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2301. In  the following relationship holds: 

+ + + ≥ + ⋅  

Proposed by Florică Anastase-Romania 
Solution 1 by Probal Chakraborty-India 

+ + + = 

= + ( − ) + ( − ) + ( − ) ≥ 

≥ +  

Note: − = − , + + = , ≥ −  

+ + ≥ √ → ≥ √ ; 	 √ ≥ , + >  

≥ → ≥ ( − ) → ( − ) ≥  

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

By Holder inequality: 

+ ≥ + = 

= + ⋅ 	 = +
√

≥⏞
(∗)

+  

(∗) ⇔ ≥ ⋅ √ ⇔ ≥ , which is true, because 
≥  and ≥ ( ). 

Therefore, 

 + + + ≥ + ⋅  

Solution 3 by proposer 

+ + ≤ ; ( ) 
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=
( − )

( − )( − ) =
( − )

⇒
( − )

≤ ⇔ 

( + − )
≤

( + + )
⋅ ⇔ ≤ ; ( ) 

+
≥

+ ∑
≥
( )

+
=

+
⇔ 

+
≥

+
⇔ 

+ ≥ + ⇔ 

+ ≥ + ⇔ 

+ ≥ + ⇔ 

+ ≥ +  

 
2302. In	∆ , −Nagel’s cevian, the following relationship holds: 

+ −
≤  

Proposed by Bogdan Fuștei-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

	 = , = 	 	 = 	 ∵ , , >

∴ , , > 0 	
+ −

−  

=
+ −

− =
+ − + + − + + − −
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=
−

+ − −

≤ 	 ∵ + − − ≥⏞ 	∀ , , > 0 ∵ > 0  

⇒
+ −

− ≤ ⇒
+ −

≤ ( ) 

 

2303. In  the following relationship holds: 

( + ) + ( + ) + ( + ) ≥ √  

Proposed by D.M. Bătineţu-Giurgiu, Neculai Stanciu-Romania 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

We know that: ≥ ( 	 ) 

+ ≥ + = + ≥⏞ ⋅ + = +  

Hence, 

( + ) ≥ + ≥⏞ ⋅
(∑ )
∑( + ) = (∑ ) = 

= ≥⏞ ⋅ √ = √  

Therefore, 

( + ) + ( + ) + ( + ) ≥ √  

Solution 2 by Marian Ursărescu-Romania 

Because ≥ ( 	 ) we must to show that: 

( + ) ≥ √ ; ( ) 

( + ) ≥ ≥ ⋅ = ; ( ) 
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= ≥⏞
ş ţă ⋅

= ; ( ) 

From ( ), ( ) we must to prove that:  

( + ) ≥ ⋅ = ⋅ ; ( ) 

From ( ), ( ) we must show that: ⋅ ≥ √ ⇔ 

≥ √ ⇔ ≤
√

	( ) 

2304. In  the following relationship holds: 

≤
+

≤  

Proposed by Marin Chirciu-Romania 
Solution by Mohammed Diai-Rabat-Morocco 
 

≤ + ≤ ; ( ) 

+ = + ⋅ = + = −  

By Cauchy-Schwarz inequality: 

− ≥ ∑( − ) = → − ≥ = ; ( ) 

By AM-GM inequality: 

+ ≤
√

=
∑√
√

; 	 √ ≤ = √  

+ ≤ ≤
√

	( ) 

+ ≤ ( ); ( ) 

From ( ), ( ), ( ) it follows that: 
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≤ + ≤  

2305. In ∆  the following relationship holds: 

( + )
( + ) +

( + )
( + ) +

( + )
( + ) ≤  

Proposed by George Apostolopoulos-Messolonghi-Greece 
Solution by Marian Ursărescu-Romania 
 

( + )
+ ≤ ⇔

( + )
( + )( − + ) ≤ ⇔

( + )
− + ≤  

⇔ − + ≥ ⇔ ( − ) ≥ , which is true. Hence, 

( + )
( + ) ≤ + + ; ( ) 

From (1) we must show that:  + + ≤ ⇔ 

+ + ≤ ; ( ) ⇔ + + ≤ ⋅ ( − )( − )( − ) ; ( ) 

Now, let − = , − = , − = ⇒ + + = 	and	 

= + , = + , = + ; ( ) 

From (3),(4) we must show that: 

( + ) + ( + ) + ( + ) ≤ ⋅
+

⇔ 

( + ) + ( + ) + ( + ) ≤ + + ; ( ) 

But: ( + ) ≥ ⇒
( )

≤ ⇒ ∑
( )

≤ ∑ ⇒ ( ) is true. 

 

2306. In  the following relationship holds: 

≥ √ + (| − | + | − | + | − | ) 

Proposed by D.M.Bătineţu-Giurgiu, Neculai Stanciu-Romania 
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Solution by Adrian Popa-Romania 
Applying Hadwinger-Finsler: + + ≥ √ + ( − ) + ( − ) + ( − )  

→ + + ≥ √ + + + − − −  

→ + + − − − ≥ √ |:  

→
+ + − − −

≥ √  

Now, we must to prove that: 
+ + + + +

≥
+ + − − −

+ 

+
+ + − − −

 

↔ ( + + ) ≥ ( + + ) 
↔ + + ≥ + +  true ∀ , , > 0. 

 

2307. In  the following relationship holds: 

+ −
⋅

≤  

Proposed by Bogdan Fuștei-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 

 
Let , ,  be the complexe coordinates of points ,  and  respectively. 

We have: = | − | − → = − − +  

Similarly, = − − +  and = − − + → 
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+ = − − + + − − + ≥ 

≥ − − + = → 

+ ≥ ( 	 ) 

, , −can be the sides of a triangle. So, it is suffices to prove that: 

+ −
√

≤ ; (∗) 

(∗) ⇔
−
√

≤ ⇔
−

⋅ √ − ≤  

By CBS inequality: 

−
⋅ √ − ≤

−
( − ) = 

= − − =
+

≤⏞
( )

 

( ) ⇔ ≥ ( ). 

Therefore, 

+ −
⋅

≤  

 

2308. In , −Nagel’s cevian, the following relationship holds: 

√
⋅

≤ ⋅  

Proposed by Bogdan Fuștei-Romania 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

Let’s prove that: ∑ ≥ ∑  
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≥⏞ =
−

= −  

→ ≤
− −

; ( ) 

=
( − )

( − )( − ) =
( − )

=
− ∑ + ∑

= 

=
− + ( − − )

=
− −

 

→ ≥⏞
( )

 

≥⏞
∑

→ ≥ ; ( ) 

If ≥ ≥ : we know that: = ( − ) + ( ) ⋅ → − = 
= − + − + + − − = 

= ( − )[ ( − ) + ( − ) + ( − )] ≤  
→ ≤ ≤  and ≥ ≥ . By Chebyshev’s inequality: 

≤  

→ √ ≤ √ ⋅ ⋅
∑

= √ ⋅ ≤⏞  

√ ≤⏞
( )

 

 Solution 2 by Soumava Chakraborty-Kolkata-India 

= = − ( + + )

=
− ( + )

⇒ =⏞
( ) − −

 

	 ⇒ ( − ) + ( − ) = + ( − )( − ) 
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⇒ ( + )− ( − ) = + ( − ( − ) + ) ⇒ ( + )−

= + ( − ) 

⇒ ( + − − ) = − ⇒ = + ( − )

= − = −
( − )( − )( − )

( − )  

= −
∆
− = −

∆ ∆
− = − ∴

= ≤⏞ =
−

 

=
( )− ( + )

⇒ ≤
√ − −

=⏞
	( )

⇒ ≥⏞
( )

 

√ = √ ≤⏞ √

= √
∑

≤⏞ √  

∴ √ ≤⏞
( )

√ ∴ ( ), ( ) ⇒ 	 	 	

∶ ≥ √  

⇔ ≥ 	 = , = , =  

⇔ ≥⏞
( )

	 	 	 	 	( )∀	 , , 	 >  

	 + = ′, + = ′, + = ′	 ∵ ′ + ′ > ′, ′ + ′ > ′, ′ + ′ > ′

∴ ′, ′, ′	 	 	 	 	 	 
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	 , 	 	 = , , 	 	( )

∴ = ∴ = − ′, = − ′, = − ′ 

	 = ( − ′)( − ′) = + 	 = ( − + ( ′) )

= − + ( − − ) 

= − − ∴ ( ) ⇔ ( + ) ≥ ( − − )

⇔ ( + ) ≥⏞
( )

( − − ) 

, ( + ) ≥⏞ ≥⏞ ( − ) ≥⏞
?

( − − )

⇔ ( − ) + ( + ) ≥⏞
?

⏟
( )

 

	 	 − ≥ 	 	 , 	 	( ) > 0 ⇒ ( ) ⇒ ( )	 	

∴ > 243  

	 	 − < 0	 	 ℎ , 43 − > 0	 ∵ ( ) ⇔ ( − )

≤ ( + ) ∴ 	 	 	 ∶ 
( − )( + + )

≤ ( + ) ∵ ( − ) ≤⏞ ( − )( + + )  

⇔ − + − ≥ 	 	 = ≥⏞ ⇔ ( − )( − ) ≥ →

∵ ≥ ⇒ ( ) ⇒ ( )	 	  

∴

≥ 	 	 	( ), ( ),

≥ ∀	 , , 	 >  

⇒ ( )	 	 	∀	 , , 	 > ∴ √ ≤ 	( ) 
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2309. In  the following relationship holds: 

≤
+

≤  

Proposed by Marin Chiciu-Romania 
Solution by Marian Ursărescu-Romania 

+ = + ⋅ ( − )( − ) =
( − )

+

= + − + ; ( ) 

+ =
( − − )

+ + ; 			 + =
( − − )

+ + ; ( ) 

From ( ), ( ) it follows that: 

+ =
( + )
+ +  

For LHS, we must to show that: 

≤
( + )
+ + ⇔ ( + ) ≥ ( + + ) ⇔ 

( + − ) ≥ ( + ) ⇔ 

( − ) ≥ ( + ), but ≥ ( ) → 

− ≥ + ⇔ ≥ ( ).For RHS, we must to show that: 

( + )
+ + ≤ ⇔ ( + ) ≤ ( + + ) 

⇔ ( − ) ≤ ( + ) but ≤ ( ) 

− ≤ + ⇔ − + ≥ ⇔ 

( − )( − ) ≥ , true from ≥ ( ). 

 

2310. In  the following relationship holds: 

≤ + + ≤  

Proposed by George Apostolopoulos-Messolonghi-Greece 
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Solution by Marian Ursărescu-Romania 
For the left side, applying AM-GM inequality: 

+ + ≥ ⋅ ⋅  

We must to prove that: 

≥ ⇔ ≥ ⇔ ≥ ; ( ) 

But: = ; ( ) and = ; ( ) 
 

From (1),(2),(3) we must show that: 

≥ ⇔ ≥ ⇔ ≥ ⇔ ≥ ( ). 
 

For the right side: 

=

( − )( − )

=
( − )( − )

; ( ) 

But: ( − )( − ) ≤ = ⇒ ( − )( − ) ≤ ; ( ) 
 

From (4),(5) it follows that: ≤ ⇒ ∑ ≤ . 
 

2311.  

 

 

 

 

 

 

 

+ + ≥ ⋅ , ∈ ℕ 

Proposed by Florică Anastase-Romania 
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Solution 1 by Marian Ursărescu-Romania 

+ + ≥ ⋅  

We must to prove that: 

⋅ ≥ ⋅ ⇔ ≥ ⇔ ≥ ; 			( ) 

(∠ ) = −  

In  we have: = ⋅ − =  and = ⋅  

= ⋅ = ⋅ = ⋅ → 

=
⋅

= ; ( 	 ); ( ) 

From ( ), ( ) we have: 

≥ ⇔ ≤  

Which is true because: 

=
( − )( − )

≤
√

→ ≤ =  

 Solution 2 by Marian Dincă-Romania 

= = − ( − ) = ( + ) =  

= , =  

= = = =  
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= = ≥ 

≥ ⋅
∏

= ⋅ ≥ ⋅ = ⋅  

Because: ≤  

Solution 3 by proposer 

We have: (∠ ) = − , (∠ ) = − , so  

(∠ ) = −  

= ⋅ −  

Let us denote: = − , = − , = −  and we 

have: + + = ; 	 , , ∈ ,  

Hence,  

= = =  

= ≥ ⋅  

∵ ≤ ⇔ ≤ ( ) ⇒ ≥ ⇒ 

≥ ; ( ) 

Now, we want to prove that:  

≤ ; ( ) ⇔ ≤  
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= = =  

≤  

It is enough to prove that:   ∑ ≤ ; ( ) 

= =
+ −

+ − = 

= +
−

− − = − −
−

+ = 

= − −
−

+
−

≤ ⇒ 

≤ ; ( ) ⇒ ≤ ⇒ ≤ ; ( ) 

From (1),(2) and Holder inequality, it follows that: 

= ≥
+ +

+ +
≥

⋅
=

⋅ ⋅
= ⋅  

 

2312. In , −Nagel’s cevian, the following relationship holds: 

| − | ≥ −  

Proposed by Bogdan Fuștei-Romania 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

− = − − − =
( − )

( − )( − ) =
( − )( − )

= 

=
( − )

=
( − )
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| − | ≥ − ; (∗) ⇔
| − |

≥ − ⇔ 

( − )
≥ ( − ) 

= − → (∗) ⇔
( − )

≥ − − ⇔ 

( − )
≥ − − + = − − ⇔ 

( − )
≥ − = + − ⇔ 

( − )
+ ≥ + ( − ) = + ( + + )(− + + ) = ( + ) ⇔ 

( − )
≥ ( − ) , ≤  

Solution 2 by Soumava Chakraborty-Kolkata-India 

 
	 , , 	 	 	 	 	 	∆	 	 =  

= − 	 	 = ⇒ = − + 	 	 = − 	 	

= ⇒ = − −  
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∴ = − + + − − = − + −  

	 > 	 	 	 	 	 	 	 ℎ 	 > , 	 	 ∶ 2

= − + −  

∴ = | − + − | = − +
+ −

−
+ −

= − +
( − )

= ( − )  

⇒ =
( − )

⇒ − =
( − )

⇒ − =
( − )

⇒ − =⏞
( )

| − | 

| − | =
| − |

( − )( − ) =
( − )( − )( − )| − |

( − )( − )

= | − | = | − |.  

≥⏞
	

| − | =⏞
	( )

− 	( ) 

 

2313. In  the following relationship holds: 

+ + ≥
√

 

Proposed by D.M.Bătineţu-Giurgiu, Flaviu Cristian Verde-Romania 
Solution 1 by Marian Ursărescu-Romania 

We mut show that: 

( + + ) ≥
√

⇔ 

+ + ≥
√

; ( ) 
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+ + ≥⏞
( + + )

+ +
=

⋅
; ( ) 

From ( ), ( ) we must show: 

⋅
⋅

≥
√

⇔ ≥ √ ( ) 

Solution 2 by Avishek Mitra-West Bengal-India 

≥⏞ =
( )
( ) = = ( )  

Need to show: ( ) ≥
√

 

→ ⋅ ≥
⋅ ⋅
√

→ √ ≥ ( ) 

∵ ≥ → √ ⋅ ≥ ⋅  

∵ √ ≥ → √ ≥ → √ ≥  

 Solution 3 by Alex Szoros-Romania 

= ( − )( − ) = ( − ) = ( − ) =  

≥ √ ( − ) 

≥ = → ≥  

Applying Bergstrom inequality, we get: 

=
( )

≥
(∑ )
∑ ≥

√ ⋅
=

√
 

 
2314. In acute  the following relationship holds: 

+ + ≤
+ +

+
+

+
+

+
+

 

Proposed by Alex Szoros-Romania 
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

+ = ( + ) ≥⏞
(∑ )

∑ ( + ) = (∑ )(∑ )− = 

= ( + + ) − ⋅  

→ + ≥ + − ; ( ) 

−
∑

=
(∑ ) − (∑ )

=
( + + ) − ( − − )

=
+

 

↔ ≤ − −  

By Gerretsen, we have: ≤ + + ≥⏞
(∗)

− − ↔ 

( − )( + ) ≥ , which is true from ≥ ( ). 

Therefore, 

−
∑

≤ + − ≤⏞
( )

+ → 

+ + ≤
+ +

+ + + + + +  

 

2315. In  the following relationship holds: 

+ +
+ +

≤  

Proposed by Marin Chirciu-Romania 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

=
+ −

⋅
+ −

= 

= ( + − + + − − − + ) 
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→ = ; ( ) 

≥⏞
+

⋅
+

= ( + + + ) = 

= + ≥⏞
∑ ∑

+ = 

=  

→ ≥ =⏞
( )

 

Therefore, ∑
∑

≤  

Solution 2 by Tran Hong-Dong Thap-Vietnam 

≥
+

( 	 ) → ≥
( + )( + )

= 

=
( + + ) + + + )

 

=
+ − + −

= 

= ( + − )( + − ) = ( + + ) 

∑
∑ ≤

( + + )
( + + ) + + + ) =

∑
∑ + ∑  

We need to prove that: 

∑
∑ + ∑ ≤ ↔ ∑ + ∑ ≥ ∑  

↔ ∑ ≥ ∑ , which is true because: ∑ ≥ ∑ , = , = , =  

→ ∑ ≥ ∑  
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2316. In  the following relationship holds: 

≤ + + ≤ −  

Proposed by Marin Chirciu-Romania 
Solution by Alex Szoros-Romania 

= =
⋅

= ⋅ → 

= ⋅ → =  

→ =
( − − )

= ( − − ) 

≤ ⇔ ≤ ( − − ) ⇔ 

≤ − − ⇔ + ≤ ; ( ) 

≥ ( ) → ≤ → + ≤ − ≤⏞  

→ + ≤ → ( ) is true. 

≤ − ⇔ ( − − ) ≤ ( − ) 

⇔ − − ≤ ( − ) ⇔ ≤ − + + ⇔ 

≤ + + ( ). 

2317. In  the following relationship holds: 

+ + ≥  

Proposed by D.M. Bătineţu-Giurgiu, Flaviu Cristian Verde-Romania 
Solution by Marian Ursărescu-Romania 

+ + ≥  

We must show: 
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≥ ⇔ ≥ ; ( ) 

But ≥ ( − ) → ( ) ≥ ( ) = ( ) = ; ( ) 
= ; ( ) 

From ( ), ( ), ( ) we must show that: 

≥ ⇔ ≥ ⇔ ≥ ( ). 

 

2318. In  the following relationship holds: 

≤
∑ + ∑

∑
 

Proposed by Marin Chirciu-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

≤
∑ + ∑

∑ ; (∗) 

∵ = ; = ( + − ) =  

= ( + − )( + − ) =  

(∗) ⇔ ≤ +  

⇔ ≤ +  

, , −can be the sides of a triangle, so it is suffices to prove that: 

⋅ ≤⏞
(∗∗)

+ ;∀  
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(∗∗) ⇔ ⋅ ≤ − + −  

⇔ ≤ (− ) + −  

⇔ + ≤ ( + + )( + + ) 

( ) = ( + − ) ≤ ( + )  

( ) = ( + − ) ≤⏞ (− + ) ≤⏞  

→ ≤⏞ ( − ) → ( ) ≤ ( − )( + )≤⏞
?

( + )  

⇔ − + ≥ ⇔ ( − )( − ) ≥  

Which is true from ≥ ( ) → (∗∗) is true. 

Therefore, 

≤
∑ + ∑

∑  

2319. Let  be area of pedal triangle of first Brocard’s point in . Prove 

that: 

≥  

Proposed by Daniel Sitaru-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 
 

Let , −be the circumcenter, the first Brocard’s point of . 
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We know that: 

= − = − ⋅ ( ) + ( ) + ( )  

Using the known identity: = ⋅  

→ = − − ( ) + ( ) + ( ) ⋅ = ( ) + ( ) + ( ) ⋅  

We have: 

( ) = [( ) + ( ) ] ≥⏞ =  

→ ( ) ≥ = → = ( ) + ( ) + ( ) ⋅ ≤ ⋅  

Therefore:  ≤  

2320. In , −Gergonne cevian, the following relationship holds: 

≥ +  

Proposed by Bogdan Fuştei-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 

= ( − ) +
( − )

⋅ ;		 = ( − ) −
( − ) ( − )

 

=
( + ) + ( − ) −

⋅
( − )

( + ) = 

= ( − ) +
[( − ) − ]

( + )  

≥⏞
?

⇔ ( − ) +
( − )

−
( − )

≥ +
(( − ) − )

( + )  

⇔ ( − ) +
( − )

( − ( − ) ) ≥ + ( + ) (( − ) − ) 
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⇔ ( − ) − + [ − ( − ) ]
( − )

+ ( + ) ≥  

⇔ ( − ) − + ( − ( − ) )
( − )

+ ( + ) ≥  

⇔ ( − + )( + − )
( − )

+ ( + ) − ≥  

⇔ ( − ) − ( + ) ≥ ⇔ ( + ) ≥ − → ≥  

→ + ≤ + = +
−

= 

= − = ( − ) − =
( + )

− =  

Therefore, 

≥ +  

2321. In , −Nagel’s cevian, −Gergonne’s cevian, the following 

relationship holds: 

≥
− + ∑

+ + ≥
− + ∑

+ + ≥ + + ≥
( + + )

+ + ≥  

Proposed by Bogdan Fuştei-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 

= ≥⏞ ⋅
√

= √ = ≤  

→
∑
∑ ≥  

= + ≤⏞ + =  
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∵ ≥ ( − ) → ≥
( − )

= ( − ) =
( + )

 

→
− + ∑

+ + ≥ + +  

= ( − ) +
( − )

⋅ ;		 = ( − ) −
( − ) ( − )

 

=
( + ) + ( − ) −

⋅
( − )

( + ) = 

= ( − ) +
[( − ) − ]

( + )  

≥⏞
?

⇔ ( − ) +
( − )

−
( − )

≥ +
(( − ) − )

( + )  

⇔ ( − ) +
( − )

( − ( − ) ) ≥ + ( + ) (( − ) − ) 

⇔ ( − ) − + [ − ( − ) ]
( − )

+ ( + ) ≥  

⇔ ( − ) − + ( − ( − ) )
( − )

+ ( + ) ≥  

⇔ ( − + )( + − )
( − )

+ ( + ) − ≥  

⇔ ( − ) − ( + ) ≥ ⇔ ( + ) ≥ − → ≥  

→
− + ∑

+ + ≥
− + ∑

+ +  

∵ 	 = ( − ) +
( − )

⋅ ;		 = ( − ) −
( − ) ( − )

 

→ + = ( − ) + ( − )  

→ ≤⏞
+

=
( − ) + ( − )

= 
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= ( − ) + − = 

=
( + )

+
(∑ )(∑ ) −

= + +
∑

− = 

= − +
∑

= − + → ≥
− + ∑

+ +  

Therefore, 

≥
− + ∑

+ + ≥
− + ∑

+ + ≥ + + ≥
( + + )

+ + ≥  

2322. In  the following relationship holds: 

+
≤ ⋅

+
 

Proposed by Marin Chirciu-Romania 
Solution by Marian Ursărescu-Romania 
 

+ = + ⋅ = ⋅ + = 

= ⋅ + = ⋅
( − − )

+ + = ⋅
( − − )

+ + ; ( ) 

+ = + ⋅ ( − )( − ) =
( − )

+ = 

= + − + = ⋅
( − − )

+ + − ⋅
( − − )

+ + = 

=
( + )

+ + ; ( ) 

From ( ), ( ) we must to prove: 

⋅
( − − )

+ + ≤ ⋅
( + )

+ + ⇔ 
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( − − ) ≤ ( + ); ( ) 

But ≤ + + ( ); ( ) 

From ( ), ( ) we must to prove that: 

 ⋅ ≤ ( + ) ⇔ ≤ + ⇔ ≤ ⇔ ≤ ( ). 

 

2323. In  the following relationship holds: 

+
≤

√
 

Proposed by Kostas Geronikolas-Greece 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 

We know that: 

= ; 		 ≤ ( ) 

→ ≤⏞ ⋅ ≤⏞ ⋅ ≤⏞ ⋅ =
√

; ( ) 

≥ ≥ → ≤ ≤ → + ≤ +  and ≥ ≥  

→
+

≤⏞ + ≤⏞  

≤ ⋅ = ≤⏞ ⋅ →
+

≤ ; ( ) 

From ( ), ( ) it follows that: 

+
≤

√
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2324. In  the following relationship holds: 

∑ ∑ ∑

− − −
≥  

Proposed by Daniel Sitaru-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

Let ( ) = , ∈ , . We have: ( ) = , ( ) = ≥ → 

−convex.  

Since , , ∈ , 	(and analogs). Using Jensen inequality, we have: 

≥ = = = = −  

Similarly: 

≥ − , ≥ −  

Hence, 

≥ ⋅ − − −  

Therefore, 

∑ ∑ ∑

− − −
≥  

 

2325. In  the following relationship holds: 

+ ≤  

Proposed by George Apostolopoulos-Messolonghi-Greece 
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Solution by Marian Ursărescu-Romania 

We have: = , = = + + , = ,	inequality can be write as:  ⋅ ≤  

⇔ ⋅
+

≤ ⇔ ( + ) ≤ ; ( ) 

But in any  we have: + ≤ ; ( ) ⇔ + ≤ ⇔ 

( + ) ≤ ⋅ ; ( ) and = ; ( ) 

From (3),(4) we have: 

( + ) ≤ ⇒ ( ) is true. 

( ) ⇔
( + )( + )( + )

≥
+
+ +

+
+ ⇔ 

+
≥ ( + ) + ( + ) ; ( ) 

But 
( )

≤ ; ( ) ⇔ ( − ) ≥  and 
( )

≤ ; ( ) ⇔ ( − ) ≥  

From (6),(7) it follows that (5) is true. 

2326. In  the following relationship holds: 

+ + + + ( + )
+ +

≤  

Proposed by Marin Chirciu – Romania  
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

∑ +
∑ ≤  

≥
+

= + ( )

= + ( )  

We have: ∑ = ∑( + − ) = ∑  and 

( ) = ( + − )( + − ) = ( )  

→ ≥ + ( ) = + ( )  
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= +  

Therefore, ∑
∑

≤  

2327. In  the following relationship holds: 

+ + ≥  

Proposed by D.M.Bătineţu-Giurgiu, Gabriel Tică-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 

Let us prove: ≥  

= ( − ) +
( − )

⋅ ;		 = ( − ) −
( − ) ( − )

 

=
( + ) + ( − ) −

⋅
( − )

( + ) = 

= ( − ) +
[( − ) − ]

( + )  

[ − ] = 

= ( − ) ( − ) +
( − )

−
( − )

− ⋅
( + ) + ( − ) −

⋅
( − )

( + ) = 

= ( − ) ( + ) − + ( − ) −
( − )

− + ⋅
− ( − )
( + ) 	 = 

= ( − ) ( + ) − − +
( − ) ( − ( − ) )

+ ⋅
− ( − )
( + ) = 

= ( − )[ − ( − ) ] − +
( − )

+ ( + ) =
( − )

−
( − )
( + )  

= ( − ) ⋅
( + − )( + + )

( + ) ≥  

→ ≥  

We know that: ≥ ( 	 ) and ≥ ( 	 ) 
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Therefore, 

+ + ≥  

2328. In ∆	  the following relationship holds: 

≤ ≤ ( − ) 

Proposed by Marin Chirciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 

∶ 	 − = , − = 	 	 − = ∴ ( − ) = −

= − ( + ) ⇒ =⏞
( )

− −  

, ( − ) = ( − ) − ( − ) + ( − ) = −

⇒ =⏞
( )

− 	  

( − ) = ( + − − + )

= + ( + + ) − − − ( − − )
−  

+ ( − − ) = − + ( + )

⇒ =⏞
( )

− + ( + )  

( − ) ( − ) = = −

= ( − )( − ) − ⇒ =⏞
( )

( + ) −  

= + −

= + −  

⇒ = − +  

=⏞
	( ),( ),( )

( − − )( − )− (( + ) − ) + ( + )

⇒ =⏞
( )

[ − + ( + )] 
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=
( − + )

−

= ( − ) + − − − ( − ) + ( − )

− ( − )  

=⏞
	( ),( ),( ),( )

[ − + ( + )] +
( + )

−

− [ − + ( + ) ] + ( − )− ( − − )

= [( − ) + ( + ) − ( + + )] =⏞
( )

 

( ) ⇒ ≤ ( − )

⇔ ( − ) + ( + )− ( + + )

− ( − ) ≤⏞
( )

 

, ⇒ − ( − ) ≥ 	 	 − ( + ) ≤ , 	

= + − 	 	 = ( − ) −  

∴ − ( + ) − ( − ) ≤ ⇒ − ( ) + − ≤

⇒ − ( + − ) + ( + ) ≤  

⇒ ( − ) − ( − )( + − ) + ( − )( + ) ≤ 	

∴ 	 	 	 	( ), 	 	 	 ∶ 

( − ) + ( + )− ( + + ) − ( − ) 

≤ ( − ) − ( − )( + − ) + ( − )( + )  

⇔ ( − + + ) ≤⏞
( )

( + + ) + ( − ) 

, 	 	( ) ≤⏞ ( − + + )( + + )≤⏞
?

(

+ + ) + ( − ) 
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⇔ ( − )≥⏞
?

→ 	 	 ⇒ ( ) ⇒ ( ) 	

∴ ≤ ( − )  

, ( ) ⇒ ≤

⇔ ( − ) + ( + )− ( + + ) −

≥  

⇔ ( − ) − + ( + )− ( + + ) − ≥⏞
( )

 

, 	 	( ) ≥⏞ ( − )( − ) − ( + + )

+ ( + ) − ( + + ) −  

= ( − + ) − ( + + ) −  

≥⏞ − + − − + + − ≥⏞
?

 

⇔ − + − ≥⏞
?

	 	 =

⇔ ( − ) ( − )( + ) + ≥⏞
?

→ ∵ ≥⏞

⇒ ( ) 	  

∴ ≤ 	( ) 

 

2329. For an acute  and a positive integer , prove that: 

( ⋅ ⋅ ) ≤  

Proposed by George Apostolopoulos-Messolonghi-Greece 
Solution by Marian Ursărescu-Romania 

From Holder inequality, we have: 
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( ⋅ ⋅ ) ≥
∑ ( ⋅ ⋅ )

⇔ 

( ⋅ ⋅ ) ≤ ⋅ ⋅  

We must show that: 

⋅ ⋅ ≤ ; ( ) 

Now, + − = ( + ) ( − ) − + = 

= − ( ( − ) + ) + = − ⋅
− + − −

= 

= − ⋅ ⋅ ⇒ 

⋅ ⋅ = ( − − + ); ( ) 

From (1),(2) we must to show: 

− ( + + )
≤ ; ( ) 

But: + + = − − ⋅ ⋅ ; ( ) 

From (3),(4) we must to show: 

+ ⋅ ⋅ ≤ ⇔ ⋅ ⋅ ≤ , which is clearly true. 

2330. In  the following relationship holds: 

√ ≤ + + ≤
√

 

Proposed by Marin Chirciu-Romania 
Solution by Marian Ursărescu-Romania 

For LHS, we have: 

≥  

We must show that:  ≥ √ ⋅ √ ; ( ) 
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But ≥ ( − ) → ≥ = ; ( ) 

From (1),(2) we must show that: 	 ≥ √ ⋅ √ ; ( ) 

≥ → ≥ = = ; ( ) 

From ( ), ( ) we must to prove that: 

⋅ ≥ √ ⋅ √ ; ( ) and ≥ √ ( ); ( ) 

From ( ), ( ) we must to prove that: ≥ √ ; ( ) 

≥ ( − ); ( ) 

From ( ), ( ) we must to prove: ≥ √ ⇔ ≥ ( ). 

For RHS, we have: 

+ + ≤ ; ( ) 

 From Cauchy inequality:  

+ + ≤ + + ( + + ); ( ) 

From ( ), ( ) we must to show that: 

⋅ ≤ ; ( ) 

= ≤ ⋅ = ; ( ) 

From ( ), ( ) we must to show: 

∑ ≤ , which is true, because ≤ . 

Remains to prove that: 

≤ ≤ ⇔ ≤  



 
www.ssmrmh.ro 

39 RMM-TRIANGLE MARATHON 2301-2400 
 

But ∑ ≤⏞ ∑ = ∑ ≤  

2331. In  the following relationship holds: 

− − ≤ ≤ + +  

Proposed by Marin Chirciu-Romania 
Solution by Tran Hong-DongThap-Vietnam 
 

 ∑( ( − )( − )) = (∑ )− (∑ ) + ∑ = ( +
+ − + − + + + + − + + +

= − − + + = − − + + ; 

→ ( − ) =
∑( ( − )( − ))

( − )( − )( − )

=
( − ( − ) + ( + ) )

. ( )

=
( − ( − ) + ( + ) )

 

Let 

	Ω = ∑ = ∑
( )

= . ( ) = ( ) ; 

 Ω= ( ) ≤⏞
( )

+ + ; 

↔
− ( − ) + ( + )

≤
+ +

; 

↔ − ( − ) + ( + ) ≤ ( + + ); 
↔ − ( + + ) + ( + ) ≤ ; 
↔ ≤ ( + + ) − ( + ) ; ( ) 

But: 
= + − − ( − ) ( − ) ≤ ≤

= + − + ( − ) ( − ); 
→ ( − )( − ) ≤ ; 
→ − ( + − ) + ( + ) ≤ ; 
→ ≤ ( + − ) − ( + ) ; ( ) 
From (2) & (3) we need to prove: 

( + − ) − ( + ) ≤ ( + + ) − ( + ) ; 
↔ ( + + ) ≥ ; 
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( true because:  , , > 0) 
→ ( ) → ( )  is true. 

 Ω= ( ) ≥⏞
( )

− − ; 

↔
− ( − ) + ( + )

≥
( − − )

; 

↔ + (− + + ) + ( + ) ≥ ; 
↔ − ( − ) − ( − − ) + ( + ) ≥ ; 
↔ − ( − ) + ( + ) − ( − − ) ≥ ; ( ) 
Because: 

 ≥ − → ≥ − → − ( − ) ≥ ; ( ) 
 ( + ) − ( − − ) ≥ ; ( ) 

↔ ( + ) ≥ ( − − ) ; 
But:  

≤ + − + ( − ) ( − ) → ( − − )
≤ ( − − ) + −

+ ( − ) ( − ) ≤⏞
( )

( + ) ; 

	( ) ↔ ( − − ) + − + ( − ) − ≤ ( + ) ; ∴ = ≥  

↔ ( − − )( + − ) + ( − − ) ( − ) − ≤ ( + ) ; 

	↔ ( − − )( − ) − ≤ ( + ) − ( − − )( + − ); 
	↔ ( − − )( − ) − ≤ ( − )( + )( − + ); 
↔ ( − ) ( + )( − + )− ( − − ) − ≥ ; 

Since: ≥ → − ≥ . We need to prove that: 
( + )( − + )− ( − − ) − > 0; 
 
↔ ( + )( − + ) > 2( − − )√ − ; 
 

	↔ ( + )( − + ) > 4( − )( − − ) ; 
 
↔ + + + + > 0; 
↔ ( + ) > 0; (	 	 	 ≥ ) 

→ ( ) is true →⏞
( )&( )

( ) → ( ) is true. Proved. 
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2332. In acute , −radii of circle tangent simultaneous  to  in the 

middle of  and circumcircle of  (internal tangent). If , −are 

similarly defined then: 

− ≤ + + ≤ ( − ) 

Proposed by Mehmet Şahin-Turkiye 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 

 

Let  be the midpoint of , we have: ( ) = − → 

( ) = − =  

→ = = =  

We have: = + = +  

= ⋅
−

=  

= = ( − )( − ) = ( − ) =
∑ −

= 

=
( + + ) −

=
+ −

 

By Gerretsen’s inequality, we have: 
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=
+ −

≥
( − 	) + −

= 

=
−

= −  

=
+ −

≤
( + + ) + −

=
− +

≤ 

≤⏞
− +

= ( − ) 

Therefore,  

− ≤ + + ≤ ( − ) 

2333. In  the following relationship holds: 

≤ + + ≤  

Proposed by George Apostolopoulos-Messolonghi-Greece 
Solution by Marian Ursărescu-Romania 
 

For RHS, using AM-GM:  

+ + ≥  

We must to prove: ≥ ⇔ ≥ ⇔ ≥ ; ( ) 

But: = ; ( ) and = ; ( ) 

From (1),(2),(3) we must show that: ≥ ⇔ ≥ ⇔ 

≥ ⇔ ≥ 	( ). 

For LHS, we have: 

=

( − )( − )

=
( − )( − )

; ( ) 
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But: ( − )( − ) ≤ = ⇒ ( − )( − ) ≤ ; ( ) 

From (4),(5) it follows that: ≤ ⇒ ∑ ≤  

 

2334. In  the following relationship holds: 

( + )
≤ + + ≤

( + )
 

Proposed by Marin Chirciu-Romania 
Solution by Marian Ursărescu-Romania 
 

= ( − ) = ( − ) = ⋅
+ ( + )

+ =
+ ( + )

 

For RHS, we have: 

+ ( + )
≤

( + )
⇔ + ( + ) ≤ ( + )  

⇔ ≤ ( + ) ( ) 

For LHS, we have: 

( + )
≤

+ ( + )
⇔ ( + ) ≤ + ( + ) ; ( ) 

≤ ( + ) ( ); ( ) 

From ( ), ( ) we must to prove that: 

+ ≥ ( + ) ⇔ ≥ ( + ) ⇔ ≥ ( + ) ; ( ) 

Again from 	 ≤ ( + ) ( ); ( ) 

From ( ), ( ) we must to show that: ( + ) ≥ ( + )  

⇔ ≥ + ⇔ ≥ ( ). 

2335. In  the following relationship holds: 

+ + ≥ √  

Proposed by Mehmet Şahin-Ankara-Turkiye 
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Solution 1 by Marian Ursărescu-Romania 

+ + ≥⏞
( + + )

( + + ) = ( + + ) 

We must show: 
( )

≥ √ ; ( ) 

But + + ≤ √ ( 	 	 ); ( ) 

From ( ), ( ) we must show that: 
√

≥ √ ⇔ ≥ ( − ) 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

= + ≥⏞ ( ) = √  

→ ≤⏞
( )

√
( 	 ) 

→ = ≥⏞
(∑ )
∑ ≥⏞

( ) (∑ )

√
∑

=
√

≥⏞  

≥⏞
√

=
√

≥⏞
√

⋅ = √  

Therefore, 

+ + ≥ √  

Solution 3 by Tran Hong-Dong Thap-Vietnam 

+ + ≤⏞ ⋅ = ⋅ =
√

; ( ) 

+ + =
( )

+
( )

+
( )

≥⏞
( + + )

+ + ≥⏞
	( )

 

≥
( + + )

√ ( + + )
=

√ ( + + ) =
√ ( − − ) ≥⏞

( )

√  
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( ) ⇔ − − ≥ ⇔ ≥ +  

But: ≥ − ( ). We need to prove that: 

− ≥ + ⇔ ≥ ⇔ ≥ ( ) → ( ) is true. 

 

2336. In  the following relationship holds: 

	 ≤ + + ≤  

Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution 1 by Avishek Mitra-West Bengal-India 

≤⏞
+

= ≤⏞ ( + + ) = 

= ⋅ ≤⏞ ⋅ =  

≥⏞ = ( − ) = √ = ≥⏞  

≥ √ ⋅ =  

Solution 2 by Samar Das-India  

= ≥⏞ = √ =⏞ ⋅ √ √ ≥ 

≥
√

⋅ ⋅ =
√ ⋅ √

⋅ ( ) =  

= = ⋅ ≤ ⋅ = = 
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=
+ −

=
√ ( + + ) = √ ≤⏞

√

√ ⋅
√

=  

2337.	 −the intouch triangle of , −Gergonne’s point. Prove 

that: 

+ + ≤ ⋅ ( − )  

Proposed by Daniel Sitaru-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 

 
From Van Aubel’s theorem, we have: 

= + =
−
− +

−
− = ( − ) ⋅

( − ) + ( − )
( − )( − ) = 

=
( − )

( − )( − ) =
( − )

( − )( − )( − ) =
( − )

 

→ = ( − ) ( 	 ) 

→ + + = ( − ) = ( − )  

≥ ≥ → ≤ ≤  and 
( )

≥
( )

≥
( )

 



 
www.ssmrmh.ro 

47 RMM-TRIANGLE MARATHON 2301-2400 
 

→ + + = ( − ) ≥⏞ ( − )  

 

2338. In , −Nagel’s cevian, the following relationship holds: 

+ + ≥ ⋅  

Proposed by Mehmet Şahin-Ankara-Turkiye 
Solution 1 by George Florin Şerban-Romania 

= − → = ( ) ≥⏞ ⋅ ≥⏞
?

⋅  

≥⏞
?

⋅ ⇔ ≥⏞
?

⋅  

= ( − ) = − = − ⋅ − = 

= − ( − ) = − ⋅
+ ( + )

= 

= − ⋅ ( + ( + ) ) ≥⏞  

≥ ( − ) − ( + + + + + ) = 

=
− − 	 − −

≥⏞
?

 

⇔ − − ≥ ⇔ − − ≥ ∵ = ≥ → 

( − )( + ) ≥ , which is true from ≥ . 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

∵ = → ≥⏞
∑

= ; ( ) 
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≥⏞ ≥⏞ ≥⏞
( )

⋅ ( ) = ⋅  

Therefore, 

+ + ≥ ⋅  

Solution 3 by Tran Hong-Dong Thap-Vietnam 

+ + ≥⏞ ⋅ ( ) ≥⏞ ⋅ ( ) ≥⏞  

≥ ⋅ ( ) ≥⏞
( )

⋅  

( ) ⇔ ( ) ≥ ( ) ⇔ ( ) ≥ ( ) ⇔ ≥ ( ) ⇔ 

≥ ⇔ ≥ √ ( ) → ( ) is true. 

 

2339. In  the following relationship holds: 

( + ) ⋅
+

≤ ⋅ ( − ) 

Proposed by Kostas Geronikolas-Greece 
Solution by Marian Ursărescu-Romania 

 

( + ) ≥ → ( + ) ≤ → ( + ) ≤ ≤  

We must show that:  

+ ≤
−

; ( ) 

+ ≥ → + ≤ → + ≤ ; ( ) 

From ( ), ( ) we must show that: 
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≤
−

⇔
+ +

≤
−

; ( ) 

+ + = ( − − ) and = ; ( ) 

From ( ), ( )we must show that: 

( − − )
≤

−
⇔ − − ≤ −  

⇔ ≤ + + ( ) 

2340. In  the following relationship holds: 

< + ≤  

Proposed by Rajeev Rastogi-India 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

+ ≥⏞ ⋅ ⋅ = = =  

+ =
+

=
( + − ) +

= 

=
+

≤⏞ =  

Therefore, 

< + ≤  

 

2341. In  the following relationship holds: 

( + )( + )
≥  

Proposed by D.M.Bătineţu-Giurgiu, Flaviu Cristian Verde-Romania 
 



 
www.ssmrmh.ro 

50 RMM-TRIANGLE MARATHON 2301-2400 
 

Solution by George Florin Şerban-Romania 

( + )( + )
=

+ +

⋅
= 

=
( + )( + )

⋅ =
( + )( + )

= + + + = 

= + + + + + + + + + + + ≥⏞  

≥ ⋅ =  

Therefore,  

( + )( + )
≥  

Solution 2 by Avishek Mitra-West Bengal-India 

( + )( + )
≥⏞

⋅
= = 

= ≥⏞ ⋅ ⋅
∏

∏
= ⋅

∏
∏ =  

Therefore, 

( + )( + )
≥  

Solution 3 by Samar Das-India 

( + )( + )
= 

=
( + )( + )

+
( + )( + )

+
( + )( + )

≥⏞  

≥ ⋅
( + )( + )( + )

( ) = 
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= ⋅
⋅ ⋅ + + +

( ) =  

Therefore, 

( + )( + )
≥  

2342. In acute  the following relationship holds: 

+ + ≥ +  

Proposed by Marian Ursărescu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

+ + = ( ) = ( ) ( ) ⋅ ≥ 

≥ ( ) ⋅
( + + )

( + + )( + + ) ≥
∑ ∑

( ) ⋅
( + + )

+ +  

=
+ +
( ) ≥

( + )
( ) = +  

Therefore, + + ≥ + 	 

 

2343. Prove that for any triangle  the inequality: 

( + )( + )( + ) ≤
√ ( + + )

+  

Proposed by Kunihiko Chikaya-Tokyo-Japan 

Solution 1 by Avishek Mitra-West Bengal-India 

( + ) = = 
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= = √
( − )

= √ = √  

 

2344. In  the following relationship holds: 

+ + ≥ −  

Proposed by Marian Ursărescu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

Let = , = , =  

+ + = = ( ) ⋅ ≥ 

≥
( + + )

( + + )( + + ) ≥
∑ ∑

	
( + + )

+ +  

= + + = = − = − ⋅
− ( + )

≥ 

≥ 	 −
( + + ) − ( + )

= −  

Therefore, + + ≥ −  

 

2345. In  the following inequality holds: 

≤  

Proposed by Marin Chirciu-Romania 

Solution 1 by Marian Ursărescu-Romania 

∑ = ∑
( )( )

= ∑ ( )( )  (1) 
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( − )( − ) ≤ = ⇒ ( − )( − ) ≤   (2) 

From (1)+(2)⇒ ∑ ≤ ⇒ we must show: ∑ ≥   (3) 

∑ ≥     (4) 

From (3)+(4) we must show: 

≥ ⇔ ≥ ⇔ ≥ ⇔ ≥    (True) 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

We know that: = + ≥ → ≤  (and analogs)  (1) 

(1) → ∏ ≤ → ∏ ≤ ∏    (2) 

(1) → ∑ ≤ ∑ =  and ∑ ≥ ∏ = ∏
∏

≥
( )

 

Therefore, ∑ ≤ ≤ ∑  

 

2346. 

 
Prove:     

+
√

≥ ; 			 =  

Proposed by Thanasis Gakopoulos-Farsala-Greece 
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Solution  by Daniel Sitaru-Romania 

( ) = ∙ = ∙ , { } = ∩ , =  

= + =
+

=
+ +

=
+ +

 

+
√

=
∙

+ + +
√

≥⏞  

≥ + + +
+ +

≥ + + +
+ +

= 

=
√ + +

−
√ + +

+ ≥  

Equality holds for: = = . 

 

2347. In any	∆	  the following relationship holds: 

√ + + − − +
≥

∏ ( + − )
+ +

 

Proposed by Bogdan Fuştei-Romania 

Solution 1 by Soumava Chakraborty-Kolkata-India 

∶  
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	 	 	 	 	 , . + . ≥ .

⇒ . + . ≥ . ⇒ + ≥  

⇒⏞
	

+ + ≥

⇒ ≥⏞
( )

− −  

, ( + ) −

= + + − ≥⏞
	( )

+

+ − −  

= − − − +

= ( − )( + − − − + ) +  

= ( . − ( − ) ) = ( ( + − ) − − + )

= − = > 0 

⇒ ( + ) >

⇒ + − > 0	 	 	 	 	 +

− = , + − =  

	 + − = , 	 ∶ = ⇒ =
+

,

=
+

, =
+

	 	 	 	 , , > 0  

, + −

= ( + − ) + ( + − ) − ( + − ) 

= + + − − +

⇒ + + − − + =⏞
( )

( + ) + ( + )

− ( + )  

	( )	 	 	 	 , 	

⇔
( + )( + )

( + ) + ( + ) − ( + )
≥⏞
( )

+ +  
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	 + = , + = 	 	 + = 	 ∵ + > , +

> 	 	 + > ∴ , , 	 	 	 	 	  

	 , 	 	

= , , 	( )	  

	 = ⇔ = − , = −  

	 = − ∴ ( ) ⇔
+ −

≥ ⇔ ≥ ⇔ ≤

→ 	 	 ⇒ ( ) 	  

∴
√ + + − − +

≥
∏ ( + − )

+ + ( ) 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

√ + + − − +
≥

∏ ( + − )
+ + ; (∗) 

 
Let , ,  be the complexe coordinates of points ,  and  respectively. 

We have: = | − | − → = − − +  

Similarly, = − − +  and = − − + → 

+ = − − + + − − + ≥ 
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≥ − − + = → 

+ ≥ ( 	 ) 

, , −can be the sides of a triangle. Let = , = , =  

( + − ) = ( − )( − )( − ) =  

+ + + − − = − = 

= ( + − ) =  

(∗) ⇔ ≥ ⇔ ≥  

⇔ ≤ = = = ; ( ) 

Therefore, 

√ + + − − +
≥

∏ ( + − )
+ +  

2348. In any	∆	 , the following relationship holds: 

≤ ≤  

Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∶ = = +

= +  

=
( + + ) −

+ +  

=
( + + ) −

+ + +  
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=
( + + ) −

+ + − +  

=
( + + ) −

+ + (( + ) − ) − − ( + )

+ (( + ) − )  

=
( + + ) −

+
+ ( + ) − + ( + ) − ( + ) + − + ( + )

 

=
− ( − ) − ( − − ) + ( + )

≤  

⇔ − ( + − ) − ( − − ) + ( + ) ≤⏞
( )

 

, ⇒ − ( − ) ≥ 	 	 − ( + ) ≤ , 	

= + − 	 	 = ( − ) −  

∴ − ( + ) − ( − ) ≤ ⇒ − ( ) + − ≤

⇒ − ( + − ) + ( + ) ≤  

⇔ − ( + − ) + ( + ) ≤

⇒ 	 	 	 	( ), 	 	 	 ∶ 

− ( + − ) − ( − − ) + ( + )

≤ − ( + − ) + ( + )  

⇔ ( − − ) + ( + + − ) − ( + ) ≥  

⇔ ( − ) − ( + ) + ( + + − ) − ( + ) ≥⏞
( )
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, 	 	( ) ≥⏞ ( − )( − )

− ( + )( + + )

+ ( + + − )  

− ( + ) = ( − + − ) − ( + )

= ( − )( + + ) +  

− ( + ) ≥⏞ ( − )( + + ) + ( − ) − ( + )  

⇔ − + − + ≥⏞
?

	 	 =

⇔ ( − ) ( − )( + + ) + ≥⏞
?

→  

∵ ≥⏞ ⇒ ( ) ⇒ ( ) 	 ∴ ≤ ≤⏞ 	( ) 

2349. If	 	is an acute triangle with the circumradius	 	and the 

inradius	 ,	then prove that : 

	
.

≥ ( + ).			 

Proposed by D.M.Bătineţu-Giurgiu, Neculai Stanciu-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

	is an acute triangle→ , , > 0. 

.
. ≥⏞

.
→

.

≥ +
.

 

, 	 	 	 ∶ 			
.

		 ≥⏞
(∗)

		 ,∀ 	 . 

Using the substitutions : 

=
−

, =
−

, =
−

, , , ∈ ( , ), =  
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→ (∗) ↔
.

≥ ,∀ ↔ 	≥ 	  

We know that : 

	 = 	 	 =
+ −

 

→ (∗) ↔
+ −

≥ ↔ ≥ −  

Which is true from Gerretsen,		 ≥ − ≥⏞
?

− ↔ ≥ 	( ) 

→ (∗) 	 →
.

≥ ( + ). 

Solution 2 by Mohammed Diai-Rabat-Morocco 

.
≥ ( + ) ; (∗)( 

We know that: ∑ = + =  then	(∗) ⇔ ∑ . ⋅ ∑ 	 ≥  

By CBS inequality: ∑ . ⋅ ∑ ≥ ∑ 	 ⋅ 	  

To prove (∗) we need to prove that: ∑ 	 ⋅ 	 ≥ ; (∗∗) 

	 ⋅ 	
=

	 ⋅ 	
− ( + ) =

	 ⋅ 	
	 ⋅ 	 − 	 ⋅ 	 = 

=
	 ⋅ 	

− 	 ⋅ 	
=

− 	 ⋅ 	
−  

Therefore, (∗∗) ⇔ ∑
	 ⋅ 	

≥  

By CBS inequality: ∑
	 ⋅ 	

≥
∑( 	 ⋅ 	 )

=  

2350. In any ∆	 , the following relationship holds: 

≤ ( + ) ≤ −  

Proposed by Marin Chirciu-Romania 
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Solution by Soumava Chakraborty-Kolkata-India 

∶ ( + ) = + − ( + )( + )

= ( + + ) ( + )( + ) −
∑ ( − )

( + + ) 

= ( + + ) + −
( + + ) −

( + + )  

=
( + + ) + ( − − )

( + + ) −
( − + )

+ +

⇒ ( + ) =⏞
( ) − ( + ) + ( + + )

( + + )  

( + ) ≤ − ⇔
	( ) − ( + ) + ( + + )

( + + ) ≤
−

 

⇔ ( − ) + ( + + ) + ( − − − ) ≥  

⇔ ( − ) + + + + − − − − ≥⏞
( )

 

, 	 	( ) ≥⏞ ( − ) − + + +

+ − − −  

− + +

= ( − )( − ) + + − − − ≥⏞  

( − )( − ) + ( − ) + ( − − − )≥⏞
?

⇔ − + − ≥
?

	 	 =  

⇔ ( − ) ( − )( + ) + ≥
?

→ ∵ ≥⏞ ⇒ ( ) 	

⇒ ( + ) ≤ − 	 	 ( + ) ≥ +  

≥⏞ . ⇒ ≤ ( + ) 	( ) 



 
www.ssmrmh.ro 

62 RMM-TRIANGLE MARATHON 2301-2400 
 

2351. In  the following relationship holds: 

≥  

Proposed by Bogdan Fuştei-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

∵ ≥
+

→ ≥
( + )

 

→ ≥
( + )

⋅
=

+
; ( 	 ) 

→ ≥
+

= =  

Therefore, 

≥  

Solution 2 by Ertan Yildirim-Izmir-Turkiye 

∵ ≥
( + )

 

≥
( + )

⋅
⋅

=
+

⋅  

→
( + )

= ⋅ ( + ) = ⋅ ( + + ) =
⋅
⋅

=  

Therefore, 

≥  

2352. In  the following relationship holds: 
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+ + ≥  

Proposed by D.M.Bătineţu-Giurgiu, Neculai Stanciu-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

We know that : 

	 ≤⏞ ≤⏞
+

	 = ( − ) ≤  

→ + + ≤ +
+

= 

=
( + − ) + ( + − ) + ( + − )

 

→ + + ≤ ( + )					( 	 )				( ) 

→ + + ≥⏞  

. + + ≥⏞
( )

+ ≥⏞ . =  

Therefore, 

+ + ≥ 			 

 Solution 2 by Marian Ursărescu-Romania 

We must show: 

+ + ≥ ; ( ) 

≥⏞
( + + )

+ + = = ; ( ) 

≥⏞
( + + )

+ + = = ≥ ; ( ) 
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∵ + − 	 ≥ → ≥ ; ( ) 

From ( ), ( ), ( ) it follows that ( ) its true. 

Therefore, 

+ + ≥  

2353. Let	 	be an equilateral triangle of side length √ ,	let P be a point 

inside	  and	 , , 	be the feet of perpendiculars of 	on 

sides	 , , 	respectively. Then prove: 

+
+

≥  

Proposed by Rajeev Rastogi-India 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 
Let 	be the area of	 . 

We have : 

= .√ . =
√

= [ ] + [ ] + [ ] =
√

+
√

+
√

 

→ + + = 			( ) 

+
+ = + + + ≥⏞ ( + + ) +

( + + )
( + + ) 



 
www.ssmrmh.ro 

65 RMM-TRIANGLE MARATHON 2301-2400 
 

Therefore, 

+
+ ≥⏞

( )

+ = . 

Solution 2 by Abdul Aziz-Semarang-Indonesia 

= ⋅ √ ( + + ) ⇔ + + =  

+
+ = + +

+
+ ≥⏞ + + + ≥ 

≥⏞ ⋅ ∑ +
(∑ )

(∑ ⋅ ) ≥ + ⋅
∑( ⋅ 	 )
∑( ⋅ ) =  

Equality holds when = = = . 

 

2354. In , −Nagel’s cevian, −Gergonne’s cevian, −Brocard’s 

point, the following relationship holds: 

+ ≤
+ +

 

Proposed by Bogdan Fuştei-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

Let  be the midpoint of ,  the foot of the angle bisector at . 

= ⃗ ⃗ =
⃗+ ⃗ ⋅ ⃗+ ⋅ ⃗

+ ≥
⃗+ ⃗

⋅
⋅ ⃗+ ⋅ ⃗

+ = 

=
( + ) + ( + ) ⋅ ⃗ ⋅ ⃗

( + ) =
( + ) + + ( + − )

( + )  

=
( + ) −

= ( − ) 

→ ≥ ( − ); ( 	 ) 
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+ +
≥

+ + ( − )
 

We know that: + + ( − ) =  

→
+ +

≥ = ( + − ) = 

= + − = + = 

=
∑

+ = +  

Therefore, 

+ ≤
+ +

 

 Solution 2 by Alex Szoros-Romania 

+ = + = + ( + ) = +
+ +

= 

= +
(∑ )

; ( ) 

From Stewart theorem, we have:  

= ( − ) + ( − )− ( − )( − )
= ( − ) + ( − )− ( − )( − ) → 

( + ) = + − ( − )( − ) 

→ + = + − ( − )( − ); ( ) 

On the other hand, ≥ ( − ); ( ) 

From ( ), ( ) it follows tha: 
+ + 	 ≥ + − ( − )( − ) + ( − ) =  

→
+ +

≥  

+ +
≥ ; ( ) 
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= = = ( + − ) = 

=
∑ + ∑ −∑

=
∑ +

=
∑

+ ; ( ) 

We want to prove that: 

+
(∑ )

= +
∑

; ( ) ⇔ 

+
(∑ )

=
∑

⇔ ∑ − ∑ + ∑ + ∑ = ∑  

So, 

+ = +
(∑ )

= +
∑

= ≤
+ +

 

Therefore, 

+ ≤
+ +

 

2355. Prove that : 

+
√

+ ≥  

Proposed by Thanasis Gakopoulos-Farsala-Greece 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 

	 	 	 	 	 	 , 	 	 ∶ = 	 	 = . 

	 ∶ 	μ( ) = μ( )	 	μ( ) = μ( ) → 	~	  

→ =
.

=  
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→ = + = + =
+

=
+ − +

=
+ +

 

→ = . + + = + + 		( 	 ) 

→ = + + =
( + + )

+ + = 					( ) 

	 	 ∶ 	 = → 		 ≥⏞ 		 =  

→
√

+ ≥
√

+ =
√

			 ≥⏞ 		
√ .√

= 		( ) 

( )	 	( ) 		→ 		 +
√

+ ≥  

2356. In  the following relationship holds: 

+ ≤  

Proposed by George Apostolopoulos-Messolonghi-Greece 
Solution by Marian Ursărescu-Romania 
 

Using: = , inequality becomes as: 

⋅
+

≤ ⇔ ⋅
+

≤ ⇔ ( + ) ≤ ; ( ) 

But in any :		 + ≤ ; ( ) ⇔ + ≤ ⇔ 

( + ) ≤ ⋅ ; ( ) and = ; ( ). 

From (3),(4) it follows that: ( + ) ≤ ⇒ ( ) is true. 

Note: 

( ) ⇔
( + )( + )( + )

≥
+
+ +

+
+ ⇔ 
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+
≥ ( + ) + ( + ) ; ( ) 

But: 
( )

≤ ; ( ) ⇔ ( − ) ≥  and 
( )

≤ ; ( ) 

From (6),(7) it follows that (5) is true. 

2357. In  the following relationship holds: 

⋅ ≥ + + +  

Proposed by Bogdan Fuştei-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

∵ ≥
+

→ ≥
+

⋅
+

⋅
=

( + )
 

→ ⋅ ≥ ⋅
( + )

⋅ ( ) =
+

 

⋅ ≥
+

= +  

2358. In	  the following relationship holds: 

		 .
( + )

+
≤ ( + )										 

Proposed by Marin Chirciu-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

	 ∶ 	 ( + ) ≤⏞
ö

( + ) → .
( + )

+ 	≤ 	 		 ≤⏞
(∗)

		 ( + ) 

	 	 	, 	 ∶ 

	 ≥ ( , , ). ,∀ , , > 0 

	 ( , , )	 	 	 	 	 	 	 	 , , . 
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	 	 	 	 	 	 	 	√ ,√ ,√ 	

→ √ ≥⏞
( )

√ ,√ ,√ .  

	 ∶ √ ,√ ,√ = √ √ − √ = −

= ( + ) 

→ √ ,√ ,√ = ( + ) → ( ) ↔ ≥ ( + ) ,∀ , , > 0 

	 = , = , = → . ≥ ( + ) . ↔

≥ ( + )  

↔ ≥ ( + ) 	↔ 		≤ 		 ( + ) → (∗)	 	 . 

, .
( + )

+ ≤ ( + ) 

 

2359. Let , ,  be the lengths of the sides of a triangle with inradius , 

circumradius . Let , ,  be the exradii of triangle. Prove that: 

≤ + + ≤ ( − ) 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution by Marian Ursărescu-Romania 

+ + ≥
( )

⇒
( )

≥ ⋅ ⋅  

( )
≥ ⋅ ⋅ ; ( ) 

But: =  and = ; ( ). From (1),(2) we must to prove: 
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⋅
≥ ⋅ ⋅ ⇔ ≥ ⋅ ⇔ ≥ ⋅ ; ( ) 

But: ≥ ⇒ ≥  and ≥ , then ≥ ⋅ ⇒ ( ) is true. 

Now, use Schur’s inequality: 

( − )( − ) + ( − )( − ) + ( − )( − ) ≥  

( − − + ) + ( − − + ) + ( − − + ) ≥  

( − − ) + ( − − ) + ( − − ) + + + ≥ ⇔ 

( + − ) + ( + − ) + ( + − ) ≤ ( + + ) ⇔ 

( − ) + ( − ) + ( − ) ≤ ( + + ) 

But: = ⇒ − = ⇒ 

+ + ≤ ( + + ); ( ) 

But: = ; ( ). From (4),(5) it follows that: 

+ + ≤ ( + + ); ( ) 

We must show: ( + + ) ≤ ( − ) ⇔ 

+ + ≤ ( − ); ( ) 

But: + + = ( − ( + ) + ( + ) ); ( ) 

From (7), (8) we must to prove that: 

− ( + ) + ( + ) − ( − ) ≤ ; ( ) 

Now, let ( ) = ( − )( − ); ( ) ⇔ 

− ( + ) − ( + ) + ( − )

⋅ − ( + ) + ( + ) + ( − ) ≤ ; ( ) 

(10) is true if ≤ ≤ ; , −square, then we must show that: 

− ( + )− ( + ) + ( − ) ≤ ; ( ) and  

 − ( + ) + ( + ) + ( − ) ≥ ; ( ) 

For (11) using Gerretsen inequality ≥ −  it follows that: 
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+ − ( + ) + 	( − ) ≤ − ⇔ 

− ≤ ( + ) + 	( − ) ⇔ 

( − ) ≤ ( + ) + ( − ) ⇔ ≥ ( ). 

For (12) using Gerretsen inequality ≤ + +  it follows that: 

+ + ≤ ( + ) − ( + ) + 	( − ) ⇔ 

+ − + ≥  

Let = ≥ ( ), we must show that: − + + ≥  and with Horner 

and Rolle sequence, it follows that: ( − ) + ( − )( + + ) ≥  

 

2360. If ∈ [ ,∞), , , , ∈ ( ,∞), then in any triangle , with usual 

notations holds 

( + )
( + ) ≥

( + )

( + )
 

Proposed by D.M Bătinețu-Giurgiu, Neculai Stanciu – Romania  

Solution by Tran Hong-DongThap-Vietnam 

+
( + ) ≥

+ + + + +
+ + + + +

 

=
( + + ) + + +

( + ) + +
= 

=
+ + + + +

( + ) + +
 

=
( + ) + +

( + ) + +
≥
( )

	
( + )

( + ) ⋅ + + = 

=
( + )

( + ) ⋅ ⋅ ( + + ) 
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≥
( + )

( + ) ⋅ ⋅ √ ⋅ =
( + )

( )
⋅  

2361. In , −incenter, , , −circumradii of  

, , . Prove that: 

⋅
+

⋅
+

⋅
≥  

Proposed by Florică Anastase-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

We have that: ( ) = − = + → + = ( ) =  

= = ⋅ ; ( 	 ) 

→
⋅

= ( )
⋅ ⋅

= 

= ( )
⋅ ⋅ ⋅

= 

= ⋅ = ( − ) ≥⏞  

≥ ⋅ ( − ) =  

→
⋅

≥ ≥⏞
( )

=  

Therefore, 

⋅
+

⋅
+

⋅
≥  

 Solution 2 by proposer 



 
www.ssmrmh.ro 

74 RMM-TRIANGLE MARATHON 2301-2400 
 

∵ = ; ( ) 

(∠ ) = −
+

= −  

=
+

=
⋅

= ⋅ ⇒ = ⋅  

= ⋅ =  

∵ ⋅ = ⋅ ; ( ) 

⋅ = ⋅ ⋅ ⋅ = 

= ⋅  

But, 

= + + = 

=
+

+ =
+

+ = 

=  

Hence, 

⋅ = ⋅ = =
⋅

= ⋅  

⋅
+

⋅
+

⋅
=

⋅
+

⋅
+

⋅
= 

=
⋅

+
( ⋅ )

+
⋅

≥⏞  

≥
⋅ + ⋅ + ⋅

=⏞
( ),( ) ( ⋅ )

⋅ =
⋅ ( )

= 
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= ≥⏞  

2362. In	 	 the following relationship holds: 

≤  

Proposed by Marin Chirciu-Romania 

Solution 1 by Tran Hong-Dong Thap-Vietnam 

= + ≥⏞ → ≥ → ≤ ; ( 	 ) 

≤ = =
+ +

; ( ) 

=
⋅

= =
( + + )

; ( ) 

From ( ), ( ) we need to prove that: 

+ +
≥

( + + )
⇔ ( ) + ( ) + ( ) ≥ ( + + ); ( ) 

Because: 

≤⏞
+ +

→ ( + + ) ≤ 

≤
( + + )

≤⏞
( )

( ) + ( ) + ( )  

( ) ⇔ ( + + ) ≥ ( + + ) ; ( = , = , = ) ⇔ 

+ + ≥ + + ; ( ) → ( ) → ( ) is true. Proved. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

≤ (∗) 

(∗) ↔ ≤ ( − )( − ) ↔ [( − + )( + − ) − ] ≥  

↔ [( − )( − ) + − + − ] ≥  
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↔ ( − )( − ) + ( − ) − ( − ) ≥  

	 	 , 	 ∶ ( − )( − ) ≥  

, 	 	 	 	 ∶ 	 ( − ) − ( − ) ≥  

↔ ( − )− ( − ) ≥ ↔ ( − )( − ) ≥  

↔ ( − ) ( + + ) ≥ , 	 	 . 

, ≤  

 

2363. In  the following relationship holds: 

≤
+

+
+

+
+

< 4  

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution by Marian Ursărescu-Romania 

From Bergstrom inequality we have: 

+ + + + + ≥
( + + )

( + + ) = + + ; ( ) 

From (1) we must to prove: ≥ ⇔ ≥ ; ( ) 

But: + + ≤ ; ( ). From (2),(3) we must to show: 

≥ ⇔ ≥ , which is true from Mitrinovic. 

In :		 ≥ ⇒ + ≥ ⇒ 

+
+

+
+

+
≥

+ +
+

+ +
+

+ +
 

⇔ + + < 1; ( ) 
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But: < ⇒ ∑
+ +

< ∑
+ +

= . 

 

2364. In 	 the following relationship holds: 

√ ≤ + + ≤ √  

Proposed by George Apostolopoulos-Messolonghi-Greece 
Solution by Marian Ursărescu-Romania 
 

For LHS, using AM-GM: + + ≥ .  

We must to prove that: ≥ 	 √ ; ( ) 

But: ≥ √ ; ( ). From (1),(2) it is suffices to prove that: 

⋅ √
≥ √ ⇔ ≥ ⇔ ≤ ; ( ) 

But: ≤ ( − ); ( ) 

From (3),(4) it follows that: + + ≤ , which is clearly true. 

For RHS, we have: ≥ ≥ ⇒ ≥ ⇒ ≤ ⇒ ≤
√

 

+ + ≤
√

+
√

+
√

 

It remains to prove that: 
√

+
√

+
√

≤ √ ⇔
√

+
√

+
√

≤ √ ; ( ) 

From BCS inequality: 
√

+
√

+
√

≤ + + ; ( ) 

But: + + ≤ ; ( ). From (6),(7) it follows that: 

√
+

√
+

√
≤ √ ⇒ ( ) is true. 

2365. In  the following relationship holds: 
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( + )
+ ≤  

Proposed by Marin Chirciu-Romania 
Solution 1 by Soumava Chakraborty-Kolkata-India 
 

+ = + =
+

= =

∴ + =⏞
( )

 

, ( + ) ≥ =⏞
	( )

( + ) = − + −

= ( − )( − )( − ) ( − )( − ) = ( + − ) 

⇔ ( + ) + − ( + ) ≥ ⇔ ( + − ) ≥ → ∴ + ≥
( + )

≥ ⇒
( + )

+ ≤
( + )

 

=⏞
	( )

= ( + ) ⇒
( + )

+

≤ ( + ) 	 ⇒⏞
	 ( + )

+

≤ + + =
+

 

≤⏞
+

∴
( + )

+ ≤ ( ) 

Solution 2 by Tran Hong-Dong Thap-Vietnam 

( + )
+ = − + −

+ = (( − )( − )) ( + ) ≤⏞  
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≤
( − )( − )

= ⋅
∑ ( − )

( − )( − )( − )
=  

∑ ( − ) = ∑ ( − + ) = (∑ ) − (∑ ) + ∑ = 

= ( − ( + ) ) − ( − ( + ) + ( + ) ) + 

+ − ( + ) + ( + + ) = 

= (−( + ) + ( + ) − ( + ) − 

−( + ) + + + = 

= (− + + + ) = (− + + + ) 

( + )
+ ≤ = ⋅

(− + + + )
( ) = 

=
− + + +

≤⏞
( )

 

( ) ⇔ − + + + ≤ 	⇔ + ≥ +  

But ≥ − ( ) → + ≥ − + ≥⏞
( )

+  

( ) ⇔ + − ≥ ⇔ ( − )( + ) ≥ 	 	 ≥ ( )  

→ ( ) → ( ) is true. Proved. 

2366. In , −Nagel’s cevian, the following relationship holds: 

( + )
− ≤  

Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tager-Morocco 

Let’s to prove: ≤ −  

=
−

= − − = − − + = 

=
( − ) −

( − ) + =
( − ) − ( − )( − )( − )

( − ) + = 
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=
− ( − + )( + − )

+ ≤
( − )

+  

→ =
( − )

+ ≤⏞
?

− = − +  

− +
≤ − = −  

−
−

≤ −
−

−
+

 

−
−

≤ −
−

+  

−
− ≥ − . 

→ ≤⏞
( )

− ; ( 	 ) 

( + )
= − ⋅

( + ) ( + )
⋅ ( − ) = 

=
( + ) ( + )

( − ) ⋅ =
( + )
( − ) ⋅ + ≤⏞

( ) ( + )
( − ) ⋅ =

( + )
( − )  

→
( + )

− ≤
+

( − ) − = ( − ) = 

= =  

Therefore, 

( + )
− ≤  

2367. In , −Nagel’s cevian, the following relationship holds: 

( + )
− ≤  

Proposed by Bogdan Fuştei-Romania 
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Solution by Mohamed Amine Ben Ajiba-Tager-Morocco 

Let’s to prove: ≤ −  

=
−

= − − = − − + = 

=
( − ) −

( − ) + =
( − ) − ( − )( − )( − )

( − ) + = 

=
− ( − + )( + − )

+ ≤
( − )

+  

→ =
( − )

+ ≤⏞
?

− = − +  

− +
≤ − = −  

−
−

≤ −
−

−
+

 

−
−

≤ −
−

+  

−
− ≥ − . 

→ ≤⏞
( )

− ; ( 	 ) 

( + )
= − ⋅

( + ) ( + )
⋅ ( − ) = 

=
( + ) ( + )

( − ) ⋅ =
( + )
( − ) ⋅ + ≤⏞

( ) ( + )
( − ) ⋅ =

( + )
( − )  

→
( + )

− ≤
+

( − ) − = ( − ) = =  

Therefore, 

( + )
− ≤  
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2368. In any scalene 	 	 the following relationship holds: 

	 =
( + )

( − )( − ) +
( + )

( − )( − ) +
( + )

( − )( − ) >
√

		 

Proposed by Daniel Sitaru-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

We have : 

	( − )( − ) =
−
− − + −  

→ = −
( + )

( − )( − ) +
( + )

( − )( − )

+ −
( + )

( − )( − ) +
( + )

( − )( − )  

= .
− ( + ) + ( + )

( − )( − ) + .
− ( + ) + ( + )

( − )( − )

=
( − )( + )
( − )( − ) +

( − )( + )
( − )( − ) 

=
( + )
( − )−

( + )
( − ) =

( + ) − ( + )
( − ) =

( − )( + ) + ( − )
( − )

=
+ +

 

→ = 		 >⏞ 		∑ = 		 >⏞ 		
√

=
√

		( 	 	 ) 

Therefore, 

( + )
( − )( − ) +

( + )
( − )( − ) +

( + )
( − )( − ) >

√
 

2369. In	  the following relationship holds: 

	 ≤
( + )( + )

≤ 					 

  Proposed by Marin Chirciu-Romania 
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

We have : 

	
( + )( + )

=
∏( + )

. + = + ≥⏞ 	 . =  

Now,   

( + )( + )
= + =

( + )
( + ) 	 ≤⏞ 	

( + )
 

= ( + ) = −

= [( + ) − ] 

→
( + )( + )

≤
( − )

			≤⏞
?

		  

↔ − + ≥  

↔ ( − ) + ( − ) ≥ ,	which is true from Euler	( ≥ ). 

Therefore,	 

	 ≤
( + )( + )

≤  

Solution 2 by Tran Hong-Dong Thap-Vietnam 

= ( + ) − ;	 ( + ) = ( − ) ;			 =  

	 =
( + )( + )

=
∑ ( + )( + )

= 

=
∑ +∑ ( 	 + ) +

=
( + ) − + ( − ) +

= 

=
( + ) + ( − )

 

≤⏞
( )

⇔
( + ) + ( − )

≤ ⇔ 

[( + ) + ( − ) ] ≤ ⇔ ( + ) + ( − ) ≤  
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( + − ) ≥ ( + )  

But ≥ − ( ); 	 + − > 3 − ≥⏞ > 0 

→ ( + − ) ≥ ( + − )( − ) ≥⏞
( )

( + )  

( ) ( + − )( − ) ≥ ( + )  

⇔ − + − + ≥ ⇔ ( − )( ( − ) + − ) ≥  

True because ≥ → − ≥ → ( − ) + − ≥ > 0 

→ ( ) → ( ) is true. 

≥⏞
( )

; 		( ) ⇔
( + ) + ( − )

≥ ⇔ ( + ) + ( − ) ≥ 	 

⇔ ( + ) ≥ ( − )  

But ≤ + + ( ) → 

( − ) ≤ ( − )( + + ) ≤⏞
( )

( + )  

( ) ( − )( + + ) ≤ ( + ) ⇔ − − + ≥  

⇔ ( − )( + − ) ≥ , which is true because ≥ → − ≥ ,	 

+ − > 6 − > 11 > 0 → ( ) → ( ) is true. Proved. 

2370. In  the following relationship holds: 

+ + ≤ −  

Proposed by Kostas Geronikolas-Greece  

Solution by Marian Ursărescu-Romania 

+ = ⋅
∑

; ( ) 

+ + = ( + ) − ; ( );		 = ; ( ) 

From ( ), ( ), ( ) we must to prove that: 
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[( + ) − ]
≤

−
⇔ ( + ) − ≤ −  

⇔ ( + ) ≤ ( + ); ( ) 

From ( + ) ≤ ( ); ( ). From ( ), ( ) we must to show that: 

( + ) ≥ ( + ) ⇔ + ≥ + ⇔ 

− + ≥ ⇔ ( − )( − ) ≥ , which is true from ≥ ( ). 

 

2371. In any	∆	  the following relationship holds: 

+ +
≥

−
 

  Proposed by Bogdan Fuştei-Romania 
Solution by Soumava-Chakraborty-Kolkata-India 
 

	 ⇒ ( − ) + ( − ) = + ( − )( − ) 

⇒ ( + )− ( − ) = + ( − ( − ) + ) ⇒ ( + )−

= + ( − ) 

⇒ ( + − − ) = − ⇒ = + ( − )

= − = − ( − )( − ) 

⇒ = − [ − ( − ) ] ∴ =⏞
( )

[ ( − ) + ( − ) ] 

, − = ( − ) −
( − )( − )( − )

= ( − ) −
− ( − )

∴ − =⏞
( )

( − )
− + ( − )

 

, ≥
−

⇔ ≥
( − )

 

⇔
	( )	 	( ) [ ( − ) + ( − ) ]

≥ [ ( − ) + ( − ) ]. ( − )
− + ( − )

 



 
www.ssmrmh.ro 

86 RMM-TRIANGLE MARATHON 2301-2400 
 

⇔ [( − ) + ( − ) + ( − )( − ) ]

≥ [ ( − ) + ( − )( − ) ][ − + ( − ) ] 
⇔ [( − ) + ( − ) + ( − )( − ) ]

≥ ( − ) + ( − )( − ) − ( − ) − ( − )( − )  

+ ( − ) ( − ) + ( − )( − )  

⇔ ( − ) ( − + ) + ( − ) ( − + )

+ ( − )( − ) [ − + − ( − )] ≥  

⇔ ( − ) ( − ) + ( − ) − + ( − )( − ) − ( − ) ≥  

⇔ [( − )( − ) + ( − )( − )] ≥ → ∴

≥
−

⇒⏞
	 + +

≥
−

	( ) 

2372. In  the following relationship holds: 

≥  

Proposed by Bogdan Fuştei-Romania 
Solution by Tran Hong-Dong Thap-Vietnam 

: = + → = + → = + ; ( 	 ) 

→ = + + + + + = 

= + + + + + ≥⏞ ⋅ =  

 

2373. In  the following relationship holds: 

≥ + +  

Proposed by Bogdan Fuştei-Romania 
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Solution by Alex Szoros-Romania 

= =
⋅ 	

=  

:	 ≥
+

→ ≥ ⋅
+

→ ≥ ⋅
+

→ 

≥ + ; ( ) 

On the other hand, in any  we have: 

≥ + ; ( 	 ); ( ) 

From ( ), ( ) it follows that: 

≥ + + → ≥ + +  

Therefore,  

≥ + +  

2374. In  the following relationship holds: 

≤ + + ≤
−

 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution by Marian Ursărescu-Romania 

+ + ≥⏞
( + + )

+ + = + + ; ( ) 

But: + + ≤ ; ( ). From (1),(2) it follows that: 

+ + ≥ ; ( ) 

Now, we must to prove that:  + + ≤  
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We know that: ≥ ≥ ⇒ ≤ ⇒ 

+ + ≤ + + ; ( ) 

+ + ≤
−

⇔
+ +

≤
−

; ( ) 

But: + + = ( − − ) and = ; ( ) 

From (5),(6) we must show that: 

( − − )
≤

−
⇔ − − ≤ − ⇔ 

≤ + + ( ). 

 

2375. If , ∈ ℝ∗ , then prove in any triangle  is true the following 

relationship holds: 

+
( + − ) ⋅

+
+

( + − ) ⋅
+

+
( + − ) ⋅

≥ ( + ) 

Proposed by D.M. Bătineţu-Giurgiu, Neculai Stanciu-Romania 

Solution 1 by Ruxandra Daniela Tonilă-Romania 

+
( + − ) ⋅ +

+
( + − ) ⋅ +

( + )
( + − ) ⋅ = 

= ( + − ) ⋅ + ( + − ) ⋅ + ( + − ) ⋅ + 

+ ( + − ) ⋅ + ( + − ) ⋅ + ( + − ) ⋅ ≥⏞  

≥
⋅ (∑ )

∑( + − ) ⋅ +
⋅ (∑ )

∑( + − ) ⋅ = ( + ) ⋅
(∑ )

∑( + − ) ⋅ = 

= ( + ) ⋅
(∑ )
∑ ≥ ( + ) 

∵ ( + + ) ≥ ( + + ),∀ , , ∈  
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 Solution 2 by Avishek Mitra-West Bengal-India 

+
( + − ) ⋅ = ( + − ) ⋅ + ( + − ) ⋅ ≥⏞  

≥ ⋅
(∑ )

∑( + − ) + ⋅
(∑ )

∑( + − ) ≥ 

≥ ( + ) ⋅
( )

∑ −∑ = ( + ) ⋅ ( + + − + + 	) = 

= ( + ) ⋅ +  

	 	 :	( + ) ⋅ + ≥ ( + ) → ≥ +  

: ≥ − 	( ), 	 	 	 : 

− ≥ + → 

≥ → ≥ 	( ) . 

 Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand 

+
( + − ) ⋅ +

+
( + − ) ⋅ +

+
( + − ) ⋅ ≥ ( + ) 

( + − ) ⋅ + ( + − ) ⋅ + ( + − ) ⋅ + 

+ ( + − ) ⋅ + ( + − ) ⋅ + ( + − ) ⋅ ≥ ( + ) 

	 = + − , = + − , = + − ,  

( + − ) ⋅ + ( + − ) ⋅ + ( + − ) ⋅ = 

=
( + )

( + ) +
( + )

( + ) +
( + )

( + ) ≥  

( + + + + + )
( + ) + ( + ) + ( + ) =

+ + + ( + + )
( + + ) ≥  

+ + + ( + + ) ≥ ( + + )	 	 	 . 
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,
( + )

( + ) +
( + )

( + ) +
( + )

( + ) ≥  

2376. In any  ∆	  the following relationship holds: 

≤ ≤  

Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∶ ≤ ≤ ⇔ ≤ ≤  

, =
−

= − . . ( + + )

−
( + + ) −

 

=
( + + ) − ( + + ) − (( + + ) − )

 

=
− ( − ) + ( − + ) + ( + )

=⏞
( )

∴ ( )

⇒ ≤  

⇔
− ( − ) + ( − + ) + ( + )

≥  

⇔ − ( − ) + ( − + ) + ( + ) ≥⏞
( )

 

, 	 	( ) ≥⏞ − + ( − + ) + ( + )  

≥⏞ − ( + + ) + ( − + ) + ( + )

= ( − − ) + ( + ) ≥⏞
?
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⇔ ( − − ) + ( + ) ≥⏞
?

⏟
( )

 

	 − − ≥ 	 	 , 	 	( ) > ⇒ ( ) ⇒ ( ) 	 ∴

<  

	 − − < 0	 	 , 	 	( )

= − −( − − ) + ( + )  

≥⏞ − ( + + ) −( − − ) + ( + ) ≥⏞
?

⇔ − − − − ≥⏞
?

	 	 =  

⇔ ( − )( + + + )≥⏞
?

→ ∵ ≥⏞ ⇒ ( ) ⇒ ( ) 	 ∴

≤ 	 ∴ 	 	 , , 

	 	∆	 , ≤ ⇒ ≤ 	 	 , 

	( ), ≤  

⇔
− ( − ) + ( − + ) + ( + )

≤  

⇔ − ( − ) + ( − + ) + ( + ) − ≤⏞
( )

 

, ⇒ − ( − ) ≥ 	 	 − ( + ) ≤ , 	

= + − 	 	 = ( − ) −  

∴ − ( + ) − ( − ) ≤ ⇒ − ( ) + − ≤

⇒ − ( + − ) + ( + ) ≤⏞
( )

 

⇒ − ( + − ) + ( + ) ≤⏞
( )

∴ ( )

⇒ 	 	 	( ), 	 	 	 ∶ 
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− ( − ) + ( − + ) + ( + ) −

≤ − ( + − ) + ( + )  

⇔ ( + + ) + (− + ( − + )− ( + ) )

+ ( + ) ≤⏞
( )

 

, ( ) ⇒ ( + + ) − ( + + )( + − )

+ ( + ) ( + + ) ≤⏞
( )

∴ ( ) ⇒ 

	 	 	( ), 	 	 	

∶ ( + + )

+ (− + ( − + ) − ( + ) ) + ( + )  

≤ ( + + ) − ( + + )( + − )

+ ( + ) ( + + ) 

⇔ − − − +

+ ( + + )( + ) ≥⏞
( )

 

	 − − − + ≥ 	 	 , 	 	( ) > ⇒ ( )

⇒ ( ) ⇒ ( )	 	 ∴ <  

	 − − − + < 0	 	 , 	 	( )

= − − − − − +  

+ ( + + )( + ) ≥⏞

− ( + + ) − − − − +  

+ ( + + )( + ) ≥⏞
?

⇔ + − + + − + ≥⏞
?

	 	 =  

⇔ ( − ) ( − ) + + + ( − ) + + + ≥⏞
?

→

∵ ≥⏞ ⇒ ( ) ⇒ ( ) ⇒ ( )	 	  
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∴ ≤ 	

∴ 	 	 , , 	 	∆	 , ≤ ⇒ ≤ 	( ) 

2377. In  the following relationship holds: 

≤ + + ≤  

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution by Marian Ursărescu-Romania 

+ + ≥⏞ ( )  

( ) ≥ ⇔ ( ) ≥ ⋅ ⋅ ; ( ) 

But: =  and = ; ( ) 

From (1),(2) we must show that: ≥
⋅

⇔ ≥ ; ( ) 

From Euler: ≥ ⇒ ≥  and from ≥ ⇒ ≥ . 

+ + ≤ ⇔ ( − ) + ( − ) + ( − ) ≤ ⇔ 

( − ) + ( − ) + ( − ) ≤ ; ( ) 

Let:  = − ; = − ; = − ⇒ + + =  and 

= + ; = + ; = + ; 	 = ( + + ) ; ( ) 

From (4),(5) we must show that: 
( )

+
( )

+
( )

≤ ; ( ). 

+ ≥ ⇒ ( + ) ≥ ⇒ ( + ) ≤ ⇒ 

( + ) + ( + ) + ( + ) ≤ + + 	 ; ( ) 
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From (6),(7) we must show that: 

+ + ≤ ⇔ ≤ , which is true. 

2378. In any	∆	 , the following relationship holds: 

−
≥ √ +

+ +
+ +

( − ) 

  Proposed by Bogdan Fuştei-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∶ + − =
−

−

=
−

−
+

=  

⇒ − =⏞
( )

 

−
=

−
=
√ − =⏞

	( )

√

=
√

=
√

	 	 ⇒⏞
	

 

−
=
√

≥
√

⇔

≥ 	 	 	 	 	 	 	 	

− , 

− , − , 	 ∶
− −

≥
− − −

⇔

≥  
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⇔ ( − ) ≥ ⇔ − ≥

⇔ −
( − − )

− ≥  

⇔
− ( − − ) −

≥ ⇔ ≤ + +

→ 	( ) ∴
−

≥⏞
( )

√
 

+ = + =
+

= =

∴ + =⏞
( )

 

, ( + ) ≥ =⏞
	( )

( + ) = − + −

= ( − )( − )( − ) ( − )( − ) = ( + − ) 

⇔ ( + ) + − ( + ) ≥ ⇔ ( + − ) ≥ → ∴ +

≥ √ 	 ⇒ 	 ≥⏞
+

 

≥ √ = √ ( + ) = √
+

= ( + )

⇒
+ +
+ +

( − ) 

≤ − − = √ − = √ =  

⇒
+ +
+ +

( − ) ≤⏞
( )

√
 

, 	 ⇒ ( 	 − 	 ) + ( 	 − 	 ) = + ( 	 − 	 )( 	 − ) 

⇒ ( + )− ( − ) = + ( − ( − ) + ) ⇒ ( + )−

= + ( − ) 
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⇒ ( + − − ) = − ⇒ = + ( − )

= − = −
( − )( − )( − )

( − )  

= −
∆
− = −

∆ ∆
− = −

⇒ =⏞
( )

− 	  

∴ √ +
+ +
+ +

( − ) ≤⏞
	( )

√ +
√

= √ +  

≤⏞
	 	 	( ) 	

√
−

+

= √ − +  

= √ − + = √

=
√

≤⏞
	( )

−
( ) 

 

2379. In  the following relationship holds: 

( − ) ≤ ≤ ( − ) 

Proposed by Marin Chirciu-Romania 

Solution by Tran Hong-Dong Thap-Vietnam 

= ( − ) ⇒ =   (analogs) 

⇒ = = ( − ) = −  
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= ( ( + ( − ) + ( + ) ) − ( + + ))	 

=
+ ( − ) + ( + ) − − ( + )

 

=
+ ( − ) + ( + )

=
+ ( − ) + ( + )

 

≥
( )

( − )  

⇔ + ( − ) + ( + ) ≥ ( − )  

⇔ + ( − ) + + − + − ≥  

⇔ + ( − ) + − − ≥  

Let: ( ) = + ( − ) + − −  

(where: − ≤ = ≤ + + )	 

⇒ ( ) = − + ≥ − ≥ > 0 

⇒ ( ) ↑ [ − , + + ] 

⇒ ( ) ≥ ( − ) =
( )

 

(2) ⇔ ( − ) + ( − )( − ) + − − =  

⇔ − + + − − =  

⇔ =  (true)⇒ (2) ⇒ (1) is true. 

≤
( )

( − ) 

(3) ⇔ + ( − ) + + ≤ −  

⇔ + ( − ) + − + ≤  

Let ( ) = + ( − ) + − +  

(Where: − ≤ = ≤ + + )	 

⇒ ( ) = − + ≥ − ≥ > 0 

⇒ ( ) ↑ [ − , + + ] ⇒ ( ) ≤ ( + + ) ≤
( )

 

(4) ⇔ ( + + ) + ( − )( + + ) + − +

≤  



 
www.ssmrmh.ro 

98 RMM-TRIANGLE MARATHON 2301-2400 
 

⇔ − − + + − + ≤  

⇔ ≥ ≥ ⇔ ≥  (Euler)⇒ (4) ⇒ (3) is true. Proved. 

 

2380. In  the following relationship holds: 

√
≤

+ +
+

 

Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

= ( − ) +
( − )

⋅ 	 	 = ( − ) −
( − )

⋅ ( − ) 

→ + = ( − ) + ( − ) = + − ( − ) 

− = → + + = + ; ( ) 

+ ≤⏞ + +
( + )

= 

=
( + ) −

+
( + )−

+
( + )

 

→ + ≤ ; ( ) 

→
+ +

+
≥⏞

( ),( ) +
∑

= √ ⋅ ∑ = √ ⋅ ≥⏞
√

 

Therefore, 

√
≤

+ +
+

 

2381. In  the following relationship holds: 

	
+

+
+

+
+

≥  

Proposed by D.M.Bătineţu-Giurgiu, Neculai Stanciu-Romania 
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

+ 		 ≥⏞ 		 + 	≥⏞
?

	 	↔ 	 + 	 ≥⏞
(∗)

	 √ . 

+ =
+

≥⏞
∑ +

= ∑ 		 ≥⏞
∑ (∑ )

		 (∑ ) = 

=
.

. ( ) = . ≥⏞
.

. √
. = √  

→ (∗)	 	 	 → + ≥  

Solution 2 by Avishek Mitra-West Bengal-India 

+ ≥⏞
(∑ )
∑( + ) ≥⏞

	 (∑ )
∑( + ) =

(∑ )
∑ ≥⏞

(∑ )
⋅

=
∑

 

	 	 :	
∑

≥ → ≥ −  

	 ≥ − ( ) → − ≥ − → 

≥ → ≥ ( ) 

 Solution 3 by Tran Hong-Dong Thap-Vietnam 

+ + + + + ≥⏞ ⋅
( )

( + )( + )( + )
= 

=
( )

( + )( + )( + )
≥⏞ 	

( )
+ + + + +

= 

=
( )

≥⏞
( )

 

( ) ⇔ ( ) ≥ ⇔ ( ) ≥ ⇔ ≥  

√ ≥ 	 	 	 ≤
√

	( ), ≤ 	( ) → 
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≤
√

⋅ ⇔ ≤ √ → ( ) 	 . . 

2382. In	 	the following relationship holds: 

	 ≤
+

≤
−

	 

Proposed by Kostas Geronikolas-Greece 

Solurion 1 by Marian Ursărescu-Romania 

For LHS: ≤ . We must show: 

+ + + + + ≤
−

; ( ) 

+ ≥ ; 	 + ≥ , + ≥ ; ( ) 

From ( ), ( ) we must to show that: 

+ + ≤
−

⇔
+ +

≤
−

 

⇔
( − − )

≤
−

⇔ ≤ + + ( ) 

	 :	 + ≥ ( + )( + )( + ) . 	 	 	 : 

( + )( + )( + ) ≥ ⇔ ( + )( + )( + )

≤ ⋅ ; ( ) 

= ≥⏞ = ; ( ) 

From ( ), ( ) we must to prove that: 

( + )( + )( + ) ≤ ⋅ ; ( ) 

From ( ), ( ) we must show that: 

( + )( + )( + ) ≤
( + + )

⇔ + + ≤ 	 . 
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Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

≥ ≥ → ≥ ≥ 	 	 + ≥ + ≥ + →⏞
	

 

+
≥

+
	 ≥⏞ 	 ( + ). ∑ ≥⏞ 	 ( . + ).

.
=  

, + ≤⏞ = =
.

. −

= − − = 

= − =
( + )−

=
−

	 ≤⏞ 	
−

 

, ≤ + ≤
−

 

2383. In acute	 	the following relationship holds: 

	 ≥ − , ∈ ℕ∗ 

 Proposed by Marin Chirciu-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

	 = , = , = .			 	 	 	 → , , >  

 

=
( )

( )( ) ≥⏞
ö (∑ )

(∑ )(∑ ) =
(∑ )
∑ 		 ≥⏞

∑ ∑

		  

→ ≥ = − = − .
− ( + )

≥ 

≥⏞ −
( + + ) − ( + )

= −  

Therefore,   

≥ − ,∀ ∈ ℕ∗ 
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2384. In  the following relationship holds: 

( ) ≤ ( )  

Proposed by Marin Chirciu-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

( ) ≤ ( ) ; (∗) ⇔ ( ) − ≥  

⇔
( )

− ≥ ⇔ ( )
+

− ⋅
−

≥  

⇔ ( )
+ −

− ≥ ⇔ ( ) ( − ) ≥  

+ ≥ ( ) + ( ) ; (∗∗) 

	 :	 + = ( ) ( + ) ≥⏞
( )

( ) ; ( )	 

	 + + ( ) = + + ( ) ≥⏞

≥ ( ) ; ( ) 

From ( ), ( ) → (∗∗) 

Therefore, 

( ) ≤ ( )  

Solution 2 by Soumava Chakraborty-Kolkata-India 

≤ ⇔ ≤  
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, =
−

= − . . ( + + )

−
( + + ) −

 

=
( + + ) − ( + + ) − (( + + ) − )

 

=
− ( − ) + ( − + ) + ( + )

=⏞
( )

 

= = +

= +  

=
( + + ) −

+ +  

=
( + + ) −

+ + +  

=
( + + ) −

+ + − +  

=
( + + ) −

+ + (( + ) − ) − − ( + )

+ (( + ) − )  
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=
( + + ) −

+
+ ( + ) − + ( + ) − ( + ) + − + ( + )

 

=
− ( − ) − ( − − ) + ( + )

=⏞
( )

∴ ( ), ( ) ⇒ ≤  

⇔
− ( − ) − ( − − ) + ( + )

 

≤
− ( − ) + ( − + ) + ( + )

 

⇔ − + ( + − ) + ( − − )

− ( + ) ≥⏞
( )

 

, 	 	( ) ≥⏞ − + ( + − )

+ ( − − ) − ( + )  

≥⏞ + − − ( + + )

+ ( − − ) − ( + )  

≥⏞ ( − − )( − ) + ( − − )

− ( + )  

= ( − − + )

− ( + ) ≥⏞ ( − − + )(

− ) − ( + )  

≥⏞
?

⇔ − − + − ≥⏞
?

	 	 =

⇔ ( − )( + − + )≥⏞
?

→ ∵ ≥⏞  
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⇒ ( ) 	 ∴ ≤ ⇒

≤ 	( ) 

 

2385. In any  holds: 

≥  

Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

( − ) = ( − ) − ( − ) + ( − ) = −

⇒ ( − ) =⏞
( )

− 	  

( − ) = ( + − − + )

= + ( + + ) − − − ( − − )

−  

+ ( − − ) = − + ( + )

⇒ ( − ) =⏞
( )

− + ( + )  

=
( − + )

−

= − ( − ) + − − + ( − )

+ ( − )  

=⏞
	( )	 	( )

−{ − + ( + ) } +
( + )

−

+ ( − ) + { ( ) − ( − − )}  
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= ( − ) + ( + ) − ( + ) =⏞
( )

 

= =
( − )

= − =⏞
( )

 

, = + ( + ) ⇒ −

= − =⏞
( )

−  

, = + −

= + −  

⇒ − =⏞
( )

− −  

( ) + ( ) ⇒ −

= + −

− −  

= − + + −

− ( ( − − ) + ) 

= − + − − ( − ) 

= ( − − ) + (( + + ) − )( + )

− ( − ) 

⇒ −

=
( − − ) + (( + + ) − )( + ) − ( − )

 

= ( + ) − ( + + ) + ( + )  
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⇒⏞
	( )

=⏞
( )

( + ) − ( + + ) + ( + )

∴ ( ), ( ) ⇒ ≥  

⇔ ( − ) + ( + ) − ( + )

≥ ( + ) − ( + + ) + ( + )  

⇔ ( − ) − + ( + )

+ ( + + ) ≥⏞
( )

( + ) + + ( + )  

, 	 ( ) ≥⏞ ( − )( − ) − ( + + )

+ ( + ) + ( + + ) 

≥⏞
?

( + ) + ( + )

⇔ ( − )( − ) + ≥⏞
?

( + ) + ( + ) 	  

∵ ( − )( − ) + ≥⏞ ( − )( − ) + (

− ) ∴ 	 	 	 ∶ 

( − )( − ) + ( − )≥⏞
?

( + ) + ( + )

⇔ − + − ≥⏞
?

	 	 =  

⇔ ( − )( − + )≥⏞
?

→ ∵ ≥⏞ ⇒ ( ) 	 ∴

≥ 	( ) 

 

2386. In  the following relationship holds: 

+ + ≤
( − )

 

Proposed by Kostas Geronikolas-Greece 
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Solution by Adrian Popa-Romania 

+ + = ⋅ ⋅ ⋅ + ⋅ ⋅ ⋅ + ⋅ ⋅ ⋅ ≤⏞  

≤ ( + + )( + + )( + + ) + + = + +  

∵ = − = ( − ) → = − = ⋅
( − )

=
−

 

Now, we must to prove that: 

⋅
−

≤
( − )

⇔ − ≤ − ⇔ ≥ 	( ) 

Therefore,  

+ + ≤
( − )

 

2387. Prove that in any acute	  holds: 

+ ≥ 		 

 Proposed by D.M.Bătineţu-Giurgiu, Neculai Stanciu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

	 	 	 	 	 → , , > 0 

	 ∶ 	 ≥⏞
∑ ∑

. = 		( ) 

∶ 	 ≥⏞
∑ ∑

. = 		( ) 

( ), ( ) → + ≥ ( + ) = =  

, + ≥  



 
www.ssmrmh.ro 

109 RMM-TRIANGLE MARATHON 2301-2400 
 

2388. In any	∆	  the following relationship holds: 

≥ + +
+ −

√
 

Proposed by Bogdan Fuştei-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∶ + = + =
+

= =

∴ + =⏞
( )

 

, 	 ⇒ ( 	 − 	 ) + ( 	 − 	 ) = + ( 	 − 	 )( 	 − ) 

⇒ ( + )− ( − ) = + ( − ( − ) + ) ⇒ ( + ) −

= + ( − ) 

⇒ ( + − − ) = − ⇒ = + ( − )

= − = −
( − )( − )( − )

( − )  

= −
∆
− = −

∆ ∆
− = − ⇒ =⏞

( )

−  

. ≥ ( − )

⇔ { ( − ) + ( − ) − ( − )( − )}{ ( − ) + ( − )

− ( − )( − )} ≥⏞
( )

( − )  

	 − = , − = 	 	 − = ∴ = + + ⇒ = + , = + 	

= + 	 	 	 	 , 

( ) ⇔ { ( + ) + ( + ) − ( + )}{ ( + ) + ( + ) − ( + )}

≥ ( + ) ( + + )  

⇔ + + + ≥ + ( + ) ⇔ ( − ) + ( + )( − ) ≥ →

⇒ ( )	 	 ⇒ ≥⏞
( )

( − ) 
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, ′ 	

⇒ ( − ) + ( − ) =⏞
( )

+ ( − )( − )	 ( − )

+ ( − ) =⏞
( )

+ ( − )( − ) 

( ) + ( ) ⇒ ( + )( − − ) = + + ( − )( − )

⇒ ( + ) = ( + ) + ( + − )( + − ) 

⇒ ( + ) = ( + ) + − ( − ) ⇒ ( + ) − + ( − )

= ( + ) ⇒ + ( − ) = ( + ) 

⇒ ( − ) + ( − ) = ( + ) ⇒ + = ( − ) + ( − )

⇒ + + ≥⏞
	( )

( − ) + ( − ) 

⇒ ( + ) ≥ ⇒ ≤ +

⇒
+ −

√
≤⏞

−
√

+
+
√

=
− + +

√
 

≤
+ + −

√
=
√

⇒ + +
+ −

√
≤⏞

	 	 	( )

 

√ + =⏞
	( )

+
−

 

= + − ⇒ + +
+ −

√

≤ 	 	  

⇒⏞
	

≥ + +
+ −

√
	( ) 
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2389. In  the following relationship holds: 

≤ + + ≤  

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution by Marian Ursărescu-Romania  

For LHS: + + ≥  

( − ) + ( − ) + ( − ) ≥ ; ( ) 

	 ( − ) =
+ ( + )

; ( ) 

From ( ), ( ) we must to prove that: 

⋅
+ ( + )

≥ ⇔ + ( + ) ≥  

⇔ + + + ≥ ; ( ) 

From ≥ − 	( ); ( ) 

From ( ), ( ) we must to prove that: 

+ − ≥ ⇔ ≥ +  

⇔ ≥ + ; ( ) 

From ≥ 	( ) → ≤ → + ≤ + = = → ( ) is true. 

For RHS, we have: + + ≤ ; ( ) 

Let ≤ ≤ → ≥ ≥ 	 	 ≤ ≤ . From Chebyshev’s inequality, we have: 

+ + ≤ ( + + )( + + ); ( ) 

From ( ), ( ) ewe must show that: 

( + + )( + + ) ≤ ; ( ) 

But + + = 	 	 + + = + ; ( ) 

From ( ), ( ) we must to prove: 
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+ +
⋅ ( + ) ≤ ⇔ ( + + )( + ) ≤ ; ( ) 

From Gerretsen inequality we have: ≤ + + ; ( ) 

From ( ), ( ) we must show that: 

( + ) ( + ) ≤ ⇔ ( + ) ( + ) ≤ ; ( ) 

	 ≤ → ⋅ ⋅ ≤ ⇔ ≥ 	( ). 

 

2390. −Bevan point in , , −circumradii in 

, , . Prove that :    					 

	 + + ≥	 	 

Proposed by Mehmet Șahin-Ankara-Turkiye 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 

	 ∶ 	μ( ) =
−

→ μ( ) = − μ( ) = 	 	 = . 

	 , 	 ∶ 	 = → = 	( 	 ) 
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= + . = + . = + ≥⏞ . ∑

=  

, 	≥ 	 . 

2391. In any	∆	 	the following relationship holds: 

≥  

Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∶ 	 − = , − = 	 	 − = ∴ ( − ) = −

= − ( + ) ⇒ =⏞
( )

− −  

, ( − ) = ( − ) − ( − ) + ( − ) = −

⇒ =⏞
( )

− 	  

( − ) = + − − +

= + + + − − − − − −  

+ − − = − + ( + )

⇒ =⏞
( )

− + ( + )  

( − ) ( − ) = = −

= ( − )( − ) − ⇒ =⏞
( )

( + ) −  

= + −

= + −  
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⇒ = − +  

=⏞
	( ),( ),( )

( − − )( − )− (( + ) − ) + ( + )

⇒ =⏞
( )

[ − + ( + )] 

=
( − + )

−

= ( − ) + − − − ( − ) + ( − )

− ( − )  

=⏞
	( ),( ),( ),( )

[ − + ( + )] +
( + )

−

− [ − + ( + ) ] + ( − )− ( − − )

= [( − ) + ( + ) − ( + + )] =⏞
( )

 

= =
( − )

= − =⏞
( )

 

= + − ⇒

= − − +  

⇒ =⏞
( )

[( + + ) − − ] +  

= + − ⇒ −

= − − −  

+ [( + + ) − . . ( + + )] = ( − − ) 

−[( + + ) − ] + ( − − ) + ( + + )

− ( + + ) 
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⇒ − =⏞
( )

( − − )

− [( + + ) − ] + ( − − )

+ ( + + ) − ( + + ) 

( ), ( ) ⇒ −  

= [( + + ) − − ] +

+ ( − − )

− [( + + ) − ] + ( − − )

+ ( + + ) − ( + + ) 

= [( + ) − ( + + ) + ( + + + )] 

⇒⏞
	( )

=⏞
( )

( + ) − + + + + + +  

( ), ( ) ⇒ ≥

⇔ ( − ) + ( + ) − ( + + ) 

≥ ( + ) − ( + + ) + ( + + + ) 

⇔ ( − ) − + ( + )

+ ( + + ) ≥⏞
( )

( + + )

+ ( + + + ) 

, 	 	( ) ≥⏞ [( − )( − )− ( + + )

+ ( + ) + + + ] 

= ( − + ) ≥⏞ ( − + )( − ) 

≥⏞
?

( + + ) + ( + + + )

⇔ − + − ≥⏞
?

	 	 =  
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⇔ ( − ) ( − )( + ) + ≥⏞
?

→ ∵ ≥⏞ ⇒ ( ) 	

∴ ≥ 	( ) 

2392. In  the following relationship holds: 

≤
+

+
+

+
+

≤  

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution by Marian Ursărescu-Romania 

	 :	
+

≥
+ + ( + )

; ( ) 

+ + ( + ) ≤
+ +

=
+ +

; ( ) 

From ( ), ( ) we have: 

+
≥ + + ; ( ) 

	 = 	 	 ≥ → ≥ ; ( ) 

	( ), ( ) 	 	
+

≥ + + ; ( ) 

But	 + + = ( − − ); ( ). From ( ), ( ) we must to prove that: 

+
≥ − − ; ( ) 

From ( ) we must to prove: 

− − ≥ ⇔ ≥ ( − − ); ( ) 

From Gerretsen inequality we have: ≤ + + ; ( ) 

From ( ), ( ) we must to show that: 

≥ ( + 	) ⇔ ≥ + ⇔ ≥ ⇔ ≥ 	( ). 
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	 , : ≥
+

, 	 : 

+ ≥ ≥ ⋅
+

⋅
+

≥ √ ⋅ √ = 

= √ ⋅ ⋅
( − )

⋅
( − )

= ( − )( − ) → 

+
≤

( − )( − )
→

+
<=

( − )( − )

( − )( − )
 

→
+

≤
( − )( − )

 

We must show that: 

⋅ ( − )( − ) ≤ ⇔ ⋅ ( − )( − ) ≤  

⋅ ( − )( − ) ≤ ; ( ) 

	 ( − )( − ) = ; ( ). 	( ), ( ) 	 	 : 

≤ ⇔ ≤ 	( ). 

2393. In acute	 	the following relationship holds: 

	 ≥ 			 

 Proposed by Marin Chirciu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

	 	 	 → , , > 0 

≥⏞
ö

→ ≥  
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	 ∶ = =
∏
∏ = . − ( + ) = − ( + )

≥ 

≥⏞ ( + + ) − ( + ) = =  

, ≥  

 

2394. In acute	  the following relationship holds: 

≥
+

 

  Proposed by Marin Chirciu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

	 	 	 	 → , , > 0. 

. 	 ≥⏞
ö

	
.

→

≥ +
.

 

, 	 	 	 ∶ 			
.

		 ≥⏞
(∗)

		 ,∀ 	 . 

	 	 ∶ =
−

, =
−

, =
−

, , , ∈ ( , ), =  

→ (∗) ↔
.

≥ ,∀ 									 ↔ 	≥ 	  

	 	 ∶ 	 = 	 	 =
+ −

 

→ (∗) ↔
+ −

≥ ↔ ≥ −  

	 	 	 	 , ≥ − ≥⏞
?

− ↔ ≥ 	( ) 
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→ (∗) 	 → ≥ + . 

2395. 	 	∆	 	 : 

( + ) ≤ ≤ ( + )  

Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∶ = =
( − )

= − =⏞
( )

 

, = + ( + ) ⇒ −

= − =⏞
( )

−  

, = + −

= + −  

⇒ − =⏞
( )

− −  

( ) + ( ) ⇒ −

= + −

− −  

= − + + −

− ( ( − − ) + ) 

= − + − − ( − ) 

= ( − − ) + (( + + ) − )( + )

− ( − ) 
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⇒ −

=
( − − ) + (( + + ) − )( + ) − ( − )

 

= ( + ) − ( + + ) + ( + )  

⇒⏞
	( )

=⏞
( )

( + ) − ( + + ) + ( + ) ∴ ( )

⇒ ≤ ( + )  

⇔ ( + ) − ( + + ) + ( + ) ≤⏞
( )

( + )  

, 	 	( ) ≤⏞ ( + )( + + )

− ( + + ) + ( + )  

= ( − )( + + ) + + ( + )  

≤⏞ ( − )( + + ) + ( + + )

+ ( + ) ≤⏞
?

( + )  

⇔ − − − + + − ≥⏞
?

	 	 =  

⇔ ( − ) ( − )( + + + + ) + ≥⏞
?

→ ∵ ≥⏞

⇒ ( ) 	 ∴ ≤ ( + )  

, ≥⏞ + ( − ) ≥⏞ ⇒ ≥⏞
(∗)

 

,

= ≥⏞
− −

∑

≥
−

+ ( + ) ≥⏞
−

( + )
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≥⏞
?

( + ) ⇔ ( − ) ( )≥⏞
?

( + ) 	 ∵ ≥⏞
	(∗)

∴ 	 	 	 ∶ 

( − ) ( )( )≥⏞
?

( + ) ⇔ ( − )≥⏞
?

( + )

⇔ − − ≥⏞
?

⇔ ( − )( + )≥⏞
?

→  

∴ ( + ) ≤ 	( ) 

2396. In  the following relationship holds: 

≤ + + ≤  

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution by Marian Ursărescu-Romania 

	 :	 + + ≥ → 

	 	 	 :	 ≥ ; ( ) 

	 = 	 	 = ; ( ) 

From ( ), ( ) we must to prove that: 

≥ ⇔ ≥ ⇔ ≥ 	( ). 

= − 	 	 = → 	 	 	 : 

( − ) + ( − ) + ( − ) ≤ ⇔ ( − ) ≤ ; ( ) 

( − )( − )
( − )( − )( − ) ≤ ; ( ) 

: ( − )( − ) ≤
− + −

→ ( − ) − ) ≤ ; ( ) 
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From ( ), ( ) we must to prove: 

( − )( − )( − ) ≤ ⇔ ( − )( − )( − ) ≤  

⇔ ( − )( − )( − ) =  

2397. In acute  the following relationship holds: 

≤ + + ≤
−

 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution by Marian Ursărescu-Romania 

	 	 , 	 : ≤ ⋅ → ≥
⋅

→ 

+ + ≥ + + . 	 	 	 : 

+ + ≥ ⇔ + + ≥ ; ( ) 

:	 + + ≥ ; ( ) 

From ( ), ( ) we must to prove that: 

≥ ⇔ ≤
√

, 	 	 	 : 

= ≤
√

⇔ ≤
√

	, 	 	 . 

, ≥ ( − ) → ≤
( − )

→ 

+ + ≤
√ ( − )

+
( − )

+
( − )

⇔ 
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+ + ≤
√

⋅
∑ ( − )( − )

( − )( − )( − )
; ( ) 

: ( − )( − ) ≤
− + −

= → ( − )( − ) ≤ ; ( ) 

	( ), ( ) → + + ≤
√

⋅
+ +

( − )( − )( − )
; ( ) 

: + + = ( − − ); ( )	 	( − )( − )( − ) = ; ( ) 

From	( ), ( ), ( )	we must to prove:	 

+ + ≤
( − − )
√ ⋅ √

=
− −

; ( ) 

From ( ) we must show that: 

− −
≤

−
⇔

− −
≤

( − )
; ( ) 

: ≥ → ≤ ; ( ) 

From ( ), ( ) we must to prove that: 

− − ≤ − ⇔ ≤ + + 	( ). 

 

2398. In  the following relationship holds: 

( − ) ≥ √ ( − )	 

Proposed by Daniel Sitaru-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

( − ) = ( − ) 

= [ ( − ) − ( − )] = 

= ( − )

= ( + )( − ) 
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=
+ − − +

= 

= ( + ) ( − ) = ( − ) = 

= . ( − ) = ( − ) ≥⏞ . √ ( − ) 

, ( − ) ≥ √ ( − ) 

2399. In  the following relationship holds: 

≤  

Proposed by Marin Chirciu-Romania 

Solution 1 by Soumava Chakraborty-Kolkata-India 

=
−

= − . . ( + + )

−
( + + ) −

 

=
( + + ) − ( + + ) − (( + + ) − )

 

=
− ( − ) + ( − + ) + ( + )

=⏞
( )

 

= = +

= +  

=
( + + ) −

+ +  
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=
( + + ) −

+ + +  

=
( + + ) −

+ + − +  

=
( + + ) −

+ + (( + ) − ) − − ( + )

+ (( + ) − )  

=
( + + ) −

+
+ ( + ) − + ( + ) − ( + ) + − + ( + )

 

=
− ( − ) − ( − − ) + ( + )

=⏞
( )

∴ ( ), ( ) ⇒ ≤  

⇔
− ( − ) − ( − − ) + ( + )

 

≤
− ( − ) + ( − + ) + ( + )

 

⇔ − + ( + − ) + ( − − )

− ( + ) ≥⏞
( )

 

, 	 	( ) ≥⏞ − + ( + − )

+ ( − − ) − ( + )  
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≥⏞ + − − ( + + )

+ ( − − ) − ( + )  

≥⏞ ( − − )( − ) + ( − − )

− ( + )  

= ( − − + )

− ( + ) ≥⏞ ( − − + )(

− ) − ( + )  

≥⏞
?

⇔ − − + − ≥⏞
?

	 	 =

⇔ ( − )( + − + )≥⏞
?

→ ∵ ≥⏞  

⇒ ( ) 	 ∴ ≤ 	( ) 

 Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

≤ ; (∗) 

(∗) ⇔ ( ) − ≥ ⇔
( )

− ≥  

⇔ ( )
+

− ⋅
−

≥ ⇔ ( ) ( − ) ≥  

⇔ ( )
+ −

− ≥ ⇔ ( ) ( + − ) ≥  

⇔ + ≥ ( ) + ( ) ; (∗∗) 

	 :	 + = ( ) ( + ) ≥⏞ ( ) ; ( ) 
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	 + + ( ) = 

= + + ( ) ≥⏞ ( ) ; ( ) 

	 ⋅ ( ) + ( ) → (∗∗) 

Therefore, 

≤  

 

2400. In any scalene  the following relationship holds: 

( + )
( − )( − ) +

( + )
( − )( − ) +

( + )
( − )( − ) > 6√  

Proposed by Daniel Sitaru-Romania 

Solution by George Florin Şerban-Romania 

( + )
( − )( − ) = ( − )( − ) + ( − )( − ) = 

= ( − )( − ) + ( − )( − ) 

( − )( − ) = ( − )( − ) + ( − )( − ) + ( − )( − ) = 

= − ( − )( − ) − ( − )( − ) − ( − )( − ) =
− + − + − +
( − )( − )( − ) =  

( − )( − ) = ( − )( − ) + ( − )( − ) + ( − )( − ) 

= − ( − )( − ) − ( − )( − )− ( − )( − ) = 

=
− ( − )− ( − ) − ( − )

( − )( − )( − ) = 
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=
− + − + − +

( − )( − − + ) = 

=
− + − + − +
− + − + − + − =  

→
( + )

( − )( − ) = ( − )( − ) + ( − )( − ) = > 

>⏞ ⋅ √ = √  

Therefore, 

( + )
( − )( − ) +

( + )
( − )( − ) +

( + )
( − )( − ) > 6√  
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It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 
 

 

 

 


