? + 4Rr3 — 16R* + 1131* < 0
Let @(t) = t?> + (2r? — 12Rr)t + 4Rr® — 16R* + 113r*
(Where: 16Rr — 5% < t = p* < 4R? + 4Rr + 31?)

t216Rr—512 R=2r
= ¢'(t) = 2t — 12Rr + 2r? > 20Rr —8r* > 32r?>0

(4)
= @(t) T [16Rr — 5% 4R? + 4Rr + 31%] = ¢(t) < p(4R*> + 4RT +31%) < 0
(4) © (4R* + 4Rr + 31?)? + (2r? — 12Rr)(4R? + 4Rr + 31%) + 4R13 — 16R* +
113r* <0
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& 16R* — 16R3r — 4Rr3 + 15r* + 4Rr3 — 16R* + 1131r* < 0

& 16R3r > 128r*R3 > 813 © R > 2r (Euler)= (4) = (3) is true. Proved.
2380. In AABC the following relationship holds:

z Zn 2+ 9%+2rr,
mg, <
¢ J4m,m_ + 3bc

cyc cyc

Proposed by Bogdan Fustei-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

(b_c)z-sandga=s(s—a)—(b_c)Z

(s—a)

- n%+ g% =2s(s—a)+(b—c)* =b*+c* — (2bc - 2r,r.)

n2=s(s—a)+

2bc — 2ryr, = 2rr, > n: + g% + 2rr, = b* + ¢, (1)

I4mym, +3bc < Z(mb + mc)

_ 2(c®+a*) - b* . 2(a? + b?) — c? . 3(bZ + c?)
B 4 4 2

- 4mym, + 3bc < ZZaZ 1(2)

cyc

®0.(2)
a

nz+g%+2rr, - b? + c? CBS2\2
Sy Tt M o N I e TN Sy mi Sy m,
o 4mym, + 3bc e 2Ya e e

Therefore,

22 n%+ g2+ 2rr,
3 £ JAdmpm, + 3bc
yC cyc

2381. In AABC the following relationship holds:

() e () 2o
a+b b+ c c+a’ "

Proposed by D.M.Badtinetu-Giurgiu, Neculai Stanciu-Romania
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco
)

ab Zcf\sl ab \?2 ab
Y E ATt - S e
3 a+b a+b

IV} -

a+b
< 2
1 ¢BS 9 _ 9abc 32”,;(2“) 27abc _
)_ZZab - 20 a)?

P Nt
a+b L1 _1°/1 1
a5 2@*s

_ 27.4Rrs _27R M""g"""‘ 272 _ .=
“2@s? 2s ' T 23p3 VT

ab \*
. 2
- (%) is true _)Z(a+b) >Or

Solution 2 by Avishek Mitra-West Bengal-India
(Zab)z Leik\niz (Zab)z

z( ab )ZBerg;trom (Zab)z PowergMean (Zab)z _ 2
a+b = Y(a+b)2 T 2Y(az+b%2) 4YaZ T 4-9R
cyc

B (Zab)z

6R
ab\?
Need to show: (zé,_R) >9r2 5 s2 > 14Rr — 12

But s? > 16Rr — 5r*(Gerretsen) —» 16Rr — 51r* > 14Rr —r? -
2Rr > 4r? > R > 2r(Euler)

Solution 3 by Tran Hong-Dong Thap-Vietnam

ab \* bc \° ca \2M_ M (abc)*
(a+b) +(b+c) +(c+a = 3 2z
((a +b)(b+c)(c+ a))

33/(abc)* AMéGM 33/(abc)* _
- a+b+b+c+c+a)Z

(Y@ BB+ e+ a) ( ;
273/ (4Rrs)* (,1\)
T 16t o7

(1) © 3%/(4Rrs)* > 421252 © 27(4Rrs)* > 46r6s® & 27R* > 42r2s2

3V3
3V3R? > 4rs true by s < TR (Mitrinovic),2r < R (Euler) »

2
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3V3 ,
2rs < TR ‘R © 4rs < 3V3R? > (1)is true. Proved.
2382. In AABC the following relationship holds:

312 rr, 2R—r
Y
2R? b% + 2 8r

Proposed by Kostas Geronikolas-Greece
Solurion 1 by Marian Ursdrescu-Romania
2
For LHS: rr, < a? We must show:

a? . b? . c? <2R—r.(1)
b2+c?2 a?+c? a?+b%?~ 2r '

a? + b? > 2ab; b? + ¢* > 2bc,c? + a® > 2ca; (2)
From (1), (2) we must to show that:

a2 b®2 ¢* 2R-r
<

ad+b3+c¢® 2R-—7r
= <

bc ac ab~ 1T abc r
2s(s?2—3r2—6Rr) 2R-—r
( ) < & s? < 4R? + 4Rr + 3r*(Gerretsen)
4Rrs r

_ T, 3 T rpre _
For RHS: zm >3 b2+ (2 + @)@+ b2) We must show that:

cyc

3 T T r
J T s @50 2 2 & V(@ BB + A + a?)

2R?

= VTarsre; (3)

Mitrinovic

Srorpr.=3s2r S Y27r3 =3r;(4)

From (3), (4) we must to prove that:

1/ (a? + b2)(b? + c2)(c? + a?) < 2 - 3R%;(5)
From (4), (5) we must show that:

2(a% + b? + c?
( 3 )@a2+b2+cZS9RZ true.

¥ (a? + b2)(b? + c2)(c? + a?) <
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Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Using Chebyshev
. . PR SN S |
a [l o r r.an = -
a="h ¢ b%2+c?2 " a%?+c%?  b?+a?

Euler
CBS

Drrzz5 Q) (D pra) £ jeRtngy PP L B
p2+cz=3\L" p2+¢2) = 3 "osaz = 3T 592 T 22

AM-GM

Now rr, = Ty _ T Zar _ T z a
' b2+ ¢z 2bc 2abc @ 2.4sRrilus—a
T s
_ﬁz(s—a

B 12 3r_(4R+r)—3r_2R—rEl,‘éerZR—r
“8RL - 8R 4R = " 8r
3r? T, 2R—r

< <
2R? b? + c2 8r
2383. In acute AABC the following relationship holds:

cos?ntl 4 - r\2 .
z cos2n-1p =~ (E) L

Proposed by Marin Chirciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

~1)=

Therefore,

Letx =cosA,y=cosB,z=cosC. AABCis acute - x,y,z>0

D WM A e gttt (a2 PO T
y#t )yt~ Ea)EyHm Tt Xxy -
cos?ntl A_ 5 s?— (2R +1)?
_)ZCOSZ" 1B cos A=1—21_[cosA=1—2. AR2 =
Gerrgse" 1 (4R? + 4Rt + 31r%) — (2R +1)? . (1)2
N 2R? R
Therefore,

cosZ"“A>1 T2 .
2w 1= (g) vmen

101 | RMM-TRIANGLE MARATHON 2301-2400



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
2384. In AABC the following relationship holds:

A A
3 Z(bc)%ani < z:(bc)3 cots

cyc cyc
Proposed by Marin Chirciu-Romania

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

A A
_ 3 in —
3 Z(bc)3tan < Z(bC)%ot— () & Z(b6)3< osfl - smj) >0

e e e siny  cosy
3
Z (bc) (cos é _ sin? ) Z(bc)4( cosA . 1- cosA) >0
2 2
cyc cyc
b2+ c2 — g2
=3 Z:(bc)4 <T - 1) >0 Z(bc)“(ZcosA -1)=>0
cyc cyc
z bS¢3 + z b3S > z a?(bc)® + Z(bc)4 | (++)
cyc cyc cyc cyc
(AM-GM)
We have: z b3¢c3 + z b3c’ = Z:(bc)3(bZ +c2) = 2 Z(bc)“; (1)
cyc cyc cyc cyc
AM~GM
and z b5%a3 + z a3c’ + Z:(bc)4 = Z(b5a3 +a3c® + (bc)*) S
cyc cyc cyc cyc

>3 z a?(bc)?;(2)

cyc

From (1),(2) — ()

Therefore,

A A

3 Z(bc)3tan5 < Z:(bc)3 cotE
cyc cyc

Solution 2 by Soumava Chakraborty-Kolkata-India

A
32b3c3tanESZb3c cot— @Z—tan Z—cot—
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ow Y et = 2, (a5 ()

1 s 3
~ 7 \64R33s3 (z “”) —3.4Rrs.2s(s* + 2Rr + 1r?)

(s?2 + 4Rr + r?)? — 16Rrs?
16R2%1r2s2

_ (s*+ 4Rr +r?)3 — 24Rrs*(s* + 2Rr + r*) — 4Rr((s* + 4Rr + r?)? — 16Rrs?)
B 64R3r4s?
— (16Rr — 31%)s* + r2s2(32R? — 8Rr + 31%) + r*(4R + 1)? (,3

64R3rs? z _COt_

A
1 A 1 tanz 1 , A
Qatmg= )\ A = m 2 (a1 o)

4Rcos? 5 tan

tan?
4R Zaz z A

16R2c0s4 tan? = 5

_ 1 ((s*+4Rr +1*)* — 16Rrs? N 1 z(1+t ZA)Z
~ 4R 16R%12s2 16R? an-3

_ 1 ((s® +4Rr + 1) — 16Rrs? L1 z<1+t 4A+2t ZA)
~ 1R 16R%*1252 16R? an‘5 T etany

_ 1 [(s*+4Rr +1?)? — 16Rrs?
4R 16R%r2s?

+ﬁ<3+s—14< zra —2) ar,,>+— Zré))

_ 1 ((s*+4Rr +1r*)%* — 16Rrs?
" 4R 16R%r2s?

" 16R? <3 N s_14 (((4R +1)? — 252)% - 2 (s* — 2rs2(4R + r)))

+ Ez ((4R +1)? — 2s2)>>
s
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_ (s?2 + 4Rr + 1%*)? — 16R7s?

64R3r2s?
. 3s* +2s2(4R+1)?> —4s*+ (4R +1r)* — 4s?>(4R + 1)? + 4s* — 2s* + 4rs?’(4R + 1)
64R3s*
s6 — (8Rr — 3r2)s* — r2s2(16R% — 8Rr — 3r2) + r2(4R + r)* @ 1 A
- 64R3r2s* - z a3 tanE
1 1 A
« (D), (ih) = BZEtanE_ _3COtE
35 — 3(8Rr — 31%)s* — 3r2s2(16R? — 8Rr — 31%) + 3r%(4R + r)*
64R3r2s*
s® — (16Rr — 31%)s* + r?s2(32R? — 8Rr + 31%) + r*(4R + r)?
64R3r4s?

& s8 —16Rrs® + (32R? + 16Rr — 61%)r?s* + r*(64R? — 16Rr — 81?)s?
(1)
—3r*4R+1)* 30
Gerretsen
Now,LHSof (1) > —572s%+ (32R? + 16Rr — 61?)r?s*
+ r*(64R? — 16Rr — 81r?)s? — 3r*(4R + r)*

Gerretsen
S p2st (321!2Z +16Rr — 612 — 5(4R% + 4Rr + 3r2))
+ r*(64R? — 16Rr — 81r?)s? — 3r*(4R + r)*

Gerretsen

S 22 ((121!2Z — 4Rr — 2172)(16Rr — 572) + r2(64R% — 16Rr — 8r2))

—3r*(4R + r)*
=1352(192R3 — 60R?*r — 332Rr? + 9713)
Gerretsen
—3r*(4R+1)* = r*((192R3 - 60R%*r — 332Rr? + 97r3)(16R
—5r) —3(4R +1)*)
2 R
=0 (where t= 7)

Euler

2
S0 o 576t* — 67263 — 1325t2 + 791t — 122

?

o (t—2)(57683 + 480t2 — 365t + 61)S0 - true~t S 2
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= (1)is true - BZ—tan Z—cot— =3 Zb3c tan

< z b3c3 cot— (QED)

2385. In any AABC holds:

3 z a’;tané > z 615c0té
2 2

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

3
Z(S —a)’= (Z(S - a)) -3 n((s —a)+(s—b)) =s®—12Rrs
O]
= Z(s —a)®=s?® —12Rrs and
Z(s —a)t= Z:(s4 + a* — 4a3s — 4as?® + 6s2a?)
= 3s* + 2(s? + 4Rr + r?)? — 32Rrs? — 16s%r? — 8s2(s%? — 6Rr — 3r?)
— 8s*
+12s2(s2 — 4Rr — 4r?) = s* — 16Rrs? + 2r?(4R +r)?

(ii)
:>Z:(s—a)4 = s* — 16Rrs? + 2r?(4R +r)?

z Stan——rz:(a_s_l_s)5
ZI'[—Z:(s—a)4 Z:(S—a)3
+ 10s? z a(s — a)]

via (i) and (ii)

= r [—{54 — 16Rrs? + 2r2(4R + r)?} +

s’r(4R +r)
r2s

+ 5s(s3 — 12Rrs) + 10s2{s(2s) — 2s%(s? — 4Rr — 41'2)}]
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) A
= (4R — 10r)s* + s2r2(36R + 20r) — 2r3(4R +r)? = z astani

Yatcory=sy =y TE=D - L e Y 0t -2y o) =Y aseot)
Now (30) (T a¥) = Y et + 3 abiat + bty = 25 Y e - 3
=Y {an (Y- )} "“)(za4)(zab)_abczaa

Now. (3 @2) (Yat) = Yt + 3 fart (a2 —
~ (Y @) (Y a?)+ Y ot - 3atbrc?
o= Y a2 (V) (Y arbt) - (Y @) (Y a) - ahec:
(m)+(n):>252a5—22a6
=(2,a")(Q )+ (@) (D a?) ~ (D, a*) (D, a*)

— abcz a® — 3a?b?c?

= (z a?) (z a’b? — 2 z a’b? + 16r2s?) + (2 z a’b? — 16r?s?) (z ab)

— abc(2s(s? — 6Rr — 3r?) + 12Rrs)

= 161252 (z a? — z ab) + (z a?b?) (2 z ab — z a?) — 8Rrs?(s? — 3r2)

= 16r?s?(s? — 12Rr — 3r?) + ((s? + 4Rr + r?)? — 16Rrs?)(16Rr + 4r?)
— 8Rrs?(s? — 3r?)

—(Zsz a’ — ZZaﬁ
_16r%s?(s? — 12Rr — 3r?) + ((s? + 4Rr + r?)? — 16Rrs?)(16Rr + 4r?) — 8Rrs?(s* — 3r?)

2r
= (4R + 10r)s* — 2rs?(32R? + 42Rr + 10r?) + 2r>(4R +r)3
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via (iii) 2)

3 z ascoti 2 (4R + 10r)s* — 2rs2(32R? + 42Rr + 10r?2) + 2r?(4R +r)3

A A
~(1),(2)>3 z astani > z a5cot5
& 3(4R — 10r)s* + s?r?(36R + 20r) — 2r3(4R + r)?
> (4R + 10r)s* — 2rs?(32R?% + 42Rr + 10r?) + 2r?(4R +r)?3

& (8R — 16r1)s* — 24rs* + 3s?r?(36R + 20r)

0
+ 2rs2(32R? + 42Rr + 10r2) S 6r3(4R +r)2 + +2r2(4R + )3

Gerretsen

Now,LHSof() = (8R— 16r)(16Rr — 5r2)s? — 24r(4R? + 4Rr + 3r?)s?
+ 3s2r?(36R + 20r) + 2rs?(32R? + 42Rr + 10r?)

”
S6r3(4R +r)? + 2r2(4R +r)3

2
=3 ((48R —4r)(R—2r) + 36r2) s2Sr(4R +71)3 + 3r2(4R + )% and
Gerretsen

((48R —4r)(R - 2r) + 36r2) s2 3 ((48R —4r)(R—2r) + 36r2) (16Rr

— 5r2) .. it suffices to prove :

?
((48R —4r)(R—-2r) + 36r2) (16Rr — 5r2) Sr(4R + 1)3 + 3r2(4R + r)2
2

- R
& 4413 —121t2+73t—-14>0 (where t= F)

? Euler

e e A
o (t—2)(44t2-33t+7)>0->true vt > 2= (Dis true - 32 astani

> z ascot% (QED)

2386. In AABC the following relationship holds:

4127(R% —12)

<
rz

Proposed by Kostas Geronikolas-Greece
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Solution by Adrian Popa-Romania

(ko o 7

< — | = — —
A+1+DA+1+DA+1+1) (ha hb hc) (ha hb hc)
F
Ta _s—a a e _1 12(2R—r)_2R—r
"h, 2F " 2(s—a) h, 2Z.is—a 2 r o
a cyc cyc
Now, we must to prove that:
2R—1r 27(R?*—1?
27 - = < (rZ )@ZRr—rZSRZ—rZ@RZZr(Euler)
Therefore,
LT, 4T 4 27(RZ —rZ)
n, " h
2387. Prove that in any acute AABC holds:
sin A sin B\? cos A cos B\ >
2| Gme ) (Feose ) |23
sin C cosC

Proposed by D.M.Badtinetu-Giurgiu, Neculai Stanciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

ABC is an acute triangle — cosA,cosB,cosC >0

2>
sin Asin B ZZx’;ny sinAsin B sinAsinC
We have : z (—) > z . z sin?4 (1)
sin C sinC sin B
2>
cosAcosB ZZx;\ny cosAcosB cosAcosC
and : z ( ) > z . = z cos?’A (2)
cosC cosC cos B
sm A sin B cos Acos B
.@ - |( > (sin?A+cos?A) =y 1=3
sin C cosC
sm A sin B cosAcosB
Therefore, z ( ) >3
sinC cosC
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2388. In any A ABC the following relationship holds:

3>z P zm +\/E(\/_ V9a)

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India
. C : (B + C) A 2 A
N sin 7) _ ssin —2 COoSs 2 _ SCoSs 7

C A B _C (L)
COS 7 COSs 7 COS 7 COS 7 COS 7 4R

B
smz

A
Proof : r, + 1, = s( = 4Rcos? >

@)

.1y + 1. = 4Rcos? >
Now, Stewart’s theorem = b%(s — ¢) + c¢?(s — b) =an2 +a(s — b)(s —¢)
= s(b? + ¢?) — bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + ¢2) — 2sbc

= an? + a(as — s?)
= s(b? + ¢? — a? — 2bc) = an? — as? = an? = as? + s(2bccosA — 2bc)
4sbc(s —b)(s —c)(s — a)
be(s — a)

= as? — 4sbcsin? 5= as? —

(U]

) 4N ) 2A A 2 2
= as“ — = as —Za(—)( )—as — 2ah,r, = n; —2h,r,
a s—a

an?. ag? > a?s%(s — a)?
e {b%(s—c) +c%(s—b) —a(s —b)(s — c)H{b%(s — b) + c%(s — ¢)

(a)
—a(s—b)(s — c)} S a?s2(s — a)?

Lets—a=x,s—b=yands—c=z.s=x+y+z=>a=y+zb=z+xandc
= x + y and via these substitutions,
(a) & {z(z + x)* + y(x +y)? —yz(y + D)Hy(z + x)* + z(x +y)* — yz(y + 2)}
> x*(y + 2)*(x +y + 2)?
o xy?+xz? +y3+23 > 2xyz+yz(y+z) o x(y—2)? + (y+z)(y —2)?> = 0 - true

(b)
= (a) is true = n,g, Ss(s—a)
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Again, Stewart’s theorem

(m)
= b%(s—c) + c2(s—b) = an? + a(s — b)(s — ¢) andb?(s — b)

(n)
+c%(s—c) = ag:+a(s—b)(s—c)

and(m) + (n) = (b? + ¢?)(2s — b —¢) = an? + ag? + 2a(s — b)(s — ¢)
= 2a(b? + c?) = 2a(nj + g2) +a(a+b—-c)(c+a—b)
=2(Mb*+c?)=2(m2+g%2)+a?*—(b—c)?>=>2(0b*+c?)—a*+ (b-c)?
=2(ng +g3) = 4mg + (b - c)? = 2(ng + g7)
=>2(b-c)*+4s(s—a)=2(n3 +g2)=>ni+g2i=(b—c)*+2s(s—a)
via (b)
>nZ+g2+2n,9, = (b—c)?+4s(s—a)

= (n,+g,)*=4m%=2m, <n,+g,

:>ma+\/a(\/n—a_\/E)A':\Gma_ga+na+ga

<
sV2 svV2 2V/2s
2rna - zga + Ng +ga
2v/2s
CBS and via (i)
<na+ga+na_ga: n, . 2r +ma+\/ga(\/na_\/ga) r'<‘-\
B 2v/2s V2s r, + I svV2 -
2r nz Vie® r s2 —2h,r,
V2 Atz & At T
4Rcos? 5 S Rcos2 5 S
2 2
4rs? A / / /
= 1+ r _ rs tanf . 2r +ma+ ga( n, — ga)
Rcos? A 4RsztanécosZ A T + I, sV2
2 2 2
< 1 and analogs
summing up
- 2r m, + n, —
53 z N z o« */9a(yna —/94) (QED)
Iy + I'c S\/E
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2389. In AABC the following relationship holds:

27R3
8r

271> < h,r,+ hyry,+ hor, <

Proposed by George Apostolopoulos-Messolonghi-Greece
Solution by Marian Ursdrescu-Romania

For LHS: h,r, + hyry, + h, 1, > 2777
1 + 1 + )
a(s—a) b(s—b) c(s—c)

me Y o= o)
u a(s—a) 4Rrs? ’

cyc

2F? ( >27r%,(1)

From (1), (2) we must to prove that:

s2 + (4R +1r)?
4Rrs?
& s2 +16R% + 8Rr +r? > 54Rr; (3)

From s? > 16Rr — 5r% (Gerretsen); (4)

2s%r2.

>27r? © s>+ (4R + r)? > 54Rr

From (3), (4) we must to prove that:
16R% + 24Rr — 4162 > 54Rr & 16R? > 30Rr + 41?
& 8R? > 15Rr + 2r?;(5)

15R%2 = R? _ 16R>
2 2

FromR > 2r (Euler) » r < % - 15Rr + 41% < = 8R? - (5) is true.

3
For RHS, we have: h,r, + h,r, + h.r, < %; (6)

leta<b<c—->h,=h,>h,andr, < r, <r.FromChebyshev’s inequality, we have:

1
hara + hbrb + hcrc < § (ha + hb + hc) (ra + ry + rc); (7)

From (6), (7) ewe must show that:

81R3

g (8)

(ha + hb + hc)(ra + Ty + rc) <

s2+r2+4Rr

Buthy + hy, + h, =

andr,+r,+r,=4R +1;(9)

From (8), (9) we must to prove:
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s?2+1r*+4Rr 81R3 2 2 162R*
— %R (4R+71) < 8r & (s2+r°+4Rr)(A4R+71) <

From Gerretsen inequality we have: s? < 4R? + 4Rr + 3r%; (11)

ar ;(10)

From (10), (11) we must show that:

62R* 81R*
©2r(R+1r)?(4R+1) < 1(12)

1
4(R+71)2(4R+1) < g

puir <R or gz 2p < BIR
_— . —_ . —_
ur_z T4 2t =

S R = 2r (Euler).

2390. V —Bevan pointin AABC, R,, R, R . —circumradii in
AVI I, AVI I, AVI, I,. Prove that :

Wa Wp W 9r

R, R, R.~ 2R
Proposed by Mehmet Sahin-Ankara-Turkiye

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

m—A v A
We have : p(I,AC) = — - u(I I,V) = 7 u(I,AC) = 7 and I.V = 2R.

c

2R,

A
In AVI 1., we have : sinl I,V = - R,=R cscy (and analogs)
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zwa 1~ 2bc A A 1 abcz CBS4er 9
— = cos.sin-=— >
R, RL.b+c 2 2 RZLb+c2R 2R2L.b+c 2R? 2)a
_9r
"~ 2R
Th wa>9r
erefore, Z 5x

2391. In any A ABC the following relationship holds:

3 z af’tané > z aé’coté
2 2

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

2
Proof:Lets—azx,s—bzyands—c=z.'.z:(s—a)Z Z(Zx) —Zny

(1)
=52 —2(4Rr +1?) :sz = §2 — 8Rr — 2r?

Now,Z(s —a)d = (Z(s - a))3 -3 n((s —a)+(s—b))=s®—12Rrs

2)
= z x3 2 s3 —12Rrsand

Z(s —a)*= z:(s4 +a*— 4a3s — 4as® + 65%a?)
= 35% + 2(s? + 4Rr +12)" — 32Rrs? — 16sr? — 85%(s® — 6Rr — 312) — 8s*
+125%(s®> — 4Rr — 41%) = s* — 16Rrs? + 2r?(4R + 1)?

3)
= Z 42 g% _ 16Rrs? +2r*(4R +1)?

Z(s —a)X(s—b)? = z x2y? = (Z xy)Z _2xyz (Z x)

4)
Z(s —a)(s— b) —2r’s? = z 2y2 = (4Rr + 1r?)? — 2r?s?

D) Xw) =2+ 3 (2 (2 x-1))
=S x4 (Y x) (O xy?) —xyz Y xy
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=3 = (T (3 ) - (O w) +xre Y

via (1),(2).(4)
= (s2 — 8Rr — 21r?)(s® — 12Rrs) — s((4Rr + r?)? — 2r?s?) + r’s(4Rr + 1?)

(5)
= z x5 2 s[s* — 20Rrs? + 20Rr%(4R + )]

6. A (a—s+s)°
Za tan—=r
2 s—a

=r [Z(s —a)’+ zss_ﬁa —3s° — 6sZ(s —a)*+ 15s22(s —a)3
—20s3 Z(s - a)z]

via (1),(2).(3).(5)
= r [s[s4 — 20Rrs? + 20Rr%(4R +1)] +

s®(4Rr + 1?)

3s°
ris

— 6s[s* — 16Rrs? + 2r2(4R + r)?] + 155%(s® — 12Rrs) — 20s3(s?> — 8Rr — ZrZ)]

(O] A
=||4s[(R — 3r)s* + s?r2(14R + 107r) — r3(28R?% + 19Rr + 31?)] = z aﬁtani

S wads ST IS 5 ) v
(3) (R) = Y+ () (S ) -2 53 e
=s (z a?) (2 z a?b? — 16s%r? — z a’b?) + 48R%r?s
= sz at=s (z a?) [(s2 + 4Rr +1?)? — 16Rrs® — 165%r7] + 48R*r2s’
() (3 0) =3, s () -ane (3 r7) - Y

=- (> a%) (2 a?h? - 165%1%) — abc () a?b?)

+2s[(s? + 4Rr + 1%)3 — 3.4Rrs.2s(s? + 2Rr + r?)] = 32r%s3(s* — 6Rr — 31?)

—[(s? + 4Rr + 1?)? — 16R71s?] (4Rrs + 4s(s?> — 6Rr — 3r2)) + 2s(s? + 4Rr + r%)3

— 48Rrs3(s? + 2Rr + 1?)
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(i)
= —z a’ = 32r%s3(s? — 6Rr — 31?)

— [(s? + 4Rr + 1%)? — 16Rrs?] (4Rrs + 4s(s?> — 6Rr — 3r2))

+ 2s(s? + 4Rr +r?)® — 48Rrs3(s? + 2Rr + r?)

(@), (i) = sz at — z a’
=5 (z az) [(s? + 4Rr + 1?)? — 16Rrs? — 16s*r?] + 48R?*1r?*s3
+ 321%s3(s? — 6Rr — 31?)
— [(s? + 4Rr + 1%)? — 16Rrs?] (4Rrs + 4s(s?> — 6Rr — 3r2))

+ 25(s? + 4Rr + %) — 48Rrs3(s?> + 2Rr + 1r?)

= 4rs[(R + 3r)s* — rs?(20R? + 34Rr + 101?) + r2(80R3 + 88R?r + 29Rr? + 313)]

vic:ﬁ(a) (m)

A
3 Z a‘cot- = 4s[(R + 3r)s* — rs?(20R? + 34Rr + 10r?) + r*(80R® + 88R?r + 29Rr? + 373)]

A A
(),(m)>3 z aﬁtani > z aﬁcoti
& 3(R — 3r)s* + 3s2r2(14R + 10r) — 3r3(28R? + 19Rr + 31?)
> (R + 31r)s* —rs?(20R? + 34Rr + 10r2) + r2(80R3 + 88R?*r + 29Rr? + 313)
< (2R — 4r)s* — 8rs* + 3s%r?(14R + 107)

(iii)
+rs2(20R? + 34Rr + 1072) = 3r3(28R?% + 19Rr + 312)

+ r2(80R3 + 88R?*r + 29R1? + 313)

Gerretsen

Now,LHS of (iii) =  rs%[(2R — 4r)(16R — 51) — 8(4R? + 4Rr + 312)
+ 3r(14R + 10r) + 20R? + 34Rr + 1072]
Gerretsen
=rs2(20R% — 30Rr +3612) =  r2(20R% — 30Rr + 3612)(16R — 57)
?
S 3r3(28R2% + 19Rr + 312) + r2(80R3 + 88R%r + 29Rr? + 313)

2
- R
& 1513 —47t2 +40t—12>0 (where t= ;)
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? Euler

o (t—2)((t—2)(15t+13) +32)S 0> true v t = 2= (iii)is true

A A
-3 z aﬁtani > z aﬁcoti (QED)
2392. In AABC the following relationship holds:

R2 m2+mb mb+m2 m2+m2 8r3

Proposed by George Apostolopoulos-Messolonghi-Greece

Solution by Marian Ursdrescu-Romania

r,ryr
For LHS: z VTalh \/ a’b’c (1)

Limirmg = [+ ) (m3 + m2)(m? + m3)

2(m§+mb+mc) a? + b% + c?
3 2
From (1), (2) we have:

z AV Talp ,/ L (3)

mZ+mi S b+ c?

i](mﬁ +m?2)(m? + m2)(m2 +m32) <

;(2)

cyc
Butr,ryr. =rs* and s* > 27r% - rryr. = 2713, (4)

Ta 18r .(5)

2+mb a2+b2+c2’

From (4),(5)it follows z

cyc
Buta? + b% + ¢? = 2(s?> — r? — 4Rr); (6). From (5), (6) we must to prove that:

z N Talp 9r (7

m2+mb 2 —r2 —4ARr’
cyc

From (7) we must to prove:
or
sz2—rz— 4Rr

From Gerretsen mequallty we have: s < 4R? + 4Rr + 3r%; (9)

<:) 9R? > 2(s®? — r?> — 4Rr); (8)

From (8), (9) we must to show that:
9R? > 2(4R%? + 21%) © 9R? > 8R%? + 412 © R?* > 41?2 © R > 2r (Euler).
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b+c A
cosE,we have:

For RHS,use.m, > 2
b+c A a+c

2 COSE' 2

m:+mi>2m,m,>2-

B A B
cos = ZVbccosE : \/accosi =

:Zm.c.\/s(s—a).\/s(s—b)zzs\/(s_a)(s_b)_)
bc ac

FZ
1 < 1 . [T,T} - \[(s—a)(s—b)

mi+mj~ 25 /(s—a)(s—b) mMi+mi  25/(s—a)(s—b)

N Talp F
- 5 3 <
mg+my Zs\/(s —a)(s—b)

We must show that:

F 1 R? ST 1 R3
z.gc:(s—a)(s—b)SBr:‘(:)?.Z:(s—a)(s—b)sélr3
art Z(s_a)(s 5y < B%:(10)

But z m = ﬁ; (11).From (10), (11)we must show:

412 < R? © 2r < R (Euler).
2393. In acute AABC the following relationship holds:

tan®4 1 p\2
Ztan3BZ§(F)

Proposed by Marin Chirciu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

AABC is acute triangle —» tan A, tanB ,tanC > 0

Holder

) Sans) (50) " (S 45
%
tan3 B an an tan3 B = 3 an

117 | RMM-TRIANGLE MARATHON 2301-2400



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
[IsinA pr 4R?
Wehave:ZtanAzntanAz =

_ 2pr
[IcosA 2R2 p2—(2R+1)? p?— (2R +71)?
=
Gerr"f\sten Zpr B Zpr B p
= (4R?+4Rr+3r2)—(2R+1r)? 2r*2 r
tan>A 1 ,p\2
Therefore, @’ B = §(r)

2394. In acute AABC the following relationship holds

S eosn (o) = 3 ()

cosC 8 \R+r

Proposed by Marin Chirciu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

ABC is an acute triangle - cos A,cos B ,cosC >0

cos B\? 2 Holder cosA.cos B\? cos B\3
ZCOSA(COSC) '(ZCOSA) = (z cosC ) _)ZCOSA( )
2

cosC
>( R ) (zcosA.cosB)3
“"\R+7r cosC

cosA.cosB - 3
So,we need to prove : z —— > = ,VAABC acute.
cosC 2
m—X m—Y w—
Using the substitutions: A = =

Cc= ZXYZE(O )ZX—
2 ’ - 2 ’ - 2 y 4Ry Ly lnl =r

~
~

*

X Y
sin.sin
- (x) & Z—

3 vaxvz in X 1 .3

— H — —

2’ (1_[ sin 2) Z =
Sin & 2

2Z
sin 5
s2+rZ 8Rr
We know that : | |sm—= and z 5
smZ r
s2+r2—8Rr 3
- > AN 22
- (%) iRy 25 o s?214Rr -1

2
Which is true from Gerretsen,s? > 16Rr — 5r2 > 14Rr — r? & R > 2r (Euler)
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. cosB\> 27/ R \?
- (x%)is true — z cos A ( ) > ( )

8\R+1/)"
2395. In any A ABC holds:

cosC/ — 8

A 2R*%
32r3(4R +r)? < z a5c0t5 < — (4R +71)?

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

A a® a’(s—a
Proof:Zascot—ZSZ—zz (r )

= z 5 zz (1)Zacot—
Now,(za S a)=Yarr Y ava +y 225 Y et 3 as

(i)

= Y fan (Tt - )2 (Na) (Yaw) - Z
o () (Vat) = Y+ 3 o (S -
(L) (L) + Yt -2
>3 et = (Ne) (T ) - () (3 o) -servee
M+ (i) >25 ) a®~2) af
= (@) (Q ab) + (2 a?) (D a®?) = (D a?) (D, o)

— abcz a® — 3a?b?c?

= (z a?) (z a’b? — 2 z a’b? + 16r2s?) + (2 z a’b? — 16r?s?) (z ab)

— abc(2s(s? — 6Rr — 3r?) + 12Rrs)

= 161252 (z a® — z ab) + (z aZbZ) (2 z ab — z az) — 8Rrs2(s? — 3r2)

= 16r?s?(s? — 12Rr — 3r?) + ((s? + 4Rr + r?)? — 16Rrs?)(16Rr + 4r?)
— 8Rrs?(s? — 3r?)

119 | RMM-TRIANGLE MARATHON 2301-2400



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

= %(Zsz a’ — ZZaﬁ)
16r2s?(s? — 12Rr — 3r%) + ((s? + 4Rr + r?)? — 16Rrs?) (16Rr + 4r?) — 8Rrs?(s? — 3r?)
- 2r
= (4R + 10r)s* — 2rs?(32R? + 42Rr + 10r?) + 2r?(4R +r)?3

via (1) (a)
3 z a5cotE 2 (4R + 10r)s* — 2rs?(32R? + 42Rr + 10r?) + 2r?(4R +r)3 = (a)

= z ascoté < 2—R4 (4R +r)?
2 r
(iii)
o r(2R + 5r)s* — r2s2(32R? + 42Rr + 10r2) + r3(4R + r)3 < R*(4R +r)2
Gerretsen
Now, LHS of (iii) < rs? ((ZR + 5r)(4R? + 4Rr + 3r?)
— r(32R? + 42Rr + 10r?)) + r3(4R + r)3

= rs? ((R —2r)(8R?% + 12Rr + 8r?) + 21r3) +r3(4R +1r)3
Gerretsen
2 r ((R — 2r)(8R? + 12Rr + 8r2) + 21r3) (4R? + 4Rr + 312)

2
+r3(4R +1)3 S R*(4R + )2
2

- R
& 16t° —24t° —15t* —8t3 +8t2 + 16t — 16 >0 (where t= F)

? Euler

e (t—-2) ((t —2)(16t* + 40t3 + 81t + 156t + 308) + 624) So0-otrue~t S 2

A 2R*
= (iii)is true - z ascoti < e (4R +r1)?

Gerretsen Euler (*)

Now,2s2 S 27Rr+5r(R—2r) S 27Rr = 2s2 S 27Rr

. 5. A
Agam,Za cotE

4 Bergstrom

a* PETO™ 45(s? — 4Rr — 12)” Gerretsen 16Rs2(12Rr — 6r2)” UM 1 6Rs2 (12Rr — 612)
- SZ L = A = 2+ (4R +1r)2 = 4
(Ea) ( stanz ) S r 3 (4R +r)?
A LA
4Rtan7cos 2
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via (*)

?

32r3(4R+r)? © 27R(2R - 1r)%2(2s2) S4r(4R + r)* and ~ 2s2 > 27Rr

?
-
=
-~ it suffices to prove :

?

?

27R(2R — r)2(25%)(27Rr) S 4r(4R + r)* © 27R(ZR — 1) S 2(4R + 1)?

? ?

& 22R2—43Rr-2r220 o (R -2r)(22R+1) 20 - true
A
~32r3(4R+r)? < z a5cot5 (QED)

2396. In AABC the following relationship holds:
Tq Trp re
< +
121 < sin?A  sin’?B  sin?C ~
Proposed by George Apostolopoulos-Messolonghi-Greece

3R>
r

Solution by Marian Ursdrescu-Romania
rq L re
We have: + + >
sin?A sin?B sin?C —
rarpT
a b > 4r; (1)

3
We must show that: J - . .
sin?Asin?Bsin%C

3\] TorpT,
- - - %
sin2Asin2Bsin%C

-5z (2)

But r,rpr, = s’r and sinAsinBsinC = SR :

From (1), (2) we must to prove that:

3|4R*
— > 4r © 4R* > 64r* © R > 2r (Euler).

a
and sinA = 2R — we must to show:
3

"e= 5 a
4-RZF( 1 . 1 . 1 )< 3R? z 1 - 3)
o .
a’(s—a) b%2(s—b) c2(s—c)) " r a’(s —a) ~ 4s?r’
cyc

b%c?(s—b)(s—¢) - 4 (4
Zazbzcz(s—a)(s—b)(s—c) - 4s2r’( )

cyc

s—b+s—c a?
—>(s—b)9s—c)SI;(5)

But:\/(s—b)(s—c) <
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From (4), (5) we must to prove:

a’b?c? 3 3 - 3
z 4a2b2%2¢?(s —a)(s — b)(s—c) ~ 4rZ (s —a)(s—b)(s—c) " sr?

cyc
o (—a)(s—b)(s—c)=sr?

2397. In acute AABC the following relationship holds:

8<1+1+1<2R2—Rr
9R? " mi m} mi~ 54r°

Proposed by George Apostolopoulos-Messolonghi-Greece

Solution by Marian Ursdrescu-Romania

1 1
In acute AABC,we have:m, < 2R -cos*=—>—>————— —

B m 8R3 . cosﬁ';l

1 1 1 1 1 1 1

+—=+—=2 + + .We must show that:
6 A ;] 6C
cos®s cos®s  cos®y

m3 m; m  8R3

1 1 . 1 . 1 - 8 1 . 1 . 1 64 (1)
PN

8R3 64 6B 6C | 9R3 64 6B 6C_ 9’

cos®s  cosé  costs cos®s  cos®  costs

But: 1 + 1 + 33 (2)
“ cos® 4 cos® B cos® = B cos® 4 cos® B cos® ¢
2 2 2 2 2 2

From (1), (2) we must to prove that:

! 64(:) 4 B C< hichist b
57 © €0S5 Coscos5 g 'Whichistrue ecause:

A B C
22 c0s22 cos2 =
€0s°5 C0s° 5 Ccos*

ABCsB\/_ 3V3

cosEcosEcosE = 4R 8 o s < TR which is true.

1 1

Nowm, > ,s(s—a) > < ———-

mg s3(s —a)3

1 1 1 1 1 1 1
—3+—3+—3S 3< 3+ 3+ 3>C>
m, my, me \/S_ \/(s—a) \/(S—b) \/(S—C)
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1 1 11 3(VG-a6- b))3
W"‘m"‘mﬁ\/_g' 3;(3)
a My Mo Ns* ([s—a)(s—b)(s—0))

_ 3
e L (JemaG-B) =@

1 1 1 1 ad+bd+cd
From(3),(4) > —+-—+
m

@ My mTVS g([G-a)-bi-0)

But: a3 + b3 + ¢3 = 2s5(s* — 3r? — 6Rr);(6) and (s — a)(s — b)(s — ¢) = sr%;(7)

But:\/(s—a)(s—b)ss_a_'_

3 (5)

From (5), (6), (7) we must to prove:
1 1 1  2s(s*—3r2—6Rr) s*2—3r2—6Rr
e = (®)
m; m; m? 83/s3 . /5376 45273

From (8) we must show that:

s2—3r2—6Rr 2R?>—Rr s*—-3r2—6Rr 2(2R%*—-Rr)
< & < ;(9)
45273 54715 s2 2772

1 1
But:s* > 27r* » — < ——:(10
ut.s= =27 _)s2_27r2’( )

From (9), (10) we must to prove that:

s2 —3r2 — 6Rr < 4R?> — 2Rr © s%? < 4R? + 4Rr + 31r? (Gerretsen).

2398. In AABC the following relationship holds:
R Z(b sin3C — csin3B) > 12372 z sin(B — C)

Proposed by Daniel Sitaru-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
RZ(b sin 3C — csin 3B) = 2R? Z(sin Bsin3C — sin C sin 3B)
= 2R? Z[sin B (3 sin € — 4 sin® €) —sin € (3 sin B — 4 sin® B)] =
= 8R? z sin B sin C (sin? B — sin? C)

= 8R? z sin B sin C (sin B + sin C)(sin B — sin C)
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:8RZZSinBsinC(ZsinB;CcosB;C)( sinB;CcosB;C)z

= 8R? z sin B sin Csin(B + C) sin(B — C) = 8R? (1_[ sin A) (z sin(B — C)) =
r Mitrinovic
= 8R2. ﬁz sin(B—-C) = 4srz sin(B—C) S 4.3V3r2 z sin(B — C)

Therefore, RZ(b sin 3C — c¢sin 3B) > 12+/3r?2 z sin(B — ©)
2399. In AABC the following relationship holds:

BZ—tan— Z—cot—

cyc cyc
Proposed by Marin Chirciu-Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

Yoz =5 ) (@)

1 S 3 2 2
:; AR 353 (Zab) — 3.4Rrs.2s(s?* + 2Rr + r?)

(s?2 + 4Rr + r%)? — 16Rrs?
16R2%1r2s2

_ (s*+ 4Rr +r?)3 — 24Rrs*(s* + 2Rr + r*) — 4Rr((s* + 4Rr + r?)? — 16Rrs?)
B 64R31r*s?

_ s®— (16Rr — 3r*)s* + r2s%(32R? — 8Rr + 3r%) + r*(4R +r)? (,3

B 64R31r*s? z _COt

3 -4 ) N CIE)

4Rc0sZ 5 tan

= (z Yl )

16R2c0s4

B (s? + 4Rr + %)% — 16Rrs? N 1 Z(1+t ZA)Z
~ 4R 16R%12s2 16R? an-3
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1 /(s? + 4Rr +1%)? — 16Rrs? 1 z (
= +
4R 16R2r2s2 16R?

1+ tan* 4 + 2tan? é)
2 2

_ 1 [(s*+4Rr +1*)% — 16Rrs*
" 4R 16R2r2s?2

N 161RZ <3 N s_14<(z rﬁ)z ~2 z rér%) "’ % (z ré))

_ 1 [((s*+4Rr+1?*)? — 16Rrs?
" 4R 16R2r2s?2

+

161R2 <3 + s—14 (((4R +7)% — 252)2 — 2 (s4 —2rs?(4R + r)))

+ SZ—Z ((4R +1)% - 2s2)>>

_ (s?+4Rr +1r*)*> — 16Rrs?

64R3r2s?
. 3s* +2s2(4R +1)?> —4s*+ (4R +1r)* — 4s?>(4R + 1)? + 4s* — 2s* + 4rs?(4R + 1)
64R3s*
s® — (8Rr — 31%)s* — r2s?2(16R? — 8Rr — 3r%) + r?(4R + r)* (,fi) 1 A
- 64R3r2s? - z a3 tanE
o 1 4 1 4
« (D), (ih) = SZEtanE < ECOtE
35 — 3(8Rr — 31%)s* — 3r2s2(16R? — 8Rr — 31%) + 3r%(4R + r)*
< 64R3r2s?
- s® — (16Rr — 31%)s* + r?s2(32R? — 8Rr + 31%) + r*(4R + r)?
- 64R31*s?

& s8 —16Rrs® + (32R? + 16Rr — 61%)r?s* + r*(64R? — 16Rr — 81?)s?

)
—3r*@4R+1)* S0

Gerretsen

Now,LHSof (1) =  —5r2s5+ (32R% + 16Rr — 612)r’s*
+ r*(64R? — 16Rr — 81r?)s? — 3r*(4R + r)*
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Gerretsen
S 2t (321!2Z +16Rr — 612 — 5(4R? + 4Rr + 3r2))
+ r*(64R? — 16Rr — 81r?)s? — 3r*(4R + r)*

Gerretsen

S 22 ((121!2Z — 4Rr — 217r2)(16Rr — 512) + r2(64R% — 16Rr — 8r2))
—3r*(4R + r)*
=1352(192R3 — 60R?*r — 332Rr? + 9713)
Gerretsen
—3r*@AR+1r)* > rt ((192R3 — 60R?*r —332Rr?> +97r3)(16R

—5r) —3(4R +1)*)
2 R
>0 (where t= 7)

Euler

?
S0 o 576t* — 67263 — 1325t2 + 791t — 122

?

& (t—2)(57683 + 480t2 — 365t + 61)S0 > true~t > 2
_ . 1 A 1 A
= (1)is true - BZEtanE < choti (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

14 1 4
3) mtany < ) —rcoti()

cyc cyc
A A
coss 3sinm bc)3 A A
(*)@Z(bc)3 2 _ 2 20@4Rz( ) (cosz——ZsinZ—)ZO
sin 4 cosé a 2 2
cyc 2 2 cyc
1 1+ cosA 1—cosA
@—Z(bc)‘*( -3 )ZO@Z(bc)‘*(ZcosA—l)ZO
abc 2 2
cyc cyc
b2+ 2 — g2
= Z:(bc)4 <b— - 1> >0 Z:(bc):‘(bZ +c20a®* —bc) >0
cyc ¢ cyc
= Z b5¢c3 + z b3c5 > z a?(bc)3 + Z:(bc)4 L (%)
cyc cyc cyc cyc
AM-GM
We have: z b5¢3 + z b3c® = Z:(bc)3(bZ +¢2) S ZZ:(bc)4 (1)
cyc cyc

cyc cyc
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and z b5¢c3 + z a3cs + Z:(bc)4 =

cyc cyc cyc
AM-GM
= Z(b5c3 +a3c®+ (bc)t) = 3 z a*(bc)?; (2)
cyc cyc

From?2 - (1) + (2) - (*x)

Therefore,

1 A 1 A

3 zgtani < zgcoti
cyc cyc

2400. In any scalene AABC the following relationship holds:
(2s +a)bc (2s+ b)ca (2s + c)ab
+ + > 6
(a-b)(a-c) (b-—a)b—c) (c—a)(c—b)

Proposed by Daniel Sitaru-Romania

V3r

Solution by George Florin Serban-Romania

(2s+a)bc 2sbc abc _
£Lia=b)a=0) Lila-b)a=0) N Lia=b)a—0)

_ bc 1
= Zscyc CEDICEDM “”C; @-b)a-0

1 B 1 1 1 B
;(a—b)(a—c)‘(a—b)(a—c)+(b—a)(b—c)+(c—a)(c—b)‘

_ 1 1 1 _—b+c—c+a—a+b_0
" (a-b)c-a) (@a-b)b-c) (c-a)b-c) (a-b)b-c)c—a) ~
bc bc ca ab

(@-b)a-c (a-blc-a) @-bb-0 (-a)b--c)

cyc
_ bc ca ab _
" (a-b)c—a) (a—-b)b-c) (c-a)b—c)
_ —bc(b—c)—ac(c—a)—ab(a—b) _
B (a—b)(b—c)(c—a) B
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—b*c + bc* — ac* + a*c — a’b + ab* _
(a—b)(bc — ab — c2 + ac) B

B —b%c + bc? — ac? + a*c — a?b + ab? B
" abc — b%¢c + bc? — ac? + a?c — a’b + ab? — abc
(2s +a)bc bc

1
PACEDICEDN 25 L@ n@-9 “‘”C; @-ba-o 257

Mitrinovic

S 2-3V3=6V3r
Therefore,
(2s+ a)bc (2s + b)ca (2s + c)ab

6V3r

(a-b)a—c) b-a)b—c) (c—a)c—b)
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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